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Lecture 1

A survey on operator theory I

Along the first lecture of this Internet Seminar, we are going to consider usually a complex
Banach space X, a linear operator T with domain D(T ) and range Rg(T ), both contained in
X, and we will study the operator λ− T , where λ is a complex number.

If λ is such that λ− T : D(T )→ X is bijective and λ− T has continuous inverse, then λ
is said to belong to the resolvent set ρ(T ) of T , otherwise λ belongs to the spectrum σ(T ) of
T .

The main aim of Spectral Theory is the systematic analysis of the properties of T and
(λ− T )−1, through the study of the sets ρ(T ) and σ(T ).

If X is a finite-dimensional space, then we can represent T as a matrix, and in that case
spectral analysis reduces to the study of the eigenvalues of the matrix, since if λ−T does not
have an inverse, then there exists x ∈ X, with x 6= 0 such that Tx = λx. It is well known
that the spectrum of a matrix contains at least one complex eigenvalue.

Dealing with the infinite dimensional case, the picture gets more diversified, since, e.g.,
the spectrum could be empty and spectral values need not to be eigenvalues.

This week we start by providing the basic definitions and tools to deal with operators on
Banach spaces and their spectra.

Notation: Given a Banach space (X, ‖ · ‖) over the field K = R or K = C, we denote by
BX := {x ∈ X | ‖x‖ ≤ 1}, the closed unit ball of X and by I : X → X the identity operator.

1.1 Main definitions and properties of bounded operators on
a Banach space

If X and Y are Banach spaces, we denote by L(X,Y ) the space of linear and continuous
operators T : X → Y . We recall the following result.

Proposition 1.1.1. If X and Y are Banach spaces and T : X → Y is a linear operator, then
the following properties are equivalent:

(i) T is continuous on X;

(ii) T is continuous at x = 0;

(iii) T is bounded (i.e., T (BX) is a bounded set in Y ).
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4 LECTURE 1. A SURVEY ON OPERATOR THEORY I

Consequently, for every T ∈ L(X,Y ) the following definition of operator norm of T is
meaningful

‖T‖ := sup
x∈BX

‖Tx‖Y .

Clearly ‖Tx‖Y ≤ ‖T‖‖x‖X for every x ∈ X. Moreover, the space (L(X,Y ), ‖ · ‖) is a Banach
space.

If X = Y , then we set L(X) := L(X,X). If Y = K, then the Banach space L(X,K) is
called topological dual space of X and is denoted by X ′. In this case, the operator norm is
denoted by ‖ · ‖′X′ and simply by ‖ · ‖′ when no confusion may arise.

If Z is another Banach space, S ∈ L(Y, Z) and T ∈ L(X,Y ), then it is easy to prove that
the composition operator ST := S ◦ T belongs to L(X,Z) and

(1.1) ‖ST‖ ≤ ‖S‖ · ‖T‖ .

If T ∈ L(X,Y ), then the dual operator T ′ : Y ′ → X ′ is defined by

(T ′y′)(x) := y′(Tx), ∀y′ ∈ Y ′, ∀x ∈ X.

The operator T ′ belongs to L(Y ′, X ′). Indeed, it is straightforward to prove that T ′ is linear.
Moreover, for any fixed y′ ∈ Y ′, it holds that

|(T ′y′)(x)| = |y′(Tx)| ≤ ‖y′‖′Y ′ · ‖Tx‖Y ≤ ‖y′‖′Y ′ · ‖T‖ · ‖x‖X , ∀x ∈ X.

Hence T ′y′ ∈ X ′ and

‖T ′y′‖′X′ = sup
x∈BX

|T ′y′(x)| ≤ ‖T‖‖y′‖′Y ′ .

By the arbitrariness of y′, we get that T ′ ∈ L(Y ′, X ′) and the inequality

(1.2) ‖T ′‖ = sup
y′∈BY ′

‖T ′y′‖′X′ ≤ ‖T‖

holds true. Actually, it holds that

(1.3) ‖T‖ = ‖T ′‖.

Indeed, fix x0 ∈ X. By the Hahn–Banach-theorem, see Corollary A.1.2, there exists y′0 ∈ Y ′
such that ‖y′0‖′Y ′ = 1 and y′0(Tx0) = ‖Tx0‖Y . Consequently, T ′y′0(x0) = ‖Tx0‖Y , so that

‖Tx0‖Y = (T ′y′0)(x0) ≤ ‖T ′‖ · ‖y′0‖′Y ′ · ‖x0‖X = ‖T ′‖ · ‖x0‖X .

It follows that ‖T‖ ≤ ‖T ′‖.

If M is a subspace of X and N is a subspace of X ′, set

M⊥ := { y′ ∈ X ′ | y′(x) = 0 for every x ∈M },
⊥N := {x ∈ X | y′(x) = 0 for every y′ ∈ N }.

For every T ∈ L(X), it holds that

(1.4) ker(T ′) = T (X)⊥, ker(T ) =⊥ T ′(X ′).

(See Exercise 1.4.1)
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1.2 Closed operators

Definition 1.2.1. A linear operator T : D(T )→ Y , where D(T ) is a subspace of X, is said
to be

(i) densely defined if D(T ) is dense in X;

(ii) closed if its graph G(T ) := { (x, Tx) | x ∈ D(T ) } is a closed subspace of the product
Banach space X×Y endowed with the norm ‖(x, y)‖ := ‖x‖X+‖y‖Y for (x, y) ∈ X×Y .

Since X, Y are Banach spaces, from the above definition the following result follows.

Proposition 1.2.2. Let T : D(T ) ⊆ X → Y be a linear operator. Then, the following
properties are equivalent:

(i) T is a closed operator;

(ii) for every sequence (xn)n∈N ⊂ D(T ) such that limn→∞ xn = x and limn→∞ Txn = y for
some (x, y) ∈ X × Y , it holds that x ∈ D(T ) and y = Tx;

(iii) the space D(T ), endowed with the graph norm

‖x‖T = ‖x‖+ ‖Tx‖ , x ∈ D(T ),

is a Banach space.

Clearly if T ∈ L(X,Y ), then it is closed. If the domain of T is the whole space X, then
the converse holds by the Closed Graph Theorem.

Theorem 1.2.3 (Closed Graph Theorem). Let X and Y be two Banach spaces and let
T : X → Y be a closed operator. Then, T is continuous.

Proof. A linear operator T is always continuous with respect to its graph norm ‖ · ‖T on X.
Since, by Proposition 1.2.2, ‖ · ‖X ≤ ‖ · ‖T and (X, ‖ · ‖X), (X, ‖ · ‖T ) are both Banach spaces,
it follows that the norms ‖ · ‖X and ‖ · ‖T are equivalent (see Exercise 1.4.3). Thus, T is
continuous with respect to the original norm.

Given two linear operators S : D(S) ⊆ X → Y and T : D(T ) ⊆ X → Y , T is said to be
an extension of S, and we write in this case S ⊂ T , if D(S) ⊆ D(T ) and Sx = Tx for every
x ∈ D(S).

Definition 1.2.4. An operator T : D(T ) ⊂ X → Y is said to be closable if it admits a closed
extension.

A straightforward reasoning gives the next result, see Exercise 1.4.2.

Proposition 1.2.5. Let X be a Banach space and let T : D(T ) ⊂ X → Y be a linear
operator. Then the following properties hold:

(i) the operator T is closable if and only if for any sequence (xn)n∈N ⊂ D(T ) such that
limn→∞ xn = 0 and limn→∞ Txn = y, it holds y = 0;
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(ii) if T is a closable operator, then there exists the smallest closed extension of T . It is
denoted by T and it is called closure of T . Moreover, it holds that

G(T ) = G(T ).

Example 1.2.6. Let T : C1([0, 1]) ⊂ L2((0, 1)) → C be defined by Tf := f ′(0). Then, T is
not closable. Indeed, consider the sequence (fn)n∈N ⊂ C1([0, 1]) such that fn(x) = 1

n sin(nx)
for every x ∈ [0, 1]. Then, limn→∞ fn = 0 in L2((0, 1)), but Tfn = 1 for every n ∈ N, so that
limn→∞ Tfn 6= 0.

1.3 Spectrum and resolvent

Let (X, ‖ · ‖) be a Banach space over C. In the sequel, if T : D(T ) ⊆ X → X is a linear
operator on X and λ ∈ C, then λ± T stands for the operator λI ± T , with domain D(T ).

Definition 1.3.1. Let T : D(T ) ⊆ X → X be a linear operator. The set

ρ(T ) := {λ ∈ C : λ− T : D(T )→ X is bijective and (λ− T )−1 ∈ L(X)}

is called resolvent set of T . If ρ(T ) 6= ∅ and λ ∈ ρ(T ), then the operator

R(λ, T ) := (λ− T )−1

is said resolvent of T at λ. The set σ(T ) = C \ ρ(T ) is called spectrum of T . Moreover, the
set σp(T ) := {λ ∈ σ(T ) | ker(λ − T ) 6= {0}} is called point spectrum of T . Every scalar
λ ∈ σp(T ) is said eigenvalue of T and every 0 6= x ∈ X such that (λ − T )x = 0 is said
eigenvector of T corresponding to the eigenvalue λ.

Proposition 1.3.2. If T : D(T ) ⊆ X → X is a closed operator and λ− T is bijective, then
(λ− T )−1 ∈ L(X) .

Proof. By the assumption G(λ− T ) is a closed subspace of X ×X, hence

G((λ− T )−1) = { (λx− Tx, x) | x ∈ D(T ) }

is closed too. The Closed Graph Theorem 1.2.3 yields the assertion.

Remark 1.3.3. If T : D(T ) ⊆ X → X is a linear operator such that ρ(T ) is not empty,
then T is closed. Indeed, for any sequences (xn) ⊂ D(T ) such that limn→∞ xn = x and
limn→∞ Txn = y for some x, y ∈ X, we have

R(λ, T )y = lim
n→∞

R(λ, T )Txn

= lim
n→∞

(λR(λ, T )xn − xn)

= λR(λ, T )x− x.

Thus, x ∈ D(T ) and Tx = y, which proves the closedness of T .

Lemma 1.3.4. Let

I(X) := {S ∈ L(X) | S is bijective }.

Then, the following properties hold:
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(1) if S ∈ L(X), with ‖S‖ < 1, then I − S ∈ I(X) and its inverse is given by the so-called
Neumann-series

(I − S)−1 =
∞∑
n=0

Sn;

(2) if ρ ∈ C, S ∈ L(X), with ‖S‖ < |ρ|, then ρ± S ∈ I(X);

(3) if T ∈ I(X) and S ∈ L(X), then T + S ∈ I(X) if and only if I + T−1S ∈ I(X);

(4) I(X) is an open subset of L(X).

Proof. (1) Consider the series

(1.5)
∞∑
n=0

Sn

in the Banach space L(X).
Since ‖Sn‖ ≤ ‖S‖n and ‖S‖ < 1, the series

∑∞
n=0 ‖Sn‖ converges and therefore the series in

(1.5) converges in L(X). Now, observe that

(I − S)
∞∑
n=0

Sn =
∞∑
n=0

Sn −
∞∑
n=0

Sn+1 =
∞∑
n=0

Sn −
∞∑
n=1

Sn = I,

and, analogously, ( ∞∑
n=0

Sn
)

(I − S) = I.

The previous identities ensure that I − S is invertible and

(I − S)−1 =

∞∑
n=0

Sn.

(2) Since ‖ρ−1S‖ < 1, by property (1) we get that I ± ρ−1S ∈ I(X) and so ρ ± S =
ρ(I ± ρ−1S) ∈ I(X).

(3) Since T is invertible, it follows that T + S = T (I + T−1S). Hence, T + S ∈ I(X) if
and only if I + T−1S ∈ I(X).

(4) Let T ∈ I(X) and S ∈ L(X) be such that ‖S‖ < ‖T−1‖−1. Then,

‖T−1S‖ ≤ ‖T−1‖‖S‖ < 1.

Combining properties (1) and (3), we get that I+T−1S ∈ I(X), and therefore T +S ∈ I(X).
This means that the open ball with center T and radius ‖T−1‖−1 is contained in I(X). By
the arbitrariness of T ∈ I(X), it follows that I(X) is an open subset of L(X).

Proposition 1.3.5. Let T : D(T ) ⊆ X → X be a linear operator, Then, the following
properties hold.
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(1) Let λ0 ∈ ρ(T ). If λ ∈ C and |λ− λ0| < ‖R(λ0, T )‖−1, then λ ∈ ρ(T ) and

(1.6) R(λ, T ) =

∞∑
n=0

(λ0 − λ)nR(λ0, T )n+1,

where the series in (1.6) converges in the operator norm.

(2) ρ(T ) is open.

(3) If ρ(T ) 6= ∅, then the mapping R(·, T ) : ρ(T )→ L(X) is analytic.

(4) (Resolvent identity) For every λ, µ ∈ ρ(T )

R(λ, T )−R(µ, T ) = (µ− λ)R(λ, T )R(µ, T ).

In particular, R(λ, T ) and R(µ, T ) commute.

(5) Let (λn)n∈N ⊆ ρ(T ) be a sequence converging to some λ0 ∈ C. Then, λ0 ∈ σ(T ) if and
only if lim

n→∞
‖R(λn, T )‖ =∞.

Proof. (1) Observe that

(1.7) λ− T = λ− λ0 + λ0 − T = [I + (λ− λ0)R(λ0, T )](λ0 − T ), λ ∈ C.

If |λ − λ0| < ‖R(λ0, T )‖−1, namely if ‖(λ − λ0)R(λ0, T )‖ < 1, then, by applying Lemma
1.3.4(1), we conclude that I+(λ−λ0)R(λ0, T ) ∈ I(X). Combining this fact with the identity
(1.7) yields that the operator λ− T is bijective with bounded inverse operator given by

R(λ, T ) =R(λ0, T )[I − (λ0 − λ)R(λ0, T )]−1

=R(λ0, T )
∞∑
n=0

(λ0 − λ)nR(λ0, T )n

=
∞∑
n=0

(λ0 − λ)nR(λ0, T )n+1.

Properties (2) and (3) follow by property (1). In particular, the series representation of
the resolvent (1.6) gives that R(·, T ) is analytic on the open set ρ(T ) when ρ(T ) 6= ∅.

(4) Fix λ, µ ∈ ρ(T ). Then,

R(λ, T ) =R(λ, T )(µ− T )R(µ, T ) = R(λ, T )[(µ− λ) + (λ− T )]R(µ, T )

=(µ− λ)R(λ, T )R(µ, T ) +R(µ, T ).

Thus

R(λ, T )−R(µ, T ) = (µ− λ)R(λ, T )R(µ, T ).

(5) Assume that λ0 ∈ σ(T ). For every ε > 0 there exists n0 ∈ N such that, for every
n > n0, it holds |λn − λ0| < ε. By property (1),

ε > |λn − λ0| ≥
1

‖R(λn, T )‖
for every n > n0. Hence limn→∞ ‖R(λn, T )‖ =∞.

Vice versa, assume that λ0 ∈ ρ(T ). Then, the function R(·, T ) is clearly bounded on the
compact set {λn | n ∈ N∪{0}} ⊆ ρ(T ), contradicting the assumption that limn→∞ ‖R(λn, T )‖ =
∞.
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Proposition 1.3.5(2) yields that σ(T ) is a closed subset of C. In general situations, nothing
more can be said on the spectrum and the resolvent sets, as the following example shows.

Example 1.3.6. Let X = C([0, 1],C) be the space of complex-valued continuous functions
on [0, 1], endowed with the sup-norm. Then, the operators Tif = f ′, i = 1, 2, with domains
D(T1) = C1([0, 1],C) and D(T2) = { f ∈ C1([0, 1],C) | f(1) = 0}, are closed in C([0, 1],C),
(see Exercise 1.4.4).

Fix λ ∈ C and consider the function fλ, defined by fλ(x) := eλx for every x ∈ [0, 1]. Then,
fλ ∈ D(T1) and

(λ− T1)(fλ) = λfλ − λfλ = 0;

this means that λ− T1 is not injective. By the arbitrariness of λ, we get that σ(T1) = C and
ρ(T1) = ∅.

For any λ ∈ C, consider now the operator Sλ, defined by

Sλg(x) =

∫ 1

x
eλ(x−s)g(s)ds, 0 ≤ x ≤ 1, g ∈ C([0, 1],C).

Clearly, Sλ belongs to L(X). Moreover, for every g ∈ C([0, 1],C) the function Sλg is the
unique solution of the Cauchy problem λf − f ′ = g, f(1) = 0. It follows that (λ − T2)Sλ =
Sλ(λ − T2) = I, namely, λ ∈ ρ(T2). Again, by the arbitrariness of λ, we get that ρ(T2) = C
and σ(T2) = ∅.

These easy examples highlight how the spectrum and the resolvent sets of an operator are
sensitive to the domain of the operator.

The following result will be useful.

Proposition 1.3.7. Let (X, ‖ · ‖) be a complex Banach space, T : D(T ) → X be a closed
linear operator and λ ∈ C. If λ ∈ σ(T ) and rg(λ − T ) is not closed, then there exists a
sequence (xn)n∈N ⊂ X such that ‖xn‖ = 1 and limn→∞ ‖Txn − λxn‖ = 0.

Proof. If λ ∈ σp(T ), the result is obvious. Assume then that ker(λ − T ) = {0}. Hence, the
operator (λ−T )−1 : rg(λ−T )→ X is well defined and not bounded. Indeed, if one assumes,
by contradiction, that there is C ≥ 0 such that ‖x‖ ≤ C‖(λ − T )x‖ for all x ∈ D(T ), then
rg(λ− T ) is closed, since T is closed.

Thus, there exists a sequence (yn)n∈N ⊂ rg(λ− T ) such that

‖(λ− T )−1yn‖ ≥ n‖yn‖, n ∈ N.

By linearity, we can assume that yn = (λ−T )xn with ‖xn‖ = 1 for every n ∈ N, thus getting

1 = ‖xn‖ = ‖(λ− T )−1yn‖ ≥ n‖(λ− T )xn‖, n ∈ N.

(xn)n∈N is the sequence that we were looking for.

Proposition 1.3.7 inspires the following definition:

Definition 1.3.8. Let (X, ‖·‖) be a complex Banach space, T : D(T )→ X be a closed linear
operator and λ ∈ C. If λ ∈ σ(T ) and λ− T is not injective or rg(λ− T ) is not closed, then λ
is called an approximate eigenvalue of the operator T . The set of all approximate eigenvalues
of T will be denoted by σa(T ).
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We end this section with a description of the spectrum of a resolvent operator.

Proposition 1.3.9. Let (X, ‖ · ‖) be a complex Banach space. Let T : D(T ) ⊆ X → X be a
linear operator on X and fix λ ∈ ρ(T ). Then, the following properties are satisfied.

(1) σ(R(λ, T )) \ {0} = { 1
λ−µ | µ ∈ σ(T )}.

(2) σp(R(λ, T )) = { 1
λ−µ | µ ∈ σp(T )}.

Proof. First, we prove that, for every µ ∈ ρ(T )\{λ}, (λ−µ)−1 belongs to the resolvent set of
the operator R(λ, T ). For this purpose, we introduce the operator S := (λ−µ)(λ−T )R(µ, T )
and observe that (

1

λ− µ
−R(λ, T )

)
S =(λ− T )R(µ, T )− (λ− µ)R(µ, T )

=(µ− T )R(µ, T ) = I,

S

(
1

λ− µ
−R(λ, T )

)
=(λ− T )R(µ, T )− (λ− µ)R(µ, T )

=(µ− T )R(µ, T ) = I.

From these identities it follows that the operator (λ− µ)−1I −R(λ, T ) is invertible and

(1.8)

(
1

λ− µ
−R(λ, T )

)−1
= S = (λ− µ)(λ− T )R(µ, T ) ∈ L(X).

Therefore, (λ− µ)−1 belongs to ρ(R(λ, T )).
We can now show property (1). Let ν ∈ σ(R(λ, T )) \ {0}. If ν 6= 1

λ−µ for all µ ∈ σ(T ),

then the complex number λ − 1
ν does not belong to σ(T ). Therefore, λ − 1

ν ∈ ρ(T ). Since
λ − 1

ν 6= λ, from the first part of the proof we can conclude that ν ∈ ρ(R(λ, T )) and (1.8)
shows that

(ν −R(λ, T ))−1 =
1

ν
(λ− T )R

(
λ− 1

ν
, T

)
.

This is a contradiction.
Vice versa, let ν = 1

λ−µ with µ ∈ σ(T ). Let us suppose that ν ∈ ρ(R(λ, T )) and consider

the operator S1 := νR(λ, T )(ν −R(λ, T ))−1. Then,

(µ− T )S1 =(µ− T )νR(λ, T )(ν −R(λ, T ))−1

=(µ− λ+ λ− T )νR(λ, T )(ν −R(λ, T ))−1

=(−R(λ, T ) + ν)(ν −R(λ, T ))−1 = I

and, similarly, using the fact that R(λ, T ) and (ν −R(λ, T ))−1 commute, we can show that

S1(µ− T ) =νR(λ, T )(ν −R(λ, T ))−1(µ− T ) = I .

This means that µ ∈ ρ(T ), thereby obtaining a contradiction.
The proof of property (2) follows in a similar way by taking into account the definition of

the point spectrum of an operator and taking into account that if λ ∈ ρ(T ), then R(λ, T ) is
injective and hence 0 /∈ σp(R(λ, T )).
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Remark 1.3.10. Let T : D(T ) → X be a densely defined linear operator on X such that
D(T ) 6= X and ρ(T ) 6= ∅. Then, for any λ ∈ ρ(T ), R(λ, T ) cannot admit an inverse belonging
to L(X) and, hence, 0 ∈ σ(R(λ, T )). Thus,

σ(R(λ, T )) = {0} ∪
{

1

λ− µ
| µ ∈ σ(T )

}
.

1.4 Exercises

Exercise 1.4.1. Let X be a Banach space. If M is a subspace of X and N is a subspace of
X ′, then set

M⊥ := { y′ ∈ X ′ | y′(x) = 0 for every x ∈M },
⊥N := {x ∈ X | y′(x) = 0 for every y′ ∈ N }.

Prove that, for every T ∈ L(X), it holds that

ker(T ′) = T (X)⊥, ker(T ) =⊥ T ′(X ′).

Exercise 1.4.2. Prove Proposition 1.2.5.

Exercise 1.4.3. Let X be a vector space and let ‖ · ‖1, ‖ · ‖2 be two norms in X such
that (X, ‖ · ‖1), (X, ‖ · ‖2) are both Banach spaces and there exists a constant C > 0 such
‖x‖1 ≤ C‖x‖2 for all x ∈ X. Prove that ‖ · ‖1 and ‖ · ‖2 are equivalent.

[Hint: Use Proposition A.2.2.]

Exercise 1.4.4. On X = C([0, 1],C), the space of complex-valued continuous functions on
[0, 1], endowed with the sup-norm, consider the operators Tif = f ′, i = 1, 2, with domains
D(T1) = C1([0, 1],C) and D(T2) = {f ∈ C1([0, 1],C) : f(1) = 0}. Prove that T1 and T2 are
closed operators on X.

Exercise 1.4.5. On X = C([0, 1],C) define the operators

Tf := f(0)−
∫ 1

0
f(x) dx, Tnf = f(0)−

∫ 1

1
n

f(x) dx, f ∈ X, n ∈ N.

1. Prove that T, Tn ∈ X ′ and compute ‖T‖′ and ‖Tn‖′.

2. Prove that

lim
n→∞

‖Tn − T‖′ = 0.

Exercise 1.4.6. To any f ∈ L1((0, 1)) associate the sequence of its moments (f#n )n given by

f#n =

∫ 1

0
tnf(t) dt.

1. Prove that T : f 7→ (f#n )n∈N belongs to L(L1((0, 1)), c0), where c0 is the space of null
sequences.
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2. Compute its dual operator T ′ : `1 → L∞((0, 1)).

Exercise 1.4.7. On X = C([0, 1]), endowed with the sup-norm, consider the operator T
defined by

Tf(s) :=

∫ 1

0
2stf(t) dt, f ∈ X, s ∈ [0, 1].

1. Prove that T ∈ L(X) and compute ‖T‖.

2. Solve the integral equation

f(s)−
∫ 1

0
2stf(t) dt = sin(πs).

Exercise 1.4.8. Let X be a Banach space and let T and S be two linear operators from X
into itself. Prove that if T, S ∈ L(X), then σ(ST ) \ {0} = σ(TS) \ {0}.

[Hint: Compute (I + TR(λ, ST )S)(λI − TS) for λ ∈ ρ(ST ).]

Notes

For further details, we refer the reader to the classical monographs [1–4].



Appendix A

Functional Analytic Tools

In this appendix we collect some fundamental results from Functional Analysis which we use
in this edition of the Internet Seminar.

A.1 Hahn-Banach Theorem

Given a Banach space X, one of the most important questions one may ask about its dual
space X ′ is the following: are there ‘enough’ elements in X ′? For example, are there enough
elements to separate points? This is answered using the Hahn–Banach theorem and its
consequences that we state here below.

Theorem A.1.1 (Hahn-Banach theorem for normed spaces). Let X be a real or complex
normed space and Y be a non-trivial subspace of X. Then for any f ∈ Y ′ there exists f̃ ∈ X ′
such that f̃(y) = f(y) for all y ∈ Y and ‖f̃‖′ = ‖f‖′.

Many useful results follow from the Hahn–Banach theorem A.1.1. For example:

Corollary A.1.2 (Separation). Let X be a real or complex normed space. Then for any
x ∈ X there exists a linear functional f ∈ X ′ such that f(x) = ‖x‖ and ‖f‖′ = 1. Hence, if
x 6= y ∈ X then there exists f ∈ X ′ such that f(x) 6= f(y).

Corollary A.1.3. Let X be a Banach space and D be a subspace of X. If

∀f ∈ X ′ : (f(x) = 0 ∀x ∈ D) =⇒ f = 0,

then D is dense in X.

A.2 Open Mapping Theorem

We recall that a continuous map between two topological spaces has the property that the
pre-image of any open set is open, but in general the image of an open set is not open. In the
case of bounded linear maps between Banach spaces this special property is satisfied under
the assumption of the surjectivity of the map.

Theorem A.2.1 (Open Mapping theorem). Let X and Y be two Banach spaces and let
T : X → Y be a surjective and bounded linear operator. Then, T is an open operator, i.e., T
maps open sets in X onto open sets in Y .

13
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The assumption that T maps X onto Y is essential. Consider, for example, the projection
(x, y) 7→ (x, 0) defined on R2. This map is not open.

As an application of Theorem A.2.1 a general property of inverse maps can be deduced,
i.e.:

Proposition A.2.2. Let X and Y be two Banach spaces and let T be a bijective bounded
linear operator from X to Y . Then the inverse T−1 is also a bounded linear operator from Y
to X.

A.3 Quotient spaces, topologically complemented subspaces
and projections

Given a vector space E, a projection is a linear map P : E → E such that P 2 = P . In
this case, setting E1 = P (E) and E2 = ker(P ), the pair (E1, E2) is a complemented pair of
subspaces of E, namely E1 + E2 = E and E1 ∩ E2 = E. This is equivalent to say that every
x ∈ E has a unique decomposition as x = x1 + x2 with xi ∈ Ei (i = 1, 2).

Vice versa, given a complemented pair (E1, E2) of subspaces of E, setting Px = x1, when
x = x1 + x2 with xi ∈ Ei, (i = 1, 2), it is immediate to prove that P is a projection and that
E1 = P (E) and E2 = kerP .

If X is a Banach space and P is a continuous projection, then the pair of complemented
subspaces associated with P is said to be topologically complemented. According to the
definition, the subspaces forming a pair of topologically complemented subspaces are closed,
being kernels of the continuous maps P and I − P .

In general a pair of closed subspaces which are algebraically complemented are not topo-
logically complemented.

Nevertheless, closed subspaces of Hilbert spaces and finite dimensional subspaces in any
Banach space are topologically complemented.

Let X be a Banach space and M be a closed subspace of X. Further, let ϕ : X → X/M
be the quotient mapping defined by ϕ(x) = x+M for every x ∈ X. The space X induces a
norm on X/M , which is defined by

‖ϕ(x)‖X/M = inf{‖x+ y‖ : y ∈M}.

X/M , endowed with the norm ‖ · ‖X/M , is a Banach space and ϕ is a continuous and open
mapping.

Moreover, the space (X/M, ‖ · ‖X/M )′ is isometric to (M⊥, ‖ · ‖′), where

M⊥ := { y′ ∈ X ′ | y′(x) = 0 for every x ∈M }.

If codimM :=dim(X/M) is finite, then it can be proved that M is a topologically comple-
mented subspace in X.

For a proof of the previous results, we refer the reader to [3, 1.40-42 and 4.8-9] or to [?, 4.2]

A.4 Uniform Boundedness

We recall the following useful result to establish the uniform boundedness of a family of
continuous linear operators between two normed spaces.
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Theorem A.4.1 (Banach–Steinhaus theorem). Let X be a Banach space and let Y be a
normed space. Let {Tα}α∈A be a family of bounded linear operators from X to Y . Suppose
that for each x ∈ X, the set {Tαx}α∈A is a bounded subset of Y . Then the set {‖Tα‖}α∈A is
bounded, i.e., supα∈A ‖Tα‖ <∞.

A consequence of the theorem above is the following fact.

Corollary A.4.2. Let X be a Banach space and Y be a normed space. If a sequence
(Tn)n∈N ⊂ L(X,Y ) is strongly convergent (i.e., Tnx converges for every x ∈ X), then there
exists an operator T ∈ L(X,Y ) such that (Tn)n∈N is strongly convergent to T .

A.5 Riesz-Fréchet Theorem

A complex vector space H is said to be an inner product space (or unitary space) if there
exists an inner product (or scalar product), i.e. a map 〈·, ·〉 : H ×H → C with the following
properties:

(a) 〈y, x〉 = 〈x, y〉 for every x, y ∈ H;

(b) 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉 and 〈αx, y〉 = α〈x, y〉 for every x, y, z ∈ H and α ∈ C;

(c) 〈x, x〉 ≥ 0 for every x ∈ H;

(d) 〈x, x〉 = 0 if and only if x = 0.

By the properties (a), (b), (c) and (d) above, we can define a norm on H by setting
‖x‖2 := 〈x, x〉, for x ∈ H. The following famous inequality holds true:

(A.1) |〈x, y〉| ≤ ‖x‖‖y‖ (Cauchy-Schwarz Inequality)

for all x, y ∈ H.
If the normed space (H, ‖ · ‖) is complete, i.e., if every Cauchy sequence converges in H,

then H is called a Hilbert space.
If (H, ‖·‖) is a Hilbert space, then it is easy to show that the map H 3 x 7→ 〈x, y〉 ∈ C is a

continuous linear functional on H for all y ∈ H. Indeed, for a fixed y ∈ H, set fy(x) := 〈x, y〉
for every x ∈ H. Then, by the Cauchy-Schwarz Inequality it follows that

|fy(x)| = |〈x, y〉| ≤ ‖x‖‖y‖

for all x ∈ H. This means that fy ∈ H ′ and ‖f‖′ ≤ ‖y‖. Actually, ‖f‖′ = ‖y‖ as fy(y) =
〈y, y〉 = ‖y‖2.

The Riesz-Fréchet Theorem shows that all continuous linear functionals on a Hilbert space
H are of this type.

Theorem A.5.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space and let f ∈ H ′. Then,
there exists a unique y ∈ H such that f(x) = 〈x, y〉 for all x ∈ H. Moreover, ‖f‖′ = ‖y‖.

Notes

For the proof of all the above results we refer the reader to [3, 4].
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Lecture 2

A survey on operator theory II

In this lecture, we keep on our survey on the main properties of linear operators and their
spectra, focusing on the class of bounded operators. In this situation, the spectrum turns to
be a non-empty compact subset of the complex plane and a formula allows to calculate the
radius of the smallest disk containing the spectrum.

Moreover, the multiplication operator, whose relevance will become clear in the next
lectures, is introduced and its spectral properties are studied. Finally the main features of
normal and selfadjoint operators are discussed.

2.1 More on spectrum and resolvent

In this section, we keep the same notation used in Section 1.3. To begin with, we observe
that, if the operator T is bounded, then the resolvent function R(·, T ) and the spectrum of
T satisfy further interesting properties.

Proposition 2.1.1. Let (X, ‖ · ‖) be a complex Banach space and T ∈ L(X). Then, the
following properties hold.

(1) If λ ∈ C is such that |λ| > ‖T‖, then λ ∈ ρ(T ) and

(2.1) R(λ, T ) =
∞∑
n=0

Tn

λn+1
.

Consequently, ρ(T ) 6= ∅.

(2) σ(T ) 6= ∅.

(3) σ(T ) ⊆ {λ ∈ C | |λ| ≤ ‖T‖}.

(4) σ(T ) is a compact subset of C.

Proof. (1) Fix λ ∈ C such that |λ| > ‖T‖. By Lemma 1.3.3(2), λ − T ∈ I(X), namely
λ ∈ ρ(T ), and

R(λ, T ) =
1

λ
(I − λ−1T )−1 =

1

λ

∞∑
n=0

Tn

λn
=

∞∑
n=0

Tn

λn+1
.

13



14 LECTURE 2. A SURVEY ON OPERATOR THEORY II

(2) Assume that σ(T ) = ∅, or, equivalently, ρ(T ) = C. Then, the function λ ∈ C →
R(λ, T ) is entire and satisfies the following inequality:

(2.2) ‖R(λ, T )‖ ≤ 1

|λ|
1

1− ‖T‖|λ|
=

1

|λ| − ‖T‖
, λ ∈ C, |λ| > ‖T‖,

by the series representation of the resolvent (2.1). Hence ‖R(λ, T )‖ tends to zero as |λ| → ∞.

Now fix x ∈ X and f ∈ X ′, and define the entire function ϕ : C→ C by setting

ϕ(λ) = (f ◦R(λ, T ))x, λ ∈ C.

By (2.2), the function ϕ satisfies the inequality

|ϕ(λ)| ≤ ‖f‖
′‖x‖

|λ| − ‖T‖
, λ ∈ C, |λ| > ‖T‖.

It follows that ϕ is a bounded function in C and lim|λ|→∞ ϕ(λ) = 0. Therefore, by Liouville’s
theorem, ϕ = 0. By the arbitrariness of f and x, we get that R(λ, T ) = 0 for every λ ∈ C,
thus getting a contradiction, since X 6= {0}.

(3) By property (1), {λ ∈ C | |λ| > ‖T‖} ⊆ ρ(T ). The assertion follows by taking the
complementary sets.

(4) By combining Proposition 1.3.4(2) and property (3), we get that σ(T ) is a bounded
closed set, and therefore is compact in C.

Definition 2.1.2. Let (X, ‖ · ‖) be a complex Banach space and T ∈ L(X). The spectral
radius of T is defined as

r(T ) := sup{ |λ| | λ ∈ σ(T )}.

Since σ(T ) is a compact subset of C for every T ∈ L(X), it holds that

r(T ) = max{|λ| | λ ∈ σ(T )}.

This means that the spectrum of a bounded operator T touches at least at one point the
smallest closed disk which is centered at the origin and contains σ(T ). Moreover, the following
result holds.

Theorem 2.1.3. Let (X, ‖ · ‖) be a complex Banach space and let T ∈ L(X). Then, the
following formula holds:

r(T ) = lim
n→∞

‖Tn‖
1
n .

Moreover, r(T ) ≤ ‖T‖.

Proof. Set r := lim sup
n→∞

‖Tn‖
1
n and observe that the series

∞∑
n=0

µnTn, µ ∈ C,
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converges with respect to the operator norm if |µ| < r−1 and does not converge if |µ| > r. It
follows that the series

∞∑
n=0

Tn

λn
, 0 6= λ ∈ C,

converges in the operator norm if |λ| > r. Moreover, the following identity holds for any
|λ| > r:

λ− T
λ

∞∑
n=0

Tn

λn
=
∞∑
n=0

Tn

λn
λ− T
λ

= I.

Hence, {λ ∈ C | |λ| > r } ⊆ ρ(T ) and

(2.3) R(λ, T ) =
∞∑
n=0

Tn

λn+1
, λ ∈ C, |λ| > r.

So σ(T ) ⊆ {λ ∈ C | |λ| ≤ r}. By the definition of spectral radius we get that r(T ) ≤ r.
Let us prove that r ≤ r(T ). For this purpose, we begin by observing that the series in

(2.3) converges uniformly with respect to the operator norm on every circle with center at
the origin and radius ρ > r. Thus, by a term-by-term integration, (cf. Appendix B), we get

1

2πi

∫
|λ|=ρ

λnR(λ, T )dλ =
1

2πi

∞∑
k=0

(∫
|λ|=ρ

λn−k−1dλ

)
T k

=
1

2π

∞∑
k=0

(∫ 2π

0
ρn−kei(n−k)tdt

)
T k = Tn.(2.4)

Since the function λ 7→ λnR(λ, T ) is analytic in {λ ∈ C, | |λ| > r(T )}, the integral in (2.4)
does not change if we integrate on a circle with center at 0 and radius ρ > r(T ). So, by
applying (2.4), we get that

‖Tn‖ ≤ ρn+1 max
|λ|=ρ

‖R(λ, T )‖

for every ρ > r(T ) (observe that the maximum is achieved since the function R(·, T ) is
continuous on ρ(T )). This yields

r = lim sup
n→∞

‖Tn‖
1
n ≤ ρ, ρ > r(T ),

and therefore, by the arbitrariness of ρ,

r = lim sup
n→∞

‖Tn‖
1
n ≤ r(T ).

Let us prove now that

lim sup
n→∞

‖Tn‖
1
n = lim

n→∞
‖Tn‖

1
n .
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Fix n ∈ N, and let m ∈ N be such that m > n. Then, there exist and are unique k, h ∈ N
such that m = kn+ h with 0 ≤ h < n. Hence,

‖Tm‖
1
m = ‖T h+kn‖

1
m ≤ ‖T‖

h
m · ‖Tn‖

k
m = ‖T‖

h
m

(
‖Tn‖

1
n

) kn
m
.

Since

0 ≤ h

m
<

n

m
,

m− n
m

<
kn

m
≤ 1,

it holds that h/m→ 0 and kn/m→ 1 as m→∞. Then, for every n ∈ N, we can estimate

lim sup
m→∞

‖Tm‖
1
m ≤ ‖Tn‖

1
n ≤ ‖T‖.

By the arbitrariness of n it follows that

lim sup
m→∞

‖Tm‖
1
m ≤ lim inf

n→∞
‖Tn‖

1
n ≤ ‖T‖,

namely limn→∞ ‖Tn‖
1
n exists and is less than or equal to ‖T‖.

2.2 A fundamental example: multiplication operators

In this section we will test the concepts that we have introduced so far on a model oper-
ator, namely the multiplication operator. As it will be made clear, this operator plays an
outstanding role in spectral theory.

Let (Ω, µ) be a measure space, µ being a σ-finite measure, and let m : Ω → C be a
µ-measurable function. We recall that the essential range of m is

mess(Ω) = {ω ∈ C | µ({x ∈ Ω | |m(x)− ω| < ε}) > 0, ∀ε > 0}.

Fix 1 ≤ p <∞. The multiplication operator associated with m on Lp(Ω, µ) is defined by:

D(Mm) = {f ∈ Lp(Ω, µ) | mf ∈ Lp(Ω, µ)}

Mm(f) = mf, f ∈ D(Mm).

Proposition 2.2.1. Under the previous assumptions:

(1) (Mm, D(Mm)) is densely defined and closed.

(2) D(Mm) = Lp(Ω, µ) and Mm is bounded if and only if m is essentially bounded, i.e., the
set mess(Ω) is bounded in C. In this case,

‖Mm‖ = ‖m‖∞ := sup{|ω| : ω ∈ mess(Ω)}.

(3) Mm is boundedly invertible if and only if 0 6∈ mess(Ω).

(4) σ(Mm) = mess(Ω).
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Proof. (1) Let (fn)n∈N be a sequence in D(Mm) converging in Lp(Ωµ) to some function
f and such that mfn converges to a function g in Lp(Ω, µ). Then, there exists a subse-
quence (fkn)n∈N such that limn→∞ fkn(x) = f(x) for almost every (shortly a.e.) x in Ω. So
limn→∞m(x)fkn(x) = m(x)f(x) a.e. x in Ω and therefore g = mf . We have thus proved
that (Mm, D(Mm)) is closed.

In order to prove that D(Mm) is dense in Lp(Ω, µ), assume first that µ is finite and
consider the sequence (En)n∈N of subsets of Ω defined by

En := {x ∈ Ω | |m(x)| < n }.

Clearly
⋃
n∈NEn = Ω and limn→∞ µ(Ω \ En) = 0. Set un = uχEn , where χEn is the charac-

teristic function of En. For every n ∈ N, un belongs to D(Mm). By the absolute continuity
of the integral, for every ε > 0 there exists δ > 0 such that if µ(E) < δ, then

∫
E |u|

pdµ < ε.
Let ν ∈ N be such that µ(Ω \ En) < δ for every n > ν. Hence, if n > ν:∫

Ω
|u− un|pdµ =

∫
Ω\En

|u|pdµ < ε.

If µ(Ω) =∞, then there exists a family (Ωi)i∈N of subsets of Ω with finite measure such that⋃
i∈N Ωi = Ω. By repeating the previous arguments for every i and taking the limit, we get

the assertion, see Exercise 2.4.1.

It is immediate to verify that, ifm is essentially bounded, thenD(Mm) = Lp(Ω, µ) andMm

is a bounded operator. Vice versa, assume that m is not essentially bounded and introduce
the disjoint measurable subsets of Ω

Fn := {x ∈ Ω : n ≤ |m(x)| < n+ 1}.

Since m is not essentially bounded, there must exist infinitely many sets Fn with positive
measure. Take any Fnk with µ(Fnk) > 0 for all k ∈ N, and define the function

f(x) :=


1

kνµ(Fnk)1/p
, x ∈ Fnk

0, x /∈ F,

where F =
⋃
k∈N Fnk and ν ∈ (1

p ,
1
p + 1]. Thus,

∫
Ω
|f |pdµ =

∞∑
k=1

∫
Fnk

1

kνpµ(Fnk)
dµ =

∞∑
k=1

1

kνp
<∞

and ∫
Ω
|mf |pdµ ≥

∞∑
k=1

∫
Fnk

kp

kνpµ(Fnk)
dµ =

∞∑
k=1

1

kp(ν−1)
=∞,

since ν ∈ (1
p ,

1
p + 1], which is a contradiction. If m is essentially bounded, then it is easy to

see that ‖Mm‖ ≤ ‖m‖∞. In order to prove the other inequality, set for every ε > 0,

Ωε = {x ∈ Ω | |m(x)| > ‖m‖∞ − ε }.
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Then µ(Ωε) > 0. Choosing uε ∈ Lp(Ω, µ) such that ‖uε‖p = 1 and uε = 0 on Ω \ Ωε, we get

‖Mmuε‖pp =

∫
Ωε

|muε|pdµ ≥ (‖m‖∞ − ε)
∫

Ωε

|uε|pdµ = (‖m‖∞ − ε).

So, ‖Mm‖ ≥ ‖m‖∞ − ε for every ε > 0 and thus ‖Mm‖ ≥ ‖m‖∞.
(3) If 0 /∈ mess(Ω), then there exists ε > 0 such that |m(x)| > ε for a.e. x ∈ Ω. As a

consequence, the function 1
m is essentially bounded and, by property (2), M 1

m
is a bounded

operator on Lp(Ω, µ). Moreover, it is clear that M 1
m

= M−1
m . Vice versa, let C = ‖M−1

m ‖ > 0.

If 0 ∈ mess(Ω), then µ({x ∈ Ω | |m(x)| < 1
C }) > 0 and it would exist δ ∈]0, 1

C [ such that the
measure of the set E = {x ∈ Ω | δ < |m(x)| < 1

C } is 0. By setting u(x) = 1

m(x)µ(E)
1
p
χE and

v = Mmu, we would get that ‖v‖ = 1 and

‖M−1
m ‖ ≥ ‖M−1

m v‖p = ‖u‖p =

(∫
E

1

|m(x)|pµ(E)
dµ

) 1
p

> C.

This gives a contradiction.
(4) By the very definition, λ ∈ σ(Mm) if and only if λ −Mm = Mλ−m is not invertible,

or, equivalently, by property (3), 0 /∈ (λ−m)ess(Ω), i.e. λ /∈ mess(Ω).

2.3 Normal and self-adjoint operators

Along this section, (H, ‖ · ‖) will be a complex Hilbert space endowed with the scalar product
〈·, ·〉. If T ∈ L(H), then for every y ∈ H the operator x 7→ 〈Tx, y〉 is linear and bounded. By
Riesz–Fréchet Theorem, there exists a unique element T ∗y ∈ H such that

〈Tx, y〉 = 〈x, T ∗y〉, x, y ∈ H.

It is immediate to prove that T ∗ ∈ L(H) and that ‖T ∗‖ = ‖T‖.

Definition 2.3.1. The operator T ∗ is called adjoint operator of T .

Lemma 2.3.2. Let T, S ∈ L(H) and α ∈ C. Then, the following properties hold:.

(1) T ∗∗ = T .

(2) (αT )∗ = αT ∗.

(3) (T + S)∗ = T ∗ + S∗.

(4) (TS)∗ = S∗T ∗.

(5) If T is invertible, then T ∗ is invertible too and (T ∗)−1 = (T−1)∗.

(6) ‖T ∗T‖ = ‖T‖2.

Proof. Properties (1)–(5) easily follow from the definition. In order to prove property (6), it
suffices to observe that ‖T ∗T‖ ≤ ‖T‖ · ‖T ∗‖ = ‖T‖2 and

‖Tx‖2 = 〈Tx, Tx〉 = 〈x, T ∗(Tx)〉 ≤ ‖x‖‖T ∗(Tx)‖ ≤ ‖T ∗T‖.

for every x ∈ H with ‖x‖ = 1.
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Definition 2.3.3. An operator T ∈ L(H) is called self-adjoint if T = T ∗, while it is said to
be normal if TT ∗ = T ∗T .

Example 2.3.4. Let (Ω, µ) be a measure space, with a σ-finite measure µ, and let m be a
complex-valued function in L∞(Ω, µ). Consider the multiplication operator Mm on L2(Ω, µ).
Then, M∗m = Mm. Indeed, if f ∈ L2(Ω, µ), then it holds that

〈mh, f〉 =

∫
Ω
mhfdµ =

∫
Ω
h(mf)dµ = 〈h,mf〉, ∀h ∈ L2(Ω, µ).

It follows immediately that Mm is a normal operator and that Mm is self-adjoint if and only
if m is real-valued.

Proposition 2.3.5. Let T ∈ L(H) be a normal operator. Then, the following properties hold
true:

(1) ‖Tx‖ = ‖T ∗x‖ for every x ∈ H;

(2) If Tx = λx for x ∈ H and λ ∈ C, then T ∗x = λx;

(3) ‖T 2‖ = ‖T‖2;

(4) r(T ) = ‖T‖.

Proof. (1) Fix x ∈ H and observe that

‖T ∗x‖2 = 〈T ∗x, T ∗x〉 = 〈TT ∗x, x〉 = 〈T ∗Tx, x〉 = 〈Tx, Tx〉 = ‖Tx‖2.

(2) Since (T − λI)∗ = T ∗ − λI and T − λI is normal, we can apply property (1) to the
operator T ∗ − λI, getting that

‖T ∗x− λx‖ = ‖Tx− λx‖ = 0.

(3) By applying property (1), we get that ‖T 2x‖ = ‖T ∗Tx‖ for every x ∈ H. From Lemma
2.3.2, it follows that ‖T 2‖ = ‖T ∗T‖ = ‖T‖2.

(4) By induction, (3) implies that ‖T‖2m = ‖T 2m‖ for every m ∈ N. Indeed, it is sufficient
to observe that T 2m−1

is normal and to proceed as in the proof of property (3). Hence ‖T‖ =
‖T 2m‖2−m for every m ∈ N. Letting m → ∞ and recalling that r(T ) = limn→∞ ‖Tn‖1/n, we
get that r(T ) = ‖T‖.

The following proposition reveals that the spectrum of a normal operator consists only of
approximate eigenvalues (see Definition 1.3.7).

Proposition 2.3.6. Let T ∈ L(H) be a normal operator. Then, λ ∈ σ(T ) if and only if there
exists a sequence (xn)n∈N in H, with ‖xn‖ = 1, such that limn→∞ ‖Txn − λxn‖ = 0.

Proof. Let λ ∈ C and let (xn)n∈N be a sequence inH, with ‖xn‖ = 1, such that limn→∞ ‖Txn−
λxn‖ = 0. Then, clearly λ − T is not boundedly invertible and then λ ∈ σ(T ). Conversely,
assume that λ ∈ σ(T ) and, by contradiction, that a sequence (xn)n∈N, such that ‖xn‖ = 1,
for every n ∈ N, and limn→∞ ‖Txn − λxn‖ = 0, does not exist. Then, there exists δ > 0 such
that

(2.5) ‖Tx− λx‖ ≥ δ‖x‖
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for every x ∈ H; hence λ− T is injective. But λ− T is also normal and

(λ− T )∗ = λ− T ∗.

Therefore,

‖λx− T ∗x‖ = ‖λx− Tx‖ ≥ δ‖x‖

for every x ∈ H. Thus λ−T ∗ is injective too. Let us prove that rg(λ−T ) is dense in H. For
this purpose, let y ∈ H be such that 〈λx−Tx, y〉 = 0 for every x ∈ H. Then, 〈x, λy−T ∗y〉 = 0
for every x ∈ H, namely λy−T ∗y = 0, so that y = 0 since λ−T ∗ is injective. Thus, rg(λ−T )
is dense in H. Combining the density of the range and using (2.5) to prove that the range is
closed in H, it follows that λ ∈ ρ(T ).

In the case of self-adjoint operators, we can add further important information on the
spectrum.

Proposition 2.3.7. Let T ∈ L(H) be self-adjoint. Then, σ(T ) ⊂ R.

Proof. Fix λ ∈ C \ R. Then, for every 0 6= x ∈ H it holds that

0 <|λ− λ|‖x‖2 = |〈Tx− λx, x〉 − 〈Tx− λx, x〉|
=|〈Tx− λx, x〉 − 〈x, Tx− λx〉| ≤ 2‖Tx− λx‖‖x‖.

Therefore, if (xn)n∈N is a sequence in H with ‖xn‖ = 1, then

‖Txn − λxn‖ >
|λ− λ|

2
> 0.

Hence, λ cannot be an approximate eigenvalue, so by Proposition 2.3.6, λ /∈ σ(T ).

We conclude the section with an important subclass of normal operators.

Definition 2.3.8. An operator T ∈ L(H) is said to be unitary if T ∗T = TT ∗ = I.

Proposition 2.3.9. The following properties are satisfied.

(1) Every unitary operator is normal.

(2) An operator T is unitary if and only if it is invertible and T−1 = T ∗.

(3) If T is a unitary operator, then T−1 and T ∗ are unitary.

(4) Any unitary operator is an isometry.

Proof. Properties (1) and (2) follow immediately from the definition.
(3) If T is unitary, then

(T−1)∗T−1 = T ∗∗T−1 = TT−1 = I .

Analogously, one proves that T−1(T−1)∗ = I and, therefore, T−1 is unitary. Since T ∗ = T−1,
the operator T ∗ is unitary too.

(4) If T is unitary, then

‖Tx‖ =
√
〈Tx, Tx〉 =

√
〈x, T ∗Tx〉 =

√
〈x, x〉 = ‖x‖,

so that T is an isometry.



2.4. EXERCISES 21

Remark 2.3.10. It is worth recalling that, thanks to the polarization identity

(2.6) 〈x, y〉 =
1

4
[〈x+ y, x+ y〉 − 〈x− y, x− y〉+ i〈x+ iy, x+ iy〉 − i〈x− iy, x− iy〉],

any isometry in a Hilbert space preserves the scalar product, namely 〈Tx, Ty〉 = 〈x, y〉 for
every x, y ∈ H.

Examples 2.3.11. (1) Let `2(Z) be the Hilbert space of complex valued sequences x =
(xn)n∈Z such that ‖x‖2 =

∑
n∈Z |xn|2 <∞. Consider the right translation operator T : `2(Z)→

`2(Z) defined by

T (xn)n∈Z := (xn−1)n∈Z, (xn)n∈Z ∈ `2(Z) .

Then, T is unitary. Indeed, T is clearly invertible and

〈Tx, y〉 =
∑
n∈Z

xn−1yn =
∑
n∈Z

xnyn+1 = 〈x, T−1y〉, x, y ∈ `2(Z),

i.e., T ∗ = T−1.
(2) Let H = L2((0, 1)) and let T ∈ L(H) be the operator defined by

(Tf)(x) := f(1− x), a.e. x ∈ (0, 1), f ∈ L2((0, 1)).

The operator T is clearly invertible. Moreover T = T ∗ = T−1. Hence, T is a unitary operator.

2.4 Exercises

Exercise 2.4.1. On Lp(Ω, µ), p ∈ [1,∞), where (Ω, µ) is a measure space with µ a σ-finite
measure and µ(Ω) =∞, we consider the multiplication operator

D(Mm) = {f ∈ Lp(Ω, µ) | mf ∈ Lp(Ω, µ)}

Mm(f) = mf, f ∈ D(Mm)

associated with a µ-measurable function m : Ω→ C. Prove that D(Mm) is dense in Lp(Ω, µ).

Exercise 2.4.2. Let ϕ : [0, 1] → [0, 1] be a bijective and continuous function. Consider the
operator T : L2((0, 1))→ L2((0, 1)) defined by

(Tf)(x) :=

∫ ϕ(x)

0
f(s) ds.

(1) Prove that T ∈ L(L2((0, 1))) and compute T ∗ (distinguishing the case in which ϕ is
increasing from that in which ϕ is decreasing).

(2) If ϕ is increasing, then prove that T cannot be self-adjoint.

(3) Find a decreasing function ϕ such that T is self-adjoint. Is such a ϕ unique?

Exercise 2.4.3. Let X be a Banach space and T ∈ L(X) be an isometry, i.e., ‖Tx‖ = ‖x‖
for all x ∈ X. Prove the following properties.
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(1) σa(T ) ∩ {λ ∈ C : |λ| < 1} = ∅.

(2) If 0 ∈ ρ(T ), then σ(T−1) = { 1
µ : µ ∈ σ(T )} and σ(T ) ⊆ {λ ∈ C : r(T−1)−1 ≤ |λ| ≤ r(T )}.

(3) If 0 ∈ ρ(T ), then σ(T ) ⊆ {λ ∈ C : |λ| = 1}.

Exercise 2.4.4. On X = C0(R,C) = {f ∈ C(R,C) : lim|t|→∞ f(t) = 0} endowed with the
sup-norm, consider the operator

(Tf)(t) = f(t+ 1), t ∈ R, f ∈ X.

(1) Prove that T is an isometry and

σ(T ) = {ξλ : |ξ| = 1, λ ∈ σ(T )}.

[Hint: Use the transformation (Sθf)(t) := eiθtf(t) for t ∈ R and f ∈ X.]

(2) Show that

σ(T ) = {λ ∈ C : |λ| = 1}.

[Hint: Show that 1 ∈ σ(T ) and use (1) to prove that {λ ∈ C : |λ| = 1} ⊆ σ(T ).]

Exercise 2.4.5. Let X be a Banach space and T ∈ L(X). Prove that σ(T ) = σ(T ′).

Exercise 2.4.6. Let X be a Banach space and T ∈ L(X) be an operator such that ‖T‖ ∈
σ(T ). Prove that

‖I + T‖ = 1 + ‖T‖.

Exercise 2.4.7. Let X be a Banach space and let T and S be two linear operators from X
into itself. Prove that if ST − TS = I, then S or T is not bounded.

Exercise 2.4.8. Let H be a complex Hilbert space and let T ∈ L(H) be a self-adjoint
operator. Prove that

(1) ‖(T ± iI)x‖2 = ‖Tx‖2 + ‖x‖2 for every x ∈ H;

(2) UT := (T + iI)(T − iI)−1 is a unitary operator on H. UT is called the Cayley transform
of T ;

(3) 1 ∈ ρ(UT ) and T = −i(I + UT )(I − UT )−1.



Appendix B

Differential and integral calculus for
functions with values in a Banach
space

In this appendix we define the Riemann integral for vector-valued functions. For more details
and for the proof of the results that we present here, we refer the reader to [1, Chapter
2], [2, Chapter 3] and [3, Chapter 3].

Definition B.0.1. A bounded function f : [a, b] → X (−∞ < a < b < +∞) is said to be
integrable on [a, b] if there exists x ∈ X with the following property: for each ε > 0 there
exists δ > 0 such that, for every partition P = {a = t0 < t1 < . . . < tn = b} of [a, b], with
maxi=1,...,n(ti − ti−1) < δ, and for every choice of the points ξi ∈ [ti−1, ti], we have∣∣∣∣∣∣∣∣x− n∑

i=1

f(ξi)(ti − ti−1)

∣∣∣∣∣∣∣∣ < ε.

In this case we define ∫ b

a
f(t)dt = x.

Arguing as in the real-valued case, one can easily check that the set of integrable functions
on [a, b] is a vector space and that the integral over [a, b] is a linear operator on this vector
space. In particular, if f : [a, b] → X is continuous, then it is integrable. Moreover, if f is
integrable on [a, b], then the map t 7→ ‖f(t)‖X is integrable on [a, b] as well. Finally, if f is
integrable on [a, b], then it is integrable on every [c, d] ⊂ [a, b] and∫ b

a
f(t)dt =

∫ c

a
f(t)dt+

∫ b

c
f(t)dt

for every c ∈ (a, b).
As in the real-valued case, the definition of the Riemann integral can be easily extended

to the case of unbounded intervals or unbounded functions.

Definition B.0.2. Let I ⊂ R be an interval with endpoints a and b (−∞ ≤ a < b ≤ +∞)
with a and b not necessarily in I. Moreover, let f : I → X be Riemann integrable on [c, d]

89
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for every a < c < d < b. We say that f admits an improper integral on I if, for each t0 ∈ I,
the limits

lim
c→a+

∫ t0

c
f(t)dt, lim

d→b−

∫ d

t0

f(t)dt

exist in X. In this case we set∫
I
f(x)dx = lim

c→a+

∫ t0

c
f(t)dt+ lim

d→b−

∫ d

t0

f(t)dt.

Note that the previous definition is independent of t0.

To simplify the notation in the following proposition we simply denote by I the interval in
which the function f is defined. When we say that “f is integrable on I” we mean indifferently,
that f is Riemann integrable on I or that it admits improper integral on I.

Proposition B.0.3. Let f : I → X be integrable on I. Then, the following properties are
satisfied:

(i) for each bounded operator T ∈ L(X,Y ), the function Tf is Riemann integrable on [a, b]
and

T

∫
I
f(t)dt =

∫
I
Tf(t)dt;

(ii) if A : D(A) ⊂ X → Y is a closed operator such that f(t) ∈ D(A) for every t ∈ I and
Af is integrable on I, then∫

I
f(t)dt ∈ D(A) and A

∫
I
f(t)dt =

∫
I
Af(t)dt.

Proof. We limit ourselves to proving the last part of the proposition, since the first one is
similar and even simpler.

Proof of (ii). We first assume that I = [a, b] for some a, b ∈ R, a < b and f is Riemann

integrable on [a, b]. Set x =
∫ b
a f(t)dt. We fix n ∈ N and consider the partition Pn = {a =

t0 < . . . < tn = b} where tk = a + (b − a)k/n for every k = 0, . . . , n. Moreover, for every
k = 0, . . . , n− 1 fix ξi ∈ [ti, ti+1] and set

Sn =

n∑
i=1

f(ξi)(ti − ti−1), n ∈ N.

Of course Sn belongs to D(A) for each n ∈ N and

ASn =

n∑
i=1

Af(ξi)(ti − ti−1), n ∈ N.

Since both f and Af are integrable, Sn and ASn converge, respectively, to x and y =∫ b
a Af(t)dt as n tends to +∞. Since A is closed, it follows that x belongs to D(A) and
Ax = y.
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Now, suppose that f admits improper integral on I. To fix the ideas we assume that
I = [a,+∞) and that f is Riemann integrable on [a, b] for each b > a. Then,

A

∫ b

a
f(t)dt =

∫ b

a
Af(t)dt

By hypothesis

lim
b→+∞

∫ b

a
Af(t)dt =

∫ +∞

a
Af(t)dt and lim

b→+∞

∫ b

a
f(t)dt =

∫ +∞

a
f(t)dt.

Since A is closed,∫ +∞

a
f(t)dt ∈ D(A) and A

∫ +∞

a
f(t)dt =

∫ +∞

a
Af(t)dt.

Next we recall the fundamental theorem of calculus for X-valued functions. For this
purpose we first recall the definition of Fréchet derivative. Let I ⊂ R be an (open) interval
and let t0 ∈ I. The function f : I → X is Fréchet differentiable at t0 ∈ I if the limit

lim
t→t0

f(t)− f(t0)

t− t0
exists in X. Such a limit, when existing, is denoted by f ′(t0) and is called the Fréchet
derivative of f at t0. In an analogous way the right- and left-derivative can be defined.

Theorem B.0.4. Let f : [a, b]→ X be continuous. Then, the integral function F : [a, b]→ X
defined by

F (t) =

∫ t

a
f(s)ds, t ∈ [a, b],

is (Fréchet) differentiable, and F ′(t) = f(t) for each t ∈ [a, b].

Now, we recall the definition of the integral of vector-valued functions of a complex vari-
able, along a smooth curve γ.

Definition B.0.5. Let Ω be an open subset of C, f : Ω → X be a continuous function and
γ : [a, b]→ Ω be a piecewise C1-curve. The integral of f along γ is defined as follows:∫

γ
f(z)dz =

∫ b

a
f(γ(t))γ′(t)dt.

As in the case of vector-valued functions defined on a real interval, we can define the
improper complex integrals in an obvious way.

Definition B.0.6. Let Ω ⊂ C be a (possibly) unbounded open set. Moreover, let I = (a, b)
be a (possibly unbounded) interval and γ : I → C be a (piecewise) C1 curve in Ω. We say that
the continuous function f : Ω→ X admits an improper integral along γ if for each t0 ∈ (a, b)
the limits

lim
s→a+

∫ t0

s
f(γ(τ))γ′(τ)dτ and lim

s→b−

∫ b

t0

f(γ(τ))γ′(τ)dτ

exist in X. In such a case, we set∫
γ
f(z)dz = lim

s→a+

∫ t0

s
f(γ(τ))γ′(τ)dτ + lim

s→b−

∫ s

t0

f(γ(τ))γ′(τ)dτ.
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Note that the definition of the improper integral is independent of the choice of t0. More-
over, if I is bounded and the integral of f along γ exists, then f admits an improper integral
along γ and the two integrals coincide.
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Lecture 3

Compact operators and
Riesz-Schauder theory

In this lecture, we introduce the compact operators and explore their main properties. For
instance, we show that compact operators form a closed subspace of the set of bounded
operators between Banach spaces and that the adjoint of a compact operator is compact too.
One fundamental example of compact operators is given by the integral operators between
L
p-spaces.

While in a finite dimensional setting each bounded operator is automatically compact,
this is not the case in a infinite dimensional Banach space, since, for instance, the identity
operator is not compact.

It is well known that the spectrum of a bounded linear operator on a finite dimensional
Banach space consists of eigenvalues only. On the other hand, in the previous lectures we
have seen that the structure of the spectrum of a bounded linear operator defined on a infinite
dimensional Banach space could be much more complicated. The picture is easier when one
deals with compact operators. Indeed, 0 is always in the spectrum of a compact operator and
all the other elements in the spectrum are eigenvalues whose corresponding eigenspaces are
finite dimensional. Another important feature of compact operators is the so-called Fredholm

alternative which states the following: if T : X ! X is a compact operator and � 2 C \ {0},
then either the equation �x�Tx = y is uniquely solvable for every y 2 X or y belongs to the
image of the operator �I � T if and only if it satisfies n “compatibility” conditions, where n

denotes the dimension of the eigenspace associated to �.

3.1 Compact operators: definitions, examples
and Schauder theorems

Definition 3.1.1. Let (X, k · kX) and (Y, k · kY ) be two Banach spaces and let T : X ! Y be
a linear operator. T is called compact operator if T (BX) is a relatively compact subset of Y .

It is easy to show that a linear operator T : X ! Y is compact if and only if for every
sequence (xn)n2N ⇢ BX , (Txn)n2N admits a convergent subsequence (see Exercise 3.3.1).

Example 3.1.2. Let ⌦ ⇢ RN be a bounded open set and let K : ⌦⇥⌦ ! R be a continuous

23



24 LECTURE 3. COMPACT OPERATORS AND RIESZ-SCHAUDER THEORY

function. Further, let T : Lp(⌦) ! L
p(⌦) be the integral operator defined by

Tf(x) =

Z

⌦
K(x, y)f(y)dy, x 2 ⌦, f 2 L

p(⌦).

From the dominated convergence theorem it easily follows that T (Lp(⌦)) ✓ C(⌦). Let us
prove that T is a compact operator. For this purpose, we observe that, applying Hölder’s
inequality, it can be easily checked that

kTfk1  sup
x2⌦

kK(x, ·)kp0kfkp  kKk1|⌦|1/p0

for every f 2 L
p(⌦) with kfkp  1, where |⌦| denotes the Lebesgue measure of ⌦. Thus,

T (BLp(⌦)) is an equibounded subset of C(⌦), i.e. (T (BLp(⌦)))(x) is a bounded subset of R,
for each x 2 ⌦. Moreover, since K is a uniformly continuous function, for every " > 0 there
exists � > 0 such that

y 2 ⌦, x1, x2 2 ⌦ : kx1 � x2k < � ) |K(x1, y)�K(x2, y)| < "|⌦|�1/p0
.

Therefore, applying again Hölder’s inequality we conclude that

|Tf(x1)� Tf(x2)| 
Z

⌦
|K(x1, y)�K(x2, y)||f(y)|dy  "

for every f 2 BLp(⌦) and x1, x2 2 ⌦ such that kx1 � x2k < �. This means that T (BLp(⌦)) is

a equi-uniformly continuous subset of C(⌦). Applying Arzelà-Ascoli theorem, see Theorem
A.7.1, we can infer that T (BLp(⌦)) is a relatively compact subset of C(⌦). Finally, recall-

ing that C(⌦) is continuously embedded into L
p(⌦), we obtain that T (BLp(⌦)) is relatively

compact in L
p(⌦).

Since relatively compact subsets of a Banach space are also bounded sets, it follows that
each compact operator T is bounded. (cf. Proposition 1.1.1).

Remark 3.1.3. Given two Banach spaces X and Y , denote by K(X,Y ) the space of all
compact linear operators and by F(X,Y ) the space of all bounded linear operators with
finite dimensional range. Recalling that every bounded subset of a finite dimensional space
is relatively compact, we easily conclude that

F(X,Y ) ⇢ K(X,Y ) ⇢ L(X,Y ) .

Moreover, given three Banach spaces X,Y, Z,

S �R � T 2 K(X,W )

for every S 2 L(Z,W ), T 2 L(X,Y ) and R 2 K(Y, Z). Indeed, since T 2 L(X,Y ), T (BX) is
a bounded subset of Y and, hence, there exists � > 0 such that T (BX) ⇢ �BY . It follows that
R(T (BX)) ⇢ �R(BY ), where R(BY ) is a relatively compact subset of Z, since R 2 K(Y, Z).
Noticing that S 2 L(Z,W ), we can infer that S(R(T (BX))) is a relatively compact subset of
W .

The following characterization holds true.
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Theorem 3.1.4 (Schauder theorem). Let (X, k ·kX) and (Y, k ·kY ) be two Banach spaces

and let T : X ! Y be a linear operator. Then, T is compact if and only if the dual operator

T
0
is compact.

Proof. Let T : X ! Y be a compact operator and let us denote by K the closure of T (BX) in
Y . Since T is a bounded operator, there exists M > 0 such that kykY  M for every y 2 K.
Therefore,

kfkK := sup{|f(y)| | y 2 K}  M,

for every f in the unit ball BY 0 of Y 0 and, consequently, we can identify BY 0 with a bounded
subset of the Banach space C(K) consisting of all the continuous functions over the compact
set K, endowed with the sup-norm

(3.1) kgkK := sup{|g(y)| | y 2 K} g 2 C(K).

Moreover, for every f 2 BY 0 and y, z 2 K it holds that

|f(y)� f(z)|  ky � zkY .

This implies that BY 0 is an equi-continuous subset of C(K) and, since it is bounded, it is
relatively compact due to Arzelà-Ascoli theorem. Thus, from every sequence (fn)n2N ⇢ BY 0

we can extract a subsequence (fnk)k2N which is a Cauchy sequence with respect to the norm
(3.1). Since

kT 0
fnk � T

0
fnjkX0 = sup

x2BX

|(T 0
fnk � T

0
fnj )(x)| = sup

x2BX

|(fnk � fnj )(Tx)|

=kfnk � fnjkK

for every j, k 2 N, (T 0
fnk)k2N turns out to be a Cauchy sequence in X

0, which is a Banach
space, and, therefore, it converges to an element of X 0. We have so proved that T 0(BY 0) is a
relatively compact subset of X 0 and, hence, T 0 is a compact operator.

Vice versa, let us suppose that T 0 is a compact operator. Arguing as above, we can show
that the operator T 00 : X 00 ! Y

00 is compact. If we denote by jX : X ! X
00 (by jY : Y ! Y

00,
respectively) the canonical embedding defined by jX(x)(f) := f(x) for every x 2 X and
f 2 X

0 (similarly, for jY ), then jX and jY are isometries and

jY � T = T
00 � jX .

So, jY (T (BX)) = T
00(jX(BX)) is a relatively compact subset of Y 00, since T 00�jX is a compact

operator (see Remark 3.1.3) Taking into account that jY is an isometry from Y into Y
00,

it follows that T (BX) is a relatively compact set of Y . This shows that T is a compact
operator.

Proposition 3.1.5. Let (X, k · kX) and (Y, k · kY ) be two Banach spaces. Then, K(X,Y ) is

a closed subspace of L(X,Y ).

Proof. The proof that K(X,Y ) is a linear subspace of L(X,Y ) is left to the reader (see
Exercise 3.3.2).
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To prove that K(X,Y ) is closed, fix a sequence (Tn)n2N ⇢ K(X,Y ) converging to an
operator T : X ! Y in (L(X,Y ), k · k) as n tends to 1. Further, fix " > 0 and let n0 2 N be
such that kTn0 � Tk < ". Then,

(3.2) T (BX) ⇢ (T � Tn0)(BX) + Tn0(BX) ⇢ "BY + Tn0(BX).

Note that Tn0(BX) is a relatively compact subset of Y , since Tn0 2 K(X,Y ). We can thus
determine a finite number of elements in BY , let us say y1, y2, . . . , yk, such that

(3.3) Tn0(BX) ⇢
k[

i=1

(yi + "BY ).

Using (3.2) and (3.3) it is immediate to conclude that

T (BX) ⇢
k[

i=1

(yi + 2"BY ) .

Due to the arbitrariness of ", this means that T (BX) is a totally bounded subset of Y
and, hence, it is relatively compact, see Exercise 3.3.1.

Remark 3.1.6. From Proposition 3.1.5 it follows that, if (X, k · kX) and (Y, k · kY ) are two
Banach spaces, and (Tn)n2N is a sequence of operators from X into Y , with finite dimensional
range, converging in L(X,Y ) to some operator T , then T is a compact operator.

The question whether each compact operator between Banach spaces is the limit, in the
operator norm, of a suitable sequence of operators with finite dimensional range, was an open
problem for a long time, the so-called “approximation problem”. In 1972, Enflo solved this
problem showing that the answer to the previous question is negative. Anyway it is worth to
mention that, if Y is a Hilbert space (or more generally, if Y admits a Schauder basis), then
the closure of the space F(X,Y ) coincides with K(X,Y ) (cf. e.g., [1]).

