APPROXIMATION OF ILL-POSED BOUSSINESQ
EQUATIONS

DIOGO A. GOMES AND CLAUDIA VALLS

ABSTRACT. In this paper we compare the dynamics on the center mani-
fold of the solutions of a ill posed Boussinesq equation with a well posed
version. We show that the dynamics in the center manifold of the ill
posed equation tracks the dynamics of the well posed equation. Our
results give partial justification to the long wave perturbation theory.

1. INTRODUCTION

Boussinesq [2] developed a perturbation theory for surface motions in
a long wave regime and developed models of the motion of the free surface
that are very good approximations of the classical problem. Boussinesg-type
equations also arise in several other physical applications such as vibrations
in a nonlinear string, and ion sound waves in a plasma, as well as being a
model to study nonlinear partial differential equations. Boussinesq’s per-
turbation theory yields simplified equations that give realistic results in the
appropriate regimes. One of these equations is

(1 — a)ugy = gy + €(u?)ge, >0, (1)

where a, ¢ > 0 are parameters which are proportional, respectively, to the
square of the inverse of wave lenght and wave amplitude. Therefore, the
parameter € measures the L2 norm of the solution of the original water wave
problem. We take x € [0,1], and we impose periodic boundary conditions
u(t,0) = u(t,1), 0 <t < oo, and zero mean fol udx = 0. Periodic boundary
conditions, besides being mathematically convenient, are relevant for the
study of water waves in a large circular channel in which curvature effects
are neglected. In the long wave regime the perturbation theory yields the
well known Boussinesq equation, given by

U = Ugz + OUggar + 5(u2)xx7 a>0. (2)

Although equation (2) may look simpler than equation (1), it turns out to
be ill-posed thus causing a substantial additional complication.

The main objective of this paper is is to compare the flow on the cen-
tre manifold of the illposed Boussinesq equation (2), with the flow of the
wellposed Boussinesq equation (1) in order to give some justification to this
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long wave approximation theory. The main question we want to address is
whether the center manifold solutions to (2) track the dynamics of a sub-
manifold of (1). To do so, we use techniques of center manifold theory in [6],
and show that nontrivial solutions of (2) in the center manifold approximate
solutions of (1) for long times. See Theorem 6 below for a precise statement.

We remark that the approximation property only holds for suitable initial
data of (2). In fact, even the linear part of (2) exhibits blow up for general
initial conditions in arbitrarily small time. It is believed that the nonlinear
equation shares these features. This is in contrast with equation (1) which
is known to be well-posed (see Theorem 1). However, we believe that the
blow-up mechanism for (2) does not reflect the physics of the problem but
instead that the finite-dimensional approximations of the center manifold
that we construct should contain all the relevant physical information. We
should also note that this is not a long time existence and approximation
result, meaning approximation time going to oo as the parameters vanish,
as discussed, for instance, [1].

The plan of the paper is as follows. In Section 2 we briefly review the ex-
istence of solutions of (1) by energy methods and the center manifold theory
for (2). In Section 3 we construct finite-dimensional approximations to (2)
and (1), and show that these are close to each other. In section 4 we prove
that the approximations stay close to the solutions of the respective equa-
tions. This indicates that (2) must be considered a suitable approximation
of (1) for long times.

We would like to thank Luis Barreira for many useful comments and
suggestions he made on a previous version of this paper.

2. PRELIMINARIES

Consider the Sobolev space
H* = {ue L} [0,1]: D € L*0,1] for all 0 < |a| <k},

where D%u is the weak derivative of u. For functions with zero mean, the

norm is given by
1
lallge = / D2 da.
0

0<|a|<EK
By Poincaré’s inequality,
ullg2p0,1) < Cllull gx

for some constant C' > 0. The space of bounded functions in [a,b] C R with
values in H” is denoted by L*°([a,b], H¥), and has the norm
2]l oo (a0, 7%y = esssup|lu(-, t)|| -
t€[a,b]

These have a natural identification with the functions in [a,b] x [0, 1] that

for almost every ¢ € [a,b] are in H k. For simplicity, we shall write u €
L>®([a,b], H* x H7) for (u,u;) € L*>®([a,b], H* x HY).
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We first use energy methods to establish the well-posedness of (1).

