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Lecture 1

Parabolic maximum principle

This lecture is dedicated to the weak and strong parabolic maximum principles for uni-
formly elliptic second order operators on bounded domains.
On a bounded, not empty and open subset Ω of Rd we define the second order elliptic
operator

Aψ(x) =
d∑

i,j=1

qij(x)Dijψ(x) +
d∑
j=1

bj(x)Djψ(x) + c(x)ψ(x)

=Tr(Q(x)D2ψ(x)) + 〈b(x),∇xψ(x)〉+ c(x)ψ(x)

for a smooth function ψ : Ω→ R, where Q(x) = (qij(x)) and b(x) = (b1(x), . . . , bN(x)) for
x ∈ Ω. Throughout the lecture, we assume the following conditions on the coefficients of
A.

Hypotheses 1.0.1. (i) The coefficients qij = qji, bj (i, j = 1, . . . , d) and c are real valued
functions and belong to C(Ω);

(ii) there exists µ > 0 such that 〈Q(x)ξ, ξ〉 ≥ µ|ξ|2 for any x ∈ Ω, ξ ∈ Rd.

For T > 0, define ΩT := (0, T ] × Ω and consider ΓT = ΩT \ ΩT the so-called parabolic
boundary of ΩT . It is clear that ΓT = {0} × Ω ∪ (0, T ] × ∂Ω. Here and in the sequel we
denote by

C1,2(ΩT ) := {u : ΩT → R : ∃Dtu, Diju ∈ C(ΩT ), i, j = 1, . . . , d},

where Dtu := ∂u
∂t

and Diju := ∂2u
∂xi∂xj

.

1.1 The parabolic weak maximum principle

With the above notations and assumptions we propose to prove first the weak maximum
principle for the parabolic operator Dt −A.
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4 LECTURE 1. PARABOLIC MAXIMUM PRINCIPLE

Theorem 1.1.1 (Weak maximum principle). Fix u ∈ C1,2(ΩT ) ∩ C(ΩT ) and assume that
c ≡ 0 in Ω. The following assertions hold:

(i)
If Dtu−Au ≤ 0 on ΩT , then max

ΩT

u = max
ΓT

u.

(ii)
If Dtu−Au ≥ 0 on ΩT , then min

ΩT

u = min
ΓT

u.

In particular,
If Dtu−Au = 0 on ΩT , then max

ΩT

|u| = max
ΓT

|u|.

Proof. It is obvious that the assertion (ii) can be deduced from (i) by considering −u
instead of u in (i). So we have to prove only (i).
Let us assume first that Dtu−Au < 0 on ΩT and prove that u cannot reach a maximum
at (t0, x0) ∈ ΩT . In fact, if such point exists then Dtu(t0, x0) ≥ 0 (since t0 could be
equal to T ), Dju(t0, x0) = 0 for any j = 1, . . . , d, and the matrix (Diju(t0, x0)) is negative
semi-definite. Thus, see Exercise 1.4.1,

Dtu(t0, x0)−Au(t0, x0) = Dtu(t0, x0)−
d∑

i,j=1

qij(x0)Diju(t0, x0) ≥ 0.

This contradicts the above assumption and hence

(1.1) max
ΩT

u = max
ΓT

u if Dtu−Au < 0 on ΩT .

To prove the general case, let us fix ε > 0 and consider the function uε(t, x) = u(t, x)− εt.
We have Dtuε −Auε = Dtu−Au− ε ≤ −ε < 0. So, by (1.1), we obtain

max
ΩT

uε = max
ΓT

uε.

Now, since uε converges uniformly to u on ΩT , the assertion follows by letting ε→ 0.

The following result concerns the weak maximum principle when c ≤ 0 on Ω.

Theorem 1.1.2. Let c ≤ 0 on Ω and u ∈ C1,2(ΩT ) ∩ C(ΩT ). The following hold:

(i)
If Dtu−Au ≤ 0 on ΩT , then max

ΩT

u ≤ max
ΓT

u+.

(ii)
If Dtu−Au ≥ 0 on ΩT , then min

ΩT

u ≥ −max
ΓT

u−,

where u+ := sup(u, 0) and u− = sup(−u, 0).



1.1. THE PARABOLIC WEAK MAXIMUM PRINCIPLE 5

In particular,

If Dtu−Au = 0 on ΩT , then max
ΩT

|u| = max
ΓT

|u|.

Proof. Let us prove (i). Assume first, as in the above proof, that Dtu − Au < 0 on ΩT .
Suppose by contradiction that u reaches its maximum at (t0, x0) ∈ ΩT with u(t0, x0) ≥ 0.
Then, Dtu(t0, x0) ≥ 0, Dju(t0, x0) = 0 for any j = 1, . . . , d, and the matrix Diju(t0, x0)) is
negative semi-definite. Thus, again by Exercise 1.4.1,

Dtu(t0, x0)−Au(t0, x0) = Dtu(t0, x0)−
d∑

i,j=1

qij(x0)Diju(t0, x0)− c(x0)u(t0, x0) ≥ 0

which contradicts the fact that Dtu − Au < 0 on ΩT . So, it follows that, if (t0, x0) is a
maximum point for u in ΩT , then (t0, x0) ∈ ΓT or u(t0, x0) < 0. So, in both cases we have

max
ΩT

u = u(t0, x0) ≤ max
ΓT

u+.

For the general case, set uε(t, x) = u(t, x) − εt for ε > 0. We have Dtuε − Auε = Dtu −
Au− ε+ εct ≤ −ε(1− ct) < 0. So,

max
ΩT

uε ≤ max
ΓT

u+
ε .

Now, (i) follows by letting ε→ 0, since uε converges uniformly to u on ΩT and u+
ε converges

uniformly to u+ on ΓT .

Assertion (ii) can be obtained by applying (i) to −u, since (−u)+ = u−.

If Dtu−Au = 0 on ΩT and, for example,

max
ΩT

|u| = max
ΩT

u,

then

max
ΓT

|u| ≥ max
ΓT

u+ ≥ max
ΩT

u.

Thus,

max
ΩT

|u| = max
ΓT

|u|.

To conclude one proceedes similarly when

max
ΩT

|u| = −min
ΩT

u.
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One of the first applications of the above weak maximum principle is the uniqueness of
the classical solution to the parabolic problem

(1.2)


Dtu(t, x) = Au(t, x) + g(t, x), t ∈ (0, T ], x ∈ Ω,

u(t, x) = h(t, x), t ∈ (0, T ], x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω,

where g ∈ C(ΩT ), h ∈ C((0, T ] × ∂Ω) and f ∈ C(Ω). Here by classical solution we mean
a function u ∈ C1,2(ΩT ) ∩ C(ΩT ) satisfying (1.2).

Corollary 1.1.3. Let g ∈ C(ΩT ), h ∈ C((0, T ]× ∂Ω) and f ∈ C(Ω). Then there exists at
most one classical solution to (1.2).

Proof. Since c is bounded, there is a constant α ∈ R such c ≤ α on Ω. Thanks to the
linearity of A, it suffices to prove that if u is a classical solution to (1.2) with g ≡ 0, h ≡ 0
and f ≡ 0, then u ≡ 0. Set v = ue−αt. Then.

Dtv = Av − αv.

So, since c− α ≤ 0, we can apply Theorem 1.1.2 to obtain

max
ΩT

|v| = max
ΓT

|v| = 0.

Thus, u ≡ 0.

Another application of the weak maximum principle concerns the asymptotic behaviour
of the solution to the Dirichlet parabolic problem (1.2) when g ≡ 0 and h ≡ 0.

Corollary 1.1.4. Assume that there is λ0 ∈ R such that c ≤ −λ0 on Ω. If u is a classical
solution to (1.2) with g ≡ 0 and h ≡ 0, then

|u(t, x)| ≤ e−λ0t‖f‖∞, (t, x) ∈ ΩT .

Proof. Take the function v(t, x) := eλ0tu(t, x). Then v is a classical solution to
Dtv(t, x) = (A+ λ0)v(t, x), t ∈ (0, T ], x ∈ Ω,

v(t, x) = 0, t ∈ (0, T ], x ∈ ∂Ω,

v(0, x) = f(x), x ∈ Ω.

Since c+λ0 ≤ 0, it follows from Theorem 1.1.2 that |v(t, x)| ≤ maxx∈Ω |f(x)| which means
that

|u(t, x)| ≤ e−λ0t‖f‖∞, (t, x) ∈ ΩT .

The comparison principle (which implies the positivity) can be deduced from the weak
maximum principle.
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Corollary 1.1.5 (Comparison principle). Assume that f : ΩT ×R→ R is a continuous
function of the variables t, x and y which satisfies the following one-sided uniform Lipschitz
condition in y:

f(t, x, y)− f(t, x, z) ≤ β(y − z), (t, x) ∈ ΩT , y, z ∈ R,

for some β ∈ R. If u, v ∈ C1,2(ΩT ) ∩ C(ΩT ) satisfy Dtu ≤ Au + f(t, x, u) and Dtv ≥
Av + f(t, x, v) in ΩT , and u ≤ v in ΓT , then u ≤ v in ΩT .

Proof. From the assumptions we have

Dt(u− v) ≤ A(u− v) + f(t, x, u)− f(t, x, v) ≤ A(u− v) + β(u− v).

As in the proofs of Corollary 1.1.3 and Corollary 1.1.4, we introduce the function

w(t, x) := e−(‖c‖∞+β)t(u(t, x)− v(t, x)), (t, x) ∈ ΩT .

Then, w ∈ C1,2(ΩT ) ∩ C(ΩT ) and it satisfies

Dtw ≤ Aw − ‖c‖∞w.

Hence, since c−‖c‖∞ ≤ 0, it follows from Theorem 1.1.2 and the assumption (u− v)+ = 0
in ΓT that

max
ΩT

w ≤ max
ΓT

w+ = 0.

Thus, u ≤ v in ΩT . This proves the claim.

The positivity of solutions can be also deduced.

Remark 1.1.6. Applying Corollary 1.1.5 with f ≡ 0, β = 0 and u ≡ 0, we deduce that if
v ∈ C1,2(ΩT ) ∩ C(ΩT ) satisfies Dtv −Av ≥ 0 in ΩT and v ≥ 0 in ΓT , then v ≥ 0 in ΩT .

1.2 The strong maximum principle for the heat equa-

tion

In this section we prove the strong maximum principle for the heat operator Dt −∆.
To this purpose let us consider the Gauss–Weierstrass kernel

K(t, |x|) := (4πt)−
d
2 e−

|x|2
4t , t > 0, x ∈ Rd.

We start with the following auxiliary result.

Lemma 1.2.1. Let Ω = Br(x0), the open ball of centre x0 and radius r in Rd, and let
u ∈ C1,2(ΩT ) ∩ C((0, T ]× Ω) be such that Dtu−∆u ≥ 0 in ΩT , u ≥ 0 in ΩT . Then

(1.3)

∫
Ω

ρ(t, x− x0)u(t, x) dx ≤ u(T, x0), if 0 < T − t ≤ r2

2d
,

where
ρ(t, x) := K(T − t, |x|)−K(T − t, r), t ∈ (0, T ), x ∈ Ω.
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Proof. We assume without loss of generality that x0 = 0. For any ϕ ∈ C(Ω) we have, by
a change of variables, that∫

Ω

K(T − t, |x|)ϕ(x) dx = (4π)−
d
2

∫
Br/
√
T−t(0)

e−
|y|2
4 ϕ(y

√
T − t) dy

= (4π)−
d
2

∫
Rd

χBr/
√
T−t(0)(y)e−

|y|2
4 ϕ(y

√
T − t) dy,

where χA denotes the characteristic function of the set A ⊆ Rd. So, by the dominated
convergence theorem, we have

(1.4) lim
t→T

∫
Ω

K(T − t, |x|)ϕ(x) dx = ϕ(0).

Since u(t, ·) converges to u(T, ·) when t → T , and limt→T K(T − t, r) = 0, it follows by
(1.4) that

lim
t→T

∫
Ω

ρ(t, x)u(t, x) dx = u(T, 0).

On the other hand, we observe that ρ ∈ C∞([0, T ) × Ω), ρ(t, x) > 0 in [0, T ) × Ω, and
ρ(t, x) = 0 in ∂Ω× [0, T ). Moreover, one can see that (Dt + ∆)K(T − t, |x|) = 0 (K is the
fundamental solution of the heat equation), and

(Dt + ∆)ρ(t, x) = [r2 − 2d(T − t)]K(T − t, r)
4(T − t)2

≥ 0

if T − t ≤ r2

2d
.

Thus, if 0 < T − t ≤ r2

2d
we have

Dt

∫
Ω

ρ(t, x)u(t, x) dx =

∫
Ω

(uDtρ+ ρDtu) dx ≥
∫

Ω

(ρ∆u− u∆ρ) dx,

where we have used the positivity of u and ρ, and the inequalities Dtρ ≥ −∆ρ, Dtu ≥ ∆u.
We recall Green’s formula∫

Ω

(ρ∆u− u∆ρ) dx =

∫
∂Ω

(
ρ
∂u

∂ν
− u∂ρ

∂ν

)
dσ.

Taking in account that ρ ≡ 0 in ∂Ω, u ≥ 0 and ∂ρ
∂ν
≤ 0, we deduce that

Dt

∫
Ω

ρ(t, x)u(t, x) dx ≥
∫
∂Ω

(
ρ
∂u

∂ν
− u∂ρ

∂ν

)
dσ = −

∫
∂Ω

u
∂ρ

∂ν
dσ ≥ 0.

Therefore, the function
∫

Ω
ρ(·, x)u(·, x) dx is nondecreasing if 0 < T − t ≤ r2

2d
. This implies

that

u(T, 0) = lim
t→T

∫
Ω

ρ(t, x)u(t, x) dx ≥
∫

Ω

ρ(t, x)u(t, x) dx

for any t such that 0 < T − t ≤ r2

2d
.



1.2. THE STRONG MAXIMUM PRINCIPLE FOR THE HEAT EQUATION 9

Corollary 1.2.2. Assume the same assumptions as in the above lemma. If u ∈ C(ΩT )
and T ≤ r2

2d
, then ∫

Ω

(r2 − |x− x0|2)u(0, x) dx ≤ 4T

K(T, r)
u(T, x0).

Proof. Applying the above lemma with t = 0 we obtain∫
Ω

ρ(0, x− x0)u(0, x) dx ≤ u(T, x0).

This implies the claim, since

ρ(0, x) = (4πT )−
d
2

(
e−
|x|2
4T − e−

r2

4T

)
= K(T, r)

(
e

r2−|x|2
4T − 1

)
≥ K(T, r)

4T
(r2 − |x|2).

We are now ready to prove the strong maximum principle for the heat equation.

Theorem 1.2.3. Let Ω be a bounded, open and connected subset of Rd. Let u ∈ C1,2(ΩT )
be such that Dtu − ∆u ≤ 0 (resp. Dtu − ∆u ≥ 0) in ΩT . If there exists a point x0 ∈ Ω
such that u(T, x0) = supΩT

u (resp. u(T, x0) = infΩT
u), then u is constant on ΩT .

Proof. Set
v(t, x) := sup

ΩT

u− u(t, x), (t, x) ∈ ΩT .

Then v ∈ C1,2(ΩT ), v ≥ 0 and vt − ∆v ≥ 0 in ΩT . Let (t1, x1) ∈ ΩT be such that
v(t1, x1) = 0, and let

Et1 := {x ∈ Ω : v(t1, x) = 0}.

It is clear that Et1 6= ∅ and Et1 is closed. We prove that Et1 is also open. To this purpose
fix x ∈ Et1 and Br(x) ⊂ Ω. Then v ∈ C1,2((0, t1] × Br(x)) ∩ C((0, t1] × Br(x)) and, by
(1.3), we have

0 ≤
∫
Br(x)

ρ(t, y − x)v(t, y) dy ≤ v(t1, x) = 0 if 0 < t1 − t ≤
r2

2d
.

Hence,

ρ(t, y − x)v(t, y) = 0, if y ∈ Br(x) and 0 < t1 − t ≤
r2

2d
.

Thus, since ρ(t, ·) > 0 in Br(x), it follows that v(t, y) = 0 for any y ∈ Br(x) and 0 <
t1 − t ≤ r2

2d
. Using the continuity of v we deduce that v(t1, y) = 0 in Br(x), which implies

that Br(x) ⊂ Et1 . So, since Ω is connected, we have Et1 = Ω.
Now, since by assumption v(T, x0) = 0, the same argument as above shows that v(t, x) = 0
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for any x ∈ Br0(x0), 0 < T − t ≤ r20
2d

and some r0 > 0. In particular, v(t, x0) = 0 for any

0 < T − t ≤ r20
2d

. Iterating k-times this procedure, with k is such that
kr20
2d
≥ T , one obtains

v(t, x0) = 0 for any t ∈ (0, T ]. This implies that Et 6= ∅ for any t ∈ (0, T ] and hence
Et = Ω for any t ∈ (0, T ]. This ends the proof of the strong maximum principle for the
heat equation.

Remark 1.2.4. If u(t0, x0) = supΩT
u (or u(t0, x0) = infΩT

u) for some (t0, x0) ∈ ΩT , then
we can only conclude that u is constant in (0, t0]×Ω even in the case when Dtu−∆u = 0
and u ∈ C(ΩT ). For example, assume that u ∈ C1,2((0, T ]× (0, 1))∩C([0, T ]× [0, 1]) solves
the heat equation 

Dtu(t, x) = ∆u(t, x), t ∈ (0, T ], x ∈ (0, 1),

u(t, 1) = β(t), t ∈ (0, T ],

u(t, 0) = α(t), t ∈ (0, T ],

u(0, x) = 0, x ∈ (0, 1).

Assume that α(t) = β(t) = 0 in (0, t0] for some t0 ∈ (0, T ) and α(t), β(t) > 0 in (t0, T ].
Then u(t, x) = 0 in (0, t0] × (0, 1), by Corollary 1.1.3. We claim that u(t, x) > 0 for any
x ∈ (0, 1) and t ∈ (t0, T ].
In fact, by the weak maximum principle, we know that u(t, x) ≥ 0 in ΩT . If there exists
(t1, x1) ∈ (t0, T ] × (0, 1) such that u(t1, x1) = 0 (= infΩT

u), then by the strong maximum
principle we have u(t, x) = 0 for any (t, x) ∈ (0, t1] × (0, 1) and this contradicts the fact
that u(t, 0) = α(t) > 0 in (t0, T ].
We will prove later that a classical solution to the above heat equation exists.

Remark 1.2.5. The strong maximum principle is also satisfied for the more general
parabolic operator Dt−A, but the proof is very technical and based on Harnack’s inequal-
ity for uniformly parabolic operators. It says that if Ω is a bounded, open and connected
domain, and u ∈ C1,2(ΩT ) ∩ C(ΩT ) satisfies Dtu−Au ≤ 0 (resp. Dtu−Au ≥ 0), then

• If c ≡ 0 in Ω, and there exists (t, x) ∈ ΩT such that u(t, x) = maxΩT
u (resp.

u(t, x) = minΩT
u), then u is constant on Ωt = (0, t]× Ω.

• If c ≤ 0 in Ω, and there exists (t, x) ∈ ΩT such that 0 ≤ u(t, x) = maxΩT
u (resp.

u(t, x) = minΩT
u ≤ 0), then u is constant on Ωt.

1.3 Notes

For the weak maximum principle we refer to [1] and the proof of the strong maximum
principle presented in this lecture is taken from [2]. For the heat equation another proof
of the weak maximum principle can be found in Exercise 1.4.5. We also refer the reader
to the classical monographs [3] and [4].
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1.4 Exercises

1. Let B = (bij)1≤i,j≤d, C = (cij)1≤i,j≤d be two real and symmetric matrices. Assume that
B is positive semi-definite and C is negative semi-definite. Prove that

Tr(BC) =
d∑

i,j=1

bijcij ≤ 0.

2. Consider the function u(t, x) := 1− x2 − 2t.

(a) Verify that u is a solution to the heat equation Dtu(t, x) = ∆u(t, x).

(b) Find the minimum and the maximum of u on the closed rectangle ΩT := [0, T ] ×
[0, 1] for a fixed T > 0 without using the maximum principle.

(c) Find the minimum and the maximum of u on ΩT by using the weak maximum
principle.

3. Let u ∈ C1,2((0,+∞)× (−π
2
, π

2
))∩C([0,+∞)× [−π

2
, π

2
]) satisfy the inequality Dtu(x)−

∆u(x) ≥ cosx on (0,+∞)× (−π
2
, π

2
). Moreover assume that: u(t,−π

2
) ≥ 0, u(t, π

2
) ≥ 0

for all t > 0 and u(0, x) ≥ 2 cosx for all x ∈ [−π
2
, π

2
]. Show that

u(t, x) ≥ (1 + e−t) cosx on [0,+∞)× [−π
2
,
π

2
].

4. Let u ∈ C1,2((0, T )× Rd) ∩ C([0, T ]× Rd) be a solution to the heat equation{
Dtu(t, x) = ∆u(t, x), (t, x) ∈ (0, T )× Rd,

u(0, x) = g(x), x ∈ Rd

satisfying
u(t, x) ≤Mea|x|

2

, ∀(t, x) ∈ [0, T ]× Rd

for some constants M, a ≥ 0.

(a) Assume first that 4aT < 1 which implies that, there exists ε > 0 such that
4a(T + ε) < 1. Fix ν > 0 and consider the function

v(t, x) = u(t, x)− ν

(T + ε− t)d/2
exp

(
|x|2

4(T + ε− t)

)
, (t, x) ∈ [0, T ]× Rd.

(i) Prove that v solves Dtv −∆v = 0 on (0, T )× Rd and v ∈ C([0, T ]× Rd).

(ii) By applying the weak maximum principle to the function v on the cylinder
[0, T ]×Br(0), show that

max
[0,T ]×Br(0)

v ≤ sup
Rd

g

for sufficiently large r.
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(iii) By letting ν → 0, deduce that

(1.5) sup
[0,T ]×Rd

u = sup
Rd

g.

(b) Prove (1.5) without the assumption 4aT < 1.

5. Assume that u0 ∈ C(Ω) and u ∈ C1,2((0, T ) × Ω) ∩ C([0, T ] × Ω) is a solution to the
heat equation with Dirichlet boundary conditions

Dtu(t, x) = ∆u(t, x), (t, x) ∈ (0, T ]× Ω,

u(t, x) = 0, (t, x) ∈ (0, T ]× ∂Ω,

u(0, x) = u0(x), x ∈ Ω.

Consider the function Φ : R→ R defined by

Φ(s) :=

{
1− e−s2 , s ≥ 0,

0, s < 0.

Set

H(t) :=

∫ t

0

Φ(s) ds, ϕ(t) :=

∫
Ω

H(u(t, x)−K) dx and K := max

(
sup
x∈Ω

u0(x), 0

)
.

(a) Prove that Φ is a C1-function, increasing and its derivative is bounded by 1.

(b) Prove that ϕ(0) = 0, ϕ ≥ 0 on [0, T ] and ϕ ∈ C1((0, T ],R) ∩ C([0, T ],R).
Compute ϕ′ and deduce that

u(t, x) ≤ K, ∀(t, x) ∈ [0, T ]× Ω.
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Lecture 2

Semigroups of bounded operators.
Part I. Strongly continuous
semigroups

In this and in the next lecture, we introduce the concept of semigroup of bounded linear
operators and study two important classes of semigroups: the strongly continuous and
the analytic semigroups. Semigroups of bounded operators naturally arise in the study of
parabolic equations: as we will see a suitable semigroup governs the dynamics of parabolic
equations. Even if we will not enter into details, this being beyond the purpose of this
edition of the Internet Seminar, we stress that semigroups have shown to be a very powerful
tool in the study of linear (but also nonlinear) parabolic equations.

The concept of semigroups of bounded operators generalizes what is known since the
first courses of Calculus: the solutions of the system Dtu = Au of n ordinary differential
equations with constant coefficients are given by u(t) = etAc for any t ∈ R, where c ∈ Rd

is an arbitrary vector and

(2.1) etA =
∞∑
n=0

tn

n!
An, t ∈ R.

The previous formula can be straightforwardly extended to the case when the matrix A
is replaced by a bounded operator in a Banach space X. Indeed, the series in the right-hand
side of (2.1) converges locally uniformly in R. Since∥∥∥∥ m+p∑

n=m

tn

n!
An
∥∥∥∥
L(X)

≤
m+p∑
n=m

tn

n!
‖A‖nL(X)

and the real valued series
∑∞

n=0
tn

n!
‖A‖nL(X) converges locally uniformly in R (to et‖A‖L(X)),

the series
∑∞

n=0
tn

n!
An converges in L(X), locally uniformly with respect to t ∈ R. Set

ak = tkAk/k! and bk = skAk/k! for any k ∈ N ∪ {0}. Then,
n∑
k=0

akbn−k = An
n∑
k=0

tksn−k

k!(n− k)!
=

(t+ s)n

n!
An, n ∈ N ∪ {0}.

15
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Hence, as for the Cauchy product of scalar series, one can see that

etAesA =
∞∑
i=0

tiAi

i!
·
∞∑
j=0

sjAj

j!
=
∞∑
n=0

n∑
k=0

akbn−k

=
∞∑
n=0

(t+ s)n

n!
An = e(t+s)A = esAetA.

Based on the above remarks, we can now give the following definition.

Definition 2.0.1. A family {T (t) : t ≥ 0} of bounded linear operators on a Banach space
X is called a semigroup of bounded operators if it satisfies the semigroup property, i.e.,
T (0) = I and T (t+ s) = T (t)T (s) for every s, t > 0.

It follows that, for each A ∈ L(X), {etA} is a semigroup of bounded operators on the
Banach space X.

As a matter of fact, this class of semigroups, usually referred as uniformly continuous
semigroups, is too small and they are not associated to parabolic equations. For this reason,
we need to go further in the study of semigroups.

Throughout this lecture, X will denote a complex Banach space, ‖ · ‖ its norm and
L(X) is the space of all bounded linear operators on X.

2.1 Strongly continuous semigroups

Definition 2.1.1. A family {T (t) : t ≥ 0} of bounded operators on X, which satisfies the
semigroup property, is a strongly continuous semigroup (or C0-semigroup1) if the function
t 7→ T (t)x is continuous in [0,∞) with values in X, for each x ∈ X.

The following example is crucial and we will use it in the next lecture to show the main
differences between analytic and C0-semigroups.

Example 2.1.2. On X = BUC(R), the space of bounded and uniformly continuous
functions f : R → R, endowed with the sup-norm, consider the family {T (t)} of linear
operators defined by (T (t)f)(x) = f(x + t) for each x ∈ R, t ≥ 0 and f ∈ BUC(R). This
is a C0-semigroup on X. Indeed, T (t)f tends to f uniformly in R as t → 0+ if and only
if supx∈R |f(x + t) − f(x)| vanishes as t → 0+. But this condition, is a rewriting of the
definition of uniform continuity. The semigroup property is straightforward to prove.

We stress that this semigroup, called the semigroup of the left translations, cannot be
written in the form (2.1) for some bounded operator A. Indeed, if this were the case, then

‖etA − I‖L(X) ≤
∞∑
n=1

tn

n!
‖A‖nL(X) = et‖A‖L(X) − 1, t ≥ 0,

1C0 or (C, 0) abbreviates Cesàro summable of order zero, which means the continuity property
limt→0 T (t)x = x for every x ∈ X.
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and, consequently, limt→0+ ‖etA − I‖L(X) = 0. The semigroup of left translations does not
satisfy this property since ‖T (t)−I‖L(X) = 2 for every t > 0. To check this claim, fix t > 0
and consider the bounded uniformly continuous function ft : R → R, defined by ft(x) =
sin(πx/t) for each x ∈ R. As it is immediately seen, ‖ft‖∞ = 1 and ft(x+ t) = −ft(x) for
every x ∈ R. Hence,

‖T (t)− I‖L(X) ≥ sup
x∈R
|ft(x+ t)− ft(x)| = 2 sup

x∈R
|ft(x)| = 2.

On the other hand, ‖T (t)f‖∞ = ‖f‖∞ for every f ∈ BUC(R) and, consequently, ‖T (t)−
I‖L(X) ≤ ‖T (t)‖L(X) + 1 = 2 for every t ≥ 0.

Actually, {T (t)} is a group of bounded operators, since T (t) can be defined, using the
same rule, also for negative values of t.

2.1.1 Basic properties

Throughout this subsection by {T (t)} we denote a C0-semigroup on X, without further
mentioning it.

To begin with, we prove that the function t 7→ ‖T (t)‖L(X) grows at most exponentially
at infinity.

Proposition 2.1.3. There exist M ≥ 1 and ω ∈ R such that ‖T (t)‖L(X) ≤Meωt for every
t ≥ 0.

Proof. The core of the proof consists in showing that there exists δ > 0 such that

(2.2) sup
t∈[0,δ]

‖T (t)‖L(X) <∞.

Once this property is established, the semigroup property allows us to complete the proof.
Indeed, if t > δ, then there exist n ∈ N and r ∈ [0, δ) such that t = nδ + r. By applying
the semigroup property, we conclude that T (t) = T (r)(T (δ))n. Hence, denoting by M the
supremum in (2.2) and observing that M ≥ 1, we get

‖T (t)‖L(X) ≤ ‖T (r)‖L(X)‖T (δ)‖nL(X) ≤Mn+1 = M exp(n log(M)) ≤Me
log(M)
δ

t

and the assertion follows with ω = δ−1 log(M).
To prove (2.2), we argue by contradiction. If (2.2) does not hold true, then we can find

out a positive infinitesimal sequence (tn) such that ‖T (tn)‖L(X) tends to ∞ as n → ∞.
Since T (tn)x converges to x as n→∞, for every x ∈ X, the uniform boundedness principle
leads us to a contradiction.

In the proof of Proposition 2.1.3 the constant ω is nonnegative. Actually, ω can be
also negative. This is, for instance, the case of the C0-semigroup {Ta(t)} on R, defined by
Ta(t)x = e−atx for each x ∈ R and t ≥ 0, where a is a positive number.

In view of Proposition 2.1.3 the following definition makes sense.
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Definition 2.1.4. The growth bound ω0 of a C0-semigroup {T (t)} is defined by ω0 :=
inf{ω ∈ R : ∃ M = Mω ≥ 1 such that ‖T (t)‖ ≤Meωt for every t ≥ 0}.
Remark 2.1.5. (i) We stress that ω0 could be also equal to −∞ (see Exercise 2.3.4).

(ii) In general, ω0 is just an infimum and not a minimum. Consider for instance, the
semigroup (actually, a group) {T (t)} in R2, defined by

T (t) =

(
1 t
0 1

)
, t ≥ 0.

Here, ω0 = 0, but clearly the function t 7→ T (t) is not bounded in [0,∞) with values
in L(R2).

2.1.2 The infinitesimal generator

In this subsection, we show that to any C0-semigroup it is possible to associate a lin-
ear operator, called the infinitesimal generator of the semigroup, and we study the main
properties of this operator.

Definition 2.1.6. The infinitesimal generator A of a C0-semigroup {T (t)} is the operator
defined as follows: 

D(A) =

{
x ∈ X : ∃ lim

t→0+

T (t)x− x
t

∈ X
}
,

Ax = limt→0+
T (t)x− x

t
, x ∈ D(A).

In the following proposition we exploit the main basic properties of the infinitesimal
generator.

Proposition 2.1.7. The generator A of a C0-semigroup {T (t)} satisfies the following
properties.

(i) A is a linear operator satisfying AT (t) = T (t)A on D(A) for every t ≥ 0. Moreover,
for each x ∈ D(A), the function u = T (·)x belongs to C1([0,∞);X)∩C([0,∞);D(A))
and solves the Cauchy problem

(2.3)

{
u′(t) = Au(t), t ≥ 0,

u(0) = x.

(ii) For each t > 0 and x ∈ X,
∫ t

0
T (s)x ds ∈ D(A) and

(2.4) T (t)x− x = A

∫ t

0

T (s)xds.

In particular, if x ∈ D(A), then

(2.5) A

∫ t

0

T (s)x ds =

∫ t

0

T (s)Axds.
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(iii) A is closed and D(A) is dense in X.

(iv) The operator A completely characterizes the semigroups {T (t)} in the sense that there
exist no other semigroups which admit A as infinitesimal generator.

Proof. (i) The linearity of the operator A is straightforward to check. Note that D(A) 6= ∅
since 0 ∈ D(A). To complete the proof of property (i), we fix x ∈ D(A) and t > 0. Using
the semigroup property and the continuity of the operator T (t), we get

lim
h→0+

T (h)T (t)x− T (t)x

h
= lim

h→0+
T (t)

T (h)x− x
h

= T (t) lim
h→0+

T (h)x− x
h

= T (t)Ax.

Hence, T (t)x ∈ D(A) and AT (t)x = T (t)Ax. Since T (h)T (t) = T (t + h), the above
computation shows that the function T (·)x is differentiable from the right in [0,∞) and
the right derivative coincides with the function AT (·)x. To prove that the previous function
is also differentiable from the left in (0,∞), we fix t > 0 and observe that

T (t+ h)x− T (t)x

h
− T (t)Ax =T (t+ h)

T (−h)x− x
−h

− T (t)Ax

=T (t+ h)

(
T (−h)x− x
−h

− Ax
)

+ T (t+ h)Ax− T (t)Ax.

Hence, taking Proposition 2.1.3 into account, we obtain∥∥∥∥T (t+ h)x− T (t)x

h
− T (t)Ax

∥∥∥∥
≤‖T (t+ h)‖L(X)

∥∥∥∥T (−h)x− x
−h

− Ax
∥∥∥∥+ ‖T (t+ h)Ax− T (t)Ax‖

≤Meω(t+h)

∥∥∥∥T (−h)x− x
−h

− Ax
∥∥∥∥+ ‖T (t+ h)Ax− T (t)Ax‖.

Letting h tend to 0− we conclude that the function T (·)x is differentiable from the left
at t. Hence, the function T (·)x is differentiable is [0,∞) and since its derivative is the
function T (·)Ax, which is continuous in [0,∞), it follows that T (·)x ∈ C1([0,∞);X) ∩
C([0,∞);D(A)) and solves problem (2.3).

(ii) Fix x ∈ X, t > 0, set y =
∫ t

0
T (s)x ds and observe that

T (h)y − y
h

=
1

h

(
T (h)

∫ t

0

T (s)x ds−
∫ t

0

T (s)x ds

)
=

1

h

(∫ t

0

T (h+ s)x ds−
∫ t

0

T (s)x ds

)
=

1

h

(∫ t+h

h

T (s)x ds−
∫ t

0

T (s)x ds

)
=

1

h

(∫ t+h

t

T (s)x ds−
∫ h

0

T (s)x ds

)
.

Taking the limit as h tend to 0+ gives

lim
h→0+

T (h)y − y
h

= T (t)x− x.
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Hence, y ∈ D(A) and (2.4) follows. In the particular case when x ∈ D(A), by property
(i), we know that T (s)Ax = AT (s)x = DsT (s)x. Hence, formula (2.5) follows from the
fundamental theorem of calculus and (2.4).

(iii) Let (xn) ⊂ D(A) be a sequence converging to some x ∈ X and such that Axn
converges to some y ∈ X as n tends to ∞. By property (ii), we know that

(2.6)
T (h)xn − xn

h
=

1

h

∫ h

0

T (s)Axn ds, n ∈ N, h > 0.

Since ‖T (s)Axn − T (s)y‖ ≤ Meωs‖Axn − y‖ ≤ Meω
+h‖Axn − y‖ for every s ∈ [0, h],

T (·)Axn converges to T (·)y, uniformly in [0, h]. Hence, letting n tend to ∞ in both the
sides of (2.6), we conclude that

T (h)x− x
h

=
1

h

∫ h

0

T (s)y ds, h > 0.

Since the function T (·)y is continuous in [0,∞), letting h tend to 0+ it follows that x ∈
D(A) and Ax = y. Hence, A is a closed.

To prove that D(A) is dense in X, we fix x ∈ X and set xn = n
∫ 1/n

0
T (s)xds for each

n ∈ N. By property (ii), xn ∈ D(A) for every n ∈ N. Moreover, limn→∞ xn = x.
(iv) Suppose that {S(t)} is another C0-semigroup having A as infinitesimal generator.

Fix x ∈ D(A), t > 0 and consider the function u : [0, t] → X, defined by u(s) :=
T (t − s)S(s)x for s ∈ [0, t]. We can see that u is differentiable in [0, t] with identically
vanishing derivative. So, this implies that u(t) = u(0), i.e., S(t)x = T (t)x. Since D(A)
is dense in X and t is arbitrarily fixed in (0,∞), we conclude that T (t) = S(t) for every
t > 0.

We now introduce the concepts of spectrum/resolvent set of a linear operator and of
resolvent operator.

Definition 2.1.8. Let A : D(A) ⊂ X → X be a closed linear operator. The set σ(A) :=
{λ ∈ C : λI−A : D(A)→ X is not bijective} is called the spectrum of A. Its complement
in C is called the resolvent set of A and will be denoted by ρ(A).

For each λ ∈ ρ(A), the operator R(λ,A) := (λI − A)−1 is called the resolvent of A at
the point λ.

Remark 2.1.9. (i) The closed graph theorem shows that, if ρ(A) 6= ∅, then R(λ,A) is
a bounded operator in X for every λ ∈ ρ(A).

(ii) We stress that the resolvent set of a closed operator may be empty. See Exercise
2.3.5.

Proposition 2.1.10. The resolvent set of a closed operator A : D(A) ⊂ X → X is an
open subset of C. Moreover, the function R(λ,A) : ρ(A)→ L(X) is holomorphic. Finally,
the family of operators {R(λ,A) : λ ∈ ρ(A)} satisfies the so-called resolvent identity, i.e.,

R(λ,A)−R(µ,A) = (µ− λ)R(µ,A)R(λ,A), λ, µ ∈ ρ(A).

In particular, R(λ,A) commutes with R(µ,A) for every λ, µ ∈ ρ(A).
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In the proof of Proposition 2.1.10 we will use the following lemma, whose proof is left
as an exercise.

Lemma 2.1.11 (Perturbation of the identity). Let X be a Banach space and T ∈ L(X)
with ‖T‖L(X) < 1. Then, the operator I − T is invertible and its inverse is given by the
Von Neumann series, i.e.,

(2.7) (I − T )−1 =
∞∑
n=0

T n.

Proof of Proposition 2.1.10. Fix λ0 ∈ ρ(A), λ ∈ C and observe that λI − A = (I − (λ0 −
λ)R(λ0, A))(λ0I − A). Thus, λ ∈ ρ(A) if and only if the operator I − (λ0 − λ)R(λ0, A) is
invertible and, by Lemma 2.1.11, this is the case if λ ∈ B(λ0, r), the open ball centered at
λ0 with radius r = ‖R(λ0, A)‖−1

L(X). Hence, ρ(A) is open. Moreover, for each λ ∈ B(λ0, r),

R(λ,A) = R(λ0, A)(I − (λ0 − λ)R(λ0, A))−1 =
∞∑
n=0

(−1)n(λ− λ0)n(R(λ0, A))n+1,(2.8)

and this shows that the function R(·, A) is holomorphic in ρ(A) with values in L(X).
The resolvent identity follows from the following chain of equalities:

R(λ,A)−R(µ,A) =R(µ,A)((µI − A)− (λI − A))R(λ,A) = (µ− λ)R(µ,A)R(λ,A)

for every λ, µ ∈ ρ(A). The last assertion is straightforward to prove.

Now, we can go back to the infinitesimal generator of C0-semigroups. In the following
result, we show that the resolvent set of the infinitesimal generator A is not empty and,
for each λ ∈ ρ(A), the operator R(λ,A) can be written in terms of the semigroup.

Proposition 2.1.12. Let {T (t)} be a C0-semigroup with infinitesimal generator A and let
M ≥ 1 and ω ∈ R be such that ‖T (t)‖L(X) ≤ Meωt for every t ≥ 0. Then, ρ(A) ⊃ {λ ∈
C : Reλ > ω} and

(2.9) R(λ,A)x =

∫ ∞
0

e−λtT (t)x dt

for every x ∈ X and λ ∈ C with Reλ > ω. Moreover,

(2.10) ‖(R(λ,A))n‖L(X) ≤
M

(Reλ− ω)n
.

Proof. Fix λ ∈ C with Reλ > ω. Then, the operator defined by the right-hand side of
(2.9) is well defined, linear and continuous in X, since ‖e−λtT (t)x‖ ≤ Me−(Reλ−ω)t‖x‖ for
t ≥ 0. In particular,

(2.11)

∥∥∥∥∫ ∞
0

e−λtT (t)xdt

∥∥∥∥ ≤M‖x‖
∫ ∞

0

e−(Reλ−ω)tdt =
M

Reλ− ω
‖x‖, x ∈ X.
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To prove that this operator, which we denote by Rλ, is the inverse of λI−A, we observe
that, since A is a closed operator and the function t 7→ e−Reλt‖T (t)Ax‖ is integrable in
[0,∞) for every x ∈ D(A), Rλx ∈ D(A) for any x ∈ D(A) and, integrating by parts,

RλAx =

∫ ∞
0

e−λtT (t)Axdt = lim
n→∞

∫ n

0

e−λtDtT (t)x dt

= lim
n→∞

(
e−λnT (n)x− x+ λ

∫ n

0

e−λtT (t)x dt

)
= −x+ λRλx.

