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Lecture 1

A survey on operator theory I

Along the first lecture of this Internet Seminar, we are going to consider usually a complex
Banach space X, a linear operator T' with domain D(T') and range Rg(T'), both contained in
X, and we will study the operator A — T', where )\ is a complex number.

If A is such that A — T : D(T') — X is bijective and A — T" has continuous inverse, then A
is said to belong to the resolvent set p(T") of T', otherwise A belongs to the spectrum o(7T') of
T.

The main aim of Spectral Theory is the systematic analysis of the properties of T" and
(A —T)~1, through the study of the sets p(T") and o(T).

If X is a finite-dimensional space, then we can represent 1" as a matrix, and in that case
spectral analysis reduces to the study of the eigenvalues of the matrix, since if A — 71" does not
have an inverse, then there exists x € X, with x # 0 such that Tx = Ax. It is well known
that the spectrum of a matrix contains at least one complex eigenvalue.

Dealing with the infinite dimensional case, the picture gets more diversified, since, e.g.,
the spectrum could be empty and spectral values need not to be eigenvalues.

This week we start by providing the basic definitions and tools to deal with operators on
Banach spaces and their spectra.

Notation: Given a Banach space (X, || - ||) over the field K = R or K = C, we denote by
Bx :={z € X | ||z|| £ 1}, the closed unit ball of X and by I : X — X the identity operator.

1.1 Main definitions and properties of bounded operators on
a Banach space

If X and Y are Banach spaces, we denote by L£(X,Y) the space of linear and continuous
operators T : X — Y. We recall the following result.

Proposition 1.1.1. If X and Y are Banach spaces and T : X — Y is a linear operator, then
the following properties are equivalent:

(i) T is continuous on X;
(ii) T is continuous at x = 0;

(iii) T is bounded (i.e., T(Bx) is a bounded set in Y").
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4 LECTURE 1. A SURVEY ON OPERATOR THEORY I

Consequently, for every T' € L(X,Y) the following definition of operator norm of T is
meaningful

IT||:= sup ||Tz[|y.
r€Bx

Clearly || Tx|ly < ||T||||z||x for every z € X. Moreover, the space (L(X,Y),] -||) is a Banach
space.

If X =Y, then we set £(X) := L(X,X). If Y = K, then the Banach space £(X,K) is
called topological dual space of X and is denoted by X’. In this case, the operator norm is
denoted by || - ||'y, and simply by || - ||” when no confusion may arise.

If Z is another Banach space, S € L(Y,Z) and T € L(X,Y), then it is easy to prove that
the composition operator ST := S o T belongs to £(X, Z) and

(1.1) ST < (IS - 17| -
If T e L(X,Y), then the dual operator 77 : Y" — X' is defined by
(T'y')(z) ==y (Tx), vy €Y', Vz e X.

The operator T" belongs to L(Y’, X'). Indeed, it is straightforward to prove that 7" is linear.
Moreover, for any fixed 3/ € Y’, it holds that

(TY) (@) = ly'(T2)| < 1Yy - I Tlly < 11y - 1T llzllx, Ve e X.
Hence T'y' € X’ and

1Ty I = sup [T ()] < [ T[lly'lIy-
r€Bx

By the arbitrariness of y’, we get that 7" € L(Y’, X’) and the inequality

(1.2) 1Tl = sup [T"II < |IT|
y'€Byr

holds true. Actually, it holds that
(1.3) 17 = 17"]-

Indeed, fix g € X. By the Hahn-Banach-theorem, see Corollary there exists y, € Y’
such that [|ylly = 1 and y(Txo) = || Txolly. Consequently, T"yq(xo) = || Txol|y, so that

[Tzolly = (T"yo) (o) < 1771l - llyolly - llwollx = 177 - [lzol x-
It follows that || 7] < ||T”]|-
If M is a subspace of X and N is a subspace of X', set

M+ :={y e X' | y(x)=0for every z € M },
LN :={ze X |y (x)=0for every y € N }.
For every T' € £(X), it holds that
(1.4) ker(T') = T(X)*,  ker(T) =1 T'(X).
(See Exercise
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1.2 Closed operators

Definition 1.2.1. A linear operator T': D(T') — Y, where D(T) is a subspace of X, is said
to be

(i) densely defined if D(T) is dense in X;

(i) closed if its graph G(T) := { (z,Tx) | © € D(T) } is a closed subspace of the product
Banach space X x Y endowed with the norm ||(z, )| := ||z||x +|ly||y for (z,y) € X xY.

Since X, Y are Banach spaces, from the above definition the following result follows.

Proposition 1.2.2. Let T : D(T) € X — Y be a linear operator. Then, the following
properties are equivalent:

(i) T is a closed operator;

(i) for every sequence (xp)nen C D(T) such that limy, o0y, = x and limy, oo Txy, = y for
some (x,y) € X XY, it holds that x € D(T') and y = Tx;

(iii) the space D(T), endowed with the graph norm
[ellr = el + T[], =< D(T),
is a Banach space.

Clearly if T € L(X,Y), then it is closed. If the domain of T" is the whole space X, then
the converse holds by the Closed Graph Theorem.

Theorem 1.2.3 (CLOSED GRAPH THEOREM). Let X and Y be two Banach spaces and let
T:X =Y be a closed operator. Then, T is continuous.

Proof. A linear operator T is always continuous with respect to its graph norm || - || on X.
Since, by Proposition[1.2.2] || -[|x < ||-|lr and (X, |- ||x), (X, | -|7) are both Banach spaces,
it follows that the norms | - ||x and || - ||z are equivalent (see Exercise [[.4.3). Thus, T is
continuous with respect to the original norm. O

Given two linear operators S : D(S) C X - Y and T : D(T) C X — Y, T is said to be
an extension of S, and we write in this case S C T, if D(S) C D(T) and Sx = Tz for every
x € D(9).

Definition 1.2.4. An operator T : D(T) C X — Y is said to be closable if it admits a closed
extension.

A straightforward reasoning gives the next result, see Exercise [1.4.2

Proposition 1.2.5. Let X be a Banach space and let T : D(T) C X — Y be a linear
operator. Then the following properties hold:

(i) the operator T is closable if and only if for any sequence (zp)nen C D(T') such that
limy, 00 T, = 0 and lim, o Tx,, = y, it holds y = 0;
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(ii) of T is a closable operator, then there exists the smallest closed extension of T. It is
denoted by T and it is called closure of T. Moreover, it holds that

G(T) =46(T).

Example 1.2.6. Let T : C1([0,1]) € L?*((0,1)) — C be defined by T'f := f’(0). Then, T is
not closable. Indeed, consider the sequence (f,)nen C C1([0,1]) such that f(z) = L sin(nz)
for every x € [0,1]. Then, lim, s fn = 0 in L?((0,1)), but T'f,, = 1 for every n € N, so that

limy, 00 T'fr # 0.

1.3 Spectrum and resolvent

Let (X,| - ||) be a Banach space over C. In the sequel, if T': D(T) € X — X is a linear
operator on X and A € C, then A £+ T stands for the operator A\I = T, with domain D(T).

Definition 1.3.1. Let T': D(T') C X — X be a linear operator. The set
p(T):={\eC:\—=T:D(T)— X is bijective and (A — T)"! € L(X)}
is called resolvent set of T. If p(T) # @ and X € p(T), then the operator
R\T):=(\-T)""!

is said resolvent of T at A. The set o(T") = C\ p(T) is called spectrum of 7. Moreover, the
set op(T) == {X € o(T) | ker(A —T) # {0}} is called point spectrum of T. Every scalar
A € 0,(T) is said eigenvalue of T" and every 0 # x € X such that (A — T)z = 0 is said
eigenvector of T' corresponding to the eigenvalue \.

Proposition 1.3.2. If T : D(T) C X — X s a closed operator and X — T is bijective, then
A-T)"1teLX).

Proof. By the assumption G(A — T') is a closed subspace of X x X, hence
G(A=T)"") ={(\& = Ta,z) | € D(T)}
is closed too. The Closed Graph Theorem yields the assertion. O

Remark 1.3.3. If T': D(T) € X — X is a linear operator such that p(7") is not empty,
then T is closed. Indeed, for any sequences (z,) C D(T) such that lim, , 2, = = and
limy, o0 Tx,, = y for some z, y € X, we have

RO\T)y = lim RO\T)Ta,
nli_g)lo()\R()\,T)xn — p)
— AR\T)z — .
Thus, x € D(T') and Tz = y, which proves the closedness of T'.
Lemma 1.3.4. Let
I(X):={SeLl(X)| S is bijective }.

Then, the following properties hold:
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(1) of S € L(X), with ||S|| < 1, then [ — S € Z(X) and its inverse is given by the so-called
Neumann-series

(I-8)""= i S™;
n=0

(2) if peC, SeL(X), with ||S|| < |p|, then p£ S € I(X);
(3) if T € Z(X) and S € L(X), then T + S € Z(X) if and only if I + T71S € I(X);
(4) Z(X) is an open subset of L(X).

Proof. (1) Consider the series

(1.5) i s
n=0

in the Banach space £(X).
Since ||S™|| < ||S||™ and ||S]| < 1, the series Y 2 ||S™|| converges and therefore the series in
(1.5) converges in £(X). Now, observe that

(I-9)) sr=) s"-) g =3"5"-3 5"=1,
n=0 n=0 n=0 n=0 n=1

and, analogously,

<n§5ﬂ>(1—5) =1

The previous identities ensure that I — .S is invertible and

(I-8)" = f: sm.
n=0

(2) Since ||[p~1S|| < 1, by property (1) we get that I £ p~1S € Z(X) and so p £ S =
p(I £p~1S) € I(X).

(3) Since T is invertible, it follows that T+ S = T'(I + T~'S). Hence, T + S € I(X) if
and only if I + 7715 € Z(X).

(4) Let T € Z(X) and S € L£(X) be such that ||S|| < ||T!|~*. Then,

IT=tsIE < T IS < 1.

Combining properties (1) and (3), we get that I +7~1S € Z(X), and therefore T+ S € Z(X).
This means that the open ball with center T and radius ||7!||~! is contained in Z(X). By
the arbitrariness of T' € Z(X), it follows that Z(X) is an open subset of £(X). O

Proposition 1.3.5. Let T : D(T) C X — X be a linear operator, Then, the following
properties hold.
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(1) Let Mg € p(T). If A € C and |\ — \o| < |[R(No, T)|| 7Y, then X € p(T) and
(1.6) RAT) =) (ho— A)"R(X,T)"H,

n=0

where the series in converges in the operator norm.
(2) p(T) is open.
(3) If p(T) # @, then the mapping R(-,T) : p(T) — L(X) is analytic.
(4) (RESOLVENT IDENTITY) For every A\, € p(T)
RONT) = R(u, T) = (1 — NVROST)R(u, ).
In particular, R(A\,T) and R(p,T) commute.

(5) Let (An)nen C p(T) be a sequence converging to some Ao € C. Then, Ao € o(T) if and
only if le | R(A\n, T)|| = o0.

Proof. (1) Observe that

(1.7) A=T=X=Xo+X—=T=[T+A=X)RNo,T)](Xo—T), AeC.

If A= Xo| < |[R(No,T)||7L, namely if |[(A — Xo)R(Xo, T)|| < 1, then, by applying Lemma
1), we conclude that I+ (A—Xo)R(Xo,T) € Z(X). Combining this fact with the identity
(1.7) yields that the operator A — T is bijective with bounded inverse operator given by

R\, T) =R(Xo, T)[I = (Ao — M) R(Xo, T)] ™"

o

=R(X\.T) Y (Ao — N)"R(Xo, T)"
n=0
= i()\o — N)"R(Xo, T)" .

n=0

Properties (2) and (3) follow by property (1). In particular, the series representation of
the resolvent (|1.6|) gives that R(-,T) is analytic on the open set p(T') when p(T) # @.

(4) Fix A\, u € p(T'). Then,

(1= VRO T)R(s,T) + R, T).

Thus

(5) Assume that Ao € o(T). For every ¢ > 0 there exists ng € N such that, for every
n > ng, it holds |\, — Ao| < €. By property (1),
-
[R(An, T
for every n > ng. Hence lim,,_,o [|R(An, T)|| = 0.

Vice versa, assume that A\g € p(T'). Then, the function R(-,T) is clearly bounded on the

compact set {\, | n € NU{0}} C p(T), contradicting the assumption that lim,_,« [|[R(An, T)|| =
00. O

6>’)\n—)\0‘2
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Proposition|1.3.5(2) yields that o(7T') is a closed subset of C. In general situations, nothing
more can be said on the spectrum and the resolvent sets, as the following example shows.

Example 1.3.6. Let X = C(]0,1],C) be the space of complex-valued continuous functions
on [0, 1], endowed with the sup-norm. Then, the operators T;f = f’, i = 1,2, with domains
D(Ty) = C'([0,1],C) and D(T») = { f € C'([0,1],C) | f(1) = 0}, are closed in C([0,1],C),
(see Exercise |1.4.4)).

Fix A € C and consider the function fy, defined by fy(x) := e** for every z € [0,1]. Then,
fx € D(Ty1) and

A=T1)(fx) = A=A =05

this means that A — 77 is not injective. By the arbitrariness of A, we get that o(77) = C and
p(Th) = 2.
For any A\ € C, consider now the operator S, defined by

1
Shg(x) = / AT g(s)ds, 0<z<1, geC([0,1],C).

Clearly, Sy belongs to £(X). Moreover, for every g € C([0,1],C) the function Syg is the
unique solution of the Cauchy problem Af — f" = g, f(1) = 0. It follows that (A — T%)S) =
SA(A = Ty) = I, namely, A € p(Ty). Again, by the arbitrariness of A\, we get that p(T5) = C
and o(Ty) = @.

These easy examples highlight how the spectrum and the resolvent sets of an operator are
sensitive to the domain of the operator.

The following result will be useful.

Proposition 1.3.7. Let (X, | - ||) be a complex Banach space, T : D(T) — X be a closed
linear operator and A € C. If A € o(T) and rg(A — T') is not closed, then there ezists a
sequence (Tp)nen C X such that ||x,|| =1 and limy, o0 || T2y — Azy|| = 0.

Proof. If X € 0,(T), the result is obvious. Assume then that ker(A —7T') = {0}. Hence, the
operator (A\—T)71: rg(A—T) — X is well defined and not bounded. Indeed, if one assumes,
by contradiction, that there is C' > 0 such that ||z|| < C||[(A — T')z|| for all = € D(T), then
rg(A —T) is closed, since T is closed.

Thus, there exists a sequence (yn)nen C rg(A — 1) such that

1A =T) " ynll > nllyall, neN.
By linearity, we can assume that y, = (A —T')z,, with ||x,|| = 1 for every n € N, thus getting
L= [lzall = [0 = T) " yall = nll(h = T)zall, n€N.
(Zn)nen is the sequence that we were looking for. O

Proposition [I.3.7] inspires the following definition:

Definition 1.3.8. Let (X, ||-||) be a complex Banach space, T : D(T') — X be a closed linear
operator and A € C. If A € ¢(T") and A — T is not injective or rg(A — T') is not closed, then A
is called an approximate eigenvalue of the operator T'. The set of all approximate eigenvalues
of T will be denoted by o4 (7).
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We end this section with a description of the spectrum of a resolvent operator.

Proposition 1.3.9. Let (X,|| - ||) be a complex Banach space. Let T : D(T) C X — X be a
linear operator on X and fix X € p(T). Then, the following properties are satisfied.

(1) o(RAT)N\{0} = {52 | nea(D)}.
(2) op(RNT)) = {53 | p€op(T)}-

Proof. First, we prove that, for every u € p(T)\ {\}, (A —p)~! belongs to the resolvent set of
the operator R(A,T"). For this purpose, we introduce the operator S := (A—pu)(A—=T)R(u,T)
and observe that

(55— BAT)) S == TR T) = (0= ) Rl T)
=(n—T)R(p,T) =1,

5 (15— BOD)) == TIR(T) - (= wR(s T)
=(p—T)R(u,T) = I.

From these identities it follows that the operator (A — u)~'I — R(\, T) is invertible and
1 -1
(18) (52 - AOT)) =8 == WA = TIR(T) € £(X),

Therefore, (A — 1)~ belongs to p(R(\, T)).
We can now show property (1). Let v € o(R(A\,T)) \ {0}. If v # ﬁ for all p € o(T),

then the complex number A — + does not belong to (7). Therefore, A — 2 € p(T). Since

A — 124\, from the first part of the proof we can conclude that v € p(R(A,T)) and (1.8)
shows that

(v —R\T)) ! = %()\ —T)R ()\ — 11/T> .

This is a contradiction.

Vice versa, let v = ﬁ with p € o(T). Let us suppose that v € p(R(\,T)) and consider

the operator S1 := vR(\,T)(v — R(A,T))~!. Then,
(n=T)S1 =(u = TR\, T)(v — R\, T)) ™
=(u— A+ A =T)wR\T)(v—RA\T))™"
(=R\\,T) +v)(v —RA\T) ' =1

and, similarly, using the fact that R(\,T) and (v — R(\,T))~! commute, we can show that
S1(u—T) =vROT)(v = R T)) ™ u—T) = 1.

This means that © € p(T'), thereby obtaining a contradiction.

The proof of property (2) follows in a similar way by taking into account the definition of
the point spectrum of an operator and taking into account that if A € p(T"), then R(\,T) is
injective and hence 0 ¢ o,(R(\,T)). O
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Remark 1.3.10. Let T : D(T) — X be a densely defined linear operator on X such that
D(T) # X and p(T) # @. Then, for any A € p(T'), R(\,T') cannot admit an inverse belonging
to L(X) and, hence, 0 € o(R(\,T)). Thus,

#(ROLT)) = {0} U {Aiu e U(T)}.

1.4 Exercises

Exercise 1.4.1. Let X be a Banach space. If M is a subspace of X and N is a subspace of
X', then set

M+ :={y e X' | y(z)=0for every z € M},

IN:={zeX | y(x)=0for every y € N}.
Prove that, for every T € £(X), it holds that

ker(T") = T(X)*, ker(T) =1 T'(X").

Exercise 1.4.2. Prove Proposition [1.2.5]

Exercise 1.4.3. Let X be a vector space and let || - ||1, | - ||z be two norms in X such
that (X, - |l1), (X,]| - ||2) are both Banach spaces and there exists a constant C' > 0 such
lz|l1 < C||z||2 for all z € X. Prove that || - || and || - ||2 are equivalent.

[Hint: Use Proposition [A.2.2]]

Exercise 1.4.4. On X = C([0,1],C), the space of complex-valued continuous functions on
[0, 1], endowed with the sup-norm, consider the operators T;f = f’, i = 1,2, with domains
D(Ty) = C'([0,1],C) and D(T3) = {f € C'([0,1],C) : f(1) = 0}. Prove that T} and T3 are
closed operators on X.

Exercise 1.4.5. On X = C([0,1],C) define the operators
1 1
Tf ::f(O)—/ f(z)dz, Tnf:f(())—/1 f(z)dz, feX, neN
0 "

1. Prove that T, T,, € X" and compute ||T]|" and ||T5]|’".

2. Prove that

lim ||T,, — T = 0.
n—oo
Exercise 1.4.6. To any f € L'((0,1)) associate the sequence of its moments (7 ), given by

- )t

1. Prove that T : f — (f#)neN belongs to L(L'((0,1)),co), where ¢y is the space of null
sequences.
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2. Compute its dual operator T” : £* — L°°((0,1)).

Exercise 1.4.7. On X = C(|0,1]), endowed with the sup-norm, consider the operator T
defined by

1
Tf(s) ::/0 2stf(t)dt, feX,sel0,1].

1. Prove that T' € £(X) and compute ||T||.

2. Solve the integral equation
1
f(s) — / 2stf(t) dt = sin(ms).
0

Exercise 1.4.8. Let X be a Banach space and let T" and S be two linear operators from X
into itself. Prove that if T, S € £(X), then o(ST) \ {0} = o(TS) \ {0}.
[Hint: Compute (I +TR(X\, ST)S)(AI —TS) for A € p(ST).]

Notes

For further details, we refer the reader to the classical monographs [1-4].



Appendix A

Functional Analytic Tools

In this appendix we collect some fundamental results from Functional Analysis which we use
in this edition of the Internet Seminar.

A.1 Hahn-Banach Theorem

Given a Banach space X, one of the most important questions one may ask about its dual
space X' is the following: are there ‘enough’ elements in X’? For example, are there enough
elements to separate points? This is answered using the Hahn—Banach theorem and its
consequences that we state here below.

Theorem A.1.1 (Hahn-Banach theorem for normed spaces). Let X be a real or complex
normed space and Y be a non-trivial subspace of X. Then for any f € Y’ there exists f € X'
such that f(y) = f(y) for ally € Y and [|f[|"=[[f].

Many useful results follow from the Hahn-Banach theorem For example:

Corollary A.1.2 (Separation). Let X be a real or complex normed space. Then for any
x € X there exists a linear functional f € X' such that f(x) = ||z|| and || f||' = 1. Hence, if
x #y € X then there exists f € X' such that f(x) # f(y).

Corollary A.1.3. Let X be a Banach space and D be a subspace of X. If
VieX': (flx)=0Vze D)= f=0,

then D s dense in X.

A.2 Open Mapping Theorem

We recall that a continuous map between two topological spaces has the property that the
pre-image of any open set is open, but in general the image of an open set is not open. In the
case of bounded linear maps between Banach spaces this special property is satisfied under
the assumption of the surjectivity of the map.

Theorem A.2.1 (Open Mapping theorem). Let X and Y be two Banach spaces and let
T:X —Y be a surjective and bounded linear operator. Then, T is an open operator, i.e., T
maps open sets in X onto open sets in Y.

13
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The assumption that 7' maps X onto Y is essential. Consider, for example, the projection
(z,y) + (2,0) defined on R2. This map is not open.

As an application of Theorem a general property of inverse maps can be deduced,
i.e.:

Proposition A.2.2. Let X and Y be two Banach spaces and let T be a bijective bounded
linear operator from X toY. Then the inverse T~' is also a bounded linear operator from 'Y
to X.

A.3 Quotient spaces, topologically complemented subspaces
and projections

Given a vector space E, a projection is a linear map P : E — E such that P> = P. In
this case, setting £y = P(F) and Ey = ker(P), the pair (E1, Fs) is a complemented pair of
subspaces of E, namely E1 + EF5 = E and Fy N Ey = E. This is equivalent to say that every
x € E has a unique decomposition as z = x1 + z2 with x; € E; (i = 1,2).

Vice versa, given a complemented pair (E7, E2) of subspaces of E, setting Pz = x1, when
x = w1 + xo with z; € E;, (1 = 1,2), it is immediate to prove that P is a projection and that
E, = P(FE) and E3 = ker P.

If X is a Banach space and P is a continuous projection, then the pair of complemented
subspaces associated with P is said to be topologically complemented. According to the
definition, the subspaces forming a pair of topologically complemented subspaces are closed,
being kernels of the continuous maps P and I — P.

In general a pair of closed subspaces which are algebraically complemented are not topo-
logically complemented.

Nevertheless, closed subspaces of Hilbert spaces and finite dimensional subspaces in any
Banach space are topologically complemented.

Let X be a Banach space and M be a closed subspace of X. Further, let ¢ : X — X/M
be the quotient mapping defined by p(x) = x + M for every z € X. The space X induces a
norm on X /M, which is defined by

le(@)llx/m = inf{|lz +yll : y € M}.

X /M, endowed with the norm || - HX/M, is a Banach space and ¢ is a continuous and open
mapping.
Moreover, the space (X/M, || - || x/a)" is isometric to (M=, || - ||), where

Mt ;:{y’eX/ | y’(m):Oforeverya:EM}.

If codimM:=dim(X /M) is finite, then it can be proved that M is a topologically comple-
mented subspace in X.
For a proof of the previous results, we refer the reader to [3, 1.40-42 and 4.8-9] or to [?, 4.2]

A.4 Uniform Boundedness

We recall the following useful result to establish the uniform boundedness of a family of
continuous linear operators between two normed spaces.
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Theorem A.4.1 (Banach-Steinhaus theorem). Let X be a Banach space and let Y be a
normed space. Let {Ty}aca be a family of bounded linear operators from X to'Y. Suppose
that for each x € X, the set {Tax}aca is a bounded subset of Y. Then the set {||Ta|}aca is
bounded, i.e., Sup,eca ||Tal| < 0.

A consequence of the theorem above is the following fact.

Corollary A.4.2. Let X be a Banach space and Y be a mnormed space. If a sequence
(Th)nen C L(X,Y) is strongly convergent (i.e., T,z converges for every x € X), then there
exists an operator T € L(X,Y) such that (T,)nen is strongly convergent to T.

A.5 Riesz-Fréchet Theorem

A complex vector space H is said to be an inner product space (or unitary space) if there
exists an inner product (or scalar product), i.e. a map (-,-) : H x H — C with the following
properties:

(a) (y,x) = (x,y) for every x,y € H;

(b) (z+y,2) = (x,2) + (y,2) and (azx,y) = a(z,y) for every z,y,z € H and o € C;
(¢) {(x,z) >0 for every z € H;

(d) (z,z) =0 if and only if z = 0.

By the properties (a), (b), (c) and (d) above, we can define a norm on H by setting
|lz||? := (x,z), for x € H. The following famous inequality holds true:

(A.1) l{(z,y)| <|lz|/||y|| (Cauchy-Schwarz Inequality)

for all x,y € H.

If the normed space (H, || - ||) is complete, i.e., if every Cauchy sequence converges in H,
then H is called a Hilbert space.

If (H,||-||) is a Hilbert space, then it is easy to show that the map H > z +— (z,y) € Cisa
continuous linear functional on H for all y € H. Indeed, for a fixed y € H, set f,(z) := (z,y)
for every © € H. Then, by the Cauchy-Schwarz Inequality it follows that

[fy(2)] = [z, 9)| < l=[l]lyl

for all + € H. This means that f, € H and ||f|" < |ly||. Actually, | f]|' = ||yl as f,(y) =

() = llyll*.
The Riesz-Fréchet Theorem shows that all continuous linear functionals on a Hilbert space

H are of this type.

Theorem A.5.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space and let f € H'. Then,
there exists a unique y € H such that f(x) = (x,y) for all x € H. Moreover, || f||' = ||y|

Notes

For the proof of all the above results we refer the reader to [3l{4].
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APPENDIX A. FUNCTIONAL ANALYTIC TOOLS
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Lecture 2

A survey on operator theory II

In this lecture, we keep on our survey on the main properties of linear operators and their
spectra, focusing on the class of bounded operators. In this situation, the spectrum turns to
be a non-empty compact subset of the complex plane and a formula allows to calculate the
radius of the smallest disk containing the spectrum.

Moreover, the multiplication operator, whose relevance will become clear in the next
lectures, is introduced and its spectral properties are studied. Finally the main features of
normal and selfadjoint operators are discussed.

2.1 More on spectrum and resolvent

In this section, we keep the same notation used in Section 1.3. To begin with, we observe
that, if the operator T' is bounded, then the resolvent function R(-,T") and the spectrum of
T satisfy further interesting properties.

Proposition 2.1.1. Let (X,| - ||) be a complex Banach space and T € L(X). Then, the
following properties hold.

(1) If A € C is such that |A| > ||T||, then X € p(T') and

(2.1) RAT) =) AT;
n=0

Consequently, p(T) # .
(2) o(T) # 2.
(3) o(T) S {AeC | A < |TII}.
(4) o(T) is a compact subset of C.

Proof. (1) Fix A € C such that |A\| > ||T||. By Lemma 1.3.3(2), A — T € Z(X), namely
A€ p(T), and

1 e 1 o0 n o0 n
n=0 n=0

13
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(2) Assume that o(T) = @, or, equivalently, p(T)) = C. Then, the function A € C —
R(A\,T) is entire and satisfies the following inequality:

1 1 1
(22 IROT)| < o = ,
N1 T =TT

AeC, A>T,

by the series representation of the resolvent (2.1)). Hence ||R(\, T)|| tends to zero as |A| — oo.
Now fix x € X and f € X', and define the entire function ¢ : C — C by setting

o) = (fo R T)z,  AeC.
By ([2.2)), the function ¢ satisfies the inequality

LAl

It follows that ¢ is a bounded function in C and limy_,o ¢ () = 0. Therefore, by Liouville’s
theorem, ¢ = 0. By the arbitrariness of f and z, we get that R(\,T") = 0 for every A € C,
thus getting a contradiction, since X # {0}.

(3) By property (1), {A € C | |A] > ||T||} € p(T). The assertion follows by taking the
complementary sets.

(4) By combining Proposition 1.3.4(2) and property (3), we get that o(7") is a bounded
closed set, and therefore is compact in C. O

Definition 2.1.2. Let (X, | - ||) be a complex Banach space and T" € £(X). The spectral
radius of T is defined as

r(T) :=sup{ |\ | A€ o(T)}.
Since o(T) is a compact subset of C for every T' € L£(X), it holds that
r(T) =max{|\| | A€ a(T)}.

This means that the spectrum of a bounded operator T' touches at least at one point the
smallest closed disk which is centered at the origin and contains o(7"). Moreover, the following
result holds.

Theorem 2.1.3. Let (X, | -||) be a complex Banach space and let T € L(X). Then, the
following formula holds:

. 1
r(T) = lim [T,

Moreover, r(T) < ||T|.

Proof. Set r := limsup HT"||% and observe that the series
n—oo

o0
D W', peC,
n=0
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converges with respect to the operator norm if || < 7~! and does not converge if |p| > 7. It
follows that the series

iA:’ 0+#M\eC,
n=0

converges in the operator norm if |A| > r. Moreover, the following identity holds for any
|A] > r:

A—T ST ST A-T

ATINT L N AT g
A = A = A A
Hence, {A\ € C | |\ >r} C p(T) and
(2.3) R\T) = Z)A"H AeC, [N >r

So o(T) C{A € C | |A] <r}. By the definition of spectral radius we get that r(T") < r.

Let us prove that » < (7). For this purpose, we begin by observing that the series in
converges uniformly with respect to the operator norm on every circle with center at
the origin and radius p > r. Thus, by a term-by-term integration, (cf. Appendix , we get

1 1 &
2T Jixi=p 2mi kzo Al=p
1 &/ [* .
(2.4) = / pr kel =Rtgy ) Tk = T,
2m — \Jo

Since the function A — A"R(A,T) is analytic in {\ € C,| |A| > r(T)}, the integral in ({2.4))
does not change if we integrate on a circle with center at 0 and radius p > r(T"). So, by

applying (2.4)), we get that

1771 < " max | R(L, T

for every p > r(T') (observe that the maximum is achieved since the function R(-,T) is
continuous on p(7T)). This yields

r=limsup [T"[= <p,  p>r(D),
n—o0
and therefore, by the arbitrariness of p,
r = limsup HT”H% <r(T).
n—oo
Let us prove now that

limsup |T7]% = lim ||T7|x.
n—00 n—00
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Fix n € N, and let m € N be such that m > n. Then, there exist and are unique k,h € N
such that m = kn + h with 0 < h < n. Hence,

kn
1 1 h L h 1\ 'm
JT | = T < T T = T ()
Since

h n m-—n kn
0< — < —, < — <1,
m m m m

it holds that h/m — 0 and kn/m — 1 as m — oo. Then, for every n € N, we can estimate

. 1 1
lim sup |77 [ < [T < [|T°].

m—ro0

By the arbitrariness of n it follows that

limsup [|T™(| < liminf |T7|% < ||T],
n—oo

m—ro0

namely lim,,_, ||T”||% exists and is less than or equal to ||T]|. O

2.2 A fundamental example: multiplication operators

In this section we will test the concepts that we have introduced so far on a model oper-
ator, namely the multiplication operator. As it will be made clear, this operator plays an
outstanding role in spectral theory.

Let (2, 4) be a measure space, p being a o-finite measure, and let m : @ — C be a
p-measurable function. We recall that the essential range of m is

Mess(Q) ={w e C | p{z € Q| Im(z) —w| <e}) >0, Ve > 0}.
Fix 1 < p < oo. The multiplication operator associated with m on LP(, ) is defined by:

D(My,) ={f € L*(Q,p) | mf € LP(Q, n)}
Mp(f)=mf,  f€ D(Mpy).

Proposition 2.2.1. Under the previous assumptions:
(1) (M, D(M,,)) is densely defined and closed.

(2) D(My,) = LP(Q, ) and My, is bounded if and only if m is essentially bounded, i.e., the
set Mess () is bounded in C. In this case,

[ M|l = [m]loc = sup{|w] : w € mess(2)}.

(3) M,, is boundedly invertible if and only if 0 & Mmess(Q2).

(4) 0(My,) = mess(92).
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Proof. (1) Let (fn)nen be a sequence in D(M,,) converging in LP(Qu) to some function
f and such that mf, converges to a function g in LP(€, u). Then, there exists a subse-
quence (fx, )nen such that lim,_ o fz, (x) = f(x) for almost every (shortly a.e.) = in Q. So
limy, 00 m(2) f, (z) = m(z)f(z) a.e. z in Q and therefore ¢ = mf. We have thus proved
that (M,,, D(M,,)) is closed.

In order to prove that D(M,,) is dense in LP(Q), u), assume first that p is finite and
consider the sequence (F,)nen of subsets of Q defined by

E,={zeQ | |m(z)<n}.

Clearly U,,cn En = © and limy, o0 (2 \ £p) = 0. Set u,, = uxg,, where xg, is the charac-
teristic function of E,. For every n € N, u,, belongs to D(M,,). By the absolute continuity
of the integral, for every e > 0 there exists § > 0 such that if u(E) < §, then [, |u[Pdu < e.
Let v € N be such that u(Q2\ E,) < 0 for every n > v. Hence, if n > v:

/ u—un|pd,u:/ lulPdp < e.
Q O\En

If 4(Q2) = oo, then there exists a family (€2;);cn of subsets of 2 with finite measure such that
Uien 4 = 2. By repeating the previous arguments for every i and taking the limit, we get
the assertion, see Exercise [2.4.1]

It is immediate to verify that, if m is essentially bounded, then D(M,,) = LP(Q, u) and M,,
is a bounded operator. Vice versa, assume that m is not essentially bounded and introduce
the disjoint measurable subsets of 2

F,={zxeQ:n<|m(z)] <n+1}.

Since m is not essentially bounded, there must exist infinitely many sets F;, with positive
measure. Take any F),, with p(F,,) > 0 for all £ € N, and define the function

1
- z€F
f(z) = kVN(Fnk)l/p ! "
0, x ¢ F,
where I' = ;o Frny, and v € (%, % + 1]. Thus,

> 1 1
flIPdp = / ————du = — < 00
/Q| | ; Foy, K (Fny) ;kl’p

and

o (0.9}

kP 1
p > o — -
Jyimsran=32 [ e = 3 o =

k=1"tne k=1
since v € (%, % + 1], which is a contradiction. If m is essentially bounded, then it is easy to
see that ||My,|| < ||m|le. In order to prove the other inequality, set for every e > 0,

Qe ={zec Q| |m@)]>[mle—e}



18 LECTURE 2. A SURVEY ON OPERATOR THEORY II

Then p(£2:) > 0. Choosing u. € LP(Q, u) such that ||u.||, =1 and u. = 0 on Q \ €2, we get

Ml = [l (il — o) /Q fuePdp = (lmlloo — ©).

g

So, || M|l > ||m|lec — € for every € > 0 and thus | M| > [|m|cc-
(3) If 0 & mess(§2), then there exists € > 0 such that |m(z)| > ¢ for a.e. z € Q. As a

consequence, the function % is essentially bounded and, by property (2), M1 is a bounded
operator on LP (€2, ). Moreover, it is clear that M1 = M_.1. Vice versa, let C = | M,,!|| > 0.

If 0 € mess(©2), then p({z € Q | m(z)] < £ }) > 0 and it would exist & €]0, [ such that the

measure of the set £ ={z € Q | § < |m(z)| < &} is 0. By setting u(z) = L xg and
m(z)u(E)P
v = Mpu, we would get that ||v]| =1 and

1
1 v
MY > M ), = (u :</dﬂ> >C.
M 2 105 ol = Nl = ([ s

This gives a contradiction.
(4) By the very definition, A € o(M,,) if and only if A — M,, = M)_,, is not invertible,
or, equivalently, by property (3), 0 & (A — m)ess(2), 1.6. A & Miegs(2). O

2.3 Normal and self-adjoint operators

Along this section, (H, || -||) will be a complex Hilbert space endowed with the scalar product
(-,-). It T'€ L(H), then for every y € H the operator x + (T'z,y) is linear and bounded. By
Riesz—Fréchet Theorem, there exists a unique element T*y € H such that

(Tx,y) = (x, T"y), xz,y € H.
It is immediate to prove that T* € £L(H) and that ||T*| = ||T.
Definition 2.3.1. The operator T* is called adjoint operator of T.
Lemma 2.3.2. Let T,S € L(H) and o € C. Then, the following properties hold:.

(1) T =
(2) (aT)* =aT*.

(3) (T + S)* =T* + S*.

(4) (TS)" = 5T

(5) If T is invertible, then T* is invertible too and (T*)~! = (T~1)*.
6) |77 = ||IT]>.

Proof. Properties (1)—(5) easily follow from the definition. In order to prove property (6), it
suffices to observe that ||T*T|| < ||T|| - || T*]| = ||T||* and

|Tz|* = (Tw,Tz) = (o, T"(Tx)) < ||«|[|T*(T2)|| < |T*T].

for every x € H with ||z| = 1. O
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Definition 2.3.3. An operator 7' € L£(H) is called self-adjoint if 7' = 7™, while it is said to
be normal if T7* = T*T.

Example 2.3.4. Let (£2, 1) be a measure space, with a o-finite measure u, and let m be a
complex-valued function in L>(€2, ;). Consider the multiplication operator M,, on L?(€2, ).
Then, M}, = M. Indeed, if f € L?(Q, 1), then it holds that

(mh, f) = /thfdu = /Qh(mf)du = (h,mf), Vh € L2(Q, ).

It follows immediately that M, is a normal operator and that M, is self-adjoint if and only
if m is real-valued.

Proposition 2.3.5. Let T € L(H) be a normal operator. Then, the following properties hold
true:

1) ||Tz|| = |T*x|| for every z € H;

3) 172 = IT%;

(1)
(2) If Tx = \x for x € H and \ € C, then T*z = \x;
(3)
(4)

r(T) =T
Proof. (1) Fix x € H and observe that

|T*z||? = (T*z, T*z) = (TT*z,z) = (T*Tx,z) = (Tx, Tz) = ||Tz|?.

(2) Since (Z — M)* = T* — X and T — A is normal, we can apply property (1) to the
operator T* — \I, getting that

|T*x — Ax|| = | Tz — \z| = 0.

(3) By applying property (1), we get that || T?z|| = ||T*Tz|| for every z € H. From Lemma
it follows that || 72| = ||T*T|| = ||T|.

(4) By induction, (3) implies that ||T||?" = ||T2" | for every m € N. Indeed, it is sufficient
to observe that 72" is normal and to proceed as in the proof of property (3). Hence ||T| =
|72 ||>™ for every m € N. Letting m — co and recalling that r(T) = lim,_,o || T7(|*/", we
get that r(T) = ||T||. O

The following proposition reveals that the spectrum of a normal operator consists only of
approximate eigenvalues (see Definition 1.3.7).

Proposition 2.3.6. Let T € L(H) be a normal operator. Then, A\ € o(T') if and only if there
exists a sequence (Tn)nen 1 H, with ||z,]| = 1, such that limy, s [|[T2n — Azy|| = 0.

Proof. Let A € C and let (x,,)nen be asequence in H, with ||z, || = 1, such that lim,, o || T2, —
Axy|| = 0. Then, clearly A — T is not boundedly invertible and then A € o(T"). Conversely,

assume that A € o(T) and, by contradiction, that a sequence (x)nen, such that ||z,| = 1,
for every n € N, and lim,,_o || Tz, — Az, || = 0, does not exist. Then, there exists 6 > 0 such
that

(2.5) [Tz — Ae|| > 6]
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for every © € H; hence X\ — T is injective. But A — T is also normal and
AN=T) =X-T"
Therefore,
Az — T*z| = | Az — Tz|| > d|z|

for every x € H. Thus A — T* is injective too. Let us prove that rg(\ —T') is dense in H. For
this purpose, let y € H be such that (A\z—Tz,y) = 0 for every x € H. Then, (z, \y—T*y) =0
for every x € H, namely Ay —T*y = 0, so that y = 0 since A — T* is injective. Thus, rg(A—T)
is dense in H. Combining the density of the range and using to prove that the range is
closed in H, it follows that A € p(T). O

In the case of self-adjoint operators, we can add further important information on the
spectrum.

Proposition 2.3.7. Let T € L(H) be self-adjoint. Then, o(T) C R.
Proof. Fix A € C\ R. Then, for every 0 # = € H it holds that

0 <A —=A||z]|* = {Tz — Mz, z) — (Tx — Xz, 2)|
=Tz — Az, x) — (x, Tz — \z)| < 2|Tx — Az||||z]|.

Therefore, if (z,)nen is a sequence in H with ||z,| = 1, then
A=A
Hence, A\ cannot be an approximate eigenvalue, so by Proposition A¢o(T). O

We conclude the section with an important subclass of normal operators.
Definition 2.3.8. An operator 7' € L£(H) is said to be unitary if 7*T = TT* = I.
Proposition 2.3.9. The following properties are satisfied.

(1) Ewvery unitary operator is normal.

(2) An operator T is unitary if and only if it is invertible and T~ = T*.
(3) If T is a unitary operator, then T~' and T* are unitary.

(4) Any unitary operator is an isometry.

Proof. Properties (1) and (2) follow immediately from the definition.
(3) If T is unitary, then

(T~ rt=ror =171 =1.

Analogously, one proves that T~-1(T~1)* = I and, therefore, T~ is unitary. Since T* = T~!,
the operator T is unitary too.
(4) If T is unitary, then

IT2|| = (T2, Tz) = \/{z,T*Tx) = /{z,z) = |||,

so that 7' is an isometry. O
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Remark 2.3.10. It is worth recalling that, thanks to the polarization identity

(2.6) (z,y)= %[<I+y,x+y> —(r —y,x —y) +ix + iy, +iy) — iz — iy, — )],

any isometry in a Hilbert space preserves the scalar product, namely (T'z,Ty) = (z,y) for
every x,y € H.

Examples 2.3.11. (1) Let ¢?(Z) be the Hilbert space of complex valued sequences z =
(Zn)nez such that ||z||> = 3>, o5 |2n|? < co. Consider the right translation operator T': (*(Z) —
(%(Z) defined by

T(wn)nEZ = (xnfl)nezn (xn)neZ S EQ(Z) .

Then, T is unitary. Indeed, T is clearly invertible and

<T‘T7y> = an—lgn = anyn+1 = <$7T71y>7 xz,y S 62(2)7
nel nez

ie., T =T"1
(2) Let H = L?((0,1)) and let T € L(H) be the operator defined by

(Tf)(x):= f(1—2x), ae. z € (0,1), fe L*(0,1)).

The operator T is clearly invertible. Moreover T' = T* = T~!. Hence, T is a unitary operator.

2.4 Exercises

Exercise 2.4.1. On LP(Q, u), p € [1,00), where (€2, ) is a measure space with u a o-finite
measure and u(€) = oo, we consider the multiplication operator

D(My) = {f € IQ 1) | mf € IX(2, )}

My (f) =mf, f € D(My,)
associated with a p-measurable function m : Q@ — C. Prove that D(M,,) is dense in LP(2, p).
Exercise 2.4.2. Let ¢ : [0,1] — [0, 1] be a bijective and continuous function. Consider the

B
operator T : L2((0,1)) — L?((0,1)) defined by

e(z)
@)= [ s
(1) Prove that T € L£(L?((0,1))) and compute T* (distinguishing the case in which ¢ is
increasing from that in which ¢ is decreasing).
(2) If ¢ is increasing, then prove that 7' cannot be self-adjoint.
(3) Find a decreasing function ¢ such that 7' is self-adjoint. Is such a ¢ unique?

Exercise 2.4.3. Let X be a Banach space and T' € £(X) be an isometry, i.e., | Tz| = ||zl
for all x € X. Prove the following properties.
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(1) oo(T)N{AEC: A <1} =o.
(2) If0 € p(T), then o(T") = {1 : p € o(T)} and o(T) C {A € C: r(T-1)"F <A < (1)},
(3) I£ 0 € p(T), then o(T) C {\ € C: |A| = 1}.

Exercise 2.4.4. On X = Cy(R,C) = {f € C(R,C) : limp_,, f(t) = 0} endowed with the
sup-norm, consider the operator

(TH)t) = f(t+1), teR, felX.
(1) Prove that T is an isometry and
o(T) = {Ex: le] = 1, A € o(T)}.

[Hint: Use the transformation (Sgpf)(t) := e f(t) for t € R and f € X ]

(2) Show that
o(T)={reC:|\=1}

[Hint: Show that 1 € o(7T") and use (1) to prove that {A € C: |A\| =1} C o(T).]

Exercise 2.4.5. Let X be a Banach space and T' € L(X). Prove that o(T) = o(T").

Exercise 2.4.6. Let X be a Banach space and T' € £L(X) be an operator such that ||T|| €
o(T). Prove that

1+ T =1+ T

Exercise 2.4.7. Let X be a Banach space and let T" and S be two linear operators from X
into itself. Prove that if ST — TS = I, then S or T is not bounded.

Exercise 2.4.8. Let H be a complex Hilbert space and let T' € L(H) be a self-adjoint
operator. Prove that

(1) (T £iD)z||? = ||Tz||? + ||=||? for every z € H;

(2) Ur := (T +4I)(T —iI)~! is a unitary operator on H. Ur is called the Cayley transform
of T}

(3) 1€ p(Ur) and T = —i(I + Ur)(I — Ur)~ L.



Appendix B

Differential and integral calculus for
functions with values in a Banach
space

In this appendix we define the Riemann integral for vector-valued functions. For more details
and for the proof of the results that we present here, we refer the reader to [1, Chapter
2], [2, Chapter 3] and [3, Chapter 3].

Definition B.0.1. A bounded function f : [a,b] - X (—00 < a < b < 400) is said to be
integrable on [a,b] if there exists x € X with the following property: for each ¢ > 0 there
exists 6 > 0 such that, for every partition P = {a =ty < t; < ... < t, = b} of [a, ], with
max;=1 . n(t; —ti—1) < J, and for every choice of the points &; € [t;—1,;], we have

<e.

w =Y f&)(ti—ti)
i=1

In this case we define

Leﬂmﬁ—x.

Arguing as in the real-valued case, one can easily check that the set of integrable functions
on [a,b] is a vector space and that the integral over [a,b] is a linear operator on this vector
space. In particular, if f : [a,b] — X is continuous, then it is integrable. Moreover, if f is
integrable on [a, b], then the map ¢ — || f(¢)| x is integrable on [a,b] as well. Finally, if f is
integrable on [a, b], then it is integrable on every [c,d] C [a, b] and

b c b
/f@ﬁz/f@ﬁ+/f@ﬁ
for every ¢ € (a,b).

As in the real-valued case, the definition of the Riemann integral can be easily extended
to the case of unbounded intervals or unbounded functions.

Definition B.0.2. Let I C R be an interval with endpoints a and b (—oo < a < b < 400)
with @ and b not necessarily in I. Moreover, let f : I — X be Riemann integrable on [c, d]

89



90 APPENDIX B. DIFFERENTIAL AND INTEGRAL CALCULUS IN B-SPACES

for every a < ¢ < d < b. We say that f admits an improper integral on [ if, for each tg € I,
the limits
to d
lim f(t)dt, lim f(t)dt

c—at J. d—b~ J¢,

exist in X. In this case we set

0 d
/ f(z)dz = lim t F)dt+ lim [ f(t)dt.
I

c—at Je d—b= Jtq

Note that the previous definition is independent of .

To simplify the notation in the following proposition we simply denote by I the interval in
which the function f is defined. When we say that “f is integrable on I” we mean indifferently,
that f is Riemann integrable on I or that it admits improper integral on I.

Proposition B.0.3. Let f : I — X be integrable on I. Then, the following properties are
satisfied:

(i) for each bounded operator T' € L(X,Y), the function T'f is Riemann integrable on |a, b]
and

T/If(t)dt:/le(t)dt;

(i9) if A: D(A) C X =Y is a closed operator such that f(t) € D(A) for everyt € I and
Af is integrable on I, then

/1 fdte D(A)  and A /I F(t)dt = /l Af(t)dt.

Proof. We limit ourselves to proving the last part of the proposition, since the first one is
similar and even simpler.

Proof of (ii). We first assume that I = [a,b] for some a,b € R, a < b and f is Riemann
integrable on [a,b]. Set z = f:f(t)dt. We fix n € N and consider the partition P, = {a =
to < ... < t, = b} where t;, = a+ (b —a)k/n for every k = 0,...,n. Moreover, for every
k= 0,...,n— 1 fix fl S [ti,ti+1] and set

Sn =Y f(&)(ti — tim), n € N.
i=1
Of course S,, belongs to D(A) for each n € N and

AS, =Y AF(&) (i — tin), neN.

i=1

Since both f and Af are integrable, S, and AS, converge, respectively, to = and y =
f: Af(t)dt as n tends to +o0o. Since A is closed, it follows that x belongs to D(A) and
Ar =y.
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Now, suppose that f admits improper integral on I. To fix the ideas we assume that
I = [a,400) and that f is Riemann integrable on [a, b] for each b > a. Then,

b b
A/ f(t)dt:/ Af(t)dt
By hypothesis

lim /bAf(t)dt: :ooAf(t)dt lim / £t / F(t)dt.

b—+oc0 J, b—~+o0

Since A is closed,
—+00 —+00 +oo
/ f(t)dt € D(A) and A/ f(t)dt = Af(t)dt. O

Next we recall the fundamental theorem of calculus for X-valued functions. For this
purpose we first recall the definition of Fréchet derivative. Let I C R be an (open) interval
and let tg € I. The function f: I — X is Fréchet differentiable at ty € I if the limit

L 10 = S(t)

t—to t — to
exists in X. Such a limit, when existing, is denoted by f’(ty) and is called the Fréchet
derivative of f at tg. In an analogous way the right- and left-derivative can be defined.

Theorem B.0.4. Let f : [a,b] — X be continuous. Then, the integral function F : [a,b] — X

defined by
0=/ e lad)

is (Fréchet) differentiable, and F'(t) = f(t) for each t € [a,b].

Now, we recall the definition of the integral of vector-valued functions of a complex vari-
able, along a smooth curve 7.

Definition B.0.5. Let 2 be an open subset of C, f : @ — X be a continuous function and
7 : [a,b] = Q be a piecewise C'-curve. The integral of f along v is defined as follows:

b
2)dz = "(t)d
A £(2) / FOr) ()t

As in the case of vector-valued functions defined on a real interval, we can define the
improper complex integrals in an obvious way.

Definition B.0.6. Let 2 C C be a (possibly) unbounded open set. Moreover, let I = (a,b)
be a (possibly unbounded) interval and v : I — C be a (piecewise) C! curve in 2. We say that
the continuous function f : 2 — X admits an improper integral along ~ if for each ¢y € (a,b)
the limits

to b
lim fy(m)Y (r)dr and lim ()Y (r)dr

s—at s—b—

exist in X. In such a case, we set

to s

f(z)dz = lim [ f(y())y'(r)dr + lim [ f(y(7))y(7)dr.

s—a™t s—b~ Je,
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Note that the definition of the improper integral is independent of the choice of tyg. More-
over, if I is bounded and the integral of f along v exists, then f admits an improper integral
along v and the two integrals coincide.
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Lecture 3

Compact operators and
Riesz-Schauder theory

In this lecture, we introduce the compact operators and explore their main properties. For
instance, we show that compact operators form a closed subspace of the set of bounded
operators between Banach spaces and that the adjoint of a compact operator is compact too.
One fundamental example of compact operators is given by the integral operators between
LP-spaces.

While in a finite dimensional setting each bounded operator is automatically compact,
this is not the case in a infinite dimensional Banach space, since, for instance, the identity
operator is not compact.

It is well known that the spectrum of a bounded linear operator on a finite dimensional
Banach space consists of eigenvalues only. On the other hand, in the previous lectures we
have seen that the structure of the spectrum of a bounded linear operator defined on a infinite
dimensional Banach space could be much more complicated. The picture is easier when one
deals with compact operators. Indeed, 0 is always in the spectrum of a compact operator and
all the other elements in the spectrum are eigenvalues whose corresponding eigenspaces are
finite dimensional. Another important feature of compact operators is the so-called Fredholm
alternative which states the following: if T : X — X is a compact operator and A € C\ {0},
then either the equation Az — Tz = y is uniquely solvable for every y € X or y belongs to the
image of the operator \I — 1" if and only if it satisfies n “compatibility” conditions, where n
denotes the dimension of the eigenspace associated to A.

3.1 Compact operators: definitions, examples
and Schauder theorems

Definition 3.1.1. Let (X, ||-||x) and (Y, || - ||y) be two Banach spaces and let T: X — Y be
a linear operator. T is called compact operator if T'(By) is a relatively compact subset of Y.

It is easy to show that a linear operator T: X — Y is compact if and only if for every
sequence (zp)nen C Bx, (Txn)nen admits a convergent subsequence (see Exercise 3.3.1).

Example 3.1.2. Let Q C RY be a bounded open set and let K : Q x Q — R be a continuous

23



24 LECTURE 3. COMPACT OPERATORS AND RIESZ-SCHAUDER THEORY
function. Further, let T': LP(Q2) — LP(2) be the integral operator defined by

Tfe) = | Klenfo)dy,  we9 fel’ (@),
From the dominated convergence theorem it easily follows that T(LP(2)) € C(2). Let us
prove that T is a compact operator. For this purpose, we observe that, applying Holder’s
inequality, it can be easily checked that

1T flloo < Sup 1 (2, )l 11l < 1K Nloo €217
x

for every f € LP(2) with [ f[[, < 1, where [2| denotes the Lebesgue measure of 2. Thus,
T(Brrq)) is an equibounded subset of C(€), i.e. (T(Brr)))(z) is a bounded subset of R,
for each x € Q. Moreover, since K is a uniformly continuous function, for every £ > 0 there

exists > 0 such that
yEQ, w,w €Q: o —wa| <5 = |[K(1,y) — K(wa,y)| <elQ /7.

Therefore, applying again Holder’s inequality we conclude that

Tf(x1) = Tf(22)] < /Q K (21,y) — K(x2,9)||f(y)ldy < e

for every f € Brpq) and 21,22 € Q such that ||x1 — z2|| < §. This means that T'(Bppr(q)) is

a equi-uniformly continuous subset of C'(§2). Applying Arzela-Ascoli theorem, see Theorem

A.7.1, we can infer that T'(Bpp(q)) is a relatively compact subset of C({2). Finally, recall-

ing that C(€2) is continuously embedded into LP(2), we obtain that T'(Br»(q)) is relatively
compact in LP(Q).

Since relatively compact subsets of a Banach space are also bounded sets, it follows that
each compact operator T is bounded. (cf. Proposition [1.1.1).

Remark 3.1.3. Given two Banach spaces X and Y, denote by I(X,Y) the space of all
compact linear operators and by F(X,Y) the space of all bounded linear operators with
finite dimensional range. Recalling that every bounded subset of a finite dimensional space
is relatively compact, we easily conclude that

F(X,)Y)CK(X,Y)cC L(X,)Y).
Moreover, given three Banach spaces X,Y, Z,
SoRoT e K(X,W)

for every S € L(Z, W), T € L(X,Y) and R € K(Y, Z). Indeed, since T' € L(X,Y), T(Bx) is
a bounded subset of Y and, hence, there exists A > 0 such that T'(Bx) C ABy. It follows that
R(T(Bx)) C AR(By), where R(By) is a relatively compact subset of Z, since R € K(Y, Z).
Noticing that S € L(Z, W), we can infer that S(R(T'(Bx))) is a relatively compact subset of
w.

The following characterization holds true.
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Theorem 3.1.4 (SCHAUDER THEOREM). Let (X, || ||x) and (Y, -|ly) be two Banach spaces
and let T : X — 'Y be a linear operator. Then, T is compact if and only if the dual operator
T’ is compact.

Proof. Let T : X — Y be a compact operator and let us denote by K the closure of T'(Bx) in
Y. Since T is a bounded operator, there exists M > 0 such that ||y|ly < M for every y € K.
Therefore,

[fllx = sup{|f(y)| | y € K} < M,

for every f in the unit ball By of Y/ and, consequently, we can identify By with a bounded
subset of the Banach space C'(K) consisting of all the continuous functions over the compact
set K, endowed with the sup-norm

(3.1) lgllx == sup{lg(y)| | v € K} g € C(K).

Moreover, for every f € By: and y,z € K it holds that

1fy) =R <ly—=zly.

This implies that By is an equi-continuous subset of C(K) and, since it is bounded, it is
relatively compact due to Arzela-Ascoli theorem. Thus, from every sequence (fy,)nen C By~
we can extract a subsequence (fp, )ken which is a Cauchy sequence with respect to the norm
(3.1). Since

HTlfnk - T/fnjHX’ = sup ’(T/f'flk - T/fnj)(x)‘ = sup |(fnk - fn])(T‘T)’

rEBx T€BXx

:ank - fnjHK

for every j,k € N, (T" fy, )ken turns out to be a Cauchy sequence in X', which is a Banach
space, and, therefore, it converges to an element of X’. We have so proved that 7"(By) is a
relatively compact subset of X’ and, hence, T” is a compact operator.

Vice versa, let us suppose that T” is a compact operator. Arguing as above, we can show
that the operator T7": X" — Y" is compact. If we denote by jx: X — X" (by jy: Y = Y",
respectively) the canonical embedding defined by jx(z)(f) := f(z) for every z € X and
f € X' (similarly, for jy), then jx and jy are isometries and

jyoT =T"ojx.

So, jy (T(Bx)) = T"(jx(Bx)) is a relatively compact subset of Y, since 7" o jx is a compact
operator (see Remark 3.1.3) Taking into account that jy is an isometry from Y into Y,
it follows that T'(Bx) is a relatively compact set of Y. This shows that 7" is a compact
operator. ]

Proposition 3.1.5. Let (X,| - ||x) and (Y, |- |ly) be two Banach spaces. Then, K(X,Y) is
a closed subspace of L(X,Y).

Proof. The proof that I(X,Y) is a linear subspace of L(X,Y) is left to the reader (see
Exercise 3.3.2).
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To prove that K(X,Y) is closed, fix a sequence (T},)nen C K(X,Y) converging to an
operator T : X — Y in (L(X,Y),]| - ||) as n tends to co. Further, fix € > 0 and let ny € N be
such that ||7,, — T'|| < e. Then,

(3.2) T(Bx) C (T — Tpy)(Bx) + Ty (Bx) C By + Ty (Bx).

Note that T,,,(Bx) is a relatively compact subset of Y, since T, € K(X,Y). We can thus
determine a finite number of elements in By, let us say 1,42, - . ., Yk, such that

k

(3.3) Too(Bx) C | J(wi + By).
=1

Using (3.2) and (3.3) it is immediate to conclude that

k

T(Bx) C |J(vi + 2¢By).
=1

Due to the arbitrariness of €, this means that T'(By) is a totally bounded subset of Y’
and, hence, it is relatively compact, see Exercise 3.3.1. O

Remark 3.1.6. From Proposition 3.1.5 it follows that, if (X, -|x) and (Y, - ||y) are two
Banach spaces, and (T}, ),en is a sequence of operators from X into Y, with finite dimensional
range, converging in £(X,Y’) to some operator T, then T' is a compact operator.

The question whether each compact operator between Banach spaces is the limit, in the
operator norm, of a suitable sequence of operators with finite dimensional range, was an open
problem for a long time, the so-called “approzimation problem”. In 1972, Enflo solved this
problem showing that the answer to the previous question is negative. Anyway it is worth to
mention that, if Y is a Hilbert space (or more generally, if Y admits a Schauder basis), then
the closure of the space F(X,Y") coincides with (X,Y") (cf. e.g., [1]).

Remark 3.1.7. Let (X, || - ||) be an infinite dimensional Banach space and let T" belong to
K(X) := K(X,X). Then, 0 € o(T). Indeed, if 0 were in the resolvent set of operator T,
then, by Remark 3.1.3, I = T~! o T would be a compact operator and, hence, Bx would be
a compact set. By Theorem A.6.1, this would imply that X is finite dimensional, which is a
contradiction.

3.2 Riesz-Schauder theory for compact operators

In what follows, we denote by (X, ||-||) an infinite dimensional Banach space over C. Moreover,
for every T' € L(X) and A € C, we denote by T the operator A —T'. If 0 # X € 0,(T"), where
op(T) is the set of all the eigenvalues of T', then we denote by N (T)) := ker T} the eigenspace
associated with the eigenvalue A. In general, if T' is a bounded operator, then N (7)) is an
infinite dimensional space. Assuming that 7' is compact, we can prove the following.

Proposition 3.2.1. Fix T € K(X). Then, for every A € C\ {0} and n € N, it holds that
dim N(T}) < oo.
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Proof. We first prove the proposition in the case n = 1. For this purpose, we set B :=
BxNN(T)) (i-e., B is the closed unit ball of N(T))). Clearly, T»(B) = {0} and, consequently,
AB = T'(B). Since T'(B) is a relatively compact subset of X, B is itself a relatively compact
subset of X and also of N(Ty). Therefore, N(T)) is finite dimensional and the assertion
follows in the case n = 1.