Remark 3.1.7. Let (X, k · k) be an infinite dimensional Banach space and let T belong to
K(X) := K(X,X). Then, 0 2 �(T ). Indeed, if 0 were in the resolvent set of operator T ,
then, by Remark 3.1.3, I = T

�1 � T would be a compact operator and, hence, BX would be
a compact set. By Theorem A.6.1, this would imply that X is finite dimensional, which is a
contradiction.

3.2 Riesz-Schauder theory for compact operators

In what follows, we denote by (X, k·k) an infinite dimensional Banach space over C. Moreover,
for every T 2 L(X) and � 2 C, we denote by T� the operator �� T . If 0 6= � 2 �p(T ), where
�p(T ) is the set of all the eigenvalues of T , then we denote by N(T�) := kerT� the eigenspace
associated with the eigenvalue �. In general, if T is a bounded operator, then N(T�) is an
infinite dimensional space. Assuming that T is compact, we can prove the following.

Proposition 3.2.1. Fix T 2 K(X). Then, for every � 2 C \ {0} and n 2 N, it holds that

dimN(Tn
� ) < 1.
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Proof. We first prove the proposition in the case n = 1. For this purpose, we set B :=
BX \N(T�) (i.e., B is the closed unit ball of N(T�)). Clearly, T�(B) = {0} and, consequently,
�B = T (B). Since T (B) is a relatively compact subset of X, B is itself a relatively compact
subset of X and also of N(T�). Therefore, N(T�) is finite dimensional and the assertion
follows in the case n = 1.

The proof in the case n > 1 follows from the case n = 1 since

T
n
� =(�� T )n =

nX

k=0

✓
n

k

◆
�
n�k(�1)kT k = �

n � S

where S =
Pn

k=1

�n
k

�
(�1)k+1

�
n�k

T
k 2 K(X) in view of Remark 3.1.3.

Proposition 3.2.2. For every T 2 K(X), � 2 C \ {0} and n 2 N, the set T
n
� (X) is a closed

subspace of X.

Proof. Due to Proposition 3.2.1, we know that dimN(T�) < 1. This implies that there exists
a bounded linear operator P : X ! X such that P (X) = N(T�) and P

2 = P . Set Y := kerP .
Then, we can split X into the direct sum

(3.4) X = N(T�)� Y

and conclude that T�(X) = T�(Y ). Next, we fix z 2 T�(X) and take a sequence (yn)n2N ⇢ Y

such that T�(yn) converges to z in X. By contradiction, let us assume that the sequence
(yn)n2N is not bounded. Then, there exists a subsequence (ynk)k2N such that limk!1 kynkk =
1. Set vk :=

ynk
kynkk

2 Y for every k 2 N. Clearly, kvkk = 1 for every k 2 N, so that (vk)k2N

is a bounded sequence. Moreover, T�(vk) =
1

kynkk
T�(ynk) converges to zero as k tends to 1

and

(3.5) vk = �
�1(T�(vk) + T (vk))

for every k 2 N. Since the sequence (vk)k2N is bounded and T is a compact operator, there
exists a subsequence of (T (vk))k2N which converges. Without loss of generality, we assume
that the whole sequence (T (vk))k2N converges to some element w of X. From formula (3.5)
it follows that vk converges to �

�1
w =: v 2 X as k tends to 1, so that kvk = 1. Further, the

boundedness of T and the uniqueness of the limit imply that T�(vk) converges to T�(v) = 0
as k tends to 1. This yields that v 2 N(T�) and, therefore, v = P (v) = limk!1 P (vk) = 0.
This is a contradiction since kvk = 1. Hence, the sequence (yn)n2N is bounded.

Arguing as we did for the sequence (vk)k2N, by writing yn = �
�1(T�(yn)+Tyn) and using

the compactness of T , we can infer that, possibly up to a subsequence, (yn)n2N converges to
some y 2 X as n tends to 1. The boundedness of T� and the uniqueness of the limit show
that T�(yn) converges to T�(y) = z, so that z 2 T�(X). We have so proved that T�(X) is a
closed subspace of Y .

Since T (X1) ⇢ X1 and X1 := T�(X) is closed, it follows that T |X1 2 K(X1). Thus, from
the first part of the proof, we have T

2
� (X) = T�(X1) is a closed subspace of X1 and hence of

X. By induction we obtain the closedness of Tn
� (X) for every n 2 N.

Corollary 3.2.3. For every T 2 K(X), � 2 C \ {0} and n 2 N, it holds that

codimT
n
� (X) < 1 .
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Proof. Since T
0
� = � � T

0 and T
0 2 K(X 0) due to Theorem 3.1.4, we can apply Proposition

3.2.1 and infer that dimN(T 0
�) < 1. On the other hand, Proposition 3.2.2 shows that T�(X)

is a closed subspace of X. Hence, the quotient space X/T�(X), endowed with the norm
k · kX/T�(X) is a Banach space. In particular, its topological dual space is isomorphic to

(T�(X)?, k · k0), see Appendix A.3. Consequently, thanks to the first equality in (1.4), to
N(T 0

�). It follows that the dual space of X/T�(X) and, consequently, X/T�(X) itself, is a
finite dimensional space, i.e., codimT�(X) < 1.

The proof in the case n > 1 is left to the reader as an exercise (see Exercise 3.3.4).

The following lemma plays a crucial role in what follows.

Lemma 3.2.4 (Riesz’s lemma). Let (X, k · k) be a real or complex Banach space and let

M be a closed proper subspace of X. Then, for every � 2 (0, 1) there exists x 2 X such that

kxk = 1 and d(x,M) > �, where

d(x, Y ) = inf{kx� yk | y 2 Y } .

Proof. Since M is a proper closed subspace of X, Hahn–Banach theorem shows that there
exists a closed hyperplane H such that M ⇢ H. Let f 2 X

0, with kfk0 = 1, be such that
H = {y 2 X | f(y) = 0}.

Fix � 2 (0, 1). Then, there exists x 2 X such that kxk = 1 and |f(x)| > �. Consequently,

� < |f(x)| = |f(x� y)|  kfk0 · kx� yk = kx� yk

for every y 2 H, so that

(3.6) � < |f(x)|  inf{kx� yk | y 2 H} = d(x,H)  d(x,M) .

Remark 3.2.5. Let H be a closed hyperplane of X, i.e. H = {y 2 X | f(y) = 0} = ker f
for some f 2 X

0 with kfk0 = 1. Fix x 2 X with kxk = 1. Then, d(x,H) = 1 if and only if
|f(x)| = 1. Indeed, if |f(x)| = 1, then, using (3.6), we conclude that

1  d(x,H)  kxk = 1 .

Vice versa, let us suppose that d(x,H) = 1. For every fixed z 2 X \H, with kzk = 1, we set

y := x� f(x)
f(z)z. Then, f(y) = f(x)� f(x)

f(z)f(z) = 0, i.e. y 2 H and

1 = d(x,H)  kx� yk =

����
f(x)

f(z)

���� .

It follows that |f(z)|  |f(x)|. The arbitrariness of z, with kzk = 1, yields that 1 = kfk0 
|f(x)|  kfk0kxk = 1, i.e. |f(x)| = 1.

Examples 3.2.6. We show by two examples that, in general, f 2 X
0 does not achieve its

operator norm at any point of @BX .
(1) LetX = c0 and f 2 (c0, k·k1)0 be the functional defined by f((yn)n2N) :=

P1
n=1 2

�n
yn

for every (yn)n2N 2 c0. Then,

|f(y)| 
1X

n=1

2�n|yn|  kyk1
1X

n=1

2�n = kyk1



3.2. RIESZ-SCHAUDER THEORY FOR COMPACT OPERATORS 29

for every y = (yn)n2N 2 c0, This implies that kfk0  1. On the other hand, for every k 2 N
the sequence y

(k) := (y(k)n )n2N, where y
(k)
n = 1 if n  k and y

(k)
n = 0 otherwise, belongs to c0

and

0  f(y(k)) =
kX

n=1

2�n  kfk0ky(k)k1 = kfk0 .

Taking the limit as k tends to 1, it follows that

1 =
1X

n=1

2�n  kfk0.

Consequently, kfk0 = 1.
Let us now suppose that there exists x = (xn)n2N 2 c0, with kxk = 1, such that |f(x)| = 1.

Since x 2 c0, there exists k 2 N such that |xn| < 1/2 for every n � k. It follows that

1 =|f(x)| =
����

1X

n=1

2�n
xn

���� 
k�1X

n=1

2�n|xn|+
X

n�k

2�n|xn|


k�1X

n=1

2�n +
1

2

X

n�k

2�n
<

1X

k=1

2�k = 1 ,

which is a contradiction.
(2) Let X = C([0, 1]) and f 2 (C([0, 1]), k · k1)0 be functional defined by

f(x) =

Z 1/2

0
x(t)dt�

Z 1

1/2
x(t)dt

for every x 2 C([0, 1]). Arguing as in (1), it can be easily checked that there exists no
x 2 C([0, 1]), with kxk1 = 1, such that |f(x)| = 1.

Remark 3.2.7. Let (X, k · k) be a reflexive Banach space and let f 2 X
0 be a functional

with kfk0 = 1. Then, there exists x 2 X, with kxk = 1, such that |f(x)| = 1. Indeed, since
kfk0 = supkxk=1 |f(x)| = 1, we can determine a sequence (xn)n2N ⇢ X such that kxnk = 1 and
limn!1 |f(xn)| = 1. Recalling that the unit ball ofX is weakly compact, up to a subsequence,
(xn)n2N weakly converges to some x0 2 X. This implies that limn!1 |f(xn)| = |f(x0)| = 1
and kx0k = 1.

Actually, the above property characterizes the reflexivity of the Banach space X as the
next theorem shows (for a proof we refer the reader to e.g., [4, p. 84]).

Theorem 3.2.8 (James’ theorem). Let (X, k ·k) be a real or complex Banach space. Then,

X is reflexive if and only if for every f 2 X
0
, with kfk0 = 1, there exists x 2 X such that

kxk = 1 and |f(x)| = 1.

We now introduce the ascent and descent indices of a bounded linear operator.
Let S 2 L(X), where (X, k · k) is an infinite dimensional Banach space. It is easy to check
that

{0} = N(S0) ✓ N(S) ✓ N(S2) ✓ . . . ✓ N(Sk) ✓ . . . ,

where S
0 = I.
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Definition 3.2.9. If N(Sk) = N(Sk+1) for some k 2 N [ {0}, then

a(S) := min{k 2 N [ {0} | N(Sk) = N(Sk+1)}

is called the ascent index of S.

Similarly, it holds that

X = S
0(X) ◆ S(X) ◆ S

2(X) ◆ . . . ◆ S
n(X) ◆ . . . .

Definition 3.2.10. If Sk(X) = S
k+1(X) for some k 2 N [ {0}, then

d(S) := min{k 2 N [ {0} | S
k(X) = S

k+1(X)}

is called the descent index of S.

Remark 3.2.11. (1) If a(S) = k0, then N(Sk) = N(Sk+1) for every k � k0. Indeed, for
every k � k0 and x 2 N(Sk+1), it holds that 0 = S

k+1(x) = S
k0+1(Sk�k0(x)), so that

S
k�k0(x) 2 N(Sk0+1) = N(Sk0). Consequently, Sk(x) = S

k0(Sk�k0(x)) = 0, i.e., x 2 N(Sk).
(2) If d(S) = k0, then S

k(X) = S
k+1(X) for every k � k0. Indeed, if k � k0 and

y 2 S
k(X), then there exists x 2 X such that y = S

k(x) = S
k�k0(Sk0(x)), where S

k0(x) 2
S
k0(X) = S

k0+1(X). Therefore, we can determine x0 2 X such that Sk0(x) = S
k0+1(x0). This

implies that y = S
k(x) = S

k�k0(Sk0+1(x0)) = S
k+1(x0) 2 S

k+1(X).

Proposition 3.2.12. Let S 2 L(X) be such that S
n(X) is a closed subspace of X for all

n 2 N. If a := a(S) < 1 and d := d(S) < 1, then a = d. Moreover, the Banach space X

splits into the (topological) direct sum

(3.7) X = N(Sm)� S
m(X) ,

where m = a(S) = d(S).

Proof. Set m := max{a, d} 2 N [ {0}. Then, by Remark 3.2.11 we know that

S
k(X) = S

d(X) and N(Sk) = N(Sa)(3.8)

for every k � m. Moreover, N(Sm) \ S
m(X) = {0}. Indeed, if x 2 N(Sm) \ S

m(X), then
S
m(x) = 0 and x = S

m(y) for some y 2 X. It follows that S2m(y) = S
m(Sm(y)) = S

m(x) = 0,
i.e., y 2 N(S2m) = N(Sm), by (3.8), so that x = S

m(y) = 0. Hence, Sm
|Sm(X) is a one to

one bounded linear operator mapping S
m(X) into S

m(X). This operator is also surjective
since its image is S

2m(X) which coincides with S
m(X) (recall that m � d). Note that, by

assumptions, Sm(X) is a closed subset of X and hence Sm
|Sm(X) is also an open linear operator

from S
m(X) onto S

m(X) by the open mapping theorem.
Set R := (Sm

|Sm(X))
�1 2 L(Sm(X)). Then, the mapping R �Sm : X ! S

m(X) satisfies the
condition

(R � Sm)2 = R � (Sm �R) � Sm = R � I � Sm = R � Sm
,

i.e., R � Sm is a continuous projection onto S
m(X). We can thus split the Banach space X

into the topological direct sum

(3.9) X = N(R � Sm)� (R � Sm)(X) = N(Sm)� S
m(X) = N(Sa)� S

d(X) ,
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where N(R � Sm) = N(Sm) since R is one to one. From (3.9) we obtain that

S
a(X) = S

a+d(X) = S
d(X) ,

and this implies that a � d.
Let us now prove that d � a. Since we have proved that a � d, it follows that N(Sd) ✓

N(Sa), so it remains to prove only that N(Sa) ✓ N(Sd). For this purpose, we fix x 2 N(Sa).
Clearly S

d(x) 2 N(Sa) \ S
d(X), hence S

d(x) = 0 by (3.9) and therefore x 2 N(Sd).

Proposition 3.2.13. For every T 2 K(X) and � 2 C\{0}, it holds that a(T�) = d(T�) < 1.

Proof. Fix � 2 C \ {0}. In view of Propositions 3.2.2 and 3.2.12 we just need to prove that
a(T�) < 1 and d(T�) < 1.

By contradiction, let us suppose that N(Tn�1
� ) is a proper subspace of N(Tn

� ) for every
n 2 N (where T

0
� = I). Applying Riesz’s lemma, we can infer that for every n 2 N there

exists xn 2 N(Tn
� ) such that kxnk = 1 and d(xn, N(Tn�1

� )) � 1
2 .

Note that

|�|�1kT (xn)� T (xm)k =|�|�1k�xn � T�(xn) + T�(xm)� �xmk

=kxn � (��1
T�(xn)� �

�1
T�(xm) + xm)k � 1

2

for every n,m 2 N, with n > m, since �
�1

T�(xn) � �
�1

T�(xm) + xm 2 N(Tn�1
� ). This

implies that no convergent subsequence of (T (xn))n2N exists, which is a contradiction, since
T 2 K(X) and (xn)n2N is a bounded sequence. We thus conclude that a(T�) < 1.

In a completely similar way, we can show that d(T�) < 1.

By using the above result one obtains that any non zero element of the spectrum of a
compact operator is an eigenvalue of that operator. This is the aim of the following result.

Proposition 3.2.14. For every T 2 K(X), the spectrum �(T ) is the union of �p(T ) and

{0}. Moreover, �(T ) is at most countable and it admits at most zero as limit point.

Proof. Fix � 2 C \ {0} such that � 62 �p(T ). Then, N(T�) = {0} and, consequently, N(T k
� ) =

{0} for every k � 0. This means that a(T�) = 0. On the other hand, Proposition 3.2.13 shows
that d(T�) < 1. So, by Proposition 3.2.12 we infer that d(T�) = a(T�) = 0 and we conclude
that T�(X) = X. So, by Proposition 1.3.2, one deduces that � 2 ⇢(T ).

Let us now prove that �p(T ) is at most countable and that admits at most 0 as limit point.
To prove these two properties, we will show that for every � > 0 the set {� 2 �p(T ) | |�| � �}
is finite. By contradiction, let us assume that {� 2 �p(T ) | |�| � �} contains an infinite
number of elements for some � > 0. Then, there exists a sequence (�n)n2N ⇢ �p(T ) such
that �n 6= �m and |�n| � � for every n,m 2 N. For every n 2 N let us fix xn 2 N(T�n)
with kxnk = 1. Note that the elements x1, . . . , xn are linearly independent for every n 2 N.
Suppose that this is not the case. Then, there exists (↵1, . . . ,↵n) 2 Cn \ {0} such that
↵1x1+ . . .+↵nxn = 0. Up to reordering the elements x1, . . . , xn, if necessary, we may assume
that x1 = �2x2 + . . .+ �nxn, so that

�1x1 = T (x1) = T (�2x2 + . . .�nxn) = �2�2x2 + . . .+ �n�nxn ,
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or, equivalently,

�2(�2 � �1)x2 + . . .+ �n(�n � �1)xn = 0.

Iterating this procedure and possibly reordering the elements, we would deduce that xn�1 =
�xn, with � 6= 0 so that

�n�1xn�1 = T (xn�1) = �T (xn) = ��nxn = �nxn�1 ,

which is a contradiction, since �n�1 6= �n and xn�1 6= 0. We have so proved that x1, . . . , xn
are linearly independent.

For every n 2 N, let us set Mn = span {x1, . . . , xn}. By the first part of the proof, Mn�1

is a proper closed subspace of Mn and, hence, in view of Riesz’s lemma, we can find yn 2 Mn

such that kynk = 1 and d(yn,Mn�1) � 1
2 . Consequently, kyn � yn�1k � 1

2 for every n 2 N.
Now, we observe that

kT (yn)� T (ym)k =kT (yn) + �nyn � �nyn � T (ym)k
=k�nyn � (T�n(yn)� T (ym))k(3.10)

for every n,m 2 N, with n > m. Since ym 2 Mm, it follows that ym =
Pm

k=1 ↵kxk so that

T (ym) =
mX

k=1

↵kT (xk) =
mX

k=1

↵k�kxk 2 Mm ✓ Mn�1.

Moreover,

T�n(yn) =
nX

k=1

↵kT�n(xk) =
nX

k=1

↵k(�n � �k)xk 2 Mn�1.

Therefore, T�n(yn)� T (ym) 2 Mn�1 and from (3.10) we obtain that

kT (yn)� T (ym)k = |�n|kyn � �
�1
n (T�n(yn)� T (ym))k � 1

2
�.

We have so proved that (T (yn))n2N does not admit any convergent subsequence. This is
clearly a contradiction since T 2 K(X) and (yn)n2N is a bounded sequence.

The following remark will be used in the proof of Proposition 3.2.16.

Remark 3.2.15. Let X and Y be two finite dimensional Banach spaces, with dimensions
m ed n, respectively. Further, let {x1, . . . , xm} be a basis of X, with kxkkX = 1 for every
k = 1, . . . ,m, let {f1, . . . , fm} be the dual basis1 of {x1, . . . , xm} and let {y1, . . . , yn} be a
basis of Y . Denote by L : X ! Y the linear operator defined by

L(x) =
mX

k=1

fk(x)yk, x 2 X,

where we set yj = 0 for every j = n+1, . . . ,m, if m > n. The operator L belongs to L(X,Y )
since

kL(x)kY  kxkX ·
mX

k=1

kfkk0XkykkY

for every x 2 X. Moreover, since L(X) = span(y1, . . . , ym) it follows that

1i.e., fi(xj) = �ij for every i, j = 1, . . . ,m, where �ij is the Kronecker delta.
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• if m  n then L is one to one,

• if m � n then L is surjective.

Proposition 3.2.16. Let T 2 K(X). Then, for every � 2 C \ {0} it holds that

dimN(T�) = codimT�(X) < 1 .

Proof. By Proposition 3.2.1, we know that dimN(T�) < 1. This guarantees that there exists
a bounded linear projection P : X ! X such that P (X) = N(T�) so that we can split X into
the direct sum

(3.11) X = N(T�)� Y ,

where Y = kerP . On the other hand, Propositions 3.2.2 and 3.2.3, show that T�(X) is a closed
subspace of X with finite codimension. Therefore, we can determine a linear and bounded
projection Q : X ! X such that Q(X) = T�(X) and, consequently, we can split X into the
sum

(3.12) X = Z � T�(X) ,

where Z = kerQ is a closed subspace of X, with dimZ = codimT�(X) (see Appendix A.3).
Let us consider the operator L in Remark 3.2.15, with X = N(T�) and Y = Z. Since Z

is a finite dimensional space, the operator L is compact as well as the operator S = L � P .
Note that the operator A := T + S is compact and A� = � � (T + S) = T� � S. In

particular, the decomposition (3.11) shows that

A�(y) = T�(y)� S(y) = T�(y)� L(P (y)) = T�(y)� L(0) = T�(y)

for every y 2 Y . This implies that (A�)|Y = (T�)|Y : Y ! T�(X) is an isomorphism. More-
over, (3.11) also shows that

A�(x) = T�(x)� S(x) = �S(x) = �L(Px) = �L(x)

for every x 2 N(T�) so that (A�)|N(T�) = �L.
In view of Remark 3.2.15, the operator L is injective or surjective. We will prove that,

actually, L is both injective and surjective, so that the spaces N(T�) and Z have the same
dimension.

Let us assume that L is injective. Then, the operator A� is injective as well, sinceN(A�) ✓
N(L)\N(T�). Indeed, if x 2 N(A�) then T�(x) = S(x) = L(P (x)) 2 Z\T�(X). Applying the
decomposition (3.12) we can infer that T�(x) = L(P (x)) = 0, i.e., x 2 N(T�) and x = P (x) 2
N(L). Therefore, x 2 N(L)\N(T�). Recalling that A is a compact operator, we deduce that
d(A�) = a(A�) = 0, so that A� is also surjective. This implies that (A�)|N(T�) = �L is an
isomorphism from N(T�) into Z.

Let us now assume that L is surjective. Then, the operator A� is surjective as well since
A�(Y ) = T�(X) and A�(N(T�)) = L(N(T�)) = Z and X = Z � T�(X). The compactness of
the operator A implies that a(A�) = d(A�) = 0, so that A� is also injective. In particular,
(A�)|N(T�) = �L is injective and, consequently, is an isomorphism from N(T�) into Z.

Corollary 3.2.17. Let T 2 K(X). Then, for every � 2 C \ {0} and n 2 N it holds that

codimT
n
� (X) = dimN((Tn)0�) = codim (Tn)0�(X

0) = dimN(Tn
� ) .
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Proof. The assertion when n = 1 follows from observing that the dual operator T 0 is compact
as well due to Schauder’s Theorem and

(X/T�(X))0 is isometric to N(T 0
�),

Since the above spaces have finite dimension, we deduce that

codimT�(X) = dim(X/T�(X)) = dim(X/T�(X))0 = dimN(T 0
�) .

The other equalities follow from Proposition 3.2.16.
To prove the assertion when n > 1, it su�ces to observe that T

n
� = �

n � S, where
S 2 K(X).

The previous proposition shows that every compact operator satisfies the Fredholm alter-

native, i.e.,

Theorem 3.2.18 (Fredholm alternative). Let T : X ! X be a compact operator. Then, for

every � 2 C \ {0} one and only one of the following conditions is satisfied:

(i) for every y 2 X the equation �x� Tx = y is solvable with a unique solution x 2 X;

(ii) the equation �x � Tx = 0 admits a finite number of linearly independent solutions. In

this latter case, the equation �x� Tx = y is solvable if and only if x
0
j(y) = 0 for every

j = 1, . . . , n, where {x01, . . . , x0n} is a basis of N(T 0
�).

Proof. If condition (i) is not satisfied, then � belongs to the spectrum of T , i.e. it belongs
to N(T�), which is a finite dimensional subspace of X (see Propositions 3.2.1 and 3.2.14).
Hence, the first part of property (ii) follows. On the other hand, T�(X) = ?

N(T 0
�), where

N(T 0
�) is finite dimensional too. Therefore, the equation �x� Tx = y is solvable if and only

if x0(y) = 0 for every x
0 2 N(T 0

�), and the second part of property (ii) follows.

Notes

For further details, we refer the reader to the classical monographs [3, 7, 8, 10].

3.3 Exercises

Exercise 3.3.1. Let X and Y be Banach spaces and T 2 L(X,Y ). Prove that the following
assertions are equivalent.

(1) T 2 K(X,Y ).

(2) For every sequence (xn)n2N ⇢ BX , (T (xn))n2N admits a convergent subsequence.

(3) T (BX) is totally bounded, i.e. for any " > 0, there is a finite subset M of Y such that
T (BX) ✓

S
y2M (y + "BY ).

Exercise 3.3.2. Prove that, if S, T : X ! Y are compact operators and � 2 K, then S + T

and �S are compact operators as well.



3.3. EXERCISES 35

Exercise 3.3.3. Prove that a Banach space X is finite dimensional if and only if its dual
space X

0 is finite dimensional.

Exercise 3.3.4. Complete the proof of Corollary 3.2.3.

Exercise 3.3.5. Complete the proof of Proposition 3.2.13, showing that d(T�) < 1.

Exercise 3.3.6. Let (X, k · kX) and (Y, k · kY ) be two Banach spaces and T : X ! Y be a
compact linear operator. Show that if (xn)n ⇢ X is a weakly convergent sequence to x 2 X,
then (Txn)n converges to Tx in (Y, k · kY ).

Exercise 3.3.7. Let (aj,k)j,k2N ⇢ C satisfy
P1

j,k=1 |aj,k|2 < 1. Show that the linear operator

T : `2 ! `
2 defined by

Tx :=

✓ 1X

k=1

aj,kxk

◆

j2N
, x = (xk)k2N 2 `

2
,

is compact.

Exercise 3.3.8. Let X be a Banach space. Prove that T (X) = ?
N(T 0) for every operator

T 2 L(X).

Exercise 3.3.9. 1. Let p, q 2 (1,1) be such that 1
q + 1

p = 1 and let ⌦ ✓ Rn be a mea-

surable set. For k 2 L
q(⌦ ⇥ ⌦) define the linear operator (Tf)(x) :=

R
⌦ k(x, y)f(y) dy

for any f 2 L
p(⌦). Prove that T is a bounded and compact operator from L

p(⌦) into
L
q(⌦).

2. Here we assume that p = 2, ⌦ = (0, 1) and k(x, y) = min{x, y}.

(i) Prove that T is a self-adjoint operator and

kTkL(L2(0,1))  kkkL2((0,1)⇥(0,1)) =
1p
6
.

(ii) Deduce, for any g 2 L
2((0, 1)), the integral equation

f(x)� 2

Z 1

0
min{x, y}f(y) dy = g(x), for a.e. x 2 (0, 1)

has a unique solution f 2 L
2((0, 1)).

(iii) Verify that f(x) = sin
�
⇡
2x

�
is an eigenfunction of T and compute the correspond-

ing eigenvalue �0.

(iv) Show that r(T ) = �0 and deduce that kTkL(L2(0,1)) < kkkL2((0,1)⇥(0,1)).
[Hint: Use Proposition 2.3.5 to infer that r(T ) = kTkL(L2((0,1)) and observe that,
if � 2 C is an eigenvalue of T , then there exists f 2 C

2([0, 1]) such that �f 00 = �f

and f(0) = f
0(1) = 0.]



Appendix A

Functional Analytic Tools

In this appendix we collect some fundamental results from Functional Analysis which we use
in this edition of the Internet Seminar.

A.1 Hahn-Banach Theorem

Given a Banach space X, one of the most important questions one may ask about its dual
space X

0 is the following: are there ‘enough’ elements in X
0? For example, are there enough

elements to separate points? This is answered using the Hahn–Banach theorem and its
consequences that we state here below.

Theorem A.1.1 (Hahn-Banach theorem for normed spaces). Let X be a real or complex

normed space and Y be a non-trivial subspace of X. Then for any f 2 Y
0
there exists f̃ 2 X

0

such that f̃(y) = f(y) for all y 2 Y and kf̃k0 = kfk0.

Many useful results follow from the Hahn–Banach theorem A.1.1. For example:

Corollary A.1.2 (Separation). Let X be a real or complex normed space. Then for any

x 2 X there exists a linear functional f 2 X
0
such that f(x) = kxk and kfk0 = 1. Hence, if

x 6= y 2 X then there exists f 2 X
0
such that f(x) 6= f(y).

Corollary A.1.3. Let X be a Banach space and D be a subspace of X. If

8f 2 X
0 : (f(x) = 0 8x 2 D) =) f = 0,

then D is dense in X.

A.2 Open Mapping Theorem

We recall that a continuous map between two topological spaces has the property that the
pre-image of any open set is open, but in general the image of an open set is not open. In the
case of bounded linear maps between Banach spaces this special property is satisfied under
the assumption of the surjectivity of the map.

Theorem A.2.1 (Open Mapping theorem). Let X and Y be two Banach spaces and let

T : X ! Y be a surjective and bounded linear operator. Then, T is an open operator, i.e., T

maps open sets in X onto open sets in Y .

91
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The assumption that T maps X onto Y is essential. Consider, for example, the projection
(x, y) 7! (x, 0) defined on R2. This map is not open.

As an application of Theorem A.2.1 a general property of inverse maps can be deduced,
i.e.:

Proposition A.2.2. Let X and Y be two Banach spaces and let T be a bijective bounded

linear operator from X to Y . Then the inverse T
�1

is also a bounded linear operator from Y

to X.

A.3 Quotient spaces, topologically complemented subspaces
and projections

Given a vector space E, a projection is a linear map P : E ! E such that P
2 = P . In

this case, setting E1 = P (E) and E2 = ker(P ), the pair (E1, E2) is a complemented pair of
subspaces of E, namely E1 + E2 = E and E1 \ E2 = E. This is equivalent to say that every
x 2 E has a unique decomposition as x = x1 + x2 with xi 2 Ei (i = 1, 2).

Vice versa, given a complemented pair (E1, E2) of subspaces of E, setting Px = x1, when
x = x1 + x2 with xi 2 Ei, (i = 1, 2), it is immediate to prove that P is a projection and that
E1 = P (E) and E2 = kerP .

If X is a Banach space and P is a continuous projection, then the pair of complemented
subspaces associated with P is said to be topologically complemented. According to the
definition, the subspaces forming a pair of topologically complemented subspaces are closed,
being kernels of the continuous maps P and I � P .

In general a pair of closed subspaces which are algebraically complemented are not topo-
logically complemented.

Nevertheless, closed subspaces of Hilbert spaces and finite dimensional subspaces in any
Banach space are topologically complemented.

Let X be a Banach space and M be a closed subspace of X. Further, let ' : X ! X/M

be the quotient mapping defined by '(x) = x+M for every x 2 X. The space X induces a
norm on X/M , which is defined by

k'(x)kX/M = inf{kx+ yk : y 2 M}.

X/M , endowed with the norm k · kX/M , is a Banach space and ' is a continuous and open
mapping.

Moreover, the space (X/M, k · kX/M )0 is isometric to (M?
, k · k0), where

M
? := { y0 2 X

0 | y0(x) = 0 for every x 2 M }.

If codimM :=dim(X/M) is finite, then it can be proved that M is a topologically comple-
mented subspace in X.

For a proof of the previous results, we refer the reader to [8, 1.40-42 and 4.8-9] or to [6, 4.2]

A.4 Uniform Boundedness

We recall the following useful result to establish the uniform boundedness of a family of
continuous linear operators between two normed spaces.
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Theorem A.4.1 (Banach–Steinhaus theorem). Let X be a Banach space and let Y be a

normed space. Let {T↵}↵2A be a family of bounded linear operators from X to Y . Suppose

that for each x 2 X, the set {T↵x}↵2A is a bounded subset of Y . Then the set {kT↵k}↵2A is

bounded, i.e., sup↵2A kT↵k < 1.

A consequence of the theorem above is the following fact.

Corollary A.4.2. Let X be a Banach space and Y be a normed space. If a sequence

(Tn)n2N ⇢ L(X,Y ) is strongly convergent (i.e., Tnx converges for every x 2 X), then there

exists an operator T 2 L(X,Y ) such that (Tn)n2N is strongly convergent to T .

A.5 Riesz-Fréchet Theorem

A complex vector space H is said to be an inner product space (or unitary space) if there
exists an inner product (or scalar product), i.e. a map h·, ·i : H ⇥H ! C with the following
properties:

(a) hy, xi = hx, yi for every x, y 2 H;

(b) hx+ y, zi = hx, zi+ hy, zi and h↵x, yi = ↵hx, yi for every x, y, z 2 H and ↵ 2 C;

(c) hx, xi � 0 for every x 2 H;

(d) hx, xi = 0 if and only if x = 0.

By the properties (a), (b), (c) and (d) above, we can define a norm on H by setting
kxk2 := hx, xi, for x 2 H. The following famous inequality holds true:

(A.1) |hx, yi|  kxkkyk (Cauchy-Schwarz Inequality)

for all x, y 2 H.

If the normed space (H, k · k) is complete, i.e., if every Cauchy sequence converges in H,
then H is called a Hilbert space.

If (H, k ·k) is a Hilbert space, then it is easy to show that the map H 3 x 7! hx, yi 2 C is a
continuous linear functional on H for all y 2 H. Indeed, for a fixed y 2 H, set fy(x) := hx, yi
for every x 2 H. Then, by the Cauchy-Schwarz Inequality it follows that

|fy(x)| = |hx, yi|  kxkkyk

for all x 2 H. This means that fy 2 H
0 and kfk0  kyk. Actually, kfk0 = kyk as fy(y) =

hy, yi = kyk2.
The Riesz-Fréchet Theorem shows that all continuous linear functionals on a Hilbert space

H are of this type.

Theorem A.5.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space and let f 2 H
0
. Then,

there exists a unique y 2 H such that f(x) = hx, yi for all x 2 H. Moreover, kfk0 = kyk.
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A.6 Characterization of finite dimensional spaces

Using Riesz’s lemma, see Lemma 3.2.4, we can characterize finite dimensional vector spaces.

Theorem A.6.1. Let X be a real or complex Banach space. Then, the following assertions

are equivalent:

(1) dimX < 1.

(2) Every bounded and closed subset of X is compact.

(3) BX is compact.

Proof. (1) =) (2): Let {e1, e2, . . . , em} be a basis of X and K ⇢ X be bounded and closed.
Let xn :=

Pm
j=1 xj,nej 2 K with xj,n 2 K for 1  j  m and n 2 N, where K is R or

C depending on the fact that X is a real or complex Banach space. Since all norms in
X are equivalent, it is su�cient to show that there exists a subsequence (xnk) such that
limk!1 kxnk � xk1 = 0 for some x 2 X. Since the sequence (|xj,n|)n2N is bounded in K for
all 1  j  m, there exists a subsequence (xnk)k with limk!1 xj,nk = xj for all j = 1, . . .m.
Hence, limk!1 kxnk � xk1 = 0, where x :=

Pm
j=1 xjej .

(2) =) (3): Trivial.
(3) =) (1): Assume by contradiction that dimX = 1. Then, for every n 2 N there

exists a subspace Xn of X such that

X1 ( X2 ( . . . ( X with dimXn = n.

Since Xn is a finite dimensional space, it follows that Xn is a closed (proper) subspace of
Xn+1. Applying Riesz’s lemma, see Lemma 3.2.4, we conclude that there exists xn 2 Xn+1

with kxnk = 1 and d(xn, Xn) � 1
2 . This implies that the sequence (xn)n2N ⇢ BX satisfies

the estimate kxn � xmk � 1
2 for all n > m. Thus, (xn)n2N cannot admit any convergent

subsequence, which is a contradiction.

A.7 Arzelà-Ascoli Theorem

The following theorem was obtained in 1895 by Arzelà for subsets of C([a, b]). A weaker form
had been discovered earlier by Ascoli. For this reason, the result is often referred to as the
Arzelà–Ascoli theorem.

Theorem A.7.1 (Arzelà–Ascoli Theorem). Let K be a compact space and let (C(K), k · k1)
denote the Banach space of all complex valued continuous functions on K. Let � ⇢ C(K) be
a equibounded and equicontinuous family, i.e., � satisfies the following properties:

(a) sup{|f(x)| : f 2 �} < 1 for every x 2 K;

(b) for every " and x 2 K there exists a neighborhood V of x such that |f(x)� f(y)| < " for

all y 2 V and f 2 �.

Then, � is a relatively compact subset of C(K), i.e., every sequence in � contains a uniformly

convergent subsequence.

Notes

For the proof of all the above results we refer the reader to [8, 9].
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Lecture 4

Spectral representation theorem for
bounded operators I

One of the main results in Linear Algebra states that a linear self-adjoint operator on a
finite dimensional vector space can be diagonalized, namely there exists a basis that allows to
represent the operator as a diagonal operator. With this formulation, the result does not have
an immediate counterpart in the general contest of infinite dimensional spaces. But if we give
a different interpretation, namely we look at the finite dimensional space as a space L2(µ),
where µ is the counting measure on a finite set and at a diagonal operator as a multiplication
operator, then the previous result can be restated in the following way: a linear self-adjoint
operator on a finite dimensional space is unitarily equivalent to a multiplication operator.
With this perspective, we can extend the spectral theorem for self-adjoint operators to the
infinite dimensional case.
We will first focus on compact operators, that somehow represent the link between the finite
dimensional and the infinite dimensional case, since compact self-adjoint operators are proved
to be unitarily equivalent to a diagonal operator on `2.
Further, we will concentrate on bounded self-adjoint operators. By combining Weierstrass
theorem and Riesz Representation theorem, we will first give a meaning to the expression
f(T ), where T is a self-adjoint bounded operator and f is a continuous function acting on
the spectrum of T , and we introduce the so-called spectral measures associated with T . They
will allow to prove that a self-adjoint operator acting on a complex separable Hilbert space is
unitarily equivalent to a multiplication operator defined on a space L2(M,µ), where (M,µ)
is a measure space and µ is finite.

Throughout the lecture, (H, ‖ · ‖) is a Hilbert space over C with inner product 〈·, ·〉 and
norm ‖ · ‖.

4.1 Spectral decomposition theorem
for self-adjoint compact operators

In this section, we study the behaviour of self-adjoint compact operators defined on Hilbert
spaces.

Let us begin with the following fundamental remark.

37
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Remark 4.1.1. Let T ∈ L(H) be a self-adjoint compact operator. Then, σ(T ) = σp(T ) ∪
{0} ⊂ R due to Propositions 2.3.5 and 3.2.14. Since r(T ) = max{|λ| | λ ∈ σ(T )} = ‖T‖, we
can infer that ‖T‖ ∈ σp(T ) or −‖T‖ ∈ σp(T ).

Theorem 4.1.2 (Spectral representation theorem 1). Let T ∈ L(H) be a self-adjoint
compact operator. Then, there exists a closed and separable subspace H0 of H, a complete
orthonormal system (xn)n∈J ⊂ H0, where J = N or J is a finite subset of N, and (λn)n∈J ,
which is an infinitesimal sequence if J = N, such that

(4.1) Tx =

{ ∑
n∈J λn〈x, xn〉xn if x ∈ H0,

0, if x ∈ H⊥0 .

Proof. Since T ∈ K(H) is self-adjoint, we can apply Proposition 3.2.14 and Remark 4.1.1 to
infer that σ(T ) = σp(T )∪{0} ⊂ R and σp(T ) = (αn)n∈J , where J is either N or a finite subset
of N. In the first case, (αn)n∈N belongs to c0.

To fix the ideas, we assume that J = N. The proof in the other case is completely similar.
Set Hn := N(Tαn) for every n ∈ N. Then, 〈x, y〉 = 0 for every x ∈ Hn and y ∈ Hm, with

n 6= m, since

αn〈x, y〉 = 〈Tx, y〉 = 〈x, Ty〉 = αm〈x, y〉 ,

and αn 6= αm. Moreover, Hn 6= {0} and it is finite dimensional, due to Proposition 3.2.1.
Therefore, we can determine a finite orthonormal basis Bn = {xn1 , . . . xnjn} in Hn. As a byprod-

uct, the countable set
⋃
n∈N Bn is a complete orthonormal system of H0 := span(

⋃
n∈N Bn).

Next, we observe that T (H⊥0 ) ⊂ H⊥0 . Indeed, if x ∈ H⊥0 , then

〈xnk , Tx〉 = 〈Txnk , x〉 = αn〈xnk , x〉 = 0

for every n ∈ N and every k = 1, . . . , jn, and hence Tx ∈ H⊥0 . Therefore, T|H⊥0
is a self-adjoint

compact operator, mapping H⊥0 into H⊥0 . We claim that T|H⊥0
= 0. If this were not the case,

Remark 4.1.1 would guarantee the existence of λ ∈ R \ {0}, x0 ∈ H⊥0 , x0 6= 0, such that
Tx0 = λx0. We are led to a contradiction since all the eigenvectors of T belong to H0.

Finally, we observe that, if x ∈ H0, then x =
∑∞

n=1

∑jn
k=1〈x, x

n
k〉xnk so that

Tx =

∞∑
n=1

jn∑
k=1

〈x, xnk〉Txnk =

∞∑
n=1

jn∑
k=1

αn〈x, xnk〉xnk .

This completes the proof, choosing {xn | n ∈ N} =
⋃
k∈N Bk and λn = αk if xn ∈ Bk.

Remark 4.1.3. From formula (4.1) it follows immediately that (λn)n∈N ⊂ σp(T ) and xn ∈
N(Tλn) for every n ∈ N.

If H is a separable Hilbert space, then the spectral representation theorem 4.1.2 can be
reformulated as follows (see Exercise 4.3.1).

Theorem 4.1.4. Let H be a separable Hilbert space over C and let T ∈ L(H) be a self-
adjoint compact operator. Then, there exist a complete orthonormal system (en)n∈N ⊂ H and
an infinitesimal sequence (µn)n∈N ⊂ R, such that

(4.2) Tx =
∑
n∈N

µn〈x, en〉en

for every x ∈ X.
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Remark 4.1.5. If H is separable, then the operator T is equivalent to a diagonal operator
on the space `2. Indeed, if we denote by U the operator

U : H → `2, x 7→ (〈x, en〉)n∈N ,

then T = U−1MU , where M is the diagonal operator on `2 defined by M(ξ) = (µnξn)n∈N for
every ξ = (ξn)n∈N ∈ `2.

The same spectral representation can be obtained for more general compact operators on
Hilbert spaces as the following result shows.

Theorem 4.1.6 (Spectral representation theorem 2). Let T ∈ L(H) be a compact
operator. Then, there exist a closed and separable subspace H0 of H, a complete orthonormal
system (xn)n∈J ⊂ H0, where J = N or J is a finite subset of N, an orthonormal system
(yn)n∈J ⊂ H and (λn)n∈J , which is an infinitesimal sequence, if J = N, such that

(4.3) Tx =

{ ∑
n∈J λn〈x, xn〉yn, if x ∈ H0,

0, if x ∈ H⊥0 .

Proof. Observe that the operator T ∗T is compact and self-adjoint. Hence, the spectral repre-
sentation theorem 4.1.2 guarantees the existence of a separable closed subspace H0 of H, of a
set J which is either N or a finite subset of N, of a complete orthonormal system (xn)n∈J ⊂ H0

and of {µn}n∈J ⊂ R, which is an infinitesimal sequence if J = N, such that

(4.4) T ∗Tx =

{ ∑
n∈J µn〈x, xn〉xn, if x ∈ H0,

0, if x ∈ H⊥0 ,

where σp(T
∗T ) ⊃ (µn)n∈J and xn ∈ N((T ∗T )µn) for n ∈ J .

It follows that T|H⊥0
= 0. Indeed, from the proof of Theorem 4.1.2 we know that T ∗T

identically vanishes on H⊥0 . Hence, ‖Tx‖2 = 〈Tx, Tx〉 = 〈T ∗Tx, x〉 = 〈0, x〉 = 0 for every
x ∈ H⊥0 , i.e., Tx = 0.

Next, we observe that, if x ∈ N((T ∗T )µn), then

µn‖x‖2 = 〈µnx, x〉 = 〈T ∗Tx, x〉 = ‖Tx‖2 ,

which yields that µn ≥ 0. Thus, we can set λn =
√
µn. Clearly, (λn)n∈J ∈ c0 if J = N. If

x ∈ H0, then x =
∑

n∈J〈x, xn〉xn and, therefore,

Tx =
∑
n∈J
〈x, xn〉Txn =

∞∑
n=1

λn〈x, xn〉yn

where yn = λ−1
n Txn if λn 6= 0 and yn = 0 if λn = 0. To conclude, we just need to show that

the set of all yn 6= 0 is an orthonormal system. For this purpose, it suffices to observe that

〈yn, ym〉 =λ−1
n λ−1

m 〈Txn, Txm〉 = λ−1
n λ−1

m 〈T ∗Txn, xm〉

=µnλ
−1
n λ−1

m 〈xn, xm〉 = λnλ
−1
m 〈xn, xm〉 = δm,n

for every n,m ∈ J such that yn, ym 6= 0, where δm,n is the Kronecker delta.
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4.2 Spectral representation theorem for bounded and self-
adjoint operators on a separable Hilbert space

In order to state and prove the spectral representation theorem for bounded and self-adjoint
operators it is necessary to introduce an appropriate functional calculus, which will allow us
to define f(T ) when T ∈ L(H) and f is a continuous function defined on the spectrum of T .

When f is a polynomial, the operator f(T ) is defined in the obvious way as the following
definition shows.

Definition 4.2.1. Let (X, ‖ · ‖) be a complex Banach space and T ∈ L(X). If P (z) =∑N
n=0 anz

n is a complex polynomial, then we define P (T ) :=
∑N

n=0 anT
n.

Lemma 4.2.2 (Spectral mapping theorem). Let (X, ‖ · ‖) be a complex Banach space,
T ∈ L(X) and P be a complex polynomial. Then

(4.5) σ(P (T )) = {P (λ) | λ ∈ σ(T )} = P (σ(T )) .

Proof. Fix λ ∈ σ(T ). Then, λ is a root of the polynomial P − P (λ) and hence, by the
fundamental theorem of algebra, P (λ)− P (x) = (λ− x)Q(x) = Q(x)(λ− x) for every x ∈ C,
Q being a suitable polynomial. Accordingly, P (λ) − P (T ) = (λ − T )Q(T ) = Q(T )(λ − T ).
Since λ−T does not admit an inverse, it follows that P (λ)−P (T ) does not admit an inverse
too. Otherwise, Q(T )(P (λ) − P (T ))−1 would be a bounded inverse of λ − T (see Exercise
4.3.3). Hence, P (λ) ∈ σ(P (T )).

Vice versa, fix µ ∈ σ(P (T )) and let λ1, . . . , λn ∈ C be the roots of the polynomial P − µ,
some of which possibly repeated according to its multiplicity. Then, P (z) − µ = a(z −
λ1) · · · (z − λn) and, hence,

P (T )− µI = a(T − λ1) · · · (T − λn).

If λ1, . . . , λn 6∈ σ(T ), then

(P (T )− µ)−1 = a−1(T − λn)−1 · · · (T − λ1)−1,

which is a contradiction with the assumption µ ∈ σ(P (T )). So, λi ∈ σ(T ) for some i ∈
{1, . . . , n}, that is µ = P (λi) and, hence, µ ∈ P (σ(T )).

Lemma 4.2.3. Let T ∈ L(H) be a self-adjoint operator and P be a complex polynomial.
Then,

‖P (T )‖ = sup
λ∈σ(T )

|P (λ)| .

Proof. Since T is a self-adjoint operator, P (T ) is a normal operator (see Exercise 4.3.2). So,
we can apply Proposition 2.3.5 to conclude that ‖P (T )‖ = r(P (T )). Now, from Lemma 4.2.2
it follows that

‖P (T )‖ =r(P (T )) = sup{|λ| : λ ∈ σ(P (T ))}
= sup{|P (λ)| : λ ∈ σ(T )}
= sup
λ∈σ(T )

|P (λ)| .
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Lemma 4.2.3 allows us to extend the functional calculus from polynomials to the space
C(σ(T ),C) of all C-valued continuous functions on the spectrum of T . We recall that an
operator T ∈ L(H) is said to be positive if 〈Tx, x〉 ≥ 0 for all x ∈ H.

Theorem 4.2.4. Let T ∈ L(H) be a self-adjoint operator. Then, there exists a unique linear
mapping

Φ: C(σ(T ),C)→ L(H)

satisfying the following properties for every f, g ∈ C(σ(T ),C) and λ ∈ C:

(1) Φ(fg) = Φ(f)Φ(g), Φ(λf) = λΦ(f);

(2) Φ(1) = I, Φ(f) = Φ(f)∗;

(3) ‖Φ(f)‖ = ‖f‖∞;

(4) if f = idσ(T ), then Φ(f) = T ;

(5) σ(Φ(f)) = {f(λ) : λ ∈ σ(T )};

(6) if f ≥ 0, then Φ(T ) ≥ 0;

(7) if B ∈ L(H) commutes with T , then B also commutes with Φ(f).

Proof. For each complex polynomial P we define Φ(P ) := P (T ). Since by Lemma 4.2.2
the identity ‖P (T )‖ = ‖P‖C(σ(T ),C) holds, Φ is an isometric linear mapping from the space
(P|σ(T ), ‖·‖∞) of the restrictions to σ(T ) of all complex polynomials into the space (L(H), ‖·‖).
Therefore, Φ extends uniquely to an isometric linear mapping Φ̃ from the completion of
(P|σ(T ), ‖ · ‖∞) into (L(H), ‖ · ‖). By the Weierstrass approximation theorem (see Theorem
C.1.13), the completion of (P|σ(T ), ‖ · ‖∞) is the space (C(σ(T ),C), ‖ · ‖∞) because σ(T ) ⊆ R.
To enlighten the notation, we denote such an extension again by Φ.

Properties (1) and (2) are clearly satisfied whenever f and g are polynomials. Hence, they
easily extend to the case when f and g belong to C(σ(T ),C) by using a density argument.
Property (4) is obvious.

We now show property (5), which is a proper analogue of Lemma 4.2.3. So, fix µ ∈
f(σ(T )). Then µ = f(λ) for some λ ∈ σ(T ) and the following identity is satisfied

µ− Φ(f) = Φ(f(λ))− Φ(f) = Φ(f(λ)− f) .

For a fixed ε > 0, we choose a function gε ∈ C(σ(T ),C) such that gε(λ) = 1, ‖gε‖∞ = 1 and

|[f(η)− f(λ)]gε(η)| < ε

for all η ∈ σ(T ), so that ‖(f − f(λ))gε‖∞ ≤ ε (see Exercise 4.3.4. On the other hand, since
‖Φ(gε)‖ = ‖gε‖∞ = 1, there exists xε ∈ H with ‖xε‖ ≤ 1 such that ‖Φ(gε)(xε)‖ ≥ 1/2. If we
set yε = Φ(gε)(xε), then ‖yε‖ ≥ 1/2 and

‖(µ− Φ(f))(yε)‖ =‖Φ(f(λ)− f)Φ(gε)(xε)‖
=‖Φ((f(λ)− f)gε)(xε)‖
≤‖Φ((f(λ)− f)gε)‖‖xε‖ ≤ ε.
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This means that the operator µI − Φ(f) is not invertible in L(H) and, hence, µ = f(λ) ∈
σ(Φ(T )).

Vice versa, fix µ 6∈ f(σ(T )). Then, the function h(λ) := (µ − f(λ))−1, for λ ∈ σ(T ), is
clearly continuous on σ(T ). Moreover, by properties (1) and (2) it follows that

(µ− Φ(f))Φ(h) =Φ(µ− f)Φ(h) = Φ(h)Φ(µ− f)

=Φ(h(µ− f)) = Φ(idσ(T )) = I ,

thereby implying that the operator µ−Φ(f) is invertible in L(H) with inverse (µ−Φ(f))−1 =
Φ(h). Thus, µ 6∈ σ(Φ(f)). Since µ 6∈ f(σ(T )) is arbitrary, we can conclude that (f(σ(T )))c ⊆
(σ(Φ(f))c, that is σ(Φ(f)) ⊆ f(σ(T )).

In order to show property (6), we observe that if f ≥ 0 on σ(T ), then f = g2 for some real-
valued continuous function g. By properties (1) e (2) it follows that Φ(f) = Φ(g2) = Φ(g)2,
where Φ(g) is a self-adjoint operator due to property (2). Therefore, for every x ∈ H, it holds
that

〈Φ(f)(x), x〉 = 〈Φ(g)2(x), x〉 = 〈Φ(g)(x),Φ(g)(x)〉 = ‖Φ(g)(x)‖2 ≥ 0 ,

i.e., Φ(f) ≥ 0.
Property (7) is immediate to prove. Indeed, if B commutes with T , then B clearly

commutes with P (T ) for every complex polynomial P . By density it follows that B also
commutes with Φ(f).

It remains to show the uniqueness of the mapping Φ. To this end it suffices to observe that
if there would exist another linear mapping Ψ: C(σ(T ),C)→ L(H) satisfying the properties
(1), (2), (3) e (4), then Ψ(P ) = Φ(P ) for every complex polynomial P and, hence, Ψ ≡ Φ by
density.

In the rest of the section, we will use also the notation f(T ) instead of Φ(f) when we want
to point out the dependence on T .

Proposition 4.2.5. Let T ∈ L(H) be a self-adjoint operator. Then, for each pair of vectors
x, y ∈ H there exists a unique positive Borel measure µx,y on the compact set σ(T ) such that

〈f(T )(x), y〉 =

∫
σ(T )

fdµx,y

for every f ∈ C(σ(T ),C). The family {µx,y}x,y∈H satisfies the following properties for every
x, y ∈ H:

(1) |µx,y|(σ(T )) ≤ ‖x‖‖y‖;

(2) µy := µy,y is a finite positive Borel measure on σ(T ) with µy(σ(T )) = ‖y‖2;

(3) µx,y = µy,x;

(4) µf(T )(x),y = fµx,y = µx,f(T )(y) for all f ∈ C(σ(T ),C);

(5) µαx1+x2,y = αµx1,y+µx2,y and µx,αy1+y2 = αµx,y1 +µx,y2 for all x, y, xi, yi ∈ H for i = 1, 2
and α ∈ C.

The measure µy is said to be the spectral measure associated with the vector y.
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Proof. For fixed x, y ∈ H, consider the functional Lx,y : C(σ(T ),C)→ C defined by setting

Lx,y(f) := 〈f(T )(x), y〉

for every f ∈ C(σ(T ),C). Then, Lx,y is clearly linear because of the linearity of x and the
inner product. Moreover, using the fact that x is an isometry, it follows that

|Lx,y(f)| = |〈f(T )x, y〉| ≤ ‖f(T )‖‖x‖‖y‖ = ‖f‖∞‖x‖‖y‖

for all f ∈ C(σ(T ),C). Hence, Lx,y is a continuous linear functional on C(σ(T ),C) with
‖Lx,y‖′ ≤ ‖x‖‖y‖. By the Riesz representation theorem there exists a unique regular Borel
measure µx,y on σ(T ) such that

Lx,y(f) =

∫
σ(T )

fdµx,y

for every f ∈ C(σ(T ),C), with |µx,y|(σ(T )) = ‖Lx,y‖′ ≤ ‖x‖‖y‖. So, (1) is proved.
For each y ∈ H we can estimate

|µy|(σ(T )) ≤ ‖y‖2 = 〈Φ(1)y, y〉 =

∫
σ(T )

1dµy = µy(σ(T )) ≤ |µy|(σ(T )),

because Φ(1) = I. This implies that µy(σ(T )) = |µy|(σ(T )) = ‖y‖2. Since µy and its total
variation agree on σ(T ), µy is a finite positive measure on σ(T ). So, also property (2) is
established.

To show property (3) we observe that∫
σ(T )

fdµx,y = 〈f(T )(x), y〉 = 〈f(T )(y), x〉 =

∫
σ(T )

fdµy,x =

∫
σ(T )

fdµy,x

for every f ∈ C(σ(T ),C). By uniqueness it follows that µx,y = µy,x. So, (3) is proved.
To prove property (4) we proceed as follows. We fix f ∈ C(σ(T ),C) and observe that∫

σ(T )
gdµf(T )(x),y = 〈g(T )f(T )(x), y〉 = 〈(gf)(T )(x), y〉 =

∫
σ(T )

gfdµx,y

for every g ∈ C(σ(T ),C). Again, by uniqueness, it follows that µf(T )(x),y = fµx,y. This fact
together with property (3) yields that

µx,f(T )(y) = µf(T )(y),x = fµy,x = fµx,y.

It remains to establish property (5). For fixed α ∈ C and xi ∈ H (i = 1, 2) and every
f ∈ C(σ(T ),C) we have that∫

σ(T )
fdµαx1+x2,y =〈f(T )(αx1 + x2), y〉 = α〈f(T )(x1), y〉+ 〈f(T )(x2), y〉

=α

∫
σ(T )

fdµx1,y +

∫
σ(T )

fdµx2,y =

∫
σ(T )

fd(αµx1,y + µx2,y).

By uniqueness, it follows that µαx1+x2,y = αµx1,y + µx2,y. In a similar way one shows that
µx,αy1+y2 = αµx,y1 + µx,y2 .
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Remark 4.2.6. Let T ∈ L(H) be a self-adjoint operator and let {µx,y}x,y∈H be the family
of Borel measures on σ(T ) constructed in Proposition 4.2.5. Then, the family {µx,y}x,y∈H
allows us to extend the functional calculus also to the class of all bounded Borel measurable
functions on σ(T ). Indeed, fix a Borel and bounded function f : σ(T )→ C and consider the
functional af : H ×H → C defined by setting

af (x, y) :=

∫
σ(T )

fdµx,y

for every x, y ∈ H. Then, by property (5) of Proposition 4.2.5 the form af is sesquilinear.
Moreover, by property (1) in Proposition 4.2.5

|af (x, y)| ≤ ‖f‖∞|µx,y|(σ(T )) ≤ ‖f‖∞‖x‖‖y‖

for all x, y ∈ H. This shows that af is a bounded sesquilinear form on H with a bound less
than or equal to ‖f‖∞.

Now, the Riesz Fréchet theorem permits to construct f(T ). Indeed, for a fixed x ∈ H, the
operator H 3 y 7→ af (x, y) ∈ C is a continuous anti-linear functional on H. So, there exists
a unique ξx ∈ H, with ‖ξx‖ = ‖af (x, ·)‖′, such that

af (x, y) = 〈ξx, y〉

for every y ∈ H. Therefore, we can define f(T )(x) := ξx.

By repeating this process for each x ∈ H, we can define an operator f(T ) : H → H, by
setting f(T )(x) = ξx for every x ∈ H. The operator f(T ) is linear. Indeed, for fixed α ∈ C,
xi ∈ H (i = 1, 2) and every y ∈ H we can write

〈f(T )(αx1 + x2), y〉 =〈ξαx1+x2 , y〉 = af (αx1 + x2, y)

=αaf (x1, y) + af (x2, y) = α〈ξx1 , y〉+ 〈ξx2 , y〉
=α〈f(T )(x1), y〉+ 〈f(T )(x2), y〉 = 〈αf(T )(x1) + f(T )(x2), y〉;

hence, f(T )(αx1 + x2) = αf(T )(x1) + f(T )(x2). Moreover, for every x ∈ H we can estimate

‖f(T )(x)‖ = ‖ξx‖ = ‖af (x, ·)‖′ = sup
‖y‖≤1

|af (x, y)| ≤ ‖f‖∞‖x‖.

This means that f(T ) is also continuous with operator norm ‖f(T )‖ ≤ ‖f‖∞. Therefore,
f(T ) ∈ L(H).

We point out that, by construction,

〈f(T )(x), y〉 =

∫
σ(T )

fdµx,y

for all x, y ∈ H.

The functional calculus defined above continues to satisfy the same properties listed in
Theorem 4.2.4 (see e.g. [8, Theorem VII.2]).

Definition 4.2.7. Fix T ∈ L(H). A vector x ∈ H is said to be a cyclic vector for T if
span{Tn(x) : n ∈ N ∪ {0}} = H.
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Lemma 4.2.8. Let T ∈ L(H) be a self-adjoint operator. If there exists a cyclic vector x for
T , then there exists a unitary operator U : H → L2(σ(T ), µx) such that

(UTU−1)(f)(λ) = λf(λ) µx − a.e.

for all f ∈ L2(σ(T ), µx).

Proof. For each f ∈ C(σ(T ),C) we set

UΦ(f)(x) := f ,

where Φ is the mapping constructed in the proof of Theorem 4.2.4. Then, U is well defined
in the space {Φ(f)(x) : f ∈ C(σ(T ),C)}. Indeed, if f, g ∈ C(σ(T ),C) are two functions for
which Φ(f)(x) = Φ(g)(x), it follows via properties (1), (2) and (4) in Theorem 4.2.4 that

Φ(f)Tn(x) =Φ(f)Φ(λn)(x) = Φ(fλn)(x) = Φ(λnf)(x)

=Φ(λn)Φ(f)(x) = Φ(λn)Φ(g)(x) = Φ(g)Tn(x) ,

i.e., Φ(f) = Φ(g) on the dense subspace span{Tn(x) : n ∈ N ∪ {0}} of H. Thanks to the
continuity of Φ(f) and of Φ(g) we deduce that Φ(f) = Φ(g) on the whole space H. So, it
follows that

0 = ‖Φ(f)− Φ(g)‖ = ‖Φ(f − g)‖ = ‖f − g‖∞ ,

i.e., f ≡ g. Moreover, by properties (1) and (2) of Theorem 4.2.4 it follows that

‖Φ(f)(x)‖2 =〈x,Φ(f)∗Φ(f)(x)〉 = 〈x,Φ(ff)(x)〉

=〈Φ(ff)(x), x〉 =

∫
σ(T )
|f |2dµx

for every f ∈ C(σ(T ),C). This means that U is an isometry from the space ({Φ(f)(x) : f ∈
C(σ(T ),C)}, ‖ · ‖) into L2(σ(T ), µx).

Since the space {Φ(f)(x) : f ∈ C(σ(T ),C)} is dense in H, we can extend U to an isometry
from H into L2(σ(T ), µx). On the other hand, the fact that C(σ(T ),C) is a dense subspace
of L2(σ(T ), µx) implies that U is also surjective. At this point, we observe that

(UTU−1)(f)(λ) = (UTΦ(f)(x))(λ) = (UΦ(λf)(x))(λ) = λf(λ)

for all f ∈ C(σ(T ),C). This identity continues to be hold for all f ∈ L2(σ(T ), µx) because
C(σ(T ),C) is a dense subspace of L2(σ(T ), µx).

In order to extend such a result to any bounded and self-adjoint operator on a complex
separable Hilbert space, we need an auxiliary result. Before we state it, we recall that, if
(Hn)n∈J is a countable family of Hilbert spaces, then by X =

⊕
n∈J Hn we mean the set of

all the elements x = (xn)n∈J such that xn ∈ Hn for every n ∈ J and

‖x‖2X :=
∑
n∈J
‖xn‖2Hn <∞.

Clearly, if J is finite set, then X coincides with the cartesian product of the spaces Hn.
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Lemma 4.2.9. Let H be a complex separable Hilbert space and let T ∈ L(H) be a self-adjoint
operator. Then, there exists a family {Hn}n∈J of closed subspaces of H, with J ⊆ N finite or
infinite, such that

(1) H =
⊕

n∈J Hn;

(2) if x ∈ Hn, then T (x) ∈ Hn;

(3) for every n ∈ J the operator T|Hn admits a cyclic vector xn ∈ Hn.

Proof. Let {en}n∈N be a complete orthonormal system of H. If we set x1 := e1 and H1 :=
span{Tn(x1) : n ∈ N ∪ {0}}, then H1 is a T -invariant subspace of H and x1 is a cyclic vector
for T|H1

.
If en ∈ H1 for all n ∈ N, then H1 = H and, hence, the proof is complete. Otherwise, let

n1 be the first index for which en1 6∈ H1; this means that en ∈ H1 for every n < n1. Then, we
denote by PH⊥1

the orthogonal projection from H onto the closed subspace H⊥1 and we set

x2 := PH⊥1
(en1). We observe that x2 6= 0 because en1 6∈ H1. Moreover, since T is a self-adjoint

operator and T maps H1 into itself, T also maps H⊥1 into itself. Indeed, for a fixed h ∈ H⊥1 ,
we have that 〈T (h), k〉 = 〈h, T (k)〉 = 0 for all k ∈ H1. This implies that T (h) ∈ H⊥1 . If we
set H2 := span{Tn(x2) : n ∈ N ∪ {0}}, then it follows that H2 ⊂ H⊥1 . In particular, H2 is a
T -invariant subspace of H and x2 is a cyclic vector for T|H2

.
If H = H1⊕H2, then the proof is complete. Otherwise, let n2 be the first index for which

en2 6∈ H1 ⊕ H2. Denoted by P(H1⊕H2)⊥ the orthogonal projection from H onto the closed

subspace (H1 ⊕H2)⊥, we set x3 := P(H1⊕H2)⊥(en2) and we proceed as before. After a finite
number of steps, we say N , we could get H = H1⊕H2⊕ . . . HN , where for every i = 1, . . . , N
the closed subspace Hi is T -invariant and T|Hi admits a cyclic vector. Otherwise, we will
have a family {Hi}i∈N of T -invariant and orthogonal closed subspaces of H such that every
T|Hi admits a cyclic vector xi. In each case, by construction, en ∈ H1 for every n < n1,
en ∈ H1 ⊕H2 for every n1 ≤ n < n2, and so on. This implies that (en)n∈N ⊂

⊕
i∈NHi from

which it follows that H =
⊕

i∈NHi.

Thanks to the previous lemmas, we can now prove the following result.

Theorem 4.2.10. Let H be a complex separable Hilbert space and let T ∈ L(H) be a self-
adjoint operator. Then, there exist a finite or infinite set J ⊆ N, a family {µn}n∈J of measures
on σ(T ) and an unitary operator

U : H →
⊕
n∈J

L2(σ(T ), dµn)

such that

(UTU−1(ψ))n(λ) = λψn(λ) µn − a.e.

for all ψ = (ψn)n∈J ∈
⊕

n∈J L
2(σ(T ), dµn) and for all n ∈ J .

Proof. The result follows by applying first Lemma 4.2.9 to find the decomposition of H and
then Lemma 4.2.8 to each component of the decomposition. So, the n-th measure µn is
the spectral measure associated with the n-th cyclic vector. In particular, µn is a measure
on σ(T|Hn), but we can extend it to the whole compact set σ(T ) by setting µn ≡ 0 on
σ(T ) \ σ(T|Hn).
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We now can state and prove the spectral theorem in its classical formulation.

Theorem 4.2.11 (Spectral theorem for bounded self-adjoint operators). Let
H be a complex separable Hilbert space and T ∈ L(H) be a self-adjoint operator. Then,
there exist a measurable space (M,µ) with finite positive measure, a bounded and measurable
function m : M → R and an unitary operator U : H → L2(M,dµ) such that

(UTU−1(f))(η) = m(η)f(η) µ− a.e.

for all f ∈ L2(M,dµ).

Proof. By Lemma 4.2.9 we can write H =
⊕

n∈J Hn with J ⊆ N finite or infinite, where
{Hn}n∈J is an orthogonal family of closed T -invariant subspaces of H, such that the operator
T|Hn admits a cyclic vector xn for all n ∈ J . We can always suppose that ‖xn‖ = 2−n for all
n ∈ J . We now denote by µn the spectral (positive) measure on σ(T ) associated with xn. As
in the proof of Theorem 4.2.10, we observe that µn is a measure on σ(T|Hn), but we can extend
it to the whole compact set σ(T ) by setting µn ≡ 0 on σ(T ) \σ(T|Hn). On the other hand, by
Lemma 4.2.8, for every n ∈ J there exists an unitary operator Un : Hn → L2(σ(T ), µn) such
that

(UnTU
−1
n (ψn))(λ) = λψn(λ) µn − a.e.

for all ψn ∈ L2(σ(T ), µn).
Set M := J × σ(T ). Then, we say that E ⊆ M is µ–measurable if En := {λ ∈ σ(T ) :

(n, λ) ∈ E} is µn–measurable for all n ∈ J . In such a case, we define µ(E) :=
∑

n∈J µn(En).
We observe that µ(M) =

∑
n∈J µn(σ(T )) =

∑
n∈J ‖xn‖2 =

∑
n∈J 2−n < ∞. This implies

that the positive measure µ constructed above is finite. Moreover, if f ∈ L2(M,dµ), then∫
M
|f |2dµ =

∑
n∈J

∫
σ(T )
|f(n, λ)|2dµn(λ) .

Now, let us consider the operator

U : H =
⊕
n∈J

Hn → L2(M,dµ)

defined by

g =
∑
n∈J

gn 7→ U(g)(n, λ) := Un(gn)(λ) .

Then U is an unitary operator and satisfies

(UTU−1(f))(n, λ) = λf(n, λ)

for all f ∈ L2(M,dµ), that is m(n, λ) = λ.

Theorem 4.2.11 shows that every self-adjoint bounded operator is unitarily equivalent to a
multiplication operator on a suitable L2-space. In the following example, for a particular self-
adjoint operator T we contruct “by hands” a multiplication operator to which T is unitarily
equivalent.
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Example 4.2.12. Let H = `2(Z) be the Hilbert space of all C-valued sequences x = (xn)n∈Z
such that ‖x‖2 =

∑
n∈Z |xn|2 < ∞. We denote by L : H → H the left translation operator,

defined by (L(x))n := xn+1 for all n ∈ Z, and by R : H → H the right translation operator,
defined by (R(x))n := xn−1 for all n ∈ Z (the operator R has been already introduced in
Example 2.3.11-(1)). It is easy to verify that L∗ = R and R∗ = L and, hence, the operator
T := L+R is self-adjoint.

We now define the operator U : `2(Z)→ L2((0, 1)) by setting

U(x) :=
∑
n∈Z

xne
2πinx, x ∈ (0, 1).

The sequence (e2πinx)n∈Z of functions forms a complete orthonormal system of L2((0, 1)).
This implies the surjectivity of U and the fact that U preserves the norm. Therefore, U is an
unitary operator.

Finally, we observe that ULU−1 and URU−1 are the multiplication operators by the func-
tions e−2πix and e2πix respectively. So, it follows that UTU−1 is the multiplication operator
by the function 2 cos(2πx).

Notes

We suggest the reading of the interesting classical paper by Halmos [5] for further information
on the spectral theorem.

4.3 Exercises

Exercise 4.3.1. Prove Theorem 4.1.4.

Exercise 4.3.2. If T is a normal operator on a complex Hilbert space and P is a complex
polynomial, prove that P (T ) is a normal operator too.

Exercise 4.3.3. Let P and Q be two complex polynomials, Prove that, if P (T ) is invertible,
then (P (T ))−1 and Q(T ) commute. Further, prove that, if also Q(T ) is invertible then its
inverse operator commutes with (P (T ))−1.

Exercise 4.3.4. Given a function f ∈ C(K,C), where K is a compact set of R, ε > 0 and
λ ∈ K, prove that there exists a continuous function gε : K → C such that gε(λ) = 1,
‖gε‖∞ = 1 and |(f(λ)− f(η))gε(η)| ≤ ε for every η ∈ K.

Exercise 4.3.5. Prove that a self-adjoint operator on a finite dimensional Hilbert space has
a cyclic vector if and only if all the eigenspaces have dimension one.

Exercise 4.3.6. Let S and T be two non trivial compact self-adjoint operators on a infinite
dimensional Hilbert space H such that ST = TS. Prove that S and T have the same sequence
of orthogonal eigenvectors.