Hence, Rλ(λI − A)x = x for every x ∈ D(A). This shows that the operator λI − A is
injective. To prove that it is also surjective, we fix x ∈ X and prove that Rλx ∈ D(A) and
ARλx = λRλ − x. For this purpose, we fix h > 0 and observe that

T (h)Rλx−Rλx

h
=

1

h

(∫ ∞
0

e−λtT (t+ h)x dt−
∫ ∞

0

e−λtT (t)x dt

)
=
eλh

h

∫ ∞
h

e−λsT (s) ds− 1

h

∫ ∞
0

e−λtT (t)x dt

=
eλh − 1

h

∫ ∞
0

e−λsT (s) ds− eλh

h

∫ h

0

e−λsT (s)x ds.

Letting h tend to 0+, we conclude that

lim
h→0+

T (h)Rλx−Rλx

h
= λRλx− x,

as it has been claimed.
To complete the proof, let us prove (2.10) with n > 1, since the case n = 1 follows

from (2.11). Fix x ∈ X. By Proposition 2.1.10, we know that the function λ 7→ R(λ,A)x
is holomorphic in ρ(A) and, applying the dominated convergence theorem to the formula
(2.9), it can be easily checked that

dn

dλn
R(λ,A)x =

∫ ∞
0

(−1)ntne−λtT (t)x dt

for n ∈ N and λ ∈ C with Reλ > ω. Let us compute the derivatives of the function
R(·, A)x in a different way, using formula (2.8). This formula shows that

dn

dλn
R(λ,A) = (−1)nn!(R(λ,A))n+1, λ ∈ C, Reλ > ω.

From these last two formulas it follows that

(R(λ,A))nx =
1

(n− 1)!

∫ ∞
0

tn−1e−λtT (t)x dt.

Hence,

‖(R(λ,A))nx‖ ≤ M

(n− 1)!
‖x‖

∫ ∞
0

tn−1e−Reλteωtdt =
M

(Reλ− ω)n
‖x‖,

which completes the proof.
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Example 2.1.13. If {T (t)} is given by (2.1), then it is clearly strongly continuous since
the series defining the semigroup converges locally uniformly in [0,∞). Its infinitesimal
generator is the operator A. Indeed,∥∥∥∥T (t)− I

t
− A

∥∥∥∥
L(X)

=

∥∥∥∥ ∞∑
n=2

tn−1

n!
An
∥∥∥∥
L(X)

≤
∞∑
n=2

tn−1

n!
‖A‖nL(X) ≤ t

∞∑
n=0

1

n!
‖A‖nL(X) = te‖A‖L(X)

for every t ∈ (0, 1]. It follows that limt→0+ ‖t−1(T (t) − I) − A‖L(X) = 0. As a byproduct,
t−1(T (t)x− x) converges to Ax as t→ 0+ for each x ∈ X.

Example 2.1.14. Let us go back to the semigroup of left translations and show that
its infinitesimal generator A is the first order derivative with BUC1(R) as domain. Let
f ∈ D(A). Then, t−1(f(· + t) − f) converges to Af in BUC(R) as t tends to 0+. In
particular, for each x ∈ R, the ratio t−1(f(x + t) − f(x)) converges to (Af)(x). It thus
follows that f is differentiable in R and f ′ = Af ∈ BUC(R). Hence, f ∈ BUC1(R).

Conversely, suppose that f ∈ BUC1(R). Then, by the fundamental theorem of calculus,
we can write

f(x+ t)− f(x)

t
=

1

t

∫ t

0

f ′(x+ s)ds, x ∈ R, t > 0.

Fix ε > 0 and let δ > 0 be such that |f ′(x2) − f ′(x1)| ≤ ε for every x1, x2 ∈ R such that
|x2 − x1| ≤ δ. Then,∣∣∣∣f(x+ t)− f(x)

t
− f ′(x)

∣∣∣∣ ≤ 1

t

∫ t

0

|f ′(x+ s)− f ′(x)|ds ≤ ε

for every x ∈ Rd if t ∈ (0, δ]. Hence, t−1(T (t)f − f) converges to f ′ uniformly in Rd as t
tends to 0+. This shows that BUC1(R) ⊂ D(A).

2.1.3 The Hille-Yosida theorem

By the results of the previous two subsections we know that to any C0-semigroup {T (t)}
on X, we can associate an operator A : D(A) ⊂ X → X, the infinitesimal generator, which
satisfies the following properties:

(i) A is closed and densely defined;

(ii) ρ(A) contains the right-halfplane {λ ∈ C : Reλ > ω0} for some ω0 ∈ R;

(iii) for each ω > ω0 there exists a positive constant M such that ‖(R(λ,A))n‖L(X) ≤
M(Reλ− ω)−n for every n ∈ N and λ ∈ C with Reλ > ω.

A natural question arises: is any linear operator A : D(A) ⊂ X → X, which satisfies the
above three properties, the infinitesimal generator of a C0-semigroup on X? The answer
is positive and given by the famous Hille-Yosida theorem
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Theorem 2.1.15 (Hille-Yosida). Let A : D(A) ⊂ X → X be a linear operator on a
Banach space X. Then the following properties are equivalent.

(a) A generates a C0-semigroup {T (t)} on X.

(b) A satisfies the above properties (i)-(iii).

Proof. In view of the remarks at the very beginning of this subsection, we just need to
show that (b)⇒(a). Without loss of generality we can assume that ω = 0. Indeed, the

operator Ã = A−ωI, satisfies properties (i)-(iii), with ω = 0. If we prove that Ã generates
a C0-semigroup {S(t)}, then the operator A generates the C0-semigroup {eωtS(t)}.

Being rather long, we split the proof into steps.
Step 1. Here, we define the Yosida approximation of the operator A, i.e., the operators

An : X → X defined by An = nAR(n,A) for n ∈ N. Since, AR(n,A) = (A−nI)R(n,A) +
nR(n,A) = nR(n,A)−I, each operator An is bounded in X. We claim that limn→∞Anx =
Ax for each x ∈ D(A). To prove the claim, it suffices to show that nR(n,A)y tends to
y for each y ∈ X. Indeed, Anx = nR(n,A)Ax for x ∈ D(A). First, we suppose that
y ∈ D(A). Then, nR(n,A)y = R(n,A)(ny − Ay + Ay) = y + R(n,A)Ay for every n ∈ N
and ‖R(n,A)Ay‖ ≤ Mn−1‖Ay‖ vanishes as n → ∞. Hence, nR(n,A)y tends to y as
n→∞. If y ∈ X, then we consider a sequence (ym) ⊂ D(A), converging to y as m→∞.
Since ‖nR(n,A)‖L(X) ≤M for every n ∈ N, we can estimate

‖nR(n,A)y − y‖ ≤‖nR(n,A)(y − ym)‖+ ‖nR(n,A)ym − ym‖+ ‖ym − y‖
≤(M + 1)‖ym − y‖+ ‖nR(n,A)ym − ym‖

for m,n ∈ N. Hence,

lim sup
n→∞

‖nR(n,A)y − y‖ ≤(M + 1)‖y − ym‖+ lim
n→∞

‖nR(n,A)ym − ym‖

=(M + 1)‖ym − y‖

for every m ∈ N. Letting m tend to∞, we conclude that lim supn→∞ ‖nR(n,A)y−y‖ = 0.
Hence, nR(n,A)y converges to y as n→∞.

Step 2. For any n ∈ N, we introduce the uniform continuous semigroup {Tn(t)} on X,
defined by

Tn(t) = etAn :=
∞∑
k=0

tk

k!
Akn, t ≥ 0,

and prove that, for each x ∈ X, (Tn(·)x) is a Cauchy sequence in C([0, T ];X) for every
T > 0.

To begin with, we observe that, since An = n2R(n,A) − nI, Tn(t) = e−ntetn
2R(n,A) for

each t ≥ 0. Hence, recalling that ‖(nR(n,A))k‖L(X) ≤M for k ∈ N, we deduce that

‖Tn(t)‖L(X) ≤e−nt
∥∥∥∥ ∞∑
k=0

tk

k!
(n2R(n,A))k

∥∥∥∥
L(X)

≤ e−nt
∞∑
k=0

(tn)k

k!
‖(nR(n,A))k‖L(X)



2.1. STRONGLY CONTINUOUS SEMIGROUPS 25

≤Me−ntent = M(2.12)

for every t ≥ 0 and n ∈ N.
Next, we show that, for each x ∈ X, (Tn(·)x) is a Cauchy sequence in C([0, T ];X) for

every T > 0. For this purpose, we fix T > 0, t ∈ (0, T ], x ∈ D(A) and introduce the
function um,n : [0, t] → X, defined by um,n(s) = Tm(t − s)Tn(s)x for s ∈ [0, t]. As it is
easily checked um,n(t) = Tn(t)x and um,n(0) = Tm(t)x. Moreover, um,n is differentiable in
[0, t] and u′m,n(s) = −Tm(t − s)AmTn(s)x + Tm(t − s)Tn(s)Anx for s ∈ [0, t]. Note that
Am commutes with An since R(n,A) commutes with R(m,A) (see Proposition 2.1.10).
As a byproduct, Am commutes with the semigroup {Tn(t)} and, consequently, u′m,n(s) =
Tm(t− s)Tn(s)(Amx− Anx) for every s ∈ [0, t]. Thus,

‖Tn(t)x− Tm(t)x‖ ≤
∫ t

0

‖Tm(t− s)Tn(s)(Amx− Anx)‖ ds

≤M2t‖Amx− Anx‖ ≤M2T‖Amx− Anx‖.

Since T has been arbitrarily fixed and x ∈ D(A), by Step 1 (Tn(·)x) is a Cauchy sequence
in C([0, T ];X) for every T > 0.

If x ∈ X, then there exists a sequence (xk) ⊂ D(A) which converges to x as k → ∞.
Then, taking (2.12) into account, for each k,m, n ∈ N and T > 0, we can estimate

‖Tn(·)x− Tm(·)x‖C([0,T ];X) ≤‖Tn(·)(x− xk)‖C([0,T ];X) + ‖Tn(·)xk − Tm(·)xk‖C([0,T ];X)

+ ‖Tm(·)(x− xk)‖C([0,T ];X)

≤2M‖x− xk‖+M2T‖Amxk − Anxk‖.

Hence, for every fixed ε > 0, we can fix k0, n0 ∈ N such that 2M‖x − xk0‖ ≤ ε/2
and M2T‖Amxk0 − Anxk0‖ ≤ ε/2 for each m,n ≥ n0. It thus follows that ‖Tn(·)x −
Tm(·)x‖C([0,T ];X) ≤ ε for each m,n ≥ n0. Hence, (Tn(·)x) is a Cauchy sequence in
C([0, T ];X) for every x ∈ X.

Step 3. Here, we define a C0-semigroup {T (t)}. Since each operator Tn(t) is linear
and (Tn(·)x) is a Cauchy sequence in [0, T ] for each T > 0 and x ∈ X, there exists a
family of linear operators {T (t)} such that limn→∞ Tn(t)x = T (t)x for every x ∈ X and
the convergence is uniform on each interval [0, T ] (T > 0). So, the function t 7→ T (t)x is
continuous on [0,∞) for each x ∈ X. As is immediately seen, T (0) = I, since Tn(0) = I
for every n ∈ N. Moreover, from the estimate ‖Tn(t)x‖ ≤ M‖x‖, which holds true for
every t ≥ 0, x ∈ X and n ∈ N, it follows that T (t) is a bounded linear operator and
‖T (t)‖L(X) ≤ M for any t ≥ 0. To conclude that {T (t)} is a C0-semigroup we need to
check the semigroup property. This follows from Tn(t+s)x = Tn(t)Tn(s)x for each t, s > 0,
x ∈ X and n ∈ N.

Step 4. Here, we complete the proof. Since {T (t)} is a C0-semigroup on X which
satisfies the estimate ‖T (t)‖L(X) ≤ M for every t ≥ 0, by Propositions 2.1.7 and 2.1.12 it
admits an infinitesimal generator B whose resolvent set contains the line (0,∞).

To show that B coincides with the operator A, we begin by showing that D(A) ⊂ D(B)
and Bx = Ax for every x ∈ D(A). For this purpose, we fix x ∈ D(A), n ∈ N and observe
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that the function Tn(·)x is differentiable in [0,∞) with DtTn(t)x = Tn(t)Anx for each t ≥ 0.
We claim that DtTn(·)x converges to the function T (·)Ax locally uniformly in [0,∞). To
check the claim, we observe that

‖DtTn(·)x− T (·)Ax‖C([0,T ];X) ≤M‖Anx− Ax‖+ ‖Tn(·)Ax− T (·)Ax‖C([0,T ];X)

for every T > 0 and the right-hand side of the previous inequality vanishes as n → ∞ by
Steps 1 and 3. The claim is proved.

Since Tn(·)x converges to T (·)x, locally uniformly in [0,∞), the function T (·)x is dif-
ferentiable in [0,∞) and DtT (t)x = T (t)Ax for every t ≥ 0. This, in particular, shows
that x ∈ D(B) and Bx = Ax.

To show that D(B) = D(A), we observe that 1 ∈ ρ(A) ∩ ρ(B) and

X = (I − A)(D(A)) = (I −B)(D(A)) ⊂ (I −B)(D(B)) = X.

Hence, (I −B)(D(A)) = (I −B)(D(B)). Since the operator I −B is injective, we obtain
that D(A) = D(B) and we are done.

Remark 2.1.16. Given a closed operator A, such that π = {λ ∈ C : Reλ > ω} ⊆ ρ(A) for
some ω ∈ R, we need to check the infinitely many conditions ‖(R(λ,A))n‖ ≤M(Reλ−ω)−n

for every λ ∈ π to establish whether A generates a C0-semigroup or not. In the particular
case whenM = 1, things are easier since once the previous condition is proved with n = 1, it
can be easily extended to every n > 1 just observing that ‖(R(λ,A))n‖L(X) ≤ ‖R(λ,A)‖nL(X)

for each n ∈ N.

Remark 2.1.17. At the very beginning of this lecture, we have introduced uniform contin-
uous semigroups, which are actually groups since the operator etA is defined for every real
value of t and the semigroup property is satisfied for every s, t ∈ R. On the other hand,
C0-semigroups are in general defined only on the line [0,∞). Indeed, suppose that the
C0-semigroup is actually a group. Then, {T (t)} and {T (−t)} are C0-semigroups. Clearly,
if A is the infinitesimal generator of {T (t)}, then, −A generates the semigroup {T (−t)}.
Hence, the Hille-Yosida theorem implies that the resolvent set of A should contain the
halfplanes {λ ∈ C : Reλ > ω} and {λ ∈ C : Reλ < −ω} for some ω ≥ 0. Moreover,
‖(R(λ,A))n‖L(X) ≤ M(Reλ − ω)−n for every λ ∈ C, such that |Reλ| > ω, every n ∈ N
and some positive constant M . These conditions are also sufficient for an operator A to
be the generator of a C0-group.

Remark 2.1.18. An useful criterium to determine whether a closed operator generates
a C0-semigroup or not is the well celebrated Lumer-Phillips theorem. To state it, we
introduce the concept of dissipative operator. The operator A : D(A) ⊂ X → X is called
dissipative if ‖λx − Ax‖ ≥ λ‖x‖ for each λ > 0 and x ∈ X. (Note that, if A generates a
C0-semigroups of contractions, then A is dissipative.) The Lumer-Phillips theorem states
that, if A is dissipative, with dense domain, and ρ(A) ∩ (0,+∞) 6= ∅, then A generates
a C0-semigroup of contractions on X. As a corollary of the Lumer-Phillips theorem one
can infer that, if A is densely defined and dissipative and A∗ is dissipative as well, then A
generates a C0-semigroup of contractions. For more details we refer to [1, Chapter II].
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2.2 Notes and Remarks

Operator semigroups has been widely studied during the last decades and there are many
monographs dealing with them. We mention here the excellent graduate texts by Engel
and Nagel [1, 2]. The first milestone in the theory was the opus of Hille and Phillips [4].
An important later reference are the books by Goldstein [3] and Pazy [5].

2.3 Exercises

1. Prove Lemma 2.1.11.

2. On X = `p (p ∈ [1,∞)) consider the operator A defined by A(xn) = (anxn) for every
(xn) ∈ D(A) = {(xn) ∈ `p : (anxn) ∈ `p}, where (an) ⊂ C is a given sequence. Show
that:

(i) A ∈ L(X) if and only if (an) ∈ `∞.

(ii) A is a closed operator with dense domain.

(iii) A generates a C0-semigroup {T (t)} if and only if there exists ω ∈ R such that
Re an ≤ ω for all n ∈ N. In this case, T (t)(xn) = (etanxn) for each (xn) ∈ X.

(iv) Prove that, if an = −n2, then {T (t)} is continuous in the operator norm on (0,∞),
but not right continuous at t = 0.

3. Let X = C0(R) and q ∈ C(R). Consider the operator (Af)(s) := q(s)f(s) with D(A) :=
{f ∈ X : qf ∈ X} and make analogous statements as in the previous exercise. Prove
these statements.

4. On the Banach space X0 = {f ∈ C([0, 1]) : f(1) = 0}, endowed with the sup-norm,
consider the family {T (t)} of operators, defined by

(T (t)f)(x) =

{
f(x+ t), if x+ t ≤ 1,

0, otherwise,

for every x ∈ [0, 1] and t ≥ 0. Prove that {T (t)} is a C0-semigroup, called the semigroup
of left translations on C([0, 1]), and show that its growth bound ω0 is −∞.

5. Let X = C([0, 1]). Prove that

(i) the spectrum of the operator A1 : {f ∈ C1([0, 1]) : f(0) = 0} ⊂ X → X, defined
by A1f = f ′ for f ∈ D(A1), is empty.

(ii) the resolvent set of the operator A2 : {f ∈ C1([0, 1]) : f(0) = f(1) = 0} ⊂ X → X,
defined by A2f = f ′ for f ∈ D(A2), is empty.

6. Determine which of the following operators generate a C0-semigroup on X = C([0, 1]):
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(i) A1f = f ′ for f ∈ D(A1) = {f ∈ C1([0, 1]) : f(0) = 0};
(ii) A2f = f ′′ for f ∈ D(A2) = C2([0, 1]);

(iii) A3f = f ′′ for f ∈ D(A3) = {f ∈ C2([0, 1]) : f(0) = f(1) = 0}
(iv) A4f = f ′′ for f ∈ D(A4) = {f ∈ C2([0, 1]) : f ′′(0) = 0}.

7. On X = C0(R) consider the one-parameter family {T (t)} defined by

(T (t)f)(x) = exp

(∫ t

x−t
q(s)ds

)
f(x− t), x ∈ R, t ≥ 0,

where q : R → R is a bounded and continuous function. Prove that {T (t)} is a C0-
semigroup and identify its infinitesimal generator.

8. Prove Remark 2.1.17.



Bibliography

[1] K.-J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations,
Graduate Texts in Math., vol. 194, Springer-Verlag, 2000.

[2] , A Short Course on Operator Semigroups, Universitext, Springer-Verlag, 2006.

[3] J.A. Goldstein, Semigroups of Operators and Applications, Oxford University Press,
1985.

[4] E. Hille and R.S. Phillips, Functional Analysis and Semigroups, Amer. Math. Soc. Coll.
Publ., vol. 31, Amer. Math. Soc., 1957.

[5] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions, Appl. Math. Sci., vol. 44, Springer-Verlag, 1983.

29



30



Lecture 3

Semigroups of bounded operators.
Part II. Analytic semigroups

In this lecture, we keep on the study of semigroups of bounded operators introducing
analytic semigroups and studying their main properties. By X we still denote a complex
Banach space with norm ‖·‖. Moreover, given a curve γ : I → C (I ⊂ R being an interval)
and a function f defined at least on the support of f , we set

∫
−γ f(λ)dλ := −

∫
γ
f(λ)dλ.

3.1 Prelude

In the previous lecture, we have seen that, to every bounded operator on X, we can
associate a uniformly continuous semigroup by setting

(3.1) etA =
∞∑
n=0

tn

n!
An, t ∈ R.

This formula can not be extended to the case when A is not defined in the whole X
since the domain of the powers An becomes smaller and smaller. On the other hand, when
ρ(A) is not empty, the resolvent operator is defined and bounded in X. Hence, the idea is
to look for a formula for etA which involves the operators R(λ,A).

Lemma 3.1.1. For A ∈ L(X) the following assertion holds:

σ(A) ⊆ B(0, ‖A‖L(X)).

Proof. Fix λ ∈ C and observe that λI − A = λ(I − λ−1A). Hence, from Lemma 2.1.11 it
follows that, if |λ−1|‖A‖L(X) < 1, then λI − A is invertible in X, and we are done.

Now, we can prove the following integral representation formula for uniformly contin-
uous semigroups.

31
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Proposition 3.1.2. Let A ∈ L(X) and let γr (r > ‖A‖L(X)) be the curve, defined by
γr(t) = reit for t ∈ [0, 2π]. Then,

(3.2) etA =
1

2πi

∫
γr

etλR(λ,A)dλ, t ∈ R.

Proof. From (3.1) and Lemma 2.1.11 we can write

R(λ,A) =
∞∑
k=0

Ak

λk+1

for every |λ| > ‖A‖L(X). Hence,

eλtR(λ,A) =
∞∑
n=0

tnλn

n!

∞∑
k=0

Ak

λk+1
.

Integrating both sides of the previous formula along the curve γr and observing that the
series and the integral commute, we get

1

2πi

∫
γr

etλR(λ,A)dλ =
1

2πi

∞∑
n=0

tn

n!

∞∑
k=0

Ak
∫
γr

λn−k−1dλ = etA,(3.3)

since ∫
γr

λn−k−1dλ =

{
2πi, n = k,
0, otherwise.

Note that the right-hand side of formula (3.2) makes sense for each closed operator
A : D(A) ⊂ X → X whose spectrum is bounded, and is independent of r > 0. Moreover,
if we set T (0) = I, then the family {T (t)} defines a semigroup on X. Indeed, take s, t > 0
and let r > 0 be such that σ(A) ⊂ B(0, r). Then,

T (t)T (s) =− 1

4π2

∫
γ2r

etλR(λ,A)dλ

∫
γr

esµR(µ,A)dµ

=− 1

4π2

∫
γ2r

etλdλ

∫
γr

esµR(λ,A)R(µ,A)dµ

=− 1

4π2

∫
γ2r

etλdλ

∫
γr

esµ

µ− λ
(R(λ,A)−R(µ,A))dµ

=− 1

4π2

∫
γ2r

etλR(λ,A)dλ

∫
γr

esµ

µ− λ
dµ− 1

4π2

∫
γr

esµR(µ,A)dµ

∫
γ2r

etλ

λ− µ
dλ,

where in the last integral term we have changed the order of integration. Since λ /∈ B(0, r),
the function µ 7→ (µ− λ)−1esµ is holomorphic in B(0, r) and, consequently, by the Cauchy
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integral theorem,
∫
γr

(µ− λ)−1esµdµ = 0. On the contrary, the function λ 7→ (λ− µ)−1etλ

has a simple pole at λ = µ ∈ B(0, 2r). Hence, by the residue theorem,
∫
γ2r

(λ−µ)−1etλdλ =

(2πi)etµ. It thus follows that

T (t)T (s) =
1

2πi

∫
γ2r

e(s+t)µR(µ,A)dµ = T (t+ s).

In general, the spectrum of a closed operator is not bounded. Hence, formula (3.2) can
not used to define a semigroup associated to an unbounded operator A. But, as we will
show in the next section, we can overcome this difficulty changing the path of integration,
provided that the operator A satisfies nice spectral properties.

3.2 Sectorial operators and analytical semigroups

As announced, here we introduce an important class of closed operators, the so-called,
sectorial operators, to which we can associate a semigroup through a variant of formula
(3.2).

Definition 3.2.1. A linear operator A : D(A) ⊂ X → X is called sectorial in X if there
exist ω ∈ R, θ0 ∈ (π/2, π) and M > 0 such that the spectrum of A contains the sector
Σω,θ0 = {λ ∈ C : λ 6= ω, |arg(λ − ω)| < θ0} and ‖R(λ,A)‖L(X) ≤ M |λ − ω|−1 for every
λ ∈ Σω,θ0 .

Throughout this lecture, we denote by S(ω, θ0,M) the set of all the sectorial operators
A which satisfy the condition in Definition 3.2.1.

Given A ∈ S(ω, θ0,M), we can define an operator T (t), for each t > 0, by using formula
(3.2), where we replace the curve γr by the “union” of three curves −γ1,r,η,ω, γ2,r,η,ω and

γ3,r,η,ω, where γ2k+1,r,η,ω : [r,∞)→ C (k = 0, 1) is defined by γ2k+1,r,η,ω(ρ) = ω+ρe(−1)
k+1iη,

for each ρ ≥ r, and γ2,r,η,ω : [−η, η] → C is defined by γ2,r,η,ω(θ) = ω + reiθ for each
θ ∈ [−η, η]. Here, r > 0 and η ∈ (π/2, θ0) are arbitrarily fixed.
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ω

ω + r

σ(A)

Figure 3.1: the support of the union of the three curves γ1,r,η,ω, γ2,r,η,ω and γ3,r,η,ω.

More precisely, we set

T (t) =− 1

2πi

∫
γ1,r,η,ω

eλtR(λ,A)dλ+
1

2πi

∫
γ2,r,η,ω

eλtR(λ,A)dλ

+
1

2πi

∫
γ3,r,η,ω

eλtR(λ,A)dλ

=
eωt

2πi

(∫ ∞
r

eρ cos(η)t[ei(η+ρ sin(η)t)R(ω + ρeiη, A)− e−i(η+ρ sin(η)t)R(ω + ρe−iη, A)]dρ

+

∫ η

−η
e(r cos(θ)+ir sin(θ))tR(ω + reiθ, A)ireiθdθ

)
.(3.4)

To ease the notation, we denote the above integral by
∫
γr,η,ω

etλR(λ,A)dλ.

Note that T (t) is well defined since the definition is independent of r and η. Indeed,
by Proposition 2.1.10, the function λ 7→ v(λ) = etλR(λ,A) is an holomorphic function in
the sector Σω,θ0 , with values in L(X). This in particular shows that the integral of v over
γ2,r,η,ω is well defined. Similarly, since

(3.5) ‖etρ cos(η)±itρ sin(η)R(ω + ρ cos(η)± iρ sin(η), A)‖L(X) ≤Mr−1eρ cos(η)

for every ρ ≥ r and cos(η) < 0, it follows immediately that also the integrals of v over the
curves γ1,r,η,ω and γ3,r,η,ω are well defined.

Now, we fix r′ > 0 and η′ ∈ (π/2, θ0) and denote by D be the region lying between the
supports of the curves γj,r,η,ω and γj,r′,η′,ω (j = 1, 2, 3) and by Dn (n ∈ N) the intersection
of D with the closed ball centered at zero with radius n.
Denote by γ a curve which parameterizes Dn, obtained from the curves γj,r,η,ω, γj,r′,η′,ω and
the canonical parametrization of the arc of ∂B(0, n). The Cauchy integral theorem implies
that ∫

γ

etλR(λ,A)dλ = 0.
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ω

n

γr,η ,ω

γr′,η′ ,ω

Dn

Figure 3.2: the region Dn.

By estimate (3.5) the integrals on the two arcs contained in ∂B(0, n) vanish as n tends to
∞. From these remarks, we deduce that∫

γr,η,ω

etλR(λ,A)dλ =

∫
γr′,η′,ω

etλR(λ,A)dλ

as claimed.
We can now study the main properties of the operators T (t), t ≥ 0.

Theorem 3.2.2. Let A ∈ S(ω, θ0,M) and let T (t) be given by (3.4) for t > 0. Then, the
following properties hold true.

(i) For each x ∈ X, k ∈ N and t > 0, T (t)x ∈ D(Ak). Further, if x ∈ D(Ak), then
AkT (t)x = T (t)Akx for every t ≥ 0.

(ii) If we set T (0) = I, then the family {T (t)} is a semigroup of bounded linear operators.

(iii) There exist positive constants Mk (k ∈ N ∪ {0}) such that

(3.6) ‖tk(A− ωI)kT (t)‖L(X) ≤Mk, t > 0, k ∈ N ∪ {0}.

(iv) The function t 7→ T (t) belongs to C∞((0,∞);L(X)) and Dk
t T (t) = AkT (t) for every

t > 0. Moreover, the function t 7→ T (t) admits an analytic extension to the sector
Σ0,θ0−π/2, given by

T (z) =
1

2πi

∫
γr,θ′z,ω

eλzR(λ,A) dλ, z ∈ Σ0,θ0−π/2,

where θ′z is arbitrarily fixed in (π/2, θ − arg(z)).
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Proof. As in the proof of Hille-Yosida theorem, we replace A with the operator A − ωI,
which is sectorial in Σ0,θ.

(i) The core of the proof is the case k = 1. Fix t > 0 and x ∈ X. Since etλAR(λ,A) =
−eλtI + λeλtR(λ,A),

‖eλtI − λeλtR(λ,A)‖L(X) ≤ eReλt(1 + ‖λR(λ,A)‖L(X)) ≤ eReλt(1 +M)

and cos(η) < 0, the function λ 7→ etλAR(λ,A)x is integrable along the curves γ1,r,η,0
and γ3,r,η,0 for each x ∈ X. Of course, being a continuous function it is also integrable
along the curve γ2,r,η,0. Therefore, we can invoke Proposition A.2.3, which guarantees that
T (t)x ∈ D(A) and

AT (t)x =
1

2πi

∫
γr,η,0

etλAR(λ,A)x dλ = − x

2πi

∫
γr,η,0

etλ dλ+
1

2πi

∫
γr,η,0

λetλR(λ,A)x dλ

=
1

2πi

∫
γr,η,0

λetλR(λ,A)λ,(3.7)

since ∫
γr,η,0

etλ dλ = 0.(3.8)

If x ∈ D(A), then AR(λ,A)x = R(λ,A)Ax and, hence, AT (t)x = T (t)Ax. Iterating this
argument, we can show that T (t)x ∈ D(Ak) for every k ∈ N and

(3.9) AkT (t)x =
1

2πi

∫
γr,η,0

λkeλtR(λ,A)x dλ

and, if x ∈ D(Ak), then AkT (t)x = T (t)Akx.
(ii) The semigroup property can be proved arguing as in the last part of Section 3.1.

Fix s, t > 0. Writing

T (t) =
1

2π

∫
γr,η,0

eλtR(λ,A) dλ, T (s) =
1

2π

∫
γ2r,η′,0

eλsR(λ,A) dλ

for each r > 0, π/2 < η′ < η < θ and using the resolvent identity it follows that

T (t)T (s) =− 1

4π2

∫
γr,η,0

eλtR(λ,A) dλ

∫
γ2r,η′,0

eµs

µ− λ
dµ

+
1

4π2

∫
γ2r,η′,0

eµsR(µ,A) dµ

∫
γr,η,ω

eλt

µ− λ
dλ.

Since
(3.10)∫

γ2r,η′,0

eµs
dµ

µ− λ
= 2πiesλ, for λ ∈ γr,η,0 and

∫
γr,η,0

eλt
dλ

µ− λ
= 0 for µ ∈ γ2r,η′,0,
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we conclude that T (t)T (s) = T (t+ s).
(iii) We fix t > 0 and take the norm of the three integrals which define T (t) (see (3.4)).

Since we are assuming that ω = 0, from the estimate in Definition 3.2.1 we get

‖T (t)‖L(X) ≤
M

π

∫ ∞
r

etρ cos(η)ρ−1dρ+
M

2π

∫ η

−η
etr cos(θ)dθ ≤ M

π

(
etr cos(η)

tr| cos(η)|
+ etr

)
for each r > 0 and η ∈ (π/2, θ0). Note that, if we take the same r for every t > 0, we end up
with an estimate for ‖T (t)‖L(X) which is singular as t tends to 0. To overcome this difficulty,
it suffices to replace r by 1/t and we get (3.6) with M0 = Mπ−1(| cos(η)|−1ecos(η) + e).

Estimating the norm of AT (t) is easier. We do not need to take a radius which depends
on t. It is enough to use formula (3.7) observing that ‖λR(λ,A)‖L(X) ≤M . We thus get

‖AT (t)‖L(X) ≤
M

π

(
etr cos(η)

t| cos(η)|
+
Mr

2π

∫ η

−η
etr cos θdθ

)
for each r > 0. Letting r tend to 0+, by dominated convergence we get

(3.11) ‖AT (t)‖L(X) ≤
M

πt| cos(η)|
, t > 0.

To estimate the operator norm of AkT (t) for k > 1 it suffices to use (3.11), prop-
erty (i) and the semigroup property to write AkT (t) = (AT (t/k))k and, hence, estimate
‖AkT (t)‖L(X) ≤ ‖AT (t)‖kL(X).

(iv) By applying repeatedly the dominated convergence theorem, it can be easily shown
that the function t 7→ T (t) belongs to C∞((0,∞);L(X)) and

Dk
t T (t) =

1

2πi

∫
γr,η,ω

λkeλtR(λ,A) dλ, t > 0.

From this formula and (3.9) it follows that Dk
t T (t) = AkT (t) for every t > 0 and k ∈ N.

To complete the proof, we fix α ∈ (0, θ0 − π/2). Then, the function

z 7→ T (z) =
1

2πi

∫
γr,θ0−α,ω

ezλR(λ,A) dλ,

is well defined and holomorphic in the sector Σ0,θ0−π/2−α. Indeed, if λ = ρei(θ0−α) and
z = |z|eiϕ belongs to Σ0,θ−π/2−α, then Re(zλ) = ρ|z| cos(θ0 − α + ϕ) and cos(θ0 − α + ϕ)
is negative since θ0 − α + ϕ ∈ (π/2, 3π/2). Hence, we can differentiate under the integral
sign, taking the dominated convergence theorem into account, and conclude that the map
z 7→ T (z) is holomorphic in Σ0,θ0−π/2−α. Since Σ0,θ0−π/2 =

⋃
α∈(0,θ0−π/2) Σ0,θ0−π/2−α, the

conclusion follows.

Remark 3.2.3. From property (iii) in Theorem 3.2.2 it follows that there exists a positive
constant Ck such that ‖tkAkT (t)‖L(X) ≤ Cke

ωt for t > 0. Indeed,

Ak = (A− ωI + ωI)k =
k∑

n=0

(
k

n

)
ωk−n(A− ωI)n
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and, therefore,

‖AkT (t)‖L(X) ≤
k∑

n=0

(
k

n

)
ωk−n‖(A− ωI)nT (t)‖L(X) ≤

k∑
n=0

(
k

n

)
ωk−nMnt

−n, t > 0.

If t ≤ 1, then from the previous estimate we immediately get

‖AkT (t)‖L(X) ≤ t−k
k∑

n=0

(
k

n

)
ωk−nMn.

On the other, if t > 1, then there exists a positive constant Cω such that t−nωk−n ≤
Cωt

−keωt for every n < k. We thus conclude that

‖AkT (t)‖L(X) ≤ Cωt
−keωt

k∑
n=0

(
k

n

)
Mn

and we are done.

In view of Theorem 3.2.2 we can now give the following definition.

Definition 3.2.4. Let A be a sectorial operator. The family of operators {T (t)}, defined
by (3.4) for t > 0 and such that T (0) = I, is called analytic semigroup generated by A (in
X).

Is each analytic semigroup strongly continuous? The answer is in general negative since
D(A) may be not dense in X. In any case, for each x ∈ X, T (t)x converges to x as t→ 0+

in a “weak” sense as the following proposition shows.

Proposition 3.2.5. Let {T (t)} be an analytic semigroup associated with an operator A ∈
S(ω, θ0,M). Then, limt→0+ T (t)x = x if and only if x ∈ D(A). As a byproduct, for each
λ ∈ ρ(A) and x ∈ X, limt→0+ R(λ,A)T (t)x = R(λ,A)x.

Proof. By replacing A with A − αI for some constant α, we can assume without loss of
generality that ω = 0.
Using the Cauchy integral theorem, it follows that

T (t)x− x =
1

2πi

∫
γr,η,ω

eλt
[
R(λ,A)x− 1

λ
x

]
dλ

=
1

2πi

∫
γr,η,ω

eλt

λ
R(λ,A)Axdλ

for x ∈ D(A) and t > 0. Since ‖λ−1R(λ,A)Ax‖ ≤ C‖Ax‖|λ|−2, it follows from the
dominated convergence theorem and Cauchy’s theorem that

lim
t→0+

T (t)x− x =
1

2πi

∫
γr,η,ω

1

λ
R(λ,A)Axdλ = 0
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for x ∈ D(A) and hence for x ∈ D(A), since ‖T (t)‖ ≤ M for every t ∈ [0, 1]. The other
implication is obtained from the inclusion T (t)X ⊂ D(A) for every t > 0, see Theorem
3.2.2.
Now, the last statement follows from the fact that R(λ,A) commute with T (t) for every
t > 0 and λ ∈ ρ(A).

Remark 3.2.6. By Theorem 3.2.2, T (t) maps X into D(A) for every t > 0. Hence, it
leaves D(A) invariant. Moreover, by Proposition 3.2.5, T (t)x converges to x as t→ 0+ for
every x ∈ D(A). It follows that the restriction of {T (t)} to D(A) is a C0-semigroup. Note
that D(A) is the largest subspace of X, where the restriction of {T (t)} is a C0-semigroup.
Indeed, as already remarked, T (t)x ∈ D(A) for each x ∈ X and t > 0. Hence, if T (t)x
converges to x as t→ 0+, then, necessarily, x ∈ D(A).

In the following proposition, we show other interesting properties of analytic semi-
groups. In particular, we show that the infinitesimal generator of the restriction of {T (t)} to
D(A) is the part of A in D(A), i.e., the operator defined in D := {x ∈ D(A) : Ax ∈ D(A)}
by A|D(A)x = Ax for each x ∈ D.

Proposition 3.2.7. The following properties hold true.

(i) For each x ∈ X and t > 0,
∫ t
0
T (s)x ds ∈ D(A) and

(3.12) A

∫ t

0

T (s)x ds = T (t)x− x.

If, in addition, x ∈ D(A), then

(3.13) T (t)x− x =

∫ t

0

T (s)Axds, t ≥ 0.

(ii) If λ ∈ C with Reλ > ω, then

(3.14) R(λ,A) =

∫ ∞
0

e−λtT (t) dt.

(iii) If x ∈ D(A) and Ax ∈ D(A), then limt→0+(T (t)x − x)/t = Ax. Conversely, if
z := limt→0+(T (t)x− x)/t exists, then x ∈ D(A) and Ax = z ∈ D(A).

Proof. (i) Fix t > 0 and x ∈ X. Since the function T (·)x is differentiable in (0,∞) and
DtT (·)x = AT (·)x (see Theorem 3.2.2) then∫ t

ε

T (s)x ds =

∫ t

ε

((ω + 1)I − A)R(ω + 1, A)T (s)x ds

=(ω + 1)

∫ t

ε

R(ω + 1, A)T (s)x ds−
∫ t

ε

d

ds
(R(ω + 1, A)T (s)x) ds
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=(ω + 1)R(ω + 1, A)

∫ t

ε

T (s)x ds− T (t)R(ω + 1, A)x+ T (ε)R(ω + 1, A)x

for each ε ∈ (0, t). Recalling that the function T (·)x is bounded in [0, t] and continuous in
(0,+∞) and taking Proposition 3.2.5 into account, we can let ε tend to 0 and obtain

(3.15)

∫ t

0

T (s)x ds = (ω + 1)R(ω + 1, A)

∫ t

0

T (s)x ds−R(ω + 1, A)(T (t)x− x).

Thus,
∫ t
0
T (s)x ds ∈ D(A) and applying the operator ((ω + 1)I − A) to both the sides of

(3.15), formula (3.12) follows.
If x ∈ D(A), then the function AT (·)x is continuous in (0, t] and bounded in [0, t].

Hence,

A

∫ t

ε

T (s)x ds =

∫ t

ε

AT (s)x ds

and, letting ε tend to 0+, we conclude that

lim
ε→0+

A

∫ t

ε

T (s)x ds =

∫ t

0

AT (s)x ds

and formula (3.13) follows.
(ii) Fix λ ∈ C with Reλ > ω and consider the operator A − λI. This operator is

sectorial and the associated semigroup {S(t)} is defined by S(t) = e−λtT (t) for t ≥ 0.
From formula (3.12) we know that

(A− λ)

∫ t

0

S(r)x dr = S(t)x− x, t > 0, x ∈ X.