The proof in the case n > 1 follows from the case n = 1 since

n

T =(\-T)"= (Z) APE (TR = A — S
k=0

where S = >0, (1) (=1)* T A"*T* € £(X) in view of Remark 3.1.3. O

Proposition 3.2.2. For every T € K(X), A € C\ {0} and n € N, the set T{(X) is a closed
subspace of X.

Proof. Due to Proposition 3.2.1, we know that dim N (7)) < oco. This implies that there exists
a bounded linear operator P: X — X such that P(X) = N(Ty) and P? = P. Set Y := ker P.
Then, we can split X into the direct sum

(3.4) X=NT)aY

and conclude that T)\(X) = T)(Y). Next, we fix z € T\(X) and take a sequence (yn)neny C Y
such that Ty(y,) converges to z in X. By contradiction, let us assume that the sequence
(Yn)nen is not bounded. Then, there exists a subsequence (yn, )gen such that limg_ o [|Yn, || =

00. Set v 1= Hznikll €Y for every k € N. Clearly, ||vg|]| =1 for every k € N, so that (v)ken
"k
is a bounded sequence. Moreover, Ty(vy) = ﬁT \(Yn, ) converges to zero as k tends to oo
g
and
(3.5) vk = A~ (Ta(vg) + T(wr))

for every k € N. Since the sequence (vg)gen is bounded and T is a compact operator, there
exists a subsequence of (T'(vk))ken which converges. Without loss of generality, we assume
that the whole sequence (T'(vg))ken converges to some element w of X. From formula (3.5)
it follows that v, converges to A™'w =: v € X as k tends to oo, so that ||v|| = 1. Further, the
boundedness of T" and the uniqueness of the limit imply that T (v) converges to T)(v) =0
as k tends to oo. This yields that v € N(T)) and, therefore, v = P(v) = limy_, o P(vg) = 0.
This is a contradiction since ||v|| = 1. Hence, the sequence (yy)nen is bounded.

Arguing as we did for the sequence (vg)ren, by writing y, = A~ (T\(yn) + Ty») and using
the compactness of T', we can infer that, possibly up to a subsequence, (y,)nen converges to
some y € X as n tends to co. The boundedness of Ty and the uniqueness of the limit show
that T (y,) converges to Th(y) = z, so that z € Ty(X). We have so proved that T)(X) is a
closed subspace of Y.

Since T'(X1) C X1 and X := T)\(X) is closed, it follows that T'|x, € K(X1). Thus, from
the first part of the proof, we have T¢(X) = T\ (X1) is a closed subspace of X; and hence of
X. By induction we obtain the closedness of T} (X) for every n € N. O

Corollary 3.2.3. For every T € K(X), A € C\ {0} and n € N, it holds that

codim T} (X) < oo.
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Proof. Since T{, = A\ —T" and T" € K(X') due to Theorem 3.1.4, we can apply Proposition
3.2.1 and infer that dim N(7%) < co. On the other hand, Proposition 3.2.2 shows that T (X)
is a closed subspace of X. Hence, the quotient space X/T)(X), endowed with the norm
[ - HX/TA(X) is a Banach space. In particular, its topological dual space is isomorphic to
(T\(X)1, ]| - |I'), see Appendix A.3. Consequently, thanks to the first equality in (T.4)), to
N(Ty). It follows that the dual space of X/T)(X) and, consequently, X/T)(X) itself, is a
finite dimensional space, i.e., codim T} (X) < oc.

The proof in the case n > 1 is left to the reader as an exercise (see Exercise 3.3.4). t

The following lemma plays a crucial role in what follows.

Lemma 3.2.4 (Riesz’s LEMMA). Let (X, || - ||) be a real or complex Banach space and let
M be a closed proper subspace of X. Then, for every 6 € (0,1) there exists x € X such that
llz|| =1 and d(z, M) > &, where

dz,Y)=inf{l|lz —y| | yeY}.

Proof. Since M is a proper closed subspace of X, Hahn—Banach theorem shows that there
exists a closed hyperplane H such that M C H. Let f € X', with ||f]|’ = 1, be such that

H={yeX | fy) =0}
Fix 6 € (0,1). Then, there exists z € X such that ||z|| =1 and |f(z)| > 6. Consequently,

o< f@=1f@=p <" llz =yl =z -yl
for every y € H, so that
(3.6) 6 <|f(x)] <inff{lle —yll | y€ H} =d(x, H) < d(x, M). O

Remark 3.2.5. Let H be a closed hyperplane of X, ie. H={ye X | f(y) =0} =kerf
for some f € X’ with ||f|’ = 1. Fix x € X with ||z|| = 1. Then, d(z, H) = 1 if and only if
|f(z)] = 1. Indeed, if |f(z)| = 1, then, using (3.6), we conclude that

1< d(z, H) < ||z]| = 1.

Vice versa, let us suppose that d(x, H) = 1. For every fixed z € X \ H, with [|z|]| = 1, we set

yi=x— ;ggz Then, f(y) = f(z) — ;E‘z;f(z) =0, ie y € H and

1= de ) < o~ = [0

f(2)
It follows that |f(z)| < |f(z)|. The arbitrariness of z, with ||z|| = 1, yields that 1 = || f|" <
[f @) < [l =1, de |f(@)] = 1.

Examples 3.2.6. We show by two examples that, in general, f € X’ does not achieve its
operator norm at any point of 0Bx.

(1) Let X = cp and f € (co, ||||oc)’ be the functional defined by f((Yn)nen) = D peq 27 "Yn
for every (yn)nen € co. Then,

00 00
PO 227yl < lylloo Y 27" = [1ylloo
n=1 n=1



3.2. RIESZ-SCHAUDER THEORY FOR COMPACT OPERATORS 29

for every y = (yn)nen € co, This implies that ||f||" < 1. On the other hand, for every k € N

the sequence y(k) = (y’SLk)>

and

neN, where yﬁlk) =1ifn <k and yglk = 0 otherwise, belongs to ¢y

0< fy™) 22 "< AP Nl = 11"

Taking the limit as k tends to oo, it follows that

[e.9]

1=> 2" <||fl"

n=1

Consequently, ||f|" = 1.
Let us now suppose that there exists x = (xy, )nen € co, with ||z|| = 1, such that |f(z)| = 1.
Since z € ¢, there exists k € N such that |z, | < 1/2 for every n > k. It follows that

k—1
—%n 27" an| + > 27" |wnl
n=1 n>k
k— 00
Z ny 22— <y o2k=1,
n=1 n>k k=1

which is a contradiction.
(2) Let X = C([0,1]) and f € (C([0,1]), ] - [|sc)" be functional defined by

1/2 1
@) = /0 s(t)dt — /1 R

for every x € C([0,1]). Arguing as in (1), it can be easily checked that there exists no
x € C([0,1]), with ||z||ec = 1, such that |f(z)| = 1.

Remark 3.2.7. Let (X, | - ||) be a reflexive Banach space and let f € X’ be a functional
with ||f|" = 1. Then, there exists z € X, with ||z|| = 1, such that |f(z)| = 1. Indeed, since
| f[I" = supjz=1 [f(z)| = 1, we can determine a sequence (zy,)nen C X such that |[z,[| = 1 and
lim,, 0 | f(2r)| = 1. Recalling that the unit ball of X is weakly compact, up to a subsequence,
(zn)nen weakly converges to some xg € X. This implies that lim, oo |f(x,)] = |f(x0)] = 1
and ||zl = 1.

Actually, the above property characterizes the reflexivity of the Banach space X as the
next theorem shows (for a proof we refer the reader to e.g., [4, p. 84]).

Theorem 3.2.8 (JAMES’ THEOREM). Let (X, ||-||) be a real or complex Banach space. Then,
X is reflexive if and only if for every f € X', with || f||' = 1, there exists x € X such that
=] =1 and |f(z)] = 1.

We now introduce the ascent and descent indices of a bounded linear operator.
Let S € £(X), where (X, || - ||) is an infinite dimensional Banach space. It is easy to check
that

{0} =N(S) CN(S) S N(S*) C...CN(SH) C...,
where SO = T.
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Definition 3.2.9. If N(S¥) = N(S*¥*1) for some k& € NU {0}, then
a(S) := min{k € NU{0} | N(S*) = N(S*)}
is called the ascent index of S.

Similarly, it holds that
X=58X)28X)28*X)D>...28(X)D....
Definition 3.2.10. If S*(X) = S¥*1(X) for some k € NU {0}, then
d(S) := min{k € NU {0} | S*(X)= 5" (X))
is called the descent index of S.

Remark 3.2.11. (1) If a(S) = ko, then N(S*) = N(S*+1) for every k > ko. Indeed, for
every k > ko and 2 € N(S¥1) it holds that 0 = Sk*l(z) = Skotl(Sk=Fo(z)), so that
Sk=ko(g) € N(Skot1) = N(S*0). Consequently, S¥(x) = Sk (SkFo(z)) =0, i.e., 2 € N(S¥).

(2) If d(S) = ko, then S*¥(X) = S*1(X) for every k > ko. Indeed, if k > ko and
y € S¥(X), then there exists x € X such that y = S¥(z) = S**0(Sk0(x)), where S*o(z) €
Sko(X) = S*o+1(X). Therefore, we can determine 2’ € X such that S* (z) = Sko+1(z’). This
implies that y = S¥(x) = Sk—Fo(Shotl(g")) = SF*+1(2") € SF1(X).

Proposition 3.2.12. Let S € L(X) be such that S™(X) is a closed subspace of X for all
n€N. Ifa:=a(S) < oo and d := d(S) < oo, then a = d. Moreover, the Banach space X
splits into the (topological) direct sum

(3.7) X =N(S") & 85™(X),

where m = a(S) = d(S5).

Proof. Set m := max{a,d} € NU{0}. Then, by Remark 3.2.11 we know that
(3.8) SH(X) = SYX) and N(S*) = N(59)

for every k > m. Moreover, N(S™) N S™(X) = {0}. Indeed, if z € N(S™) N S™(X), then
S™(x) = 0and x = S™(y) for some y € X. It follows that S?™(y) = S™(S™(y)) = S™(x) = 0,
ie., y € N(S?) = N(S™), by (3.8), so that z = S™(y) = 0. Hence, Sigm(x) is a one to
one bounded linear operator mapping S™(X) into S™(X). This operator is also surjective
since its image is S?™(X) which coincides with S™(X) (recall that m > d). Note that, by
assumptions, S™(X) is a closed subset of X and hence S |"§m( X) is also an open linear operator
from S™(X) onto S™(X) by the open mapping theorem.

Set R := (Srgm(x))_l € L(S™(X)). Then, the mapping Ro S™: X — S™(X) satisfies the
condition

(RoS™?=Ro(S"oR)oS™=RoloS™=RoS™,

i.e., Ro S™ is a continuous projection onto S (X). We can thus split the Banach space X
into the topological direct sum

(3.9) X =N(RoS™) & (RoS™)(X)=N(S") & S™(X)=N(5% & SYX),
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where N(R o S™) = N(S™) since R is one to one. From (3.9) we obtain that
§U(X) = §°7U(X) = §U(X),

and this implies that a > d.

Let us now prove that d > a. Since we have proved that a > d, it follows that N(S%) C
N(S%), so it remains to prove only that N(S%) C N(S%). For this purpose, we fix z € N(S%).
Clearly S%(x) € N(S%) N S%(X), hence S%(z) = 0 by (3.9) and therefore x € N(S9).

O

Proposition 3.2.13. For every T € K(X) and A € C\ {0}, it holds that a(Ty) = d(T)) < oo.

Proof. Fix A € C\ {0}. In view of Propositions 3.2.2 and 3.2.12 we just need to prove that
a(Ty) < oo and d(T)y) < o0.

By contradiction, let us suppose that N (TA"_I) is a proper subspace of N(T}) for every
n € N (where TY = I). Applying Riesz’s lemma, we can infer that for every n € N there
exists @, € N(TY) such that ||z,,| = 1 and d(z,, N(T{ 1)) > 1.

Note that

AT () = Tl <IN A2 — Ta(@a) + Ta(@m) — Az

=xn — (A_lTA(xn) - /\_1TA($m) + )| >

DN |

for every n,m € N, with n > m, since A\™'T\(z,) — A" T\ (zp) + &y € N(TY1). This
implies that no convergent subsequence of (T'(z,,))nen exists, which is a contradiction, since
T € K(X) and (zp)nen is a bounded sequence. We thus conclude that a(7T)) < oo.

In a completely similar way, we can show that d(7T)) < oc. O

By using the above result one obtains that any non zero element of the spectrum of a
compact operator is an eigenvalue of that operator. This is the aim of the following result.

Proposition 3.2.14. For every T € K(X), the spectrum o(T) is the union of op(T) and
{0}. Moreover, o(T') is at most countable and it admits at most zero as limit point.

Proof. Fix A € C\ {0} such that A € 0,(T). Then, N(Ty) = {0} and, consequently, N(T%) =
{0} for every k£ > 0. This means that a(7) = 0. On the other hand, Proposition 3.2.13 shows
that d(T)) < oo. So, by Proposition 3.2.12 we infer that d(7T)\) = a(Ty) = 0 and we conclude
that T3 (X) = X. So, by Proposition one deduces that A € p(T).

Let us now prove that o, (7") is at most countable and that admits at most 0 as limit point.
To prove these two properties, we will show that for every > 0 the set {\ € 0,(T") | |A| > 6}
is finite. By contradiction, let us assume that {\ € 0,(T") | |A| > d} contains an infinite
number of elements for some § > 0. Then, there exists a sequence (A,)nen C 0p(T") such
that A\, # Ay, and |\,| > § for every n,m € N. For every n € N let us fix z, € N(T),)
with [|z,]| = 1. Note that the elements x1,...,z, are linearly independent for every n € N.
Suppose that this is not the case. Then, there exists (aj,...,ay) € C"\ {0} such that
121+ ...+ apxy, = 0. Up to reordering the elements x4, ..., z,, if necessary, we may assume
that 1 = Baxo + ...+ By, so that

Mz =T(x1) =T (Baxa + ... Bnxn) = Paroxa + ... + BpAnTn,
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or, equivalently,
52()\2 — )\1)%2 +...+ ﬁn(/\n — )\1)1’” =0.

Iterating this procedure and possibly reordering the elements, we would deduce that z,,—; =
Yy, with v # 0 so that

Ap—1Tp_1 = T(xn—l) = ’YT(:L'”) = ’Y)\nxn = A\Tn—1 5

which is a contradiction, since A\,_1 # A, and x,_1 # 0. We have so proved that z1,...,x,
are linearly independent.

For every n € N, let us set M,, = span{xy,...,x,}. By the first part of the proof, M,_;
is a proper closed subspace of M,, and, hence, in view of Riesz’s lemma, we can find y,, € M,
such that [|y,|| = 1 and d(yn, My—1) > 3. Consequently, |y, — yn—1]| > % for every n € N.
Now, we observe that

HT(yn) - T(ym)H :”T(yn) + AnYn — AnYn — T(f‘/m)”
(3'10) :”)‘nyn - (T)\n (yn) - T(ym))H

for every n,m € N, with n > m. Since y,, € M,y,, it follows that y, = >_;°; apx) so that

T(ym) = ZakT(xk) = Zak)\kxk e M,, CM,_.
k=1 k=1

Moreover,

Th, (yn) = Y oD, (z1) = D k(A — M) ) € M1
k=1 k=1

Therefore, Ty, (yn) — T (ym) € Mp—1 and from (3.10) we obtain that

I7(m) = Tl = Pallgn = A (T, () = o)) 2 35

We have so proved that (T'(yn))nen does not admit any convergent subsequence. This is
clearly a contradiction since T € K(X) and (y,)nen is a bounded sequence. O

The following remark will be used in the proof of Proposition 3.2.16.

Remark 3.2.15. Let X and Y be two finite dimensional Banach spaces, with dimensions
m ed n, respectively. Further, let {z1,...,z,} be a basis of X, with ||zx||x = 1 for every
k=1,....,m, let {f1,..., fm} be the dual basis’ of {z1,..., 2} and let {y1,..., 9.} be a
basis of Y. Denote by L: X — Y the linear operator defined by

L(z) =) ful@)ye, z€X,
k=1

where we set y; = 0 for every j =n+1,...,m, if m > n. The operator L belongs to L(X,Y)
since

m

IL@)lly < lellx - Y Il lyelly

k=1

for every x € X. Moreover, since L(X) = span(yi, ..., ynm) it follows that

Y.e., fi(z;) = 6;; for every 4,5 = 1,...,m, where &;; is the Kronecker delta.
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e if m < n then L is one to one,
e if m > n then L is surjective.
Proposition 3.2.16. Let T € K(X). Then, for every A € C\ {0} it holds that
dim N (Ty) = codimT)(X) < o0.

Proof. By Proposition 3.2.1, we know that dim N (73) < oco. This guarantees that there exists
a bounded linear projection P : X — X such that P(X) = N(T)) so that we can split X into
the direct sum

(3.11) X=NT)eY,

where Y = ker P. On the other hand, Propositions 3.2.2 and 3.2.3, show that T (X) is a closed
subspace of X with finite codimension. Therefore, we can determine a linear and bounded
projection @: X — X such that Q(X) = T)\(X) and, consequently, we can split X into the
sum

(3.12) X =ZaT\(X),

where Z = ker () is a closed subspace of X, with dim Z = codim T)(X) (see Appendix A.3).
Let us consider the operator L in Remark 3.2.15, with X = N(T)) and Y = Z. Since Z
is a finite dimensional space, the operator L is compact as well as the operator S = Lo P.
Note that the operator A := T + S is compact and Ay = A — (T'+S) =T —S. In
particular, the decomposition (3.11) shows that

Ax(y) = Ta(y) — S(y) = Ta(y) — L(P(y)) = Ta(y) — L(0) = Tx(y)

for every y € Y. This implies that (Ay)y = (T))y: Y — Th\(X) is an isomorphism. More-
over, (3.11) also shows that

Ax(z) =Tx(z) — S(x) = =S(x) = —L(Pz) = —L(x)

for every x € N(T)) so that (Ax)n(r,) = —L-

In view of Remark 3.2.15, the operator L is injective or surjective. We will prove that,
actually, L is both injective and surjective, so that the spaces N (7)) and Z have the same
dimension.

Let us assume that L is injective. Then, the operator A) is injective as well, since N(A)) C
N(L)NN(T)). Indeed, if x € N(A)) then T)(x) = S(x) = L(P(x)) € ZNTx(X). Applying the
decomposition (3.12) we can infer that T)\(x) = L(P(z)) =0, i.e., z € N(T)) and x = P(x) €
N(L). Therefore, z € N(L)NN(T)). Recalling that A is a compact operator, we deduce that
d(Ay) = a(Ay) = 0, so that Ay is also surjective. This implies that (A\)n(r,) = —L is an
isomorphism from N(T}) into Z.

Let us now assume that L is surjective. Then, the operator A) is surjective as well since
AN(Y) =T)\(X) and A\(N(T))) = L(N(T)\)) = Z and X = Z & T»(X). The compactness of
the operator A implies that a(A)) = d(Ay) = 0, so that A, is also injective. In particular,
(Ax)|n(ry) = —L is injective and, consequently, is an isomorphism from N (7)) into Z. O

Corollary 3.2.17. Let T € K(X). Then, for every A € C\ {0} and n € N it holds that

codim T (X) = dim N((T™)}) = codim (T™)4(X’) = dim N (T7).
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Proof. The assertion when n = 1 follows from observing that the dual operator 7" is compact
as well due to Schauder’s Theorem and

(X/T\(X))" is isometric to N(T%),
Since the above spaces have finite dimension, we deduce that
codim Ty (X) = dim(X/T)\ (X)) = dim(X/T\(X))" = dim N(T%) .

The other equalities follow from Proposition 3.2.16.
To prove the assertion when n > 1, it suffices to observe that Ty = A" — S, where
S e K(X). O

The previous proposition shows that every compact operator satisfies the Fredholm alter-
native, i.e.,

Theorem 3.2.18 (Fredholm alternative). Let T : X — X be a compact operator. Then, for
every A € C\ {0} one and only one of the following conditions is satisfied:

(i) for everyy € X the equation \x — Tx =y is solvable with a unique solution x € X ;

(ii) the equation Ax — Tx = 0 admits a finite number of linearly independent solutions. In
this latter case, the equation Ax — Tx = y is solvable if and only if l’; (y) = 0 for every
j=1,...,n, where {z,... 2]} is a basis of N(T%).

Proof. If condition (i) is not satisfied, then A belongs to the spectrum of T, i.e. it belongs
to N(T)), which is a finite dimensional subspace of X (see Propositions 3.2.1 and 3.2.14).
Hence, the first part of property (ii) follows. On the other hand, T\(X) = *N(TY}), where
N(T3) is finite dimensional too. Therefore, the equation Az — Tz = y is solvable if and only
if 2/(y) = 0 for every 2’ € N(TY), and the second part of property (ii) follows. O

Notes

For further details, we refer the reader to the classical monographs [3,7,8,10].

3.3 Exercises

Exercise 3.3.1. Let X and Y be Banach spaces and T' € L(X,Y"). Prove that the following
assertions are equivalent.

(1) T e K(X,Y).
(2) For every sequence (zp)nen C Bx, (T'(zn))nen admits a convergent subsequence.

(3) T(Bx) is totally bounded, i.e. for any € > 0, there is a finite subset M of ¥ such that
T(Bx) € Uyem(y +By).

Exercise 3.3.2. Prove that, if S,T : X — Y are compact operators and A € K, then S+ T
and AS are compact operators as well.
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Exercise 3.3.3. Prove that a Banach space X is finite dimensional if and only if its dual
space X' is finite dimensional.

Exercise 3.3.4. Complete the proof of Corollary 3.2.3.
Exercise 3.3.5. Complete the proof of Proposition 3.2.13, showing that d(T)) < oc.

Exercise 3.3.6. Let (X, | - ||x) and (Y,]| - |ly) be two Banach spaces and T: X — Y be a
compact linear operator. Show that if (x,,), C X is a weakly convergent sequence to x € X,
then (T'xy,), converges to Tx in (Y, - |ly).

Exercise 3.3.7. Let (a;1);ken C Csatisfy 375, |la; k|* < co. Show that the linear operator
T: (? — ¢? defined by

oo
2
<Z aj, k$k> ; z = (z)ken € L7,
k=1 jeN
is compact.

Exercise 3.3.8. Let X be a Banach space. Prove that T(X) = LN (T") for every operator
T e L(X).

Exercise 3.3.9. 1. Let p,q € (1,00) be such that 1 + l =1 and let QCR? be a mea-

surable set. For k € L1(Q x Q) define the linear operator (Tf)(z) := [ k( y) dy
for any f € LP(Q2). Prove that T is a bounded and compact operator from LP(Q) into
L1(Q).

2. Here we assume that p =2, Q = (0,1) and k(z,y) = min{z, y}.

(i) Prove that T is a self-adjoint operator and

1T N zcz20,1)) < Bl 22¢(0,1)% (0,1)) =

Bl

(ii) Deduce, for any g € L?((0,1)), the integral equation

1
(x) — 2/0 min{z,y}f(y)dy = g(z), for a.e. xz € (0,1)

has a unique solution f € L?((0,1)).

(iii) Verify that f(z) = sin (%) is an eigenfunction of T' and compute the correspond-
ing eigenvalue Ag.

(iv) Show that r(T) = A\p and deduce that (|7 zz2(0,1)) < 1%l £2(0,1)x(0,1))-
[Hint: Use Proposition [2.3.5/to infer that r(T") = [T z(z2((0,1)) and observe that,
if A € C is an eigenvalue of T then there exists f € 02([0 1]) such that A\f" = —f

and f(0) = f'(1) = 0]



Appendix A

Functional Analytic Tools

In this appendix we collect some fundamental results from Functional Analysis which we use
in this edition of the Internet Seminar.

A.1 Hahn-Banach Theorem

Given a Banach space X, one of the most important questions one may ask about its dual
space X' is the following: are there ‘enough’ elements in X’? For example, are there enough
elements to separate points? This is answered using the Hahn—Banach theorem and its
consequences that we state here below.

Theorem A.1.1 (Hahn-Banach theorem for normed spaces). Let X be a real or complex
normed space and Y be a non-trivial subspace of X. Then for any f € Y’ there exists f € X'
such that f(y) = f(y) for ally € Y and || f[|"= [/ f]".

Many useful results follow from the Hahn-Banach theorem A.1.1. For example:

Corollary A.1.2 (Separation). Let X be a real or complex normed space. Then for any
x € X there exists a linear functional f € X' such that f(x) = ||z|| and || f||' = 1. Hence, if
x #y € X then there exists f € X' such that f(x) # f(y).

Corollary A.1.3. Let X be a Banach space and D be a subspace of X. If
VieX': (flx)=0Vze D)= f=0,

then D s dense in X.

A.2 Open Mapping Theorem

We recall that a continuous map between two topological spaces has the property that the
pre-image of any open set is open, but in general the image of an open set is not open. In the
case of bounded linear maps between Banach spaces this special property is satisfied under
the assumption of the surjectivity of the map.

Theorem A.2.1 (Open Mapping theorem). Let X and Y be two Banach spaces and let
T:X —Y be a surjective and bounded linear operator. Then, T is an open operator, i.e., T
maps open sets in X onto open sets in Y.

91
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The assumption that 7' maps X onto Y is essential. Consider, for example, the projection
(z,y) + (2,0) defined on R2. This map is not open.

As an application of Theorem A.2.1 a general property of inverse maps can be deduced,
i.e.:

Proposition A.2.2. Let X and Y be two Banach spaces and let T be a bijective bounded
linear operator from X toY. Then the inverse T~' is also a bounded linear operator from 'Y
to X.

A.3 Quotient spaces, topologically complemented subspaces
and projections

Given a vector space E, a projection is a linear map P : E — E such that P> = P. In
this case, setting £y = P(F) and Ey = ker(P), the pair (E1, Fs) is a complemented pair of
subspaces of E, namely E7 + F5 = E and Fy N Ey = E. This is equivalent to say that every
x € E has a unique decomposition as z = x1 + z2 with x; € E; (i = 1,2).

Vice versa, given a complemented pair (E1, Eg) of subspaces of E, setting Pz = x1, when
x = w1 + xo with z; € E;, (1 = 1,2), it is immediate to prove that P is a projection and that
E, = P(FE) and Ey = ker P.

If X is a Banach space and P is a continuous projection, then the pair of complemented
subspaces associated with P is said to be topologically complemented. According to the
definition, the subspaces forming a pair of topologically complemented subspaces are closed,
being kernels of the continuous maps P and I — P.

In general a pair of closed subspaces which are algebraically complemented are not topo-
logically complemented.

Nevertheless, closed subspaces of Hilbert spaces and finite dimensional subspaces in any
Banach space are topologically complemented.

Let X be a Banach space and M be a closed subspace of X. Further, let ¢ : X — X/M
be the quotient mapping defined by p(x) = x + M for every 2 € X. The space X induces a
norm on X /M, which is defined by

le(@)llx/m = inf{|lz +yll : y € M}.

X /M, endowed with the norm || - HX/M, is a Banach space and ¢ is a continuous and open
mapping.
Moreover, the space (X/M, || - || x/a)" is isometric to (M=, || - ||), where

Mt ;:{y’eX/ | y’(m):Oforeverya:EM}.

If codimM:=dim(X /M) is finite, then it can be proved that M is a topologically comple-
mented subspace in X.
For a proof of the previous results, we refer the reader to [8, 1.40-42 and 4.8-9] or to [6, 4.2]

A.4 Uniform Boundedness

We recall the following useful result to establish the uniform boundedness of a family of
continuous linear operators between two normed spaces.
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Theorem A.4.1 (Banach-Steinhaus theorem). Let X be a Banach space and let Y be a
normed space. Let {To}aca be a family of bounded linear operators from X to'Y. Suppose
that for each x € X, the set {Tax}aca is a bounded subset of Y. Then the set {||Ta|}aca is
bounded, i.e., sSup,eca ||Ta|| < 0.

A consequence of the theorem above is the following fact.
Corollary A.4.2. Let X be a Banach space and Y be a normed space. If a sequence

(Th)nen C L(X,Y) is strongly convergent (i.e., Tpx converges for every x € X), then there
exists an operator T € L(X,Y") such that (T,)nen is strongly convergent to T .

A.5 Riesz-Fréchet Theorem

A complex vector space H is said to be an inner product space (or unitary space) if there
exists an inner product (or scalar product), i.e. a map (-,-) : H x H — C with the following
properties:

(a) (y,x) = (x,y) for every x,y € H;

(b) {(z+y,2) = (x,2) + (y,2) and (azx,y) = a(z,y) for every z,y,z € H and o € C;
(¢) {(x,z) >0 for every z € H;

(d) (x,z) =0 if and only if z = 0.

By the properties (a), (b), (¢) and (d) above, we can define a norm on H by setting
|lz||? := (z,z), for z € H. The following famous inequality holds true:

(A.1) l{z,y)| < |lz|/||y|| (Cauchy-Schwarz Inequality)

for all x,y € H.

If the normed space (H, || - ||) is complete, i.e., if every Cauchy sequence converges in H,
then H is called a Hilbert space.

If (H,||-||) is a Hilbert space, then it is easy to show that the map H > z +— (z,y) € Cisa
continuous linear functional on H for all y € H. Indeed, for a fixed y € H, set fy(z) := (z,y)
for every © € H. Then, by the Cauchy-Schwarz Inequality it follows that

[fy(@)] = [(z,9)] < ll=]l[|yl]

for all z € H. This means that f, € H and | f||' < |ly|. Actually, [|f|" = ||yl as fy(y) =

(w,y) = llyl*.
The Riesz-Fréchet Theorem shows that all continuous linear functionals on a Hilbert space
H are of this type.

Theorem A.5.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space and let f € H'. Then,
there exists a unique y € H such that f(x) = (x,y) for all x € H. Moreover, ||f|I' = |yl
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A.6 Characterization of finite dimensional spaces

Using Riesz’s lemma, see Lemma 3.2.4, we can characterize finite dimensional vector spaces.
) )

Theorem A.6.1. Let X be a real or compler Banach space. Then, the following assertions
are equivalent:

(1) dim X < oo.
(2) Every bounded and closed subset of X is compact.

(3) Bx is compact.

Proof. (1) = (2): Let {e1,ea,...,en} be a basis of X and K C X be bounded and closed.
Let z, = Z;"zl zjne; € K with zj, € Kfor 1 < j < m and n € N, where K is R or
C depending on the fact that X is a real or complex Banach space. Since all norms in
X are equivalent, it is sufficient to show that there exists a subsequence (z,,) such that
limy_yo0 || Zn, — 2|lc = 0 for some z € X. Since the sequence (|x;n|)nen is bounded in K for
all 1 < j < m, there exists a subsequence (zp, ) wWith limy_o 2, = x; for all j =1,...m.
Hence, limg o0 [|#n, — 2[00 = 0, where z := 377" | zje;.

(2) = (3): Trivial.

(3) = (1): Assume by contradiction that dim X = oo. Then, for every n € N there
exists a subspace X,, of X such that

X1 C X, C...C X with dimX,, = n.

Since X, is a finite dimensional space, it follows that X,, is a closed (proper) subspace of
Xn+1- Applying Riesz’s lemma, see Lemma 3.2.4, we conclude that there exists x,, € X411
with [lzp| = 1 and d(zy, X,) > 1. This implies that the sequence (z)nen C Bx satisfies
the estimate ||z, — 2| > 3 for all n > m. Thus, (z,)nen cannot admit any convergent
subsequence, which is a contradiction. ]

A.7 Arzela-Ascoli Theorem

The following theorem was obtained in 1895 by Arzela for subsets of C([a,b]). A weaker form
had been discovered earlier by Ascoli. For this reason, the result is often referred to as the
Arzela—Ascoli theorem.

Theorem A.7.1 (Arzela—Ascoli Theorem). Let K be a compact space and let (C(K), | |loo)
denote the Banach space of all complex valued continuous functions on K. Let ® C C(K) be
a equibounded and equicontinuous family, i.e., ® satisfies the following properties:

(a) sup{|f(x)| : f € P} < o0 for every x € K;

(b) for every e and x € K there exists a neighborhood V' of x such that |f(x) — f(y)| < € for
ally eV and f € ®.

Then, ® is a relatively compact subset of C(K), i.e., every sequence in ® contains a uniformly
convergent subsequence.

Notes

For the proof of all the above results we refer the reader to [8,9].
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Lecture 4

Spectral representation theorem for
bounded operators 1

One of the main results in Linear Algebra states that a linear self-adjoint operator on a
finite dimensional vector space can be diagonalized, namely there exists a basis that allows to
represent the operator as a diagonal operator. With this formulation, the result does not have
an immediate counterpart in the general contest of infinite dimensional spaces. But if we give
a different interpretation, namely we look at the finite dimensional space as a space L?(j),
where p is the counting measure on a finite set and at a diagonal operator as a multiplication
operator, then the previous result can be restated in the following way: a linear self-adjoint
operator on a finite dimensional space is unitarily equivalent to a multiplication operator.
With this perspective, we can extend the spectral theorem for self-adjoint operators to the
infinite dimensional case.

We will first focus on compact operators, that somehow represent the link between the finite
dimensional and the infinite dimensional case, since compact self-adjoint operators are proved
to be unitarily equivalent to a diagonal operator on £2.

Further, we will concentrate on bounded self-adjoint operators. By combining Weierstrass
theorem and Riesz Representation theorem, we will first give a meaning to the expression
f(T), where T is a self-adjoint bounded operator and f is a continuous function acting on
the spectrum of T', and we introduce the so-called spectral measures associated with T'. They
will allow to prove that a self-adjoint operator acting on a complex separable Hilbert space is
unitarily equivalent to a multiplication operator defined on a space L?(M, i), where (M, p)
is a measure space and u is finite.

Throughout the lecture, (H, || - ||) is a Hilbert space over C with inner product (-,-) and
norm || - [|.

4.1 Spectral decomposition theorem
for self-adjoint compact operators

In this section, we study the behaviour of self-adjoint compact operators defined on Hilbert
spaces.
Let us begin with the following fundamental remark.
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Remark 4.1.1. Let T' € L(H) be a self-adjoint compact operator. Then, o(T") = 0,(T) U
{0} C R due to Propositions 2.3.5 and 3.2.14. Since r(T') = max{|A\| | A € o(T)} = ||T||, we
can infer that ||T'|| € o,(T) or —||T|| € op(T).

Theorem 4.1.2 (SPECTRAL REPRESENTATION THEOREM 1). Let T' € L(H) be a self-adjoint
compact operator. Then, there exists a closed and separable subspace Hy of H, a complete
orthonormal system (xp)nes C Hy, where J = N or J is a finite subset of N, and (Ay)neJ,
which is an infinitesimal sequence if J = N, such that

Txr = > ones AnlT, Tn)tn if x € Ho,
07 ’Lf.il? S Hd‘ .

Proof. Since T' € K(H) is self-adjoint, we can apply Proposition 3.2.14 and Remark to
infer that o(T") = 0,(T)U{0} C R and 0,(T") = (an)nes, where J is either N or a finite subset
of N. In the first case, (ay)nen belongs to cp.
To fix the ideas, we assume that J = N. The proof in the other case is completely similar.
Set H,, := N(T,, ) for every n € N. Then, (z,y) = 0 for every € H,, and y € H,,, with
n # m, since

(4.1)

an(z,y) = (Tx,y) = (2,Ty) = am(z,y) ,
and a;, # ay,. Moreover, H, # {0} and it is finite dimensional, due to Proposition 3.2.1.
Therefore, we can determine a finite orthonormal basis B, = {z7, ...z } in H,. Asa byprod-

uct, the countable set | J,, .y Br is a complete orthonormal system of Hy := span(|J,,cn Bn)-
Next, we observe that T(Hy) C Hy . Indeed, if x € Hg", then

(xp,Tx) = (Tx},x) = an(zp,x) =0

for every n € Nand every k = 1,..., jn, and hence Tx € Hd-. Therefore, 1—‘|Hd_ is a self-adjoint
compact operator, mapping HOL into Hd‘. We claim that T| HE = 0. If this were not the case,

Remark would guarantee the existence of A € R\ {0}, g € Hg, z¢9 # 0, such that
Txo = Azg. We are led to a contradiction since all the eigenvectors of T' belong to Hp.
Finally, we observe that, if 2 € Ho, then o = >"0° , >™7" (2, 2})x} so that

n=1
oo ]n e} jn
Tx = Z Z(x,xﬁ}Tﬂvz = Z Zan@,xmxz.
n=1k=1 n=1k=1
This completes the proof, choosing {z;,, | n € N} = (J,cn Br and A, = ay, if z,, € By. O

Remark 4.1.3. From formula (4.1)) it follows immediately that (A,)pnen C 0p(T) and z, €
N(T),) for every n € N.

If H is a separable Hilbert space, then the spectral representation theorem can be
reformulated as follows (see Exercise [4.3.1)).

Theorem 4.1.4. Let H be a separable Hilbert space over C and let T € L(H) be a self-
adjoint compact operator. Then, there exist a complete orthonormal system (en)neny C H and
an infinitesimal sequence (fn)nen C R, such that

(4.2) Tx = Z tn (T, en)en
neN

for every x € X.
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Remark 4.1.5. If H is separable, then the operator T is equivalent to a diagonal operator
on the space £2. Indeed, if we denote by U the operator

U: H— 52, x> ((x,en))neN,

then T'= U~'MU, where M is the diagonal operator on ¢ defined by M (¢) = (ptnén)nen for
every § = (fn)neN €2

The same spectral representation can be obtained for more general compact operators on
Hilbert spaces as the following result shows.

Theorem 4.1.6 (SPECTRAL REPRESENTATION THEOREM 2). Let T' € L(H) be a compact
operator. Then, there exist a closed and separable subspace Hy of H, a complete orthonormal
system (xp)nes C Ho, where J = N or J is a finite subset of N, an orthonormal system
(Yn)nes C H and (Ap)nes, which is an infinitesimal sequence, if J = N, such that

(4.3) Ty — { ZneJ A, Tp)yn, if x € Hy,

0, if z € Hy" .

Proof. Observe that the operator T*T" is compact and self-adjoint. Hence, the spectral repre-
sentation theorem guarantees the existence of a separable closed subspace Hy of H, of a
set J which is either N or a finite subset of N, of a complete orthonormal system (x,,)nes C Ho
and of {uynes C R, which is an infinitesimal sequence if J = N, such that

ZnGJ Mn<$, Jjn)xn, if x € Hy,
07 ifx e H&‘ ,

(4.4) T*Tx = {

where 0,(T*T) D (tn)nes and x, € N((T*T),,) for n € J.

It follows that Tjy1 = 0. Indeed, from the proof of Theorem we know that T*T
identically vanishes on Hg. Hence, |Tz|? = (T'z,Tx) = (T*Txz,z) = (0,z) = 0 for every
x € Hy, ie., Tz =0.

Next, we observe that, if x € N((T*T), ), then

pnllzl|* = (pn, 2) = (T T, z) = | Tx|?,

which yields that p, > 0. Thus, we can set \,, = \/iup,. Clearly, (Ay)nes € co if J = N. If
x € Hy, then x =} (z,2,)x, and, therefore,

o0
Tr = Z(az,xn>T$n = Z An X, T ) Yn
neJ n=1

where y, = A1 Tx, if A\, # 0 and y,, = 0 if A\, = 0. To conclude, we just need to show that
the set of all y,, # 0 is an orthonormal system. For this purpose, it suffices to observe that

(s Ym) =N AU Ty, Ty = NN HUT* Ty, 20)
:,U/n)\r:lA;ll <1'n7 xm> - )\n)\;nl <xn’ xm) = 5m7n

for every n,m € J such that y,, ym, # 0, where 6, ,, is the Kronecker delta. O
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4.2 Spectral representation theorem for bounded and self-
adjoint operators on a separable Hilbert space

In order to state and prove the spectral representation theorem for bounded and self-adjoint
operators it is necessary to introduce an appropriate functional calculus, which will allow us
to define f(T) when T € L(H) and f is a continuous function defined on the spectrum of T

When f is a polynomial, the operator f(7') is defined in the obvious way as the following
definition shows.

Definition 4.2.1. Let (X, || - ||) be a complex Banach space and T' € L(X). If P(z) =

Ef:o anz" is a complex polynomial, then we define P(T') := Zgzo apT".

Lemma 4.2.2 (SPECTRAL MAPPING THEOREM). Let (X, | -||) be a complex Banach space,
T € L(X) and P be a complex polynomial. Then

(4.5) o(P(T)) ={P(\) | Aea(T)} = P(o(T)) .

Proof. Fix A € o(T). Then, X is a root of the polynomial P — P(\) and hence, by the
fundamental theorem of algebra, P(\) — P(z) = (A — 2)Q(z) = Q(x)(A — x) for every x € C,
@ being a suitable polynomial. Accordingly, P(A\) — P(T) = A —=T)Q(T) = Q(T)(A = T).
Since A — T does not admit an inverse, it follows that P(A\) — P(T") does not admit an inverse
too. Otherwise, Q(T)(P(\) — P(T))~! would be a bounded inverse of A\ — T’ (see Exercise

4.3.3). Hence, P(\) € o(P(T)).
Vice versa, fix u € o(P(T)) and let A1,..., )\, € C be the roots of the polynomial P — p,
some of which possibly repeated according to its multiplicity. Then, P(z) — u = a(z —

A1)+ (2 — An) and, hence,
P(T) = pl = a(T — Ay) -+ (T — An).
If \t,...,An & o(T), then
(P(T) —p) " =a {(T =)~ (T = M),

which is a contradiction with the assumption u € o(P(T)). So, \; € o(T) for some i €
{1,...,n}, that is p = P(\;) and, hence, u € P(o(T)). O

Lemma 4.2.3. Let T € L(H) be a self-adjoint operator and P be a complex polynomial.
Then,

[P(T)]| = sup [P(A)].
Ao (T)

Proof. Since T is a self-adjoint operator, P(T') is a normal operator (see Exercise 4.3.2)). So,
we can apply Proposition 2.3.5 to conclude that |P(T)| = r(P(T")). Now, from Lemma
it follows that

I1P(T)[| =r(P(T))

sup{|A| : A € o(P(T))}
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Lemma allows us to extend the functional calculus from polynomials to the space
C(o(T),C) of all C-valued continuous functions on the spectrum of 7. We recall that an
operator T € L(H) is said to be positive if (T'z,x) > 0 for all x € H.

Theorem 4.2.4. Let T € L(H) be a self-adjoint operator. Then, there exists a unique linear
mapping

&: C(o(T),C) — L(H)
satisfying the following properties for every f,g € C(o(T),C) and X € C:
O(fg) = (f)2(g), P(A\f)=A0(f);
(1) =1, ®(f) = ©(f)*;
12CHI =1 flloos

(1)

(2)

(3) [[e(f

(4) if f = idy(r), then ®(f) =T;
()

(6)

(7)

2
3

5) o(®(f) ={f(N) : A e a(T)};

6) if f >0, then ®(T) > 0;

7) if B € L(H) commutes with T, then B also commutes with ®(f).

Proof. For each complex polynomial P we define ®(P) := P(T). Since by Lemma [4.2.2]
the identity ||P(T)|| = || Pll¢(s(1),c) holds, ® is an isometric linear mapping from the space
(Pio(1), I llsc) of the restrictions to o(T') of all complex polynomials into the space (L(H), [|-|))-
Therefore, ® extends uniquely to an isometric linear mapping ® from the completion of

(Pio(1), || - lloo) into (L(H),|| - ||)- By the Weierstrass approximation theorem (see Theorem
C.1.13), the completion of (P|y(7y, || - [|0) is the space (C(a(T),C), || - ||eo) because o(T) C R.

To enlighten the notation, we denote such an extension again by ®.

Properties (1) and (2) are clearly satisfied whenever f and g are polynomials. Hence, they
easily extend to the case when f and g belong to C(o(T'),C) by using a density argument.
Property (4) is obvious.

We now show property (5), which is a proper analogue of Lemma So, fix p €
f(a(T)). Then p = f(A) for some A € o(7T") and the following identity is satisfied

p—2(f) =2(f(N) - e(f) =2(f(N) - /).

For a fixed € > 0, we choose a function g. € C(c(T"),C) such that g.(\) =1, ||gc||cc = 1 and

LF () = FN)ge(n)| < e

for all n € o(T'), so that ||[(f — f(N)gelloo < € (see Exercise On the other hand, since
|1P(g:) |l = |lgelloo = 1, there exists z. € H with ||zc|| < 1 such that |®(ge)(ze)|| > 1/2. If we
set y= = ®(g:)(ze), then |[ye| > 1/2 and

(1 = @(F)) (ye) I =[P (f(
=[o((f
<[|e((f

)‘) f)q)(ge)(xs)”
(A) = fge) (@)l
(A) = Nge)llllze] < e
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This means that the operator uI — ®(f) is not invertible in £(H) and, hence, un = f(\) €
o(®(T)).

Vice versa, fix u & f(o(T)). Then, the function h(A) := (u — f(A\)7!, for A € o(T), is
clearly continuous on o(7'). Moreover, by properties (1) and (2) it follows that

(b —@(f)2(h) =(n — f)@(h) = ©(h)® (1 — [)
=®(h(pn = f)) = @(idy()) = T,

thereby implying that the operator y— ®(f) is invertible in £(H) with inverse (u—®(f))~*
®(h). Thus, u & o(P(f)). Since u & f(o(T)) is arbitrary, we can conclude that (f(o(T)))¢
(o(®(f))", that is o(B(f))  f(o(T)).

In order to show property (6), we observe that if f > 0 on o(T), then f = g2 for some real-
valued continuous function g. By properties (1) e (2) it follows that ®(f) = ®(g?) = ®(g)?,
where ®(g) is a self-adjoint operator due to property (2). Therefore, for every x € H, it holds
that

Iﬂ ||

(@(f)(@),2) = (D(9)*(x),2) = (2(9)(x), D(g)(2)) = [@(g9)(x)]* > 0,

Le,, ®(f) > 0.

Property (7) is immediate to prove. Indeed, if B commutes with 7', then B clearly
commutes with P(T') for every complex polynomial P. By density it follows that B also
commutes with ®(f).

It remains to show the uniqueness of the mapping ®. To this end it suffices to observe that
if there would exist another linear mapping ¥: C'(o(7T),C) — L(H) satisfying the properties
(1), (2), (3) e (4), then ¥(P) = ®(P) for every complex polynomial P and, hence, ¥ = ® by
density. O

In the rest of the section, we will use also the notation f(7') instead of ®(f) when we want
to point out the dependence on T'.

Proposition 4.2.5. Let T € L(H) be a self-adjoint operator. Then, for each pair of vectors
x,y € H there exists a unique positive Borel measure fi ., on the compact set o(T) such that

<f(T) (ZZ?), y> = fdﬂx,y
o(T)

for every f € C(o(T),C). The family {{tzy}eyecr satisfies the following properties for every
z,y € H:

(1) [payl(e(T)) < llzlllyll;

(2) y := piyy is a finite positive Borel measure on o(T) with p,(o(T)) = |ly||?;

(3) Hay = Tyw;

(4) p o)y = fhay = Ko F(T f07’ all f € C(o(T),C);

(5) Hawitas,y = Olayy+ ooy 0N iy ayi4yo = Cllgy, + ey, for all x,y, xi,y; € H fori=1,2

and o € C.

The measure i, is said to be the spectral measure associated with the vector y.
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Proof. For fixed x,y € H, consider the functional L, ,: C(c(T),C) — C defined by setting

Ly (f) := (F(T)(x), 9)

for every f € C(o(T),C). Then, L, , is clearly linear because of the linearity of = and the
inner product. Moreover, using the fact that x is an isometry, it follows that

Ly (D = (D), )| < ALFD gl = 1 ool []y]

for all f € C(o(T),C). Hence, L,, is a continuous linear functional on C(c(T'),C) with
|Lzyl” < ||z|||ly|l. By the Riesz representation theorem there exists a unique regular Borel
measure fi,, on o(7") such that

Lx,y(f) = L(T) fdﬂx,y

for every f € C(o(T),C), with |pgy|(c(T)) = || Lay
For each y € H we can estimate

"< lzllllyll- So, (1) is proved.

1yl (o(T)) < Iyl = (2(1)y. y) 2/ Ldpy = py(o(T)) < [py|(o(T)),
o(T)

because ®(1) = I. This implies that p,(o(T)) = |py|(o(T)) = |Jy||*>. Since u, and its total
variation agree on o(7'), p, is a finite positive measure on (7). So, also property (2) is
established.

To show property (3) we observe that

/ Fdbiay = () (@), ) = (FT) () z) = / Fipiy o = / fdiiys
a(T) o(T) a(T)

for every f € C(o(T),C). By uniqueness it follows that (i = Ty 2. So, (3) is proved.
To prove property (4) we proceed as follows. We fix f € C(o(T),C) and observe that

| s = @@OAT@.0) = (@HD@)0) = [ fdi,
o(T) o(T)

for every g € C(o(T'),C). Again, by uniqueness, it follows that ji(7) )y = fizy- This fact

together with property (3) yields that

),y

HaF(T) () = FF) () = T Hye = Fhiay-

It remains to establish property (5). For fixed « € C and z; € H (i = 1,2) and every
f € C(o(T),C) we have that

fdpoc, vasy =(f(T) (w1 + 22),y) = {f(T)(21),y) + {f(T)(22),y)

:Oé/ fd/«Lasl,y + / fd.umz,y = / fd(a/‘:m,y + sz,y)'
o(T) o(T) o(T)

By uniqueness, it follows that fiaz, a0,y = Qe ,y + Has,y- In a similar way one shows that
Ha,cyr+y2 = Ofbzyr + Hays - 0

o(T)
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Remark 4.2.6. Let T' € L(H) be a self-adjoint operator and let {(zy}zyer be the family
of Borel measures on o(7T') constructed in Proposition Then, the family {iy g}tz yecn
allows us to extend the functional calculus also to the class of all bounded Borel measurable
functions on o(7"). Indeed, fix a Borel and bounded function f : o(7') — C and consider the
functional ay: H x H — C defined by setting

af(:c,y) = / fdﬂm,y
o(T)

for every x,y € H. Then, by property (5) of Proposition the form ay is sesquilinear.
Moreover, by property (1) in Proposition

lay(@,9)| < | Flloolptay|(o(T)) <[ fllooll ]l

for all x,y € H. This shows that ay is a bounded sesquilinear form on H with a bound less
than or equal to || f||co-

Now, the Riesz Fréchet theorem permits to construct f(7'). Indeed, for a fixed x € H, the
operator H 3> y — as(x,y) € C is a continuous anti-linear functional on H. So, there exists
a unique &, € H, with ||&;|| = |la¢(z,-)|/’, such that

af(z,y) = (&)

for every y € H. Therefore, we can define f(7T')(z) := &,;.

By repeating this process for each x € H, we can define an operator f(T): H — H, by
setting f(T")(x) = & for every x € H. The operator f(T) is linear. Indeed, for fixed a € C,
x; € H (i=1,2) and every y € H we can write

<f(T)(ax1 + $2)a y> :<§a$1+$27 y> = af(axl + x2, y)
:Oéaf(l'l,y) + le(:EQ,y) = O‘<£x1ay> + (fzzvy>
=a(f(T)(z1),y) + (f(T)(z2),y) = (af (T)(z1) + f(T)(x2), y);

hence, f(T)(ax1 + z2) = af(T)(x1) + f(T)(z2). Moreover, for every x € H we can estimate

IF(T) (@) = €l = llay(z, )" = sup |af(z,y)] < [[flloollz]-
lyll<1

This means that f(T') is also continuous with operator norm ||f(7T)| < ||f|loc- Therefore,

f(T) e L(H).

We point out that, by construction,

(T (), y) = / o b

for all x,y € H.
The functional calculus defined above continues to satisfy the same properties listed in
Theorem [4.2.4] (see e.g. [8, Theorem VIL.2]).

Definition 4.2.7. Fix T' € L(H). A vector x € H is said to be a cyclic vector for T' if
span{T™(z): ne€ NU{0}} = H.
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Lemma 4.2.8. Let T € L(H) be a self-adjoint operator. If there exists a cyclic vector x for
T, then there exists a unitary operator U: H — L*(o(T), uz) such that

UTU ()N = AO) pe — e
for all f € L?(o(T), jtz).
Proof. For each f € C(c(T),C) we set

UR(f)(x) = f,

where ® is the mapping constructed in the proof of Theorem Then, U is well defined
in the space {®(f)(z) : f € C(o(T),C)}. Indeed, if f,g € C(o(T),C) are two functions for
which ®(f)(x) = ®(g)(z), it follows via properties (1), (2) and (4) in Theorem that

O(f)T" (x) =(f)@(A")(x) = ®(fA")(2) = D(A"f)(2)
=P(A")@(f)(x) = 2(A")2(g)(x) = (9)T" (),
i.e., ®(f) = ®(g) on the dense subspace span{T™(z) : n € NU{0}} of H. Thanks to the

n
continuity of ®(f) and of ®(g) we deduce that ®(f) = ®(g) on the whole space H. So, it
follows that

0=[2(f) -2l =lI2(f =Dl =lIf = 9gll ;
i.e., f = g. Moreover, by properties (1) and (2) of Theorem it follows that
1(f)(@)|I* =z, ®(f)*@(f)(2)) = (&, ®(ff)(x))
@GN @) = [ P,
)

o(T

for every f € C(o(T),C). This means that U is an isometry from the space ({®(f)(x) : f €
C(o(T),C)L |- ) into L(o(T), py).

Since the space {®(f)(z) : f € C(o(T),C)} is dense in H, we can extend U to an isometry
from H into L?(o(T), ptz). On the other hand, the fact that C(o(T),C) is a dense subspace
of L?(o(T), p) implies that U is also surjective. At this point, we observe that

(UTUH(HN) = (UTR(f)(2))(A) = (UPAf)(@))(N) = Af(A)

for all f € C(o(T),C). This identity continues to be hold for all f € L?(o(T), 1) because
C(co(T),C) is a dense subspace of L2(o(T), fiz). O

In order to extend such a result to any bounded and self-adjoint operator on a complex
separable Hilbert space, we need an auxiliary result. Before we state it, we recall that, if
(Hn)nes is a countable family of Hilbert spaces, then by X = @, . ; H, we mean the set of
all the elements = = (zy,)nes such that x,, € H, for every n € J and

(1% ==Y ll#nll?;, < oo
neJ

Clearly, if J is finite set, then X coincides with the cartesian product of the spaces H,.
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Lemma 4.2.9. Let H be a complex separable Hilbert space and let T € L(H) be a self-adjoint
operator. Then, there exists a family {H, }ney of closed subspaces of H, with J C N finite or
infinite, such that

(1) H =D,cs Hn;
(2) if x € Hy, then T(x) € Hy;
(3) for every n € J the operator 1|y, admits a cyclic vector x, € Hp.

Proof. Let {e,}nen be a complete orthonormal system of H. If we set x1 := ey and H; :=
span{T™(z1) : n € NU{0}}, then H; is a T-invariant subspace of H and z; is a cyclic vector
for Tiy, .

If e,, € Hy for all n € N, then H; = H and, hence, the proof is complete. Otherwise, let
ny be the first index for which e,, & Hj; this means that e,, € H; for every n < nj. Then, we
denote by Py 1 the orthogonal projection from H onto the closed subspace Hi- and we set

To 1= PHIJ_ (en,). We observe that xa # 0 because e,,, ¢ Hi. Moreover, since T is a self-adjoint
operator and T maps H; into itself, T also maps H f into itself. Indeed, for a fixed h € H f,
we have that (T'(h),k) = (h,T(k)) = 0 for all K € Hy. This implies that T'(h) € Hi-. If we
set Ho := span{T"(z2) : n € NU{0}}, then it follows that Hy C Hi . In particular, Hs is a
T-invariant subspace of H and x5 is a cyclic vector for 71|g;,.

If H = Hy® Hs, then the proof is complete. Otherwise, let ny be the first index for which
én, & H1 ® Ha. Denoted by Pr,@mH,)L the orthogonal projection from H onto the closed

subspace (H; @ Hy)*, we set a3 := P, @ m,)+ (en,) and we proceed as before. After a finite
number of steps, we say N, we could get H = H1 ® Ho® ... Hy, where for every i =1,..., N
the closed subspace H; is T-invariant and T}y, admits a cyclic vector. Otherwise, we will
have a family {H;};cn of T-invariant and orthogonal closed subspaces of H such that every
T\g, admits a cyclic vector z;. In each case, by construction, e, € Hy for every n < nq,
en € Hy ® Hj for every ny < n < ng, and so on. This implies that (e,)nen C B,y Hi from
which it follows that H = @,y H;. O

Thanks to the previous lemmas, we can now prove the following result.

Theorem 4.2.10. Let H be a complex separable Hilbert space and let T € L(H) be a self-
adjoint operator. Then, there exist a finite or infinite set J C N, a family {pin }nes of measures
on o(T) and an unitary operator

U: H— @ L*(o(T), dpn)
neJ

such that
(UTU 1 (4))n(N) = Mbn(N) fin — a.e.

for all ¥ = (Yn)nes € B,ey L*(0(T), dpy) and for alln € J.

Proof. The result follows by applying first Lemma to find the decomposition of H and
then Lemma to each component of the decomposition. So, the n-th measure u, is
the spectral measure associated with the n-th cyclic vector. In particular, u, is a measure
on U(T|Hn), but we can extend it to the whole compact set o(7") by setting p, = 0 on
o(T)\ o(T}u,,)- O
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We now can state and prove the spectral theorem in its classical formulation.

Theorem 4.2.11 (SPECTRAL THEOREM FOR BOUNDED SELF-ADJOINT OPERATORS). Let
H be a complex separable Hilbert space and T € L(H) be a self-adjoint operator. Then,
there exist a measurable space (M, ) with finite positive measure, a bounded and measurable
function m: M — R and an unitary operator U: H — L*(M,du) such that

WUTU=H () =mn)f(n) p— ae
for all f € L*(M,dp).

Proof. By Lemma we can write H = @,,.; H, with J C N finite or infinite, where
{Hp}nes is an orthogonal family of closed T-invariant subspaces of H, such that the operator
T\, admits a cyclic vector z,, for all n € J. We can always suppose that |xn| = 27" for all
n € J. We now denote by pu,, the spectral (positive) measure on o(7") associated with z,. As
in the proof of Theorem we observe that i, is a measure on ¢ (T}g, ), but we can extend
it to the whole compact set (T') by setting u, = 0 on o(T)\ 0(T|g, ). On the other hand, by
Lemma for every n € J there exists an unitary operator U,,: H, — L?(o(T), ptn) such
that

(UnTUn_l(wn))()‘) = )‘wn()‘) Hn — a.c€.

for all v, € L?(a(T), pin)-

Set M := J x o(T). Then, we say that E C M is uy—measurable if E, := {\ € o(T) :
(n,A) € B} is p,~measurable for all n € J. In such a case, we define u(E) := > 7 pn(Ep).
We observe that p(M) = 3, pn(0(T)) = 3 ey llznll?> = X,c;27™ < co. This implies
that the positive measure y constructed above is finite. Moreover, if f € L?(M,du), then

RS

neJ

/ (0 ) Pdpin(A)
o(T)

Now, let us consider the operator
U: H=@)H, —» L*(M,dp)
neJ

defined by

9= Zgn = U(g)(n7 )‘) = Un(gn)<)‘)
neJ

Then U is an unitary operator and satisfies
(UTU(f)(n,A) = Af(n, )
for all f € L?(M,du), that is m(n,\) = \. O

Theorem shows that every self-adjoint bounded operator is unitarily equivalent to a
multiplication operator on a suitable L2-space. In the following example, for a particular self-
adjoint operator T' we contruct “by hands” a multiplication operator to which T is unitarily
equivalent.
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Example 4.2.12. Let H = (*(7Z) be the Hilbert space of all C-valued sequences z = (,,)nez
such that ||z[|? = Y, 7 |zn|? < co. We denote by L: H — H the left translation operator,
defined by (L(x)), := xp41 for all n € Z, and by R: H — H the right translation operator,
defined by (R(x)), := x,—1 for all n € Z (the operator R has been already introduced in
Example 2.3.11-(1)). It is easy to verify that L* = R and R* = L and, hence, the operator
T := L+ R is self-adjoint.

We now define the operator U: ¢2(Z) — L*((0,1)) by setting

U(z):= Zazne%im, z € (0,1).
neL
The sequence (e27"%), .5 of functions forms a complete orthonormal system of L2((0,1)).
This implies the surjectivity of U and the fact that U preserves the norm. Therefore, U is an
unitary operator.
Finally, we observe that ULU ~! and URU ~! are the multiplication operators by the func-
tions e 2™ and e?™ respectively. So, it follows that UTU ! is the multiplication operator
by the function 2 cos(27x).

Notes

We suggest the reading of the interesting classical paper by Halmos [5] for further information
on the spectral theorem.

4.3 Exercises

Exercise 4.3.1. Prove Theorem [4.1.4]

Exercise 4.3.2. If T is a normal operator on a complex Hilbert space and P is a complex
polynomial, prove that P(7T) is a normal operator too.

Exercise 4.3.3. Let P and @ be two complex polynomials, Prove that, if P(T) is invertible,
then (P(T))~! and Q(T) commute. Further, prove that, if also Q(T) is invertible then its
inverse operator commutes with (P(T))~%.