Theorem 1. If (u|i—o, ut|t=0) € H™ x H™, m > 1, then there exists T, > 0
and a solution w of (1) such that u € L*([0,Ty], H™ x H™). Furthermore,
T, blows up as ﬁ — 0.

Proof. We first establish a priori energy estimates. The theorem then follows
from standard techniques (see [7], for example).

We assume that a solution u exists and is sufficiently differentiable. Ap-
plying D™~! to (1) and multiplying by D™ v, we have

(Dm_lutt)(Dm_lut) — a(Dm+1utt)(Dm_1ut) =

= (D™ L) (D™ Yugy) + (D™ (1?) 1) (D™ ). )

Let now
1
jo / (D™ Yug)? + a(D™ur)? + (D™u)?] d.
0

Integrating by parts, it follows from (3) that

~—

1
- —FE= —5/0 (D™u;) (D™ (u?)) da. (4

Using the Cauchy—Schwartz inequality in (4), we have

%E < 2 </01(Dmut)2 dx) v </01(Dmu2)2 dx)

E
o

1/2

Since

1 1
/ (D™u;)% dx < and / (D™u?)? dz < ||u?||%m,
0 0
we conclude that
d E1/2
—FE <
th <2 12
There exists a constant C' > 0, such that since H™, m > 1/2 is an algebra,
[u?[| gm < C'|Ju]|3m, and since fol wdr =0, ||ul|3. < CE, by the Poincaré
inequality. Thus,

a? |

d €
2 p<co S _E3/2

th <C a1/2E (5)
for some constant C’ > 0. This inequality implies local existence for small
data. The maximum time for the existence of the solution, T, is obtained
by considering an equality in (5) and finding the blow up time 7T} at which

E goes to infinity. Denoting Ey = E(t = 0), we have
T, =2a"2/(C'cEY?) and we L®((0,T.), H™ x H™).

This completes the proof. O
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We note that T, — 0 as a — 0, unless €2 ~ a or E ~ O(a).

We now apply the center manifold theory to construct a finite-dimensional
manifold invariant under (2). The next theorem was proved in an unpub-
lished paper [4] using a new version of the center manifold theorem. How-
ever, as pointed out by one of the referees, the same result could be obtained
using Mielke’s center manifold theorem from [6], chapter 2. Therefore, for
the convenience of the reader, we present a sketch of the proof using this
result.

Theorem 2. For each r > 1, there is a C" finite-dimensional manifold
W C H™ x H™ 2, for m > 2, containing 0 which is locally invariant under
(2) in some neighborhood of the origin, and such that ToW is spanned by
the eigenvectors of the linear part of (2) with purely imaginary eigenvalues.
Furthermore, the solutions in this manifold are locally well-posed in time up
to t = Ty which blows up as € — 0.

Proof. This theorem is a straightforward application of theorem 2.1 from
[6]. We just sketch the main points.
One can easily write (2) as a system

U = v
_ 2
Vt = Ugy + QUgzre + E(u )mx

The eigenvalues of the linearized part K : H™t2 x H™ — H™ x H™ 2,

K(u,v) = [ v }

Uggy T QUggay
are given by

{Mk(@) >t = {£27kV adn?k? — 1},

only finitely many lie on the imaginary axis, and there are no zero eigenvalues
(since we have the zero mean condition). Thus K can be written as K + K>
in which, K corresponds to the projection in the imaginary eigenspace and

so ef1 generates a strongly continuous group; Ko satisfies the resolvent
estimate
C
Ko —1 -1 < cR
0 =7 < g E€R

for some C' > 0. Furthermore, the nonlinearity [O, (UQ)M] is also C* from
H™2 x H™ to H™ x H™ 2. The space ToW is spanned by the eigenvectors
corresponding to the eigenvalues {Ar(a)}, 5, with k = [1/V4r2a], where [/]
denotes the integer part.

