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Chapter 1

Optimal Control

1.1 Optimal Control and Viscosity Solutions

The terminal cost problem in optimal control consists in minimizing the func-
tional

Tl @] = /t L, d)ds + (),

where L : R?® — R, and ¢ : R® — R are continuous functions, among all
Lipschitz paths z(+), with initial condition z(t) = x and satisfying the differential
equation = = u.
The infimum of J over all bounded Lipschitz controls u € L™[t,¢;] is value
function V
V(z,t) :iEfJ(x,t;u). (1.1)

Suppose L(z,v) is convex in v, and satisfies the coercivity condition

L
lim (2, v)

|v|—o00 |U|

= Q.

The Legendre transform ! of L, denoted by L*, is the function
L*(p,z) = sup [—v - p — L(x,v)].
v

L*(p, x) is the Hamiltonian and is frequently denoted by H (p,x).
Next we list some important properties of the Legendre transform.

Proposition 1. Suppose that L(x,v) is convex and coercive in v. Let H = L*.
Then

IThis definition simplifies the treatment of the terminal value problem and is the usual
in optimal control problems [FS93]; however, it is different from the customary in classical
mechanics. The latter one is L¥(p, z) = sup,, v-p— L(z,v), as defined, for instance, in [Arn99].
The relation between them is L*(p, z) = L¥(—p, z).




1. H(p,z) is convez in p;

H*=L;
H(z,p)

= 005
[p| ’

For each z, lirn|p|_,oO

e e

Define v* by the equation p = —D,L(x,v*); Then

H(p,xz) = —v" - p— L(z,v");

5. Similarly define p* by the equation v = —D,H (x,p*); Then
L(z,v) = —v-p" = H(z,v");

6. If p=—D,L(x,v) or v=—D,H(x,p) then D,L(x,v) = —D,H(p,z).

Let 1 be a continuous function. The superdifferential D}iv(z) of 1 at the
point « is the set of values p € R™ such that

ey V12 +0) = V() —p-o
|[v]—0 |U|

<0.

Consequently, p € D (z) if and only if ¥(z + v) < ¥(z) + p- v + o(v), as
|v| — 0. Similarly, the subdifferential D (x) of ¢ at the point x is the set of
values p such that

g Y@ V) = 0@) —p-o

> 0.
v]—0 |v]

These sets are one-sided analog of derivatives. Indeed, if 1 is differentiable

Dy ¢(x) = Div(x) = {Dat(x)}
More precisely,

Proposition 2. If D;v(x), D} (x) # O then D (z) = Diy(x) = {p} and
¥ is differentiable at x with Dy = p. Conwversely, if 1 is differentiable at x
then

Dy (x) = Di(z) = {Doth(w)}.

A point (z,t) is called regular if there exists a unique trajectory z*(s) such
that z*(t) = z and

Viz,t) = /t L (s), & ()ds + b(a” (1),

We will see that regularity is equivalent to differentiability of the value function.

The next theorem collects the main results about the optimal control prob-
lem. Namely, whether V is finite, what are the optimal controls (if they exist),
how the value function relates to the optimal trajectory, the regularity of V and
uniqueness of optimal trajectory.



Theorem 1. Suppose © € R™ and to < t < t1. Assume L(x,v) is a smooth
function, strictly convex in v (i.e., D2,L positive definite), and satisfying the
L(z,v) _
bounded below (without loss of |g|enemlity, we may take L(xz,v) > 0); assume
also L(x,0) < ¢1, |DyL| < coL + c3 for suitable constants c1, co,and cs; finally
suppose that there exists a positive functions Co(R), C1(R) such that |D,L| <
Co(R) and |D?,L| < C1(R) whenever [v| < R. Then for any bounded Lipschitz
function :

coercivity condition lim|,|_ o oo, for each x. Furthermore suppose L

1. 'V satisfies
~[[¥lloe <V <erfts =t + 9]l oo

2. Suppose tg <t <t <ty. Then

Vix,t) = inﬂ{ 1r(1f)’
yeR™ x(-

/t L(x(s), #(s))ds + V(y, )| ,

where x(t) = x and z(t') = y.

3. Suppose ¥1(x) and Po(x) are bounded Lipschitz functions with 1 < )s.
Let Vi (z,t) and Va(x,t) be the corresponding value functions. Then Vi(z,t) <
Va(x,t). In particular this implies that for any 11 (x) and o (x)

sup [Vi(z,t) = Va(z, 1)| < sup [ (z) = a(2)].