Since ‖T (t)‖L(X) ≤ Meωt for t ≥ 0 (see Theorem 3.2.2), the function S(t)x vanishes as t

tends to ∞. Hence, limt→∞(A − λ)
∫ t
0
S(r)x dr = −x for every x ∈ X. Since

∫ t
0
S(r)x dr

converges to
∫∞
0
S(r)x dr, by the closedness of A,

∫ t
0
S(r)x dr belongs to D(A) and

(λ− A)

∫ ∞
0

e−λtT (t)x dt = x, x ∈ X.

Since we know that λ ∈ ρ(A), formula (3.14) follows at once.
(iii) Fix x ∈ D(A) such that Ax ∈ D(A). Then, by property (i), we can write

(3.16)
T (t)x− x

t
=

1

t
A

∫ t

0

T (s)x ds =
1

t

∫ t

0

T (s)Axds.

Since Ax ∈ D(A), by Proposition 3.2.5 the function T (·)Ax is continuous in [0,∞). Hence,
letting t tend to 0+ in (3.16), we conclude that limt→0+(T (t)x− x)/t = Ax.
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Vice versa, suppose that the limit z := limt→0+(T (t)x − x)/t exists. Then, clearly,
T (t)x converges to x as t→ 0+, so that x belong to D(A). Since T (t)x ∈ D(A) for every
t > 0, also z belongs to D(A). Moreover, using property (i) and recalling that R(ω+ 1, A)
commutes with T (s), we get

R(ω + 1, A)z = lim
t→0

R(ω + 1, A)
T (t)x− x

t
= lim

t→0
t−1R(ω + 1, A)A

∫ t

0

T (s)x ds

=− lim
t→0

1

t

∫ t

0

T (s)x ds+ (ω + 1)
1

t

∫ t

0

R(ω + 1, A)T (s)x ds.(3.17)

Since x ∈ D(A), the function T (·)x is continuous in [0,∞). Hence limt→0+ t
−1 ∫ t

0
T (s)x ds =

x. Similarly, R(ω + 1, A)T (t)x converges to R(ω + 1, A)x as t→ 0+, by Proposition 3.2.5.
Hence, from (3.17) it follows that x = R(ω + 1, A)((ω + 1)x− z) ∈ D(A) and Ax = z.

We now provide a sufficient condition for a closed operator to be sectorial. This cri-
terium is particularly used in the applications.

Proposition 3.2.8. Let A : D(A) ⊂ X 7→ X be a closed operator such that Π = {λ ∈ C :
Reλ > ω} ⊂ ρ(A) for some ω ∈ R, and

(3.18) ‖λR(λ,A)‖L(X) ≤M, λ ∈ Π,

for some constant M ≥ 1. Then, A is a sectorial operator.

Proof. The same argument as in the proof of Proposition 2.1.10 (which uses Lemma 2.1.11)
shows that the open ball B(ω ± ir, |ω + ir|/M) is contained in ρ(A) for each r > 0. Since
|ω+ir| ≥ r, the union of such balls and the halfplane Π properly contains the sector Σ0,θ2M ,
where θ2M = π− arctan(2M). Observe that each λ ∈ Σω,θ2M with Reλ ≤ ω can be written
in the form λ = ω ± ir − (2M)−1(θr) for some θ ∈ [0, 1). Moreover, since

R(λ,A) = R(ω ± ir, A)(I − (2M)−1θrR(ω ± ir, A))−1

and ‖(I − (2M)−1θrR(ω ± ir, A))−1‖L(X) ≤ 2, it follows that

‖R(λ,A)‖L(X) ≤
2M

|ω ± ir|
≤ 2M

r
≤
√

4M2 + 1

|λ− ω|
.

On the other hand, if λ ∈ Σ0,θ2M with Reλ > ω, then from (3.18) it follows easily that
‖R(λ,A)‖L(X) ≤M |λ− ω|−1 and this completes the proof.

We conclude this lecture with two important remarks.

Remark 3.2.9. (i) In this and in the previous lecture we have dealt with complex Ba-
nach spaces. In particular, the sectorial operators have been defined through an
integral on an unbounded curve in the complex plane.
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As a matter of fact, in many applications one has to deal with closed operators A on
real Banach spaces X. This (apparent) difficult can be overcome by complexifying
both the Banach space X and the operator A. The complexification XC of X is
the set XC = {x + iy : x, y ∈ X}, which is a Banach space when endowed with
the norm ‖x + iy‖X̃ = sup−π≤θ≤π ‖x cos θ + y sin θ‖ for every x + iy ∈ XC and the
operations (x1 + iy1) + (x2 + iy2) = (x1 + x2) + i(y1 + y2) and (λ1 + iλ2)(x1 +
iy1) = λ1x1 − λ2y1 + i(λ1y1 + λ2x1) for every x1 + iy1, x2 + iy2 ∈ XC and every
λ1 + iλ2 ∈ C. (Note that in general the map (x+ iy) 7→

√
‖x‖2 + ‖y‖2 is not a norm,

in general, see Exercise 3.4.5). The complexification of the operator A is the operator
AC : D(AC) ⊂ XC → XC, defined as follows; D(AC) = {x + iy : x, y ∈ D(A)} and
AC(x+ iy) = Ax+ iAy for every x+ iy ∈ D(AC). Clearly, if we identify X with the
set {x+ i0 : x ∈ X}, then the restriction of the operator AC to X is the operator A.

Suppose that the operator AC is sectorial in XC and denote by {TC(t)} the associated
analytic semigroup. We claim that it leaves X invariant. To prove the claim, it turns
out useful to replace the three curves used to define each operator T (t) by the union of
the two curves γ− and γ+, where γ± : [0,∞)→ C are defined by γ±(ρ) = ω+1+ρe±iθ

for every ρ ≥ 0. For each t > 0 and x ∈ X it holds that

TC(t)x =
1

2πi

∫ ∞
0

e(ω+1)t[eρte
iθ

R(ω + 1 + ρeiθ, AC)x

− eρteiθR(ω + 1 + ρe−iθ, AC)x]dρ.

Note that eρte
iθ
R(ω + 1 + ρeiθ, AC)x − eρteiθR(ω + 1 + ρe−iθ, AC)x belongs to iX, so

that TC(t)x belongs to X. Indeed, it is easy to check that, if we set z + iw = z − iw
for every z + iw ∈ XC, then R(λ,AC)x = R(λ,AC)x for every λ ∈ ρ(AC) and x ∈ X.
Thus,

eρte
iθ

R(ω + 1 + ρeiθ, AC)x− eρteiθR(ω + 1 + ρe−iθ, AC)x

=eρte
iθ

R(ω + 1 + ρeiθ, AC)x− eρteiθR(ω + 1 + ρeiθ, AC)x

=2iIm(eρte
iθ

R(ω + 1 + ρeiθ, AC)x),

where Im(x+ iy) = y for every x+ iy ∈ XC.

If we set T (t) = TC(t)|X for t ≥ 0, then we define a semigroup of bounded operators
in X, which satisfies the properties that we have established so far.

(ii) From this and the previous lecture, a very crucial difference from strongly continuous
semigroups and analytic semigroup arises: the analytic semigroups take a datum x in
the space X and make it smoother (indeed, T (t)x belongs to

⋂
k∈ND(Ak) for every

t > 0). Strongly continuous semigroups do not enjoy this property. Think for instance
to the semigroup of left translations on X = BUC(Rd). Since T (t)f = f(· + t) for
every t > 0, T (t) has no smoothing effects on f . For this reason, as we will see in the
next lectures, analytic semigroups are naturally associated to solutions to parabolic
equations.
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3.3 Notes

As we will see later on, most parabolic problems are based on the theory of analytic semi-
groups. We mention here that the characterization of the sectoriality of a given operator
A involves only a single resolvent estimate, see Proposition 3.2.8. This should be com-
pared with the Hille-Yosida theorem, which characterizes the infinitesimal generators of
C0-semigroups. We also mention that the single resolvent estimate, which a sectorial oper-
ator A should satisfy, yields regularity properties for the solution to the associated Cauchy
problem {

u′(t) = Au(t), t ∈ (0,∞),
u(0) = x

which is u = T (·)x, see Theorem 3.2.2.(i).
For more details on sectorial operators and analytic semigroups, we refer the reader, e.g.,
to [1–5].

3.4 Exercises

1. Prove formulas (3.8) and (3.10).

2. Let A : D(A) ⊂ X → X be sectorial, let α ∈ C, and set B : D(B) := D(A) → X,
Bx = Ax − αx, C : D(C) = D(A) → X, Cx = αAx. Prove that the operator B is
sectorial, and that the associated semigroup {S(t)} is defined by S(t) = e−αtT (t) for
every t ≥ 0. For which α the operator C is sectorial?

3. Let A : D(A) ⊂ X → X be sectorial and let x ∈ D(A) be an eigenvector of A with
eigenvalue λ.

(i) Prove that R(µ,A)x = (µ− λ)−1x for every µ ∈ ρ(A).

(ii) Prove that T (t)x = eλtx for every t > 0.

(iii) Prove that if A and −A are sectorial operators in X, then A is bounded.

4. Let Xk, k = 1, . . . , n be Banach spaces, and let Ak : D(Ak)→ Xk be sectorial operators.
Set

X =
n∏
k=1

Xk, D(A) =
n∏
k=1

D(Ak),

and A(x1, . . . , xn) = (A1x1, . . . , Anxn), and show that A is a sectorial operator in X,

endowed with the product norm ‖(x1, . . . , xn)‖ = (
∑n

k=1 ‖xk‖2)
1/2

.

5. Let X be a real Banach space. Prove that the function f : X × X → R defined by
f(x, y) =

√
‖x‖2 + ‖y‖2 for every x, y ∈ X, does not satisfy, in general, the homogeneity

property.
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6. (i) Prove that if A with domain D(A) generates a C0-group on a Banach space X,
then A2 generates an analytic semigroup on X.

(ii) Prove that the operator Af = f ′ for f ∈ D(A) = W 1,p(R) generates a C0-group
on Lp(R), 1 < p <∞.

(iii) Deduce that the operator Bf = f
′′

for f ∈ D(B) = W 2,p(R) generates an analytic
semigroup on Lp(R), 1 < p <∞.

7. (a) Prove that the operator Af = f ′′ for any f ∈ D(A) = C2
b (R) is sectorial in Cb(R)

and, hence, generates an analytic semigroups.

(b) Prove that the operator Af = f ′′ for any f ∈ D(A) = {u ∈ C2
b ([0, 1]) : u(0) =

u(1) = 0} generates an analytic semigroup in C([0, 1]). Is this semigroup strongly
continuous?

(c) Prove that the operator Af = f ′′ for any f ∈ D(A) = {u ∈ C2
b ([0, 1]) : u′(0) =

u′(1) = 0} generates an analytic semigroup in C([0, 1]). Is this semigroup strongly
continuous?
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Lecture 4

The heat equation and the
Gauss-Weierstrass semigroup in
Cb(Rd). Part 1

This lecture is the prelude to the analysis of parabolic equations in the whole space and in
bounded domains. We will deal with the homogeneous Cauchy problem

(4.1)

{
Dtu(t, x) = ∆u(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

where f ∈ Cb(Rd) (the space of all the bounded and continuous functions f : Rd → R).

The Laplacian is the prototype of a uniformly elliptic operator with bounded coefficients
in Rd and it has the peculiarity that, for every f ∈ Cb(Rd), there exists an explicit formula
for the classical solution (see the forthcoming Definition 4.1.1). This greatly simplifies the
analysis of the nonhomogeneous Cauchy problem

(4.2)

{
Dtu(t, x) = ∆u(t, x) + g(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

as we will see.

In this lecture we will use also the space Cα
b (Rd) (α > 0) of all the functions f ∈ Cα(Rd)

which are bounded and admit bounded derivatives up to the order [α] and their derivatives
of order [α] are (α− [α])-Hölder continuous in Rd (if α 6∈ N). This is a Banach space when
endowed with the norm

‖f‖Cαb (Rd) =
∑
|β|≤[α]

∥∥∥∥∂βf∂xα

∥∥∥∥
∞

+ +
∑
|β|=[α]

[
∂βf

∂xα

]
Cα−[α](Rd)

where [g]Cα−[α](Rd) = sup
{
|f(x)−f(y)|
|x−y|α−[α] : x, y ∈ Rd, x 6= y

}
.
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4.1 The heat equation in Rd. Classical solutions: ex-

istence and uniqueness

Definition 4.1.1. A function u : [0,∞)× Rd → R is a classical solution to problem (4.1)
if (i) u ∈ C([0,∞) × Rd), (ii) it is continuously differentiable in (0,∞) × Rd, once with
respect to the time variable and twice with respect to the spatial variables, (iii) it satisfies
the differential equation and the initial condition in (4.1).

We now introduce the so-called fundamental solution to the differential equation in
(4.1), i.e., the function K : (0,∞)× Rd → R defined by

(4.3) K(t, x) = (4πt)−
d
2 e−

|x|2
4t , t > 0, x ∈ Rd,

and study its main properties.

Lemma 4.1.2. The following properties are satisfied.

(i) K ∈ C∞((0,∞)× Rd);

(ii)

∫
Rd
K(t, x)dx = 1 for all t > 0;

(iii) DjK(t, x) = −xj
2t
K(t, x) for all (t, x) ∈ (0,∞)× Rd;

(iv) DijK(t, x) =

(
xixj
4t2
− δij

2t

)
K(t, x) for all (t, x) ∈ (0,∞)× Rd;

(v) DtK(t, x) = ∆K(t, x) for all (t, x) ∈ (0,∞)× Rd.

Proof. We limit ourselves to proving property (v), since the remaining ones are straight-
forward to prove.

From property (iv) it follows that

∆K(t, x) =

(
|x|2

4t2
− d

2t

)
K(t, x), (t, x) ∈ (0,∞)× Rd.

On the other hand,

DtK(t, x) = −d(4πt)−
d
2
−12πe−

|x|2
4t + (4πt)−

d
2
|x|2

4t2
e−
|x|2
4t =

(
|x|2

4t2
− d

2t

)
K(t, x)

for all (t, x) ∈ (0,∞)× Rd. Property (v) follows at once.

Now, we can prove the existence and uniqueness of a classical solution to the Cauchy
problem
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Theorem 4.1.3. For each f ∈ Cb(Rd), the Cauchy problem (4.1) has a unique classical
solution u given by the following formula:

(4.4) u(t, x) =


f(x), t = 0, x ∈ Rd,∫
Rd
K(t, x− y)f(y)dy, t > 0, x ∈ Rd.

Moreover, ‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0.

Proof. To begin with, we observe that, if u is given by (4.4), then

|u(t, x)| ≤
∣∣∣∣ ∫

Rd
K(t, x− y)f(y)dy

∣∣∣∣
≤‖f‖∞

∫
Rd
K(t, x− y)dy = ‖f‖∞

∫
Rd
K(t, y)dy = ‖f‖∞

for every (t, x) ∈ (0,∞) × Rd, by property (ii) in Lemma 4.1.2. It thus follows that
‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0 as claimed.

Next, we observe that, since K ∈ C∞((0,∞)× Rd) (see Lemma 4.1.2(i)), by the dom-
inated convergence theorem we conclude that u ∈ C∞((0,∞) × Rd), see Exercise 4.2.3,
and

Dtu(t, x)−∆u(t, x) =

∫
Rd

(DtK(t, x− y)−∆K(t, x− y))f(y)dy = 0

for every (t, x) ∈ (0,∞)× Rd, thanks to Lemma 4.1.2(v).
To prove that u is a classical solution to problem (4.1) we need to show that u is

continuous on {0}×Rd, where it equals the function f . For this purpose, we fix t > 0 and,
using the fact that

∫
Rd K(t, x) dx = 1 for all t > 0, we split

|u(t, x)− f(x0)| =
∣∣∣∣ ∫

Rd
K(t, y)f(x− y) dy −

∫
Rd
K(t, y)f(x0) dy

∣∣∣∣
≤
∫
Rd
K(t, y)|f(x− y)− f(x0)| dy

≤
∫
Rd
K(t, y)|f(x− y)− f(x)| dy + |f(x)− f(x0)|

for x, x0 ∈ Rd. By the change of variable z = y/
√
t we can rewrite∫

Rd
K(t, y)|f(x− y)− f(x)|dy =(4π)−

d
2

∫
Rd
e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

=(4π)−
d
2

∫
B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

+ (4π)−
d
2

∫
Rd\B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz
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≤(4π)−
d
2

∫
B(0,r)

e−
|z|2
4 |f(x−

√
tz)− f(x)|dz

+ 2(4π)−
d
2‖f‖∞

∫
Rd\B(0,r)

e−
|z|2
4 dz(4.5)

for each r > 0. Fix ε > 0. By the absolutely continuity of the measure e−|z|
2/4dz, we can

find out r0 > 0 such that

2(4π)−
d
2‖f‖∞

∫
Rd\B(0,r0)

e−
|z|2
4 dy ≤ ε

2
.

As far as the first term in the last side of (4.5) is concerned, we notice that since f
is continuous in Rd, it is uniformly continuous in each compact set K of Rd. Hence, if
x ∈ B(x0, 1), z ∈ B(0, r0) and t < 1, then both x −

√
tz and x belong to K = B(0,M)

where M = |x0|+ 1 + r0. Let δ > 0 be such that |f(z2)− f(z1)| ≤ ε/2 if z1, z2 ∈ K satisfy
|z2 − z1| ≤ δ. If t ≤ t0 := δ2r−20 , then |f(x −

√
tz) − f(x)| ≤ ε/2 for all x ∈ B(x0, 1), so

that

(4π)−
d
2

∫
B(0,r0)

e−
|z|2
4 |f(x−

√
tz)− f(x)| dz ≤ε

2
(4π)−

d
2

∫
B(0,r)

e−
|z|2
4 dz

≤ε
2

(4π)−
d
2

∫
Rd
e−
|z|2
4 dz =

ε

2

and we conclude that |u(t, x)−f(x0)| ≤ ε+|f(x)−f(x0)| for every (t, x) ∈ (0, t0]×B(x0, 1).
It thus follows that

lim sup
(t,x)→(0,x0)

|u(t, x)− f(x0)| ≤ ε

and the arbitrariness of ε > 0 implies that u(t, x) tends to f(x0) as (t, x)→ (0, x0).
To complete the proof, we observe that the uniqueness of the classical solution to the

Cauchy problem (4.1) is implied by the maximum principle in Exercise 1.4.4.

Remark 4.1.4. Up to now we have just verified that formula (4.4) defines the (unique)
classical solution to the Cauchy problem (4.1). A natural question is how formula (4.4)
can be derived. The (formal) answer is based on the use of the Fourier transform. For
each f ∈ L1(Rd) ∪ L∞(Rd), the Fourier transform of f is the function F(f) defined by

F(f)(ξ) := (2π)−
d
2

∫ ∞
−∞

e−i〈ξ,x〉f(x)dx, ξ ∈ Rd,

where 〈·, ·〉 denotes the Euclidean inner product of Rd. We recall that

F(Djf)(ξ) = iξjF(f)(ξ), ξ ∈ Rd, j = 1, . . . , d,

for every smooth enough function f . If we take the Fourier transform of both the sides
of the equation Dtu = ∆u with respect to x and interchange the actions of F and the
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time derivative, then we deduce that the function û, defined by û(t, ξ) = (F(w(t, ·)))(ξ)
for every t ≥ 0 and ξ ∈ Rd, solves the Cauchy problem{

Dtû(t, ξ) = −|ξ|2û(t, ξ), (t, ξ) ∈ (0,∞)× Rd,

û(0, ξ) = f̂(ξ), ξ ∈ Rd.

This is a Cauchy problem for an ordinary differential equation, since ξ plays the role of a
parameter, and it is easy to see that

(4.6) û(t, ξ) = e−t|ξ|
2

f̂(ξ), t ≥ 0, ξ ∈ Rd.

To get back to u, we take the inverse Fourier transform of the right-hand side of (4.6),
recalling that the inverse Fourier transform of the product of two functions is the convolu-
tion of the inverse Fourier transforms of the two factors, and the inverse Fourier transform
of the function ξ 7→ e−t|ξ|

2
is the function x 7→ (4πt)−d/2e−|x|

2/(4t) for t > 0.

The results in Theorem 4.1.3 can be rephrased in the semigroup language. More pre-
cisely, if for each f ∈ Cb(Rd) and t ≥ 0 we set T (t)f = u(t, ·), where u is the unique
classical solution to problem (4.1), we define a semigroup of bounded linear operators in
Cb(Rd), usually called the Gauss-Weierstrass semigroup. Indeed, the uniqueness of the
classical solution to problem (4.1) for each f ∈ Cb(Rd), implied by the maximum principle
in Exercise 1.4.4, shows that each operator T (t) is linear on Cb(Rd). It also implies the
semigroup rule, i.e.

T (t+ s)f = T (t)T (s)f, f ∈ Cb(Rd), t, s ≥ 0.

In other terms the value at time t of the classical solution of problem (4.1) with initial
condition T (s)f at time zero coincides with the value at time t+ s of the classical solution
to problem (4.1) with f as initial condition at time zero. Moreover, for t > 0 and x ∈ Rd,

(4.7) (T (t)f)(x) = (4πt)−
d
2

∫
Rd
K(t, x− y)f(y)dy, t > 0, x ∈ Rd.

The Gauss-Weierstrass semigroup is not strongly continuous. It turns out that T (t)f
converges to f in Cb(Rd) as t → 0+ if and only if f ∈ BUC(Rd). Indeed, adapting the
arguments in the last part of the proof of Theorem 4.1.3, we can easily show that, if f is
uniformly continuous in Rd, then T (t)f converges uniformly in Rd to f as t tends to 0+.
Conversely, the forthcoming Proposition 4.1.9 shows that T (t)f ∈ C1

b (Rd) for each t > 0.
Hence, if T (t)f converges to f in Cb(Rd) as t→ 0+, then f belongs to the closure of C1

b (Rd)
in Cb(Rd), which is BUC(Rd).

On the other hand, as the following theorem shows {T (t)} is an analytic semigroup.

Theorem 4.1.5. The Gauss-Weierstrass semigroup is analytic in Cb(Rd).

To prove the theorem, we need the following result.
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Lemma 4.1.6. Let I ⊂ R be an interval and let ψ : I ×Rd → R be a continuous function
such that ‖ψ(t, ·)‖∞ ≤ g(t) for each t ∈ I and some function g ∈ L1(I). Then, the function
Ψ : Rd → R, defined by

Ψ(x) =

∫
I

ψ(t, x)dt, x ∈ Rd,

is bounded and continuous and

(4.8) (T (t)Ψ)(x) =

∫
I

(T (t)ψ(s, ·))(x)ds, t > 0, x ∈ Rd.

Proof. The dominated convergence theorem shows that the function Ψ is well defined and
belongs to Cb(Rd) and formula (4.8) follows from Fubini theorem. Indeed, the function
(s, y) 7→ e−|x−y|

2/(4t)ψ(s, y) belongs to L1(I × Rd) for each x ∈ Rd. Hence,

(T (t)Ψ)(x) =(4πt)−
d
2

∫
Rd
e−
|x−y|2

4t

(∫
I

ψ(s, y) ds

)
dy

=(4πt)−
d
2

∫
I×Rd

e−
|x−y|2

4t ψ(s, y) ds dy = (4πt)−
d
2

∫
I

ds

∫
Rd
e−
|x−y|2

4t ψ(s, y) dy

=

∫
I

(T (t)ψ(s, ·))(x) ds

for t > 0 and x ∈ Rd, and we are done

Proof. We denote by Π the right-halfplane, i.e. the set of all λ ∈ C with positive real part.
For each λ ∈ Π, we introduce the operator Rλ defined by

(Rλf)(x) =

∫ ∞
0

e−λt(T (t)f)(x)dt, x ∈ Rd, f ∈ Cb(Rd;C),

Observe that, by the dominated convergence theorem, Rλf is a bounded and continuous
function in Rd for every f ∈ Cb(Rd,C) and λ ∈ Π. Moreover, Rλ is a bounded operator
for every λ as above. Finally, if f is real valued and λ > 0, then Rλ is real valued too.

It is easily seen that {Rλ : λ ∈ Π} is a resolvent family: indeed, taking Lemma 4.1.6
into account, we can show that, for every λ, µ ∈ Π, it holds that

(RλRµf)(x) =

∫ ∞
0

e−λt
(
T (t)

∫ ∞
0

e−µs(T (s)f)(·) ds
)

(x) dt

=

∫ ∞
0

dt

∫ ∞
0

e−λt−µs(T (t+ s)f)(x) ds

=

∫ ∞
0

e−µσ(T (σ)f)(x) dσ

∫ σ

0

e(µ−λ)tdt =

∫ ∞
0

e−µσ(T (σ)f)(x)
e(µ−λ)σ − 1

µ− λ
dσ

=
1

µ− λ
[(Rλf)(x)− (Rµf)(x)]
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for all x ∈ Rd. Let us prove that Rλ is injective for each λ ∈ Π. For this purpose, we
fix λ0 ∈ Π and f ∈ Cb(Rd) such that Rλ0f ≡ 0. The resolvent identity proved above
shows that Rλf ≡ 0 for each λ ∈ Π. Since, for every x ∈ Rd, the function λ 7→ (Rλf)(x)
is the Laplace transform of the bounded and continuous function t 7→ (T (t)f)(x), by the
uniqueness of the Laplace transform, we conclude that (T (t)f)(x) = 0 for all t ≥ 0. Taking
t = 0 we conclude that f(x) = 0. The arbitrariness of x ∈ Rd implies that f ≡ 0. Hence,
Rλ is injective.

By Proposition A.3.1, it follows that there exists a closed operator A : D(A) ⊂
Cb(Rd;C) → Cb(Rd;C), whose resolvent set contains the right-halfplane, and such that
R(λ,A) = Rλ for each λ ∈ Π.

We claim that A is a sectorial operator. To check the claim, we will show that there
exists a positive constant C such that

(4.9) ‖R(λ,A)‖L(Cb(Rd,C)) ≤ C|λ|−1, λ ∈ C, Reλ ≥ 1.

Indeed, from (4.9) and Proposition 3.2.8, the sectoriality of A follows at once.
We begin by observing that, for each f ∈ Cb(Rd) and x ∈ Rd, the function t 7→

(T (t)f)(x) can be extended to the right-halfplane with a holomorphic function. Indeed,
for x ∈ Rd, the function K(·, x) : Π → C, defined by K(z, x) = (4πz)−d/2e−|x|

2/(4z) is
holomorphic in Π. Moreover, K(z, ·) ∈ L1(Rd,C) for every z ∈ Π and∫

Rd
|K(z, x)|dx =

(
Rez

|z|

)− d
2

, z ∈ Π.

Hence, the function

(4.10) x 7→ (T (z)f)(x) =

∫
Rd
K(z, x− y)f(y) dz

is well defined, bounded and continuous in Rd, for every z ∈ Π, as it can be easily seen
again applying the dominated convergence theorem. Moreover,

‖T (z)f‖∞ ≤
(

Rez

|z|

)− d
2

‖f‖∞, z ∈ Π.

In particular, if for each ϑ0 ∈ (0, π/2), we denote by Σϑ0 the sector of all λ ∈ C \ {0} such
that |arg(λ)| ≤ ϑ0, then, from the previous estimate it follows immediately that

‖T (z)‖Cb(Rd,C) ≤ [1 + (tan(ϑ0))
2]
d
4‖f‖∞, z ∈ Σϑ0 .

Now, we can prove (4.9). If λ = a+ iy with a ≥ 1 and y ≥ 0, then by Cauchy integral
theorem we have

(R(λ,A)f)(x) =

∫ ∞
0

e−λt(T (t)f)(x) dt =

∫
γ

e−λz(T (z)f)(x) dz, x ∈ Rd,
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where γ(s) = s− is for every s ≥ 0. Therefore

‖R(λ,A)f‖∞ ≤ 2
d
4‖f‖∞

∫ ∞
0

e−(a+y)sds ≤ 2
d
4 |λ|−1‖f‖∞.

If y ≤ 0 then one gets the same estimate replacing the curve γ with the curve γ̃, defined
by γ̃(s) = s+ is for every s ≥ 0. Estimate (4.9) follows.

Denote by {S(t)} the analytic semigroup generated in Cb(Rd,C) by A. By Proposition
2.1.12, if λ ∈ C has sufficiently large real part, then∫ ∞

0

e−λt(S(t)f)(x) dt = (R(λ,A)f)(x) = (Rλf)(x) =

∫ ∞
0

e−λt(T (t)f)(x) dt

for x ∈ Rd, i.e. ∫ ∞
0

e−λt[(S(t)f)(x)− (T (t)f)(x)] dt = 0, x ∈ Rd.

Again, the uniqueness of the Laplace transform implies that S(t)f ≡ T (t)f in (0,∞). We
have so proved that the Gauss-Weierstrass semigroup is analytic in Cb(Rd).

Remark 4.1.7. Without much effort, we can show that the sectorial operator A associated
with the Gauss-Weierstrass semigroup is an extension of the operator (∆, C2

b (Rd)). Indeed,
fix f ∈ C2

b (Rd). Recalling that each operator T (t) commutes with the Laplacian and
integrating by parts, we get

(R(1, A)(f −∆f))(x) =

∫ ∞
0

e−t(T (t)(f −∆f))(x) dt

=

∫ ∞
0

e−t((T (t)f)(x)− (∆T (t)f)(x)) dt

=

∫ ∞
0

e−t(T (t)f)(x) dt−
∫ ∞
0

e−t(DtT (t)f)(x) dt

=(R(1, A)f)(x) + f(x)− (R(1, A)f)(x) = f(x)

for x ∈ Rd. Hence, R(1, A)(f −∆f) = f . Applying the operator I − A to both the sides
of the previous equality we obtain f − ∆f = f − Af , i.e., Af = ∆f . Therefore, A is an
extension of the operator (∆, C2

b (Rd)).

If N = 1, then A actually coincides with the second order derivative with C2
b (R) as

domain. On the other hand, if N > 2, then A is a proper extension of (∆, C2
b (Rd)). In

fact, D(A) = {u ∈ Cb(Rd)∩W 2,p
loc (Rd), for all p ∈ [1,∞), and ∆u ∈ Cb(Rd)} and Au = ∆u

for each u ∈ D(A). The proof of the above characterization of (A,D(A)) is beyond the
purposes of this lecture. We refer the interested reader to [1, Proposition 4.1.10]
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4.1.1 Estimates of the spatial derivatives of T (t)f

To begin with, let us consider the following lemma.

Lemma 4.1.8. Fix t > 0, a ∈ Rd, k ∈ N. Then,

(4.11)

∫
Rd

(〈x, a〉)kK(t, x)dx =

 0, k odd,

(2m)!

m!
tm|a|2m, k = 2m, m ∈ N.

Proof. Fix λ > 0, t > 0 and observe that∫
Rd
eλ〈x,a〉K(t, x)dx =

1

(4πt)
d
2

∫
Rd
eλ〈x,a〉e−

|x|2
4t dx =

1

(4πt)
d
2

d∏
i=1

∫
R
eλxiai−

x2i
4t dxi.(4.12)

Note that∫
R
eλxiai−

x2i
4t dx =

∫
R
e
−
(
xi
2
√
t
−λai

√
t
)2

eλ
2a2i tdxi =

(s=
xi
2
√
t
−λai

√
t)
eλ

2a2i t

∫
R
e−s

2

2
√
tds =

√
4πteλ

2a2i t

for i = 1, . . . , d. Replacing this formula in (4.12), we obtain∫
Rd
eλ〈x,a〉K(t, x)dx = etλ

2|a|2 .

Differentiating k-times with respect to λ both sides of the previous formula and then
computing the so obtained derivative at λ = 0 gives(

∂k

∂λk
etλ

2|a|2
)∣∣λ=0

=

∫
Rd

(〈x, a〉)kK(t, x)dx.

Now, an easy computation yields(
∂k

∂λk
etλ

2|a|2
)∣∣λ=0

=

 0, k odd,

(2m)!

m!
tm|a|2m, k = 2m, m ∈ N.

Proposition 4.1.9. The following estimates hold true.

(i) ‖∇xT (t)f‖∞ ≤
1√
2t
‖f‖∞ for t > 0 and f ∈ Cb(Rd);

(ii) ‖DijT (t)f‖∞ ≤
√

1 + δij

2t
‖f‖∞ for t > 0, f ∈ Cb(Rd) and i, j = 1, . . . , d;

(iii) ‖DijT (t)f‖∞ ≤
1√
2t
‖∇xf‖∞ for t > 0, f ∈ C1

b (Rd) and i, j = 1, . . . , d;
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(iv) ‖DijkT (t)f‖∞ ≤
1√

8t
√
t
[1 + δij + δjk + δik + 2δijδjk]

1
2‖f‖∞ for f ∈ Cb(Rd) and

i, j, k = 1, . . . , d;

(v) ‖DijkT (t)f‖∞ ≤
√

1 + δijδjk

2t
‖∇xf‖∞ for t > 0, f ∈ C1

b (Rd) and i, j, k = 1, . . . , d;

(vi) ‖DijkT (t)f‖∞ ≤
1√
2t
‖D2f‖∞ for t > 0, f ∈ C2

b (Rd) and i, j, k = 1, . . . , d.

Proof. (i) Fix f ∈ Cb(Rd). By differentiating under the integral sign and taking Lemma
4.1.2 into account, we get

(∇xT (t)f)(x) =

(
∇x

∫
Rd
K(t, · − y)f(y)dy

)
(x) =

∫
Rd
∇xK(t, x− y)f(y)dy

=−
∫
Rd

x− y
2t

K(t, x− y)f(y)dy

for all t > 0 and x ∈ Rd. It thus follows that

〈(∇xT (t)f)(x), a〉 = − 1

2t

∫
Rd
〈x− y, a〉K(t, x− y)f(y) dy, t > 0, a, x ∈ Rd,

and, consequently, using Cauchy-Schwarz inequality and (4.11), we conclude that

|〈(∇xT (t)f)(x), a〉|2 =
1

4t2

(∫
Rd

[〈x− y, a〉
√
K(t, x− y)]

√
K(t, x− y)f(y) dy

)2

≤ 1

4t2

∫
Rd

(〈x− y, a〉)2K(t, x− y)dy

∫
Rd
K(t, x− y)(f(y))2dy

≤ 1

2t
|a|2

∫
Rd
K(t, x− y)(f(y))2dy

≤ 1

2t
|a|2‖f‖2∞

for all t > 0, a, x ∈ Rd. Taking a = (∇xT (t)f)(x), yields

|(∇xT (t)f)(x)|4 ≤ 1

2t
|(∇xT (t)f)(x)|2‖f‖2∞.

So, property (i) follows.
(ii) Fix f ∈ Cb(Rd). Applying Lemma 4.1.2(iv), one obtains, using again Hölder’s

inequality,

|(DijT (t)f)(x)|2 =

∣∣∣∣ ∫
Rd

(
yiyj
4t2
− δij

2t

)
K(t, y)f(x− y) dy

∣∣∣∣2
≤
∫
Rd
K(t, y)(f(x− y))2dy

∫
Rd

(
yiyj
4t2
− δij

2t

)2

K(t, y) dy
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≤‖f‖2∞
∫
Rd

(
yiyj
4t2
− δij

2t

)2

K(t, y) dy

=‖f‖2∞
(

1

16t4

∫
Rd
y2i y

2
jK(t, y) dy +

δij
4t2
− δij

4t3

∫
Rd
yiyjK(t, y) dy

)
.

Now, if i = j, then by (4.11) with k = 2, 4 and a being the i-th element of the Euclidean
basis of Rd, we get

(4.13) (a)

∫
Rd
y2iK(t, y)dy = 2t, (b)

∫
Rd
y4iK(t, y)dy = 12t2.

On the other hand, if i 6= j, then, using the one-dimensional version of formula (4.11),
we get∫
Rd
y2i y

2
jK(t, y) dy =

(
1√
4πt

∫
R
y2i e
− y

2
i
4t dyi

)(
1√
4πt

∫
R
y2j e
− y

2
i
4t dyj

) ∏
h6=i,j

(
1√
4πt

∫
R
e−

y2h
4t dyh

)
=4t2.(4.14)

Hence,

1

16t4

∫
Rd
y2i y

2
jK(t, y) dy +

δij
4t2
− δij

4t3

∫
Rd
yiyjK(t, y) dy =


1

4t2
, i 6= j,

1

2t2
, i = j.

Property (ii) follows.
(iii) As it is immediately seen, if f ∈ C1

b (Rd), then (DiT (t)f)(x) = (T (t)Dif)(x) for
(t, x) ∈ [0,∞)×Rd, i = 1, . . . , d and, consequently, thanks to property (i), we can estimate

‖DijT (t)‖∞ = ‖DiT (t)Djf‖∞ ≤ ‖∇xT (t)Djf‖∞ ≤
1√
2t
‖Djf‖∞ ≤

1√
2t
‖∇f‖∞

and we are done.
The proofs of (iv), (v) and (vi) are left to the reader as an exercise, see Exercise

4.2.5.

Remark 4.1.10. From Proposition 4.1.9(ii), it follows that ∆T (t) is a bounded operator
in Cb(Rd) for every t > 0 and

(4.15) ‖∆T (t)‖L(Cb(Rd)) ≤
d

t
√

2
, t > 0.

Now, we want to prove estimates similar to those in Proposition 4.1.9, when Cb(Rd),
C1
b (Rd) and C2

b (Rd) are replaced by some subspaces of Hölder continuous functions. For
this purpose, we need the following preliminary result.
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Lemma 4.1.11. For every θ ∈ (0, 1) there exists a positive constant C = C(θ) such that

(4.16) ‖f‖Cθb (Rd) ≤ C‖f‖θC1
b (Rd)
‖f‖1−θ∞ , f ∈ C1

b (Rd).

Proof. Fix x, y ∈ Rd. Using the mean value theorem, we can estimate |f(x) − f(y)| ≤
‖∇f‖∞|x− y|. Moreover, |f(x)− f(y)| ≤ |f(x)|+ |f(y)| ≤ 2‖f‖∞. Hence, writing |f(x)−
f(y)| = |f(x)− f(y)|θ|f(x)− f(y)|1−θ and using the previous estimates, we conclude that
|f(x)−f(y)| ≤ 21−θ‖∇f‖θ∞‖f‖1−θ∞ |x−y|θ, which shows that [f ]Cθb (Rd) ≤ 21−θ‖∇f‖θ∞‖f‖1−θ∞ .

Now, estimate (4.16) follows at once.

Using the previous lemma and Proposition 4.1.9, we can now prove the following result.

Theorem 4.1.12. For every 0 ≤ α ≤ θ ≤ 3 and T > 0 there exists a positive constant
Cα,θ,T such that

(4.17) ‖T (t)f‖Cθb (Rd) ≤ Cα,θ,T t
− θ−α

2 ‖f‖Cαb (Rd), t ∈ (0, T ], f ∈ Cα
b (Rd).

Proof. Fix T > 0. In view of Proposition 4.1.9, we can confine ourselves to the case when
at least one between α and θ is not an integer. The crucial point is the proof of (4.17)
with α ∈ (0, 1) and θ = 1. For this purpose, we observe that

(DiT (t)f)(x) =
1

2t(4πt)d/2

∫
Rd

(yi − xi)e−
|y−x|2

4t f(y)dy, t > 0, x ∈ Rd, i = 1, . . . , d.

As it is immediately seen,∫
R
(yi − xi)e−

(yi−xi)
2

4t dyi = 0, i = 1, . . . , d,

whence∫
Rd

(yi − xi)e−
|y−x|2

4t dy =

∫
R
(yi − xi)e−

(yi−xi)
2

4t dyi
∏
j 6=i

∫
R
e−

(yj−xj)
2

4t dyj = 0.