Exercise 4.3.4. Given a function f € C(K,C), where K is a compact set of R, £ > 0 and
A € K, prove that there exists a continuous function g. : K — C such that g.(\) = 1,

19elloo = 1 and [(f(A) = £(n))ge(n)| < € for every n € K.

Exercise 4.3.5. Prove that a self-adjoint operator on a finite dimensional Hilbert space has
a cyclic vector if and only if all the eigenspaces have dimension one.

Exercise 4.3.6. Let S and T be two non trivial compact self-adjoint operators on a infinite
dimensional Hilbert space H such that ST = T'S. Prove that S and T have the same sequence
of orthogonal eigenvectors.

Exercise 4.3.7. Let T be a compact self-adjoint operator on a infinite dimensional separable
Hilbert space H. Prove that there exists an orthonormal basis (x,)nen of H such that each
x, is an eigenvector corresponding to some real eigenvalue \,, and for every A & o(7T') we have

RAT)z =Y i‘”’_x;%n, z e H.
n=1 n
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Exercise 4.3.8. Let T' € L(H) be a self-adjoint operator on the Hilbert space H, f €
C(o(T),R) and g € C(f(o(T)), C). Prove that g(f(T)) = (g0 f)(T).



Appendix C

Stone Weilerstrass Theorem and
Riesz representation theorem

C.1 Stone-Weierstrass theorem

Definition C.1.1. Let X be a not empty set and let A be a subspace of the space of all
R-valued (resp. C-valued) functions on X. The space A is said to be a real (resp. complex)
functional algebra if for every f,g € A also fg belongs to A. A subspace B of A is said to be
a subalgebra of A if B is an algebra.

Example C.1.2. Let X be a topological space and let C(X,R) be the space of all R-valued
continuous functions on X. Then C(X,R) is a real functional algebra. The space Cy(X,R)
of all real bounded and continuous functions on X is a subalgebra of C(X,R).

As it is well-known, Cp(X,R) endowed with the norm

[[flloo == sup [f ()], f € Gy(X,R),
zeX

is a Banach space.
Definition C.1.3. Let X be a not empty set and let f,g : X — R be two functions on X.
We denote by fV g and f A g the functions defined by setting

(fVg)(x) =max{f(z), g(x)},  (fAg)(x) :=min{f(z) g(x)} =zeX.
Remark C.1.4. We point out that

fvg_f+9+2|f—91, ng_ijg—ny—g\’

as it is easy to prove. Thus, if f and g are two R-valued continuous functions on a topological
space X, then fV g and f A g are also R-valued continuous functions on X.

For what follows it is useful to recall the following notation

<a> _ala—1)...(a-n+1)

n n!

, ae€R, neN,

and the following result.
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Lemma C.1.5. If a > 0, then for every x € [—1,1],
= [«
Z < >x”: (1+x)
n
n=0
and the convergence of the series is total on [—1,1].

Proof. As it is well-known, the binomial series absolutely converges in | — 1,1[ and totally
converges in every compact interval [a,b] C] —1,1[. The absolute convergence of the binomial
series for x = —1 and for = 1 follows from Raabe criterion, after having observed that

a6

e (\(nilﬂ

Theorem C.1.6. Let X be a topological space and let A be a subalgebra of Cy(X,R). Then
the closure A of A in (Cy(X,R), || - ||oo) 45 a subalgebra of Cy(X,R). Moreover, if f,g € A,
then |f|, fVgand f ANg € A.

—1>—1—|—a. O

Proof. Let f,g € A be fixed. Then there exists two sequences (f,)nen and (gn)nen in A such
that ||fn — flleoc — 0 and ||gn — g|loc — 0 as n tends to co. Since A is an algebra, (fy, + gn)nen,
(afn)nenN, (fngn)nen are all contained in A for every o € R. From the following inequalities

1fn+gn = (f + 9lloo < [1fn = flloo + ll9n — 9l
lafn = afllo = lalllfn = fllo (@ €R)
[ fngn — fallo = [1£(9 = gn) + gn(f — fa)llos

< £y = gnll + llgnllllf = fall

it follows that f, + g, — f+ 9, afn = af and frg, — fg in (Cy(X,R),| - ||c) as n tends to
00, taking into account that (||gn||)nen is @ bounded sequence. Thus, also f + g, af and fg
belongs to A. Accordingly, A is a subalgebra of Cj(X,R).

Let us now fix 0 # f € A. In order to show that |f| € A, we proceed as follows.

We observe that by Lemma we have

VEi=[1+(t-1)]2 i(%)(t—l)k, te0,1]

k=0

and the convergence of the series is uniform on [0,1].
1
If we set p,(t) = Yo (2)(t — 1)¥, for t € [0,1], then p, is a polynomial of degree
n and limy, 40 pp(0) = 0. Thus, the polynomial g, := p, — p,(0) is homogeneous and
1imy, 00 Gn(t) = limy, 00 (P (t) — pn(0)) = v/t uniformly on [0, 1]. In particular,

t| = Vi2 = lim g, (%)
n—oo

uniformly on [—1,1].

Since ‘W‘ < 1, we can write

2
B.1) T = dm () i GECR - )

£l /113
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Since f2 € A and hence ﬁ € A, also ¢, (ﬁ) € A. By 1' it follows that % € A and

hence, |f| € A. The remaining assertions follow now from Remark O

Definition C.1.7. Let X be a non empty set and let A be a set of R-valued functions defined
on X. We say that A separates points of X if

Ve,y € X, x #y, 3f € Asuch that f(x) # f(y).

Lemma C.1.8. Let X be a non empty set and let A be a vector space of R-valued functions
on X which separates points of X and contains the constant functions. Then

Ve,y € X, v #y, Ya,be R 3f € A such that f(x) =a and f(y)=0».

Proof. Fix x,y € X such that x # y. By assumption there exists g € A such that g(z) # g(y).
Now, if we set f := a+ W(g — g(x)), then the function f belongs to A because it is
a linear combination of the function g and a constant function. Moreover, the function f
clearly verifies f(x) = a and f(y) = b. O

Theorem C.1.9 (STONE-WEIERSTRASS THEOREM — REAL CASE). Let X be a compact
topological space and let A be a subalgebra of C'(X,R) which separates points of X and contains
the constant functions. Then A is a dense subalgebra of C(X,R).

Proof. Let us fix f € C(X,R) and € > 0. We will prove that there exists g € A such that
lg — flloo <e.

For each z,y € X with « # y we choose a function h;, € A such that h, () = f(z) and
hay(y) = f(y). In the case x =y, we set h,, = f. Next, we consider the set V., defined by

Viey i ={t € X | hay(t) < f(t)+¢c}.

Clearly, = and y belong to V. ,. Moreover, V, , is an open subset of X. Indeed, the function
¢ 1= hg, — f is continuous in X and hence, V; , = ¢~ ((—00,¢)) is an open subset of X.

Since for any given x € X the family {V,, | y € X} is an open covering of X and X is
compact, there exist y1,...,y, € X such that

X =Vop U... UV, .

Now, for any given x € X, let us consider the function g, := hyzy, A--- Ahgy,, . Then, by
Theorem gz € A and g, (x) = f(x). Moreover, if t € X, then there exists i € {1,...,n}
such that t € V,,. Thus, g,(t) < hey, () < f(t) +¢.

For any given x € X we set

Wyi={te X : g.(t)> f(t) —€}.

Arguing as before, we can easily show that * € W, and that W, is an open subset of
X. Accordingly, {W, | = € X} is also an open covering of X. Therefore, there exist
Ti,...,Tm € X such that

X=W, U---UW,

Tm *
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Now, let us consider the function g := gz, V- -V gz,,. Then, by Theorem g belongs
to A. Moreover, fix t € X. We have already shown that g, (t) < f(t) + ¢ for every z € X, so
that g(t) < f(t)+e. To prove that g(t) > f(t) —e, we observe that there exists j € {1,...,m}
such that t € Wy, so that g, (t) > f(t) — ¢, thereby implying that g(t) > f(t) —e. Summing
up, we have proved that |g(¢t) — f(t)| < €. Due to the arbitrariness of ¢ € X, we conclude that
lg— flloo < 2. 0

Corollary C.1.10 (WEIERSTRASS APPROXIMATION THEOREM). Let K be a compact subset
of R and f: K — R be a continuous function on K. Then, there exists a polynomial P such

that || f — Plle < €.

Proof. Let A be the set of all the restrictions to K of polynomials with real coefficients. Then
A is a subalgebra of C'(K) which contains the constant functions and separates points of K
(it suffices to consider the polynomial P(z) = x). Then, the assertion follows, by applying
Theorem O

We now present some remarks on validity of the Stone-Weierstrass theorem in the complex
case.

Example C.1.11. Let us consider a compact set K C C with non empty interior set int(K)
and the set defined by

A:={feC(K,C): fisanalyticin int(K)}.

Then A is a subalgebra of C'(K,C), contains the constant functions and separates points of
K (it suffices to consider f(z) = z). Moreover, A is a closed subalgebra of C(K,C) because
uniform limits of sequences of analytic functions are analytic functions. On the other hand,
A # C(K,C) because, for instance the function g(z) = |z| does not belong to A. Therefore,
Stone-Weierstrass theorem is not longer true in the complex case as formulated above.

A more sophisticated example shows also that the space of all complex polynomials is not
dense in the space of all complex continuous functions on a compact subset of C (see [11,
Example 3.120]).

Theorem C.1.12 (STONE-WEIERSTRASS THEOREM — COMPLEX CASE). Let X be a compact
topological space and let A be a subalgebra of C(X,C) which separates points of X, contains
the constant functions and is closed with respect to conjugation, i.e., f € A for all f € A.

Then, A is a dense subalgebra of C(X,C).

Proof. Let Ag:={Ref | f € A}. Then Ag is a vector subspace of C(X,R). In particular, if
f €A, then Im f = —Reif € Ay. Moreover, for every f,g € A,

1
Ref-Reg:Reg(fg%-f?)EAo.

Thus, Ay is a subalgebra of C'(X,R) which contains the constant functions. Actually, Ag C A
because Ref = f%f € Aforall f € A.

Moreover, if z,y € X, with = # y, then there exists h € A such that h(x) # h(y). This
implies that Re h(x) #Reh(y) or Im h(x) #Im h(y). Thus, Ay separates points of X. Then,
by Stone-Weierstass theoremwe can conclude that Ay is a dense subalgebra of C'(X,R).
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Now, let f € C(X,C) be fixed. As it has been proved in Theorem for every £ > 0
there exist hi, ho € Ag such that

€

9
Re f =l < 5 :

~ I f =l <

from which it follows that ||f — g|lec < €, with g := (hy + ihg) € A. This completes the
proof. O

Corollary C.1.13. Let K be a compact subset of R and f : K — C be a continuous function.
Then, there exists a polynomial P such that || f — Pllec < €.

Proof. Let A be the set of all the restrictions to K of polynomials with complex coefficients.
Then, A is a subalgebra of C(K, C) which contains the constant functions, separates points of
K (it suffices to consider P(x) = z) and is closed with respect to conjugation. The assertion

follows by Theorem O

Corollary C.1.14. Let X = {z € C | |z| = 1}. Then, the vector space of all functions of
type

P(z2) = Z apz”, (ar € C),

k=—n
is dense in C(X,C).

Proof. The proof is immediate. We just observe that the set of all the functions P, defined
as above, is closed with respect to conjugation since Z = 27! for every z € X. O

Corollary C.1.15. Let K be a compact subset of C and f : K — C be a continuous function
on K. For every € > 0 there exists a C-valued polynomial P(-,-) of two variables such that

sup.ex |f(2) — P(2,2) <e.

Proof. Tt suffices to observe that the set of functions of type P(z,Zz), with P a C-valued

polynomial of two variables, is a subalgebra of C'(K,C) which satisfies all the assumptions of
Theorem O

C.2 Riesz Representation Theorem

We recall the Riesz Representation Theorem which will be one the main tools for the proof of
the Spectral representation theorem. For more details and for its proof we refer the reader,
e.g., to |10, Chapter 2].

Theorem C.2.1 (RIESZ REPRESENTATION THEOREM). Let K be a compact space and A be

a continuous linear functional on C(K). Then, there exists a unique reqular Borel measure i
on K such that

A(f) = /K fdu,  feC(K),

and ||A]) = |p|(K). Moreover, u is positive if and only if A is positive.
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Lecture 5

Spectral representation theorem for
bounded operators 11

After the previous two dense lectures, this lecture is intended at the same time to take a breath
and satisfy a curiosity, namely how to obtain a spectral representation theorem for normal
operators. The latter is a fundamental ingredient for the study of unbounded selfadjoint
operators, but its proof is usually skipped.

To obtain a spectral representation theorem for normal operators, we need to define the
functional calculus not just for real-valued functions, but more generally for functions of one
complex variable, since, in general, the spectrum of a normal operator contains also complex
numbers. Note that the polynomials are not dense in the space of continuous functions defined
on a compact set of the complex plane, as it is observed in Appendix C. Thus, to apply the
Stone-Weierstrass theorem we will need to consider not only the polynomials but also their
conjugate to obtain a dense set. Once we have constructed a functional calculus, the proof
of the spectral theorem for normal operators will run analogously to that for self-adjoint
operators.

In this lecture, we will follow the approach of the paper by Whitley [13].

5.1 Spectral representation theorem for normal operators

Definition 5.1.1. Let 7' € L(H) and let P(\,\) = Y ntm<N anm A" A" for every A € C,
where the coefficients a,,, belong to C. Then, we set

P(T,T*) = Y anmT™(T)™

n+m<N

To go on in the construction of the functional calculus, a fundamental step consists in
proving that, if 7" is a normal operator, then

IP(T, T*)|| = sup{| PO\, A)| | A € o(T)}.
For this purpose, let us prove the following preliminary result.

Lemma 5.1.2. Let T € L(H) be a normal operator such that 0 € o(T). Then, for every
e > 0 there exists a closed subspace M # {0} of H with the following properties:
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(1) for every operator B € L(H), which commutes with TT*, M is invariant for B and its
adjoint operator B*;

(2) T € L(M) and || Ty < e.

Proof. (1) Let us set A := TT*. Since 0 € o(T), we can apply Proposition 2.3.6 and infer
that there exists a sequence (2, )neny C H, with ||z,| = 1 for every n € N, such that Tz,
converges to 0 as n tends to co. This means that Ax,, tends to 0, so that 0 € o(A).

Fix € > 0 and consider the function i : R — R, defined by

2

1 1<%

h(t) = 1) e 2
2(1— ? 5 < |t| <€,
0 t] > 2.

Clearly this function is continuous and sup,cp [th(t)] < 2. Let f be the restriction of h to
o(A). Since A is self-adjoint, the operator f(A) is well defined by Theorem 4.2.4.

Observe that the set M := {z € H : f(A)x = x} is a closed subspace of H. Moreover, if
B € L(H) commutes with A, then, by Theorem 4.2.4, B commutes also with f(A). Hence,

Bz = Bf(A)x = f(A)Buz,
for every x € M, so that Bx € M. This means that M is invariant for B. On the other hand
B*A=B*TT* = (TT*B)" = (BTT*)* =TT*B* = AB",

so that B* commutes with A and, hence, M is invariant also for B*. Property (1) is now
proved.

(2) Let us observe that T' commutes with T7*, so that T'(M) C M. Moreover, for every
x € M, with ||z|| = 1, it holds that

1Azl = [Af(A)z]| < JAF(A) = sup{AfF(V)] | A € o(A)} <€

We thus conclude that ||Tz||? = (Tz,Tz) = (Az,x) < &% for every x € M with ||z| = 1.
Therefore, ||T}5]| < e. Property (2) is proved.
To prove that M # {0}, we observe that

(I = f(A) A = sup{|(1 = fF(M)FRN)]: A€ o(A)} =0,

since, if f(2\) # 0, then f(\) = 1. As a consequence, we deduce that the range of f(2A) is
contained in M and it contains some element z # 0 since

1f(2A)]] = sup{[f(2A)[ : A € 0(A)} = [f(0)| = 1. [

Lemma 5.1.3 (SPECTRAL MAPPING THEOREM FOR NORMAL OPERATORS). Let T' € L(H)
be a normal operator and let P(A\,N) =3y an,m)\"xm for every A € C, with coefficients
anm € C. Then,

(5.1) o(P(T,T*)) = {P(\,\) | A€ o(T)}.
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Proof. Fix A € o(T) and consider a sequence (zy)reny C H, with ||xg|| = 1 for every k € N,
such that (A — Tz converges to 0 as k tends to oo (cf. Proposition 2.3.6). Since T is a
normal operator, we can apply Lemma 2.3.5 to infer that ||(A — T*)zy| = ||(A — T)ay]| for
every k € N and, then, conclude that [|[(A — T%)x|| converges to 0 as k tends to co. Using
the following chain of equalities

(P(T,T*) = PO N)zr = > anpm(T(T)™ = XN )y

n4+m<N

= D amm[T(T)™ = N ")a + N (T — X"
n+m<N

= 3 @M@ 4 XTI - Ny
n+m<N

FAN T AT - Ny,

we conclude that (P(T,T*) — P(\,X))x) converges to 0 as k tends to oco. Hence, P(\,\) €
o(P(T,T*)) and the inclusion {P(\,\) : A € o(T)} C o(P(T,T*)) follows.

To prove the other inclusion, we fix y € o(P(T,T*)). Then, B := P(T,T*)— 1 is a normal
operator and 0 € o(B). We can thus apply Lemma 5.1.2 to infer that:

(i) for every n € N, there exists a closed subspace M,, # {0}, which is invariant for B and
B, with | By, || < 1/

(ii) M, is invariant also for 7" and 7™ since T' commutes with BB*.

The operator T}y, is clearly normal. In view of Proposition 2.1.1, o(Tss,) # 9.

For every n € N, fix A\, € 0(Tjyy, ). Then, there exists y, € M,, with |y, | = 1, such that
l( A — Tyn|| < 1/n, due to Proposition 2.3.6. The sequence (Ay)nen is bounded by ||T|.
Therefore, up to a subsequence, (A)nen converges to some A, which belongs to o(T") since

1
H()‘ - T)ynH < |/\ - )\n‘ + H()‘n - T)ynH < |)\ - )\n| + E
for every n € N. This implies that (A — T")y, converges to 0 as n tends to co. Arguing as in

the first part of the proof, we can show that (P(T,T*) — P(\, \))y, tends to 0. On the other
hand, y, € M, for every n € N so that

N 1
I(P(TT™) = wynll = 1Bynll < [1Bjar, Il - llynll <
It follows that (P(T,T*) — u)y, tends to 0 as n tends to oo so that u = P(A,\). O

We can now construct a functional calculus for normal operators.

Theorem 5.1.4. Let T € L(H) be a normal operator. Then, there exists a unique linear
operator

®: C(o(T),C) — L(H)

with the following properties:
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1) ®(fg) = 2(f)P(g), P(Af) = AP(f) for every f,g € C(o(T),C) and X € C;

O(1) =1 and O(f) = ®(f)* for every f € C(o(T),C);

[N = Iflloc for every f € C(a(T),C);

(1)
(2)
(3)
(4) if f = idy(r), then ®(f) =T;
(5)
(6)

3

5) a(®(f) ={f(\): Xx€a(T)} for every f € C(a(T),C);

if S € L(H) commutes with T and T*, then S commutes with ®(f) for every f €
C(o(T),C);

(7) if f € C(o(T),R) is nonnegative, then ®(f) > 0.

Proof. For every polynomial P(A\,\) = >, .\ n GnmA"(A\)™, we define ®(P) = P(T,T*).
Due to Proposition 2.3.5-(4) and Lemma 5.1.3, ||®(P)|| = sup{|P(A\,\)| : A € o(T)}. Hence,
® is a linear isometry from the space A of the functions of type A — P(A, \), with A € o(T),
in (L(H),|| - |]). We can uniquely extend ® to a linear and continuous mapping ® from the
closure of A in (C(o(T),C),| - ||s), with values in (L(H),|| - |[). On the other hand, the
closure of A coincides with (C(o(T'),C),| - |lec), due to Corollary C.1.15.

To ease the notation, we still denote by ® the extension ®. By construction, the operator
®: C(o(T),C) — L(H) is a linear isometry, so that property (3) follows. Properties (1) and
(2) are clearly satisfied if f and g are functions in A and, hence, they can be easily extended
to the case where f and g are continuous functions on C(o(T),C), using a density argument.
Property (4) follows straightforwardly from the definition.

Let us prove property (5). Fix p € o(T) and let (P,)nen be a sequence of polynomials
such that P,(\, A) — f(\) uniformly on o(T). Then, the sequence (P, (1, 17) — Pp(T, T*))nen
converges to f(u) — ®(f) in (L(H),|| - ||)- On the other hand, for every n € N, P,(u, 1) €
o(P,(T,T*)) so that P,(u,z) — Pp(T,T*) is not invertible. This implies that f(u) — ®(f) is
not invertible (otherwise there would admit a neighborhood consisting of invertible operators)
and, hence, f(u) € o(®(f)). Vice versa, fix p € C\ f(o(T)). Then, p — f(\) # 0 for every
A € o(T) so that the function g = 1/(p — f) belongs to C(c(T'),C). From properties (1) and
(4) it follows that

6

(g9)(n—@(f)) = (b= 2(f)2(9) =1,

i.e., u— ®(f) is invertible and, hence, u & o(P(f)).

Property (6) is immediate to prove if f € A. The general case then follows by a density
argument.

In order to prove property (7), we observe that if f > 0 on o(T), then f = g? for some
continuous real-valued function g. By property (1) it follows that ®(f) = ®(g%) = ®(g)?,
where ®(g) is a self-adjoint operator due to property (2). Therefore, for every z € H, it holds
that

(D(f)(x),2) = (@(9)*(2),2) = (B(g) (), B(9)(2)) = | ®(9)(=)[* > 0,

Le, ®(f) = 0.

To prove the uniqueness of ® it suffices to observe that if U: C(o(T),C) — L(H) is
another mapping with properties (1) to (4), then ¥(f) = ®(f) for every f € A. Hence, by
density it follows that ¥ = ®. O
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In what follows, sometimes we will write f(7') instead of ®(f) to stress the dependence
onT.

Remark 5.1.5. Property (6) in Theorem 5.1.4 can be improved thanks to Fuglede’s Theorem
which states that, if an operator S commutes with 7', then S commutes also with T*. For a
proof of such a theorem, we refer the reader to [5].

Let T € L(H) be a normal operator and fix z € H. Denote by L the functional on
C(o(T),C) defined by

C(o(T),C) > f = L(f) := (F(T)(x), z) .

This functional is linear, continuous and positive due to Theorem 5.1.4-(7). Then, by the
Riesz representation theorem, we know that there exists a unique positive and regular Borel
measure fi,, defined on the compact set o(7'), such that

L(f) = (f(T)(x),x) - Jdpg .

o(T)

This measure pu, is called spectral measure associated with x.

The following result is the counterpart for normal operators of Lemma 4.2.8. In such a
lemma, we required the existence of a cyclic vector in H, i.e., the existence of x € H such
that the span of the vectors 7%z, when k € NU {0}, is dense in H. Here, we need a slightly
different assumption.

Lemma 5.1.6. Let T € L(H) be a normal operator. Suppose that there exists x € H such
that span{T™(T*)™z : n,m € NU{0}} is dense in H. Then, there exists an unitary operator
U: H— L*(o(T), puz) such that

(UTU (A =Af(N)  pa — ace.
for every f € LA(a(T), o).
Proof. For every f € C(o(T),C), we set
UD(f)(z) == [.

The operator U is well defined in the space {®(f)(x) : f € C(o(T),C)}. Indeed, if f,g €
C(o(T),C) are functions such that ®(f)(z) = ®(g)(z), then

S()TT™)™ (x) =@(f)(2"2"™)(x) = ©(2"2")®(f)()
=0(z"2")2(g)(¢) = ()T (T7)" ()

for every n, m € NU{0}, i.e., ®(f) = ®(g) on a dense subspace of H. The continuity of ®(f)
and ®(g) implies that ®(f) = ®(g) on H so that

0=1[(f =gl = Ilf = glloo
i.e., f =g. Moreover, for every f € C(c(T),C) it holds that

12(f)(2)1* =(z, ()" @(f)(2)) = (z, ®(Ff)(2))
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—(®(F /) (), z) = / o P

This means that U is an isometry from ({®(f)(z): f € C(o(T),C)}, | - ||) into L2(o(T), 1)
Since the space {®(f)(z) : f € C(o(T),C)} is dense in H, we can extend U as an isometry
from H into L%(o(T),p,). On the other hand, since C(o(T),C) is a dense subspace of
L%(o(T), pz), it follows that U is also surjective.

Now, we observe that

UTUH(H)N) = (UTR(f)(2))(A) = (UR(yf)(2))(A) = Af(A)

for every f € C(o(T),C). This identity can be extended to any f € L?(o(T), 1) using the
density of C(a(T),C) into L*(o(T), uz). O

To extend this result to a general normal and bounded operator, as we did in the case of
self-adjoint operators, we prove the following lemma.

Lemma 5.1.7. Let H be a separable complex Hilbert space and let T € L(H) be a normal
operator. Then, there exists a family (Hy)ney of closed subspaces of H, with J C N finite or
infinite, such that

neJ

(ii) H, is invariant for T and T*;

(iii) for eachn € J there exists x,, € Hy, such that span{T*(T*)"x,, | k,m € NU{0}} = H,.

Proof. Let (ep,)nen be a complete orthonormal system of H. Set z1 := e; and

Hy := span{Tk(T*)"xy : k,m € NU{0}}.

Then, H; is invariant with respect to 7" and T*. If e, € H; for every n € N, then H; = H.
In such a case, the proof is complete.

Suppose that e, does not belong to H; for some n € N and denote by n; the first
index such that e,, ¢ H;. This means that e, € H; for every n < n;. Denote by PH%

the orthogonal projection onto the closed subspace Hi- and set g9 := Py (e,,). Note that
xg # 0 since e,, # H;. Moreover, since T is a normal operator and both 7" and 7™ leave
H; invariant, it follows that 7" and T* leave invariant also Hi- (see Exercise 5.2.1). Let us
set Hy := span{Tk(T*)"xy : k,m € NU{0}}. Clearly, Hy C Hi- and, in particular, Hy is
invariant with respect to T and T*. If H = H1 @& H>, then the proof is complete.

Suppose that H; ® Ho g H and let ny be the first index such that e,, ¢ H; & Hs.
Denote by P, g p,)+ the orthogonal projection onto the closed subspace (Hy @® Hy)* and set
z3 1= P, g m,) L (€ny). Iterating this argument, we obtain that either H = H1 & Ho @ ... Hy
for some N € N, where, for every i = 1,..., N, H; satisfies (iii) for some z; € H, and is
invariant with respect to 7" and T, or there exists a family (H;) ey of closed and mutually
orthogonal subspaces of H, which are invariant with respect to 7" and T* and such that
property (iii) holds true. In both cases, e, € H; for every n < ni, e, € Hy & Hs for every
n1 < n < ng and so on. This ensures that (e,)nen C @;cy Hi and, hence, H = @,y H;. O

€N
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Theorem 5.1.8. Let H be a separable complex Hilbert space and let T € L(H) be a normal
operator. Then, there exist a family (pn)nes of positive Borel measures defined on o(T), with
J C N finite or infinite, and a unitary operator

U: H— @ L*(o(T), dpn)
neJ

such that
(UTU L) (N) = Mop(N)  pn — a.e.

for every 1 = (Vp)nes € @LQ(U(T), duy,) and everyn € J.
neJ

Proof. The assertion follows applying first Lemma 5.1.7, to determine the decomposition, and
then Lemma 5.1.6 to each component, observing that 7z, is a normal operator, since H,
is invariant with respect to 7" and T*. We thus obtain that the measure u, is the spectral
measure associated to some vector z,, € H, and it is defined on o(7jf, ). Extending such a
measure to o(T), setting u, = 0 on o(T) \ o(T}y, ), we conclude the proof. O

Mimicking the proof of Theorem 4.2.11, we can prove the spectral mapping theorem for
normal operators in its classical formulation.

Theorem 5.1.9 (SPECTRAL THEOREM FOR NORMAL OPERATORS). Let H be a separable
complex Hilbert space and let T € L(H) be a normal operator. Then, there exist a measurable
space (M, p) with finite measure, a bounded and measurable function m: M — C and a
unitary operator U: H — L?(M,dy) such that

UTU (FHO) = mNF() - ae.

for every f € L*(M,du).

5.2 Exercises

Exercise 5.2.1. Let T be a normal operator on a complex Hilbert space H and let M be a
subspace of H. Prove that if M is invariant for T and T*, then M* is invariant for T and
T*.

Exercise 5.2.2. Prove Theorem 5.1.9.

Exercise 5.2.3. Let T be a normal operator defined on a separable complex Hilbert space
such that 7% = T3. Prove that T is selfadjoint.

Exercise 5.2.4. Let T be a normal operator on a separable complex Hilbert space H. Prove
that

1. if T is positive, then there exists a unique positive operator S such that S? = T (S is
called the square root of T')

2. if there exists 6 € (0, ) such that o(T) C {z € C | |Arg(z)| < 0}, then for every n € N
there exists a normal operator S on H such that S™ =T'. Is S unique?;
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Exercise 5.2.5. Let S and T be two normal operators on a complex Hilbert space H.
Denote by Ag (resp., by Ar) the range of the operator ®g: C(o(S),C) — L(H) (resp.
&r: C(o(T'),C) — L(H)) constructed in Theorem 5.1.4. Prove that o(S) = o(7) if and only
if there exists an isometric isomorphism A from Ag onto A7p such that A(S) =T.

Exercise 5.2.6. Let T" be a normal operator defined on a complex Hilbert space H and
®: C(o(T),C) — L(H) be the operator constructed in Theorem 5.1.4. Prove that if Tx = \x
for some z € H, x # 0, and X € C, then ®(f)x = f(\)x for every f € C(o(T),C).

Exercise 5.2.7. Let T be a normal operator on a complex separable Hilbert space H. Prove
that T" is compact if and only if the following two conditions hold:

(i) o(T) consists of at most a sequence of eigenvalues, including 0, which possibly accumu-
lates at 0;

(ii) dimker(A —T) < oo for all A # 0.
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Lecture 6

Self-adjoint and dissipative
operators on Hilbert spaces

In this lecture we define the adjoint of an unbounded linear operator on a Hilbert space and
study its properties. We introduce symmetric and self-adjoint operators on a Hilbert space
and characterize the latter operators by a range condition, see Theorem We also
discuss about dissipative operators on Hilbert spaces. It is simple to see that the dissipativity
of 4T completely characterizes the symmetry of the densely defined operator T', see Theorem
This permits us to show that the spectrum of a self-adjoint operator is real.

Along the lecture, (H, || - ||) will denote a Hilbert space over C with inner product (-, ).

6.1 Adjoint of an unbounded operator, self-adjoint and sym-
metric operators

Definition 6.1.1. Let T': D(T') C H — H be a densely defined linear operator. We set
(6.1) D(T*):={y € H:Jy" € H such that (Tz,y) = (z,y*) Vo € D(T)}.

Notice that, for every y € D(T™*), the element y* in (6.1) is unique. Indeed, suppose that
Yyl € H and y5; € H are such that

(z,y7) = (Tz,y) = (,93), z € D(T).
Hence,
(x,yf —y5) =0, x € D(T).

Then, the density of D(T') in H implies that yi = y3. Therefore, the following definition
makes sense.

Definition 6.1.2. Let T': D(T') C H — H be a densely defined linear operator, The operator
T*, defined by T*y := y* for every y € D(T*), where y* is the unique element in H such that
(Tx,y) = (x,y*) for every x € D(T), is called the adjoint operator of T.

It is easy to see that T* : D(T*) — H is a linear operator. The following result charac-
terizes the elements of D(T™).

99
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Proposition 6.1.3. If T: D(T) C H — H is a densely defined linear operator, then
y € D(T*) <= dc > 0 such that [(Tx,y)| < c||z|| Yz € D(T).
Proof. “=": Fix y € D(T*). Then, from it follows that there exists y* € H such that
[(Tz,y)| = [(z,y") < lly*[l =]l Vo € D(T).

“<=": Consider the linear functional S : D(T") — C, defined by Sz = (T'x,y) for every
x € D(T). By assumptions, ||Sz|| < c||z|| for every = € D(T). Since D(T) is dense in H,
the operator S can be uniquely extended to a bounded operator on H, still denoted by S.
Therefore, the Riesz-Fréchet theorem implies that there exists y* € H such that Sx = (z, y*)
for every x € H. In particular, we can infer that

(Ta,y) = {z,y"), x € D(T).
This formula clearly shows that y € D(T™). O

Example 6.1.4. Let H = L?(, i), where (Q, i) is a o-finite measure space. Let us consider

the multiplication operator M,,, associated to the measurable function m : @ — C, whose

domain is D(M,y,) = {f € L*(Q, u) : mf € L?(, p)}, see Section 2.2. Then, M}, = M.
Indeed, if f € D(Mz) then

(mh, f) = /thfdu = /Qh(mf)du = (h,mf), h € D(M,,).

Thus, we have proved that D(Mzm) C D(M)) and M} f = Mz f for every f € D(Mzm).
Vice versa, suppose that f € D(M.},). Then, there exists g € H such that

<mh7f> = <hag>7 hGD(Mm)v
which implies that
/mhfd,u: / hgdyu, h € D(My,)
Q Q
or, equivalently,
/ hidu = 0, h € D(M,,),
Q

where ¢ = mf — g. From this formula, we can infer that 1) = 0 p-almost everywhere on €.
For this purpose, we consider an increasing sequence (£2,,),en of measurable subsets of €2,
with finite measure, whose union is 2. Moreover, for every n € N we introduce the function
hy = || Yxa,, where A, = {z € Q, : ¥(x) # 0 and |m(z)| < n}. Clearly, each function
hy, belongs to D(M,,). Moreover,

0=/hn1/1dM=/ VX {wen:im(z)|<n} A1
0 0

and this formula implies that ¢» = 0 p-almost everywhere on the set {z € Q,, : |m(z)| < n}.
Letting n tend to oo, we conclude that ¢p = 0 almost everywhere in § or, equivalently,
mf =g € H. This means that f € D(Mz).
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As the following example shows, in general T™* is not densely defined.

Example 6.1.5. Fix fo € H := L*(R;C), with fy # 0, and a locally bounded measurable
function f ¢ L?(R). Let us consider the linear operator (T, D(T)), defined by

D(T):={ge L*(R;C) | fge L'(®;C)},  Tg:={g,f) fo.

Since D(T') contains the space C.(R;C) of all the continuous functions on R with compact
support, one deduces that D(T) is dense in L?(R;C). On the other hand, D(T*) is not a
dense subspace of H. Indeed, if h € D(T™*) then

(9, T*h) =(T'g,h) = {{g, f) - fo,h) = (g, f) - (fo, )

:<gv <f07h> : f) = <ga <ha f0> : f>

for every g € D(T). Since C.(R;C) is dense in L?(R;C), we conclude that T*h = (fo, h) - f.
Next, we observe that, since f ¢ L?(R;C), it follows that (fo,h) = 0 for every h € D(T*).
Therefore, D(T™) is not dense in H, otherwise fy = 0, which is not the case.

In the following proposition, we state and prove some basic properties of adjoint operators
of unbounded linear operators. Given two linear operators S and 1", we use the notation S C T
when T is an extension of the operator S, i.e., when D(S) C D(T) and Tx = Sz for every
x € D(5).

Proposition 6.1.6. Let S : D(S) C H - H and T : D(T) C H — H be densely defined
linear operators. The following properties hold true.

(1) If S C T, then T* C S*.

(2) If T* is densely defined, then T C T** := (T™)*.

Proof. (1) Fix y € D(T™*). Then, for every x € D(S) C D(T) it holds that
(Sz,y) = (Tz,y) = (z,T"y).

It follows that y € D(S*) and S*y = T*y.
(2) Fix z € D(T'). Then,

(T"y,z) = (x, T*y) = (Tx,y) = (y, T)
for every y € D(T™). It follows that x € D(T**) and T**x = Tx. O

Proposition 6.1.7. Let T : D(T) C H — H be a densely defined linear operator, with
rg(T) = H. Then, the following properties are satisfied.

(

(1) T* is injective.

(2)

Proof. (1) Fix y € D(T™) such that 7%y = 0. Then,

If T is injective, then (T*)~! = (T~1)*.

(Tz,y) = (z,T"y) =0
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for every x € D(T'). This implies that (z,y) = 0 for every z € rg(T"). Since rg(7") is dense in
H, we conclude that y = 0. Hence, T™* is injective.

(2) Since D(T~') = rg(T), it follows that D(T~!) is a dense subspace of H. Hence, the
adjoint operator (T~1)* is well defined.

Let us prove that (T*)~! C (T‘l)* and (T~Y)* C (T*)~!. We begin by proving the first
property. For this purpose, we fix y* € D((T*) 1Y = 1g(T*). Then, there exists y € D(T*)
such that T*y = y*. If z € D(T~!), then T~'z € D(T) and therefore
(2,

y) = (2, (T") 7).

Hence, y* € D((T~1)*) and (T~ !)*y* = (T*)~'y*. The first property is proved.
Next, fix y* € D((T~1)*). Then,

(T2, y") = (2, (T7H)"y")
for every x € D(T~1) = rg(T). Taking, x = Tz in the previous formula, it thus follows that
(z,y7) = Tz, (T7)'y")

for every z € D(T). Hence, (T~1)*y* € D(T*), T*(T~1)*y*) = y* and, as a byproduct,
y* € 1g(T*) = D((T*)~1). This completes the proof. O]

(T72,y") = (T2, Thy) = (TT ' 2y) =

Definition 6.1.8. Let T : D(T) C H — H be a densely defined linear operator. T is a
symmetric operator if T C T, i.e., if

T is called self-adjoint if T' = T™.

Example 6.1.9. Let us consider the multiplication operator M,, introduced in It is
easy to check that M,, is symmetric if and only if Im(m) = 0. In such a case, D(M,,) =
D(M;) so that the operator M,, is also self-adjoint.

Remark 6.1.10. Every self-adjoint operator is clearly symmetric. On the other hand, there
exist symmetric operators which are not self-adjoint. Consider for instance the operator
T : Wy ?((0,1);C) € L2((0,1); C) — L2((0,1); C) defined by}

Tf=if, f e Wy?((0,1);C),

where Wy%((0,1); C) = {f € W2((0,1);C) : f(0) = f(1) = 0}. Then, D(T) = W012((0,1) C)
is a dense subspace of L?((0,1);C). Moreover, for every pair of functions f € W ((0, 1);C)
and g € W12((0,1);C), an integration by parts shows that

1 1 1T
(Tf,q) = /0 if'gde = /0 ifgde = /0 g de

The previous formula implies that W2((0,1);C) is contained in D(T*) and T*g = ig’ for
every g € W&’Z((O, 1); C). In particular, this shows that 7" is symmetric. On the other hand,
if g € D(T*) then, for every f € D(T) = WOI’2((0, 1); C) it holds that

(Tf.9)=({f,T"g),

!For the main properties of the space W'2((0,1); C) we refer the reader to |1, Chapter VIII]
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i.e.,

1 1
/if’gd:c:/ fT*gdz .
0 0

/0 ' fig)da = /0 T

for every f € C°([0,1];C). Recalling the definition of the space W12((0,1);C), we deduce
that ig € W12((0,1);C). Therefore, D(T*) C W2((0,1);C). We have so proved that
D(T*) = WH2((0,1); C). As a byproduct, it follows that 7' cannot be self-adjoint. Finally,
we observe that 7 is not symmetric. Indeed, if f,g € W12((0,1);C) it holds that

Therefore,

1 1
(T*f.g) = /0 if'gdr = if (1)g(1) — if(0)g(0) + /0 figdr,

so that (T*f,g,) # (f, T*g) unless f(1)g(1) — £(0)g(0) = 0.

Symmetric linear operators on Hilbert spaces are bounded as the following result shows.

Theorem 6.1.11 (HELLINGER-TOEPLITZ THEOREM). If T : H — H is a symmetric linear
operator, then T € L(H). In particular, T is self-adjoint.

Proof. In view of Theorem 1.2.3, it suffices to prove that 7" is closed. Fix a sequence (2, )nen C
H such that lim,, oo , = = and lim, o, Tz, = y for some x,y € H. Note that, for every
z € H, it holds that

(z,y) = lim (2,Tx,) = lim (Tz,x,) = (Tz,z) = (z,Tx) .

n—o0 n—oo

As a consequence, Tx = y. ]

Proposition 6.1.12. Let T : D(T) C H — H be a densely defined linear operator. Then,
the following properties hold true.

(1) T* is closed.
(2) T is closable if and only if D(T*) is dense in H. In such a case, T = T**.
(3) If T is closable, then (T)* = T*.

Proof. We first observe that on the product space H x H, we can define in a natural way an
inner product by setting

(@1, 91), (%2, y2)) Hxr = (T1, T2) 1 + (Y1, Y2) 1

for every (x1,y1), (z2,y2) € H x H. It is easy to check that the space H x H, endowed
with the inner product defined above, is a Hilbert space. Moreover, the linear operator
V:HxH — H x H, defined by V(z,y) := (—y,z) for every (z,y) € H x H preserves the
inner product (i.e., it is a unitary operator), is surjective and V2 = —I. In particular, for
every subspace £ C H x H the following formula holds true:

(6.2) V(EYH) =V(E)*t.
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If S: D(S) C H — H is a densely defined linear operator, then it holds that

(z,9) € VIGET <= ((2,9),V(z1,51))mxm =0 Y(z1,51) € G(S)
— <(:C,y), (_Szvz)>H><H =0 Vze D(S)
— —(2,52)+ (y,2) =0 Vz € D(5)
< (z,5%) = (y,2) Vze D(S)
<= x € D(S") and S*x =y
= (z,y) € G(5").

We have thus proved that
(6.3) G(S*) = [V(G(9)]

We can now prove the three properties in the statement of the proposition.

(1) Since the orthogonal space of a subspace of a Hilbert space is closed, from it
follows that G(T™*) is a closed subspace of H x H and, hence, T* is a closed linear operator.

(2) As it is easy to check,

G(I) = [6(T) 1™

Since the operator V defined above satisfies properties (6.2)), (6.3) and V2 = —1I, it follows
that

_ 1L
(6.4) G(T) = V2 [[9(T)* ]| = [VIV@@)I*| = V@)t .
Let us suppose that D(T*) = H. Then, applying first li and then , we obtain that

G(I) = V(G(T)" =6(T™).

This ensures that (T**, D(T™**)) is a closed linear operator. Hence, taking Proposition [6.1.6/(2)
into account, we conclude that T is closable and T = T**.

Vice versa, let us suppose that T' is a closable operator. By contradiction, we suppose
that D(T*) is not dense in H. Then, D(T*)* is a proper subspace of H and, hence, there
exists 0 # z € D(T*)*. So for every y € D(T*) it holds that

((2,0), (v, T*y)) axm = (x,y) + (0, T*y) =0,

i.e., (,0) € [G(T*)]*. Therefore, (0,z) € V[G(T*)*] = [V(G(T*))]* = G(T), by (6.4). Now,
since = # 0 and (0,z) € G(T'), the space G(T) cannot be the graph of a linear operator and,
therefore, T' is not closable, which is a contradiction.

(3) Due to property (1), the linear operator T™* is closed. This allows us to apply property
(2) to the operator T to infer that

Corollary 6.1.13. If T : D(T) C H — H is a symmetric densely defined linear operator,
then T is closable and T = T**.

Proof. It suffices to observe that ' C T™ and apply properties (1), (2) in Proposition [6.1.12
t
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Remark 6.1.14. If T : D(T) € H — H is a densely defined symmetric operator, then
T C T* and, hence, T** =T C T*. If T is also closed, then

(6.5) T=T=T"CT"

Consequently, if T' is a symmetric closed operator, then T is self-adjoint if and only if T™* is
symmetric.

Proposition 6.1.15. Let T : D(T) C H — H be a densely defined linear operator. Then, T
is symmetric if and only if (Tx,x) € R for every x € D(T).

Proof. Let us suppose that T" is symmetric. Then,

(Tz,z) = (z,T*z) = (x,Tzx) = (Tz,x)

for every x € D(T'), from which it follows that (T'z,z) € R.
Vice versa, let us assume that (T'z, z) € R for every z € D(T'). Then, for every x,y € D(T)
it holds that

(Ty,z) + (Tz,y) = —(T(x —y),z —y)) + (Tz,z) + (T'y,y) €R.
Therefore, Im(Tz,y) = —Im(Ty, z) = Im(z, Ty). Analogously,
i(Ty, ) —i(Tx,y) = —(T'(x —1y),x —iy)) + (T'z,z) + (Ty,y) €R

for every =,y € D(T). Therefore, Re(T'z,y) = Imi(Tz,y) = Imi(Ty,z) = Re(Ty,z) =
Re(z,Ty). We have thus proved that (Tz,y) = (x,Ty) for every z,y € D(T), i.e., T is
symmetric. [

Theorem 6.1.16. Let T : D(T) C H — H be a densely defined linear operator. If T is
symmetric, then the following properties are equivalent.

(i) T is self-adjoint.
(ii) T is closed and ker(T* £1i) = {0}.
(iii) rg(T +i) = H.

Proof. “(i) = (ii)”: Since T' = T™, due to Proposition [6.1.12(i) we can conclude that 7' is
closed. Next, we fix x € D(T*) = D(T) such that T*z = Tx = iz. Then, recalling that T is
symmetric, it follows that

i(z,x) = (iz,z) = (Tz,x)

which implies that = 0 since (T'z,z) € R due to Proposition In a completely similar
way, we can show that ker(T™ + i) = {0}.

“(ii) = (iii)”: Let us first prove that rg(7T"— ) is a dense subspace of H. For this purpose,
we fix y € H such that (T'z —iz,y) = 0 for every z € D(T'). Then,

<TZ> y) = <Za _Zy>

for every z € D(T). As a byproduct, we deduce that y € D(T™*) and T*y = —iy. Therefore,
from property (ii) it follows that y = 0. We have so proved that [rg(T — i)]* = {0}, which
implies that rg(7T — i) is a dense subspace of H.
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Let us now prove that rg(7 — i) is a closed subspace of H. For this purpose, we observe
that, due to Proposition [6.1.15

(T — d)al|* =T |* + |l2]* + 2Re(Tz, —iz)
=||Tz|* + ||z + 2Re[i(Tz, z)]
(6.6) =||T|* + ||=]*

for every x € D(T). If (xy)nen € D(T) is a sequence such that lim,, oo (Tx, —izy) = yo € H,
then (T'z,, — izp)nen is a Cauchy sequence in H. On the other hand, formula implies
that

||«Tn - meZ + ||T37n - Tmm”2 = ”T‘Tn — 1Ty — Trpm + iJZmH2

for every m,n € N. Consequently, also (z)nen and (Txy,)nen are Cauchy sequences in H.
In particular, they converge, respectively, to some x¢g € H and zg € H. Since T is a closed
operator, it follows that zo € D(T) and zg = Tz, i.e., yo = (T — i)xg € rg(T —i).

Arguing in the same way, we can prove that rg(T + i) is closed.

“(iii) = (i)”: To begin with, we show that ker(7T* — ¢) = {0}. For this purpose, we fix
z € D(T™) such that 7%z = iz. Then,

(Tx +ix,z) = (x, Tz —iz) =0, x € D(T).

Since rg(T" + i) = H by assumptions, it follows that z = 0.

Now, fix y € D(T™). By assumptions, there exists x € D(T) such that (T'—i)x = (T —1)y.
Since T is symmetric, it follows that D(T) C D(T*) and, consequently, y — x € D(T*) and
(T*—i)(y—x) = 0. Hence, y—z = 0 and so y € D(T). We have so proved that D(T") = D(T™),
or, equivalently, that 7" is self-adjoint. O

Remark 6.1.17. The assumption ker(7 + i) = {0} in (ii) cannot be removed. Indeed, the
linear operator

T: Wy?((0,1);C) € L2((0,1);C) — L((0,1);C),  Tf =if’,

is symmetric and D(T*) = W2((0,1);C) (cf. Remark [6.1.10] m Thus, T is not self-adjoint.
Moreover, (T, D(T)) is also a closed operator. Indeed, let (1,)nen C W012((0 1);C) be a
sequence such that lim, . ¥, = ¥ and lim, o T%, = ¢ in L?((0,1);C). Then, for every
£ € C((0,1);C), it holds that

1 1 1 1
/ Y€'dr = lim / Yp&'dr = — lim / Ypédr =i / p&dx.
0 n—oo 0 n— o0 0 0

This ensures that ¢/ € L2((0,1);C) and ¢/ = —iy or, equivalently, ¢ = /. We can thus
conclude that 1, converges to ¢ in W12((0,1);C) as n tends to co. Since (¥n)nen C
WOI’2((0, 1)) and WOI’2((0, 1);C) is a closed subspace of W12((0,1);C), it also follows that
(VNS WO1 ’2((0, 1); C). This completes the proof of the closedness of T. On the other hand,
the functions fi € D(T*) defined by fi(x) := ™ are such that T*fy = +ify. Hence,
ker(T™ + i) # {0}.
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6.2 Dissipative operators
Definition 6.2.1. A linear operator T : D(T') C H — H is called dissipative if
Re(Tz,z) <0 x € D(T).
Example 6.2.2. Let us consider the linear operator 7 on L?((0,1),C), defined by
D(T):={f € C([0,1],C) : f(0) = f(1) =0}, Tf:=f".
If f € D(T), then

(T, f) :/01 f e = —/01 fFdr = —/Olf’fdx.

This implies that Re(T'f, f) = 0. The arbitrariness of f € D(T) yields the dissipativity of T'.
Example 6.2.3. The multiplication operator M, introduced in Example is dissipative
if and only if for every f € D(M,,)

Re/ m|f2dx <0,
Q

namely if and only if Re(m) < 0 p-almost everywhere in Q. Indeed, consider the same
sequence (€2, )nen of subsets of €2 as in Exampleand, for every k,n € Nlet frn = xa;.,.»
where Ay, = {z € Q, : Re(m) > 1/k and [m(x)[ < n}. Clearly, each function f, belongs
to D(M,,). Therefore,

02 [ Re(m)lfin P> [ K b =K (A,
so that pu(Ag,) = 0. Letting first n and, then, k tend to oo, we conclude that Re(m) < 0

p-almost everywhere on €.

Theorem 6.2.4. Let T : D(T) C H — H be a densely defined linear operator. Then, the
following properties are equivalent.

(i) T is symmetric.
(il) 4T is dissipative.

Proof. “(i) = (ii)”: Since T' is symmetric, (T'z,z) € R due to Proposition |6.1.15{ Therefore,
for every x € D(T) it holds that

Re(+iTx,z) = +Re(i(Tx,x)) = 0.

This implies that +¢T" is dissipative.
“(ii) = (1)”: Due to Proposition [6.1.15| it suffices to show that (T'z,z) € R for every
x € D(T). For this purpose, we observe for every = € D(T')

Im(Tz,z) = —Re(iTx,z) = Re(—iTx,x).

Since +4T is dissipative, it follows that Re(iTx,z) = 0. So, Im(T'z, z) = 0 for every z € D(T).
Hence, (T'z,z) = Re(Tz,z) € R for every x € D(T') and this implies that T is symmetric. [
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Proposition 6.2.5. A densely defined linear operator T : D(T) C H — H 1is dissipative if
and only if || Az — Tx| > A||z|| for every x € D(T) and A > 0.

Proof. Let us suppose that T' is dissipative. Then, for every z € D(T") and A > 0 it holds
that

Az — Tx||||z|| > [(A\x — Tz, 2)| > Re(A\x — Tx,z) = \||z||* — Re(Tz,z) > \||z|*.
Vice versa, if x € D(T), then
Mz|? < [|IMx — Tz||® = A2||z||® + | Tz|* — 2ARe(Tz, z) .

for every A > 0. This implies that ||Tz|? — 2ARe(Tx,z) > 0 for every A > 0 so that
Re(Tx,z) <0. O

Corollary 6.2.6. If T : D(T) C H — H 1is a dissipative operator, then X — T is injective
for every A > 0. If, in addition, T is also closed, then Rg(A — T is a closed in H for every
A>0.

Proof. Fix A > 0. The injectivity of A — T follows immediately from Proposition [6.2.5
Let us assume now that 7 is also closed and that (x,)n,eny C D(T) is a sequence such that
A&y, — Tz, converges to some y € H as n tends to co. Due to Proposition [6.2.5, we know that

AM|zn — || < H/\J:n — Tz, — Az + Tz

, n, m € N.

It turns out that (z,)nen is a Cauchy sequence in H and, therefore, it converges to some
x € H. As a byproduct, lim,_,. Tz, = Ax — y. Since T is closed, we can conclude that
x € D(T) and y = Az — T'x. This shows that Rg(A — T') is a closed subspace of H. O

Theorem 6.2.7. Let T : D(T) C H — H be a dissipative operator. If there exists Ny € C,
with positive real part, such that (\g — T)(D(T)) = H, then Ao € p(T). In particular,
Cr={NeC | ReX >0} C p(T) and the following inequality holds true

1
: < — :
(6.7) IR D < 7 VA€ Cy

Proof. We just need to prove that the operator \g — 7' is injective since (A\g —T)(D(T')) = H
by assumptions. For this purpose, we fix z € D(T), set y := Aox — T'x and observe that

Re)g ||z]|? =ReXo (z, z) = Re(\oz, z)
=Re(y + Tz, z) = Re(y, z) + Re(Tz, x)
(6.8) <Re(y,z) < ||z - [ly -

If y = 0, then from it follows that x = 0 as well. Hence, the operator A\g — T is injective.
Moreover, inequality also implies that

1

Mo —T) Yyl = <
(Ao —T) "yl IISUII_ReAO

lyll-

Thus, we have proved that A\g € p(T) and ||[R(Xo, T)|| < (Re Xg) L.
If A € Ci Np(T) with X # Xy, then, using the previous argument, we can show that
IR T)|| < (ReX) ™.
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To complete the proof, it suffices to prove that C; N p(T) = C,. For this purpose, we
argue as follows. We observe that C1 N p(7T') is a not empty open subset of C. Let us prove
that it is also a closed subset of Cy. Let (Ap)nen C p(T) N CL be a sequence converging to
some A € C,. Without loss of generality, we can assume that ReA, > ¢ > 0 for every n € N.
Therefore, |R(An, T)|| < ¢ 1, in view of . Since (Ap)nen converges to A, there exists ©
such that

A=l <e< ———.
A=l < e S RG]

Therefore, A € p(T') due to Proposition 1.3.5(1). We have so proved that C;Np(T) is a closed
subset of C. Since C4 Np(T') # @ is an open and closed subset of C,, which is a connected
set, we can infer that C4 N p(T) = C,. O

Proposition 6.2.8. Let T : D(T) C H — H be a densely defined linear operator. If T is
also symmetric, then the following properties are satisfied.

(1) If there exists A € C, with Im A > 0, such that (A\—T)(D(T)) = H, then {p € C: Imp >
0} C p(T).

(2) If there exists A € C, with Im A < 0, such that (A—T)(D(T')) = H, then {p € C:Impu <
0} C p(T).

Proof. Let us observe that, by virtue of Theorem the operator +¢7 is dissipative since
T is symmetric.

(1) Fix A € C with positive imaginary part and set p := —i\. Note that Rey =Im A >0
and the operator u+147 is surjective by assumptions. We can thus apply the previous theorem
to —iT to infer that C;. C p(—iT'), or, equivalently, iC4 C p(T). SinceiC; ={z€ C | Imz >
0}, the assertion follows.

(2) The property can be obtained applying the argument in the proof of (1) to the operator
T, O

Remark 6.2.9. From Proposition it follows that, if T" is a densely defined, symmetric
operator, then the spectrum o(7') satisfies one and only one of the following conditions:

o o(T

[ el

C{peC | Impu>0}.

Q

)

(T)C{peC | Imu<0}.

(T) =

e o(T) C R (if there exist A1, Ay € p(T), with Im A; > 0 and Im Ay < 0).

Corollary 6.2.10. Let T : D(T) C H — H be a densely defined linear operator. If T is
self-adjoint, then o(T) C R.

Proof. Since T is self-adjoint, it follows that Rg(T £ i) = H in view of Theorem [6.1.16
Therefore, Proposition implies that {z € C : Imz # 0} C p(T') so that o(T") C R. O

Proposition 6.2.11. Let T : D(T) C H — H be a symmetric and dissipative densely defined
linear operator. The following properties are equivalent.

(i) T is self-adjoint
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(ii) o(T) C (~o0,0].
(ii) (I - T)(D(T)) = H.

Proof. “(i)= (ii)”: Due to Corollary|6.2.10} we just need to show that, if A\ > 0, then A € p(T).
If A > 0, then the operator A — T is injective and its range is closed, due to Corollary
and Theorem [6.1.16] On the other hand,

{0} =ker(A = T) = [Rg(A — )],

see Exercise since T is self-adjoint, so that (A — T')(D(T)) is a dense subspace of H.
Therefore, (A —T)(D(T)) = H, i.e., A\ — T is also surjective. By Proposition 1.3.2, (A —T)~!
belongs to L(H). We have so proved that A € p(T).

“(ii) = (i)”: From property (ii), it follows that +i € p(T") and, therefore, T is self-adjoint
due to Theorem [6.1.16]

“(ii) = (iii)”: From property (ii) it follows that 1 € p(T).

“(iii) = (ii)”: Theorem [6.2.7implies that C;. C p(T'). Therefore, there exist A, A2 € p(T),
with ImA; > 0 and ImAy < 0. Remark guarantees that +i € p(T") and, thus, T is self-
adjoint due to Theorem [6.1.16 O

Example 6.2.12. Let H = L%((0,1);C) and let (A, D(A)) be the operator, defined by
D(A4) =Wy *((0,1);0)nW22((0,1);C),  Af =f"

The operator (A, D(A)) is the Laplacian operator with homogeneous Dirichlet boundary
conditions. Then, A is a self-adjoint dissipative operator on L?((0,1);C), see Exercise m

6.3 Exercises

Exercise 6.3.1. Let T: D(T) C H — H be a densely defined operator on a complex Hilbert
space H. Prove that

(i) (rgT)* =ker T*.
(ii) If T is closed, then (rgT*)* = ker T..

Exercise 6.3.2. Let T: D(T) € H — H be a symmetric densely defined operator on a
complex Hilbert space H. Prove that

(i) If rgT = H, then T is one-to-one.
(ii) If T = T* and T is one-to-one, then rgT = H and T~ ! is self-adjoint.

Exercise 6.3.3. Let T: D(T) C H — H be a symmetric densely defined operator on a
complex Hilbert space H. Prove that if A € C is an approximate eigenvalue of T', then A € R.

Exercise 6.3.4. Let T': D(T) C H — H and S : D(S) C H — H be self-adjoint operators
on a complex Hilbert space H. Is S + T a self-adjoint operator?

Exercise 6.3.5. Prove that a densely defined linear dissipative operator on a Hilbert space
is closable and its closure is dissipative.
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Exercise 6.3.6. On L2((0,1); C) consider the operator, defined by
D(4) = Wy ((0,1);C) nW23((0,1);C),  Af = f".
Prove that A is a self-adjoint and dissipative operator on L?((0,1);C).

Exercise 6.3.7. Let p,q : [a,b] — R be respectively a strictly positive smooth function and
a continuous function. Set Lu = —(pu')’ 4 qu for every u € D(L), where

D(L) = {y € CY([a,b)) N C?*((a,b)) | aju(a) + asu'(a) = Biu(b) + Bou'(b) = 0}

with oy, B; € R, a2 + a3 > 0,32 + 32 > 0. Prove that (L, D(L)) is a symmetric operator on
L?([a,b]) (L is a called a regular Sturm-Lioville operator).

Is it self-adjoint?

[Hint: prove that (Lu)v — (Lu)u = ((—pu’)v + u(pv”))’ for every u,v € D(L).)]
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Lecture 7

Spectral representation theorem for
unbounded operators 11

In this lecture, we conclude our journey through spectral theory. The last steps are the spec-
tral representation theorem for self-adjoint (possibly) unbounded operators, and its version
for self-adjoint operators with compact resolvent. In the latter situation, adding the assump-
tion of positivity, we also prove the celebrated Rayleigh-Ritz variational formula, which gives
an approximation of the eigenvalues of the operator. As an application of this formula, we
compare the sequences of eigenvalues associated with two positive self-adjoint operators with
compact resolvent.

7.1 Representation theorem for unbounded self-adjoint oper-
ators

In this section, we prove the following important result.

Theorem 7.1.1. Let H be a separable complex Hilbert space and let T : D(T) C H — H be
a self-adjoint operator. Then, there exist a measurable space (Y, ), with finite measure p, a
unitary operator U : H — L2(Y,du) and a p-measurable function q: Y — R such that

(1) z€ D(T) <= Uz € D(M,);
(2) Tx =U MUz for every x € D(T).

Proof. By virtue of Theorem 6.1.16, the operators T + i and T' — i, defined on D(T'), are one
to one and closed. Moreover, rg(T'4i) = H. Therefore, the operators (T'+14)~! and (T —i)~!
are well defined and, in particular, they are bounded on H. Moreover, they commute each
other thanks to the resolvent identity.

Next, we observe that, for every x,y € D(T), it holds that

(T =)z, (T + 1) (T +i)y) =((T — i)z, y)
(z, (T +i)y)
(T =) ™HT — i)a, (T + 1)y) .