Exercise 4.3.7. Let T be a compact self-adjoint operator on a infinite dimensional separable
Hilbert space H. Prove that there exists an orthonormal basis (xn)n∈N of H such that each
xn is an eigenvector corresponding to some real eigenvalue λn and for every λ 6∈ σ(T ) we have

R(λ, T )x =

∞∑
n=1

〈x, xn〉
λ− λn

xn, x ∈ H.
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Exercise 4.3.8. Let T ∈ L(H) be a self-adjoint operator on the Hilbert space H, f ∈
C(σ(T ),R) and g ∈ C(f(σ(T )),C). Prove that g(f(T )) = (g ◦ f)(T ).



Appendix C

Stone Weierstrass Theorem and
Riesz representation theorem

C.1 Stone-Weierstrass theorem

Definition C.1.1. Let X be a not empty set and let A be a subspace of the space of all
R-valued (resp. C-valued) functions on X. The space A is said to be a real (resp. complex)
functional algebra if for every f, g ∈ A also fg belongs to A. A subspace B of A is said to be
a subalgebra of A if B is an algebra.

Example C.1.2. Let X be a topological space and let C(X,R) be the space of all R-valued
continuous functions on X. Then C(X,R) is a real functional algebra. The space Cb(X,R)
of all real bounded and continuous functions on X is a subalgebra of C(X,R).

As it is well-known, Cb(X,R) endowed with the norm

‖f‖∞ := sup
x∈X
|f(x)|, f ∈ Cb(X,R),

is a Banach space.

Definition C.1.3. Let X be a not empty set and let f, g : X → R be two functions on X.
We denote by f ∨ g and f ∧ g the functions defined by setting

(f ∨ g)(x) := max{f(x), g(x)}, (f ∧ g)(x) := min{f(x), g(x)} x ∈ X .

Remark C.1.4. We point out that

f ∨ g =
f + g + |f − g|

2
, f ∧ g =

f + g − |f − g|
2

,

as it is easy to prove. Thus, if f and g are two R-valued continuous functions on a topological
space X, then f ∨ g and f ∧ g are also R-valued continuous functions on X.

For what follows it is useful to recall the following notation(
α

n

)
=
α(α− 1) . . . (α− n+ 1)

n!
, α ∈ R, n ∈ N,

and the following result.
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Lemma C.1.5. If α > 0, then for every x ∈ [−1, 1],

∞∑
n=0

(
α

n

)
xn = (1 + x)α

and the convergence of the series is total on [−1, 1].

Proof. As it is well-known, the binomial series absolutely converges in ] − 1, 1[ and totally
converges in every compact interval [a, b] ⊂]−1, 1[. The absolute convergence of the binomial
series for x = −1 and for x = 1 follows from Raabe criterion, after having observed that

lim
n→+∞

n

( ∣∣(α
n

)∣∣∣∣( α
n+1

)∣∣ − 1

)
= 1 + α .

Theorem C.1.6. Let X be a topological space and let A be a subalgebra of Cb(X,R). Then
the closure A of A in (Cb(X,R), ‖ · ‖∞) is a subalgebra of Cb(X,R). Moreover, if f, g ∈ A,
then |f |, f ∨ g and f ∧ g ∈ A.

Proof. Let f, g ∈ A be fixed. Then there exists two sequences (fn)n∈N and (gn)n∈N in A such
that ‖fn−f‖∞ → 0 and ‖gn−g‖∞ → 0 as n tends to∞. Since A is an algebra, (fn+gn)n∈N,
(αfn)n∈N, (fngn)n∈N are all contained in A for every α ∈ R. From the following inequalities

‖fn + gn − (f + g)‖∞ ≤ ‖fn − f‖∞ + ‖gn − g‖∞
‖αfn − αf‖∞ = |α|‖fn − f‖∞ (α ∈ R)

‖fngn − fg‖∞ = ‖f(g − gn) + gn(f − fn)‖∞
≤ ‖f‖‖g − gn‖+ ‖gn‖‖f − fn‖

it follows that fn + gn → f + g, αfn → αf and fngn → fg in (Cb(X,R), ‖ · ‖∞) as n tends to
∞, taking into account that (‖gn‖)n∈N is a bounded sequence. Thus, also f + g, αf and fg
belongs to A. Accordingly, A is a subalgebra of Cb(X,R).

Let us now fix 0 6= f ∈ A. In order to show that |f | ∈ A, we proceed as follows.
We observe that by Lemma C.1.5 we have

√
t = [1 + (t− 1)]

1
2 =

∞∑
k=0

(1
2

k

)
(t− 1)k, t ∈ [0, 1]

and the convergence of the series is uniform on [0,1].

If we set pn(t) :=
∑n

k=0

( 1
2
k

)
(t − 1)k, for t ∈ [0, 1], then pn is a polynomial of degree

n and limn→+∞ pn(0) = 0. Thus, the polynomial qn := pn − pn(0) is homogeneous and
limn→∞ qn(t) = limn→∞(pn(t)− pn(0)) =

√
t uniformly on [0, 1]. In particular,

|t| =
√
t2 = lim

n→∞
qn(t2)

uniformly on [−1, 1].

Since
∣∣∣ f
‖f‖∞

∣∣∣ ≤ 1, we can write

(B.1)
|f |
‖f‖∞

= lim
n→∞

qn

(
f2

‖f‖2∞

)
in (Cb(X,R), ‖ · ‖∞) .
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Since f2 ∈ A and hence f2

‖f‖2 ∈ A, also qn

(
f2

‖f‖2∞

)
∈ A. By (B.1) it follows that |f |‖f‖ ∈ A and

hence, |f | ∈ A. The remaining assertions follow now from Remark C.1.4.

Definition C.1.7. Let X be a non empty set and let A be a set of R-valued functions defined
on X. We say that A separates points of X if

∀x, y ∈ X, x 6= y, ∃f ∈ A such that f(x) 6= f(y).

Lemma C.1.8. Let X be a non empty set and let A be a vector space of R-valued functions
on X which separates points of X and contains the constant functions. Then

∀x, y ∈ X, x 6= y, ∀a, b ∈ R ∃f ∈ A such that f(x) = a and f(y) = b .

Proof. Fix x, y ∈ X such that x 6= y. By assumption there exists g ∈ A such that g(x) 6= g(y).
Now, if we set f := a + b−a

g(y)−g(x)(g − g(x)), then the function f belongs to A because it is
a linear combination of the function g and a constant function. Moreover, the function f
clearly verifies f(x) = a and f(y) = b.

Theorem C.1.9 (Stone-Weierstrass theorem – real case). Let X be a compact
topological space and let A be a subalgebra of C(X,R) which separates points of X and contains
the constant functions. Then A is a dense subalgebra of C(X,R).

Proof. Let us fix f ∈ C(X,R) and ε > 0. We will prove that there exists g ∈ A such that
‖g − f‖∞ < ε.

For each x, y ∈ X with x 6= y we choose a function hx,y ∈ A such that hx,y(x) = f(x) and
hx,y(y) = f(y). In the case x = y, we set hx,x = f . Next, we consider the set Vx,y defined by

Vx,y := {t ∈ X | hx,y(t) < f(t) + ε} .

Clearly, x and y belong to Vx,y. Moreover, Vx,y is an open subset of X. Indeed, the function
ϕ := hx,y − f is continuous in X and hence, Vx,y = ϕ−1((−∞, ε)) is an open subset of X.

Since for any given x ∈ X the family {Vx,y | y ∈ X} is an open covering of X and X is
compact, there exist y1, . . . , yn ∈ X such that

X = Vx,y1 ∪ . . . ∪ Vx,yn .

Now, for any given x ∈ X, let us consider the function gx := hx,y1 ∧ · · · ∧ hx,ym . Then, by
Theorem C.1.6, gx ∈ A and gx(x) = f(x). Moreover, if t ∈ X, then there exists i ∈ {1, . . . , n}
such that t ∈ Vx,yi . Thus, gx(t) ≤ hx,yi(t) < f(t) + ε.

For any given x ∈ X we set

Wx := {t ∈ X : gx(t) > f(t)− ε} .

Arguing as before, we can easily show that x ∈ Wx and that Wx is an open subset of
X. Accordingly, {Wx | x ∈ X} is also an open covering of X. Therefore, there exist
x1, . . . , xm ∈ X such that

X = Wx1 ∪ · · · ∪Wxm .
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Now, let us consider the function g := gx1 ∨ · · · ∨ gxm . Then, by Theorem C.1.6, g belongs
to A. Moreover, fix t ∈ X. We have already shown that gx(t) < f(t) + ε for every x ∈ X, so
that g(t) < f(t)+ε. To prove that g(t) > f(t)−ε, we observe that there exists j ∈ {1, . . . ,m}
such that t ∈Wxj , so that gxj (t) > f(t)− ε, thereby implying that g(t) > f(t)− ε. Summing
up, we have proved that |g(t)−f(t)| < ε. Due to the arbitrariness of t ∈ X, we conclude that
‖g − f‖∞ < ε.

Corollary C.1.10 (Weierstrass approximation theorem). Let K be a compact subset
of R and f : K → R be a continuous function on K. Then, there exists a polynomial P such
that ‖f − P‖∞ < ε.

Proof. Let A be the set of all the restrictions to K of polynomials with real coefficients. Then
A is a subalgebra of C(K) which contains the constant functions and separates points of K
(it suffices to consider the polynomial P (x) = x). Then, the assertion follows, by applying
Theorem C.1.9.

We now present some remarks on validity of the Stone-Weierstrass theorem in the complex
case.

Example C.1.11. Let us consider a compact set K ⊂ C with non empty interior set int(K)
and the set defined by

A := {f ∈ C(K,C) : f is analytic in int(K)} .

Then A is a subalgebra of C(K,C), contains the constant functions and separates points of
K (it suffices to consider f(z) = z). Moreover, A is a closed subalgebra of C(K,C) because
uniform limits of sequences of analytic functions are analytic functions. On the other hand,
A 6= C(K,C) because, for instance the function g(z) = |z| does not belong to A. Therefore,
Stone-Weierstrass theorem is not longer true in the complex case as formulated above.

A more sophisticated example shows also that the space of all complex polynomials is not
dense in the space of all complex continuous functions on a compact subset of C (see [11,
Example 3.120]).

Theorem C.1.12 (Stone-Weierstrass theorem – complex case). Let X be a compact
topological space and let A be a subalgebra of C(X,C) which separates points of X, contains
the constant functions and is closed with respect to conjugation, i.e., f ∈ A for all f ∈ A.
Then, A is a dense subalgebra of C(X,C).

Proof. Let A0 := {Re f | f ∈ A}. Then A0 is a vector subspace of C(X,R). In particular, if
f ∈ A, then Im f = −Re if ∈ A0. Moreover, for every f, g ∈ A,

Re f · Re g = Re
1

2
(fg + fg) ∈ A0 .

Thus, A0 is a subalgebra of C(X,R) which contains the constant functions. Actually, A0 ⊂ A
because Ref = f+f

2 ∈ A for all f ∈ A.
Moreover, if x, y ∈ X, with x 6= y, then there exists h ∈ A such that h(x) 6= h(y). This

implies that Reh(x) 6=Reh(y) or Imh(x) 6=Imh(y). Thus, A0 separates points of X. Then,
by Stone–Weierstass theorem C.1.9 we can conclude that A0 is a dense subalgebra of C(X,R).
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Now, let f ∈ C(X,C) be fixed. As it has been proved in Theorem C.1.9, for every ε > 0
there exist h1, h2 ∈ A0 such that

‖Re f − h1‖∞ <
ε

2
, ‖Im f − h2‖∞ <

ε

2
,

from which it follows that ‖f − g‖∞ < ε, with g := (h1 + ih2) ∈ A. This completes the
proof.

Corollary C.1.13. Let K be a compact subset of R and f : K → C be a continuous function.
Then, there exists a polynomial P such that ‖f − P‖∞ < ε.

Proof. Let A be the set of all the restrictions to K of polynomials with complex coefficients.
Then, A is a subalgebra of C(K,C) which contains the constant functions, separates points of
K (it suffices to consider P (x) = x) and is closed with respect to conjugation. The assertion
follows by Theorem C.1.12.

Corollary C.1.14. Let X = {z ∈ C | |z| = 1}. Then, the vector space of all functions of
type

P (z) =
n∑

k=−n
akz

k, (ak ∈ C),

is dense in C(X,C).

Proof. The proof is immediate. We just observe that the set of all the functions P , defined
as above, is closed with respect to conjugation since z = z−1 for every z ∈ X.

Corollary C.1.15. Let K be a compact subset of C and f : K → C be a continuous function
on K. For every ε > 0 there exists a C-valued polynomial P (·, ·) of two variables such that
supz∈K |f(z)− P (z, z)| < ε.

Proof. It suffices to observe that the set of functions of type P (z, z), with P a C-valued
polynomial of two variables, is a subalgebra of C(K,C) which satisfies all the assumptions of
Theorem C.1.12.

C.2 Riesz Representation Theorem

We recall the Riesz Representation Theorem which will be one the main tools for the proof of
the Spectral representation theorem. For more details and for its proof we refer the reader,
e.g., to [10, Chapter 2].

Theorem C.2.1 (Riesz representation theorem). Let K be a compact space and Λ be
a continuous linear functional on C(K). Then, there exists a unique regular Borel measure µ
on K such that

Λ(f) =

∫
K
fdµ, f ∈ C(K),

and ‖Λ‖′ = |µ|(K). Moreover, µ is positive if and only if Λ is positive.
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Lecture 5

Spectral representation theorem for
bounded operators II

After the previous two dense lectures, this lecture is intended at the same time to take a breath
and satisfy a curiosity, namely how to obtain a spectral representation theorem for normal
operators. The latter is a fundamental ingredient for the study of unbounded selfadjoint
operators, but its proof is usually skipped.
To obtain a spectral representation theorem for normal operators, we need to define the
functional calculus not just for real-valued functions, but more generally for functions of one
complex variable, since, in general, the spectrum of a normal operator contains also complex
numbers. Note that the polynomials are not dense in the space of continuous functions defined
on a compact set of the complex plane, as it is observed in Appendix C. Thus, to apply the
Stone-Weierstrass theorem we will need to consider not only the polynomials but also their
conjugate to obtain a dense set. Once we have constructed a functional calculus, the proof
of the spectral theorem for normal operators will run analogously to that for self-adjoint
operators.

In this lecture, we will follow the approach of the paper by Whitley [13].

5.1 Spectral representation theorem for normal operators

Definition 5.1.1. Let T 2 L(H) and let P (�,�) =
P

n+mN
anm�

n
�
m

for every � 2 C,
where the coe�cients anm belong to C. Then, we set

P (T, T ⇤) :=
X

n+mN

anmT
n(T ⇤)m.

To go on in the construction of the functional calculus, a fundamental step consists in
proving that, if T is a normal operator, then

kP (T, T ⇤)k = sup{|P (�,�)| | � 2 �(T )}.

For this purpose, let us prove the following preliminary result.

Lemma 5.1.2. Let T 2 L(H) be a normal operator such that 0 2 �(T ). Then, for every

" > 0 there exists a closed subspace M 6= {0} of H with the following properties:
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(1) for every operator B 2 L(H), which commutes with TT
⇤
, M is invariant for B and its

adjoint operator B
⇤
;

(2) T|M 2 L(M) and kT|Mk  ".

Proof. (1) Let us set A := TT
⇤. Since 0 2 �(T ), we can apply Proposition 2.3.6 and infer

that there exists a sequence (xn)n2N ⇢ H, with kxnk = 1 for every n 2 N, such that Txn

converges to 0 as n tends to 1. This means that Axn tends to 0, so that 0 2 �(A).
Fix " > 0 and consider the function h : R ! R, defined by

h(t) =

8
>>>><

>>>>:

1 |t|  "
2

2 ,

2

✓
1� |t|

"2

◆
"
2

2  |t|  "
2
,

0 |t| � "
2
.

Clearly this function is continuous and supt2R |th(t)|  "
2. Let f be the restriction of h to

�(A). Since A is self-adjoint, the operator f(A) is well defined by Theorem 4.2.4.
Observe that the set M := {x 2 H : f(A)x = x} is a closed subspace of H. Moreover, if

B 2 L(H) commutes with A, then, by Theorem 4.2.4, B commutes also with f(A). Hence,

Bx = Bf(A)x = f(A)Bx,

for every x 2 M , so that Bx 2 M . This means that M is invariant for B. On the other hand

B
⇤
A = B

⇤
TT

⇤ = (TT ⇤
B)⇤ = (BTT

⇤)⇤ = TT
⇤
B

⇤ = AB
⇤
,

so that B
⇤ commutes with A and, hence, M is invariant also for B

⇤. Property (1) is now
proved.

(2) Let us observe that T commutes with TT
⇤, so that T (M) ✓ M . Moreover, for every

x 2 M , with kxk = 1, it holds that

kAxk = kAf(A)xk  kAf(A)k = sup{|�f(�)| | � 2 �(A)}  "
2
.

We thus conclude that kTxk2 = hTx, Txi = hAx, xi  "
2 for every x 2 M with kxk = 1.

Therefore, kT|Mk  ". Property (2) is proved.
To prove that M 6= {0}, we observe that

k(I � f(A))f(2A)k = sup{|(1� f(�))f(2�)| : � 2 �(A)} = 0,

since, if f(2�) 6= 0, then f(�) = 1. As a consequence, we deduce that the range of f(2A) is
contained in M and it contains some element x 6= 0 since

kf(2A)k = sup{|f(2�)| : � 2 �(A)} � |f(0)| = 1.

Lemma 5.1.3 (Spectral mapping theorem for normal operators). Let T 2 L(H)
be a normal operator and let P (�,�) =

P
n+mN

an,m�
n
�
m

for every � 2 C, with coe�cients

anm 2 C. Then,

(5.1) �(P (T, T ⇤)) = {P (�,�) | � 2 �(T )} .



5.1. SPECTRAL REPRESENTATION THEOREM FOR NORMAL OPERATORS 53

Proof. Fix � 2 �(T ) and consider a sequence (xk)k2N ⇢ H, with kxkk = 1 for every k 2 N,
such that (� � T )xk converges to 0 as k tends to 1 (cf. Proposition 2.3.6). Since T is a
normal operator, we can apply Lemma 2.3.5 to infer that k(� � T

⇤)xkk = k(� � T )xkk for
every k 2 N and, then, conclude that k(� � T

⇤)xkk converges to 0 as k tends to 1. Using
the following chain of equalities

(P (T, T ⇤)� P (�,�))xk =
X

n+mN

anm(Tn(T ⇤)m � �
n
�
m
)xk

=
X

n+mN

anm[Tn((T ⇤)m � �
m
)xk + �

m
(Tn � �

n)xk]

=
X

n+mN

anm[Tn(T ⇤(m�1) + · · ·+ �
m�1

)(T ⇤ � �)xk

+ �
m
(Tn�1 + · · ·+ �

n�1)(T � �)xk],

we conclude that (P (T, T ⇤) � P (�,�))xk converges to 0 as k tends to 1. Hence, P (�,�) 2
�(P (T, T ⇤)) and the inclusion {P (�,�) : � 2 �(T )} ⇢ �(P (T, T ⇤)) follows.

To prove the other inclusion, we fix µ 2 �(P (T, T ⇤)). Then, B := P (T, T ⇤)�µ is a normal
operator and 0 2 �(B). We can thus apply Lemma 5.1.2 to infer that:

(i) for every n 2 N, there exists a closed subspace Mn 6= {0}, which is invariant for B and
B

⇤, with kB|Mn
k  1/n;

(ii) Mn is invariant also for T and T
⇤ since T commutes with BB

⇤.

The operator T|Mn
is clearly normal. In view of Proposition 2.1.1, �(T|Mn

) 6= ?.
For every n 2 N, fix �n 2 �(T|Mn

). Then, there exists yn 2 Mn, with kynk = 1, such that
k(�n � T )ynk  1/n, due to Proposition 2.3.6. The sequence (�n)n2N is bounded by kTk.
Therefore, up to a subsequence, (�n)n2N converges to some �, which belongs to �(T ) since

k(�� T )ynk  |�� �n|+ k(�n � T )ynk  |�� �n|+
1

n

for every n 2 N. This implies that (�� T )yn converges to 0 as n tends to 1. Arguing as in
the first part of the proof, we can show that (P (T, T ⇤)�P (�,�))yn tends to 0. On the other
hand, yn 2 Mn for every n 2 N so that

k(P (T, T ⇤)� µ)ynk = kBynk  kB|Mn
k · kynk  1

n
.

It follows that (P (T, T ⇤)� µ)yn tends to 0 as n tends to 1 so that µ = P (�,�).

We can now construct a functional calculus for normal operators.

Theorem 5.1.4. Let T 2 L(H) be a normal operator. Then, there exists a unique linear

operator

� : C(�(T ),C) ! L(H)

with the following properties:
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(1) �(fg) = �(f)�(g), �(�f) = ��(f) for every f, g 2 C(�(T ),C) and � 2 C;

(2) �(1) = I and �(f) = �(f)⇤ for every f 2 C(�(T ),C);

(3) k�(f)k = kfk1 for every f 2 C(�(T ),C);

(4) if f = id�(T ), then �(f) = T ;

(5) �(�(f)) = {f(�) : � 2 �(T )} for every f 2 C(�(T ),C);

(6) if S 2 L(H) commutes with T and T
⇤
, then S commutes with �(f) for every f 2

C(�(T ),C);

(7) if f 2 C(�(T ),R) is nonnegative, then �(f) � 0.

Proof. For every polynomial P (�,�) =
P

m+nN
an,m�

n(�)m, we define �(P ) = P (T, T ⇤).

Due to Proposition 2.3.5-(4) and Lemma 5.1.3, k�(P )k = sup{|P (�,�)| : � 2 �(T )}. Hence,
� is a linear isometry from the space A of the functions of type � 7! P (�,�), with � 2 �(T ),
in (L(H), k · k). We can uniquely extend � to a linear and continuous mapping �̃ from the
closure of A in (C(�(T ),C), k · k1), with values in (L(H), k · k). On the other hand, the
closure of A coincides with (C(�(T ),C), k · k1), due to Corollary C.1.15.

To ease the notation, we still denote by � the extension �̃. By construction, the operator
� : C(�(T ),C) ! L(H) is a linear isometry, so that property (3) follows. Properties (1) and
(2) are clearly satisfied if f and g are functions in A and, hence, they can be easily extended
to the case where f and g are continuous functions on C(�(T ),C), using a density argument.
Property (4) follows straightforwardly from the definition.

Let us prove property (5). Fix µ 2 �(T ) and let (Pn)n2N be a sequence of polynomials
such that Pn(�,�) ! f(�) uniformly on �(T ). Then, the sequence (Pn(µ, µ)�Pn(T, T ⇤))n2N
converges to f(µ) � �(f) in (L(H), k · k). On the other hand, for every n 2 N, Pn(µ, µ) 2
�(Pn(T, T ⇤)) so that Pn(µ, µ)� Pn(T, T ⇤) is not invertible. This implies that f(µ)� �(f) is
not invertible (otherwise there would admit a neighborhood consisting of invertible operators)
and, hence, f(µ) 2 �(�(f)). Vice versa, fix µ 2 C \ f(�(T )). Then, µ � f(�) 6= 0 for every
� 2 �(T ) so that the function g = 1/(µ� f) belongs to C(�(T ),C). From properties (1) and
(4) it follows that

�(g)(µ� �(f)) = (µ� �(f))�(g) = I,

i.e., µ� �(f) is invertible and, hence, µ /2 �(�(f)).
Property (6) is immediate to prove if f 2 A. The general case then follows by a density

argument.
In order to prove property (7), we observe that if f � 0 on �(T ), then f = g

2 for some
continuous real-valued function g. By property (1) it follows that �(f) = �(g2) = �(g)2,
where �(g) is a self-adjoint operator due to property (2). Therefore, for every x 2 H, it holds
that

h�(f)(x), xi = h�(g)2(x), xi = h�(g)(x),�(g)(x)i = k�(g)(x)k2 � 0 ,

i.e., �(f) � 0.
To prove the uniqueness of � it su�ces to observe that if  : C(�(T ),C) ! L(H) is

another mapping with properties (1) to (4), then  (f) = �(f) for every f 2 A. Hence, by
density it follows that  ⌘ �.
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In what follows, sometimes we will write f(T ) instead of �(f) to stress the dependence
on T .

Remark 5.1.5. Property (6) in Theorem 5.1.4 can be improved thanks to Fuglede’s Theorem
which states that, if an operator S commutes with T , then S commutes also with T

⇤. For a
proof of such a theorem, we refer the reader to [5].

Let T 2 L(H) be a normal operator and fix x 2 H. Denote by L the functional on
C(�(T ),C) defined by

C(�(T ),C) 3 f 7! L(f) := hf(T )(x), xi .

This functional is linear, continuous and positive due to Theorem 5.1.4-(7). Then, by the
Riesz representation theorem, we know that there exists a unique positive and regular Borel
measure µx, defined on the compact set �(T ), such that

L(f) = hf(T )(x), xi =
Z

�(T )
fdµx .

This measure µx is called spectral measure associated with x.
The following result is the counterpart for normal operators of Lemma 4.2.8. In such a

lemma, we required the existence of a cyclic vector in H, i.e., the existence of x 2 H such
that the span of the vectors T k

x, when k 2 N [ {0}, is dense in H. Here, we need a slightly
di↵erent assumption.

Lemma 5.1.6. Let T 2 L(H) be a normal operator. Suppose that there exists x 2 H such

that span{Tn(T ⇤)mx : n,m 2 N[ {0}} is dense in H. Then, there exists an unitary operator

U : H ! L
2(�(T ), µx) such that

(UTU
�1)(f)(�) = �f(�) µx � a.e.

for every f 2 L
2(�(T ), µx).

Proof. For every f 2 C(�(T ),C), we set

U�(f)(x) := f .

The operator U is well defined in the space {�(f)(x) : f 2 C(�(T ),C)}. Indeed, if f, g 2
C(�(T ),C) are functions such that �(f)(x) = �(g)(x), then

�(f)Tn(T ⇤)m(x) =�(f)�(znzm)(x) = �(znzm)�(f)(x)

=�(znzm)�(g)( ) = �(g)Tn(T ⇤)m(x)

for every n, m 2 N[ {0}, i.e., �(f) = �(g) on a dense subspace of H. The continuity of �(f)
and �(g) implies that �(f) = �(g) on H so that

0 = k�(f � g)k = kf � gk1 ,

i.e., f ⌘ g. Moreover, for every f 2 C(�(T ),C) it holds that

k�(f)(x)k2 =hx,�(f)⇤�(f)(x)i = hx,�(ff)(x)i
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=h�(ff)(x), xi =
Z

�(T )
|f |2dµx .

This means that U is an isometry from ({�(f)(x) : f 2 C(�(T ),C)}, k · k) into L
2(�(T ), µx).

Since the space {�(f)(x) : f 2 C(�(T ),C)} is dense in H, we can extend U as an isometry
from H into L

2(�(T ), µx). On the other hand, since C(�(T ),C) is a dense subspace of
L
2(�(T ), µx), it follows that U is also surjective.
Now, we observe that

(UTU
�1)(f)(�) = (UT�(f)(x))(�) = (U�(yf)(x))(�) = �f(�)

for every f 2 C(�(T ),C). This identity can be extended to any f 2 L
2(�(T ), µx) using the

density of C(�(T ),C) into L
2(�(T ), µx).

To extend this result to a general normal and bounded operator, as we did in the case of
self-adjoint operators, we prove the following lemma.

Lemma 5.1.7. Let H be a separable complex Hilbert space and let T 2 L(H) be a normal

operator. Then, there exists a family (Hn)n2J of closed subspaces of H, with J ✓ N finite or

infinite, such that

(i) H =
M

n2J
Hn;

(ii) Hn is invariant for T and T
⇤
;

(iii) for each n 2 J there exists xn 2 Hn such that span{T k(T ⇤)mxn | k,m 2 N [ {0}} = Hn.

Proof. Let (en)n2N be a complete orthonormal system of H. Set x1 := e1 and

H1 := span{T k(T ⇤)mx1 : k,m 2 N [ {0}}.

Then, H1 is invariant with respect to T and T
⇤. If en 2 H1 for every n 2 N, then H1 = H.

In such a case, the proof is complete.
Suppose that en does not belong to H1 for some n 2 N and denote by n1 the first

index such that en1 62 H1. This means that en 2 H1 for every n < n1. Denote by P
H

?
1

the orthogonal projection onto the closed subspace H
?
1 and set x2 := P

H
?
1
(en1). Note that

x2 6= 0 since en1 6= H1. Moreover, since T is a normal operator and both T and T
⇤ leave

H1 invariant, it follows that T and T
⇤ leave invariant also H

?
1 (see Exercise 5.2.1). Let us

set H2 := span{T k(T ⇤)mx2 : k,m 2 N [ {0}}. Clearly, H2 ⇢ H
?
1 and, in particular, H2 is

invariant with respect to T and T
⇤. If H = H1 �H2, then the proof is complete.

Suppose that H1 � H2 $ H and let n2 be the first index such that en2 62 H1 � H2.
Denote by P(H1�H2)? the orthogonal projection onto the closed subspace (H1�H2)? and set
x3 := P(H1�H2)?(en2). Iterating this argument, we obtain that either H = H1 �H2 � . . . HN

for some N 2 N, where, for every i = 1, . . . , N , Hi satisfies (iii) for some xi 2 H, and is
invariant with respect to T and T

⇤, or there exists a family (Hi)i2N of closed and mutually
orthogonal subspaces of H, which are invariant with respect to T and T

⇤ and such that
property (iii) holds true. In both cases, en 2 H1 for every n < n1, en 2 H1 � H2 for every
n1  n < n2 and so on. This ensures that (en)n2N ⇢

L
i2NHi and, hence, H =

L
i2NHi.
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Theorem 5.1.8. Let H be a separable complex Hilbert space and let T 2 L(H) be a normal

operator. Then, there exist a family (µn)n2J of positive Borel measures defined on �(T ), with
J ✓ N finite or infinite, and a unitary operator

U : H !
M

n2J
L
2(�(T ), dµn)

such that

(UTU
�1( ))n(�) = � n(�) µn � a.e.

for every  = ( n)n2J 2
M

n2J
L
2(�(T ), dµn) and every n 2 J .

Proof. The assertion follows applying first Lemma 5.1.7, to determine the decomposition, and
then Lemma 5.1.6 to each component, observing that T|Hn

is a normal operator, since Hn

is invariant with respect to T and T
⇤. We thus obtain that the measure µn is the spectral

measure associated to some vector xn 2 Hn and it is defined on �(T|Hn
). Extending such a

measure to �(T ), setting µn = 0 on �(T ) \ �(T|Hn
), we conclude the proof.

Mimicking the proof of Theorem 4.2.11, we can prove the spectral mapping theorem for
normal operators in its classical formulation.

Theorem 5.1.9 (Spectral theorem for normal operators). Let H be a separable

complex Hilbert space and let T 2 L(H) be a normal operator. Then, there exist a measurable

space (M,µ) with finite measure, a bounded and measurable function m : M ! C and a

unitary operator U : H ! L
2(M,dµ) such that

(UTU
�1(f))(�) = m(�)f(�) µ� a.e.

for every f 2 L
2(M,dµ).

5.2 Exercises

Exercise 5.2.1. Let T be a normal operator on a complex Hilbert space H and let M be a
subspace of H. Prove that if M is invariant for T and T

⇤, then M
? is invariant for T and

T
⇤.

Exercise 5.2.2. Prove Theorem 5.1.9.

Exercise 5.2.3. Let T be a normal operator defined on a separable complex Hilbert space
such that T 4 = T

3. Prove that T is selfadjoint.

Exercise 5.2.4. Let T be a normal operator on a separable complex Hilbert space H. Prove
that

1. if T is positive, then there exists a unique positive operator S such that S
2 = T (S is

called the square root of T )

2. if there exists ✓ 2 (0,⇡) such that �(T ) ✓ {z 2 C | |Arg(z)| < ✓}, then for every n 2 N
there exists a normal operator S on H such that Sn = T . Is S unique?;
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Exercise 5.2.5. Let S and T be two normal operators on a complex Hilbert space H.
Denote by AS (resp., by AT ) the range of the operator �S : C(�(S),C) ! L(H) (resp.
�T : C(�(T ),C) ! L(H)) constructed in Theorem 5.1.4. Prove that �(S) = �(T ) if and only
if there exists an isometric isomorphism ⇤ from AS onto AT such that ⇤(S) = T .

Exercise 5.2.6. Let T be a normal operator defined on a complex Hilbert space H and
� : C(�(T ),C) ! L(H) be the operator constructed in Theorem 5.1.4. Prove that if Tx = �x

for some x 2 H, x 6= 0, and � 2 C, then �(f)x = f(�)x for every f 2 C(�(T ),C).

Exercise 5.2.7. Let T be a normal operator on a complex separable Hilbert space H. Prove
that T is compact if and only if the following two conditions hold:

(i) �(T ) consists of at most a sequence of eigenvalues, including 0, which possibly accumu-
lates at 0;

(ii) dimker(�� T ) < 1 for all � 6= 0.
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Lecture 6

Self-adjoint and dissipative
operators on Hilbert spaces

In this lecture we define the adjoint of an unbounded linear operator on a Hilbert space and
study its properties. We introduce symmetric and self-adjoint operators on a Hilbert space
and characterize the latter operators by a range condition, see Theorem 6.1.16. We also
discuss about dissipative operators on Hilbert spaces. It is simple to see that the dissipativity
of ±iT completely characterizes the symmetry of the densely defined operator T , see Theorem
6.2.4. This permits us to show that the spectrum of a self-adjoint operator is real.

Along the lecture, (H, ‖ · ‖) will denote a Hilbert space over C with inner product 〈·, ·〉.

6.1 Adjoint of an unbounded operator, self-adjoint and sym-
metric operators

Definition 6.1.1. Let T : D(T ) ⊆ H → H be a densely defined linear operator. We set

(6.1) D(T ∗) := {y ∈ H : ∃y∗ ∈ H such that 〈Tx, y〉 = 〈x, y∗〉 ∀x ∈ D(T )}.

Notice that, for every y ∈ D(T ∗), the element y∗ in (6.1) is unique. Indeed, suppose that
y∗1 ∈ H and y∗2 ∈ H are such that

〈x, y∗1〉 = 〈Tx, y〉 = 〈x, y∗2〉, x ∈ D(T ).

Hence,

〈x, y∗1 − y∗2〉 = 0, x ∈ D(T ).

Then, the density of D(T ) in H implies that y∗1 = y∗2. Therefore, the following definition
makes sense.

Definition 6.1.2. Let T : D(T ) ⊆ H → H be a densely defined linear operator, The operator
T ∗, defined by T ∗y := y∗ for every y ∈ D(T ∗), where y∗ is the unique element in H such that
〈Tx, y〉 = 〈x, y∗〉 for every x ∈ D(T ), is called the adjoint operator of T .

It is easy to see that T ∗ : D(T ∗) → H is a linear operator. The following result charac-
terizes the elements of D(T ∗).

59
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Proposition 6.1.3. If T : D(T ) ⊆ H → H is a densely defined linear operator, then

y ∈ D(T ∗) ⇐⇒ ∃c > 0 such that |〈Tx, y〉| ≤ c‖x‖ ∀x ∈ D(T ).

Proof. “=⇒”: Fix y ∈ D(T ∗). Then, from (6.1) it follows that there exists y∗ ∈ H such that

|〈Tx, y〉| = |〈x, y∗〉| ≤ ‖y∗‖ ‖x‖ ∀x ∈ D(T ).

“⇐=”: Consider the linear functional S : D(T ) → C, defined by Sx = 〈Tx, y〉 for every
x ∈ D(T ). By assumptions, ‖Sx‖ ≤ c‖x‖ for every x ∈ D(T ). Since D(T ) is dense in H,
the operator S can be uniquely extended to a bounded operator on H, still denoted by S.
Therefore, the Riesz-Fréchet theorem implies that there exists y∗ ∈ H such that Sx = 〈x, y∗〉
for every x ∈ H. In particular, we can infer that

〈Tx, y〉 = 〈x, y∗〉, x ∈ D(T ).

This formula clearly shows that y ∈ D(T ∗).

Example 6.1.4. Let H = L2(Ω, µ), where (Ω, µ) is a σ-finite measure space. Let us consider
the multiplication operator Mm, associated to the measurable function m : Ω → C, whose
domain is D(Mm) = {f ∈ L2(Ω, µ) : mf ∈ L2(Ω, µ)}, see Section 2.2. Then, M∗m = Mm.

Indeed, if f ∈ D(Mm) then

〈mh, f〉 =

∫
Ω
mhfdµ =

∫
Ω
h(mf)dµ = 〈h,mf〉, h ∈ D(Mm).

Thus, we have proved that D(Mm) ⊆ D(M∗m) and M∗mf = Mmf for every f ∈ D(Mm).
Vice versa, suppose that f ∈ D(M∗m). Then, there exists g ∈ H such that

〈mh, f〉 = 〈h, g〉, h ∈ D(Mm),

which implies that ∫
Ω
mhfdµ =

∫
Ω
hgdµ, h ∈ D(Mm)

or, equivalently, ∫
Ω
hψdµ = 0, h ∈ D(Mm),

where ψ = mf − g. From this formula, we can infer that ψ = 0 µ-almost everywhere on Ω.
For this purpose, we consider an increasing sequence (Ωn)n∈N of measurable subsets of Ω,
with finite measure, whose union is Ω. Moreover, for every n ∈ N we introduce the function
hn = |ψ|−1ψχAn , where An = {x ∈ Ωn : ψ(x) 6= 0 and |m(x)| ≤ n}. Clearly, each function
hn belongs to D(Mm). Moreover,

0 =

∫
Ω
hnψdµ =

∫
Ω
|ψ|χ{x∈Ωn:|m(x)|≤n}dµ

and this formula implies that ψ = 0 µ-almost everywhere on the set {x ∈ Ωn : |m(x)| ≤ n}.
Letting n tend to ∞, we conclude that ψ = 0 almost everywhere in Ω or, equivalently,
mf = g ∈ H. This means that f ∈ D(Mm).
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As the following example shows, in general T ∗ is not densely defined.

Example 6.1.5. Fix f0 ∈ H := L2(R;C), with f0 6= 0, and a locally bounded measurable
function f /∈ L2(R). Let us consider the linear operator (T,D(T )), defined by

D(T ) := { g ∈ L2(R;C) | fg ∈ L1(R;C) }, T g := 〈g, f〉 · f0 .

Since D(T ) contains the space Cc(R;C) of all the continuous functions on R with compact
support, one deduces that D(T ) is dense in L2(R;C). On the other hand, D(T ∗) is not a
dense subspace of H. Indeed, if h ∈ D(T ∗) then

〈g, T ∗h〉 =〈Tg, h〉 = 〈〈g, f〉 · f0, h〉 = 〈g, f〉 · 〈f0, h〉
=〈g, 〈f0, h〉 · f〉 = 〈g, 〈h, f0〉 · f〉

for every g ∈ D(T ). Since Cc(R;C) is dense in L2(R;C), we conclude that T ∗h = 〈f0, h〉 · f .
Next, we observe that, since f /∈ L2(R;C), it follows that 〈f0, h〉 = 0 for every h ∈ D(T ∗).
Therefore, D(T ∗) is not dense in H, otherwise f0 = 0, which is not the case.

In the following proposition, we state and prove some basic properties of adjoint operators
of unbounded linear operators. Given two linear operators S and T , we use the notation S ⊂ T
when T is an extension of the operator S, i.e., when D(S) ⊂ D(T ) and Tx = Sx for every
x ∈ D(S).

Proposition 6.1.6. Let S : D(S) ⊂ H → H and T : D(T ) ⊂ H → H be densely defined
linear operators. The following properties hold true.

(1) If S ⊂ T , then T ∗ ⊂ S∗.

(2) If T ∗ is densely defined, then T ⊂ T ∗∗ := (T ∗)∗.

Proof. (1) Fix y ∈ D(T ∗). Then, for every x ∈ D(S) ⊂ D(T ) it holds that

〈Sx, y〉 = 〈Tx, y〉 = 〈x, T ∗y〉 .

It follows that y ∈ D(S∗) and S∗y = T ∗y.

(2) Fix x ∈ D(T ). Then,

〈T ∗y, x〉 = 〈x, T ∗y〉 = 〈Tx, y〉 = 〈y, Tx〉

for every y ∈ D(T ∗). It follows that x ∈ D(T ∗∗) and T ∗∗x = Tx.

Proposition 6.1.7. Let T : D(T ) ⊆ H → H be a densely defined linear operator, with
rg(T ) = H. Then, the following properties are satisfied.

(1) T ∗ is injective.

(2) If T is injective, then (T ∗)−1 = (T−1)∗.

Proof. (1) Fix y ∈ D(T ∗) such that T ∗y = 0. Then,

〈Tx, y〉 = 〈x, T ∗y〉 = 0



62 LECTURE 6. SELF-ADJOINT AND DISSIPATIVE OPERATORS

for every x ∈ D(T ). This implies that 〈z, y〉 = 0 for every z ∈ rg(T ). Since rg(T ) is dense in
H, we conclude that y = 0. Hence, T ∗ is injective.

(2) Since D(T−1) = rg(T ), it follows that D(T−1) is a dense subspace of H. Hence, the
adjoint operator (T−1)∗ is well defined.

Let us prove that (T ∗)−1 ⊂ (T−1)∗ and (T−1)∗ ⊂ (T ∗)−1. We begin by proving the first
property. For this purpose, we fix y∗ ∈ D((T ∗)−1) = rg(T ∗). Then, there exists y ∈ D(T ∗)
such that T ∗y = y∗. If z ∈ D(T−1), then T−1z ∈ D(T ) and therefore

〈T−1z, y∗〉 = 〈T−1z, T ∗y〉 = 〈TT−1z, y〉 = 〈z, y〉 = 〈z, (T ∗)−1y∗〉 .

Hence, y∗ ∈ D((T−1)∗) and (T−1)∗y∗ = (T ∗)−1y∗. The first property is proved.
Next, fix y∗ ∈ D((T−1)∗). Then,

〈T−1x, y∗〉 = 〈x, (T−1)∗y∗〉

for every x ∈ D(T−1) = rg(T ). Taking, x = Tz in the previous formula, it thus follows that

〈z, y∗〉 = 〈Tz, (T−1)∗y∗〉

for every z ∈ D(T ). Hence, (T−1)∗y∗ ∈ D(T ∗), T ∗((T−1)∗y∗) = y∗ and, as a byproduct,
y∗ ∈ rg(T ∗) = D((T ∗)−1). This completes the proof.

Definition 6.1.8. Let T : D(T ) ⊆ H → H be a densely defined linear operator. T is a
symmetric operator if T ⊂ T ∗, i.e., if

〈Tx, y〉 = 〈x, Ty〉, x, y ∈ D(T ).

T is called self-adjoint if T = T ∗.

Example 6.1.9. Let us consider the multiplication operator Mm introduced in 6.1.4. It is
easy to check that Mm is symmetric if and only if Im(m) = 0. In such a case, D(Mm) =
D(M∗m) so that the operator Mm is also self-adjoint.

Remark 6.1.10. Every self-adjoint operator is clearly symmetric. On the other hand, there
exist symmetric operators which are not self-adjoint. Consider for instance the operator
T : W 1,2

0 ((0, 1);C) ⊂ L2((0, 1);C)→ L2((0, 1);C) defined by1

Tf = if ′, f ∈W 1,2
0 ((0, 1);C),

whereW 1,2
0 ((0, 1);C) = {f ∈W 1,2((0, 1);C) : f(0) = f(1) = 0}. Then, D(T ) = W 1,2

0 ((0, 1);C)

is a dense subspace of L2((0, 1);C). Moreover, for every pair of functions f ∈ W 1,2
0 ((0, 1);C)

and g ∈W 1,2((0, 1);C), an integration by parts shows that

〈Tf, g〉 =

∫ 1

0
if ′gdx = −

∫ 1

0
ifg′dx =

∫ 1

0
f(ig′)dx.

The previous formula implies that W 1,2((0, 1);C) is contained in D(T ∗) and T ∗g = ig′ for
every g ∈ W 1,2

0 ((0, 1);C). In particular, this shows that T is symmetric. On the other hand,

if g ∈ D(T ∗) then, for every f ∈ D(T ) = W 1,2
0 ((0, 1);C) it holds that

〈Tf, g〉 = 〈f, T ∗g〉 ,
1For the main properties of the space W 1,2((0, 1);C) we refer the reader to [1, Chapter VIII]
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i.e., ∫ 1

0
if ′gdx =

∫ 1

0
fT ∗gdx .

Therefore, ∫ 1

0
f ′(ig)dx =

∫ 1

0
fT ∗gdx

for every f ∈ C∞c ([0, 1];C). Recalling the definition of the space W 1,2((0, 1);C), we deduce
that ig ∈ W 1,2((0, 1);C). Therefore, D(T ∗) ⊆ W 1,2((0, 1);C). We have so proved that
D(T ∗) = W 1,2((0, 1);C). As a byproduct, it follows that T cannot be self-adjoint. Finally,
we observe that T ∗ is not symmetric. Indeed, if f, g ∈W 1,2((0, 1);C) it holds that

〈T ∗f, g〉 =

∫ 1

0
if ′gdx = if(1)g(1)− if(0)g(0) +

∫ 1

0
fig′dx,

so that 〈T ∗f, g, 〉 6= 〈f, T ∗g〉 unless f(1)g(1)− f(0)g(0) = 0.

Symmetric linear operators on Hilbert spaces are bounded as the following result shows.

Theorem 6.1.11 (Hellinger-Toeplitz theorem). If T : H → H is a symmetric linear
operator, then T ∈ L(H). In particular, T is self-adjoint.

Proof. In view of Theorem 1.2.3, it suffices to prove that T is closed. Fix a sequence (xn)n∈N ⊆
H such that limn→∞ xn = x and limn→∞ Txn = y for some x, y ∈ H. Note that, for every
z ∈ H, it holds that

〈z, y〉 = lim
n→∞

〈z, Txn〉 = lim
n→∞

〈Tz, xn〉 = 〈Tz, x〉 = 〈z, Tx〉 .

As a consequence, Tx = y.

Proposition 6.1.12. Let T : D(T ) ⊆ H → H be a densely defined linear operator. Then,
the following properties hold true.

(1) T ∗ is closed.

(2) T is closable if and only if D(T ∗) is dense in H. In such a case, T = T ∗∗.

(3) If T is closable, then (T )∗ = T ∗.

Proof. We first observe that on the product space H ×H, we can define in a natural way an
inner product by setting

〈(x1, y1), (x2, y2)〉H×H := 〈x1, x2〉H + 〈y1, y2〉H

for every (x1, y1), (x2, y2) ∈ H × H. It is easy to check that the space H × H, endowed
with the inner product defined above, is a Hilbert space. Moreover, the linear operator
V : H ×H → H ×H, defined by V (x, y) := (−y, x) for every (x, y) ∈ H ×H preserves the
inner product (i.e., it is a unitary operator), is surjective and V 2 = −I. In particular, for
every subspace E ⊆ H ×H the following formula holds true:

(6.2) V (E⊥) = V (E)⊥ .
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If S : D(S) ⊆ H → H is a densely defined linear operator, then it holds that

(x, y) ∈ [V (G(S))]⊥ ⇐⇒ 〈(x, y), V (x1, y1)〉H×H = 0 ∀(x1, y1) ∈ G(S)

⇐⇒ 〈(x, y), (−Sz, z)〉H×H = 0 ∀z ∈ D(S)

⇐⇒ − 〈x, Sz〉+ 〈y, z〉 = 0 ∀z ∈ D(S)

⇐⇒ 〈x, Sz〉 = 〈y, z〉 ∀z ∈ D(S)

⇐⇒ x ∈ D(S∗) and S∗x = y

⇐⇒ (x, y) ∈ G(S∗).

We have thus proved that

(6.3) G(S∗) = [V (G(S))]⊥.

We can now prove the three properties in the statement of the proposition.
(1) Since the orthogonal space of a subspace of a Hilbert space is closed, from (6.3) it

follows that G(T ∗) is a closed subspace of H ×H and, hence, T ∗ is a closed linear operator.
(2) As it is easy to check,

G(T ) = [G(T )⊥]⊥.

Since the operator V defined above satisfies properties (6.2), (6.3) and V 2 = −I, it follows
that

(6.4) G(T ) = V 2
[
[G(T )⊥]⊥

]
=
[
V [V (G(T ))]⊥

]⊥
= [V (G(T ∗))]⊥ .

Let us suppose that D(T ∗) = H. Then, applying first (6.4) and then (6.3), we obtain that

G(T ) = [V (G(T ∗))]⊥ = G(T ∗∗) .

This ensures that (T ∗∗, D(T ∗∗)) is a closed linear operator. Hence, taking Proposition 6.1.6(2)
into account, we conclude that T is closable and T = T ∗∗.

Vice versa, let us suppose that T is a closable operator. By contradiction, we suppose
that D(T ∗) is not dense in H. Then, D(T ∗)⊥ is a proper subspace of H and, hence, there
exists 0 6= x ∈ D(T ∗)⊥. So for every y ∈ D(T ∗) it holds that

〈(x, 0), (y, T ∗y)〉H×H = 〈x, y〉+ 〈0, T ∗y〉 = 0 ,

i.e., (x, 0) ∈ [G(T ∗)]⊥. Therefore, (0, x) ∈ V [G(T ∗)⊥] = [V (G(T ∗))]⊥ = G(T ), by (6.4). Now,
since x 6= 0 and (0, x) ∈ G(T ), the space G(T ) cannot be the graph of a linear operator and,
therefore, T is not closable, which is a contradiction.

(3) Due to property (1), the linear operator T ∗ is closed. This allows us to apply property
(2) to the operator T ∗ to infer that

T ∗ = T ∗ = (T ∗)∗∗ = (T ∗∗)∗ = (T )∗.

Corollary 6.1.13. If T : D(T ) ⊆ H → H is a symmetric densely defined linear operator,
then T is closable and T = T ∗∗.

Proof. It suffices to observe that T ⊂ T ∗ and apply properties (1), (2) in Proposition 6.1.12.
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Remark 6.1.14. If T : D(T ) ⊆ H → H is a densely defined symmetric operator, then
T ⊂ T ∗ and, hence, T ∗∗ = T ⊂ T ∗. If T is also closed, then

(6.5) T = T = T ∗∗ ⊂ T ∗.

Consequently, if T is a symmetric closed operator, then T is self-adjoint if and only if T ∗ is
symmetric.

Proposition 6.1.15. Let T : D(T ) ⊆ H → H be a densely defined linear operator. Then, T
is symmetric if and only if 〈Tx, x〉 ∈ R for every x ∈ D(T ).

Proof. Let us suppose that T is symmetric. Then,

〈Tx, x〉 = 〈x, T ∗x〉 = 〈x, Tx〉 = 〈Tx, x〉

for every x ∈ D(T ), from which it follows that 〈Tx, x〉 ∈ R.
Vice versa, let us assume that 〈Tz, z〉 ∈ R for every z ∈ D(T ). Then, for every x, y ∈ D(T )

it holds that

〈Ty, x〉+ 〈Tx, y〉 = −〈T (x− y), x− y)〉+ 〈Tx, x〉+ 〈Ty, y〉 ∈ R .

Therefore, Im〈Tx, y〉 = −Im〈Ty, x〉 = Im〈x, Ty〉. Analogously,

i〈Ty, x〉 − i〈Tx, y〉 = −〈T (x− iy), x− iy)〉+ 〈Tx, x〉+ 〈Ty, y〉 ∈ R

for every x, y ∈ D(T ). Therefore, Re〈Tx, y〉 = Im i〈Tx, y〉 = Im i〈Ty, x〉 = Re〈Ty, x〉 =
Re〈x, Ty〉. We have thus proved that 〈Tx, y〉 = 〈x, Ty〉 for every x, y ∈ D(T ), i.e., T is
symmetric.

Theorem 6.1.16. Let T : D(T ) ⊆ H → H be a densely defined linear operator. If T is
symmetric, then the following properties are equivalent.

(i) T is self-adjoint.

(ii) T is closed and ker(T ∗ ± i) = {0}.

(iii) rg(T ± i) = H.

Proof. “(i) ⇒ (ii)”: Since T = T ∗, due to Proposition 6.1.12(i) we can conclude that T is
closed. Next, we fix x ∈ D(T ∗) = D(T ) such that T ∗x = Tx = ix. Then, recalling that T is
symmetric, it follows that

i〈x, x〉 = 〈ix, x〉 = 〈Tx, x〉

which implies that x = 0 since 〈Tx, x〉 ∈ R due to Proposition 6.1.15. In a completely similar
way, we can show that ker(T ∗ + i) = {0}.

“(ii)⇒ (iii)”: Let us first prove that rg(T − i) is a dense subspace of H. For this purpose,
we fix y ∈ H such that 〈Tz − iz, y〉 = 0 for every z ∈ D(T ). Then,

〈Tz, y〉 = 〈z,−iy〉

for every z ∈ D(T ). As a byproduct, we deduce that y ∈ D(T ∗) and T ∗y = −iy. Therefore,
from property (ii) it follows that y = 0. We have so proved that [rg(T − i)]⊥ = {0}, which
implies that rg(T − i) is a dense subspace of H.
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Let us now prove that rg(T − i) is a closed subspace of H. For this purpose, we observe
that, due to Proposition 6.1.15,

‖(T − i)x‖2 =‖Tx‖2 + ‖x‖2 + 2Re〈Tx,−ix〉
=‖Tx‖2 + ‖x‖2 + 2Re[i〈Tx, x〉]
=‖Tx‖2 + ‖x‖2(6.6)

for every x ∈ D(T ). If (xn)n∈N ⊂ D(T ) is a sequence such that limn→∞(Txn−ixn) = y0 ∈ H,
then (Txn − ixn)n∈N is a Cauchy sequence in H. On the other hand, formula (6.6) implies
that

‖xn − xm‖2 + ‖Txn − Txm‖2 = ‖Txn − ixn − Txm + ixm‖2

for every m,n ∈ N. Consequently, also (xn)n∈N and (Txn)n∈N are Cauchy sequences in H.
In particular, they converge, respectively, to some x0 ∈ H and z0 ∈ H. Since T is a closed
operator, it follows that x0 ∈ D(T ) and z0 = Tx0, i.e., y0 = (T − i)x0 ∈ rg(T − i).

Arguing in the same way, we can prove that rg(T + i) is closed.

“(iii) ⇒ (i)”: To begin with, we show that ker(T ∗ − i) = {0}. For this purpose, we fix
z ∈ D(T ∗) such that T ∗z = iz. Then,

〈Tx+ ix, z〉 = 〈x, T ∗z − iz〉 = 0, x ∈ D(T ).

Since rg(T + i) = H by assumptions, it follows that z = 0.

Now, fix y ∈ D(T ∗). By assumptions, there exists x ∈ D(T ) such that (T−i)x = (T ∗−i)y.
Since T is symmetric, it follows that D(T ) ⊂ D(T ∗) and, consequently, y − x ∈ D(T ∗) and
(T ∗−i)(y−x) = 0. Hence, y−x = 0 and so y ∈ D(T ). We have so proved that D(T ) = D(T ∗),
or, equivalently, that T is self-adjoint.

Remark 6.1.17. The assumption ker(T ± i) = {0} in (ii) cannot be removed. Indeed, the
linear operator

T : W 1,2
0 ((0, 1);C) ⊂ L2((0, 1);C)→ L2((0, 1);C), T f = if ′ ,

is symmetric and D(T ∗) = W 1,2((0, 1);C) (cf. Remark 6.1.10). Thus, T is not self-adjoint.
Moreover, (T,D(T )) is also a closed operator. Indeed, let (ψn)n∈N ⊂ W 1,2

0 ((0, 1);C) be a
sequence such that limn→∞ ψn = ψ and limn→∞ Tψn = ϕ in L2((0, 1);C). Then, for every
ξ ∈ C∞c ((0, 1);C), it holds that∫ 1

0
ψξ′dx = lim

n→∞

∫ 1

0
ψnξ

′dx = − lim
n→∞

∫ 1

0
ψ′nξdx = i

∫ 1

0
ϕξdx.

This ensures that ψ′ ∈ L2((0, 1);C) and ψ′ = −iϕ or, equivalently, ϕ = iψ′. We can thus
conclude that ψn converges to ψ in W 1,2((0, 1);C) as n tends to ∞. Since (ψn)n∈N ⊂
W 1,2

0 ((0, 1)) and W 1,2
0 ((0, 1);C) is a closed subspace of W 1,2((0, 1);C), it also follows that

ψ ∈ W 1,2
0 ((0, 1);C). This completes the proof of the closedness of T . On the other hand,

the functions f± ∈ D(T ∗) defined by f±(x) := e±x are such that T ∗f± = ±if±. Hence,
ker(T ∗ ± i) 6= {0}.
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6.2 Dissipative operators

Definition 6.2.1. A linear operator T : D(T ) ⊆ H → H is called dissipative if

Re〈Tx, x〉 ≤ 0 x ∈ D(T ).

Example 6.2.2. Let us consider the linear operator T on L2((0, 1),C), defined by

D(T ) := {f ∈ C1([0, 1],C) : f(0) = f(1) = 0}, T f := f ′ .

If f ∈ D(T ), then

〈Tf, f〉 =

∫ 1

0
f ′fdx = −

∫ 1

0
ff ′dx = −

∫ 1

0
f ′fdx .

This implies that Re〈Tf, f〉 = 0. The arbitrariness of f ∈ D(T ) yields the dissipativity of T .

Example 6.2.3. The multiplication operator Mm introduced in Example 6.1.4 is dissipative
if and only if for every f ∈ D(Mm)

Re

∫
Ω
m|f |2dx ≤ 0,

namely if and only if Re(m) ≤ 0 µ-almost everywhere in Ω. Indeed, consider the same
sequence (Ωn)n∈N of subsets of Ω as in Example 6.1.4 and, for every k, n ∈ N let fk,n = χAk,n ,
where Ak,n = {x ∈ Ωn : Re(m) ≥ 1/k and |m(x)| ≤ n}. Clearly, each function fk,n belongs
to D(Mm). Therefore,

0 ≥
∫

Ω
Re(m)|fk,n|2dµ ≥

∫
Ω
k−1χAk,ndµ = k−1µ(Ak,n),

so that µ(Ak,n) = 0. Letting first n and, then, k tend to ∞, we conclude that Re(m) ≤ 0
µ-almost everywhere on Ω.

Theorem 6.2.4. Let T : D(T ) ⊆ H → H be a densely defined linear operator. Then, the
following properties are equivalent.

(i) T is symmetric.

(ii) ±iT is dissipative.

Proof. “(i) ⇒ (ii)”: Since T is symmetric, 〈Tx, x〉 ∈ R due to Proposition 6.1.15. Therefore,
for every x ∈ D(T ) it holds that

Re〈±iTx, x〉 = ±Re(i〈Tx, x〉) = 0.

This implies that ±iT is dissipative.
“(ii) ⇒ (i)”: Due to Proposition 6.1.15 it suffices to show that 〈Tx, x〉 ∈ R for every

x ∈ D(T ). For this purpose, we observe for every x ∈ D(T )

Im〈Tx, x〉 = −Re〈iTx, x〉 = Re〈−iTx, x〉.

Since ±iT is dissipative, it follows that Re〈iTx, x〉 = 0. So, Im〈Tx, x〉 = 0 for every x ∈ D(T ).
Hence, 〈Tx, x〉 = Re〈Tx, x〉 ∈ R for every x ∈ D(T ) and this implies that T is symmetric.
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Proposition 6.2.5. A densely defined linear operator T : D(T ) ⊆ H → H is dissipative if
and only if ‖λx− Tx‖ ≥ λ‖x‖ for every x ∈ D(T ) and λ > 0.

Proof. Let us suppose that T is dissipative. Then, for every x ∈ D(T ) and λ > 0 it holds
that

‖λx− Tx‖‖x‖ ≥ |〈λx− Tx, x〉| ≥ Re〈λx− Tx, x〉 = λ‖x‖2 − Re〈Tx, x〉 ≥ λ‖x‖2.

Vice versa, if x ∈ D(T ), then

λ2‖x‖2 ≤ ‖λx− Tx‖2 = λ2‖x‖2 + ‖Tx‖2 − 2λRe〈Tx, x〉 .

for every λ > 0. This implies that ‖Tx‖2 − 2λRe〈Tx, x〉 ≥ 0 for every λ > 0 so that
Re(Tx, x) ≤ 0.

Corollary 6.2.6. If T : D(T ) ⊆ H → H is a dissipative operator, then λ − T is injective
for every λ > 0. If, in addition, T is also closed, then Rg(λ − T ) is a closed in H for every
λ > 0.

Proof. Fix λ > 0. The injectivity of λ− T follows immediately from Proposition 6.2.5.
Let us assume now that T is also closed and that (xn)n∈N ⊂ D(T ) is a sequence such that

λxn−Txn converges to some y ∈ H as n tends to∞. Due to Proposition 6.2.5, we know that

λ‖xn − xm‖ ≤
∥∥λxn − Txn − λxm + Txm

∥∥, n, m ∈ N .

It turns out that (xn)n∈N is a Cauchy sequence in H and, therefore, it converges to some
x ∈ H. As a byproduct, limn→∞ Txn = λx − y. Since T is closed, we can conclude that
x ∈ D(T ) and y = λx− Tx. This shows that Rg(λ− T ) is a closed subspace of H.

Theorem 6.2.7. Let T : D(T ) ⊆ H → H be a dissipative operator. If there exists λ0 ∈ C,
with positive real part, such that (λ0 − T )(D(T )) = H, then λ0 ∈ ρ(T ). In particular,
C+ = {λ ∈ C | Reλ > 0} ⊆ ρ(T ) and the following inequality holds true

(6.7) ‖R(λ, T )‖ ≤ 1

Reλ
, ∀λ ∈ C+ .

Proof. We just need to prove that the operator λ0− T is injective since (λ0− T )(D(T )) = H
by assumptions. For this purpose, we fix x ∈ D(T ), set y := λ0x− Tx and observe that

Reλ0 ‖x‖2 =Reλ0 〈x, x〉 = Re〈λ0x, x〉
=Re〈y + Tx, x〉 = Re〈y, x〉+ Re〈Tx, x〉
≤Re〈y, x〉 ≤ ‖x‖ · ‖y‖ .(6.8)

If y = 0, then from (6.8) it follows that x = 0 as well. Hence, the operator λ0−T is injective.
Moreover, inequality (6.8) also implies that

‖(λ0 − T )−1y‖ = ‖x‖ ≤ 1

Reλ0
‖y‖.

Thus, we have proved that λ0 ∈ ρ(T ) and ‖R(λ0, T )‖ ≤ (Reλ0)−1.
If λ ∈ C+ ∩ ρ(T ) with λ 6= λ0, then, using the previous argument, we can show that

‖R(λ, T )‖ ≤ (Reλ)−1.
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To complete the proof, it suffices to prove that C+ ∩ ρ(T ) = C+. For this purpose, we
argue as follows. We observe that C+ ∩ ρ(T ) is a not empty open subset of C+. Let us prove
that it is also a closed subset of C+. Let (λn)n∈N ⊂ ρ(T ) ∩ C+ be a sequence converging to
some λ ∈ C+. Without loss of generality, we can assume that Reλn ≥ c > 0 for every n ∈ N.
Therefore, ‖R(λn, T )‖ ≤ c−1, in view of (6.7). Since (λn)n∈N converges to λ, there exists n
such that

|λ− λn| < c ≤ 1

‖R(λn, T )‖
.

Therefore, λ ∈ ρ(T ) due to Proposition 1.3.5(1). We have so proved that C+∩ρ(T ) is a closed
subset of C+. Since C+ ∩ ρ(T ) 6= ∅ is an open and closed subset of C+, which is a connected
set, we can infer that C+ ∩ ρ(T ) = C+.

Proposition 6.2.8. Let T : D(T ) ⊆ H → H be a densely defined linear operator. If T is
also symmetric, then the following properties are satisfied.

(1) If there exists λ ∈ C, with Imλ > 0, such that (λ− T )(D(T )) = H, then {µ ∈ C : Imµ >
0} ⊆ ρ(T ).

(2) If there exists λ ∈ C, with Imλ < 0, such that (λ− T )(D(T )) = H, then {µ ∈ C : Imµ <
0} ⊆ ρ(T ).

Proof. Let us observe that, by virtue of Theorem 6.2.4, the operator ±iT is dissipative since
T is symmetric.

(1) Fix λ ∈ C with positive imaginary part and set µ := −iλ. Note that Reµ = Imλ > 0
and the operator µ+iT is surjective by assumptions. We can thus apply the previous theorem
to−iT to infer that C+ ⊆ ρ(−iT ), or, equivalently, iC+ ⊆ ρ(T ). Since iC+ = {z ∈ C | Im z >
0}, the assertion follows.

(2) The property can be obtained applying the argument in the proof of (1) to the operator
iT .

Remark 6.2.9. From Proposition 6.2.8 it follows that, if T is a densely defined, symmetric
operator, then the spectrum σ(T ) satisfies one and only one of the following conditions:

• σ(T ) ⊆ {µ ∈ C | Imµ ≥ 0}.

• σ(T ) ⊆ {µ ∈ C | Imµ ≤ 0}.

• σ(T ) = C.

• σ(T ) ⊆ R (if there exist λ1, λ2 ∈ ρ(T ), with Imλ1 > 0 and Imλ2 < 0).

Corollary 6.2.10. Let T : D(T ) ⊆ H → H be a densely defined linear operator. If T is
self-adjoint, then σ(T ) ⊆ R.

Proof. Since T is self-adjoint, it follows that Rg(T ± i) = H in view of Theorem 6.1.16.
Therefore, Proposition 6.2.8 implies that {z ∈ C : Imz 6= 0} ⊆ ρ(T ) so that σ(T ) ⊆ R.

Proposition 6.2.11. Let T : D(T ) ⊆ H → H be a symmetric and dissipative densely defined
linear operator. The following properties are equivalent.

(i) T is self-adjoint
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(ii) σ(T ) ⊆ (−∞, 0].

(iii) (I − T )(D(T )) = H.

Proof. “(i)⇒ (ii)”: Due to Corollary 6.2.10, we just need to show that, if λ > 0, then λ ∈ ρ(T ).
If λ > 0, then the operator λ−T is injective and its range is closed, due to Corollary 6.2.6

and Theorem 6.1.16. On the other hand,

{0} = ker(λ− T ) = [Rg(λ− T )]⊥ ,

see Exercise 6.3.1, since T is self-adjoint, so that (λ − T )(D(T )) is a dense subspace of H.
Therefore, (λ− T )(D(T )) = H, i.e., λ− T is also surjective. By Proposition 1.3.2, (λ− T )−1

belongs to L(H). We have so proved that λ ∈ ρ(T ).
“(ii) ⇒ (i)”: From property (ii), it follows that ±i ∈ ρ(T ) and, therefore, T is self-adjoint

due to Theorem 6.1.16.
“(ii) ⇒ (iii)”: From property (ii) it follows that 1 ∈ ρ(T ).
“(iii)⇒ (ii)”: Theorem 6.2.7 implies that C+ ⊆ ρ(T ). Therefore, there exist λ1, λ2 ∈ ρ(T ),

with Imλ1 > 0 and Imλ2 < 0. Remark 6.2.9 guarantees that ±i ∈ ρ(T ) and, thus, T is self-
adjoint due to Theorem 6.1.16.

Example 6.2.12. Let H = L2((0, 1);C) and let (A,D(A)) be the operator, defined by

D(A) = W 1,2
0 ((0, 1);C) ∩W 2,2((0, 1);C), Af = f ′′.

The operator (A,D(A)) is the Laplacian operator with homogeneous Dirichlet boundary
conditions. Then, A is a self-adjoint dissipative operator on L2((0, 1);C), see Exercise 6.3.6.

6.3 Exercises

Exercise 6.3.1. Let T : D(T ) ⊆ H → H be a densely defined operator on a complex Hilbert
space H. Prove that

(i) (rg T )⊥ = kerT ∗.

(ii) If T is closed, then (rg T ∗)⊥ = kerT .

Exercise 6.3.2. Let T : D(T ) ⊆ H → H be a symmetric densely defined operator on a
complex Hilbert space H. Prove that

(i) If rg T = H, then T is one-to-one.

(ii) If T = T ∗ and T is one-to-one, then rg T = H and T−1 is self-adjoint.

Exercise 6.3.3. Let T : D(T ) ⊆ H → H be a symmetric densely defined operator on a
complex Hilbert space H. Prove that if λ ∈ C is an approximate eigenvalue of T , then λ ∈ R.

Exercise 6.3.4. Let T : D(T ) ⊆ H → H and S : D(S) ⊆ H → H be self-adjoint operators
on a complex Hilbert space H. Is S + T a self-adjoint operator?

Exercise 6.3.5. Prove that a densely defined linear dissipative operator on a Hilbert space
is closable and its closure is dissipative.



6.3. EXERCISES 71

Exercise 6.3.6. On L2((0, 1);C) consider the operator, defined by

D(A) = W 1,2
0 ((0, 1);C) ∩W 2,2((0, 1);C), Af = f ′′.

Prove that A is a self-adjoint and dissipative operator on L2((0, 1);C).

Exercise 6.3.7. Let p, q : [a, b] → R be respectively a strictly positive smooth function and
a continuous function. Set Lu = −(pu′)′ + qu for every u ∈ D(L), where

D(L) = {y ∈ C1([a, b]) ∩ C2((a, b)) | α1u(a) + α2u
′(a) = β1u(b) + β2u

′(b) = 0}

with αi, βi ∈ R, α2
1 + α2

2 > 0, β2
1 + β2

2 > 0. Prove that (L,D(L)) is a symmetric operator on
L2([a, b]) (L is a called a regular Sturm-Lioville operator).
Is it self-adjoint?
[Hint: prove that (Lu)v − (Lu)u = ((−pu′)v + u(pv′))′ for every u, v ∈ D(L).)]
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Lecture 7

Spectral representation theorem for
unbounded operators II

In this lecture, we conclude our journey through spectral theory. The last steps are the spec-
tral representation theorem for self-adjoint (possibly) unbounded operators, and its version
for self-adjoint operators with compact resolvent. In the latter situation, adding the assump-
tion of positivity, we also prove the celebrated Rayleigh-Ritz variational formula, which gives
an approximation of the eigenvalues of the operator. As an application of this formula, we
compare the sequences of eigenvalues associated with two positive self-adjoint operators with
compact resolvent.

7.1 Representation theorem for unbounded self-adjoint oper-
ators

In this section, we prove the following important result.

Theorem 7.1.1. Let H be a separable complex Hilbert space and let T : D(T ) ✓ H ! H be

a self-adjoint operator. Then, there exist a measurable space (Y, µ), with finite measure µ, a

unitary operator U : H ! L
2(Y, dµ) and a µ-measurable function q : Y ! R such that

(1) x 2 D(T ) () Ux 2 D(Mq);

(2) Tx = U
�1

MqUx for every x 2 D(T ).

Proof. By virtue of Theorem 6.1.16, the operators T + i and T � i, defined on D(T ), are one
to one and closed. Moreover, rg(T ± i) = H. Therefore, the operators (T + i)�1 and (T � i)�1

are well defined and, in particular, they are bounded on H. Moreover, they commute each
other thanks to the resolvent identity.

Next, we observe that, for every x, y 2 D(T ), it holds that

h(T � i)x, (T + i)�1(T + i)yi =h(T � i)x, yi
=hx, (T + i)yi
=h(T � i)�1(T � i)x, (T + i)yi .