To check that Ty blows up as € — 0 it suffices to use a scaling argument.
In fact, & = eu solves (2) with € = 1. Therefore, since @ — 0, its existence
time blows up as u = 0 is a equilibrium point. U
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3. FINITE DIMENSIONAL APPROXIMATIONS

Our approach consists in constructing approximate solutions to (2) and
(1) using only a finite number of Fourier modes. To this end, we assume
that the parameter ¢ is sufficiently small and write an approximate solution
@ of equation (2) as the finite sum

ﬂ:v0+5v1+£2v2+--'+€MvM,

with vg # 0, v1 = -+ = vpy = 0 at t = 0. Each function v;, 0 < ¢ < M
satisfies a linear equation. These equations are
(UO)tt = (UO)mz + O‘(”O)x:pxm (6)
and, for 1 <i < M,
(Ui)tt = ('Uz)xw + a(vi)mxxm + Nl‘(’l)(), cee 7vi—1)7 (7)
where
i—1
Ni(vo, ..., vi—1) = Zvjviqu : (8)
j=0

xrx

Similarly, for equation (1) we consider the approximation
= wo+ ewy + 2wy + - - + eMwyy,
with wg # 0, wy = --- = wp;y = 0 at t = 0. We obtain the linear equations
(1 = aA)(wo)u = (wo)aa (9)
and, for 1 <i < M,
(1 — aA)(w;)i = (w;)zz + Ni(wo, ..., wi—1), (10)

with the functions NV; as in (8).

It is important to note that if vy, wy have only the first N Fourier modes
different from zero, then, for M > 1, vy and wys have at most (M + 1)N
Fourier modes different from zero. These approximations can be determined
by solving a system of ordinary differential equations. Note that these equa-
tions are approximations to the dynamics for fixed time T. Another ap-
proach could be to use a normal form and truncate the Hamiltonian system.
This would have the advantage of preserving the Hamiltonian structure,
however there could be ressonances which would make the analysis more
complex. Since they are linear ordinary differential equations, the solutions
exist for all times and one has bounds of the type

loll, lfwl] < ce"™+anDr,

Thus, these approximations, and, in particular, the ones for equation (2),
are well-posed for such initial conditions and bounded in any Sobolev space.
Note that these estimates are far from optimal as we are not using the
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structure of the equations. For instance, the first order approximation vy
satisfies
o [ o)+ ()2 — atwo)2, =0,

which for a small enough controls the norm of vg. The same type of remark
could be made in the next lemma. However, the critical estimates are the
existence time in the center manifold, and lemmas 4 and 5. Therefore,
any possible improvements in the results of this section would not change
the main result, unless additional hypothesis were added, see, however, the
remarks after the statements of lemmas 4 and 5.

We assume that the initial conditions for both approximations coincide,
that is v;(x,0) = w;(x,0), for 0 < i < M. The following lemma ensures the
proximity between v; and w; for each 0 <1 < M.

Lemma 3. Suppose that vg, wg have only the first N Fourier modes different
from zero. Let m > 0. For a sufficiently small and T < 1/«, there ezists a
constant K; = K;(N) such that, for 0 <i < M,

sup ||vi — wi| gmy gm < Kia.
0<t<T

Proof. We proceed by induction on i. For i = 0, vy and wy satisfy

(UO)tt = (UO)x:c + a(UO)xxxx and (1 - QA)(U)O)tt = (w())xx

These can respectively be written as

d _ _ Vo . 0 1
%ZO—AZ[L Z0—<(v0)t>7 A_<A+aA2 0>7 (11)

L =( “0 B= 2 :
dtyo_ Yo, Yo = (wo)t ) - 0 .

1—aA
Note that

and

d

%(Zo —%0) = A(zo0 — yo) + (A — B)yo.

We first estimate the term A(zp — yo). Since zp and yo have only the first
N Fourier modes different from zero,

1A(20 = 40) L grm s prm < 11(v0)e — (wo)ill grm + N (1 + aN?) [[vg — wol| gm
< N?(1+ aN?) (120 — Yol g gy »
with the norm
[ (w1, W)l grm e g = (W1l grm + w2l o -

To handle the term (A — B)yp, note that

( 0 0>
A—B= A .
A A2 — 0
ta 1—aA
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From the Taylor expansion, which is valid since the function we are con-
sidering have only a small number of Fourier coefficients and A is then a
bounded operator,

A

l—a

A-B= ( O(ong3) 8)'

Consequently, taking « sufficiently small depending on IV, we conclude that
there exists a positive constant C(N) such that

1(A = B)yol| gy gy < C(N)? [|50]| gm -

A =0+ aA? + O(a?A?),

we obtain

Therefore,

d
at l|z0 — yOHHmXHm < N2(1 + OZNQ) |20 — yOHmeHm + C(N)a2 H?/OHHm .