4. There exists a control u* € L>®[t,t1] such that the corresponding path x*,
defined by the initial value ODE

satisfies
t1
Vi, t) = / L(z*(s), 3" (5))ds + (" (t1)).
t
5. There exists a constant C', which depends only on L, ¥ and t; —ty but not

on x ort such that |u(s)| < C fort < s <ty. The optimal trajectory x*(-)
is a C2[t,t1] solution of the Euler-Lagrange equation

iDvL -D,L=0
dt

with initial condition x(t) = x.
6. The adjoint variable p, defined by
p(t) = =D, L(z*, "),
satisfies the differential equation

p(s) = D.H(p(s),z*(s)) *(s) = =D, H(p(s),z"(s))



with terminal condition p(t1) € Dy (x*(t1)). Additionally
(p(s), H(p(s), 2" (s))) € D~V (z(s), s)
fort < s <t.

7. The value function V' is Lipschitz continuous, thus differentiable almost
everywhere.

8. (p(s), H(p(s),x*(s))) € DTV (x*(s),s) fort < s <ty and so D,V (x*(s), s)
exists fort < s < tj.

9. V is differentiable at (x,t) if and only if (x,t) is a regular point.

1.2 Viscosity Solutions
When the value function V' is smooth it satisfies the Hamilton-Jacobi equation
-V;+ HD,V,z) =0, (1.2)

as corollary to theorem 1. However, it is not true that V' is differentiable at any
point (z,t). It satisfies (1.2) in a weaker sense - it is a viscosity solution. More
precisely, a bounded uniformly continuous function V' is a wviscosity subsolution
(resp. supersolution) of the Hamilton-Jacobi-Belmann PDE (1.2) if for any
smooth function ¢ such that V' — ¢ has a local maximum (resp. minimum) at
(z,t) then =Dy + H(Dyp,x) < 0 (resp. > 0) at (z,f). A bounded uniformly
continuous function V' is a wiscosity solution of the HIJB equation provided it is
both a subsolution and a supersolution.

Another useful characterization of viscosity solutions is given in the next
proposition.

Proposition 3. Suppose V is a bounded uniformly continuous function. Then
V is a viscosity subsolution of (1.2) if and only if for any (p,q) € DTV (x,t),
—q + H(p,z;t) < 0. Similarly V is a viscosity supersolution if and only if for
any (p,q) € D™V (x,t), —q+ H(p,x;t) > 0.

A corollary of this proposition is that any smooth viscosity solution is, in
fact, a classical solution.

1.3 Time independent problems

The separation of variables method applied to (1.2) motivates us to look for
solutions of

H(P + Dyu,z) = H(P), (1.3)

here the parameter P is introduced artificially, but will be extremely useful in
the following sections.



Any viscosity solution of (1.3) satisfies the fixed point property
ty
u(z) = 11(11;/ L(x(s),2(s)) + P-i(s) + H(P)ds + u(x(t1)). (1.4)
z(-) Jy

The existence of such fixed points requires additional hypothesis on L (or H).
For instance, if H is Z™" periodic in z, i.e., H(z + k,p) = H(z,p) for k € Z™
then there exists a periodic viscosity solution of (1.3). More precisely [LPV88],

Theorem 2 (Lions, Papanicolaou, Vzgadhan). Suppose H is 7" periodic
in x. Then there exists a unique number H(P) for which the equation

H(P + Dyu,z) = H(P)

has a periodic viscosity solution u. Furthermore H(P) is conver in P.



Chapter 2

Hamiltonian Systems

2.1 Hamiltonian Systems

Let H : R?” — R ( we write H(p,z) with x,p € R") be a smooth function.
The Hamiltonian Ordinary Differential Equation (Hamiltonian ODE) associated
with the Hamiltonian H and canonical coordinates (p,x) is

i=(DH)T  p=—(D,H)". (2.1)

2.2 Hamilton-Jacobi Theory

When changing coordinates in a Hamiltonian system one must be careful be-
cause the special structure of the Hamiltonian ODE is not preserved under
general change of coordinates. To overcame this problem we study the theory
of generating functions.