Since rg(T ± i) = H, it follows that

hz1, (T + i)�1
z2i = h(T � i)�1

z1, z2i

73
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for every z1, z2 2 H. This ensures that ((T + i)�1)⇤ = (T � i)�1, so that (T + i)�1 is a normal
operator. We can thus apply Theorem 5.1.9 and infer that there exist a measurable space
(Y, µ), with finite measure µ, a unitary operator U : H ! L

2(Y, dµ) and a µ-measurable and
bounded function m : Y ! C such that U(T + i)�1

U
�1 = Mm. Since ker(T + i)�1 = {0},

it follows that m 6= 0 µ-a.e. so that we can define the function q := m
�1 � i. Clearly, q is a

µ-measurable function.
We can now prove properties (1) and (2).
Fix x 2 D(T ) and set y = (T + i)x. Then, x = (T + i)�1

y = U
�1

MmUy, so that
Ux = MmUy, which shows that (U�1

M 1
m
U)x = y = Tx + ix. It thus follows that Tx =

(U�1
M 1

m
U)x� iU

�1
Ux = U

�1
MqUx and property (2) follows.

From the previous formula, we also deduce that Ux 2 D(Mq), so that the implication
“=)” in (1) follows. To prove the other implication, we fix x 2 H such that Ux 2 D(Mq)
and observe that

U
�1

MqUx = (U�1
M 1

m
U)x� ix .

Set z := U
�1

M 1
m
Ux. It is easy to check that x = (T + i)�1

z, so that x 2 D(T ).

Finally, recalling that T is a self-adjoint operator, we can apply Corollary 6.2.10 to claim
that �(T ) ✓ R. Moreover, since the operator Mq is self-adjoint, we can apply Exercise 2.3.4
to conclude that q is a real-valued function.

7.2 Spectral representation theorem for self-adjoint operators

In this section, we recall that the spectrum of an operator with compact resolvent consists
only of eigenvalues. This permits us to diagonalize every self-adjoint operator with compact
resolvent on complex separable Hilbert spaces.

Definition 7.2.1. Let H be a Hilbert space. We say that a linear operator T : D(T ) ✓ H !
H has compact resolvent if ⇢(T ) 6= ? and R(�, T ) is a compact operator for all � 2 ⇢(T ).

The following result gives a useful characterization of operators with compact resolvent.

Proposition 7.2.2. Let H be a Hilbert space. Let T : D(T ) ✓ H ! H be a linear operator

with ⇢(T ) 6= ?. Then, T has compact resolvent if and only if the canonical embedding ◆ :
(D(T ), k · kD(T )) ,! H is compact, where k · kD(T ) denotes the graph norm.

Proof. We set H1 = (D(T ), k · kD(T )) and observe that, for every � 2 ⇢(T ), the graph norm
k · kD(T ) is equivalent to the norm

kxk� := k(�� T )xk, x 2 D(T ).

Indeed, for every x 2 D(T ), it holds that

kxkD(T ) =kxk+ kTxk
=kR(�, T )(�� T )xk+ k�x� (�� T )xk
kR(�, T )(�� T )xk+ k�R(�, T )(�x� Tx)k+ k(�� T )xk
=[(1 + |�|)kR(�, T )k+ 1]k(�� T )xk
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=[(1 + |�|)kR(�, T )k+ 1]kxk�

and

kxk�  |�|kxk+ kTxk  max{|�|, 1}kxkD(T ).

Therefore, for every � 2 ⇢(T ), the operator R(�, T ) : H ! H1 is an isomorphism with con-
tinuous inverse �� T .

Now, let us suppose that T has compact resolvent. Then, we can write ◆ = R(�, T )(��T ),
for any � 2 ⇢(T ), where ��T : H1 ! H is a continuous linear operator and R(�, T ) : H ! H

is a compact operator. Therefore, ◆ is clearly a compact operator.
Vice versa, let us suppose that ◆ : H1 ! H is a compact operator. Since we can write

R(�, T ) = ◆R(�, T ) for all � 2 ⇢(T ), with R(�, T ) on the right acting continuously from H

into H1, it follows that the operator R(�, T ) is compact.

The following result shows that the spectrum of an operator with compact resolvent
consists only of eigenvalues.

Theorem 7.2.3. Let H be a complex Hilbert space and let T : D(T ) ✓ H ! H be a linear

operator on H with compact resolvent. Then, the following properties are satisfied.

(1) �(T ) = �p(T ).

(2) �(T ) is finite or �(T ) = {�n | n 2 N} ✓ C with |�n| ! 1.

(3) dimker(�� T ) is finite for all � 2 �(T ).

Proof. The result follows from Proposition 1.3.9 and Proposition 3.2.14.

As in the finite dimensional case, one can show that every self-adjoint operator with
compact resolvent on separable complex Hilbert spaces can be diagonalized.

Theorem 7.2.4. Let H be a separable complex Hilbert space and let T : D(T ) ✓ H ! H be

a self-adjoint operator with compact resolvent. Then, there exist a sequence (�n))n 2 N ✓ R
and a complete orthonormal system (en)n2N of H, with en 2 D(T ) for all n 2 N, such that

(1) Ten = �nen for all n 2 N,

(2) D(T ) = {x 2 H | (�nhx, eni)n2N 2 `
2},

(3) Tx =
P1

n=1 �nhx, enien for all x 2 D(T ).

Proof. By Theorem 7.2.3 there exists µ > 0 such that µ 2 ⇢(T ). The operator R(µ, T ) is
compact because T is an operator with compact resolvent. Moreover, R(µ, T ) is a self-adjoint
operator. Indeed, for fixed y1, y2 2 H, there exist x1, x2 2 D(T ) such that yi = (µ� T )xi for
i = 1, 2 and, since T is self-adjoint, it follows that

hR(µ, T )y1, y2i = hx1, (µ� T )x2i = h(µ� T )x1, x2i = hy1, R(µ, T )y2i .

We can then apply Theorem 4.1.4 to conclude that there exist a complete orthonormal system
(en)n2N of H and a sequence (↵n)n2N of real numbers such that R(µ, T )en = ↵nen for all
n 2 N and

R(µ, T )x =
1X

n=1

↵nhx, enien, x 2 H.
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Since R(µ, T ) is an injective operator, each eigenvalue ↵n di↵ers from 0. Thus, en 2 D(T )
and Ten = �nen with �n := µ � ↵

�1
n 2 R, for all n 2 N. So, the proof of property (1) is

complete.
Next, we fix x 2 D(T ). Then, thanks to the fact that (en)n2N is a complete orthonormal

system of H, we have

(�nhx, eni)n2N = (hx, Teni)n2N = (hTx, eni)n2N 2 `
2

and

Tx =
1X

n=1

�nhx, enien .

From this, property (3) and the inclusion “✓” in property (2) follow.
To prove the other inclusion, we proceed as follows. We fix x 2 H such that (�nhx, eni)n2N 2

`
2. Then, for each k 2 N we set

xk :=
kX

n=1

hx, enien and yk :=
kX

n=1

�nhx, enien .

It is clear that xk 2 D(T ) and Txk = yk for all k 2 N. Moreover, xk converges to x and
Txk converges to

P1
n=1 �nhx, enien in H as k tends to 1. Since T is a closed operator (see

Theorem 6.1.16), we deduce that x 2 D(T ) and Tx =
P1

n=1 �nhx, enien. This completes the
proof.

Example 7.2.5. The Laplace operator A with homogeneous Dirichlet boundary conditions
considered in Example 6.2.12 has compact resolvent. To show this, we first observe that
the embedding ◆ : (D(A), k · kD(A)) ,! W

1,2((0, 1)) is continuous. Indeed, if (fn)n2N ✓
D(A) converges to f with respect to the graph norm and fn tends to g in W

1,2((0, 1)), then
limn!1 fn = f and limn!1 fn = g in L

2((0, 1)). Therefore, f = g and this shows that the
embedding operator ◆ : (D(A), k · kD(A)) ! W

1,2((0, 1)) is closed. Since (D(A), k · kA) is a
Banach space and (A,D(A)) is a closed operator, we can apply the closed graph theorem
to conclude that ◆ is a continuous operator and, consequently, the embedding is continuous.
Moreover, the embedding W

1,2((0, 1)) ,! L
2((0, 1)) is compact, cf. [1, Theorem 8.8]. Thus,

(D(A), k · kD(A)) is compactly embededded into L
2((0, 1)). By Proposition 7.2.2, it follows

that (A,D(A)) has compact resolvent. Finally, one can show that

Af =
1X

n=1

n
2
⇡
2

✓Z 1

0
f(x)en(x)dx

◆
en

for every f 2 L
2((0, 1)), where en(x) =

p
2 sin(n⇡x) for every x 2 (0, 1) (see Exercise 7.4.7).

7.3 Positive operators and minimax theorems for their eigen-
values

In this section, we apply Theorems 7.1.1 and 7.2.4 to study some important properties of
positive self-adjoint operators on separable complex Hilbert spaces.
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Definition 7.3.1. Let H be a complex Hilbert space and let T : D(T ) ✓ H ! H be a
symmetric linear operator. The operator T is said to be positive (for short T � 0) if

hTx, xi � 0, x 2 D(T ).

If S and T are two symmetric linear operators on H and D(S) = D(T ), then we write S  T

if T � S � 0.

Remark 7.3.2. If c 2 R, then

T � cI () hTx, xi � ckxk2 8x 2 D(T ).

In particular, if T is a positive symmetric operator, then �T is a dissipative operator.

Thanks to the Spectral representation theorem 7.1.1 we can state and prove the following
characterization.

Theorem 7.3.3. Let H be a separable complex Hilbert space, let T : D(T ) ✓ H ! H be a

self-adjoint linear operator and let c 2 R. Then, the following properties are equivalent.

(i) hTx, xi � ckxk2 for all x 2 D(T ).

(ii) �(T ) ✓ [c,1).

In particular, T � 0 if and only if �(T ) ✓ [0,1).

Proof. By Theorem 7.1.1 there exist a measurable space (Y, µ) with finite measure, a µ-
measurable function q : Y ! R and an unitary operator U : H ! L

2(Y, dµ) such that
T = U

�1
MqU . Then, we can write

hTx, xi � ckxk2, 8x 2 D(T ) () hU�1
MqUx, xi � ckxk2, 8x 2 D(T )

() hU�1
Mqf, U

�1
fi � ckU�1

fk2, 8f 2 D(Mq)

() hMqf, fi � ckfk2, 8f 2 D(Mq)

()
Z

Y

q|f |2dµ � c

Z

Y

|f |2dµ, 8f 2 D(Mq)

() q � c µ� a.e.

() qess(⌦) ✓ [c,1)

and Proposition 2.2.1(4) allows us to complete the proof.

Theorem 7.3.4 (Rayleigh-Ritz variational formula). Let H be a complex separable

Hilbert space and let T : D(T ) ✓ H ! H be a positive self-adjoint linear operator with

compact resolvent. Let (�n)n2N be the sequence of eigenvalues of T sorted in ascending order

and repeated according to their multiplicity. Then, for all n 2 N,

(7.1) �n = inf{�(L) | L is a subspace of D(T ), dimL = n}

where

(7.2) �(L) := sup{hTx, xi | x 2 L and kxk = 1} .
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Proof. We first observe that, if L is a finite dimensional subspace of H such that L ⇢ D(T ),
then T|L is clearly a bounded operator and, hence, there exists a positive constant c such that
0  hTx, xi  ckxk2 for all x 2 L. Thus, 0  �(L) < 1.

For each n 2 N, we set µn := inf{�(L) | L is a subspace of D(T ), dimL = n} and prove
µn = �n.

By Theorem 7.2.4, there exists a complete orthonormal system (en)n2N ⇢ D(T ) of H such
that Ten = �nen for all n 2 N, and Tx =

P1
n=1 �nhx, enien for all x 2 D(T ). For a fixed

n 2 N, let L := span{e1, . . . , en}. If x 2 L with kxk = 1, then

x =
nX

i=1

hx, eiiei, Tx =
nX

i=1

�ihx, eiiei ,

and, hence,

hTx, xi =
nX

i=1

�i|hx, eii|2  �n

nX

i=1

|hx, eii|2 = �nkxk2 = �n .

It follows that �(L)  �n. This implies that µn  �n, by taking into account the definition
of µn.

Vice versa, let us fix a subspace L of D(T ) with dimension equal to n and consider the
orthogonal projection P from H onto G = span{e1, . . . , en�1}, defined by setting

Px =
n�1X

i=1

hx, eiiei, x 2 H.

Then, there exists x 2 L with kxk = 1 such that Px = 0 because dimG = n � 1 < dimL.
Thus,

x =
1X

i=n

hx, eiiei, Tx =
1X

i=n

�ihx, eiiei .

It follows that

hTx, xi =
1X

i=n

�i|hx, eii|2 � �n

1X

i=n

|hx, eii|2 = �nkxk2 = �n.

Therefore, �(L) � �n. Since L is arbitrary we conclude that µn � �n for all n 2 N. This
completes the proof.

The following result is an immediate consequence of Theorem 7.3.4.

Corollary 7.3.5. Let H be a separable complex Hilbert space and let T1 : D(T1) ✓ H ! H

and T2 : D(T2) ✓ H ! H be two positive self-adjoint operators with compact resolvent such

that T1  T2. Let (�(1)
n )n2N and (�(2)

n )n2N be the sequences of the eigenvalues of T1 and T2,

respectively, sorted in ascending order and repeated according to their multiplicity. Then, for

every n 2 N, it holds that

(7.3) �
(1)
n  �

(2)
n .
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Proof. By assumptions, T1  T2 and, hence, D := D(T1) = D(T2) and hT1x, xi  hT2x, xi for
all x 2 D. Then,

�
(1)(L) = sup{hT1x, xi | x 2 L and kxk = 1}

�
(2)(L) = sup{hT2x, xi | x 2 L and kxk = 1}

for every subspace L ⇢ D with dimL = n and for every n 2 N. Passing to the lower extremes
the assertion is proved, thanks to the equality (7.1).

7.4 Exercises

Exercise 7.4.1. Let T : D(T ) ! H be a positive self-adjoint linear operator on a separable
Hilbert space H.

(1) Prove that there exists a positive self-adjoint linear operator S : D(S) ! H such that
S
2 = T .

(2) Let A be a closed operator which commutes with T . Prove that A commutes with S.

(3) Uniqueness: Use 2. to show that if there exists a positive self-adjoint operator B such
that B2 = T , then B = S.

Exercise 7.4.2. Let T : D(T ) ✓ H ! H be a densely defined, positive and symmetric linear
operator on a Hilbert space H. Prove that T is essentially self-adjoint (i.e. T is self-adjoint)
if and only if rg(1 + T ) is dense in H.

Exercise 7.4.3. Let T : D(T ) ✓ H ! H be a self-adjoint operator on a separable Hilbert
space H. Prove that the measure space (Y, µ) and the µ-measurable function q : Y ! R in
Theorem 7.1.1 can be chosen so that q 2 L

p(Y, dµ) for all p 2 [1,1).

Exercise 7.4.4. Let T : D(T ) ✓ H ! H be a self-adjoint linear operator on a separable
Hilbert space H and let ↵,� be real numbers with ↵ < �. Show that the following conditions
are equivalent:

(1) (↵,�) ✓ ⇢(T );

(2) k2Tx� (↵+ �)xk � (� � ↵)kxk for all x 2 D(T );

(3) (T � �)(T � ↵) is a positive operator.

Exercise 7.4.5. Let T : D(T ) ✓ H ! H be a self-adjoint linear operator on a separable
Hilbert space H and let x 2 D(T ) be such that kxk = 1. Suppose that �(T ) \ (↵,�) = {�}
and ⌘ := hx, Txi 2 (↵,�) for some real numbers ↵,�, with ↵ < �. Show that

⌘ � "
2

� � ⌘
 �  ⌘ +

"
2

⌘ � ↵
, where "

2 := k(T � ⌘)xk2 (Temple’s inequality).

Exercise 7.4.6. Let T : D(T ) ✓ H ! H be a self-adjoint operator on a separable Hilbert
space H. Prove that each isolated point of the spectrum �(T ) is an eigenvalue of T .
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Exercise 7.4.7. Let A be the Laplace operator with Dirichlet boundary conditions considered
in Example 7.2.5. Prove that

Af =
1X

n=1

n
2
⇡
2

✓Z 1

0
f(x)en(x)dx

◆
en

for every f 2 L
2((0, 1)), where en(x) =

p
2 sin(n⇡x) for every x 2 (0, 1).
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Lecture 8

Strongly continuous semigroups

In this and in the next lecture, we introduce the concept of semigroup of bounded linear
operators and study two important classes of semigroups: the strongly continuous and the
analytic semigroups.

The concept of semigroup of bounded operators generalizes what is known since the first
courses of Calculus: the solutions of the system u′ = Au of d ordinary differential equations
with constant coefficients are given by u(t) = etAc for every t ∈ R, where c ∈ Rd is an
arbitrary vector and

(8.1) etA =
∞∑
n=0

tn

n!
An, t ∈ R.

The previous formula can be straightforwardly extended to the case when the matrix A
is replaced by a bounded operator in a Banach space X. Indeed,∥∥∥∥ m+p∑

n=m

tn

n!
An
∥∥∥∥ ≤ m+p∑

n=m

tn

n!
‖A‖n

for every m, p ∈ N and the real valued series
∑∞

n=0
tn

n!‖A‖
n converges locally uniformly in R

(to et‖A‖). Hence, the series
∑∞

n=0
tn

n!A
n converges in L(X), locally uniformly with respect to

t ∈ R. Set ak = tkAk/k! and bk = skAk/k! for any k ∈ N ∪ {0}. Then,

n∑
k=0

akbn−k = An
n∑
k=0

tksn−k

k!(n− k)!
=

(t+ s)n

n!
An, n ∈ N ∪ {0}.

Hence, as for the Cauchy product of scalar series, one can see that

etAesA =
∞∑
i=0

ti

i!
Ai ·

∞∑
j=0

sj

j!
Aj =

∞∑
n=0

n∑
k=0

akbn−k

=

∞∑
n=0

(t+ s)n

n!
An = e(t+s)A = esAetA.

Based on the above remarks, we can now give the following definition.
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Definition 8.0.1. A family {T (t) : t ≥ 0} (in the sequel simply denoted by {T (t)}) of
bounded linear operators on a Banach space X is called a semigroup of bounded operators if
it satisfies the semigroup property, i.e., T (0) = I and T (t+ s) = T (t)T (s) for every s, t > 0.

It follows that, for each A ∈ L(X), {etA : t ≥ 0} is a semigroup of bounded operators on
the Banach space X.

As a matter of fact, this class of semigroups, usually referred as uniformly continuous
semigroups, is too small. For this reason, we need to go further in the study of semigroups.

Throughout this lecture, X will denote a complex Banach space and ‖ · ‖ its norm. We
introduce the strongly continuous semigroups, their infinitesimal generators and state and
prove their main properties. We collect important properties a semigroup generator must
have and provide necessary and sufficient conditions on an operator to be the infinitesimal
generator of a strongly continuous semigroup.

8.1 Definitions and basic properties

In this section we introduce the strongly continuous semigroups and prove some basic prop-
erties. In particular, we show that for every strongly continuous semigroup there exist M ≥ 1
and ω ∈ R such that ‖T (t)‖ ≤Meωt for every t > 0.

Definition 8.1.1. A family {T (t) : t ≥ 0} of bounded operators on X, which satisfies the
semigroup property, is a strongly continuous semigroup (or C0-semigroup1) if the function
t 7→ T (t)x is continuous in [0,∞) with values in X, for each x ∈ X.

The following example is crucial and we will use it in the next lecture to show the main
differences between analytic and C0-semigroups.

Example 8.1.2. OnX = BUC(R), the set of all bounded and uniformly continuous functions
f : R → R, consider the family {T (t)} of linear operators defined by (T (t)f)(x) = f(x + t)
for each x ∈ R, t ≥ 0 and f ∈ BUC(R). This is a C0-semigroup on X. Indeed, T (t)f tends
to f uniformly in R as t→ 0+ if and only if supx∈R |f(x+ t)− f(x)| vanishes as t→ 0+. But
this condition is a rewriting of the definition of uniform continuity. The semigroup property
is straightforward to prove.

We stress that this semigroup, called the semigroup of the left translations, cannot be
written in the form (8.1) for some bounded operator A. Indeed, if this were the case, then

‖etA − I‖ ≤
∞∑
n=1

tn

n!
‖A‖n = et‖A‖ − 1, t ≥ 0,

and, consequently, limt→0+ ‖etA − I‖ = 0. The semigroup of left translations does not satisfy
this property since ‖T (t)− I‖ = 2 for every t > 0. To check this claim, fix t > 0 and consider
the function ft ∈ BUC(R), defined by ft(x) = sin(πx/t) for each x ∈ R. As it is immediately
seen, ‖ft‖∞ = 1 and ft(x+ t) = −ft(x) for every x ∈ R. Hence,

‖T (t)− I‖ ≥ sup
x∈R
|ft(x+ t)− ft(x)| = 2 sup

x∈R
|ft(x)| = 2.

1C0 or (C, 0) abbreviates Cesàro summable of order zero, which means the continuity property
limt→0 T (t)x = x for every x ∈ X.
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On the other hand, ‖T (t)f‖∞ = ‖f‖∞ for every f ∈ BUC(R) and, consequently, ‖T (t)−I‖ ≤
‖T (t)‖+ 1 = 2 for every t ≥ 0.

Actually, {T (t)} is a group of bounded operators, since T (t) can be defined, using the
same rule, also for t < 0.

Now, we prove that the function t 7→ ‖T (t)‖ grows at most exponentially at infinity.

Proposition 8.1.3. There exist M ≥ 1 and ω ∈ R such that

‖T (t)‖ ≤Meωt, t ≥ 0.(8.2)

Proof. The core of the proof consists in showing that there exists δ > 0 such that

(8.3) sup
t∈[0,δ]

‖T (t)‖ <∞.

Once this property is established, the semigroup property allows us to complete the proof.
Indeed, if t > δ, then there exist n ∈ N and r ∈ [0, δ) such that t = nδ + r. By applying
the semigroup property, we conclude that T (t) = T (r)(T (δ))n. Hence, denoting by M the
supremum in (8.3) and observing that M ≥ 1, we get

‖T (t)‖ ≤‖T (r)‖‖T (δ)‖n

≤Mn+1 = M exp(n log(M)) ≤Me
log(M)
δ

t

and the assertion follows with ω = δ−1 log(M).
To prove (8.3), we argue by contradiction. We suppose that (8.3) does not hold true.

Then, we can determine a positive sequence (tn)n∈N converging to zero such that ‖T (tn)‖
diverges to ∞ as n tends to ∞. Since T (tn)x converges to x as n tends to ∞, for every
x ∈ X, the uniform boundedness principle leads us to a contradiction.

Remark 8.1.4. A semigroup of bounded operators {T (t)} on a Banach space X is called
uniformly continuous if the map t 7→ T (t) ∈ L(X) is continuous (with respect to the operator
norm). One can prove that a semigroup {T (t)} on X is uniformly continuous if and only if
there is A ∈ L(X) such that T (t) = etA for all t ≥ 0 ( see Exercise 8.5.3). So such semigroups
satisfy (8.2) with M = 1. In the case of strongly continuous semigroups it is quite possible
to have M > 1 (see Exercise 8.5.5).

Corollary 8.1.5. A semigroup {T (t)} of bounded operators on X is strongly continuous if
and only if the function t 7→ T (t)x is continuous at t = 0 for each x ∈ X.

Proof. Clearly, if the semigroup {T (t)} is strongly continuous, then, in particular, the map-
ping t 7→ T (t)x is continuous at t = 0 for every x ∈ X.

Vice versa, if {T (t)} is a semigroup such that the mapping t 7→ T (t)x is continuous at
t = 0, then from the proof of Proposition 8.1.3 we deduce that there exist M ≥ 1 and ω ≥ 0
such that ‖T (t)‖ ≤Meωt for every t > 0. Fix t0 > 0 and observe that, if t ≥ t0, then

‖T (t)x− T (t0)x‖ = ‖T (t0)[T (t− t0)x− x]‖ ≤Meωt0‖T (t− t0)x− x‖

and the last side of the previous chain of inequalities tends to 0 as t tends to t+0 . Similarly, if
t < t0, then

‖T (t)x− T (t0)x‖ = ‖T (t)[x− T (t0 − t)x]‖ ≤Meωt‖T (t0 − t)x− x‖
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and also in this case the last side vanishes as t tends to t−0 . Hence, the function t 7→ T (t)x
is continuous at t0. The arbitrariness of t0 > 0 shows that the semigroup {T (t)} is strongly
continuous.

Definition 8.1.6. The growth bound ω0(T (·)) of a C0-semigroup {T (t)} is defined as the
infimum of the set

{ω ∈ R : ∃ M = Mω ≥ 1 such that ‖T (t)‖ ≤Meωt for every t ≥ 0}.

Remark 8.1.7. (i) We stress that ω0(T (·)) could be also equal to −∞ (see Exercise 8.5.6).

(ii) In general, ω0(T (·)) is just an infimum and not a minimum. Consider for instance, the
semigroup {T (t)} in R2, defined by

T (t) =

(
1 t
0 1

)
, t ≥ 0.

Here, ω0(T (·)) = 0, but clearly the function t 7→ T (t) is not bounded in [0,∞) with
values in L(R2).

Example 8.1.8. For f ∈ Lp(R) we define

(S(t)f)(s) := f(t+ s) for s ∈ R, t ≥ 0.

Then S(t) is a linear isometry on Lp(R). Moreover, S(·) has the semigroup property. We call
{S(t)} the semigroup of left translations on Lp(R). Furthermore, for p ∈ [1,∞) the semigroup
{S(t)} is strongly continuous on Lp(R) endowed with its usual norm.

In fact, recall that the semigroup of left translations is strongly continuous on the space of
bounded uniformly continuous functions and that the set of continuous functions with compact
support is dense in Lp(R). Taking f ∈ Cc(R) and α, β ∈ R such that supp f ⊂ [α, β], we see
that

‖f − f(·+ t)‖pp =

∫
R
|f(s)− f(s+ t)|pds ≤ (β − α) sup

s∈[α,β]
|f(s)− f(s+ t)|p,

which tends to zero as t→ 0 by the uniform continuity of f . Since ‖S(t)‖ ≤ 1, the statement
follows by Exercise 8.5.1 and Corollary 8.1.5.

Example 8.1.9. Let (Ω, µ) be a σ-finite measure space and let m : Ω→ C be a measurable
function such that

sup{Reλ | λ ∈ mess(Ω)} <∞.

Fix 1 ≤ p <∞ and set

(8.4) Tm(t)f = etmf, f ∈ Lp(Ω, µ), t ≥ 0.

Then, it is immediate to prove that {Tm(t)} is a C0-semigroup on Lp(Ω, µ). Moreover it is a
uniformly continuous semigroup if and only if m ∈ L∞(Ω, µ) (see Exercise 8.5.4).
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8.2 The infinitesimal generator

One message what we would like to transmit is that if we have a semigroup, then there exists
a differential equation governed by an operator whose solutions are explicitly written in terms
of the semigroup.

In this section, we begin to make the claim more clear, showing that to any C0-semigroup
it is possible to associate a linear operator, called the infinitesimal generator of the semigroup,
and studying the main properties of this operator.

Definition 8.2.1. The infinitesimal generator, or simply the generator, A of a C0-semigroup
{T (t)} is the operator defined as follows:

D(A) =

{
x ∈ X : ∃ lim

t→0+

T (t)x− x
t

∈ X
}
,

Ax = limt→0+
T (t)x− x

t
, x ∈ D(A).

Proposition 8.2.2. The generator A of a C0-semigroup {T (t)} satisfies the following prop-
erties.

(i) A is a linear operator satisfying AT (t) = T (t)A on D(A) for every t ≥ 0. Moreover, for
each x ∈ D(A), the function u = T (·)x belongs to C1([0,∞);X) ∩ C([0,∞);D(A)) and
solves the Cauchy problem

(8.5)

{
u′(t) = Au(t), t ≥ 0,

u(0) = x.

(ii) For each t > 0 and x ∈ X,

∫ t

0
T (s)x ds ∈ D(A), where the integral has to be understood

as the Riemann integral of the continuous function s 7→ T (s)x, see Appendix B, and

(8.6) T (t)x− x = A

∫ t

0
T (s)xds.

In particular, if x ∈ D(A), then

(8.7) A

∫ t

0
T (s)x ds =

∫ t

0
T (s)Axds.

(iii) A is closed and D(A) is dense in X.

(iv) The operator A completely characterizes the semigroup {T (t)} in the sense that there
exists no other semigroup which admits A as generator.

Proof. (i) It is straightforward to check that D(A) is a linear subspace of X (in particular,
D(A) 6= ∅ since 0 ∈ D(A)) and that A is linear. To complete the proof of property (i), we fix
x ∈ D(A) and t > 0. Using the semigroup property and the continuity of the operator T (t),
we get

lim
h→0+

T (h)T (t)x− T (t)x

h
= lim
h→0+

T (t)
T (h)x− x

h
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=T (t) lim
h→0+

T (h)x− x
h

= T (t)Ax.

Hence, T (t)x ∈ D(A) and AT (t)x = T (t)Ax. Since T (h)T (t) = T (t + h), the above compu-
tation shows that the function T (·)x is differentiable from the right in [0,∞) and the right
derivative coincides with the function AT (·)x. To prove that the previous function is also
differentiable from the left in (0,∞), we observe that

T (t+ h)x− T (t)x

h
− T (t)Ax =T (t+ h)

T (−h)x− x
−h

− T (t)Ax

=T (t+ h)

(
T (−h)x− x
−h

−Ax
)

+ T (t+ h)Ax− T (t)Ax.

Taking Proposition 8.1.3 into account, we obtain∥∥∥∥T (t+ h)x− T (t)x

h
− T (t)Ax

∥∥∥∥
≤‖T (t+ h)‖

∥∥∥∥T (−h)x− x
−h

−Ax
∥∥∥∥+ ‖T (t+ h)Ax− T (t)Ax‖

≤Meω(t+h)

∥∥∥∥T (−h)x− x
−h

−Ax
∥∥∥∥+ ‖T (t+ h)Ax− T (t)Ax‖,

for some M ≥ 1 and ω ∈ R. Letting h tend to 0− we conclude that the function T (·)x
is differentiable from the left at t. Hence, the function T (·)x is differentiable is [0,∞) and
since its derivative is the function T (·)Ax, which is continuous in [0,∞), it follows that T (·)x
belongs to C1([0,∞);X) ∩ C([0,∞);D(A)) and solves problem (8.5).

(ii) Fix x ∈ X, t > 0, set y =

∫ t

0
T (s)x ds and observe that

T (h)y − y
h

=
1

h

(
T (h)

∫ t

0
T (s)x ds−

∫ t

0
T (s)x ds

)
=

1

h

(∫ t

0
T (h+ s)x ds−

∫ t

0
T (s)x ds

)
=

1

h

(∫ t+h

h
T (s)x ds−

∫ t

0
T (s)x ds

)
=

1

h

(∫ t+h

t
T (s)x ds−

∫ h

0
T (s)x ds

)
.

Since s 7→ T (s)x is continuous, taking the limit as h tend to 0+ gives

lim
h→0+

T (h)y − y
h

= T (t)x− x.

Hence, y ∈ D(A) and (8.6) follows. In the particular case when x ∈ D(A), by property (i),
we know that T (s)Ax = AT (s)x = d

dsT (s)x for every s ≥ 0. Formula (8.7) follows.
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(iii) Let (xn)n∈N ⊂ D(A) be such that limn→∞ xn = x and limn→∞Axn = y for some
x, y ∈ X. By (ii), we know that

(8.8)
T (h)xn − xn

h
=

1

h

∫ h

0
T (s)Axn ds, n ∈ N, h > 0.

Since ‖T (s)Axn−T (s)y‖ ≤Meωs‖Axn− y‖ ≤Meω
+h‖Axn− y‖ for every s ∈ [0, h], T (·)Axn

converges to T (·)y, uniformly in [0, h]. Hence, letting n tend to ∞ in both the sides of (8.8),
we conclude that

T (h)x− x
h

=
1

h

∫ h

0
T (s)y ds, h > 0.

Since the function T (·)y is continuous in [0,∞), letting h tend to 0+ it follows that x ∈ D(A)
and Ax = y. Hence, A is a closed.

To prove that D(A) is a dense subspace of X, we fix x ∈ X and, for each n ∈ N,

we set xn = n

∫ 1/n

0
T (s)xds. By property (ii), xn ∈ D(A) for every n ∈ N. Moreover,

limn→∞ xn = x.

(iv) Suppose that {S(t)} is another C0-semigroup having A as generator. Fix x ∈ D(A),
t > 0 and consider the function u : [0, t]→ X, defined by u(s) := T (t− s)S(s)x for s ∈ [0, t].
As it is easily seen, u is differentiable in [0, t] with identically vanishing derivative. This
implies that u(t) = u(0), i.e., S(t)x = T (t)x. Since D(A) is dense in X and t is arbitrarily
fixed in (0,∞), we conclude that T (t) = S(t) for every t > 0.

The following result shows that the resolvent set of the generator A is not empty and, for
each λ ∈ ρ(A), the operator R(λ,A) can be written in terms of the semigroup.

Proposition 8.2.3. Let {T (t)} be a C0-semigroup with generator A and let M ≥ 1 and
ω ∈ R be such that ‖T (t)‖ ≤Meωt for every t ≥ 0. Then, ρ(A) ⊃ {λ ∈ C : Reλ > ω} and

(8.9) R(λ,A)x =

∫ ∞
0

e−λtT (t)x dt

for every x ∈ X and λ ∈ C with Reλ > ω. Moreover,

(8.10) ‖(R(λ,A))n‖ ≤ M

(Reλ− ω)n
.

Proof. Fix λ ∈ C with Reλ > ω. Then, the operator defined by the right-hand side of (8.9)
is well defined, linear and continuous in X, since

‖e−λtT (t)x‖ ≤Me−(Reλ−ω)t‖x‖

for t ≥ 0. In particular,

(8.11)

∥∥∥∥∫ ∞
0

e−λtT (t)x dt

∥∥∥∥ ≤M‖x‖ ∫ ∞
0

e−(Reλ−ω)tdt =
M

Reλ− ω
‖x‖, x ∈ X.

To prove that this operator, which we denote by Rλ, is the inverse of λI −A, we observe
that, since A is a closed operator and the function t 7→ e−Reλt‖T (t)Ax‖ is integrable in [0,∞)



88 LECTURE 8. C0-SEMIGROUPS

for every x ∈ D(A), Rλx belongs to D(A) for every x ∈ D(A) and, integrating by parts, we
get

RλAx =

∫ ∞
0

e−λtT (t)Axdt = lim
n→∞

∫ n

0
e−λt

d

dt
T (t)x dt

= lim
n→∞

(
e−λnT (n)x− x+ λ

∫ n

0
e−λtT (t)x dt

)
= −x+ λRλx.

Hence, Rλ(λI − A)x = x for every x ∈ D(A). This shows that the operator λI − A is
injective. To prove that it is also surjective, we fix x ∈ X and prove that Rλx ∈ D(A) and
ARλx = λRλ − x. For this purpose, we fix h > 0 and observe that

T (h)Rλx−Rλx
h

=
1

h

(∫ ∞
0

e−λtT (t+ h)x dt−
∫ ∞

0
e−λtT (t)x dt

)
=
eλh

h

∫ ∞
h

e−λsT (s)x ds− 1

h

∫ ∞
0

e−λtT (t)x dt

=
eλh − 1

h

∫ ∞
0

e−λsT (s)x ds− eλh

h

∫ h

0
e−λsT (s)x ds.

Letting h tend to 0+, we conclude that

lim
h→0+

T (h)Rλx−Rλx
h

= λRλx− x,

so that Rλx ∈ D(A) and the claim follows.
To complete the proof, let us prove (8.10) with n > 1, since the case n = 1 follows

from (8.11). Fix x ∈ X. By Proposition 1.3.5, we know that the function λ 7→ R(λ,A)x is
holomorphic in ρ(A) and, applying the dominated convergence theorem to the formula (8.9),
it can be easily checked that

dn

dλn
R(λ,A)x =

∫ ∞
0

(−1)ntne−λtT (t)x dt

for n ∈ N and λ ∈ C with Reλ > ω. Let us compute the derivatives of the function R(·, A)x
in a different way, using the resolvent identity. This identity, see Proposition 1.3.5.(4), shows
that

dn

dλn
R(λ,A) = (−1)nn!(R(λ,A))n+1, λ ∈ C, Reλ > ω.

From these last two formulas it follows that

(R(λ,A))nx =
1

(n− 1)!

∫ ∞
0

tn−1e−λtT (t)x dt.

Hence,

‖(R(λ,A))nx‖ ≤ M

(n− 1)!
‖x‖

∫ ∞
0

tn−1e−Reλteωtdt =
M

(Reλ− ω)n
‖x‖,

which completes the proof.
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Let us go back to the semigroup of left translations in Example 8.1.2 and characterize its
generator.

Example 8.2.4. Let us show that the generator A of the left translations semigroup in Exam-
ple 8.1.2 is the first order derivative with BUC1(R) as domain, where BUC1(R) denotes the
set of all continuously differentiable functions f : R→ R with bounded uniformly continuous
first-order derivative. Fix f ∈ D(A). Then, the function t−1(f(·+ t)− f) converges to Af in
BUC(R) as t tends to 0+. In particular, for each x ∈ R, the ratio t−1(f(x+t)−f(x)) converges
to (Af)(x). It thus follows that f is differentiable from the right in R and f ′ = Af ∈ BUC(R).
Thanks to Exercise 8.5.2, we conclude that f ∈ BUC1(R).

Conversely, suppose that f ∈ BUC1(R). Then, by the fundamental theorem of calculus,
we can write

f(x+ t)− f(x)

t
=

1

t

∫ t

0
f ′(x+ s) ds, x ∈ R, t > 0.

Fix ε > 0 and let δ > 0 be such that |f ′(x2)−f ′(x1)| ≤ ε for every x1, x2 ∈ R with |x2−x1| ≤ δ.
Then, ∣∣∣∣f(x+ t)− f(x)

t
− f ′(x)

∣∣∣∣ ≤ 1

t

∫ t

0
|f ′(x+ s)− f ′(x)| ds ≤ ε

for every x ∈ R if t ∈ (0, δ]. Hence, t−1(T (t)f − f) converges to f ′ uniformly in R as t tends
to 0+. This shows that BUC1(R) ⊂ D(A).

Example 8.2.5. The generator of the multiplication semigroup {Tm(t)} on Lp(Ω) considered
in Example 8.1.9 is the multiplication operator Mm introduced in Section 2.2 (see Exercise
8.5.4).

8.3 Hille-Yosida theorem

By the results of the previous section we know that to any C0-semigroup {T (t)} on X, we
can associate an operator A : D(A) ⊂ X → X, the infinitesimal generator, which satisfies the
following properties:

(i) A is closed and densely defined;

(ii) ρ(A) contains the right-halfplane {λ ∈ C : Reλ > ω0} for some ω0 ∈ R;

(iii) for each ω > ω0 there exists a positive constant M such that

‖(R(λ,A))n‖ ≤M(Reλ− ω)−n

for every n ∈ N and λ ∈ C with Reλ > ω.

A natural question arises: is any linear operator A : D(A) ⊂ X → X, which satisfies the
above three properties, the infinitesimal generator of a C0-semigroup on X? The answer is
positive and given by the famous Hille-Yosida theorem

Theorem 8.3.1 (Hille-Yosida). Let A : D(A) ⊂ X → X be a linear operator on a Banach
space X. Then the following properties are equivalent.
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(a) A generates a C0-semigroup {T (t)} on X.

(b) A satisfies the above properties (i)-(iii).

Proof. In view of the remarks at the beginning of this section, we just need to show that
(b)⇒(a). Without loss of generality we can assume that ω = 0. Indeed, the operator Ã =
A−ωI, satisfies properties (i)-(iii), with ω = 0. If we prove that Ã generates a C0-semigroup
{S(t)}, then the operator A generates the C0-semigroup {eωtS(t)}.

Since it is rather long, we split the proof into steps.
Step 1. Here, we define the Yosida approximation of the operator A, i.e., the operators

An : X → X defined by An = nAR(n,A) for n ∈ N. Since

AR(n,A) = (A− nI)R(n,A) + nR(n,A) = nR(n,A)− I,

each operator An is bounded in X. We claim that limn→∞Anx = Ax for each x ∈ D(A).
To prove the claim, it suffices to show that nR(n,A)y tends to y, as n tends to ∞, for each
y ∈ X. Indeed, Anx = nR(n,A)Ax for x ∈ D(A). First, we suppose that y ∈ D(A). Then,

nR(n,A)y = R(n,A)(ny −Ay +Ay) = y +R(n,A)Ay, n ∈ N,

and ‖R(n,A)Ay‖ ≤Mn−1‖Ay‖ vanishes as n→∞. Hence, nR(n,A)y tends to y as n→∞.
If y ∈ X, then we consider a sequence (ym)m∈N ⊂ D(A), converging to y as m → ∞. Since
‖nR(n,A)‖L(X) ≤M for every n ∈ N, we can estimate

‖nR(n,A)y − y‖ ≤‖nR(n,A)(y − ym)‖+ ‖nR(n,A)ym − ym‖+ ‖ym − y‖
≤(M + 1)‖ym − y‖+ ‖nR(n,A)ym − ym‖

for m,n ∈ N. Hence,

lim sup
n→∞

‖nR(n,A)y − y‖ ≤(M + 1)‖y − ym‖+ lim
n→∞

‖nR(n,A)ym − ym‖

=(M + 1)‖ym − y‖

for every m ∈ N. Letting m tend to ∞, we conclude that

lim sup
n→∞

‖nR(n,A)y − y‖ = 0.

Hence, nR(n,A)y converges to y as n→∞.
Step 2. For any n ∈ N, we introduce the uniform continuous semigroup {Tn(t)} on X,

defined by

Tn(t) = etAn :=

∞∑
k=0

tk

k!
Akn, t ≥ 0,

and prove that, for each x ∈ X, (Tn(·)x)n∈N is a Cauchy sequence in C([0, T ];X) for every
T > 0.

To begin with, we observe that, since An = n2R(n,A) − nI, Tn(t) = e−ntetn
2R(n,A) for

each t ≥ 0. Hence, recalling that ‖(nR(n,A))k‖L(X) ≤M for k ∈ N, we deduce that

‖Tn(t)‖ ≤e−nt
∥∥∥∥ ∞∑
k=0

tk

k!
(n2R(n,A))k

∥∥∥∥
L(X)
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≤e−nt
∞∑
k=0

(tn)k

k!
‖(nR(n,A))k‖

≤Me−ntent = M(8.12)

for every t ≥ 0 and n ∈ N.

Next, we fix T > 0, t ∈ (0, T ], x ∈ D(A) and introduce the function um,n : [0, t] → X,
defined by

um,n(s) = Tm(t− s)Tn(s)x, s ∈ [0, t].

As it is easily checked um,n(t) = Tn(t)x and um,n(0) = Tm(t)x. Moreover, um,n is differentiable
in [0, t] and

u′m,n(s) = −Tm(t− s)AmTn(s)x+ Tm(t− s)Tn(s)Anx

for every s ∈ [0, t]. Note that Am commutes with An since R(n,A) commutes with R(m,A)
(see Proposition 1.3.5). As a byproduct, Am commutes with the semigroup {Tn(t)} and,
consequently,

u′m,n(s) = Tm(t− s)Tn(s)(Amx−Anx), s ∈ [0, t].

Thus,

‖Tn(t)x− Tm(t)x‖ ≤
∫ t

0
‖Tm(t− s)Tn(s)(Amx−Anx)‖ ds

≤M2t‖Amx−Anx‖ ≤M2T‖Amx−Anx‖.

Since T has been arbitrarily fixed and x ∈ D(A), by Step 1 (Tn(·)x)n∈N is a Cauchy sequence
in C([0, T ];X) for every T > 0.

If x ∈ X, then there exists a sequence (xk)k∈N ⊂ D(A) such that limk→∞ ‖xk − x‖ = 0.
Then, taking (8.12) into account, for each k,m, n ∈ N and T > 0, we can estimate

‖Tn(·)x− Tm(·)x‖C([0,T ];X) ≤‖Tn(·)(x− xk)‖C([0,T ];X)

+ ‖Tn(·)xk − Tm(·)xk‖C([0,T ];X)

+ ‖Tm(·)(x− xk)‖C([0,T ];X)

≤2M‖x− xk‖+M2T‖Amxk −Anxk‖.

Hence, for every fixed ε > 0 we can fix k0, n0 ∈ N such that 2M‖x − xk0‖ ≤ ε/2 and
M2T‖Amxk0−Anxk0‖ ≤ ε/2 for eachm,n ≥ n0. It follows that ‖Tn(·)x−Tm(·)x‖C([0,T ];X) ≤ ε
for each m,n ≥ n0. Hence, (Tn(·)x)n∈N is a Cauchy sequence in C([0, T ];X) for every x ∈ X.

Step 3. Here, we define a C0-semigroup {T (t)}. Since each operator Tn(t) is linear and
(Tn(·)x)n∈N is a Cauchy sequence in [0, T ] for each T > 0 and x ∈ X, there exists a family of
linear operators {T (t)} such that limn→∞ Tn(t)x = T (t)x for every x ∈ X and the convergence
is uniform on each interval [0, T ]. So, the function t 7→ T (t)x is continuous on [0,∞) for each
x ∈ X. As is immediately seen, T (0) = I, since Tn(0) = I for every n ∈ N. Moreover, from
the estimate ‖Tn(t)x‖ ≤M‖x‖, which holds true for every t ≥ 0, x ∈ X and n ∈ N, it follows
that T (t) is a bounded linear operator and ‖T (t)‖ ≤ M for any t ≥ 0. To conclude that
{T (t)} is a C0-semigroup we need to check the semigroup property. This follows from letting
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n tend to∞ in the formula Tn(t+s)x = Tn(t)Tn(s)x which holds true for each t, s > 0, x ∈ X
and n ∈ N.

Step 4. Here, we complete the proof. Since {T (t)} is a C0-semigroup on X which satisfies
the estimate ‖T (t)‖ ≤ M for every t ≥ 0, by Propositions 8.2.2 and 8.2.3 it admits an
infinitesimal generator B, whose resolvent set contains the line (0,∞).

To show that B = A, we begin by showing that D(A) ⊂ D(B) and Bx = Ax for every
x ∈ D(A). For this purpose, we fix x ∈ D(A), n ∈ N and observe that the function Tn(·)x
is differentiable in [0,∞) with d

dtTn(t)x = Tn(t)Anx for each t ≥ 0. We claim that DtTn(·)x
converges to the function T (·)Ax locally uniformly in [0,∞). To check the claim, we observe
that

‖DtTn(·)x− T (·)Ax‖C([0,T ];X)

≤M‖Anx−Ax‖+ ‖Tn(·)Ax− T (·)Ax‖C([0,T ];X)

for every T > 0 and the right-hand side of the previous inequality converges to zero as n
tends to ∞ by Steps 1 and 3. The claim is proved.

Since Tn(·)x converges to T (·)x, locally uniformly in [0,∞), the function T (·)x is differ-
entiable in [0,∞) and d

dtT (t)x = T (t)Ax for every t ≥ 0. This, in particular, shows that
x ∈ D(B) and Bx = Ax.

To show that D(B) = D(A), we observe that 1 ∈ ρ(A) ∩ ρ(B) and

X = (I −A)(D(A)) = (I −B)(D(A)) ⊂ (I −B)(D(B)) = X.

Hence, (I−B)(D(A)) = (I−B)(D(B)). Since the operator I−B is injective, we obtain that
D(A) = D(B) and we are done.

Remark 8.3.2. Given a closed operator A, such that Π = {λ ∈ C : Reλ > ω} ⊆ ρ(A) for
some ω ∈ R, we need to check the infinitely many conditions ‖(R(λ,A))n‖ ≤M(Reλ− ω)−n

for every λ ∈ Π to establish whether A generates a C0-semigroup or not. In the particular
case when M = 1, things are easier since once the previous condition is proved with n = 1,
it can be easily extended to every n > 1 just observing that ‖(R(λ,A))n‖ ≤ ‖R(λ,A)‖n for
each n ∈ N.

Remark 8.3.3. At the very beginning of this chapter, we have introduced uniform continuous
semigroups, which are actually groups since the operator etA is defined for every real value
of t and the semigroup property is satisfied for every s, t ∈ R. On the other hand, C0-
semigroups are in general defined only on the line [0,∞). Indeed, suppose that the C0-
semigroup is actually a group. Then, {T (t)} and {T (−t)} are C0-semigroups. Clearly, if A
is the infinitesimal generator of {T (t)}, then, −A generates the semigroup {T (−t)}. Hence,
the Hille-Yosida theorem implies that the resolvent set of A should contain the halfplanes
{λ ∈ C : Reλ > ω} and {λ ∈ C : Reλ < −ω} for some ω ≥ 0. Moreover, ‖(R(λ,A))n‖L(X) ≤
M(|Reλ|−ω)−n for every λ ∈ C, such that |Reλ| > ω, every n ∈ N and some positive constant
M . These conditions are also sufficient for an operator A to be the generator of a C0-group.

An useful criterium to guarantee that a closed operator generates a C0-semigroup is the
well celebrated Lumer-Phillips theorem. To state it, we introduce the concept of dissipative
operator in the general settting of operators on Banach spaces.

Definition 8.3.4. An operator A : D(A) ⊂ X → X is called dissipative if ‖λx−Ax‖ ≥ λ‖x‖
for each λ > 0 and x ∈ X.
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Remark 8.3.5. The property of an operator to be dissipative can be stated also in a different
way. In fact, a linear operator A : D(A) ⊂ X → X is dissipative if and only if for every
x ∈ D(A) there exists x′ ∈ F (x), where F (x) := {x′ ∈ X ′ : x′(x) = ‖x‖2 = ‖x′‖2X′}, such
that Re(x′(Ax)) ≤ 0. In particular, if X is a Hilbert space, then A is dissipative if and only
if Re〈Ax, x〉 ≤ 0 for every x ∈ D(A) (see Proposition 6.2.5).

Theorem 8.3.6 (Lumer-Phillips theorem). Let A : D(A) ⊂ X → X be a dissipative operator
with dense domain and such that ρ(A)∩ (0,+∞) 6= ∅. Then, A generates a C0-semigroup of
contractions on X (i.e., ‖T (t)‖ ≤ 1 for every t ≥ 0).

Proof. Fix λ0 ∈ ρ(A) ∩ (0,∞). Then, the dissipativity of A implies that ‖R(λ0, A)‖ ≤ λ−1
0 .

The first part of the proof of Proposition 1.3.5, shows that the open ball B(λ0, r) is contained
in ρ(A) when r = ‖R(λ0, A)‖−1. Since r ≥ λ0, the interval (0, 2λ0) is contained in ρ(A).
Now, replacing λ0 with 3λ0/2 we conclude that the interval (0, 5λ0/2) is contained in ρ(A).
Starting from 2λ0 instead of 3λ0/2, we obtain that (0, 3λ0) ⊂ ρ(A). Iterating this procedure,
we can show that (0,∞) ⊂ ρ(A) as claimed.

As in the case of densely defined operators in Hilbert spaces, we can introduce the notion
of adjoint of densely defined operators in Banach spaces.

Definition 8.3.7. Let A : D(A) ⊆ X → X be a densely defined linear operator. We set

D(A′) := {x′ ∈ X ′ : ∃f ′ ∈ X ′ such that 〈Ax, x′〉 = 〈x, f ′〉 ∀x ∈ D(A)},

where 〈x, g′〉 = g′(x) for every x ∈ X and g′ ∈ X ′.

Since D(A) is dense in X, such an element f ′ can be proved to be unique and therefore
we can define A′y′ = f ′. Moreover, it is easy to deduce from the above definition that A′ is
closed.

Corollary 8.3.8. If A : D(A) ⊂ X → X is densely defined and dissipative and its ad-
joint operator A′ is dissipative as well, then the closure A of A generates a C0-semigroup of
contractions.

Proof. First of all, we prove that A is closable. This is clear if H is a Hilbert space (see
Exercise 6.3.5). The same proof works also in the case of Banach spaces as we show here
below. For this purpose, we fix a sequence (xn)n∈N ⊂ D(A) converging to zero and such that
Axn converges to some y ∈ X as n tends to ∞. Since D(A) is dense in X, we can determine
a sequence (yn)n∈N ⊂ D(A) converging to y as n tends to ∞. From the dissipativity of A we
can infer that

‖k2xn − kAxn + kym −Aym‖ =‖k(kxn + ym)−A(kxn + ym)‖
≥k‖kxn + ym‖

for every k,m, n ∈ N. Letting n tend to ∞ in the first and last side of the previous chain of
inequalities gives

‖ − ky + kym −Aym‖ ≥ k‖ym‖, k,m ∈ N,

or, equivalently, dividing by k,

‖ − y + ym − k−1Aym‖ ≥ ‖ym‖, k,m ∈ N,
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so that, letting k tend to ∞, we obtain that ‖y − ym‖ ≥ ‖ym‖. Finally, letting m → ∞, we
can easily infer that y = 0. This shows that A is closable.

Next, we show that the range of the operator I − A is dense in X. For this purpose, we
fix a functional x′ ∈ X ′ such that

(8.13) x′(x−Ax) = 0, x ∈ D(A).

From (8.13) we deduce that x′ ∈ D(A′) and x′−A′x′ = 0. Since A′ is dissipative, in particular
it is a one-to-one operator. Hence, x′ = 0 and we conclude that (I −A)(D(A)) is dense in X.

Since A extends the operator A, also the range of the operator I − A is dense in X for
every x ∈ D(A). Actually, (I − A)(D(A)) = X. Indeed, fix y ∈ Y and consider a sequence
(xn)n∈N ⊂ D(A) such that yn = xn − Axn converges to y as n tends to ∞. From the
dissipativity of A we can infer that ‖xn − xm‖ ≤ ‖yn − ym‖ for every m,n ∈ N so that
(xn)n∈N is a Cauchy sequence in X. Therefore it converges to some x ∈ X. As a byproduct
also Axn = Axn converges in X to x − y. Since A is a closed operator, x belongs to D(A)
and Ax = x − y or, equivalently, x − Ax = y. Thus, y belongs to the range of the operator
I −A, which coincides with X. Applying Lumer-Phillips theorem, we conclude that A is the
generator of a strongly continuous semigroup of contractions.

8.4 Notes and Remarks

Operator semigroups has been widely studied during the last decades and there are many
monographs dealing with them. We mention here the excellent graduate texts by Engel and
Nagel [5,6]. The first milestone in the theory was the opus of Hille and Phillips [10]. Important
later references are the books by Belleni-Morante [1], Goldstein [8] and Pazy [12].

8.5 Exercises

Exercise 8.5.1. Prove that a mapping T : [0,∞) → L(X) with the semigroup property is
strongly continuous on X if and only if it is locally bounded and there is a dense subset
D ⊆ X on which T is strongly continuous.

Exercise 8.5.2. Prove that if f : [a, b) → X (a, b ∈ R, a < b), where X is a Banach
space, is continuous and admits right-derivative at each point [a, b) and the right-derivative
is continuous in [a, b), then f is Fréchet differentiable in [a, b).

Exercise 8.5.3. Prove that a semigroup {T (t)} on a Banach space X is uniformly continuous
if and only if there exists an operator A ∈ L(X) such that T (t) = etA for all t ≥ 0.

Exercise 8.5.4. Prove that the generator of the multiplication semigroup {Tm(t)}, intro-
duced in Example 8.1.9, is the multiplication operator Mm. Moreover, prove that {Tm(t)} is
uniformly continuous if and only if m ∈ L∞(Ω, µ).

Exercise 8.5.5. Consider the Hilbert space L2((0, 1), µ), where µ is the measure defined by

µ(Ω) := 2λ(Ω ∩ (0, 1/2)) + λ(Ω ∩ (1/2, 1))

for each Lebesgue measurable set Ω ⊆ (0, 1), and λ is the Lebesgue measure. Define the
family of operators on L2((0, 1), µ)

T (t)f(s) :=

{
f(s+ t) for s+ t ≤ 1,
0 for s+ t > 1.
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(i) Prove that {T (t)} defines a C0-semigroup on L2((0, 1), µ).

(ii) Prove that the estimate ‖T (t)‖ ≤ Metω cannot hold for every t > 0, with M < 2,
whichever ω ∈ R you choose.

Exercise 8.5.6. On the Banach space X = {f ∈ C([0, 1]) : f(1) = 0}, endowed with the
sup-norm, consider the family {T (t)} of operators, defined by

(T (t)f)(x) =

{
f(x+ t), if x+ t ≤ 1,

0, otherwise,

for every t ≥ 0. Prove that {T (t)} is a C0-semigroup on C([0, 1]), and show that ω0(T (·)) =
−∞.

Exercise 8.5.7. Let X = C([0, 1]) and consider the operator Af = f” with domain

D(A) = {f ∈ C2([0, 1]) : f ′(0) + αf(0) = f ′(1) + βf(1) = 0}

for some α, β ∈ R. Show that A generates C0-semigroup on X.

Exercise 8.5.8. Let X := Lp((1,∞)), 1 ≤ p < ∞ and (T (t)f)(s) := f(set). Show that
{T (t)} is a C0-semigroup and that ω0(T (·)) = −1

p . Can you identify its generator?

Exercise 8.5.9.

1. Let {T (t)} be a C0-semigroup with generator A : D(A) → H on a Hilbert space H.
Prove that the adjoint {(T (t))∗} is the C0-semigroup generated by A′.

2. Stone’s Theorem: Prove that a densely defined linear operator A : D(A) → H on a
Hilbert space H generates a unitary group {T (t)}t∈R if and only if A is skew-adjoint,
i.e. A∗ = −A.
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Lecture 9

Analytic semigroups

In this lecture, we keep on the study of semigroups of bounded operators introducing analytic
semigroups and studying their main properties. By X we still denote a complex Banach space
with norm ‖ · ‖. Moreover, given a curve γ : I → C (I ⊂ R being an interval) and a smooth
enough function f , defined at least on the support of γ, we set

∫
−γ f(λ)dλ := −

∫
γ f(λ)dλ.

9.1 Prelude

In the previous lecture, we have seen that, to every bounded operator on X, we can associate
a uniformly continuous semigroup by setting

(9.1) etA =

∞∑
n=0

tn

n!
An, t ∈ R.

This formula cannot be extended to the case when A is not defined in the whole X since
the domain of the powers An becomes smaller and smaller. On the other hand, when ρ(A) is
not empty, the resolvent operator is defined and bounded in X. Hence, the idea is to look for
a formula for etA which involves the operators R(λ,A).

We start by proving an integral representation formula for uniformly continuous semi-
groups.

Proposition 9.1.1. Let A ∈ L(X) and let γr (r > ‖A‖) be the curve, defined by γr(t) = reit

for t ∈ [0, 2π]. Then,

(9.2) etA =
1

2πi

∫
γr

etλR(λ,A)dλ, t ∈ R.

Proof. By Proposition 2.1.1, we can write

R(λ,A) =

∞∑
k=0

Ak

λk+1

for every |λ| > ‖A‖. Hence,

eλtR(λ,A) =

∞∑
n=0

tnλn

n!

∞∑
k=0

Ak

λk+1
.
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Integrating both sides of the previous formula along the curve γr and observing that the series
and the integral commute, we get

1

2πi

∫
γr

etλR(λ,A)dλ =
1

2πi

∞∑
n=0

tn

n!

∞∑
k=0

Ak
∫
γr

λn−k−1dλ = etA,(9.3)

since ∫
γr

λn−k−1dλ =

{
2πi, n = k,
0, otherwise.

Note that the right-hand side of formula (9.2) makes sense for each closed operator A :
D(A) ⊂ X → X whose spectrum is bounded, and is independent of r > 0. Moreover, if we
set T (0) = I, then the family {T (t)} defines a semigroup on X. Indeed, take s, t > 0 and let
r > 0 be such that σ(A) ⊂ B(0, r). Then,

T (t)T (s) =− 1

4π2

∫
γ2r

etλR(λ,A)dλ

∫
γr

esµR(µ,A)dµ

=− 1

4π2

∫
γ2r

etλdλ

∫
γr

esµR(λ,A)R(µ,A)dµ

=− 1

4π2

∫
γ2r

etλdλ

∫
γr

esµ

µ− λ
(R(λ,A)−R(µ,A))dµ

=− 1

4π2

∫
γ2r

etλR(λ,A)dλ

∫
γr

esµ

µ− λ
dµ− 1

4π2

∫
γr

esµR(µ,A)dµ

∫
γ2r

etλ

λ− µ
dλ,

where in the last integral term we have changed the order of integration. Since λ /∈ B(0, r), the
function µ 7→ (µ−λ)−1esµ is holomorphic in B(0, r) and, consequently, by the Cauchy integral
theorem,

∫
γr

(µ−λ)−1esµdµ = 0. On the contrary, the function λ 7→ (λ−µ)−1etλ has a simple

pole at λ = µ ∈ B(0, 2r). Hence, by the residue theorem,
∫
γ2r

(λ − µ)−1etλdλ = (2πi)etµ. It
thus follows that

T (t)T (s) =
1

2πi

∫
γ2r

e(s+t)µR(µ,A)dµ = T (t+ s).

As we know, in general, the spectrum of a closed operator is not bounded (see e.g. Ex-
ample 1.3.6). Hence, formula (9.2) cannot be used to define a semigroup associated to an
unbounded operator A. But, as we will show in the next section, we can overcome this diffi-
culty by changing the path of integration, provided that the operator A satisfies nice spectral
properties.

9.2 Sectorial operators and analytical semigroups

As announced, here we introduce an important class of closed operators, the so-called, sectorial
operators, to which we can associate a semigroup through a variant of formula (9.2).

Definition 9.2.1. A linear operator A : D(A) ⊂ X → X is called sectorial in X if there
exist ω ∈ R, θ0 ∈ (π/2, π) and M > 0 such that the resolvent set of A contains the sector
Σω,θ0 = {λ ∈ C : λ 6= ω, |arg(λ− ω)| < θ0} and ‖R(λ,A)‖ ≤M |λ− ω|−1 for every λ ∈ Σω,θ0 .
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Throughout this lecture, we summarize the properties listed in Definition 9.2.1, by saying
that A ∈ S(ω, θ0,M).

Given A ∈ S(ω, θ0,M), we can define an operator T (t), for each t > 0, by using formula
(9.2), where we replace the curve γr by the “union” of three curves −γ1,r,η,ω, γ2,r,η,ω and

γ3,r,η,ω, where γ2k+1,r,η,ω : [r,∞)→ C (k = 0, 1) is defined by γ2k+1,r,η,ω(ρ) = ω + ρe(−1)k+1iη,
for each ρ ≥ r, and γ2,r,η,ω : [−η, η]→ C is defined by γ2,r,η,ω(θ) = ω+reiθ for each θ ∈ [−η, η].
Here, r > 0 and η ∈ (π/2, θ0) are arbitrarily fixed. More precisely, we set for t > 0

ω

ω + r

σ(A)

Figure 9.1: the support of the union of the three curves γ1,r,η,ω, γ2,r,η,ω and γ3,r,η,ω.

T (t) =− 1

2πi

∫
γ1,r,η,ω

eλtR(λ,A)dλ+
1

2πi

∫
γ2,r,η,ω

eλtR(λ,A)dλ

+
1

2πi

∫
γ3,r,η,ω

eλtR(λ,A)dλ

=
eωt

2πi

(∫ ∞
r

eρ cos(η)t[ei(η+ρ sin(η)t)R(ω + ρeiη, A)− e−i(η+ρ sin(η)t)R(ω + ρe−iη, A)]dρ

+

∫ η

−η
e(r cos(θ)+ir sin(θ))tR(ω + reiθ, A)ireiθdθ

)
.(9.4)

To ease the notation, we denote by
∫
γr,η,ω

etλR(λ,A)dλ the last two lines of formula (9.4).

Note that T (t) is well defined since the definition is independent of r and η. Indeed, by
Proposition 1.3.5, the function λ 7→ v(λ) = etλR(λ,A) is an holomorphic function in the
sector Σω,θ0 , with values in L(X). This in particular shows that the integral of v over γ2,r,η,ω

is well defined. Similarly, since

(9.5) ‖etρ cos(η)±itρ sin(η)R(ω + ρ cos(η)± iρ sin(η), A)‖ ≤Mr−1etρ cos(η)

for every ρ ≥ r and cos(η) < 0, it follows immediately that also the integrals of v over the
curves γ1,r,η,ω and γ3,r,η,ω are well defined.

Now, we fix r′ > 0 and η′ ∈ (π/2, θ0) and denote by D the region lying between the
supports of the curves γj,r,η,ω and γj,r′,η′,ω (j = 1, 2, 3) and by Dn (n ∈ N) the intersection of
D with the closed ball centered at zero with radius n.
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ω

n

γr,η ,ω

γr′,η′ ,ω

Dn

Figure 9.2: the region Dn.

Denote by γ a curve which parameterizes Dn, obtained from the curves γj,r,η,ω, γj,r′,η′,ω and
the canonical parametrization of the arc of ∂B(0, n). The Cauchy integral theorem implies
that ∫

γ
etλR(λ,A)dλ = 0.

By estimate (9.5) the integrals on the two arcs contained in ∂B(0, n) vanish as n tends to ∞.
From these remarks, we deduce that∫

γr,η,ω

etλR(λ,A)dλ =

∫
γr′,η′,ω

etλR(λ,A)dλ

as claimed.
We can now study the main properties of the operators T (t), t > 0.

Theorem 9.2.2. Let A ∈ S(ω, θ0,M) and let T (t) be given by (9.4) for t > 0. Then, the
following properties hold true.

(i) For each x ∈ X, k ∈ N and t > 0, T (t)x belomgs to D(Ak). Further, if x ∈ D(Ak), then
AkT (t)x = T (t)Akx for every t ≥ 0.

(ii) If we set T (0) = I, then the family {T (t)} is a semigroup of bounded linear operators.

(iii) There exist positive constants Mk (k ∈ N ∪ {0}) such that

(9.6) ‖tk(A− ωI)kT (t)‖ ≤Mke
ωt, t > 0, k ∈ N ∪ {0}.

(iv) The function t 7→ T (t) belongs to C∞((0,∞);L(X)) and Dk
t T (t) = AkT (t) for every

t > 0. Moreover, the function t 7→ T (t) admits an analytic extension to the sector
Σ0,θ0−π/2, given by

T (z) =
1

2πi

∫
γr,θ′z,ω

eλzR(λ,A) dλ, z ∈ Σ0,θ0−π/2,
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where θ′z is arbitrarily fixed in (π/2, θ0 − arg(z)).

Proof. As in the proof of Hille-Yosida theorem, we replace A with the operator A−ωI, which
is sectorial in Σ0,θ0 .

(i) The core of the proof is the case k = 1. Fix t > 0 and x ∈ X. Since etλAR(λ,A) =
−eλtI + λeλtR(λ,A), it follows that

‖eλtI − λeλtR(λ,A)‖ ≤ eReλt(1 + ‖λR(λ,A)‖ ≤ eReλt(1 +M)

and cos(η) < 0, the function λ 7→ etλAR(λ,A)x is integrable along the curves γ1,r,η,0 and
γ3,r,η,0 for each x ∈ X. Of course, being a continuous function it is also integrable along the
curve γ2,r,η,0. Therefore, we can invoke Proposition B.0.3, which guarantees that T (t)x ∈
D(A) and

AT (t)x =
1

2πi

∫
γr,η,0

etλAR(λ,A)x dλ = − x

2πi

∫
γr,η,0

etλ dλ+
1

2πi

∫
γr,η,0

λetλR(λ,A)x dλ

=
1

2πi

∫
γr,η,0

λetλR(λ,A)λ,(9.7)

since ∫
γr,η,0

etλ dλ = 0.(9.8)

If x ∈ D(A), then AR(λ,A)x = R(λ,A)Ax and, hence, AT (t)x = T (t)Ax. Iterating this
argument, we can show that T (t)x ∈ D(Ak) for every k ∈ N and

(9.9) AkT (t)x =
1

2πi

∫
γr,η,0

λkeλtR(λ,A)x dλ

and, if x ∈ D(Ak), then AkT (t)x = T (t)Akx.
(ii) The semigroup property can be proved arguing as in the last part of Section 9.1. Fix

s, t > 0. Writing

T (t) =
1

2π

∫
γr,η,0

eλtR(λ,A) dλ, T (s) =
1

2π

∫
γ2r,η′,0

eλsR(λ,A) dλ

for each r > 0, π/2 < η′ < η < θ0 and using the resolvent identity it follows that

T (t)T (s) =− 1

4π2

∫
γr,η,0

eλtR(λ,A) dλ

∫
γ2r,η′,0

eµs

µ− λ
dµ

+
1

4π2

∫
γ2r,η′,0

eµsR(µ,A) dµ

∫
γr,η,0

eλt

µ− λ
dλ.

Since

(9.10)

∫
γ2r,η′,0

eµs
dµ

µ− λ
= 2πiesλ, for λ ∈ γr,η,0 and

∫
γr,η,0

eλt
dλ

µ− λ
= 0 for µ ∈ γ2r,η′,0,

we conclude that T (t)T (s) = T (t+ s).
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(iii) We fix t > 0 and take the norm of the three integrals which define T (t) (see (9.4)).
Since we are assuming that ω = 0, from the estimate in Definition 9.2.1 we get

‖T (t)‖ ≤ M

π

∫ ∞
r

etρ cos(η)ρ−1dρ+
M

2π

∫ η

−η
etr cos(θ)dθ ≤ M

π

(
etr cos(η)

tr| cos(η)|
+ etr

)
for each r > 0 and η ∈ (π/2, θ0). Note that, if we take the same r for every t > 0, we end up
with an estimate for ‖T (t)‖ which is singular as t tends to 0. To overcome this difficulty, it
suffices to replace r by 1/t and we get (9.6) with M0 = Mπ−1(| cos(η)|−1ecos(η) + e).

Estimating the norm of AT (t) is easier. We do not need to take a radius which depends
on t. It is enough to use formula (9.7) observing that ‖λR(λ,A)‖ ≤M . We thus get

‖AT (t)‖ ≤ M

π

(
etr cos(η)

t| cos(η)|
+
Mr

2π

∫ η

−η
etr cos θdθ

)
for each r > 0. Letting r tend to 0+, by dominated convergence we get

(9.11) ‖AT (t)‖ ≤ M

πt| cos(η)|
, t > 0.

To estimate the operator norm of AkT (t) for k > 1 it suffices to use (9.11), property (i)
and the semigroup property to write AkT (t) = (AT (t/k))k and, hence, estimate ‖AkT (t)‖ ≤
‖AT (t/k)‖k.

(iv) By applying repeatedly the dominated convergence theorem, it can be easily shown
that the function t 7→ T (t) belongs to C∞((0,∞);L(X)) and

Dk
t T (t) =

1

2πi

∫
γr,η,ω

λkeλtR(λ,A) dλ, t > 0.

From this formula and (9.9) it follows that Dk
t T (t) = AkT (t) for every t > 0 and k ∈ N.

To complete the proof, we fix α ∈ (0, θ0 − π/2). Then, the function

z 7→ T (z) =
1

2πi

∫
γr,θ0−α,ω

ezλR(λ,A) dλ,

is well defined and holomorphic in the sector Σ0,θ0−π/2−α. Indeed, if λ = ρei(θ0−α) and
z = |z|eiϕ belongs to Σ0,θ0−π/2−α, then Re(zλ) = ρ|z| cos(θ0 − α + ϕ) and cos(θ0 − α + ϕ)
is negative since θ0 − α + ϕ ∈ (π/2, 3π/2). Hence, we can differentiate under the integral
sign, taking the dominated convergence theorem into account, and conclude that the map
z 7→ T (z) is holomorphic in Σ0,θ0−π/2−α. Since Σ0,θ0−π/2 =

⋃
α∈(0,θ0−π/2) Σ0,θ0−π/2−α, the

conclusion follows.