By Gronwall’s inequality, for ¢ > 0,

N2 N2
120 = 90l e prm < CLN )2 [yl oo 0.1, 1my € TN

Hence, taking T < 1/a,
sup |[z0 = Yoll grm  pgrm < 02(N)a2 H?JOHLoo([o,T],Hm) :
0<t<T

Note that gg, since it only has a finite number of degrees of freedom, its
Fourier modes, is the solution of a finite-dimensional linear ordinary differ-
ential equation with constant coefficients. Hence, it is bounded for all times,
and so |[yo|l poe(fo,77,my < o uniformly as o — 0. Suppose we the claim
holds for 0 <+¢ < j — 1. We must prove it for i = j < M. If j > 1, v; and
w; satisfy
(0j)it = (Vj)az + (V) zzzz + Nj(vo, - -, vj-1)
(1 — aA)(wj)tt = (w])x:ﬂ + Nj(’wo, e ,’U)j,l).

Zj:<($)t>’ yj:((%)t)’

these can be written as

Setting

d N
—Zj = AZJ' +Nj(U0,...,Uj,1),

dt”
Y= By; + (1 — aA)_le(wo, Ce W 1),
with Nj = (0, N;)T. Letting
T= HNj(vo, covior) — (1= aA)lej(wo, oy Wi 1) || Hm s
we obtain

d
7 12 = Yjll g se gy < N2+ aN?) (125 = Yjll gy gpm + CN) P |y5]] prm + 7
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By (8), for « sufficiently small,

j—1 Jj—1

.

2 S > vkl gm 1vj—k—1 = wi—e—1ll g + > Nwj—=1ll o 0% — Wkl gy
k=0 po

+ CO[HNj(wo, ... ,wj,l)HHm.
By the induction hypothesis, there exists a constant C;(N) such that

sup 7 < Cj(N)a.
0<t<T

Thus, applying Gronwall’s inequality, for 0 < ¢ < T,
2 2
||Z] - yjHHmXHm < [C(N)O[2 Hyj”LOO([O,t]’Hm) + CJ(N)()[](BN (1+aN )t'

Observe again that y; is a solution of a linear (finite-dimensional) ordinary
differential equation with constant coefficients, and thus again it is bounded
for all times, and ||y;|| Lo (jo,77,7m) < 00, uniformly as a — 0. Hence, taking
T < 1/a, we obtain

sup 127 — yill gm y pym < KG(N)ev.
0<t<T

This completes the proof. U

4. STABILITY OF THE APPROXIMATIONS

We now establish the stability of the finite-dimensional approximations.
That is, we prove that the solutions of (2) and (1) stay close to their respec-
tive approximations given in (6)—(7) and (9)-(10). This is respectively the
content of Lemmas 4 and 5.

Lemma 4. FizT >0, C > 0 and § > 0. Choose € sufficiently small so that
T < Ty. Assume that o is sufficiently small, and N, the number of nonzero
Fourier modes in the finite dimensional approzimations, is sufficiently large.
Let u be any solution of (2) with initial conditions in H™*2? x H™ on the
central manifold and with norm bounded by C'. Then

a=uvy+evy + - +eMoy
satisfies
1w — || oo (0,77, Frm x Hm—2) < 9.

We note that the bounds in the lemma depend only on the initial condi-
tions for u and @ in H™*2 x H™ and not on its difference. If we assume the
norm in H™*2 x H™ to be O(¢*) then one can take the time polinomially
large in % However, we do not want to make this additional assumption
although we indicate in the proof how it could be used. Another remark is
that the fact that 7' is bounded by T} is not restrictive since it blows up as

€ — 0, which is the limit we will use.
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Proof. Define for m > 2 the quantity
Er = [lu = @lf5m + llus — @l Fpm-s -
If we choose N large enough we can make F1(0) arbitrarily small.
We claim that there exist constants K7 and K5 such that

d

2B < K1 B2 4 KpeMt?, (12)
If we establish this estimate the lemma will follow. The constants K7 and
K5 depend on bounds for the solution v and the approximated solution % in
H™*2 x H™, that can be estimated from the initial data. Under additional
smallness conditions for the initial data, as in the remark after the statement
of the lemma, one may improve the results by showing, for instance, that
K, = Ke*. Then one could estimate