Proposition 4. Let (p,x) be the original canonical coordinates and (P, X) be
another coordinate system. Suppose S(x, P) is a smooth function such that

p=(Ds8(z, P))" X =(DpS(x,P)"

defines a change of coordinates. Furthermore assume that D2, is non-singular.
Let H(P,X) = H(p,z). Then, in the new coordinate system, the equations of

motion are . o . o
X =(DpH)Y P=—(DxH)T, (2.2)

i.e., (P, X) are canonical coordinates. In particular, if H does not depend on
X, these equations simplify to

X = (DbpH)" P=0.
ProOOF. Observe that

—(D.H)" == D2,S(D,H)" + D, SP,



and so )
D3},SP =~ [D2,S(D,H)" + (D, H)T| (2.3)

Since H(P,DpS) = H(D,S, ),
DxHD?,S = D,HD? S+ D, H.

Transposing the previous equation and comparing with (2.3), using the fact that
D?,S = (D%,S)T is non-singular and D2 S is symmetric,

P=_—(DxH).
We also have
X =D, X&+ DpXP = D2p,S(D,H)" + D%,SP.
Again using the identity H(P,(DpS)T) = H((D,S)T,z), we get
DpH + DxHD?%pS = D,HD?%,S.
Again by transposition,we get
X = (DpH)T + (D3pS)" (P + (DxH)T),

which implies X = (DpH)T. |
The function S in the previous proposition is called a generating function
(see, for instance, [Arn99] for details)

Proposition 5. Suppose S(z, P) is a smooth generating function such that in

the new coordinates (X, P), H(X, P) = H(P). Then S is a solution of the PDE

H(D,S,z) = H(P). (2.4)
PrROOF. If p= D,S then H(D,S,z) = H(P). |

When such a generating function is found, we say that the Hamiltonian
ODE is completely integrable. However, in general, the PDE (2.4) does not have
global smooth solutions.

Note that in the last proposition we have, in general, two unknowns, S and
H(P). Finding H(P) is as important as finding S!

Suppose for each P we can find H(P) such that there exists a periodic
smooth solution u of the PDE H(P + D,u,r) = H(P). Then the generating
function S = P -« + wu yields a periodic (in x) change of coordinates. Assume
further that

p=P+D,u Q=x+ Dpu

defines a smooth change of coordinates. In the new coordinates

P=0 Q=DpH.

The rotation vector w = lim;_, o @ of the orbits x(t) exists and is
t t —
w=tlim *® _ iy @O _ b7
t—oo t t—oo

since Dpu is bounded (under smoothness and periodicity assumptions).



Chapter 3

Aubry-Mather Theory

3.1 Invariant sets

In the previous chapter we proved that, given a smooth periodic solution of the
time independent Hamilton-Jacobi equation

H(P + Dyu,z) = H(P), (3.1)

it is possible construct an invariant set: the graph (z, P+ D,u). Usually this set
is identified with a n dimensional torus. Since, in general, there are no smooth
solutions of (3.1), we would like to be able to prove an analogous result using
viscosity solutions.

Suppose that u is a periodic viscosity solution of (3.1). Then u Lipschitz in
x, and so, by Rademacher theorem, it is differentiable a.e.. Let G be the set

G ={(z, P+ Dyu) : uis differentiable at x} .

This set is not invariant, at least in general, but we will see that it is backwards
invariant. Let =; be the flow associated with the backwards Hamiltonian ODE

p=D,H(p,zx) &= —D,H(p,x). (3.2)

Proposition 6. G is backwards invariant under Z; - more precisely, for all
t >0, we have Z,(G) C G.

PROOF. Let u be a viscosity solution of (3.1). Consider the time dependent

problem
~Vi+ H(P+D,V,z) =0,

with terminal condition V' (t1,2) = w(P, ). The (unique) viscosity solution is

V(z,t) =u(x) + H(P)(t —t1).



If u is differentiable at a point xg then, by theorem 1, (¢,z) = (0, x¢) is a regular
point. Thus there exists a unique trajectory x*(s) such that x*(0) = zy and

V(zg,0) = /0 1 L(z*(s),2%(s)) + P - &*(s)ds + u(z*(t1)).

Along this trajectory the value function V is differentiable. The adjoint variable
is defined by
p*(s) =P+ D,V(x*(s),s).

We know that the pair (z*,p*) solves the backwards Hamilton ODE (3.2).
Therefore

(l‘*(s)aP""D:EV(l‘*(S)aS)) = (x*(s),p(s)) = Es(l‘,p(O)) = ES($7P+D9;V(.’L‘,O))-

This implies
Zs(z, P+ Dyu) € G,

for all 0 < s < t;. Since t; is arbitrary the previous inclusion holds for any
s > 0. |

Lemma 1. If G is an invariant set then its closure G is also invariant.