Remark 9.2.3. From property (iii) in Theorem 9.2.2 it follows that there exists a positive
constant Ck such that ‖tkAkT (t)‖ ≤ Ckeωt for t > 0. Indeed,

Ak = (A− ωI + ωI)k =
k∑

n=0

(
k

n

)
ωk−n(A− ωI)n

and, therefore,

‖AkT (t)‖ ≤
k∑

n=0

(
k

n

)
ωk−n‖(A− ωI)nT (t)‖ ≤

k∑
n=0

(
k

n

)
ωk−nMnt

−n, t > 0.
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If t ≤ 1, then from the previous estimate we immediately get

‖AkT (t)‖ ≤ t−k
k∑

n=0

(
k

n

)
ωk−nMn.

On the other, if t > 1, then there exists a positive constant Cω such that t−nωk−n ≤ Cωt−keωt
for every n < k. We thus conclude that

‖AkT (t)‖ ≤ Cωt−keωt
k∑

n=0

(
k

n

)
Mn

and we are done.

In view of Theorem 9.2.2 we can now give the following definition.

Definition 9.2.4. Let A be a sectorial operator. The family of operators {T (t)}, defined by
(9.4) for t > 0 and such that T (0) = I, is called analytic semigroup generated by A (in X).

Is each analytic semigroup strongly continuous? The answer is in general negative since
D(A) may be not dense in X. In any case, for each x ∈ X, T (t)x converges to x as t → 0+

in a “weak” sense as the following proposition shows.

Proposition 9.2.5. Let {T (t)} be an analytic semigroup associated with an operator A ∈
S(ω, θ0,M). Then, limt→0+ T (t)x = x if and only if x ∈ D(A). As a byproduct, for each
λ ∈ ρ(A) and x ∈ X, limt→0+ R(λ,A)T (t)x = R(λ,A)x.

Proof. By replacing A with A − αI for some constant α, we can assume without loss of
generality that ω = 0.
Using the Cauchy integral theorem, it follows that

T (t)x− x =
1

2πi

∫
γr,η,ω

eλt
[
R(λ,A)x− 1

λ
x

]
dλ

=
1

2πi

∫
γr,η,ω

eλt

λ
R(λ,A)Axdλ

for x ∈ D(A) and t > 0. Since ‖λ−1R(λ,A)Ax‖ ≤ C‖Ax‖|λ|−2, it follows from the dominated
convergence theorem and Cauchy’s theorem that

lim
t→0+

(T (t)x− x) =
1

2πi

∫
γr,η,ω

1

λ
R(λ,A)Axdλ = 0

for x ∈ D(A) and hence for x ∈ D(A), since ‖T (t)‖ ≤ M for every t ∈ [0, 1]. The other
implication is obtained from the inclusion T (t)X ⊂ D(A) for every t > 0, see Theorem 9.2.2.
Now, the last statement follows from the fact that R(λ,A) commute with T (t) for every t > 0
and λ ∈ ρ(A).

Remark 9.2.6. By Theorem 9.2.2, T (t) maps X into D(A) for every t > 0. Hence, it leaves
D(A) invariant. Moreover, by Proposition 9.2.5, T (t)x converges to x as t → 0+ for every
x ∈ D(A). It follows that the restriction of {T (t)} to D(A) is a C0-semigroup. Note that
D(A) is the largest subspace of X, where the restriction of {T (t)} is a C0-semigroup. Indeed,
as already remarked, T (t)x ∈ D(A) for each x ∈ X and t > 0. Hence, if T (t)x converges to
x as t→ 0+, then, necessarily, x ∈ D(A).
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In the following proposition, we show other interesting properties of analytic semigroups.
In particular, we show that the infinitesimal generator of the restriction of {T (t)} to D(A)
is the part of A in D(A), i.e., the operator defined in D := {x ∈ D(A) : Ax ∈ D(A)} by
A|D(A)

x = Ax for each x ∈ D.

Proposition 9.2.7. The following properties hold true.

(i) For each x ∈ X and t > 0,
∫ t

0 T (s)x ds ∈ D(A) and

(9.12) A

∫ t

0
T (s)x ds = T (t)x− x.

If, in addition, x ∈ D(A), then

(9.13) T (t)x− x =

∫ t

0
T (s)Axds, t ≥ 0.

(ii) If λ ∈ C with Reλ > ω, then

(9.14) R(λ,A) =

∫ ∞
0

e−λtT (t) dt.

(iii) If x ∈ D(A) and Ax ∈ D(A), then limt→0+(T (t)x − x)/t = Ax. Conversely, if z :=
limt→0+(T (t)x− x)/t exists, then x ∈ D(A) and Ax = z ∈ D(A).

Proof. (i) Fix t > 0 and x ∈ X. Since the function T (·)x is differentiable in (0,∞) and
DtT (·)x = AT (·)x (see Theorem 9.2.2) then∫ t

ε
T (s)x ds =

∫ t

ε
((ω + 1)I −A)R(ω + 1, A)T (s)x ds

=(ω + 1)

∫ t

ε
R(ω + 1, A)T (s)x ds−

∫ t

ε

d

ds
(R(ω + 1, A)T (s)x) ds

=(ω + 1)R(ω + 1, A)

∫ t

ε
T (s)x ds− T (t)R(ω + 1, A)x+ T (ε)R(ω + 1, A)x

for each ε ∈ (0, t). Recalling that the function T (·)x is bounded in [0, t] and continuous in
(0,+∞) and taking Proposition 9.2.5 into account, we can let ε tend to 0 and obtain

(9.15)

∫ t

0
T (s)x ds = (ω + 1)R(ω + 1, A)

∫ t

0
T (s)x ds−R(ω + 1, A)(T (t)x− x).

Thus,
∫ t

0 T (s)x ds belongs to D(A) and applying the operator ((ω+1)I−A) to both the sides
of (9.15), formula (9.12) follows.

If x ∈ D(A), then the function AT (·)x is continuous in (0, t] and bounded in [0, t]. Hence,

A

∫ t

ε
T (s)x ds =

∫ t

ε
AT (s)x ds

and, letting ε tend to 0+, we conclude that

lim
ε→0+

A

∫ t

ε
T (s)x ds =

∫ t

0
AT (s)x ds
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and formula (9.13) follows from Proposition B.0.3(ii), since A is a closed operator.
(ii) Fix λ ∈ C with Reλ > ω and consider the operator A− λI. This operator is sectorial

and the associated semigroup {S(t)} is defined by S(t) = e−λtT (t) for t ≥ 0. From formula
(9.12) we know that

(A− λ)

∫ t

0
S(r)x dr = S(t)x− x, t > 0, x ∈ X.

Since ‖T (t)‖ ≤Meωt for t ≥ 0 (see Theorem 9.2.2), the function S(t)x vanishes as t tends to
∞. Hence, limt→∞(A− λ)

∫ t
0 S(r)x dr = −x for every x ∈ X. Since

∫ t
0 S(r)x dr converges to∫∞

0 S(r)x dr as t tends to ∞, by the closedness of A,
∫ t

0 S(r)x dr belongs to D(A) and

(λ−A)

∫ ∞
0

e−λtT (t)x dt = x, x ∈ X.

Taking into account that λ ∈ ρ(A), formula (9.14) follows at once.
(iii) Fix x ∈ D(A) such that Ax ∈ D(A). Then, by property (i), we can write

(9.16)
T (t)x− x

t
=

1

t
A

∫ t

0
T (s)x ds =

1

t

∫ t

0
T (s)Axds.

Since Ax ∈ D(A), by Proposition 9.2.5 the function T (·)Ax is continuous in [0,∞). Hence,
letting t tend to 0+ in (9.16), we conclude that limt→0+(T (t)x− x)/t = Ax.

Vice versa, suppose that the limit z := limt→0+(T (t)x− x)/t exists. Then, clearly, T (t)x
converges to x as t→ 0+, so that x belong to D(A). Since T (t)x ∈ D(A) for every t > 0, also
z belongs to D(A). Moreover, using property (i) and recalling that R(ω + 1, A) commutes
with T (s), we get

R(ω + 1, A)z = lim
t→0

R(ω + 1, A)
T (t)x− x

t
= lim

t→0
t−1R(ω + 1, A)A

∫ t

0
T (s)x ds

=− lim
t→0

1

t

∫ t

0
T (s)x ds+ (ω + 1)

1

t

∫ t

0
R(ω + 1, A)T (s)x ds.(9.17)

Since x ∈ D(A), the function T (·)x is continuous in [0,∞). Hence limt→0+ t
−1
∫ t

0 T (s)x ds = x.
Similarly, R(ω+1, A)T (t)x converges to R(ω+1, A)x as t→ 0+, by Proposition 9.2.5. Hence,
from (9.17) it follows that x = R(ω + 1, A)((ω + 1)x− z) ∈ D(A) and Ax = z.

We now provide a sufficient condition for a closed operator to be sectorial. This criterium
is particularly used in the applications.

Proposition 9.2.8. Let A : D(A) ⊂ X 7→ X be a closed operator such that Π = {λ ∈ C :
Reλ > ω} ⊂ ρ(A) for some ω ∈ R, and

(9.18) ‖λR(λ,A)‖ ≤M, λ ∈ Π,

for some constant M ≥ 1. Then, A is a sectorial operator.

Proof. The same argument as in the proof of Proposition 1.3.5 (which uses Lemma 1.3.4)
shows that the open ball B(ω ± ir, |ω + ir|/M) is contained in ρ(A) for each r > 0. Since
|ω+ ir| ≥ r, the union of such balls and the halfplane Π properly contains the sector Σω,θ2M ,
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where θ2M = π − arctan(2M). Observe that each λ ∈ Σω,θ2M with Reλ ≤ ω can be written
in the form λ = ω ± ir − (2M)−1(θr) for some θ ∈ [0, 1). Moreover, since

R(λ,A) = R(ω ± ir, A)(I − (2M)−1θrR(ω ± ir, A))−1

and ‖(I − (2M)−1θrR(ω ± ir, A))−1‖ ≤ 2, it follows that

‖R(λ,A)‖ ≤ 2M

|ω ± ir|
≤ 2M

r
≤
√

4M2 + 1

|λ− ω|
.

On the other hand, if λ ∈ Σω,θ2M with Reλ > ω, then from (9.18) it follows easily that
‖R(λ,A)‖ ≤M |λ− ω|−1 and this completes the proof.

We conclude this lecture with two important remarks.

Remark 9.2.9. (i) In this and in the previous lecture we have dealt with complex Banach
spaces. In particular, the sectorial operators have been defined through an integral on
an unbounded curve in the complex plane.
As a matter of fact, in many applications one has to deal with closed operators A on
real Banach spaces X. This (apparent) difficult can be overcome by complexifying both
the Banach space X and the operator A. The complexification XC of X is the set
XC = {x + iy : x, y ∈ X}, which is a Banach space when endowed with the norm
‖x + iy‖

X̃
= sup−π≤θ≤π ‖x cos θ + y sin θ‖ for every x + iy ∈ XC and the operations

(x1 + iy1) + (x2 + iy2) = (x1 + x2) + i(y1 + y2) and (λ1 + iλ2)(x1 + iy1) = λ1x1− λ2y1 +
i(λ1y1 + λ2x1) for every x1 + iy1, x2 + iy2 ∈ XC and every λ1 + iλ2 ∈ C. (Note that,
in general, the map (x + iy) 7→

√
‖x‖2 + ‖y‖2 is not a norm, see Exercise 9.4.5). The

complexification of the operator A is the operator AC : D(AC) ⊂ XC → XC, defined
as follows; D(AC) = {x + iy : x, y ∈ D(A)} and AC(x + iy) = Ax + iAy for every
x + iy ∈ D(AC). Clearly, if we identify X with the set {x + i0 : x ∈ X}, then the
restriction of the operator AC to X is the operator A.
Suppose that the operator AC is sectorial in XC and denote by {TC(t)} the associated
analytic semigroup. We claim that it leaves X invariant. To prove the claim, it turns
out useful to replace the three curves used to define each operator T (t) by the union of
the two curves γ− and γ+, where γ± : [0,∞)→ C are defined by γ±(ρ) = ω + 1 + ρe±iθ

for every ρ ≥ 0, where θ is fixed in (π/2, θ0). For each t > 0 and x ∈ X it holds that

TC(t)x =
1

2πi

∫ ∞
0

e(ω+1)t[eρte
iθ
R(ω + 1 + ρeiθ, AC)x

− eρteiθR(ω + 1 + ρe−iθ, AC)x]dρ.

Note that eρte
iθ
R(ω+ 1 +ρeiθ, AC)x− eρteiθR(ω+ 1 +ρe−iθ, AC)x belongs to iX, so that

TC(t)x belongs to X. Indeed, it is easy to check that, if we set z + iw = z− iw for every
z + iw ∈ XC, then R(λ,AC)x = R(λ,AC)x for every λ ∈ ρ(AC) and x ∈ X. Thus,

eρte
iθ
R(ω + 1 + ρeiθ, AC)x− eρteiθR(ω + 1 + ρe−iθ, AC)x

=eρte
iθ
R(ω + 1 + ρeiθ, AC)x− eρteiθR(ω + 1 + ρeiθ, AC)x

=2iIm(eρte
iθ
R(ω + 1 + ρeiθ, AC)x),
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where Im(x+ iy) = y for every x+ iy ∈ XC.
If we set T (t) = TC(t)|X for t ≥ 0, then we define a semigroup of bounded operators in
X, which satisfies the properties that we have established so far.

(ii) From this and the previous lecture, a very crucial difference between strongly continuous
semigroups and analytic semigroup arises: the analytic semigroups take a datum x in
the space X and make it smoother (indeed, T (t)x belongs to

⋂
k∈ND(Ak) for every

t > 0). Strongly continuous semigroups do not enjoy this property. Think for instance
to the semigroup of left translations on X = BUC(R). Since T (t)f = f(·+ t) for every
t > 0, T (t) has no smoothing effects on f .

9.3 Notes

We mention here that the characterization of the sectoriality of a given operator A involves
only a single resolvent estimate, see Proposition 9.2.8. This should be compared with the
Hille-Yosida theorem, which characterizes the infinitesimal generators of C0-semigroups. We
also mention that the single resolvent estimate, which a sectorial operator A should satisfy,
yields regularity properties for the solution to the associated Cauchy problem{

u′(t) = Au(t), t ∈ (0,∞),
u(0) = x

which is u = T (·)x, see Theorem 9.2.2.(i).
For more details on sectorial operators and analytic semigroups, we refer the reader, e.g.,
to [5, 8, 13,14] and the recent monograph [12].

9.4 Exercises

Exercise 9.4.1. Prove formulas (9.8) and (9.10).

Exercise 9.4.2. Let A : D(A) ⊂ X → X be sectorial, let α ∈ C, and consider the operators
B : D(B) = D(A)→ X and C : D(C) = D(A)→ X, defined, respectivey, by Bx = Ax− αx
and Cx = αAx for every x ∈ D(A). Prove that the operator B is sectorial, and that the
associated semigroup {S(t)} is defined by S(t) = e−αtT (t) for every t ≥ 0. For which α the
operator C is sectorial?

Exercise 9.4.3. Let A : D(A) ⊂ X → X be a linear operator, Prove that if A and −A are
sectorial operators in X, then A is bounded.

Exercise 9.4.4. Let Xk, k = 1, . . . , n be Banach spaces, and let Ak : D(Ak) → Xk be
sectorial operators. Set

X =

n∏
k=1

Xk, D(A) =

n∏
k=1

D(Ak),

and A(x1, . . . , xn) = (A1x1, . . . , Anxn), and show that A is a sectorial operator in X, endowed

with the product norm ‖(x1, . . . , xn)‖ =
(∑n

k=1 ‖xk‖2
)1/2

.
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Exercise 9.4.5. Let X be a real Banach space. Prove that the function f : X × X → R
defined by f(x, y) =

√
‖x‖2 + ‖y‖2 for every x, y ∈ X, does not satisfy, in general, the

homogeneity property.

Exercise 9.4.6. (i) Prove that if A with domain D(A) generates a C0-group on a Banach
space X, then A2 generates an analytic semigroup on X.

(ii) Prove that the operator Af = f ′ for f ∈ D(A) = W 1,p(R) generates a C0-group on
Lp(R), 1 < p <∞.

(iii) Deduce that the operator Bf = f
′′

for f ∈ D(B) = W 2,p(R) generates an analytic
semigroup on Lp(R), 1 < p <∞.

Exercise 9.4.7. (i) Prove that the operator Af = f ′′ for any f ∈ D(A) = C2
b (R) is

sectorial in Cb(R) and, hence, generates an analytic semigroups.

(ii) Prove that the operator Af = f ′′ for any f ∈ D(A) = {u ∈ C2
b ([0, 1]) : u(0) = u(1) = 0}

generates an analytic semigroup in C([0, 1]). Is this semigroup strongly continuous?

(iii) Prove that the operator Af = f ′′ for any f ∈ D(A) = {u ∈ C2
b ([0, 1]) : u′(0) = u′(1) = 0}

generates an analytic semigroup in C([0, 1]). Is this semigroup strongly continuous?

Exercise 9.4.8. Prove that, given a normal operator A on a separable Hilbert space, then
the operators etA, defined according to the functional calculus introduced in Lecture 5, and
according to formula (9.2), coincide.
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Lecture 10

Non homogeneous abstract Cauchy
problems

In this lecture, we analyze the abstract Cauchy problem

(10.1)

⇢
u
0(t) = Au(t) + f(t), t 2 (0, T ],

u(0) = x,

on a Banach space X, when f : [0, T ] ! X is a continuous function, x 2 X and A : D(A) ⇢
X ! X is the infinitesimal generators of a strongly continuous semigroups or a sectorial
operator. As we will see, when A is not sectorial quite strong regularity assumptions on x

and f should be assumed to guarantee the existence of a solution to (10.1). Such conditions
can be sensibly weakened when A is a sectorial operator, due to the smoothing properties of
the associated semigroup. All the results of this lecture will be “tested” on a relevant model,
namely the Gauss-Weierstrass semigroup, in Lecture 11.

We introduce the following definition.

Definition 10.0.1. Let f : [0, T ] ! X be a continuous function and let x 2 X. Then, a strict
(resp. classical) solution to problem (10.1) is a function u 2 C

1([0, T ];X) \ C([0, T ];D(A))
(resp. u 2 C

1((0, T ];X)\C((0, T ];D(A))\C([0, T ];X)) which satisfies the di↵erential equa-
tion u

0 = Au+ f in (0, T ] and satisfies the condition u(0) = x.

At it is readily seen, the main di↵erence between strict and classical solutions is the
regularity at t = 0.

Throughout this lecture, we write Y ,! X when Y is a Banach space, continuously
embedded into X.

10.1 The case when A generates a C0-semigroup

From the definition of strict solution it follows immediately that, if problem (10.1) admits a
strict solution, then x 2 D(A).

The following proposition shows that problem (10.1) admits at most a unique solution
and provides us with a representation formula for the solutions in terms of the semigroup
{T (t)} generated by the operator A.

109
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Proposition 10.1.1. Fix f 2 C([0, T ], X) and x 2 D(A). If u is a strict solution to the

Cauchy problem (10.1), then

(10.2) u(t) = T (t)x+

Z
t

0
T (t� s)f(s) ds, t 2 [0, T ].

Proof. Let u be a strict solution to (10.1) and fix t 2 (0, T ]. Since u belongs to C
1([0, T ];X)\

C([0, T ];D(A)), the function w : [0, t] ! X, defined by w(s) = T (t�s)u(s), s 2 [0, t], belongs
to C

1([0, t], X) and

w
0(s) =�AT (t� s)u(s) + T (t� s)(Au(s) + f(s)) = T (t� s)f(s), s 2 [0, t].

Integrating the previous formula in [0, t] and observing that w(0) = T (t)x and w(t) = u(t),
the assertion follows.

Formula (10.2) is the so-called variation-of-constants formula. Whenever the integral in
(10.2) makes sense (for instance, when the function t 7! kf(t)k belongs to L

1((0, T )), the
function u defined by (10.2) is said to be a mild solution of (10.1).

Remark 10.1.2. As it is easily seen, if x 2 X and f 2 C([0, T ];X), then the mild solution
to the Cauchy problem (10.1) is continuous in [0, T ], with values in X. Moreover, there exists
a positive constant C, independent of x and f , such that

kukC([0,T ];X)  C(kxk+ kfkC([0,T ];X)).

The following theorem, provides us with two existence and uniqueness results for problem
(10.1). For this purpose we recall that the graph norm is defined by kxkD(A) := kxk+ kAxk
for x 2 D(A).

Theorem 10.1.3. Let x 2 D(A) and f 2 C([0, T ];D(A)) (resp. f 2 C
1([0, T ];X)). Then,

the Cauchy problem (10.1) admits a unique strict solution u. Moreover, there exists a positive

constant C, independent of x and f , such that

(10.3) kukC1([0,T ];X) + kukC([0,T ];D(A))  C(kxkD(A) + kfkC([0,T ];D(A))),

if f 2 C([0, T ];D(A)), and

(10.4) kukC1([0,T ];X) + kukC([0,T ];D(A))  C(kxkD(A) + kfkC1([0,T ];X))

if f 2 C
1([0, T ];X).

In the proof of the previous theorem as well as in the proof of the forthcoming Theorems
10.2.14 and 10.2.16, we will take advantage of the following proposition.

Proposition 10.1.4. Let u be the mild solution to the Cauchy problem (10.1), corresponding
to x 2 X and f 2 C([0, T ];X). Then, u is a strict solution to the Cauchy problem (10.1) if

and only if u 2 C([0, T ];D(A)) or, equivalently, if and only if u 2 C
1([0, T ];X).

In the proof of Proposition 10.1.4, we will use the following result, which shows that the
mild solution satisfies an integrated version of (10.1).
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Lemma 10.1.5. For every f 2 C([0, T ];X) and x 2 X, let u be the function defined by

(10.2). Then, for every t 2 [0, T ],

Z
t

0
u(s)ds belongs to D(A), and

(10.5) u(t) = x+A

Z
t

0
u(s)ds+

Z
t

0
f(s)ds, t 2 [0, T ].

Proof. We fix t 2 (0, T ] and integrate function u over the interval [0, T ]. Interchanging the
order of integration, we obtain that

Z
t

0
u(s)ds =

Z
t

0
T (s)xds+

Z
t

0
d�

Z
t��

0
T (s)f(�)ds.(10.6)

The first term in the right-hand side of (10.6) belongs to D(A) due to Proposition 8.2.2(ii).

The same proposition shows that the integral

Z
t��

0
T (⌧)f(�)d⌧ belongs toD(A) andA

Z
t

�

T (s�

�)f(�)ds = (T (t��)�I)f(�), so that, applying Proposition B.0.3, we conclude that also the

second integral in the right-hand side of (10.6) belongs to D(A). Hence,

Z
t

0
u(s)ds belongs

to D(A) and, again, Proposition B.0.3 shows that

A

Z
t

0
u(s)ds = T (t)x� x+

Z
t

0

�
T (t� �)� I

�
f(�)d�.

The assertion follows.

Proof of Proposition 10.1.4. Of course, it su�ces to prove that if u 2 C([0, T ];D(A)) or
u 2 C

1([0, T ];X), then u is a strict solution to problem (10.1). In view of Remark 10.1.2, we
already know that u 2 C([0, T ];X) and u(0) = x. Using the integral representation formula
(10.5), we can write

(10.7)
u(t+ h)� u(t)

h
= A

✓
1

h

Z
t+h

t

u(s)ds

◆
+

1

h

Z
t+h

t

f(s)ds

for every t 2 [0, T ] and h such that t+ h 2 [0, T ].
Since f is continuous in [0, T ], the second integral in the right-hand side of (10.7) converges

to f(t) as h tends to 0, for every t 2 [0, T ]. Similarly, the integral mean of u over the interval
with endpoints t and t + h converges to u(t) as h tends to 0 for every t 2 [0, T ]. Assume
that u 2 C

1([0, T ];X). Then, the left-hand side of (10.7) converges to u
0(t) as h tends to

0 for every t 2 [0, T ]. By di↵erence, the first integral term in the right-hand side of (10.7)
converges to u

0(t) � f(t) for every t 2 [0, T ]. The closedness of A implies that u(t) 2 D(A)
and Au(t) = u

0(t)� f(t) for every t 2 [0, T ].
On the other hand, if u 2 C([0, T ];D(A)) then

A

✓
1

h

Z
t+h

t

u(s)ds

◆
=

1

h

Z
t+h

t

Au(s)ds

for every t 2 [0, T ]. Hence, the above term converges to Au(t) as h tends to 0 for every
t 2 [0, T ]. By di↵erence, u is di↵erentiable in [0, T ] and u

0(t) = Au(t) + f(t) for such values
of t. The proof is complete.
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We can now prove Theorem 10.1.3.

Proof of Theorem 10.1.3. By Proposition 8.2.2(i), we already know that the function t 7!
T (t)x belongs to C

1([0, T ];X) \ C([0, T ];D(A)) and solves the Cauchy problem (10.1), with
f = 0. Hence, to complete the proof, we just need to deal with the integral term in the
definition of the mild solution. We denote by v such a term.

We first assume that f 2 C([0, T ];D(A)). Then, for every t 2 [0, T ] the function s 7!
AT (t� s)f(s) = T (t� s)Af(s) is continuous in [0, T ]. This implies that v(t) belongs to D(A)
for every t 2 [0, T ] and

(10.8) Av(t) =

Z
t

0
T (t� s)Af(s)ds for every t 2 [0, T ].

Hence, Av is continuous in [0, T ] with values in X. Taking Remark 10.1.2 into account,
we obtain that v 2 C([0, T ];D(A)). Since v is the mild solution of the problem (10.1),
using Proposition 10.1.4, we conclude that the mild solution u is actually a strict solution.
Moreover, applying (10.8), one deduces (10.3).

Suppose now that f 2 C
1([0, T ];X) and fix t 2 [0, T ] and h 2 R such that t+ h 2 [0, T ].

Then

v(t+ h)� v(t)

h
=
1

h

✓Z
t+h

0
T (s)f(t+ h� s)ds�

Z
t

0
T (s)f(t� s)ds

◆

=

Z
t

0
T (s)

f(t+ h� s)� f(t� s)

h
ds+

1

h

Z
t+h

t

T (s)f(t+ h� s)ds

=I1,h + I2,h.

As it is easily seen,
����I1,h �

Z
t

0
T (s)f 0(t� s)ds

����  M0,T

Z
t

0

����
f(t+ h� s)� f(t� s)

h
� f

0(t� s)

����ds

and the right-hand side of the previous inequality vanishes as h tends to 0. As far as I2,h

is concerned, estimating kT (s)(f(t + h � s) � f(0))k  M0,T kf(t + h � s) � f(0)k, where
M0,T = supt2[0,T ] kT (t)kL(X), we can write

kI2,h � T (t)f(0)k M0,T
1

h

Z
t+h

t

kf(t+ h� s)� f(0)kds+ 1

h

Z
t+h

t

kT (s)f(0)kds.

Clearly, the term
1

h

Z
t+h

t

kT (s)f(0)kds tends to kf(0)k as h tends to 0, since the function

s 7! kT (s)f(0)k is continuous in [0,1). Similarly, the continuity of the function f shows that
1

h

Z
t+h

t

kT (s)(f(t+ h� s)� f(0))kds vanishes as h tends to 0.

We have so proved that v is di↵erentiable at t and

v
0(t) =

Z
t

0
T (s)f 0(t� s)ds+ T (t)f(0), t 2 [0, T ].(10.9)

From this formula, we easily deduce that v0 2 C([0, T ];X) so that, Proposition 10.1.4 allows
us again to conclude that the mild solution to (10.1) is actually a strict solution. Furthermore,
taking (10.9) into account, one can easily verify that (10.4) holds.
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Remark 10.1.6. Without any additional information on the operator A, the assumptions of
Theorem 10.1.3 cannot be weakened. Indeed, consider the Cauchy problem (10.1), associated
to the realization A of the first-order derivatives in BUC(R), having BUC

1(R) as domain,
with x = 0 and f(t) = T (t) for every t 2 [0, T ], where {T (t)} is the semigroup of left-
translations,  2 BUC(R) is not di↵erentiable in R. The mild solution to such Cauchy
problem is the function u, defined by

u(t) =

Z
t

0
T (t� s)T (s) ds = tT (t) = t (t+ ·), t � 0,

which is not di↵erentiable in [0,1).
We remark that, di↵erently from analytic semigroups, strongly continuous semigroups

do not enjoy, in general, any smoothing property and this prevents us from weakening the
regularity assumptions on the data to guarantee the existence of a solution of the problem
(10.1).

10.2 The case when A is a sectorial operator

In this section, we assume that A is a sectorial operator and denote by {T (t)} the associated
semigroup. Moreover, for every T > 0 and k = 0, 1, 2 we set Mk,T = sup

0<tT

ktkAk
T (t)kL(X).

10.2.1 The interpolation spaces

In the analysis of the Cauchy problem (10.1) a crucial role is played by the so-called inter-
polation space DA(↵,1). Roughly speaking, for ↵ 2 (0, 1), DA(↵,1) is characterized as the
subset of X of all the elements x for which the function t 7! AT (t)x, exhibits, as t tends to
0, an intermediate behaviour between the behaviour it has when x 2 X and when x 2 D(A).
More, rigorously,

Definition 10.2.1. For every ↵ 2 (0, 1), DA(↵,1) is the set of all x 2 X such that
[x]DA(↵,1) := sup0<t1 kt1�↵

AT (t)xk < 1.

DA(↵,1) is a Banach space when endowed with the norm x 7! kxkDA(↵,1) = kxk +
[x]DA(↵,1). Moreover, x 2 DA(↵,1) if and only [x]0↵ = sup0<t⌧ kt1�↵

AT (t)xk < 1 for
some ⌧ > 0. The norm of DA(↵,1) is equivalent to the norm x 7! kxk+ [x]0↵ (see Esercises
10.4.1 and 10.4.2(a)).

Remark 10.2.2. (i) Using the semigroup law and Remark 9.2.3, it is easy to obtain an
estimate for the blow up rate of kAk

T (t)kL(DA(↵,1);X) as t tends to 0. Indeed, for each
x 2 DA(↵,1) we can estimate

sup
0<t1

ktk�↵
A

k
T (t)xk  sup

0<t1
ktk�1

A
k�1

T (t/2)kL(X)kt1�↵
AT (t/2)xk  CkxkDA(↵,1).

(ii) It is clear that, if x 2 DA(↵,1) and T > 0, then the function s 7! kAT (s)xk belongs to

L
1((0, T )), so that, by Proposition 9.2.7(ii), T (t)x�x =

Z
t

0
AT (s)xds for every t 2 [0, 1].

From this formula we deduce easily that

(10.10) kT (t)x� xk  ↵
�1[x]DA(↵,1)t

↵
, t 2 [0, 1],
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and Proposition 9.2.7(iii) shows that DA(↵,1) ,! D(A). Moreover, from the definition
of the space DA(↵,1), it follows also that D(A) ,! DA(↵,1) ,! DA(�,1) for every
0 < � < ↵ < 1.

Actually, condition (10.10) provides us with an equivalent characterization of the interpo-
lation space DA(↵,1), as the following proposition shows.

Proposition 10.2.3. For every ↵ 2 (0, 1) the equality

DA(↵,1) =
n
x 2 X : [[x]]DA(↵,1) = sup

0<t1
t
�↵kT (t)x� xk < 1

o

holds, and the norm x 7! kxk+ [[x]]DA(↵,1) is equivalent to the norm of DA(↵,1).

Proof. In view of the remark above, we just need to show that, if [[x]]DA(↵,1) < 1, then
x 2 DA(↵,1) and [x]DA(↵,1)  C[[x]]DA(↵,1) for some positive constant C, independent of
x. For this purpose, we fix x 2 X such that [[x]]DA(↵,1) < 1 and write

AT (t)x = AT (t)
1

t

Z
t

0
(x� T (s)x)ds+ T (t)

1

t
A

Z
t

0
T (s)xds

for t 2 (0, 1]. Then,

kt1�↵
AT (t)xk t

1�↵
M1,1

t2

Z
t

0
s
↵
kx� T (s)xk

s↵
ds+M0,1t

�↵kT (t)x� xk

t
1�↵

M1,1

t2
[[x]]DA(↵,1)

Z
t

0
s
↵
ds+M0,1[[x]]DA(↵,1)

=

✓
M1,1

1 + ↵
+M0,1

◆
[[x]]DA(↵,1),

and the assertion follows.

As a corollary of the previous proposition, we obtain another characterization of the
interpolation space DA(↵,1).

Corollary 10.2.4. The function t 7! T (t)x belongs to C
↵([0, 1];X) if and only if x 2

DA(↵,1). In this case, it belongs to C
↵([0, T ];X) for every T > 0.

Proof. Since T (0)x = x, it is clear that, if the function t 7! T (t)x is ↵-Hölder continuous in
[0, 1], then x 2 DA(↵,1).

Let us suppose that x 2 DA(↵,1) and fix s, t 2 [0, 1] with t > s. Then

kT (t)x� T (s)xk =kT (s)(T (t� s)x� x)k  kT (s)kL(X)kT (t� s)x� xk
M0,1[[x]]DA(↵,1)(t� s)↵,

so that the function t 7! T (t)x belongs to C
↵([0, 1];X).

The last part of the proof is left to the reader as an exercise (see Exercise 10.4.3).

Next, we prove the following remarkable property of the interpolation space DA(↵,1).
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Proposition 10.2.5. For every x 2 D(A) it holds that [x]DA(↵,1)  M
↵

0,1M
1�↵

1,1 kAxk↵kxk1�↵
.

As a consequence, for every T > 0 and n 2 N, it follows that

(10.11) sup
0<tT

ktn+↵
A

n
T (t)kL(X,DA(↵,1)) < 1.

Proof. Fix x 2 D(A) and t 2 (0, 1]. Then, we can estimate

kt1�↵
AT (t)xk  M0,1t

1�↵kAxk, kt1�↵
AT (t)xk  M1,1t

�↵kxk.

Combining these two estimates, we deduce that

kt1�↵
AT (t)xk  (M0,1t

1�↵kAxk)↵(M1,1t
�↵kxk)1�↵ = M

↵

0,1M
1�↵

1,1 kAxk↵kxk1�↵
.

Taking the supremum over (0, 1], the first part of the assertion follows.
Applying the estimate [x]DA(↵,1)  M

↵

0,1M
1�↵

1,1 kAxk↵kxk1�↵ with x being replaced with
T (t)x, which belongs to D(A) for every t > 0 and x 2 X, we obtain
(10.12)

kT (t)xkDA(↵,1)  M
↵

0,1M
1�↵

1,1 kAT (t)xk↵kT (t)xk1�↵ +M0,T kxk  CT

t↵
kxk, t 2 (0, T ].

Finally, writing kAn
T (t)xkDA(↵,1)  kAn

T (t/2)kL(X)kT (t/2)xkDA(↵,1) for t > 0 and
n 2 N and using Remark 9.2.3, we complete the proof.

Proposition 10.2.5, shows that the norm of DA(↵,1) can be interpolated between the
norms of X and D(A). More precisely, there exists a positive constant C, independent of
x, such that kxkDA(↵,1)  Ckxk↵

D(A)kxk
1�↵ for every x 2 D(A). This amounts to say that

DA(↵,1) is a space of class J↵ between X and D(A), according to the following definition.

Definition 10.2.6. Let X,Y, Z be three Banach spaces with Z ,! Y ,! X and let ↵ 2 (0, 1).
The Banach space Y is said to be of class J↵ between X and Z if there exists C > 0 such
that kzkY  Ckzk↵

Z
kzk1�↵

X
for every z 2 Z.

As the following proposition shows, Formula (10.11) can be extended to the case when
DA(↵,1) is replaced by a space of class J↵ between X and D(A).

Proposition 10.2.7. Let X↵ be a space of class J↵ between X and D(A), for some ↵ 2 (0, 1).
Then, for every k 2 N [ {0} there exist constants Mk,↵ > 0 such that

(10.13) kAk
T (t)kL(X,X↵) 

Mk,↵

tk+↵
, t 2 (0, 1].

Moreover, DA(�,1) ,! X↵, for every � 2 (↵, 1).

Proof. Since kAk
T (t)xkX↵  C(kAk

T (t)xkD(A))
↵(kAk

T (t)xkX)1�↵ for every x 2 X, using
Remark 9.2.3, formula (10.13) follows easily.

A similar argument shows that kAT (s)xkX↵  C�s
�1+�kxkDA(�,1) for every s 2 (0, 1],

x 2 DA(�,1), � 2 (↵, 1) and some positive constant C� , independent of x. Hence, writing

x = T (1)x�
Z 1

0
AT (s)xds.

and observing that T (1)x 2 D(A) ,! X↵ and
����
Z 1

0
AT (s)xds

����
X↵

 C�kxkDA(�,1)

Z 1

0
t
��1

dt,

we conclude that x 2 X↵ and the embedding DA(�,1) ,! X↵ follows.
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Remark 10.2.8. In general a space of class J↵ between X and D(A) may not be contained in
any interpolation space DA(�,1). Indeed, if X = C([0, 1]), A is the realization of the second-
order derivative with homogeneous Dirichlet boundary conditions in X, i.e. D(A) = {u 2
C

2([0, 1]) : u(0) = u(1) = 0} and Au = u
00 for every u 2 D(A), then C

1([0, 1]) is of class J1/2
between X and D(A) but there exists no � 2 (0, 1) such that C1([0, 1]) ⇢ DA(�,1) because
the functions in D(A) vanish at x = 0 and at x = 1 and DA(�,1) ⇢ D(A) (see Remark
10.2.2). Similarly, the part A↵ of A in X↵ could not be sectorial. Since D(A) ,! X↵ ,! X, it
follows that the function t 7! T (t) is analytic in (0,1) with values in L(X↵). In particular,
the function t 7! kT (t)kL(X↵) is bounded in bounded closed intervals contained in (0,1), but
it could blow up as t tends to 0.

To conclude this subsection, we introduce the interpolation spaces of order greater than
one.

Definition 10.2.9. For every k 2 N and ↵ 2 (0, 1) we set DA(k + ↵,1) = {x 2 D(Ak) :
A

k
x 2 DA(↵,1)}, endowed with the norm x 7! kxkDA(k+↵,1) = kxkD(Ak) + [Ak

x]DA(↵,1).

It is easy to check that DA(k+ ↵,1) are Banach spaces (see Exercise 10.4.1). Moreover,
from Corollary 10.2.4 it follows that the function t 7! u(t) := T (t)x belongs to the space
C

↵([0, T ];D(A)) for every T > 0 if and only if x belongs to DA(↵ + 1,1). Similarly, since
d

dt
T (t)x = T (t)Ax for x 2 D(A), u belongs to C

1+↵([0, 1];X) (and then to C
1+↵([0, T ];X)

for all T > 0) if and only if x belongs to DA(↵+ 1,1).

Let us denote by A↵ the part of A in DA(↵,1) (↵ 2 (0, 1)), i.e., the operator A↵ :
DA(↵+ 1,1) ! DA(↵,1), defined by A↵x = Ax for every x 2 DA(↵+ 1,1), is a sectorial
operator as the following proposition shows.

Proposition 10.2.10. For ↵ 2 (0, 1) the resolvent set of A↵ contains ⇢(A), R(�, A↵) is the

restriction of R(�, A) to DA(↵,1), and the inequality kR(�, A↵)kL(DA(↵,1))  kR(�, A)kL(X)

holds for every � 2 ⇢(A). In particular, A↵ is a sectorial operator and the associated semi-

group is the restriction of T (t) to DA(↵,1).

Proof. Fix � 2 ⇢(A) and x 2 DA(↵,1). The resolvent equation �y � Ay = x has a unique
solution y 2 D(A). SinceD(A) ⇢ DA(↵,1), Ay belongs toDA(↵,1), so that y = R(�, A)x 2
DA(↵+ 1,1). Moreover for t 2 (0, 1], we can estimate

kt1�↵
AT (t)R(�, A)xk = kR(�, A)t1�↵

AT (t)xk  kR(�, A)kL(X)kt1�↵
AT (t)xk

and conclude that [R(�, A)x]DA(↵,1)  kR(�, A)kL(X)[x]DA(↵,1). Hence, kR(�, A↵)kL(DA(↵,1)) 
kR(�, A)kL(X) and this is enough to conclude that A↵ is a sectorial operator.

10.2.2 Existence of a solution of the Cauchy problem (10.1)

To begin with, we observe that, if problem (10.1) admits a strict (resp. classical) solution,
then x 2 D(A) and Ax+ f(0) 2 D(A) (resp. x 2 D(A)).

As in the case when A is the generator of a strongly continuous semigroup, we can prove
that the classical solution to problem (10.1) is unique, if it exists.

Proposition 10.2.11. Fix f 2 C([0, T ];X) and x 2 D(A). If u is a classical solution to the

Cauchy problem (10.1), then

(10.14) u(t) = T (t)x+

Z
t

0
T (t� s)f(s)ds, t 2 [0, T ].
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Proof. The assertion can be obtained arguing as in the proof of Proposition 10.1.1 with a slight
change that we illustrate here. As in the proof of the quoted proposition, for every t 2 (0, T ]
we introduce the same function w : [0, t] ! X, which, now, is continuously di↵erentiable only
in (0, t) and w

0(s) = T (t � s)f(s) for every s 2 (0, t). Integrating the previous formula in
[", t� "] and, then, letting " tend to 0+, we get the assertion.

In view of Proposition 10.2.11 the problem of the existence of a classical or strict solution
to problem (10.1) is reduced to the problem of the regularity of the mild solution. In general,
even for x = 0 the continuity of f is not su�cient to guarantee that the mild solution is
classical. Trying to show that u(t) 2 D(A) by estimating kAT (t� s)f(s)k is useless, because
kAT (t� s)f(s)k  Ckfk1(t� s)�1 and this is not su�cient to make the integral convergent.
More sophisticated arguments, such as in the proof of Proposition 9.2.7(ii), do not work (see
Exercise 10.4.7 for a rigorous counterexample).

Without any further regularity assumption on f besides its continuity in [0, T ] with values
in X, the integral term in the mild solution u to problem (10.1) may not be di↵erentiable in
(0, T ]. Nevertheless, it is much smoother than in the case {T (t)} is merely a C0-semigroup:
in fact, for every ↵ 2 (0, 1), u belongs to the space C

↵([0, T ];X) of all ↵-Hölder continuous
functions v : [0, T ] ! X, endowed with the norm kvkC↵([0,T ];X) = kvk1+[v]C↵([0,T ];X), where

[v]C↵([0,T ];X) = sup
t,s2[0,T ]

t 6=s

kv(t)� v(s)k
|t� s|↵ .

Proposition 10.2.12. Let f 2 C([0, T ];X). Then, the function

v(t) = (T (·) ⇤ f)(t) :=
Z

t

0
T (t� s)f(s)ds, t 2 [0, T ],

belongs to C
↵([0, T ];X) for every ↵ 2 (0, 1), and there exists a positive constant C = C(↵, T )

such that

(10.15) kvkC↵([0,T ];X)  CkfkC([0,T ];X).

Proof. A straightforward computation shows that

(10.16) kv(t)k  M0,T tkfk1, t 2 [0, T ],

so that v is bounded in [0, T ] with values in X. Moreover, using Proposition 9.2.7, for
0  s  t  T we can split

v(t)� v(s) =

Z
s

0
(T (t� �)� T (s� �)) f(�)d� +

Z
t

s

T (t� �)f(�)d�

=

Z
s

0
d�

Z
t��

s��

AT (⌧)f(�)d⌧ +

Z
t

s

T (t� �)f(�)d�

and estimate

kv(t)� v(s)k M1,T kfk1
Z

s

0
d�

Z
t��

s��

d⌧

⌧
+M0,T kfk1(t� s)

M1,T kfk1
Z

s

0

d�

(s� �)↵

Z
t��

s��

1

⌧1�↵
d⌧ +M0,T kfk1(t� s)
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

M1,TT

1�↵

↵(1� ↵)
(t� s)↵ +M0,T (t� s)

�
kfk1,(10.17)

so that v is ↵-Hölder continuous. Combining (10.16) and (10.17), estimate (10.15) follows.

Proposition 10.1.4 can be written, with no di↵erences in the proof, also for classical solu-
tions. More precisely,

Proposition 10.2.13. Let u be the mild solution to (10.1) corresponding to x 2 D(A) and

f 2 C([0, T ];X). Then, u is the classical solution of the Cauchy problem (10.1) if and only

if u 2 C((0, T ];D(A)) or, equivalently, if and only if u 2 C
1((0, T ];X).

We can now give two su�cient conditions for the existence of a classical or strict solution
to problem (10.1). For this purpose, for every Banach space Y we denote by B([0, T ];Y ) the
space of all bounded functions f : [0, T ] ! Y .

Theorem 10.2.14 (Time regularity). Let x 2 X, f 2 C
↵([0, T ];X) for some ↵ 2 (0, 1)

and let u be the mild solution to problem (10.1). Then, u belongs to C
↵([", T ];D(A)) \

C
1+↵([", T ];X), for every " 2 (0, T ), and the following statements hold:

(i) if x 2 D(A), then u is the classical solution to (10.1);

(ii) if x 2 D(A) and Ax+ f(0) 2 D(A), then u is a strict solution to (10.1) and there exists

a positive constant C, independent of x and f , such that

(10.18) kukC1([0,T ];X) + kukC([0,T ];D(A))  C(kxkD(A) + kfkC↵([0,T ];X)).

(iii) if x 2 D(A) and Ax + f(0) 2 DA(↵,1), then u
0
and Au belong to C

↵([0, T ];X), u
0

belongs to B([0, T ];DA(↵,1)), and there exists a positive constant C, independent of x

and f , such that

kukC1+↵([0,T ];X) + kAukC↵([0,T ];X) + ku0kB([0,T ];DA(↵,1))

C(kfkC↵([0,T ];X) + kxkD(A) + kAx+ f(0)kDA(↵,1)).(10.19)

Proof. To begin with, for every t 2 [0, T ] we split u(t) = u1(t) + u2(t), where

u1(t) =

Z
t

0
T (t� s)(f(s)� f(t))ds, u2(t) = T (t)x+

Z
t

0
T (t� s)f(t)ds.

Both u1(t) and u2(t) belong to D(A) for every t 2 (0, T ]. Indeed, u2(t) belongs to D(A) in
view of Proposition 9.2.7. On the other hand, since f is ↵-Hölder continuous in [0, T ], we can
estimate kAT (t � s)(f(s) � f(t))k  M1,T (t � s)↵�1[f ]C↵([0,T ];X) for every s 2 [0, t), so that
the function s 7! T (t � s)(f(s) � f(t)) is integrable with values in D(A). This is enough to
infer that u1(t) 2 D(A) for every t 2 [0, T ].

Further, we observe that

Au1(t) =

Z
t

0
AT (t� s)(f(s)� f(t))ds, Au2(t) = AT (t)x+ (T (t)� I)f(t)

for every t 2 (0, T ] (actually, the first formula holds true also with t = 0).
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Analysis of the function Au1. Clearly, we can estimate

(10.20) kAu1(t)k  ↵
�1

M1,TT
↵[f ]C↵([0,T ];X), t 2 [0, T ].

Moreover, for s, t 2 [0, T ], with s < t, we can write

Au1(t)�Au1(s) =

Z
s

0
(AT (t� �)�AT (s� �)) (f(�)� f(s))d�

+

Z
s

0
AT (t� �)(f(s)� f(t))d� +

Z
t

s

AT (t� �)(f(�)� f(t))d�

=

Z
s

0
d�

Z
t��

s��

A
2
T (⌧)(f(�)� f(s))d⌧

+ (T (t)� T (t� s))(f(s)� f(t)) +

Z
t

s

AT (t� �)(f(�)� f(t))d�,

so that

kAu1(t)�Au1(s)k M2,T [f ]C↵([0,T ];X)

Z
s

0
(s� �)↵d�

Z
t��

s��

⌧
�2

d⌧

+ 2M0,T [f ]C↵([0,T ];X)(t� s)↵ +M1,T [f ]C↵([0,T ];X)

Z
t

s

(t� �)↵�1
d�

M2,T [f ]C↵([0,T ];X)

Z
s

0
d�

Z
t��

s��

⌧
↵�2

d⌧

+ (2M0,T +M1,T↵
�1)[f ]C↵([0,T ];X)(t� s)↵


✓

M2,T

↵(1� ↵)
+ 2M0,T +

M1,T

↵

◆
[f ]C↵([0,T ];X)(t� s)↵.(10.21)

Then, Au1 is ↵-Hölder continuous in [0, T ]. From estimates (10.20) and (10.21) it follows that

(10.22) kAu1kC↵([0,T ];X)  C1kfkC↵([0,T ];X)

for some positive constant C1, independent of f .
Finally, we prove that Au1 is bounded in [0, T ] with values in DA(↵,1). For this purpose,

we fix t 2 (0, T ] and observe that

sup
⇠2(0,1]

k⇠1�↵
AT (⇠)Au1(t)k  sup

⇠2(0,1]
⇠
1�↵

����
Z

t

0
A

2
T (t+ ⇠ � s)(f(s)� f(t))ds

����

M2,T+1[f ]C↵([0,T ];X) sup
⇠2(0,1]

⇠
1�↵

Z
t

0
(t� s)↵(t+ ⇠ � s)�2

ds

M2,T+1[f ]C↵([0,T ];X)

Z 1

0
�
↵(� + 1)�2

d�.

Hence, Au1(t) belongs to DA(↵,1) and there exists a positive constant C2, independent of t
and f , such that

(10.23) kAu1(t)kDA(↵,1)  C2kfkC↵([0,T ];X), t 2 [0, T ].
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Analysis of the function Au2. To begin with, we prove that Au2 is ↵-Hölder continuous
in [", T ] with values in X for every " 2 (0, T ). For this purpose, we fix such an " 2 (0, T ).
Clearly, the function t 7! AT (t)x is ↵-Hölder continuous in [", T ] since it is di↵erentiable in
(0,1), due to Theorem 9.2.2. Further,

k(T (t)� I)f(t)� (T (s)� I)f(s)k kT (t)f(t)� T (t)f(s)k+ kT (t)f(s)� T (s)f(s)k
+ kf(s)� f(t)k

M0,T [f ]C↵([0,T ];X)|t� s|↵ +M1,T kfk1"�↵

Z
t

s

�
↵�1

d�

+ [f ]C↵([0,T ];X)|t� s|↵


�
M0,T [f ]C↵([0,T ];X) + ↵

�1
M1,T kfk1"�↵ + 1

�
(t� s)↵

for every s, t 2 [", T ], with s < t. Hence, Au2 is ↵-Hölder continuous in [", T ].
Let us now suppose that x 2 D(A) with Ax+ f(0) 2 D(A). Then, we can split Au2(t) =

T (t)(Ax+ f(0)) + T (t)(f(t)� f(0))� f(t) for every t 2 [0, T ]. From the previous formula, it
follows immediately that the function Au2 is continuous also at t = 0. Moreover,

(10.24) kAu2kC([0,T ];X)  M0,T (kAx+ f(0)k+ 2kfkC([0,T ];X)).

Next, we observe that the function t 7! T (t)(f(t)� f(0)) is ↵-Hölder continuous in [0, T ]
with values in X. Indeed,

kT (t)(f(t)� f(0))� T (s)(f(s)� f(0))k
k(T (t)� T (s))(f(s)� f(0))k+ kT (t)(f(t)� f(s))k

M1,T [f ]C↵([0,T ];X)s
↵

Z
t

s

d�

�
+M0,T [f ]C↵([0,T ];X)(t� s)↵

M1,T [f ]C↵([0,T ];X)

Z
t

s

�
↵�1

d� +M0,T [f ]C↵([0,T ];X)(t� s)↵


✓
M1,T

↵
+M0,T

◆
(t� s)↵[f ]C↵([0,T ];X)

for every s, t 2 [0, T ] such that s  t. Hence, Au2 is ↵-Hölder continuous in [0, T ] if and only
if Ax+ f(0) 2 DA(↵,1). In such a case,

(10.25) kAu2kC↵([0,T ];X)  C3(kAx+ f(0)kDA(↵,1) + kfkC↵([0,T ];X))

for some positive constant C3, independent of f and x, as all the other forthcoming constants.
Finally, we observe that the function Au2+f is bounded in [0, T ] with values in DA(↵,1).

For this purpose, we fix t 2 [0, T ] and observe that

k⇠1�↵
AT (⇠)(Au2(t) + f(t))k

k⇠1�↵
AT (t+ ⇠)(Ax+ f(0)) + k⇠1�↵

AT (t+ ⇠)(f(t)� f(0))k
M0,T [Ax+ f(0)]DA(↵,1) +M1,T+1[f ]C↵([0,T ];X)⇠

1�↵(t+ ⇠)�1
t
↵

M0,T [Ax+ f(0)]DA(↵,1) +M1,T+1[f ]C↵([0,T ];X)
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for every ⇠ 2 (0, 1]. This shows that Au2(t) + f(t) belongs to DA(↵,1). The previous
estimate, combined with (10.25) shows that

(10.26) sup
t2[0,T ]

kAu2(t) + f(t)kDA(↵,1)  C4(kAx+ f(0)kDA(↵,1) + kfkC↵([0,T ];X)).

We can now complete the proof. First of all, we observe that since the function t 7! T (t)x
is di↵erentiable in (0,1), then it belongs to C

↵([", T ];X). This, combined with Proposition
10.2.12, shows that u 2 C

↵([", T ];X) for every " 2 (0, T ). Moreover, the results of the first
part of the proof show that Au 2 C

↵([", T ];X) so that u 2 C
↵([", T ];D(A)). Proposition

10.2.13 allows us to conclude that u is di↵erentiable in (0, T ] with values in X and u
0 = Au+f

in (0, T ]. It thus follows that u0 2 C
↵([", T ];X) as well.

(i) Since x 2 D(A), Propositions 9.2.5 and 10.2.12 show that u 2 C([0, T ];X) and u(0) =
x. By this and the above results, we conclude that u is a classical solution to the Cauchy
problem (10.1).

(ii) If x 2 D(A) and Ax + f(0) 2 D(A), then the functions Au1 and Au2 are continuous
in [0, T ], so that Au 2 C([0, T ];X). Moreover, from (10.22) and (10.24) it follows that

(10.27) kAukC([0,T ];X)  C5(kxkD(A) + kfkC↵([0,T ];X))

Moreover, since D(A) ⇢ DA(↵,1), combining Corollary 10.2.4 and Proposition 10.2.12 we
conclude that u 2 C

↵([0, T ];X) and

(10.28) kukC↵([0,T ];D(A))  C6(kxkD(A) + kfkC([0,T ];X)).

Proposition 10.1.4 implies that u is a strict solution to the Cauchy problem (10.1). Moreover,
estimates (10.27) and (10.28) yield (10.18).

(iii) If x 2 D(A) and Ax+f(0) 2 DA(↵,1), then clearly, the function u is a strict solution
to problem (10.1). Moreover, the functions Au1 and Au2 belong to C

↵([0, T ];X) so that Au
and, by di↵erence, u0 belong to C

↵([0, T ];X). Finally, since Au1 and Au2 + f are bounded
in [0, T ] with values in DA(↵,1), the function u

0 = Au1 + Au2 + f is bounded in [0, T ]
with values in DA(↵,1). Estimate (10.19) follows from (10.22), (10.23), (10.25), (10.26) and
(10.28).

Remark 10.2.15. The first part of the proof of Theorem 10.2.14 shows that the condition
Ax + f(0) 2 DA(↵,1) is also necessary for problem (10.1) to have a solution u with Au 2
C

↵([0, T ];X). If this condition is satisfied, then Au(t) + f(t) belongs to DA(↵,1) for every
t 2 [0, T ].

Theorem 10.2.16 (Spatial regularity). For every f 2 C([0, T ];X) \ B([0, T ];DA(↵,1))
(for some ↵ 2 (0, 1)) and x 2 X, the mild solution to (10.1) belongs to C

1((0, T ];X) \
C((0, T ];D(A)) and is locally bounded in (0, T ] with values in DA(↵ + 1,1). Moreover, the

following properties hold true.

(i) If x 2 D(A), then u is the classical solution of (10.1);

(ii) If x 2 D(A), Ax 2 D(A), then u is the strict solution of (10.1);

(iii) If x 2 DA(↵ + 1,1), then u
0
and Au belong to B([0, T ];DA(↵,1)) \ C([0, T ];X), Au

belongs to C
↵([0, T ];X), and there exists a positive constant C, independent of x and f ,

such that

ku0kB([0,T ];DA(↵,1)) + kAukB([0,T ];DA(↵,1)) + kAukC↵([0,T ];X)
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C(kfkB([0,T ];DA(↵,1)) + kxkDA(↵,1)).(10.29)

Proof. We split u(t) = T (t)x+ v(t) for every t 2 [0, T ] and analyze in details the function v.
Analysis of v. For notational convenience, for every ⌧ > 0, we set

Mk,↵,⌧ = sup
0<t⌧

ktk�↵
A

k
T (t)kL(DA(↵,1),X), k = 1, 2.

Let us prove that v 2 C
↵([0, T ];D(A)). By Proposition 10.2.12, we already know that

v 2 C
↵([0, T ];X). Moreover, since kAT (t� s)f(s)k  M1,↵,T (t� s)↵�1kfkB([0,T ];DA(↵,1) for

every s 2 (0, t) and every t 2 (0, T ], it follows immediately that v(t) belongs to D(A) for
every t 2 [0, T ] and

(10.30) kAv(t)k  ↵
�1

T
↵
M1,↵,T kfkB([0,T ];DA(↵,1).

Next, we observe that

kAv(t)�Av(s)k 
����A

Z
s

0
(T (t� �)� T (s� �)) f(�)d�

����+

����A
Z

t

s

T (t� �)f(�)d�

����

kfkB([0,T ];DA(↵,1))

✓
M2,↵,T

Z
s

0
d�

Z
t��

s��

⌧
↵�2

d⌧ +M1,↵,T

Z
t

s

(t� �)↵�1
d�

◆


✓

M2,↵,T

↵(1� ↵)
+

M1,↵,T

↵

◆
(t� s)↵kfkB([0,T ];DA(↵,1))(10.31)

for every s, t 2 [0, T ], with s  t. Hence, Av is ↵-Hölder continuous in [0, T ]. From (10.15),
(10.30) and (10.31) we deduce that

(10.32) kvkC↵([0,T ];D(A))  C1kfkB([0,T ];DA(↵,1))

for some positive constant C1, independent of f .
Finally, to prove that Av is bounded in [0, T ] with values in DA(↵,1), we fix ⇠ 2 (0, 1]

and estimate

k⇠1�↵
AT (⇠)Av(t)k =⇠1�↵

����
Z

t

0
A

2
T (t+ ⇠ � s)f(s)ds

����

M2,↵,T+1kfkB([0,T ];DA(↵,1))⇠
1�↵

Z
t

0
(t+ ⇠ � s)↵�2

ds

M2,↵,T+1

1� ↵
kfkB([0,T ];DA(↵,1)).(10.33)

Taking the supremm with respect to ⇠ 2 (0, 1], we conclude that Av 2 B([0, T ];DA(↵,1)).
Moreover, estimates (10.30) and (10.33) show that

(10.34) kAvkB([0,T ];DA(↵,1))  C2kfkB([0,T ];DA(↵,1))

for some positive constant C2, independent of f .
We can now complete the proof. If x 2 X, then we know from Theorem 9.2.2 that

the function t 7! T (t)x belongs to C((0, T ];D(A2)). Hence, the function u itself belongs to
C((0, T ];D(A)) and Proposition 10.2.13 shows that it belongs also to C

1((0, T ];X), Since
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D(A2) ,! DA(↵ + 1,1), it also follows that u is locally bounded in (0, T ] with values in
DA(↵+ 1,1).

(i) Since the function v is continuous at 0, where it vanishes, and the function t 7! T (t)x
is continuous at t = 0, since x 2 D(A) (see Proposition 9.2.5), u is continuous at t = 0, and
u(0) = x. Hence, u is a classical solution to problem (10.1).

(ii) If x 2 D(A) and Ax 2 D(A), then the function t 7! T (t)x belongs to C([0, T ];D(A)),
so that u belongs to C([0, T ];D(A)) as well. By Proposition 10.2.13, u belongs also to
C

1([0, T ];X) and is a strict solution to the Cauchy problem (10.1).
(iii) If x 2 DA(↵ + 1,1), then, clearly, u is the strict solution to the equation (10.1).

Moreover, the function t 7! AT (t)x = T (t)Ax is ↵-Hölder continuous in [0, T ] due to Corollary
10.2.4. It is also bounded in [0, T ] with values in DA(↵,1). As a byproduct, we infer that
the function t 7! T (t)x is ↵-Hölder continuous in [0, T ] with values in D(A) and bounded in
[0, T ] with values in DA(↵ + 1,1). The assertion follows immediately, taking also (10.32)
and (10.34) into account.

Remark 10.2.17. The results proved in Theorems 10.2.14 and 10.2.16 can be applied also
to Cauchy problems set in intervals [a, b] 6= [0, T ]. It su�ces to shift the time variable to
transform the problem in an equivalent problem set in the interval [0, b � a]. In particular,
the mild solution to the initial value problem u(a) = x for the equation u

0 = Au+ f in (a, b)
is given, when f 2 C([a, b];X), by

u(t) = T (t� a)x+

Z
t

a

T (t� s)f(s)ds, t 2 [a, b].

10.3 Notes

It is worth observing that, by adopting the definition in Proposition 10.2.3, the interpolation
spaces DA(↵,1) can be defined also in the case of strongly continuous semigroups. In this
case, they are also known as Favard spaces (see [6, Chapter II, 5.b]).

10.4 Exercises

Exercise 10.4.1. Show that, for every ↵ 2 (0,1) \ N, DA(↵,1) is a Banach space.

Exercise 10.4.2. Fix ↵ 2 (0, 1).

(a) Prove that x 2 DA(↵,1) if and only if [x]0↵ = supt2(0,⌧ ] kt1�↵
AT (t)xk < 1 for some

⌧ > 0, and that the norm of DA(↵,1) is equivalent to the norm x 7! kxk+ [x]0
DA(↵,1).

(b) Prove that, if ! < 0 in Definition 9.2.1 thenDA(↵,1) is the set of x 2 X such that kxk↵ =
supt>0 kt1�↵

AT (t)xk < 1}, and that x 7! kxk↵ is an equivalent norm inDA(↵,1). What
about ! = 0?

Exercise 10.4.3. Fix T > 1 and x 2 DA(↵,1) for some ↵ 2 (0, 1). Prove that the function
t 7! T (t)x belongs to C

↵([0, T ];X) and there exists a positive constant C, independent of x,
such that kT (·)xkC↵([0,T ])  CkxkDA(↵,1).
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Exercise 10.4.4. Show that the closure of D(A) in DA(↵,1) is the subspace of all x 2 X

such that limt!0 t
1�↵

AT (t)x = 0. This implies that, even if D(A) is dense in X, it is not
necessarily dense in DA(↵,1).
[Hint: to prove that T (t)x� x tends to zero in DA(↵,1) provided t

1�↵
AT (t)x vanishes as t

tends to 0, split the sup over (0, 1] in the definition of [ · ]DA(↵,1) into the sup over (0, "] and
over [", 1], for " small].

Exercise 10.4.5. Prove that D(A) is of class J1/2 between X and D(A2).
[Hint: If ! = 0, then use formula (9.12) to get kAxk  M1kxk/t+MtkA2

xk for each t > 0
and then take the minimum for t 2 (0,1). If ! > 0, then replace A by A� !I...].

Exercise 10.4.6. (a) Following the proof of Proposition 10.2.5, show that DA(↵,1) is of
class J↵/✓ between X and DA(✓,1), for every 0 < ↵ < ✓ < 1.

(b) Show that any space of class J↵ between X and D(A) is of class J↵/✓ between X and
DA(✓,1), for every ✓ 2 (↵, 1).

(c) Using (a), prove that every function which is continuous with values in X and bounded
with values in DA(✓,1) in an interval [a, b], is also continuous with values in DA(↵,1)
in [a, b], for ↵ < ✓.

Exercise 10.4.7. Let f 2 Cb((0, T );X) (the set of bounded and continuous functions f :
(0, T ) ! X, endowed with the sup-norm), set v = (T (·) ⇤ f) and let X↵ be a space of class J↵
between X and D(A) (↵ 2 (0, 1)). Using estimates (10.11) and (10.12), and the technique of
Proposition 10.2.12 prove that

(a) v 2 B([0, T ];X↵) and kukB([0,T ];X↵)  C1(↵)kfk1;

(b) v 2 C
1�↵([0, T ];X↵) and kvkC↵([0,T ];X↵)  C2(↵)kfk1.

Exercise 10.4.8. Let ↵ 2 (0, 1) and a < b 2 R. Prove that if a function u belongs to
C

1+↵([a, b];X) \ C
↵([a, b];D(A)) then u

0 is bounded in [a, b] with values in DA(↵,1).
[Hint: set u0 = u(a), f(t) = u

0(t)�Au(t), and use Theorem 10.2.14(iii) and Remark 10.2.15].

Exercise 10.4.9. For p 2 [1,1), consider the sectorial operator Ap : D(Ap) = {(xn) 2 `
p :

(nxn) 2 `
p} ! `

p, defined by Ap(xn) = �(nxn) for every (xn) 2 D(Ap). Prove that there
exists at least a function f 2 C([0, T ]; `p) such that the mild solution v of (10.1) corresponding
to the initial value x = 0 is not a strict solution.
[Hint: By contradiction, suppose that for every f 2 C([0, 1]; `p) the mild solution to the
Cauchy problem (10.1) is a strict solution.

(i) Use the closed graph theorem to show that the linear operator S : C([0, 1]; `p) !

C([0, 1];D(Ap)), defined by S(t)f =

Z
t

0
T (t � s)f(s)ds for every t 2 [0, 1] and f 2

C([0, 1]; `p), where {T (t)} is the analytic semigroup associated with operator Ap, is
bounded.

(ii) Let (en) be the canonical basis of `p and consider a nonzero continuous function g :
[0,1) ! [0, 1] with support contained in [1/2, 1]. For every n 2 N and t 2 [0, 1], set
fn(t) = g(2n(1 � t))e2n . Prove that fn 2 C([0, 1]; `p) and kfnk1  1. Further, set
hN = f1 + · · ·+ fN and prove that hN 2 C([0, 1]; `p) with khNk1  1.

(iii) Show that S(1)fn = c2�n
e2n where c =

R1
0 e

�s
g(s)ds and deduce that kS(1)hNkD(Ap) �

cN
1/p (this implies that S(1) is unbounded, contradicting (i)).]
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Lecture 11

A remarkable example: the
Gauss-Weierstrass semigroup

In this lecture, we discuss a notable example of analytic semigroup: the so-called Gauss-
Weierstrass semigroup, which is naturally associated to the heat equation. We confine our
analysis to the space Cb(Rd;C) of all bounded and continuous complex-valued functions over
Rd. We stress that the Gauss-Weierstrass semigroup is analytic also in the usual Lp-spaces
over Rd for p ∈ [1,∞).

11.1 Heat equation

In this section, we consider the homogeneous Cauchy problem

(11.1)

{
Dtu(t, x) = ∆u(t, x), t > 0, x ∈ Rd,
u(0, x) = f(x), x ∈ Rd,

where ∆u denotes the trace of the Hessian matrix of u, i.e.,

∆u =
d∑
j=1

∂2u

∂x2
j

.

The Laplacian ∆ is the prototype of a uniformly elliptic operator with bounded coefficients
in Rd and it has the peculiarity that, for every f ∈ Cb(Rd;C), there exists an explicit formula
for the classical solution (see the forthcoming Definition 11.1.1).

In this lecture we will use also the space Cαb (Rd;C) (α > 0) of all the functions f : Rd → C
which are bounded and admit bounded derivatives up to the order [α] and their derivatives
of order [α] are (α − [α])-Hölder continuous in Rd (if α 6∈ N). This is a Banach space when
endowed with the norm

‖f‖Cαb (Rd;C) =
∑
|β|≤[α]

∥∥∥∥∂βf∂xβ

∥∥∥∥
∞

+
∑
|β|=[α]

[
∂βf

∂xβ

]
Cα−[α](Rd;C)

,

where [g]Cα−[α](Rd;C) = sup
{
|g(x)−g(y)|
|x−y|α−[α] : x, y ∈ Rd, x 6= y

}
.

Following the definition of classical solution of abstract Cauchy problems introduced in
Lecture 10, we give the following definition.
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Definition 11.1.1. A function u : [0,∞)× Rd → R is a classical solution to problem (11.1)
if (i) u ∈ C([0,∞) × Rd;C), (ii) it is continuously differentiable in (0,∞) × Rd, once with
respect to the time variable and twice with respect to the spatial variables, (iii) it satisfies
the differential equation and the initial condition in (11.1).

We now introduce the so-called fundamental solution to the differential equation in (11.1),
i.e., the function K : (0,∞)× Rd → R defined by

(11.2) K(t, x) = (4πt)−
d
2 e−

|x|2
4t , t > 0, x ∈ Rd,

and study its main properties.

Lemma 11.1.2. The following properties are satisfied.

(i) K ∈ C∞((0,∞)× Rd;R);

(ii)

∫
Rd
K(t, x)dx = 1 for all t > 0;

(iii) DjK(t, x) = −xj
2t
K(t, x) for all (t, x) ∈ (0,∞)× Rd;

(iv) DijK(t, x) =

(
xixj
4t2
− δij

2t

)
K(t, x) for all (t, x) ∈ (0,∞)× Rd;

(v) DtK(t, x) = ∆K(t, x) for all (t, x) ∈ (0,∞)× Rd.

Proof. We limit ourselves to proving property (v), since the remaining ones are straightfor-
ward to prove.

From property (iv) it follows that

∆K(t, x) =

(
|x|2

4t2
− d

2t

)
K(t, x), (t, x) ∈ (0,∞)× Rd.

On the other hand,

DtK(t, x) = −d(4πt)−
d
2
−12πe−

|x|2
4t + (4πt)−

d
2
|x|2

4t2
e−
|x|2
4t =

(
|x|2

4t2
− d

2t

)
K(t, x)

for all (t, x) ∈ (0,∞)× Rd. Property (v) follows at once.

Now, we can prove the existence and uniqueness of a classical solution to the Cauchy
problem (11.1).

Theorem 11.1.3. For each f ∈ Cb(Rd;C), the Cauchy problem (11.1) has a unique classical
solution u given by the following formula:

(11.3) u(t, x) =


f(x), t = 0, x ∈ Rd,∫
Rd
K(t, x− y)f(y)dy, t > 0, x ∈ Rd.

Moreover, ‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0.



11.1. HEAT EQUATION 127

Proof. To begin with, we observe that, if u is given by (11.3), then

|u(t, x)| ≤‖f‖∞
∫
Rd
K(t, x− y)dy = ‖f‖∞

∫
Rd
K(t, y)dy = ‖f‖∞, (t, x) ∈ (0,∞)× Rd,

by property (ii) in Lemma 11.1.2. It thus follows that ‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0 as
claimed.