Since rg(T' £ i) = H, it follows that
(21, (T +4) " 20) = (T — )" '21, 20)

73



74 LECTURE 7. SPECTRAL REPRESENTATION THEOREM II

for every 21, 29 € H. This ensures that ((T+14)1)* = (T'—4)~!, so that (T'+14)~! is a normal
operator. We can thus apply Theorem 5.1.9 and infer that there exist a measurable space
(Y, i), with finite measure y, a unitary operator U : H — L?(Y,dy) and a p-measurable and
bounded function m : Y — C such that U(T + i)"'U~! = M,,. Since ker(T +1i)~! = {0},
it follows that m # 0 p-a.e. so that we can define the function ¢ := m™' —i. Clearly, ¢ is a
p-measurable function.

We can now prove properties (1) and (2).

Fix z € D(T) and set y = (T + i)z. Then, z = (T +14) 'y = UM, Uy, so that
Uxr = M,,Uy, which shows that (U"'M1U)z = y = Tz + ix. It thus follows that Tz =
(U'M1U)z — iU Uz = UM, Uz and property (2) follows.

From the previous formula, we also deduce that Uz € D(M,), so that the implication
“=" in (1) follows. To prove the other implication, we fix € H such that Uz € D(M,)
and observe that

U MUz = (U *M.1U)z —ix.

Set z := U M1 Ugz. It is easy to check that z = (T + i)'z, so that € D(T).

Finally, recaTling that T is a self-adjoint operator, we can apply Corollary 6.2.10 to claim
that o(T") C R. Moreover, since the operator M, is self-adjoint, we can apply Exercise 2.3.4
to conclude that ¢ is a real-valued function. ]

7.2 Spectral representation theorem for self-adjoint operators

In this section, we recall that the spectrum of an operator with compact resolvent consists
only of eigenvalues. This permits us to diagonalize every self-adjoint operator with compact
resolvent on complex separable Hilbert spaces.

Definition 7.2.1. Let H be a Hilbert space. We say that a linear operator T: D(T') C H —
H has compact resolvent if p(T') # @ and R(A,T') is a compact operator for all A € p(T).

The following result gives a useful characterization of operators with compact resolvent.

Proposition 7.2.2. Let H be a Hilbert space. Let T : D(T) C H — H be a linear operator
with p(T') # @. Then, T has compact resolvent if and only if the canonical embedding v :
(D(T), |l - lIpery) < H is compact, where || - || p(ry denotes the graph norm.

Proof. We set Hy = (D(T),|| - ||p(r)) and observe that, for every A € p(T), the graph norm
|l - Ip(ry is equivalent to the norm

l]lx = [[(A = T)|l, z € D(T).
Indeed, for every z € D(T'), it holds that

[zl pery =Nzl + 1 T]|
=[BAT)YA = T)z| + [[Az = (A = T)|
<[ROXT)X = T)z|| + AR, T)(Ax — Ta)|| + [[(A = T)||
=[(1+ ADIRA D+ = T)=]]
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=[(1+ [ADIROA, D) + 1]{J=]|x
and
2|y < [Alllz|l + 172 < max{|A[, 1}z p)-

Therefore, for every A € p(T), the operator R(A\,T): H — H; is an isomorphism with con-
tinuous inverse A — T'.

Now, let us suppose that 7" has compact resolvent. Then, we can write v = R(\,T)(A=T),
for any A € p(T'), where A—T': Hy — H is a continuous linear operator and R(\,T): H — H
is a compact operator. Therefore, ¢ is clearly a compact operator.

Vice versa, let us suppose that ¢: H; — H is a compact operator. Since we can write
R\, T) = R\, T) for all A € p(T'), with R(X\,T") on the right acting continuously from H
into Hy, it follows that the operator R(\,T') is compact. O

The following result shows that the spectrum of an operator with compact resolvent
consists only of eigenvalues.

Theorem 7.2.3. Let H be a complex Hilbert space and let T : D(T) C H — H be a linear
operator on H with compact resolvent. Then, the following properties are satisfied.

(1) o(T) = op(T).

(2) o(T) is finite or o(T) = {\, | n € N} C C with |\,| = 0.

(3) dimker(\ —T) is finite for all X € o(T).

Proof. The result follows from Proposition and Proposition 3.2.14. O

As in the finite dimensional case, one can show that every self-adjoint operator with
compact resolvent on separable complex Hilbert spaces can be diagonalized.

Theorem 7.2.4. Let H be a separable complex Hilbert space and let T : D(T) C H — H be
a self-adjoint operator with compact resolvent. Then, there exist a sequence (A,))n € N C R
and a complete orthonormal system (ep)nen of H, with e, € D(T) for all n € N, such that

(1) Te, = Apey for alln € N,
(2) D(T) ={z € H | (Aa{z, en))nen € 7},
(3) Ta =307 Mlz, en)eyn for all x € D(T).

Proof. By Theorem 7.2.3 there exists p > 0 such that p € p(T'). The operator R(u,T) is
compact because T' is an operator with compact resolvent. Moreover, R(u,T') is a self-adjoint
operator. Indeed, for fixed y1,y2 € H, there exist z1, 29 € D(T') such that y; = (u — T')x; for
1= 1,2 and, since T is self-adjoint, it follows that

(R, Ty1,y2) = (21, (p — Tx2) = (1 — T)w1, w2) = (y1, B, T)y2) -

We can then apply Theorem 4.1.4 to conclude that there exist a complete orthonormal system
(en)nen of H and a sequence (o, )nen of real numbers such that R(u,T)e, = ape, for all
n € N and

R(p,T)x = Zan@c,en)en, x € H.

n=1
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Since R(u,T) is an injective operator, each eigenvalue «, differs from 0. Thus, e, € D(T)
and Te, = Ape, with A\, := u —a,;! € R, for all n € N. So, the proof of property (1) is
complete.

Next, we fix € D(T'). Then, thanks to the fact that (e,)nen is a complete orthonormal
system of H, we have

()\n<l‘, €n>)neN = (<xaT€n>)n€N = (<Tl‘, en>)n€N € I

and
Ty = Z Anlx,en)en .
n=1

From this, property (3) and the inclusion “C” in property (2) follow.
To prove the other inclusion, we proceed as follows. We fix z € H such that (A, (x, ep))nen €
¢?. Then, for each k € N we set

k k

T Z<x’ en)en and yi 1= Z AT, en)en -

n=1 n=1

It is clear that xx € D(T) and Txy = yi for all k € N. Moreover, zj, converges to x and
T'zy, converges to 2 A\, (z,en)e, in H as k tends to oo. Since T is a closed operator (see
Theorem 6.1.16), we deduce that x € D(T) and Tz = Y7 | Ay (x, en)ep. This completes the
proof. O

Example 7.2.5. The Laplace operator A with homogeneous Dirichlet boundary conditions
considered in Example 6.2.12 has compact resolvent. To show this, we first observe that
the embedding ¢ : (D(A),| - |pca)) < W?((0,1)) is continuous. Indeed, if (fn)nen C
D(A) converges to f with respect to the graph norm and f, tends to g in W12((0,1)), then
lim,, so0 fn = f and lim, o fn = g in L2((0,1)). Therefore, f = g and this shows that the
embedding operator ¢ : (D(A), || - [|pcay) = W'2((0,1)) is closed. Since (D(A), || - [|a) is a
Banach space and (A4, D(A)) is a closed operator, we can apply the closed graph theorem
to conclude that ¢ is a continuous operator and, consequently, the embedding is continuous.
Moreover, the embedding W12((0,1)) < L?((0,1)) is compact, cf. [1, Theorem 8.8]. Thus,
(D(A), || - [Ipcay) is compactly embededded into L?((0,1)). By Proposition 7.2.2, it follows
that (A, D(A)) has compact resolvent. Finally, one can show that

o0 1
Af = Zn2ﬂ'2 </ f(a:)en(az)da:> én
n=1 0
for every f € L?((0,1)), where e, (x) = v/2sin(nmz) for every = € (0,1) (see Exercise 7.4.7).

7.3 Positive operators and minimax theorems for their eigen-
values

In this section, we apply Theorems 7.1.1 and 7.2.4 to study some important properties of
positive self-adjoint operators on separable complex Hilbert spaces.
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Definition 7.3.1. Let H be a complex Hilbert space and let T : D(T) € H — H be a
symmetric linear operator. The operator T is said to be positive (for short 7' > 0) if

(Tz,x) >0, x € D(T).

If S and T are two symmetric linear operators on H and D(S) = D(T'), then we write S < T
iftT—S5>0.

Remark 7.3.2. If ¢ € R, then
T>cl < (Tx,x)>cl|z|?> Ve D).
In particular, if T is a positive symmetric operator, then —7' is a dissipative operator.

Thanks to the Spectral representation theorem 7.1.1 we can state and prove the following
characterization.

Theorem 7.3.3. Let H be a separable complex Hilbert space, let T : D(T) C H — H be a
self-adjoint linear operator and let ¢ € R. Then, the following properties are equivalent.

(i) (Tx,x) > c||z||* for all x € D(T).
(i) o(T) C [e.00).
In particular, T > 0 if and only if o(T) C [0, 00).

Proof. By Theorem 7.1.1 there exist a measurable space (Y, p) with finite measure, a p-
measurable function ¢ : ¥ — R and an unitary operator U : H — L?(Y,du) such that
T = UfquU. Then, we can write

(Tx,z) > c|z||?, Yz e D(T) (U MUz, z) > c||z||?>, Vz € D(T)
(UM £, UL ) = e|UTL P, Vf € D(My)

(Myf. 1) > el fI?. Vf € D(M,)
/ alffPdu > c / fPdu, Vf € D(M,)
Y Y

q>c |u—ae.
ess(2) C [c, 00)

rrrured

and Proposition 2.2.1(4) allows us to complete the proof. O

Theorem 7.3.4 (RAYLEIGH-RITZ VARIATIONAL FORMULA). Let H be a complex separable
Hilbert space and let T : D(T) € H — H be a positive self-adjoint linear operator with
compact resolvent. Let (An)nen be the sequence of eigenvalues of T sorted in ascending order
and repeated according to their multiplicity. Then, for alln € N,

(7.1) An, = Inf{\(L) | L is a subspace of D(T), dimL =n}
where

(7.2) ML) :==sup{(Tx,z) | x € L and ||z| = 1}.
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Proof. We first observe that, if L is a finite dimensional subspace of H such that L C D(T),
then Ty, is clearly a bounded operator and, hence, there exists a positive constant ¢ such that
0 < (Tx,z) < c||z|]? for all z € L. Thus, 0 < A(L) < oo.

For each n € N, we set p,, := inf{\(L) | L is a subspace of D(T'), dim L = n} and prove
n = An.

By Theorem 7.2.4, there exists a complete orthonormal system (e, )neny C D(T) of H such
that Te,, = \pep, for all n € N, and Tz = ) >7 | Ay (x, en)ey for all x € D(T). For a fixed
n €N, let L :=span{ey,...,e,}. If z € L with ||z|| = 1, then

n n

T = Z(x, )€, Tr = Z i(z, e;)e;,

i=1 i=1
and, hence,

n

(T, ) = 3 Ml ea) P < An 30 [, ea) P = Aalla] = A
=1 =1

It follows that A\(L) < A,. This implies that u, < A,, by taking into account the definition
of .

Vice versa, let us fix a subspace L of D(T) with dimension equal to n and consider the
orthogonal projection P from H onto G = span{ey,...,e,_1}, defined by setting

n—1

PJU:Z(%%)% x € H.
i=1

Then, there exists z € L with ||z| = 1 such that Pz = 0 because dimG = n — 1 <dim L.
Thus,

o0 0o
v=3 (eede,  Tr=)Y Mfzee.
1=n i=n

It follows that
(Tw,2) = 3" Ml ed? = A 3 1w, el = Aullall” = An.

Therefore, \(L) > \,. Since L is arbitrary we conclude that p, > A, for all n € N. This
completes the proof. O

The following result is an immediate consequence of Theorem 7.3.4.

Corollary 7.3.5. Let H be a separable complex Hilbert space and let Th: D(Ty) € H — H
and Ty: D(Ty) C H — H be two positive self-adjoint operators with compact resolvent such
that Ty < Ty. Let (AS))%N and (A?)neN be the sequences of the eigenvalues of Ty and Ts,
respectively, sorted in ascending order and repeated according to their multiplicity. Then, for

every n € N, it holds that

(7.3) AD <A@
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Proof. By assumptions, 77 < T5 and, hence, D := D(T}) = D(T%) and (T1z,z) < (Thx,x) for
all x € D. Then,

/\(1)(L) =sup{(Tiz,z) | z € L and ||z|| = 1}
S/\(2)(L) = sup{(Thx,z) | z € L and ||z| = 1}

for every subspace L. C D with dim L = n and for every n € N. Passing to the lower extremes
the assertion is proved, thanks to the equality (7.1). O

7.4 Exercises

Exercise 7.4.1. Let T': D(T) — H be a positive self-adjoint linear operator on a separable
Hilbert space H.

(1) Prove that there exists a positive self-adjoint linear operator S : D(S) — H such that
S*=T.

(2) Let A be a closed operator which commutes with 7. Prove that A commutes with S.

(3) Uniqueness: Use 2. to show that if there exists a positive self-adjoint operator B such
that B2 =T, then B = S.

Exercise 7.4.2. Let T : D(T) C H — H be a densely defined, positive and symmetric linear
operator on a Hilbert space H. Prove that T is essentially self-adjoint (i.e. T is self-adjoint)
if and only if rg(1 + T') is dense in H.

Exercise 7.4.3. Let T: D(T) C H — H be a self-adjoint operator on a separable Hilbert
space H. Prove that the measure space (Y, u) and the p-measurable function ¢: ¥ — R in
Theorem 7.1.1 can be chosen so that ¢ € LP(Y, du) for all p € [1,00).

Exercise 7.4.4. Let T: D(T) C H — H be a self-adjoint linear operator on a separable
Hilbert space H and let «, 8 be real numbers with a@ < 5. Show that the following conditions
are equivalent:

(1) (e, B) € p(T);
(2) |27z — (o + B)z|| > (B — a)||z| for all z € D(T);
(3) (T — B)(T — «) is a positive operator.

Exercise 7.4.5. Let T: D(T) C H — H be a self-adjoint linear operator on a separable
Hilbert space H and let € D(T') be such that ||| = 1. Suppose that o(T) N (e, ) = {A\}
and n = (z,Tz) € (a, §) for some real numbers «, 5, with a < 5. Show that

g2 g2

<A<n+

n— , where &2 :=||(T — n)z|*> (Temple’s inequality).
B—=mn n-a

Exercise 7.4.6. Let T: D(T) C H — H be a self-adjoint operator on a separable Hilbert
space H. Prove that each isolated point of the spectrum o(7") is an eigenvalue of 7.
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Exercise 7.4.7. Let A be the Laplace operator with Dirichlet boundary conditions considered
in Example 7.2.5. Prove that

Af = g:l n?m? </01 f(a:)en(a:)da:> en

for every f € L?((0,1)), where e,(z) = v/2sin(nrz) for every x € (0,1).
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Lecture 8

Strongly continuous semigroups

In this and in the next lecture, we introduce the concept of semigroup of bounded linear
operators and study two important classes of semigroups: the strongly continuous and the
analytic semigroups.

The concept of semigroup of bounded operators generalizes what is known since the first
courses of Calculus: the solutions of the system u' = Au of d ordinary differential equations
with constant coefficients are given by u(t) = e4c¢ for every t € R, where ¢ € R? is an
arbitrary vector and

o0

tTL
(8.1) et =" AT, teR.
n=0

The previous formula can be straightforwardly extended to the case when the matrix A
is replaced by a bounded operator in a Banach space X. Indeed,

m-+p

" n
ZQA

n=m

m-+p n

t n
< Z EHAH

n=m

for every m,p € N and the real valued series >0 o & || A||" converges locally uniformly in R
(to !4, Hence, the series >.°° £ A" converges in £(X), locally uniformly with respect to

t € R. Set ap, = t*A* /! and b, = s* A*/k! for any k € NU {0}. Then,

n n n tk‘Sn—k (t+ S)TL n
E agbp— = A k‘(n—k)' = ol A", nGNU{O}.
k=0 k=0

Hence, as for the Cauchy product of scalar series, one can see that

0o ti oo Sj . oo n
etlest = Z 514’ . Z ﬁAJ = Z Z agbp—k
i=0 j=0 "

n=0 k=0

o0
-3 (E+8)" yn _ (t49)4 _ gsayta
— :
=0 n:

Based on the above remarks, we can now give the following definition.
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Definition 8.0.1. A family {7'(¢) : ¢ > 0} (in the sequel simply denoted by {T'(t)}) of
bounded linear operators on a Banach space X is called a semigroup of bounded operators if
it satisfies the semigroup property, i.e., T'(0) = I and T'(t + s) = T'(t)T'(s) for every s,t > 0.

It follows that, for each A € £(X), {4 : ¢ > 0} is a semigroup of bounded operators on
the Banach space X.

As a matter of fact, this class of semigroups, usually referred as uniformly continuous
semigroups, is too small. For this reason, we need to go further in the study of semigroups.

Throughout this lecture, X will denote a complex Banach space and || - || its norm. We
introduce the strongly continuous semigroups, their infinitesimal generators and state and
prove their main properties. We collect important properties a semigroup generator must
have and provide necessary and sufficient conditions on an operator to be the infinitesimal
generator of a strongly continuous semigroup.

8.1 Definitions and basic properties

In this section we introduce the strongly continuous semigroups and prove some basic prop-
erties. In particular, we show that for every strongly continuous semigroup there exist M > 1
and w € R such that | T'(¢)|] < Me“* for every t > 0.

Definition 8.1.1. A family {7'(¢) : ¢ > 0} of bounded operators on X, which satisfies the
semigroup property, is a strongly continuous semigroup (or Co—semigroulﬂ) if the function
t — T'(t)x is continuous in [0, co) with values in X, for each z € X.

The following example is crucial and we will use it in the next lecture to show the main
differences between analytic and Cp-semigroups.

Example 8.1.2. On X = BUC(R), the set of all bounded and uniformly continuous functions
f : R — R, consider the family {T'(¢)} of linear operators defined by (T'(t)f)(x) = f(x +t)
for each z € R, ¢t > 0 and f € BUC(R). This is a Cp-semigroup on X. Indeed, T'(¢)f tends
to f uniformly in R as ¢ — 07 if and only if sup,cg |f(x +t) — f(x)| vanishes as ¢ — 07. But
this condition is a rewriting of the definition of uniform continuity. The semigroup property
is straightforward to prove.

We stress that this semigroup, called the semigroup of the left translations, cannot be
written in the form for some bounded operator A. Indeed, if this were the case, then

a o~ i Al
e — 1| < Z py A" =e 1, t>0,
n=1

and, consequently, lim,_,+ ||e*4 — I|| = 0. The semigroup of left translations does not satisfy
this property since ||T'(t) — I|| = 2 for every ¢ > 0. To check this claim, fix ¢ > 0 and consider
the function f; € BUC(R), defined by fi(x) = sin(mwz/t) for each = € R. As it is immediately
seen, || filloo =1 and fi(x +t) = — fi(x) for every x € R. Hence,

IT(t) = I[| = sup [fe(x +t) — fe(x)] = 2sup | fe(z)] = 2.
z€R z€R

'1Cy or (C,0) abbreviates Cesiro summable of order zero, which means the continuity property
limy—,0 T'(t)x = z for every z € X.
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On the other hand, | T(t) f|lcc = || f||co for every f € BUC(R) and, consequently, | 7(t)—I|| <
IT(t)]| + 1 =2 for every t > 0.

Actually, {T'(t)} is a group of bounded operators, since T'(t) can be defined, using the
same rule, also for ¢ < 0.

Now, we prove that the function ¢ — ||T(t)|| grows at most exponentially at infinity.

Proposition 8.1.3. There exist M > 1 and w € R such that
(8.2) IT()] < Me*, t>0.
Proof. The core of the proof consists in showing that there exists § > 0 such that

(8.3) sup [|T'(t)] < oo.
te[0,d]

Once this property is established, the semigroup property allows us to complete the proof.
Indeed, if t > 4, then there exist n € N and r € [0,d) such that ¢ = nd + r. By applying
the semigroup property, we conclude that T'(t) = T'(r)(T(5))". Hence, denoting by M the
supremum in and observing that M > 1, we get

IT@I <ITEITE)"
<M™?' = M exp(nlog(M)) < Me

log(M)
—5 t

and the assertion follows with w = §~!log(M).

To prove , we argue by contradiction. We suppose that does not hold true.
Then, we can determine a positive sequence (t,)nen converging to zero such that ||T'(¢,)]|
diverges to oo as n tends to co. Since T'(t,)x converges to z as n tends to oo, for every
x € X, the uniform boundedness principle leads us to a contradiction. O

Remark 8.1.4. A semigroup of bounded operators {T'(¢)} on a Banach space X is called
uniformly continuous if the map t — T'(t) € L£(X) is continuous (with respect to the operator
norm). One can prove that a semigroup {7'(¢)} on X is uniformly continuous if and only if
there is A € £(X) such that T'(t) = €'/ for all t > 0 ( see Exercise . So such semigroups
satisfy with M = 1. In the case of strongly continuous semigroups it is quite possible
to have M > 1 (see Exercise [8.5.F).

Corollary 8.1.5. A semigroup {T(t)} of bounded operators on X is strongly continuous if
and only if the function t — T (t)x is continuous at t =0 for each x € X.

Proof. Clearly, if the semigroup {7'(t)} is strongly continuous, then, in particular, the map-
ping ¢t — T'(t)x is continuous at t = 0 for every z € X.

Vice versa, if {T'(t)} is a semigroup such that the mapping ¢t — T'(t)x is continuous at
t = 0, then from the proof of Proposition we deduce that there exist M > 1 and w > 0
such that ||T(t)|] < Me*! for every t > 0. Fix typ > 0 and observe that, if ¢t > t(, then

IT(#)x — T(to)z|| = [T (t0)[T(t — to)z — || < M| T(t — to)x — x|

and the last side of the previous chain of inequalities tends to 0 as ¢ tends to tar . Similarly, if
t < to, then

1T ()2 — Tto)zll = |T(t)[x — T(to — t)a]|| < M| T(to — t)z — |
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and also in this case the last side vanishes as ¢ tends to ¢;,. Hence, the function ¢ — T'(t)x
is continuous at ty. The arbitrariness of {9 > 0 shows that the semigroup {7'(t)} is strongly
continuous. t

Definition 8.1.6. The growth bound wy(7(-)) of a Cy-semigroup {T(t)} is defined as the
infimum of the set

{weR :3I M= M, >1such that [|T(t)|| < Me*! for every t > 0}.
Remark 8.1.7. (i) We stress that wo(7'(+)) could be also equal to —oo (see Exercise|8.5.6).

(ii) In general, wo(T

(+)) is just an infimum and not a minimum. Consider for instance, the
semigroup {7T'(t)} i

n R2, defined by

T(t):((l] D £>0.

Here, wo(T'(-)) = 0, but clearly the function ¢ — T'(¢) is not bounded in [0, c0) with
values in £(R?).

Example 8.1.8. For f € LP(R) we define
(S)f)(s):=f(t+s) forseR,t>0.

Then S(t) is a linear isometry on LP(R). Moreover, S(-) has the semigroup property. We call
{S(t)} the semigroup of left translations on LP(R). Furthermore, for p € [1, c0) the semigroup
{S(t)} is strongly continuous on LP(R) endowed with its usual norm.

In fact, recall that the semigroup of left translations is strongly continuous on the space of
bounded uniformly continuous functions and that the set of continuous functions with compact
support is dense in LP(R). Taking f € C.(R) and «, 5 € R such that supp f C [«, 8], we see
that

Hf—f(~+t)!§—/R\f(S)—f(Sth)!pdSS(5—06) :Elpﬁ]!f(S)—f(ert)\p,

which tends to zero as ¢ — 0 by the uniform continuity of f. Since ||S(¢)|| < 1, the statement

follows by Exercise and Corollary

Example 8.1.9. Let (£2, ) be a o-finite measure space and let m : 2 — C be a measurable
function such that

sup{Re A | A € mess(2)} < 0.
Fix 1 < p < 0o and set
(8.4) Tn(t)f = e™f, feLP(Q,u), t>0.

Then, it is immediate to prove that {T,,(¢)} is a Cyp-semigroup on LP(2, ). Moreover it is a
uniformly continuous semigroup if and only if m € L>°(Q, 1) (see Exercise [8.5.4)).



8.2. THE INFINITESIMAL GENERATOR 85

8.2 The infinitesimal generator

One message what we would like to transmit is that if we have a semigroup, then there exists
a differential equation governed by an operator whose solutions are explicitly written in terms
of the semigroup.

In this section, we begin to make the claim more clear, showing that to any Cp-semigroup
it is possible to associate a linear operator, called the infinitesimal generator of the semigroup,
and studying the main properties of this operator.

Definition 8.2.1. The infinitesimal generator, or simply the generator, A of a Cy-semigroup
{T'(t)} is the operator defined as follows:

D(A):{xexzanmmf_xex},

t—0t

T(t)x —
Ax:limt_>0+():tvm, xz € D(A).

Proposition 8.2.2. The generator A of a Cy-semigroup {T'(t)} satisfies the following prop-
erties.

(1) A is a linear operator satisfying AT (t) = T(t)A on D(A) for every t > 0. Moreover, for
each x € D(A), the function u = T(-)x belongs to C*([0,00); X) N C([0,00); D(A)) and
solves the Cauchy problem

(8.5)

t
(ii) For eacht >0 andxz € X, / T(s)xds € D(A), where the integral has to be understood
0

as the Riemann integral of the continuous function s — T(s)x, see Appendiz B, and
t
(8.6) T(t)r —x = A/ T(s)xds.
0

In particular, if x € D(A), then
t t
(8.7) A/ T(s)xds:/ T(s)Axds.
0 0

(iii) A is closed and D(A) is dense in X.

(iv) The operator A completely characterizes the semigroup {T'(t)} in the sense that there
exists no other semigroup which admits A as generator.

Proof. (i) It is straightforward to check that D(A) is a linear subspace of X (in particular,
D(A) # @ since 0 € D(A)) and that A is linear. To complete the proof of property (i), we fix
x € D(A) and t > 0. Using the semigroup property and the continuity of the operator 7'(¢),
we get

h—0+ h h—0+ h
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T(h)x —x
=T(t) lim ———— =T(t)Ax.
( )hg(r)gr h (4
Hence, T'(t)z € D(A) and AT(t)x = T(t)Ax. Since T'(h)T'(t) = T'(t + h), the above compu-
tation shows that the function 7'(-)x is differentiable from the right in [0,00) and the right
derivative coincides with the function AT'(-)z. To prove that the previous function is also
differentiable from the left in (0, 00), we observe that

T(t+ h)x —T(t)x
h

— T(t)Ax =T(t + h)T(_}i)Z_x —T(t)Az

=T(t+ h) (T(_Z)Z_x - Am)
+T(t+ h)Az —T(t)Ax.

Taking Proposition [8.1.3|into account, we obtain

H T(t + h)z ST g
T(~h)z —

<|I Tt +h)| H(_);L”x — Au|| + | T(t + h) Az — T(t) Az

<Me?tHh) W — Az|| + | T(t + h) Az — T(t) Az||,

for some M > 1 and w € R. Letting h tend to 0~ we conclude that the function 7'(-)z
is differentiable from the left at ¢. Hence, the function 7'(-)x is differentiable is [0, c0) and
since its derivative is the function 7'(-) Az, which is continuous in [0, 00), it follows that 7'(-)z

belongs to C1([0,00); X) N C([0,0); D(A)) and solves problem ({8.5)).
T'(s)x ds and observe that

(k) / () ds — /0 tT(s)azds)
/OtT h+s xds—/OtT(s)xds>
/ht+hT xds—/OtT(s):pds)

( /t (s - /0 ' T(s)xds).

Since s + T(s)z is continuous, taking the limit as h tend to 0T gives

Ty -y
lim —2"—2 = T(t)x — x.
e

(ii) Fixx € X, t >0, set y =

S~

T(h)y -y
h

|
/N N 7 N

SRS b\H DM—‘ SRS

Hence, y € D(A) and follows. In the particular case when x € D(A), by property (i),
we know that T'(s)Az = AT (s)z = %T(s)x for every s > 0. Formula ({8.7) follows.
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(iii) Let (zp)nen € D(A) be such that lim, oz, = x and lim,, o, Az, = y for some
z,y € X. By (ii), we know that
T(h)z, — zp

1 h
(8.8) —_— = / T(s)Axy, ds, neN, h>0.
h h
Since ||T(s) Az, —T(s)yl| < Me*s|| Az, —y|| < Me* || Az, —y|| for every s € [0, h], T() Azy,
converges to T'(+)y, uniformly in [0, h]. Hence, letting n tend to oo in both the sides of (8.8)),

we conclude that .
T(h)x — 1
()SCIL’_/ T(s)yds, h>0
h h Jo

Since the function T'(+)y is continuous in [0, 00), letting A tend to 0% it follows that x € D(A)
and Ax = y. Hence, A is a closed.
To prove that D(A) is a dense subspace of X, we fix x € X and, for each n € N,

1/n
we set x, = n/ T(s)xds. By property (ii), z, € D(A) for every n € N. Moreover,
0

lim,,— o0 Tn, = T.

(iv) Suppose that {S(¢)} is another Cp-semigroup having A as generator. Fix z € D(A),
t > 0 and consider the function u : [0,¢] — X, defined by u(s) :=T(t — s)S(s)x for s € [0,¢].
As it is easily seen, u is differentiable in [0,¢] with identically vanishing derivative. This
implies that u(t) = u(0), i.e., S(t)zr = T'(t)x. Since D(A) is dense in X and ¢ is arbitrarily
fixed in (0, 00), we conclude that T'(t) = S(t) for every ¢t > 0. O

The following result shows that the resolvent set of the generator A is not empty and, for
each A € p(A), the operator R(\, A) can be written in terms of the semigroup.

Proposition 8.2.3. Let {T'(t)} be a Cy-semigroup with generator A and let M > 1 and
w € R be such that |T(t)|| < Me“t for everyt > 0. Then, p(A) D {\ € C: ReX > w} and

(8.9) RO\, A)z = /O T M) dt

for every x € X and A € C with ReA > w. Moreover,

M

(8.10) IR AN < o —om

Proof. Fix A € C with ReA > w. Then, the operator defined by the right-hand side of
is well defined, linear and continuous in X, since

le™ M T (1) < Mem(RA— ||

for ¢ > 0. In particular,

e e} [ee] M
(8.11) H/O e_)‘tT(t)xdtH < M||x|]/0 e~ (ReA—wlt gy — ro ol zeX.

To prove that this operator, which we denote by R), is the inverse of A\ — A, we observe
that, since A is a closed operator and the function ¢ — e RN ||T(¢) Az|| is integrable in [0, 0o)
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for every x € D(A), Ryz belongs to D(A) for every € D(A) and, integrating by parts, we
get

n

o0
R)\Al‘:/ e MT(t) Az dt = lim e_)‘tiT(t)xdt
0

n—o00 J dt

n

= lim <e’\”T(n)a: —x+ )\/ e NT(t)z dt) = —z+ AR)\x.
n—oo 0

Hence, R\(A — A)x = z for every x € D(A). This shows that the operator AI — A is

injective. To prove that it is also surjective, we fix € X and prove that Ryz € D(A) and

ARyx = AR) — x. For this purpose, we fix h > 0 and observe that

T(h)Ryx — L= h
(h)Bxx — Ryar 1 / e MT(t + h)ax dt — / e N (t)x dt
h h\ Jo 0

€>\h oo s 1 oo Y
=— e T(s)xds — — e "T(t)xdt
h Jn h Jo

1 oo A rh
= / e MT(s)xds — — | e T (s)xds.
hJo hJo

Letting h tend to 0%, we conclude that

lim T(h)Ryz — Ryz

— ARy —
h—0+ h e =,

so that Ryz € D(A) and the claim follows.

To complete the proof, let us prove (8.10) with n > 1, since the case n = 1 follows
from (8.11). Fix x € X. By Proposition 1.3.5, we know that the function A — R(X, A)zx is
holomorphic in p(A) and, applying the dominated convergence theorem to the formula ,
it can be easily checked that

_ nin _—
RO A = /0 (1) meMT (1) dt
for n € N and A € C with ReA > w. Let us compute the derivatives of the function R(-, A)x
in a different way, using the resolvent identity. This identity, see Proposition 1.3.5.(4), shows
that

d’fL
WR(A A) = (=1)"n!(R(X, A)" L, A€ C, Re) > w.
From these last two formulas it follows that
1 o0
(RN A))"x = (= 1)!/0 t"fle*)‘tT(t)x dt.

Hence,

RO Asl < gl [ e etar = i,

which completes the proof. O
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Let us go back to the semigroup of left translations in Example and characterize its
generator.

Example 8.2.4. Let us show that the generator A of the left translations semigroup in Exam-
ple is the first order derivative with BUC!(R) as domain, where BUC!(R) denotes the
set of all continuously differentiable functions f : R — R with bounded uniformly continuous
first-order derivative. Fix f € D(A). Then, the function t~1(f(- +t) — f) converges to Af in
BUC(R) as t tends to 0F. In particular, for each z € R, the ratio ¢~ (f(z+t)— f(z)) converges
to (Af)(x). Tt thus follows that f is differentiable from the right in R and f' = Af € BUC(R).
Thanks to Exercise we conclude that f € BUC(R).

Conversely, suppose that f € BUCY(R). Then, by the fundamental theorem of calculus,
we can write

f(i'—i-t])f_f(m):1/Otf/($—|—s)ds’ TER, t>0.

Fixe > 0 and let 6 > 0 be such that |f/'(z2)— f'(x1)| < € for every z1, x2 € R with [zg—z1| < 4.
Then,

flxz+1) = f(z)
t

— fl(2)| < 1/0 If (x+5) — f(z)|ds < ¢

for every x € R if t € (0,6]. Hence, t=1(T(t)f — f) converges to f’ uniformly in R as ¢ tends
to 0. This shows that BUC!(R) C D(A).

Example 8.2.5. The generator of the multiplication semigroup {T,,(¢)} on LP(2) considered
in Example is the multiplication operator M, introduced in Section 2.2 (see Exercise
85.4).

8.3 Hille-Yosida theorem

By the results of the previous section we know that to any Cpy-semigroup {7'(¢)} on X, we
can associate an operator A : D(A) C X — X, the infinitesimal generator, which satisfies the
following properties:

(i) A is closed and densely defined;
(ii) p(A) contains the right-halfplane {\ € C: ReX > wp} for some wy € R;

(iii) for each w > wp there exists a positive constant M such that
I(R(X, A)"|| < M(ReA —w)™"
for every n € N and A € C with ReA > w.

A natural question arises: is any linear operator A : D(A) C X — X, which satisfies the
above three properties, the infinitesimal generator of a Cy-semigroup on X? The answer is
positive and given by the famous Hille-Yosida theorem

Theorem 8.3.1 (Hille-Yosida). Let A : D(A) C X — X be a linear operator on a Banach
space X. Then the following properties are equivalent.
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(a) A generates a Cy-semigroup {T(t)} on X.
(b) A satisfies the above properties (i)-(iii).

Proof. In view of the remarks at the beginning of this section, we just need to show that
(b)=>(a). Without loss of generality we can assume that w = 0. Indeed, the operator A =
A —wl, satisfies properties (i)-(iii), with w = 0. If we prove that A generates a Cp-semigroup
{S(t)}, then the operator A generates the Cp-semigroup {e**S(t)}.

Since it is rather long, we split the proof into steps.

Step 1. Here, we define the Yosida approximation of the operator A, i.e., the operators
Ay, 0 X — X defined by A, = nAR(n, A) for n € N. Since

AR(n,A) = (A—nl)R(n,A) +nR(n,A) =nR(n,A) — I,

each operator A,, is bounded in X. We claim that lim,, o, A,z = Az for each x € D(A).
To prove the claim, it suffices to show that nR(n, A)y tends to y, as n tends to oo, for each
y € X. Indeed, A,z = nR(n, A)Ax for x € D(A). First, we suppose that y € D(A). Then,

nR(n,A)y = R(n, A)(ny — Ay + Ay) = y + R(n, A) Ay, neN,

and ||R(n, A)Ay|| < Mn~!||Ay|| vanishes as n — co. Hence, nR(n, A)y tends to y as n — oo.
If y € X, then we consider a sequence (Ym)men C D(A), converging to y as m — oo. Since
[nR(n, A)||Lx)y < M for every n € N, we can estimate

[nR(n, A)y —y| <l[nR(n, A)(y — ym)|| + |nR(1, A)ym — Y|l + |Ym — vl
<M A+ D)|lym — yll + [InR(n, A)ym — ym|

for m,n € N. Hence,

limsup [[nR(n, A)y = yl| <(M + )|y =yl + lim_[[nR(n, A)ym — ym||

n—o0

=(M + Dlym — vl
for every m € N. Letting m tend to oo, we conclude that

limsup |[nR(n, A)y — y|| = 0.

n—oo

Hence, nR(n, A)y converges to y as n — 00.
Step 2. For any n € N, we introduce the uniform continuous semigroup {7, (¢)} on X,
defined by

k!
k=0

To(t) = etAn =3 — Ak t>0,

and prove that, for each x € X, (T),(-))nen is a Cauchy sequence in C([0,7]; X) for every
T > 0.

To begin with, we observe that, since A, = n2R(n, A) — nI, T,(t) = e e’ RnA) for
each ¢t > 0. Hence, recalling that [|(nR(n, A))kHL(X) < M for k € N, we deduce that

Z n’R(n, A))*

k=

1T (@)l <e™™

L(X)



8.3. HILLE-YOSIDA THEOREM 91

> (tn)k
<o S B nR(n, 4))|
k=0

(8.12) <Me ™™ = M

for every t > 0 and n € N.
Next, we fix T' > 0, t € (0,7, x € D(A) and introduce the function u,,, : [0,t] = X,
defined by

U (8) = Tin(t — s)Th(s)x, s € [0,¢].

As it is easily checked wy, »(t) = T3, (t)x and wp, ,(0) = T3, (t)z. Moreover, uy, , is differentiable
in [0,t] and
u (8) = =T (t — 8) AT (8)x + Ty (t — 8)T(s) Ap

m,n
for every s € [0,t]. Note that A,, commutes with A,, since R(n, A) commutes with R(m, A)
(see Proposition 1.3.5). As a byproduct, A,, commutes with the semigroup {7,(¢)} and,
consequently,

w2 (8) = Ton(t — 8)Tn(8)(Amx — Apx), s € [0,¢].

m,n

Thus,

t
[T (8) — T (8)| S/ [T (t = 8)Tn(s)(Amz — Apz)| ds
0
<M?t|| Az — Apz|| < MPT|| Az — Apzl.

Since T has been arbitrarily fixed and x € D(A), by Step 1 (T,,(-)x)nen is a Cauchy sequence
in C([0,T]; X) for every T > 0.

If z € X, then there exists a sequence (zy)reny C D(A) such that limg_, ||zx — || = 0.
Then, taking into account, for each k,m,n € N and T > 0, we can estimate

1Tz — T ()l o o,17:) <NTn() (@ = 28)leqom;x)
+ 1 Tn (ke — T () 2kl (o,77:3)
+ [T () (@ = z1)ll e 0,1:%)
<2M ||z — x| + M>T|| Appi, — Apzyl|.

Hence, for every fixed ¢ > 0 we can fix ko,ng € N such that 2M|jz — zy,|| < €/2 and
M?T||Ap gy —Any, || < /2 for each m,n > ng. It follows that | T, ()2 =T () x|l oo x) < €
for each m,n > ng. Hence, (T),(-))nen is a Cauchy sequence in C([0,T]; X) for every x € X.

Step 3. Here, we define a Cp-semigroup {7'(¢)}. Since each operator T, (t) is linear and
(T,(")x)nen is a Cauchy sequence in [0, 7] for each T'> 0 and = € X, there exists a family of
linear operators {T'(¢)} such that lim,,_,~ Ty, (t)z = T(t)z for every x € X and the convergence
is uniform on each interval [0, 7). So, the function ¢ — T'(t)x is continuous on [0, c0) for each
x € X. As is immediately seen, T'(0) = I, since 7,,(0) = I for every n € N. Moreover, from
the estimate ||7),(¢)z|| < M]||z||, which holds true for every t > 0, x € X and n € N, it follows
that T'(t) is a bounded linear operator and ||T(t)|| < M for any ¢t > 0. To conclude that
{T(t)} is a Cy-semigroup we need to check the semigroup property. This follows from letting
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n tend to oo in the formula T),(t+ s)x = T,,(t) T}, (s)z which holds true for each t,s > 0, x € X
and n € N.

Step 4. Here, we complete the proof. Since {T'(¢)} is a Cy-semigroup on X which satisfies
the estimate ||T'(t)|| < M for every ¢t > 0, by Propositions and it admits an
infinitesimal generator B, whose resolvent set contains the line (0, 0o).

To show that B = A, we begin by showing that D(A) C D(B) and Bx = Az for every
x € D(A). For this purpose, we fix z € D(A), n € N and observe that the function 7, (-)x
is differentiable in [0, c0) with %Tn(t)x = Tn(t)Apx for each ¢t > 0. We claim that D;T,,(-)z
converges to the function T'(-) Az locally uniformly in [0, 00). To check the claim, we observe
that

1D Tn ()2 = T () Azllco,71:x)
M| Apz — Az|| + | Tn(-) Az — T() Azl ¢ (o,17:x)

for every T' > 0 and the right-hand side of the previous inequality converges to zero as n
tends to oo by Steps 1 and 3. The claim is proved.

Since T),(-)x converges to T'(-)x, locally uniformly in [0,00), the function T'(-)x is differ-
entiable in [0,00) and 4T(¢t)z = T(t)Ax for every ¢ > 0. This, in particular, shows that
x € D(B) and Bx = Ax.

To show that D(B) = D(A), we observe that 1 € p(A) N p(B) and

X = (I—A)(D(A)) = (I - B)(D(4)) € (I - B)(D(B)) = X.

Hence, (I — B)(D(A)) = (I — B)(D(B)). Since the operator I — B is injective, we obtain that
D(A) = D(B) and we are done. O

Remark 8.3.2. Given a closed operator A, such that II = {\ € C: ReXA > w} C p(A) for
some w € R, we need to check the infinitely many conditions |[(R(X, A))"|| < M(ReX —w)™"
for every A € II to establish whether A generates a Cp-semigroup or not. In the particular
case when M = 1, things are easier since once the previous condition is proved with n = 1,
it can be easily extended to every n > 1 just observing that [[(R(X, A))"|| < ||[R(A, A)||™ for
each n € N.

Remark 8.3.3. At the very beginning of this chapter, we have introduced uniform continuous
semigroups, which are actually groups since the operator e*” is defined for every real value
of t and the semigroup property is satisfied for every s,t € R. On the other hand, Cj-
semigroups are in general defined only on the line [0,00). Indeed, suppose that the Cjy-
semigroup is actually a group. Then, {T'(¢)} and {T'(—t)} are Cp-semigroups. Clearly, if A
is the infinitesimal generator of {T'(¢)}, then, —A generates the semigroup {7'(—t)}. Hence,
the Hille-Yosida theorem implies that the resolvent set of A should contain the halfplanes
{A € C:ReX >w} and {A € C: ReA < —w} for some w > 0. Moreover, |[(R(X, A))"||5x) <
M(|ReA|—w) ™" for every A € C, such that |Re\| > w, every n € N and some positive constant
M. These conditions are also sufficient for an operator A to be the generator of a Cy-group.

An useful criterium to guarantee that a closed operator generates a Cp-semigroup is the
well celebrated Lumer-Phillips theorem. To state it, we introduce the concept of dissipative
operator in the general settting of operators on Banach spaces.

Definition 8.3.4. An operator A : D(A) C X — X is called dissipative if [|Ax — Az| > A||z|
for each A > 0 and z € X.
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Remark 8.3.5. The property of an operator to be dissipative can be stated also in a different
way. In fact, a linear operator A : D(A) C X — X is dissipative if and only if for every
z € D(A) there exists 2/ € F(x), where F(z) := {2/ € X' : 2/(z) = ||z|* = ||2/||% }, such
that Re(z/(Az)) < 0. In particular, if X is a Hilbert space, then A is dissipative if and only
if Re(Az,z) <0 for every z € D(A) (see Proposition 6.2.5).

Theorem 8.3.6 (Lumer-Phillips theorem). Let A : D(A) C X — X be a dissipative operator
with dense domain and such that p(A) N (0, +00) # &. Then, A generates a Cy-semigroup of
contractions on X (i.e., ||T(t)|| <1 for every t > 0).

Proof. Fix Ao € p(A) N (0,00). Then, the dissipativity of A implies that ||[R(X, A)[ < Ag*.
The first part of the proof of Proposition 1.3.5, shows that the open ball B()\g,r) is contained
in p(A) when r = ||R(\g, A)||7L. Since r > A, the interval (0,2)g) is contained in p(A).
Now, replacing Ao with 3\g/2 we conclude that the interval (0,5)\p/2) is contained in p(A).
Starting from 2)( instead of 3\g/2, we obtain that (0,3Xg) C p(A). Iterating this procedure,
we can show that (0,00) C p(A) as claimed. O

As in the case of densely defined operators in Hilbert spaces, we can introduce the notion
of adjoint of densely defined operators in Banach spaces.

Definition 8.3.7. Let A: D(A) C X — X be a densely defined linear operator. We set
D(A") .= {2’ € X': 3f" € X' such that (Ax,2’) = (z, f') Vo € D(A)},
where (z, ¢') = ¢'(z) for every z € X and ¢’ € X'.

Since D(A) is dense in X, such an element f’ can be proved to be unique and therefore
we can define A’y = f’. Moreover, it is easy to deduce from the above definition that A’ is
closed.

Corollary 8.3.8. If A : D(A) C X — X s densely defined and dissipative and its ad-
joint operator A’ is dissipative as well, then the closure A of A generates a Cy-semigroup of
contractions.

Proof. First of all, we prove that A is closable. This is clear if H is a Hilbert space (see
Exercise 6.3.5). The same proof works also in the case of Banach spaces as we show here
below. For this purpose, we fix a sequence (z,,)neny C D(A) converging to zero and such that
Az, converges to some y € X as n tends to co. Since D(A) is dense in X, we can determine
a sequence (Yn)nen C D(A) converging to y as n tends to co. From the dissipativity of A we
can infer that

Hkan — kAx, 4 kym — Aynl| :Hk(kxn + Ym) — A(kzn + ym)||

for every k,m,n € N. Letting n tend to oo in the first and last side of the previous chain of
inequalities gives

or, equivalently, dividing by k,

| =y +ym — & Ayl > lyml, k,m €N,
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so that, letting k tend to oo, we obtain that ||y — ym|| > ||ym||. Finally, letting m — oo, we
can easily infer that y = 0. This shows that A is closable.

Next, we show that the range of the operator I — A is dense in X. For this purpose, we
fix a functional 2’ € X’ such that

(8.13) 2'(z — Ax) =0, x € D(A).

From we deduce that 2/ € D(A’) and 2’ — Az’ = 0. Since A’ is dissipative, in particular
it is a one-to-one operator. Hence, 2’ = 0 and we conclude that (I — A)(D(A)) is dense in X.

Since A extends the operator A, also the range of the operator I — A is dense in X for
every © € D(A). Actually, (I — A)(D(A)) = X. Indeed, fix y € Y and consider a sequence
(zn)nen C D(A) such that y, = x, — Az, converges to y as n tends to co. From the
dissipativity of A we can infer that ||z, — zn| < ||yn — ym|| for every m,n € N so that
(Zn)nen is a Cauchy sequence in X. Therefore it converges to some x € X. As a byproduct
also Az, = Az, converges in X to x — y. Since A is a closed operator, = belongs to D(A)
and Az = x — y or, equivalently, x — Az = y. Thus, y belongs to the range of the operator
I — A, which coincides with X. Applying Lumer-Phillips theorem, we conclude that A is the
generator of a strongly continuous semigroup of contractions. ]

8.4 Notes and Remarks

Operator semigroups has been widely studied during the last decades and there are many
monographs dealing with them. We mention here the excellent graduate texts by Engel and
Nagel [56]. The first milestone in the theory was the opus of Hille and Phillips [10]. Important
later references are the books by Belleni-Morante [1], Goldstein [8] and Pazy [12].

8.5 Exercises

Exercise 8.5.1. Prove that a mapping T : [0,00) — L£(X) with the semigroup property is
strongly continuous on X if and only if it is locally bounded and there is a dense subset
D C X on which T is strongly continuous.

Exercise 8.5.2. Prove that if f : [a,b) — X (a,b € R, a < b), where X is a Banach
space, is continuous and admits right-derivative at each point [a,b) and the right-derivative
is continuous in [a, b), then f is Fréchet differentiable in [a, b).

Exercise 8.5.3. Prove that a semigroup {7'(¢)} on a Banach space X is uniformly continuous
if and only if there exists an operator A € £(X) such that T'(t) = ! for all ¢ > 0.

Exercise 8.5.4. Prove that the generator of the multiplication semigroup {7, ()}, intro-
duced in Example is the multiplication operator M,,. Moreover, prove that {T),(t)} is
uniformly continuous if and only if m € L>®(Q, u).

Exercise 8.5.5. Consider the Hilbert space L?((0,1), 1), where p is the measure defined by
w(2) :=2XQN(0,1/2)) + A(2N(1/2,1))
for each Lebesgue measurable set 2 C (0,1), and X is the Lebesgue measure. Define the

family of operators on L2((0, 1), u)

_f f(s+t)  fors+t<1,
T(1)f(s) = { / for s -4 <1,
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(i) Prove that {T'(t)} defines a Cp-semigroup on L?((0,1), p1).

(ii) Prove that the estimate ||T(t)|| < Me! cannot hold for every ¢ > 0, with M < 2,
whichever w € R you choose.

Exercise 8.5.6. On the Banach space X = {f € C(]0,1]) : f(1) = 0}, endowed with the
sup-norm, consider the family {7'(¢)} of operators, defined by

flx+1), ifx+t<1,
0, otherwise,

for every t > 0. Prove that {T'(¢)} is a Cp-semigroup on C(]0,1]), and show that wo(7'(-)) =
—00.

Exercise 8.5.7. Let X = C([0, 1]) and consider the operator Af = f” with domain
D(A) = {f € C*([0,1]) : f'(0) + af(0) = f'(1) + Bf(1) = 0}
for some «, B € R. Show that A generates Cy-semigroup on X.

Exercise 8.5.8. Let X := LP((1,0)), 1 < p < oo and (T(t)f)(s) := f(se'). Show that
{T'(t)} is a Cp-semigroup and that wo(7(:)) = —%. Can you identify its generator?

Exercise 8.5.9.

1. Let {T'(t)} be a Cp-semigroup with generator A : D(A) — H on a Hilbert space H.
Prove that the adjoint {(7'(¢))*} is the Cy-semigroup generated by A’.

2. Stone’s Theorem: Prove that a densely defined linear operator A : D(A) — H on a
Hilbert space H generates a unitary group {7'(¢)}ser if and only if A is skew-adjoint,
ie. A*=—A.
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Lecture 9

Analytic semigroups

In this lecture, we keep on the study of semigroups of bounded operators introducing analytic
semigroups and studying their main properties. By X we still denote a complex Banach space
with norm || - ||. Moreover, given a curve v : I — C (I C R being an interval) and a smooth
enough function f, defined at least on the support of v, we set fi,y FdN = — fv F(N)adx

9.1 Prelude

In the previous lecture, we have seen that, to every bounded operator on X, we can associate
a uniformly continuous semigroup by setting

o0 tn
tA _ Y gn
(9.1) e _Zn!A : teR.
n=0
This formula cannot be extended to the case when A is not defined in the whole X since
the domain of the powers A™ becomes smaller and smaller. On the other hand, when p(A) is
not empty, the resolvent operator is defined and bounded in X. Hence, the idea is to look for
a formula for ¢4 which involves the operators R(), A).
We start by proving an integral representation formula for uniformly continuous semi-
groups.

Proposition 9.1.1. Let A € £(X) and let v, (r > || Al|]) be the curve, defined by ~,.(t) = ret
fort € [0,2x]. Then,

1
(9.2) et = _— / e R(\, A)d, teR.
27 ),
Proof. By Proposition 2.1.1, we can write

Z 2\k+1

for every |A| > ||A||. Hence,

Y t”)\" = Ak
mo = I

97
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Integrating both sides of the previous formula along the curve 7, and observing that the series
and the integral commute, we get

o0

1 ot r k / —k—1 tA
. A)d E g A " =
(9.3) 5 Z/7 R(A, =5 A d\=e

since

)\n_k_ld)\ — 27T/i7 n= kv
- 0, otherwise.

O]

Note that the right-hand side of formula makes sense for each closed operator A :
D(A) ¢ X — X whose spectrum is bounded, and is independent of r > 0. Moreover, if we
set T(0) = I, then the family {T'(¢)} defines a semigroup on X. Indeed, take s, > 0 and let
r > 0 be such that o(A) C B(0,r). Then,

T(t)T(s) = — 4;/ e R\, A)d)\/ e*FR(p, A)dp

/ ”d)\/ eSFR(N, A)R(p, A)dp

Y2r r

_ ot et

= 47T2 . d\ / A(R(A A) — R(p, A))dp

=
tA
/S”RM, / T,

’727‘)\_/'1/

where in the last integral term we have changed the order of integration. Since A ¢ B(0,r), the
function p +— (u—\)~1e** is holomorphic in B(0,r) and, consequently, by the Cauchy integral
theorem, f% (n—X)"te**dp = 0. On the contrary, the function A — (A — )~ !et* has a simple
pole at A = pu € B(0,2r). Hence, by the residue theorem, fwr (A — p)"terd\ = (2mi)et*. It
thus follows that

2/ t*RAAdA
Y2r

T(HT(s) = / eCTVER(u, Adp = T(t + s).
271 ),

As we know, in general, the spectrum of a closed operator is not bounded (see e.g. Ex-
ample 1.3.6). Hence, formula cannot be used to define a semigroup associated to an
unbounded operator A. But, as we will show in the next section, we can overcome this diffi-
culty by changing the path of integration, provided that the operator A satisfies nice spectral
properties.

9.2 Sectorial operators and analytical semigroups

As announced, here we introduce an important class of closed operators, the so-called, sectorial
operators, to which we can associate a semigroup through a variant of formula (9.2)).

Definition 9.2.1. A linear operator A : D(A) C X — X is called sectorial in X if there
exist w € R, 6y € (7/2,7) and M > 0 such that the resolvent set of A contains the sector
Yo = A EC: A # w,|arg(A —w)| < 6o} and [|[R(\, A)|| < M|\ — w|~! for every A € X, g,
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Throughout this lecture, we summarize the properties listed in Definition by saying
that A € S(w, 6y, M).

Given A € S(w, 0y, M), we can define an operator T'(t), for each ¢ > 0, by using formula
(9.2), where we replace the curve 7, by the “union” of three curves —vi ,yw, Y20 and
Y3,rm,ws where V2k+1,rmw ¢ [T> OO) —C (k =0, 1) is defined by '72k+1,r,n,w(p) =w+ pe(il)lﬁlin,
for each p > 7, and 2,550 : [=7, 1] — C is defined by 72,5, (0) = w+ret? for each € [—n, 7).
Here, r > 0 and n € (7/2,6p) are arbitrarily fixed. More precisely, we set for ¢t > 0

Figure 9.1: the support of the union of the three curves v1 ;.5 .w, ¥2,rm.0 a0d V3 .9.w-

1 1
()=~ 5r [ ARO[ RO
27 ., 20 /.,
NUN® AL
1
S / MR\, A)dA
211 B
wt oo
:;Tm</ epcos(n)t[ei(n+psin(n)t)R(w + pem,A) _ e*i(ﬁJrPSin(??)t)R(w 4 pef’ileA)]dp
n o . .
(9'4) +/ e(rcos(ﬁ)—i-zrsm(a))tR(w —|—re7’0,A)iT‘610d9>-
-n

To ease the notation, we denote by f%n . e R(\, A)d) the last two lines of formula (9.4)).

Note that T'(t) is well defined since the definition is independent of 7 and 7. Indeed, by
Proposition 1.3.5, the function A — v(A\) = e*R(\, A) is an holomorphic function in the
sector X, g,, with values in £(X). This in particular shows that the integral of v over y2,.
is well defined. Similarly, since

95 etpCOS('r]):I:itpsin(n)Rw+ COS :l:l sin A <M7’_16tpcos(n)
(9.5) I (w+ pcos(n) £ipsin(n), A)|| <

for every p > r and cos(n) < 0, it follows immediately that also the integrals of v over the
curves Yi,rnw and vz, ., are well defined.

Now, we fix 7/ > 0 and 1’ € (7/2,60y) and denote by D the region lying between the
supports of the curves ;. n o and ;. (7 =1,2,3) and by D,, (n € N) the intersection of
D with the closed ball centered at zero with radius n.
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Figure 9.2: the region D,,.

Denote by 7 a curve which parameterizes D,,, obtained from the curves ;. ,w, Vjr 5w and
the canonical parametrization of the arc of 9B(0,n). The Cauchy integral theorem implies
that

/ eAR(\, A)d = 0.
il

By estimate (9.5)) the integrals on the two arcs contained in B(0,n) vanish as n tends to co.
From these remarks, we deduce that

/ PR\, A)d) = / e R(N, A)dA
Vronw

’YT‘I,TII,LJJ
as claimed.
We can now study the main properties of the operators T'(t), t > 0.

Theorem 9.2.2. Let A € S(w,00, M) and let T(t) be given by (9.4) for t > 0. Then, the
following properties hold true.

(i) For eachx € X, k € N andt > 0, T(t)x belomgs to D(A¥). Further, if x € D(AF), then
AFT () = T(t)A*x for every t > 0.

(i1) If we set T(0) = I, then the family {T(t)} is a semigroup of bounded linear operators.
(iii) There exist positive constants My (k € NU{0}) such that
(9.6) [tF(A — wD)ET(t)|| < Myet, t>0, ke NU{0}.

(iv) The function t — T(t) belongs to C*=((0,00); L(X)) and DFT(t) = AFT(t) for every
t > 0. Moreover, the function t — T(t) admits an analytic extension to the sector
20,00—m/2, given by

1
T(z) = — / M R(N, A)d), 2 € S g9—n/25
o

211

'r,9/z W



9.2. SECTORIAL OPERATORS AND ANALYTICAL SEMIGROUPS 101

where 0, is arbitrarily fived in (w/2,0p — arg(z)).

Proof. As in the proof of Hille-Yosida theorem, we replace A with the operator A —wlI, which
is sectorial in Y g, .

(i) The core of the proof is the case k = 1. Fix t > 0 and 2 € X. Since é*AR(\, A) =
—eMT + AeMR(A, A), it follows that

[eMT — AeMR(N, A)|| < eBeM(1 4+ AR, A)|| < eReM(1+ M)

and cos(n) < 0, the function A\ — e*AR(), A)z is integrable along the curves 71,0 and
V3,rm,0 for each o € X. Of course, being a continuous function it is also integrable along the
curve y2,n0. Therefore, we can invoke Proposition B.0.3, which guarantees that T'(t)x €
D(A) and

1 1
AT (H)z =— / P AR\, A)zd) = ——— / eN N+ — / AP R(N, A)z dX
27 ~ 21 27
r,n,0 Yr,n,0 Yr,n,0
_ 1 tA

(97) —% . )\6 R(}\7 A) )\7

,m,0
since
(9.8) / e dX = 0.

Yr,n,0

If x € D(A), then AR\, A)x = R(\, A)Az and, hence, AT (t)x = T'(t)Ax. Iterating this
argument, we can show that T'(t)z € D(AF) for every k € N and

1

(9.9) AFT (1) =5

/ MM RN, Az dX
Yr,n,0
and, if 2 € D(A¥), then A*T(t)x = T(t)A*x.

(ii) The semigroup property can be proved arguing as in the last part of Section Fix
s,t > 0. Writing

1 1
T = / e R(\, A) d), T(s) = o / M R(A, A) dA
Yr v

,,0 2r,n/,0

for each r > 0, /2 <1’ <n < 6y and using the resolvent identity it follows that

1 s
T(t)T( 2/ MR(N, A) d/\/ S
7'(' Yr,n,0 Y2r,m’,0 B = )\
1 / e
— e“SR (1, )d,u/ dA.
4 Yor Yr,n,0 = )\
Since
d d\
(9.10) / ets _,u)\ = 2mie*?, for \ € Yrmo and / e’\ti =0 for p € yor4.0,
727‘,7]’,0 'LL Yr,n,0 M

we conclude that T'(¢)T(s) = T(t + s).
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(iii) We fix t > 0 and take the norm of the three integrals which define T'(¢) (see (9.4)).
Since we are assuming that w = 0, from the estimate in Definition [9.2.1 we get

M Mo M etrcos(n)
T < — tpcos(n) ,—1 g / trcos(@)dg e tr
e A v \irfeostl ¢

for each r > 0 and n € (7/2,6p). Note that, if we take the same r for every ¢ > 0, we end up
with an estimate for ||T°(¢)|| which is singular as t tends to 0. To overcome this difficulty, it
suffices to replace r by 1/t and we get (9.6) with My = Mzx (| cos(n)|~'e" +¢).