It thus follows that

|(DiT (t)f)(x)| = 1

2t(4πt)d/2

∣∣∣∣ ∫
Rd

(yi − xi)e−
|y−x|2

4t (f(y)− f(x))dy

∣∣∣∣
≤ 1

2t(4πt)d/2

∫
Rd
|yi − xi|e−

|y−x|2
4t |f(y)− f(x)|dy

≤ 1

2t(4πt)d/2
[f ]Cαb (Rd)

∫
Rd
|y − x|1+αe−

|y−x|2
4t dy

=
1

2(4π)d/2
t
α−1
2 [f ]Cαb (Rd)

∫
Rd
|z|1+αe−

|z|2
4 dz

for all x ∈ Rd and t > 0. We thus conclude that ‖∇xT (t)f‖∞ ≤ cαt
(α−1)/2‖f‖Cαb (Rd) for all

t > 0. Since ‖T (t)f‖∞ ≤ ‖f‖∞ for t > 0, estimate (4.17) follows at once in this case.
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Using the semigroup rule and Proposition 4.1.9(i) we can prove (4.17) with α = 2 and
θ = 3. Indeed, we can estimate

‖DijT (t)f‖∞ =‖DijT (t/2)T (t/2)f‖∞ = ‖DiT (t/2)DjT (t/2)f‖∞
≤‖DiT (t/2)‖L(Cb(Rd))‖DjT (t/2)f‖∞ ≤ c′αt

α
2
−1[f ]Cαb (Rd)

for all t > 0. Similarly, using Proposition 4.1.9(ii) we get

‖DijkT (t)f‖∞ =‖DijT (t/2)DkT (t/2)f‖∞ ≤ ‖DijT (t/2)‖L(Cb(Rd))‖DkT (t/2)f‖∞
≤c′′αt

α−3
2 [f ]Cαb (Rd)

for all t > 0, i, j, k = 1, . . . , d.
Now, suppose that f ∈ Cα

b (Rd) for some α ∈ [1, 2). Since DiT (t)f = T (t)Dif for all
t > 0 and i = 1, . . . , d, and Dif ∈ Cα−1

b (Rd), we can estimate

‖DijT (t)f‖∞ = ‖DjT (t)Dif‖∞ ≤ cα−1t
−1+α

2 [Dif ]Cα−1
b (Rd)

for all t > 0 and i, j = 1, . . . , d. Since

‖T (t)f‖C1
b (Rd) = ‖T (t)f‖∞ +

d∑
j=1

‖DjT (t)f‖∞ = ‖T (t)f‖∞ +
d∑
j=1

‖T (t)Djf‖∞ ≤ ‖f‖C1
b (Rd)

for all t > 0, from the previous estimate, (4.17) with θ = 2 follows. Similarly,

‖DijkT (t)f‖∞ = ‖DjkT (t)Dif‖∞ ≤ c′α−1t
− 3−α

2 [f ]Cα−1
b (Rd)

for all t > 0 and i, j, k = 1, . . . , d and (4.17), with θ = 3 follows.
The proof of (4.17) for α ∈ [2, 3) and θ = 3 is completely similar and, hence, left to the

reader.
To conclude the proof, we should check (4.17) for θ /∈ N. For this purpose, it suffices

to apply Lemma 4.1.11. To fix the ideas, we prove it for θ ∈ (2, 3) and α ∈ (0, 1), but all
the other cases can be analyzed just in the same way.

By the above results, we know that

‖T (t)f‖C2
b (Rd) ≤ Cα,2t

α−2
2 ‖f‖Cαb (Rd), t > 0

and

‖T (t)f‖C3
b (Rd) ≤ Cα,3t

α−3
2 ‖f‖Cαb (Rd), t > 0.

Moreover, from Exercise 4.2.7 it follows that

‖T (t)f‖Cθb (Rd) ≤Cθ‖T (t)f‖θ−2
C3
b (Rd)
‖T (t)f‖3−θ

C2
b (Rd)

for each f ∈ Cα
b (Rd), t > 0 and some positive constant Cθ. Hence,

‖T (t)f‖Cθb (Rd) ≤Cθ‖T (t)f‖θ−2
C3
b (Rd)
‖T (t)f‖3−θ

C2
b (Rd)

≤Cθ
[
Cα,3t

α−3
2 ‖f‖Cαb (Rd)

]θ−2
[Cα,2t

α−2
2 ‖f‖Cαb (Rd)]

3−θ

=CθC
θ−2
α,3 C

3−θ
α t

α−θ
2 ‖f‖Cαb (Rd)

for all t > 0. This completes the proof.
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4.2 Exercises

1. Prove that BUC(Rd) is the closure of C1
b (Rd) in Cb(Rd).

2. Prove that the function z 7→ T (z)f , defined in (4.10) is holomorphic in the sector Σϑ

for every ϑ ∈ (0, π/2).

3. Prove that the function

u(t, x) =

∫
Rd
K(t, x− y)f(y) dy, t > 0, x ∈ Rd,

belongs to C∞((0,+∞)× Rd) for each f ∈ Cb(Rd).

4. Prove that the sectorial operator associated with the one-dimensional Gauss-Weierstrass
semigroup is the second-order derivative with C2

b (R) as domain.

5. Prove properties (iv), (v) and (vi) in Proposition 4.1.9.

6. Use (4.9) and Proposition 3.2.8 to prove that the operator

A+ b(·)∇ with domain D(A)

generates an analytic semigroup in Cb(Rd), where b ∈ Cb(Rd,Rd) and A the generator
of the Gauss-Weierstrass semigroup {T (t)} in Cb(Rd).

7. Prove that for each θ ∈ (2, 3) there exists a positive constant Cθ such that

‖f‖Cθb (Rd) ≤ Cθ‖f‖θ−2C3
b (Rd)
‖f‖3−θ

C2
b (Rd)

for every f ∈ Cθ
b (Rd).
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Lecture 5

The heat equation and the
Gauss-Weierstrass semigroup in
Cb(Rd). Part 2

In this lecture, we begin by proving that the Hölder spaces can be characterized by means of
the Gauss-Weierstrass semigroup and, then, we study the nonhomogeneous heat equation.

5.1 Two equivalent characterizations of the Hölder

spaces

Let us introduce the space D∆(θ,∞).

Definition 5.1.1. For each θ ∈ (0, 1), we denote by D∆(θ,∞) the set of all functions
f ∈ Cb(Rd) such that

[f ]D∆(θ,∞) := sup
t∈(0,∞)

t1−θ‖∆T (t)f‖∞ <∞.

Remark 5.1.2. For each θ ∈ (0, 1), D∆(θ,∞) is a Banach space when endowed with the
norm

‖f‖D∆(θ,∞) = ‖f‖∞ + [f ]D∆(θ,∞), f ∈ D∆(θ,∞).

To begin with, we prove the following (abstract) equivalent characterization of the space
D∆(θ,∞).

Proposition 5.1.3. For each θ ∈ (0, 1), D∆(θ,∞) is the space of all functions f ∈ Cb(Rd)
such that

[[f ]]θ = sup
t>0

t−θ‖T (t)f − f‖∞ <∞.

Moreover, the norm of D∆(θ,∞) is equivalent to the norm ‖ · ‖∞ + [[ · ]].
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Remark 5.1.4. Since ‖T (t)f‖∞ ≤ ‖f‖∞ for all t ≥ 0, it is immediate to see that [[f ]]θ <∞
if and only if

[[[f ]]]θ = sup
t∈(0,1)

t−θ‖T (t)f − f‖∞ <∞.

Moreover, the norms ‖ · ‖∞ + [[ · ]] and ‖ · ‖∞ + [[[ · ]]] are equivalent.

Proof of Proposition 5.1.3. Suppose that f ∈ D∆(θ,∞). Then, in view of the fundamental
theorem of calculus we can write

(T (t)f)(x)− (T (ε)f)(x) =

∫ t

ε

(DtT (s)f)(x)ds =

∫ t

ε

(∆T (s)f)(x)ds

for 0 < ε < t and x ∈ Rd. Since, by assumptions ‖∆T (t)f‖∞ ≤ tθ−1[f ]D∆(θ,∞) for t > 0,
from the previous formula we can infer that

|(T (t)f)(x)− (T (ε)f)(x)| ≤ [f ]D∆(θ,∞)

∫ t

ε

sθ−1ds = [f ]D∆(θ,∞)θ
−1(tθ − εθ).

Letting ε tend to 0+ shows that

(5.1) [[f ]]θ ≤ θ−1[f ]D∆(θ,∞).

Vice versa, let us suppose that [[f ]]θ < ∞ and let us prove that f ∈ D∆(θ,∞). For
this purpose, we split

(5.2) f(x) =
1

t− ε

∫ t

ε

(f(x)− (T (s)f)(x))ds+
1

t− ε

∫ t

ε

(T (s)f)(x)ds.

for 0 < ε < t and x ∈ Rd. Applying ∆T (t) to both the sides of the previous formula, by
dominated convergence we obtain

(5.3) (∆T (t)f)(x) =
1

t− ε

(
∆T (t)

∫ t

ε

(f−T (s)f)ds

)
(x)+

1

t− ε

(
∆T (t)

∫ t

ε

T (s)fds

)
(x).

Taking (4.15) into account we can estimate∥∥∥∥ 1

t− ε
∆T (t)

∫ t

ε

(f(·)− (T (s)f)(·))ds
∥∥∥∥
∞
≤ d

t
√

2(t− ε)
[[f ]]θ

∫ t

ε

sθds

≤ d√
2(1 + θ)

tθ

t− ε
[[f ]]θ.(5.4)

As far as the second integral term in (5.2) is concerned, we observe that Proposition
4.1.9 and the dominated convergence theorem show that the function x 7→

∫ t
ε
(T (s)f)(x)ds
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belongs to C2
b (Rd). Since T (t) commutes with ∆ on C2

b (Rd) and ‖T (t)‖L(Cb(Rd)) = 1, we
conclude that∥∥∥∥ 1

t− ε
∆T (t)

∫ t

ε

(T (s)f(·))ds
∥∥∥∥
∞

=
1

t− ε

∥∥∥∥T (t)

∫ t

ε

(∆T (s)f)(·)ds
∥∥∥∥
∞

=
1

t− ε

∥∥∥∥T (t)

∫ t

ε

(DsT (s)f)(·)ds
∥∥∥∥
∞

=
1

t− ε
‖T (t)(T (t)f − T (ε)f)‖∞

≤ 1

t− ε
‖T (t)f − T (ε)f‖∞

≤ 1

t− ε
(‖(T (t)f − f‖∞ + ‖T (ε)f − f‖∞)

≤ 1

t− ε
[[f ]]θ(t

θ + εθ).(5.5)

From (5.3), (5.4) and (5.5), we conclude that

‖∆T (t)f‖∞ ≤ [[f ]]θ

(
d√

2(1 + θ)

tθ

t− ε
+

1

t− ε
(tθ + εθ)

)
for every t > 0 and ε ∈ (0, t). Letting ε tend to 0+, from the previous estimate we can
infer that

‖∆T (t)f‖∞ ≤ tθ−1[[f ]]θ

(
d√

2(1 + θ)
+ 1

)
so that

(5.6) [f ]D∆(θ,∞) ≤
(

d√
2(1 + θ)

+ 1

)
[[f ]]θ.

We have so proved that f ∈ D∆(θ,∞).
To conclude the proof it suffices to observe that (5.1) and (5.6) show that the norms

‖ · ‖∞ + [ · ]D∆(θ,∞) and ‖ · ‖∞ + [[ · ]]D∆(θ,∞) are equivalent.

Remark 5.1.5. In view of Proposition 5.1.3, Remark 5.1.4 and the semigroup property,
it follows that D∆(θ,∞) can be characterized as the set of all f ∈ Cb(Rd) such that the
function t 7→ T (t)f belongs to Cθ

b ([0,∞);Cb(Rd)) for every T > 0, where, as usually, b
means bounded. Indeed, if 0 ≤ s < t, and f ∈ D∆(θ,∞), then

‖T (t)f − T (s)f‖∞ = ‖T (s)[T (t− s)f − f ]‖∞ ≤ ‖T (t− s)f − f‖∞ ≤ [[f ]]θ(t− s)θ.

We can now give an explicit characterization of the space D∆(θ,∞).

Theorem 5.1.6. For each θ ∈ (0, 1) \ {1/2} it holds that D∆(θ,∞) = C2θ
b (Rd), with

equivalence of the respective norms.
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Proof. We begin by observing that the embedding C2θ
b (Rd) ↪→ D∆(θ,∞) follows immedi-

ately from Theorem 4.1.12.
Conversely, assume that f ∈ D∆(θ,∞). We first consider the case θ ∈ (0, 1

2
) and

observe that for t > 0 and x, y ∈ Rd we can estimate

|f(x)− f(y)| ≤|(T (t)f)(x)− f(x)|+ |(T (t)f)(x)− (T (t)f)(y)|+ |(T (t)f)(y)− f(y)|
≤2[[f ]]D∆(θ,∞)t

θ + ‖∇xT (t)f‖∞|x− y|.(5.7)

We would like to take t = |x − y|2 in the previous formula. Unfortunately, the estimate
in Proposition 4.1.9(i) is not enough sharp for our purposes. Indeed, using that estimate
we would get |f(x)− f(y)| ≤ 2[[f ]]D∆(θ,∞)|x− y|2θ + 2−1/2. To overcome this difficulty, we
differentiate the formula

(T (n)f)(x)− (T (t)f)(x) =

∫ n

t

(DtT (s)f)(x)ds =

∫ n

t

(∆T (s)f)(x)ds,

to get

(5.8) (DiT (n)f)(x)− (DiT (t)f)(x) =

∫ n

t

(Di∆T (s)f)(x)ds, t ∈ (0, n), x ∈ Rd,

for every i = 1, . . . , d. Since f ∈ D∆(θ,∞), we can estimate ‖∆T (t)f‖∞ ≤ tθ−1[f ]θ for all
t > 0. Hence, taking Proposition 4.1.9(i) into account, using the semigroup property and
the fact that T (t) and ∆ commute on C2

b (Rd), we get

‖Di∆T (s)f‖∞ =‖DiT (s/2)∆T (s/2)f‖∞ ≤ ‖DiT (s/2)‖L(Cb(Rd))‖∆T (s/2)f‖∞
≤Csθ−

3
2 [f ]D∆(θ,∞),(5.9)

so that we may let n tend to ∞ in (5.8) to get

(DiT (t)f)(x) = −
∫ ∞
t

(Di∆T (s)f)(x)ds, t > 0, x ∈ Rd,

and

(5.10) ‖DiT (t)f‖∞ ≤ C‖f‖D∆(θ,∞)

∫ ∞
t

sθ−
3
2ds = Cθt

θ− 1
2‖f‖D∆(θ,∞)

for any i = 1, . . . , d. This estimate is what we need to prove that f is 2θ-Hölder continuous
in Rd. Indeed, replacing (5.10) in (5.7) and taking t = |x− y|2, we obtain |f(x)− f(y)| ≤
C̃θ‖f‖D∆(θ,∞)|x − y|2θ, so that f ∈ C2θ

b (Rd) and [f ]C2θ
b (Rd) ≤ C̃θ‖f‖D∆(θ,∞). We have so

proved that D∆(θ,∞) ↪→ C2θ
b (Rd). This completes the proof in the case θ < 1/2.

Let us now suppose that θ ∈ (1/2, 1). As a first step, we prove that f ∈ C1
b (Rd). For

this purpose, we fix 0 < s < t and observe that

(DiT (t)f)(x)− (DiT (s)f)(x) =

∫ t

s

(Di∆T (r)f)(x)dr, x ∈ Rd, i = 1, . . . , d.
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Using estimate (5.9) we deduce that

(5.11) |(DiT (t)f)(x)− (DiT (s)f)(x)| ≤ C
2

2θ − 1
[f ]D∆(θ,∞)(t

θ− 1
2 − sθ−

1
2 ), x ∈ Rd.

This estimate shows that (∇xT (1/n)f) is a Cauchy sequence in (Cb(Rd))d. On the other
hand, applying (5.7) with t = |x−y| and Proposition 4.1.9.(i), we deduce that D∆(θ,∞) ⊂
BUC(Rd). So, T (1/n)f converges to f uniformly in Rd as n tends to ∞. As a byproduct,
we conclude that f is continuously differentiable in Rd. Moreover, from (5.11) it follows
that

(5.12) ‖DiT (t)f −Dif‖∞ ≤ C̃θ[f ]D∆(θ,∞)t
θ− 1

2 , t > 0, i = 1, . . . , d.

Hence, taking Proposition 4.1.9(i) into account, we deduce that

(5.13) ‖Dif‖∞ ≤ ‖DiT (1)f −Dif‖∞ + ‖DiT (1)f‖∞ ≤ C̃θ[f ]D∆(θ,∞) +
1√
2
‖f‖∞

for every i = 1, . . . , d. So, f ∈ C1
b (Rd).

Fix i ∈ {1, . . . , d}. Since f is differentiable in Rd, taking (5.12) into account we can
estimate

|Dif(x)−Dif(y)| ≤|(DiT (t)f)(x)−Dif(x)|+ |(DiT (t)f)(x)− (DiT (t)f)(y)|
+ |(DiT (t)f)(y)−Dif(y)|
≤2C̃θ[f ]D∆(θ,∞)t

θ− 1
2 + ‖∇xDiT (t)f‖∞|x− y|.(5.14)

With the same arguments used to prove (5.9), we can show that

‖Dij∆T (s)f‖∞ ≤ C̃sθ−2[f ]D∆(θ,∞), s > 0.(5.15)

Therefore, since

(DijT (t)f)(x) = −
∫ ∞
t

(Dij∆T (s)f)(x)ds, t > 0, x ∈ Rd,

using (5.15) we obtain that ‖∇xDiT (t)f‖∞ ≤ Ĉθt
θ−1‖f‖D∆(θ,∞). Replacing this estimate

in (5.14), we get

|Dif(x)−Dif(y)| ≤2C̃θ[f ]D∆(θ,∞)t
θ− 1

2 + Ĉθt
θ−1‖f‖D∆(θ,∞)|x− y|

for x, y ∈ Rd and t > 0. Taking t = |x− y|2 we can infer that

(5.16) [Dif ]C2θ−1
b (Rd) ≤ (2Cθ + Ĉθ)‖f‖D∆(θ,∞)

From (5.13) and (5.16) we conclude that Dif ∈ C2θ−1
b (Rd) and ‖Dif‖C2θ−1

b (Rd) ≤
Kθ‖f‖D∆(θ,∞) for every i = 1, . . . , d. The inclusion D∆(θ,∞) ↪→ C2θ

b (Rd) follows at
once.
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Remark 5.1.7. The previous theorem does not cover the case θ = 1/2. One may think
that D∆(1/2,∞) = C1

b (Rd) or D∆(1/2,∞) = Lipb(Rd) (the space of bounded Lipschitz
continuous functions f : R→ R). But this is not the case. Indeed,

DA(1/2,∞) =

{
f ∈ Cb(Rd) : sup

x 6=y

|f(x) + f(y)− 2f((x+ y)/2)|
|x− y|

<∞
}
,

and Lipb(Rd) is one of its proper subspaces (see e.g., [4]).

We are going to prove that the semigroup T (t) leaves Cα
b (Rd) invariant for any t > 0

and α ∈ (0, 1).

Proposition 5.1.8. For each f ∈ Cα
b (Rd) and t > 0, the function T (t)f belongs to Cα

b (Rd).
More precisely,

‖T (t)f‖Cαb (Rd) ≤ C‖f‖Cαb (Rd), t > 0,

for some positive constant C, independent of f .

Proof. To prove the assertion, we observe that since T (s) and ∆ commute on C2
b (Rd) and

each operator T (t) is a contraction in Cb(Rd), we can estimate

‖∆T (s+ t)f‖∞ = ‖T (s)∆T (t)f‖∞ ≤ ‖∆T (t)f‖∞ ≤ t
α
2
−1[f ]D∆(α/2,∞)

for all t, s > 0. Hence, [T (s)f ]D∆(α/2,∞) ≤ [f ]D∆(α/2,∞) for any s > 0. Theorem 5.1.6 allows
us to complete the proof.

In terms of the bounded classical solution to problem (4.1), the previous result says
that if f ∈ Cα

b (Rd) for some α ∈ (0, 1), then u(t, ·) ∈ Cα
b (Rd) for any t > 0 and

sup
t≥0
‖u(t, ·)‖Cαb (Rd) ≤ C‖f‖Cαb (Rd)

for some constant C, independent of f .

5.2 Optimal Schauder estimates for solutions to the

heat equation in Rd: preliminary results

The following lemma plays a crucial role in the proof of the forthcoming Theorem 6.1.2.

Lemma 5.2.1. For each α ∈ (0, 1), there exists a positive constant C = C(α) such that

(5.17) ‖∇f‖∞ ≤ C‖f‖
α+1

2

Cαb (Rd)
‖f‖

1−α
2

C2+α
b (Rd)

, f ∈ C2+α
b (Rd)

and

(5.18) ‖f‖C2
b (Rd) ≤ C‖f‖

α
2

Cαb (Rd)
‖f‖1−α

2

C2+α
b (Rd)

, f ∈ C2+α
b (Rd).
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Proof. To begin with, we observe that it suffices to prove (5.17) and (5.18) when d = 1.
Indeed, if d > 1, then it suffices to apply the one-dimensional result to the functions
xi 7→ f(x1, . . . , xi−1, xi, xi+1, . . . , xd) (i = 1, . . . , d).

Since the proof is rather long, we split it into three steps. Throughout the proof, c
denotes a positive constant, depending on α but being independent of the functions that
we consider, which may vary from line to line.

Step 1. Here, we prove that

(5.19) (i) ‖g′‖∞ ≤ c‖g‖αCαb (R)[g
′]1−αCαb (R), (ii) ‖g′‖∞ ≤ c‖g‖

α
α+1
∞ [g′]

1
1+α

Cαb (R)

for every g ∈ C1+α
b (R). For this purpose, we fix g ∈ C1+α

b (R) and use the fundamental
theorem of calculus to write

g(y) = g(0) +

∫ y

0

g′(t)dt = g(0) + g′(0)y +

∫ y

0

(g′(t)− g′(0))dt, y > 0,(5.20)

and then estimate

|g′(0)| ≤
∣∣∣∣g(y)− g(0)

y

∣∣∣∣+
1

y

∫ y

0

|g′(t)− g′(0)|dt ≤ [g]Cαb (R)y
α−1 +

yα

1 + α
[g′]Cαb (R).

Minimizing with respect to y > 0, we get

|g′(0)| ≤ c[g]αCαb (R)[g
′]1−αCαb (R).

Next, replacing g by the function gx = g(·+ x) and observing that [gx]Cαb (R) = [g]Cαb (R) and
[g′x]Cαb (R) = [g′]Cαb (R), we immediately conclude that

|g′(x)| ≤ c[g]αCαb (R)[g
′]1−αCαb (R), x ∈ R.

Finally, taking the supremum with respect to x ∈ R, estimate (5.19)(i) follows at once.
The proof of estimate (5.19)(ii) is very similar. Starting from (5.20), we can infer that

|g′(0)| ≤ 2

y
‖g‖∞ +

1

1 + α
yα[g′]Cαb (R)

for all y > 0. Again, minimizing with respect to y and then replacing g with the function
gx as above, estimate (5.19)(ii) follows.

Step 2. Here, we prove that

(5.21) ‖g′‖∞ ≤ c‖g‖
1

2−α
Cαb (R)‖g

′′‖
1−α
2−α
∞ , g ∈ C2

b (R).

For this purpose, we fix g ∈ C2
b (R) and apply estimates (4.17), with θ = α and (5.19)(i)

to get

‖g′‖∞ ≤c‖g‖αCαb (R)[g
′]1−αCαb (R) ≤ c‖g‖αCαb (R)

(
‖g′‖1−α

∞ ‖g
′′‖α∞

)1−α
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=c‖g‖αCαb (R)‖g′‖(1−α)2

∞ ‖g′′‖α(1−α)
∞

or, equivalently,

‖g′‖2α−α2

∞ ≤ c‖g‖αCαb (R)‖g
′′‖α(1−α)
∞ ,

from which (5.21) follows immediately.
Step 3. Here, we complete the proof of (5.17). We fix f ∈ C2+α

b (R) and use (5.21)
together with (5.19)(ii) to estimate

‖f ′‖∞ ≤ c‖f‖
1

2−α
Cαb (R)‖f

′′‖
1−α
2−α
∞ ≤ c‖f‖

1
2−α
Cαb (R)

(
‖f ′‖

α
α+1
∞ [f ′′]

1
1+α

Cαb (R)

) 1−α
2−α ,

from which we deduce that

‖f ′‖
2

(α+1)(2−α)
∞ ≤ c‖f‖

1
2−α
Cαb (R)[f

′′]
1−α

(1+α)(2−α)

Cαb (R)

and (5.17) follows.
Step 4. Finally, here we check estimate (5.18) with d = 1. We use again Taylor formula

to get

g(y) = g(0) + g′(0)y +
1

2
g′′(0)y2 +

∫ y

0

(g′′(t)− g′′(0))(y − t)dt, y > 0,

for any g ∈ C2+α
b (R). Hence,

|g′′(0)| ≤2|g(y)− g(0)|
y2

+
2|g′(0)|
y

+
2

y2

∫ y

0

|g′′(t)− g′′(0)|(y − t)dt

≤2yα−2[g]Cαb (R) + 2y−1‖g′‖∞ + 2y−2[g′′]Cαb (R)

∫ y

0

tα(y − t)dt

≤2yα−2[g]Cαb (R) + 2y−1‖g′‖∞ + cyα[g′′]Cαb (R).

Now, using (5.17) we can estimate

y−1‖g′‖∞ ≤cy−1‖g‖
α+1

2

Cαb (R)‖g‖
1−α

2

C2+α
b (R)

=c(yα−2‖g‖Cαb (R))
α+1

2 (yα‖g‖C2+α
b (R))

1−α
2

≤c(yα−2‖g‖Cαb (R) + yα‖g‖C2+α
b (R)),

where we have taken advantage of the Young inequality aβb1−β ≤ β−1a+ (1−β)−1b, which
holds true for any a, b ≥ 0 and β ∈ (0, 1), see Exercise 5.4.1.
From the previous two inequalities we can infer that

|g′′(0)| ≤2yα−2[g]Cαb (R) + 2y−1‖g′‖∞ + cyα[g′′]Cαb (R) ≤ cyα−2‖g‖Cαb (R) + cyα‖g‖C2+α
b (R).

Minimizing with respect to y > 0 we get

|g′′(0)| ≤ c‖g‖
α
2

Cαb (R)‖g‖
1−α

2

C2+α
b (R)

.

Replacing g with gx as in the proof of (5.17) we can complete the proof.
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Remark 5.2.2. We stress that estimate (5.17) holds true also with α = 0, as it can be
easily seen adapting the proof of the above lemma. The only difference is in the estimate
of the term y−1|g(y)− g(0)|, which now is bounded from above by 2‖g‖∞y−1.

5.3 Notes

The notation D∆(θ,∞), used to define the space of functions f such that

sup
t>0

t1−θ‖∆T (t)f‖∞ < +∞,

may sound a bit strange, but it is the commonly used notation to define the so-called
interpolation space of order θ between X and the domain D(A) of the generator of an
analytic semigroup. More precisely, if A is a sectorial operator, then DA(θ,∞) = {x ∈ X :
[x]DA(θ,∞) = supt∈(0,1) t

1−θ‖AT (t)x‖ < +∞}. This is a Banach space when endowed with
the norm ‖ · ‖DA(θ,∞) = ‖ · ‖X + [ · ]DA(θ,∞). It can be proved that DA(θ,∞) coincides with
the real interpolation space (X,D(A))θ,∞ between X and D(A). See also Exercises 5.4.5
and 5.4.6. For further details, we refer the reader to [3].
Finally, the interested reader may find in [2] a very exhaustive and nice exposition of the
heat equation in the one dimensional case. For the multidimensional case we refer the
reader to [1].

5.4 Exercises

1. Prove the Young inequality

ab ≤ 1

p
ap +

1

q
bq

for any a, b ≥ 0 and p, q ∈ (1,∞) such that 1/p+ 1/q = 1.

2. Prove that, for any α ∈ (0, 1) and T > 0 there exists positive constants Cα and Cα,T
such that the interpolation estimates

‖ζ‖Cαb (Rd) ≤ Cα‖ζ‖
2

2+α
∞ ‖ζ‖

α
2+α

C2+α
b (Rd)

, ζ ∈ C2+α
b (Rd),(5.22)

‖ϕ‖Cα([0,T ]) ≤ Cα,T‖ϕ‖
1

1+α
∞ ‖ϕ‖

α
1+α

C1+α
b ([0,T ])

, ϕ ∈ C1+α
b ([0, T ]),(5.23)

‖ϕ‖Cα/2([0,T ]) ≤ Cα,T‖ϕ‖
1

1+α
∞ ‖ϕ‖

α
1+α

C(1+α)/2([0,T ])
, ϕ ∈ C(1+α)/2([0, T ])(5.24)

hold true.

3. Prove the interpolation estimates

‖f‖Ckb (Rd) ≤ Cα‖f‖
2+α−k

2+α
∞ ‖f‖

k
2+α

C2+α
b (Rd)

, f ∈ C2+α
b (Rd), k = 1, 2,(5.25)
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‖f‖C1
b (Rd) ≤ Cα‖f‖

α
1+α
∞ ‖f‖

1
1+α

C1+α
b (Rd)

, f ∈ C1+α
b (Rd),(5.26)

for any α ∈ (0, 1) and some positive constant Cα.

4. Let A be the infinitesimal generator of the Gauss-Weierstrass semigroup and θ ∈ (0, 1)\
{1}. Prove that its part in C2θ

b (Rd) (i.e., the operator A|C2θ
b (Rd) : D∆(θ + 1,∞) :=

{f ∈ D(A) : Af ∈ C2θ
b (Rd)} → C2θ

b (Rd), defined by A|C2θ
b (Rd)f = Af for any f ∈

D∆(θ + 1,∞)) is still sectorial and the analytic semigroup that it generates is the
restriction of the Gauss-Weierstrass semigroup to C2θ

b (Rd). In the next lecture it will
become clear what D∆(θ + 1,∞) is.

5. For each z ∈ X + Y and t > 0 set

K(t, z) := inf
z=x+y:x∈X, y∈Y

(‖x‖X + t‖y‖Y ),

where X and Y are two Banach spaces endowed respectively with the norms ‖ · ‖X and
‖ · ‖Y . For θ ∈ (0, 1) define the set

(X, Y )θ,∞ :=

{
z ∈ X + Y : sup

t>0
t−θK(t, z) < +∞

}
.

a) Prove that

‖z‖θ,∞ := sup
t>0

t−θK(t, z), z ∈ (X, Y )θ,∞,

defines a norm in (X, Y )θ,∞.

b) Prove that (X, Y )θ,∞ endowed with ‖ · ‖θ,∞ is a Banach space.

6. Let A be the generator of the Gauss-Weierstrass semigroup {T (t)} in Cb(Rd). Here
D(A) is endowed with its graph norm. With the notations of the above exercise prove
that

a) (Cb(Rd), D(A))θ,∞ = D∆(θ,∞) with equivalent norms.
Hints:

(i) using the characterization ofD∆(θ,∞) in Proposition 5.1.3, prove thatD∆(θ,∞)
is continuously embedded into (X,D(A))θ,∞;

(ii) prove that, if f ∈ (X,D(A))θ,∞, then [f ]D∆(θ,∞) ≤ K[f ](X,D(A))θ,∞ for some
positive constant K, independent of f ;

b)

(Cb(Rd), D(A))θ,∞ =

{
f ∈ Cb(Rd) : sup

λ>0
λθ‖AR(λ,A)f‖∞ <∞

}
=: Λ
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and the norms ‖ · ‖θ,∞ and

‖f‖∗θ,∞ := ‖f‖∞ + sup
λ>0

λθ‖AR(λ,A)f‖∞, f ∈ Λ

are equivalent.
Hints: Adapt the idea of the proof of a).
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Lecture 6

The heat equation and the
Gauss-Weierstrass semigroup in
Cb(Rd). Part 3

6.1 Optimal Schauder estimates

In this section we prove the fundamental optimal Schauder estimates for solutions to the
Cauchy problem

(6.1)

{
Dtu(t, x) = ∆u(t, x) + g(t, x), t ∈ (0, T ], x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

proving also that, under suitable assumptions on f and g, it admits a unique bounded
classical solution.

Definition 6.1.1. A function u : [0, T ]× Rd → R is called “a bounded classical solution”
to problem (6.1) if (i) u ∈ Cb([0, T ]×Rd)∩C1,2((0, T ]×Rd), (ii) u(0, ·) = f in Rd and (iii)
u satisfies the differential equation in (6.1).

To begin with, we introduce the following functional spaces that we use in this lecture.

Definition 6.1.2. For any α ∈ (0, 1),

(a) C0,α
b ([0, T ] × Rd) denotes the space of all the bounded functions f : [0, T ] × Rd → R

such that the function f(t, ·) is α-Hölder continuous in Rd for any t ∈ [0, T ]. It is a
Banach space with the norm

‖f‖C0,α
b ([0,T ]×Rd) = sup

t∈[0,T ]

‖f(t, ·)‖Cαb (Rd)

for each f ∈ C0,α
b ([0, T ]× Rd).

77
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(b) Cα,0
b ([0, T ] × Rd) denotes the space of all the bounded functions f : [0, T ] × Rd → R

such that the function f(·, x) is α-Hölder continuous in [0, T ] for any x ∈ Rd. It is a
Banach space with the norm

‖f‖Cα,0b ([0,T ]×Rd) = sup
x∈Rd
‖f(·, x)‖Cα([0,T ])

for each f ∈ C0,α
b ([0, T ]× Rd).

(c) C
α/2,α
b ([0, T ]×Rd) = C

α/2,0
b ([0, T ]×Rd) ∩C0,α

b ([0, T ]×Rd). It is a Banach space with
the norm

‖f‖
C
α/2,α
b ([0,T ]×Rd)

= ‖f‖C0,α
b ([0,T ]×Rd) + sup

x∈Rd
[f(·, x)]Cα/2([0,T ])

for each f ∈ Cα/2,α
b ([0, T ]× Rd).

(d) C
1+α/2,2+α
b ([0, T ]×Rd) denotes the space of all the bounded functions f : [0, T ]×Rd → R

which are once continuously differentiable with respect to the time variable and twice
continuously differentiable with respect to the spatial variables in [0, T ]×Rd with Dtf

and Diju in C
α/2,α
b ([0, T ] × Rd) for any i, j = 1, . . . , d. It is a Banach space with the

norm

‖f‖
C

1+α/2,2α
b ([0,T ]×Rd)

=‖f‖∞ +
d∑
j=1

‖Djf‖∞ +
d∑

i,j=1

‖D2
ijf‖Cα/2,α([0,T ]×Rd)

+ ‖Dtf‖Cα/2,αb ([0,T ]×Rd)

Remark 6.1.3. Cα/2,α([0, T ]× Rd) can be also characterized as the space of all bounded
functions f : [0, T ]×Rd → R which are α-Hölder continuous with respect to the parabolic
distance d((t1, x1), (t2, x2)) =

√
|t2 − t1|+ |x2 − x1|2 for every t1, t2 ∈ [0, T ] and x1, x2 ∈

Rd.

The aim of this lecture is to prove the following Schauder estimate for the solution to
(6.1).

Theorem 6.1.4. For each f ∈ C2+α
b (Rd) and g ∈ C

α/2,α
b ([0, T ] × Rd), α ∈ (0, 1), the

Cauchy problem (6.1) admits a unique bounded classical solution u. Further, u belongs to

C
1+α/2,2+α
b ([0, T ]×Rd) and there exists a positive constant C, independent of u and f , such

that

(6.2) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ C(‖f‖C2+α
b (Rd) + ‖g‖

C
α/2,α
b ([0,T ]×Rd)

).

Remark 6.1.5. Estimate (6.2) is usually referred to as an optimal Schauder estimate. The
optimality comes from the following facts:
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(i) the first-order time derivative and all the second-order derivatives of the solution u
have the same degree of smoothness of the datum g;

(ii) for any t > 0, the function u(t, ·) preserves the same regularity it has at t = 0;

(iii) the assumptions f ∈ C2+α
b (Rd) and g ∈ C

α/2,α
b ([0, T ] × Rd) are necessary for u to

belong to C
1+α/2,2+α
b ([0, T ]× Rd).

Proof of Theorem 6.1.4. To prove the uniqueness of the classical solution to problem (6.1),
let us consider two bounded classical solutions u and v to (6.1). Then u− v is a bounded
classical solution to {

Dtw(t, x) = ∆w(t, x), t ∈ [0, T ], x ∈ Rd,

w(0, x) = 0, x ∈ Rd.

So, by Exercise 1.4.4, one obtains u = v.
As far as the existence part is concerned, we will show that the function u : [0, T ]×Rd →

R, defined by the variation of constants formula
(6.3)

u(t, x) = (T (t)f)(x)+

∫ t

0

(T (t−s)g(s, ·))(x)ds =: u0(t, x)+u1(t, x), (t, x) ∈ [0, T ]×Rd,

solves problem (6.1) and satisfies estimate (6.2). Throughout the proof, we denote by c
a positive constant, independent of u and f , which may vary from line to line. Clearly,
u(0, ·) = f . Being rather long, we spit the rest of the proof into several steps.

Step 1. Here, we show that it suffices to prove that the function u given by formula
(6.3) solves the Cauchy problem (6.1), belongs to C1,2([0, T ] × Rd) ∩ C0,2+α([0, T ] × Rd)
and

(6.4) ‖u‖C0,2+α
b ([0,T ]×Rd) ≤ c(‖f‖C2+α

b (Rd) + ‖g‖C0,α
b ([0,T ]×Rd)).

Indeed, if the previous properties are satisfied, then, for any t1, t2 ∈ [0, T ], with t1 ≤ t2
and x ∈ Rd, we can write

u(t2, x)− u(t1, x) =

∫ t2

t1

Dtu(s, x)ds =

∫ t2

t1

(∆u(s, x) + g(s, x))ds.

Using estimate (6.4) we conclude that

‖u(t2, ·)− u(t1, ·)‖∞ ≤ c(‖f‖C2+α
b (Rd) + ‖g‖C0,α

b ([0,T ]×Rd))|t2 − t1|.

Similarly,

|u(t2, x)− u(t1, x)− u(t2, y) + u(t1, y)|

=

∣∣∣∣ ∫ t2

t1

(∆u(s, x) + g(s, x)−∆u(s, y)− g(s, y))ds

∣∣∣∣
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≤
∫ t2

t1

(|∆u(s, x)−∆u(s, y)|+ |g(s, x)− g(s, y)|)ds

≤c sup
t∈[0,T ]

([∆u(t, ·)]Cαb (Rd) + [g(t, ·)]Cαb (Rd))|x− y|α|t2 − t1|

≤c(‖f‖C2+α
b (Rd) + ‖g‖C0,α

b ([0,T ]×Rd))|x− y|
α|t2 − t1|

for all x, y ∈ Rd. Summing up, we have proved that

‖u(t2, ·)− u(t1, ·)‖Cαb (Rd) ≤ c(‖f‖Cαb (Rd) + ‖g‖C0,α
b ([0,T ]×Rd))|t2 − t1|, 0 ≤ t1 ≤ t2 ≤ T.

Using the interpolation estimate (5.18) together with (6.4) we deduce that

‖u(t2, ·)− u(t1, ·)‖C2
b (Rd) ≤c‖u(t2, ·)− u(t1, ·)‖

α
2

Cαb (Rd)
‖u(t2, ·)− u(t1, ·)‖

1−α
2

C2+α
b (Rd)

≤c(‖f‖C2+α
b (Rd) + ‖g‖C0,α

b ([0,T ]×Rd))|t2 − t1|
α
2(6.5)

for all t1, t2 ∈ [0, T ]. Hence, for every x ∈ Rd the functions u(·, x), Diu(·, x) and Diju(·, x)
(i, j = 1, . . . , d) are α/2-Hölder continuous uniformly with respect to x ∈ Rd. We thus

conclude that u ∈ Cα/2,2+α
b ([0, T ]× Rd) and, from (6.4) and (6.5), it follows that

‖u‖
C
α/2,2+α
b ([0,T ]×Rd)

≤ c(‖f‖C2+α
b (Rd) + ‖g‖

C
α/2,α
b ([0,T ]×Rd)

).

Since u is supposed to be a classical solution to the Cauchy problem (6.1), Dtu = ∆u+ g

and, therefore, Dtu ∈ Cα/2,α
b ([0, T ]× Rd) and

‖Dtu‖Cα/2,αb ([0,T ]×Rd)
≤c(‖∆u‖

C
α/2,α
b ([0,T ]×Rd)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd)

)

≤c(‖f‖C2+α
b (Rd) + ‖g‖

C
α/2,α
b ([0,T ]×Rd)

).

From the previous two estimates, (6.2) follows at once.
By Theorems 4.1.3 and 4.1.12, u0 is the classical solution to problem (6.1) with g ≡ 0

and

sup
t∈[0,T ]

‖u0(t, ·)‖C2+α
b (Rd) ≤ c‖f‖C2+α

b (Rd).

Hence, to complete the proof we have to consider the function u1 in (6.3), show that it
belongs to C0,2+α

b ([0, T ] × Rd), is continuously differentiable with respect to t, solves the
Cauchy problem{

Dtu1(t, x) = ∆u1(t, x) + g(t, x), t ∈ [0, T ], x ∈ Rd,

u1(0, x) = 0, x ∈ Rd

and satisfies the estimate

(6.6) ‖u1‖C0,2+α
b ([0,T ]×Rd) ≤ c‖g‖C0,α

b ([0,T ]×Rd).
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This is done in Steps 2 to 4.
Step 2. Here, we prove that u1 is continuous in [0, T ]× Rd. To begin with, we observe

that, for any t > 0 and x ∈ Rd, the function s 7→ (T (t− s)g(s, ·))(x) is continuous in [0, t]
Hence it can be integrated over [0, t]. This can be easily checked using the representation
formula (4.7) and the dominated convergence theorem.

To prove that the function u1 is continuous in [0, T ]×Rd, by a straightforward change
of variable we rewrite it in the form

u1(t, x) =

∫ t

0

(T (s)g(t− s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Fix (t0, x0) ∈ [0, T ] × Rd. To ease the notation, we write (t, x) → (t+0 , x0) (resp. (t, x) 7→
(t−0 , x0)) to denote that (t, x) tends to (t0, x0) with t > t0 (resp. t < t0).