Next, we observe that, since K ∈ C∞((0,∞) × Rd;R) (see Lemma 11.1.2(i)), by the
dominated convergence theorem we conclude that u ∈ C∞((0,∞) × Rd;C), see Exercise
11.4.1, and

Dtu(t, x)−∆u(t, x) =

∫
Rd

(DtK(t, x− y)−∆K(t, x− y))f(y)dy = 0

for every (t, x) ∈ (0,∞)× Rd, thanks to Lemma 11.1.2(v).
To prove that u is a classical solution to problem (11.1) we need to show that u is contin-

uous on {0} × Rd, where it equals the function f . For this purpose, we fix t > 0 and, using
the fact that

∫
Rd K(t, x) dx = 1 for all t > 0, we split

|u(t, x)− f(x0)| =
∣∣∣∣ ∫

Rd
K(t, y)f(x− y) dy −

∫
Rd
K(t, y)f(x0) dy

∣∣∣∣
≤
∫
Rd
K(t, y)|f(x− y)− f(x0)| dy

≤
∫
Rd
K(t, y)|f(x− y)− f(x)| dy + |f(x)− f(x0)|

for x, x0 ∈ Rd. By the change of variable z = y/
√
t we can rewrite∫

Rd
K(t, y)|f(x− y)− f(x)|dy =(4π)−

d
2

∫
Rd
e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

=(4π)−
d
2

∫
B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

+ (4π)−
d
2

∫
Rd\B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

≤(4π)−
d
2

∫
B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

+ 2(4π)−
d
2 ‖f‖∞

∫
Rd\B(0,r)

e−
|z|2
4 dz(11.4)

for each r > 0. Fix ε > 0. By the absolutely continuity of the measure e−|z|
2/4dz, we can find

out r0 > 0 such that

2(4π)−
d
2 ‖f‖∞

∫
Rd\B(0,r0)

e−
|z|2
4 dz ≤ ε

2
.

As far as the first term in the last side of (11.4) is concerned, we notice that since f
is continuous in Rd, it is uniformly continuous in each compact set K of Rd. Hence, if
x ∈ B(x0, 1), z ∈ B(0, r0) and t < 1, then both x −

√
tz and x belong to K = B(0,M)
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where M = |x0| + 1 + r0. Let δ > 0 be such that |f(z2) − f(z1)| ≤ ε/2 if z1, z2 ∈ K satisfy
|z2 − z1| ≤ δ. If t ≤ t0 := δ2r−2

0 , then |f(x−
√
tz)− f(x)| ≤ ε/2 for all x ∈ B(x0, 1), so that

(4π)−
d
2

∫
B(0,r0)

e−
|z|2
4 |f(x−

√
tz)− f(x)| dz ≤ε

2
(4π)−

d
2

∫
B(0,r0)

e−
|z|2
4 dz

≤ε
2

(4π)−
d
2

∫
Rd
e−
|z|2
4 dz =

ε

2

and we conclude that |u(t, x)− f(x0)| ≤ ε+ |f(x)− f(x0)| for every (t, x) ∈ (0, t0]×B(x0, 1).
It thus follows that

lim sup
(t,x)→(0,x0)

|u(t, x)− f(x0)| ≤ ε

and the arbitrariness of ε > 0 implies that u(t, x) tends to f(x0) as (t, x) tends to (0, x0).
To complete the proof, we show the uniqueness of the classical solution to the Cauchy

problem (11.1). For this purpose, we introduce the ”Lyapunov” function ϕ : Rd → R, defined
by ϕ(x) = 1 + |x|2 for every x ∈ Rd. As it is easily seen, ∆ϕ(x) = 2d ≤ 2dϕ(x) for every
x ∈ Rd. Suppose that v is another classical solution to the Cauchy problem (11.1). Then, the
function w = u − v satisfies the heat equation Dtw = ∆w in (0,∞) × Rd and it identically
vanishes at t = 0. Let us prove that w identically vanishes on [0,∞) × Rd. Separating real
and imaginary parts of w, we can assume that w is a real-valued function. For every n ∈ N,
we consider the function ζn : [0,∞) × Rd → R defined by ζn(t, x) = e−2dtw(t, x) − n−1ϕ(x)
for every (t, x) ∈ [0,∞) × Rd. This function is negative on {0} × Rd. Moreover, it satisfies
the differential inequality Dtζn ≤ ∆ζn − 2dζn in (0,∞) × Rd. Fix T > 0 and observe that,
since ϕ(x) tends to ∞ as |x| tends to ∞, it follows that supt∈[0,T ] ζn(t, x) tends to −∞ as |x|
tends to∞. Hence, ζn admits maximum at some point (t, x) ∈ [0, T ]×Rd. Denote by (tn, xn)
a point where ζn achieves it maximum value. If tn = 0, then ζn is negative on [0, T ] × Rd.
Suppose that tn > 0. Then, the Hessian matrix of ζn is negative definite at (tn, xn), so
that ∆ζn(tn, xn) ≤ 0. Since tn is a maximum point of the function ζn(·, xn), it follows that
Dtζn(tn, xn) ≥ 0. Hence, 0 ≤ Dtζn(tn, xn) ≤ ∆ζn(tn, xn)− 2dζn(tn, xn) ≤ −2dζn(tn, xn) and,
again, we conclude that ζn(tn, xn) ≤ 0 so that ζn is non positive in [0, T ]×Rd. Letting n tend
to ∞, we deduce that w ≤ 0 in [0, T ]×Rd. The same arguments applied to the function −w
yields that −w ≤ 0 in [0, T ]× Rd. It follows that w identically vanishes in [0, T ]× Rd.

Remark 11.1.4. Up to now we have just verified that formula (11.3) defines the (unique)
classical solution to the Cauchy problem (11.1). A natural question is how formula (11.3)
can be derived. The (formal) answer is based on the use of the Fourier transform. For each
f ∈ L1(Rd;C) ∩ L2(Rd;C), the Fourier transform of f is the function F(f) defined by

F(f)(ξ) := (2π)−
d
2

∫ ∞
−∞

e−i〈ξ,x〉f(x)dx, ξ ∈ Rd,

where 〈·, ·〉 denotes the Euclidean inner product of Rd. By Plancherel’s theorem, the Fourier
transform can be extended to a bounded linear operator on L2(Rd;C). We recall that

F(Djf)(ξ) = iξjF(f)(ξ), ξ ∈ Rd, j = 1, . . . , d,

for every smooth enough function f . If we take the Fourier transform of both the sides of
the equation Dtu = ∆u with respect to x and interchange the actions of F and the time
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derivative, then we deduce that the function û, defined by û(t, ξ) = (F(u(t, ·)))(ξ) for every
t ≥ 0 and ξ ∈ Rd, solves the Cauchy problem{

Dtû(t, ξ) = −|ξ|2û(t, ξ), (t, ξ) ∈ (0,∞)× Rd,
û(0, ξ) = f̂(ξ), ξ ∈ Rd.

This is a Cauchy problem for an ordinary differential equation, since ξ plays the role of a
parameter, and it is easy to see that

(11.5) û(t, ξ) = e−t|ξ|
2
f̂(ξ), t ≥ 0, ξ ∈ Rd.

To get back to u, we take the inverse Fourier transform of the right-hand side of (11.5),
recalling that the inverse Fourier transform of the product of two functions is the convolution
of the inverse Fourier transforms of the two factors, and the inverse Fourier transform of the
function ξ 7→ e−t|ξ|

2
is the function x 7→ (4πt)−d/2e−|x|

2/(4t) for t > 0.

The results in Theorem 11.1.3 can be rephrased in the semigroup language. More pre-
cisely, if for each f ∈ Cb(Rd;C) and t ≥ 0 we set T (t)f = u(t, ·), where u is the unique
classical solution to problem (11.1), we define a semigroup of bounded linear operators in
Cb(Rd;C), usually called the Gauss-Weierstrass semigroup. Indeed, the uniqueness of the
classical solution to problem (11.1) for each f ∈ Cb(Rd;C) shows that each operator T (t) is
linear on Cb(Rd;C). It also implies the semigroup rule, i.e.

T (t+ s)f = T (t)T (s)f, f ∈ Cb(Rd;C), t, s ≥ 0.

In other terms the value at time t of the classical solution of problem (11.1) with initial
condition T (s)f at time zero coincides with the value at time t+ s of the classical solution to
problem (11.1) with f as initial condition at time zero. Moreover, for t > 0 and x ∈ Rd,

(11.6) (T (t)f)(x) = (4πt)−
d
2

∫
Rd
K(t, x− y)f(y)dy, t > 0, x ∈ Rd.

Remark 11.1.5. The Gauss-Weierstrass semigroup is not strongly continuous. It turns out
that T (t)f converges to f in Cb(Rd;C) as t → 0+ if and only if f ∈ BUC(Rd;C). Indeed,
adapting the arguments in the last part of the proof of Theorem 11.1.3, we can easily show
that, if f is uniformly continuous in Rd, then T (t)f converges uniformly in Rd to f as t tends
to 0+.

To prove the converse, we observe that, for every t > 0, the function T (t)f is continuously
differentiable in Rd with bounded partial derivatives (see Exercise 11.4.1) Hence, if T (t)f
converges to f in Cb(Rd;C) as t→ 0+, then f belongs to the closure of C1

b (Rd;C) in Cb(Rd;C),
which is BUC(Rd;C). See Exercise 11.4.2.

On the other hand, as the following theorem shows {T (t)} is an analytic semigroup.

Theorem 11.1.6. The Gauss-Weierstrass semigroup is analytic in Cb(Rd;C).

In the proof of Theorem 11.1.6 we will take advantage of the following lemmata.

Lemma 11.1.7. Let Ω ⊂ C be an open set and let X be a complex Banach space. Further,
let {F (λ) : λ ∈ Ω} ⊂ L(X) be a family of linear operators satisfying the resolvent identity

F (λ)− F (µ) = (µ− λ)F (λ)F (µ), λ, µ ∈ Ω.

If the operator F (λ0) is injective for some λ0 ∈ Ω, then there exists a closed linear operator
A : D(A) ⊂ X → X such that ρ(A) contains Ω, and R(λ,A) = F (λ) for each λ ∈ Ω.
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Proof. Fix λ0 ∈ Ω, and consider the operator A : D(A) = Range F (λ0) → X defined by
Ax = λ0x − F (λ0)−1x for every x ∈ D(A). For λ ∈ Ω and y ∈ X the resolvent equation
λx − Ax = y is equivalent to (λ − λ0)x + F (λ0)−1x = y. Applying F (λ) to both the sides
of the previous equation, we obtain (λ− λ0)F (λ)x+ F (λ)F (λ0)−1x = F (λ)y, and using the
resolvent identity it is easily seen that

F (λ)F (λ0)−1 = F (λ0)−1F (λ) = (λ0 − λ)F (λ) + I.

Hence, if x is solution of the resolvent equation, then x = F (λ)y. Let us check that x = F (λ)y
is actually a solution. In fact, (λ − λ0)F (λ)y + F (λ0)−1F (λ)y = y, and therefore λ belongs
to ρ(A) and the equality R(λ,A) = F (λ) holds. Furthermore, since {F (λ) : λ ∈ Ω} ⊂ L(X),
it follows that Ω ⊆ ρ(A), and the closedness of A follows from Remark 1.3.3.

Lemma 11.1.8. Let I ⊂ R be an interval and let ψ : I × Rd → C be a continuous function
such that ‖ψ(t, ·)‖∞ ≤ g(t) for each t ∈ I and some function g ∈ L1(I;R). Then, the function
Ψ : Rd → C, defined by

Ψ(x) =

∫
I
ψ(t, x)dt, x ∈ Rd,

is bounded and continuous and

(11.7) (T (t)Ψ)(x) =

∫
I
(T (t)ψ(s, ·))(x)ds, t > 0, x ∈ Rd.

Proof. The dominated convergence theorem shows that the function Ψ is well defined and
belongs to Cb(Rd;C) and formula (11.7) follows from Fubini theorem. Indeed, the function
(s, y) 7→ e−|x−y|

2/(4t)ψ(s, y) belongs to L1(I × Rd;C) for each x ∈ Rd. Hence,

(T (t)Ψ)(x) =(4πt)−
d
2

∫
Rd
e−
|x−y|2

4t

(∫
I
ψ(s, y) ds

)
dy

=(4πt)−
d
2

∫
I×Rd

e−
|x−y|2

4t ψ(s, y) ds dy = (4πt)−
d
2

∫
I
ds

∫
Rd
e−
|x−y|2

4t ψ(s, y) dy

=

∫
I
(T (t)ψ(s, ·))(x) ds

for t > 0 and x ∈ Rd, and we are done.

Proof of Theorem 11.1.6. We denote by Π the right-halfplane, i.e. the set of all λ ∈ C with
positive real part. For each λ ∈ Π, we introduce the operator Rλ defined by

(Rλf)(x) =

∫ ∞
0

e−λt(T (t)f)(x)dt, x ∈ Rd, f ∈ Cb(Rd;C).

Observe that, by the dominated convergence theorem, Rλf is a bounded and continuous
function in Rd for every f ∈ Cb(Rd;C) and λ ∈ Π. Moreover, Rλ is a bounded operator for
every λ as above. Finally, if f is real valued and λ > 0, then Rλ is real valued too.

It is easily seen that {Rλ : λ ∈ Π} is a resolvent family: indeed, taking Lemma 11.1.8 into
account, we can show that, for every λ, µ ∈ Π, it holds that

(RλRµf)(x) =

∫ ∞
0

e−λt
(
T (t)

∫ ∞
0

e−µs(T (s)f)(·) ds
)

(x) dt
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=

∫ ∞
0

dt

∫ ∞
0

e−λt−µs(T (t+ s)f)(x) ds

=

∫ ∞
0

e−µσ(T (σ)f)(x) dσ

∫ σ

0
e(µ−λ)tdt =

∫ ∞
0

e−µσ(T (σ)f)(x)
e(µ−λ)σ − 1

µ− λ
dσ

=
1

µ− λ
[(Rλf)(x)− (Rµf)(x)]

for all x ∈ Rd. Let us prove that Rλ is injective for each λ ∈ Π. For this purpose, we fix
λ0 ∈ Π and f ∈ Cb(Rd;C) such that Rλ0f ≡ 0. The resolvent identity proved above shows
that Rλf ≡ 0 for each λ ∈ Π. Since, for every x ∈ Rd, the function λ 7→ (Rλf)(x) is the
Laplace transform of the bounded and continuous function t 7→ (T (t)f)(x), by the uniqueness
of the Laplace transform, we conclude that (T (t)f)(x) = 0 for all t ≥ 0. Taking t = 0 we
conclude that f(x) = 0. The arbitrariness of x ∈ Rd implies that f ≡ 0. Hence, Rλ is
injective.

By Lemma 11.1.7, it follows that there exists a closed operator A : D(A) ⊂ Cb(Rd;C)→
Cb(Rd;C), whose resolvent set contains the right-halfplane, and such that R(λ,A) = Rλ for
each λ ∈ Π.

We claim that A is a sectorial operator. To check the claim, we will show that there exists
a positive constant C such that

(11.8) ‖R(λ,A)‖ ≤ C|λ|−1, λ ∈ C, Reλ ≥ 1.

Indeed, from (11.8) and Proposition 9.2.8, the sectoriality of A follows at once.
We begin by observing that, for each f ∈ Cb(Rd;C) and x ∈ Rd, the function t 7→

(T (t)f)(x) can be extended to the right-halfplane with a holomorphic function. Indeed, for
x ∈ Rd, the function K(·, x) : Π→ C, defined by K(z, x) = (4πz)−d/2e−|x|

2/(4z) is holomorphic
in Π. Moreover, K(z, ·) ∈ L1(Rd;C) for every z ∈ Π and∫

Rd
|K(z, x)|dx =

(
Rez

|z|

)− d
2

, z ∈ Π.

Hence, the function

(11.9) x 7→ (T (z)f)(x) =

∫
Rd
K(z, x− y)f(y) dz

is well defined, bounded and continuous in Rd, for every z ∈ Π, as it can be easily seen again
applying the dominated convergence theorem. Moreover,

‖T (z)f‖∞ ≤
(

Rez

|z|

)− d
2

‖f‖∞, z ∈ Π.

In particular, if for each ϑ0 ∈ (0, π/2), we denote by Σϑ0 the sector of all λ ∈ C \ {0} such
that |arg(λ)| ≤ ϑ0, then, from the previous estimate it follows immediately that

‖T (z)f‖∞ ≤ [1 + (tan(ϑ0))2]
d
4 ‖f‖∞, z ∈ Σϑ0 .

Now, we can prove (11.8). If λ = a + iy with a ≥ 1 and y ≥ 0, then by Cauchy integral
theorem we have

(R(λ,A)f)(x) =

∫ ∞
0

e−λt(T (t)f)(x) dt =

∫
γ
e−λz(T (z)f)(x) dz, x ∈ Rd,
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where γ(s) = s− is for every s ≥ 0. Therefore

‖R(λ,A)f‖∞ ≤ 2
d
4 ‖f‖∞

∫ ∞
0

e−(a+y)sds ≤ 2
d
4 |λ|−1‖f‖∞.

If y ≤ 0 then one gets the same estimate replacing the curve γ with the curve γ̃, defined by
γ̃(s) = s+ is for every s ≥ 0. Estimate (11.8) follows.

Denote by {S(t)} the analytic semigroup generated in Cb(Rd;C) by operator A. By
Proposition 8.2.3 it follows that, if λ ∈ C has sufficiently large real part, then∫ ∞

0
e−λt(S(t)f)(x)dt = (R(λ,A)f)(x) = (Rλf)(x) =

∫ ∞
0

e−λt(T (t)f)(x)dt

for x ∈ Rd, i.e. ∫ ∞
0

e−λt[(S(t)f)(x)− (T (t)f)(x)]dt = 0, x ∈ Rd.

Again, the uniqueness of the Laplace transform implies that S(t)f ≡ T (t)f in (0,∞). We
have so proved that the Gauss-Weierstrass semigroup is analytic in Cb(Rd;C).

Remark 11.1.9. Without much effort, we can show that the sectorial operator A associated
with the Gauss-Weierstrass semigroup is an extension of the operator (∆, C2

b (Rd;C)). Indeed,
fix f ∈ C2

b (Rd;C). Recalling that each operator T (t) commutes with the Laplacian and
integrating by parts, we get

(R(1, A)(f −∆f))(x) =

∫ ∞
0

e−t(T (t)(f −∆f))(x) dt

=

∫ ∞
0

e−t((T (t)f)(x)− (∆T (t)f)(x)) dt

=

∫ ∞
0

e−t(T (t)f)(x) dt−
∫ ∞

0
e−t(DtT (t)f)(x) dt

=(R(1, A)f)(x) + f(x)− (R(1, A)f)(x) = f(x)

for x ∈ Rd. Hence, R(1, A)(f−∆f) = f . Applying the operator I−A to both the sides of the
previous equality we obtain f −∆f = f − Af , i.e., Af = ∆f . Therefore, A is an extension
of the operator (∆, C2

b (Rd;C)).
If d = 1, then A actually coincides with the second order derivative with C2

b (R;C) as
domain. On the other hand, if d ≥ 2, then A is a proper extension of (∆, C2

b (Rd;C)). In

fact, D(A) = {u ∈ Cb(Rd;C) ∩W 2,p
loc (Rd;C), for all p ∈ [1,∞), and ∆u ∈ Cb(Rd;C)} and

Au = ∆u for each u ∈ D(A). The proof of the above characterization of (A,D(A)) is beyond
the purposes of this lecture. We refer the interested reader to [12, Chapter 14].

11.2 The interpolation spaces DA(α,∞) and DA(α + 1,∞)

In this section we characterize the interpolation spaces DA(α,∞) and DA(α+ 1,∞).

Theorem 11.2.1. For each α ∈ (0, 1) \ {1/2} it holds that DA(α,∞) = C2α
b (Rd;C), with

equivalence of the respective norms.
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Proof. Throughout the proof, we denote by C a positive constant, independent of f and t,
which may vary from line to line.

We begin by proving the embedding C2α
b (Rd;C) ↪→ DA(α,∞). For this purpose, we

observe that, by a change of variable in the formula defining T (t)f , we can write

(11.10) (T (t)f)(x)− f(x) = (4π)−
d
2

∫
Rd
e−
|y|2
4
[
f(x−

√
ty)− f(x)

]
dy, t > 0, x ∈ Rd,

for every f ∈ Cb(Rd;C). Consequently, if f ∈ C2α
b (Rd;C), with α ∈ (0, 1/2), we can estimate

(11.11) ‖T (t)f − f‖∞ ≤ (4π)−
d
2 ‖f‖C2α

b (Rd;C)t
α

∫
Rd
e−

1
4
|y|2 |y|2αdy, t > 0.

We claim that (11.11) holds true also when α ∈ (1/2, 1). To prove the claim, we observe
that, replacing y by −y in (11.10), we can write

(11.12) (T (t)f)(x)− f(x) = (4π)−
d
2

∫
Rd
e−
|y|2
4
[
f(x+

√
ty)− f(x)

]
dy, t > 0, x ∈ Rd.

Combining (11.10) and (11.12), we conclude that

(T (t)f)(x)− f(x) =
1

2
(4π)−

d
2

∫
Rd
e−
|y|2
4
[
f(x−

√
ty)− 2f(x) + f(x+

√
ty)
]
dy

for (t, x) ∈ (0,∞) × Rd. Since f ∈ C2α
b (Rd;C), the first-order derivatives of f belong to

C2α−1
b (Rd;C) and we can estimate

|f(x−
√
ty)− 2f(x) + f(x+

√
ty)| =

√
t

∣∣∣∣ ∫ 1

0
〈∇f(x+ σ

√
ty)−∇f(x− σ

√
ty), y〉dσ

∣∣∣∣
≤
√
t|y|

∫ 1

0
|∇f(x+ σ

√
ty)−∇f(x− σ

√
ty)|dσ

≤C‖f‖C2α
b (Rd;C)t

α|y|2α

for every t > 0 and x, y ∈ Rd. From this estimate, (11.11) easily follows.
Since the integral term in the right-hand side of the previous formula converges, by Propo-

sition 10.2.3 we deduce that f ∈ DA(α,∞) and ‖f‖DA(α,∞) ≤ C‖f‖C2α
b (Rd;C). The embedding

C2α
b (Rd;C) ↪→ DA(α,∞) follows.

Conversely, assume that f ∈ DA(α,∞). We first consider the case α ∈ (0, 1/2) and
observe that for t ∈ (0, 1] and x, y ∈ Rd we can estimate

|f(x)− f(y)| ≤|(T (t)f)(x)− f(x)|+ |(T (t)f)(x)− (T (t)f)(y)|+ |(T (t)f)(y)− f(y)|
≤2‖f‖DA(α,∞)t

α + ‖|∇T (t)f |‖∞|x− y|.(11.13)

This estimate can be straightforwardly extended to all t > 0, observing that |(T (t)f)(ξ) −
f(ξ)| ≤ 2‖f‖∞ for every ξ ∈ Rd.

We would like to take t = |x − y|2 in the previous formula. Unfortunately, the estimate
‖|∇T (t)f |‖∞ ≤ Ct−1/2‖f‖∞ in Exercise 11.4.1 is not enough sharp for our purposes. Indeed,
using that estimate we would get |f(x)−f(y)| ≤ 2‖f‖DA(α,∞)|x−y|2α+C. To overcome this
difficulty, we differentiate the formula

(T (n)f)(x)− (T (t)f)(x) =

∫ n

t
(DtT (s)f)(x)ds =

∫ n

t
(∆T (s)f)(x)ds,
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to get

(11.14) (DiT (n)f)(x)− (DiT (t)f)(x) =

∫ n

t
(Di∆T (s)f)(x)ds, t ∈ (0, n), x ∈ Rd,

for every i = 1, . . . , d. Since f ∈ DA(α,∞), we can estimate ‖∆T (t)f‖∞ = ‖AT (t)f‖∞ ≤
tα−1[f ]DA(α,∞) for every t ∈ (0, 1]. Moreover, Exercise 11.4.1 shows that ‖∆T (t)f‖∞ ≤
Ct−1‖f‖∞ for every t ≥ 1. Combining these two estimates and replacing C with a larger
constant, if needed, we conclude that ‖∆T (t)f‖∞ ≤ Ctα−1‖f‖DA(α,∞) for every t > 0. Taking
again Exercise 11.4.1 and the semigroup property into account, and observing that T (t) and
∆ commute on C2

b (Rd;C), we can estimate

‖Di∆T (s)f‖∞ =‖DiT (s/2)∆T (s/2)f‖∞ ≤ ‖DiT (s/2)‖L(Cb(Rd))‖∆T (s/2)f‖∞
≤Csα−

3
2 ‖f‖DA(α,∞),(11.15)

so that we may let n tend to ∞ in (11.14) to get

(DiT (t)f)(x) = −
∫ ∞
t

(Di∆T (s)f)(x)ds, t > 0, x ∈ Rd,

and

(11.16) ‖DiT (t)f‖∞ ≤ C‖f‖DA(α,∞)

∫ ∞
t

sα−
3
2ds = Cαt

α− 1
2 ‖f‖DA(α,∞)

for every i = 1, . . . , d. This estimate is what we need to prove that f is 2α-Hölder continuous
in Rd. Indeed, replacing (11.16) in (11.13) and taking t = |x− y|2, we obtain |f(x)− f(y)| ≤
C‖f‖DA(α,∞)|x − y|2α, so that f ∈ C2α

b (Rd;C) and [f ]C2α
b (Rd;C) ≤ C‖f‖DA(α,∞). We have so

proved that DA(α,∞) ↪→ C2α
b (Rd;C). This completes the proof in the case α < 1/2.

Let us now suppose that α ∈ (1/2, 1). As a first step, we prove that f ∈ C1
b (Rd;C). For

this purpose, we fix 0 < s < t and observe that

(DiT (t)f)(x)− (DiT (s)f)(x) =

∫ t

s
(Di∆T (r)f)(x)dr, x ∈ Rd, i = 1, . . . , d.

Using estimate (11.15) we deduce that

(11.17) |(DiT (t)f)(x)− (DiT (s)f)(x)| ≤ C‖f‖DA(α,∞)

(
tα−

1
2 − sα−

1
2

)
, x ∈ Rd.

This estimate shows that (∇xT (1/n)f)n∈N is a Cauchy sequence in (Cb(Rd;C))d. On the other
hand, Remarks 10.2.2(ii) and 11.1.5 show that DA(α,∞) ⊂ BUC(Rd;C). So, (T (1/n)f)n∈N
converges to f uniformly in Rd as n tends to ∞. As a byproduct, we conclude that f is
continuously differentiable in Rd. Moreover, from (11.17) it follows that

(11.18) ‖DiT (t)f −Dif‖∞ ≤ C‖f‖DA(α,∞)t
α− 1

2 , t > 0, i = 1, . . . , d.

Hence, taking Exercise 11.4.1 into accout, we deduce that

(11.19) ‖Dif‖∞ ≤ ‖DiT (1)f −Dif‖∞ + ‖DiT (1)f‖∞ ≤ C‖f‖DA(α,∞), i = 1, . . . , d,

so that f ∈ C1
b (Rd;C).
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Fix i ∈ {1, . . . , d}. Since f is differentiable in Rd, taking (11.18) into account we can
estimate

|Dif(x)−Dif(y)| ≤|(DiT (t)f)(x)−Dif(x)|+ |(DiT (t)f)(x)− (DiT (t)f)(y)|
+ |(DiT (t)f)(y)−Dif(y)|

≤C‖f‖DA(α,∞)t
α− 1

2 + ‖|∇xDiT (t)f |‖∞|x− y|.(11.20)

With the same arguments used to prove (11.15), we can show that

‖Dij∆T (s)f‖∞ ≤ Csα−2‖f‖DA(α,∞), s > 0.(11.21)

Therefore, since

(DijT (t)f)(x) = −
∫ ∞
t

(Dij∆T (s)f)(x)ds, t > 0, x ∈ Rd,

using (11.21) we obtain that ‖|∇xDiT (t)f |‖∞ ≤ Ctα−1‖f‖DA(α,∞) for t > 0. Replacing this
estimate in (11.20), we get

|Dif(x)−Dif(y)| ≤C‖f‖DA(α,∞)t
α− 1

2 + Ctα−1‖f‖DA(α,∞)|x− y|

for x, y ∈ Rd and t > 0. Taking t = |x− y|2 we can infer that

(11.22) [Dif ]C2α−1
b (Rd;C) ≤ C‖f‖DA(α,∞).

From (11.19) and (11.22) we conclude that Dif ∈ C2α−1
b (Rd;C) and ‖Dif‖C2α−1

b (Rd;C) ≤
C‖f‖DA(α,∞) for every i = 1, . . . , d. The inclusion DA(α,∞) ↪→ C2α

b (Rd;C) follows at once.

Remark 11.2.2. The previous theorem does not cover the case α = 1/2. One may think
that DA(1/2,∞) = C1

b (Rd;C) or DA(1/2,∞) = Lipb(Rd;C) (the space of bounded Lipschitz
continuous functions f : R→ C). But this is not the case. Indeed,

DA(1/2,∞) =

{
f ∈ Cb(Rd;C) : sup

x 6=y

|f(x) + f(y)− 2f((x+ y)/2)|
|x− y|

<∞
}
,

and Lipb(Rd;C) is one of its proper subspaces (see e.g., [21]).

We are going to prove that the semigroup T (t) leaves Cαb (Rd;C) invariant for any t > 0
and α ∈ (0, 1).

Proposition 11.2.3. For each f ∈ Cαb (Rd;C) and t > 0, the function T (t)f belongs to
Cαb (Rd;C). More precisely,

‖T (t)f‖Cαb (Rd;C) ≤ C‖f‖Cαb (Rd;C), t > 0,

for some positive constant C, independent of f .
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Proof. To prove the assertion, we observe that since T (s) and ∆ commute on C2
b (Rd;C) and

each operator T (t) is a contraction in Cb(Rd;C), we can estimate

‖∆T (s+ t)f‖∞ = ‖T (s)∆T (t)f‖∞ ≤ ‖∆T (t)f‖∞ ≤ t
α
2
−1[f ]DA(α/2,∞)

for all t, s > 0. Hence, [T (s)f ]DA(α/2,∞) ≤ [f ]DA(α/2,∞) for any s > 0. Theorem 11.2.1 allows
us to complete the proof.

In terms of the bounded classical solution to problem (11.1), the previous result says that
if f ∈ Cαb (Rd;C) for some α ∈ (0, 1), then u(t, ·) ∈ Cαb (Rd;C) for any t > 0 and

sup
t≥0
‖u(t, ·)‖Cαb (Rd;C) ≤ C‖f‖Cαb (Rd;C)

for some constant C, independent of f .
Based on Theorem 11.2.1, we can now characterize the interpolation spaces DA(α+ 1,∞)

for α 6= 1/2.

Theorem 11.2.4. For every α ∈ (0, 1) \ {1/2}, it holds that DA(α+ 1,∞) = C2+2α
b (Rd;C),

with equivalence of the respective norms.

Proof. Recall that DA(α+ 1,∞) = {f ∈ D(A) : Af ∈ DA(α,∞)} is equipped with the norm
‖f‖DA(α+1,∞) = ‖f‖D(A)+[Af ]DA(α,∞), see Definition 10.2.9. The embedding C2+2α

b (Rd;C) ⊂
DA(α+ 1,∞) is an obvious consequence of the fact that C2

b (Rd;C) is contained in D(A) and
A = ∆ on Cb(Rd;C). Indeed, if f ∈ C2+2α

b (Rd;C), then Af ∈ C2α
b (Rd;C) ↪→ DA(α,∞).

Hence, ‖f‖∞ + ‖Af‖DA(α,∞) ≤ C‖f‖C2+2α
b (Rd;C) for a constant C, which as all the other

constants appearing in the proof (and still denoted by C) is independent of f .
To prove the other embedding, we fix f ∈ DA(α + 1,∞). Then, f = R(1, A)g, where

g = f −Af ∈ DA(α,∞) = C2α
b (Rd;C), and by (9.14) we can write

(11.23) f(x) =

∫ ∞
0

e−t(T (t)g)(x)dt, x ∈ Rd.

Since g ∈ DA(α,∞), the proof of Theorem 11.2.1 shows that ‖DiT (t)g‖∞ ≤ Ctα−1/2‖g‖DA(α,∞)

for every t > 0 and i = 1, . . . , d, so that, using once again Exercise 11.4.1, we get

‖DijT (t)g‖∞ =‖DjT (t/2)DiT (t/2)g‖∞
≤‖DjT (t/2)‖‖DiT (t/2)g‖∞ ≤ Ctα−1‖g‖DA(α,∞)(11.24)

for i, j = 1, . . . , d. It follows that the functions t 7→ ‖e−tDiT (t)g‖∞ and t 7→ ‖e−tDijT (t)g‖∞
(i, j = 1, . . . , d) are integrable in (0,∞). Therefore, we can differentiate the right-hand side
of (11.23) twice with respect to x and conclude that the function f belongs to C2

b (Rd;C) and

(11.25) ‖u‖C2
b (Rd;C) ≤ C‖g‖DA(α,∞).

To prove that the second-order derivatives of f belong to C2α
b (Rd;C) = DA(α,∞), it

suffices to show that

sup
0<ξ≤1

‖ξ1−αAT (ξ)Dijf‖∞ <∞, i, j = 1, . . . , d.
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For this purpose, we fix ξ ∈ (0, 1] and observe that

‖ξ1−αAT (ξ)Dijf‖∞ =

∥∥∥∥∫ +∞

0
ξ1−αe−tAT (ξ + t/2)DijT (t/2)gdt

∥∥∥∥
∞

≤Ctα−1‖g‖DA(α,∞)

∫ ∞
0

ξ1−α

(2ξ + t)
dt

≤C‖g‖DA(α,∞)

∫ ∞
0

1

(1 + s)s1−αds.(11.26)

From (11.25) and (11.26) we deduce that ‖f‖C2+2α
b (Rd;C) ≤ C‖g‖DA(α,∞). Since ‖g‖DA(α,∞) ≤

C‖f‖DA(α+1,∞), the embedding DA(α+ 1,∞) ↪→ C2+2α
b (Rd;C) follows.

Corollary 11.2.5 (Schauder theorem). If u ∈ C2
b (Rd;C) and ∆u ∈ Cαb (Rd;C) for some

α ∈ (0, 1), then u ∈ C2+α
b (Rd;C).

Proof. It suffices to observe that function u belongs to DA(α/2 + 1,∞) = C2+α
b (Rd;C).

Theorem 11.2.1 and Corollary 10.2.4 imply that the solution u = T (·)u0 of the Cauchy
problem for the heat equation in Rd,{

ut(t, x) = ∆u(t, x), t > 0, x ∈ Rd,
u(0, x) = u0(x), x ∈ Rd,

is α-Hölder continuous with respect to t on [0, T ]×Rd, with Hölder constant independent of
x, if and only if the initial datum u0 belongs to C2α

b (Rd;C), where α 6= 1/2. In this case,
Proposition 10.2.10 implies that ‖u(t, ·)‖DA(α,∞) ≤ C‖u0‖DA(α,∞) for 0 ≤ t ≤ T , so that u is
2α-Hölder continuous with respect to x as well, with Hölder constant independent of t. We
say that u belongs to the parabolic Hölder space Cα,2α([0, T ]× Rd;C), for all T > 0.

This is a first example of a typical feature of second order parabolic partial differential
equations: time regularity implies space regularity, and the degree of regularity with respect
to time is one half of the regularity with respect to the space variables.

11.3 Optimal Schauder estimates

As a consequence of Theorems 10.2.14 and 10.2.16, we get a classical theorem of the theory
of PDE’s. We need some notation.

We recall that for 0 < α < 1 the parabolic Hölder space Cα/2,α([0, T ]×Rd;C) is the space
of the continuous functions f such that

‖f‖Cα/2,α([0,T ]×Rd;C) := ‖f‖∞ + sup
x∈Rd

[f(·, x)]Cα/2([0,T ];C) + sup
t∈[0,T ]

[f(t, ·)]Cαb (Rd;C) <∞

and C1+α/2,2+α([0, T ] × Rd;C) is the space of the bounded functions u such that ut, Diju
exist for all i, j = 1, . . . , N and belong to Cα/2,α([0, T ] × Rd;C). It is a Banach space when
endowed with the norm

‖u‖C1+α/2,2+α([0,T ]×Rd;C) :=‖u‖∞ +

d∑
i=1

‖Diu‖∞
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+ ‖Dtu‖Cα/2,α([0,T ]×Rd;C) +

d∑
i,j=1

‖Diju‖Cα/2,α([0,T ]×Rd;C).

Note that f ∈ Cα/2,α([0, T ]×Rd;C) if and only if t 7→ f(t, ·) belongs to Cα/2([0, T ];Cb(Rd;C))
∩ B([0, T ];Cαb (Rd;C)) (see Exercise 11.4.3).

Theorem 11.3.1 (Ladyzhenskaja-Solonnikov-Ural’ceva). For every u0 ∈ C2+α
b (Rd;C) (α ∈

(0, 1)), f ∈ Cα/2,α([0, T ]× Rd;C), the Cauchy problem

(11.27)

{
Dtu(t, x) = ∆u(t, x) + f(t, x), t ∈ [0, T ], x ∈ Rd,
u(0, x) = u0(x), x ∈ Rd,

admits a unique solution u ∈ C1+α/2,2+α([0, T ]× Rd;C), and there exists a positive constant
C, independent of u0 and f , such that

‖u‖C1+α/2,2+α([0,T ]×Rd;C) ≤ C(‖u0‖C2+α
b (Rd;C) + ‖f‖Cα/2,α([0,T ]×Rd;C)).

Proof. The function t 7→ f(t, ·) belongs to Cα/2([0, T ];Cb(Rd;C))∩ B([0, T ];DA(α/2,∞)),
thanks to the characterization in Theorem 11.2.1. Similarly, the initial datum u0 belongs
to D(A) and both Au0 and f(0, ·) belong to DA(α/2,∞). Thus, we may apply Theorems
10.2.14 and 10.2.16, with α being replaced by α/2. They imply that the function u given by
the variation of constants formula (10.14) is the unique strict solution to problem (10.1), with
initial datum u0 and with f(t) = f(t, ·). Therefore, the function u : [0, T ]× Rd → C, defined
by

u(t, x) := u(t)(x) = (T (t)u0)(x) +

∫ t

0
(T (t− s)f(s, ·))(x)ds, t ∈ [0, T ], x ∈ Rd,

is the unique bounded classical solution to (11.27) with bounded ut. Moreover, Theo-
rem 10.2.14 implies that Dtu ∈ Cα/2([0, T ];Cb(Rd;C)) ∩ B([0, T ];Cαb (Rd;C)), so that ut ∈
Cα/2,α([0, T ] × Rd;C), with norm bounded by C(‖u0‖C2+α

b (Rd;C) + ‖f‖Cα/2,α([0,T ]×Rd;C)) for

some C > 0. Corollary 10.2.16 implies that u is bounded with values in DA(α/2 + 1,∞), so
that u(t, ·) ∈ C2+α

b (Rd;C) for each t ∈ [0, T ], and

sup
0≤t≤T

‖u(t, ·)‖C2+α
b (Rd;C) ≤ C(‖u0‖C2+α

b (Rd;C) + ‖f‖Cα/2,α([0,T ]×Rd;C)),

for some C > 0, by estimate (10.29).
To finish the proof it remains to show that each second order space derivative Diju is

α/2-Hölder continuous with respect to t. To this aim we use the interpolatory inequality

‖Dijϕ‖∞ ≤ C(‖ϕ‖C2+α
b (Rd;C))

1−α/2(‖ϕ‖Cαb (Rd;C))
α/2,

that holds for every ϕ ∈ C2+α
b (Rd;C), i, j = 1, . . . , d (see Exercise 11.4.4). Applying it to the

function ϕ = u(t, ·)− u(s, ·) we get

‖Diju(t, ·)−Diju(s, ·)‖∞
≤C(‖u(t, ·)− u(s, ·)‖C2+α

b (Rd;C))
1−α/2(‖u(t, ·)− u(s, ·)‖Cαb (Rd;C))

α/2

≤C(2 sup
0≤t≤T

‖u(t, ·)‖C2+α
b (Rd;C))

1−α/2(|t− s| sup
0≤t≤T

‖ut(t, ·)‖Cαb (Rd;C))
α/2

≤C ′|t− s|α/2(‖u0‖C2+α
b (Rd;C) + ‖f‖Cα/2,α([0,T ]×Rd;C)),

and the statement follows.
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11.4 Exercises

Exercise 11.4.1. Using Lemma 11.1.2, prove that, for every t > 0 and f ∈ Cb(Rd;C) the
function T (t)f belongs to C2

b (Rd;C) and there exists a positive constant C, independent of t
and f , such that

√
t‖|∇T (t)f |‖∞ + t‖D2T (t)f‖∞ ≤ C‖f‖∞, t > 0.

Further, prove that the function (t, x) 7→ (T (t)f)(x) belongs to C∞((0,∞)× Rd;C).

Exercise 11.4.2. Prove that BUC(Rd;C) is the closure of C1(Rd;C) with respect to the
sup-norm.

Exercise 11.4.3. Prove that f ∈ Cα/2,α([0, T ] × Rd) if and only if the function t 7→ f(t, ·)
belongs to Cα/2([0, T ];Cb(Rd;C)) ∩B([0, T ];Cαb (Rd;C)).

Exercise 11.4.4. Prove that for every α ∈ (0, 1) there exists a positive constant C = C(α)
such that

‖Diϕ‖∞ ≤ C(‖ϕ‖C2+α
b (Rd;C))

(1−α)/2(‖ϕ‖Cαb (Rd;C))
(1+α)/2,

‖Dijϕ‖∞ ≤ C(‖ϕ‖C2+α
b (Rd;C))

1−α/2(‖ϕ‖Cαb (Rd;C))
α/2,

for every ϕ ∈ C2+α
b (Rd;C) and i, j = 1, . . . , d.

[Hint: write ϕ = ϕ− T (t)ϕ+ T (t)ϕ = −
∫ t

0 T (s)∆ϕds+ T (t)ϕ, T (t) = heat semigroup, and

use the estimates ‖DiT (t)f‖∞ ≤ Ct−1/2+α/2‖f‖Cαb , ‖DijT (t)f‖∞ ≤ Ct−1+α/2‖f‖Cαb ].

Exercise 11.4.5. Prove that C1
b (R) is of class J1/4 between Cb(R) and C4

b (R).

Exercise 11.4.6. Let X = Cα([0, 1]) for some α ∈ (0, 1). Prove that the operator A :
D(A) = {u ∈ C2+α([0, 1]) : u(0) = u(1) = 0} → X, defined by Au = u′′ for u ∈ D(A), is not
sectorial.

Exercise 11.4.7. Let X = C0([0, 1];X) = {f ∈ C([0, 1];C) : f(0) = f(1) = 0}, endowed
with the sup-norm. Further, let A : D(A) = {u ∈ C2([0, 1]) : u(0) = u′′(0) = u(1) = u′′(1) =
0} → X be the operator defined by Au = u′′ for every u ∈ D(A).

(a) Prove that A is sectorial;

(b) Prove that for every α ∈ (0, 1)\{1/2}, DA(α,∞) = C2α(R)∩X and that DA(α+1,∞) =
{u ∈ C2+2α([0, 1];C) : u(0) = u′′(0) = u(1) = u′′(1) = 0}, with equivalence of the
corresponding norms.
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Lecture 12

Spectral mapping theorem for
semigroups

In this lecture, we investigate the relations which occur between the spectrum of the infinitesi-
mal generator of a strongly continuous semigroup {T (t)} and the spectrum of {T (t)}. We also
consider the case when the semigroup {T (t)} is analytic without being strongly continuous.

Based on the basic notions of functional calculus presented in Lecture 4 and on the analogy
of a semigroup with the exponential function1 of an operator A, one might think that the
spectra of the operators belonging to a strongly continuous semigroup and the spectrum of
its infinitesimal generator A are related each other by the formula

σ(T (t)) = etσ(A) = {etλ : λ ∈ σ(A)}, t > 0.

As it is easily seen, this formula does not hold in general, since it would imply that 0
lies in the resolvent set of the operator T (t) for every t > 0, so that actually {T (t)} should
embed in a group (see Exercise 12.3.1). But, it is easy to find examples of strongly continuous
semigroups which are not groups.

Consider now the semigroup of left translations on X = Lp((0, 1)) (1 ≤ p < ∞), defined
by

T (t)f(x) =

{
f(x+ t), if x+ t ≤ 1

0. otherwise.

One can see that {T (t)} is a strongly continuous semigroup on X and its generator A is
the realization of the first-order derivative in Lp((0, 1)) with domain D(A) := {f ∈ X :
f absolutely continuous, f ′ ∈ X, f(1) = 0}. From the definition of {T (t)} one deduces that
‖T (t)‖ = 0 for any t ≥ 1. So, r(T (t)) = limn→∞ ‖T (nt)‖1/n = 0 for all t > 0. This implies
that σ(T (t)) = {0} for all t > 0. On the other hand, it is easy to see that σ(A) = ∅.

Based on this example, instead of asking the validity of (12.1) one asks if the formula

(12.1) σ(T (t)) \ {0} = etσ(A), t > 0,

holds.

1Indeed, it is rather common to denote by {etA} the strongly continuous semigroup generated by the
operator A and, similarly, quite often the analytic semigroup associated with the sectorial operator A is
denoted in the same way.
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Aim of this lecture is to determine sufficient condition for the spectral mapping theorem
(i.e., formula (12.1) to hold).

In this lecture, which is strongly inspired by [6], X will denote a complex Banach space.

12.1 Preliminary results

To begin with, we recall the following definitions.

Definition 12.1.1. Let A : D(A) ⊂ X → X be a closed operator. Then,

(i) the point spectrum of A (σp(A)) is the set of all λ ∈ C such that the operator λI − A
is not injective, i.e., there exists 0 6= x ∈ D(A) such that Ax = λx;

(ii) the approximate spectrum of A (σa(A)) is the set of all λ ∈ C such that there exists a
sequence {xn}n∈N ⊂ D(A) with ‖xn‖ = 1 for every n ∈ N and λxn − Axn converges to
0 as n tends to ∞;

(iii) the residual spectrum of A (σres(A)) is the set of all λ ∈ C such that the range of the
operator λI −A is not dense in X.

Definition 12.1.2. Let {T (t)} be a strongly continuous semigroup on X. Then, the spectral
bound s(A) of its infinitesimal generator A and the growth bound ω0 of the semigroup {T (t)}
are defined as follows

s(A) = sup{Reλ : λ ∈ σ(A)},

ω0 = inf{ω ∈ R : ∃M ≥ 1 s.t. ‖T (t)‖ ≤Meωt ∀t > 0}.

For a general strongly continuous semigroup it holds that s(A) ≤ ω0 (see Exercise 12.3.2).
As the following example shows, in general s(A) is strictly smaller than ω0.

Example 12.1.3. Let X be the set of all functions f ∈ C0([0,∞)) such that

∫ ∞
0
|f(x)|exdx <

∞. It is a Banach space when endowed with the norm

‖f‖X = ‖f‖∞ +

∫ ∞
0
|f(x)|exdx

On X we consider the semigroup {T (t)} of left-translations.
We claim that {T (t)} is strongly continuous. First of all, we observe that T (t) maps X

into itself. Indeed, it is obvious that T (t) maps C0([0,∞)) into itself. Moreover, if f ∈ X,
then∫ ∞

0
|(T (t)f)(x)|exdx =

∫ ∞
0
|f(t+ x)|exdx = e−t

∫ ∞
t
|f(y)|eydy ≤

∫ ∞
0
|f(y)|eydy.

Clearly, the sup-norm of T (t)f converges to f as t tends to 0 uniformly in [0,∞) for every
f ∈ C0([0,∞)), since this space is contained in BUC([0,∞)). On the other hand, if f ∈ X,
then we can estimate∫ ∞

0
|(T (t)f)(x)− f(x)|exdx
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=

∫ ∞
0
|f(t+ x)− f(x)|exdx

=

∫ M

0
|f(t+ x)− f(x)|exdx+

∫ ∞
M
|f(t+ x)− f(x)|exdx

≤‖f(·+ t)− f‖∞(eM − 1) +

∫ ∞
M
|f(x+ t)|exdx+

∫ ∞
M
|f(x)|exdx

≤‖f(·+ t)− f‖∞(eM − 1) + e−t
∫ ∞
M+t
|f(y)|eydx+

∫ ∞
M
|f(x)|exdx

≤‖f(·+ t)− f‖∞(eM − 1) + 2

∫ ∞
M
|f(x)|exdx

for every M > 0. Hence,

lim sup
t→0+

∫ ∞
0
|(T (t)f)(x)− f(x)|exdx ≤(eM − 1) lim

t→0+
‖f(t+ ·)− f‖∞ + 2

∫ ∞
M
|f(x)|exdx

=2

∫ ∞
M
|f(x)|exdx.

Since the previous inequality holds true for every M > 0, letting M tend to ∞, we conclude
that

lim sup
t→0+

∫ ∞
0
|(T (t)f)(x)− f(x)|exdx = 0.

The strong continuity of {T (t)} follows at once.
We now prove that ω0 = 0. The computations in the first part show that ‖T (t)‖ ≤ 1 for

every t > 0. Hence, ω0 ≤ 0. To prove that, actually, ω0 = 0, it is enough to prove that ‖T (t)‖
does not vanish as t tends to ∞. To this aim, for every t > 0, we set δt = log(1 + e−t) and
consider a continuous function ft which vanishes in [0, t] ∪ [t + δt,∞), linearly increases to
1/2 in [t, t + δt/2] and linearly decreases to 0 in [t + δt/2, t + δ]. Clearly, for every t > 0, ft
belongs to C0([0,∞)) and ‖ft‖∞ = 1/2. Moreover,∫ ∞

0
|ft(x)|exdx =

∫ t+δt

t
|f(x)|exdx ≤ 1

2

∫ t+δt

t
exdx =

1

2
et(eδt − 1) =

1

2
, t > 0.

Hence, ft belongs to X for every t > 0 and ‖ft‖X ≤ 1. Moreover, ‖T (t)ft‖∞ = ‖ft(t+ ·)‖∞ =
‖ft‖∞ = 1/2, since ft vanishes in [0, t]. Hence,

1

2
≤ ‖T (t)ft‖X ≤ ‖T (t)‖‖ft‖X ≤ ‖T (t)‖, t > 0,

and this shows that the operator norm of T (t) does not vanish as t tends to ∞.
Next, we observe that the infinitesimal generator of {T (t)} is the operator A : D(A) ⊂

X → X, defined by Au = u′ for every u ∈ D(A) which is the set of all functions u ∈ C1
0 ([0,∞))

such that

(12.2)

∫ ∞
0

(|u(x)|+ |u′(x)|)exdx <∞.

Indeed, if u ∈ D(A), then the ratio t−1(u(·+ t)− u) should admit Au as limit in C0([0,∞))
as t tends to 0. This means that u is differentiable in [0,∞) and Au = u′.
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Vice versa, let us assume that u ∈ C1
0 ([0,∞)) satisfies (12.2). Then,

(T (t)u)(x)− u(x)

t
− u′(x) =

1

t

∫ t

0
(u′(x+ r)− u′(x))dr, x ≥ 0, t > 0.

From this formula and taking into account that u′ is uniformly continuous in [0,∞), we easily
deduce that the ratio t−1(T (t)u− u) converges to u′ uniformly in [0,∞).

On the other hand,∫ ∞
0

∣∣∣∣(T (t)u)(x)− u(x)

t
− u′(x)

∣∣∣∣exdx =
1

t

∫ ∞
0

∣∣∣∣ ∫ t

0
(u′(x+ r)− u′(x))dr

∣∣∣∣exdx
≤1

t

∫ ∞
0

exdx

∫ t

0
|u′(x+ r)− u′(x)|dr

≤1

t

∫ t

0
dr

∫ ∞
0
|(T (r)u′)(x)− u′(x)|exdx

≤1

t

∫ t

0
‖T (r)u′ − u′‖Xdr

and the last side of the previous chain of inequalities vanishes as t tends to 0, due to the
strong continuity of the semigroup {T (t)}. We have so proved that u ∈ D(A) as claimed.

Let us prove that s(A) = −1. For this purpose, we fix λ ∈ C, with Reλ < −1. Then, the
function ϕλ, defined by ϕλ(x) = eλx for every x ∈ [0,∞), belongs to D(A) and Aϕλ = λϕλ,
so that λ ∈ σp(A). On the other hand, if Reλ > −1 then λ ∈ ρ(A). This is clear if Reλ > 0 in
view of the Hille-Yosida theorem (see Theorem 8.3.1), since {T (t)} is a strongly continuous
semigroup of contractions. Hence, let us assume that Reλ ∈ (−1, 0] and consider the operator

Rλ, defined by Rλf =

∫ ∞
0

e−λtT (t)fdt for every f ∈ X. It is well defined and bounded.

Indeed,

|(Rλf)(x)| ≤
∫ ∞

0
e−Reλt|f(x+ t)|dt = eReλx

∫ ∞
x

es|f(s)|ds ≤ eReλx‖f‖X

so that ‖Rλf‖∞ ≤ ‖f‖X .
Similarly, ∫ ∞

0
|(Rλf)(x)|exdx =

∫ ∞
0

∣∣∣∣ ∫ ∞
0

e−λtf(t+ x)dt

∣∣∣∣exdx
≤
∫ ∞

0
exdx

∫ ∞
0

e−Reλt|f(t+ x)|dt

=

∫ ∞
0

e−Reλtdt

∫ ∞
0

ex|f(x+ t)|dx

=

∫ ∞
0

e−Reλtdt

∫ ∞
t

ey−t|f(y)|dy

≤‖f‖X
∫ ∞

0
e−(1+Reλ)xdx =

1

1 + Reλ
‖f‖X .

We have so proved that Rλ belongs to L(X). Moreover, it is easy to check that Rλ is the
inverse of the operator λI −A (see Exercise 12.3.1). Hence, λ ∈ ρ(A).

Summing up, we have shown that σ(A) = {λ ∈ C : Reλ ≤ −1}, so that s(A) = −1. Since
ω0 = 0, the strict inequality s(A) < ω0 holds true.
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For further use in this lecture, we state and prove the following equivalent characterization
of the growth bound of a strongly continuous or analytic semigroup.

Lemma 12.1.4. Let {T (t)} be a strongly continuous or analytic semigroup with growth bound
ω0. Then,

(12.3) ω0 = inf
t>0

1

t
log(‖T (t)‖) = lim

t→+∞

1

t
log(‖T (t)‖),

where we set log(0) := −∞.

Proof. The proof is immediate if there exists t0 > 0 such that ‖T (t0)‖ = 0. So we assume
that ‖T (t)‖ > 0 for every t > 0.

We begin by proving the first equality in (12.3). For this purpose, we denote by ω the
infimum of the function t−1 log(‖T (t)‖) over (0,∞) and first prove that ω ≤ ω0. Clearly, we
just need to assume that ω ∈ R. Then, ωt ≤ log(‖T (t)‖) for every t > 0 or, equivalently,
eωt ≤ ‖T (t)‖ for every t > 0. If r > ω0, we know that ‖T (t)‖ ≤ Mre

rt for every t > 0 and
some positive constant Mr. As a consequence, eωt ≤ Mre

rt for every t > 0, which shows,
first, that ω ≤ r and, then, that ω ≤ ω0.

We now prove the inequality ω0 ≤ ω. For this purpose, we fix τ > ω and t1 > 0 such that
log(‖T (t1)‖) ≤ τt1, i.e., ‖T (t1)‖ ≤ eτt1 . Take t > t1 and let n ∈ N be such that t = nt1 + σ
for some σ ∈ [0, t1). Then, using the semigroup law we can estimate

‖T (t)‖ =‖T (nt1 + σ)‖ ≤ ‖T (t1)‖n‖T (σ)‖
≤Meτnt1 = Me−τσeτt ≤Me|τ |t1eτt,(12.4)

where M = supt∈[0,t1] ‖T (t)‖. This shows that τ > ω0. The arbitrariness of τ > ω yields the
inequality ω ≥ ω0.

To prove the other equality in (12.3), we observe that formula (12.4) also shows that

(12.5) lim sup
t→∞

1

t
log(‖T (t)‖) ≤ ω0.

On the other hand, since ω0t ≤ log(‖T (t)‖) for every t > 0, we can also infer that

(12.6) lim inf
t→∞

1

t
log(‖T (t)‖) ≥ ω0.

From (12.5) and (12.6), we conclude that the ratio t−1 log(‖T (t)‖) admits limit as t tends to
∞ and the limit is ω0.

Throughout this lecture we will use the following integral formula.

Lemma 12.1.5. Let {T (t)} be a strongly continuous (resp. analytic) semigroup on X with
infinitesimal generator ( resp. associated to the sectorial operator) A. Then, for every λ ∈ C,
for every x ∈ X and t > 0 it holds that

(12.7) e−λtT (t)x− x = (A− λI)

∫ t

0
e−λsT (s)xds.

Further, if x ∈ D(A), then

(12.8) e−λtT (t)x− x =

∫ t

0
e−λsT (s)(Ax− λx)ds.
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Proof. It suffices to apply Propositions 8.2.2(ii) and 9.2.7 to the semigroup {e−λtT (t)}, which
is a strongly continuous (resp. analytic) semigroup on X with infinitesimal generator (resp.
associated to the sectorial operator) A− λ.

12.1.1 Periodic semigroups

Definition 12.1.6. A strongly continuous semigroup {T (t)} on X is a periodic semigroup if
there exists t0 > 0 such that T (t0) = I.

The periodicity of the function t 7→ T (t) follows from the semigroup law since T (t+ t0) =
T (t)T (t0) = T (t)I = T (t) for every t > 0.

Actually, periodic semigroups embed in groups since, by the definition, T (t0/2) is clearly
invertible (see Exercise 12.3.1).

The periodicity of the function t 7→ ‖T (t)‖ implies that the growth bound ω0 is equal to
zero.

The Hille-Yosida theorem (see Theorem 8.3.1), now shows that the spectrum of the in-
finitesimal generator A of a periodic semigroup is contained in iR. Actually, more can be said
on the spectrum of A.

Lemma 12.1.7. Let {T (t)} be a periodic semigroup, with period τ , and let A be its infinites-
imal generator. Then, the spectrum of A is contained in 2πτ−1iZ and

R(λ,A) =
1

1− e−λτ

∫ τ

0
e−λsT (s)ds

for every λ /∈ 2πτ−1iZ. In particular, σ(A) is a discrete subset of C.

Proof. Using formulas (12.7) and (12.8) with t = τ and recalling that T (τ) = I, we can write

(e−λτ − 1)x =(A− λI)

∫ τ

0
e−λsT (s)xds,

if x ∈ X and, similarly,

(e−λτ − 1)x =

∫ τ

0
e−λsT (s)(Ax− λx)ds,

if x ∈ D(A). Since, for every λ /∈ 2πτ−1iZ the operator Rλ : X → X, defined by

Rλx =
1

1− e−λτ

∫ τ

0
e−λsT (s)xds, x ∈ X,

is bounded, from the previous two formulas we can infer that, if λ /∈ 2πτ−1iZ, then Rλ is the
bounded inverse of the operator λI −A. Hence, λ ∈ ρ(A) and the proof is complete.

Remark 12.1.8. Since the spectrum of the infinitesimal generator of a periodic strongly
continuous semigroup is discrete, we can enumerate its elements of σ(A) and set σ(A) =
{λn : n ∈ J}, where J is a subset of N, possibly coinciding with the whole N. In view of
Lemma 12.1.7, for every n ∈ J we can set

Pnx = lim
λ→λn

(λ− λn)R(λ,A) = lim
λ→λn

λ− λn
1− e−λτ

∫ τ

0
e−λsT (s)xds =

1

τ

∫ τ

0
e−λnsT (s)xds.
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Each operator Pn is a projection. Indeed,

P 2
nx =

1

τ

∫ τ

0
e−λnsT (s)Pnxds =

1

τ2

∫ τ

0
e−λnsT (s)

(∫ τ

0
e−λntT (t)xdt

)
ds

=
1

τ2

∫ τ

0
ds

∫ τ+s

s
e−λnσT (σ)xdt =

1

τ2

∫ τ

0
ds

∫ τ

0
e−λnσT (σ)xdt

=
1

τ

∫ τ

0
e−λnσT (σ)xdt = Pnx,

where we have used the fact that the map σ 7→ e−λnσT (σ)x is τ -periodic.
Clearly, the range of Pn is contained in D(A). Actually, Pn(X) = Ker(λnI − A) (see

Exercise 12.3.5).
Finally, we observe that, if n,m ∈ J , with m 6= n, then PnPm = 0. For this purpose, we

write

PnPmx =
1

τ

∫ τ

0
e−λnsT (s)Pmxds =

1

τ2

∫ τ

0
e(λm−λn)sds

∫ τ

0
e−λm(t+s)T (s+ t)xdt

=
1

τ2

∫ τ

0
e(λm−λn)sds

∫ τ+s

s
e−λmσT (σ)xdt =

(
1

τ

∫ τ

0
e(λm−λn)sds

)
Pmx = 0

for every x ∈ X, since
∫ τ

0 e
(λm−λn)sds = 0 for m 6= n.

Based on this remark, we can show that, for a periodic semigroup, the spectrum coincides
with the point spectrum.

Theorem 12.1.9. Let {T (t)} be a strongly continuous semigroup and let A : D(A) ⊂ X → X
be its infinitesimal generator. The following properties are equivalent.

(i) The semigroup is periodic;

(ii) σ(A) = σp(A) ⊂ 2παiZ for some α > 0. Moreover, the closure of the linear span of all
the eigenvectors of A is dense in X.

Proof. (ii)⇒(i) We fix n ∈ N such that 2παni ∈ σp(A) and let 0 6= x ∈ D(A) be such
that Ax = 2παnix. As it is easily seen, T (t)x = e2παnitx for every t > 0. We claim that
T (α−1) = I. For this purpose, we observe that, since the span of all the eigenvectors of A is
dense in X, for every x ∈ X we can determine a sequence {xn}n∈N ⊂ D(A) converging to x.
Each xn has the form xn =

∑n
k=1 βkek for some constant βk ∈ C, e1, . . . , ek ∈ D(A) such that

Aek = 2παnkiek for every k and a suitable nk ∈ N. Since T (t) is a bounded operator and xn
converges to x, it follows that T (t)xn converges to T (t)x as n tends to ∞ for every t > 0. In
particular, T (α)xn converges to T (α)x. Since

T (α−1)xn =

n∑
k=1

βkT (α−1)ek =

n∑
k=1

βke
2iπαnkα

−1
ek =

n∑
k=1

βkek = xn, n ∈ N,

we conclude that T (α−1) = I.
(i)⇒(ii) We begin by showing that σ(A) = σp(A). Let τ be the period of the semigroup.

By Lemma 12.1.7, we know that the spectrum of A is discrete and contained in 2πτ−1iZ. Fix
m ∈ Z such that λm := 2πτ−1mi belongs to σ(A) and consider the projection Pm, which has
Ker(λmI −A) as image (see Exercise 12.3.5).
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Let us prove that the span of all the eigenvectors of A is dense in X. By contradiction,
we assume that this is not the case. Then, there exists a nontrivial functional x′ ∈ X ′ such
that x′(Pnx) = 0 for every n ∈ N (note that if 2πτ−1ni /∈ σ(A), then Pn is the null operator).
Therefore,

0 = 〈x′, Pnx〉 =

〈
x′,

1

τ

∫ τ

0
e−2πτ−1nisT (s)xds

〉
=

1

τ

∫ τ

0
e−2πτ−1nis〈x′, T (s)x〉ds

for every n ∈ N. This shows that all the Fourier coefficients of the τ -periodic vector-valued
function s 7→ 〈x′, T (s)x〉 vanish, showing that, 〈x′, T (s)x〉 = 0 for every s ∈ [0, τ ]. In partic-
ular, 〈x′, x〉 = 0 for every x ∈ X, which, clearly, is a contradiction since x′ is not the trivial
functional.

We can now prove a spectral representation formula for periodic semigroups and their
infinitesimal generators.

Theorem 12.1.10. Let {T (t)} be a strongly continuous periodic semigroup with period τ > 0
and let A : D(A) ⊂ X → X be its infinitesimal generator. Then,

T (t)x =
∑
n∈Z

eλntPnx, x ∈ D(A), t > 0,(12.9)

Ax =
∑
n∈Z

λnPnx, x ∈ D(A2),(12.10)

where λn = 2πτ−1in for every n ∈ N.

Proof. Let us prove that, for every x ∈ D(A), the sequence
{∑

|k|≤n Pkx
}
n∈N converges in X

(and it converges to x). For this purpose, we fix x ∈ D(A) and observe that

PnAx = APnx = λnPnx = (2πnτ−1i)Pnx.

Let us fix m ∈ N, x′ ∈ X ′, with ‖x′‖ = 1 and estimate∣∣∣∣ ∑
|n|>m

〈x′, Pnx〉
∣∣∣∣ =

∣∣∣∣ ∑
|n|>m

τi

2πn
〈x′, PnAx〉

∣∣∣∣ ≤ τ

2π

( ∑
|n|>m

n−2

) 1
2
( ∑
|n|>m

|〈x′, PnAx〉|2
) 1

2

.

We observe that {〈x′, Pnx〉}n∈N is the sequence of the Fourier coefficients of the function
s 7→ 〈x′, T (s)x〉. Hence, applying Parseval’s inequality, we can infer that∑

|n|>m

1

τ

∫ τ

0
e−2πτ−1nis〈x′, T (s)Ax〉ds ≤ 1

τ

∫ τ

0
|〈x′, T (s)Ax〉|2ds,

so that ∣∣∣∣ ∑
|n|>m

〈x′, Pnx〉
∣∣∣∣ ≤ τ

2π

( ∑
|n|>m

n−2

) 1
2
(

1

τ

∫ τ

0
|〈x′, T (s)Ax〉|2ds

) 1
2

≤ τ

2π

( ∑
|n|>m

n−2

) 1
2
(

1

τ

∫ τ

0
|T (s)Ax|2ds

) 1
2

.
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Taking the supremum with respect to all x′ ∈ X ′ with ‖x′‖ = 1, we conclude that∥∥∥∥ ∑
|n|>m

Pnx

∥∥∥∥ ≤ τ

2π

( ∞∑
|n|>m

n−2

) 1
2
(

1

τ

∫ τ

0
|T (s)Ax|2ds

) 1
2

and the convergence of
∑n

k=−n Pkx follows. We now prove that it actually converges to x.
For this purpose, we set z =

∑
n∈Z Pnx and observe that, since PnPmx = 0 for every n 6= m

(see Remark 12.1.8), it follows that Pnx = Pnz for every n ∈ N. Thus, for every x′ ∈ X ′, the
functions 〈x′, T (·)x〉 and 〈x′, T (·)z〉 have the same Fourier coefficients and, as a byproduct,
they coincide. In particular 〈x′, x〉 = 〈x′, T (0)x〉 = 〈x′, T (0)z〉 = 〈x′, z〉. It thus follows that
x = z.

We can now complete the proof. For this purpose, we observe that

T (t)

n∑
k=−n

Pkx =

n∑
k=−n

T (t)Pnx =

n∑
k=−n

eλntPnx,

A

n∑
k=−n

Pkx =

n∑
k=−n

APnx =

n∑
k=−n

λnPnx

for every t > 0 and n ∈ N. Since
∑n

k=−n Pkx converges to x as n tends to∞ and the operator
T (t) is bounded for every t > 0, formula (12.9) follows at once.

As far as (12.10) is concerned, we observe that, if x ∈ D(A2), then PnA
2x = A2Pnx =

λnAPnx = λ2
nPnx for every n ∈ N. Hence, APnx = λ−1

n PnA
2x for every n ∈ N. Now the argu-

ments we used to prove the convergence of the series
∑

n∈Z〈x′, Pnx〉 show that A
∑
|k|≤n Pkx

converges is X as n tends to ∞. Since A is closed, formula (12.10) follows at once. This
completes the proof.

12.1.2 Dual semigroups

Let {T (t)} be a strongly continuous semigroup in X with infinitesimal generator A. The
family {T ′(t)}, where T ′(t) is the dual operator of T (t) (see Section 1.1), is a semigroup of
operators on X ′. Indeed, for every s, t > 0, x′ ∈ X ′ and x ∈ X, it holds that

〈T ′(t+ s)x′, x〉 = 〈x′, T (t+ s)x〉 = 〈x′, T (t)T (s)x〉 = 〈T ′(t)x′, T (s)x〉 = 〈T ′(s)T ′(t)x′, x〉.

The semigroup {T ′(t)} is called the dual semigroup of {T (t)} and,in general, is not strongly
continuous in X ′.

Example 12.1.11. Let {T (t)} the semigroup of left translations on X = L1(R) (see Example
8.1.8). We know that this semigroup is strongly continuous Via the identification of X ′ with
L∞(R), the dual semigroup {T ′(t)} is the semigroup of right translations on L∞(R). Indeed,
for every f ∈ L∞(R), g ∈ L1(R) and t > 0, we can write

〈T ′(t)f, g〉 =

∫
R
f(x)(T (t)g)(x)dx =

∫
R
f(y − t)g(y)dx.

The arbitrariness of g ∈ L1(R) implies that T ′(t)f = f(· − t).
Note that the semigroup of right-translation is not strongly continuous in L∞(R). Indeed,

fix a bounded and continuous function f : R → C. Then ‖T ′(t)f − f‖∞ converges to 0 as
t tends to 0 if and only if f is uniformly continuous. (Actually, Lotz proved in [13] that a
strongly continuous semigroup on a L∞-space is forced to be uniformly continuous).
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The semigroup {T ′(t)} becomes strongly continuous if we restrict it to a suitable subset
of X ′ as the following lemma shows.

Lemma 12.1.12. Let X̃ ′ = {x′ ∈ X ′ : limt→0 T
′(t)x′ = x′ in X ′}, endowed with the norm of

X ′. Then, each operator T ′(t) maps X̃ ′ into itself and the restriction of the semigroup {T ′(t)}
to X̃ ′ (still denoted by {T ′(t)}) is strongly continuous. Moreover, X̃ ′ is a closed subspace of
X ′. Finally, D(A′) ⊂ X̃ ′ (see 8.3.7 for the definition of A′).

Proof. Fix x′ ∈ X̃ ′ and s > 0. Then,

lim
t→0

(T ′(t)T ′(s)x′ − T ′(s)x′) = T ′(s)

(
lim
t→0

T ′(t)x′ − x′
)

= 0,

where the limits are taken in X ′. This shows that T (s)x′ belongs to X̃ ′. It is clear from the
definition, that X̃ ′ is the largest subspace of X ′ of strong continuity of the semigroup {T ′(t)}.

Let us now prove that X̃ ′ is a closed subspace of X ′. We fix x′ ∈ X ′ and a sequence
{x′n}n∈N ⊂ X̃ ′ such that limn→∞ x

′
n = x′. By assumptions, for every n ∈ N, T ′(t)x′n converges

to x′n in X ′ as t tends to 0. Based on this fact, we split T ′(t)x′−x′ = T ′(t)(x′−x′n)+(T ′(t)x′n−
x′n) + (x′n − x′) and estimate

‖T ′(t)x′ − x′‖X′ ≤‖T ′(t)(x′ − x′n)‖X′ + ‖T ′(t)x′n − x′n‖X′ + ‖x′n − x′‖X′
≤(‖T (t)‖+ 1)‖x′n − x′‖X′ + ‖T ′(t)x′n − x′n‖X′
≤(Meωt + 1)‖x′n − x′‖X′ + ‖T ′(t)x′n − x′n‖X′

so that

lim sup
t→0

‖T ′(t)x′ − x′‖X′ ≤(M + 1)‖x′n − x′‖X′ + lim
t→0
‖T ′(t)x′n − x′n‖X′

=(M + 1)‖x′n − x′‖X′

for every n ∈ N. Letting n tend to ∞, we obtain that lim sup
t→0

‖T ′(t)x′ − x′‖X′ = 0 so that

T ′(t)x′ converges to x′ in X ′ as t tends to 0. Hence, x′ ∈ X̃ ′.
To conclude the proof, let us show that D(A′) ⊂ X̃ ′. For this purpose, we fix x′ ∈ D(A′),

x ∈ X and observe that

〈T ′(t)x′ − x′, x〉 = 〈x′, T (t)x− x〉 =

〈
x′, A

∫ t

0
T (s)xds

〉
=

〈
A′x′,

∫ t

0
T (s)xds

〉
.