Estimating the norm of AT(t) is easier. We do not need to take a radius which depends
on t. It is enough to use formula observing that |[AR(X, A)|| < M. We thus get

M tr cos(n) M n
|AT (1) < — (e + 7"/ etrcosadg)
T 2 J_y

t| cos(n)|
for each r > 0. Letting r tend to 0T, by dominated convergence we get

M

(9.11) AT (@) < tcos(n)]|

, t> 0.
To estimate the operator norm of A*T(t) for k > 1 it suffices to use (9.11]), property (i)
and the semigroup property to write A*T(t) = (AT (t/k))* and, hence, estimate ||A*T(¢)|| <
JAT /)]
(iv) By applying repeatedly the dominated convergence theorem, it can be easily shown
that the function t — T'(¢) belongs to C*°((0,00); L(X)) and

1

DiT(t) = i

/ MM RN, A) d), t>0.

Yr,n,w

From this formula and it follows that DFT(t) = AFT(t) for every t > 0 and k € N.
To complete the proof, we fix a € (0,6 — 7/2). Then, the function

1
2 T(2) = / e R(N, A) d),
Yr,00 —c,w

2mi

is well defined and holomorphic in the sector g, _r/2—o- Indeed, if A = pei%0=2) and
z = |2]e’? belongs to g g, _r/2—a, then Re(zA) = p|z|cos(fp — a + ¢) and cos(fy — o + ¢)
is negative since 0y — a + ¢ € (7/2,37/2). Hence, we can differentiate under the integral
sign, taking the dominated convergence theorem into account, and conclude that the map
z + T(z) is holomorphic in ¥ g, _r/2—q- Since ¥g g, _r/0 = Ua€(0,90—7r/2) ¥0,00—n/2—a> the
conclusion follows. O

Remark 9.2.3. From property (iii) in Theorem it follows that there exists a positive
constant Oy such that ||tF A¥T(t)|| < Cpe®t for t > 0. Indeed,

AF = (A —wl+wl)r = Ek: <k> WA = wI)"

n
n=0

and, therefore,

|ART ()| < Z( ) R0 (A —wD)T(1)] < Z( ) WM, t>0.

n=0
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If t <1, then from the previous estimate we immediately get

k
k
AFT ()| <t7F KM,
ATl <03 ()

On the other, if t > 1, then there exists a positive constant C,, such that ¢t "w*=" < Ot Fevt
for every n < k. We thus conclude that

k
k
AT @) < Ot Fet M,
| (B)]] < Cut™"e né()(ﬂ)

and we are done.
In view of Theorem [9.2.2] we can now give the following definition.

Definition 9.2.4. Let A be a sectorial operator. The family of operators {T'(¢)}, defined by
(19.4)) for ¢ > 0 and such that T'(0) = I, is called analytic semigroup generated by A (in X).

Is each analytic semigroup strongly continuous? The answer is in general negative since
D(A) may be not dense in X. In any case, for each z € X, T'(t)x converges to x as t — 0
in a “weak” sense as the following proposition shows.

Proposition 9.2.5. Let {T'(t)} be an analytic semigroup associated with an operator A €
S(w, b, M). Then, lim; g+ T(t)x = = if and only if x € D(A). As a byproduct, for each
A€ p(A) and x € X, limy_,o+ RN\, A)T(t)x = R(\, A)z.

Proof. By replacing A with A — al for some constant «, we can assume without loss of
generality that w = 0.
Using the Cauchy integral theorem, it follows that

1 1
Ttz -2z = — Xt Az — =
(t)xr —x 57 %n’we [R()\, ) /\l‘:| d\
1 e)\t
= — —R(\, A)Ax dA
2mi ), A A A)Az

for z € D(A) and t > 0. Since |[A\"'R(\, A)Az| < C||Az|||\|72, it follows from the dominated
convergence theorem and Cauchy’s theorem that

lim (T(t)z — ) = — / RO, A Azdr =0
Tr

0+ 27 A
n,w

for x € D(A) and hence for x € D(A), since ||T(t)|] < M for every t € [0,1]. The other
implication is obtained from the inclusion T'(¢)X C D(A) for every ¢t > 0, see Theorem
Now, the last statement follows from the fact that R(\, A) commute with T'(¢) for every ¢ > 0
and A € p(A). O

Remark 9.2.6. By Theorem T'(t) maps X into D(A) for every ¢t > 0. Hence, it leaves
D(A) invariant. Moreover, by Proposition T(t)z converges to x as t — 0T for every
x € D(A). It follows that the restriction of {T'(t)} to D(A) is a Cp-semigroup. Note that
D(A) is the largest subspace of X, where the restriction of {T'(t)} is a Cy-semigroup. Indeed,
as already remarked, T'(t)x € D(A) for each x € X and ¢t > 0. Hence, if T'(t)z converges to

x as t — 0T, then, necessarily, z € D(A).
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In the following proposition, we show other interesting properties of analytic semigroups.
In particular, we show that the infinitesimal generator of the restriction of {T'(¢)} to D(A)
is the part of A in D(A), i.e., the operator defined in D := {z € D(A) : Ax € D(A)} by

A‘Wx = Az for each z € D.

Proposition 9.2.7. The following properties hold true.
(i) For each x € X and t >0, fot T(s)xds € D(A) and

(9.12) A/OtT(s)x ds =T(t)x — x.

If, in addition, x € D(A), then

(9.13) Tt — o = /0 T(s)Ards, >0
(i) If A € C with Re X > w, then

(9.14) R\ A) = / h e MT(t) dt.
0

(iii) If x € D(A) and Ax € D(A), then lim; ,o+(T(t)x — )/t = Azx. Conversely, if z :=
lim;_,o+(T(t)x — x)/t exists, then x € D(A) and Ax = z € D(A).

Proof. (i) Fix t > 0 and x € X. Since the function T'(-)z is differentiable in (0,00) and
D,T(-)x = AT(-)x (see Theorem [9.2.2)) then

/tT(s)x ds = /t((w + 1) —A)R(w+1,A)T(s)x ds

=(w+1) / Rw+1,A)T(s)xds — / %(R(w + 1, A)T(s)x)ds

—(w+ DR+, 4) /t T(s)ads — T()R(w + 1, Az + T(e) R(w + 1, A)z

for each € € (0,t). Recalling that the function T'(-)x is bounded in [0,¢] and continuous in
(0, +00) and taking Proposition into account, we can let € tend to 0 and obtain

t t
(9.15) /0 T(s)xds = (w+1)R(w+1,A) /0 T(s)xds — R(w+ 1, A)(T(t)x — x).

Thus, fg T'(s)x ds belongs to D(A) and applying the operator ((w+1)I — A) to both the sides

of (9.15)), formula (9.12) follows.

If 2 € D(A), then the function AT ()x is continuous in (0, t] and bounded in [0,¢]. Hence,

A/:T(s)a: ds = /Et AT (s)x ds

and, letting ¢ tend to 0T, we conclude that

t t
lim A T(s)a:d:s:/ AT (s)x ds
0

e—0t c
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and formula ((9.13) follows from Proposition B.0.3(ii), since A is a closed operator.
(ii) Fix A € C with Re A > w and consider the operator A — X\I. This operator is sectorial
and the associated semigroup {S(¢)} is defined by S(t) = e~ T'(¢) for t > 0. From formula

(9.12)) we know that
t
(A—)\)/ S(r)xdr=S(t)r — =z, t>0, zeX.
0

Since ||T(t)|| < Me“! for t > 0 (see Theorem [9.2.2), the function S(t )x Vamshes as t tends to

00. Hence limy o0 (A — N) fo r)zdr = —x for every x € X. Since fo )z dr converges to
Jo© S(r)xzdr as t tends to oo, by the closedness of A, fo r)z dr belongs to D(A) and
(A — A)/ e NT () dt = x, r e X.
0

Taking into account that A € p(A), formula (9.14]) follows at once.
(iii) Fix © € D(A) such that Az € D(A). Then, by property (i), we can write

(9.16) T(t)f_x = 114/0 T(s)xds = 1/0 T(s)Azds.

Since Az € D(A), by Proposition the function T'(-)Ax is continuous in [0,00). Hence,
letting ¢ tend to 0T in (9.16]), we conclude that lim,_,o+(T'(t)z — z)/t =

Vice versa, suppose that the limit z := lim;_,o+ (T'(t)x — =)/t exists. Then, clearly, T'(¢)x
converges to x as t — 01, so that x belong to D(A). Since T'(t)x € D(A) for every t > 0, also
z belongs to D(A). Moreover, using property (i) and recalling that R(w + 1, A) commutes
with T'(s), we get

T
R(w—l—l,A)z:%ir%R(w—f—l,A)@):f—hmt 1Rw+1AA/ s)xds
—
1t 1 [
(9.17) =—lim- [ T(s)xds+ (w+ 1)/ R(w+1,A)T(s)z ds.
t—0 t 0 t 0
Since z € D(A), the function T'(-)z is continuous in [0, c0). Hence lim;_,o+ ¢~ fo )rds = x.
Similarly, R(w+1, A)T(t)z converges to R(w+1, A)z ast — 0, by Proposmon Hence,
from (9.17) it follows that x = R(w + 1, A)((w + 1)z — z) € D(A) and Az = z. O

We now provide a sufficient condition for a closed operator to be sectorial. This criterium
is particularly used in the applications.

Proposition 9.2.8. Let A: D(A) C X — X be a closed operator such that II = {\ € C :
Re A > w} C p(A) for some w € R, and

(9.18) INR(A, A)|| < M, Aell
for some constant M > 1. Then, A is a sectorial operator.

Proof. The same argument as in the proof of Proposition 1.3.5 (which uses Lemma 1.3.4)
shows that the open ball B(w =+ ir,|w + ir|/M) is contained in p(A) for each r > 0. Since
|w + 47| > r, the union of such balls and the halfplane II properly contains the sector ¥, 4,,,,
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where 0aps = m — arctan(2M). Observe that each A € ¥, 4,,, with ReA < w can be written
in the form A = w 4 ir — (2M)~1(0r) for some 6 € [0,1). Moreover, since

R\, A) = R(w =+ ir, A)(I — (2M) 7 '0rR(w + ir, A)) ™!
and ||(I — (2M)~Y9rR(w £ ir, A)) 71| < 2, it follows that

2M < 2M < VAM? +1

Al < ———
IRA AN < o < 55 < g

On the other hand, if A € ¥,4,,, with ReA > w, then from (9.18]) it follows easily that
RO\, A)|| < M|\ — w|~! and this completes the proof. O

We conclude this lecture with two important remarks.

Remark 9.2.9. (i) In this and in the previous lecture we have dealt with complex Banach
spaces. In particular, the sectorial operators have been defined through an integral on
an unbounded curve in the complex plane.

As a matter of fact, in many applications one has to deal with closed operators A on
real Banach spaces X. This (apparent) difficult can be overcome by complexifying both
the Banach space X and the operator A. The complexification X¢ of X is the set
Xc = {z+iy : z,y € X}, which is a Banach space when endowed with the norm
|z + iyl = sup_r<p<r £ cosO + ysinf|| for every x + iy € Xc and the operations
(w1 +iyr) + (w2 +iy2) = (w1 +22) +i(y1 +y2) and (A1 +ide) (21 +iy1) = A\iw1 — Aay1 +
i(A1y1 + Aexq) for every 1 + iy1, x2 + iy2 € Xc and every A\ +idg € C. (Note that,
in general, the map (z + iy) — /||z]|?> + ||y||? is not a norm, see Exercise . The
complexification of the operator A is the operator Ac : D(Ac) C X¢ — Xc, defined
as follows; D(Ac) = {x + iy : z,y € D(A)} and Ac(x + iy) = Ax + iAy for every
x + iy € D(Ac). Clearly, if we identify X with the set {z + 0 : x € X}, then the
restriction of the operator Ac to X is the operator A.

Suppose that the operator Ac is sectorial in X¢ and denote by {Tc(¢)} the associated
analytic semigroup. We claim that it leaves X invariant. To prove the claim, it turns
out useful to replace the three curves used to define each operator 7'(¢) by the union of
the two curves v_ and 74, where v+ : [0,00) — C are defined by v+ (p) = w + 1 4 pet?
for every p > 0, where 0 is fixed in (7/2,6p). For each ¢ > 0 and = € X it holds that

1 o i ;
Te(t)r = i el [erte eR(w + 1+ pe? Ac)x
0

—erte’ R(w + 1+ pe™® Ac)z]dp.
Note that eptewR(w + 14 pe?, Ac)x — erte” R(w+ 14 pe~, Ac)x belongs to iX, so that
Tc(t)z belongs to X. Indeed, it is easy to check that, if we set z + iw = z — iw for every

z+iw € Xc, then RO\, Ac)x = R(\, Ac)z for every A € p(Ac) and = € X. Thus,

e’ R(w + 1 + pe’?, Ac)z — erte” R(w + 1 + pe ™, Ac)z

:eptewR(w + 1+ pe?, Ag)x — erte” R(w + 1+ peid, Ac)x
—2iIm (e’ R(w + 1 + pe'?, Ac)z),



9.3. NOTES 107

where Im(x 4 iy) = y for every x + iy € Xc.
If we set T'(t) = Tc(t)|x for t > 0, then we define a semigroup of bounded operators in
X, which satisfies the properties that we have established so far.

(ii) From this and the previous lecture, a very crucial difference between strongly continuous
semigroups and analytic semigroup arises: the analytic semigroups take a datum x in
the space X and make it smoother (indeed, T'(t)z belongs to ey D(A¥) for every
t > 0). Strongly continuous semigroups do not enjoy this property. Think for instance
to the semigroup of left translations on X = BUC(R). Since T'(t)f = f(- +t) for every
t > 0, T(t) has no smoothing effects on f.

9.3 Notes

We mention here that the characterization of the sectoriality of a given operator A involves
only a single resolvent estimate, see Proposition [9.2.8 This should be compared with the
Hille-Yosida theorem, which characterizes the infinitesimal generators of Cy-semigroups. We
also mention that the single resolvent estimate, which a sectorial operator A should satisfy,
yields regularity properties for the solution to the associated Cauchy problem

{ u'(t) = Au(t), te (0,00),
u(0) ==z

which is u = T'(+)z, see Theorem (i).
For more details on sectorial operators and analytic semigroups, we refer the reader, e.g.,
to [5,/8/13,/14] and the recent monograph [12].

9.4 Exercises

Exercise 9.4.1. Prove formulas and (9.10)).

Exercise 9.4.2. Let A: D(A) C X — X be sectorial, let o € C, and consider the operators
B:D(B)=D(A) — X and C : D(C) = D(A) — X, defined, respectivey, by Bx = Az — ax
and Czx = aAx for every x € D(A). Prove that the operator B is sectorial, and that the
associated semigroup {S(t)} is defined by S(t) = e *T'(t) for every t > 0. For which « the
operator C' is sectorial?

Exercise 9.4.3. Let A: D(A) C X — X be a linear operator, Prove that if A and —A are
sectorial operators in X, then A is bounded.

Exercise 9.4.4. Let X, k& = 1,...,n be Banach spaces, and let Ay : D(Ar) — Xj be
sectorial operators. Set

n

X =[] X, D(A) =[] D(Ax),
k=1 k=1

and A(x1,...,2,) = (A121, ..., Apzy), and show that A is a sectorial operator in X, endowed
with the product norm [|(z1,...,2,)| = (Xj_; ||£L‘k||2)1/2.
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Exercise 9.4.5. Let X be a real Banach space. Prove that the function f: X x X — R
defined by f(z,y) = /|z||? + ||y||? for every =,y € X, does not satisfy, in general, the
homogeneity property.

Exercise 9.4.6. (i) Prove that if A with domain D(A) generates a Cyp-group on a Banach
space X, then A? generates an analytic semigroup on X.

(ii) Prove that the operator Af = f’ for f € D(A) = W'P(R) generates a Cp-group on
IP(R), 1 < p < co.

(iii) Deduce that the operator Bf = f" for f € D(B) = W?*P(R) generates an analytic
semigroup on LP(R), 1 < p < oo.

Exercise 9.4.7. (i) Prove that the operator Af = f” for any f € D(A) = CZ(R) is
sectorial in Cy(R) and, hence, generates an analytic semigroups.

(ii) Prove that the operator Af = f” for any f € D(A) = {u € CZ([0,1]) : u(0) = u(1) = 0}
generates an analytic semigroup in C([0,1]). Is this semigroup strongly continuous?

(iii) Prove that the operator Af = f” for any f € D(A) = {u € C%([0,1]) : «/(0) = /(1) = 0}
generates an analytic semigroup in C([0,1]). Is this semigroup strongly continuous?

Exercise 9.4.8. Prove that, given a normal operator A on a separable Hilbert space, then
the operators e*, defined according to the functional calculus introduced in Lecture 5, and
according to formula ((9.2), coincide.
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Lecture 10

Non homogeneous abstract Cauchy
problems

In this lecture, we analyze the abstract Cauchy problem

(10.1) { Z’((t)) :£U(t) + f(t), te (0,77,

on a Banach space X, when f :[0,7] — X is a continuous function, z € X and A : D(A) C
X — X is the infinitesimal generators of a strongly continuous semigroups or a sectorial
operator. As we will see, when A is not sectorial quite strong regularity assumptions on x
and f should be assumed to guarantee the existence of a solution to (10.1). Such conditions
can be sensibly weakened when A is a sectorial operator, due to the smoothing properties of
the associated semigroup. All the results of this lecture will be “tested” on a relevant model,
namely the Gauss-Weierstrass semigroup, in Lecture 11.

We introduce the following definition.

Definition 10.0.1. Let f : [0,7] — X be a continuous function and let € X. Then, a strict
(resp. classical) solution to problem (10.1) is a function u € C1([0,T]; X) N C([0,T]; D(A))
(resp. u € C((0,T]; X)NC((0,T); D(A))NC([0,T); X)) which satisfies the differential equa-
tion v’ = Au + f in (0,7] and satisfies the condition u(0) = x.

At it is readily seen, the main difference between strict and classical solutions is the
regularity at ¢t = 0.

Throughout this lecture, we write ¥ < X when Y is a Banach space, continuously
embedded into X.

10.1 The case when A generates a Cj-semigroup

From the definition of strict solution it follows immediately that, if problem (10.1) admits a
strict solution, then x € D(A).

The following proposition shows that problem (10.1) admits at most a unique solution
and provides us with a representation formula for the solutions in terms of the semigroup
{T'(t)} generated by the operator A.

109
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Proposition 10.1.1. Fiz f € C(]0,T],X) and x € D(A). If u is a strict solution to the
Cauchy problem (10.1), then

(10.2) u(t) =T(t)x + /0 T(t—s)f(s)ds, t €10,7T).

Proof. Let u be a strict solution to (10.1) and fix ¢ € (0,7T]. Since u belongs to C1([0,T]; X )N
C([0,T7]; D(A)), the function w : [0,t] — X, defined by w(s) = T(t —s)u(s), s € [0, ], belongs
to C1([0,t], X) and

w'(s) = — AT(t — s)u(s) + T(t — s)(Au(s) + f(s)) =T(t — s)f(s), s € 0,t].

Integrating the previous formula in [0,¢] and observing that w(0) = T'(t)x and w(t) = u(t),
the assertion follows. O

Formula (10.2) is the so-called variation-of-constants formula. Whenever the integral in
(10.2) makes sense (for instance, when the function ¢ ~ ||f(¢)|| belongs to L((0,T)), the
function u defined by (10.2) is said to be a mild solution of (10.1).

Remark 10.1.2. As it is easily seen, if x € X and f € C([0,T]; X), then the mild solution
to the Cauchy problem (10.1) is continuous in [0, 7], with values in X. Moreover, there exists
a positive constant C, independent of x and f, such that

lulleqo,rxy < CUlzll + 1 flleqor:x))-

The following theorem, provides us with two existence and uniqueness results for problem
(10.1). For this purpose we recall that the graph norm is defined by ||z[|p(ay := ||| + [|Az||
for x € D(A).

Theorem 10.1.3. Let x € D(A) and f € C([0,T); D(A)) (resp. f € C*([0,T);X)). Then,
the Cauchy problem (10.1) admits a unique strict solution u. Moreover, there exists a positive
constant C, independent of x and f, such that

(10.3) ullero,rp:x) + lwlleqo,m;niay < Clzlipeay + I flleqoripeay)s
if f € C([0,T]; D(A)), and

(10.4) [ullero,m;x) + lelleqo,m;niay < CUlzlipeay + I fllerqorx))
if f € CL([0,T}; X).

In the proof of the previous theorem as well as in the proof of the forthcoming Theorems
10.2.14 and 10.2.16, we will take advantage of the following proposition.

Proposition 10.1.4. Let u be the mild solution to the Cauchy problem (10.1), corresponding
tox e X and f € C([0,T); X). Then, u is a strict solution to the Cauchy problem (10.1) if
and only if u € C([0,T]; D(A)) or, equivalently, if and only if u € C1([0,T]; X).

In the proof of Proposition 10.1.4, we will use the following result, which shows that the
mild solution satisfies an integrated version of (10.1).
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Lemma 10.1.5. For every f € C([0,T];X) and z € X, let u be the function defined by
¢
(10.2). Then, for everyt € [0,T], / u(s)ds belongs to D(A), and

(10.5) —x+A/ ds+/ f(s t[0,T).

Proof. We fix t € (0,T] and integrate function u over the interval [0,7]. Interchanging the
order of integration, we obtain that

(10.6) /0 " u(s)ds = /0 “(s)wds + /0 o /0 " T s) fo)ds

The first term in the right-hand side of (10.6) belongs to D(A) due to Proposition 8.2. 2(ii)
t—

The same proposition shows that the integral / T(7)f(o)dT belongs to D(A) and A / (s—
o)f(o)ds = (T'(t—o)—1)f(0), so that, applying Proposition B.0.3, we conclude that also the

t
second integral in the right-hand side of (10.6) belongs to D(A). Hence, / u(s)ds belongs
0
to D(A) and, again, Proposition B.0.3 shows that

A/O w(s)ds = T(H)z — 2+ /0 (T(t — o) — ) f(0)do-

The assertion follows. O

Proof of Proposition 10.1.4. Of course, it suffices to prove that if u € C([0,T]; D(A)) or
u € CY([0,T]; X), then u is a strict solution to problem (10.1). In view of Remark 10.1.2, we
already know that u € C([0,7T]; X) and u(0) = z. Using the integral representation formula
(10.5), we can write

u u t+h t+h
(10.7) W = A(ill/t u(s)ds) —i—% t f(s)ds

for every t € [0,T] and h such that t + h € [0,T].

Since f is continuous in [0, 77, the second integral in the right-hand side of (10.7) converges
to f(t) as h tends to 0, for every ¢ € [0, T]. Similarly, the integral mean of u over the interval
with endpoints ¢ and ¢ + h converges to u(t) as h tends to 0 for every ¢ € [0,7]. Assume
that v € C*([0,T]; X). Then, the left-hand side of (10.7) converges to u'(t) as h tends to
0 for every t € [0,T]. By difference, the first integral term in the right-hand side of (10.7)
converges to u/(t) — f(t) for every t € [0,T]. The closedness of A implies that u(t) € D(A)
and Au(t) =u/(t) — f(t) for every t € [0,T].

On the other hand, if uw € C([0,T]; D(A)) then

AGL /t t+hu(s)ds) _ % /t " Au(s)ds

for every t € [0,7]. Hence, the above term converges to Au(t) as h tends to 0 for every
€ [0,T]. By difference, u is differentiable in [0,7] and u/(t) = Au(t) + f(t) for such values
of t. The proof is complete. O
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We can now prove Theorem 10.1.3.

Proof of Theorem 10.1.3. By Proposition 8.2.2(i), we already know that the function ¢ +—
T(t)x belongs to C1([0,T]; X) N C([0,T]; D(A)) and solves the Cauchy problem (10.1), with
f = 0. Hence, to complete the proof, we just need to deal with the integral term in the
definition of the mild solution. We denote by v such a term.

We first assume that f € C([0,7]; D(A)). Then, for every ¢t € [0,7] the function s
AT (t—s)f(s) =T(t—s)Af(s) is continuous in [0,7]. This implies that v(t) belongs to D(A)
for every t € [0, 7] and

(10.8) Av(t) = /OtT(t —s)Af(s)ds for every t € [0,T].

Hence, Av is continuous in [0,7] with values in X. Taking Remark 10.1.2 into account,
we obtain that v € C(]0,T]; D(A)). Since v is the mild solution of the problem (10.1),
using Proposition 10.1.4, we conclude that the mild solution u is actually a strict solution.
Moreover, applying (10.8), one deduces (10.3).

Suppose now that f € C([0,T]; X) and fix t € [0,7] and h € R such that ¢ + h € [0, T].
Then

v —w t+h .
W :;L</O T(s)f(t+h — s)ds — /0 T(s) f(t — s)ds>
:/tT(s)f(t+h5) —ft- s)d8+ 1/t+hT(5)f(t_|_h_ s
0 h ]

h
=Ip+ Iz p.

As it is easily seen,

ft+h—s)—f(t—s)

Y ds

—f(t—s)

t
< Mo,T/
0

and the right-hand side of the previous inequality vanishes as h tends to 0. As far as I,
is concerned, estimating || T'(s)(f(t + h —s) — f(0))|| < Moxz||f(t +h —s) — f(0)]], where
Mo, = supyejo 1y 1T ()|l z(x), we can write

fn = [ T = s)ds

t+h

t+h
s =TOFO) <Marg [ 17 +h= = fOllas+ 5 [ ITE5O]ds

1 t+h
Clearly, the term h/ IIT(s)f(0)||ds tends to || f(0)| as h tends to 0, since the function

t
s — ||T'(s) f(0)|| is continuous in [0, c0). Similarly, the continuity of the function f shows that
1 t+h
h/ T (s)(f(t+h—s)— f(0))||ds vanishes as h tends to 0.
t
We have so proved that v is differentiable at ¢ and

(10.9) V(t) = /Ot T(s)f'(t — s)ds+T(t)f(0), t €[0,7].

From this formula, we easily deduce that v' € C([0,T]; X) so that, Proposition 10.1.4 allows
us again to conclude that the mild solution to (10.1) is actually a strict solution. Furthermore,
taking (10.9) into account, one can easily verify that (10.4) holds. O
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Remark 10.1.6. Without any additional information on the operator A, the assumptions of
Theorem 10.1.3 cannot be weakened. Indeed, consider the Cauchy problem (10.1), associated
to the realization A of the first-order derivatives in BUC(R), having BUC!(R) as domain,
with x = 0 and f(t) = T(t)y for every t € [0,T], where {T'(¢)} is the semigroup of left-
translations, ¥ € BUC(R) is not differentiable in R. The mild solution to such Cauchy
problem is the function u, defined by

u(t) = /0 T(t—s)T(s)pds =tT(t)y = tp(t + -), t>0,

which is not differentiable in [0, co).

We remark that, differently from analytic semigroups, strongly continuous semigroups
do not enjoy, in general, any smoothing property and this prevents us from weakening the
regularity assumptions on the data to guarantee the existence of a solution of the problem
(10.1).

10.2 The case when A is a sectorial operator

In this section, we assume that A is a sectorial operator and denote by {7'(¢)} the associated
semigroup. Moreover, for every 7' > 0 and k = 0,1, 2 we set My = sup HtkAkT(t)HE(X).
o<t<T

10.2.1 The interpolation spaces

In the analysis of the Cauchy problem (10.1) a crucial role is played by the so-called inter-
polation space D 4(«, 00). Roughly speaking, for a € (0, 1), D4(a, 00) is characterized as the
subset of X of all the elements x for which the function t — AT'(t)x, exhibits, as ¢ tends to
0, an intermediate behaviour between the behaviour it has when z € X and when x € D(A).
More, rigorously,

Definition 10.2.1. For every a € (0,1), Ds(a,00) is the set of all x € X such that
(21D 4 (ay00) 7= SUPo<s< [ AT (8)]| < o0.

D a(a,00) is a Banach space when endowed with the norm x + |[[z][p,(a00) = llZ]l +
[] D 4 (a,00)- Moreover, € Dy(a,00) if and only [z]), = supy<, [[t'"*AT(t)z| < oo for
some 7 > 0. The norm of D4 («, ) is equivalent to the norm x — ||z|| + [z]], (see Esercises
10.4.1 and 10.4.2(a)).

Remark 10.2.2. (i) Using the semigroup law and Remark 9.2.3, it is easy to obtain an
estimate for the blow up rate of || A*T(t)]| £(p,(a,00);x) @ t tends to 0. Indeed, for each
x € Da(a,00) we can estimate

sup [[t" AT (t)z]| < sup [[tTTARTIT(E/2) ) ox 1Y AT(8/2)z]| < Cllzl by a00)-
0<t<1 0<t<1

(ii) It is clear that, if z € Dy(a, 00) and T' > 0, then the function s — ||AT(s)z| belongs to
t
LY((0,T)), so that, by Proposition 9.2.7(ii), T'(t)r —z = / AT (s)zds for every t € [0, 1].
0
From this formula we deduce easily that

(10.10) 17z — 2l < 0 alpy@eot® ¢ €01,
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and Proposition 9.2.7(iii) shows that D4(«, 00) < D(A). Moreover, from the definition
of the space D («a,00), it follows also that D(A) — Dy(a, 00) < D (B, 0) for every
0<B<a<l

Actually, condition (10.10) provides us with an equivalent characterization of the interpo-
lation space D 4(a, 00), as the following proposition shows.

Proposition 10.2.3. For every a € (0,1) the equality

Da(e,00) = { € X : [[#llpy(ae) = sup 1IT(0)r ~ ] < oo}

holds, and the norm x + [|z|| + [[z]]p, (a,00) 5 equivalent to the norm of Da(a,00).

Proof. In view of the remark above, we just need to show that, if [[2]]p,(a,0c) < 00, then
r € Da(a,00) and [2]p ,(a,00) < Cl[T]]D 4 (a,00) for some positive constant C, independent of
x. For this purpose, we fix z € X such that [[z]]p, (a,0c) < 00 and write

t t
AT (t)z = AT(t)% / (& — T(s)z)ds + T(t)%A / T(s)wds
0 0
for t € (0,1]. Then,
¢ _
|t AT(t)z|| gtlaﬂ{le/‘saHI%zsyxuds4—ﬂ4thauixtyz—-xu
0

t2 S

M1 E
12 Hx]]DA(OI,OO) 0 S d5+MO,1HxHDA(a,oo)

M1
(T4 + 0 )[4l

Stl*&

and the assertion follows. O

As a corollary of the previous proposition, we obtain another characterization of the
interpolation space D 4(a, 00).

Corollary 10.2.4. The function t — T(t)x belongs to C*([0,1]; X) if and only if © €
Da(a,00). In this case, it belongs to C*([0,T; X) for every T' > 0.

Proof. Since T'(0)x = x, it is clear that, if the function ¢ — T'(t)z is a-Ho6lder continuous in
[0,1], then € Da(a, 00).
Let us suppose that z € D(«, o) and fix s,t € [0,1] with ¢ > s. Then

IT(#)x = T(s)xl| =[T(s)(T(t = s)z — )| < [T ()| IT(E = s)z — x|
SMOJ[[J;HDA(O(,OO) (t - s)a’

so that the function t — T'(t)x belongs to C*([0, 1]; X).
The last part of the proof is left to the reader as an exercise (see Exercise 10.4.3). O

Next, we prove the following remarkable property of the interpolation space D 4(c, 00).
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Proposition 10.2.5. For every xz € D(A) it holds that [z]p , (a,00) < M&1M115°‘||A:n|]a||:n||1_a.
As a consequence, for every T >0 and n € N, it follows that

(10.11) sup [[t" T AT (1)l £(x,D.a (a,00)) < OO
0<t<T

Proof. Fix x € D(A) and t € (0,1]. Then, we can estimate
[t~ AT (t)|| < Mot' = Az]), [t~ AT (t)z]| < Myat™|z].
Combining these two estimates, we deduce that
[t~ AT(t) ]| < (Moat' ™| Az ) (Myat™|l2l)' ™ = Mg My 1% Az |||~

Taking the supremum over (0, 1], the first part of the assertion follows.

Applying the estimate [z]p ,(a,00) < M&MifaHAxH“Hle*a with z being replaced with
T'(t)z, which belongs to D(A) for every ¢ > 0 and = € X, we obtain
(10.12)

_ _ Cr
1Tl Da(eoe) < Mt MiT AT (]| T ()]~ + Mol < <o el t € (0,77.

Finally, writing [[A"T(t)2[/p,(a,e0) < AT E/2)ll2x)IT(t/2)2] D4 (a,00) fOr £ > 0 and
n € N and using Remark 9.2.3, we complete the proof. O

Proposition 10.2.5, shows that the norm of D(«,c0) can be interpolated between the
norms of X and D(A). More precisely, there exists a positive constant C, independent of
z, such that [[z[|p ,(a,00) < C||x|]%(A)Hx||1_a for every x € D(A). This amounts to say that
D (a,00) is a space of class J, between X and D(A), according to the following definition.
Definition 10.2.6. Let X, Y, Z be three Banach spaces with Z < Y < X and let o € (0, 1).
The Banach space Y is said to be of class J, between X and Z if there exists C' > 0 such
that [|z]ly < C|lz[|%]|z] 5« for every z € Z.

As the following proposition shows, Formula (10.11) can be extended to the case when
D 4(a, 00) is replaced by a space of class J, between X and D(A).

Proposition 10.2.7. Let X, be a space of class J, between X and D(A), for some o € (0,1).
Then, for every k € NU {0} there exist constants My, o > 0 such that

Mk,a
(10.13) ”AkT(t)HL(X,Xa) < Fhta t € (0,1].

Moreover, D4(B,00) < X, for every f € (a,1).

Proof. Since ||AFT(t)z|x, < C(||AkT(t):BHD(A))O‘(||AkT(t):B||X)1_O‘ for every = € X, using
Remark 9.2.3, formula (10.13) follows easily.

A similar argument shows that ||AT(s)z|x, < CBS_H’BHiUHDA(B,oo) for every s € (0,1],
x € Da(B,00), B € (a,1) and some positive constant Cg, independent of x. Hence, writing

1
r=T(1)x — / AT (s)xds.
0
and observing that T'(1)z € D(A) — X, and

1 1
H/ AT(s)zds gcﬁuxum(ﬁm)/ 1814,
0 0

we conclude that x € X, and the embedding D 4(f, o0) — X, follows. O

@
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Remark 10.2.8. In general a space of class J, between X and D(A) may not be contained in
any interpolation space D4 (f3,00). Indeed, if X = C([0,1]), A is the realization of the second-
order derivative with homogeneous Dirichlet boundary conditions in X, i.e. D(A) = {u €
C?([0,1]) : u(0) =u(1) = 0} and Au = u” for every u € D(A), then C*([0,1]) is of class J;
between X and D(A) but there exists no 8 € (0, 1) such that C*([0,1]) C D (8, ) because
the functions in D(A) vanish at 2 = 0 and at £ = 1 and D4(f,00) C D(A) (see Remark
. Similarly, the part A, of A in X, could not be sectorial. Since D(A) — X, — X, it
follows that the function ¢ — T'(¢) is analytic in (0, 00) with values in £(X,). In particular,
the function ¢ — || T'(t)||£(x,) is bounded in bounded closed intervals contained in (0, c0), but
it could blow up as ¢ tends to 0.

To conclude this subsection, we introduce the interpolation spaces of order greater than
one.

Definition 10.2.9. For every k € N and a € (0,1) we set D4(k + a,00) = {x € D(AF) :
Ak € Da(a,00)}, endowed with the norm @ — [|#||p, (k-+a.00) = |zl peary + [A*2] D 1 (a,00)-

It is easy to check that D4(k + o, 00) are Banach spaces (see Exercise 10.4.1). Moreover,
from Corollary 10.2.4 it follows that the function ¢ — w(t) := T'(¢t)z belongs to the space
C([0,T]; D(A)) for every T' > 0 if and only if x belongs to D4(« + 1,00). Similarly, since
4T (t)x = T(t)Az for z € D(A), u belongs to C1+([0,1]; X) (and then to C**([0,T]; X)
for all ' > 0) if and only if z belongs to D4(a + 1,00).

Let us denote by A, the part of A in Dy(a,00) (a € (0,1)), i.e., the operator A, :
Dj(a+1,00) = Dy(a,00), defined by A,z = Ax for every z € Dy(a + 1,00), is a sectorial
operator as the following proposition shows.

Proposition 10.2.10. For o € (0, 1) the resolvent set of A, contains p(A), R(X, Ay) is the
restriction of R(\, A) to Da(a,00), and the inequality || R(A, Aa)ll£(D4(a,00)) < 1RO Al 2ix)
holds for every X\ € p(A). In particular, Ay is a sectorial operator and the associated semi-
group is the restriction of T'(t) to D4(a, 00).

Proof. Fix A € p(A) and z € Dg(a,00). The resolvent equation Ay — Ay = z has a unique
solution y € D(A). Since D(A) C Da(a, ), Ay belongs to D4 (a, 00), so that y = R(\, A)x €
Da(a+ 1,00). Moreover for ¢ € (0, 1], we can estimate

[t~ AT (R, A)z|| = | RO\, At AT ()| < RO\, A)ll oo £ AT (t)z]|

and conclude that [R(/\,A)a:]DA(ayoo) <R, Al 2x) [JT]DA(a,oo)- Hence, HR()\,AQ)HE(DA(O@OO)) <
[ R(\, A)|lz(x) and this is enough to conclude that A, is a sectorial operator. O

10.2.2 Existence of a solution of the Cauchy problem (10.1)

To begin with, we observe that, if problem (10.1) admits a strict (resp. classical) solution,
then z € D(A) and Az + f(0) € D(A) (resp. z € D(A)).
As in the case when A is the generator of a strongly continuous semigroup, we can prove

that the classical solution to problem (10.1) is unique, if it exists.

Proposition 10.2.11. Fiz f € C([0,T]; X) and x € D(A). If u is a classical solution to the
Cauchy problem (10.1), then

(10.14) u(t) =T(t)r + /tT(t —s)f(s)ds, t €10,7).
0



10.2. THE CASE WHEN A IS A SECTORIAL OPERATOR 117

Proof. The assertion can be obtained arguing as in the proof of Proposition 10.1.1 with a slight
change that we illustrate here. As in the proof of the quoted proposition, for every ¢ € (0, 7]
we introduce the same function w : [0,¢] — X, which, now, is continuously differentiable only
in (0,t) and w'(s) = T(t — s)f(s) for every s € (0,t). Integrating the previous formula in
[e,t — €] and, then, letting e tend to 07, we get the assertion. O

In view of Proposition 10.2.11 the problem of the existence of a classical or strict solution
to problem (10.1) is reduced to the problem of the regularity of the mild solution. In general,
even for x = 0 the continuity of f is not sufficient to guarantee that the mild solution is
classical. Trying to show that u(t) € D(A) by estimating ||AT(t — s) f(s)]| is useless, because
AT (t —8)f(s)]| < C|f]loo(t —s)~! and this is not sufficient to make the integral convergent.
More sophisticated arguments, such as in the proof of Proposition 9.2.7(ii), do not work (see
Exercise 10.4.7 for a rigorous counterexample).

Without any further regularity assumption on f besides its continuity in [0, 7] with values
in X, the integral term in the mild solution u to problem (10.1) may not be differentiable in
(0,T]. Nevertheless, it is much smoother than in the case {T'(t)} is merely a Cp-semigroup:
in fact, for every a € (0,1), u belongs to the space C*([0,T]; X) of all a-Holder continuous
functions v : [0,T] — X, endowed with the norm |[v{|ca(jo,7):x) = [[V[lec + [V]ce (0,17, x), Where

|v(t) —v(s)|
Ol e Xy = Sup —7———.
[v]ca(o.17:x) s
t#s

Proposition 10.2.12. Let f € C([0,T]; X). Then, the function

o(t) = (T() = f)(t) == /0 T(t-s)f(s)ds,  te0,T],

belongs to C*([0,T]; X) for every o € (0,1), and there exists a positive constant C = C(«,T)
such that

(10.15) [vllceo,r1:x) < Cllflleqor):x)-
Proof. A straightforward computation shows that
(10.16) lo()]| < Mozt flloo, t 10,77,

so that v is bounded in [0,7] with values in X. Moreover, using Proposition 9.2.7, for
0<s<t<T we can split

v(t) —v(s) = /08 (T(t—0)—T(s—0)) f(o)do + / T(t—o)f(o)do
_ /0 do [ artr)foyar + [ T - 0)f(0)do

—0 S

and estimate

s t—o dr
o) = o)l <Drll e [ do [ Myl ol =9
5 do

t—o 1
<Mlfle | 2 [ st Mol (e =)
0 (s—0)* /s T

—0
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MITTlfa
(10.17) < m(t_S) + Mo t_s) Hf”007

so that v is a-Hélder continuous. Combining (10.16) and (10.17), estimate (10.15) follows. [

Proposition 10.1.4 can be written, with no differences in the proof, also for classical solu-
tions. More precisely,

Proposition 10.2.13. Let u be the mild solution to (10.1) corresponding to x € D(A) and
f€C(0,T]; X). Then, u is the classical solution of the Cauchy problem (10.1) if and only
if u € C((0,T); D(A)) or, equivalently, if and only if u € C*((0,T]; X).

We can now give two sufficient conditions for the existence of a classical or strict solution
to problem (10.1). For this purpose, for every Banach space Y we denote by B([0,T];Y") the
space of all bounded functions f: [0,7] — Y.

Theorem 10.2.14 (Time regularity). Let x € X, f € C*([0,T]; X) for some o € (0,1)
and let u be the mild solution to problem (10.1). Then, u belongs to C*([e,T]; D(A)) N
Cl*e([e, T); X), for every e € (0,T), and the following statements hold:

(i) if x € D(A), then u is the classical solution to (10.1);

(ii) ifx € D(A) and Az + f(0) € D(A), then u is a strict solution to (10.1) and there exists
a positive constant C, independent of x and f, such that

(10.18) wllero,mx) + elleqo,m;piay < CUlzlipeay + I fllcaorx))-
(iii) if x € D(A) and Az + f(0) € Da(a,00), then v’ and Au belong to C*([0,T]; X), v’

belongs to B([0,T]; Da(c,00)), and there exists a positive constant C, independent of x
and f, such that

Jull crvepo,ry,x) + AUl cao,71,x) + 114 B(j0,77; D4 (0,00))
(10.19) <C([Ifllceqorx) + 1zl peay + 1Az + f(O) | 4(a00))-

Proof. To begin with, for every ¢ € [0,T] we split u(t) = u1(t) + uz2(t), where

u (t) = /0 T(t—s)(f(s) — f(t))ds, ug(t) = T(t)z + /O T(t—s)f(t)ds.

Both u;(t) and ua(t) belong to D(A) for every ¢t € (0,7]. Indeed, ua(t) belongs to D(A) in
view of Proposition 9.2.7. On the other hand, since f is a-Hélder continuous in [0, 7], we can
estimate [|AT(t — s)(f(s) — f(t))]| < Myt — s)* [ flca(o,r).x) for every s € [0,1), so that
the function s — T'(t — s)(f(s) — f(t)) is integrable with values in D(A). This is enough to
infer that ui(t) € D(A) for every t € [0,T].

Further, we observe that

Au (t) = /0 AT(t— 5)(f(s) — F()ds,  Aun(t) = AT(t)a + (T(t) — 1) f(t)

for every ¢ € (0,T] (actually, the first formula holds true also with ¢ = 0).
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Analysis of the function Auy. Clearly, we can estimate
(10.20) [Aw ()] < 0 Mug T [ flogorny. € [0.7].

Moreover, for s,t € [0,T], with s < t, we can write
Auq(t) — Aui(s) = /OS (AT(t — o) — AT(s —0)) (f(o) — f(s))do
+ [ AT —o)(f(5) ~ f0)do + [ AT(t-0)(7(0) ~ F(t))do
0 S

N /0 do [ A2T(r)(f(o) — f(s))d

—0

()~ T(t - ) (f(s) — F(1) + / AT(t - 0)(f(0) - f(1))do,

so that

t—o

| Auy(t) — Aui(s)|| <M2,T[f]cvc([o,:r];x)/0 (s — U)adﬂ/ T 2dr

%

t
+ 2Mo,7(flce (o) (t — 8) + M7 floe(o,1);x) / (t—0)* 'do

S t—o
SMQ,T[f]Ca([o,T];X)/O dU/ T2 dr

+ (2Mo,r + Mypa™")[floe(o.rx) (t — $)°

My Mir a
(10.21) < <a(1—a) +2Mor + — ) [fleeoyx)(t — ).

Then, Au; is a-Hoélder continuous in [0, T]. From estimates (10.20) and (10.21) it follows that

(10.22) | Aut l|ce(o,11:x) < C1ll fllceo,m7:x)

for some positive constant ', independent of f.
Finally, we prove that Au; is bounded in [0, 7] with values in D 4(c, 00). For this purpose,
we fix ¢ € (0,7T] and observe that

sup [|€ T AT () Aua ()] < sup €7 /0 APT(t+€ = 5)(f(s) — f(t))ds

£e(0,1] £€(0,1]

t
<M1 y1(floe(om;:x) sup 51_O‘/ (t—s)*(t+&—5)"2ds
£€(0,1] 0

SMQ,T-I—l[f]COL([O,T];X)/O O‘a(O' + 1)_2d0.

Hence, Auj(t) belongs to Da(a, 00) and there exists a positive constant Cs, independent of ¢
and f, such that

(10.23) [Aur (0] D s (a,00) < Collf llce(o,11:) t € [0,T].
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Analysis of the function Aus. To begin with, we prove that Aus is a-Holder continuous
in [¢,T] with values in X for every ¢ € (0,7"). For this purpose, we fix such an ¢ € (0,7).
Clearly, the function ¢t — AT (t)x is a-Holder continuous in [, T since it is differentiable in
(0,00), due to Theorem 9.2.2. Further,

() = D f(t) = (T(s) = Df () <T@ f(&) =T@)f(s) + 1T () f(s) = T(s)f ()]
+ 17 (s) = F@DI

t
<Mo1[floeo,r:x)|t — 5% + Ml,T”f”oo€a/ o tdo

+ [fleeo,m:x)lt — s|*
< (Mo,r[flee(o.ryx) + o "Mzl flloce™ + 1) (t — 5)*

for every s,t € [e,T], with s < t. Hence, Aug is a-Hdlder continuous in [g, T1.

Let us now suppose that x € D(A) with Az + f(0) € D(A). Then, we can split Aus(t) =
T(t)(Az+ f(0)) +T(t)(f(t) — f(0)) — f(t) for every t € [0, T]. From the previous formula, it
follows immediately that the function Aus is continuous also at ¢ = 0. Moreover,

(10.24) [ Auzlleo,ry;x) < Mo ([ Az + F(O) 4 2[[fllco,r1:x))-

Next, we observe that the function ¢ — T'(¢)(f(t) — f(0)) is a-Holder continuous in [0, T
with values in X. Indeed,

IT@)(f(8) = f(0)) = T(s)(f(s) = F(O)
<I(T(#) = T(s))(f(s) = FONI + T @) (S () = Fs)]

tdo
<Mizlfleaqorx)s® | — + Mozlfloa(oryx)t =)

s

t
<My [ floeo,m:x) / oo + Moz[floe(o.1y:x)(t — 5)*

M
S( ;T + My T> (t = 5)*[flca(o,m:x)

for every s,t € [0,T] such that s < t. Hence, Aug is a-Hélder continuous in [0, 7] if and only
if Az + f(0) € Da(a,00). In such a case,

(10.25) | Aualcao,r1,x) < C3([[A7 + f(0)||D4u(a,00) + 1 lce(om:x))

for some positive constant C3, independent of f and z, as all the other forthcoming constants.
Finally, we observe that the function Aus+ f is bounded in [0, 7] with values in D 4(«, 00).
For this purpose, we fix t € [0,7] and observe that

1€ AT (&) (Aua(t) + f(1))]
<||€TCAT(t + €)(Az + f(0)) + €17 AT (¢ + ) (f(£) — f(0)l]
<Mor[Az + f(0)]p,(a00) + Mirs1[floe(ox)E*(t + &)1t
<Mo,r[Az + f(0)]p 4 (a00) + M1,r41[floe(o,17:%)
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for every £ € (0,1]. This shows that Aua(t) + f(t) belongs to Da(a,00). The previous
estimate, combined with (10.25) shows that

(10.26) up. [Aua(t) + F() D 4(ao0) < CalllAz + f(0)l D4 (aso0) + I lco(ro,m15x))-

We can now complete the proof. First of all, we observe that since the function t — T'(t)z
is differentiable in (0, 00), then it belongs to C*([e, T]; X'). This, combined with Proposition
10.2.12, shows that v € C%([e, T]; X) for every € € (0,T). Moreover, the results of the first
part of the proof show that Au € C%([e,T]; X) so that u € C%([e,T]; D(A)). Proposition
10.2.13 allows us to conclude that u is differentiable in (0, 7] with values in X and v’ = Au+ f
in (0,7]. It thus follows that v’ € C*([e, T]; X) as well.

(i) Since x € D(A), Propositions 9.2.5 and 10.2.12 show that v € C([0,7]; X) and u(0) =
x. By this and the above results, we conclude that u is a classical solution to the Cauchy
problem (10.1).

(ii) If 2 € D(A) and Az + f(0) € D(A), then the functions Au; and Aus are continuous
in [0, 77, so that Au € C([0,T]; X). Moreover, from (10.22) and (10.24) it follows that

(10.27) [Aulleo,r:x) < Cs(llzll peay + [ fllceo,m:x))

Moreover, since D(A) C Dy (a, 00), combining Corollary 10.2.4 and Proposition 10.2.12 we
conclude that v € C*([0,77]; X) and

(10.28) lullceo,m;pa)) < Colllzllpeay + I fllego.m:x))-

Proposition 10.1.4 implies that u is a strict solution to the Cauchy problem (10.1). Moreover,
estimates (10.27) and (10.28) yield (10.18).

(iii) If z € D(A) and Az+ f(0) € Da(a, 00), then clearly, the function u is a strict solution
to problem (10.1). Moreover, the functions Au; and Aug belong to C*([0,T]; X) so that Au
and, by difference, u’ belong to C*([0,T]; X). Finally, since Au; and Aug + f are bounded
in [0,7] with values in Dy (a,o0), the function v/ = Auy + Aus + f is bounded in [0, 7]
with values in D 4(a, 00). Estimate (10.19) follows from (10.22), (10.23), (10.25), (10.26) and
(10.28). O

Remark 10.2.15. The first part of the proof of Theorem 10.2.14 shows that the condition
Az + f(0) € Da(a,00) is also necessary for problem (10.1) to have a solution u with Au €
C([0,T]; X). If this condition is satisfied, then Au(t) + f(¢) belongs to D 4(«, o0) for every
te0,T].

Theorem 10.2.16 (Spatial regularity). For every f € C([0,7]; X) N B([0,T]; Da(c, 0))
(for some o € (0,1)) and x € X, the mild solution to (10.1) belongs to C*((0,T]; X) N
C((0,T]; D(A)) and is locally bounded in (0,T] with values in D4(a+ 1,00). Moreover, the
following properties hold true.

(i) If x € D(A), then w is the classical solution of (10.1);

(ii) If x € D(A), Az € D(A), then u is the strict solution of (10.1);

(i) If x € Da(a+ 1,00), then u' and Au belong to B([0,T]; Da(a,00)) NC([0,T]; X), Au
belongs to C*([0,T]; X), and there exists a positive constant C, independent of x and f,
such that

4| B(j0,79; D4 (@00)) + 1A% B0, 7704 (a,00)) T 1Al o (fo,77:x)
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(10.29) <C(If11B(0,7):D a(s00)) T 12D s (,00))-

Proof. We split u(t) = T'(t)x + v(t) for every ¢t € [0,T] and analyze in details the function v.
Analysis of v. For notational convenience, for every 7 > 0, we set

Mk,a,‘r = Ssup Htk_aAkT(t)HC(DA(a,oo),X)v k=12
o<t<r

Let us prove that v € C*([0,7]; D(A)). By Proposition 10.2.12, we already know that
v e C*([0,T]; X). Moreover, since [|AT(t — 5)f(s)]] < Mia1(t — $)* I fl B(lo,17:D4(c00) fOr
every s € (0,t) and every ¢t € (0,7, it follows immediately that v(t) belongs to D(A) for
every t € [0,7] and

(10.30) [Av(t)|| < & " T*My o7 Il B(0.17:D 4 (000)-

Next, we observe that

+ HA/:T(t _ o) f(o)do

[ Av(t) — Av(s)]| SHA/ (T(t — o) — T(s — 0)) f(o)do
0
S t—o t
SEECELNCES) (Mz,a,T / do / 27 4 Mo / (t— U)O‘_lda>
0 s—o s

MQ,a,T Ml,a,T a
030 <L D) ) 10000

for every s,t € [0,T], with s < ¢. Hence, Av is a-Hélder continuous in [0,7]. From (10.15),
(10.30) and (10.31) we deduce that

(10.32) vl ceo,m1:p04)) < CrllflB([0,7):D 4 (000))

for some positive constant C'1, independent of f.
Finally, to prove that Av is bounded in [0, 7] with values in D4 (a, 00), we fix £ € (0, 1]
and estimate

lg' = AT (€) Av(t)]| =€~

/Ot AT(t+ & —5)f(s)ds

t
SMz,a,THHf!B([o,T];DA(a,oo))fl_a/o (t+&— )" 2ds

M.
< 2,a,T+1

10.
(10.33) <

111 B((0,71;D.4 (0,00))-
Taking the supremm with respect to £ € (0, 1], we conclude that Av € B([0,T]; Da(«a, 00)).
Moreover, estimates (10.30) and (10.33) show that

(10.34) 1AV B(j0,11;D a(a,00)) < C2ll I B(j0,71;D 4 (ct,00))

for some positive constant Co, independent of f.

We can now complete the proof. If x € X, then we know from Theorem 9.2.2 that
the function t — T'(t)z belongs to C((0,T]; D(A?)). Hence, the function u itself belongs to
C((0,T); D(A)) and Proposition 10.2.13 shows that it belongs also to C'((0,T]; X), Since
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D(A?) < Dy(a + 1,00), it also follows that u is locally bounded in (0, 7] with values in
Da(a+1,00).

(1) Since the function v is continuous at 0, where it vanishes, and the function ¢t — T'(t)x
is continuous at t = 0, since © € D(A) (see Proposition 9.2.5), u is continuous at ¢ = 0, and
u(0) = x. Hence, u is a classical solution to problem (10.1).

(ii) If z € D(A) and Az € D(A), then the function t — T'(t)z belongs to C([0,T]; D(A)),
so that u belongs to C([0,7]; D(A)) as well. By Proposition 10.2.13, u belongs also to
C1([0,T]; X) and is a strict solution to the Cauchy problem (10.1).

(iii) If z € Da(a + 1,00), then, clearly, u is the strict solution to the equation (10.1).
Moreover, the function t — AT (t)x = T'(t) Az is a-Holder continuous in [0, T'] due to Corollary
10.2.4. It is also bounded in [0, 7] with values in D (e, 00). As a byproduct, we infer that
the function ¢t — T'(t)z is a-Holder continuous in [0, 7] with values in D(A) and bounded in
[0, 7] with values in Dg(a + 1,00). The assertion follows immediately, taking also (10.32)
and (10.34) into account. O

Remark 10.2.17. The results proved in Theorems 10.2.14 and 10.2.16 can be applied also
to Cauchy problems set in intervals [a,b] # [0,T]. It suffices to shift the time variable to
transform the problem in an equivalent problem set in the interval [0,b — a]. In particular,
the mild solution to the initial value problem u(a) = x for the equation v’ = Au+ f in (a,b)
is given, when f € C([a,b]; X), by

u(t) =Tt —a)x + / T(t—s)f(s)ds, t € la,b].

10.3 Notes

It is worth observing that, by adopting the definition in Proposition 10.2.3, the interpolation
spaces D 4(a, 00) can be defined also in the case of strongly continuous semigroups. In this
case, they are also known as Favard spaces (see [6, Chapter II, 5.b]).

10.4 Exercises
Exercise 10.4.1. Show that, for every a € (0,00) \ N, D4(c, 00) is a Banach space.
Exercise 10.4.2. Fix a € (0,1).

(a) Prove that x € Da(a,00) if and only if [z];, = supic(q |1 AT (t)x|| < oo for some
7 > 0, and that the norm of D 4(«, c0) is equivalent to the norm x — ||z|| + [x]’[)A(a7oo).

(b) Prove that, if w < 0 in Definition 9.2.1 then D 4(«, 00) is the set of z € X such that ||z|, =
sup, 11 AT (t)z|| < 0o}, and that x ~ ||z||4 is an equivalent norm in D (v, 00). What
about w = 07

Exercise 10.4.3. Fix T'> 1 and = € D4(a, 00) for some a € (0,1). Prove that the function
t — T(t)x belongs to C*([0,T]; X) and there exists a positive constant C, independent of z,
such that ||T'(:)z|lce(o,71)) < Cllzll D4y (a,00)-
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Exercise 10.4.4. Show that the closure of D(A) in D(«, 00) is the subspace of all x € X
such that lim; ,ot'"*AT(t)x = 0. This implies that, even if D(A) is dense in X, it is not
necessarily dense in D 4(«, 00).

[Hint: to prove that T'(t)z — x tends to zero in D4 («, o) provided ¢!~ AT(t)x vanishes as t
tends to 0, split the sup over (0,1] in the definition of [-]p, (a,cc) into the sup over (0, and
over [e, 1], for £ small].

Exercise 10.4.5. Prove that D(A) is of class .J; 5 between X and D(A?).
[Hint: If w = 0, then use formula (9.12) to get ||[Ax| < M||z||/t + Mt| A%z|| for each ¢t > 0
and then take the minimum for ¢ € (0,00). If w > 0, then replace A by A —wI...].

Exercise 10.4.6. (a) Following the proof of Proposition 10.2.5, show that D4(c, 00) is of
class J, /9 between X and D (0, 00), for every 0 < a < 6 < 1.

b) Show that any space of class J, between X and D(A) is of class J, /9 between X and
/
D (6, 00), for every 0 € (o, 1).

(c) Using (a), prove that every function which is continuous with values in X and bounded
with values in D4 (6, 00) in an interval [a, ], is also continuous with values in D 4(«, 00)
in [a,b], for a < 6.

Exercise 10.4.7. Let f € C,((0,7); X) (the set of bounded and continuous functions f :

(0,T) — X, endowed with the sup-norm), set v = (T'(-) * f) and let X, be a space of class J,

between X and D(A) (a € (0,1)). Using estimates (10.11) and (10.12), and the technique of

Proposition 10.2.12 prove that

(a) v e B([0,T]; Xa) and [lu] p(o,r1;x0) < Cr(@)]|floo;

(b) v e Ct72([0,T]; Xa) and [[v]lca(o,yxa) < Co(@)[flloo-

Exercise 10.4.8. Let a € (0,1) and a < b € R. Prove that if a function u belongs to
C**([a,b]; X) N C%([a,b]; D(A)) then v’ is bounded in [a, b] with values in D(a, 00).
[Hint: set ug = u(a), f(t) = u'(t) — Au(t), and use Theorem 10.2.14(iii) and Remark 10.2.15].
Exercise 10.4.9. For p € [1,00), consider the sectorial operator A, : D(Ap) = {(z,) € 7 :
(nxy,) € P} — (P, defined by Ay(xzy,) = —(nz,) for every (z,) € D(A ). Prove that there
exists at least a function f € C([0, T; ¢7) such that the mild solution v of (10.1) corresponding
to the initial value z = 0 is not a strict solution.

[Hint: By contradiction, suppose that for every f € C([0,1];¢P) the mild solution to the
Cauchy problem (10.1) is a strict solution.

(i) Use the closed graph theorem to show that the linear operator S : C([0,1];¢?) —
t

C([0,1]; D(Ap)), defined by S(t)f = / T(t — s)f(s)ds for every t € [0,1] and f €
0

C([0,1];¢7), where {T'(t)} is the analytic semigroup associated with operator A,, is

bounded.

(ii) Let (e,) be the canonical basis of /P and consider a nonzero continuous function g :
[0,00) — [0, 1] with support contained in [1/2,1]. For every n € N and ¢ € [0,1], set
fu(t) = g(2™(1 — t))ean. Prove that f, € C([0,1];¢P) and || fn|lcc < 1. Further, set
hny = fi+ -+ fn and prove that hy € C([0,1];¢,) with ||hAn|lec < 1.

(iii) Show that S(1)f, = 2 "egn where ¢ = [* e *g(s)ds and deduce that ||S(1)hn /| pea,) >
cN'/P (this implies that S(1) is unbounded, contradicting (i)).]
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Lecture 11

A remarkable example: the
Gauss-Weierstrass semigroup

In this lecture, we discuss a notable example of analytic semigroup: the so-called Gauss-
Weierstrass semigroup, which is naturally associated to the heat equation. We confine our
analysis to the space Cy(R%; C) of all bounded and continuous complex-valued functions over
R?. We stress that the Gauss-Weierstrass semigroup is analytic also in the usual LP-spaces
over R? for p € [1,00).

11.1 Heat equation

In this section, we consider the homogeneous Cauchy problem

(11.1) { Dyu(t,z) = Au(t,z), t>0, zeR%

U(O,l’) = f(l‘), HAES Rdy
where Au denotes the trace of the Hessian matrix of u, i.e.,
d
62
Au = .
8$
J=1

The Laplacian A is the prototype of a uniformly elliptic operator with bounded coefficients
in R? and it has the peculiarity that, for every f € Cy(R%; C), there exists an explicit formula
for the classical solution (see the forthcoming Definition [11.1.1]).