PROOF. Take a sequence (z,,p,) € G and suppose this sequence converges to
(x,p) € G. Then, for any t, Z¢(xp, pn) — Z¢(x, p). This implies Zy(x,p) € G. B
Define G, = =, (?) Note that G is, in general, a proper closed subset of G.
Let
T = Ni>0Gt-

Theorem 3. T is a nonempty closed invariant set for the Hamiltonian flow.

PROOF. Since G; is a family of compact sets with the finite intersection prop-
erty, its intersection is nonempty. Invariance follows from its definition. |

This theorem generalizes the original one dimensional case by Moser et al.
[JKM99] and W. E [E99]. A. Fathi has a different characterization of the in-
variant set using backward and forward viscosity solutions [Fat97a], [Fat97b],
[Fat98a], and [Fat98b].

In the proof of theorem 3 we do not need to use the closure of G. Even if
2z € G\G we have Z;(z) € G, for all t > 0. Indeed, by theorem 1, the only points
in an optimal trajectory that may fail to be regular are the end points.

3.2 Rotation vector
It turns out, as we explain next, that the dynamics in the invariant set Z is

particularly simple. Suppose there is a smooth (both in P and z) periodic
solution of the time independent Hamilton-Jacobi equation (3.1). Define X =



x + Dpu. Then, for trajectories with initial conditions on the set p = P + D, u
we have _ o
X =DpH(P),

or, equivalently, X(t) = X(0) + DpH(P)t. Therefore the dynamics of the
original Hamiltonian system can be completely determined (assuming that one
can invert X = z + Dpu).

We would like to prove an analog of this fact for orbits in the invariant set
Z. A simple observation is that, in the smooth case,

z(t —
lim 2(t) = DpH(P) = w, (3.3)
t—oo

the vector w is called the rotation vector. The next theorem shows that (3.3)
holds, under more general conditions, for all trajectories with initial conditions
in the invariant set Z, provided DpH exists.

Theorem 4. Suppose H(P) is differentiable for some P. Then, the trajectories
x(t) of the Hamiltonian flow with initial conditions on the invariant set Z(P)
satisfy

t _
lim ? = DpH(P).

t—o0o

PrOOF. Fix P and P’ and choose any (z,p) € Z. By (1.4)

H(P) = — lim fot L(z*(s),2*(s)) + P - &*(s)ds + u(z*(t), P)

t—oo t ’

for some optimal trajectory z*. Furthermore

HP) = —tm L)+ P i(e)ds +ulz(t) P)

34
t—00 z(-):z(0)=x t (34

Thus

HP) > — liming o L CLE () + P (s)ds + (P (1)

t—oo t

The right hand side is equal to

t .
P — P).-12*(s)d _
flitminf fo( t) (s)ds +

Therefore

H(P') — H(P) > limsup fO (P —P')-i*(s)ds — lim sup w

t—oo t t—00 t

This implies immediately that for any vector Q

—~DpH(P) - Q > limsup M

t—00 t

10



Replacing Q by —Q yields

_ 0. z*
—DpH(P) - Q < liminf %(t)

t—oo

Consequently
— *(t
_DpEP) = tim 2O

t—o00 t

Now note that the optimal trajectory «*(s) with initial conditions (z*(0), p*(0)) €
7 solves the backwards Hamilton ODE. So, any solution z(t) of the Hamilton
ODE with initial conditions on Z satisfies

as required. |

Corollary 1. Suppose x(t) is a optimal trajectory with initial conditions in T.
Then, for any subsequence t; such that

w= lim x(tj)

Jj—00 tj

exists,
H(P')>H(P)+(P-P)-w,

i.e. we DRH(P).
PRrROOF. By taking t; — 400 instead of t — 400 in (3.4) we get
H(P)-—H(P)>(P-P)-w,

which proves the result. |

3.3 Invariant Measures

J. Mather [Mat91] considered the problem of minimizing the functional

Al = [ Lan
over the set of probability measures p supported on T” x R™ that are invariant
under the flow associated with the Euler-Lagrange equation

dor oL

dt ov  dx
Here L = L(z,v) is the Legendre transform of H, and T™ the n-dimensional
torus, identified with R™/Z"™ whenever convenient.

11



One can add also the additional constraint

/vdu =w,

restricting the class of admissible measures to the ones with an average rotation
number w. It turns out [Mn91] that this constrained minimization problem can
be solved by adding a Lagrange multiplier term:

Aplp] = /L(m,v) + Pudyp.