Hence,

|〈T ′(t)x′ − x′, x〉| ≤ sup
t∈[0,1]

‖T (t)‖‖A′x′‖X′‖x‖t, t ∈ (0, 1],

or, equivalently,

‖T ′(t)x′ − x′‖X′ ≤ sup
t∈[0,1]

‖T (t)‖‖A′x′‖X′t, t ∈ (0, 1].

Hence, T ′(t)x′ converges to x′ in X ′ as t tends to 0. The proof is complete.

A natural question arises: which operator is the infinitesimal generator of the restriction
of the dual semigroup to X̃ ′. This question is answered by the following proposition.
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Proposition 12.1.13. The infinitesimal generator of the restriction of the semigroup {T ′(t)}
to X̃ ′ is the part of A′ in X̃ ′, i.e., the operator Ã : D(Ã) ⊂ X ′ → X ′, defined by Ãx′ = A′x′

for every x′ ∈ D(Ã) = {x′ ∈ D(A′) : A′x′ ∈ X̃ ′}.

Proof. Fix x′ ∈ D(Ã). Then,

lim
t→0

T ′(t)x′ − x′

t
= Ãx′,

where the limit is taken in X ′, so that

lim
t→0

〈
T ′(t)x′ − x′

t
, x

〉
= 〈Ãx′, x〉

for every x ∈ X. In particular, if x ∈ D(A), then

lim
t→0

〈
T ′(t)x′ − x′

t
, x

〉
= lim

t→0

〈
x′,

T (t)x− x
t

〉
= 〈x′, Ax〉.

From the previous two formulas, it follows that 〈Ãx′, x〉 = 〈x′, Ax〉 for every x ∈ D(A). Hence,
x′ ∈ D(A′) and A′x′ = Ãx′. The inclusion D(Ã) ⊂ {x′ ∈ D(A′) : A′x′ ∈ X̃ ′} follows.

Let us now suppose that x′ ∈ D(A′) is such that A′x ∈ X̃ ′. Then, for every t > 0 and
x ∈ X we can write

〈T ′(t)x′ − x′, x〉 =〈x′, T (t)x− x〉 =

〈
x′, A

∫ t

0
T (s)xds

〉
=

〈
A′x′,

∫ t

0
T (s)xds

〉
=

∫ t

0
〈A′x′, T (s)x〉ds =

∫ t

0
〈T ′(s)A′x′, x〉ds =

〈∫ t

0
T ′(s)A′x′ds, x

〉
.

The arbitrariness of x ∈ X, shows that

(12.11) T ′(t)x′ − x′ =
∫ t

0
T ′(s)A′x′ds, t > 0.

Since, by assumptions, the function T (·)A′x′ is continuous at 0 and, hence, in [0,∞),
dividing both sides of (12.11) by t and, then, letting t tend to 0, we conclude that x′ ∈ D(Ã)
and Ãx′ = A′x′. This completes the proof.

Remark 12.1.14. Since D(A′) ⊂ X̃ ′ and D(Ã) = X̃ ′, it follows that

D(A′) = X̃ ′.

The following result, which will be used in the next section, relates the residual spectrum
of operator A to the point spectrum of operator Ã.

Theorem 12.1.15. The residual spectrum of the operator A coincides with the point spectrum
of the operator Ã.

Proof. Let us begin by proving the inclusion σp(Ã) ⊆ σres(A). For this purpose, we fix

λ ∈ σp(Ã) and 0 6= x′ ∈ D(Ã) such that Ãx′ = A′x′ = λx′. Then,

0 = 〈λx′ −A′x′, x〉 = 〈x′, λx−Ax〉, x ∈ D(A),
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and, we conclude that x′ identically vanishes on (λI −A)(X). Since x′ 6= 0, (λI −A)(X)
should be a proper subset of X and, consequently, λ ∈ σres(A).

Vice versa, fix λ ∈ σres(A). Since (λI −A)(X) is a proper subspace of X, Hahn-Banach
theorem shows that there exists a functional 0 6= x′ ∈ X ′ which identically vanishes on
(λI −A)(X). In particular, 〈x′, λx − Ax〉 = 0 for every x ∈ D(A). Arguing as in the first
part of the proof, we conclude that x′ ∈ D(A′) and A′x′ = λx′. Since D(A′) ⊂ X̃ ′ (see Lemma
12.1.12), we deduce that A′x′ ∈ D(Ã′).

Remark 12.1.16. We stress that σp(Ã) = σp(A′) (see Exercise 12.3.7).

12.2 Spectral mapping theorem

For a general strongly continuous semigroup the following is true.

Proposition 12.2.1. Let {T (t)} be a strongly continuous semigroup on X and let A : D(A) ⊂
X → X be its infinitesimal generator. Then, σ(T (t)) ⊃ etσ(A) for every t ≥ 0. Moreover,

σp(T (t)) \ {0} = etσp(A),(12.12)

σres(T (t)) \ {0} = etσres(A),(12.13)

σa(T (t)) ⊇ etσa(A)(12.14)

for every t > 0.

Proof. We split the proof into three steps. In the first one we prove that etσ(A) ⊆ σ(T (t))
for every t > 0 and that (12.14) and the inclusions “⊇” in (12.12) and (12.13) are satisfied.
Then, in Steps 2 and 3, we complete the proof of (12.12) and (12.13).

Step 1. Suppose that λ ∈ σ(A). Then, using (12.7), (12.8) and the fact that the operator

Rλ,t, defined by Rλ,tx =

∫ t

0
eλ(t−s)T (s)xds for every x ∈ X, and A− λI commute on D(A),

it follows immediately that the operator eλt − T (t) is not invertible, so that eλt belongs to
σ(T (t)).

Next, we observe that, if 0 6= x ∈ D(A) is such that Ax− λx = 0, then eλtx− T (t)x = 0.
This shows that etσp(A) ⊂ σp(T (t)) for every t > 0.

To prove (12.14), we fix λ ∈ σa(A). Then, there exists a sequence {xn}n∈N ⊂ D(A)
such that ‖xn‖ = 1 for every n ∈ N and Axn − λxn converges to 0 as n tends to ∞. As a
consequence, eλtxn−T (t)xn = Rλ,t(Axn−λxn) converges to 0 as n tends to∞. The inclusion
etσa(A) ⊂ σa(T (t)) follows for every t > 0.

Finally, suppose that λ ∈ σres(A). Then, the range of the operator A− λI is not dense in
X. Since formula (12.7) shows that the range of the operator eλtI − T (t) is contained in the
range of the operator A−λI, the range of eλtI−T (t) is not dense in X, so that λ ∈ σres(T (t)).

Step 2. Here, we complete the proof of (12.12). We fix t0 ∈ (0,∞), λ ∈ σp(T (t0)) \ {0}
and consider the rescaled semigroup {St0,− log(λ)(t)}, where log(λ) denotes any arbitrarily
fixed determination of the complex logarithm of λ and Sα,µ(t) := eµtT (αt) for t ≥ 0, µ ∈ C
and α > 0. The generator of this rescaled semigroup is the operator At0,− log λ = t0A− log λ
(see Exercise 12.3.3). Moreover, since T (t0)x = λx for some x ∈ X \ {0}, it follows that
St0,− log λ(1)x = e− log λT (t0)x = x. Hence, 1 is an eigenvalue of St0,− log λ(1).
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Let us set Y = Ker(St0,− log λ(1)−I). As it is easily seen, the semigroup {St0,− log λ} leaves
Y invariant. Indeed, if y ∈ Y and t > 0, then St0,− log λ(1)St0,− log λ(t)y = St0,− log λ(t)St0,− log λ(1)y =
St0,− log λ(t)y. Moreover, since St0,− log λ(1) = IY , {St0,− log λ} is a periodic strongly continu-
ous semigroup on Y . Let τ denote the period of this semigroup. Then, there exists n ∈ N
such that τ = n−1. From Theorem 12.1.9, it follows that there exists m ∈ N such that
2πτ−1mi = 2πmni belongs to the point spectrum of the part of the operator At0,− log λ in Y ,
i.e., the set of all x ∈ D(A) such that t0Ax − (log λ)x belongs to Y . Since 1 = e2πmni and
the point spectrum of the part of At0,− log λ is contained in σp(At0,− log λ), we conclude that

1 ∈ eσp(At0,− log λ). This is enough to conclude that λ ∈ et0σp(A).

Step 3. Here, we complete the proof, by showing (12.13). For this purpose, we introduce
the restriction {T̃ ′(t)} of the adjoint semigroup {T ′(t)} to X̃ ′. By Step 2, we know that

σp(T̃ ′(t)) \ {0} = etσp(Ã), where Ã is the infinitesimal generator of {T̃ ′(t)}. By Theorem

12.1.15, σp(Ã) = σres(A) and, applying the same arguments in the proof of the quoted the-

orem, we can easily verify that σp(T̃ ′(t)) = σres(T (t)) for every t > 0. Combining all these
fact, the proof of (12.13) follows.

From Proposition 12.2.1 it follows that the approximate spectrum of the operator A is
responsible for the validity of the spectral mapping theorem. Clearly, the spectral mapping
theorem holds true if one of the following conditions is satisfied:

(i) the spectrum of T (t) consists only of the point and the residual spectra for every t > 0;

(ii) σa(T (t)) \ {0} = etσa(A) for every t > 0.

To investigate the validity of the second property listed here above, we consider the fol-
lowing proposition.

Proposition 12.2.2. Let {T (t)} be a strongly continuous semigroup on X and let λ ∈ C\{0}
belong to the approximate spectrum of the operator T (t0) for some t0 > 0. The following
properties are equivalent.

(i) There exists a sequence {xn}n∈N ⊂ X such that

(a) ‖xn‖ = 1 for every n ∈ N;

(b) T (t0)xn − λxn converges to zero in X as n tends to ∞;

(c) supn∈N ‖T (t)xn − xn‖ vanishes as t tends to 0;

(ii) there exists µ ∈ σa(A) such that λ = eµt0.

Proof. “(ii)⇒(i)”. Fix a sequence {xn}n∈N ⊂ D(A) such that ‖xn‖ = 1 for every n ∈ N and
Axn−µxn vanishes as n tends to ∞. Applying formula (12.8) with x, t and λ being replaced
by xn, t0 and µ respectively, we get

λxn − T (t0)xn =

∫ t0

0
eµ(t0−s)T (s)(Axn − µxn)ds, n ∈ N.

From this formula we can infer that ‖λxn − T (t0)xn‖ ≤ C‖Axn − µxn‖ for some positive
constant C and every n ∈ N. We have so proved that λ is an approximate eigenvalue of
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T (t0) and properties (i)-(a) and (i)-(b) follows. To prove property (i)-(c), we still use formula
(12.8), with t instead of t0 to infer that

T (t)xn − xn = (etµ − 1)xn −
∫ t

0
eµ(t−s)T (s)(Axn − µxn)ds, t > 0, n ∈ N,

so that

‖T (t)xn − xn‖ ≤|etµ − 1|‖xn‖+

∫ t

0
eReµ(t−s)‖T (s)(Axn − µxn)‖ds(12.15)

≤|etµ − 1|+ sup
t∈[0,1]

‖T (t)‖ sup
n∈N
‖Axn − µxn‖

∫ t

0
eReµsds(12.16)

and the right-hand side of (12.16) converges to zero as t tends to 0, yielding property (i)-(c).

“(i)⇒(ii)”. Up to properly rescaling the semigroup, if needed, we can assume that λ = 1
and t0 = 1. Let {xn}n∈N ⊂ X be a sequence such that ‖xn‖ = 1 for every n ∈ N and
T (1)xn − xn converges to 0 as n tends to ∞.

For every n ∈ N, fix a functional x′n ∈ X ′ such that ‖x′n‖ ≤ 1 and 〈x′n, xn〉 ≥ 1/2. Further,
consider the functions fn : [0, 1]→ C, defined by fn(t) = 〈x′n, T (t)xn〉 for every t ∈ [0, 1] and
n ∈ N. We claim that the set F = {fn : n ∈ N} is an equicontinuous and equibounded subset
of C([0, 1];X). To prove the claim, we observe that

|fn(t)| ≤ ‖x′n‖‖T (t)xn‖ ≤ sup
t∈[0,1]

‖T (t)‖‖x′n‖‖xn‖ ≤ sup
t∈[0,1]

‖T (t)‖, t ∈ [0, 1],

for every n ∈ N. Moreover, for every t0 ∈ [0, 1) and t > t0, we can estimate

|fn(t)− fn(t0)| ≤‖x′n‖‖T (t)xn − T (t0)xn‖ ≤ ‖T (t0)‖‖T (t− t0)xn − xn‖
≤‖T (t0)‖ sup

n∈N
‖T (t− t0)xn − xn‖.

Similarly, if t0 ∈ (0, 1] and t < t0, we can estimate

|fn(t)− fn(t0)| ≤ ‖T (t)‖‖T (t0 − t)xn − xn‖ ≤ ( sup
s∈[0,1]

‖T (s)‖) sup
n∈N
‖T (t0 − t)xn − xn‖.

From the previous two chain of inequalities, the equicontinuity of F follows.

We can thus invoke Arzelà-Ascoli theorem to infer that there exists g ∈ C([0, 1];C) such
that, up to a subsequence, {fn}n∈N converges to g uniformly on [0, 1]. Note that g is not the
trivial function since fn(0) = 〈x′n, T (0)xn〉 = 〈x′n, xn〉 ≥ 1/2. Therefore, there exists m ∈ Z
such that the m-th Fourier coefficient of g differs from zero, i.e.,∫ 1

0
e−2πmitg(t)dt 6= 0.

Let us set zn =

∫ 1

0
e−2πmitT (t)xndt for every n ∈ N. Clearly, zn ∈ D(A) for every n ∈ N

and

(2πmi−A)zn = (I − T (1))xn,
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so that (2πmi − A)zn vanishes as n tends to ∞. To conclude that 2πmi is an approximate
eigenvalue of A, we show that there exists a positive constant C ′ such that ‖zn‖ ≥ C ′ for
every n ∈ N. For this purpose, we observe that

lim inf
n→∞

‖zn‖ ≥ lim inf
n→∞

|〈x′n, zn〉| = lim inf
n→∞

∣∣∣∣ ∫ 1

0
e−2πmit〈x′n, T (t)xn〉dt

∣∣∣∣ ≥ ∣∣∣∣ ∫ 1

0
e−2πmitg(t)dt

∣∣∣∣ > 0

and the estimate ‖zn‖ ≥ C ′ follows. Now, if we set yn = ‖zn‖−1zn, then ‖yn‖ = 1 for every
n ∈ N and Ayn − 2πmiyn converges to 0 as n tends to ∞. This shows that 2πmi belongs to
σa(A) and this is enough to conclude that property (ii) holds true since 1 = e2πmi.

Definition 12.2.3. A semigroup {T (t)} on X is called eventually norm continuous if there
exists t0 > 0 such that the function t 7→ T (t) is continuous in [t0,∞) with values in L(X).

Remark 12.2.4. By Theorem 9.2.2, any analytic semigroup is eventually norm continuous.
Moreover, if {T (t)} is a strongly continous semigroup in X such that for some t0 > 0 the
operator T (t0) is compact, then, the semigroup is eventually norm continuous. Indeed, the
semigroup law implies that T (t) is a compact operator for every t > t0. Now, fix t1 > t0 and
x ∈ B(0, 1) (the closed unit ball of X) and suppose that ‖T (t)− T (t1)‖ does not vanish as t
tends to t1. Then, there exist ε > 0, a sequence {tn}n∈N, converging to t1 as n → ∞, and a
sequence {xn} ⊂ B(0, 1) such that

ε < ‖T (tn)xn − T (t1)xn‖ = ‖(T (tn − t0)− T (t1 − t0))T (t0)xn‖

for every n ∈ N. Since T (t0) is a compact operator, up to a subsequence T (t0)xn converges
to some y ∈ X as n tends to ∞. Writing

‖T (tn − t0)y − T (t1 − t0)y‖
≥‖(T (tn − t0)− T (t1 − t0))T (t0)xn‖ − ‖(T (tn − t0)− T (t1 − t0))(y − T (t0)xn)‖
≥‖(T (tn − t0)− T (t1 − t0))T (t0)xn‖ − C‖y − T (t0)xn‖
≥ε− C‖y − T (t0)xn‖,

for a constant C > 0, independent of n, and letting n tend to∞, we conclude that T (tn− t0)y
does not converge to T (t1 − t0)y as n tends to ∞, contradicting the strong continuity of the
semigroup.

Theorem 12.2.5 (Spectral mapping theorem for eventually norm continuous semigroups).
Let {T (t)} be an eventually norm continuous semigroup. Then, σ(T (t)) \ {0} = eσ(A) for
every t > 0.

Proof. In view of all the above results, it suffices to show that σa(T (t)) \ {0} ⊆ eσa(A) for
every t > 0. We fix λ ∈ σa(T (t0)) \ {0} for some t0 > 0. As in the proof of Proposition
12.2.1, we can assume that λ = t0 = 1. We have to prove that there exists m ∈ Z such that
2πmi ∈ σa(A). For this purpose, we fix a sequence {xn}n∈N ⊂ X such that ‖xn‖ = 1 for
every n ∈ N and T (1)xn − xn converges to 0 as n tends to ∞. Moreover, we fix an integer k
such that the function t 7→ T (t) is continuous in [k,∞) with values in L(X). Then, we split

‖T (k)xn − xn‖ ≤
k∑
j=1

‖T (j)xn − T (j − 1)xn‖ ≤
k∑
j=1

‖T (j − 1)‖‖T (1)xn − xn‖,
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so that T (k)xn − xn converges to 0 as n tends to ∞. Further, we observe that

‖T (t)T (k)xn − T (k)xn‖ = ‖T (t+ k)xn − T (k)xn‖ ≤ ‖T (t+ k)− T (k)‖,

so that supn∈N ‖T (t)T (k)xn− T (k)xn‖ converges to 0 as t tends to 0. Similarly, we can show
that supn∈N ‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖ vanishes as t tends to 0. Indeed, since the
sequence {T (k)xn−xn}n∈N is null, for every arbitrarily fixed ε > 0, we can determine n0 ∈ N
such that ‖T (k)xn − xn‖ ≤ ε for every n > n0. Then, we can write

sup
n∈N
‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖

≤max
n≤n0

‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖+ sup
n>n0

‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖.

Since

‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖ ≤
(

sup
t∈[0,1]

‖T (t)‖+ 1

)
‖T (k)xn − xn‖

≤
(

sup
t∈[0,1]

‖T (t)‖+ 1

)
ε =: Cε, t ∈ [0, 1], n > n0,

we obtain that

sup
n∈N
‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖ ≤ max

n≤n0

‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖+ Cε,

so that

lim sup
t→0

sup
n∈N
‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖

≤ lim
t→0

max
n≤n0

‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖+ Cε = Cε.

The arbitrariness of ε > 0 shows that supn∈N ‖T (t)(T (k)xn − xn)− (T (k)xn − xn)‖ vanishes
as t tends to 0.

Finally, writing T (t)xn − xn = (T (t)T (k)xn − T (k)xn) + [(T (t)(xn − T (k)xn − (xn −
T (k)xn)], we conclude that property (i)-(c) in Proposition 12.2.1 is satisfied. Hence, using
that proposition, we can easily complete the proof.

The following easy consequence of the spectral mapping theorem is usually referred to as
“spectral bound equal growth bound condition”.

Corollary 12.2.6. Whenever the spectral mapping theorem holds, the equality s(A) = ω0

holds true.

Proof. We already know that the spectral bound does not exceed the spectral growth of a
strongly continuous or analytic semigroup. To complete the proof, we show that

(12.17) t0ω0 = log(r(T (t0))

for every t0 > 0 such that T (t0) 6= 0, where, we recall that r(T (t0)) denote the spectral radius
of the operator T (t0). Once the previous formula is proved, the spectral mapping theorem



12.3. EXERCISES 157

allows us to easily complete the proof. Indeed, σ(T (t0)) \ {0} = et0σ(A) for every fixed t0 > 0
so that

r(T (t0)) = sup
λ∈σ(T (t0))

|λ| = sup
µ∈σ(A)

et0Reµ = es(A)t0 .

So, let us prove formula (12.17). For this purpose, we fix t0 > 0 and, recall that r(T (t0)) =

limn→∞ ‖T (t0)n‖
1
n (see Theorem 2.1.3). Using, Lemma 12.1.4, we can infer that

r(T (t0)) = lim
n→∞

e
1
n
‖ log(T (nt0))‖ = exp

(
t0 lim
n→∞

1

nt0
‖ log(T (nt0))‖

)
= eω0t0 .

12.3 Exercises

Exercise 12.3.1. Prove that a semigroup of operators {T (t)}t≥0 on a Banach spaceX embeds
in a group {T (t)}t∈R if and only if there exists t0 > 0 such that T (t0) is invertible. Further,
find an example of semigroup that does not embed in a group.

Exercise 12.3.2. Let {T (t)} be a strongly continuous semigroup with infinitesimal generator
A. Prove that s(A) ≤ ω0.

Exercise 12.3.3. Let {T (t)} be a strongly continuous semigroup on X with infinitesimal
generator A : D(A) ⊂ X → X. Fix µ ∈ C and α > 0 and prove that the family of bounded
operators {Sα,µ(t)}, defined by Sα,µ(t) = eµtT (αt) for every t ≥ 0, is a strongly continuous
semigroup on X. Further prove that

(i) the growth bound ω0 of the semigroup {Sα,µ(t)} is given by αω0 + Reµ, where ω0 is the
spectral bound of the semigroup {T (t)};

(ii) the infinitesimal generator of {Sα,µ} is the operator Aα,µ = αA+ µ and use this fact to
deduce that σ(Aα,µ) = ασ(A) + µ;

(iii) R(λ,Aα,µ) = α−1R(α−1(λ− µ), A) for every λ ∈ ρ(Aα,µ).

Exercise 12.3.4. For every λ ∈ C with Reλ ∈ (−1, 0] let Rλ be the operator in Example
(12.1.3). Prove that Rλ is the inverse of the operator λI −A.

Exercise 12.3.5. Let Pn be the projection introduced in Lemma 12.1.8. Prove that Pn(X) =
Ker(λnI −A) for every n ∈ N.

Exercise 12.3.6. Let {T (t)} be the semigroup of left translations on X = L1(R) and let
{T ′(t)} be its dual semigroup on L∞(R). Prove that X̃ ′ = BUC(R).

Exercise 12.3.7. Let {T (t)} be a semigroup on X and let {T̃ ′(t)} be the restriction to X̃ ′

of its dual semigroup. Prove that σp(Ã) = σp(A′).

Exercise 12.3.8. Let 1 < p < q < ∞ and X := Lp[1,∞) ∩ Lq[1,∞) be the Banach space
endowed with the norm

‖f‖ := ‖f‖p + ‖f‖q, f ∈ X.

Consider the family of operators

T (t)f(s) = f(set), s ≥ 1, t ≥ 0.



158 LECTURE 12. SPECTRAL MAPPING THEOREM FOR SEMIGROUPS

(i) Show that {T (t)} is a C0-semigroup on X with generator

(Af)(s) =sf ′(s), s ≥ 1, and

f ∈ D(A) ={f ∈ X : f absolutely continuous and Af ∈ X}.

(ii) Prove that

s(A) = −1

p
< −1

q
= ω0.
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Lecture 13

Asymptotic behavior for linear
problems

In this lecture, we analyze the long time behaviour of the solutions to the differential equation
u′ = Au+f , when A is a sectorial operator and f is a continuous function defined in [0,∞) or
in (−∞, 0], i.e., we consider both forward and backward (in time) abstract Cauchy problems.
The starting point is the analysis of the homogeneous Cauchy problem

(13.1)

{
u′(t) = Au(t), t ∈ I,
u(0) = x,

when I = (0,∞) or I = (−∞, 0), looking for conditions on the datum x, which guarantee
that the solution u is bounded in I. By the results of Lecture 9, we know that the solution
to such a problem is the function u = T (·)x.

When I = (−∞, 0), problem (13.1) is usually ill-posed. Indeed, due to smoothing effects
of analytic semigroups x should be ”very smooth” for problem (13.1) to admit a backward
solution.

If the spectral bound s(A) is negative, then, by Corollary 12.2.6, the operator norm of
the semigroup {T (t)} decreases to zero exponentially as t tends to∞ so that all the solutions
to the equation u′ = Au are bounded in [0,∞). Of particular interest is the case when the
spectrum of A does not intersect the imaginary axis. In such a case (the so-called hyperbolic
case) a spectral projection P is introduced and used to characterize the set of x ∈ X for which
problem (13.1) admits a bounded forward (resp. backward) solution. Based on these results,
we then move our attention to the nonhomogeneous Cauchy problem

(13.2)

{
u′(t) = Au(t) + f(t), t ∈ I,
u(0) = x,

in the hyperbolic case and provide necessary and sufficient conditions for the mild solution
to be bounded in I. The definition of mild solution to the forward problem (13.2) has been
introduced in Lectures 8 and 9. A similar definition can be provided in the case of backward
solutions. Indeed, if u is a solution to (13.2) in (−∞, 0], then, for every a < 0, the function
v = u(·+a) solves the equation v′ = Av+f(·+a) in [0,−a). Hence, it can be written via the
variation-of-constants formula and this leads to the definition of mild solutions to backward
Cauchy problems. We concentrate our attention on mild solutions since in view of the results
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in Lecture 10, we know sufficient conditions for mild solutions to be classical or even strict
solutions.

Finally, we relax the hyperbolicity assumption on operator A and assume that ω ∈ R is
such that σ(A) does not contain elements with real part equal to ω. We characterize the data
x and f such that problem (13.2) admits solutions u such that ‖u(t)‖ ≤Meωt for every t ∈ I
and some positive constant M .

13.1 A preliminary result

As we have seen in Lecture 12, the spectral mapping theorem is satisfied by analytic semi-
groups, so that the spectral bound equals the growth bound (see Corollary 12.2.6). Based on
this result, the following proposition can be easily proved.

Proposition 13.1.1. For every n ∈ N ∪ {0} and ε > 0 there exists a positive constant
Mn,ε > 0 such that

(13.3) ‖tnAnT (t)‖ ≤Mn,εe
(s(A)+ε)t, t > 0.

Proof. As it has been already remarked, for every ε > 0, there exists a positive constant Mε

such that

(13.4) ‖T (t)‖ ≤Mεe
(s(A)+ε)t, t > 0.

Moreover, by Remark 9.2.3, we know that ‖AT (t)‖ ≤ N1t
−1 for every t ∈ (0, 1] and some

positive constant N1, so that (13.3) follows with n = 1 and t ∈ (0, 1]. If t > 1, we can split
AT (t) = AT (1)T (t − 1) and estimate ‖AT (t)‖ ≤ ‖AT (1)‖‖T (t − 1)‖. Applying (13.4), with
ε being replaced by ε/2, we obtain

(13.5) ‖AT (t)‖ ≤ N1‖T (t− 1)‖ ≤ N1Mε/2e
(s(A)+ε/2)(t−1) = M εe

(s(A)+ε/2)t, t ≥ 1.

Finally, observing that there exists a positive constant N ε such that t−1eεt/2 ≥ N ε for every
t ≥ 1, from (13.5) we deduce estimate (13.3) with n = 1 for every t ≥ 1.

For a general value of n ∈ N, it suffices to split AnT (t) = (AT (t/n))n for every t > 0 and
apply (13.3) with n = 1.

In the case s(A) = ω = 0, where ω is the number in Definition 9.2.1, estimates (9.6) are
better than (13.3) for t large, as the following example shows.

Example 13.1.2. Let us consider the operator A : D(A) ⊂ Cb(R) → Cb(R), defined by
Au = u′′ for every u ∈ D(A) = C2

b (R). By Exercise 9.4.7, A is a sectorial operator. Moreover,
its spectrum is the negative real axis and ‖λR(λ,A)‖ ≤ (cos θ/2)−1 for every λ ∈ ρ(A),
where θ = arg(λ) (see Exercise 13.5.2). In this case ω = s(A) = 0, and estimates (13.3) are
worse than (9.6) for large t. It is convenient to use estimate (9.6), which yields ‖T (t)‖ ≤M0

and ‖tkAkT (t)‖ ≤Mk for every t > 0, k ∈ N and some positive constants Mk (k ∈ N ∪ {0}).
Therefore, for every initial datum u0 ∈ Cb(R), the function t 7→ T (t)u0 is bounded. Moreover,
the k-th derivative with respect to time and the 2k-th derivative with respect to x decay at
least like t−k, as t→∞, in the sup norm.



13.2. LARGE TIME BEHAVIOUR IN THE HYPERBOLIC CASE 161

As a straightforward consequence of Proposition 13.1.1, it follows that, if s(A) < 0, then
the function t 7→ T (t)x is bounded in [0,∞) for every x ∈ X. Actually, its operator norm
decreases exponentially to 0 as t tends to ∞. This means that, for every x ∈ X, the classical
solution to the Cauchy problem{

u′(t) = Au(t), t ∈ (0,∞),

u(0) = x

decreases to zero as t tends to ∞, i.e., the null solution to the equation u′ = Au “attracts”
all the other solutions.

It is interesting to understand how the picture changes when s(A) > 0. Clearly, we do
not expect that all the solutions to (13.1) decreases to zero exponentially or even that all the
solutions are bounded in [0,∞).

13.2 Large time behaviour of the semigroup in the hyperbolic
case

Throughout this section, we assume that

(13.6) σ(A) ∩ iR = ∅.

In this case A is said to be hyperbolic. Due to condition (13.6), we can split the spectrum of
A into the two disjoint subsets σ−(A) and σ+(A), where σ−(A) is the part of σ(A) in the left
halfplane {λ ∈ C : Reλ < 0}, whereas σ+(A) is the part of σ(A) in the open right halfplane
{λ ∈ C : Reλ > 0}. Both σ−(A) and σ+(A) are closed subsets of C.

Remark 13.2.1. Since A is a sectorial operator, the part of its spectrum on the right half-
plane (i.e., σ+(A)), if not empty, is a bounded subset of the complex plane.

On the other hand, no a priori information is available on σ−(A) which could be bounded
or unbounded. For instance, if A is a bounded operator on a Banach space X, then the
associated semigroup is uniformly continuous and, in particular, is analytic. By Proposition
2.1.1 its spectrum is bounded, so that also σ−(A) is a closed and bounded subset of C.
Differently, the operator A : D(A) ⊂ Cb(R) → Cb(R), defined by Au = u′′ − u for every
u ∈ D(A) = C2

b (R) is sectorial and σ−(A) = (−∞,−1], so that it is an unbounded subset of
the complex plane.

Since σ−(A) and σ+(A) are closed subsets of C, it follows easily that

−ω− := sup{Re λ : λ ∈ σ−(A)} < 0, ω+ := inf{Re λ : λ ∈ σ+(A)} > 0.

If σ−(A) (resp. σ+(A)) is void, we set ω− =∞ (resp. ω+ =∞).

In the analysis of the semigroup {T (t)} for large values of t, the operator P , defined by

(13.7) P =
1

2πi

∫
γ+

R(λ,A)dλ

will play a crucial role. Here, γ+ is an arbitrarily fixed closed regular curve contained in ρ(A),
surrounding σ+(A), oriented counterclockwise, which “covers” its support only once.
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Proposition 13.2.2. The operator P is a projection, i.e., P 2 = P . Moreover, the following
properties hold true.

(i) For each t > 0, the operators T (t) and P commute, and

(13.8) T (t)P = PT (t) =
1

2πi

∫
γ+

eλtR(λ,A)dλ.

As a byproduct, T (t)(P (X)) ⊂ P (X), T (t)((I − P )(X)) ⊂ (I − P )(X).

(ii) P ∈ L(X,D(An)) for every n ∈ N. Therefore, P (X) ⊂ D(A) and the operator A|P (X) :
P (X)→ P (X) is bounded.

(iii) The restriction of the semigroup {T (t)} to P (X) is actually a uniformly continuous
group, generated by the part of A in P (X). Moreover, for every ω ∈ [0, ω+) there exists
a positive constant Cω > 0 such that

(13.9) ‖T (t)x‖ ≤ Cωeωt‖x‖, t ≤ 0, x ∈ P (X).

(iv) The restriction of the semigroup {T (t)} to (I − P )(X) is an analytic semigroup and is
associated to the part of A in (I − P )(X). Moreover, for every ω ∈ [0, ω−) there exists
a positive constant C ′ω > 0 such that

(13.10) ‖T (t)x‖ ≤ C ′ωe−ωt‖x‖, t ≥ 0, x ∈ (I − P )(X).

Proof. To prove that P is a projection, we fix two regular curves (say γ+ and γ′+) contained
in ρ(A), surrounding σ+(A) and oriented counterclockwise, which “cover” their supports only
once. Further, we assume that γ+ is contained in the bounded connected component of C\γ′+.
Using the resolvent identity, we can write.

P 2 =

(
1

2πi

)2 ∫
γ′+

R(ξ, A)dξ

∫
γ+

R(λ,A)dλ

=

(
1

2πi

)2 ∫
γ′+×γ+

[R(λ,A)−R(ξ, A)](ξ − λ)−1dξdλ

=

(
1

2πi

)2 ∫
γ+

R(λ,A)dλ

∫
γ′+

(ξ − λ)−1dξ −
(

1

2πi

)2 ∫
γ′+

R(ξ, A)dξ

∫
γ+

(ξ − λ)−1dλ = P.

(i) The proof of this property can be obtained adapting the above arguments. Hence, it
is left to the reader as an exercise. See Exercise 13.5.1.

(ii) Since the curve γ+ is bounded and the function λ 7→ R(λ,A) is continuous with values
in L(X,D(A)), using Proposition B.0.3 we can infer that P ∈ L(X,D(A)) and

AP =
1

2πi

∫
γ+

AR(λ,A)dλ = − 1

2πi

∫
γ+

dλ+
1

2πi

∫
γ+

λR(λ,A)dλ =
1

2πi

∫
γ+

λR(λ,A)dλ.

Therefore, the operator AP is bounded in X with values in D(A). The same argument
shows that P and A commute on D(A). Based on these properties, we can easily show, by
recurrence, that P ∈ L(X,D(An)) for every n ∈ N.
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(iii) Since the restriction of each operator T (t) to P (X) is given by formula (13.8), it is
easy to extend the operator T (t) to all negative times obtaining a group of bounded operators.
Its infinitesimal generator is clearly the part of A in P (X), i.e., the operator AP , which is
bounded in P (X). It thus follows that the restriction of the semigroup {T (t)} to P (X) is a
uniformly continuous group.

To prove estimate (13.9), we fix ω ∈ [0, ω+) and a regular curve γ+ such that infλ∈γ+ Reλ =
ω. Then, we can estimate

‖T (t)x‖ ≤ 1

2π

∣∣∣∣∫
γ+

|eλt| ‖R(λ,A)‖ ‖x‖dλ
∣∣∣∣ ≤ Cω sup

λ∈γ+
|eλt| ‖x‖ = Cωe

ωt‖x‖

for every t ≤ 0 and x ∈ P (X), where with Cω = (2π)−1|γ+| sup{‖R(λ,A)‖ : λ ∈ γ+} and |γ+|
denotes the length of the curve γ+, Estimate (13.9) is proved.

(iv) Taking formula (13.8) into account, for every t > 0 we can write

T (t)(I − P ) =T (t)− T (t)P =
1

2πi

∫
γ
eλtR(λ,A)dλ− 1

2πi

∫
γ+

eλtR(λ,A)dλ

=
1

2πi

∫
γ−

eλtR(λ,A)dλ,(13.11)

where γ is the same curve used in Section 9.2 to define the operator T (t) (see (9.4)), γ− is
the curve oriented counterclockwise and having the set {λ ∈ C : λ = −ω + re±iθ, r ≥ 0}
as support, for some θ > π/2. From property (i), it follows that the restriction of each
operator T (t) to (I − P )(X) maps this space into itself. Moreover, since ‖T (t)(I − P )‖ ≤
‖T (t)‖(1 + ‖P‖), formula (13.10) follows immediately for t ∈ (0, 1]. On the other hand, if
t ≥ 1, estimate (13.10) can be obtained, starting from formula (13.11) and arguing as in the
proof of Proposition 13.1.1. The details are left to the reader as an exercise (see Exercise
13.5.1).

Corollary 13.2.3. Fix x ∈ X. Then, the following properties are satisfied.

(i) The function T (·)x is bounded in [0,∞) if and only if Px = 0. In this case, the norm
‖T (t)x‖ decays exponentially to 0 as t tends to ∞.

(ii) The backward Cauchy problem

(13.12)

{
u′(t) = Au(t), t ≤ 0,

u(0) = x,

admits a bounded solution in (−∞, 0] if and only if x ∈ P (X). In this case, the bounded
solution is unique and is given by u = T (·)x. Hence, it decays exponentially to 0 as t
tends to −∞.

Proof. (i) Fix x ∈ X and split it along P (X) and (I − P )(X), i.e., x = Px + (I − P )x.
Then, T (t)x = T (t)Px + T (t)(I − P )x for every t > 0. The norm of the second term in the
previous formula decays exponentially to 0 as t tends to ∞, due to Proposition 13.2.2(iv).
On the other hand, since the restriction of {T (t)} to P (X) is actually a group, we can write
Px = T (−t)T (t)Px, so that, using (13.9), we can estimate

‖Px‖ ≤ ‖T (−t)‖L(P (X))‖T (t)Px‖ ≤ Cωe−ωt‖T (t)Px‖, t > 0,
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with ω > 0, which implies that ‖T (t)Px‖ ≥ C−1
ω eωt‖Px‖ for every t > 0. It thus follows that

the map t 7→ T (t)x is bounded in [0,∞) if and only if Px = 0.
(ii) If x ∈ P (X), then the function t 7→ T (t)x is a strict solution to the backward Cauchy

problem (13.12) and decays exponentially to zero as t tends to −∞.
Conversely, suppose that problem (13.12) admits a backward bounded solution u. Then,

for t ∈ [0,−a) the function t 7→ u(t+ a) solves the Cauchy problem{
v′(t) = Av(t), t ∈ [0,−a),

v(0) = u(a).

Hence, u(t+ a) = T (t)u(a) for every t ∈ [0,−a) or, equivalently,

u(t) = T (t− a)u(a) = T (t− a)(I − P )u(a) + T (t− a)Pu(a) = (I − P )u(t) + Pu(t)

for every t ∈ (a, 0].
Fix ω ∈ (0, ω−) and use (13.10) to deduce that ‖T (t− a)(I − P )‖ ≤ C ′ωe

−ω(t−a). Letting
a tend to −∞, we conclude that (I − P )u(t) = 0 for each t ≤ 0, so that x ∈ P (X) and
u = T (·)x.

Remark 13.2.4. Note that problem (13.12) is ill-posed in general. Changing t to −t it is
equivalent to a forward Cauchy problem with A replaced by −A, and −A may have very bad
spectral properties. If A is sectorial, −A is sectorial if and only if it is bounded (see Exercise
9.4.3).

In view of Proposition 13.2.2, we can now introduce the following definition.

Definition 13.2.5. The operator P , defined by (13.7), is called spectral projection relative
to σ+(A). Moreover, the subspaces (I − P )(X) and P (X) are called stable subspace and
unstable subspace, respectively.

In the following example, we illustrate the results so far obtained in a concrete case.

Example 13.2.6. Let us consider the Cauchy problem

(13.13)


Dtu(t, x) = Dxxu(t, x) + αu(t, x), t > 0, x ∈ [0, 1],

u(t, 0) = u(t, 1) = 0, t ≥ 0,

u(0, x) = u0(x), x ∈ [0, 1],

where α ∈ R is a parameter.
We recast it as the abstract Cauchy problem

(13.14)

{
u′(t) = Au(t), t > 0,

u(0) = u0

by choosing X = C([0, 1]), D(A) = {f ∈ C2([0, 1]) : f(0) = f(1) = 0} ⊂ X, Au = u′′ + αu
for every u ∈ D(A).

The spectrum of A consists of the sequence of eigenvalues {λn}n∈N, where λn = −π2n2 +α
for every n ∈ N (see Exercise 13.5.4). We now discuss some cases depending on the value of
α.
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• If α < π2, then σ(A) is contained in the halfplane {λ ∈ C : Reλ < 0} and, by Proposition
13.1.1, the solution u = T (·)u0 of (13.14) (and, hence, of problem (13.13)) and all its
derivatives decay exponentially as t→∞, for every initial datum u0 ∈ C([0, 1]).

• If α = π2, then, clearly, s(A) = 0. Moreover, there exists a positive constant C such
that ‖T (t)‖ ≤ C for every t > 0. To show this last fact, we observe that the operator
A2u = u′′ + π2u with domain D(A2) = {u ∈ H2(0, 1) : u(0) = u(1) = 0} is sectorial
in L2(0, 1) and the associated semigroup {T2(t)} coincides with {T (t)} on C([0, 1]) (see
Exercise 13.5.4). Since the functions uk : [0, 1] → R, defined by uk(x) = sin(kπx) for
every x ∈ [0, 1], are eigenfunctions of A2 with eigenvalues (−k2 + 1)π2 for every k ∈ N,
then (see Exercise 13.5.3) T2(t)uk = e−(k2−1)π2tuk for every t ≥ 0.

If f ∈ C([0, 1]) ⊂ L2(0, 1), then we expand it in a sine-series in L2((0, 1))

(13.15) f =
∞∑
k=1

ckuk, ck = 2

∫ 1

0
f(x)uk(x)dx.

Hence1,

T (t)f = T2(t)f =

∞∑
k=1

ckT (t)uk =

∞∑
k=1

cke
−(k2−1)π2tuk, t ≥ 0,

so that

‖T (t)f‖∞ ≤ 2‖f‖∞
∞∑
k=1

e−(k2−1)π2t, t > 0,

which is bounded in [1,∞). Since T (t) is an analytic semigroup, then ‖T (t)‖ is bounded
in [0, 1]. Hence, the function t 7→ T (t) is bounded in [0,∞) with values in L(X).

• If α > π2, then the spectrum of A contains elements with positive real part. In the case
where α 6= n2π2 for every n ∈ N, condition (13.6) is satisfied. Let m ∈ N be such that
π2m2 < α < π2(m+ 1)2. By Corollary 13.2.3, the initial data u0 such that the solution
is bounded are those which satisfy the condition Pu0 = 0. Since σ+(A) is a finite set,
the projection P may be split into the sum

(13.16) P =
m∑
k=1

1

2πi

∫
|λ−λk|<ε

R(λ,A)dλ =

m∑
k=1

Pk,

where λk = −π2k2 + α (k = 1, . . . ,m) are the eigenvalues of A with positive real part
and ε is fixed sufficiently small such that the set B(λk, ε) \ {λk} is contained in ρ(A).
Let us show that

(13.17) (Pkf)(x) = 2 sin(kπx)

∫ 1

0
sin(kπy) f(y)dy, x ∈ [0, 1].

1To justify the above expansion, it suffices to observe that (13.15) is the Fourier series of the function
f : [−1, 1]→ R which is the odd extension of f .
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For every λ 6= λk expand f ∈ C([0, 1]) as in (13.15). Using Exercise 13.5.3, we get

R(λ,A)f = R(λ,A2)f =
∞∑
n=1

cn
λ− λn

un.

Hence,

Pkf =
1

2πi

∫
|λ−λk|≤ε

R(λ,A)f dλ = ckuk.

Consequently, from (13.16) and (13.17) it follows that the solution of (13.13) is bounded
in [0,∞) if and only if the compatibility conditions∫ 1

0
sin(kπy)u0(y)dy = 0, k = 1, . . . ,m,

are satisfied.

13.3 Bounded solutions to nonhomogeneous problems in un-
bounded intervals

In this section, we consider nonhomogeneous Cauchy problems in halflines. To begin with,
we consider the forward Cauchy problem

(13.18)

{
u′(t) = Au(t) + f(t), t > 0,

u(0) = x,

where f : [0,∞) → X is a continuous function and x ∈ X. Throughout the section, we
assume that condition (13.6) is satisfied. Further, we consider the sets σ−(A), σ+(A) and
the constants ω−, ω+ defined in Section 13.2. Similarly, by P we still denote the spectral
projection defined by (13.7).

Fix once and for all a positive number ω such that −ω− < −ω < ω < ω+, and let Cω, C ′ω
be the constants introduced in Proposition 13.2.2(iv)-(v).

We recall that the mild solution to problem (13.18) is the function u : [0,∞)→ X defined
by

u(t) = T (t)x+

∫ t

0
T (t− s)f(s)ds, t > 0.

Proposition 13.3.1. Fix f ∈ Cb([0,∞);X) and x ∈ X. Then, the mild solution u to problem
(13.18) is bounded in [0,∞) with values in X if and only if

(13.19) Px = −
∫ ∞

0
T (−s)Pf(s)ds.

In this case,

(13.20) u(t) = T (t)(I −P )x+

∫ t

0
T (t− s)(I −P )f(s)ds−

∫ ∞
t

T (t− s)Pf(s)ds, t ≥ 0.
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Proof. For every t ≥ 0 we split u(t) = (I − P )u(t) + Pu(t), where

(I − P )u(t) = T (t)(I − P )x+

∫ t

0
T (t− s)(I − P )f(s)ds

and

Pu(t) =T (t)Px+

∫ t

0
T (t− s)Pf(s)ds‘

=T (t)Px+

∫ ∞
0

T (t− s)Pf(s)ds−
∫ ∞
t

T (t− s)Pf(s)ds

=T (t)

(
Px+

∫ ∞
0

T (−s)Pf(s)ds

)
−
∫ ∞
t

T (t− s)Pf(s)ds.(13.21)

Using (13.10) we can estimate

‖(I − P )u(t)‖ ≤C ′ωe−ωt‖(I − P )x‖+ C ′ω

(
sup

0≤s≤t
‖(I − P )f(s)‖

)∫ t

0
e−ω(t−s)ds

≤C ′ω‖I − P‖(‖x‖+ ω−1‖f‖∞)

for every t > 0, so that (I − P )u is bounded in [0,∞) with values in X. The last integral
term in the last side of (13.21) is bounded as well, and∥∥∥∥∫ ∞

t
T (t− s)Pf(s)ds

∥∥∥∥ ≤ Cω( sup
s≥0
‖Pf(s)‖

)∫ ∞
t

eω(t−s)ds = Cωω
−1‖P‖‖f‖∞, t ≥ 0.

Hence, u is bounded if and only if the function

t 7→ T (t)

(
Px+

∫ ∞
0

T (−s)Pf(s)ds

)
=: T (t)y,

is bounded. By Corollary 13.2.3, T (t)y is bounded if and only if Py = 0, i.e., if and only if
condition (13.19) is satisfied. In this case, u is given by (13.20).

Corollary 13.3.2. Suppose that σ(A) ⊂ {λ ∈ C : Reλ < δ} for some δ < 0. Then, for
every x ∈ X and f ∈ Cb([0,∞);X), the mild solution to Cauchy problem (13.18) is bounded
in [0,∞) with values in X.

Proof. It suffices to observe that σ(A) = σ−(A), so that P = 0. Hence, for every x ∈ X and
f ∈ Cb([0,∞);X), condition (13.19) is trivially satisfied. Applying Proposition 13.3.1, we can
complete the proof.

Next, we consider the backward problem,

(13.22)

{
u′(t) = Au(t) + f(t), t ≤ 0,

u(0) = x,

where f : (−∞, 0]→ X is a bounded and continuous function and x ∈ X.
Problem (13.22) is in general ill-posed, and to guarantee the existence of a solution we

need to assume rather restrictive conditions on f and x. Such conditions will also ensure
good regularity properties of the solutions.
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Definition 13.3.3. A function u ∈ C((−∞, 0];X) is said to be a mild solution to problem
(13.22) in (−∞, 0] if u(0) = x and

u(t) = T (t− a)u(a) +

∫ t

a
T (t− s)f(s)ds, t ∈ [a, 0],

for every a < 0.

In other words, u is a mild solution of (13.22) if and only if for every a < 0 u is a mild
solution of the problem

(13.23)

{
u′(t) = Au(t) + f(t), t ∈ (a, 0],

u(a) = y,

where y = u(a), and moreover u(0) = x.

Proposition 13.3.4. Fix x ∈ X and f ∈ Cb((−∞, 0];X). Then, problem (13.22) admits a
mild solution u ∈ Cb((−∞, 0];X) if and only if

(13.24) (I − P )x =

∫ ∞
0

T (s)(I − P )f(−s)ds.

In such a case, the bounded mild solution u is unique and

(13.25) u(t) = T (t)Px−
∫ 0

t
T (t− s)Pf(s)ds+

∫ t

−∞
T (t− s)(I − P )f(s)ds, t ≤ 0.

Proof. Assume that problem (13.22) admits a bounded mild solution u. Then, for every a < 0
and t ∈ [a, 0] we can write u(t) = (I − P )u(t) + Pu(t), where

(I − P )u(t) =T (t− a)(I − P )u(a) +

∫ t

a
T (t− s)(I − P )f(s)ds

=T (t− a)

(
(I − P )u(a)−

∫ a

−∞
T (a− s)(I − P )f(s)ds

)
+ u1(t)

=T (t− a)
(
(I − P )u(a)− u1(a)

)
+ u1(t),

for every t ∈ [a, 0] and

u1(t) =

∫ t

−∞
T (t− s)(I − P )f(s)ds, t ≤ 0.

The function u1 is bounded in (−∞, 0]. Indeed,

(13.26) ‖u1(t)‖ ≤ C ′ω
(

sup
s≤0
‖(I − P )f(s)‖

)∫ t

−∞
e−ω(t−s)ds ≤ C ′ωω−1‖I − P‖‖f‖∞

for every t ≤ 0. Since u is bounded by assumptions, it follows that supa≤0 ‖(I−P )u(a)‖ <∞.
Letting a tend to −∞ and using estimate (13.10) we get (I − P )u(t) = u1(t) for every t ≤ 0.
Taking t = 0, condition (13.24) follows at once. On the other hand, Pu is a strict solution to
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the equation w′ = Aw + Pf and, since Pu(0) = Px, it is given by the variation-of-constants
formula, i.e.,

Pu(t) = T (t)Px−
∫ 0

t
T (t− s)Pf(s)ds, t ≤ 0.

Summing up, u is given by (13.25).
Conversely, let us assume that condition (13.24) holds true and define the function u =

u1 + u2, where u1 is defined above and

u2(t) = T (t)Px−
∫ 0

t
T (t− s)Pf(s)ds, t ≤ 0.

Then, u1 is bounded by estimate (13.26) and u2 is bounded due to estimate (13.9), so that
function u is bounded as well in (−∞, 0].

As it is easily seen, u is a mild solution of (13.23) for every a < 0, and since condition
(13.24) holds true, it follows that

u(0) = Px+

∫ 0

−∞
T (−s)(I − P )f(s)ds = Px+ (I − P )x = x.

Hence, u is a bounded mild solution to the problem (13.22).

Corollary 13.3.5. Suppose that σ(A) ⊂ {λ ∈ C : Reλ < δ} for some δ < 0. Then, for every
f ∈ Cb((−∞, 0];X), problem (13.22) admits a mild solution if and only if

x =

∫ ∞
0

T (s)f(−s)ds.

In such a case the mild solution u is unique and

u(t) =

∫ t

−∞
T (t− s)f(s)ds, t ≤ 0.

Proof. It suffices to argue as in the proof of Corollary 13.3.2, taking Proposition 13.3.4 into
account.

13.4 Solutions with exponential growth or exponential decay

In this section, we relax a bit assumption (13.6) and assume that

(13.27) σ(A) ∩ {λ ∈ C : Reλ = ω} = ∅

for some ω ∈ R. Clearly, condition (13.27) is satisfied if we take ω > s(A).
For every unbounded interval I and ω ∈ R, we denote by Cω(I;X) the set of all continuous

functions f : I → X such that ‖f‖Cω(I;X) := supt∈I ‖e−ωtf(t)‖ < ∞. Clearly, Cω(I;X) is a
Banach space when endowed with the norm ‖ · ‖Cω(I;X).

Fix f ∈ Cω([0,∞);X) and x ∈ X. As it is easily seen, problem (13.18) admits a mild
solution u ∈ Cω([0,∞);X) if and only if the problem

(13.28)

{
ũ′(t) = (A− ωI)ũ(t) + e−ωtf(t), t > 0,

ũ(0) = x,
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admits a mild solution ũ ∈ Cb([0,∞);X). In this case, u(t) = eωtũ(t) for every t ≥ 0.
Similarly, if x ∈ X and f ∈ Cω((−∞, 0];X), then problem (13.22) admits a mild solution
u ∈ Cω((−∞, 0];X) if and only if the problem

(13.29)

{
ũ′(t) = (A− ωI)ũ(t) + e−ωtf(t), t ≤ 0,

ũ(0) = x,

admits a mild solutions ũ ∈ Cb((−∞, 0];X) and in this case u(t) = eωtũ(t) for every t ≤ 0.
Clearly, the operator Ã = A − ωI : D(A) ⊂ X → X is sectorial and satisfies condition
(13.6). Hence, all the results of Sections 13.2 and 13.3 may be applied to problems (13.28)
and (13.29). Note that the spectral projection P associated with the operator Ã, introduced
in Section 13.2, is given by

(13.30) P =
1

2πi

∫
γ+

R(λ,A− ωI)dλ =
1

2πi

∫
γ++ω

R(z,A)dz,

where the smooth enough curve γ+ + ω surrounds σω+(A) = {λ ∈ σ(A) : Reλ > ω} and is
contained in the halfplane {λ ∈ C : Re λ > ω}. Set moreover σω−(A) = {λ ∈ σ(A) : Re λ < ω}.
Note that if ω > s(A) then P is the trivial operator.

Applying the results of the previous section we can prove the following result.

Theorem 13.4.1. Under assumption (13.27) let P be the operator defined by (13.30). Then,
the following properties are satisfied.

(i) If f ∈ Cω([0,∞);X) and x ∈ X, then the mild solution u to problem (13.18) belongs to
Cω([0,∞);X) if and only if 2

Px = −
∫ ∞

0
T (−s)Pf(s)ds.

In this case u is given by formula (13.20), and there exists a positive constant C1,
depending on ω, such that

‖u‖Cω([0,∞);X) ≤ C1(‖x‖+ ‖f‖Cω([0,∞);X)).

(ii) If f ∈ Cω((−∞, 0];X) and x ∈ X, then problem (13.22) admits a mild solution u ∈
Cω((−∞, 0];X) if and only if condition (13.24) holds. In this case, the solution is
unique in Cω((−∞, 0];X) and is given by formula (13.25). Finally, there exists a positive
constant C2, depending on ω, such that

‖u‖Cω((−∞,0];X) ≤ C2(‖x‖+ ‖f‖Cω((−∞,0];X)).

Remark 13.4.2. All the results in this and in the previous sections, require that X is a
complex Banach space. Anyway, they can be extended to the case when X is a real Banach
space. Indeed, in that case, we can introduce the complexification of X as in Remark 9.2.9.
If A : D(A) ⊂ X → X is a linear operator such that the complexification Ã is sectorial in X̃,
then the projection P maps X into itself. To prove this claim, it is convenient to choose as

2Note that, since σω+(A) is bounded, T (t)P is well defined also for t < 0, and the results of Proposition
13.2.2 hold, with obvious modifications.
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γ+ the smooth curve γ+(η) = ω′ + reiη for every η ∈ [0, 2π], with ω′ ∈ R. For every x ∈ X,
we can write

Px =
1

2π

∫ 2π

0
reiηR(ω′ + reiη, A)x dη

=
r

2π

∫ π

0

(
eiηR(ω′ + reiη, A) + e−iηR(ω′ + re−iη, A)

)
x dη,

and the imaginary part of the function under the integral identically vanishes. Therefore,
P (X) ⊂ X, and consequently (I − P )(X) ⊂ X.

In the following example, we illustrate in a concrete case the results of this section.

Example 13.4.3. Consider the nonhomogeneous heat equation

(13.31)


Dtu(t, x) = Dxxu(t, x) + f(t, x), t > 0, 0 ≤ x ≤ 1,

u(t, 0) = u(t, 1) = 0, t ≥ 0,

u(0, x) = u0(x), 0 ≤ x ≤ 1,

where f : [0,∞) × [0, 1] → R is bounded and continuous, u0 : [0, 1] → R is continuous
and u0 vanishes at the endpoints 0 and 1. As in Example 13.2.6, we choose X = C([0, 1]),
A : D(A) = {u ∈ C2([0, 1]) : u(0) = u(1) = 0} → X, Au = u′′. Since s(A) = −π2, A
is hyperbolic, and in this case P = 0. Proposition 13.3.1 implies that the mild solution to
problem (13.31) is bounded. Note that u0(0) = u0(1) = 0 is a compatibility condition for
the solution of problem (13.31) to be continuous up to t = 0 and to satisfy the condition
u(0, ·) = u0.

As far as exponentially decaying solutions are concerned, we can take advantage of Theo-
rem 13.4.1(i). Fix ω /∈ {π2n2 : n ∈ N} and a continuous function f : [0,∞)× [0, 1]→ R such
that

sup
t≥0, 0≤x≤1

|eωtf(t, x)| <∞.

Then, the mild solution u to problem (13.31) satisfies the condition

sup
t≥0, 0≤x≤1

|eωtu(t, x)| <∞

if and only if (13.19) holds. This is equivalent to requiring that (see Example 13.2.6)∫ 1

0
u0(x) sin(kπx) dx = −

∫ ∞
0

ek
2π2sds

∫ 1

0
f(s, x) sin(kπx)dx,

for every natural number k such that3 π2k2 < ω.
Let us now consider the backward problem

(13.32)


Dtu(t, x) = Dxxu(t, x) + f(t, x), t < 0, 0 ≤ x ≤ 1,

u(t, 0) = u(t, 1) = 0, t ≤ 0,

u(0, x) = u0(x), 0 ≤ x ≤ 1,

3Recall that, since the function x 7→ uk(x) = sin(kπx) is an eigenfunction of the operator A, with eigenvalue

−k2π2, it follows that T (t)uk = e−tπ
2k2uk, for every t ∈ R.
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to which we apply Proposition 13.3.4. Since P = 0, it follows that, if f : (−∞, 0]× [0, 1]→ R
is bounded and continuous, then there exists only a final datum u0 for which the mild solution
to problem (13.32) is bounded in (−∞, 0). Such a datum is given by the following formula
(see (13.24)):

u0 =

∫ 0

−∞
T (−s)f(s, ·)ds.

13.5 Exercises

Exercise 13.5.1. Prove property (i) and complete the proof of property (iii) in Proposition
13.2.2 .

Exercise 13.5.2. Let A : D(A) ⊂ Cb(R) → Cb(R) be the sectorial operator defined by
Au = u′′ for every u ∈ D(A) = C2

b (R). Prove that σ(A) is the negative real axis and
‖λR(λ,A)‖ ≤ (cos θ/2)−1 for every λ ∈ ρ(A), where θ = arg(λ).

Exercise 13.5.3. Let A : D(A) ⊂ X → X be a sectorial operator and let x be an eigenvector
of A with eigenvalue λ. Prove that T (t)x = eλtx for every t > 0 and R(µ,A)x = (µ− λ)−1x
for every µ ∈ ρ(A).

Exercise 13.5.4. Determine the spectrum of the operator A in Example 13.2.6 and prove
that the operator A2 is sectorial in L2((0, 1)). Finally, show that the semigroups {T (t)} and
{T2(t)} coincide on C([0, 1]).

Exercise 13.5.5. Suppose that A is a hyperbolic sectorial operator. Prove that the spectrum
of the restrictions A+ and A− of A to P (X) and to (I − P )(X) are, respectively, σ+(A) and
σ−(A).

[Hint: prove that

R(λ,A+) =
1

2πi

∫
γ+

R(ξ, A)

λ− ξ
dξ,

if λ /∈ σ+, where γ+ is the same curve defined at the beginning of Section 13.2, and

R(λ,A−) = − 1

2πi

∫
γ

R(ξ, A)

λ− ξ
dξ,

if λ /∈ σ−, where γ = γr is the usual curve used to define the operator T (t) (see Figure 9.1)].

Exercise 13.5.6. Let α, β ∈ R, and let A be the realization of the second order derivative
in C([0, 1]), with domain {f ∈ C2([0, 1]) : αf(i) + βf ′(i) = 0, i = 0, 1}. Determine s(A).

Exercise 13.5.7. Let A satisfy (13.6), and let T > 0, f : [−T, 0] → P (X) be a continuous
function. Prove that for every x ∈ P (X) the backward problem{

u′(t) = Au(t) + f(t), t ∈ [−T, 0],

u(0) = x,
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admits a unique strict solution in the interval [−T, 0] with values in P (X), given by the
variation of constants formula

u(t) = T (t)x−
∫ 0

t
T (t− s)f(s)ds, t ∈ [−T, 0].

Prove that for each ω ∈ [0, ω+) it holds that

‖u(t)‖ ≤ Cω
(
‖x‖+ ω−1 sup

−T<t<0
‖f(t)‖

)
.

Exercise 13.5.8 (A generalization of Proposition 13.2.2)). Let A be a sectorial operator such
that σ(A) = σ1 ∪ σ2, where σ1 is compact, σ2 is closed and σ1 ∩ σ2 = ∅. Define the operator
Q by setting

Q =
1

2πi

∫
γ
R(λ,A)dλ,

where γ is any regular closed curve in ρ(A), around σ1, with index 1 with respect to each
point in σ1 and with index 0 with respect to each point in σ2.

Prove that

(i) Q is a projection;

(ii) the part A1 of A in Q(X) is a bounded operator;

(iii) the group {T1(t)} generated by operator A1 in Q(X) is given by

T1(t) =
1

2πi

∫
γ
eλtR(λ,A)dλ.

Exercise 13.5.9. Let A be a hyperbolic sectorial operator. Using Propositions 13.3.1 and
13.3.4, prove that for every f ∈ Cb(R;X) the equation

(13.33) u′(t) = Au(t) + f(t), t ∈ R,

admits a unique mild solution4 u ∈ Cb(R;X), given by

u(t) =

∫ t

−∞
T (t− s)(I − P )f(s)ds−

∫ ∞
t

T (t− s)Pf(s)ds, t ∈ R.

Further, prove that

(i) if f is constant, then u is constant as well;

(ii) if limt→∞ f(t) = f∞ (resp., limt→−∞ f(t) = f−∞) then

lim
t→∞

u(t) =

∫ ∞
0

T (s)(I − P )f∞ds−
∫ 0

−∞
T (s)Pf∞ds

(resp., the same formula but with f∞ replaced by f−∞);

(iii) if f is T -periodic, then u is T -periodic as well.

Exercise 13.5.10. Prove that the spectrum of the realization of the Laplacian in Cb(RN )
and in Lp(RN ) (p ∈ [1,∞)) is (−∞, 0].
[Hint: to prove that λ ≤ 0 belongs to σ(∆), use or approximate the functions f(x1, . . . , xn) =

ei
√
−λx1].

4The definition of a mild solution of (13.33) is similar to the definition of mild solution to (13.22).
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Lecture 14

Nonlinear abstract Cauchy
problems

In this lecture, based on the results in Lecture 10, we study nonlinear evolution problems,
associated to sectorial operators, on a Banach space X. The problems that we study here
have the form

(14.1)

{
u′(t) = Au(t) + F (t, u(t)), t ∈ (0, T ],

u(0) = u0,

where A : D(A) ⊂ X → X is a sectorial operator and F : [0, T ] × Y → X is a continuous
function. Here, Y is either the whole space X or an intermediate space of class Jα, for some
α ∈ (0, 1), between X and D(A), see Definition 10.2.6. Using a fixed-point technique, we prove
the existence and uniqueness of the mild solution to problem (14.1), which can be extended
to a maximal interval [0, τ(u0)), using arguments close to those used in the classical case of
ordinary differential equations. In general, τ(u0) < T and this should be surprising, if one
thinks to the ordinary differential equations case. A general sufficient condition is provided
which guarantees the existence in the large (i.e., τ(u0) = T ) of the mild solution to problem
(14.1). The results in Lecture 10 can be used to regularize the mild solution and show that
it is actually a classical or strict solution (see the forthcoming definition 14.1.1).

Finally, the results are explained by some concrete examples, which allow us to introduce
a less restrictive condition for the solution to problem (14.1) to be defined in the large.

Throughout the lecture, for every T > 0 we set

M0,T = sup
0≤t≤T

‖T (t)‖.

14.1 Nonlinearities defined in X

Consider the initial value problem (14.1) when F : [0, T ]×X 7→ X is a continuous function.
As in the case of linear problems, we can give the following definition.

Definition 14.1.1. A function u defined in an interval I = [0, τ) or I = [0, τ ], with τ ≤ T ,
is said to be

• a strict solution of problem (14.1) in I if it is continuous with values in D(A) and
differentiable with values in X in the interval I, and it satisfies problem (14.1);
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• a classical solution if it is continuous with values in D(A) and differentiable with values
in X in the interval I \ {0}, it is continuous in I with values in X, and it satisfies
problem (14.1);

• a mild solution if it is continuous in I \{0} with values in X and it satisfies the equation

(14.2) u(t) = T (t)u0 +

∫ t

0
T (t− s)F (s, u(s))ds, t ∈ I.

Thanks to Proposition 10.2.11 every strict or classical solution satisfies (14.2).

14.1.1 Local existence, uniqueness, regularity

It is natural to solve problem (14.2) via a fixed point argument, applied to equation (14.2).
This will allow us to guarantee the existence and uniqueness of a mild solution. Under more
restrictive assumptions on F and u0, such a solution turns out to be classical or even strict.

We assume that F : [0, T ] ×X → X is continuous and locally Lipschitz continuous with
respect to the second variable, uniformly with respect to time, i.e., for every R > 0 there
exists a positive constant LR such that

(14.3) ‖F (t, x)− F (t, y)‖ ≤ LR‖x− y‖, t ∈ [0, T ], x, y ∈ B(0, R).

In the proof of Theorems 14.1.3 and 14.2.1, we use the following version of the Gronwall
lemma, whose proof may be found for instance in [10, p. 188].

Lemma 14.1.2. Let 0 ≤ a < b ≤ T , and let u : [a, b]→ R be a nonnegative function, bounded
in any interval [a, b− ε], integrable and such that

u(t) ≤ k + h

∫ t

a
(t− s)−αu(s)ds, t ∈ [a, b],

for some α ∈ [0, 1), h > 0 and k ≥ 0. Then, there exists a positive constant C1, independent
of a, b, k, such that u(t) ≤ C1k for every t ∈ [a, b).

Theorem 14.1.3. Let F : [0, T ]×X → X be a continuous function satisfying (14.3). Then,
the following properties are satisfied.

(i) If u, v ∈ Cb((0, a];X) are mild solutions to problem (14.1) for some a ∈ (0, T ], then u
and v coincide.

(ii) For every u ∈ X there exist r, δ > 0, K > 0 such that for ‖u0 − u‖ ≤ r problem (14.1)
admits a mild solution u = u(·;u0) ∈ Cb((0, δ];X). This function belongs to C([0, δ];X)
if and only if u0 ∈ D(A). Moreover, u depends continuously on the datum u0, i.e., for
every u0, u1 ∈ B(u, r) there exists a positive constant K such that

(14.4) ‖u(t;u0)− u(t;u1)‖ ≤ K‖u0 − u1‖, t ∈ [0, δ].

Proof. (i) Let u, v ∈ Cb((0, a];X) be mild solutions to (14.1) and set w = v − u. By (14.2),
the function w satisfies

w(t) =

∫ t

0
T (t− s)[F (s, v(s))− F (s, u(s))]ds, t ∈ (0, a].
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Using estimate (14.3) with R = max{sup0<t<a ‖u(t)‖, sup0<t<a ‖v(t)‖}+ 1 we can estimate

‖w(t)‖ ≤ LRM0,T

∫ t

0
‖w(s)‖ds.

Gronwall’s lemma (with α = 0) implies that w = 0 in [0, a].
(ii) Fix u ∈ X and R > 0 such that R ≥ 8M0,T ‖u‖. If u0 ∈ B(u, r), where r =

(8M0,T )−1R, then we get supt∈[0,T ] ‖T (t)u0‖ ≤ 4−1R.
We look for a mild solution to problem (14.1) in the closed ball Y of Cb((0, δ];X), centered

at zero and with radius R, where δ ∈ (0, T ] has to be chosen properly. As it is easily seen,
the function F (·, v(·)) belongs to Cb((0, δ];X) for every v ∈ Y .

We define the operator Γ in Y , by setting

(Γ(v))(t) = T (t)u0 +

∫ t

0
T (t− s)F (s, v(s))ds, t ∈ [0, δ].

Clearly, a function v ∈ Y is a mild solution of (14.1) in [0, δ] if and only if it is a fixed point
of the operator Γ. Note that the function Γ(v) is continuous in (0, δ] with values in X, if
v ∈ Cb((0, δ];X), as it can be easily checked arguing as in the proof of Proposition 10.2.12.

We shall show that Γ is a contraction and maps Y , equipped with the sup-norm, into itself
provided δ is sufficiently small. For this purpose, we fix v1, v2 ∈ Y and observe that, taking
(14.3) into account, we can estimate

‖Γ(v1)− Γ(v2)‖∞ ≤ δM0,T ‖F (·, v1(·))− F (·, v2(·))‖∞ ≤ δM0,TLR‖v1 − v2‖∞.

Therefore, if δ ≤ δ0 = (2M0,TLR)−1, then Γ is a 1/2-contraction in Y . Moreover,

‖Γ(v)‖∞ ≤‖Γ(v)− Γ(0)‖∞ + ‖Γ(0)‖∞ ≤
R

2
+ ‖T (·)u0‖∞ +M0,T δ‖F (·, 0)‖∞

≤3

4
R+M0,T δ‖F (·, 0)‖∞

for every v ∈ Y and δ ≤ δ0. Up to replacing δ0 with a smaller value, if needed, we can assume
that M0,T δ‖F (·, 0)‖∞ ≤ R/4, so that Γ maps Y into itself and we conclude that it admits a
unique fixed point.

Concerning the continuity of u up to t = 0, the function u − T (·)u0 is continuous up to
t = 0 (as it can be seen adapting the arguments in the proof of Proposition 10.2.12), whereas
the function T (·)u0 is continuous at t = 0 if and only if u0 ∈ D(A) (see Proposition 9.2.5).
Therefore, u ∈ C([0, δ];X) if and only if u0 ∈ D(A).

To conclude the proof, let us check estimate (14.4). For this purpose, we fix u0 and u1 in
the ball of Cb((0, δ];X) centered at u and with radius r. Since Γ is a 1/2-contraction in Y and
both u(·;u0), u(·;u1) belong to Y , it follows that ‖u(·;u0)−u(·;u1)‖∞ ≤ 2‖T (·)(u0−u1)‖∞ ≤
2M0,T ‖u0 − u1‖, so that estimate (14.4) follows with K = 2M0,T .

14.1.2 The maximally defined solution

Now we can construct a maximally defined solution as follows. Set{
τ(u0) = sup{a > 0 : problem (14.1) admits a mild solution ua in [0, a]}
u(t;u0) = ua(t), if t ≤ a.
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Function u(t;u0) is well defined in the interval I(u0) = [0, τ(u0)), thanks to Theorem 14.1.3(i).
Moreover, if τ(u0) < T , then u is not defined at τ(u0) because, otherwise, the solution could
be extended to a larger interval, contradicting the definition of τ(u0) (see Exercise 14.3.2).

We now discuss the regularity of u(·;u0) and provide sufficiently conditions for the mild
solutions to be classic or even strict.

Proposition 14.1.4. Let F satisfy condition (14.3) and assume in addition that there exists
a constant θ ∈ (0, 1), and, for every R > 0, a positive constant CR such that

(14.5) ‖F (t, x)− F (s, x)‖ ≤ CR(t− s)θ, 0 ≤ s ≤ t ≤ T, ‖x‖ ≤ R.

