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Problem

vei(x,y) = sup E [/ e Pt U(ct)dt} ,
(c,k)eO(x,y) 0

where ¢; is the rate of consumption, k; = k™ — k= is the total
amount of transfers, and for any (Xy-, Yp-) = (x,y) € K., the

state equations are,

X = (= c)de+ (dk — (1+ )k ),

ds B
dy, = Yts—:Jr(dkt —(1+e3)dkt+).
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Equation

The DPE with our simplifications is,

min{ /°; d{ ; d° } =0, where

I = Bvi-pyy, —%02}/2 o — U(v0),
= Bve—L,ve — U(vS),

. = (1+e)vE— vy,

d° = 1+ — v
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Form of the Expansion

We postulate the following expansion,
¢ _ 2 4 2
V(6 ) = W(z2) — Pul(z) - w(z, ) + o),

where (z,£) = is a transformation of (x, y) € K. given by

.y
Z:X+y7 5:_€F(X7y)_y€(2)7

where 0(z) is the Merton optimal investment strategy.
And we have substituted this form into the equation to derive

equations for the unknowns u and w.
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Cell Equation

Set
Au(z) = a(z2),

and solve for the pair (w(z, ), a(z)) solving the following equation
with z as a parameter and £ as the independent variable,

0 = max{ %azfzvzz(z) — %OA(Z)2W§£(Z,§) + a(z)
P —vz(2) e —ve(2) —we

together with w(z,0) = 0.
a is exactly the value function of the ergodic problem described

earlier and w is its potential function.
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Change of variables

_  w(z,n(s,z)p) 2(2) e a(z) alz) m a(z)
e P e e A TE T & M AT O}

where p = ¢/n(z), n(z) = —v;/vz,. Solve for
(3(z), w(z,-)) € R x C3(R),

|0'P|2 1 o - =
max { — 20 — 2a%(2)iy(z.p) +3(2)
—1+wy(z,p);—1— Wp(z,p)} =0, VpeR,

together with the normalization w(z,0) = 0. In the power case, the
above equation is independent of z. We then use 3(z) to solve for v,

Aus, z) = a(s,2) = v(s, 2)n(s, 2)a(s, 2).
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Solving the Cell Problem

In order to compute the solution explicitely in terms of 7, we

postulate a solution of the form

kap* + kop?; ol < po,
w(p) = w(—po) — (p+ po); p < —po,
w(po) + (p—po); P> po.

We first determine k4 and k» by imposing that the fourth order
polynomial solves the second order equation in (—pg, po). A direct
calculation yields,

—0? a
k4:@ and k2:7

a2’
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Cell Problem - cont.

We now impose the smooth pasting condition, namely assume that
w is C? at the points —pg and po. Then, the continuity of the

second derivatives yield,

2

o2

Ll

Po =

2?)1/2'

implying that 2> 0 and py = (—
o
The continuity of the first derivatives of w yield,

bka(—po)® — 2kapo = —1,
4ka(po)® + 2kapo = 1.
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Cell Problem completed.

4ka(po)® + 2kepo = 1,
and _
a
= —0Q0 k = — 2 = — .
1262 2T gy T M0

All coefficients of our candidate are now uniquely determined.

Hence,

Moreover, we verify that the gradient constraint

|w,| <1, Y p.

Soner, ETH Ziirich Transaction Costs



Brief Summar Expansion
Solution
Homethetic case

Homethetic case

cl
U(c) := , c>0,
I—n
for some v > 0 with v = 1 corresponding to the logarithmic utility.
Then, .
1 z 7
v(z) = ——— ——,
(1= vy

with the Merton constant
B—r(l=7) 1(u—r)

= 1—7).
Y™ 5 > 22 (177)
Hence the risk tolerance function and the optimal strategies are
given by
z w—r
n(z) = —, 0(z) = zZ:=TpZ, c(z) = vyz.
=2 o=t (2)
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Since the diffusion coefficient a(z) = 00(z)(1 — 6,),

a(z)

o= () =~yorm(l —mm).

The constants in the solution of the corrector equation are given by,

332\ 3
Po = (Zﬂ) )
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Since

Avlz) = U(el@)) = 7= ()" = vv(z).

the unique solution u(z) of the second corrector equation

o*(1—7)

Au(z) = a(z) = >

po v(2)
is given by

2 1—
u(2) = 5= ot () = ot

where

up == (mm(1 — 7r/\/,))4/3 VA?I(1+7)'
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Finally, we summarize the expansion result in the following.

Lemma

For a power utility function U,
ve(x,y) = v(z) — upz"™ + O(€%).

The width of the transaction region for the first correction equation

280 = 2n(z)po is given by

1/3
f = (;) (ran(1 — ).

The above formulae are exactly as the one computed by Janecek &

Shreve.
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Outline of the Proof

! (z) = v(x,y)
. v(z) — ve(x,y
ut(x,y) = -
Steps of the proof are

@ Show that u€ is locally uniformly bounded. Since u¢ > 0, we

need a uniform upper bound.
@ Use the Barles & Perthame methodology to define weak limits
liminf u¢ =: u.(z) < u*(z) := limsup v

@ use the Evans technology from homogenization to show that
Au* < a < Au,.

@ We then conclude by comparison.
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Comments

@ The power case is substantially easier.

@ Ergodic problem has a solution but may not be as regular as

we like. The free boundary in particular.

@ Uniform lower bound is the only intersection with the
technique of Janecek & Shreve. But in this case, we only need
any lower bound of the right order of € (i.e. in €2). Their
approach however, requires the coefficient to be sharp as well,

i.e. need a subsolution of the form v(z) — ?u(z) + o(€?).