In this lecture we will use also the space Cf(R%; C) (a > 0) of all the functions f : R? — C
which are bounded and admit bounded derivatives up to the order [a] and their derivatives
of order [a] are (a — [a])-Hélder continuous in R? (if a ¢ N). This is a Banach space when
endowed with the norm

1l corac) =
181<[a]

85f
> lol.r % o

> [5:4]
\m o Co-lolREC)

where [g]ca- (o (ga,c) = Sup {% z,y €RY, x # y}
Following the definition of classical solution of abstract Cauchy problems introduced in

Lecture 10, we give the following definition.

125
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Definition 11.1.1. A function u : [0,00) x R? — R is a classical solution to problem
if (1) v € C(]0,00) x R%;C), (ii) it is continuously differentiable in (0,00) x R%, once with
respect to the time variable and twice with respect to the spatial variables, (iii) it satisfies
the differential equation and the initial condition in .

We now introduce the so-called fundamental solution to the differential equation in (11.1]),
i.e., the function K : (0,00) x R? — R defined by

w|2

|
(11.2) K(t,x) = (47rt)_ge_ at t>0, z€RY,
and study its main properties.

Lemma 11.1.2. The following properties are satisfied.
() K € C((0,50) x R%R);

(ii) K(t,x)dx =1 for allt > 0;
Rd

(ii) D;K(t,z) = —%K(t,x) for all (t,z) € (0,00) x R%;

— H)K(tx) for all (t,x) € (0,00) X Rd;

(v) DiK(t,x) = AK(t,x) for all (t,z) € (0,00) x R,

Proof. We limit ourselves to proving property (v), since the remaining ones are straightfor-
ward to prove.
From property (iv) it follows that

T 2
AK(t,x) = <|4t|2 — i) K(t,z), (t,z) € (0,00) x R%.

On the other hand,

o2 2 22 2 d
l%}(@,m)::cK4Wﬂ_g_12we_4L+(4Wﬂ_gt326_éu: (Eiz2t>}(@,x)

for all (t,z) € (0,00) x R%. Property (v) follows at once. O

Now, we can prove the existence and uniqueness of a classical solution to the Cauchy
problem ([11.1)).

Theorem 11.1.3. For each f € Cy(R%; C), the Cauchy problem (I1.1)) has a unique classical
solution u given by the following formula:
f(a), t=0, zeR
(11.3) u(t,z) =
K(t,x —y)f(y)dy, t>0, zeR%.
R4

Moreover, ||u(t,-)||co < || flloco for all t > 0.



11.1. HEAT EQUATION 127
Proof. To begin with, we observe that, if u is given by (11.3)), then
uta)| <l [ Ko =y = Ifloe [ Kty =1l (t2) € (0.50) xR,

by property (ii) in Lemma It thus follows that [|u(t, )||cc < ||f|loo for all t > 0 as
claimed.

Next, we observe that, since K € C*®((0,00) x R%R) (see Lemma (i)), by the
dominated convergence theorem we conclude that u € C°((0,00) x R%C), see Exercise

11.4.1} and

Dyu(t, z) — Au(t, z) = /Rd(DtK(t, r—y)—AK(t,z —y))f(y)dy =0

for every (t,z) € (0,00) x R?, thanks to Lemma [11.1.2{(v).
To prove that u is a classical solution to problem ((11.1)) we need to show that u is contin-

uous on {0} x R? where it equals the function f. For this purpose, we fix ¢ > 0 and, using
the fact that [, K(t,2)dz =1 for all t > 0, we split

utt.o) = fa) =| [ Kttty = [ Kooy
< [ K== sl dy
< [ Kl - = @] dy-+11@) - flao)

for x, 29 € RY. By the change of variable z = y/v/t we can rewrite

/ K(t, )| f(x —y) — f(x)|dy =(dm) / e |f (e - ViEz) - f(2)|d=
Rd Rd

2|2

—(4m) 8 /B & U= VE) — f@lis
[ el vE) - fa)is
R\ B(0,r)

2
£

<(4m)~4 / 5 (@ - VEz) — f(2)dz
B(0,r)

(11.4) + 2(4W)—§Hfuoo/ s

R4\ B(0,r)

for each r > 0. Fix € > 0. By the absolutely continuity of the measure e~1#/ 4dz, we can find
out rg > 0 such that

2|2

2(4m) 4 f / ez <

R4\ B(0,r0)

DN ™

As far as the first term in the last side of (11.4)) is concerned, we notice that since f
is continuous in R? it is uniformly continuous in each compact set K of R?. Hence, if

x € B(zo,1), 2 € B(0,79) and t < 1, then both  — /tz and x belong to K = B(0, M)
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where M = |xg| + 1+ rg. Let § > 0 be such that |f(z2) — f(z1)] < /2 if 21,20 € K satisfy
|20 — 21] < 6. If t < tg:= 621y 2, then |f(x — V/t2) — f(z)| < /2 for all x € B(zg, 1), so that

z 2 z 2
(47)~3 / ez — Viz) — fla)|dz <S(4m)~3 / e dz
B(0,70) 2 B(0,r0)
€ d || €
<-— T2 - = —
_2(47r) 2 /Rd e 4 dz 5
and we conclude that |u(t,z) — f(zo)| < e+ |f(z) — f(zo)]| for every (¢,x) € (0, %] X B(xo, 1).

It thus follows that

limsup [u(t,z) — f(zo)| < ¢
(t,2)—(0,z0)

and the arbitrariness of ¢ > 0 implies that u(t,z) tends to f(xo) as (¢, x) tends to (0, xz).
To complete the proof, we show the uniqueness of the classical solution to the Cauchy
problem . For this purpose, we introduce the ” Lyapunov” function ¢ : R¢ — R, defined
by ¢(z) = 1+ |z|? for every z € R% As it is easily seen, Ap(z) = 2d < 2dyp(z) for every
x € R?. Suppose that v is another classical solution to the Cauchy problem . Then, the
function w = u — v satisfies the heat equation Dyw = Aw in (0,00) x R? and it identically
vanishes at ¢ = 0. Let us prove that w identically vanishes on [0, 00) X R?. Separating real
and imaginary parts of w, we can assume that w is a real-valued function. For every n € N,
we consider the function ¢, : [0,00) x R? — R defined by ¢, (t,z) = e 2%w(t,z) — n~tp(x)
for every (t,z) € [0,00) x R%. This function is negative on {0} x R%. Moreover, it satisfies
the differential inequality D¢, < A, — 2d(, in (0,00) x RZ. Fix T > 0 and observe that,
since () tends to oo as [z| tends to oo, it follows that sup;cjo 17 Cn(t, ) tends to —oo as |z
tends to co. Hence, ¢, admits maximum at some point (¢, ) € [0, T] x RZ. Denote by (t,, x,)
a point where (,, achieves it maximum value. If #,, = 0, then ¢, is negative on [0, 7] x R
Suppose that ¢, > 0. Then, the Hessian matrix of (, is negative definite at (¢, z,), so
that AG,(tn, ) < 0. Since ¢, is a maximum point of the function (, (-, z,), it follows that
DG (tn, z) > 0. Hence, 0 < DyCp(tn, xn) < Al (tn, Tn) — 2dCn(tn, ) < —2d(p(tn, zn) and,
again, we conclude that ¢, (t,,z,) < 0 so that ¢, is non positive in [0, T] x R%. Letting n tend
to 0o, we deduce that w < 0 in [0, 7] x R%. The same arguments applied to the function —w
yields that —w < 0 in [0, 7] x R%. Tt follows that w identically vanishes in [0, T] x R?. O

Remark 11.1.4. Up to now we have just verified that formula defines the (unique)
classical solution to the Cauchy problem . A natural question is how formula
can be derived. The (formal) answer is based on the use of the Fourier transform. For each
f € LY(R?% C) N L?(R% C), the Fourier transform of f is the function F(f) defined by

o

F()E) = @m) 4 / e f(r)dn, € € RY,

—00

where (-, -) denotes the Euclidean inner product of R?. By Plancherel’s theorem, the Fourier
transform can be extended to a bounded linear operator on L?(R?; C). We recall that

F(D;f)(€) = i&F(f)(€), EeRY, j=1,....4

for every smooth enough function f. If we take the Fourier transform of both the sides of
the equation Dyu = Aw with respect to x and interchange the actions of F and the time
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derivative, then we deduce that the function u, defined by u(t,&) = (F(u(t,-)))(§) for every
t >0 and ¢ € R?, solves the Cauchy problem
{ Dy(t,§) = —[¢l*u(t,€), (¢,€) € (0,00) x R,

u(0,8) = (&), £ R
This is a Cauchy problem for an ordinary differential equation, since £ plays the role of a
parameter, and it is easy to see that

(11.5) a(t, &) = e P f(g), t>0, £€RY

To get back to u, we take the inverse Fourier transform of the right-hand side of ,
recalling that the inverse Fourier transform of the product of two functions is the convolution
of the inverse Fourier transforms of the two factors, and the inverse Fourier transform of the
function & — e ¢ is the function z — (4t)~%2e~12*/(40) for ¢ > 0.

The results in Theorem [I1.1.3] can be rephrased in the semigroup language. More pre-
cisely, if for each f € Cy(R%C) and t > 0 we set T(t)f = wu(t,-), where u is the unique
classical solution to problem , we define a semigroup of bounded linear operators in
Cy(R%; C), usually called the Gauss-Weierstrass semigroup. Indeed, the uniqueness of the
classical solution to problem for each f € Cy(R? C) shows that each operator T'(t) is
linear on Cb(Rd; C). It also implies the semigroup rule, i.e.

T(t+s)f =Tt)T(s)f, f e Cy(REC), t,s>0.

In other terms the value at time t of the classical solution of problem ((11.1)) with initial
condition T'(s) f at time zero coincides with the value at time ¢ + s of the classical solution to
problem (I1.1]) with f as initial condition at time zero. Moreover, for t > 0 and z € R?,

(11.6) (Tt)f)(x) = (47rt)*% y K(t,x —vy)f(y)dy, t>0, z€RL

Remark 11.1.5. The Gauss-Weierstrass semigroup is not strongly continuous. It turns out
that T'(t)f converges to f in Cy(R% C) as t — 0% if and only if f € BUC(R% C). Indeed,
adapting the arguments in the last part of the proof of Theorem [11.1.3] we can easily show
that, if f is uniformly continuous in R?, then T'(t)f converges uniformly in R? to f as ¢ tends
to 0F.

To prove the converse, we observe that, for every ¢ > 0, the function 7'(¢) f is continuously
differentiable in R? with bounded partial derivatives (see Exercise Hence, if T'(t)f
converges to f in Cp(R% C) ast — 07, then f belongs to the closure of C} (R%; C) in Cy(R%; C),
which is BUC(R% C). See Exercise

On the other hand, as the following theorem shows {7'(¢)} is an analytic semigroup.
Theorem 11.1.6. The Gauss- Weierstrass semigroup is analytic in Cy(R%; C).
In the proof of Theorem we will take advantage of the following lemmata.

Lemma 11.1.7. Let Q C C be an open set and let X be a complex Banach space. Further,
let {F(\): A€ Q} C L(X) be a family of linear operators satisfying the resolvent identity

FO\) = F(u) = (u— NFO)F(p),  Ape.

If the operator F(\g) is injective for some Ao € ), then there exists a closed linear operator
A:D(A) C X — X such that p(A) contains Q, and R(\, A) = F(\) for each X € Q.
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Proof. Fix \g € , and consider the operator A : D(A) = Range F(\g) — X defined by
Ar = Mx — F(X\g) 'z for every z € D(A). For /\ € Q and y € X the resolvent equation
\x — Az = y is equivalent to (A — Xo)z + F(X\g) 'z = v. Applymg F()\) to both the sides
of the previous equation, we obtain (A — X\g)F(\)z + F(A)F(X\o) "'z = F()\)y, and using the
resolvent identity it is easily seen that

F(N)F(Xo)™ = F(Xo)'F(A) = (Ao = NF(A) + 1.

Hence, if x is solution of the resolvent equation, then x = F(\)y. Let us check that x = F/(\)y
is actually a solution. In fact, (A — X\o)F(A)y + F(A\g) ' F(\)y = y, and therefore A belongs
to p(A) and the equality R(A, A) = F(A) holds. Furthermore, since {F'(\) : A € Q} C L(X),
it follows that 2 C p(A), and the closedness of A follows from Remark 1.3.3. O

Lemma 11.1.8. Let I C R be an interval and let ¢ : I x RY — C be a continuous function
such that ||t(t,-)||oo < g(t) for each t € I and some function g € L*(I;R). Then, the function

U :R? — C, defined by
= /¢(t,x)dt, z € RY,
I

18 bounded and continuous and

(11.7) (T()¥)(x) = /(T(t)z/z(s, ))(z)ds, t>0, reR%

I

Proof. The dominated convergence theorem shows that the function ¥ is well defined and
belongs to Cy(R%;C) and formula (11.7) follows from Fubini theorem. Indeed, the function
(s,y) > e~ 779/ (404 (s ) belongs to L1(I x R%: C) for each z € R%. Hence,

o) =art [ ([ oas)ay
—(4rt)” /IXRde—IJQw(s y) ds dy = (4t) S/ds/w St s,y dy

- / (Tt (s, ))(x) ds

I

[SlI=H

for t > 0 and = € R, and we are done. ]

Proof of Theorem [11.1.6. We denote by II the right-halfplane, i.e. the set of all A € C with
positive real part. For each A € II, we introduce the operator Ry defined by

(Baf)(x) = /0 TeN@@ @), xR f e CyRYO).

Observe that, by the dominated convergence theorem, Ry f is a bounded and continuous
function in R? for every f € Cy(R% C) and X € II. Moreover, R is a bounded operator for
every A as above. Finally, if f is real valued and A > 0, then R} is real valued too.

It is easily seen that {R) : A € II} is a resolvent family: indeed, taking Lemma into
account, we can show that, for every A, i € I, it holds that

(maru @) = [ (10 [T neds)wa
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= /OOO dt /OOO e MTH(T(t + 5)f)(x) ds

e(/”‘f)‘)g —1

= e " (T (o x)do Ue(“_’\)t = Ooe_U o)f)(x)——do
| era@n@as [ da = [T e @) =

— L ((Rah)@) — RS (@)

=3
for all x € R%. Let us prove that R is injective for each A\ € II. For this purpose, we fix
Ao € IT and f € Cy(RY%; C) such that Ry,f = 0. The resolvent identity proved above shows
that Ryf = 0 for each A\ € II. Since, for every z € R%, the function A — (Ryf)(z) is the
Laplace transform of the bounded and continuous function ¢ — (7'(¢) f)(x), by the uniqueness
of the Laplace transform, we conclude that (T'(t)f)(z) = 0 for all ¢ > 0. Taking t = 0 we
conclude that f(x) = 0. The arbitrariness of x € R? implies that f = 0. Hence, R) is
injective.

By Lemma it follows that there exists a closed operator A : D(A) C Cy(R%;C) —
Cy(R?; C), whose resolvent set contains the right-halfplane, and such that R()\, A) = R, for
each \ € II.

We claim that A is a sectorial operator. To check the claim, we will show that there exists
a positive constant C' such that

(11.8) RN, A)| < CINTH, A€ C, Re > 1.

Indeed, from and Proposition 9.2.8, the sectoriality of A follows at once.

We begin by observing that, for each f € Cy(R%C) and = € RY, the function ¢
(T'(t)f)(z) can be extended to the right-halfplane with a holomorphic function. Indeed, for
z € RY, the function K (-, ) : Il — C, defined by K (z,z) = (47z)~%/2e~1#1*/(42) is holomorphic
in TI. Moreover, K (z,-) € L'(R% C) for every z € IT and

/ |K (2, x)|dz = <Rez> , z e IL
R ]

(11.9) z = (T(2)f)(x) = RdK(w—y)f(y) dz

[NJisH

Hence, the function

is well defined, bounded and continuous in R?, for every z € II, as it can be easily seen again
applying the dominated convergence theorem. Moreover,

e,

IT()f e < (R> flo, eIl

2]

In particular, if for each ¥y € (0,7/2), we denote by Xy, the sector of all A € C\ {0} such
that |arg(\)| < Jo, then, from the previous estimate it follows immediately that

IT(2) flloo < [1+ (ta0(90)2)5 ]| fllos 2 € Sy

Now, we can prove (11.8]). If A = a + iy with @ > 1 and y > 0, then by Cauchy integral
theorem we have

(R(\, A))(z) = / T NI f) ) d = / e (T(2)f)(2)dz,  x€RY

0 vy
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where v(s) = s — is for every s > 0. Therefore

1RO A) flloe < 2501/ 1loc / @3 dg < 24 A f s
0

If y < 0 then one gets the same estimate replacing the curve v with the curve 4, defined by
Y(s) = s+ is for every s > 0. Estimate (I1.8) follows.

Denote by {S(t)} the analytic semigroup generated in Cj(R% C) by operator A. By
Proposition 8.2.3 it follows that, if A € C has sufficiently large real part, then

/0 T NS ) (@)t = (RO, A)f)(x) = (B f)(x) = /0 T NI £) ()t
for z € R?, i.e

/O T NSO @) — (TNt =0, xR

Again, the uniqueness of the Laplace transform implies that S(¢)f = T'(¢)f in (0,00). We
have so proved that the Gauss-Weierstrass semigroup is analytic in Cj,(R%; C). O

Remark 11.1.9. Without much effort, we can show that the sectorial operator A associated
with the Gauss-Weierstrass semigroup is an extension of the operator (A, CZ(R%; C)). Indeed,
fix f € CZ(R%C). Recalling that each operator 7'(t) commutes with the Laplacian and
integrating by parts, we get

8

(R(L, A)(f = AN H(f = Af)(x)dt

(@) = (AT(t) f)(x)) dt

() dt / T e DT ) () dt
0
A)f)(z) + fz) — (R(L, A) f)(z) = f(z)

for x € R Hence, R(1, A)(f —Af) = f. Applying the operator I — A to both the sides of the
previous equality we obtain f — Af = f — Af, i.e., Af = Af. Therefore, A is an extension
of the operator (A, CZ(R%; C)).

If d = 1, then A actually coincides with the second order derivative with C?(R;C) as
domain. On the other hand, if d > 2, then A is a proper extension of (A, CZ(R%C)). In
fact, D(A) = {u € Cy(R%C) N Wlo’f(Rd C), for all p € [1,00), and Au € Cy(R% C)} and

Au = Au for each u € D(A). The proof of the above characterization of (A4, D(A)) is beyond
the purposes of this lecture. We refer the interested reader to [12, Chapter 14].

I
E‘?c\c\gC\

11.2 The interpolation spaces D(«a,00) and Dy(a + 1,00)

In this section we characterize the interpolation spaces D 4(a, 00) and D 4(a + 1, 00).

Theorem 11.2.1. For each a € (0,1) \ {1/2} it holds that Da(a, 00) = CZ*(R%;C), with
equivalence of the respective norms.
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Proof. Throughout the proof, we denote by C' a positive constant, independent of f and ¢,
which may vary from line to line.

We begin by proving the embedding C’go‘(Rd;(C) — Dy(a,00). For this purpose, we
observe that, by a change of variable in the formula defining T'(¢) f, we can write

2
(110) (TONE) - @) = (@) [ ¥ (1= Vi)~ j@ldy. t>0, we R
Rd
for every f € Cy(R% C). Consequently, if f € C2%(R%; C), with « € (0,1/2), we can estimate
_d o “12) 120
(11.11) 7)1 = s < (@) Aot [ e oy, >0,

We claim that (11.11f) holds true also when a € (1/2,1). To prove the claim, we observe
that, replacing y by —y in (|11.10)), we can write

(1112) @O0 - f@) =@t [ e Vi - f@ay, t>0 seRt
Ra
Combining and , we conclude that

TON(E) - f@) = 50m~E [ [Fa = Vi) =26 + Fla+ Vi) dy

(V]IS

(4m)~

for (t,x) € (0,00) x R%. Since f € C2%(R% C), the first-order derivatives of f belong to
C2* (R4 C) and we can estimate

@ — Vi) — 2 (@) + fla+ Vig)| =vi /0 (Vi + ovViy) — Vi(z - ov/iy),y)do

1
<Vily| / Vf(z + oviy) - Vi(x — oviy)ldo
0
<CIIf llepe eyt Il

for every t > 0 and z,y € R?. From this estimate, easily follows.

Since the integral term in the right-hand side of the previous formula converges, by Propo-
sition 10.2.3 we deduce that f € Da(a,o0) and || fp,(a,00) < CHchga(Rd;C). The embedding
C2%(R% C) — D 4(a, 00) follows.

Conversely, assume that f € Dj(a,00). We first consider the case o € (0,1/2) and
observe that for t € (0,1] and x,y € R? we can estimate

[f (@) = f)| <[(T@) f)(2) = f@)| + [(T@ ) (@) = (TO W]+ [(TE)y) = f()l
(11.13) L2[flpataoe)t™ + IIVT(#) fllloclz — wl.

This estimate can be straightforwardly extended to all ¢ > 0, observing that [(T'(t)f)(&) —

F(©)] < 2 o for every & € B,

We would like to take t = |x — y|? in the previous formula. Unfortunately, the estimate
IIVT () fllloo < Ct 12| f|loo in Exercise is not enough sharp for our purposes. Indeed,
using that estimate we would get | f(x) — f(y)| < 2|| £l p,(a,00) [z —y[**+ C. To overcome this
difficulty, we differentiate the formula

(T(n)f)(x) — (T(0) ) (x) = / " (DT (s) ) (a)ds = / "(AT(5) ) (x)ds.
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to get
(1L14)  (DT(n)f)(x) — (DT f)(x) = / ((DAT(s)f)(@)ds,  te(0n), e RY,

for every i = 1,...,d. Since f € Da(a,00), we can estimate ||AT(¢)f|loc = |AT(t) fllooc <

t flpa(aco) for every t € (0,1]. Moreover, Exercise [11.4.1) shows that [|[AT(t)f]lec <
Ct=1|f||oo for every t > 1. Combining these two estimates and replacing C' with a larger

constant, if needed, we conclude that [[AT(t) flloc < Ct* | fllp 4 (a,00) for every ¢ > 0. Taking
again Exercise [11.4.1| and the semigroup property into account, and observing that 7'(t) and
A commute on CZ(R% C), we can estimate

ID;AT(5) flloo =|1DiT(5/2)AT(5/2) flloe < [1DiT(5/2) | ey man AT (5/2) f oo
(11.15) <C* 2| fll (o)

so that we may let n tend to oo in (|11.14)) to get

(D;T(t)f)(x) =— /tOO(DiAT(s)f)(a:)ds, t>0, z€RY
and
(116) DT < Cllfllpncer [ 5 Hds = Cot™ Hfllp oo
for every ¢ = 1,...,d. This estimate is what we need to prove that f is 2a-Holder continuous

in R?. Indeed, replacing (T1.16)) in (T1.13)) and taking ¢ = |z — y|?, we obtain |f(z) — f(y)| <
CHfHDA(a,oo)‘:E - y|2a’ so that f € Cga(Rd;C) and [f]Cgo‘(Rd;(C) < OHfHDA(a,oo)' We have so
proved that D(a,c0) < C2*(R% C). This completes the proof in the case a < 1/2.

Let us now suppose that a € (1/2,1). As a first step, we prove that f € C}(R%; C). For
this purpose, we fix 0 < s < t and observe that

(D;T(t)f)(x) — (D;T(s)f)(x) = / (D;AT(r) f)(x)dr, reRY i=1,....d
Using estimate we deduce that
(1117 (D)@ ~ (DI N@)] < Clf e (1773 = 5273), zeRE

This estimate shows that (V,T(1/n) f)nen is a Cauchy sequence in (Cy(R%; C))?. On the other
hand, Remarks (ii) and show that D4(a,00) € BUC(R% C). So, (T(1/n)f)nen
converges to f uniformly in R? as n tends to co. As a byproduct, we conclude that f is
continuously differentiable in R?. Moreover, from it follows that

(11.18) IDiT(t)f = Diflloo < CllFlDa(ane) 2 t>0, i=1,...,d
Hence, taking Exercise into accout, we deduce that
(1119) [ Diflloe < IDTW)F = Difllow + IDTM) oo < Cllflpptaneys = 1Lieoevd,

so that f € CL(R%;C).
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Fix i € {1,...,d}. Since f is differentiable in R%, taking (I1.18) into account we can

estimate

Dif(x) = Dif ()] <I(DT(0)f) () = Dif ()| + |[(DiT() f) () — (DT () f) ()]
+(DT(t)f)(y) — Dif(y)]
(11.20) <CI 1l Datane)t®™ 2 + IIVaDT(E) fll ool — yl-

With the same arguments used to prove (|11.15)), we can show that
(11.21) IDGAT() flloo < C5° 2| flpyamey 5> 0.

Therefore, since
(DTt f)(z) = — /OO(D,-jAT(s)f)(x)ds, t>0, 2 €RY,
¢

using (11.21)) we obtain that [|[VoDiT(t)f|llec < Ct* | flIp4(a,00) for ¢ > 0. Replacing this
estimate in (11.20]), we get

_1 _
1Dif(z) = Dif ()] <C||fllDatacrt™ 2 + Ct* N fllpa(aso) | =yl
for z,y € R? and t > 0. Taking ¢t = |z — y|?> we can infer that

(11.22) [Difleze-1 gy < CllF a(ooc)

From (T1.19) and (T1.22) we conclude that D;f € C2* *(R% C) and HDZ‘fHCgogfl(Rd.C) <

Cllflpaca,c0) for every i =1,...,d. The inclusion D4(e, 00) < C2*(R%; C) follows at once.
0

Remark 11.2.2. The previous theorem does not cover the case a = 1/2. One may think
that D4(1/2,00) = CL(R% C) or Da(1/2,00) = Lip,(R% C) (the space of bounded Lipschitz
continuous functions f : R — C). But this is not the case. Indeed,

[f (@) + fly) = 2f((x +y)/2)|

DA(1/2,oo):{fEC'b(Rd;(C):sup <oo}7
Ay |$_y|

and Lip,(R?; C) is one of its proper subspaces (see e.g., [21]).

We are going to prove that the semigroup 7'(t) leaves C’g‘(Rd; C) invariant for any t > 0
and o € (0,1).

Proposition 11.2.3. For each [ € C’,‘)’(Rd;(C) and t > 0, the function T(t)f belongs to
Cy (R4, C). More precisely,

1T@) fllce rec) < Cllflles @), t >0,

for some positive constant C, independent of f.
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Proof. To prove the assertion, we observe that since T'(s) and A commute on CZ(R%; C) and
each operator T'(t) is a contraction in C(R?; C), we can estimate

IAT (s + ) flloo = IT(5)AT() flloo < IAT() flloo <27 [f]D4(as2.00)

for all ¢, 5 > 0. Hence, [T'(s)f]p (a/2,00) < [f]DA(a/2,00) fOr any s > 0. Theorem [11.2.1| allows
us to complete the proof. O

In terms of the bounded classical solution to problem ((11.1f), the previous result says that
if f € C&(RYC) for some a € (0,1), then u(t,-) € C¢(R% C) for any ¢t > 0 and

Sup u(t, Moomec) < Cliflcowec)

for some constant C, independent of f.
Based on Theorem [11.2.1] we can now characterize the interpolation spaces D 4(a+ 1, 00)
for a # 1/2.

Theorem 11.2.4. For every o € (0,1) \ {1/2}, it holds that D(a + 1,00) = CF*(R%; C),
with equivalence of the respective norms.

Proof. Recall that Da(a+1,00) ={f € D(A) : Af € Da(a,00)} is equipped with the norm
£ 1D (at1,00) = N1 D(ay HAF] D 4 (,00): See Definition 10.2.9. The embedding CF7*(R?; C) C
D4(a+1,00) is an obvious consequence of the fact that CZ(R¢; C) is contained in D(A) and
A = A on Cy(R%C). Indeed, if f € C7T2*(R%C), then Af € C24(R%C) < Da(a, o).
Hence, [[flloc + [AfllD4(a,00) < CHfHCf““(Rd;(C) for a constant C, which as all the other

constants appearing in the proof (and still denoted by C) is independent of f.
To prove the other embedding, we fix f € Dy(a + 1,00). Then, f = R(1,A)g, where
g=f—Af € Da(a,00) = C2%(R% C), and by (9.14) we can write

(11.23) f(x) :/ e Y (T(t)g)(z)dt, z € RY.
0
Since g € D4 (a, 00), the proof of Theorem|11.2.1|shows that || D;T(t)gl|co < C’t"‘_l/ZHgHDA(a,OO)

for every t > 0 and ¢ = 1,...,d, so that, using once again FExercise [L1.4.1] we get

1Di; T (t)glloo =IID;T(¢/2)DiT(t/2)gl oo
(11.24) <|ID;T(t/2)11 DT (t/2)glloc < Ct* |9l D (0 ,00)
fori,j =1,...,d. It follows that the functions ¢t — |le " D;T(t)g|lcc and t — ||e”*D;;T(t)gl0o

(i,7 = 1,...,d) are integrable in (0,00). Therefore, we can differentiate the right-hand side
of (|11.23)) twice with respect to x and conclude that the function f belongs to C’I?(Rd; C) and

(11.25) lullczase) < Cligllpa(asc)-

To prove that the second-order derivatives of f belong to C2*(R%C) = Dy(a,o00), it
suffices to show that

sup || AT(€)D;j floo < 00, ij=1,...,d.
0<€<1
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For this purpose, we fix £ € (0, 1] and observe that

+00
€1~ AT (€) Dij flloc =H /0 sl—ae—tAT(s+t/2>DijT<t/2>9dtH

(%)
o) é—l—a

gCt“ngHDA(a,o@/o (2§+t)dt

& 1
. < 1 1L a\el—a
(11,20 <Clolpuoms) | e

From ([11.25) and (11.26]) we deduce that HfHCg““(Rd;(C) < Cllgllpaa,e)- Since [|g9]lp,(a,00) <
CllflDa(a+1,00), the embedding Da(a + 1,00) < CZH2(R%; C) follows. O

Corollary 11.2.5 (Schauder theorem). If u € CZ(R%C) and Au € CH(R%C) for some
€ (0,1), then u € Cf™*(R% C).

Proof. Tt suffices to observe that function u belongs to Da(a/2 +1,00) = CZT*(R%C). O

Theorem [11.2.1| and Corollary 10.2.4 imply that the solution u = T'(-)ug of the Cauchy
problem for the heat equation in R,

u(t,z) = Au(t,z), t>0, zcRY
u(0, ) = up(z), r € R,

is a-Holder continuous with respect to ¢ on [0, 7] x R, with Hélder constant independent of
z, if and only if the initial datum ug belongs to CZ%(R%; C), where o # 1/2. In this case,
Proposition 10.2.10 implies that [[u(t, )| p,(a,00) < Clluollpa(a,e0) for 0 <t < T, so that u is
2a-Hélder continuous with respect to x as well, with Holder constant independent of ¢t. We
say that u belongs to the parabolic Holder space C*2%([0,T] x R%; C), for all T > 0.

This is a first example of a typical feature of second order parabolic partial differential
equations: time regularity implies space regularity, and the degree of regularity with respect
to time is one half of the regularity with respect to the space variables.

11.3 Optimal Schauder estimates

As a consequence of Theorems 10.2.14 and 10.2.16, we get a classical theorem of the theory
of PDE’s. We need some notation.

We recall that for 0 < a < 1 the parabolic Hélder space C%/%2([0, T] x R%; C) is the space
of the continuous functions f such that

”f”ca/&a([o T|xR4C) *— [ flloo + sup [f('»x)]caﬂ([o T};c) T Sup [f(t, ')]Ca(Rd;C) <0
S reRd T tefor) ’
and CMe/2.2+a ([0, T] x R%; C) is the space of the bounded functions u such that u, Diju

exist for all 4, j = 1,..., N and belong to C*/%([0,T] x R% C). It is a Banach space when
endowed with the norm

d

[ull rrarzzta o 1 xrac) =ltllso + Y 1 Dittlloo
p
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d
+ IDsttll garzaqo yurac) + D, 1Digtllcarza o rpxric):
ij=1
Note that f € C%/2%([0, T] xR%; C) if and only if t — f(t,-) belongs to C*/%([0, T]; C,(R%; C))
N B([0,T); C3(R% C)) (see Exercise [11.4.3)).
Theorem 11.3.1 (Ladyzhenskaja-Solonnikov-Ural’ceva). For every ug € CiT*(R%C) (a €
(0,1)), f € C*%([0,T] x R4 C), the Cauchy problem
{ Dyu(t,x) = Au(t,z) + f(t,z), te[0,T], =R

(11.27) u(0,x) = ug(z), r € RY,

admits a unique solution u € C1T/22+([0, T] x R%; C), and there exists a positive constant
C, independent of ug and f, such that

HUHCHO‘/ZQ*‘O‘([O,T}de;(C) < C(Huo”cnga(Rd;c) + HfHCa/%a([o,T]de;(C))-

Proof. The function t — f(t,-) belongs to C*/([0,T]; Cy(R% C))N B([0,T); Dal(a/2,00)),
thanks to the characterization in Theorem [11.2.1] Similarly, the initial datum wg belongs
to D(A) and both Aug and f(0,-) belong to Da(a/2,00). Thus, we may apply Theorems
10.2.14 and 10.2.16, with « being replaced by «/2. They imply that the function u given by
the variation of constants formula (10.14) is the unique strict solution to problem (10.1), with
initial datum ug and with f(t) = f(t,-). Therefore, the function u : [0, 7] x R¢ — C, defined
by

u(t,z) = u(t)(x) = (T(t)uo)(x) —|—/0 (T(t—s)f(s,))(x)ds, te[0,7], = eR?,

is the unique bounded classical solution to (11.27)) with bounded wu;. Moreover, Theo-
rem 10.2.14 implies that Dyu € C%/2([0,T); Co(R%; C)) N B([0, T]; C¢ (R4 C)), so that u; €
CQ/ZO&([O’T] X Rd’(C)7 Wlth norm bounded by C(HUOHC'gJ'_a(Rd;(C) + |’fHCO‘/2’°‘([O,T]><Rd;C)) fOI‘
some C' > 0. Corollary 10.2.16 implies that u is bounded with values in D (/2 4 1, 00), so
that u(t,-) € CZT* (R4 C) for each t € [0, 7], and

e (rd,C) = Ollg2te(rd;C Co/2e([0,T)xR4;C) /)5
sup ||u(t,-)|| 2o (R, )<C(Hu I 2o (Rd; )"‘HfH [0,7] )
0<t<T

for some C' > 0, by estimate (10.29).
To finish the proof it remains to show that each second order space derivative D;ju is
a/2-Hoélder continuous with respect to t. To this aim we use the interpolatory inequality

[ Dijeplloc < C(HSOHch(Rd;(c))17a/2(||<PHcg(Rd;<C))a/2,

that holds for every ¢ € Cb2+°‘(Rd; C),i,7=1,...,d (see Exercise|11.4.4). Applying it to the
function ¢ = u(t, ) — u(s,-) we get

[ Diju(t, ) — Diju(s,-)|lco
<C([[u(t,-) — u(s, ‘)|’c§+a(Rd;C))l_a/2(||u(t» ) —u(s, ')Hcg(Rd;C))O‘/Q

<C(@ sup [ut, | zraggocy) (1t = s sup_[ur(t, ) op @)
0<t<T 0<t<T

<C'lt - Sfa/2(\|U0||c§+a(Rd;c) + 1 llcarze oy xresc))s

and the statement follows. O
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11.4 Exercises

Exercise 11.4.1. Using Lemma [11.1.2 prove that, for every t > 0 and f € Cy(R%; C) the
function T'(t) f belongs to C? (R4 C) and there exists a positive constant C, independent of ¢
and f, such that

VHIIVT (@) flloo + tID*T(#) flloo < Cllf oo t>0.

Further, prove that the function (¢,z) ~ (T'(¢)f)(z) belongs to C*°((0, 00) x RY%; C).

Exercise 11.4.2. Prove that BUC(R? C) is the closure of C'!'(R? C) with respect to the
sup-norm.

Exercise 11.4.3. Prove that f € C%/2%([0,T] x RY) if and only if the function t — f(t,-)
belongs to C*/2([0, T]; Cy»(R%; C)) N B([0, T]; C&(R%; C)).

Exercise 11.4.4. Prove that for every o € (0,1) there exists a positive constant C' = C(«)
such that

[Diplloo < C(|]¢\\05+Q(Rdm)(1 a /2(H<P||ca (R, C))(lm)/z’

1jPlloo = Pllg2te rd,c e Pllce(rd;C) e,
IDigllon < Cllellcprouncy) 2 Ipllop ey

for every ¢ € CZT*(R% C) and i ] 1,...,d.
[Hint: write p = o —T(t)p+T(t)p = — fo s)Apds + T(t)p, T(t) = heat semigroup, and
use the estimates || D;T(t) f|looc < Ct™ 1/2+"‘/2\|f||o?, | Di; T(¢ )fHoo < Ct‘1+a/2||f|]q?].

Exercise 11.4.5. Prove that C} (R) is of class Jj 4 between Cy(R) and Cy(R).

Exercise 11.4.6. Let X = C“([0,1]) for some o € (0,1). Prove that the operator A :
D(A) = {u € C?>*(]0,1]) : u(0) = u(1) = 0} — X, defined by Au = " for u € D(A), is not
sectorial.

Exercise 11.4.7. Let X = Cy([0,1]; X) = {f € C(]0,1];C) : f(0) = f(1) = 0}, endowed
with the sup-norm. Further, let A : D(A) = {u € C%([0,1]) : u(0) = v”(0) = u(1) = v’(1) =
0} — X be the operator defined by Au = u” for every u € D(A).

(a) Prove that A is sectorial;

(b) Prove that for every a € (0, 1)\{1/2} Da(a,0) = C?**(R)NX and that Da(a+1,00) =
{u € C*29(]0,1];C) : u(0) = ¥"(0) = u(1) = v”(1) = 0}, with equivalence of the
corresponding norms.
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Lecture 12

Spectral mapping theorem for
semigroups

In this lecture, we investigate the relations which occur between the spectrum of the infinitesi-
mal generator of a strongly continuous semigroup {7'(¢)} and the spectrum of {T'(¢)}. We also
consider the case when the semigroup {7'(¢)} is analytic without being strongly continuous.

Based on the basic notions of functional calculus presented in Lecture 4 and on the analogy
of a semigroup with the exponential function[] of an operator A, one might think that the
spectra of the operators belonging to a strongly continuous semigroup and the spectrum of
its infinitesimal generator A are related each other by the formula

o(T(t) = €™ = {¢ : X € 0(A)}, t>0.

As it is easily seen, this formula does not hold in general, since it would imply that 0
lies in the resolvent set of the operator T'(t) for every ¢ > 0, so that actually {T'(¢)} should
embed in a group (see Exercise . But, it is easy to find examples of strongly continuous
semigroups which are not groups.

Consider now the semigroup of left translations on X = LP((0,1)) (1 < p < o), defined
by

flz+1), ite+t<1
0. otherwise.

One can see that {T'(t)} is a strongly continuous semigroup on X and its generator A is
the realization of the first-order derivative in LP((0,1)) with domain D(A) := {f € X :
f absolutely continuous, f € X, f(1) = 0}. From the definition of {T'(¢)} one deduces that
|T(t)|| = 0 for any t > 1. So, r(T(t)) = lim,_e0 || T(nt)||'/™ = 0 for all ¢ > 0. This implies
that o(7'(t)) = {0} for all ¢ > 0. On the other hand, it is easy to see that oc(A4) = @.

Based on this example, instead of asking the validity of one asks if the formula

(12.1) a(T(t)) \ {0} = e, t>0,

holds.

!Indeed, it is rather common to denote by {etA} the strongly continuous semigroup generated by the
operator A and, similarly, quite often the analytic semigroup associated with the sectorial operator A is
denoted in the same way.
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Aim of this lecture is to determine sufficient condition for the spectral mapping theorem

(i.e., formula (12.1)) to hold).

In this lecture, which is strongly inspired by [6], X will denote a complex Banach space.

12.1 Preliminary results

To begin with, we recall the following definitions.
Definition 12.1.1. Let A: D(A) C X — X be a closed operator. Then,

(i) the point spectrum of A (o,(A)) is the set of all A € C such that the operator A\l — A
is not injective, i.e., there exists 0 # x € D(A) such that Az = Ax;

(ii) the approximate spectrum of A (0,(A)) is the set of all A € C such that there exists a
sequence {x, }neny C D(A) with ||z,| = 1 for every n € N and Ax,, — Az, converges to
0 as n tends to oo;

(iii) the residual spectrum of A (oyes(A)) is the set of all A € C such that the range of the
operator A\I — A is not dense in X.

Definition 12.1.2. Let {T'(¢)} be a strongly continuous semigroup on X. Then, the spectral
bound s(A) of its infinitesimal generator A and the growth bound wy of the semigroup {7T'(t)}
are defined as follows

s(A) =sup{ReX: A € 0(A)},
wo = inf{fw € R:3IM > 1s.t. ||T(t)| < Me** ¥t > 0}.

For a general strongly continuous semigroup it holds that s(A) < wyp (see Exercise|12.3.2)).
As the following example shows, in general s(A) is strictly smaller than wy.

oo
Example 12.1.3. Let X be the set of all functions f € Cy([0, 00)) such that / |f(x)|e*dx <
0

oo. It is a Banach space when endowed with the norm

171l = [ Flloe + /0 (@) |e*de

On X we consider the semigroup {7T'(¢)} of left-translations.

We claim that {T'(¢)} is strongly continuous. First of all, we observe that T'(t) maps X
into itself. Indeed, it is obvious that 7T'(t) maps Cy([0,00)) into itself. Moreover, if f € X,
then

/0 (T(6)f) (@) e de = /0 1+ 2)|etde = ¢ / F)levdy < /0 F@)levdy.

Clearly, the sup-norm of T'(t) f converges to f as t tends to 0 uniformly in [0, c0) for every
f € Cy(]0,00)), since this space is contained in BUC([0,00)). On the other hand, if f € X,
then we can estimate

/ T @0 @) - f@)letd
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= [Tt +a) - e

M (o'
- / Flt+2) — f(z)|eda + / F(t+2) — f(o)l*de
0 M

oo

<IfC+1) = flloo(e™ = 1) +/MOO \f(x+t)\exdx+/M |f (x)]e”dx

<P+ = Pl =D+ [ e+ [ i)l
M+t M
<P+ ) = Pl = 1) 2 [ [f(@)]eda
M
for every M > 0. Hence,
imsup [ (7(0)1)@) — f@)le"dr (e = 1) lim 1£(¢+) = floo+2 [ " If(a)leds

=2 /Moo If(2)|e%da.

Since the previous inequality holds true for every M > 0, letting M tend to oo, we conclude
that

o
tiwsup [ |(T(0) 1)) - fo)]e"ds =0,
t—0t JO

The strong continuity of {7'(¢)} follows at once.

We now prove that wy = 0. The computations in the first part show that ||7°(¢)|| < 1 for
every t > 0. Hence, wy < 0. To prove that, actually, wy = 0, it is enough to prove that ||T'(¢)||
does not vanish as t tends to co. To this aim, for every t > 0, we set & = log(1 + e *) and
consider a continuous function f; which vanishes in [0,¢] U [t + 0, 00), linearly increases to
1/2 in [t,t + 6;/2] and linearly decreases to 0 in [t + d;/2,t + d]. Clearly, for every ¢ > 0, f;
belongs to Cy([0,00)) and || f||co = 1/2. Moreover,

9] t+0¢ 1 t+0¢ 1
/ | fe(x)|e®dx = / |f(z)le®dx < / eCdr = —el(e® —1) = = t>0.

0 : 2 J; 2 2’

Hence, f; belongs to X for every t > 0 and || f;||x < 1. Moreover, ||T(¢) ftlloo = || ft(t+)|lcc =
| ft]lco = 1/2, since f; vanishes in [0,¢]. Hence,

1
5 SIT@Ofllx < IT@OIfellx < 1T @I, t>0,

and this shows that the operator norm of T'(t) does not vanish as ¢ tends to oo.

Next, we observe that the infinitesimal generator of {T'(¢)} is the operator A : D(A) C
X — X, defined by Au = v’ for every u € D(A) which is the set of all functions u € C} ([0, 00))
such that

(12.2) /OOO(|u(a:)| + |u/(2)|)e”dx < oo.

Indeed, if u € D(A), then the ratio ¢~ (u(- +t) — u) should admit Au as limit in Cy([0, 00))
as t tends to 0. This means that u is differentiable in [0, 00) and Au = v’
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Vice versa, let us assume that u € CJ ([0, 00)) satisfies (12.2]). Then,

(T()u)(x) — u(z)
t

—u'(m)zi/g (' (z +r) —d(x))dr, x>0, t>0.

From this formula and taking into account that ' is uniformly continuous in [0, 00), we easily
deduce that the ratio t1(T(t)u — u) converges to ' uniformly in [0, c0).

On the other hand,
1 00 t
e“dx :t/ / (W (z+71) = (z))dr|e”dx
0

/Ooo ’ (T(t)uw)(x) —u(z) u'(x)
<1/ ”“d:c/ (@ +r) = (@)ldr

t
/ dr/ x) —u'(x)]edx

<1 / IT(r)a! — | xdr
t Jo

and the last side of the previous chain of inequalities vanishes as t tends to 0, due to the
strong continuity of the semigroup {7'(t)}. We have so proved that u € D(A) as claimed.
Let us prove that s(A) = —1. For this purpose, we fix A € C, with Re\ < —1. Then, the
function ¢y, defined by @y (x) = e’ for every x € [0,00), belongs to D(A) and Apy = Apy,
so that A € o,(A). On the other hand, if ReX > —1 then A € p(A). This is clear if ReA > 0 in
view of the Hille-Yosida theorem (see Theorem 8.3.1), since {T'(¢)} is a strongly continuous
semigroup of contractions. Hence, let us assume that ReX € (—1,0] and consider the operator

Ry, defined by R)f = / e NT(t) fdt for every f € X. It is well defined and bounded.
0
Indeed,

(Baf)(@)] < / T RN (g 4 1))dt = RN / T f(s)lds < RO £

0

so that ||Raflleo < || fllx-
Similarly,

edx

[ @i = [ ] [T s aa

/ xda:/ e ReM | £(t 4 )| dt
_/O —Re”dt/o e\ f(x +t)|dz

= [ emeva | ey—ﬂf(y)\dy
0 t

SHf”X/ 6—(1+Re)\)$dx
0

We have so proved that Ry belongs to £(X). Moreover, it is easy to check that R is the
inverse of the operator A\I — A (see Exercise . Hence, X € p(A).

Summing up, we have shown that o(A) = {A € C: ReA < —1}, so that s(A) = —1. Since
wo = 0, the strict inequality s(A) < wp holds true.

Il
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For further use in this lecture, we state and prove the following equivalent characterization
of the growth bound of a strongly continuous or analytic semigroup.

Lemma 12.1.4. Let {T'(t)} be a strongly continuous or analytic semigroup with growth bound
wgo. Then,

| "
(123) o = nf Tlog(IT(0)) = lim T log(IT (1))
where we set log(0) := —oo.
Proof. The proof is immediate if there exists to > 0 such that ||[T'(to)|| = 0. So we assume

that ||T°(¢)|| > 0 for every ¢ > 0.

We begin by proving the first equality in (12.3). For this purpose, we denote by w the
infimum of the function ¢~ log(||T(¢)||) over (0,00) and first prove that w < wp. Clearly, we
just need to assume that w € R. Then, wt < log(||7(t)||) for every ¢ > 0 or, equivalently,
e?t < ||T(¢)| for every t > 0. If r > wp, we know that || T'(¢)|| < M,e" for every t > 0 and
some positive constant M,. As a consequence, e*! < M,e"™ for every ¢t > 0, which shows,
first, that w < r and, then, that w < wy.

We now prove the inequality wy < w. For this purpose, we fix 7 > w and ¢; > 0 such that
log(||[T(t1)]]) < 7t1, i.e., |[T(t1)]] < e™. Take t > t; and let n € N be such that ¢t = nt; + o
for some o € [0,¢1). Then, using the semigroup law we can estimate

IT@N =Tty + )| < ITE)"IT (o)l
(12.4) <Me™ = Me ™™ < MelTltre™,

where M = supyc(oy,) [|7(¢)[|. This shows that 7 > wo. The arbitrariness of 7 > w yields the
inequality w > wy.
To prove the other equality in ((12.3]), we observe that formula (12.4]) also shows that
1
(12.5) lim sup — log(||T°(¢)]]) < wo.
t—oo T

On the other hand, since wot < log(||T'(¢)||) for every ¢t > 0, we can also infer that

1
| -
(12.6) liminf - log([|T'(t)[]) = wo.

From ((12.5) and (12.6]), we conclude that the ratio t~!log(||T(¢)||) admits limit as ¢ tends to
oo and the limit is wy. O

Throughout this lecture we will use the following integral formula.
Lemma 12.1.5. Let {T'(t)} be a strongly continuous (resp. analytic) semigroup on X with
infinitesimal generator ( resp. associated to the sectorial operator) A. Then, for every A € C,
for every x € X and t > 0 it holds that
t

(12.7) e M)z —x= (A - )\I)/ e T (s)xds.

0
Further, if x € D(A), then

(12.8) e NT (e —x = /t e T (s)(Ax — \x)ds.
0
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Proof. Tt suffices to apply Propositions 8.2.2(ii) and 9.2.7 to the semigroup {e~MT(¢)}, which
is a strongly continuous (resp. analytic) semigroup on X with infinitesimal generator (resp.
associated to the sectorial operator) A — \. O

12.1.1 Periodic semigroups

Definition 12.1.6. A strongly continuous semigroup {7'(¢)} on X is a periodic semigroup if
there exists 9 > 0 such that T'(tg) = I.

The periodicity of the function ¢t — T'(¢) follows from the semigroup law since T'(t + tg) =
T(t)T(to) =T(t)L =T(t) for every t > 0.

Actually, periodic semigroups embed in groups since, by the definition, T'(to/2) is clearly
invertible (see Exercise [12.3.1)).

The periodicity of the function ¢ — ||T°(¢)|| implies that the growth bound wy is equal to
Z€ro.

The Hille-Yosida theorem (see Theorem 8.3.1), now shows that the spectrum of the in-
finitesimal generator A of a periodic semigroup is contained in iR. Actually, more can be said
on the spectrum of A.

Lemma 12.1.7. Let {T'(t)} be a periodic semigroup, with period T, and let A be its infinites-
imal generator. Then, the spectrum of A is contained in 2r7 Y47 and

1 T
R(X,A) = l—e—AT/O e T (s)ds

for every X ¢ 2n7~YZ. In particular, o(A) is a discrete subset of C.
Proof. Using formulas (12.7]) and (12.8) with ¢ = 7 and recalling that T'(7) = I, we can write

(e — 1) =(A— ) /OT e T (s)xds,
if z € X and, similarly,
(e —1)z = /OT e T (s)(Az — \x)ds,
if z € D(A). Since, for every \ ¢ 27~ 1iZ the operator Ry : X — X, defined by

1 T
Ryx = / e T (s)xds, z € X,

—A
1—e 7 0

is bounded, from the previous two formulas we can infer that, if A\ ¢ 277 ~14Z, then R, is the
bounded inverse of the operator AI — A. Hence, A € p(A) and the proof is complete. O

Remark 12.1.8. Since the spectrum of the infinitesimal generator of a periodic strongly
continuous semigroup is discrete, we can enumerate its elements of o(A) and set o(A) =
{An : n € J}, where J is a subset of N, possibly coinciding with the whole N. In view of
Lemma for every n € J we can set

A=A [T _ (" _
Pz = /\111&1 (A—=X)R(NA) = /\lim / e T (s)xds = / e ST (s)xds.
0 0

T
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Each operator P, is a projection. Indeed,

1 T
Plx :/ AT (s)Pyads = / e T (s)

1
7_2/ ds/ e MOT (o) xdt = 2/ / e MOT (o) zdt

7)\0'
= ndg dt =
T/o ()x

where we have used the fact that the map o + e T (¢)x is T-periodic.
Clearly, the range of P, is contained in D(A). Actually, P,(X) = Ker(\,I — A) (see

Exercise |12.3.5)).

Finally, we observe that, if n,m € J, with m # n, then P, P, = 0. For this purpose, we
write

1 T
P,P,.x :/ _’\"ST( P xds = / Sds/ e_)‘m(t+s)T(s + t)xdt
0 0

T

1 [ L[
R / e T (o)zdt = < / <Am—An>Sds> Py =0
™ Jo s T Jo

for every x € X, since fOT ePm=An)sds = 0 for m # n.

e An tT :ndt) ds

Based on this remark, we can show that, for a periodic semigroup, the spectrum coincides
with the point spectrum.

Theorem 12.1.9. Let {T'(t)} be a strongly continuous semigroup and let A : D(A) C X — X
be its infinitesimal generator. The following properties are equivalent.

(i) The semigroup is periodic;

(ii) 0(A) = 0p(A) C 2wiZ for some o > 0. Moreover, the closure of the linear span of all
the eigenvectors of A is dense in X.

Proof. (ii)=(i) We fix n € N such that 2rani € o,(A) and let 0 # = € D(A) be such
that Ax = 2maniz. As it is easily seen, T'(t)x = e*™iy for every t > 0. We claim that
T(a~1) = I. For this purpose, we observe that, since the span of all the eigenvectors of A is
dense in X, for every x € X we can determine a sequence {x, }neny C D(A) converging to x.
Each x,, has the form z,, = Y _,_; Okey for some constant i, € C, ey, ..., e, € D(A) such that
Aey, = 2mangiey, for every k and a suitable ng € N. Since T'(t) is a bounded operator and x),
converges to z, it follows that T'(t)x, converges to T'(t)x as n tends to oo for every ¢ > 0. In
particular, T'(«)x,, converges to T'(a)z. Since

n n n
— _ . 1
T(o M, = E BT (a ey, = § Beimanka o) — § Brer = Tn, n €N,
k=1 =1 =1

we conclude that T(a™1) = I.

(i)=(ii) We begin by showing that o(A) = o,(A). Let 7 be the period of the semigroup.
By Lemma we know that the spectrum of A is discrete and contained in 277~ 1Z. Fix
m € Z such that )\, := 277 mi belongs to o(A) and consider the projection P,,, which has

Ker(ApnI — A) as image (see Exercise [12.3.5]).
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Let us prove that the span of all the eigenvectors of A is dense in X. By contradiction,
we assume that this is not the case. Then, there exists a nontrivial functional 2’ € X’ such
that 2'(P,z) = 0 for every n € N (note that if 277 1ni ¢ o(A), then P, is the null operator).
Therefore,

T T
0= (2, Px) = <x’, 1/ 6_2’”1”"5T(s)xds> = 1/ =2 (0! T (s)x)ds
T Jo T Jo
for every n € N. This shows that all the Fourier coefficients of the T-periodic vector-valued
function s — (2/, T(s)z) vanish, showing that, (z/,T(s)x) = 0 for every s € [0, 7]. In partic-
ular, (2/,z) = 0 for every x € X, which, clearly, is a contradiction since 2’ is not the trivial
functional. O

We can now prove a spectral representation formula for periodic semigroups and their
infinitesimal generators.

Theorem 12.1.10. Let {T'(t)} be a strongly continuous periodic semigroup with period T > 0
and let A: D(A) C X — X be its infinitesimal generator. Then,

(12.9) T(t)xr = Z eMtPx, x € D(A), t >0,
nes
(12.10) Az =Y APz, x € D(4?),
neL

where X\, = 27~ Yin for every n € N.

Proof. Let us prove that, for every x € D(A), the sequence { Z\k\gn Pkac}neN converges in X
(and it converges to x). For this purpose, we fix z € D(A) and observe that

P,Ax = AP,z = \,Pyx = (2mn7'i)Pyx.
Let us fix m € N, 2/ € X/, with ||2/|| = 1 and estimate

S (@, Po) < 2;< 3 n_2>;( S |<g;',PnAgg>|2>5

[n|>m [n|>m [n|>m

Z 27m (2, P, Ax)

[n[>m

We observe that {(2/, P,x)},en is the sequence of the Fourier coefficients of the function
s+ (2!, T(s)x). Hence, applying Parseval’s inequality, we can infer that

Z / —amT msx ,T(s)Az)ds < — / |(a, T (s)Ax)|*ds,

\n\>m

so that

;( 3 n_2>§<i /OTy<x',T(S)Agc>|2czs>é

[n|>m
(5 n2) (& [ rewapa)’

[n|>m

Z(x P,z)

[n|>m

A
]
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Taking the supremum with respect to all 2’ € X’ with ||2/|| = 1, we conclude that

S P §2:T< > ( /|T ) Ag| ds>

[n|>m
and the convergence of Y p_  Prx follows. We now prove that it actually converges to x.
For this purpose, we set z = >, P,z and observe that, since P, Ppx = 0 for every n # m
(see Remark , it follows that P,z = P,z for every n € N. Thus, for every 2’ € X', the
functions (2/,T'(-)z) and (2/,T(-)z) have the same Fourier coefficients and, as a byproduct,
they coincide. In particular (z/,z) = (2/, T(0)x) = (2/,T(0)z) = (2/,z). It thus follows that
x=z.
We can now complete the proof. For this purpose, we observe that

\n\>m

n

T(t) En: Pyx = Z T(t)Pyx = En: eMtPa,

k=—n k=—n k=—n

A Zn: Pox = z”: AP,z = z”: A Pnx

k=—n k=—n k=—n

for every t > 0 and n € N. Since > ;_ . Py converges to x as n tends to oo and the operator
T'(t) is bounded for every t > 0, formula follows at once.

As far as is concerned, we observe that, if 2 € D(A2), then P,A%r = AP,z =
MAP,x = )\%an for every n € N. Hence, AP,z = A;anAzx for every n € N. Now the argu-
ments we used to prove the convergence of the series 3°, ., (z', Pyx) show that A", Pex
converges is X as n tends to co. Since A is closed, formula follows at once. This
completes the proof. ]

12.1.2 Dual semigroups

Let {T'(t)} be a strongly continuous semigroup in X with infinitesimal generator A. The
family {T"(t)}, where T"(t) is the dual operator of T'(¢) (see Section 1.1), is a semigroup of
operators on X’. Indeed, for every s,t > 0, 2/ € X’ and z € X, it holds that

(T'(t+ s)2’,z) = (', T(t+ s)x) = (', T(t)T(s)x) = (T'(t)a’, T(s)z) = (T'(s)T" (t)2', x).

The semigroup {7"(t)} is called the dual semigroup of {T'(¢)} and,in general, is not strongly
continuous in X’

Example 12.1.11. Let {T'(t)} the semigroup of left translations on X = L!(R) (see Example
8.1.8). We know that this semigroup is strongly continuous Via the identification of X’ with
L>*(R), the dual semigroup {7"(t)} is the semigroup of right translations on L*°(R). Indeed,
for every f € L®(R), g € L*(R) and ¢t > 0, we can write

9= [ ra)e d:c—/f —t)g

The arbitrariness of g € L!(R) implies that T'(t)f = f(-

Note that the semigroup of right-translation is not strongly continuous in L>°(R). Indeed,
fix a bounded and continuous function f : R — C. Then |[|T'(t)f — f|loo converges to 0 as
t tends to 0 if and only if f is uniformly continuous. (Actually, Lotz proved in [13] that a
strongly continuous semigroup on a L>-space is forced to be uniformly continuous).
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The semigroup {7”(t)} becomes strongly continuous if we restrict it to a suitable subset
of X' as the following lemma shows.

Lemma 12.1.12. Let X' = {z' € X' :limy_o T'(t)2" = 2’ in X'}, endowed with the norm of
X'. Then, each operator T'(t) maps X' into itself and the restriction of the semigroup {T'(t)}

to X' (still denoted by {T'(t)}) is strongly continuous. Moreover, X' is a closed subspace of
X'. Finally, D(A") C X' (see 8.5.7 for the definition of A").

Proof. Fix 2’ € X’ and s > 0. Then,

Lm(T"(t)T"(s)x" — T'(s)z") = T (s) < lim 77 (t)x’ — 1:/) =0,

t—0 t—0

where the limits are taken in X’. This shows that T'(s)2’ belongs to X'. It is clear from the
definition, that X’ is the largest subspace of X’ of strong continuity of the semigroup {T'(t)}.

Let us now prove that X’ is a closed subspace of X’. We fix 2/ € X’ and a sequence
{2/ }nen C X' such that lim,_,o 2/, = #’. By assumptions, for every n € N, T'(t)a/, converges
to z}, in X’ as ¢ tends to 0. Based on this fact, we split T’ (t)z' —2' = T"(t) (2’ —2!,)+ (T" (t)x}, —

xl) + (z;, — «') and estimate

17" ()" = 2| xr <IT' (&) (2" — zp)llx + 1T (B2, — 2 llx + lla, — 2l x0
<T@l + Dl — llxr + 1T ()2, — 7]l x
<(Me +1)||la, — @||xr + 1T (8)ay, — a7, [
so that
i sup | (0)2” — &/l <M + Dt =0+ Jig | T(0)2, —
=(M + 1)z, — 2| x
for every n € N. Letting n tend to oo, we obtain that lir? s(;lp |T' ()" — 2'||x» = 0 so that
—

T'(t)z" converges to ' in X' as t tends to 0. Hence, 2’ € X'
To conclude the proof, let us show that D(A’) C X’. For this purpose, we fix 2’ € D(A'),
x € X and observe that

(T'(t)r — 2, 2) = (2, T(t)z — z) = <1:’,A /0 tT(s)xds> = <A’x’, /0 tT(s):cds>.