Then, for every u0 ∈ X, the function u belongs to Cθ([ε, τ(u0)− ε];D(A))∩C1+θ([ε, τ(u0)−
ε];X) and u′ is bounded in [ε, τ(u0)− ε] with values in DA(θ,∞)) for every ε ∈ (0, τ(u0)/2).
Moreover the following statements hold.

(i) If u0 ∈ D(A), then u(·;u0) is a classical solution of problem (14.1).

(ii) If u0 ∈ D(A) and Au0 + F (0, u0) ∈ D(A), then u(·;u0) is a strict solution of problem
(14.1).

Proof. Fix a ∈ (0, τ(u0)) and ε ∈ (0, a). Since the function F (·, u(·)) belongs to Cb((0, a];X),
adapting the argument in the proof of Proposition 10.2.12, it can be easily checked that
the integral term (say the function v) in the definition of mild solution (see (14.2)) belongs
to Cθ([0, a];X). Moreover, the function T (·)u0 belongs to C∞([ε, a];X). Summing up, we
conclude that u belongs to Cθ([ε, a];X). Now, conditions (14.3) and (14.5) imply that the
function F (·, u(·)) belongs to Cθ([ε, a];X). Since

u(t) = T (t− ε)u(ε) +

∫ t

ε
T (t− s)F (s, u(s))ds, t ∈ [ε, a],

we may apply Theorem 10.2.14 in the interval [ε, a] (see Remark 10.2.17) and deduce that
u belongs to Cθ([2ε, a];D(A))∩ C1+θ([2ε, a];X) for each ε ∈ (0, a/2), and u′(t) = Au(t) +
F (t, u(t)) for every t ∈ (ε, a]. Exercise 10.4.8 implies that u′ is bounded with values in
DA(θ,∞) in [ε, a]. Since a and ε are arbitrary, we conclude that u ∈ Cθ([ε, τ(u0)−ε];D(A))∩
C1+θ([ε, τ(u0) − ε];X) for each ε ∈ (0, τ(u0)/2). If u0 ∈ D(A), then the function T (·)u0 is
continuous up to 0, and statement (i) follows.

(ii). The arguments in the proof of Proposition 10.2.12 show that the function v is θ-
Hölder continuous up to t = 0 with values in X. Since u0 ∈ D(A) ⊂ DA(θ,∞), then the
function T (·)u0 is θ-Hölder continuous up to t = 0, as well. Hence, u is θ-Hölder continuous
up to t = 0 with values in X, so that the function F (·, u(·)) is θ-Hölder continuous in [0, a]
with values in X. Statement (ii) follows now from Theorem 10.2.14(ii).

Proposition 14.1.5. Assume that F satisfies (14.3). Let u0 be such that I(u0) 6= [0, T ].
Then, the function t 7→ ‖u(t)‖ is unbounded in I(u0).

Proof. Assume by contradiction that u is bounded in [0, τ(u0)). Then, the function F (·, u(·;u0))
is bounded and continuous in the interval (0, τ(u0)) with values in X. Since u satisfies the
variation of constants formula (14.2), it may be continuously extended at t = τ(u0), in such
a way that the extension is Hölder continuous in every interval [ε, τ(u0)], with 0 < ε < τ(u0).
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Indeed, the function T (·)u0 is well defined and analytic in the whole (0,∞), and the function
u− T (·)u0 belongs to Cα([0, τ(u0)];X) for each α ∈ (0, 1), due to Proposition 10.2.12.

By Theorem 14.1.3, the problem{
v′(t) = Av(t) + F (t, v(t)), t ≥ τ(u0),

v(τ(u0)) = u(τ(u0)),

admits a unique mild solution v ∈ C([τ(u0), τ(u0) + δ];X) for some δ > 0. Note that the
function v is continuous up to t = τ(u0) because u(τ(u0)) ∈ D(A).

The function w : [0, τ(u0) + δ]→ X, defined by

w(t) =

{
u(t), t ∈ [0, τ(u0)),

v(t), t ∈ [τ(u0), τ(u0) + δ],

is a mild solution to problem (14.1) in [0, τ(u0) + δ] (see Exercise 14.3.2). This contradicts
the definition of τ(u0). Therefore, u(·;u0) cannot be bounded.

Proposition 14.1.5 provides us with a very useful tool to prove the existence in the large
of the mild solution to problem (14.1). Indeed, if we are able to prove that the norm of u(t)
stays bounded when t runs in the interval I(u0), then we conclude that the mild solution
actually exists in the large. Such an a priori estimate on the sup-norm of u can be easily
proved if the nonlinear term F grows not more than linearly as ‖x‖ tends to ∞, as in the
case of ordinary differential equations.

Proposition 14.1.6. Assume that there exists a positive constant C such that

(14.6) ‖F (t, x)‖ ≤ C(1 + ‖x‖), t ∈ [0, T ], x ∈ X.

Then, the mild solution u : I(u0) → X to problem (14.1) is bounded in I(u0) with values in
X, so that I(u0) = [0, T ].

Proof. Fix t ∈ I(u0). Using condition (14.6), we obtain

‖u(t)‖ ≤M0,T ‖u0‖+M0,TC

(
T +

∫ t

0
‖u(s)‖ds

)
.

Applying Lemma 14.1.2 (with α = 0) to the real valued function t 7→ ‖u(t)‖, we conclude
that

‖u(t)‖ ≤ C1(M0,T ‖u0‖+M0,TCT ), t ∈ I(u0),

and the assertion follows.

Remark 14.1.7. Condition (14.6) is satisfied if condition (14.3) holds true with a constant
L, independent of R, i.e., if F is globally Lipschitz continuous with respect to x, uniformly
with respect to t.
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14.1.3 Examples: reaction-diffusion equations and systems

Consider the problem

(14.7)


Dtu(t, x) = D∆u(t, x) + f(t, x, u(t, x)), t > 0, x ∈ Ω;

u(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = u0(x), x ∈ Ω,

in the unknown u = (u1, . . . , um), where D = diag(d1, . . . , dm) is a diagonal matrix with
positive entries on the main diagonal and Ω ⊂ Rd is a bounded and sufficiently smooth
domain.

This type of problems are often encountered as mathematical models in chemistry and
biology. The part D∆u in the system is called diffusion part, the numbers di are called
diffusion coefficients, f is the reaction part of the equation. We refer the reader e.g., to the
monographs [16,19,22] for further details.

For simplicity, we confine our analysis to the case d = 1 and Ω = [0, 1].

On X = C([0, 1];Rm) consider the linear operator A : D(A) = {u ∈ C2([0, 1];Rm) : u(0) =
u(1) = 0} → X, defined by Au = Du′′, which is sectorial in X and D(A) = C0([0, 1];Rm) =
{u ∈ C([0, 1];Rm) : u(0) = u(1) = 0} (see Exercises 9.4.7(ii) and 14.3.5). Assume that the
function f : [0, T ]× [0, 1]×Rm → Rm is continuous and there exists a constant θ ∈ (0, 1) and,
for every R > 0 a positive constant KR, such that

(14.8) ‖f(t, x, u)− f(s, y, v)‖ ≤ KR(|t− s|θ + ‖u− v‖),

for every s, t ∈ [0, T ], x, y ∈ [0, 1], u, v ∈ B(0, R) ⊂ Rm. Then, we may apply the previous
theorems to obtain a smooth solution of problem (14.7).

Proposition 14.1.8. If f satisfies the condition(14.8) and u0 ∈ C([0, 1],Rm), then there exist
a maximal interval I(u0) and a unique solution u to (14.7) in I(u0) × [0, 1], such that u ∈
C(I(u0)× [0, 1];Rm), Dtu and Dxu, Dxxu are bounded and continuous in [ε, τ(u0)−ε]× [0, 1]
for every ε ∈ (0, τ(u0)/2), where τ(u0) = sup I(u0).

Proof. To begin with, we observe that the function F : [0, T ]×X → X, defined by F (t, ϕ)(x) =
f(t, x, ϕ(x)) for every t ∈ [0, T ], x ∈ [0, 1] and ϕ ∈ X, is continuous and satisfies the conditions
(14.3) and (14.5). Indeed, fix any ϕ1, ϕ2 ∈ B(0, R) ⊂ X. From (14.8), we deduce that
‖F (t, ϕ1) − F (s, ϕ2)‖∞ ≤ K(|t − s|θ + ‖ϕ1 − ϕ2‖∞) for every s, t ∈ [0, T ]. Theorem 14.1.3
guarantees the existence and uniqueness of a mild solution u ∈ Cb((0, δ];X) to problem (14.1),
that may be extended to a maximal time interval I(u0).

By Proposition 14.1.4, u, u′ and Au are continuous in (0, τ(u0)) with values in X (in fact,
Hölder continuous in each compact subinterval). Then, the function (t, x) 7→ u(t, x) := u(t)(x)
is bounded and continuous in [0, a]× [0, 1] for each a ∈ I(u0) and is continuously differentiable
with respect to t in I(u0)× [0, 1]. Moreover, u is twice continuously differentiable with respect
to the spatial variables in I(u0)× [0, 1] as well.

A sufficient condition for u to be bounded, and, hence for u to be defined in the large, is
the following:

(14.9) ‖f(t, x, u)‖ ≤ C(1 + ‖u‖), t ∈ [0, T ], x ∈ [0, 1], u ∈ Rm.
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Indeed, in this case the nonlinear function F : [0, T ] × X → X, introduced in the proof of
Proposition 14.1.8, satisfies condition (14.6).

Up to now, in this subsection we have dealt with real valued functions just because in
most mathematical models the unknown u is real valued. But we could replace C([0, 1];Rm)
by C([0, 1];Cm) as well without any modification in the proofs, getting the same results in
the case of complex valued data. On the contrary, the results in the rest of this subsection
hold true only for real valued functions.

Using the well known properties of the first and second order derivatives of real valued
functions at relative maximum or minimum points it is possible to find estimates on the
solutions to several first- or second-order partial differential equations. Such techniques are
called maximum principles.

Proposition 14.1.9. Let f : [0, T ] × [0, 1] × Rm → Rm be a continuous function satisfying
the condition ‖f(t, x, u)− f(s, x, v)‖ ≤ KR(|t− s|θ + ‖u− v‖) for every s, t ∈ [0, T ], x ∈ [0, 1],
u, v ∈ B(0, R) ⊂ Rm, R > 0 and some positive constant KR. Further, assume that

(14.10) 〈y, f(t, x, y)〉 ≤ C(1 + y2), t ∈ [0, T ], x ∈ [0, 1], y ∈ Rm,

for some nonnegative constant C. Then, for every u0 ∈ C([0, 1]), the solution to problem
(14.7) is bounded in I(u0) × [0, 1] and, therefore, it exists in the large. If C = 0 in (14.10),
then

sup
(t,x)∈I(u0)×[0,1]

‖u(t, x)‖ = ‖u0‖∞.

Proof. Fix λ > C, a < τ(u0) and set v(t, x) = e−λtu(t, x) for every t ∈ [0, a] and x ∈ [0, 1].
Such a function solves the problem

Dtv(t, x) = ∆v(t, x) + f(eλtv(t, x))e−λt − λv(t, x), t > 0, x ∈ [0, 1],

v(t, 0) = v(t, 1) = 0, t > 0,

v(0, x) = u0(x), x ∈ [0, 1].

Let w : [0, a] × [0, 1] → R be the scalar function defined by w(t, x) = ‖v(t, x)‖2 =∑m
i=1 vi(t, x)2 for every (t, x) ∈ [0, a] × [0, 1]. As it is easily seen, Dtw = 2〈Dtv, v〉 and

Dxxw = 2
∑m

i=1 ‖Dxvi‖2 + 2〈v,Dxxv〉.
Since w is continuous, there exists a point (t0, x0) ∈ [0, a] × [0, 1] such that w(t0, x0) =

±‖w‖C([0,a]×[0,1]). The point (t0, x0) is either a point of positive maximum or of negative
minimum for w. Assume for instance that (t0, x0) is a maximum point. If t0 = 0, then it
follows immediately that ‖v‖∞ ≤ ‖u0‖∞. If t0 > 0, then, clearly, we can assume that x0 ∈
(0, 1). Then, Dtw(t0, x0) ≥ 0, Dxxw(t0, x0) ≤ 0 and, hence, 〈w(t0, x0), Dxxw(t0, x0)〉 ≤ 0.
Writing the differential system at (t0, x0) and taking the inner product with w(t0, x0), we get

0 ≤〈Dtv(t0, x0), v(t0, x0)〉

=〈Dxxv(t0, x0), v(t0, x0)〉+ 〈f(eλt0v(t0, x0)), v(t0, x0)e−λt0〉 − λ|v(t0, x0)|2

≤C(1 + ‖v(t0, x0)‖2)− λ‖v(t0, x0)‖2,

so that ‖v‖2∞ ≤ C/(λ−C). Therefore, ‖v‖∞ ≤ max{‖u0‖∞,
√
C/(λ− C)}, and consequently

‖u‖Cb([0,a]×[0,1]) ≤ eλT max{‖u0‖∞,
√
C/(λ− C)}. If (t0, x0) is a minimum point, then the
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proof is completely analogous and leads us to the same conclusion. The first part of the
statement follows. by letting a tend to τ(u0).

To complete the proof, we observe that, if C = 0, then from the previous estimate we
obtain that ‖u‖∞ ≤ eλT ‖u0‖∞ for every λ > 0 and letting λ tend to 0, we conclude that
‖u‖∞ ≤ ‖u0‖∞.

Remark 14.1.10. The results in this subsection can be applied also to the case when homo-
geneous Neumann boundary conditions are prescribed on the boundary of [0, 1], which can be
replaced also by a bounded and smooth enough open subset of Rd. They can also be extended
to the case when the equation is set in the whole Rd, of course with no boundary conditions.

Remark 14.1.11. Inequality (14.9) is a growth condition at infinity, while (14.10) is only an
algebraic condition. For instance, it is satisfied when f(t, x, u) = λu− u2k+1 for some k ∈ N
and λ ∈ R. The sign − is extremely important. Consider the problem{

Dtu(t, x) = ∆u(t, x) + |u(t, x)|1+ε, t > 0, x ∈ R,
u(0, x) = u(x), x ∈ R,

with ε > 0. If u is constant in Rn, then the solution u is independent of x and it coincides
with the solution to the ordinary differential equation{

ξ′(t) = |ξ(t)|1+ε, t > 0,

ξ(0) = u,

which blows up in a finite time if u > 0.

14.2 Nonlinearities defined in intermediate spaces

In this section, Xα is any space of class Jα between X and D(A), for some α ∈ (0, 1). Consider
the Cauchy problem

(14.11)

{
u′(t) = Au(t) + F (t, u(t)), t ∈ (0, T ],

u(0) = u0 ∈ Xα,

where F : [0, T ]×Xα → X is a continuous function, for some T > 0. The definition of strict,
classical, or mild solution to (14.11) is similar to the definition in Section 14.1.

The Lipschitz condition (14.3) is replaced by a similar assumption: for each R > 0 there
exists a positive constant LR such that

(14.12) ‖F (t, x)− F (t, y)‖ ≤ LR‖x− y‖Xα , t ∈ [0, T ], x, y ∈ B(0, R) ⊂ Xα,

Since D(A) ↪→ Xα ↪→ X, the function T (·) is analytic in (0,+∞) with values in L(Xα).
Nevertheless, the norm ‖T (t)‖L(Xα) could blow up as t → 0 (see Exercise 14.3.6). To avoid
this situation, we assume the following condition

(14.13) lim sup
t→0

‖T (t)‖L(Xα) <∞,

which implies that the function t 7→ ‖T (t)‖L(Xα) is bounded on every compact interval con-
tained in [0,∞).

In this section we set

(14.14) Mα,T = sup
0≤t≤T

‖T (t)‖L(Xα), Mk,α,T = sup
t∈(0,T ]

tα‖T (t)‖L(X,Xα).
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14.2.1 Local existence, uniqueness, regularity

As in the case of nonlinearities defined in the whole X, it is convenient to look for a local mild
solution at first, and then to see that under reasonable assumptions the solution is classical
or strict.

The proof of the local existence and uniqueness theorem for mild solutions is quite similar
to the proof of Theorem 14.1.3, but we need an extension of Proposition 10.2.12.

Theorem 14.2.1. Let F : [0, T ] × Xα → X be a continuous function satisfying (14.12).
Then, the following properties are satisfied.

(i) If u, v ∈ Cb((0, a];X) are mild solutions for some a ∈ (0, T ], then u ≡ v.

(ii) For each u ∈ Xα there are r, δ > 0, K > 0 such that if ‖u0 − u‖Xα ≤ r then problem
(14.11) has a mild solution u = u(·;u0) ∈ Cb((0, δ];Xα). The function u belongs to

C([0, δ];Xα) if and only if u0 ∈ D(A)
Xα

(=closure of D(A) in Xα). Moreover, for u0,
u1 ∈ B(u, r) it holds that

‖u(t;u0)− u(t;u1)‖Xα ≤ K‖u0 − u1‖Xα , t ∈ [0, δ].

Proof. (i) The proof can be obtained arguing as in the proof of Proposition 14.1.3(i), using
Lemma 14.1.2.

(ii) Let Mα,T be the constant defined by (14.14). Fix R ≥ 8Mα,T ‖u‖Xα and observe that
supt∈[0,T ] ‖T (t)u0‖Xα ≤ R/4 for every u0 in the closed ball of Xα, centered at u and with

radius r = (8Mα,T )−1R.
We look for a local mild solution in the space Y = {u ∈ Cb((0, δ];Xα) : ‖u‖∞,α :=

supt∈(0,δ] ‖u(t)‖Xα ≤ R}, where δ ∈ (0, T ] will be chosen later. As it is easily seen, for each
function v ∈ Y the function F (·, v(·)) belongs to Cb((0, δ];X). Thus, we can define a nonlinear
operator Γ in Y by setting

Γ(v)(t) = T (t)u0 +

∫ t

0
T (t− s)F (s, v(s))ds, t ∈ [0, δ], v ∈ Y.

A function v ∈ Y is a mild solution to (14.11) in [0, δ] if and only if it is a fixed point of Γ.
We shall show that Γ is a contraction, and it maps Y into itself, provided δ is small enough.
Let v1, v2 ∈ Y. By Exercise 10.4.7, Γ(v1) and Γ(v2) belong to Cb((0, δ];Xα) and

‖Γ(v1)− Γ(v2)‖∞,α ≤
M0,α,T

1− α
δ1−α‖F (·, v1(·))− F (·, v2(·))‖∞

≤
M0,α,T

1− α
δ1−αL‖v1 − v2‖∞,α.

Therefore, if

δ ≤ δ0 =

(
2M0,α,TLR

1− α

)−1/(1−α)

,

then Γ is a 1/2-contraction in Y. Moreover, for each v ∈ Y and t ∈ [0, δ], with δ ≤ δ0, we can
estimate

‖Γ(v)‖∞,α ≤‖Γ(v)− Γ(0)‖∞,α + ‖Γ(0)‖∞,α ≤
R

2
+ ‖T (·)u0‖∞,α + Cδ1−α‖F (·, 0)‖∞
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≤3

4
R+ Cδ1−α‖F (·, 0)‖∞.

Therefore, if δ ≤ δ0 is such that Cδ1−α‖F (·, 0)‖C([0,δ];X) ≤ R/4, then Γ maps Y into itself,
and it admits a unique fixed point in Y.

Concerning the continuity of u up to t = 0, we observe that the function v = u − T (·)u0

belongs to C([0, δ];Xα), while the function T (·)u0 belongs to C([0, δ];Xα) if and only if

u0 ∈ D(A)
Xα

(see Exercise 14.3.8). Therefore, u ∈ C([0, δ];Xα) if and only if u0 ∈ D(A)
Xα

.
The statements about continuous dependence on the initial data may be proved precisely

as in Theorem 14.1.3.

The local mild solution to problem (14.11) is extended to a maximal time interval [0, τ(u0))
as in Section 14.1.

Without important modifications in the proofs it is also possible to deal with regularity
and behavior of the solution near τ(u0), obtaining results similar to the ones of Propositions
14.1.4 and 14.1.5.

Proposition 14.2.2. Let F satisfy condition (14.12). Further, assume that there exists
θ ∈ (0, 1) and, for every R > 0, a positive constant CR such that

‖F (t, x)− F (s, x)‖ ≤ CR|t− s|θ, s, t ∈ [0, T ], ‖x‖Xα ≤ R.

Then, u belongs to Cθ([ε, τ(u0)−ε];D(A)) ∩ C1+θ([ε, τ(u0)−ε];X), and u′ belongs to B([ε, τ−
ε];DA(θ,∞)) for each ε ∈ (0, τ(u0)/2). Moreover, if u0 ∈ Xα ⊂ D(A) then u(·;u0) is a
classical solution to problem (14.11). Finally, if u0 ∈ D(A) and Au0 + F (0, u0) ∈ D(A) then
u is a strict solution to (14.11).

Proposition 14.2.3. Assume that the function F satisfies (14.12) and let u0 be such that
I(u0) 6= [0, T ]. Then, the function t 7→ ‖u(t)‖Xα is unbounded in I(u0).

The simplest situation in which it is possible to show that the Xα-norm of u is bounded
in I(u0) for each initial datum u0 is again the case when F grows not more than linearly with
respect to x as ‖x‖Xα tends to ∞.

Proposition 14.2.4. Assume that condition (14.12) holds and there exists a positive constant
C such that

(14.15) ‖F (t, x)‖ ≤ C(1 + ‖x‖Xα), t ∈ [0, T ], x ∈ Xα.

Let u : I(u0)→ Xα be the mild solution to problem (14.11). Then, u is bounded in I(u0) with
values in Xα and, hence, I(u0) = [0, T ].

Proof. For each t ∈ I(u0) we can estimate

‖u(t)‖Xα ≤Mα,T ‖u0‖Xα +M0,α,T

∫ t

0
(t− s)−αC(1 + ‖u(s)‖Xα)ds

≤Mα,T ‖u0‖Xα + CM0,α,T

(
T 1−α

1− α
+

∫ t

0

‖u(s)‖Xα
(t− s)α

ds

)
,

where the constants Mα,T and M0,α,T are defined in (14.14) Lemma 14.1.2 implies that

‖u(t)‖Xα ≤ C1

(
Mα,T ‖u0‖Xα +

CM0,α,TT
1−α

1− α

)
, t ∈ I(u0),

and the statement follows.
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The growth condition (14.15) sounds rather restrictive. If we have some a priori estimate
for the solution to (14.11) in the X-norm (this happens in several applications to PDE’s),
it is possible to find a priori estimates in the DA(θ,∞)-norm if F satisfies suitable growth
conditions, less restrictive than (14.15). Since DA(θ,∞) is continuously embedded in Xα for
θ > α by Proposition 10.2.7, we get an a priori estimate for the solution in the Xα-norm, that
yields existence in the large.

Proposition 14.2.5. Assume that condition (14.12) holds and there exists an increasing
function µ : [0,+∞)→ [0,+∞) such that

(14.16) ‖F (t, x)‖ ≤ µ(‖x‖)(1 + ‖x‖γXα), t ∈ [0, T ], x ∈ Xα,

for some γ ∈ (1, α−1). Let u : I(u0) → Xα be the mild solution to problem (14.11). If u is
bounded in I(u0) with values in X, then it is bounded in I(u0) with values in Xα. Hence,
I(u0) = [0, T ].

Proof. Let us fix 0 < a < I(u0). Set Ia = {t ∈ I(u0), t ≥ a} and denote by K the supremum
of ‖u(t)‖ over I(u0). Since u ∈ Cb((0, a];Xα), it suffices to show that u is bounded in Ia with
values in Xα. We show that it is bounded in Ia with values in DA(θ,∞), when θ = αγ. This
will conclude the proof due to Proposition 10.2.7.

Observe that u(a) ∈ DA(θ,∞) and that it satisfies the variation of constants formula

u(t) = T (t− a)u(a) +

∫ t

a
T (t− s)F (s, u(s))ds, t ∈ I(a).

Using the interpolatory estimate ‖x‖Xα ≤ c‖x‖1−α/θ‖x‖α/θDA(θ,∞), with c = c(α, θ), that holds

for every x ∈ DA(θ,∞), see Exercise 10.4.6(b). We get

‖u(s)‖γXα ≤ c‖u(s)‖γ(1−α/θ)‖u(s)‖αγ/θDA(θ,∞) ≤ cK
γ(1−α/θ)‖u(s)‖DA(θ,∞),

so that ‖F (s, u(s))‖ ≤ µ(K)(1 + cKγ(1−α/θ)‖u(s)‖DA(θ,∞)). Let Mθ,T be a positive constant

such that ‖tθT (t)x‖DA(θ,∞) ≤ Mθ,T ‖x‖ and ‖T (t)y‖DA(θ,∞) ≤ Mθ,T ‖y‖DA(θ,∞) for every x ∈
X, y ∈ DA(θ,∞) and t ∈ (0, T ]. Then, for t ∈ Ia we can estimate

‖u(t)‖DA(θ,∞) ≤Mθ‖u(a)‖DA(θ,∞)

+Mθµ(K)

∫ t

a
(t− s)−θ(1 + cKγ(1−α/θ)‖u(s)‖DA(θ,∞))ds,(14.17)

and Lemma 14.1.2 implies that u is bounded in Ia with values in DA(θ,∞).

The exponent γ = α−1 is said to be critical growth exponent. If γ = α−1, then the above
method does not work: one should replace DA(αγ,∞) by D(A), and the integral in (14.17)
would equal ∞. We already know that in general we cannot estimate the D(A)-norm of the
function v = T (·) ∗ ϕ in terms of the sup-norm of ϕ(t).

14.2.2 An example: the Cahn-Hilliard equation

Let us consider a one dimensional Cahn-Hilliard equation

(14.18)


Dtu(t, x) = Dxx(−uxx(t, x) + f(u(t, x))), t > 0, x ∈ [0, 1],

Dxu(t, 0) = Dxu(t, 1) = Dxxxu(t, 0) = Dxxxu(t, 1) = 0, t > 0,

u(0, x) = u0(x), x ∈ [0, 1],
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assuming that f ∈ C3(R) has a nonnegative primitive Φ and u0 ∈ C2([0, 1]) is such that
u′0(0) = u′0(1) = 0. The smoothness of f and the assumptions on u0 are sufficient to obtain a
local solution. The positivity of a primitive of f will be used to get a priori estimates on the
solution that guarantee existence in the large.

Set X = C([0, 1]) and consider the operators A : D(A) = {ϕ ∈ C4([0, 1]) : ϕ′(0) =
ϕ′(1) = ϕ′′′(0) = ϕ′′′(1) = 0} → X, defined by Aϕ = −ϕ′′′′ for every ϕ ∈ D(A), and
B : D(B) = {ϕ ∈ C2([0, 1]) : ϕ′(0) = ϕ′(1) = 0} → X, defined by Bϕ = ϕ′′ for every
ϕ ∈ D(B). Operator A has a very special form; specifically A = −B2, where B is sectorial
by Exercise 9.4.7(iii) and Σ0,θ ⊂ ρ(A) for every θ ∈ (π/2, π) (see Definition 9.2.1. Then, A is
sectorial in X by Exercise 14.3.11, and D(B) is of class J1/2 between X and D(A) by Exercise
10.4.5. So, that we may choose α = 1/2, X1/2 = D(B). Note that both D(B) and D(A) are
dense in X. Since B commutes with R(λ,A) on D(B) for each λ ∈ ρ(A), then it commutes
with T (t) on D(B), and

‖T (t)ϕ‖D(B) = ‖T (t)ϕ‖∞ +

∥∥∥∥ d2

dx2
T (t)ϕ

∥∥∥∥
∞

= ‖T (t)ϕ‖∞ + ‖T (t)ϕ′′‖∞ ≤M0,T ‖ϕ‖D(B).

Hence, condition (14.13) is satisfied.

The function F : X1/2 → X, defined by F (ϕ) =
d2

dx2
f(ϕ) = f ′(ϕ)ϕ′′+f ′′(ϕ)ϕ′

2
is Lipschitz

continuous on each bounded subset of X1/2, provided f is a C2 function and f ′′ is locally
Lipschitz continuous.

Theorem 14.2.1 implies that, for each u0 ∈ D(B), there exists τ(u0) > 0 such that problem
(14.18) has a unique solution u : [0, τ(u0)) × [0, 1] → R, with u, Dxu, Dxxu continuous in
[0, τ(u0))× [0, 1] and Dtu, Dxxxu, Dxxxxu continuous in (0, τ(u0))× [0, 1].

Since we have a fourth-order differential equation, the maximum principles cannot be
applied to show that u is bounded. We shall prove that the norm ‖u(t, ·)‖H1 is bounded in
I(u0); through the Sobolev embedding this will imply that u is bounded in I(u0).

Since Dtu = Dxx(−Dxxu+ f(u)) for each t > 0, it follows that

(14.19)

∫ 1

0
(u(t, x)− u(ε, x))dx =

∫ t

ε
dt

∫ 1

0
Dtu(s, x)dx = 0, t ∈ [ε, τ(u0))

for every ε ∈ (0, τ(u0)). Letting ε tend to 0, we get∫ 1

0
u(t, x)dx =

∫ 1

0
u0(x)dx, t ∈ (0, τ(u0)),

so that the mean value of u(t, ·) is a constant, independent1 of t.
Fix again ε ∈ (0, τ(u0)), multiply both sides of the differential equation by −Dxxu+f(u),

and integrate over [ε, t]× [0, 1] for t ∈ (ε, τ(u0)). We get

−
∫ t

ε

∫ 1

0
DtuDxxudsdx+

∫ t

ε

∫ 1

0
Dtuf(u)dsdx

=

∫ t

ε

∫ 1

0
(−Dxxu+ f(u))Dxx(−Dxxu+ f(u))dsdx.

1We take ε > 0 in (14.19) because our solution is just classical and it is not strict in general, so that it is
not obvious that Dtu is in L1((0, t)× (0, 1)).
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Note that we may integrate by parts with respect to x in the first integral, because the
derivative Dtxu exists and it is continuous in [ε, t] × [0, 1] (see Exercise 14.3.10). So, we
integrate by parts in the first integral, we rewrite the second integral, recalling that f = Φ′,
and integrate by parts in the third integral too. We get∫ t

ε

∫ 1

0
ux(s, x)utx(s, x)dsdx+

∫ t

ε

d

ds

∫ 1

0
Φ(u(s, x))dxds

=−
∫ t

ε

∫ 1

0
Dx[−uxx(s, x) + ϕ(u(s, x))]2dxds

so that

1

2

∫ 1

0
ux(t, x)2dx− 1

2

∫ 1

0
ux(ε, x)2dx+

∫ 1

0
[Φ(u(t, x)− Φ(u(ε, x))]dx ≤ 0,

and, letting ε tend to 0, we get

‖ux(t, ·)‖2L2 + 2

∫ 1

0
Φ(u(t, x))dx ≤ ‖u′0‖2L2 + 2

∫ 1

0
Φ(u0(x))dx, t ∈ (0, τ(u0)).

Since Φ is nonnegative, then Dxu(t, ·) is bounded in L2((0, 1)) for t ∈ I(u0). The Poincaré
inequality and the fact that u(t, ·) has constant mean value, yield that u(t, ·) is bounded in
H1(0, 1) for t ∈ I(u0). Since H1(0, 1) is continuously embedded in C([0, 1]), u is bounded in
the sup norm.

Now we may use Proposition 14.2.5, because F satisfies condition (14.16) with γ = 1.
Indeed,

‖F (ϕ)‖ ≤
(

sup
|ξ|≤‖ϕ‖∞

|f ′(ξ)|
)
‖ϕ′′‖∞ +

(
sup

|ξ|≤‖ϕ‖∞
|f ′′(ξ)|

)
‖ϕ′‖2∞

≤ sup
|ξ|≤‖ϕ‖∞

|f ′(ξ)| · ‖ϕ′′‖∞ + sup
|ξ|≤‖ϕ‖∞

|f ′′(ξ)| · C‖ϕ‖∞‖ϕ′′‖∞

≤µ(‖ϕ‖)‖ϕ‖D(B),

where µ(s) = max{sup|ξ|≤s |f ′(ξ)|, Cs sup|ξ|≤s |f ′′(ξ)|} and F has subcritical growth (the
critical growth exponent is 2). By Proposition 14.2.5, the solution exists in the large.

14.3 Exercises

Exercise 14.3.1. Prove that

(i) if F satisfies (14.3) and u ∈ Cb((0, δ];X) with 0 < δ ≤ T , then the composition ϕ(t) :=
F (t, u(t)) belongs to Cb((0, δ];X);

(ii) if F satisfies (14.5) and u ∈ Cθ([a, b];X) with 0 ≤ a < b ≤ T , then the composition
ϕ(t) := F (t, u(t)) belongs to Cθ([a, b];X).

These properties have been used in the proofs of Theorem 14.1.3 and of Proposition 14.1.4.
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Exercise 14.3.2. Prove that if u is a mild solution to (14.1) in an interval [0, t0] and v is a
mild solution to {

v′(t) = Av(t) + F (t, v(t)), t ∈ (t0, t1),

v(t0) = u(t0),

then the function z : [0, t1] → X, defined by z(t) = u(t) for 0 ≤ t ≤ t0, z(t) = v(t) for
t0 ≤ t ≤ t1, is a mild solution to (14.1) in the interval [0, t1].

Exercise 14.3.3. Under the assumptions of Theorem 14.1.3, for t0 ∈ (0, T ) let u(·; t0, x) :
[t0, τ(t0, x)) → X be the maximally defined solution to problem u′ = Au + F (t, u), t > t0,
u(t0) = x.

(i) Prove that for each a ∈ (0, τ(0, x)) it holds that τ(a, u(a; 0, x)) = τ(0, x) and for t ∈
[a, τ(0;x)) it holds that u(t; a, u(a; 0, x)) = u(t; 0, x).

(ii) Prove that if F does not depend on t, then τ(0, u(a; 0, x)) = τ(0, x) − a, and for t ∈
[0, τ(0, x)− a) we have u(t; 0, u(a; 0, x)) = u(a+ t; 0, x).

and ‖u(t;u0)− u(t;u1)‖ ≤ K‖u0 − u1‖ for each t ∈ [0, b].

Exercise 14.3.4. Prove that if F satisfy (14.3), then for every u0 ∈ X, the mild solution u
of problem (14.1) is bounded with values in DA(β,∞) in the interval [ε, τ(u0) − ε], for each
β ∈ (0, 1) and ε ∈ (0, τ(u0)/2).

Exercise 14.3.5. Prove that the closure, with respect to the sup-norm, of the set {u ∈
C2([0, 1]) : u(0) = u(1) = 0} is the set of all functions u ∈ C([0, 1]) which vanish at 0 and at
1.

Exercise 14.3.6. Let A be the operator in Exercise 14.3.5 and let {T (t)} be the associated
analytic semigroup. Prove that the function ‖T (·)‖L(Cα([0,1]) is unbounded in (0.1].

[Hint: Compute u = R(λ,A∞)1 for λ > 0 and show that lim supλ→∞ λ
1−α/2u(λ−1/2) = ∞,

so that λ[R(λ,A∞)f ]Cα is unbounded as λ → ∞. Taking into account the behaviour of
R(λ,A)1, deduce that the function ‖T (·)‖L(Cα((0,1))) is unbounded in (0, 1]].

Exercise 14.3.7. Let u be the solution to
Dtu(t, x) = Dxxu(t, x) + (u(t, x))2, t ≥ 0, x ∈ [0, 1],

u(t, 0) = u(t, 1) = 0, t ≥ 0,

u(0, x) = u0(x), x ∈ [0, 1]

with u0(0) = u0(1) = 0. Prove the following properties.

(i) If 0 ≤ u0(x) ≤ π2 sin(πx), then u exists in the large.

[Hint: compare with v(t, x) = π2 sin(πx)].

(ii) Set h(t) =

∫ 1

0
u(t, x) sin(πx)dx and prove that h′(t) ≥ (π/2)h2−π2h(t). Deduce that if

h(0) > 2π then u blows up in finite time.

Exercise 14.3.8. Show that the function t 7→ T (t)u0 belongs to C([0, δ];Xα) if and only if

u0 ∈ D(A)
Xα

. This fact has been used in Proposition 14.2.1.
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Exercise 14.3.9. Prove Propositions 14.2.2 and 14.2.3.
[Hint: concerning Proposition 14.2.2 show by induction that the statement holds with θ
replaced by θk = min{θ, (1− α)(1 + α+ . . .+ αk−1)} for every k ∈ N].

Exercise 14.3.10. Referring to Subsection 14.2.2, prove that the function Dtxu exists and
it is continuous in [ε, τ − ε]× [0, 1] for each ε ∈ (0, τ/2).
[Hint: use Proposition 14.2.2 to deduce that the function Dtu is bounded in [ε, τ − ε] with
values in DA(θ,∞) for every θ ∈ (0, 1) ...].

Exercise 14.3.11. Let A : D(A) ⊂ X → X be a sectorial operator in the sector Σ0,θ, with
θ > 3π/4. Show that −A2 is sectorial.
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Lecture 15

Behavior near stationary solutions

In this last lecture, we complete our study and combine the spectral analysis on the sectorial
operators, with the results in Lecture 14 to investigate on the stability of steady state solutions
to nonlinear problems. More precisely, we consider the nonlinear equation

(15.1) u′(t) = Au(t) + F (u(t)), t > 0,

where A : D(A) ⊂ X → X is a sectorial operator, F : X → X, or F : Xα → X satisfies the
assumptions of the local existence Theorems 14.1.3 or 14.2.1. Then for every x ∈ Xα, the
initial value problem

(15.2)

{
u′(t) = Au(t) + F (u(t)), t > 0,

u(0) = x,

admits a unique solution, that we denote by u(·;x), defined in a maximal time interval
[0, τ(x)).

Assuming that F (0) = 0, the equation (15.1) admits the stationary (i.e., constant in time)
solution u ≡ 0. We are interested in studying the stability of the null solution to equation
(15.1). Throughout this lecture, we use the same notation as in Lecture 14, so Xα is a space
of class Jα between X and D(A), for some α ∈ (0, 1), that satisfies the condition

lim sup
t→0

‖T (t)‖L(Xα) <∞.

This condition implies that the function t 7→ ‖T (t)‖L(Xα) is bounded on every compact interval
contained in [0,∞). Moreover, we assume that the function F satisfies the condition

(15.3) lim
ρ→0

K(ρ) = 0,

where

K(ρ) = sup

{
‖F (x)− F (y)‖
‖x− y‖Xα

: x, y ∈ B(0, ρ) ⊂ Xα

}
.

Definition 15.0.1. The null solution of (15.1) is said to be

• stable (in Xα) if for every ε > 0 there exists δ > 0 such that

x ∈ Xα, ‖x‖Xα ≤ δ =⇒ τ(x) =∞, ‖u(t;x)‖Xα ≤ ε ∀t ≥ 0;

191



192 LECTURE 15. BEHAVIOR NEAR STATIONARY SOLUTIONS

• asymptotically stable if it is stable and limt→∞ ‖u(t;x)‖Xα = 0 uniformly for x in a
neighborhood of 0.

• unstable if it is not stable.

Here, u(·, x) : [0, τ(x)) → Xα is the maximally defined solution of (15.1) with initial datum
x.

From the point of view of the stability, the case when F is defined in Xα does not differ
substantially from the case when it is defined in the whole space X, and they will treated
together, setting X0 := X and considering α ∈ [0, 1).

Remark 15.0.2. We confine our analysis to the case when 0 is a stationary solution to
equation (15.1). The study of the stability of other possible stationary solutions u ∈ D(A)
can be reduced to the case of the null stationary solution u, if F is Frechét differentiable at u
and condition (15.3) is satisfied, with 0 being replaced by u, and the operator Ã = A+F ′(u)
is sectorial. It suffices to study the problem v′ = Ãv + F̃ (v) solved by the new unknown
v = u− u. Here, F̃ (v) = F (v + u)− F ′(u)v.

As in Lecture 13 we consider the Banach space Cω(I;Xα) (α ∈ [0, 1)) consisting of all
functions f : I → Xα such that ‖f‖Cω(I;Xα) = supt∈I(e

−ωt‖f(t)‖Xα) < ∞. Here, I is either
the interval (0,∞) or the interval (−∞, 0).

15.1 The principle of linearized stability

The principle of linearized stability states that the null solution to the nonlinear equation
(15.1) has the same stability properties of the null solution to the linear problem u′ = Au.
Note that, by assumption (15.3), the linear part of Ax + F (x) near x = 0 is Ax, so that
the nonlinear part F (u) in problem (15.1) looks like a small perturbation of the linear part
u′ = Au, at least for solutions close to 0. In the next two subsections we make this argument
rigorous.

15.1.1 Linearized stability

In this subsection, we assume that the spectral bound s(A) of the operator A is negative.
Under this condition, the results in Lecture 13 show that, for every x ∈ X, the solution to
the homogeneous linear problem{

u′(t) = Au(t), t > 0,

u(0) = x,

converges to the null solution (which is a stationary solution to such problem) with exponential
rate. As we will see, also problem (15.1) exhibits the same behaviour.

In the proof of the linearized stability theorem we shall use the next lemma, which is a
consequence of Proposition 13.1.1.

Lemma 15.1.1. Fix ω ∈ [0,−s(A)). If f ∈ C−ω((0,∞);X) and x ∈ Xα then the function

v(t) = T (t)x+

∫ t

0
T (t− s)f(s)ds, t > 0,



15.1. THE PRINCIPLE OF LINEARIZED STABILITY 193

belongs to C−ω((0,∞);Xα), and there exists a constant C = C(ω) such that

‖v‖C−ω((0,∞);Xα) ≤ C(‖x‖Xα + ‖f‖C−ω((0,∞);X)).

Proof. By Proposition 13.1.1, for each ω ∈ [0,−s(A)) there exists a positive constant M(ω)
such that ‖T (t)‖L(X) ≤ M(ω)e−ωt for every t > 0. Therefore, splitting T (t) = T (1)T (t− 1),
we can estimate

‖T (t)‖L(X,Xα) ≤ ‖T (1)‖L(X,Xα)‖T (t− 1)‖L(X) ≤ Ce−ωt, t > 1,

with C = M(ω)eω‖T (1)‖L(X,Xα), while for 0 < t < 1 we have ‖T (t)‖L(X,Xα) ≤ Ct−α for some
constant C > 0, by Proposition 10.2.7. By changing ω ∈ [0,−s(A)), if necessary, we get that

Cω := sup
t>0

(eωttα‖T (t)‖L(X,Xα)) <∞.(15.4)

On the other hand, since Xα is continuously embedded in X, it follows that ‖T (t)‖L(Xα) ≤
Ĉe−ωt for t ≥ 1 and some positive constant Ĉ. By assumptions, the function t 7→ ‖T (t)‖L(Xα)

is bounded in (0, 1). Summing up, we conclude that

C̃ω := sup
t>0

(eωt‖T (t)‖L(Xα)) <∞.

Therefore, for every fixed ω′ ∈ (ω,−s(A)) and t > 0, using (15.4), we can estimate∥∥∥∥eωt ∫ t

0
T (t− s)f(s)ds

∥∥∥∥
Xα

=

∥∥∥∥eωt ∫ t

0
T (s)f(t− s)ds

∥∥∥∥
Xα

≤C̃ω′eωt
∫ t

0
s−αe−ω

′s‖f(t− s)‖ds ≤ C̃ω′Γ(1− α)

(ω′ − ω)1−α ‖f‖C−ω((0,∞);X),

where, here, Γ is the Gamma function. and the statement follows.

Theorem 15.1.2. For every ω ∈ [0,−s(A)) there exist two positive constants M = M(ω)
and r = r(ω) such that, if x ∈ B(0, r) ⊂ Xα, then τ(x) =∞ and

(15.5) ‖u(t;x)‖Xα ≤Me−ωt‖x‖Xα , t ≥ 0.

As a byproduct, the null solution to equation (15.1) is asymptotically stable.

Proof. Let Y be the closed ball centered at 0 in the space C−ω((0,∞); Xα), with radius ρ to
be fixed later on. We look for the solution to problem (15.2) as a fixed point of the operator
Γ defined on Y by

(15.6) (Γ(u))(t) = T (t)x+

∫ t

0
T (t− s)F (u(s))ds, t ≥ 0.

If u ∈ Y , then

(15.7) ‖F (u(t))‖ = ‖F (u(t))− F (0)‖ ≤ K(ρ)‖u(t)‖Xα ≤ K(ρ)ρe−ωt, t ≥ 0,

so that F (u(·)) ∈ C−ω((0,∞);X). Using Lemma 15.1.1 we get

(15.8) ‖Γ(u)‖C−ω((0,∞);Xα) ≤ C
(
‖x‖Xα + ‖F ◦ u‖C−ω((0,∞);X)

)
≤ C (‖x‖Xα + ρK(ρ)) .
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If ρ is sufficiently small so that K(ρ) ≤ (2C)−1 and ‖x‖Xα ≤ r := (2C)−1ρ, then Γ(u) belongs
to Y . Moreover, again by Lemma 15.1.1 it follows that

‖Γ(u1)− Γ(u2)‖C−ω((0,∞);Xα) ≤ C‖F ◦ u1 − F ◦ u2‖C−ω((0,∞);X)

for every u1, u2 ∈ Y , where

‖F (u1(t))− F (u2(t))‖ ≤ K(ρ)‖u1(t)− u2(t)‖Xα , t > 0.

Taking ρ sufficiently small, it follows that

‖Γ(u1)− Γ(u2)‖C−ω((0,∞);Xα) ≤
1

2
‖u1 − u2‖C−ω((0,∞);Xα),

so that Γ is a 1/2-contraction. Consequently, there exists a unique fixed point of Γ in Y ,
which is the solution of the equation (15.1) and satisfies the condition u(0) = x. Moreover,
from (15.7) and (15.8) we get

‖u‖C−ω((0,∞);Xα) =‖Γ(u)‖C−ω((0,∞);Xα) ≤ C(‖u0‖Xα +K(ρ)‖u‖C−ω((0,∞);Xα))

≤C‖x‖Xα +
1

2
‖u‖C−ω((0,∞);Xα)

which yields estimate (15.5) with M = 2C.

Remark 15.1.3. Note that the mild solution to problem (15.1) is smooth for t > 0. Indeed,
since u satisfies (15.6) and it is continuous with values in Xα, by Theorem 9.2.2 and Propo-
sition 10.2.12, it follows that u ∈ Cθ([a, b];X) for every θ ∈ (0, 1) and 0 < a < b < ∞. For
t > a, we can write

u(t) = T (t− a)u(a) +

∫ t−a

0
T (t− a− s)F (u(s+ a))ds, t > a.

Since F is Lipschitz continuous, then the function s 7→ F (u(s+ a)) is θ-Hölder continuous in
[0, b] for any b > 0. Theorem 10.2.14 implies that u ∈ C1+θ([a+ε, b];X)∩Cθ([a+ε, b];D(A)),
for every ε, b such that a+ ε < b.

15.1.2 Linearized instability

Throughout this subsection, we assume that the following conditions hold:

(15.9)

{
σ+(A) = σ(A) ∩ {λ ∈ C : Reλ > 0} 6= ∅,
inf{Reλ : λ ∈ σ+(A)} = ω+ > 0.

Then it is possible to prove an instability result for the null solution. We shall use the
projection P defined by (13.7), i.e.

P =
1

2πi

∫
γ+

R(λ,A)dλ,

where γ+ is any closed regular curve with range in {Re λ > 0}, oriented counterclockwise,
which “covers” its support only once.

For the proof of the instability theorem, we need the next lemma, which is a corollary of
Theorem 13.4.1(ii). It is a counterpart of Lemma 15.1.1 for the unstable case.
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Lemma 15.1.4. Fix ω ∈ [0, ω+). If g ∈ Cω((−∞, 0];X) and x ∈ P (X), then the function
v : (−∞, 0]→ X, defined by

(15.10) v(t) = T (t)x−
∫ 0

t
T (t− s)Pg(s)ds+

∫ t

−∞
T (t− s)(I − P )g(s)ds, t ≤ 0,

is a mild solution to the equation v′ = Av+g in (−∞, 0]. Moreover, it belongs to Cω((−∞, 0];Xα)
and there exists a positive constant C = C(ω) such that

(15.11) ‖v‖Cω((−∞,0];Xα) ≤ C(‖x‖+ ‖g‖Cω((−∞,0];X)).

Finally, the function t 7→ e−ωtu(t) is bounded with values in DA(β,∞), for each β ∈ (0, 1)
and

(15.12) sup
t≤0

e−ωt‖v(t)‖DA(β,∞) ≤ C(‖x‖+ ‖g‖Cω((−∞,0];X)).

Conversely, if v is a mild solution to the equation v′ = Av+g belonging to Cω((−∞, 0];Xα)
then there exists x ∈ P (X) such that v is given by (15.10).

Proof. Set y0 = x +
∫ 0
−∞ T (−s)(I − P )g(s)ds and observe that condition (13.24) is satisfied

since x ∈ P (X) and

(I − P )y0 =

∫ 0

−∞
T (−s)(I − P )g(s)ds =

∫ ∞
0

T (s)(I − P )g(−s)ds.

Hence, Theorem 13.4.1(ii) implies that v is a mild solution to the equation v′ = Av+g, which
satisfies the initial condition v(0) = y0, since the vertical line Reλ = ω does not intersect the
spectrum of A.

Conversely, if v is a mild solution to the equation v′ = Av+ g in Cω((−∞, 0];Xα), then it
belongs in Cω((−∞, 0];X) and Theorem 13.4.1(ii) shows that it is given by formula (15.10).

Let us prove estimate (15.11). For this purpose, we set w(t) = e−ωtv(t) for every t ≤ 0.
Then,

w(t) =e−ωtT (t)x−
∫ 0

t
e−ω(t−s)T (t− s)Pg(s)e−ωsds

+

∫ t

−∞
e−ω(t−s)T (t− s)(I − P )g(s)e−ωsds

for every t ≤ 0, and the operator A− ω, which is associated to the semigroup {e−ωtT (t)}, is
hyperbolic with σ+(A−ω) = σ+(A)−ω and σ−(A−ω) = (σ(A)\σ+(A))−ω. By Proposition
13.2.2, we can fix σ > 0 small enough such that

‖e−ωtT (t)(I − P )‖L(X) ≤ C1e
−σt, t ≥ 0, ‖e−ωtT (t)P‖L(X) ≤ C1e

σt, t ≤ 0,

for some positive constant C1 that, as the other constants Cj appearing in the proof, is
independent of t. Since A is bounded in P (X), it follows that

‖e−ωtT (t)P‖L(X,D(A)) ≤ C2e
σt, t ≤ 0.
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Hence,

‖e−ωtT (t)P‖L(X,Xα) ≤ C3e
σt, t ≤ 0.

Moreover, if t ≥ 1, we can estimate
(15.13)
‖e−ωtT (t)(I − P )‖L(X,Xα) ≤ ‖e−ωT (1)‖L(X,Xα)‖e−ω(t−1)T (t− 1)(I − P )‖L(X) ≤ C4e

−σt

whereas, for t ∈ (0, 1] we can estimate

(15.14) ‖e−ωtT (t)(I − P )‖L(X,Xα) ≤ C5t
−α.

From (15.13) and (15.14) it follows that

‖e−ωtT (t)(I − P )‖L(X,Xα) ≤ C6t
−αe−σt, t ≥ 0.

Therefore, for t ≤ 0 we get

‖w(t)‖Xα ≤C1e
σt‖x‖+ C1‖P‖‖g‖Cω((−∞,0];X)

∫ 0

t
eσsds

+ C6‖I − P‖ sup
t≤0

∫ t

−∞
e−σ(t−s)(t− s)−αds

and estimate (15.11) follows easily.

Replacing Xα with DA(β,∞) (β ∈ (0, 1)) and repeating the same arguments as above,
one can see that u is bounded in [0,∞) with values in DA(β,∞) and it satisfies (15.12).

Theorem 15.1.5. There exists r+ > 0 such that, for every x ∈ P (X) with ‖x‖ ≤ r+, the
Cauchy problem

(15.15)

{
v′(t) = Av(t) + F (v(t)), t ≤ 0,

Pv(0) = x,

admits a backward solution v such that limt→−∞ v(t) = 0.

Proof. Let Y+ be the closed ball in Cω((−∞, 0];Xα) centered at 0 with radius ρ+ to be fixed
later on. In view of Lemma 15.1.4, we look for a solution to (15.15) as a fixed point of the
operator Γ+ defined on Y+ by

(Γ+(v))(t) = T (t)x−
∫ 0

t
T (t− s)PF (v(s))ds+

∫ t

−∞
T (t− s)(I − P )F (v(s))ds, t ≤ 0.

If v ∈ Y+, then the function F ◦ v belongs to Cω((−∞, 0];X), see (15.7). Lemma 15.1.4
implies Γ+(v) ∈ Cω((−∞, 0];Xα) and

‖Γ+(v)‖Cω((−∞,0];Xα) ≤ C
(
‖x‖+ ‖F ◦ v‖Cω((−∞,0];X)

)
.

The rest of the proof is quite similar to that of Theorem 15.1.2 and it is left as an exercise
(see Exercise 15.4.1).
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Remark 15.1.6. The existence of a backward mild solution u to problem (15.15) implies
that the null solution to equation (15.1) is unstable. Indeed, for every n ∈ N set xn = v(−n).
Of course xn converges to 0 as n tends to ∞. Consider, for any n ∈ N the Cauchy problem
u(0) = xn for the equation (15.1), and denote by v(·;xn) its mild solution. If there exists a
subsequence {xnk} such that v(·;xnk) does not exist in (−∞, 0], of course, the null solution to
equation (15.1) is unstable. On the other hand, if v(·;xn) exists in (−∞, 0] for every n ∈ N,
then, u(t;xn) = v(t− n, xn) for every t ∈ [0, n]. Hence

sup
t≥0
‖u(t;xn)‖Xα ≥ sup

0≤t≤n
‖u(t;xn)‖Xα = sup

−n≤t≤0
‖v(t)‖Xα ≥ ‖v(0)‖Xα ,

which implies that the null solution is unstable since supt≥0 ‖u(t;xn)‖Xα does not converge
to 0 as n tends to ∞.

15.2 The saddle point property

If A is hyperbolic, i.e., σ(A) ∩ iR = ∅, we may prove a saddle point property, constructing
the so called stable and unstable manifolds. As in Lecture 13, we set

(15.16) −ω− := sup{Re λ : λ ∈ σ−(A)} < 0, ω+ := inf{Re λ : λ ∈ σ+(A)} > 0.

We shall consider the forward equation (15.1) and the backward problem

(15.17)

{
v′(t) = Av(t) + F (v(t)), t ≤ 0,

v(0) = v0.

The stable and the unstable manifolds are the nonlinear analogous of (I − P )(X) and
P (X). For the linear problem {

u′(t) = Au(t), t > 0,

u(0) = x.

Corollary 13.2.3 implies that the solution u = T (·)x is bounded (in fact, it decays expo-
nentially to 0 as t → ∞) if and only if x ∈ (I − P )(X), and that there exists a backward
bounded solution (which in addition decays exponentially to 0 as t tends to −∞) if and only
if x ∈ P (X). We are going to prove that a similar behavior occurs in the nonlinear problem{

u′(t) = Au(t) + F (u(t)), t > 0,

u(0) = x,

at least for small initial data x. In the case when F is defined in X, the role of subspaces
(I − P )(X) and P (X) are played by the stable and the unstable manifold, that are graphs
of regular functions from a neighborhood of the origin in (I − P )(X) to P (X) and from a
neighborhood of the origin in P (X) to (I−P )(X), respectively. In the case where F is defined
in Xα with α ∈ (0, 1) the behavior is still similar, with (I − P )(X) replaced by (I − P )(Xα)
(note that P (X) coincides with P (Xα)).

For the construction of the stable manifold we need the next lemma, which is a corollary
of Theorem 13.4.1(i).
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Lemma 15.2.1. Let A be a hyperbolic operator and fix ω ∈ [0, ω−). If f ∈ C−ω((0,∞);X)
and x ∈ (I − P )(Xα) then the function u : [0,∞)→ X, defined by

(15.18) u(t) = T (t)x+

∫ t

0
T (t− s)(I − P )f(s)ds−

∫ ∞
t

T (t− s)Pf(s)ds, t ≥ 0,

is a mild solution to the equation u′ = Au + f in [0,∞), it belongs to C−ω((0,∞);Xα), and
there exists a positive constant C = C(ω) such that

(15.19) ‖u‖C−ω(0,∞);Xα) ≤ C(‖x‖Xα + ‖f‖C−ω(0,∞);X)).

Moreover, the function t 7→ eωtu(t) is bounded in [ε,∞) with values in DA(β,∞) for every
ε > 0 and β ∈ (0, 1). If, in addition x ∈ DA(β,∞) for some β ∈ (0, 1), then

sup
t≥0

(eωt‖u(t)‖DA(β,∞)) ≤ C(‖x‖DA(β,∞) + ‖f‖C−ω((0,∞);X)).

Conversely, if u ∈ C−ω((0,∞);Xα) is a mild solution to the equation u′ = Au + F (u),
then u is given by (15.18) for some x ∈ (I − P )(Xα).

Proof. Since the vertical line Reλ = −ω does not intersect the spectrum of A we may apply
Theorem 13.4.1(i), which implies that u is a mild solution. The estimates on ‖u(t)‖Xα and
‖u(t)‖DA(β,∞) may be shown as in Lemmas 15.1.1 and 15.1.4, and they are left as an exercise
(see Exercise 15.4.2). If u is a mild solution in C−ω((0,∞);Xα), then it is in C−ω((0,∞);X),
and by Theorem 13.4.1(i) it is given by (15.18).

Theorem 15.2.2. Assume that A is a hyperbolic operator and fix ω ∈ [0,min{ω+, ω−}),
where ω−, ω+ are defined in (15.16). Then, there exist two positive constants r, ρ and two
continuous functions

k : {x− ∈ (I − P )(Xα) : ‖x−‖ ≤ r} → P (X),

h : {x+ ∈ P (X) : ‖x+‖ ≤ r} → (I − P )(Xα),

such that, setting

MS =MS(ω) = {(x−, k(x−)) : x− ∈ (I − P )(Xα), ‖x−‖ ≤ r},

MU =MU (ω) = {(x+, h(x+)) : x+ ∈ P (X), ‖x+‖ ≤ r},

the following statements hold true.

(i) For every u0 ∈ MS the solution u of (15.1) exists in the large, it belongs to the space
C−ω((0,∞);Xα), and ‖u‖C−ω(0,∞);Xα) ≤ ρ. Conversely, if u0 ∈ Xα is such that ‖(I −
P )u0‖Xα ≤ r and the solution of (15.1) belongs to C−ω((0,∞), Xα) with norm not
exceeding ρ, then u0 ∈MS.

(ii) For every v0 ∈ MU , problem (15.17) has a solution v ∈ Cω((−∞, 0];Xα), such that
‖v‖Cω((−∞,0);Xα) ≤ ρ. Conversely, if v0 is such that ‖Pv0‖ ≤ r and problem (15.17)
admits a solution belonging to Cω((−∞, 0];Xα), with norm not exceeding ρ, then v0 ∈
MU .
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Proof. (i) Fix x− ∈ (I−P )(Xα) and set Y− = B(0, ρ−) ⊂ C−ω((0,∞);Xα), with small ρ− > 0
to be chosen later. Note that for each u ∈ Y−, the function F ◦u belongs to C−ω((0,∞);X) if
ρ− is small enough. Therefore, taking Lemma 15.2.1 into account, we look for an exponentially
decaying forward solution to u′ = Au + F (u) as a fixed point of the operator Γ− defined on
Y− by

(Γ−(u))(t) = T (t)x− +

∫ t

0
T (t− s)(I − P )F (u(s))ds−

∫ ∞
t

T (t− s)PF (u(s))ds

for t ≥ 0. Arguing as in the proof of Theorem 15.1.2 and using Lemma 15.2.1 we see that
Γ− is a 1/2-contraction if ρ− is small enough and that, if ‖x‖Xα ≤ r− := (2C(ω))−1ρ, where
C(ω) is the constant in (15.19), then Γ− maps Y into itself, so that it admits a unique fixed
point u− ∈ Y . The fixed point satisfies the estimate

(15.20) ‖u−‖C−ω((0,∞);Xα) ≤ 2C(−ω)‖x−‖Xα .

Moreover, the function K : {x ∈ (I − P )(Xα) : ‖x‖Xα ≤ r−} × Y− → C−ω((0,∞);Xα),
defined by K(x−, u) = Γ−u for every (x−, u) ∈ {x ∈ (I − P )(Xα) : ‖x‖Xα ≤ r−} × Y− →
C−ω((0,∞);Xα), is continuous, so that the fixed point of Γ depends continuously on x−,
thanks to the contraction theorem depending on a parameter. It follows that the function{

k : {x ∈ (I − P )(Xα) : ‖x‖Xα ≤ r−} → P (X),

k(x) = Pu−(0),

is continuous. The solution of (14.1) with initial datum u0 = u−(0) coincides with u−, so
that it belongs to C−ω((0,∞);Xα) and its norm is not greater than ρ−.

Conversely, fix u0 ∈ Xα such that ‖(I − P )u0‖Xα ≤ r−, and such that the solution of
the Cauchy problem (15.2) belongs to C−ω((0,∞);Xα) with norm that does not exceed ρ−.
Then, since F ◦ u belongs to C−ω((0,∞);Xα), by Lemma 15.2.1 it follows that

u(t) = T (t)(I − P )u0 +

∫ t

0
T (t− s)(I − P )F (u(s))ds−

∫ ∞
t

T (t− s)F (u(s))ds

for t ≥ 0. Hence, u is a fixed point of the operator Γ− if we choose x− = (I−P )u0. Since there
exists a unique fixed point of Γ− with norm less or equal to ρ−, then Pu0 = k((I − P )u0),
namely u0 ∈MS . Statement (i) is proved.

(ii) The proof is quite similar to that of property (i): arguing as in the proof of Theorem
15.1.5 one sets {

h : P (X) ∩B(0, r+)→ (I − P )(Xα),

h(x) = (I − P )v(0),

where v is the fixed point of the operator Γ+ in Y+ given by Theorem 15.1.5, and r+ is given
by Theorem 15.1.5 too.

We take eventually r = min{r−, r+}, ρ = min{ρ−, ρ+}, and the statement follows.

Remark 15.2.3. The stable manifold MS (respectively, the unstable manifold MU ) is
tangent at the origin to (I − P )(Xα) (resp., to P (X)), in the sense that k (resp., h) is
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Fréchet differentiable at 0 with derivative k′(0) = 0 (respectively, h′(0) = 0). Indeed, since
‖u−‖C−ω((0,∞);Xα) ≤ 2C‖x−‖ by (15.20), then (see estimate (15.7))

‖F ◦ u−‖C−ω((0,∞);X) ≤ K(ρ−)‖u−‖C−ω((0,∞);Xα) ≤ 2CK(ρ−)‖x−‖.

Consequently,

‖k(x−)‖ =‖Pu−(0)‖ =

∥∥∥∥∫ ∞
0

T (−s)PF (u−(s))ds

∥∥∥∥
Xα

≤c‖F ◦ u−‖C−ω((0,∞);Xα) ≤ C ′K(ρ−)‖x−‖.

Fix ε > 0 and let ρ1 > 0 be such that C ′K(ρ1) < ε. Then, for every x− ∈ (I − P )(Xα), with
‖x−‖Xα small enough, it follows that

‖k(x−)− k(0)‖
‖x−‖Xα

=
‖k(x−)‖
‖x−‖Xα

≤ ε,

so that k is differentiable at 0 with null derivative. The proof of the statement concerning
the function h is similar.

Remark 15.2.4. The proof of Theorem 15.2.2 works also for ω = 0 and this implies that, if
u : [0,∞)→ Xα is a solution to (15.1) with supt≥0 ‖u(t)‖Xα sufficiently small, then, in fact, u
decays exponentially to 0, and u0 ∈ MS(ω) with ω > 0. Indeed, if supt≥0 ‖u(t)‖Xα is small,
then also ‖(I − P )u0‖Xα is small, and, hence, u is the fixed point of the operator Γ, with
ω = 0 and x− = (I − P )u0. On the other hand, for the same choice of x−, Γ admits also a
fixed point in C−ω((0,∞);Xα), and the two fixed points do coincide.

Similarly, if v : (−∞, 0] → Xα is a backward mild solution of (14.1) and supt≤0 ‖v(t)‖ is
sufficiently small, then v decays exponentially to 0, as t tends to −∞, and v(0) ∈MU (ω).

15.3 A Cauchy-Dirichlet problem

In order to give some examples of PDE’s to which the results of this lecture can be applied, we
need some comments on the spectrum of the Laplacian with Dirichlet boundary conditions.

Let Ω be a bounded open set in RN with C2 boundary ∂Ω. We choose X = C(Ω) and
define

D(A) =
{
ϕ ∈

⋂
1≤p<∞

W 2,p(Ω) : ∆ϕ ∈ C(Ω), ϕ|∂Ω = 0
}

and Aϕ = ∆ϕ for ϕ ∈ D(A). This operator is sectorial, its spectrum consists of isolated
eigenvalues and s(A) is negative (this is a classical result, see e.g., [13, Section 14.3]). In
order to give an explicit estimate of s(A) we recall the so called Poincaré inequality

(15.21)

∫
Ω
|ϕ|2dx ≤ CΩ

∫
Ω
|∇ϕ|2dx

which holds true for every ϕ ∈W 1,2
0 (Ω). A proof of (15.21) as well as the inequality CΩ ≤ 4d2,

where d is the diameter of Ω, is outlined in the Exercise ??.
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If ϕ ∈ D(A) and −λϕ −∆ϕ = 0, then ϕ ∈ W 1,2
0 (Ω). Multiplying the equation by ϕ and

integrating over Ω we find ∫
Ω
|∇ϕ|2dx = λ

∫
Ω
|ϕ|2dx,

and, therefore, λ ≥ C−1
Ω , that is s(A) ≤ −C−1

Ω .
It can be proved that the spectrum of A consists of a sequence of negative eigenvalues

(−λn) tending to −∞ (we assume λn ≤ λn+1) so that s(A) = −λ1. Observe that the above
argument shows that the eigenvalues of A are negative but does not prove their existence,
hence s(A) could be −∞. To see that this is not the case one can work in L2(Ω) instead
of C(Ω) and show that the Laplacian with domain H2(Ω) ∩H1

0 (Ω) is a negative self-adjoint
operator with compact resolvent. The general theory then shows that the L2-spectrum of
the Laplacian consists of a sequence {−λn}n∈N of negative eigenvalues diverging to −∞ as n
tends to ∞. Using the elliptic regularity theory it follows that the L2-eigenfunctions belong
to the domain in C(Ω) (the converse is obvious), so that the spectrum in C(Ω) coincides with
the spectrum in L2(Ω).

We now study the stability of the null solution of

(15.22)

{
Dtu(t, x) = ∆u(t, x) + f(u(t, x), Du(t, x)), t > 0, x ∈ Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

where f = f(x, p) : R × RN → R is continuously differentiable and f(0, 0) = 0. The local
existence and uniqueness Theorem 14.2.1 may be applied to the initial value problem for
equation (15.22),

(15.23) u(0, x) = u0(x), x ∈ Ω,

choosing X = C(Ω), Xα = C2α
0 (Ω) with 1/2 < α < 1. The function F : Xα → X, defined

by (F (ϕ))(x) = f(ϕ(x),∇ϕ(x)) for every x ∈ Ω, is continuously differentiable, vanishes at
0 and (F ′(0)ϕ)(x) = aϕ(x) + b · ∇ϕ(x) for every x ∈ Ω and ϕ ∈ Xα. Here, a = Dxf(0, 0),
b = Dpf(0, 0). Then, set D(B) = D(A) and Bϕ = ∆ϕ + b · ∇ϕ + aϕ. The operator B is
sectorial (see e.g., [13, Section 14.3]) and

(15.24) s(B) ≤ −C−1
Ω + a.

Indeed, we observe that the resolvent of B is compact and therefore its spectrum consists of
isolated eigenvalues. Moreover, if λ ∈ σ(B) and ϕ ∈ D(B) is such that λϕ−∆ϕ−b·∇ϕ−aϕ =
0, then, multiplying by ϕ and integrating over Ω, we get∫

Ω

(
(λ− a)|ϕ|2 + |∇ϕ|2 − 1

2
b · ∇ϕϕ

)
dx = 0.

Taking the real part∫
Ω

(
(Reλ− a)|ϕ|2 + |∇ϕ|2 − 1

2
b ·D|ϕ|2

)
dx =

∫
Ω

[
(Reλ− a)|ϕ|2 + |∇ϕ|2

]
dx = 0

and hence Reλ− a ≤ −C−1
Ω . Therefore, (15.24) holds.
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Since u0 ∈ Xα ⊂ D(A), Theorem 14.2.1 guarantees the existence of a unique classical
solution u : [0, τ(u0)) → Xα of the abstract problem (14.1) having the regularity properties
of Proposition 14.2.2. Setting as usual u(t, x) := u(t)(x) for every t ∈ [0, τ(u0)) and x ∈ Ω,
the function u is continuous in [0, τ(u0))×Ω, continuously differentiable with respect to time
for t > 0, and it satisfies (15.22), (15.23).

Concerning the stability of the null solution, Theorem 15.1.2 implies that if s(B) < 0, in
particular if a < C−1

Ω , then the null solution of (15.22) is exponentially stable, i.e., for every
ω ∈ (0,−s(B)) there exist two positive constant r, C such that if ‖u0‖Xα ≤ r, then τ(u0) =∞
and ‖u(t)‖Xα ≤ Ce−ωt‖u0‖Xα for every t > 0.

On the contrary, if s(B) ≥ 0, then there exist elements in the spectrum of A with positive
real part. Since they are isolated they satisfy condition (15.9). Theorem 15.1.5 implies that
the null solution of (15.22) is unstable: there exist ε > 0 and initial data u0 with ‖u0‖Xα
arbitrarily small, but supt≥0 ‖u(t)‖Xα ≥ ε.

Finally, we remark that, if f is independent of p, i.e. the nonlinearity in (15.22) does not
depend on ∇u, then we can work directly in X.

15.4 Exercises

Exercise 15.4.1. Complete the proof of Theorem 15.1.5.

Exercise 15.4.2. Complete the proof of Lemma 15.2.1.

Exercise 15.4.3. Prove that the stationary solution (u ≡ 1, v ≡ 0) to system (??) is asymp-
totically stable in C(Ω)× C(Ω).

Exercise 15.4.4. Let Ω be a bounded set in RN and let d be the diameter of Ω. Prove
Poincaré inequality with CΩ ≤ 4d2.
[Hint: assume that Ω ⊂ B(0, d) and for ϕ ∈ C∞c (Ω) write

ϕ(x1, . . . , xN ) =

∫ x1

−d

∂ϕ

∂x1
(s, x2, . . . , xN )ds

]
.

Exercise 15.4.5. Let X be a Banach space and Ω be an open set in R (or in C). Moreover,
let Γ : X × Ω→ X be such that

‖Γ(y, λ)− Γ(x, λ)‖ ≤ C(λ)‖y − x‖

for any λ ∈ Ω, any x, y ∈ X and some continuous function C : Ω → [0, 1). Further, suppose
that the function λ 7→ Γ(λ, x) is continuous in Ω for any x ∈ X. Prove that for any λ ∈ Ω
the equation x = Γ(x, λ) admits a unique solution x = x(λ) and that the function λ 7→ x(λ)
is continuous in Ω.

Exercise 15.4.6. Let u be the solution to
Dtu = Dxxu+ u2, t ≥ 0, x ∈ [0, 1],

u(t, 0) = u(t, 1) = 0, t ≥ 0,

u(0, x) = u0(x), x ∈ [0, 1]

with u0(0) = u0(1) = 0. Show that if ‖u0‖∞ is sufficiently small, then u exists in the large.
[Hint: use the exponential decay of the heat semigroup in the variation of constants formula].
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