As a first step, we prove that u1(t, x) converges to u1(t0, x0) as (t, x) → (t+0 , x0). For
this purpose, for t > t0 and x ∈ Rd, we split

u1(t, x)− u1(t0, x0) =

∫ t

t0

(T (s)g(t− s, ·))(x)ds

+

∫ t0

0

[(T (s)g(t− s, ·))(x)− (T (s)g(t0 − s, ·))(x0)]ds

=: I+
1 (t, x) + I+

2 (t, x).

Since ‖T (s)g(t−s, ·)‖∞ ≤ ‖g(t−s, ·)‖∞ ≤ ‖g‖Cb([0,T ]×Rd) for any 0 ≤ s ≤ t, we immediately
conclude that I+

1 (t, x) vanishes as (t, x) tends to (t+0 , x0). As far as I+
2 (t, x) is concerned,

using (4.7) we can write

(T (s)g(t− s, ·))(x)− (T (s)g(t0 − s, ·))(x0)

=(4πs)−
d
2

∫
Rd

(
e−
|x−y|2

4s g(t− s, y)− e−
|x0−y|

2

4s g(t0 − s, y)
)
dy.

This formula and the dominated convergence theorem imply that (T (s)g(t− s, ·))(x) con-
verges to (T (s)g(t0 − s, ·))(x0) as (t, x) tends to (t0, x0), for every s ∈ [0, t0]. Indeed,

e−
|x−y|2

4s g(t− s, y)− e−
|x0−y|

2

4s g(t0− s, y) vanishes as (t, x)→ (t+0 , x0) for every s ∈ [0, t0] and
y ∈ Rd. Moreover, if x ∈ B(x0, 1), then |x − y| ≥ |y| − |x| ≥ |y| − |x0| − 1. Therefore, if
|y| ≥ 2(|x0|+ 1), then we can estimate

|e−
|x−y|2

4s g(t− s, y)− e−
|x0−y|

2

4s g(t0 − s, y)| ≤ 2e−
|y|2
16s ‖g‖Cb([0,T ]×Rd)

for every s ∈ [0, t0]. On the other hand, if |y| ≤ 2(|x0|+ 1), then we get

|e−
|x−y|2

4s g(t− s, y)− e−
|x0−y|

2

4s g(t0 − s, y)| ≤ 2‖g‖Cb([0,T ]×Rd).

Hence, |e−
|x−y|2

4s g(t − s, y) − e−
|x0−y|

2

4s g(t0 − s, y)| ≤ ψ(y) for any y ∈ Rd, where ψ(y) =

2(e−
|y|2
16s χRd\B(0,2(|x0|+1))+χB(0,2(|x0|+1)))‖g‖Cb([0,T ]×Rd), and the function ψ belongs to L1(Rd).
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Since |(T (s)g(t − s, ·))(x) − (T (s)g(t0 − s, ·))(x0)| ≤ 2‖g‖Cb([0,T ]×Rd) for every 0 ≤ s ≤
t0 ≤ t and x, x0 ∈ Rd, we can apply the dominated convergence theorem once more and
deduce that I+

2 (t, x) tends to 0 as (t, x) tends to (t+0 , x0). Hence, u1(t, x) converges to
u1(t0, x0) as (t, x) → (t+0 , x0). If t tends to t0 from the left, then the proof is similar. We
split

u1(t, x)− u1(t0, x0) =−
∫ t0

t

(T (s)g(t0 − s, ·))(x)ds

+

∫ t0

0

[(T (s)g(t− s, ·))(x)− (T (s)g(t0 − s, ·))(x0)]χ[0,t](s) ds

=: I−1 (t, x) + I−2 (t, x).

Again I−1 (t, x) tends to 0 and [(T (s)g(t− s, ·))(x)− (T (s)g(t0 − s, ·))(x0)]χ[0,t](s) vanishes
as (t, x) → (t−0 , x0), for every s ∈ [0, t0]. The dominated convergence theorem shows that
also I−2 (t, x) vanishes as (t, x) → (t−0 , x0), and the continuity of u1 at (t0, x0) is proved.
Moreover, since each operator T (t) is a contraction, we deduce that ‖u1‖Cb([0,T ]×Rd) ≤
T‖g‖Cb([0,T ]×Rd).

Step 3. Here, we prove that the function u1 is twice continuously differentiable with
respect to the spatial variables, u1(t, ·) ∈ C2+α

b (Rd) for any t ∈ [0, T ] and estimate (6.6) is
satisfied.

By Theorem 4.1.12, for any 0 ≤ s < t ≤ T , the function T (t − s)g(s, ·) is differen-

tiable in Rd and ‖∇xT (t− s)g(s, ·)‖∞ ≤ c(t− s)α−1
2 ‖g‖C0,α

b ([0,T ]×Rd). Hence, the dominated

convergence theorem shows that u1(t, ·) is differentiable in Rd for any t ∈ [0, T ] and

∇xu1(t, x) =

∫ t

0

(∇xT (t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Similarly, since ‖D2
xT (t− s)g(s, ·)‖∞ ≤ c(t− s)α2−1‖g‖C0,α

b ([0,T ]×Rd), we deduce that u1(t, ·)
is twice differentiable in Rd and

D2
xu1(t, x) =

∫ t

0

(D2
xT (t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Moreover,

|Dj
xu1(t, x)| ≤

∫ t

0

(Dj
xT (t− s)g(s, ·))(x)ds ≤ ‖g‖C0,α

b ([0,T ]×Rd)

∫ t

0

(t− s)
α−j
2 ds

=
2

α− j + 2
T
α−j+2

2 ‖g‖C0,α
b ([0,T ]×Rd)

for all (t, x) ∈ [0, T ] × Rd and j = 1, 2. Moreover, for every θ ∈ (0, α), t ∈ [0, T ] and
x1, x2 ∈ Rd we can estimate

|D2
xu1(t, x2)−D2

xu1(t, x1)| ≤
∫ t

0

|(D2
xT (t− s)g(s, ·))(x2)− (D2

xT (t− s)g(s, ·))(x1)|ds
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≤C‖g‖C0,α
b ([0,T ]×Rd)|x2 − x1|θ

∫ t

0

(t− s)−1+α−θ
2 ds

≤ 2C

α− θ
T
α−θ
2 |x2 − x1|θ‖g‖C0,α

b ([0,T ]×Rd),

which shows that, for any t ∈ [0, T ], u1(t, ·) belongs to C2+θ
b (Rd) and [D2

xu1(t, ·)]Cθb (Rd) ≤
2C(α − θ)−1T (α−θ)/2‖g‖C0,α

b ([0,T ]×Rd). Note that, as θ tends to α from the left, the right-

hand side of the previous inequality blows up. This prevents us from concluding that
u1(t, ·) ∈ C2+α

b (Rd) for any t ∈ [0, T ]. To overcome this difficulty, we perform a different
strategy based on Theorem 5.1.6: to prove that Diju1(t, ·) ∈ Cα

b (Rd) for every t ∈ [0, T ]
and i, j = 1, . . . , d, we will show that

sup
τ>0

τ 1−α
2 ‖∆T (τ)Diju1(t, ·)‖∞ <∞, t ∈ [0, T ].

For this purpose, using Lemma 4.1.6 we can easily show that

(T (τ)Diju1(t, ·))(x) =

∫ t

0

(T (τ)DijT (t− s)g(s, ·))(x) ds

=

∫ t

0

(DijT (t+ τ − s)g(s, ·))(x) ds, (t, x) ∈ [0, T ]× Rd, τ > 0.(6.7)

Thanks to (6.7) we can write

(∆T (τ)Diju1(t, ·))(x) =

∫ t

0

(∆DijT (t+ τ − s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd, τ > 0.

Hence, by Proposition 4.1.9 and Theorem 4.1.12, we get

‖∆DijT (t+ τ − s)g(s, ·)‖∞ =

∥∥∥∥∆T

(
t+ τ − s

2

)
DijT

(
t+ τ − s

2

)
g(s, ·)

∥∥∥∥
∞

≤
∥∥∥∥∆T

(
t+ τ − s

2

)∥∥∥∥
L(Cb(Rd))

∥∥∥∥DijT

(
t+ τ − s

2

)
g(s, ·)

∥∥∥∥
∞

≤c(t+ τ − s)
α
2
−2‖g‖C0,α

b ([0,T ]×Rd)

so that

τ 1−α
2 ‖∆T (τ)Diju1(t, ·)‖∞ ≤ cτ 1−α

2 ‖g‖C0,α
b ([0,T ]×Rd)

∫ t

0

(t+ τ − s)
α
2
−2ds(6.8)

for all t ∈ [0, T ], τ > 0 and i, j = 1, . . . , d. Performing the change of variable t − s = τσ,
we can estimate

∫ t

0

(t+ τ − s)
α
2
−2ds = τ

α
2
−1

∫ t
τ

0

(1 + σ)
α
2
−2dσ ≤ τ

α
2
−1

∫ ∞
0

(1 + σ)
α
2
−2dσ =

2

2− α
τ
α
2
−1

(6.9)
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From (6.8) and (6.9) we deduce that

τ 1−α
2 ‖∆T (τ)Diju1(t, ·)‖∞ ≤ c‖g‖C0,α

b ([0,T ]×Rd), t ∈ [0, T ], τ > 0,

i.e., each second-order derivative of u1(t, ·) belongs to D∆(α/2,∞) = Cα
b (Rd) and

‖Diju1(t, ·)‖Cαb (Rd) ≤ c‖g‖C0,α
b ([0,T ]×Rd), t ∈ [0, T ], i, j = 1, . . . , d.

Summing up, we have proved that u1 is bounded in [0, T ] with values in C2+α
b (Rd) and

satisfies (6.6).
Step 4. Here, we prove that u1 is continuously differentiable with respect to t in

[0, T ]×Rd. For notational convenience, we denote by D+
t (resp. D−t ) the right (resp. left)

time derivative.
For each ε ∈ (0, 1) we introduce the function u1,ε : [0, T ]× Rd → R defined by

u1,ε(t, ·) =

∫ εt

0

(T (t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Note that u1,ε converges to u1 as ε→ 1−, uniformly in [0, T ]× Rd. Indeed,

|u1(t, x)− u1,ε(t, x)| =
∣∣∣∣ ∫ t

εt

(T (t− s)g(s, ·))(x)ds

∣∣∣∣ ≤ ‖g‖Cb([0,T ]×Rd)(1− ε)T

for all (t, x) ∈ [0, T ]× Rd and all ε ∈ (0, 1).
Let us prove that u1,ε is differentiable in [0, T ] × Rd with respect to t. Fix t ∈ [0, T )

and h ∈ (0, T − t). Then,

u1,ε(t+ h, ·)− u1,ε(t, x)

h
=

1

h

∫ ε(t+h)

εt

(T (t+ h− s)g(s, ·))(x)ds

+

∫ εt

0

(T (t+ h− s)g(s, ·))(x)− (T (t− s)g(s, ·))(x)

h
ds

=: J+
1 (h) + J+

2 (h).

We claim that J+
1 (h) converges to ε(T ((1− ε)t)g(εt, ·))(x) as h→ 0+. Indeed,

J+
1 (h)− ε(T ((1− ε)t)g(εt, ·))(x)

=
1

h

∫ ε(t+h)

εt

(T (t+ h− s)g(s, ·))(x)ds− ε(T ((1− ε)t)g(εt, ·))(x)

=
1

h

∫ ε(t+h)

εt

[(T (t+ h− s)g(s, ·))(x)− (T ((1− ε)t)g(s, ·))(x)]ds

+

∫ ε(t+h)

εt

1

h
(T ((1− ε)t)(g(s, ·)− g(εt, ·)))(x) ds.
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It is clear that the second integral term in the last side of the previous chain of equalities
converges to 0 as h → 0+. As far as the first integral term is concerned, we observe
that an easy computation (based on the representation formula for the Gauss-Weierstrass
semigroup) reveals that the function (r, s) 7→ (T (r)g(s, ·))(x) is continuous on [0, T ]×[0, T ].
Therefore, it is therein uniformly continuous. Hence, for each ρ > 0 there exists δ > 0 such
that |(T (r2)g(s, ·))(x)− (T (r1)g(s, ·))(x)| ≤ ρ if |r2− r1| ≤ δ and s ∈ [0, T ]. Consequently,
if |h| ≤ δ, then |(T (t + h − s)g(s, ·))(x) − (T ((1 − ε)t)g(s, ·))(x)| ≤ ρ for s ∈ [εt, ε(t + h)]
and1

1

h

∫ ε(t+h)

εt

[(T (t+ h− s)g(s, ·))(x)− (T ((1− ε)t)g(s, ·))(x)]ds ≤ ερ

Therefore,

lim
h→0

1

h

∫ ε(t+h)

εt

[(T (t+ h− s)g(s, ·))(x)− (T ((1− ε)t)g(s, ·))(x)]ds = 0.

As far as J+
2 (h) is concerned, we observe that the function under the integral sign

converges to (DtT (t− s)g(s, ·))(x) = (∆T (t− s)g(s, ·))(x) as h→ 0+. Moreover, using the
mean value theorem, we estimate∣∣∣∣(T (t+ h− s)g(s, ·))(x)− (T (t− s)g(s, ·))(x)

h

∣∣∣∣ =|(∆T (t+ ξ − s)g(s, ·))(x)|

≤ c

t− s
‖g‖Cb([0,T ]×Rd)

for all s ∈ [0, εt], where ξ is a suitable point on the line joining 0 to h. Hence, we can apply
the dominated convergence theorem and conclude that

lim
h→0+

J+
2 (h) =

∫ εt

0

(∆T (t− s)g(s, ·))(x)ds.

We have so proved that u1,ε is differentiable from the right in [0, T )× Rd, with respect to
t, and

D+
t u1,ε(t, x) =ε(T ((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(∆T (t− s)g(s, ·))(x)ds

=ε(T ((1− ε)t)g(εt, ·))(x) + ∆u1,ε(t, x).

We can argue similarly to prove that u1,ε is differentiable from the left in (0, T ] × Rd,
with respect to t and

D−t u1,ε(t, x) =ε(T ((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(∆T (t− s)g(s, ·))(x)ds

1Note that |t+ h− s− (1− ε)t| = |h− s+ εt| ≤ |h| if s ∈ [εt, ε(t+ h)].
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=ε(T ((1− ε)t)g(εt, ·))(x) + ∆u1,ε(t, x).

Summing up, u1,ε is differentiable with respect to t in [0, T ]× Rd and

Dtu1,ε(t, x) =ε(T ((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(∆T (t− s)g(s, ·))(x)ds

=ε(T ((1− ε)t)g(εt, ·))(x) + ∆u1,ε(t, x)

for all (t, x) ∈ [0, T ]× Rd. Now, we observe that

lim
ε→1−

Dtu1,ε(t, x) = g(t, x) +

∫ t

0

(∆T (t− s)g(s, ·))(x)ds = g(t, x) + ∆u1(t, x)

for any (t, x) ∈ [0, T ] × Rd. Since u1,ε converges to u1 uniformly in [0, T ] × Rd, it follows
that u1 is differentiable with respect to t in [0, T ]× Rd and therein Dtu1 = ∆u1 + g. The
proof is now complete.

Remark 6.1.6. As the proof of Theorem 6.1.4 shows, if we assume that f ∈ C2+α
b (Rd) and

g ∈ C0,α
b ([0, T ]×Rd), then, problem (6.1) admits a unique solution u ∈ C0,2+α

b ([0, T ]×Rd)
such that Dtu ∈ C0,α

b ([0, T ]× Rd). Moreover,

‖u‖C0,2+α
b ([0,T ]×Rd) ≤ c(‖f‖C2+α

b (Rd) + ‖g‖C0,α
b ([0,T ]×Rd))

for some positive constant c, independent of f and g.

Remark 6.1.7. Under the same assumptions of Theorem 6.1.4, the first-order spatial
derivatives of the solution u to the Cauchy problem (6.1) belong to C(1+α)/2,0([0, T ]×Rd).
Indeed, Step 1 of the proof of the quoted theorem shows that

‖u(t2, ·)− u(t1, ·)‖Cαb (Rd) ≤ c1‖Dtu‖C0,α
b ([0,T ]×Rd)|t2 − t1|

for all t1, t2 ∈ [0, T ]. Using (5.17), we deduce that

‖∇xu(t2, )̇−∇xu(t1, ·)‖∞ ≤c2‖u(t2, ·)− u(t1, ·)‖
1+α
2

Cαb (Rd)
‖u(t2, ·)− u(t1, ·)‖

1−α
2

C2+α
b (Rd)

≤c3‖u‖C1,2+α
b (Rd)|t2 − t1|

1+α
2 .

The proof of the following result can be obtained adapting the arguments in the proof
of Theorem 6.1.4. Hence, it is left as an exercise.

Theorem 6.1.8. For each f ∈ Cβ
b (Rd), (β ∈ [0, 2 + α)) and each g ∈ C((0, T ] × Rd)

such that supt∈(0,T ] t
θ‖g(t, ·)‖Cαb (Rd) <∞ (α, θ ∈ (0, 1)), the Cauchy problem (6.1) admits a

unique classical solution u ∈ C1,2((0, T ]× Rd) such that

sup
t∈(0,T ]

tmax{θ,(2+α−β)/2}‖u(t, ·)‖C2+α
b (Rd) ≤ C

(
‖f‖Cβb (Rd) + sup

t∈(0,T ]

tθ‖g(t, ·)‖Cαb (Rd)

)
for some positive constant C, independent of f and g. Moreover, u belongs to C0,γ

b ([0, T ]×
Rd), where γ = min{β, 2 + α− 2θ}.
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6.2 Notes

As we start to see in Exercise 6.3. optimal Schauder estimates plays an important role in
the study of nonlinear equations. We will see other examples in the next lectures when
parabolic equations will be considered in a bounded (and smooth enough) domain. In
these situations, the relevance of the optimal Schauder estimates will be made much more
clear.

For a different proof of the optimal Schauder estimates and for further details, we refer
the interested reader to [1]

6.3 Exercises

1. Prove Remark 6.1.3.

2. (i) Prove that there exists a positive constant C, independent of t and τ such that∫ t

0

s−θ(t+ τ − s)
α
2
−2ds ≤ Cτ

α
2 t−θ, t, τ > 0, α, θ ∈ (0, 1),

and observe that one can take

C = 2θ
4 + αθ − α− 2θ

2− α
.

(ii) Prove that

sup
t≥0

∫ t

0

s−θ(t− s)1−θds <∞.

Use this result to prove that, for each continuous function g : (0, T ]×Rd → R such that
supt∈(0,T ] t

θ‖g(t, ·)‖Cαb (Rd) <∞, the function

(t, x) 7→
∫ t

0

(T (t− s)g(s, ·))(x)ds

belongs to C0,2+α−2θ
b ([0, T ]× Rd).

(ii) Prove Theorem 6.1.8.

3. On a complete metric space (Y, d) we consider a contractive map F : Y → Y , i.e.

d(F (x), F (y)) ≤ γd(x, y), x, y ∈ Y

for some γ ∈ (0, 1). Given y ∈ Y , define F n(y) inductively by F 0(y) = y and F n+1(y) =
F (F n(y)), y ∈ Y .
Prove that there is a unique u ∈ Y such that F (u) = u and limn→+∞ F

n(y) = u for
each y ∈ Y . This is the well-known Banach fixed point theorem.
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4. Let us consider the nonlinear convection-diffusion equation

(6.10)

{
Dtu(t, x) = ∆u(t, x)− u(t, x)3, (t, x) ∈ (0, T ]× Rd,

u(0, x) = f(x), x ∈ Rd.

Assume that f ∈ Cα
b (Rd) for some α ∈ (0, 1) and define the map

F (v) := T (t)f −
∫ t

0

T (t− s)(v(s, ·))3 ds, v ∈ C([0, T ], Cα
b (Rd)).

a. Prove that F maps C([0, T ], Cα
b (Rd)) into C([0, T ], Cα

b (Rd)).

b. Prove that for each R > 0 there exists T > 0, depending only on R, such that
(6.10) has a mild solution u ∈ C([0, T ], Cα

b (Rd)), i.e,

u(t, x) = (T (t)f)(x)−
∫ t

0

(T (t− s)(u(s, ·))3)(x) ds, t ∈ [0, T ], x ∈ Rd,

for every initial data f ∈ Cα
b (Rd) such that ‖f‖Cαb (Rd) < R.

Hints: Use the above Banach fixed point theorem.

c. Prove that

(6.11) ‖u‖Cb([0,T ]×Rd) ≤ ‖f‖∞.

d. Prove that the above obtained mild solution u can be extended to all time and
satisfies

‖u(t, ·)‖Cαb (Rd) ≤ ‖f‖Cαb (Rd)e
Ct‖f‖2∞ , t ≥ 0,

for some constant C > 0.
Hints: Use Proposition 5.1.8,

(6.12) ‖ϕ3‖Cαb (Rd) ≤ C‖ϕ‖2
∞‖ϕ‖Cαb (Rd), ∀ϕ ∈ Cα

b (Rd),

(6.11) and Gronwall’s lemma.

e. Prove that u ∈ C1,2+α((0, T ]× Rd) and u is a classical solution to (6.10).
Hints: Use Theorem 4.1.12 with θ = α+2, (6.11), (6.12) and the ideas of the proof
of Theorem 6.1.4.
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Lecture 7

Parabolic equations in Rd. Part I

In this lecture, we start to study the nonhomogeneous Cauchy problem

(7.1)

{
Dtu(t, x) = Au(t, x) + g(t, x), t ∈ (0, T ], x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

where A is the operator defined on smooth functions ψ : Rd → R by

Aψ(x) =
d∑

i,j=1

qijDijψ(x) +
d∑
j=1

bj(x)Djψ(x) + c(x)ψ(x)

=Tr(Q(x)D2ψ(x)) + 〈b(x),∇xψ(x)〉+ c(x)ψ(x)

with Q(x) = (qij(x))1≤i,j≤d for x ∈ Rd. Throughout the lecture, we assume the following
conditions on the coefficients of the operator A.

Hypotheses 7.0.1. (i) The coefficients qij = qji, bj (i, j = 1, . . . , d) and c are bounded
and α-Hölder continuous in Rd for some α ∈ (0, 1);

(ii) there exists a positive constant µ such that 〈Q(x)ξ, ξ〉 ≥ µ|ξ|2 for all x, ξ ∈ Rd.

Remark 7.0.2. The condition (ii) in Hypothesis 7.0.1 is usually rephrased saying that the
operator A is uniformly elliptic in Rd.

Our aim consists in extending the results in Lecture 6 to the more general Cauchy
problem (7.1). Two are the main tools which we use to prove the counterpart of Theorem
6.1.4 for the solution to problem (7.1):

(i) some apriori estimates for solutions to the Cauchy problem (7.1);

(ii) the continuity method.

The continuity method states that, if we have a “segment” of bounded linear operators
Lσ = (1 − σ)L0 + σL1 (σ ∈ [0, 1]) mapping a Banach space X into a Banach space

91
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Y , L0 is invertible and there exists a positive constant C, independent of σ, such that
‖Lσx‖Y ≥ C‖x‖X for any x ∈ X and σ ∈ [0, 1], then each operator Lσ is invertible. We
will apply the continuity method with the following choices:

X = C
1+α/2,2+α
b ([0, T ]× Rd), Y = redC

α/2,α
b ([0, T ]× Rd)× C2+α

b (Rd),

L0u = (Dtu−∆u, u(0, ·)), L1u = (Dtu−Au, u(0, ·)).

Since, by Theorem 6.1.4, the operator L0 is invertible, to make the continuity method
work we need to prove the apriori estimate ‖Lσu‖Y ≥ c‖u‖X , for each u ∈ C1+α/2,2+α

b ([0, T ]×
Rd), σ ∈ [0, 1] and some positive constant c, independent of σ. Such an estimate is proved
using the classical method of freezing the coefficients.

7.1 The continuity method

Here, we restate and prove the continuity method.

Theorem 7.1.1 (Continuity method). Let X, Y be two Banach spaces, L0, L1 be two
bounded linear operators mapping X into Y . For each σ ∈ [0, 1], set Lσ = (1−σ)L0 +σL1.
Suppose that the operator L0 is invertible and there exists a positive constant C such that

(7.2) ‖Lσx‖Y ≥ C‖x‖X , x ∈ X, σ ∈ [0, 1].

Then, each operator Lσ is invertible and ‖L−1
σ ‖L(Y,X) ≤ C−1.

Proof. To begin with, we observe that estimate (7.2) implies that each operator Lσ is
injective. To prove that Lσ is also surjective for all σ ∈ [0, 1], we prove that if Lσ0 is
invertible for some σ0 ∈ [0, 1), then there exists δ > 0, independent of σ0, such that Lσ is
invertible for all σ ∈ [σ0, σ0 + min{δ, 1 − σ0}]. This is enough for our purposes. Indeed,
since L0 is invertible, starting from σ0 = 0 and moving to the right by steps of length δ
we reach σ = 1 in a finite number of steps. And this shows that all the operators Lσ are
invertible.

So, let us suppose that Lσ0 is invertible and fix σ ∈ (0, 1]. Observe that

Lσ =Lσ0 + Lσ − Lσ0 = Lσ0(I + L−1
σ0

(Lσ − Lσ0))

=Lσ0(I + (σ − σ0)L−1
σ0

(L1 − L0)).

Since Lσ0 is invertible, the operator Lσ is invertible if and only if the bounded operator
I + (σ − σ0)L−1

σ0
(L1 − L0), mapping X into itself, is invertible. Applying Lemma 2.1.11

and (7.2) with σ = σ0, we conclude that, if |σ−σ0|‖L1−L0‖L(X,Y ) < C, then the operator
I + (σ − σ0)L−1

σ0
(L1 − L0) is invertible. Hence, if δ = 2−1C‖L1 − L0‖−1

L(X,Y ), then, for each

σ ∈ [σ0, σ0 + min{δ, 1− σ0}] the operator Lσ is invertible. Since δ is independent of σ0, we
are done.
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7.2 A priori estimates

This section is devoted to prove the following result.

Theorem 7.2.1. Let the coefficients of the operator A satisfy Hypotheses 7.0.1. Then, for
each u ∈ C1+α/2,2+α([0, T ]×Rd) there exists a positive constant K, which depends only on
d, T , µ (the ellipticity constant of the operator A) and the Cα-norm of the coefficients of
qij, bj (i, j = 1, . . . , d) and c, such that

(7.3) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ K(‖u(0, ·)‖C2+α
b (Rd) + ‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)

).

In view of Theorem 6.1.4, we know that estimate (7.3) is satisfied when A is the
Laplacian. By a straightforward change of variables, we can show that (7.3) holds true
when A = Tr(QD2) and Q is a positive definite and constant matrix.

Lemma 7.2.2. Suppose that A = Tr(QD2) for some constant symmetric and positive
definite matrix Q. Then, estimate (7.3) holds true.

Proof. We split the proof into two steps.
Step 1. Here, we suppose that Q = diag(λ1, . . . , λd) and denote, by λmax the maximum

eigenvalue of Q. Note that the best possible choice of µ is the minimum eigenvalue of
Q. Given u ∈ C

1+α/2,2+α
b ([0, T ] × Rd), we introduce the function v : [0, T ] × Rd → R

defined by v(t, x) = u(t,
√
λ1x, . . . ,

√
λdxd) for (t, x) ∈ [0, T ] × Rd. Clearly, v belongs to

C
1+α/2,2+α
b ([0, T ]× Rd). Hence, applying (6.2), we get

(7.4) ‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ K1(‖v(0, ·)‖C2+α
b (Rd) + ‖Dtv −∆v‖

C
α/2,α
b ([0,T ]×Rd)

),

where the constant K1 depends only on d, T and α. Now, we observe that

Dtv(t, x)−∆v(t, x) = Dtu(t,
√
λ1x1, . . . ,

√
λdxd)− Tr(QD2u(t,

√
λ1x1, . . . ,

√
λdxd)).

Therefore,

‖Dtv −∆v‖
C
α/2,α
b ([0,T ]×Rd)

≤‖Dtu−Au‖Cα/2,0b ([0,T ]×Rd)
+ λα/2max[Dtu−Au]C0,α

b ([0,T ]×Rd)

≤max{1, λα/2max}‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
.

Similarly,

‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≥‖u‖Cb([0,T ]×Rd) +
√
µ

d∑
j=1

‖Dju‖Cb([0,T ]×Rd) + ‖Dtu‖Cα/2,0b ([0,T ]×Rd)

+ µ
d∑

i,j=1

‖D2
iju‖Cα/2,0b ([0,T ]×Rd)

+ µ
α
2 [Dtu]C0,α

b ([0,T ]×Rd)

+ µ1+α
2

d∑
i,j=1

[D2
iju]C0,α

b ([0,T ]×Rd)
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≥min{µ1+α
2 , 1}‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

and

‖v(0, ·)‖C2+α
b (Rd) ≤ max{1, λ1+α

2
max }‖u(0, ·)‖C2+α

b (Rd).

Replacing these three estimates in (7.4), we get

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤max{µ−1−α
2 , 1}max{1, λ1+α/2

max }

×K1(‖u(0, ·)‖C2+α
b (Rd) + ‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)

)

and (7.3) follows with K = max{µ−1−α
2 , 1}max{1, λ1+α/2

max }K1.
Step 2. Now, we consider the general case and fix a matrix P such that PP ∗ = P ∗P =

Id, the (d × d)-identity matrix, and PQP ∗ = Dλ := diag(λ1, . . . , λd). Then, the function

v, defined by v(t, x) = u(t, P ∗x) for (t, x) ∈ [0, T ]×Rd, belongs to C
1+α/2,2+α
b ([0, T ]×Rd).

By Step 1, we know that

(7.5) ‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ K(‖v(0, ·)‖C2+α
b (Rd) + ‖Dtv − Tr(DλD

2
xv)‖

C
α/2,α
b ([0,T ]×Rd)

).

Since ∇xv(t, x) = P∇xu(t, P ∗x), D2
xv(t, x) = PD2

xu(t, P ∗x)P ∗ for (t, x) ∈ [0, T ] × Rd and
P is an isometry with Euclidean norm ‖|P‖| equal to 1, it is immediate to check that

‖Dju‖∞ ≤ ‖∇xu‖∞ = ‖∇xv‖∞ ≤
d∑
j=1

‖Djv‖∞,

‖Diju‖Cα/2,αb ([0,T ]×Rd)
≤‖D2

xu‖Cα/2,αb ([0,T ]×Rd)
= ‖P ∗D2

xv(t, P ·)P‖
C
α/2,α
b ([0,T ]×Rd)

≤‖|P ∗‖|‖D2
xv‖Cα/2,αb ([0,T ]×Rd)

‖|P‖| = ‖D2
xv‖Cα/2,αb ([0,T ]×Rd)

≤
d∑

h,j=1

‖Dhkv‖Cα/2,αb ([0,T ]×Rd)

for every i, j = 1, . . . , d. Hence.

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤‖v‖∞ +
d∑
j=1

‖Djv‖∞ +
d∑

i,j=1

‖Dijv‖Cα/2,αb ([0,T ]×Rd)

+ ‖Dtv‖Cα/2,αb ([0,T ]×Rd)

≤‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd)

.(7.6)

Moreover,

Dtv(t, x)− Tr(DλD
2
xv(t, x)) =Dtu(t, P ∗x)− Tr(DλPD

2
xu(t, P ∗x)P ∗)
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=Dtu(t, P ∗x)− Tr(P ∗DλPD
2
xu(t, P ∗x))

=Dtu(t, P ∗x)− Tr(QD2
xu(t, P ∗x)).

Hence,

‖Dtv − Tr(DλD
2
xv)‖

C
α/2,α
b ([0,T ]×Rd)

= ‖Dtu− Tr(QD2
xu)‖

C
α/2,α
b ([0,T ]×Rd)

.(7.7)

Replacing (7.6) and (7.7) in (7.5) the assertion follows also in this case.

Lemma 7.2.3. For any α ∈ (0, 1), a function f belongs to Cα
b (Rd) if and only if f is

bounded and, for some (and, hence, all) r > 0, |f(x) − f(y)| ≤ Cr|x − y|α for every
x, y ∈ Rd, such that |x−y| ≤ r, and some positive constant Cr. Moreover, for every r > 0,
the norm

(7.8) ‖f‖∞ + sup
x,y∈Rd: 0<|x−y|≤r

|f(x)− f(y)|
|x− y|α

, u ∈ Cα
b (Rd),

is equivalent to the classical norm of Cα
b (Rd).

Proof. Clearly, if f ∈ Cα
b (Rd), then we can take Cr = [f ]Cαb (Rd). On the other hand, if f is

bounded and |f(x) − f(y)| ≤ Cr|x − y|α for all x, y ∈ Rd such that |x − y| ≤ r, for some
r > 0, then for |x − y| > r we can estimate |f(x) − f(y)| ≤ 2‖f‖∞ ≤ 2r−α‖f‖∞|x − y|α
Hence, f ∈ Cα

b (Rd) and [f ]Cαb (Rd) ≤ max{Cr, 2r−α‖f‖∞}. This estimate also shows that

the classical norm of Cα
b (Rd) and the norm in (7.8) are equivalent.

Lemma 7.2.4. C1,2
b ([0, T ] × Rd) is continuously embedded into1 C

α/2,1+α
b ([0, T ] × Rd) for

each α ∈ (0, 1). Moreover, for every ε > 0 there exists a positive constant Cα,ε such that

(7.9) ‖u‖C1,2
b ([0,T ]×Rd) ≤ ε‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

+Cα,ε(‖Dtu−Au‖Cb([0,T ]×Rd) + ‖u(0, ·)‖∞)

for all u ∈ C1+α/2,2+α
b ([0, T ]× Rd).

Proof. We begin by proving that C1,2
b ([0, T ]×Rd) ↪→ C

α/2,1+α
b ([0, T ]×Rd). For this purpose,

we just need to estimate the Cα/2,α-seminorm of u ∈ C1,2
b ([0, T ]×Rd). Applying the mean

value theorem, we can easily show that

|u(t, x)− u(s, x)| ≤ ‖Dtu‖Cb([0,T ]×Rd)|t− s| ≤ ‖Dtu‖Cb([0,T ]×Rd)T
1−α

2 |t− s|α/2

for all x ∈ Rd and s, t ∈ [0, T ], and

|u(t, x)− u(t, y)| ≤ ‖∇xu‖Cb([0,T ]×Rd)|x− y| ≤ ‖u‖C1,2
b ([0,T ]×Rd)|x− y|

α,

1C
α/2,1+α
b ([0, T ] × Rd) is the space of all the functions f ∈ C

α/2,0
b ([0, T ] × Rd) such that Djf ∈

C
α/2,α
b ([0, T ] × Rd) for any j = 1, . . . , d. It is a Banach space with the norm ‖f‖

C
α/2,α
b ([0,T ]×Rd) =

‖f‖
C
α/2,0
b ([0,T ]×Rd) +

∑d
j=1 ‖Djf‖Cα/2,αb ([0,T ]×Rd).
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|Dju(t, x)−Dju(t, y)| ≤ ‖∇xDju‖Cb([0,T ]×Rd)|x− y| ≤ ‖u‖C1,2
b ([0,T ]×Rd)|x− y|

α

for t ∈ [0, T ], x, y ∈ Rd, with |x − y| ≤ 1, and j = 1, . . . , d. Taking Lemma 7.2.3 into
account, we conclude that

[u]
C
α/2,α
b ([0,T ]×Rd)

+ [Dju]C0,α
b ([0,T ]×Rd) ≤ C1‖u‖C1,2

b ([0,T ]×Rd)

for every j = 1, . . . , d and some positive constant C1, independent of u. Finally, we recall
(see Remark 5.2.2) that ‖∇xψ‖∞ ≤ C2‖ψ‖1/2

∞ ‖ψ‖1/2

C2
b (Rd)

for every ψ ∈ C2
b (Rd) and some

positive constant C2, independent of ψ. Hence,

|Dju(t, x)−Dju(s, x)| ≤C2‖u(t, ·)− u(s, ·)‖
1
2∞‖u(t, ·)− u(s, ·)‖

1
2

C2
b (Rd)

≤C2‖Dtu‖
1
2

Cb([0,T ]×Rd)
(2‖u‖C0,2

b ([0,T ]×Rd))
1
2 |t− s|

1
2

≤C̃2T
1−α

2 ‖u‖C1,2
b ([0,T ]×Rd)|t− s|

α
2

for all s, t ∈ [0, T ], x ∈ Rd and j = 1, . . . , d. We thus conclude that

[Dju]
C
α/2,0
b ([0,T ]×Rd)

≤ C̃2T
1−α

2 ‖u‖C1,2
b ([0,T ]×Rd)

for every j = 1, . . . , d, The embedding C1,2
b ([0, T ]× Rd) ↪→ C

α/2,1+α
b ([0, T ]× Rd) follows.

To complete the proof, let us check estimate (7.9). For this purpose, we fix u ∈
C

1+α/2,2+α
b ([0, T ] × Rd) and begin by observing that, since u is a classical solution to the

Cauchy problem {
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

with f = u(0, ·) and g = Dtu−Au, Exercise 7.3.3 implies that

(7.10) ‖u‖Cb([0,T ]×Rd) ≤ C3(‖Dtu−Au‖Cb([0,T ]×Rd) + ‖u(0, ·)‖∞)

for some positive constant C3, independent of u. Now, applying the interpolation estimate
(5.25) with k = 2 to the function u(t, ·) and Young’s inequality, we get

‖u‖C0,2
b ([0,T ]×Rd) ≤C‖u‖

α
2+α

Cb([0,T ]×Rd)
‖u‖

2
2+α

C0,2+α
b ([0,T ]×Rd)

≤ε
2
‖u‖C0,2+α

b ([0,T ]×Rd) + Ĉε,1‖u‖Cb([0,T ]×Rd)

for all ε > 0 and some positive constant Ĉε,1.
Similarly, estimate (5.19)(ii) (with R and α being replaced, respectively, by [0, T ] and

α/2), and again Young’s inequality yield

‖u‖C1,0
b ([0,T ]×Rd) ≤C‖u‖

α
2+α

Cb([0,T ]×Rd)
‖u‖

2
2+α

C
1+α/2,0
b ([0,T ]×Rd)
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≤ε
2
‖u‖

C
1+α/2,0
b ([0,T ]×Rd)

+ Ĉε,2‖u‖Cb([0,T ]×Rd)

for all ε > 0 and some positive constant Ĉε,2. Hence,

‖u‖C1,2
b ([0,T ]×Rd) ≤‖u‖C0,2

b ([0,T ]×Rd) + ‖u‖C1,0
b ([0,T ]×Rd)

≤ε
2

(‖u‖C0,2+α
b ([0,T ]×Rd) + ‖u‖

C
1+α/2,0
b ([0,T ]×Rd)

) + (Ĉε,1 + Ĉε,2)‖u‖Cb([0,T ]×Rd)

≤ε‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

+ (Ĉε,1 + Ĉε,2)‖u‖Cb([0,T ]×Rd).

Replacing (7.10) in this estimate, (7.9) follows at once.

Now, we are ready to prove Theorem 7.2.1 in its full generality.

Proof of Theorem 7.2.1. Throughout the proof, we denote by C a positive constant, which
may vary from line to line and depends only on T , µ and the Cα-norm of the coefficients.

For each x0 ∈ Rd and r > 0, we introduce a cut-off function ϑx0,r ∈ C∞c (Rd), such that

χB(x0,r/2) ≤ ϑx0,r ≤ χB(x0,r) and

r‖∇ϑx0,r‖∞ + r2‖D2ϑx0,r‖∞ + r3‖D3ϑx0,r‖∞ ≤M1(7.11)

for some positive constant M1, independent of x0 and r. As a byproduct,

(7.12) rα‖ϑx0,r‖Cαb (Rd) + r1+α‖ϑx0,r‖C1+α
b (Rd) + r2+α‖ϑx0,r‖C2+α

b (Rd) ≤M2.