The main idea is that instead of studying invariant sets one should consider
invariant probability measures. The supports of such measures correspond to the
invariant sets (tori) defined by P = constant given by the classical theory. We
show next how these measures appear naturally when using viscosity solutions.

Let V(z,t) be a periodic viscosity solution (periodic both in z and ¢) of the
Hamilton-Jacobi equation

—D,V + H(P+ D,V,z,t) = H(P).

For each ¢, let 2¢(-) be a minimizing trajectory for the optimal control problem
and p¢(+) the corresponding adjoint variable. Then, for any s and ¢

V(z(s),s) = / [L(:z:e(r),iﬁ(r),r) —P-i(r) — F(P)} dr + V(z(t),t).

Theorem 5 (Mather measures). For almost every 0 <t <1 there exists a
measure (Mather measure) vy such that for any, smooth and periodic in y and
T, function ®(p,y,T,t)

with ®(t) = [ ®(p,y,7,t)dvi(p,y, 7). More precisely, for any smooth function
o(t)

1 - 1 B
| e = Lnd— [ e,
0 € € 0

as € — 0 (through some subsequence, if necessary).

PRrROOF. In general, the sequence (%, é) is not bounded. However if we con-
sider £ mod Z" and é mod 1, this sequence is clearly bounded, and since,
by hypothesis, ® is periodic this does not change the result. Also p¢ can be
uniformly bounded independently of e. Thus, by the results of the previous
section, we can find Young measures v; with the required properties. |

We now prove that these measures are supported on the invariant set.

Proposition 7. Let V be a periodic (in x and t) solution of —D;V + H(P +

D,V,x,t) = H(P) and v an associated Mather measure. Then p = P+ D,V
Vs a.e..

12



PROOF. The measure v; was obtained as a weak limit of measures supported
on the closure of p = P + D,V for some fixed V. Thus the support of the
limiting measure should also be contained on the closure of p= P+ D, V. N

Theorem 6. Suppose p a Mather measure, associated with a periodic viscosity
solution of o
H(P+ Dyu,z) = H(P).

Then p minimizes
/ L+ P-wvdn,

over all invariant probability measures 1.

PRrROOF. If the claim were false, there would be an invariant probability measure
v such that

—F:/L+Pvdu>/L+Pvdu:—)\.

We may assume that v is ergodic, otherwise choose an ergodic component of
v for which the previous inequality holds. Take a generic point (z,v) in the
support of v and consider the projection z(s) of its orbit. Then

u(z(0)) — H(P)t < /0 L(xz(s),%(s)) + P - &(s)ds + u(x(t)).

Ast — o0
1

n /0 L(z(s),2(s)) + P - d(s)ds — —A,

by the ergodic theorem. Hence
—H < -\

)

which is a contradiction. |

Next we prove that any Mather measures (as defined originally by Mather)
is "embedded” in a viscosity solution of a Hamilton-Jacobi equation. To do so
we quote a theorem from [Mn96].

Theorem 7. Suppose u(P) is a ergodic minimizing measure. Then there exists
a Lipschitz function W : supp(p) — R and a constant H(P) > 0 such that

—L—Pv=H(P)+ D,Wv+ D,WD,H.
By taking W as initial condition (interpreting W as a function of z alone
instead of (z,p) - which is possible because supp p is a Lipschitz graph) we can
embed this minimizing measure in a viscosity solution. More precisely we have:

Theorem 8. Suppose u(P) is a ergodic minimizing measure. Then there exists
a viscosity solution u of the cell problem

H(P + Dyu,x) = H(P)

such that u = W on supp(p). Furthermore, for almost every x € supp(u)
the measures v; obtained by taking minimizing trajectories that pass trough x
coincides with L.

13



Proor. Consider the terminal value problem V(z,0) = W(z) if = € supp(u)
and V(z,0) = 400 elsewhere, with

—DV +H(P+ D,V,z) = H(P).
Then, for « € supp(u) and t > 0
V(x,—t) = W(x).
Also if x ¢ supp(u) then
Viz,—t) <V(x,—s),

if s < t. Hence, as t — oo the function V(x, —t) decreases pointwise. Since V is
bounded and uniformly Lipschitz in = it must converge uniformly (because V
is periodic) to some function w. Then u will be a viscosity solution of

H(P + Dyu,x) = H(P).

Since u = W on the support of i, the second part of the theorem is a consequence
of the ergodic theorem. |

14
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