K1 E\? < CeBy 4+ O(2 1
which would yield estimates valid up to T' = %

To prove (12) let us compute 4 E;. We can rewrite (2) and (6)—(7) as

d d
$21 = Az + EMl(Zl) and @22 = Az + €M2(z2),

with A as in (11), and with

a=() ==

Ms(z2) = - i+
2(22) @2- Y
i+j>M

S
N———
=
~—

N

K\
Il
VR
—
IS4
o
8
8
N————

and

T

Note that z; € H™2 x H™, i = 1, 2. For z this holds by the energy
estimates and the assumption on the initial data. For z5 this is an immediate
consequence of the fact that there are only finitely many Fourier modes
different from zero—therefore zo is bounded in any Sobolev space.

Moreover, if we define
d 12
T= Sl ilm, 7

then 2B, =7 + J. We have

7=2 % /D (D™ (u — @)|[D™ (ug — )] dv.

0<n<m

_4a
o dt

e — e[ Frm—2 »

Integrating by parts,

72 Y /0 (D" (4 — @)D" (g — 1)) dr,

0<n<m
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and using Young’s inequality,

1 nH(y — g)|? da 1"_1u—7l2m
mgz[/o\p ( )\d+/O|D (ue — )| d

0<nm

= = @)\ 2pmsr + [t — ]| 2 -

By itself, this estimate is not sufficient to control the norm of the solutions
since the energy E; does not control the H™+! norms of u — @ or the H™!
norms of u; — ;. However, we know that these norms are bounded a priori in
H™*2 and H™, although they may not be small in these spaces. Therefore,
by interpolation inequalities, there exist constants C7 and C5 such that

IZ] < Crllu = all g [ = @l gtz + Co e = Gl g e — ] g -
Recall that u, @ € H™*2 and uy, @ € H™. Define
Cr = Cullu =@l oo (o 79, 52y C2 = Co g — | oo 0,79, 1m) -

We conclude that

17| < max{Cy, Co}(|lu— il g + lJue — | ym—2) < C1E"%.
Since
= @l sz < ull s+ 1l sz
and

lue = el g < Mool g + el g

C; and Cy can be estimated from the initial conditions. The main point
here is not that [[u — @l oo (o 1), grm+2) and [[tg = G| oo (o 1), ym) are small,
but that they are bounded by the initial data.

We now bound J. Let us denote

V= E €Z+J7M7)ﬂ)j

i+j>M

In an analogous manner to that with Z, we have

J =2 Z / [D"™(uy — @i)] ([D"*(u — @)] + a[D" T (u — @)]) dx

+2 ) / (g — )| [D" 2 (u? — a?)) da

0<n<m-—2

2y / "(uy — )] [D"2V] dex.

0<n<m—2
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Integrating by parts,

1
g=-2 3 [10miw - alpm- o)ds

0<n<m—2

1
-2 Z /o (D" (uy — @) (a[D"3 (u — )] 4 e[D" T (u® — @%)]) dz

0<n<m-—2
1
+2eMH Y / [D™(us — )] [D" 2V dx.
0<n<m—2"0
Using Young’s inequality, we obtain
T1< (U e+ 28M72) Jlug = e ggons + (14 ) [ = @l
+eC |Ju— @l Fpmr 1+ @l Fms + CMT VT
in which we used the fact that H™, m > 1/2 is an algebra.