Hence,
(T'(t)a" — 2’ 2)| < sup [|T(t)|[[| A2 || x|t t€(0,1],
t€(0,1]
or, equivalently,
IT'(t)a" — ' x < sup [|T()[[[|A2"]| xt, t € (0,1].
te(0,1]
Hence, T'(t)a’ converges to 2’ in X’ as t tends to 0. The proof is complete. O

A natural question arises: which operator is the infinitesimal generator of the restriction
of the dual semigroup to X’. This question is answered by the following proposition.
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Proposition 12.1.13. The infinitesimal generator of the restriction of the semigroup {T'(t)}
to X' is the part of A" in X', i.e., the operator A:D(A) C X' — X', defined by Az’ = A'a/
for every &/ € D(A) = {2/ ED(A’) Az e X'},

Proof. Fix 2/ € D(A). Then,

T/ t / _ / -
i LT =3
t—0 t

where the limit is taken in X’, so that

' R, _
lim<T(t)xtx,x> = (A2’ x)

t—0

for every x € X. In particular, if z € D(A), then

i () =t (T — (o),

t—0 t—0 t

From the previous two formulas, it follows that <Ew’ x) = (a, Az) for every x € D(A). Hence,
2/ € D(A') and Az’ = Az’. The inclusion D(A) C {a’ € D(A") : Ala’ € X'} follows.

Let us now suppose that 2/ € D(A’) is such that A’z € X'. Then, for every t > 0 and
x € X we can write

(T8 — 2 x) =2, T(H)z — 7) = <x’,A /O tT(s):L‘ds> _ <A’x’, /O tT(s)xds>

_ /0 A T(s)x)ds — /O T () A ) ds = < /0 tT’(s)A’m’ds,x>.

The arbitrariness of x € X, shows that
¢
(12.11) T (t)2' — 2’ = / T'(s) A2 ds, t>0.
0

Since, by assumptions, the function T'(-)A’z" is continuous at 0 and, hence, in [0, 00),
dividing both sides of (12.11]) by ¢ and, then, letting ¢ tend to 0, we conclude that z' € D(A )
and Ax’ = A’z’. This completes the proof. O

Remark 12.1.14. Since D(A') € X’ and D(A) = X, it follows that
D(A) = X'

The following result, which will be used in the next section, relates the residual spectrum
of operator A to the point spectrum of operator A.

Theorem 12.1.15. The residual spectrum of the operator A coincides with the point spectrum
of the operator A.

Proof. Let us begin by proving the inclusion ap(g) C ores(A). For this purpose, we fix
A € op(A) and 0 # 2’ € D(A) such that Az’ = A’2’ = A2/, Then,

0=\’ — A'2 z) = (2, \x — Az), x € D(A),
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and, we conclude that 2’ identically vanishes on (A — A)(X). Since 2/ # 0, (A — A)(X)
should be a proper subset of X and, consequently, A\ € oyes(A).

Vice versa, fix A € oyes(A4). Since (A — A)(X) is a proper subspace of X, Hahn-Banach
theorem shows that there exists a functional 0 # 2’ € X’ which identically vanishes on
(M — A)(X). In particular, (', A\ — Az) = 0 for every € D(A). Arguing as in the first
part of the proof, we conclude that 2/ € D(A’) and Az’ = \a’. Since D(A’) C X’ (see Lemma
, we deduce that A'z’ € D(A). O

Remark 12.1.16. We stress that op,(4) = o,(4’) (see Exercise [12.3.7)).

12.2 Spectral mapping theorem
For a general strongly continuous semigroup the following is true.

Proposition 12.2.1. Let {T(t)} be a strongly continuous semigroup on X and let A : D(A) C
X — X be its infinitesimal generator. Then, o(T(t)) D €'Y for every t > 0. Moreover,

(1212) (T () {0} = e,
(12.13) ores(T'(t)) \ {0} = etareS(A),
(12.14) oa(T(t)) D etoa(A)

for every t > 0.

Proof. We split the proof into three steps. In the first one we prove that (Y C o(T(t))
for every t > 0 and that and the inclusions “D” in (12.12]) and (12.13) are satisfied.
Then, in Steps 2 and 3, we complete the proof of ((12.12)) and ((12.13]).

Step 1. Suppose that A te o(A). Then, using , and the fact that the operator

R+, defined by Ry x = / e’\(t_S)T(s)xds for every x € X, and A — A\l commute on D(A),
0
it follows immediately that the operator e* — T'(t) is not invertible, so that e* belongs to

o(T(t)).

Next, we observe that, if 0 # z € D(A) is such that Az — Az = 0, then eMz — T'(t)z = 0.
This shows that e/?»(4) C ¢, (T(t)) for every t > 0.

To prove (12.14), we fix A € 0.(A). Then, there exists a sequence {zn}nen C D(A)
such that ||z,| = 1 for every n € N and Ax,, — Az, converges to 0 as n tends to co. As a
consequence, ez, — T(t)xn = Ry (Azy— Azy,) converges to 0 as n tends to co. The inclusion
et7a(A) C o, (T(t)) follows for every t > 0.

Finally, suppose that A € oyes(A). Then, the range of the operator A — AI is not dense in
X. Since formula shows that the range of the operator e’I — T'(t) is contained in the
range of the operator A— I, the range of eI —T'(t) is not dense in X, so that A € o,es(T(t)).

Step 2. Here, we complete the proof of (12.12)). We fix ty € (0,00), A € a(T'(t0)) \ {0}
and consider the rescaled semigroup {S;, _10g(x)(f)}, Where log()\) denotes any arbitrarily
fixed determination of the complex logarithm of A and S, ,(t) := e T(at) for t > 0, u € C
and o > 0. The generator of this rescaled semigroup is the operator A;, _1og = toA —log A
(see Exercise [12.3.3). Moreover, since T'(tg)z = Az for some z € X \ {0}, it follows that
Sto,—log ()T = e~ 198 AT (tg)x = x. Hence, 1 is an eigenvalue of Sty —log A(1).
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Let us set Y = Ker(Sy, —10g2(1) —I). As it is easily seen, the semigroup {St, —10g 1} leaves
Y invariant. Indeed, ify € Y and ¢ > 0, then Sy, — 165 A(1)St,—10g A (1)Y = Sto,—10g A(£) Sty —10g A (1)y =
Sto,—log A(t)y. Moreover, since Sy, —10gA(1) = Iy, {St),—10g2} is a periodic strongly continu-
ous semigroup on Y. Let 7 denote the period of this semigroup. Then, there exists n € N
such that 7 = n~!'. From Theorem it follows that there exists m € N such that
277~ mi = 2rmni belongs to the point spectrum of the part of the operator Agy,—logr in Y,
i.e., the set of all z € D(A) such that tgAz — (log A\)z belongs to Y. Since 1 = *™™" and
the point spectrum of the part of Ay, 1o is contained in o, (As, —10g 1), We conclude that
1 € e7»(At,~1082)  This is enough to conclude that \ € efoor(4).

Step 8. Here, we complete the proof, by showing . For this purpose, we introduce
the restriction {I”(t)} of the adjoint semigroup {T"(t)} to X’. By Step 2, we know that
oo(T' (1)) \ {0} = ef»() | where A is the infinitesimal generator of {T"(t)}. By Theorem
ap(ﬁ) = oyves(A) and, applying the same arguments in the proof of the quoted the-
orem, we can easily verify that ap(f’ (t)) = ores(T'(t)) for every t > 0. Combining all these

fact, the proof of (12.13)) follows. O

From Proposition [12.2.1] it follows that the approximate spectrum of the operator A is
responsible for the validity of the spectral mapping theorem. Clearly, the spectral mapping
theorem holds true if one of the following conditions is satisfied:

(i) the spectrum of T'(t) consists only of the point and the residual spectra for every t > 0;
(i) aa(T(t))\ {0} = et for every t > 0.

To investigate the validity of the second property listed here above, we consider the fol-
lowing proposition.

Proposition 12.2.2. Let {T'(t)} be a strongly continuous semigroup on X and let A € C\ {0}
belong to the approrimate spectrum of the operator T(ty) for some ty > 0. The following
properties are equivalent.

(1) There exists a sequence {Tn}neny C X such that

(a) ||zn|| =1 for every n € N;
(b) T(to)xn, — Axy, converges to zero in X as n tends to oo;
(c) suppen [|T(t)zn — zp|| vanishes as t tends to 0;

(i) there exists p € oa(A) such that X\ = elo.

Proof. “(ii))=(i)”. Fix a sequence {z,}neny C D(A) such that ||z,| =1 for every n € N and
Axy, — px,, vanishes as n tends to co. Applying formula (12.8]) with x, ¢ and X being replaced
by x,, top and u respectively, we get

to
Az, — T (to)x, = / M=) T (s)(Axy — pay,)ds, n € N.
0

From this formula we can infer that ||Az, — T(to)z,| < C| Az, — px,|| for some positive
constant C' and every n € N. We have so proved that A\ is an approximate eigenvalue of
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T(to) and properties (i)-(a) and (i)-(b) follows. To prove property (i)-(c), we still use formula
(12.8]), with ¢ instead of tg to infer that

Tty — xn = (e — D, — /Ot =T () (Amy, — pay)ds, t>0, neN,
so that
(12.15) IT () — 2all <le = 1[lza] + /0 I (s)(Awn — pn)ds
(12.16) <|e™ — 1| + sup ||T(t)| sup ||Az, — py|| /t eRens g
t€[0,1] neN 0

and the right-hand side of converges to zero as t tends to 0, yielding property (i)-(c).

“(i)=-(ii)”. Up to properly rescaling the semigroup, if needed, we can assume that A = 1
and tg = 1. Let {zp}neny C X be a sequence such that |z,| = 1 for every n € N and
T(1)x, — z, converges to 0 as n tends to co.

For every n € N, fix a functional 2/, € X’ such that ||z,|| < 1 and («,,x,) > 1/2. Further,
consider the functions f, : [0,1] — C, defined by f,(t) = («},,T(t)x,) for every ¢ € [0,1] and
n € N. We claim that the set F = {f, : n € N} is an equicontinuous and equibounded subset
of C([0,1]; X). To prove the claim, we observe that

|fu O] < 2 T (@) xn|l < sup [[T@)M |||zl < sup [ T@)]], t €[0,1],
te[0,1] t€[0,1]

for every n € N. Moreover, for every to € [0,1) and t > ¢y, we can estimate

[fn(t) = fulto)] SllanllIT ()20 — T(to)2nll < T () IIT(t — to)zn — 2nl
<[ T(to)|l sup 1T (t = to)wn — 2.

Similarly, if ¢y € (0,1] and ¢ < ¢y, we can estimate

[fn(t) = fulto)| < (IT@IT (to — t)zn — znll < ( sup [T (s)]]) sup |T(to — t)zn — znl|-
s€[0,1] neN

From the previous two chain of inequalities, the equicontinuity of F follows.

We can thus invoke Arzela-Ascoli theorem to infer that there exists g € C([0,1]; C) such
that, up to a subsequence, {f,, }nen converges to g uniformly on [0, 1]. Note that g is not the
trivial function since f,,(0) = (x},,T(0)xy,) = (x},x,) > 1/2. Therefore, there exists m € Z
such that the m-th Fourier coefficient of g differs from zero, i.e.,

1
/ e 2™ (1) dt # 0.
0

1
Let us set z, = / e ™MD (1), dt for every n € N. Clearly, z, € D(A) for every n € N
0

and

(2mmi — A)zp = (I —T(1))zy,
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so that (2rmi — A)z, vanishes as n tends to co. To conclude that 27mi is an approximate
eigenvalue of A, we show that there exists a positive constant C’ such that ||z,| > C’ for
every n € N. For this purpose, we observe that

1 1
/ e_%mit(:z:;@,T(t)azn}dt' > ‘/ e_%mitg(t)dt‘ >0
0 0

liminf ||z, || > liminf [{(2], 2,)| = lim inf
n— 00 n— 00 n—00

and the estimate ||z,|| > C’ follows. Now, if we set y, = ||zu]| " 2n, then ||y,|| = 1 for every
n € N and Ay, — 2wrmiy, converges to 0 as n tends to co. This shows that 2rmi belongs to
0a(A) and this is enough to conclude that property (ii) holds true since 1 = 2™, O

Definition 12.2.3. A semigroup {7'(¢)} on X is called eventually norm continuous if there
exists t9 > 0 such that the function ¢ — T'(¢) is continuous in [¢p, 00) with values in £(X).

Remark 12.2.4. By Theorem 9.2.2, any analytic semigroup is eventually norm continuous.
Moreover, if {T'(t)} is a strongly continous semigroup in X such that for some ¢y > 0 the
operator T'(tg) is compact, then, the semigroup is eventually norm continuous. Indeed, the
semigroup law implies that T'(t) is a compact operator for every ¢ > to. Now, fix t; > ¢y and
x € B(0,1) (the closed unit ball of X') and suppose that ||T'(t) — T'(¢t1)|| does not vanish as ¢
tends to ¢1. Then, there exist € > 0, a sequence {t, }nen, converging to t; as n — oo, and a
sequence {z,} C B(0,1) such that

e <|[T(tn)an — T(t1)xnll = |(T(En —to) — T(t1 — t0))T (to)n||

for every n € N. Since T'(tg) is a compact operator, up to a subsequence T'(tg)x, converges
to some y € X as n tends to co. Writing

|T(tn —to)y — T(t1 — to)y|
>|(T'(tn — to) = T(t1 — t0)) T (to)wnll — (T'(#n — to) — T(t1 — t0))(y — T'(to)zn)|l
>|(T'(tn — to) — T(t1 — o)) T (to)wnll — Clly — T'(to)zal|
>e — Clly = T(to)xnl,

for a constant C' > 0, independent of n, and letting n tend to co, we conclude that T'(t, —to)y
does not converge to T'(t; — t9)y as n tends to oo, contradicting the strong continuity of the
semigroup.

Theorem 12.2.5 (Spectral mapping theorem for eventually norm continuous semigroups).
Let {T(t)} be an eventually norm continuous semigroup. Then, o(T(t)) \ {0} = ™) for
every t > 0.

Proof. In view of all the above results, it suffices to show that o, (T'(t)) \ {0} C e”»(4) for
every t > 0. We fix X\ € 0,(T(t9)) \ {0} for some ¢ty > 0. As in the proof of PI‘OpOSlthH
12.2.1], we can assume that A\ =ty = 1. We have to prove that there exists m € Z such that
2mmi € 0,(A). For this purpose, we fix a sequence {zy}neny C X such that ||z,|| = 1 for
every n € N and T'(1)z,, — z,, converges to 0 as n tends to co. Moreover, we fix an integer k
such that the function ¢ — T'(t) is continuous in [k, co0) with values in £(X). Then, we split

e

1T (k)an — @]l < Z IT(G)zn =T (G = Daal < Z 1T = DTz = zall,
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so that T'(k)x,, — x, converges to 0 as n tends to co. Further, we observe that
[T@)T(R)zn = T(k)on| = Tt + k)zn — T(k)zn|| < [T+ k) = T(K)],

so that sup,,cy ||T(t)T (k)xn — T (k)xy,|| converges to 0 as t tends to 0. Similarly, we can show
that sup,,cy [|T(t) (T (k)xy, — zpn) — (T'(k)xy, — x5)|| vanishes as t tends to 0. Indeed, since the
sequence {71 (k)x, — n }nen is null, for every arbitrarily fixed € > 0, we can determine ng € N
such that || T(k)x, — x| < e for every n > ng. Then, we can write

sup || T(t)(T(k)zn — 2n) — (T(k)zn — )|

neN
< 71323; | TE(T(k)xy — x0) — (T(k)zn — 20)|| + nS;l?Il)o |TE)(T(k)xn — 2n) — (T(K)zn — 240)-
Since

IO (k) =) = (T~ 2] <( sup 17 +1) 170~ ]
te(0,1]

S( sup HT(t)|]+l)€:: Ce, t €10,1], n > no,
te(0,1]

we obtain that

sup IO (R)zn = 2n) = (T(R)zn = 2n)l| < max [T(E)(T(k)2n — 2n) = (T(k)2n = 20)|| + Ce,

so that

lim sup sup | T(8) (T (k)n — ) — (T(K)n — 7)|
t—0 neN

<lim max [|T(¢t)(T'(k)xy — xp) — (T(k)xy — )| + Ce = Ce.
t—=0n<ng
The arbitrariness of ¢ > 0 shows that sup, ey || 7(¢)(T(k)xy, — ) — (T'(k)2,, — x5,)| vanishes
as t tends to 0.
Finally, writing T'(t)x,, — n, = (T ()T (k)xn, — T(k)xn) + [(T(t)(2n, — T(k)zn — (5, —
T (k)xy)|, we conclude that property (i)-(c) in Proposition is satisfied. Hence, using
that proposition, we can easily complete the proof. ]

The following easy consequence of the spectral mapping theorem is usually referred to as
“spectral bound equal growth bound condition”.

Corollary 12.2.6. Whenever the spectral mapping theorem holds, the equality s(A) = wp
holds true.

Proof. We already know that the spectral bound does not exceed the spectral growth of a
strongly continuous or analytic semigroup. To complete the proof, we show that

(12.17) towo = log(r(T'(to))

for every ty > 0 such that T'(tp) # 0, where, we recall that 7(T(t9)) denote the spectral radius
of the operator T'(ty). Once the previous formula is proved, the spectral mapping theorem
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allows us to easily complete the proof. Indeed, o(T'(to)) \ {0} = €074 for every fixed ty > 0
so that

r(T(to)) = sup |\ = sup eloRor = (Ao,

Ao (T (to)) uea(A)

So, let us prove formula ((12.17)). For this purpose, we fix ty > 0 and, recall that (7' (t9)) =
limy, o0 ||T(t0)”|]% (see Theorem 2.1.3). Using, Lemma|12.1.4] we can infer that

1
r(T(ty)) = lim enl e MO = exp (to lim Hlog(T(nto))H> — ot
n—o0 Nt

n—oo

12.3 Exercises

Exercise 12.3.1. Prove that a semigroup of operators {T'() }+>0 on a Banach space X embeds
in a group {T'(¢) }+er if and only if there exists tp > 0 such that T'(t) is invertible. Further,
find an example of semigroup that does not embed in a group.

Exercise 12.3.2. Let {T'(t)} be a strongly continuous semigroup with infinitesimal generator
A. Prove that s(A) < wp.

Exercise 12.3.3. Let {T'(t)} be a strongly continuous semigroup on X with infinitesimal
generator A : D(A) C X — X. Fix p € C and o > 0 and prove that the family of bounded
operators {S,,,(t)}, defined by S, ,(t) = e*'T(at) for every t > 0, is a strongly continuous
semigroup on X. Further prove that

(i) the growth bound wy of the semigroup {S, ,(t)} is given by awy + Rep, where wy is the
spectral bound of the semigroup {7T'(¢)};

(ii) the infinitesimal generator of {Sy ,} is the operator A, , = @A + p and use this fact to
deduce that o(Aq,,) = ac(A) + 1

(i) R\, Aap) = o 'R(a™ (A — p), A) for every A € p(Aa. ).

Exercise 12.3.4. For every A € C with ReX € (—1,0] let Ry be the operator in Example
(12.1.3]). Prove that Ry is the inverse of the operator \I — A.

Exercise 12.3.5. Let P, be the projection introduced in Lemma|12.1.8, Prove that P,(X) =
Ker(A\,I — A) for every n € N.

Exercise 12.3.6. Let {T'(¢)} be the semigroup of left translations on X = L'(R) and let
{T'(t)} be its dual semigroup on L*°(R). Prove that X’ = BUC(R).

Exercise 12.3.7. Let {T'(t)} be a semigroup on X and let {T'(t)} be the restriction to X’
of its dual semigroup. Prove that op(A) = o (A').

Exercise 12.3.8. Let 1 < p < ¢ < oo and X := LP[1,00) N L9[1,00) be the Banach space
endowed with the norm

A= 11+ 1 fllgs e X

Consider the family of operators
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(i) Show that {7'(¢)} is a Cp-semigroup on X with generator

(Af)(s) =sf'(s), s = 1, and
feD(A)={f € X : f absolutely continuous and Af € X}.

(ii) Prove that
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Lecture 13

Asymptotic behavior for linear
problems

In this lecture, we analyze the long time behaviour of the solutions to the differential equation
' = Au+ f, when A is a sectorial operator and f is a continuous function defined in [0, 00) or
in (—o0, 0], i.e., we consider both forward and backward (in time) abstract Cauchy problems.
The starting point is the analysis of the homogeneous Cauchy problem

(13.1)

when I = (0,00) or I = (—00,0), looking for conditions on the datum x, which guarantee
that the solution w is bounded in I. By the results of Lecture 9, we know that the solution
to such a problem is the function u = T'(-)z.

When [ = (—o0,0), problem is usually ill-posed. Indeed, due to smoothing effects
of analytic semigroups = should be ”very smooth” for problem to admit a backward
solution.

If the spectral bound s(A) is negative, then, by Corollary 12.2.6, the operator norm of
the semigroup {7(t)} decreases to zero exponentially as ¢ tends to co so that all the solutions
to the equation v’ = Au are bounded in [0,00). Of particular interest is the case when the
spectrum of A does not intersect the imaginary axis. In such a case (the so-called hyperbolic
case) a spectral projection P is introduced and used to characterize the set of z € X for which
problem admits a bounded forward (resp. backward) solution. Based on these results,
we then move our attention to the nonhomogeneous Cauchy problem

u'(t) = Au(t) + f(t), tel,
(13.2) { u(0) — o

in the hyperbolic case and provide necessary and sufficient conditions for the mild solution
to be bounded in I. The definition of mild solution to the forward problem has been
introduced in Lectures 8 and 9. A similar definition can be provided in the case of backward
solutions. Indeed, if u is a solution to ([13.2) in (—oo, 0], then, for every a < 0, the function
v = u(-+a) solves the equation v/ = Av+ f(-+a) in [0, —a). Hence, it can be written via the
variation-of-constants formula and this leads to the definition of mild solutions to backward
Cauchy problems. We concentrate our attention on mild solutions since in view of the results
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in Lecture 10, we know sufficient conditions for mild solutions to be classical or even strict
solutions.

Finally, we relax the hyperbolicity assumption on operator A and assume that w € R is
such that o(A) does not contain elements with real part equal to w. We characterize the data
x and f such that problem admits solutions u such that ||u(t)|| < Me“* for every t € I
and some positive constant M.

13.1 A preliminary result

As we have seen in Lecture 12, the spectral mapping theorem is satisfied by analytic semi-
groups, so that the spectral bound equals the growth bound (see Corollary 12.2.6). Based on
this result, the following proposition can be easily proved.

Proposition 13.1.1. For every n € NU {0} and ¢ > 0 there exists a positive constant
My, > 0 such that

(13.3) [PAPT(t)]| < M, s8I+ t>0.

Proof. As it has been already remarked, for every € > 0, there exists a positive constant M,
such that

(13.4) IT )] < M.elsA+e), t>0.

Moreover, by Remark 9.2.3, we know that ||AT(t)|| < Nit=! for every ¢t € (0,1] and some
positive constant N1, so that follows with n = 1 and ¢t € (0,1]. If ¢ > 1, we can split
AT (t) = AT(1)T(t — 1) and estimate ||AT(¢)|| < |[AT(D)|||T(t — 1)||. Applying (13.4), with
e being replaced by /2, we obtain

(13.5)  [JAT(t)|| < N1||T(t — 1)|| < Ny M, jpe A +e/DE=1 = Jf (s +e/2)t, t>1.

Finally, observing that there exists a positive constant N, such that t~'e*/2 > N, for every

t > 1, from ([13.5) we deduce estimate (13.3]) with n =1 for every ¢t > 1.
For a general value of n € N, it suffices to split A"T'(t) = (AT (t/n))" for every t > 0 and

apply (13.3]) with n = 1. O

In the case s(A) = w = 0, where w is the number in Definition 9.2.1, estimates (9.6) are
better than ((13.3]) for ¢ large, as the following example shows.

Example 13.1.2. Let us consider the operator A : D(A) C Cp(R) — Cy(R), defined by
Au =" for every u € D(A) = C}(R). By Exercise A is a sectorial operator. Moreover,
its spectrum is the negative real axis and [[AR(A, A)|| < (cos0/2)! for every A € p(A),
where § = arg()\) (see Exercise [13.5.2)). In this case w = s(A) = 0, and estimates are
worse than (9.6) for large ¢. It is convenient to use estimate (9.6), which yields || T(¢)|| < My
and [[t* AFT(t)|| < M, for every t > 0, k € N and some positive constants M, (k € NU{0}).
Therefore, for every initial datum ug € C(R), the function ¢ — T'(t)ug is bounded. Moreover,
the k-th derivative with respect to time and the 2k-th derivative with respect to x decay at
least like t=*, as t — oo, in the sup norm.
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As a straightforward consequence of Proposition it follows that, if s(A) < 0, then
the function ¢ — T'(t)z is bounded in [0,00) for every x € X. Actually, its operator norm
decreases exponentially to 0 as ¢ tends to co. This means that, for every x € X, the classical
solution to the Cauchy problem

{ u'(t) = Au(t), t € (0,00),

decreases to zero as t tends to oo, i.e., the null solution to the equation v’ = Au “attracts”
all the other solutions.

It is interesting to understand how the picture changes when s(A) > 0. Clearly, we do
not expect that all the solutions to decreases to zero exponentially or even that all the
solutions are bounded in [0, c0).

13.2 Large time behaviour of the semigroup in the hyperbolic
case

Throughout this section, we assume that
(13.6) o(A)NiR = @.

In this case A is said to be hyperbolic. Due to condition , we can split the spectrum of
A into the two disjoint subsets o_(A) and o4 (A), where o_(A) is the part of o(A) in the left
halfplane {\ € C : ReX < 0}, whereas 0 (A) is the part of o(A) in the open right halfplane
{A € C:ReX > 0}. Both 0_(A) and o4 (A) are closed subsets of C.

Remark 13.2.1. Since A is a sectorial operator, the part of its spectrum on the right half-
plane (i.e., o4 (A)), if not empty, is a bounded subset of the complex plane.

On the other hand, no a priori information is available on o_(A) which could be bounded
or unbounded. For instance, if A is a bounded operator on a Banach space X, then the
associated semigroup is uniformly continuous and, in particular, is analytic. By Proposition
2.1.1 its spectrum is bounded, so that also o_(A) is a closed and bounded subset of C.
Differently, the operator A : D(A) C Cy(R) — Cp(R), defined by Au = u” — u for every
u € D(A) = CZ(R) is sectorial and o_(A) = (—oo, —1], so that it is an unbounded subset of
the complex plane.

Since o_(A) and 04 (A) are closed subsets of C, it follows easily that
—w_ :=sup{ReA: A€ o_(4)} <0, wy :=inf{Re A: A€o (A)} > 0.

If 0_(A) (resp. 04+ (A)) is void, we set w_ = 0o (resp. wy = 00).
In the analysis of the semigroup {T'(¢)} for large values of ¢, the operator P, defined by

(13.7) po_t

T 2mi

/ RO\, A)d)

will play a crucial role. Here, v, is an arbitrarily fixed closed regular curve contained in p(A),
surrounding o4 (A), oriented counterclockwise, which “covers” its support only once.
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Proposition 13.2.2. The operator P is a projection, i.e., P> = P. Moreover, the following
properties hold true.

(i) For each t > 0, the operators T'(t) and P commute, and

(13.8) T(t)P = PT(t) = — / MR\, A)dA,
T+

27
As a byproduct, T(t)(P(X)) Cc P(X), T(t)((I — P)(X)) Cc (I — P)(X).

(ii) P € L(X,D(A")) for every n € N. Therefore, P(X) C D(A) and the operator Ajp(x) :
P(X) — P(X) is bounded.

(iii) The restriction of the semigroup {T'(t)} to P(X) is actually a uniformly continuous
group, generated by the part of A in P(X). Moreover, for every w € [0,w4) there exists
a positive constant Cy, > 0 such that

(13.9) IT()z| < Cuet|z],  t<0, =€ P(X).

(iv) The restriction of the semigroup {T'(t)} to (I — P)(X) is an analytic semigroup and is
associated to the part of A in (I — P)(X). Moreover, for every w € [0,w_) there exists
a positive constant C!, > 0 such that

(13.10) |T(t)z| < CLe ||, t>0, ze(I—P)(X).

Proof. To prove that P is a projection, we fix two regular curves (say v+ and v/ ) contained
in p(A), surrounding o4 (A) and oriented counterclockwise, which “cover” their supports only
once. Further, we assume that ;4 is contained in the bounded connected component of C\ /..
Using the resolvent identity, we can write.

P? = (1>2/ R(&, A)de [ R(), A)d
- \2mi v ’ T+ ’

() [, mwm—R@,A)m_»—ldw

21

:<21m>2/ [yg N)~lde - ( >/R /(g N ldr =P,

(i) The proof of this property can be obtained adapting the above arguments. Hence, it
is left to the reader as an exercise. See Exercise [13.5.1]

(ii) Since the curve vy is bounded and the function A — R(A, A) is continuous with values
in £(X, D(A)), using Proposition B.0.3 we can infer that P € £(X, D(A)) and

2T v 211 21 oy 21

ap =1 [ Ao Ayin = -2 / it —— [ AR, A)dr = — / AR(\, A)dA.
7. T+

Therefore, the operator AP is bounded in X with values in D(A). The same argument
shows that P and A commute on D(A). Based on these properties, we can easily show, by
recurrence, that P € £(X, D(A")) for every n € N.
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(iii) Since the restriction of each operator T(t) to P(X) is given by formula (13.8), it is
easy to extend the operator T'(t) to all negative times obtaining a group of bounded operators.
Its infinitesimal generator is clearly the part of A in P(X), i.e., the operator AP, which is
bounded in P(X). It thus follows that the restriction of the semigroup {7T'(t)} to P(X) is a
uniformly continuous group.

To prove estimate , we fix w € [0,w; ) and a regular curve 4 such that infye,, Rel =
w. Then, we can estimate

T(t < —
IT@el < o

/ MR A Hde)\’ < Cy sup [ ||z]| = Coe®||]|
Y+ AT+

for every t < 0 and z € P(X), where with C,, = (27) !}y | sup{||R(\, A)|| : X € 74} and ||
denotes the length of the curve v, Estimate (13.9)) is proved.
(iv) Taking formula ([13.8)) into account, for every ¢ > 0 we can write

T()(I - P) =T(t) — T(t)P = 2% / MR, A)dA — % / MR\, A)dA
Y Y+

_ 1 At
(13.11) = L_e R()\, A)d,

where 7 is the same curve used in Section 9.2 to define the operator T'(t) (see (9.4)), v— is
the curve oriented counterclockwise and having the set {A € C : A\ = —w + re* r > 0}
as support, for some 6 > /2. From property (i), it follows that the restriction of each
operator T'(t) to (I — P)(X) maps this space into itself. Moreover, since ||T'(t)(I — P)|| <
17|11+ ||P|]), formula follows immediately for ¢t € (0,1]. On the other hand, if
t > 1, estimate can be obtained, starting from formula and arguing as in the
proof of Proposition The details are left to the reader as an exercise (see Exercise

1551, 0

Corollary 13.2.3. Fiz x € X. Then, the following properties are satisfied.

(i) The function T(-)x is bounded in [0,00) if and only if Px = 0. In this case, the norm
|T(t)x|| decays exponentially to 0 as t tends to co.

(ii) The backward Cauchy problem

(13.12) { u'(t) = Au(t), t<0,

admits a bounded solution in (—oo,0] if and only if x € P(X). In this case, the bounded
solution is unique and is given by u = T(-)x. Hence, it decays exponentially to 0 as t
tends to —oo.

Proof. (i) Fix x € X and split it along P(X) and (I — P)(X), ie., x = Pz + (I — P)x.
Then, T'(t)x = T(t)Px + T(t)(I — P)x for every t > 0. The norm of the second term in the
previous formula decays exponentially to 0 as ¢ tends to oo, due to Proposition (iv).
On the other hand, since the restriction of {T'(¢)} to P(X) is actually a group, we can write
Pz = T(—t)T(t)Px, so that, using (13.9), we can estimate

1Pz]| < | T(=t)ll c(pexp I T ()Pl < Coe™ || T(8) Pl t>0,
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with w > 0, which implies that || T'(t)Pz| > C,e“||Pz| for every t > 0. It thus follows that
the map ¢t — T'(t)z is bounded in [0, c0) if and only if Px = 0.

(ii) If z € P(X), then the function t — T'(¢)z is a strict solution to the backward Cauchy
problem and decays exponentially to zero as t tends to —oo.

Conversely, suppose that problem admits a backward bounded solution u. Then,
for ¢ € [0, —a) the function ¢ — wu(t + a) solves the Cauchy problem

{u@:Ammtemr@,

Hence, u(t + a) = T(t)u(a) for every t € [0, —a) or, equivalently,
u(t) =T(t —a)u(a) =T(t —a)({ — P)u(a) + T(t — a)Pu(a) = (I — P)u(t) + Pu(t)

for every t € (a,0].

Fix w € (0,w_) and use to deduce that | T(t — a)(I — P)|| < C"e (=) Letting
a tend to —oo, we conclude that (I — P)u(t) = 0 for each ¢ < 0, so that x € P(X) and
u="T()x. O

Remark 13.2.4. Note that problem ([13.12)) is ill-posed in general. Changing t to —t it is
equivalent to a forward Cauchy problem with A replaced by —A, and —A may have very bad
spectral properties. If A is sectorial, —A is sectorial if and only if it is bounded (see Exercise
9.4.3).

In view of Proposition [13.2.2] we can now introduce the following definition.

Definition 13.2.5. The operator P, defined by (13.7)), is called spectral projection relative
to o4 (A). Moreover, the subspaces (I — P)(X) and P(X) are called stable subspace and
unstable subspace, respectively.

In the following example, we illustrate the results so far obtained in a concrete case.
Example 13.2.6. Let us consider the Cauchy problem

Diu(t,x) = Dygu(t, z) + au(t,z), t>0, zel0,1],
(13.13) u(t,0) = u(t,1) = 0, t>0,
u(0,z) = up(z), z € [0,1],

where a € R is a parameter.
We recast it as the abstract Cauchy problem

(13.14) { u'(t) = Au(t), t>0,

by choosing X = C([0,1]), D(A) = {f € C?([0,1]) : f(0) = f(1) =0} C X, Au =" + au
for every u € D(A).

The spectrum of A consists of the sequence of eigenvalues {\, }nen, where \,, = —72n2 +a
for every n € N (see Exercise [13.5.4). We now discuss some cases depending on the value of
a.
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e If o« < 2, then o(A) is contained in the halfplane {\ € C : ReX < 0} and, by Proposition

13.1.1} the solution u = T'(-)ug of (13.14) (and, hence, of problem ((13.13])) and all its

derivatives decay exponentially as ¢ — oo, for every initial datum wuy € C([0, 1]).

e If a = 72, then, clearly, s(A4) = 0. Moreover, there exists a positive constant C' such
that || T(t)|| < C for every ¢t > 0. To show this last fact, we observe that the operator
Asu = u” + 7?u with domain D(Ap) = {u € H?(0,1) : u(0) = u(1) = 0} is sectorial
in L%(0,1) and the associated semigroup {T5(¢)} coincides with {T'(¢)} on C([0,1]) (see
Exercise [13.5.4). Since the functions uy, : [0,1] — R, defined by uy(z) = sin(krz) for
every = € [0, 1], are eigenfunctions of Ay with eigenvalues (—k? + 1)72 for every k € N,
then (see Exercise To(t)uy, = e~ K=Vt for every t > 0.

If f € C([0,1]) € L?(0,1), then we expand it in a sine-series in L?((0, 1))

00 1
(13.15) f= chuk, cL = 2/ f(z)ug(x)dx.
k=1 0
Henceﬂ
T(t)f =To(t)f =D exT(t)up = ZCke_(kQ_l)Wztuk, t>0,
k=1 k=1
so that
IT(t) flloo < 20 flloe D e =07 >0,
k=1

which is bounded in [1, 00). Since T'(¢) is an analytic semigroup, then ||7°(¢)|| is bounded
in [0, 1]. Hence, the function ¢ — T'(t) is bounded in [0, c0) with values in £(X).

e If o > 72, then the spectrum of A contains elements with positive real part. In the case

where o # n?n? for every n € N, condition (13.6) is satisfied. Let m € N be such that
13.2.3

m?m? < a < 7%(m+1)2. By Corollary the initial data ug such that the solution

is bounded are those which satisfy the condition Pug = 0. Since o (A) is a finite set,
the projection P may be split into the sum

m 1 m
(13.16) P=>" 7 / R A= > P,
=1 [A=Ak|<e k=1

where A\, = —72k?> +a (k = 1,...,m) are the eigenvalues of A with positive real part

and ¢ is fixed sufficiently small such that the set B(Ag,e) \ {\x} is contained in p(A).
Let us show that

1
(13.17) (Ppf)(z) = 2sin(k7rm)/o sin(kmy) f(y)dy, z € [0,1].

B 'To justify the above expansion, it suffices to observe that (13.15)) is the Fourier series of the function
f:[-1,1] — R which is the odd extension of f.
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For every A # A\, expand f € C([0,1]) as in (13.15)). Using Exercise [13.5.3] we get

00 n
A)f = Ao)f = n-
R()‘v )f R()‘a 2)f 7;1 N — Anu
Hence,
1
Pkf = / R(/\, A)f d\ = CrUL.
278 J)a-apl<e

Consequently, from ((13.16]) and (13.17)) it follows that the solution of ((13.13)) is bounded
in [0, 00) if and only if the compatibility conditions

1
/ sin(kmwy)uo(y)dy = 0, k=1,...,m,
0

are satisfied.

13.3 Bounded solutions to nonhomogeneous problems in un-
bounded intervals

In this section, we consider nonhomogeneous Cauchy problems in halflines. To begin with,
we consider the forward Cauchy problem

{ u'(t) = Au(t) + f(t), t>0,

(13.18) w(0) = =,

where f : [0,00) — X is a continuous function and z € X. Throughout the section, we
assume that condition (13.6]) is satisfied. Further, we consider the sets o_(A), o4 (A) and
the constants w_, w, defined in Section Similarly, by P we still denote the spectral

projection defined by ((13.7]).
Fix once and for all a positive number w such that —w_ < —w < w < wy, and let Cy,, C/,

be the constants introduced in Proposition [13.2.2(iv)-(v).
We recall that the mild solution to problem (13.18) is the function u : [0,00) — X defined
by

u(t) =T(t)z + /0 T(t—s)f(s)ds, t>0.

Proposition 13.3.1. Fiz f € Cp([0,00); X) and x € X. Then, the mild solution u to problem
(113.18]) is bounded in [0, 00) with values in X if and only if

(13.19) Pr=— /000 T(—s)Pf(s)ds.

In this case,

(13.20) u(t) =T(t)(I — P)a:—i—/o T(t—s)(I—P)f(s)ds— /too T(t—s)Pf(s)ds, t > 0.



13.3. BOUNDED SOLUTIONS IN UNBOUNDED INTERVALS 167

Proof. For every t > 0 we split u(t) = (I — P)u(t) + Pu(t), where

(I—Pyu(t) =T x+AGW—SI P)f(s)ds
and
fm@):T@ﬂ%rkAZHt—QPf@Ms
:T@Pw+AmT@—sﬁ#@ﬂ&ile@—QPﬂgﬁ
(13.21) :T@<Pm+Awa£M7@M§—iAwT@—@Pﬂﬁw

Using (|13.10f) we can estimate
ru—meug%fww>PWWH%(amHu—m<\0/ (-9)gs
0<s<t

<CLIIT = Pll(llzll + w™ [ flloc)

for every t > 0, so that (I — P)u is bounded in [0, 00) with values in X. The last integral
term in the last side of (|13.21f is bounded as well, and

Hence, u is bounded if and only if the function

/too T(t—s)Pf(s)ds

<cu(swlProl) [T et = o IPlIf e 120
$= t

t— T(t) (Px + /OOO T(—S)Pf(S)d8> =:T(t)y,

is bounded. By Corollary [13.2.3| T'(t)y is bounded if and only if Py = 0, i.e., if and only if
condition ((13.19) is satisfied. In this case, u is given by (13.20)). O

Corollary 13.3.2. Suppose that 0(A) C {A € C: ReX < ¢} for some § < 0. Then, for

every x € X and f € Cy([0,00); X), the mild solution to Cauchy problem (13.18]) is bounded
in [0,00) with values in X.

Proof. Tt suffices to observe that o(A) = o_(A), so that P = 0. Hence, for every z € X and

f € Cp([0,00); X), condition (13.19)) is trivially satisfied. Applying Proposition (13.3.1} we can
complete the proof. O

Next, we consider the backward problem,

u'(t) = Au(t) + f(t), t <0,
(13.22) { w(0) = z.

where f: (—00,0] — X is a bounded and continuous function and z € X.

Problem is in general ill-posed, and to guarantee the existence of a solution we
need to assume rather restrictive conditions on f and z. Such conditions will also ensure
good regularity properties of the solutions.
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Definition 13.3.3. A function u € C((—o0,0]; X) is said to be a mild solution to problem

in (—00,0] if u(0) = z and
t
u(t) =T(t — a)u(a) +/ T(t —s)f(s)ds, t € [a,0],

for every a < 0.

In other words, u is a mild solution of (13.22)) if and only if for every a < 0 w is a mild
solution of the problem

(13.23) { W (1) = Ault) + (1), t€ (a0,
u(a) =y,

where y = u(a), and moreover u(0) = z.

Proposition 13.3.4. Fiz z € X and f € Cy((—00,0]; X). Then, problem (13.22) admits a
mild solution u € Cy((—0o0,0]; X) if and only if

(13.24) (I —P)z= / T(s)(I — P)f(—s)ds.
0
In such a case, the bounded mild solution u is unique and
0 t
(13.25)  u(t) = T(t)Px — / T(t — s)Pf(s)ds + / T(t—$)(I - P)f(s)ds,  t<0.
t —00

Proof. Assume that problem ([13.22]) admits a bounded mild solution u. Then, for every a < 0
and t € [a,0] we can write u(t) = (I — P)u(t) + Pu(t), where

(I — P)u(t) =T(t —a)(I — P)u(a) + / T(t—s)(I—P)f(s)ds

a

=1t a) ({1~ Puta) ~ [ Tla= )T = Phf(s)ds) +ur(e)

=T(t — a)((I — P)u(a) — ui(a)) + w1 (t),

for every ¢ € [a,0] and

ui(t) = /t T(t—s)(I—P)f(s)ds, t<0.

The function w; is bounded in (—o0,0]. Indeed,

t

(1326) w0l < o;(sggn(f—Pms)u) [ eeias <l i - Pl

— 00

for every ¢ < 0. Since u is bounded by assumptions, it follows that sup,<q ||(I — P)u(a)|| < oc.
Letting a tend to —oo and using estimate ((13.10)) we get (I — P)u(t) = uq(t) for every t < 0.
Taking ¢ = 0, condition (|13.24]) follows at once. On the other hand, Pu is a strict solution to
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the equation w’ = Aw + Pf and, since Pu(0) = Px, it is given by the variation-of-constants
formula, i.e.,

0
Pu(t) = T(t)Px — / T(t—s)Pf(s)ds, <0

Summing up, u is given by (13.25)).
Conversely, let us assume that condition (13.24)) holds true and define the function u =
u1 + us, where uq is defined above and

0
ug(t) = T(t)Px — /t T(t—s)Pf(s)ds, t<0.

Then, u; is bounded by estimate ((13.26) and uy is bounded due to estimate ((13.9)), so that
function u is bounded as well in (—o0, 0].
As it is easily seen, u is a mild solution of ([13.23]) for every a < 0, and since condition

(13.24)) holds true, it follows that

0
u(0) = Px —l—/ T(—s)(I — P)f(s)ds = Px+ (I — P)z = x.
Hence, u is a bounded mild solution to the problem (|13.22]). ]

Corollary 13.3.5. Suppose that 0(A) C {\ € C: Re\ < 6} for some 6 < 0. Then, for every
f € Cp((—00,0]; X), problem (13.22) admits a mild solution if and only if

= /0 T () f(—s)ds.

In such a case the mild solution u is unique and

u(t) = / T(t—s)f(s)ds,  t<0.

—0o0

Proof. 1t suffices to argue as in the proof of Corollary [13.3.2] taking Proposition [13.3.4] into
account. 0

13.4 Solutions with exponential growth or exponential decay

In this section, we relax a bit assumption ([13.6) and assume that
(13.27) c(A)N{AeC:ReA=w} =92

for some w € R. Clearly, condition is satisfied if we take w > s(A).

For every unbounded interval I and w € R, we denote by C,,(I; X) the set of all continuous
functions f : I — X such that || fllc,r,x) = super e " f()]| < co. Clearly, C(I; X) is a
Banach space when endowed with the norm || - ||, (7.x)-

Fix f € C,([0,00); X) and z € X. As it is easily seen, problem ([13.18) admits a mild
solution u € C, ([0, 00); X) if and only if the problem

{ U (t) = (A—whu(t) + e “f(t), t>0,

(13.28) #0) = o
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admits a mild solution u € Cy([0,00); X). In this case, u(t) = e“‘u(t) for every t > 0.
Similarly, if z € X and f € C,((—00,0]; X), then problem (13.22) admits a mild solution
u € Cyp((—00,0]; X) if and only if the problem

(13,20 { ?’(t) = (A—whu(t) +e “tf(t), t<0,
u(0) = =z,

admits a mild solutions & € Cp((—00,0]; X) and in this case u(t) = e**u(t) for every t < 0.

Clearly, the operator A = A — wl : D(A) € X — X is sectorial and satisfies condition

(13.6). Hence, all the results of Sections and may be applied to problems ([13.28)

and . Note that the spectral projection P associated with the operator A, introduced

in Section [13.2] is given by

/R(A,A—w[)d)\— 1/ R(z, A)dz,
T+ T+ tw

T 2mi

1
(13.30) pP=

"~ 2mi

where the smooth enough curve v 4 w surrounds 0¥ (A) = {A € 0(A) : ReX > w} and is
contained in the halfplane {A € C: Re A > w}. Set moreover 0¥ (A4) = {A € 0(A) : Re A < w}.
Note that if w > s(A) then P is the trivial operator.

Applying the results of the previous section we can prove the following result.

Theorem 13.4.1. Under assumption (13.27)) let P be the operator defined by (13.30). Then,

the following properties are satisfied.

(i) If f € Cy([0,00); X) and x € X, then the mild solution u to problem (13.18)) belongs to
C,(]0,00); X) if and only sz|

Pz = _/0 T(—s)Pf(s)ds.

In this case u is giwen by formula (13.20), and there exists a positive constant Cf,
depending on w, such that

ullcy0,00):x) < Crlllzll + 1 £l (f0,00):x))-

(ii) If f € Cu((—00,0];X) and x € X, then problem admits a mild solution u €
Cu((—00,0]; X) if and only if condition holds. In this case, the solution is
unique in Cy,((—o00,0]; X) and is given by formula . Finally, there exists a positive
constant Cy, depending on w, such that

lullcy, ((—o0,01:x) < Calllzl] + (1 f ll e ((=o0,00:x) )-

Remark 13.4.2. All the results in this and in the previous sections, require that X is a
complex Banach space. Anyway, they can be extended to the case when X is a real Banach
space. Indeed, in that case, we can introduce the complexification of X as in Remark @[
If A: D(A) C X — X is a linear operator such that the complexification A is sectorial in X,
then the projection P maps X into itself. To prove this claim, it is convenient to choose as

*Note that, since 0%(A) is bounded, T(t)P is well defined also for ¢ < 0, and the results of Proposition
13.2.2| hold, with obvious modifications.
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74 the smooth curve v (n) = W' + re™ for every n € [0,27], with o’ € R. For every z € X,
we can write

1 2m ) )
Pz =5 re"R(w' +re', A)x dn
T Jo
s
ZQL (e"R(w' +re" A) + e MR(w' + re” ™, A)) z dp,
T Jo

and the imaginary part of the function under the integral identically vanishes. Therefore,
P(X) C X, and consequently (I — P)(X) C X.

In the following example, we illustrate in a concrete case the results of this section.
Example 13.4.3. Consider the nonhomogeneous heat equation

Dyu(t,z) = Dggu(t,z) + f(t,z), ¢t>0, 0<z<1,
(13.31) u(t,0) = u(t, 1) = 0, t>0,
u(0,x) = up(x), 0<z<I1,

where f : [0,00) x [0,1] — R is bounded and continuous, ug : [0,1] — R is continuous
and uo vanishes at the endpoints 0 and 1. As in Example we choose X = C([0,1]),
A : D(A) = {u € C*([0,1]) : w(0) = u(l) = 0} = X, Au = u”. Since s(4) = —7%, A
is hyperbolic, and in this case P = 0. Proposition implies that the mild solution to
problem is bounded. Note that ug(0) = ug(1l) = 0 is a compatibility condition for
the solution of problem to be continuous up to ¢t = 0 and to satisfy the condition
u(0, ) = ug.

As far as exponentially decaying solutions are concerned, we can take advantage of Theo-
rem (1) Fix w ¢ {7?n? : n € N} and a continuous function f : [0,00) x [0, 1] — R such
that

sup  |e¥tf(t,x)] < o0.
£>0,0<z<1

Then, the mild solution u to problem (13.31)) satisfies the condition

sup  |e“'u(t, )| < oo
£>0,0<z<1

if and only if (13.19)) holds. This is equivalent to requiring that (see Example [13.2.6))

1 00 1
/ uo(x) sin(krz) de = —/ ek%zsds/ f(s,x) sin(krz)de,
0 0 0

for every natural number k such thatE| k% < w.
Let us now consider the backward problem

Duu(t,z) = Dygu(t,x) + f(t,x), t<0, 0<z<1,
(13.32) u(t,0) = u(t,1) = 0, t <o,
u(0,x) = ug(x), 0<z<I1,

3Recall that, since the function & — ug(x) = sin(kmz) is an eigenfunction of the operator A, with eigenvalue
—k%7?, it follows that T'(t)ux = etk ug, for every t € R.
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to which we apply Proposition [13.3.4l Since P = 0, it follows that, if f: (—o00,0] x [0,1] = R
is bounded and continuous, then there exists only a final datum wug for which the mild solution
to problem ([13.32)) is bounded in (—o0,0). Such a datum is given by the following formula

(see ([13.24))):

0
ug = / T(—s)f(s,-)ds.

—0oQ0

13.5 Exercises

Exercise 13.5.1. Prove property (i) and complete the proof of property (iii) in Proposition
Uo.2.2 .

Exercise 13.5.2. Let A : D(A) C Cp(R) — Cu(R) be the sectorial operator defined by
Au = u” for every u € D(A) = (R) Prove that o(A) is the negative real axis and
[AR(A, A)|| < (cos0/2)7L for every A € p(A), where § = arg(\).

Exercise 13.5.3. Let A: D(A) C X — X be a sectorial operator and let x be an eigenvector
of A with eigenvalue \. Prove that T'(t)z = e Mz for every t > 0 and R(u, A)x = (1 — \)~!
for every pu € p(A).

Exercise 13.5.4. Determine the spectrum of the operator A in Example [I3.2.6] and prove
that the operator As is sectorial in L?((0,1)). Finally, show that the semigroups {T'(t)} and
{T»(t)} coincide on C(]0,1]).

Exercise 13.5.5. Suppose that A is a hyperbolic sectorial operator. Prove that the spectrum
of the restrictions Ay and A_ of A to P(X) and to (I — P)(X) are, respectively, o4 (A) and
o_(A).

[Hint: prove that

1 R(§,A)
R(A,A+)_WL+ I

if A ¢ o, where 4 is the same curve defined at the beginning of Section and

_ 1 [REA
R(A,A,)_—% Sy dg,

if A ¢ o_, where v = ~, is the usual curve used to define the operator T'(¢) (see Figure 9.1)].

Exercise 13.5.6. Let a, 8 € R, and let A be the realization of the second order derivative
in C([0,1]), with domain {f € C%([0,1]) : af(i) + Bf'(i) = 0, i = 0,1}. Determine s(A).

Exercise 13.5.7. Let A satisfy (13.6), and let T > 0, f : [-T,0] — P(X) be a continuous
function. Prove that for every x € P(X) the backward problem

{ u'(t) = Au(t) + f(t), te[-T,0],
u(0) = =z,
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admits a unique strict solution in the interval [—T,0] with values in P(X), given by the
variation of constants formula

0
u(t) =T(t)x — / T(t — s)f(s)ds, t e [-T,0].
t
Prove that for each w € [0,w4) it holds that

Ju(t)] < cw(uxu Ty Hf(t)H).

Exercise 13.5.8 (A generalization of Proposition|13.2.2))). Let A be a sectorial operator such
that o0(A) = 01 U o9, where o7 is compact, o9 is closed and o1 N oy = &. Define the operator
Q by setting

211

1
— | RO\, A)d),
Q / (A 4)

where 7 is any regular closed curve in p(A), around oq, with index 1 with respect to each
point in o7 and with index 0 with respect to each point in .
Prove that

(i) @ is a projection;

(ii) the part A; of A in Q(X) is a bounded operator;

(iii) the group {7T1(t)} generated by operator A; in Q(X) is given by

Ti(t) = 2% A eMR(N, A)dA.
Exercise 13.5.9. Let A be a hyperbolic sectorial operator. Using Propositions and
prove that for every f € Cy(R; X) the equation
(13.33) u'(t) = Au(t) + f(t), t € R,
admits a unique mild solutiorﬂ u € Cp(R; X), given by
u(t) = /t T(t — $)(I — P)f(s)ds — /too T(t— s)Pf(s)ds,  teR.

—00
Further, prove that

(i) if f is constant, then u is constant as well;

(ii) if imy—oo f(t) = foo (resp., limys_oo f(t) = f-oo) then
0

lim wu(t) = /000 T(s)(I — P)foods — / T(s)P foods

t—o00 — 0
(resp., the same formula but with f replaced by f_);
(iii) if f is T-periodic, then w is T-periodic as well.

Exercise 13.5.10. Prove that the spectrum of the realization of the Laplacian in Cy(RY)
and in LP(RY) (p € [1,00)) is (—oc,0].

[Hint: to prove that A < 0 belongs to o(A), use or approximate the functions f(z1,...,z,) =
eV Ag).

4The definition of a mild solution of (I3.33)) is similar to the definition of mild solution to (13.22)).
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Lecture 14

Nonlinear abstract Cauchy
problems

In this lecture, based on the results in Lecture 10, we study nonlinear evolution problems,
associated to sectorial operators, on a Banach space X. The problems that we study here
have the form

(14.1)

' (t) = Au(t) + F(t,u(t)), te€ (0,7,
u(0) = uo,

where A : D(A) C X — X is a sectorial operator and F : [0,7] x Y — X is a continuous
function. Here, Y is either the whole space X or an intermediate space of class .J,, for some
a € (0,1), between X and D(A), see Definition 10.2.6. Using a fixed-point technique, we prove
the existence and uniqueness of the mild solution to problem , which can be extended
to a maximal interval [0, 7(up)), using arguments close to those used in the classical case of
ordinary differential equations. In general, 7(up) < T and this should be surprising, if one
thinks to the ordinary differential equations case. A general sufficient condition is provided
which guarantees the existence in the large (i.e., 7(ug) = T') of the mild solution to problem
(14.1). The results in Lecture 10 can be used to regularize the mild solution and show that
it is actually a classical or strict solution (see the forthcoming definition .

Finally, the results are explained by some concrete examples, which allow us to introduce
a less restrictive condition for the solution to problem to be defined in the large.

Throughout the lecture, for every T' > 0 we set

Moz = sup ||T(t)].
0<t<T

14.1 Nonlinearities defined in X
Consider the initial value problem (14.1) when F : [0,7] x X — X is a continuous function.
As in the case of linear problems, we can give the following definition.

Definition 14.1.1. A function u defined in an interval I = [0,7) or I = [0, 7], with 7 < T,
is said to be

e a strict solution of problem (14.1)) in I if it is continuous with values in D(A) and
differentiable with values in X in the interval I, and it satisfies problem (14.1));

175
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e a classical solution if it is continuous with values in D(A) and differentiable with values
in X in the interval I \ {0}, it is continuous in I with values in X, and it satisfies

problem (14.1));

e a mild solution if it is continuous in I'\ {0} with values in X and it satisfies the equation

¢
(14.2) u(t) = T(t)uo + / T(t— $)F(s,u(s))ds,  tel.
0
Thanks to Proposition 10.2.11 every strict or classical solution satisfies ((14.2]).

14.1.1 Local existence, uniqueness, regularity

It is natural to solve problem via a fixed point argument, applied to equation .
This will allow us to guarantee the existence and uniqueness of a mild solution. Under more
restrictive assumptions on F' and ug, such a solution turns out to be classical or even strict.

We assume that F': [0,7] x X — X is continuous and locally Lipschitz continuous with
respect to the second variable, uniformly with respect to time, i.e., for every R > 0 there
exists a positive constant Ly such that

(14.3) |F(t,z) — F(t,y)|| < Lrllz -yl t€[0,T], z,y € B(0,R).

In the proof of Theorems [14.1.3| and [14.2.1] we use the following version of the Gronwall
lemma, whose proof may be found for instance in [10, p. 188].

Lemma 14.1.2. Let 0 < a < b <T, and let u : [a,b] — R be a nonnegative function, bounded
in any interval [a,b — €|, integrable and such that

u(t) < k+ h/t(t —5) “u(s)ds, t € la,bl],

for some a € [0,1), h > 0 and k > 0. Then, there exists a positive constant Cy, independent
of a, b, k, such that u(t) < Cik for everyt € |a,b).

Theorem 14.1.3. Let F': [0,T] x X — X be a continuous function satisfying (14.3). Then,
the following properties are satisfied.

(1) If u,v € Cp((0,a]; X) are mild solutions to problem (14.1)) for some a € (0,T], then u

and v coincide.

(ii) For everyu € X there exist r, 6 > 0, K > 0 such that for ||ug — al|| < r problem
admits a mild solution u = u(-;ug) € Cp((0,0]; X). This function belongs to C([0,d]; X)
if and only if ug € D(A). Moreover, u depends continuously on the datum ug, i.e., for
every ug, w1 € B(u,r) there exists a positive constant K such that

)
(14.4) lu(t; uo) — w(t;ur)|| < K|lug — ui]|, t €[0,4].

Proof. (i) Let u,v € Cy((0,al; X) be mild solutions to (14.1) and set w = v — u. By (14.2),
the function w satisfies

w(t) = /0 T(t — s)[F(s,v(s)) — F(s,u(s))]ds, t € (0,al.



14.1. NONLINEARITIES DEFINED IN X 177

Using estimate (14.3) with R = max{supg.;, ||u(t)||, Supgei<q [|0(¢)||} + 1 we can estimate

t
lw(®)] < LeMor / lew(s)ds.
0

Gronwall’s lemma (with o = 0) implies that w = 0 in [0, a].

(ii) Fix w € X and R > 0 such that R > 8Myr|u|. If ug € B(u,r), where r =
(8Mo ) R, then we get supyepo,r [|7(H)uol| < 471R.

We look for a mild solution to problem in the closed ball Y of Cy,((0, 0]; X), centered
at zero and with radius R, where § € (0,7 has to be chosen properly. As it is easily seen,
the function F(-,v(-)) belongs to C4((0,d]; X) for every v € Y.

We define the operator I' in Y, by setting

(T(v))(t) = T(t)uop —i—/o T(t — s)F(s,v(s))ds, t €10,0].

Clearly, a function v € Y is a mild solution of in [0, 4] if and only if it is a fixed point
of the operator I'. Note that the function I'(v) is continuous in (0,d] with values in X, if
v € Cp((0,0]; X), as it can be easily checked arguing as in the proof of Proposition 10.2.12.
We shall show that I is a contraction and maps Y, equipped with the sup-norm, into itself
provided § is sufficiently small. For this purpose, we fix v1,v2 € Y and observe that, taking
into account, we can estimate
[T (v1) = T(v2)lloo < Mo |F (5 v1(-)) = F(,v2())lloe < 0MorLr[[vr — v2]|oo-

Therefore, if § < §p = (2MorLg)~!, then T is a 1/2-contraction in Y. Moreover,

IT(0)[loo <IIT(v) = T(0)l[oo + IT(0)]|o0 < g + T uolloo + Mool (-, 0)]oo

3
< R+ Mo 16][F'(+,0)]0o

for every v € Y and § < dg. Up to replacing dg with a smaller value, if needed, we can assume
that Mo 70|/ F(-,0)|cc < R/4, so that I maps Y into itself and we conclude that it admits a
unique fixed point.

Concerning the continuity of u up to t = 0, the function v — T'(-)up is continuous up to
t = 0 (as it can be seen adapting the arguments in the proof of Proposition 10.2.12), whereas
the function T'(-)ug is continuous at ¢ = 0 if and only if ug € D(A) (see Proposition 9.2.5).
Therefore, u € C(]0,d]; X) if and only if ug € D(A).