We fix u ∈ C1+α/2,2+α
b ([0, T ] × Rd), x0 ∈ Rd, r ∈ (0, 1) and apply Lemma 7.2.2 to the

function ϑx0,ru and the operator Ax0 = Tr(Q(x0)D2), obtaining

‖ϑx0,ru‖C1+α/2,2+α
b ([0,T ]×Rd)

≤K̃(‖ϑx0,rDtu−Ax0(ϑx0,ru)‖
C
α/2,α
b ([0,T ]×Rd)

+ ‖ϑx0,ru(0, ·)‖C2+α
b ([0,T ]×Rd)).(7.13)

Let us estimate the right-hand side of (7.13). To begin with, we observe that ϑx0,rDtu −
Ax0(ϑx0,ru) = ϑx0,r(Dtu−Ax0u)−uAx0ϑx0,r−2〈Q(x0)∇ϑx0,r,∇xu〉. Hence, taking Lemma
7.2.4 and (7.12) into account, we can estimate

‖ϑx0,rDtu−Ax0(ϑx0,ru)‖
C
α/2,α
b ([0,T ]×Rd)

≤‖ϑx0,r‖Cαb (Rd)‖Dtu−Ax0u‖C([0,T ]×B(x0,r))
+ ‖ϑx0,r‖∞‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))

+ ‖Aϑx0,r‖Cαb (Rd)‖u‖Cα/2,αb ([0,T ]×B(x0,r))
+ 2‖|Q(x0)‖|‖∇ϑx0,r‖Cαb (Rd)‖∇xu‖Cα/2,α([0,T ]×B(x0,r))

≤‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))
+M2r

−α‖Dtu−Ax0u‖Cb([0,T ]×Rd)

+ Cr−2−α‖u‖
C
α/2,α
b ([0,T ]×Rd)

+ Cr−1−α‖∇xu‖Cα/2,αb ([0,T ]×Rd)

≤‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))
+ Cr−α‖u‖C1,2

b ([0,T ]×Rd) + Cr−2−α‖u‖
C
α/2,1+α
b ([0,T ]×Rd)

≤‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))
+ Cr−2−α‖u‖C1,2

b ([0,T ]×Rd).
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(7.14)

Analogously, since r ∈ (0, 1), ‖ϑx0,ru(0, ·)‖C2+α
b ([0,T ]×Rd) ≤ Cr−2−α‖u(0, ·)‖C2+α

b (Rd). From

this estimate, (7.13), (7.14) and observing that

‖u‖C1+α/2,2+α([0,T ]×B(x0,r/2)) ≤ ‖ϑx0,ru‖C1+α/2,2+α
b ([0,T ]×Rd)

,

we deduce that

‖u‖C1+α/2,2+α([0,T ]×B(x0,r/2)) ≤ C(‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))

+ r−2−α‖u‖C1,2
b ([0,T ]×Rd) + r−2−α‖u(0, ·)‖C2+α

b (Rd)).(7.15)

Next, we replace the operator Ax0 with the operator A in the right-hand side of (7.15).
For this purpose, we observe that

‖Dtu−Ax0u‖Cα/2,α([0,T ]×B(x0,r))

≤‖Dtu−Au‖Cα/2,α([0,T ]×B(x0,r))
+ ‖Au−Ax0u‖Cα/2,α([0,T ]×B(x0,r))

≤‖Dtu−Au‖Cα/2,α([0,T ]×B(x0,r))
+ ‖Tr((Q−Q(x0))D2

xu)‖Cα/2,α([0,T ]×B(x0,r))

+
d∑
j=1

‖bj‖Cαb (Rd)‖Dju‖Cα/2,α([0,T ]×Rd) + ‖c‖Cαb (Rd)‖u‖Cα/2,αb ([0,T ]×Rd)
.(7.16)

Since the diffusion coefficients of the operator A are α-Hölder continuous in Rd, we can
estimate

‖Tr((Q−Q(x0))D2
xu(t, ·))‖C(B(x0,r))

≤Crα‖D2
xu‖C([0,T ]×B(x0,r))

,

[Tr((Q−Q(x0))D2
xu(t, ·))]Cα(B(x0,r))

≤‖Tr((Q−Q(x0)))‖Cα(B(x0,r))
‖D2

xu‖C([0,T ]×B(x0,r))

+ ‖Tr(Q−Q(x0))‖C(B(x0,r))
[D2

xu]C0,α([0,T ]×B(x0,r))

≤
d∑

i,j=1

‖qij‖Cαb (Rd)‖D2
xu‖C([0,T ]×B(x0,r))

+ rα
d∑

i,j=1

‖qij‖Cαb (Rd)‖D2
xu‖C0,α([0,T ]×B(x0,r))

for all t ∈ [0, T ] and

[Tr((Q(x)−Q(x0))D2
xu(·, x))]Cα/2([0,T ]) ≤ rα

d∑
i,j=1

‖qij‖Cαb (Rd)[D
2
xu]Cα/2,α([0,T ]×B(x0,r))

for all x ∈ B(x0, r). Hence, we conclude that

‖Tr((Q−Q(x0))D2
xu)‖Cα/2,α([0,T ]×B(x0,r))

≤ C‖D2
xu‖Cb([0,T ]×Rd) + Crα‖D2

xu‖Cα/2,αb ([0,T ]×Rd)
,
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which, replaced in (7.16), gives

‖Dtu−Ax0u‖Cα/2,αb ([0,T ]×B(x0,r))
≤‖Dtu−Au‖Cα/2,α([0,T ]×Rd) + C‖u‖C0,2

b ([0,T ]×Rd)

+ C‖u‖
C
α/2,1+α
b ([0,T ]×Rd)

+ Crα‖D2
xu‖Cα/2,αb ([0,T ]×Rd)

.(7.17)

Recalling once more that r ∈ (0, 1), from (7.15), (7.17) and Lemma 7.2.4 we obtain

‖u‖C1+α/2,2+α([0,T ]×B(x0,r/2)) ≤ C(‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
+ rα‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

+ r−2−α‖u‖C1,2
b ([0,T ]×Rd) + r−2−α‖u(0, ·)‖C2+α

b (Rd)).(7.18)

Since the constant C in the previous estimate is independent of x0 ∈ Rd, we immediately
deduce that

‖u‖
C

1+α/2,2
b ([0,T ]×Rd)

≤ C(‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
+ rα‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

+ r−2−α‖u‖C1,2
b ([0,T ]×Rd) + r−2−α‖u(0, ·)‖C2+α

b (Rd)).(7.19)

Moreover, for every (t, x), (t, y) ∈ [0, T ]× Rd, with |x− y| ≤ r
2
, and i, j = 1, . . . , d, we can

estimate

|Diju(t, x)−Diju(t, y)|+ |Dtu(t, x)−Dtu(t, y)|
≤([Diju(t, ·)]Cα(B(x,r/2)) + [Dtu(t, ·)]Cα(B(x,r/2)))|x− y|

α

≤‖u‖C1+α/2,2+α([0,T ]×B(x,r/2))|x− y|
α.

By (7.18) and Lemma 7.2.3, we conclude that

sup
t∈[0,T ]

[Dij(t, ·)]Cαb (Rd) + sup
t∈[0,T ]

[Dt(t, ·)]Cαb (Rd)

≤C(‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
+ rα‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

+ r−2−α‖u‖C1,2
b ([0,T ]×Rd) + r−2−α‖u(0, ·)‖C2+α

b (Rd))(7.20)

and, as byproduct, by (7.19) and (7.20),

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ C(‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
+ rα‖u‖

C
1+α/2,2+α
b ([0,T ]×Rd)

+ r−2−α‖u‖C1,2
b ([0,T ]×Rd) + r−2−α‖u(0, ·)‖C2+α

b (Rd)).

Now, we fix r0 ∈ (0, 1) such that Crα0 ≤ 1/2 to move the term Crα‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

to the left-hand side of the previous estimate and thus conclude that

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ 2Cr−2−α
0 (‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)

+ ‖u‖C1,2
b ([0,T ]×Rd)

+ ‖u(0, ·)‖C2+α
b (Rd))(7.21)
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Using Lemma 7.2.4 we estimate the C1,2-norm of u and from (7.21) we get

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤2Cr−2−α
0 [‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)

+ ε‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

+ C ′α,ε(‖Dtu−Au‖Cb([0,T ]×Rd) + ‖u(0, ·)‖∞) + ‖u(0, ·)‖C2+α
b (Rd)]

for all ε > 0. Choosing ε0 > 0 sufficiently small, we conclude that

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ C(‖Dtu−Au‖Cα/2,αb ([0,T ]×Rd)
+ ‖u(0, ·)‖C2+α

b (Rd))

and the proof is complete.

Remark 7.2.5. We stress that the constant K in (7.3) can be split as

K = max{µ−1−α
2 , 1}C

(
d, T, max

i,j=1,...,d
‖qij‖Cαb (Rd), max

j=1,...,d
‖bj‖Cαb (Rd), ‖c‖Cαb (Rd)

)
,

where C(d, T, ·, ·, ·) is a locally bounded function. Indeed, the ellipticity constant µ appears

only in the constant K̃ of the estimate (7.13) and the proof of Lemma 7.2.2 shows that

this constant is given by max{1, µ−1−α/2}C̃(d, T, α) max
{

1,
∑d

i,j=1 ‖qij‖α∞
}

.

On the other hand the constants C in estimates (7.14) and (7.17) are locally bounded
functions of the Cα

b (Rd)-norm of the coefficients of the operator A.

Adapting the proof of Theorem 7.2.1 and taking Remark 6.1.6 into account the following
result can be proved.

Theorem 7.2.6. For each T > 0 there exists a positive constant C such that

(7.22) ‖u‖C0,2+α
b ([0,T ]×Rd) ≤ C(‖u(0, ·)‖C2+α

b (Rd) + ‖Dtu−Au‖C0,α
b ([0,T ]×Rd))

for all u ∈ C1,2+α
b ([0, T ]× Rd).

7.3 Exercises

1. Prove that, for any pair of compact sets K1 and K2 with K1 b K2 ⊂ Rd, there exists a
function ϕ ∈ C∞c (Rd) such that ϕ ≡ 1 in K1 and ϕ ≡ 0 outside K2.

2. Given x0 ∈ Rd and r > 0, construct a function ϑx0,r satisfying (7.11) and prove estimate
(7.12).

3. Assume that u ∈ C1+α/2,2+α
b ([0, T ]× Rd) is a classical solution to the following Cauchy

problem {
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,
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where f ∈ Cb(Rd) and g ∈ Cb([0, T ]× Rd). Prove that

‖u‖Cb([0,T ]×Rd) ≤ C(‖g‖Cb([0,T ]×Rd) + ‖f‖∞)

for some constant C > 0.
Hint: Use the weak maximum principle for the function (t, x) 7→ θn(x)u(t, x), where θn
is a cut-off function.

4. Prove Theorem 7.2.6.
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Lecture 8

Parabolic equations in Rd. Part II

8.1 Solving problem (7.1)

Now, we are in a position to prove the main result of this lecture.

Theorem 8.1.1. Let Hypotheses 7.0.1 be satisfied. Then, for every f ∈ C2+α
b (Rd) and g ∈

C
α/2,α
b ([0, T ]×Rd) there exists a unique classical solution u to problem (7.1). In addition,

u belongs to C
1+α/2,2+α
b ([0, T ]×Rd) and there exists a positive constant C, independent of

f and g, such that

(8.1) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤ C(‖f‖C2+α
b (Rd) + ‖g‖

C
α/2,α
b ([0,T ]×Rd)

).

Proof. The uniqueness of the classical solution to problem (7.1) follows from the maximum
principle in Exercise 8.4.2. The existence of a solution to problem (7.1) will be proved, as
already claimed, using the continuity method. For this purpose, for every σ ∈ [0, 1], we
introduce the operator Aσ defined on smooth functions ψ : Rd → R by

Aσψ =
d∑

i,j=1

qij(·, σ)Dijψ +
d∑
j=1

bj(·, σ)Djψ + c(·, σ)ψ,

where qij(·, σ) = (1 − σ)δij + σqij, bj(·, σ) = σbj and c(·, σ) = σc for every i, j = 1, . . . , d.
As it is immediately seen, A0 = ∆ and A1 = A. Each operator Aσ is elliptic since

(8.2)
d∑

i,j=1

qij(x, σ)ξiξj = (1−σ)|ξ|2+σ
d∑

i,j=1

qij(x)ξiξj ≥ (1−σ)|ξ|2+σµ|ξ|2 ≥ min{1, µ}|ξ|2

for every x, ξ ∈ Rd and σ ∈ [0, 1]. Moreover,

‖qij(·, σ)‖Cαb (Rd) ≤ max{‖qij‖Cαb (Rd), 1},(8.3)

‖bj(·, σ)‖Cαb (Rd) ≤ ‖bj‖Cαb (Rd), ‖c(·, σ)‖Cαb (Rd) ≤ ‖c‖Cαb (Rd)(8.4)

103
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for each i, j = 1, . . . , d and σ ∈ [0, 1]. Consider the operators L0, L1 : C
1+α/2,2+α
b ([0, T ] ×

Rd)→ C
α/2,α
b ([0, T ]× Rd)× C2+α

b (Rd) defined by

L0u = (Dtu−∆u, u(0, ·)), L1u = (Dtu−Au, u(0, ·)), u ∈ C1+α/2,2+α
b ([0, T ]× Rd),

Note that the operator Lσ = (1 − σ)L0 + σL1 is associated with the operator Aσ in the

sense that Lσu = (Dtu−Aσu, u(0, ·)) for each u ∈ C1+α/2,2+α
b ([0, T ]× Rd).

By estimate (7.3) we known that

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤C(‖Dtu−Aσu‖Cα/2,αb ([0,T ]×Rd)
+ ‖u(0, ·)‖C2+α

b (Rd))

=C‖Lσu‖Cα/2,αb ([0,T ]×Rd)×C2+α
b (Rd)

,

where the constant C is independent of σ in view of Remark 7.2.5 and the estimates
(8.2)-(8.4).

To conclude the proof, we observe that Theorem 6.1.4 implies that the operator L0

is invertible from C
1+α/2,2+α
b ([0, T ] × Rd) into C

α/2,α
b ([0, T ] × Rd) × C2+α

b (Rd). Hence, we
can apply Theorem 7.1.1 which shows that the operator L1 is invertible, i.e., for each
f ∈ C2+α

b (Rd) and g ∈ C
α/2,α
b ([0, T ] × Rd), the Cauchy problem (7.1) admits a unique

solution u ∈ C1+α/2,2+α
b ([0, T ]× Rd), which satisfies estimate (8.1).

8.2 More on the Cauchy problem (7.1)

In the previous section, we have seen that, if f ∈ C2+α
b (Rd) and g ∈ Cα/2,α

b ([0, T ]×Rd) for
some α ∈ (0, 1), then the Cauchy problem (7.1) admits a unique classical solution, which in

addition belongs to C
1+α/2,2+α
b ([0, T ]×Rd). Thinking at the ordinary differential equations,

one might think that, to get a classical solution to problem (7.1), the continuity of f and
g are enough. This is not the case in general. To justify this claim we show that there
exists a function u ∈ C2(R2 \ {(0, 0)}) ∩ C1

b (R2) such that Dxxu and Dyyu are bounded
and continuous in R2 and Dxyu(x, y) diverges to ∞ as (x, y) tends to (0, 0). Clearly, u
solves the Cauchy problem (7.1) with g = −∆u ∈ Cb(R2). This Cauchy problem admits no
classical solutions since every classical solution should coincide with u on [0, T ]×(Rd\{0}),
which does not belong to C2(R2), see Exercise 8.4.4.

Example 8.2.1. Let u : R2 → R be the function defined by

u(x, y) =
∞∑
n=1

n−1xyϑ(2nx, 2ny), (x, y) ∈ R2,

where ϑ ∈ C∞c (R2) is such that χB(0,1) ≤ ϑ ≤ χB(0,2). We observe that the series defining
u converges uniformly in R2. Indeed,

n−1|xyϑ(2nx, 2ny)| ≤ 4−nn−1 sup
(z,w)∈R2

|zwϑ(z, w)| =: 4−nn−1C, (x, y) ∈ R2, n ∈ N.
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Similarly, the series
∑∞

n=1 n
−1Dx(xyϑ(2nx, 2ny)) and

∑∞
n=1 n

−1Dy(xyϑ(2nx, 2ny)) converge
uniformly in R2 since

|Dx(n
−1xyϑ(2nx, 2ny))| ≤ 2−nn−1

(
sup

(z,w)∈R2

|wϑ(z, w)|+ sup
(z,w)∈R2

|zwDxϑ(z, w)|
)

for every (x, y) ∈ R2, and Dy(n
−1xyϑ(2nx, 2ny)) satisfies a similar estimate. Hence, u ∈

C1
b (R2). The same arguments show that the classical derivatives Dxxu and Dyyu exist in

R2 and are therein continuous. In particular, ∆u is a continuous function in R2. As far as
the mixed derivative is concerned, we observe that if (x, y) ∈ R2 \ B(0, r) for some r > 0,
then |(2nx, 2ny)| ≥ 2nr ≥ 2 for each n ≥ n0, where n0 is a suitable integer independent
of (x, y). Hence, on R2 \ B(0, r) the series defining u reduces to a finite sum and thus it
belongs to C∞(R2 \ B(0, r)). The arbitrariness of r > 0 implies that u ∈ C∞(Rd \ {0}).
On the other hand, if 2−2k−4 ≤ x2 + y2 ≤ 2−2k for some k ∈ N, then ϑ(2nx, 2ny) = 0 if
n ≥ k + 3. Hence,

Dxyu(x, y) =Dxy

k+2∑
n=1

n−1xyϑ(2nx, 2ny)

=
k+2∑
n=1

n−1ϑ(2nx, 2ny)+
k+2∑
n=1

4nn−1xyDxyϑ(2nx, 2ny)

+
k+2∑
n=1

2nn−1[xDxϑ(2nx, 2ny) + yDyϑ(2nx, 2ny)].

Note that, if n ≤ k, then |2n(x, y)| ≤ 1 so that ϑ(2nx, 2ny) = 1. Therefore,

Dxyu(x, y) =
k∑

n=1

1

n
+

1

k + 1
ϑ(2k+1x, 2k+1y) +

1

k + 2
ϑ(2k+2x, 2k+2y)

+
4k+1

k + 1
xyDxyϑ(2k+1x, 2k+1y) +

4k+2

k + 2
xyDxyϑ(2k+2x, 2k+2y)

+
2k+1

k + 1
[xDxϑ(2k+1x, 2k+1y) + yDyϑ(2k+1x, 2k+1y)]

+
2k+2

k + 2
[xDxϑ(2k+2x, 2k+2y) + yDyϑ(2k+2x, 2k+2y)].

Hence,

Dxyu(x, y) ≥
k∑

n=1

1

n
− 2 sup

(z,w)∈R2

|zwDxyϑ(z, w)|

− 2

(
sup

(z,w)∈R2

|zDxϑ(z, w)|+ sup
(z,w)∈R2

|wDyϑ(z, w)|
)
.

The above estimate shows that Dxyu(x, y) diverges to ∞ as (x, y)→ (0, 0).
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Nevertheless, the assumptions on f and g may be weakened as the following theorem
shows.

Theorem 8.2.2. Let Hypotheses 7.0.1 be satisfied. Suppose that f ∈ C2+α−2θ
b (Rd) and

g ∈ C((0, T ]×Rd) is such that supt∈(0,T ] t
θ‖g(t, ·)‖Cαb (Rd) <∞ for some θ ∈ (0, 1). Then, the

Cauchy problem (7.1) admits a unique classical solution u. In addition, u(t, ·) ∈ C2+α
b (Rd)

and

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T ]×Rd)

≤C0

(
‖f‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖g(t, ·)‖Cαb (Rd)

)
,

for some positive constant C0, independent of u, f and g.

Proof. We just sketch the proof, which is similar to that of Theorem 8.1.1. Throughout
the proof, by C, we denote a positive constant, which is independent of u, f and g.

To begin with, we observe that, by Theorem 6.1.8 (with β = 2 + α − 2θ), for every
f ∈ C2+α−2θ

b (Rd) and g ∈ C((0, T ] × Rd) such that supt∈(0,T ] t
θ‖g(t, ·)‖Cαb (Rd) < ∞, the

Cauchy problem {
Dtu(t, x) = ∆u(t, x) + g(t, x), t ∈ (0, T ], x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,
(8.5)

admits a unique solution u ∈ Cb([0, T ]× Rd) ∩ C1,2((0, T ]× Rd) such that

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) ≤ C

(
‖f‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖g(t, ·)‖Cαb (Rd)

)
.

Using the same arguments as in the proof of Lemma 7.2.2, it can be easily checked that
the Cauchy problem (8.5) with the Laplacian being replaced with the operator Ax0 =
Tr(Q(x0)D2

x), admits a (unique) solution u ∈ Cb([0, T ]× Rd) ∩ C1,2((0, T ]× Rd) for every
x0 ∈ Rd. In particular, if f ∈ C2+α−2θ

b (Rd), then u is bounded in [0, T ] with values in
C2+α−2θ
b (Rd) and

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T ]×Rd)

≤C
(
‖f‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖g(t, ·)‖Cαb (Rd)

)
(8.6)

with the constant C being independent of x0 ∈ Rd.

Take u ∈ C0,2+α−2θ
b ([0, T ]×Rd)∩C1,2((0, T ]×Rd) such that supt∈(0,T ](t

θ‖u(t, ·)‖C2+α
b (Rd)+

tθ‖Dtu(t, ·)‖Cαb (Rd)) <∞ for some θ ∈ (0, 1). Since u solves the Cauchy problem (8.5) with
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∆ being replaced by the operator Ax0 , f = u(0, ·) ∈ Cb(Rd) and g = Dtu − Ax0u, from
(8.6) we conclude that

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T ]×Rd)

≤C
(
‖u(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Ax0u(t, ·)‖Cαb (Rd)

)
.(8.7)

Fix u as above and apply (8.7) to the function v = ϑx0,ru, where the function ϑx0,r ∈
C∞c (Rd) satisfies (7.11) and r ∈ (0, 1), obtaining

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α(B(x0,r/2)) + ‖Dtu(t, ·)‖Cα(B(x0,r/2))) + ‖u‖C0,2+α−2θ
b ([0,T ]×B(x0,r/2))

≤C
(
‖ϑx0,ru(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖ϑx0,rDtu(t, ·)−Ax0(ϑx0,ru(t, ·))‖Cαb (Rd)

)
.

(8.8)

We note that (see (7.16) and (7.17))

tθ‖ϑx0,rDtu(t, ·)−Ax0(ϑx0,ru(t, ·))‖Cαb (Rd)

≤tθ‖Dtu(t, ·)−Ax0u(t, ·)‖Cα(B(x0,r))
+Mr−αtθ‖Dtu(t, ·)−Ax0u(t, ·)‖∞

+ C1r
−2−αtθ‖u(t, ·)‖Cαb (Rd) + C1r

−1−αtθ
d∑
j=1

‖Dju(t, ·)‖Cαb (Rd)

≤(1 +Mr−α)tθ‖Dtu(t, ·)−Au(t, ·)‖Cα(B(x0,r))
+ C1t

θr−2−α‖u(t, ·)‖C2
b (Rd)

+ C1t
θrα‖u(t, ·)‖C2+α

b (Rd)

for some positive constant C1, independent of t and r. Next, applying (5.25), we can
estimate

C1t
θ‖u(t, ·)‖C2

b (Rd) ≤C1t
θ(εC−1

1 ‖u(t, ·)‖C2+α
b (Rd) + Cε‖u‖∞)

≤εtθ‖u(t, ·)‖C2+α
b (Rd) + C ′εT

θ‖u(t, ·)‖∞

for each ε > 0 and some positive constant C ′ε Replacing these estimates in (8.8), we
conclude that

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α(B(x0,r/2)) + ‖Dtu(t, ·)‖Cα(B(x0,r/2))) + ‖u‖C0,2+α−2θ([0,T ]×B(x0,r/2))

≤C2

(
r−2−α‖u(0, ·)‖C2+α−2θ

b (Rd) + (1 +Mr−α) sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

+ (εr−2−α + C1r
α) sup

t∈(0,T ]

tθ‖u(t, ·)‖C2+α
b (Rd) + C ′εT

θ‖u(t, ·)‖∞
)
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for each ε > 0 and some positive constant C2, independent of r, f and g. Now, arguing as
in the proof of Theorem 7.2.1, we can show that

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T ]×Rd)

≤C3

(
‖u(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd) + C ′εT
θ‖u(t, ·)‖∞

)
.

with C3, independent of u. In particular, C3 does not blow up as T → 0+. Hence, if
T ≤ T0, where T0 is any positive constant such that C3CεT

θ
0 ≤ 1/2, then,

sup
t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T ]×Rd)

≤2C3

(
‖u(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

)
.(8.9)

Now, suppose that T > T0. Then, (8.9) holds true with T being replaced by T0, i.e.,

sup
t∈(0,T0]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) + ‖u‖C0,2+α−2θ

b ([0,T0]×Rd)

≤2C3

(
‖u(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T0]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

)
.(8.10)

Moreover, since u belongs to C1,2+α
b ([T0, T ] × Rd), we can apply Theorem 7.2.6, which,

together with 8.10 yields

‖u‖C0,2+α
b ([T0,T ]×Rd)

≤C(‖u(T0, ·)‖C2+α
b (Rd) + ‖Dtu−Au‖C0,α

b ([T0,T ]×Rd))

≤CT−θ0

[
2C3

(
‖u(0, ·)‖C2+α−2θ

b (Rd) + sup
t∈(0,T0]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

)
+ sup

t∈[T0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

]
≤CT−θ0

[
2C3‖u(0, ·)‖C2+α−2θ

b (Rd) + (2C3 + 1) sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

)]
.

Hence,

sup
t∈(T0,T ]

tθ‖u(t, ·)‖C2+α
b (Rd)

≤CT θT−θ0

[
2C3‖u(0, ·)‖C2+α−2θ

b (Rd) + (2C3 + 1) sup
t∈(0,T ]

tθ‖Dtu(t, ·)−Au(t, ·)‖Cαb (Rd)

)]

.
(8.11)
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From (8.10) and (8.11), we get (8.9) also in this situation.
To complete the proof, we introduce the setsX = {u ∈ C1,2((0, T ]×Rd)∩C0,2+α−2θ

b ([0, T ]×
Rd) : supt∈(0,T ] t

θ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)) < ∞} and Y = C2+α−2θ

b (Rd)× {g ∈
C((0, T ]× Rd) : supt∈(0,T ] t

θ‖g(t, ·)‖Cαb (Rd) <∞}, endowed with the norms

‖u‖X = ‖u‖C0,2+α−2θ
b ([0,T ]×Rd) + sup

t∈(0,T ]

tθ(‖u(t, ·)‖C2+α
b (Rd) + ‖Dtu(t, ·)‖Cαb (Rd)),

‖(f, g)‖Y = ‖f‖C2+α−2θ
b (Rd) + sup

t∈(0,T ]

tθ‖g(t, ·)‖Cαb (Rd),

and the same operator Lσ (σ ∈ (0, 1)) as in the proof of Theorem 7.1.1. Since (X, ‖·‖X) and
(Y, ‖ · ‖Y ) are Banach spaces, see Exercise 8.4.1, using the above results and the continuity
method, we can complete the proof.

To conclude this section, we consider the following result which will be used in the next
lecture.

Theorem 8.2.3. Let u ∈ C1,2+α([0, T ] × Rd) be a classical solution to the differential
equation Dtu = Au, Then, for every T > 0, there exists a positive constant CT such that

(8.12) ‖u(t, ·)‖C2+α
b (Rd) ≤ CT t

− 2+α
2 ‖u(0, ·)‖∞, t ∈ (0, T ].

Proof. We fix s0 ∈ (0, T ] and consider the sequence (tn) as in the proof of Theorem B.0.4,
with τ0 = s0/2 and τ = s0. We also introduce the same sequence (ϕn) of functions defined
in the proof of the quoted theorem. Observe that ‖ϕ′n‖∞ ≤ 2nCs−1

0 for every n ∈ N, C
being independent of n.

As it is easily seen, for every n ∈ N the function vn = ϕnu belongs to C1+α/2,2+α([0, T ]×
Rd), vanishes in [0, s0/2] × Rd and solves the equation Dtvn = Avn + ϕ′nu in [0, T ] × Rd.
By (7.22) it follows that

‖vn‖C0,2+α([0,T ]×Rd) ≤C‖ϕ′n‖∞‖u‖C0,α
b ([tn+1,T ]×Rd) ≤ 2nCs−1

0 ‖u‖C0,α
b ([tn+1,T ]×Rd)

≤2nCs−1
0 ‖vn+1‖C0,α

b ([0,T ]×Rd)

≤2nCs−1
0 (ε‖vn+1‖C0,2+α

b ([0,T ]×Rd) + ε−
α
2 ‖vn+1‖Cb([0,T ]×Rd))

for each ε > 0 and n ∈ N, since vn+1 = u on [tn+1, T ]× Rd, (5.22) and Young’s inequality.
Now, we fix η ∈ (0, 2−1−α/2) and choose ε = εn = 2−nC−1s0η; from the previous

estimate we obtain

‖vn‖C0,2+α
b ([0,T ]×Rd) ≤ η‖vn+1‖C0,2+α

b ([0,T ]×Rd) + 2n(1+α
2 )C1+α

2 η−
α
2 s
− 2+α

2
0 ‖u‖Cb([0,T ]×Rd).

Multiplying both sides of this estimate by ηn and summing from 1 to m ∈ N, we get

‖v1‖C0,2+α
b ([0,T ]×Rd) − η

m+1‖vm+1‖C0,2+α
b ([0,T ]×Rd) ≤C

1+α
2 η−

α
2 s
− 2+α

2
0

m∑
k=1

(η21+α
2 )k‖u‖Cb([0,T ]×Rd)
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≤C1s
− 2+α

2
0 ‖u‖Cb([0,T ]×Rd)(8.13)

for some constant C1, independent of s0, due to the choice of η. Letting m tend to ∞
in (8.13) we conclude that ‖v1‖C0,2+α

b ([0,T ]×Rd) ≤ C1s
− 2+α

2
0 ‖u‖Cb([0,T ]×Rd) and, hence,

‖u‖C0,2+α
b ([s0,T ]×Rd) ≤ C1s

− 2+α
2

0 ‖u‖Cb([0,T ]×Rd).

Estimate (8.12) follows, from the maximum principle in Exercise 8.4.3, which shows that
‖u‖Cb([0,T ]×Rd) ≤ ec0T‖u(0, ·)‖∞, where c0 denotes the supremum over Rd of the function
c.

8.3 Notes

For further details on parabolic equations in the whole Rd, besides Appendix B we refer
the interested reader to e.g., [?, 1, 2].

8.4 Exercises

1. Prove that the sets (X, ‖ · ‖X) and (Y, ‖ · ‖Y ), defined in the proof of Theorem 8.2.2 are
Banach spaces.

2. Let u ∈ Cb([0, T ] × Rd) ∩ C1,2((0, T ] × Rd) be such that Dtu − Au ≤ 0 on (0, T ] × Rd

and u(0, ·) ≤ 0 on Rd, where A is the elliptic operator introduce at the beginning of
Lecture 7.

(a) Prove that there exists λ > 0 such that the function ϕ : Rd → R, defined by
ϕ(x) = 1 + |x|2 for every x ∈ Rd, satisfies the inequality Aϕ ≤ λϕ on [0, T ]× Rd.

(b) Prove that the function vn : [0, T ]×Rd → R, defined by vn(t, x) = e−(λ+1)t(u(t, x)−
n−1(1 + |x|2)) for every (t, x) ∈ [0, T ]×Rd belongs to Cb([0, T ]×Rd)∩C1,2((0, T ]×
Rd), achieves its maximum on [0, T ] × Rd and satisfies the differential inequality
Dtvn −Avn < 0 on (0, T ]× Rd for every n ∈ N.

(c) Use the above result and the arguments in the proof of Theorem 1.1.1 to prove, first
that vn ≤ 0 on [0, T ]× Rd and, then, that u ≤ 0 on [0, T ]× Rd.

(d) Conclude that, for every f ∈ Cb(Rd) and g ∈ Cb((0, T ]× Rd), the Cauchy problem
(7.1) admits at most a unique solution u ∈ Cb([0, T ]× Rd) ∩ C1,2((0, T ]× Rd).

3. LetA be the elliptic operator in Lecture 7 and denote by c0 the supremum over [0, T ]×Rd

of the function c. Assume that u ∈ Cb([0, T ] × Rd) ∩ C1,2((0, T ] × Rd) satisfies the
inequality Dtu ≤ Au on (0, T ]× Rd.

(a) Prove that the function v : [0, T ] × Rd → R, defined by v(t, x) = e−c0tu(t, x) −
‖u(0, ·)‖∞ for every (t, x) ∈ [0, T ]×Rd, satisfies the inequalities Dtv−A0v ≤ 0 on
(0, T ]× Rd, where A0 = Tr(QD2) + 〈b,∇u〉.
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(b) Using Exercise 8.4.2 conclude that u(t, x) ≤ ec0t‖u(0, ·)‖∞ for every (t, x) ∈ [0, T ]×
Rd.

(c) Prove that, if Dtu = Au on (0, T ]× Rd, then ‖u(t, ·)‖∞ ≤ ec0t‖u(0, ·)‖∞ for every
t ∈ [0, T ].

4. Taking advantage of the previous exercises prove that, for each f ∈ Cb(R2) and g ∈
Cb([0, T ]×R2), there exists at most a solution u ∈ Cb([0, T ]×R2) to the Cauchy problem
Dtu = ∆u on (0, T ] × R2, u(0, ·) = f on R2, such that Dtu,Dxu,Dyu,Dxxu,Dyyu are
bounded and continuous on (0, T ]×R2 and Dxyu is continuous on (0, T ]×(R2\{(0, 0)}).
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Lecture 9

Parabolic equations in Rd. Part III

In this chapter, we are interested in proving that a semigroup {T (t)} of bounded linear
operators in Cb(Rd) can be associated with the operator A, which satisfies Hypotheses
7.0.1.

As a byproduct of Theorems 8.2.2 and 8.2.3, we can prove the following result.

Theorem 9.0.1. For each f ∈ Cb(Rd), the Cauchy problem

(9.1)

{
Dtu(t, x) = Au(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

admits a unique solution u ∈ C1,2((0,∞) × Rd) ∩ C([0,∞) × Rd), which is bounded in

[0, T ] × Rd for every T > 0, and, in addition, belongs to C
1+α/2,2+α
loc ((0,∞) × Rd). As a

byproduct, we can associate a semigroup of bounded operators {T (t)} in Cb(Rd) with the
operator A, defined as follows: T (t)f = u(t, ·). Moreover, for each 0 ≤ β ≤ γ ≤ 2+α, each
operator T (t) is bounded from Cβ

b (Rd) into Cγ
b (Rd) and there exist two positive constants

ωβ,γ and Cβ,γ such that

(9.2) ‖T (t)f‖Cγb (Rd) ≤ Cβ,γt
− γ−β

2 eωβ,γt‖f‖Cβb (Rd), t > 0.

Proof. Being rather long, we split the proof into several step.
Step 1. Here, we prove that, for each f ∈ BUC(Rd), problem (9.1) admits a unique

solution u ∈ C1,2((0,∞)×Rd)∩C([0,∞)×Rd), which is bounded in [0, T ]×Rd for every
T > 0. The uniqueness follows from the maximum principle in Exercise 8.4.3. Hence, we
just need to prove the existence part.

Fix f ∈ BUC(Rd). Observe that there exists (fn) ⊂ C2+α
b (Rd) which converges to

f uniformly in Rd. (For instance, one can take fn = S(1/n)f , where {S(1/n)} denotes
the Gauss-Weierstrass semigroup in Cb(Rd).) By Theorem 8.1.1, for every n ∈ N the
Cauchy problem (9.1), with f being replaced by fn, admits a unique classical solution

un : [0,∞) × Rd → Rd which belongs to C
1+α/2,2+α
b ([0, T ] × Rd) for every T > 0. By the

maximum principle in Exercise 8.4.3,

‖un(t, ·)− um(t, ·)‖∞ ≤ ec0t‖fn − fm‖∞, t > 0, m, n ∈ N,

115
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where c0 = supx∈Rd c(x). Hence, un converges uniformly in [0, T ] × Rd, for every T > 0,
to a function u ∈ BUC(Rd) which, of course, satisfies the condition u(0, ·) = f . From the
interior Schauder estimates in Theorem B.0.4, we deduce that

‖un − um‖C1+α/2,2+α([ε,T ]×K) ≤ C‖un − um‖Cb([0,T ]×Rd), m, n ∈ N,

for every 0 < ε < T , every compact set K ⊂ Rd and some constant C, independent of
m,n ∈ N, which blows up as ε tend to 0. Hence, un converges to u in C1+α/2,2+α([ε, T ]×K)

for every ε, T and K as above. Thus, u belongs to C
1+α/2,2+α
loc ((0,∞)×Rd). Finally, since

Dtun = Aun in (0,∞)×Rd, letting n tend to∞, we conclude that u solves the differential
equation in (9.1). We have so proved that the Cauchy problem (9.1), corresponding to

f ∈ BUC(Rd) admits a classical solution u ∈ C1+α/2,2+α
loc ((0,∞) × Rd) ∩ C([0,∞) × Rd),

which satisfies the estimate ‖u(t, ·)‖∞ ≤ ec0t for every t > 0. We can thus define, for each
t > 0, the bounded linear operator T (t) on BUC(Rd) as described in the statement. The
linearity and the boundedness follow from the maximum principle.

Step 2. Here, we prove that problem (9.1) admits a unique solution u ∈ C([0,∞)×Rd)∩
C1,2((0,∞)×Rd) for each f ∈ Cb(Rd). For this purpose, we introduce a bounded sequence
(fn) ⊂ BUC(Rd), converging to f locally uniformly in Rd and set un = T (·)fn (n ∈ N).
Arguing as in Step 1, we conclude that the sequence (un) is bounded in C1+α/2,2+α([1/k, k]×
B(0, k)) for each k ∈ N. Applying the Arzelà-Ascoli theorem to un and its first-order time
derivative and first- and second-order spatial derivatives we conclude that, for each k ∈ N,
there exist a function uk ∈ C1+α/2,2+α([1/k, k] × B(0, k)) and a subsequence (unkh) such

that unkh converges to uk in C1,2([1/k, k]× B(0, k)) as h→∞. Without loss of generality,

we can assume that (nk+1
h ) is a subsequence of (nkh). It thus follows that uk ≡ uk+1 in

[1/k, k] × B(0, k) for each k ∈ N. Let u : (0,∞) × Rd → R be the function defined as
follows: for each (t, x) ∈ (0,∞) × Rd, u(t, x) = uk(t, x), where k is any integer such that
(t, x) ∈ [1/k, k]×Rd. By the above results u is well defined, it belongs to C1,2((0,∞)×Rd)
and, if we consider the diagonal sequence (nhh), then we immediately realize that unhh
converges to u in C1,2([a, b] × B(0,M)) for each 0 < a < b and M > 0. In particular,
Dtu = Au in (0,∞)×Rd. To prove that u is the solution to problem (9.1) we are looking
for, we need to show that u can be extended by continuity at t = 0 with u(0, ·) = f .
For this purpose, we use an argument from [1]. Given M > 0, we consider a function
ϑM ∈ C∞c (Rd) such that χB(0,M) ≤ ϑ ≤ χB(0,2M). By the linearity of each operator T (t), it
follows that

(9.3) unhh(t, ·) = T (t)fnhh = T (t)(ϑMfnhh) + T (t)((1− ϑM)fnhh), t > 0.

We claim that |T (t)((1− ϑM)fnhh)| ≤ suph∈N ‖fnhh‖∞(ec0t − T (t)ϑM) in Rd, for every t > 0.

Indeed, assume first that c ≤ 0 on Rd. Then the function v = T (·)((1 − ϑM)fnhh) −
suph∈N ‖fnhh‖∞(1 − T (·)ϑM) satisfies Dtv ≤ Av in (0,∞) × Rd. Moreover, v(0, ·) = (1 −
ϑM)fnhh−suph∈N ‖fnhh‖∞(1−ϑM) ≤ 0. Hence, by Exercise 8.4.2, v is nonpositive in [0,∞)×
Rd, i.e., T (t)((1 − ϑM)fnhh) ≤ suph∈N ‖fnhh‖∞(1 − T (t)ϑM) in Rd, for all t ≥ 0. The same
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argument, applied to the function w = −T (·)((1− ϑM)fnhh)− suph∈N ‖fnhh‖∞(1− T (·)ϑM),

reveals that w ≤ 0, i.e., T (t)((1 − ϑM)fnhh) ≥ − suph∈N ‖fnhh‖∞(1 − T (t)ϑM) in Rd, for all

t ≥ 0, and the claim follows in the general case by considering the semigroup {e−c0tT (t)}
instead of {T (t)}. From the claim and (9.3) we conclude that

(9.4) |unhh(t, ·)− f | ≤ |T (t)(ϑMfnhh)− f |+ sup
h∈N
‖fnhh‖∞(ec0t − T (t)ϑM), t > 0.

Since fnhh converges to f , locally uniformly as h → ∞, the function ϑMfnhh converges to

ϑMf ∈ BUC(Rd) uniformly in Rd. Hence, letting h tend to ∞ in both the sides of (9.4),
we conclude that

(9.5) |u(t, x)− f(x)| ≤ |(T (t)(ϑMf))(x)− f(x)|+ sup
h∈N
‖fnhh‖∞[ec0t − (T (t)ϑM)(x)]

for every t > 0 and x ∈ Rd. Fix x0 ∈ B(0,M). Since ϑM ≡ 1 in B(0,M), as (t, x) tends to
(0, x0) the right-hand side of (9.5) vanishes. It thus follows that u(t, x) tends to f(x0) as
(t, x)→ (0, x0) for every x0 ∈ B(0,M). By the arbitrariness of M , we thus conclude that
u can be extended by continuity to {0} × Rd, by setting u(0, x) = f(x) for x ∈ Rd. We
have so proved that the function u is the solution to problem (9.1) we were looking for.