@ When the corrector is smooth, the lower bound can be

obtained via probabilistic techniques.
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© A nearly optimal strategy
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Multidimesions

We assume now that
@ there are d stocks,
@ we can transfer between any any stocks and cash,
o LV total transfers from i to j, (i = 0 is cash,
@ power utility,
@ proportional cost is €3\,
@ the normalized cell equation is
o tp? 1
2 2
SN 4 (e — &) - f)w(p)} =0, VpeR?

max max{ —
0<ij<d
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No Transaction Region

We assume that there is a smooth solution w € C?(IR?). Set

T |2 1
T::{peRd : —‘Uzp’ —2Tr[o7c'yTD2v'v(p])+5:O}.

Formally, we expect that the no-transaction region of the e-problem
is asymptotically given by
ce = {(x,y)ERde : (g—m/,)vEeT}

= {(x,y)ERde : pGT},

where mp € RY is the Merton proportion.

Soner, ETH Ziirich Transaction Costs



A nearly optimal strategy

Strategy

We propose a strategy so that the resulting (X, Yf) are in C€.
Hence, L acts only at 9C€. In fact, for i,j =0,...,d, LY acts on

the set (0C)"J which we now define,
(OT) == { pedT : N9+ (e~ ) Dinlp) =0 }.
The boundary 97 is covered by (07 )™/'s. We now define
eid . e . (Y _
(9C) = {(x,y)eac : (Z WM)’)’EET}
= {(X,y)eRde - pe (oT)¥ }

We once again record the following fact,

aCe = U ;_q (9C)™.
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Strategy

We use the Merton consumption, i.e., ¢ = vy Z§. This proposed
investment-consumption strategy yields a portfolio process
(X£, Y£) € C° which is a solution of the Skorokhod problem,

dXs = (rXe = vnZg)de + S5 [dLd — (1+ N0)dLi|

dY{C = Yo (uidt + (cdWe)') + 35, [dL';»f -1+ 63)\17")dL{”}
(X5, Y)ecs, YVi>0,

LY = J5 Xqxe veyeqoeeyy AL, ¥ t>0,0,j=0,...d,

where as usual

d
Ze= X+ ) Y
i=1
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Assumption

Using the Skrokhod equation, we directly calculate that

dZe=Z8[(r — vy + 76 - (= 7)) dt + 76 - (0dW,)] — 3dLS,
d
Y§ T
= Z—te, LS = Z L.
t ij=0
In view of the classical result of Lions & Sznitman, existence of a
solution to the above problem requires regularity of the boundary of

C¢. We simply assume that
We assume that there exists a smooth solution w € C2(R?) and a
solution (X, Yf) € C¢ C R x R? of the Skorokhod problem.
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R

Let

J=E [/Ooo U,y(c,_f)dt] .

There is a constant k* > 0 so that

Theorem

v(z) — €u(z) — Ek*v(z) — *w(z,€) < JS < v¥(2). (3.1)

In view of the upper bound, the investment-consumption (Xf, YY)

is o(e?)-optimal.

The o(e?) optimality of the strategy proposed by the cone C¢ is

interpreted as an asymptotic shape result.
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Three lemmata

Let
dZf = Z; [(r —vm +7m - (1 — rly)) dt + mpg - (0dWe)]
be the Merton optimal wealth. Then, Z¢ satisfies

E[(Z)"] <E[(Z)].
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Lemma 2

Ve(x,y) = v(z)—u(z) — *w(z,p)
_ [Ylm) o 2 4+ w(p) S
VM YVm v

Set,

I(x,y) == =BV (x,y) + LV (x,y),
where L is the infinitesimal generator of the equations in the region
Ce.

There exists a constant k* > 0 such that for all (x,y) € C¢,

1(x,y) > — [Ek* + Uy(vm)] 2477.
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Lemma 3

Set
/\fJ =e — ¢+ S\Ve € RITL,

Lemma

There is eg > 0 so that for all € € (0, o],

Aij-DVe(x,y) <0,  on (0C)",

foralli,j=0,...,d.
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Proof of Theorem

d [e*BtV€ (.. )} = e PE[I°(...)dt + d[local martingale]]

d

—e Pt A DV )] dLy
ij=0

> —e Pt ((63/(* + Uy(vm)) (Z)* + local martingale)

d

—e Y NG DV( )] X e viyeqoceyiay L
ij=0

> —eft (e3k* (Z) 7 dt + U, (cf)dt + d[local martingale]) .
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Proof of Theorem

Localize the local martingale with a stopping time 7. Also we use

the fact that
2T =k U(vmz), = (ZOV =k U, (cf),
for some constant k*. The result is,

Ele P VAXLY))| 2 Vilay) - (14 KB [/ e‘“U%Cf)df}
0

> V(x,y) — (1 +EKk*)E UOO e_'BtU,y(cf)dt]
= V(x,y) — (1 + k")~ 0
Hence
Ve(x,y) < (14 EKk*)J +E [e‘ﬁT Ve (XS, Y;)} .
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Proof of Theorem

We let 7 to infinity (needs to be done properly),
Ve(x,y) < (1+ K
This proves that

JE

v

Ve(x,y) — Ek*J°
> V(x,y) — k*v(2)

= v(2) — Eu(z) — Ek*v(z) — w(z, p).
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Homogenization and asymptotics for small transaction costs,
H. Mete Soner, Nizar Touzi
arXiv :1202.6131.

Large liquidity expansion of super-hedging costs
Dylan Possamai, H. Mete Soner, Nizar Touzi. (2011)
Aysmptotic Analysis, forthcoming.

THANK YOU
FOR YOUR ATTENTION.
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