To conclude the proof, let us check estimate . For this purpose, we fix ug and u; in
the ball of Cy,((0, 6]; X) centered at w and with radius r. Since I' is a 1/2-contraction in Y and
both u(+;up), u(-;u1) belong to Y, it follows that ||u(-;ug) —u(-;u1)lleo < 2||T(-)(uo—u1)lloo <
2Mo 7||ug — u1]], so that estimate follows with K = 2Mj 7. O

14.1.2 The maximally defined solution

Now we can construct a maximally defined solution as follows. Set

7(up) = sup{a > 0 : problem (|14.1)) admits a mild solution u, in [0, a]}
u(t;ug) = ug(t), ift <a.
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Function u(t; ug) is well defined in the interval I (ug) = [0, 7(up)), thanks to Theorem [14.1.3(1).
Moreover, if 7(up) < T, then w is not defined at 7(ug) because, otherwise, the solution could
be extended to a larger interval, contradicting the definition of 7(ug) (see Exercise |14.3.2)).

We now discuss the regularity of u(-;up) and provide sufficiently conditions for the mild
solutions to be classic or even strict.

Proposition 14.1.4. Let F' satisfy condition (14.3) and assume in addition that there exists
a constant 0 € (0,1), and, for every R > 0, a positive constant Cg such that

(14.5) |F(t,2) - F(s,2)| < Crlt—s)',  0<s<t<T, [z <R

Then, for every ug € X, the function u belongs to C?([e, T(ug) — €]; D(A)) N C (e, 7(ug) —
el; X) and v’ is bounded in [e,T(ug) — €] with values in DA (0,00)) for every e € (0,7(up)/2).
Moreover the following statements hold.

(1) If up € D(A), then u(-;up) is a classical solution of problem ([14.1]).

(ii) If up € D(A) and Aug + F(0,ug) € D(A), then u(-;up) is a strict solution of problem
([T21).

Proof. Fix a € (0,7(up)) and € € (0,a). Since the function F(-,u(-)) belongs to Cy((0, a]; X),
adapting the argument in the proof of Proposition 10.2.12, it can be easily checked that
the integral term (say the function v) in the definition of mild solution (see (14.2))) belongs
to C?([0,a]; X). Moreover, the function T'(-)ug belongs to C*([e,a]; X). Summing up, we
conclude that u belongs to C?([e,a]; X). Now, conditions and imply that the
function F(-,u(-)) belongs to C?([e,a]; X). Since

u(t) =T(t —e)ule) + / T(t — s)F(s,u(s))ds, t € e, al,

we may apply Theorem 10.2.14 in the interval [e,a] (see Remark 10.2.17) and deduce that
u belongs to C?([2¢,a); D(A))N C'9([2¢,a]; X) for each € € (0,a/2), and u'(t) = Au(t) +
F(t,u(t)) for every t € (g,a]. Exercise 10.4.8 implies that «’' is bounded with values in
DA(0,00) in [e,a]. Since a and ¢ are arbitrary, we conclude that u € C?([e, 7(ug) —¢]; D(A))N
C'™([e, 7(uo) — €]; X) for each € € (0,7(ug)/2). If ug € D(A), then the function T(-)ug is
continuous up to 0, and statement (i) follows.

(ii). The arguments in the proof of Proposition 10.2.12 show that the function v is 6-
Holder continuous up to t = 0 with values in X. Since uy € D(A) C D4(6,00), then the
function T'(-)up is 6-Holder continuous up to ¢ = 0, as well. Hence, u is §-Holder continuous
up to t = 0 with values in X, so that the function F'(-,u(-)) is #-Holder continuous in [0, a]
with values in X. Statement (ii) follows now from Theorem 10.2.14(ii). O

Proposition 14.1.5. Assume that F' satisfies (14.3)). Let ug be such that I(ug) # [0,T].
Then, the function t — ||u(t)|| is unbounded in I(up).

Proof. Assume by contradiction that u is bounded in [0, 7(up)). Then, the function F'(-, u(+;up))
is bounded and continuous in the interval (0, 7(ug)) with values in X. Since u satisfies the
variation of constants formula (14.2)), it may be continuously extended at ¢ = 7(ug), in such
a way that the extension is Holder continuous in every interval [e, 7(ug)], with 0 < & < 7(up).
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Indeed, the function T'(-)ug is well defined and analytic in the whole (0, 00), and the function
u — T'(-)ug belongs to C*([0, 7(ugp)]; X) for each a € (0, 1), due to Proposition 10.2.12.

By Theorem [14.1.3] the problem

admits a unique mild solution v € C([7(uo), T(up) + d]; X) for some 6 > 0. Note that the
function v is continuous up to ¢ = 7(ug) because u(7(ug)) € D(A).
The function w : [0, 7(up) + d] — X, defined by

w(®) :{ u(t), tel0,7(up)),
o(t), t€ [r(uo),(uo) + 9],

is a mild solution to problem (14.1)) in [0, 7(ug) + 0] (see Exercise [14.3.2)). This contradicts
the definition of 7(ug). Therefore, u(-;up) cannot be bounded. O

Proposition provides us with a very useful tool to prove the existence in the large
of the mild solution to problem (14.1]). Indeed, if we are able to prove that the norm of u(t)
stays bounded when t runs in the interval I(ug), then we conclude that the mild solution
actually exists in the large. Such an a priori estimate on the sup-norm of u can be easily
proved if the nonlinear term F' grows not more than linearly as ||z|| tends to oo, as in the
case of ordinary differential equations.

Proposition 14.1.6. Assume that there exists a positive constant C' such that
(14.6) |F(t,z)|| < C+|z|]), te0,T], z € X.

Then, the mild solution u : I(ug) — X to problem (14.1) is bounded in I(ug) with values in
X, so that I(ug) = [0,T].

Proof. Fix t € I(up). Using condition (14.6]), we obtain

t
la@)l < Moz lluoll + MozrC (T -/ ||u<s>uds) .
0

Applying Lemma [14.1.2 (with o = 0) to the real valued function t — ||u(t)||, we conclude
that

lu(®)]| < C1(Morl[uol| + MorCT), t € I(uo),

and the assertion follows. O

Remark 14.1.7. Condition (14.6) is satisfied if condition ([14.3)) holds true with a constant
L, independent of R, i.e., if F' is globally Lipschitz continuous with respect to x, uniformly
with respect to t.



180 LECTURE 14. NONLINEAR ABSTRACT CAUCHY PROBLEMS

14.1.3 Examples: reaction-diffusion equations and systems

Consider the problem

Diu(t,z) = DAu(t,z) + f(t,z,u(t,z)), t>0, ze

(14.7) u(t,z) =0, t>0, ze0,
u(0,x) = up(z), x €,
in the unknown u = (uy,...,un), where D = diag(dy,...,d,) is a diagonal matrix with

positive entries on the main diagonal and © C R? is a bounded and sufficiently smooth
domain.

This type of problems are often encountered as mathematical models in chemistry and
biology. The part DAw in the system is called diffusion part, the numbers d; are called
diffusion coefficients, f is the reaction part of the equation. We refer the reader e.g., to the
monographs [16}19,22] for further details.

For simplicity, we confine our analysis to the case d =1 and Q = [0, 1].

On X = C([0,1]; R™) consider the linear operator A : D(A) = {u € C%([0,1];R™) : u(0) =
u(1l) = 0} — X, defined by Au = Du”, which is sectorial in X and D(A) = Cy([0,1];R™) =
{u € C([0,1;R™) : u(0) = u(1) = 0} (see Exercises [0.4.7(ii) and [14.3.5). Assume that the
function f : [0,7T] x [0, 1] x R™ — R™ is continuous and there exists a constant 6 € (0, 1) and,
for every R > 0 a positive constant K g, such that

(14.8) 1t 2, u) = f(s,9.0)]| < Kr(|t = s + u— ),
for every s,t € [0,T], =,y € [0,1], u,v € B(0,R) C R™. Then, we may apply the previous
theorems to obtain a smooth solution of problem ([14.7]).

Proposition 14.1.8. If f satisfies the condition(14.8) and ug € C([0,1],R™), then there exist
a mazimal interval I(ug) and a unique solution u to in I(up) x [0,1], such that u €
C(I(ug) x [0,1];R™), Dyu and Dyu, Dygu are bounded and continuous in [e, T(ug) — €] x [0, 1]
for every e € (0,7(up)/2), where T(ug) = sup I (ug).

Proof. To begin with, we observe that the function F' : [0,7]x X — X, defined by F'(¢, ¢)(z) =
f(t,z,p(z)) for every t € [0,T], x € [0, 1] and ¢ € X, is continuous and satisfies the conditions
(14.3) and (14.5). Indeed, fix any o1, 2 € B(0,R) C X. From (14.8), we deduce that
[E(t, 1) — F(s,92)|lc < K(|t —s|” + |1 — ¢2]|00) for every s,t € [0,T]. Theorem
guarantees the existence and uniqueness of a mild solution u € Cy,((0, ]; X) to problem (14.1)),
that may be extended to a maximal time interval I(ugp).

By Proposition u, u' and Au are continuous in (0, 7(ug)) with values in X (in fact,
Holder continuous in each compact subinterval). Then, the function (¢,x) +— u(t, z) := u(t)(z)
is bounded and continuous in [0, a] x [0, 1] for each a € I(up) and is continuously differentiable
with respect to ¢ in I(ug) x [0, 1]. Moreover, u is twice continuously differentiable with respect
to the spatial variables in I(ug) X [0, 1] as well. O

A sufficient condition for u to be bounded, and, hence for u to be defined in the large, is
the following:

(14.9) £ (t, z,u)|| < CA+ |ul]), t€[0,T], = €0,1], uecR™,
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Indeed, in this case the nonlinear function F' : [0,7] x X — X, introduced in the proof of
Proposition [14.1.8] satisfies condition ((14.6)).

Up to now, in this subsection we have dealt with real valued functions just because in
most mathematical models the unknown w is real valued. But we could replace C([0, 1];R™)
by C([0,1]; C™) as well without any modification in the proofs, getting the same results in
the case of complex valued data. On the contrary, the results in the rest of this subsection
hold true only for real valued functions.

Using the well known properties of the first and second order derivatives of real valued
functions at relative maximum or minimum points it is possible to find estimates on the
solutions to several first- or second-order partial differential equations. Such techniques are
called maximum principles.

Proposition 14.1.9. Let f : [0,T] x [0,1] x R™ — R™ be a continuous function satisfying
the condition || f(t,z,u) — f(s,2,v)| < Kr(|t — |’ +|u—v]|) for every s,t € [0,T], = € [0,1],
u,v € B(0,R) CR™, R > 0 and some positive constant K. Further, assume that

(14.10) (y, f(t,z,y)) < C(1+y?), te0,T], z€[0,1], y e R™,

for some nonnegative constant C. Then, for every ug € C([0,1]), the solution to problem

(114.7)) is bounded in I(ug) x [0,1] and, therefore, it exists in the large. If C = 0 in (14.10)),
then

sup —u(t, )| = [luollco-
(t7x)€1(u0)><[0»1]
Proof. Fix A > C, a < 7(ug) and set v(t,z) = e Mu(t,z) for every t € [0,a] and z € [0, 1].
Such a function solves the problem

Dw(t,z) = Av(t,z) + f(eMv(t,z))e ™ — \o(t,z), t>0, z¢c]0,1],
v(t,0) =wv(t,1) =0, t>0,
v(0,2) = up(x), z € [0,1].

Let w : [0,a] x [0,1] — R be the scalar function defined by w(t,z) = |v(t,z)|* =
S vilt,m)? for every (t,x) € [0,a] x [0,1]. As it is easily seen, Dyw = 2(Dyv,v) and
Dapw =231 |1Dyvi]|? + 2(v, Dygv).

Since w is continuous, there exists a point (tg,zo) € [0,a] x [0, 1] such that w(tg, z¢) =
*lwllc(o,a1x[0,17)- The point (to,xo) is either a point of positive maximum or of negative
minimum for w. Assume for instance that (o, zp) is a maximum point. If {5 = 0, then it
follows immediately that |[v||cc < [Jupl|oo. If to > 0, then, clearly, we can assume that xy €
(0,1). Then, Dyw(tg,zo) > 0, Dyyw(to,zo) < 0 and, hence, (w(tg,xo), Dzzw(to, o)) < 0.
Writing the differential system at (to, o) and taking the inner product with w(tg, zo), we get

0 <(Dyv(to, xo), v(to, To))
=(Dv(to, o), v(to, xo)) + <f(e’\t0v(to, J}())),U(t(),x(])e_)\t()) - )\|v(t0,m0)]2
<C(1 + [Jo(to, zo)[I*) = Alv(to, zo)|I?,

so that ||v[|2, < C/(A—C). Therefore, ||[v]/oo < max{||uo/|oo; v/C/(A — C)}, and consequently
lullcy (0,01 x[0,1]) < A max{||ug||ss /O/(X — C)}. If (to,20) is a minimum point, then the
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proof is completely analogous and leads us to the same conclusion. The first part of the
statement follows. by letting a tend to 7(up).

To complete the proof, we observe that, if C' = 0, then from the previous estimate we
obtain that |luls < e |lug|le for every A > 0 and letting A tend to 0, we conclude that

[ulloo < [Juoloo- O

Remark 14.1.10. The results in this subsection can be applied also to the case when homo-
geneous Neumann boundary conditions are prescribed on the boundary of [0, 1], which can be
replaced also by a bounded and smooth enough open subset of R%. They can also be extended
to the case when the equation is set in the whole R?, of course with no boundary conditions.

Remark 14.1.11. Inequality (14.9) is a growth condition at infinity, while :14.10) is only an
algebraic condition. For instance, it is satisfied when f(t,z,u) = Au — u?**! for some k € N
and A € R. The sign — is extremely important. Consider the problem

{ Dyu(t, ) = Au(t, z) + |u(t,z)|*Te, t>0, z€eR,

u(0,z) = u(x), z € R,

with € > 0. If @ is constant in R™, then the solution w is independent of x and it coincides
with the solution to the ordinary differential equation

g(t) = @), t>0,
£(0) =,

which blows up in a finite time if @ > 0.

14.2 Nonlinearities defined in intermediate spaces

In this section, X, is any space of class J, between X and D(A), for some o € (0, 1). Consider
the Cauchy problem

(14.11) { u'(t) = Au(t) + F(t,u(t)), te€ (0,71,

u(0) = up € Xq,
where F' : [0,T] x X, — X is a continuous function, for some 7" > 0. The definition of strict,
classical, or mild solution to (14.11]) is similar to the definition in Section m

The Lipschitz condition (14.3)) is replaced by a similar assumption: for each R > 0 there
exists a positive constant Li such that

(1412)  |F(ta) = F(ty)l < Lellz—ylx..  t€[0.T]. o,y € BO,R) C Xa,

Since D(A) — X, < X, the function 7'(-) is analytic in (0, +o00) with values in £(X,).
Nevertheless, the norm ||7'(t)||z(x,,) could blow up as ¢ — 0 (see Exercise [14.3.6]). To avoid
this situation, we assume the following condition

(14.13) limsup [|T(t) (| £(x.) < oo,
t—0

which implies that the function ¢ — | T'(#)[|z(x,) is bounded on every compact interval con-
tained in [0, c0).
In this section we set

(14.14) Moo = sup [[T()|lz(x.), My = sup t*|T()|c(x,x)-
0<t<T te(0,T]
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14.2.1 Local existence, uniqueness, regularity

As in the case of nonlinearities defined in the whole X, it is convenient to look for a local mild
solution at first, and then to see that under reasonable assumptions the solution is classical
or strict.

The proof of the local existence and uniqueness theorem for mild solutions is quite similar
to the proof of Theorem but we need an extension of Proposition 10.2.12.

Theorem 14.2.1. Let F : [0,T] x X, — X be a continuous function satisfying (14.12)).
Then, the following properties are satisfied.

(i) If u,v € Cp((0,a]; X) are mild solutions for some a € (0,T], then u = v.

(ii) For each u € X, there are r, 6 > 0, K > 0 such that if ||ug — ul|x, < r then problem
(14.11) has a mild solution u = u(-;ug) € Cy((0,6]; Xo). The function u belongs to

C([0,0]; Xa) if and only if uy € (A)Xa (=closure of D(A) in X,). Moreover, for uy,
uy € B(w,r) it holds that

l[u(t; o) — u(t;ur)llx, < Klluo — ullx., t € [0,9].
Proof. (i) The proof can be obtained arguing as in the proof of Proposition [I4.1.3]i), using
Lemma [14.1.21

(ii) Let M, be the constant defined by (14.14). Fix R > 8 M, r||u/ x, and observe that
supyepo,r |7 (H)uollx, < R/4 for every ug in the closed ball of X,, centered at w and with
radius r = (8 M, 1) ' R.

We look for a local mild solution in the space Y = {u € Cy((0,0]; Xa) : ||t|loc,a =
Supye(0,0] [lu(t)llx, < R}, where 6 € (0,7] will be chosen later. As it is easily seen, for each
function v € Y the function F(-,v(-)) belongs to Cp((0, §]; X'). Thus, we can define a nonlinear
operator I' in Y by setting

t
L(v)(t) =T (t)uo + / T(t — s)F(s,v(s))ds, te0,9], vel.
0
A function v € Y is a mild solution to (14.11)) in [0, d] if and only if it is a fixed point of T".

We shall show that I is a contraction, and it maps ) into itself, provided ¢ is small enough.
Let vy, v2 € Y. By Exercise 10.4.7, I'(v1) and I'(v2) belong to Cy((0,d]; X,) and

MO,O(,T —
IT(v1) = F(o2)loca <7770 SN v1(4) = F(v2()) oo
Moot
< 0TS [|o) — gl sc.a
—

Therefore, if

2Mo o rLR —1/(1=a)
1—a ’

(53(50:<

then IT" is a 1/2-contraction in ). Moreover, for each v € ) and ¢ € [0, 6], with ¢ < Jp, we can
estimate

R —Q
IT(@)lloo.a <T(v) = T(O)loca + IT(O0)lloc,a < 5 + IT()uo]looa + C5' ™ F (-, 0]l
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3
< R+ CFF(0) oo

Therefore, if § < §g is such that C6'~*||F(-,0)|lc(o,s:,x) < R/4, then T' maps Y into itself,
and it admits a unique fixed point in ).

Concerning the continuity of u up to ¢ = 0, we observe that the function v = u — T'(-)ug
belongs to C([0,0]; X4), while the function T'(-)up belongs to C([0,d]; X,) if and only if

up € (A)Xa (see Exercise [14.3.8]). Therefore, u € C([0,]; X,) if and only if uy € D(A)Xa.
The statements about continuous dependence on the initial data may be proved precisely
as in Theorem [4.1.3 O

The local mild solution to problem is extended to a maximal time interval [0, 7(ug))
as in Section [[41]

Without important modifications in the proofs it is also possible to deal with regularity
and behavior of the solution near 7(ug), obtaining results similar to the ones of Propositions

M414 and T415

Proposition 14.2.2. Let F' satisfy condition (14.12)). Further, assume that there exists
0 € (0,1) and, for every R > 0, a positive constant Cr such that

|F(t,z) — F(s,x)|| < Cglt —s|’, s,t €10, 7], [z|lx, <R.
Then, u belongs to C([e, 7(up)—e]; D(A)) N C*([e, 7(ug)—¢]; X), and u’ belongs to B([e, 7—
el; DA(0,00)) for each e € (0,7(ug)/2). Moreover, if uy € Xo C D(A) then u(-;up) is a
classical solution to problem (14.11). Finally, if up € D(A) and Aug + F(0,up) € D(A) then
u 18 a strict solution to (14.11)).

Proposition 14.2.3. Assume that the function F satisfies (14.12) and let ug be such that
I(ug) # [0, T]. Then, the function t — ||u(t)| x, is unbounded in I(ug).

The simplest situation in which it is possible to show that the X,-norm of v is bounded
in I(up) for each initial datum wug is again the case when F' grows not more than linearly with
respect to x as ||z||x, tends to oco.

Proposition 14.2.4. Assume that condition (14.12]) holds and there exists a positive constant
C' such that

(14.15) IFt ) <CO+ ||zllx.),  te]0,T]), € Xa

Let u : I(ug) — X4 be the mild solution to problem (14.11). Then, u is bounded in I(ug) with
values in X, and, hence, I(ug) = [0,T].

Proof. For each t € I(ug) we can estimate

[u(®)]lxo <Mar

t
o, + Mooz [ (6= 9701+ [u(s)]x,)ds
0
e " lus)llx
<M, C M, “d
<M, 7|uollx, + O,a,T(l_a+ L s 3) )
where the constants M, 7 and My o 1 are defined in (14.14)) Lemma [14.1.2 implies that
CMo 07T >
1 _ )

u(t)1x. < Ci <MQ,T||UOHXQ . e Iu)

and the statement follows. O
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The growth condition sounds rather restrictive. If we have some a priori estimate
for the solution to in the X-norm (this happens in several applications to PDE’s),
it is possible to find a priori estimates in the D4(6, co)-norm if F' satisfies suitable growth
conditions, less restrictive than . Since D 4(6,00) is continuously embedded in X, for
6 > « by Proposition 10.2.7, we get an a priori estimate for the solution in the X,-norm, that
yields existence in the large.

Proposition 14.2.5. Assume that condition (14.12)) holds and there exists an increasing
function p : [0,400) — [0, +00) such that

(14.16) IF( ) < p(lel)(1+ 21%,), ¢ [0.T), =€ X,
for some v € (1,a™!). Let u : I(ug) — X4 be the mild solution to problem (14.11). If u is

bounded in I(ug) with values in X, then it is bounded in I(ug) with values in X,. Hence,

Proof. Let us fix 0 < a < I(ug). Set I, = {t € I(up), t > a} and denote by K the supremum
of [|u(t)|| over I(ug). Since u € Cy((0, a]; X4 ), it suffices to show that u is bounded in I, with
values in X,. We show that it is bounded in I, with values in D4 (6, c0), when 6 = ay. This
will conclude the proof due to Proposition 10.2.7.

Observe that u(a) € D4(0,00) and that it satisfies the variation of constants formula

t
u(t) =Tt — a)u(a) + / T(t — s)F(s,u(s))ds, tel(a).
Using the interpolatory estimate ||z|/x, < c\|$||1_0‘/9|]x\|%/j(9 00)? with ¢ = ¢(a, 0), that holds

for every x € D4(6,00), see Exercise [10.4.6(b). We get

—Q ay/6 -
lu()Ik, < ellu@) D u(s) 5 oy < K7D u(s)]| 5 (0,00)-

so that ||F(s,u(s))| < u(K)(1+ cKV(I*O‘/G)Hu(s)|]DA(97OO)). Let My 1 be a positive constant
such that [#T()2]py 00 < Mozl and [Tyl 000 < Mollyllp (om0 for every @ €
X,y € Da(f,00) and t € (0,T]. Then, for t € I, we can estimate

410000 <Molu(@)] 0.0
t
(14.17) 4 M) [ (= 5004 RO a5, 00,

and Lemma [14.1.2| implies that u is bounded in I, with values in D4 (6, 00). O
The exponent v = a~! is said to be critical growth exponent. If v = o=, then the above
method does not work: one should replace D 4(ay,00) by D(A), and the integral in (14.17))
would equal co. We already know that in general we cannot estimate the D(A)-norm of the

function v = T'(+) * ¢ in terms of the sup-norm of ().

14.2.2 An example: the Cahn-Hilliard equation

Let us consider a one dimensional Cahn-Hilliard equation

Diu(t,x) = Dyy(—uz(t,x) + f(u(t,x))), t>0, zel0,1],
(14.18) Dyu(t,0) = Dyu(t,1) = Dygpu(t,0) = Dygau(t,1) =0, >0,

U(O,l‘) ZUO(x)v U [07 1]7
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assuming that f € C3(R) has a nonnegative primitive ® and uy € C?([0,1]) is such that
u((0) = u(1) = 0. The smoothness of f and the assumptions on ug are sufficient to obtain a
local solution. The positivity of a primitive of f will be used to get a priori estimates on the
solution that guarantee existence in the large.

Set X = C([0,1]) and consider the operators A : D(A) = {p € C*([0,1]) : ¢'(0) =
O'(1) = ¢"(0) = ¢"(1) = 0} — X, defined by Ap = —¢"" for every ¢ € D(A), and
B : D(B) = {¢ € C*[0,1]) : ¢'(0) = ¢'(1) = 0} — X, defined by By = " for every
¢ € D(B). Operator A has a very special form; specifically A = —B?, where B is sectorial
by Exercise [0.4.7](iii) and Xo9 C p(A) for every 0 € (7/2,) (see Definition 9.2.1. Then, A is
sectorial in X by Exercise @ and D(B) is of class J j» between X and D(A) by Exercise
10.4.5. So, that we may choose a = 1/2, Xy = D(B). Note that both D(B) and D(A) are
dense in X. Since B commutes with R(\, A) on D(B) for each A € p(A), then it commutes
with T'(t) on D(B), and

d2
ITOlom = IT Ol + | 200 = ITOple + 10" < Mozleloge

o0

Hence, condition (|14.13)) is satisfied.
d2
The function I : X, /5 — X, defined by F(¢) = ﬁf@p) = f'(©)¢"+ " ()" is Lipschitz
x

continuous on each bounded subset of X5, provided f is a C? function and f” is locally
Lipschitz continuous.

Theoremimplies that, for each ug € D(B), there exists 7(up) > 0 such that problem
has a unique solution u : [0,7(ug)) x [0,1] — R, with u, Dyu, Dzzu continuous in
[0,7(up)) x [0,1] and Dyu, Dygytt, Dygaru continuous in (0, 7(ug)) x [0, 1].

Since we have a fourth-order differential equation, the maximum principles cannot be
applied to show that u is bounded. We shall prove that the norm |ju(t,-)| g1 is bounded in
I(up); through the Sobolev embedding this will imply that « is bounded in I(u).

Since Dyt = Dyy(—Dygu + f(u)) for each ¢ > 0, it follows that

1 t 1
(14.19) /0 (u(t,x) —u(e, x))dx = / dt/0 Dyu(s,z)dx =0, t € e, m(up))

for every € € (0,7(up)). Letting € tend to 0, we get

1 1
/0 u(t, z)dx = /0 ug(z)dz, t € (0,7(uo)),

so that the mean value of u(t, ) is a constant, independentﬂ of t.
Fix again € € (0, 7(up)), multiply both sides of the differential equation by — Dy ,u+ f(u),
and integrate over [e,t] x [0, 1] for t € (¢, 7(up)). We get

//Dtqu,udsd:U—&—/ / Dyuf(u)dsdx

/ / Dyzti + f(u))Dyz(—Dyzu + f(u))dsde.

"We take € > 0 in (14.19)) because our solution is just classical and it is not strict in general, so that it is
not obvious that Dyu is in L' ((0,t) x (0, 1)).
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Note that we may integrate by parts with respect to x in the first integral, because the
derivative Dyyu exists and it is continuous in [e,¢] x [0,1] (see Exercise [14.3.10). So, we
integrate by parts in the first integral, we rewrite the second integral, recalling that f = @',
and integrate by parts in the third integral too. We get

t 1 t d 1
/ / ux(s,x)um(s,x)dsdac—i—/ / O (u(s, z))dzds
e JO € ds 0

-/ t / Dt (s,2) + pu(s ) drds

so that

1

1 ) 1 1 ) 1
2/0 o (b, )2z — 2/0 wa(e, 7) d:v—l—/o D (u(t, z) — D(u(e, o)]dz < 0,

and, letting € tend to 0, we get

1 1
Joaa (8, )22 + 2 /0 B(ult,x))dz < b2 +2 /0 S(up(x))dz,  t € (0, 7(uo).

Since ® is nonnegative, then D,u(t,-) is bounded in L2((0,1)) for ¢t € I(ug). The Poincaré
inequality and the fact that u(¢,-) has constant mean value, yield that u(t,-) is bounded in
H'(0,1) for t € I(ug). Since H*(0,1) is continuously embedded in C([0,1]), u is bounded in
the sup norm.

Now we may use Proposition because F' satisfies condition with v = 1.
Indeed,

HF(so)HS( sup \f’(&)l)Hs@"HooJr( sup !f”(f)l)HsO'Hio
€<l 0o 1€1<]l@lloo
< s 1O 1ot s 1FE)]- Cllollulle” I
1€]<]lelloo €<l oo

<u(lleDllellpe),
where p(s) = max{supjg<, |f'(€)], Cssupg<,|f”(§)[} and F has subcritical growth (the
critical growth exponent is 2). By Proposition [14.2.5] the solution exists in the large.
14.3 Exercises
Exercise 14.3.1. Prove that

(i) if F satisfies (14.3]) and u € Cy((0,6]; X) with 0 < § < T, then the composition ¢(t) :=
F(t,u(t)) belongs to Cy((0,d]; X);

(ii) if F satisfies (T4.5) and v € C?([a,b]; X) with 0 < a < b < T, then the composition
©(t) := F(t,u(t)) belongs to C%([a, b]; X).

These properties have been used in the proofs of Theorem [14.1.3| and of Proposition
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Exercise 14.3.2. Prove that if u is a mild solution to (14.1]) in an interval [0,%p] and v is a
mild solution to

V(t) = Av(t) + F(t,0(t), t€ (to,t1),
U(to) = u<t0)7

then the function z : [0,t1] — X, defined by z(t) = u(t) for 0 < t < tg, z(t) = v(t) for

to <t < tp,is a mild solution to (14.1)) in the interval [0, ¢;].

Exercise 14.3.3. Under the assumptions of Theorem [14.1.3] for ¢y € (0,T) let u(-;tg,x) :

[to, T(to,z)) — X be the maximally defined solution to problem v = Au+ F(t,u), t > to,
u(ty) = x.

(i) Prove that for each a € (0,7(0,z)) it holds that 7(a,u(a;0,2)) = 7(0,z) and for ¢ €
[a,7(0;x)) it holds that u(t; a,u(a;0,x)) = u(t; 0, ).

(ii) Prove that if F' does not depend on ¢, then 7(0,u(a;0,2)) = 7(0,2) — a, and for ¢t €
[0,7(0,2) — a) we have u(t;0,u(a;0,z)) = u(a + t; 0, x).

and [|u(t; ug) — u(t;ur)| < Kljup — uq|| for each ¢ € [0, b].

Exercise 14.3.4. Prove that if F' satisfy (14.3)), then for every up € X, the mild solution u
of problem (|14.1)) is bounded with values in D 4(/3,00) in the interval [, 7(ug) — €], for each
B €(0,1) and ¢ € (0,7(up)/2).

Exercise 14.3.5. Prove that the closure, with respect to the sup-norm, of the set {u €
C2([0,1]) : u(0) = u(1) = 0} is the set of all functions u € C([0, 1]) which vanish at 0 and at
1.

Exercise 14.3.6. Let A be the operator in Exercise and let {T'(t)} be the associated
analytic semigroup. Prove that the function || 7'(-)||z(ce([o,1)) is unbounded in (0.1].

[Hint: Compute u = R(\, Axo)1 for A > 0 and show that limsup,_, . A1=*/2u(A~Y/2) = oo,
so that A[R(\, Ax) floe is unbounded as A — oco. Taking into account the behaviour of
R(A, A)1, deduce that the function ||T'(-)||z(ce((0,1))) is unbounded in (0, 1]].

Exercise 14.3.7. Let u be the solution to
Dyu(t,z) = Dygu(t, =) + (u(t,z))?, t>0, x<cl0,1],
u(t,0) =u(t,1) =0,
u(0,z) = up(x), z € [0,1]

with ug(0) = up(1) = 0. Prove the following properties.

(i) If 0 < uo(z) < w?sin(rz), then u exists in the large.

2

[Hint: compare with v(¢,z) = 7 sin(7wz)].

1
(ii) Set h(t) = / u(t, ) sin(rx)dr and prove that h'(t) > (7/2)h? — w2h(t). Deduce that if

0
h(0) > 27 then u blows up in finite time.

Exercise 14.3.8. Show that the function ¢ — T'(t)ug belongs to C([0,0]; X4) if and only if
i Xa . . .
ug € D(A) ~. This fact has been used in Proposition |14.2.1



14.3. EXERCISES 189

Exercise 14.3.9. Prove Propositions [14.2.2| and [14.2.3]
[Hint: concerning Proposition [14.2.2] show by induction that the statement holds with 6
replaced by 0 = min{, (1 — a)(1 + a + ...+ a* 1)} for every k € NJ.

Exercise 14.3.10. Referring to Subsection prove that the function D;,u exists and
it is continuous in [e, 7 — €] x [0, 1] for each ¢ € (0,7/2).

[Hint: use Proposition to deduce that the function Dyu is bounded in [e, 7 — ¢] with
values in D (6, 00) for every 6 € (0,1) ...].

Exercise 14.3.11. Let A: D(A) C X — X be a sectorial operator in the sector ¥ g, with
6 > 37 /4. Show that —A? is sectorial.
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Lecture 15

Behavior near stationary solutions

In this last lecture, we complete our study and combine the spectral analysis on the sectorial
operators, with the results in Lecture 14 to investigate on the stability of steady state solutions
to nonlinear problems. More precisely, we consider the nonlinear equation

(15.1) u'(t) = Au(t) + F(u(t)), t>0,

where A : D(A) C X — X is a sectorial operator, F' : X — X, or F': X, — X satisfies the
assumptions of the local existence Theorems 14.1.3 or 14.2.1. Then for every x € X,, the
initial value problem

(15.2)

{ W' (t) = Au(t) + F(u(t)), t>0,
u(0) = =z,

admits a unique solution, that we denote by u(-;z), defined in a maximal time interval
[0, 7(x)).

Assuming that F'(0) = 0, the equation admits the stationary (i.e., constant in time)
solution v = 0. We are interested in studying the stability of the null solution to equation
. Throughout this lecture, we use the same notation as in Lecture 14, so X, is a space
of class J, between X and D(A), for some a € (0,1), that satisfies the condition

lim sup || T(t) | £(x.) < oo.
t—0

This condition implies that the function ¢ — || T'(t)||z(x,) is bounded on every compact interval
contained in [0, 00). Moreover, we assume that the function F' satisfies the condition

(15.3) ;I_I)% K(p) =0,
where
F(z)-F
K(p) = SUP{M(y)H cx,y € B(0,p) C Xa}.
2 =yl x,

Definition 15.0.1. The null solution of (15.1)) is said to be

e stable (in X,) if for every ¢ > 0 there exists § > 0 such that

x € Xo, |7||lx, <= 7(x) =00, |u(t;z)||x, <e Vt>0;

191
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e asymptotically stable if it is stable and limy;_,o [|u(t;2)||x, = O uniformly for x in a
neighborhood of 0.

e unstable if it is not stable.

Here, u(-,z) : [0,7(z)) — X4 is the maximally defined solution of ([15.1)) with initial datum
z.

From the point of view of the stability, the case when F' is defined in X, does not differ
substantially from the case when it is defined in the whole space X, and they will treated
together, setting X := X and considering « € [0,1).

Remark 15.0.2. We confine our analysis to the case when 0 is a stationary solution to
equation . The study of the stability of other possible stationary solutions ©w € D(A)
can be reduced to the case of the null stationary solution w, if F' is Frechét differentiable at u
and condition is satisfied, with 0 being replaced by u, and the operator A = A+ F "(w)
is sectorial. It suffices to study the problem v" = Av + F(v) solved by the new unknown
v =u—1u. Here, F(v) = F(v+71) — F'(7)v.

As in Lecture 13 we consider the Banach space C,(I; X,) (o € [0,1)) consisting of all
functions f : I — X, such that || f|lc, 7:x.) = supser(e™ | f(t)]x.) < oo. Here, I is either
the interval (0, 00) or the interval (—o0,0).

15.1 The principle of linearized stability

The principle of linearized stability states that the null solution to the nonlinear equation
has the same stability properties of the null solution to the linear problem v’ = Au.
Note that, by assumption , the linear part of Az + F(z) near x = 0 is Az, so that
the nonlinear part F'(u) in problem looks like a small perturbation of the linear part
u' = Au, at least for solutions close to 0. In the next two subsections we make this argument
rigorous.

15.1.1 Linearized stability

In this subsection, we assume that the spectral bound s(A) of the operator A is negative.
Under this condition, the results in Lecture 13 show that, for every z € X, the solution to
the homogeneous linear problem

converges to the null solution (which is a stationary solution to such problem) with exponential
rate. As we will see, also problem exhibits the same behaviour.

In the proof of the linearized stability theorem we shall use the next lemma, which is a
consequence of Proposition 13.1.1.

Lemma 15.1.1. Fizw € [0,—s(A)). If f € C_,((0,00); X) and x € X,, then the function

v(t) =T(t)x —i—/o T(t —s)f(s)ds, t >0,
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belongs to C—,((0,00); X,,), and there exists a constant C = C(w) such that

[ollew000)ixa) < Clllzllxa + 1 Flle-. (0.00):x))-

Proof. By Proposition 13.1.1, for each w € [0, —s(A)) there exists a positive constant M (w)
such that | T(t)[|zx) < M(w)e " for every t > 0. Therefore, splitting T'(t) = T(1)T(t — 1),
we can estimate

IT®) | 2x,x0) < ITW)| z0x,x) 1T (E =Dl gx) < Ce™, t>1,

with C' = M (w)e®||T(1)|| £(x,x.), while for 0 <t < 1 we have [|T(t)]|z(x,x,) < Ct~ for some
constant C' > 0, by Proposition 10.2.7. By changing w € [0, —s(A)), if necessary, we get that

(15.4) Cy = iglg(ewtt"‘IIT(t)IIL(x,Xa)) < 0.

On the other hand, since X, is continuously embedded in X, it follows that ||T'(t)||z(x.) <

Ce*! for t > 1 and some positive constant C. By assumptions, the function ¢ — 1T )l (x.)
is bounded in (0,1). Summing up, we conclude that

Coo = sup (e[| (1)l (x..)) < 00
>0
Therefore, for every fixed w’ € (w, —s(A)) and ¢ > 0, using (15.4]), we can estimate

e” /0 T(t—s)f(s)ds =|le* /0 T(s)f(t—s)ds

Xa Xa

~ W ¢ —a_—w's C 2
<Gt [se f—s)ds < S POy 0 oo
0 (w )

where, here, I' is the Gamma function. and the statement follows. ]

Theorem 15.1.2. For every w € [0,—s(A)) there exist two positive constants M = M (w)
and r = r(w) such that, if x € B(0,r) C X,, then 7(x) = co and

(15.5) lu(t; 2)llx. < Me™"||z|x., t>0.
As a byproduct, the null solution to equation (15.1) is asymptotically stable.

Proof. Let Y be the closed ball centered at 0 in the space C_,((0,00); X, ), with radius p to
be fixed later on. We look for the solution to problem ((15.2)) as a fixed point of the operator
I" defined on Y by

(15.6) (D(w)(t) = T(t)z + /0 T(t— $)F(u(s)ds, 30,
If u €Y, then
(15.7) IE(u)]| = |F(u(t)) — FO)|| < K(p)[lu()]lx, < K(p)pe ™", t>0,

so that F(u(-)) € C_,((0,00); X). Using Lemma |15.1.1{ we get

(15.8)  IT(w)llo_soee)xa) < C (I2llxa + I1F 0 ulc(000)x)) < C l2llxa + oK (p))-
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If p is sufficiently small so that K(p) < (2C)~! and ||z||x, < r := (2C)"!p, then I'(u) belongs
to Y. Moreover, again by Lemma [15.1.1] it follows that

[T (u1) — T(u2)llo_, ((0,00):xa) < ClIF our — Foualle_,((0,00):%)
for every ui,us € Y, where
[1F (u1(t)) = Fuz(t)[| < K(p)[ur(t) — uz(t)|| xa t>0.

Taking p sufficiently small, it follows that

1
Hr(ul) - F(UQ)"C—W((O7OO);XQ) < 7Hu1 - U’QHC_w((O,oo);Xa)’

so that T' is a 1/2-contraction. Consequently, there exists a unique fixed point of I" in Y,
which is the solution of the equation (15.1)) and satisfies the condition «(0) = z. Moreover,
from ((15.7) and (15.8]) we get

[ulle_. (0,000:%0) =IT Wl (0,00)ix0) < Cllluollxa + K(p)llullc_, (0,00):%0))
1
<Cllellx, + g lullo-. oyt
which yields estimate ((15.5)) with M = 2C. O

Remark 15.1.3. Note that the mild solution to problem is smooth for ¢ > 0. Indeed,
since u satisfies and it is continuous with values in X, by Theorem 9.2.2 and Propo-
sition 10.2.12, it follows that u € C?([a,b]; X) for every 6 € (0,1) and 0 < a < b < co. For
t > a, we can write

u(t) =Tt —a)u(a) + /0 - T(t—a—s)F(u(s+a))ds, t>a.

Since F' is Lipschitz continuous, then the function s — F(u(s+ a)) is #-Hélder continuous in
[0, 8] for any b > 0. Theorem 10.2.14 implies that u € C**9([a+¢,b]; X)NC?([a+¢,b]); D(A)),
for every €,b such that a + ¢ < b.

15.1.2 Linearized instability

Throughout this subsection, we assume that the following conditions hold:

(15.9) { o (A)=c(A)N{AeC: ReA >0} # 2,

inf{ReA: A€ 0:(4)} =wy > 0.

Then it is possible to prove an instability result for the null solution. We shall use the
projection P defined by (13.7), i.e.

p= 217”/ R(A, A)d,
Y+
where 74 is any closed regular curve with range in {Re A > 0}, oriented counterclockwise,
which “covers” its support only once.
For the proof of the instability theorem, we need the next lemma, which is a corollary of
Theorem 13.4.1(ii). It is a counterpart of Lemma for the unstable case.
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Lemma 15.1.4. Fizw € [0,wy). If g € Cyu((—00,0]; X) and x € P(X), then the function
v:(—00,0] = X, defined by

0 t
(15.10)  o(t)=T(t)x — / T(t —s)Pg(s)ds + / T(t —s)(I — P)g(s)ds, t <0,
t —o0
is a mild solution to the equation v’ = Av+g in (—o0,0]. Moreover, it belongs to C,,((—o0,0]; Xa)
and there exists a positive constant C = C(w) such that

(15.11) [0l cu((—o001xa) < CUI2N + gl ((—o0,01:x))-

Finally, the function t — e~“'u(t) is bounded with values in Da(B3,00), for each $ € (0,1)
and

(15.12) Sup e o) pao0) < CUIZI + llgllcu ((—o00))-

Conversely, if v is a mild solution to the equation v’ = Av+g belonging to C,((—o0,0]; X,)
then there exists © € P(X) such that v is given by (15.10)).

Proof. Set yo = x + fi)oo T(—s)(I — P)g(s)ds and observe that condition (13.24) is satisfied
since z € P(X) and

0 00
(1=Pw = [ T(=9)1 = Phg(s)ds = [ T(s)(1 = Pla(=s)as.
—0o0
Hence, Theorem 13.4.1(ii) implies that v is a mild solution to the equation v" = Av+ g, which
satisfies the initial condition v(0) = yo, since the vertical line Re A\ = w does not intersect the
spectrum of A.
Conversely, if v is a mild solution to the equation v' = Av+ g in C,((—0o0,0]; X, ), then it
belongs in Cy,((—00,0]; X) and Theorem 13.4.1(ii) shows that it is given by formula (15.10]).
Let us prove estimate (15.11)). For this purpose, we set w(t) = e “!v(t) for every ¢t < 0.
Then,

0
w(t) =e “'T(t)x — / e )T (t — 5)Pg(s)e “*ds
t

+ / t e =T (t — 5)(I — P)g(s)e™“*ds

—00

for every t < 0, and the operator A — w, which is associated to the semigroup {e “!T'(t)}, is
hyperbolic with 04 (A—w) =04 (4)—wand 0_(A—w) = (6(4)\04+(A)) —w. By Proposition
13.2.2, we can fix ¢ > 0 small enough such that

le™" T(t)(I = P)|lgx) < Cre™, t =0, le™' T ) Pllex) < Cre™, t<0,

for some positive constant C; that, as the other constants C; appearing in the proof, is
independent of ¢. Since A is bounded in P(X), it follows that

le™ T (t) Pl z(x.p(ay) < Cae”, t <0.
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Hence,
le™ " T(t)P|| g (xx.) < Cse”, t<0.

Moreover, if t > 1, we can estimate
(15.13)
le™* T()(I = P)llcx.xa) < e Tl eex,xalle DT = 1)(I = P)|lgix) < Cae™

whereas, for ¢t € (0,1] we can estimate

(15.14) [T (@)1 - Pl px.x. < st~
From (|15.13)) and (15.14)) it follows that
le™" T (t)(I — P)||z(x,x.) < Cot "™, t>0.

Therefore, for t < 0 we get

0
[w(®)]] xa SOleUtHxH+01HP”H9HCW((oo,O};X)/t e”ds

t
+ Cs||1 — P|| sup/ e =) (t — 5)"ds
<0

—00

and estimate ([15.11)) follows easily.
Replacing X, with D (5,00) (8 € (0,1)) and repeating the same arguments as above,

(
one can see that u is bounded in [0, 00) with values in D 4(3,00) and it satisfies (15.12). [

Theorem 15.1.5. There exists v > 0 such that, for every x € P(X) with ||z| < r4, the
Cauchy problem

(15.15) { V(t) = Av(t) + F(u(t), ¢ <0,

Pv(0) = x,
admits a backward solution v such that limy_, o, v(t) = 0.

Proof. Let Y4 be the closed ball in C,,((—00,0]; X, ) centered at 0 with radius p4 to be fixed
later on. In view of Lemma [15.1.4] we look for a solution to (|15.15]) as a fixed point of the
operator I'; defined on Y, by

0 t
(Tyr()(t) =T(t)x — / T(t— s)PF(v(s))ds + / T(t —s)(I — P)F(v(s))ds, t <0.

t —00
If v € Yy, then the function F o v belongs to C,((—o00,0]; X), see (15.7). Lemma
implies I'y (v) € Cy((—00,0]; X,) and

IT4 ()Nl cw((—oo0):x0) < C (2l + [1F 0 vll ey ((—0001:x)) -

The rest of the proof is quite similar to that of Theorem [15.1.2] and it is left as an exercise
(see Exercise [15.4.1)). O
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Remark 15.1.6. The existence of a backward mild solution u to problem implies
that the null solution to equation is unstable. Indeed, for every n € N set x,, = v(—n).
Of course z,, converges to 0 as n tends to co. Consider, for any n € N the Cauchy problem
u(0) = z, for the equation (15.1)), and denote by v(-; ;) its mild solution. If there exists a
subsequence {z,, } such that v(:; z,,) does not exist in (—o0, 0], of course, the null solution to
equation is unstable. On the other hand, if v(+; x,) exists in (—oo, 0] for every n € N,
then, u(t; z,) = v(t — n,xz,) for every t € [0,n]. Hence

sup [[u(t; zn)l|x, = sup |lu(t;zn)llx, = sup [lv(t)]lx. = |v(0)]x.,
>0 0<t<n

up
—n<t<0
which implies that the null solution is unstable since sup;~ [|u(t; 2,)| x, does not converge
to 0 as n tends to oo.
15.2 The saddle point property

If A is hyperbolic, i.e., 0(A) NiR = &, we may prove a saddle point property, constructing
the so called stable and unstable manifolds. As in Lecture 13, we set

(15.16) —w_:=sup{ReA: A €o_(A4)} <0, wy :=inf{ReA: A€o (A)} > 0.

We shall consider the forward equation ([15.1) and the backward problem

(15.17) { V(o)

The stable and the unstable manifolds are the nonlinear analogous of (I — P)(X) and
P(X). For the linear problem

Av(t) + Flu(t)), t<0,

Corollary 13.2.3 implies that the solution u = T'(-)z is bounded (in fact, it decays expo-
nentially to 0 as ¢ — o0) if and only if x € (I — P)(X), and that there exists a backward
bounded solution (which in addition decays exponentially to 0 as t tends to —oo) if and only
if z € P(X). We are going to prove that a similar behavior occurs in the nonlinear problem
u'(t) = Au(t) + F(u(t)), t>0,
u(0) =z,
at least for small initial data z. In the case when F' is defined in X, the role of subspaces
(I — P)(X) and P(X) are played by the stable and the unstable manifold, that are graphs
of regular functions from a neighborhood of the origin in (I — P)(X) to P(X) and from a
neighborhood of the origin in P(X) to (I —P)(X), respectively. In the case where F' is defined
in X, with o € (0,1) the behavior is still similar, with (I — P)(X) replaced by (I — P)(Xq)
(note that P(X) coincides with P(X,)).

For the construction of the stable manifold we need the next lemma, which is a corollary
of Theorem 13.4.1(i).
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Lemma 15.2.1. Let A be a hyperbolic operator and fix w € [0,w_). If f € C_,((0,00); X)
and x € (I — P)(X4) then the function u : [0,00) — X, defined by

(15.18)  w(t) =T(t)xr + /0 T(t—s)(I—P)f(s)ds — /too T(t—s)Pf(s)ds, t>0,

is a mild solution to the equation v’ = Au+ f in [0,00), it belongs to C_,((0,00); Xy), and
there exists a positive constant C = C(w) such that

(15.19) ulley0,00):x0) < CUlzllx0 + [ fllo 0,00):x))-

Moreover, the function t — e“‘u(t) is bounded in [g,00) with values in Da(B,00) for every
>0 and € (0,1). If, in addition x € D4(B,00) for some € (0,1), then

igg(fﬁ‘”\lﬂ(t)llpw,m)) < Cllzllpacs,o0) + fllewi0.00)))-

Conversely, if u € C_,((0,00); Xo) is a mild solution to the equation u' = Au + F(u),
then w is given by (15.18)) for some xz € (I — P)(Xa).

Proof. Since the vertical line Re A = —w does not intersect the spectrum of A we may apply
Theorem 13.4.1(i), which implies that u is a mild solution. The estimates on ||u(t)|/x, and
[u(t)|| D4 (8,00) may be shown as in Lemmas [15.1.1)and [15.1.4} and they are left as an exercise
(see Exercise [15.4.2)). If u is a mild solution in C_.,((0, 00); Xa), then it is in C_,((0, 00); X),
and by Theorem 13.4.1(i) it is given by (15.18). O

Theorem 15.2.2. Assume that A is a hyperbolic operator and fir w € [0, min{wy,w_}),
where w_, wy are defined in (15.16). Then, there exist two positive constants r,p and two
continuous functions

k:{e_ e (I —P)(Xa): |z_| <r}— P(X),

hi{zy € P(X): oy <} — (I = P)(Xa),
such that, setting

Ms = Ms(w) = {(@_, k(z_)) s e— € (I - P)(Xa), e_|| <},
My = My(@) = {(@4, hlzy)) : 21 € P(X), ol <},

the following statements hold true.

(i) For every ug € Mg the solution u of (15.1) exists in the large, it belongs to the space

C_w((0,00); Xa), and [lullc_, (0,00);x0) < p- Conversely, if ug € Xo is such that ||(I —
P)ugllx, < r and the solution of (15.1) belongs to C_,((0,00), Xy) with norm not
exceeding p, then ug € Mg.

(ii) For every vy € My, problem (15.17) has a solution v € C,((—00,0]; X,), such that

vl ((—o0,0):x0) < p- Conversely, if vo is such that ||Pvl| < r and problem (15.17)
admits a solution belonging to Cy((—o0,0]; X,), with norm not exceeding p, then vy €

My.
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Proof. (i) Fixx_ € (I-P)(X,) andset Y_ = B(0, p_) C C_,((0,00); X4 ), with small p_ > 0
to be chosen later. Note that for each u € Y_, the function F ou belongs to C_,((0, 00); X) if
p— is small enough. Therefore, taking Lemma|[I5.2.T]into account, we look for an exponentially
decaying forward solution to ' = Au + F(u) as a fixed point of the operator I'_ defined on
Y_ by

(T (w)(t) = T(t)_ + /0 T(t — $)(I — P)F(u(s))ds — /t T 0 - ) PE(u(s))ds

for t > 0. Arguing as in the proof of Theorem and using Lemma we see that
['_ is a 1/2-contraction if p_ is small enough and that, if ||z||x, < r_ := (2C(w))"!p, where
C(w) is the constant in , then I'_ maps Y into itself, so that it admits a unique fixed
point u_ € Y. The fixed point satisfies the estimate

(15.20) lu—llo: o (@ xe) < 20(=w) - x...

Moreover, the function K : {x € (I — P)(Xa) : ||z|lx, < r-} x Y- — C_,((0,00); X4),
defined by K(z_,u) = I'_u for every (z_,u) € {x € (I — P)(X4,) : ||z|lx, <r_-} xY_ —
C_u((0,00); X4), is continuous, so that the fixed point of I' depends continuously on z_,

thanks to the contraction theorem depending on a parameter. It follows that the function

{ ki{re(I—-P)(Xs): |z|x, <r-} — P(X),
k(x) = Pu_(0),

is continuous. The solution of (14.1) with initial datum up = u—(0) coincides with u_, so
that it belongs to C_,,((0,00); X ) and its norm is not greater than p_.

Conversely, fix ugp € X, such that ||(I — P)ug|/x, < r—, and such that the solution of
the Cauchy problem belongs to C_,,((0,00); X) with norm that does not exceed p_.
Then, since F o u belongs to C_,,((0,0); X4 ), by Lemma it follows that

u(t) =T(t)(I — P)up + /0 T(t—s)(I — P)F(u(s))ds — /too T(t — s)F(u(s))ds

for t > 0. Hence, u is a fixed point of the operator I'_ if we choose z_ = (I — P)ug. Since there
exists a unique fixed point of I'_ with norm less or equal to p_, then Puy = k((I — P)uy),
namely ug € Mg. Statement (i) is proved.

(ii) The proof is quite similar to that of property (i): arguing as in the proof of Theorem
one sets

h:P(X)NB(0,ry) = (I —P)(Xa),
h(l‘) - (I - P)U(O)v

where v is the fixed point of the operator I';. in Y given by Theorem [I5.1.5] and r is given
by Theorem [15.1.5| too.

We take eventually » = min{r_,r,}, p = min{p_, p; }, and the statement follows. O

Remark 15.2.3. The stable manifold Mg (respectively, the unstable manifold M) is
tangent at the origin to (I — P)(X,) (resp., to P(X)), in the sense that k (resp., h) is
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Fréchet differentiable at 0 with derivative k'(0) = 0 (respectively, h'(0) = 0). Indeed, since

lu—[lc_.((0,00);x0) < 20— || by (15.20)), then (see estimate (15.7))
IF0u_lle o om0 < K0l lle(omoyxa) < 2CK (o)l

Consequently,

1k(z-)

| Pu_(0)] = H | respra s
Xa
<ellFou_lleompr < C'K(p_) 2]

Fix e > 0 and let p; > 0 be such that C’K(p1) < €. Then, for every x_ € (I — P)(X,), with
x| x, small enough, it follows that

[k(z-) = kOl _ Ikl _

[P le—llxo —

so that k is differentiable at 0 with null derivative. The proof of the statement concerning
the function h is similar.

Remark 15.2.4. The proof of Theorem works also for w = 0 and this implies that, if
u: [0,00) — X, is a solution to with sup;sq ||u(t)| x, sufficiently small, then, in fact, u
decays exponentially to 0, and ug € Mg(w) with w > 0. Indeed, if sup,sq ||u(t)| x, is small,
then also ||(I — P)ug||x, is small, and, hence, u is the fixed point of the operator I', with
w=0and x_ = (I — P)ug. On the other hand, for the same choice of z_, I" admits also a
fixed point in C_,((0,00); X4), and the two fixed points do coincide.

Similarly, if v : (=00, 0] — X, is a backward mild solution of (14.1) and sup;<q ||v(¢)|| is
sufficiently small, then v decays exponentially to 0, as ¢ tends to —oo, and v(0) GiMU(w).

15.3 A Cauchy-Dirichlet problem

In order to give some examples of PDE’s to which the results of this lecture can be applied, we
need some comments on the spectrum of the Laplacian with Dirichlet boundary conditions.

Let © be a bounded open set in RY with C? boundary dQ. We choose X = C(Q) and
define

D(A)={pe (| W2(Q): Ap € C@),p0 =0}

1<p<oo

and Ap = Ay for ¢ € D(A). This operator is sectorial, its spectrum consists of isolated
eigenvalues and s(A) is negative (this is a classical result, see e.g., [13| Section 14.3]). In
order to give an explicit estimate of s(A) we recall the so called Poincaré inequality

(15.21) /|g0]2dx < CQ/ |V|?dx
Q Q

which holds true for every ¢ € I/VO1 2(Q) A proof of (I5.21)) as well as the inequality Co < 4d?,

where d is the diameter of €}, is outlined in the Exercise 77.
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If ¢ € D(A) and —Ap — Ap =0, then ¢ € W01’2(Q). Multiplying the equation by % and

integrating over €2 we find
[ 1VePds=x [ Pz,
Q Q

and, therefore, A > 051, that is s(A4) < _051_

It can be proved that the spectrum of A consists of a sequence of negative eigenvalues
(=) tending to —oo (we assume A, < A\,41) so that s(A) = —A;. Observe that the above
argument shows that the eigenvalues of A are negative but does not prove their existence,
hence s(A) could be —oo. To see that this is not the case one can work in L?(Q) instead
of C(Q) and show that the Laplacian with domain H?(2) N Hg(Q) is a negative self-adjoint
operator with compact resolvent. The general theory then shows that the L2-spectrum of
the Laplacian consists of a sequence {—\y, }nen of negative eigenvalues diverging to —oo as n
tends to co. Using the elliptic regularity theory it follows that the L?-eigenfunctions belong
to the domain in C(Q) (the converse is obvious), so that the spectrum in C(£2) coincides with
the spectrum in L2(().

We now study the stability of the null solution of

u(t, ) t>0, x€dn,

where f = f(z,p) : R x RY — R is continuously differentiable and f(0,0) = 0. The local
existence and uniqueness Theorem 14.2.1 may be applied to the initial value problem for

equation (|15.22]),
(15.23) w(0,7) = up(z), = €Q,

choosing X = C(Q), X, = C2%(Q) with 1/2 < a < 1. The function F : X, — X, defined
by (F(¢))(z) = f(e(x), Ve(z )) for every x € €, is continuously differentiable, vanishes at
0 and (F'(0)p)(z) = ap(x) +b- Ve(x) for every z € Q and ¢ € X,. Here, a = D, f(0,0),
b = D,f(0,0). Then, set D(B) = D(A) and By = Ap +b- V¢ + ap. The operator B is
sectorial (see e.g., |[13| Section 14.3]) and

(15.24) s(B) < —Cg* +a.
Indeed, we observe that the resolvent of B is compact and therefore its spectrum consists of

isolated eigenvalues. Moreover, if A € o(B) and ¢ € D(DB) is such that A\p—Ap—b-Vyo—ap =
0, then, multiplying by % and integrating over {2, we get

1
/((A—a)\w%wr?—g-w@) dz = 0.
Q

Taking the real part

1
/ <(Re>\ —a)lpl* + [Veol* = Sb- D|90|2> dr = / [(ReX —a)lpl® + Ve[ ] dz =0
Q Q

and hence Re A —a < —C{Zl. Therefore, (|15.24)) holds.
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Since ug € X, C D(A), Theorem 14.2.1 guarantees the existence of a unique classical
solution u : [0,7(ug)) — X, of the abstract problem (14.1) having the regularity properties
of Proposition 14.2.2. Setting as usual u(t,z) := u(t)(x) for every t € [0,7(ug)) and = € Q,
the function u is continuous in [0, 7(ug)) x §2, continuously differentiable with respect to time
for t > 0, and it satisfies (15.22)), (15.23).

Concerning the stability of the null solution, Theorem implies that if s(B) < 0, in
particular if a < C5!, then the null solution of is exponentially stable, i.e., for every
w € (0, —s(B)) there exist two positive constant r, C such that if ||ug||x, < r, then 7(up) = oo
and |lu(t)|x, < Ce™“!|ugl x,, for every t > 0.

On the contrary, if s(B) > 0, then there exist elements in the spectrum of A with positive
real part. Since they are isolated they satisfy condition . Theorem implies that
the null solution of is unstable: there exist ¢ > 0 and initial data ug with ||lugl/x,
arbitrarily small, but sup,~ ||u(t)|x, > €.

Finally, we remark that, if f is independent of p, i.e. the nonlinearity in does not
depend on Vu, then we can work directly in X.

15.4 Exercises

Exercise 15.4.1. Complete the proof of Theorem [15.1.5
Exercise 15.4.2. Complete the proof of Lemma [15.2.1

Exercise 15.4.3. Prove that the stationary solution (u = 1,v = 0) to system (?7?) is asymp-

totically stable in C'(£2) x C'(2).

Exercise 15.4.4. Let Q be a bounded set in RV and let d be the diameter of Q. Prove
Poincaré inequality with Cq < 4d?.
[Hint: assume that Q C B(0,d) and for ¢ € C2°(2) write

o(T1,...,xN) = —(s,x2,...,xN)ds]|.

Exercise 15.4.5. Let X be a Banach space and €2 be an open set in R (or in C). Moreover,
let I' : X x 2 — X be such that

IT(y, ) = T, M| < CN)ly — |

for any A € Q, any z,y € X and some continuous function C' : Q — [0,1). Further, suppose
that the function A — T'(A\, x) is continuous in  for any = € X. Prove that for any A € Q
the equation = I'(z, A) admits a unique solution z = z(\) and that the function A — x(\)
is continuous in €.

Exercise 15.4.6. Let u be the solution to
Diu = Dypu + u?, t>0, ze€l0,1],
u(t,0) =u(t,1) =0, t>0,
u(0,x) = ug(z), x € [0,1]

with ug(0) = up(1) = 0. Show that if ||up|| is sufficiently small, then u exists in the large.
[Hint: use the exponential decay of the heat semigroup in the variation of constants formula].
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