Step 3. By the above results, we can extend each operator T (t) to Cb(Rd). By
the maximum principle in Exercise 8.4.3, T (t) is bounded linear operator in Cb(Rd) and
‖T (t)‖L(Cb(Rd)) ≤ ec0t for every t > 0. Moreover, the semigroup property is satisfied, still
thanks to the maximum principle. Hence, if we set T (0) = I, then the family {T (t) : t ≥ 0}
is a semigroup of bounded operators in Cb(Rd).

Step 4. Here, we prove estimate (9.2) for every γ ∈ (2, 2 + α] and β < γ and for
γ = β ∈ [0, 2 + α].

Theorem 8.1.1 shows that each operator T (t) is bounded from C2+α
b (Rd) in itself and

‖T (t)f‖L(C2+α
b (Rd)) ≤ C1‖f‖C2+α

b (Rd), t ∈ [0, 1],

for some positive constant C1, independent of f , which, without loss of generality, we can
assume to be larger than one. Using the semigroup property, we extend this estimate
to each t > 0. Indeed, if t > 1, then t = n + σ, where n ∈ N and σ ∈ [0, 1). So,
T (t) = T (n)T (τ) = (T (1))nT (τ). Hence,

‖T (t)‖L(C2+α
b (Rd)) ≤‖T (1)‖n

L(C2+α
b (Rd))

‖T (σ)‖L(C2+α
b (Rd))

≤Cn+1
1 = exp((n+ 1) log(C1)) = C1e

ω2+α,2+αt,

where ω2+α,2+α = logC1. Similarly, taking g ≡ 0 and choosing θ properly in Theorem 8.2.2
we can show that T (t) is bounded from Cγ

b (Rd) in itself for each γ ∈ (0, 2 + α), and it
satisfies (9.2). Still Theorem 8.2.2 shows that estimate (9.2) is satisfied if β ≤ 2 < γ ≤ 2+α,
such that β > γ − 2 To prove it with β ≤ γ − 2, we use again the semigroup property and
the results so far obtained. More precisely, we have proved that

‖T (t)‖
L(Cβb (Rd),C

2+β/2
b (Rd))

≤ Cβ,2+β/2t
−1+β

4 eωβ,2+β/2t, t > 0,
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and

‖T (t)‖
L(C

2+β/2
b (Rd),Cγb (Rd))

≤ C2+β/2,γt
−2γ+4+β

4 eω2+β/2,γt, t > 0.

Hence,

‖T (t)‖L(Cβb (Rd),Cγb (Rd)) ≤‖T (t/2)‖
L(Cβb (Rd),C

2+β/2
b (Rd))

‖T (t/2)‖
L(C

2+β/2
b (Rd),Cγb (Rd))

≤2
γ−β

2 t−
γ−β

2 Cβ,2+β/2C2+β/2,γe
1
2

(ωβ,2+β/2+ω2+β/2,γ)t

and we are done.
Step 5. Here, we prove estimate (9.2) for 0 < β < γ ≤ 2. Applying the estimate

‖g‖Cγb (Rd) ≤ C2‖g‖
4+β−2γ

4−β

Cβb (Rd)
‖g‖

2(γ−β)
4−β

C
2+β/2
b (Rd)

, g ∈ C2+β/2
b (Rd),(9.6)

(see Exercise 9.1.3) with g = T (t)f , we deduce that

‖T (t)f‖Cγb (Rd) ≤C2‖T (t)f‖
4+β−2γ

4−β

Cβb (Rd)
‖T (t)f‖

2(γ−β)
4−β

C
2+β/2
b (Rd)

≤C2(Cβ,βe
ωβ,βt‖f‖Cβb (Rd))

4+β−2γ
4−β (Cβ,2+β/2t

−1+β
4 eωβ,2+β/2t‖f‖Cβb (Rd))

2(γ−β)
4−β

≤C2C
4+β−2γ

4−β
β,β C

2(γ−β)
4−β

β,2+β/2t
− γ−β

2 eωβ,γt‖f‖Cβb (Rd)

for all t > 0, where ωβ,γ = ωβ,β
4+β−2γ

4−β + ωβ,2+β/2
2(γ−β)

4−β .

Step 6. Finally, we prove estimate (9.2) for β = 0 and γ ∈ (0, 2 + α]. First we suppose
that f ∈ BUC(Rd) and observe that by Theorem 8.2.3 it follows that

‖un(t, ·)− um(t, ·)‖C2+α
b (Rd) ≤ Ct−

2+α
2 ‖fn − fm‖∞, t ∈ (0, 1],

for everym,n ∈ N, where um and un are as in Step 1. Letting n tend to∞, we conclude that
T (t)f ∈ C2+α

b (Rd) for every t ∈ (0, 1], f ∈ BUC(Rd) and ‖T (t)f‖C2+α
b (Rd) ≤ Ct−

2+α
2 ‖f‖∞

for every t ∈ (0, 1]. Using the semigroup property and arguing as above, we easily show
that T (t)f ∈ C2+α

b (Rd) for every t > 0 and estimate (9.2) follows with β = 0. Observing
that

(9.7) ‖g‖Cγb (Rd) ≤ ‖g‖
2+α−γ

2+α
∞ ‖g‖

γ
2+α

C2+α
b (Rd)

,

for every g ∈ C2+α
b (Rd) and γ ∈ (0, 2 + α), (see Exercise 9.1.3) and arguing as above,

estimate (9.2) follows with β = 0 and γ ∈ (0, 2 + α).
Now, suppose that f ∈ Cb(Rd). Let (fn) ⊂ BUC(Rd) be a sequence converging to f

locally uniformly in Rd and such that ‖fn‖∞ ≤ ‖f‖∞ for all n ∈ N. By Step 2, T (t)fn
converges to T (t)f in C2(B(0,M)) for every M > 0 and t > 0. Since

‖T (t)fn‖Cγb (Rd) ≤ C0,γt
− γ

2 eω0,γt‖fn‖∞ ≤ C0,γt
− γ

2 eω0,γt‖f‖∞, t > 0,

for all n ∈ N and γ ∈ (0, 2 + α], letting n → ∞, we conclude that ‖T (t)f‖Cγb (Rd) ≤
C0,γt

−γ/2eω0,γt‖f‖∞ for all t > 0, completing the proof.
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Remark 9.0.2. Some important remarks are in order.

(i) {T (t)} is not strongly continuous in Cb(Rd). This is clear if A = ∆, but it can be
proved for each operator A satisfying Hypotheses 7.0.1. The proof of Theorem 9.0.1
shows that T (t)f converges to f , as t→ 0+, locally uniformly in Rd.

(ii) On the other hand, the restriction of {T (t)} to BUC(Rd) is strongly continuous.
Indeed, by estimate (9.2), with β = 0 and γ = 1, it follows that T (t)f ∈ C1

b (Rd) ↪→
BUC(Rd) for every t > 0. Moreover, let (fn) ⊂ C2+α

b (Rd) be a sequence converging
to f ∈ BUC(Rd), uniformly in Rd. Note that

|(T (t)f)(x)− f(x)| ≤ sup
r∈[0,1]

‖T (r)fn − T (r)f‖∞ + |(T (t)fn)(x)− fn(x)|+ ‖fn − f‖∞
(9.8)

for all t ∈ [0, 1], x ∈ Rd, n ∈ N, and, by Step 1 in the proof of Theorem 9.0.1, T (·)fn
converges to T (·)f uniformly in [0, T ] × Rd for every T > 0. Moreover, using again
(9.2) and recalling that DtT (·)fn = AT (·)fn for every n ∈ N, we get

|(T (t)fn)(x)− fn(x)| ≤
∫ t

0

|(AT (s)fn)(x)|ds ≤ C‖fn‖C2+α
b (Rd)t

for every t ∈ [0, 1], x ∈ Rd, n ∈ N and some positive constant C, independent of
t ∈ [0, 1], which, replaced in (9.8), gives

‖T (t)f − f‖∞ ≤ sup
r∈[0,1]

‖T (r)fn − T (r)f‖∞ + C‖fn‖C2+α
b (Rd)t+ ‖fn − f‖∞,

for all t ∈ [0, 1] and n ∈ N. Thus,

lim sup
t→0+

‖T (t)f − f‖∞ ≤ sup
r∈[0,1]

‖T (r)fn − T (r)f‖∞ + ‖fn − f‖∞, n ∈ N,

and letting n tend to ∞, we conclude that lim supt→0+ ‖T (t)f − f‖∞ = 0, i.e., T (t)f
converges to f uniformly in Rd as t → 0+, showing that the restriction of {T (t)} to
BUC(Rd) is strongly continuous.

(iii) Actually, {T (t)} is an analytic semigroup in Cb(Rd) whose associated sectorial oper-
ator A is defined as follows:

D(A) = {u ∈ Cb(Rd) ∩W 2,p
loc (Rd), for each p <∞ and Au ∈ Cb(Rd)}

and Au = Au for every u ∈ D(A).

(iv) The arguments in the proof of Step 2 of the proof of Theorem 9.0.1 can be used
to prove that, if (fn) ⊂ Cb(Rd) is a bounded sequence, converging to f ∈ Cb(Rd),
locally uniformly in Rd, then T (·)fn converges to T (·)f in C1,2([a, b] × B(0, k)) for
every 0 < a < b and k ∈ N. Indeed, the quoted arguments show that a suitable
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subsequence of (T (·)fn) converges in C1,2([a, b] × B(0, K)) (for every 0 < a < b and
K > 0) to T (·)f . In particular, each subsequence of (T (·)fn) admits a subsequence
which converges in C1,2([a, b] × B(0, K)) for every a, b,K as above, to T (·)f . From
Exercise 9.1(ii) it follows that the whole sequence (T (·)fn) converges to T (·)f in
C1,2([a, b]×B(0, K)) for every 0 < a < b and K > 0.

(v) Actually, the result in point (iv) holds true also in the case when the bounded sequence
(fn) converges to f ∈ Cb(Rd) pointwise in Rd. Indeed, the same arguments used
in Step 1 of the proof of Theorem 9.0.1 show that, up to a subsequence, (T (·)fn)
converges in C1,2([a, b]× B(0, K)), for every 0 < a < b and K > 0, to some function

u ∈ C1+α/2,2+α
loc ((0,∞)× Rd). To identify u with T (·)f , we observe that since, for all

t > 0 and x ∈ Rd, the operator g 7→ (T (t)g)(x) belongs to the dual of C0(Rd) (the
space of continuous functions over Rd vanishing at infinity), there exists a positive
Borel measure on Rd, which we denote by p(t, x, dy), such that

(T (t)g)(x) =

∫
Rd
g(y)p(t, x, dy), g ∈ C0(Rd), t > 0, x ∈ Rd.

Since each function in Cb(Rd) is the local uniform limit of a bounded sequence of
functions in C0(Rd), by property (iv) the previous equality can be extended to each
g ∈ Cb(Rd). Now, we are done. Indeed, by dominated convergence (T (t)fn)(x)
converges to (T (t)f)(x) for all t > 0 and x ∈ Rd. Hence, u ≡ T (·)f and we are done.

(vi) The difference between the case when fn converges to f locally uniformly in Rd and
the case when the convergence is only pointwise in Rd, is that, in the first case, the
convergence of T (·)fn to T (·)f is uniform in [0, T ] × B(0,M) for every M,T > 0.
Indeed, suppose that fn tends to f locally uniformly in Rd, set K = supn∈N ‖fn‖∞
and fix M > 0. Then, by (9.5) we get

‖T (t)fn − fn‖C(B(0,M)) ≤‖T (t)(ϑMfn)− ϑMfn‖C(B(0,M)) +K‖ec0t − T (t)ϑM‖C(B(0,M))

≤‖T (t)(ϑMfn − ϑMf)‖∞ + ‖(T (t)(ϑMf)− ϑMf‖∞
+ ‖fn − f‖C(B(0,M)) +K‖ec0t − T (t)ϑM‖C(B(0,M))

≤2‖fn − f‖C(B(0,2M)) + ‖(T (t)(ϑMf)− ϑMf‖∞
+K‖ec0t − T (t)ϑM‖C(B(0,M))

for all t > 0. Fix ε > 0 and let n0 ∈ N be such that 2‖fn − f‖C(B(0,2M)) ≤ ε/4 for
every n ≥ n0. With this choice of n0 it follows that

‖T (t)fn − fn‖C(B(0,M)) ≤
ε

4
+ ‖T (t)(ϑMf)− ϑMf‖C(B(0,M))

+K‖ec0t − T (t)ϑM‖C(B(0,M))

for all n ≥ n0. Since ‖T (t)(ϑMf)−ϑMf‖C(B(0,M)) and ‖ec0t−T (t)ϑM‖C(B(0,M)) vanish

as t tends to 0+, we can determine t0 > 0 such that ‖T (t)fn − fn‖C(B(0,M)) ≤ ε/2 for
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all t ∈ [0, t0] and n ≥ n0. Now, we are almost done. Indeed, we can estimate

‖T (t)fn − T (t)f‖C(B(0,M)) ≤‖T (t)fn − fn‖C(B(0,M)) + ‖fn − f‖C(B(0,M))

+ ‖T (t)f − f‖C(B(0,M))(9.9)

for t > 0 and n ∈ N. Up to replacing t0 with a smaller value and n0 with a larger
integer, if needed, we can assume that ‖T (t)fn−fn‖C(B(0,M))+‖fn−f‖C(B(0,M)) ≤ ε/4

for t ∈ [0, t0] and n ≥ n0. Hence, from (9.9) it follows that ‖T (t)fn−T (t)f‖C(B(0,M)) ≤
ε for all t ∈ [0, t0] and n ≥ n0.

Fix T > 0. Without loss of generality, we can assume that T > t0. Hence,

‖T (·)fn − T (·)f‖C([0,T ]×B(0,M))

= max{‖T (·)fn − T (·)f‖C([0,t0]×B(0,M)), ‖T (·)fn − T (·)f‖C([t0,T ]×B(0,M))}
≤max{ε, ‖T (·)fn − T (·)f‖C([t0,T ]×B(0,M))}

for n ≥ n0. Since, ‖T (·)fn− T (·)f‖C([t0,T ]×B(0,M)) vanishes as n tends to ∞, from the

previous estimate, it follows that ‖T (·)fn − T (·)f‖C([0,T ]×B(0,M)) does not exceed ε if
n is sufficiently large.

9.1 Exercises

1. (i) Prove that if a sequence (gn) ⊂ Cγ
b (Rd) (γ > 0) satisfies the estimate ‖gn‖Cγb (Rd) ≤ K,

for some positive constant K and all n ∈ N, and converges to some function g : Rd → R,
locally uniformly in Rd, then g ∈ Cγ

b (Rd) and ‖g‖Cγb (Rd) ≤ K.

(ii) Prove that, if γ ∈ (0, 1), then the same conclusion holds just assuming that gn
converges to g pointwise in Rd.

2. Let (X, d) be a metric space and let (xn) be a sequence with the following property: there
exists a subsequence (xnk) with converges to some x ∈ X and each subsequence of (xn)
admits a subsequence which converges to x. Prove that the sequence (xn) converges.

3. Prove estimates (9.6) and (9.7).

4. Prove the first part of Remark 9.0.2.
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Lecture 10

Parabolic equations in Rd+ with
homogeneous Dirichlet boundary
conditions. Part I

In this lecture we study the Cauchy-Dirichlet problem

(10.1)


Dtu(t, x) = Au(t, x) + g(t, x), t ∈ (0, T ], x ∈ Rd

+,

u(t, x′, 0) = 0, t ∈ (0, T ], x′ ∈ Rd−1,

u(0, x) = f(x), x ∈ Rd
+,

where Rd
+ = {(x1, . . . , xd) ∈ Rd : xd > 0} and we find it convenient to split x = (x′, xd) for

every x ∈ Rd. Here, A is the elliptic operator defined on smooth functions ψ : Rd
+ → R by

Aψ(x) =
d∑

i,j=1

qij(x)Dijψ(x) +
d∑
j=1

bj(x)Djψ(x) + c(x)ψ(x)

=Tr(Q(x)D2ψ(x)) + 〈b(x),∇xψ(x)〉+ c(x)ψ(x)

with, as usually, Q(x) = (qij(x))1≤i,j≤d for x ∈ Rd. Throughout the lecture, we assume the
following conditions on the coefficients of the operator A.

Hypotheses 10.0.1. (i) The coefficients qij = qji, bj (i, j = 1, . . . , d) and c are bounded

and α-Hölder continuous in Rd
+ := Rd−1 × [0,∞) for some α ∈ (0, 1);

(ii) there exists a positive constant µ such that 〈Q(x)ξ, ξ〉 ≥ µ|ξ|2 for all x ∈ Rd
+ and

ξ ∈ Rd.

The following result is the counterpart of Theorem 8.1.1.

Theorem 10.0.2. Let Hypotheses 10.0.1 be satisfied. Then, for every f ∈ C2+α
b (Rd

+) and

g ∈ Cα/2,α
b ([0, T ]×Rd

+) such that Af +g(t, ·) = 0 on ∂Rd
+ := Rd−1×{0} for each t ∈ [0, T ],

125
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there exists a unique classical solution u to problem (10.1). In addition, u belongs to

C
1+α/2,2+α
b ([0, T ] × Rd

+) and there exists a positive constant C, independent of f and g,
such that

(10.2) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd+)

≤ C(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

).

Remark 10.0.3. The conditions f ≡ Af + g(0, ·) ≡ 0 on ∂Rd
+ are necessary for problem

(10.1) to have a solution u ∈ C1,2([0, T ] × Rd
+). Indeed, since u(t, ·) vanishes on ∂Rd

+ for
each t ∈ [0, T ], then f = u(0, ·) and Dtu(t, ·) vanish on ∂Rd

+ for each t ∈ [0, T ]. This latter
condition implies that Au(t, x) + g(t, x) = 0 for each t ∈ [0, T ] and x ∈ ∂Rd

+. Taking t = 0
it follows that Af(x) + g(0, x) for each x ∈ ∂Rd

+.

In this lecture, we prove Theorem 10.0.2 in the case when A = ∆ under stronger
assumptions on the functions f and g. These stronger conditions make the proof easier
since they easily allow to transform the Cauchy problem 10.1 into a Cauchy problem in
the whole space.

Throughout the lecture we use the notation uo to denote the odd extension with respect
to the last variable of a function u : Rd

+ → R, i.e., the function uo : Rd → R defined by

uo(x) = u(x) for each x ∈ Rd
+ and uo(x) = −u(x′,−xd) for each x = (x′, xd) ∈ Rd with

xd < 0.
Now, we can prove 10.0.2 in the particular case when A = ∆.

Theorem 10.0.4. For every f ∈ C2+α
b (Rd

+) and g ∈ Cα/2,α
b ([0, T ]× Rd

+) such that f , ∆f
and g(t, ·) vanish on ∂Rd

+ for every t ∈ [0, T ], there exists a unique classical solution u to
problem

(10.3)


Dtu(t, x) = ∆u(t, x) + g(t, x), t ∈ (0, T ], x ∈ Rd

+,

u(t, x′, 0) = 0, t ∈ (0, T ], x′ ∈ Rd−1,

u(0, x) = f(x), x ∈ Rd
+.

In addition, u belongs to C
1+α/2,2+α
b ([0, T ] × Rd

+) and there exists a positive constant C,
independent of f and g, such that

(10.4) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd+)

≤ C(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

).

Proof. Let us begin by proving the uniqueness part. For this purpose, we assume that
u ∈ C1,2

b ((0, T ]× Rd
+) ∩ Cb([0, T ]× Rd

+) solves the Cauchy problem
Dtu(t, x) = ∆u(t, x), t ∈ (0, T ], x ∈ Rd

+,

u(t, x′, 0) = 0, t ∈ (0, T ], x′ ∈ Rd−1,

u(0, x) = 0, x ∈ Rd
+,

and prove that u identically vanishes on Rd
+. Since u vanishes on [0, T ]×∂Rd

+, function uo is
once continuously differentiable with respect to the time and spatial variables on [0, T ]×Rd
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and the first-order derivatives of uo are bounded on [0, T ]×Rd. Similarly, since Diju = 0 on
[0, T ]×∂Rd

+ (i, j = 1, . . . , d−1), then Dijuo exists and it is continuous on [0, T ]×Rd. From
the differential equation satisfied by u we conclude that Dddu vanishes on [0, T ] × ∂Rd

+.
Hence, the derivative Ddduo exists and it is a continuous function in [0, T ]×Rd. Moreover,
uo solves the equation Dtuo = ∆uo on (0, T ]×Rd and vanishes at t = 0. Fix t > 0 and let
v : [0, t]× Rd → R be the function defined by v(s, x) = (T (t− s)uo(s, ·))(x) where {T (t)}
denotes the Gauss-Weierstrass semigroup. A straightforward computation shows that

Dsv(s, ·) =−∆T (t− s)uo(s, ·) + T (t− s)Dsuo(s, ·)
=−∆T (t− s)uo(s, ·) + T (t− s)∆uo(s, ·)
=−∆T (t− s)uo(s, ·) + ∆T (t− s)uo(s, ·) = 0

Hence, for any x ∈ Rd the function v(·, x) is constant in [0, t] and, consequently v(t, x) =
v(0, x), i.e., uo(t, x) = 0. We have so proved that u ≡ 0 and the uniqueness of the solution
to the Cauchy problem (10.3) follows.

Let us prove the existence part. As a first step, we observe that u solves the Cauchy
problem 10.3 if and only if the function v = u− f solves the Cauchy problem

Dtv(t, x) = ∆v(t, x) + g(t, x) + ∆f(x), t ∈ (0, T ], x ∈ Rd
+,

v(t, x′, 0) = 0, t ∈ (0, T ], x′ ∈ Rd−1,

v(0, x) = 0, x ∈ Rd
+.

To find a solution to this problem, we set ψ = g + ∆f and consider the function ψo. Due
to the conditions g = 0 on [0, T ] × ∂Rd

+ and ∆f = 0 on ∂Rd
+, function ψo belongs to

C
α/2,α
b ([0, T ]× Rd) and

‖ψo‖Cα/2,α([0,T ]×Rd) ≤ 2‖g + ∆f‖
C
α/2,α
b ([0,T ]×Rd+)

≤ C1(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

)

for some positive constant C1, independent of f and g. Hence, we can apply Theorem 6.1.4
and conclude that the Cauchy problem

(10.5)

{
Dtv(t, x) = ∆v(t, x) + ψo(t, x), t ∈ (0, T ], x ∈ Rd,

v(0, x) = 0, x ∈ Rd,

admits a unique solution v ∈ C1+α/2,2+α
b ([0, T ]× Rd) which satisfies the estimate

‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd)

≤C‖ψo‖Cα/2,αb ([0,T ]×Rd)

≤C2(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

).

The restriction u of v to [0, T ]× Rd
+ clearly belongs to C

1+α/2,2+α
b ([0, T ]× Rd

+), solves the

differential equation in (10.3), equals the function f on {0} × Rd
+ and satisfies estimate

(10.4). To complete the proof, we need to show that u vanishes on [0, T ]× ∂Rd
+. For this

purpose, it suffices to show that v(t, x) = −v(t, x′,−xd) for each (t, x) ∈ [0, T ] × Rd, but
this follows from the uniqueness of the solution to the Cauchy problem (10.5), since the
function (t, x) 7→ −v(t, x′,−xd) is a bounded classical solution to (10.5).
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Now, we show that, for each f ∈ Cb(Rd
+) the Cauchy problem (10.1) (with g ≡ 0)

admits a classical solution u. Since f is not defined on ∂Rd
+ (and even if it is defined on

Rd
+ in general it does not identically vanish on ∂Rd

+) we can not expect u to be continuous
on {0} × ∂Rd

+. Hence, we need to slightly modify the definition of classical solution.

Definition 10.0.5. A classical solution to problem (10.3) with g ≡ 0 and f ∈ Cb(Rd
+)

is a function u ∈ C([0,∞) × Rd
+) ∩ C((0,∞) × Rd

+) ∩ C1,2((0,∞) × Rd
+) which solves the

equation Dtu = ∆u on (0,∞) × Rd
+ and satisfies the boundary and initial condition in

(10.3).

Theorem 10.0.6. For each f ∈ Cb(Rd
+) there exists a unique bounded classical solution u

of the Cauchy problem (10.3), with g ≡ 0. Further,

(10.6) ‖u‖
Cb([0,∞)×Rd+)

≤ ‖f‖
Cb(Rd+)

.

Finally,

(10.7) u(t, x) =

∫
Rd+
k(t, x, y)f(y)dy, t ∈ (0,∞), x ∈ Rd

+,

where k(t, x, y) = (4πt)−d/2(e−|x−y|
2/(4t) − e−(|x′−y′|2+|xd+yd|2)/(4t)) for each t > 0 and x, y ∈

Rd
+.

Proof. The uniqueness of the bounded classical solution to problem (10.3) follows from the
proof of Theorem 10.0.4.

To prove the existence part, we introduce a bounded sequence (fn) of functions in

Cb(Rd
+) which vanish on ∂Rd

+ and converge to f locally uniformly on Rd
+. We denote by

un ∈ Cb([0,∞)× Rd
+) ∩ C1,2((0,∞)× Rd

+) the solution of the Cauchy problem (10.1). By
the interior Schauder estimates in Theorem B.0.4 for each 0 < ε < T , each compact set
K ⊂ Rd

+ and each α ∈ (0, 1), there exists a positive constant C such that

‖un‖C1+α/2,2+α
b ([ε,T ]×K)

≤ C‖un‖∞ ≤ C‖fn‖∞ ≤ C‖f‖∞

for every n ∈ N. This estimate allows us to apply Arzelà-Ascoli theorem to un and its
time derivative and first-order and second-order spatial derivatives to infer that, up to a
subsequence un converges in C1,2([ε, T ] × K) to a function u ∈ C1+α/2,2+α([ε, T ] × K).
The arbitrariness of ε, T and K yields that u ∈ C1+α/2,2+α((0,∞)×Rd

+) and it solves the
differential equation in (10.1). Since

un(t, x) =

∫
Rd+
k(t, x, y)fn(y)dy, t ∈ (0,∞), x ∈ Rd

+,

letting n tend to ∞, by dominated convergence we conclude that

(10.8) u(t, x) =

∫
Rd+
k(t, x, y)f(y)dy, t ∈ (0,∞), x ∈ Rd

+,
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or, equivalently,

(10.9) u(t, x) =

∫
Rd
e−
|y|2
4 fo(x+

√
ty)dy, (t, x) ∈ (0,∞)× Rd

+.

where fo is continuous on Rd \∂Rd
+. Using this formula we can show that u(t, x) converges

to f(x0) as (t, x)→ (0, x0) for every x0 ∈ Rd
+. Indeed, fix ε > 0 and let R > 0 be sufficiently

large such that

‖f‖∞
∫
Rd\B(0,R)

e−
|y|2
4 dy ≤ ε

2
.

Hence, if
√
tR < x0

d and x ∈ Rd
+, then we can estimate

|u(t, x)− f(x0)| =ε

2
+

∣∣∣∣ ∫
B(0,R)

e−
|y|2
4 f(x+

√
ty)dy − f(x0)

∣∣∣∣
≤ε

2
+

∫
B(0,R)

e−
|y|2
4 |f(x+

√
ty)− f(x0)|dy + ‖f‖∞

(∫
B(0,R)

e−
|y|2
4 dy − 1

)
≤ε+

∫
B(0,R)

e−
|y|2
4 |f(x+

√
ty)− f(x0)|dy.

Letting (t, x) tend to (0, x0), we conclude that

lim sup
(t,x)→(0,x0)

|u(t, x)− f(x0)| ≤ ε.

The arbitrariness of ε > 0 implies that u(t, x) tends to f(x0) as (t, x) → (0, x0). We have
so proved that u ∈ C([0,∞)×Rd

+). On the other hand, using formula (10.8) together with
the dominated convergence theorem it can be easily checked that, for each t ∈ (0,∞), the

function u(t, ·) can be extended by continuity to Rd
+, i.e., u ∈ C((0,∞) × Rd

+). Finally,
since un(t, x) = 0 for every t > 0, x ∈ ∂Rd

+, n ∈ N and un(t, x) converges to u(t, x)

pointwise on (0,∞)× Rd
+, we conclude that u(t, x) = 0 for every t ∈ (0,∞) and x ∈ ∂Rd

+.
Summing up, we have proved that u is a classical solution to the Cauchy problem 10.3 and
this completes the proof.

As in the previous lectures, we can associate a semigroup of bounded operators {S(t)}
with the Cauchy problem (10.3). For each f ∈ Cb(Rd

+) S(·)f is the unique solution to
problem (10.3) with the regularity properties in the statement of Theorem 10.0.4. The
semigroup property follows from the uniqueness part of the proof of Theorem 10.0.6. As a
consequence of Theorem 5.1.6 and Theorem 4.1.12 we can prove the following interesting
result.

Proposition 10.0.7. Let Cβ
0 (Rd

+) = {f ∈ Cβ
b (Rd

+) : f ≡ 0 on ∂Rd
+}, if β ≤ 2, and

Cβ
0 (Rd

+) = {f ∈ Cβ
b (Rd

+) : f ≡ ∆f ≡ 0 on ∂Rd
+}, if β ∈ (2, 3]. Then, each operator S(t)
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maps C0(Rd
+) into C3

0(Rd
+) and, for each α, θ ∈ [0, 3], such that α ≤ θ and T > 0, there

exists a positive constant C̃α,θ,T > 0 such that

(10.10) ‖S(t)‖L(Cα0 (Rd+),Cθ0 (Rd+)) ≤ C̃α,θ,T t
− θ−α

2 , t ∈ (0, T ].

Proof. To begin with, let us prove that, if f ∈ Cα
0 (Rd

+) (α ∈ [0, 2)∪(2, 3)), then the function
fo ∈ Cα

b (Rd) and ‖f‖Cαb (Rd+) ≤ 2‖f‖
C2
b (Rd+)

. This is clear if α ∈ [0, 2). Let us suppose that

α ∈ (2, 3). Then, the same argument used in the first part of the proof of Theorem 10.0.4
can be used to prove that function fo has the following properties:

• it belongs to C1
b (Rd);

• it admits the classical derivative Djjfo (j ∈ {1, . . . , d}) which is a continuous function
on Rd.

Based on this remark, it is easy to check that ∆T (t)fo = T (t)(∆f)o for every t > 0, where
as usually in this lecture {T (t)} denotes the Gauss-Weierstrass semigroup. Therefore, for
every i = 1, . . . , d and t > 0

‖∆T (t)Difo‖∞ =‖∆DiT (t)fo‖∞ = ‖Di∆T (t)fo‖∞ = ‖DiT (t)(∆f)o‖∞
≤C1t

− 1−α
2 ‖(∆f)o‖Cαb (Rd) ≤ 2C1t

− 1−α
2 ‖∆f‖

Cαb (Rd+)

for some positive constant C1, independent of t and f , so that, by Theorem 5.1.6, Difo
belongs to D∆((1+α)/2,∞) = C1+α

b (Rd). We have1so proved that fo belongs to C2+α
b (Rd).

Clearly, ‖fo‖Cαb (Rd) ≤ 2‖f‖
Cαb (Rd+)

.

Now, Theorem 4.1.12 and formula (10.9), which shows that, for every t > 0 and f ∈
C0(Rd

+), S(t)f coincides with the restriction T (t)fo to Rd
+, allow us to conclude that S(t)f ∈

C3
b (Rd

+) for every f ∈ C0(Rd
+), t > 0 and

(10.11) ‖S(t)‖
L(Cα0 (Rd+),Cθb (Rd+))

≤ 2Cα,θ,T t
− θ−α

2 , t ∈ (0, T ]

for every T > 0, α ∈ [0, 2) ∪ (2, 3) and β ∈ [α, 3], where Cα,θ,T is the constant in (4.18).
The case α = 2 ≤ θ follows from observing that ‖f‖

Cαb (Rd+)
≤ C2‖f‖C2

b (Rd+)
for each α ∈

(1, 2), f ∈ C2
0(Rd

+) and some positive constant C2, independent of f , so that from (10.11)
we can infer that

(10.12) ‖S(t)f‖
Cθb (Rd+)

≤ C2Cα,θ,T t
− θ−α

2 ‖f‖
C2
b (Rd+)

,

and the function α 7→ Cα,θ,T is bounded in a left neighborhood of 2, letting α→ 2−, (10.10)
follows also in this case. A similar argument can be used in the case α = 3.

1The previous argument is an adaption of an idea by Hendrik Voigt on the Discussion board: thanks
Hendrik!
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Fix t > 0 and f ∈ C0(Rd
+). Since S(t)f is the restriction to Rd

+ of the function T (t)fo and

the function T (·)fo belongs to C1,2((0,∞)×Rd), it follows that S(·)f ∈ C1,2((0,∞)×Rd
+).

Recalling that S(t)f vanishes on ∂Rd
+ for every t > 0 and DtS(t)f = ∆S(t)f on (0,∞)×Rd

+

it is immediate to conclude that ∆S(t)f = 0 on ∂Rd
+ for every t > 0, so that S(t)f ∈

C3
0(Rd

+) for every t > 0 and from (10.11), estimate (10.10) follows at once.

10.1 Exercises

1. Adapting the arguments used in Lemma 7.2.2, prove Theorem 10.0.2 in the case when
A = Tr(QD2) for some constant positive definite matrix Q. (Note that the case when
Q is not diagonal demands some more efforts, since in general the transformation used
in the proof of the quoted lemma does not preserve Rd

+.)

2. For f ∈ Cb(Rd
+) prove that the solution u to the Cauchy problem (10.3) with g ≡ 0

is given by

u(t, x) = (4πt)−
d
2

∫
Rd+

(
e−
|x−y|2

4t − e−
|x′−y′|2+|xd+yd|

2

4t

)
f(y) dy, t > 0, x ∈ Rd

+.





Lecture 11

Parabolic equations in Rd+ with
homogeneous Dirichlet boundary
conditions. Part II

In this lecture we keep on the study the Cauchy-Dirichlet problem (10.1), proving Theorem
10.0.2. The following proposition is the uniqueness part of Theorem 10.0.2. Its proof will
be adapted to cover the case of elliptic operators with unbounded coefficients in one of the
forthcoming lectures.

Proposition 11.0.1. Let u ∈ Cb([0, T ] × Rd
+) ∩ C1,2((0, T ] × Rd

+) satisfy the inequalities

Dtu − Au ≤ 0 on (0, T ] × Rd
+, u ≤ 0 on (0, T ] × ∂Rd

+ and u(0, ·) ≤ 0 on Rd
+. Then, u is

everywhere non positive. As a consequence, the Cauchy problem (10.1) admits at most a

unique bounded classical solution u ∈ Cb([0, T ]× Rd
+) ∩ C1,2((0, T ]× Rd

+).

Proof. Let u be as in the statement of the proposition and consider the function ϕ : Rd →
R, defined by ϕ(x) = 1 + |x|2 for every x ∈ Rd. Clearly, lim|x|→∞ ϕ(x) = +∞. Moreover,

since Aϕ(x) = 2Tr(Q(x)) + 2〈b(x), x〉+ c(x)(1 + |x|2) for every x ∈ Rd
+, we can estimate

(11.1) |Aϕ(x)| ≤ 2
d∑
j=1

‖qjj‖∞ +

( d∑
j=1

‖bj‖2
∞

) 1
2

|x|+ ‖c‖∞ϕ(x), x ∈ Rd
+,

and conclude that Aϕ < λϕ on Rd
+ for some positive constant λ.

For each n ∈ N, let vn be the function defined by vn(t, x) = e−λtu(t, x) − n−1ϕ(x) for

every t ∈ [0, T ] and x ∈ Rd
+. We claim that vn ≤ 0 on [0, T ] × Rd

+ for all n ∈ N. For this
purpose we observe that each function vn is as smooth as u is and lim|x|→∞ vn(t, x) = −∞,
uniformly with respect to t ∈ [0, T ]. As a consequence, for each n ∈ N vn has a maximum

point (tn, xn) ∈ [0, T ] × Rd
+. If (tn, xn) belongs to the parabolic boundary of (0, T ) × Rd

+,

then vn is clearly nonpositive on [0, T ] × Rd
+. Suppose that (tn, xn) ∈ (0, T ] × Rd

+. Then,
v(tn, xn) should be nonpositive. Indeed, the function vn satisfies the differential inequality
Dtvn−Avn+λvn < 0. The argument in the proof of Theorem 1.1.1 leads to a contradiction

133
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if v(tn, xn) > 0. Thus, vn ≤ 0 on [0, T ]×Rd
+. Letting n tend to∞, we conclude that u ≤ 0

on [0, T ]× Rd
+.

To complete the proof, let us assume that u ∈ Cb([0, T ] × Rd
+) ∩ C1,2((0, T ] × Rd

+)
solves the Cauchy problem (10.1) with f ≡ 0 and g ≡ 0. Since both u and −u satisfy the

assumptions of the first part of the proof, they both are nonpositive on [0, T ]× Rd
+. As a

byproduct, u identically vanishes on [0, T ]× Rd
+ and we are done.

The existence part of the proof of Theorem 10.0.2 demands much more effort also in
the simplest case when A is the Laplacian. We need some preliminary results which are
the content of the next section.

11.1 Technical results

Lemma 11.1.1. There exists a positive constant C such that
(11.2)

‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd+)

≤ C

(
‖u‖∞ + ‖Dtu‖Cα/2,αb ([0,T ]×Rd+)

+
d∑

i,j=1

‖Diju‖Cα/2,αb ([0,T ]×Rd+)

)
for each u ∈ C1+α/2,2+α

b ([0, T ]× Rd
+).

Proof. The proof follows the same lines of that of Lemma 5.2.1. We just need to show that
‖ψ′‖∞ ≤ C‖ψ‖1/2

∞ ‖ψ′′‖1/2
∞ for every ψ ∈ C2

b ([0,∞)). This follows from expanding ψ using
Taylor’s formula to write

ψ(y + t) = ψ(y) + ψ′(y)t+

∫ t

0

(t− s)ψ′′(y + s) ds, y ≥ 0, t > 0,

and thus estimate

|ψ′(y)| ≤
∣∣∣∣ψ(y + t)− ψ(y)

t

∣∣∣∣+
1

t

∫ t

0

(t− s)|ψ′′(y + s)| ds ≤ 2‖ψ‖∞t−1 +
t

2
‖ψ′′‖∞.

Minimizing with respect to t > 0, we get |ψ′(y)| ≤ 2‖ψ‖1/2
∞ ‖ψ′′‖1/2

∞ and, taking the supre-
mum with respect to y ≥ 0, the wished estimate follows with C = 2.

To ease the notation, in the rest of the lecture, we set Cr(t0, x0) = (t0 − r2, t0) ×
B(x0, r) for every r > 0 and (t0, x0) ∈ Rd+1. We also set [ζ]α,d = supt∈I [ζ(t, ·)]Cαb (D) +

supx∈D[ζ(·, x)]
C
α/2
b (I)

for every ζ ∈ Cα/2,α
b (I×D), I×D being either the whole Rd+1 or the

set (−∞, T ]× Rd
+.

Theorem 11.1.2. There exists a positive constant C such that

(11.3) ‖u‖
C

1+α/2,2+α
b (Rd+1)

≤ C(‖Dtu−Au‖Cα/2,αb (Rd+1)
+ ‖u‖∞),

for every u ∈ C1+α/2,2+α
b (Rd+1).



11.1. TECHNICAL RESULTS 135

Proof. Being rather long, we split the proof into some steps. Throughout the proof, C
denotes a positive constant, independent of u, which may vary from line to line.

Step 1. Here, we show that

[Dtu]α,d +
d∑

i,j=1

[Diju]α,d ≤ C sup
(t,x)∈Rd+1

sup
r>0

r−2−α inf
p∈Pol1,2

‖u− p‖C(Cr(t,x)) =: C[u]1+α,d,

for every u ∈ C1+α/2,2+α
b (Rd+1), where Pol1,2 denotes the set of all the polynomials in (t, x)

which are of at most first-order in t and at most second-order in x. To ease the notation
a bit more, we set [D2

xw]α,d =
∑d

i,j=1[Dijw]α,d.

We fix u ∈ C
1+α/2,2+α
b (Rd+1) and begin by estimating [Diju]α,d for arbitrarily fixed

i, j ∈ {1, . . . , d}. For every h > 0 and (t, x) ∈ Rd+1 we set

Rhu(t, x) =
1

h2
[u(t, x+ h(ei + ej))− u(t, x+ hej)− u(t, x+ hei) + u(t, x)] =:

1

h2
ζt,x(h).