By interpolation inequalities, there exist constants Cs, C4, C5, and Ko
such that

|T| < Ca(1+ o+ +28M42) [lug — | grm—s [lue — el rm +
+ Cy(1 4 a) [Ju — @l g |t — @l jpmsz + Cse ||u — @] g + Ko™ T
in which
Cs = llu = ll g1 | + @l G-

and Ky = ||V||}m. Since u — @ € H™2 u;, — @i; € H™, defining

Cs=Cs(1+a+e+2e""?) Ju, — Ut oo 0,17, Em) »
and

Cy = Ca(1+ @) |lu = iil| yoo (0,17, 1rm-+2) + Cs6,
we obtain
7| < CoBl? + KoM +2,

where Cy < 2max{C'3, 6’4}. Thus,

d
2B < [T]+17] < KB 4 KpeMt?,

This implies the desired result. ([l

Lemma 5. Fix T > 0, C > 0 and § > 0. Choose € and ﬁ sufficiently
small so that T < T,. Assume that o is sufficiently small and N, the
number of nonzero Fourier modes in the finite dimensional approximations,
is sufficiently large. Let u be any solution of (1) with initial conditions in
H™ x H™ with norm bounded by C. Then the approzimation

_ M
U =wy+ewy + -+ wy,
satisfies

lw = | Lin ey (0,77, 5 x Fmy < O
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As in the previous lemma these estimates can hold for polynomially large

times in % if one assumes further estimates on the norm of u in H™.

Proof. The function z = u — u satisfies

(1 —aA)zy = 240 + € (u2 — ﬂz)m 4 M+l Z eI Moy, . (13)
i+j>M

W = E eI Mypw

i+i>M
We apply D™ ! to (13), and multiply it by D™ 'z to get

(D™ (1 — a2z ) (D™ Lz) = (D™ Loy ) (D™ L)

+ EDm+1 [u2 Y ] (Dm—lzt) + 6M+1(Dm+1W)(Dm_1zt).

xrx

Define

(14)

Integrating by parts, we can write (14) in the form
1d
2 dt

1 1
- / (D™2)[D™ (02 — @2)]da + M+ / (D™ WY (D™ 2,) da.
0 0

1 ((Dm_lzt)Z + Ck(szt)Z + (sz)Q) dx =

Setting
1
o / (D™ 12)? + (D™ )2 + (D™2)?) d,
0

using the Cauchy—Schwartz inequality, and the bounds

1 E 1
/ (D™z)*dx < =, / (D™ 12)%dx < E,
0

« 0

we conclude that

1d eE1/2
5 E < il = @ + BV W
Since H™, m > 1/2 is an algebra,
1d Ce
3 B S B2 [ell g st g + BV [ g
By Poincaré’s inequality, ||z zm < CEY? for some constant C' > 0. Thus,
d Ce Ce
%E = o1/2 B+ 1/2E lu+ @l o + M TLEV W g -
Using Young’s mequality,
E<2pd?y EV2 < ips 2
3 37 -3 3’
and we obtain g

“E<CEY? 4
at- =t +02
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where M
Ce 2 N €
0= o (14 3 Tl )+ S Wl
and o 5
€ _ M+1
G=—5 |u+afl gm + 3¢ W mesa
Since
d

ZE<CE 1 Gy < (CIPE+Cy)32,

solving the ordinary differential equations in the equality case, we obtain
14— BB — K)?
CHt— K

with K = 2/[6’;1/3022/3 + C7E(0)]Y/2. This completes the proof. O

The main result of this paper is the following.

Theorem 6. Fiz T >0, C >0 and § > 0. Choose € and ﬁ sufficiently
small so that T < Ty, T,. Assume that o is sufficiently small, and N, the
number of nonzero Fourier modes in the finite dimensional approrimations,
is sufficiently large. Suppose that uy is a solution of (1) and that ug is
a solution of (2) in its center manifold, both with norms bounded by C.

Assume further that the initial data for the two equations coincides in H™ x
H™ 2 qtt =0. Then

llur — quLoo([o,T],HM) <.

Proof of Theorem 6. First observe that the solution us in the center mani-
fold is bounded in H™12 x H™ for a time T that blows up as the norm of
the initial data goes to zero or € — 0.

If « is sufficiently small, it is possible to approximate the initial conditions
of ug arbitrarily well by 79 by truncating it to finitely many Fourier modes.
Then, since us is itself bounded, the constant K7 in Lemma 4 is bounded.
Therefore, by Lemma 4, for ¢ sufficiently small, us and 49 stay close. The
approximations o and u; stay close together as long as « is sufficiently
small, by Lemma 3. By Theorem 1 the solution u; exists, and is bounded,
for times that blow up as ¢/ a'/?2 — 0. Finally, Lemma 5 says that @; and
uy stay close together, as long as e/ozl/2 and e are sufficiently small. U
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