The function ζt,x belongs to C2+α
b ([0,∞)) for every (t, x) ∈ Rd+1. Moreover, ζt,x(0) =

ζ ′t,x(0) = 0 and

|ζ ′′t,x(h)− 2Diju(t, x)|
≤|Diiu(t, x+ h(ei + ej))−Diiu(t, x+ hei)|+ |Djju(t, x+ h(ei + ej))−Djju(t, x+ hej)|

+ 2|Diju(t, x+ h(ei + ej))−Diju(t, x)|
≤4hα[D2

xu]α,d.

Hence, expanding ζt,x by Taylor’s formula centered at zero, we can estimate

|Rhu(t, x)−Diju(t, x)| =
∣∣∣∣h−2

(
ζt,x(0) + ζ ′t,x(0)h+

1

2
ζ ′′t,x(h

′)h2

)
−Diju(t, x)

∣∣∣∣
=

1

2
|ζ ′′t,x(h′)h2 −Diju(t, x)| ≤ 2hα[D2

xu]α,d(11.4)

for each h > 0 and (t, x) ∈ Rd+1, with some h′ ∈ (0, h).
Using (11.4) we can estimate [D2

xu]α,d. Fix (t, x1) and (t, x2) in Rd+1 and set r =
|x2− x1|. As it is immediately seen, the points (t, xk), (t, xk + h(ei + ej)), (t, xk + hei) and

(t, xk +hej) belong to C3r(t, xk), for k = 1, 2, if |h| ≤ r. Noting that if p ∈ Pol1,2, then Rhp
is constant and coincides with the coefficients of the monomial xixj, we can estimate

|Diju(t, x2)−Diju(t, x1)|

≤
2∑

k=1

|Diju(t, xk)−Rhu(t, xk)|+ |[Rh(u− p)](t2, x2)− [Rh(u− p)](t1, x1)|

≤4hα[D2
xu]α,d + 4h−2‖u− p‖C(C3r(t,x1)) + 4h−2‖u− p‖C(C3r(t,x2))
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for each p ∈ Pol1,2. Minimizing with respect to p, gives |Diju(t, x2) − Diju(t, x1)| ≤
4hα[D2

xu]α,d+8h−2(3r)2+α[u]1+α,d for every h > 0. We now choose h = γr, where 4γα = 1/4
to obtain

(11.5) |Diju(t, x2)−Diju(t, x1)| ≤
(

1

4
[D2

xu]α,d + C[u]1+α,d

)
|x2 − x1|α.

Similarly, if we take (t1, x), (t2, x) in Rd+1 with t1 < t2, set r =
√
t2 − t1 and argue as

above, then we conclude that

(11.6) |Diju(t2, x)−Diju(t2, x)| ≤
(

1

4
[D2

xu]α,d + C[u]1+α,d

)
|t2 − t1|

α
2 .

Estimates (11.5) and (11.6) yield [Diju]α,d ≤ 2−1[D2
xu]α,d + C[u]1+α,d and summing with

respect to i, j we finally get [D2
xu]α,d ≤ C[u]1+α,d.

To estimate [Dtu]α,d we replace the differential quotient Rhu with the differential quo-
tient Shu = h−2[u(· − h2, ·) − u]. Since ‖Shu − Dtu‖∞ ≤ hα‖Dtu‖Cα/2,0b (Rd+1)

for every

h > 0 and Shp coincides with the coefficients of the monomial t, we can repeat the same
arguments used to estimate Diju and conclude that [Dtu]α,d ≤ C[u]1+α,d.

Step 2. Here, we prove that [u]1+α,d ≤ C[Dtu−∆u]α,d for every u ∈ C1+α/2,2+α
b (Rd+1)

with compact support on Rd+1. We fix u as above, (t0, x0) ∈ Rd+1, r > 0 and consider the
polynomial pu defined by

pu(t, x) =u(t0, x0) +Dtu(t0, x0)(t− t0) + 〈∇xu(t0, x0), x− x0〉

+
1

2
〈D2

xu(t0, x0)(x− x0), (x− x0)〉

for every (t, x) ∈ Rd+1. Clearly, Dtpu−∆pu = Dtu(t0, x0)−∆u(t0, x0) =: g(t0, x0) on Rd+1.
Next, we fix a function ζ ∈ C∞c (Rd+1), ζ = 1 on CrM (t0, x0), where rM = (M + 1)r, with
M > 1 to be properly chosen later on. The function u−ζpu is smooth, compactly supported
on Rd+1 and Dt(u−ζpu)−∆(u−ζpu) = g−(Dt(ζpu)−∆(ζpu)) =: g−g1. Therefore, u−ζpu
is the convolution in Rd+1 of the functions g−g1 and K, where K(t, x) = e−

|x|2
4t χ(0,∞)(t) for

any (t, x) ∈ Rd+1, see Exercise 11.5.2. In particular, u−pu = K?(g−g1) on CrK (t0, x0). We
split K ? (g − g1) into the sum of the integral over CrM (t0, x0) and over its complement on
Rd+1. The so obtained functions are denoted by z1 and z2 respectively. Since g1 = g(t0, x0)
on CrM (t0, x0), we can estimate |z1| ≤ rαM [g]α,dK ? χCrM (t0,x0) on CrM (t0, x0). Performing

the change of variables (s′, y′) = (r−2
M (s− t0), r−1

M (y − x0)) gives

|(K ? χCrM (t0,x0))(t, x)| =rd+2
M

∣∣∣∣ ∫
Rd+1

K(t− t0 − r2
Ms
′, x− x0 − rMy′)χC1((0,0))(s

′, y′)dy′ds′
∣∣∣∣

=r2
M |(K ? χC1(0,0))(r

−2
M (t− t0), r−1

M (x− x0))| ≤ r2
M

for every (t, x) ∈ Rd+1. Hence, ‖z1‖C(CrM (t0,x0)) ≤ r2+α
M [g]α,d.
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As far as z2 is concerned, we observe that it belongs to C∞(CrM (t0, x0)) and Dtz2−∆z2

identically vanishes on CrM (t0, x0). Moreover, twice using Taylor’s formula we can write

z2(t, x) =z2(t0, x) +Dtz2(t∗, x)(t− t0)

=z2(t0, x0) + 〈∇z2(t0, x0), x− x0〉+
1

2
〈D2

xz2(t0, x∗)(x− x0), x− x0〉

+Dtz2(t∗, x)(t− t0)

for every (t, x) ∈ CrM (t0, x0) and some suitable point (t∗, x∗) ∈ CrM (t0, x0), depending on
(t, x). Hence, if we denote by pz2 the second-order polynomial defined as pu with u being
replaced by z2, then we can estimate

|z2(t, x)− pz2(t, x)|

≤|Dtz2(t∗, x)−Dtz2(t0, x0)||t−t0|+
1

2

∣∣∣∣ d∑
i,j=1

(Dijz2(t0, x∗)−Dijz2(t0, x0))(x− x0)i(x− x0)j

∣∣∣∣
≤r2|Dtz2(t∗, x)−Dtz2(t0, x)|+ r2|Dtz2(t0, x)−Dtz2(t0, x0)|+ r3

d∑
i,j,h=1

‖Dijhz2‖C(Cr(t0,x0))

≤r4‖D2
t z2‖C(Cr(t0,x0)) + r3

d∑
j=1

‖Djtz2‖C(Cr(t0,x0)) + r3

d∑
i,j,h=1

‖Dijhz2‖C(Cr(t0,x0))

(11.7)

for every (t, x) ∈ Cr(t0, x0). Since (t1, x1) + CMr(0, 0) ⊂ CrM (t0, x0) for every (t1, x1) ∈
Cr(t0, x0) we can apply Exercise 11.5.4 to the function z2(·+ t1, ·+ x1) and conclude that

M2r2|Dijz2(t1, x1)|+M3r3|Dijhz2(t1, x1)|+M4r4|Dijhkz2(t1, x1)| ≤ Λ‖z2‖C(CrM (t0,x0))

for every i, j, h, k = 1, . . . , d and some positive constant Λ, independent of z2 and (t1, x1).
Since Djtz2(t1, x1) = Dj∆z2(t1, x1) and D2

t z2(t1, x1) =
∑d

i,j=1 Diijjz2(t1, x1), from the pre-
vious estimate, we conclude that

M3r3|Djtz2(t1, x1)| ≤ dΛ‖z2‖C(CrM (t0,x0)), M4r4|D2
t z2(t1, x1)| ≤ d2Λ‖z2‖C(CrM (t0,x0)).

Thus, we can continue estimate (11.7) obtaining that |z2(t, x) − pz2(t, x)| ≤ C(M−3 +
M−4)‖z2‖C(CrM (t0,x0)) for every (t, x) ∈ Cr(t0, x0).

Let us estimate ‖z2‖C(CrM (t0,x0)) = ‖u−pu−z1‖C(CrM (t0,x0)). Since ‖u−pu‖C(CrM (t0,x0)) ≤
Cr2+α

M ([Dtu]α,d + [D2
xu]α,d), taking the above estimate of z1 and Step 1 into account we get

‖z2‖C(CrM (t0,x0)) ≤C(M + 1)2+αr2+α([g]α,d + [Dtu]α,d + [D2
xu]α,d)

≤CM2+αr2+α([g]α,d + [u]1+α,d).

Summing up, we have proved that ‖z2− pz2‖C(Cr(t0,x0)) ≤ CMα−1r2+α([g]α,d + [u]1+α,d).
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Now, we are done. Indeed,

[u]1+α,d ≤ sup
(t0,x0)∈Rd+1

sup
r>0

r−2−α‖u− pu − pz1‖C(Cr(t0,x0))

≤ sup
(t0,x0)∈Rd+1

sup
r>0

r−2−α‖z1‖C(Cr(t0,x0)) + sup
(t0,x0)∈Rd+1

sup
r>0

r−2−α‖z2 − pz2‖C(Cr(t0,x0))

≤C(M2+α[g]α,d +Kα−1[u]1+α,d).

Taking M large enough, we conclude that [u]1+α,d ≤ C[g]α,d.

Step 3. By Steps 1, 2, [Dtu]α,d+[D2
xu]α,d ≤ C[Dtu−Au]α,d for each u ∈ C1+α/2,2+α

b (Rd+1)
with compact support. We now remove the condition on the support of u. For this
purpose, we fix u ∈ C1+α/2,2+α

b (Rd+1) and consider a sequence (ϑn) ⊂ C∞c (Rd+1) such that
χ[−n,n]×B(0,n) ≤ ϑn ≤ 1 on Rd+1 and [Dtϑn]α + [D2

xϑn]α vanishes as n tend to ∞. The

function un = uϑn satisfies the estimate [Dtun]α,d+[D2
xun]α,d ≤ C[Dtun−Aun]α,d for every

n ∈ N. Since un = u on [−n, n]×B(0, n), a straightforward computation shows that

sup
x∈B(0,n)

[Dtu(·, x)]Cα/2([−n,n]) +
d∑

i,j=1

sup
x∈B(0,n)

[Diju(·, x)]Cα/2([−n,n])

+ sup
t∈[−n,n]

[Dtu(t, ·)]Cα(B(0,n)) +
d∑

i,j=1

sup
t∈[−n,n]

[Diju(t, ·)]Cα(B(0,n)) ≤ C[Dtu−Au]α,d + an

for each n ∈ N and some sequence (an) converging to 0. Letting n tend to∞, we conclude
that [Dtu]α,d+[D2

xu]α,d ≤ C[Dtu−Au]α,d. Note that this estimate can be straightforwardly
extended to functions u taking values in C: it is enough to apply it to the real and imaginary
parts of u.

Step 4. Here, we prove estimate (11.3) when A = ∆. For this purpose, we use a
trick commonly used in the analysis of elliptic equations on Lp spaces, which consists of
adding a new variable. More precisely, for every u ∈ C

1+α/2,2+α
b (Rd+1) we consider the

function v : Rd+2 → C defined by v(t, x, xd+1) = u(t, x)eixd+1 . By Step 3, we know that
[Dtv]α,d+1 +[D2

xv]α,d+1 ≤ C[Dtv−∆v]α,d+1, where ∆ is now the Laplacian on Rd+1. As it is
immediately seen, Dtv(·, ·, xd+1)−∆v(·, ·, xd+1) = eixd+1(Dtu−∆u+u) for every xd+1 ∈ R.
Hence, [Dtv −∆v]α,d+1 ≤ C‖Dtu−∆u− u‖

C
α/2,α
b (Rd+1)

.

We now observe that

2|Diju(t, x)| = |Dijv(t, x, π)−Dijv(t, x, 0)| ≤ πα[Dijv]α,d+1, (t, x) ∈ Rd+1

for every i, j = 1, . . . , d, so that ‖Diju‖∞ ≤ 2−1πα[Dijv]α,d+1. Similarly, ‖Dtu‖∞ ≤
2−1πα[Dtv]α,d+1 and, consequently,

‖Dtu‖∞ +
d∑

i,j=1

‖Diju‖∞ ≤ 2−1πα([Dtv]α,d+1 + [D2
xv]α,d+1).
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Finally, notice that [Dijv(·, ·, 0)]α,d = [Diju]α,d for every i, j = 1, . . . , d and [Dtv(·, ·, 0)]α,d =
[Dtu]α,d. From these estimates and Lemma 11.1.1 we deduce that

(11.8) ‖u‖
C

1+α/2,2+α
b (Rd+1)

≤ C([Dtv]α,d+1 + [D2
xv]α,d+1) ≤ C‖Dtu−∆u+ u‖

C
α/2,α
b (Rd+1)

.

Using (11.8) and the interpolation estimate ‖u‖
C
α/2,2+α
b (Rd+1)

≤ ε‖u‖
C

1+α/2,2+α
b (Rd+1)

+

Cε‖u‖∞ we obtain

‖u‖
C

1+α/2,2+α
b (Rd+1)

≤C(‖Dtu−∆u‖
C
α/2,α
b (Rd+1)

+ ‖u‖
C
α/2,α
b (Rd+1)

)

≤C(‖Dtu−∆u‖
C
α/2,α
b (Rd+1)

+ ε‖u‖
C

1+α/2,2+α
b (Rd+1)

+ Cε‖u‖∞)

for every ε > 0 and some positive constant Cε, independent of u and blowing up as ε→ 0+.
Taking ε sufficiently small, we immediately get (11.3).

Step 5. To extend (11.3) to every operator A, one can use the same arguments as in
Lecture 7 first considering the case when A = Tr(QD2) for some constant and positive
definite matrix Q and then freezing the coefficients to handle the more general case. Since
there are no sensible differences with the proof of Theorem 7.2.1 we omit the details.

To complete this section we prove the following property, which will be used in the
proof of Theorem 11.2.1.

Lemma 11.1.3. There exists a positive constant C such that

[Didu]α,d ≤ C

(
[Dtu]α,d +

d−1∑
i,j=1

[Diju]α,d + [Dddu]α,d

)

for every u ∈ C1+α/2,2+α((−∞, T ]× Rd
+) and i = 1, . . . , d.

Proof. Throughout the proof, we denote by C a positive constant, which is independent
of u and may vary from line to line. Moreover, we set ‖ · ‖∞ = ‖ · ‖

Cb((−∞,T ]×Rd+)
. We split

the proof into two steps.
Step 1. Let ∆

(h)
0 and ∆

(h)
i be the operators defined by (∆

(h)
0 ζ)(t, x) = ζ(t, x)−ζ(t−h2, x)

and (∆
(h)
i ζ)(t, x) = ζ(t, x+hei)− ζ(t, x) for every (t, x) ∈ (−∞, T ]×Rd

+, h > 0, and every

function ζ : (−∞, T ] × Rd
+ → R. Using the previous operators we can define some new

operators that will be used in the proof. More precisely, for every i, j, k ∈ {1, . . . , d} and
h ≥ 0 we set

∆
(h)
i,j = ∆

(h)
i ◦∆

(h)
j , ∆

(h)
i,j,k = ∆

(h)
i,j ◦∆

(h)
k , ∆

(h)
0,j = ∆

(h)
0 ◦∆

(h)
j .

As it is immediately seen, the operator ∆
(h)
ijk is invariant with respect to each perturbation

of the triplet (i, j, k). Moreover,

∆
(h)
i,j,ku =

∫ h

0

dr

∫ h

0

[Diju(·, ·+ rei + sej + hek)−Diju(·, ·+ rei + sej)]ds
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for every i, j, k = 1, . . . , d and h > 0 and u ∈ C1+α/2,2+α
b ((−∞, T ]× Rd

+). Therefore,

(11.9) ‖∆(h)
i,j,ku‖∞ ≤ sup

t≤T
[Diju(t, ·)]

Cαb (Rd+)
h2+α

for every h > 0, i, j, k = 1, . . . , d. Arguing similarly, it can be easily shown that

‖∆(h)
0,ju‖∞ ≤ sup

t≤T
[Dtu(t, ·)]

Cαb (Rd+)
h2+α,(11.10)

‖Diju− h−2∆
(h)
i,j u‖∞ ≤ 2 sup

t≤T
[Diju(t, ·)]

Cαb (Rd+)
hα,(11.11)

for every h > 0, i, j = 1, . . . , d and u ∈ C1+α/2,2+α
b ((−∞, T ]× Rd

+).
Step 2. Here, we set

[u]′1+α := sup
h>0

h−2−α
(
‖∆(h)

0,i u‖∞ +
d∑

k=1

‖∆(h)
i,d,ku‖∞

)
for every u ∈ C

1+α/2,2+α
b ((−∞, T ] × Rd

+) and prove that [Didu]α,d ≤ C[u]′1+α for some
positive constant, independent of u (and of T ) and every i = 1, . . . , d. For this purpose,
we fix i, k = 1, . . . , d, n ∈ N and split

∆
(h)
k Didu =Didu(·, ·+ hek)− h−2n2∆

(h/n)
i,d u(·, ·+ hek) + h−2n2∆

(h/n)
i,d u−Didu

+ h−2n2

n∑
r=1

(∆
(h/n)
i,d u(·, ·+ rhn−1ek)−∆

(h/n)
i,d u(·, ·+ (r − 1)hn−1ek).

Since ∆
(h/n)
i,d u(·, ·+ rhn−1ek)−∆

(h/n)
i,d u(·, ·+ (r− 1)hn−1ek) = ∆

(h/n)
i,d,k u(·, ·+ (r− 1)hn−1ek),

taking (11.9) and (11.11) into account, we can estimate

‖∆(h)
k Didu‖∞ ≤4n−αhα sup

t≤T
[Didu(t, ·)]

Cαb (Rd+)
+ h−2n3‖∆(h/n)

i,d,k u‖∞

≤4n−αhα sup
t≤T

[Didu(t, ·)]
Cαb (Rd+)

+ hαn1−α[u]′1+α

for every h > 0. This shows that, if y, x ∈ Rd
+ are such that y − x = (yk − xk)ek for some

k = 1, . . . , d, then

|Didu(t, y)−Didu(t, x)| ≤
(

4n−α sup
t≤T

[Didu(t, ·)]
Cαb (Rd+)

+ n1−α[u]′1+α

)
|x− y|α,

for every t ≤ T . Now, for every x, y ∈ Rd
+ and k = 1, . . . , d, we set x(0) = x, x(k) =

x(k−1) + (yk−xk)ek and split Didu(t, y)−Didu(t, x) =
∑d

k=1(Didu(t, x(k))−Didu(t, x(k−1)))
and conclude that

|Didu(t, y)−Didu(t, x)| ≤
(

4dn−α sup
t≤T

[Didu(t, ·)]
Cαb (Rd+)

+ dn1−α[u]′1+α

)
|x− y|α
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so that, taking n sufficiently large, it follows that supt≤T [Didu(t, ·)]
Cαb (Rd+)

≤ C[u]′1+α.

To estimate the α/2-Hölder seminorms of Didu, we fix s < t ≤ T and set h =
√
t− s.

Then, as above we get

|Didu(t, ·)−Didu(s, ·)| ≤|Didu(t, ·)− h−2∆
(h)
i,d u(t, ·)|+ |Didu(s, ·)− h−2∆

(h)
i,d u(s, ·)|

+ h−2|(∆(h)
0 ◦∆

(h)
i,d u)(t, ·)|

≤2 sup
t≤T

[Didu(t, ·)]
Cαb (Rd+)

|t− s|
α
2 + 2h−2‖∆(h)

0,i u‖∞

≤2 sup
t≤T

[Didu(t, ·)]
Cαb (Rd+)

|t− s|
α
2 + 2|t− s|

α
2 [u]′1+α,

where we have also used the estimate ‖∆h
0 ◦∆

(h)
i,d u‖Cb((−∞,T ]×Rd+)

≤ 2‖∆h
0,iu‖Cb((−∞,T ]×Rd+)

.

We have so proved that sup
x∈Rd+

[Didu(·, x)]Cα/2((−∞,T ]) ≤ C[u]′1+α. The estimate [Didu]α,d ≤
C[u]′1+α now follows for every i = 1, . . . , d.

So, using (11.10) and (11.9), we deduce that

[Didu]α,d ≤ C sup
h>0

h−2−α
(
‖∆(h)

0,i u‖∞ +
d∑

k=1

‖∆(h)
i,d,ku‖∞

)

≤ C

(
[Dtu]α,d +

d∑
k=1

‖∆(h)
i,d,ku‖∞

)

= C

(
[Dtu]α,d +

d−1∑
k=1

‖∆(h)
i,d,ku‖∞ + ‖∆(h)

i,d,du‖∞
)

≤ C

(
[Dtu]α,d +

d−1∑
j=1

[Diju]α,d + [Dddu]α,d

)
and the assertion follows at once.

11.2 An auxiliary boundary value problem

In this section we deal with the boundary value problem

(11.12)

{
Dtu(t, x) = Au(t, x) + g(t, x), t ∈ (−∞, T ], x ∈ Rd

+,

u(t, x′, 0) = ψ(t, x′), t ∈ (−∞, T ], x′ ∈ Rd−1,

under Hypotheses 10.0.1, with 0 > c0 = supx∈Rd c(x), and prove the following important
result

Theorem 11.2.1. For each g ∈ C
α/2,α
b ((−∞, T ] × Rd

+) and ψ ∈ C
1+α/2,2+α
b ((−∞, T ] ×

Rd−1), problem (11.12) admits a unique solution u ∈ C1+α/2,2+α((−∞, T ] × Rd
+) which

satisfies the estimate

(11.13) ‖u‖
C1+α/2,2+α((−∞,T ]×Rd+)

≤ C?(‖g‖Cα/2,αb ((−∞,T ]×Rd+)
+ ‖ψ‖

C
1+α/2,2+α
b ((−∞,T ]×Rd−1)

)
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for some positive constant C?, independent of u and g.

The following proposition, yields the uniqueness of the solution to the Cauchy problem
(11.12).

Proposition 11.2.2. Suppose that u ∈ C
1+α/2,2+α
b ((−∞, T ] × Rd

+) solves the boundary
value problem (11.12). Then,

(11.14) ‖u‖
Cb((−∞,T ]×Rd+)

≤ |c0|−1‖g‖
Cb((−∞,T ]×Rd+)

+ ‖ψ‖Cb((−∞,T ]×Rd−1).

Proof. We introduce the function v = u + c−1
0 ‖g‖Cb((−∞,T ]×Rd+)

− ‖ψ‖Cb(−∞,T ]×Rd−1 , which

is nonpositive on (−∞, T ] × ∂Rd
+ and satisfies the differential equation Dtv − Av ≤ 0 on

(−∞, T ] × Rd
+. As in (11.1), the function ϕa : Rd → R, defined by ϕa(x) = a + |x|2

for every x ∈ Rd, satisfies the estimate Aϕa(x) ≤ d1 + d2|x| + c0a + c0|x|2 for every
x ∈ Rd

+ and some positive constants d1 and d2. Using Young’s inequality, we can estimate
d2|x| ≤ d3 − c0|x|2 for every x ∈ Rd

+, so that we can choose a large enough such that
Aϕa ≤ 0 on Rd

+. The function vn = v − n−1ϕa is nonpositive on (−∞, T ] × ∂Rd
+ and

Dtvn−Avn ≤ 0 on (−∞, T ]×Rd
+. Since lim|x|→∞ vn(t, ·) = −∞, uniformly with respect to

t ∈ (−∞, T ], it attains its maximum value. The same argument as in the proof of Theorem
1.1.2 shows that the maximum its attained on (−∞, T ] × ∂Rd

+, so that vn is nonpositive

on (−∞, T ] × Rd
+. Letting n tend to ∞ we deduce that v ≤ 0 on (−∞, T ] × Rd

+, i.e.,
u ≤ |c0|−1‖g‖∞ + ‖ψ‖∞. Applying the same argument with u being replaced by −u, we
get also the estimate −u ≤ |c0|−1‖g‖∞ + ‖ψ‖∞ and (11.14) follows.

The following lemma will be used in the proof of the existence part of Theorem 11.2.1.

Lemma 11.2.3. Set K+ = −2χRd+DdK, where K is the Gauss-Weierstrass kernel defined

by (4.3). Then, the following properties hold true:

(i) K+ is infinitely many times differentiable in R× Rd
+;

(ii) DtK+ = ∆K+ on R× Rd
+;

(iii) the function (t, x′) 7→ tγ|x′|βK+(t, x′, xd) belongs to L1(Rd) provided that 1−2γ−β >
0. In such a case,

(11.15)

∫ ∞
0

dt

∫
Rd−1

tγ|x′|βK+(t, x′, xd)dx
′ = Cβ,γx

β+2γ
d

for each xd > 0, where

Cβ,γ = 4γπ−
d
2 Γ

(
2γ − β + 1

2

)∫
Rd−1

|y′|βe−|y′|2dy′;

(iv) the functions K+, DtK+, DjK+, DijK+ are integrable on Rd (with respect to t and
x′) for any xd > 0 and their L1-norms are bounded on (ε,∞) for every ε > 0.
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Proof. (i) & (ii): By Lemma 4.1.2 we know that K+ ∈ C∞((0,∞) × Rd
+). Moreover, a

direct computation shows that DtK+ = ∆K+ on (0,∞) × Rd
+. To conclude the proof, it

suffices to observe that all the derivatives of K+ vanish as (t, x) tends to (0, x0), for some
x0 > 0. This implies that K+ ∈ C∞(R×Rd

+) and it solves the heat equation in the whole
R× Rd

+.

(iii) The usual change of variables y′ = (2
√
t)−1x′ and, then, the change of variable

s = x2
d/4t show that∫ ∞
0

dt

∫
Rd−1

tγ|x′|βK+(t, x′, xd)dx
′ =

xd

(4π)
d
2

∫ ∞
0

tγ−1− d
2 e−

x2
d

4t dt

∫
Rd−1

|x′|βe−
|x′|2

4t dx′

=
2β−1

π
d
2

xd

∫ ∞
0

t
β
2

+γ− 3
2 e−

x2
d

4t dt

∫
Rd−1

|y′|βe−|y′|2dy′

=4γC ′βx
β+2γ
d

∫ ∞
0

s−γ−
β
2
− 1

2 e−sdt.

Hence, the integral is finite provided that −2γ − β − 1 > −2, i.e., 1 − 2γ − β > 0, and
(11.15) follows.

(iv) It is a straightforward consequence of (iii). Indeed, an easy computation shows
that

DhK+(t, x) =− 1

2
t−1xhK+(t, x) + δhdx

−1
d K+(t, x),(11.16)

DijK+(t, x) =− 1

2
t−1δijK+(t, x) +

1

4
t−2xixjK+(t, x),

DidK+(t, x) =− 1

2
t−1xix

−1
d K+(t, x) +

1

4
t−1xixdK+(t, x),

DddK+(t, x) =− 3

2
t−1K+(t, x) +

1

4
t−2x2

dK+(t, x),

for each t > 0, x ∈ Rd
+, i, j = 1, . . . , d − 1 and h = 1, . . . , d. Hence, applying estimate

(11.15) we conclude that the L1(Rd)-norm of each the first-order (resp. second-order)
spatial derivatives of K+(·, ·, xd) is bounded from above by a constant times x−1

d (resp. x−2
d )

for every xd > 0. Since DtK+ = ∆K+ it follows that the L1(Rd) norm of DtK+(·, ·, xd) is
bounded from above by a constant times x−2

d . The assertion follows.

Proof of Theorem 11.2.1 when A = ∆− I. Being rather long, we split the proof into two
steps.

Step 1. Here, we prove that, for every g̃ ∈ Cα/2,α
b ((−∞, T ]×Rd) there exists a function

w ∈ C1+α/2,2+α
b ((−∞, T ]×Rd) such that Dtw = ∆w−w+ g̃ on (−∞, T ]×Rd. By setting

g̃(t, ·) = g̃(T, ·) for any t > T , we can extend g̃ to the whole Rd+1 with a function which

belongs to C
α/2,α
b (Rd+1) and satisfies the estimate ‖g̃‖

C
α/2,α
b (Rd+1)

= ‖g̃‖
C
α/2,α
b ((−∞,T ]×Rd)

.

We also consider a sequence (ϑn) ⊂ C∞c (R), such that χ(−n,n) ≤ ϑn ≤ χ(−2n,2n) for every
n ∈ N.
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For each n ∈ N we set

wn(t, x) =

∫ t

−∞
es−t(T (t− s)g̃n(s, ·))(x)ds, t ∈ R, x ∈ Rd,

where {T (t)} is the Gauss-Weierstrass semigroup and g̃n = ϑng̃. Note that ‖g̃n‖Cα/2,αb (Rd+1)
≤

C0‖g̃‖Cα/2,αb ((−∞,T ]×Rd+)
for some positive constant C0, independent of g̃ and n. Since g̃n

is supported in (−2n, 2n) × Rd, the integral defining function wn converges for every
t ∈ R. Adapting the arguments in the proof of Theorem 6.1.4, we can easily show that
wn ∈ C1+α/2,2+α

b (Rd+1), solves the equation Dtw = ∆w − w + g̃n on Rd+1. Moreover, by
(11.8) it satisfies the estimate ‖wn‖C1+α/2,2+α

b (Rd+1)
≤ C1‖g̃‖Cα/2,αb ((−∞,T ]×Rd)

, C1, being inde-

pendent of n and g̃. Thus, applying Arzelà-Ascoli theorem to the sequences (wn), (Dtwn),
(Djwn) and (Dijwn) (i, j = 1, . . . , d), we conclude that, up to a subsequence, wn converges

in C1,2([−r, r] × B(0, r)) (for every r > 0) to a function w ∈ C
1+α/2,2+α
b (Rd+1), which

solves the equation Dtw = ∆w − w + g̃ and satisfies the estimate ‖Dtw‖C1+α/2,2+α
b (Rd+1)

≤
C2‖g̃‖Cα/2,α((−∞,T ]×Rd+)

, the constant C2 being independent of g̃.

Step 2. In view of Step 1, u ∈ C
1+α/2,2+α
b ((−∞, T ] × Rd

+) solves the boundary value

problem (11.12) if and only if the function v = u− w ∈ C1+α/2,2+α
b ((−∞, T ]× Rd

+) solves
problem {

Dtv(t, x) = ∆v(t, x)− v(t, x), t ∈ (−∞, T ], x ∈ Rd
+,

v(t, x′, 0) = ψ(t, x′)− w(t, x′, 0), t ∈ (−∞, T ], x′ ∈ Rd−1,
(11.17)

where w is the solution to the equation Dtw −∆w + w = g̃ on (−∞, T ]×Rd provided by
Step 1 and g̃ is the even extension (with respect to the last variable xd) of g. The function
w satisfies the estimate

(11.18) ‖w‖
C

1+α/2,2+α
b ((−∞,T ]×Rd)

≤ C2‖g‖Cα/2,αb ((−∞,T ]×Rd+)
.

To ease the notation, we set ψ̂ = ψ − w(·, ·, 0). We will prove that the function

v : (−∞, T ]× Rd
+ → R, defined by

v(t, x) =

∫
R
ds

∫
Rd−1

es−tK+(t− s, x′ − y′, xd)ψ̂(s, y′)dy′, t ∈ (−∞, T ], x ∈ Rd
+,

belongs to C
1+α/2,2+α
b ((−∞, T ] × Rd

+), solves the boundary value problem (11.17) and
satisfies the estimate

(11.19) ‖v‖
C

1+α/2,2+α
b ((−∞,T ]×Rd+)

≤ C3(‖ψ‖
C

1+α/2,2+α
b ((−∞,T ]×Rd−1)

+ ‖g‖
C
α/2,α
b ((−∞,T ]×Rd+)

)

for some positive constant C3, independent of v, ψ and g. An easy application of the domi-
nated convergence theorem, as in the proof of Theorem 4.1.3, shows that v ∈ C1,2((−∞, T ]×
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Rd
+) and it solves the heat equation. To prove estimate (11.19) and to show that v(·, ·, 0) =

ψ̂ on (−∞, T ] × Rd
+, we perform the change of variables t − s = x2

dr, x
′ − y′ = xdz

′, to
write v in the much more convenient form
(11.20)

v(t, x) =

∫ ∞
0

e−rx
2
ddr

∫
Rd−1

K+(r, z′, 1)ψ̂(t− rx2
d, x
′ − xdz′)dz′, t ∈ (−∞, T ], x ∈ Rd

+.

By applying the dominated convergence theorem, we easily see that

lim
(t,x)→(t0,x′0,0)

v(t, x) =

∫ ∞
0

dr

∫
Rd−1

K+(r, z′, 1)ψ̂(t0, x
′
0)dz′

=ψ̂(t0, x
′
0)‖K+(·, ·, 1)‖L1((0,+∞)×Rd−1).

Lemma 11.2.3(iii) shows that ‖K+(·, ·, 1)‖L1((0,∞)×Rd−1) = 1. Hence, the boundary condition
in (11.17) is satisfied.

In view of Lemma 11.1.1, to prove (11.13) it suffices to prove that Dtv, Dijv (i, j =

1, . . . , d) belong to C
α/2,α
b ((−∞, T ] × Rd

+) and their Cα/2,α-norms together with the sup-
norm of v satisfy estimate (11.2). Throughout the rest of the proof, we denote by C a
positive constant, which depends only on d and α, and may vary from line to line.

As it is immediately seen, from (11.20) it follows that |v(t, x)| ≤ ‖ψ̂‖∞ for any (t, x) ∈
(−∞, T ]× Rd

+.

We now estimate the C
α/2,α
b ((−∞, T ]×Rd

+)-norm of Dtv and Dijv for i, j = 1, . . . , d−1.
Since the arguments are just the same, we show in details how to estimate Dtv. Differen-
tiating under the integral sign, from (11.20) it follows that

Dtv(t, x) =

∫ ∞
0

ds

∫
Rd−1

K+(s, y′, 1)e−sx
2
dDtψ̂(t− sx2

d, x
′ − xdy′)dy′

for each t ∈ (−∞, T ] and x ∈ Rd
+. From this formula, we immediately deduce that

‖Dtv‖∞ ≤ ‖Dtψ̂‖∞. Moreover, for each t1 < t2 ≤ T and x ∈ Rd
+ we can estimate

|Dtv(t2, x)−Dtv(t1, x)|

≤
∫
Rd−1

K+(s, y′, 1)e−sx
2
d |Dtψ̂(t2 − sx2

d, x
′ − xdy′)−Dtψ̂(t1 − sx2

d, x
′ − xdy′)|dy′

≤ sup
x∈Rd−1

[Dtψ̂(·, x)]
C
α/2
b ((−∞,T ])

|t2 − t1|
α
2

∫ ∞
0

e−sx
2
dds

∫
Rd−1

K+(s, y′, 1)dy′

≤‖Dtψ̂‖Cα/2,0b ((−∞,T ]×Rd−1)
|t2 − t1|

α
2 ,

so that

(11.21) [Dtv(·, x)]Cα/2((−∞,T ]) ≤ ‖Dtψ̂‖Cα/2,0((−∞,T ]×Rd−1)

for any x ∈ Rd
+. Similarly, for each t ≤ T it holds that

(11.22) [Dtv(t, ·, xd)]Cαb (Rd−1) ≤ ‖Dtψ̂‖C0,α((−∞,T ]×Rd+)
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for any t ≤ T and xd ≥ 0. To estimate the α-Hölder seminorm of the function Dtv(t, x′, ·),
we observe that

|Dtv(t, x′, xd)−Dtv(t, x′, x̃d)|

≤
∫ ∞

0

|e−sx2
d − e−sx̃2

d |ds
∫
Rd−1

K+(s, y′, 1)|Dtψ̂(t− sx2
d, x
′ − xdy′)|dy′

+

∫ ∞
0

e−sx̃
2
dds

∫
Rd−1

K+(s, y′, 1)|Dtψ̂(t− sx2
d, x
′ − xdy′)−Dtψ̂(t− sx̃2

d, x
′ − x̃dy′)|dy′

≤Cα|x2
d − x̃2

d|
α
2 ‖Dtψ̂‖∞

∫ ∞
0

s
α
2 ds

∫
Rd−1

K+(s, y′, 1)dy′

+ sup
x∈Rd−1

[Dtψ̂(·, x)]
C
α/2
b ((−∞,T ])

|x2
d − x̃2

d|
α
2

∫ ∞
0

s
α
2 e−sx

2
dds

∫
Rd−1

K+(s, y′, 1)dy′

+ sup
t≤T

[Dtψ̂(t, ·)]Cαb (Rd−1)|xd − x̃d|α
∫ ∞

0

e−sx
2
dds

∫
Rd−1

|y′|αK+(s, y′, 1)dy′

≤C‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd+)
(|x2

d − x̃2
d|
α
2 + |xd − x̃d|α)

(11.23)

for each t ≤ T , xd, x̃d ≥ 0, where we have taken advantage of (11.15).
Suppose that xd + x̃d ≤ 2|xd − x̃d|. Then, |x2

d − x̃2
d| ≤ 2|xd − x̃d|2, so that from (11.23)

it follows that

(11.24) |Dtv(t, x′, xd)−Dtv(t, x′, x̃d)| ≤ C‖Dtψ̂‖Cα/2,α((−∞,T ]×Rd+)
|xd − x̃d|α.

Formula (11.23) is of no help when xd + x̃d > 2|xd− x̃d|. In such a case, we rewrite Dtv
in the form

Dtv(t, x) =

∫
R
ds

∫
Rd−1

es−tK+(t− s, x′ − y′, xd)Dtψ̂(s, y′)dy′, t ≤ T, x ∈ Rd
+.

Differentiating with respect to the variable xd, taking (11.16) into account and observing
that

∫
Rd+1 DdK+(s, y′, xd)dsdy

′ = 0 for every xd > 0, we get

DdDtv(t, x) =

∫
R
es−tds

∫
Rd−1

DdK+(t− s, x′ − y′, xd)Dtψ̂(s, y′)dy′

=

∫
R
es−tds

∫
Rd−1

DdK+(t− s, x′ − y′, xd)(Dtψ̂(s, y′)−Dtψ̂(t, x′))dy′

=− 1

2
xd

∫ ∞
0

e−sds

∫
Rd−1

s−1K+(s, y′, xd)(Dtψ̂(t− s, x− y′)−Dtψ̂(t, x′))dy′

+ x−1
d

∫ ∞
0

e−sds

∫
Rd−1

K+(s, y′, xd)(Dtψ̂(t− s, x′ − y′)−Dtψ̂(t, x′))dy′

for every t ∈ (−∞, T ] and x ∈ Rd
+. Hence, estimating |Dtψ̂(t − s, x′ − y′) −Dtψ̂(t, x′)| ≤

‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd−1)
(|s|α/2 + |y′|α) we obtain

|DdDtv(t, x)| ≤1

2
xd‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd+)

∫ ∞
0

ds

∫
Rd−1

(s
α
2
−1 + s−1|y′|α)K+(s, y′, xd)dy

′
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+ x−1
d ‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd+)

∫ ∞
0

ds

∫
Rd−1

(s
α
2 + |y′|α)K+(s, y′, xd)dy

′.

Taking (11.15) once more into account, we conclude that

(11.25) |DdDtv(t, x)| ≤ C ′′α‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd−1)
xα−1
d , t ∈ (−∞, T ], x ∈ Rd

+.

Hence, observing that the condition xd + x̃d > 2|xd − x̃d| implies that 2xd > |xd − x̃d|, we
can estimate

|Dtv(t, x′, xd)−Dtv(t, x′, x̃d)| ≤C‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd+)
xα−1
d |xd − x̃d|

≤C‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd+)
|xd − x̃d|α.(11.26)

From (11.24) and (11.26) it follows that

(11.27) [Dtv(t, x′, ·)]Cαb (R+) ≤ C‖Dtψ̂‖Cα/2,αb ((−∞,T ]×Rd−1)

for every t ≤ T and x′ ∈ Rd−1. So, (11.21), (11.22) and (11.27) imply that Dtv ∈
C
α/2,α
b ((−∞, T ]× Rd

+) and ‖Dtv‖Cα/2,αb ((−∞,T ]×Rd+)
≤ C‖ψ̂‖

C
1+α/2,2+α
b ((−∞,T ]×Rd−1)

.

Since Dtv = ∆v − v, then Dddv = Dtv −
∑d−1

j=1 Djjv + v and we conclude that

Dddv ∈ Cα/2,α
b ((−∞, T ] × Rd

+) and ‖Dddv‖Cα/2,αb ((−∞,T ]×Rd+)
≤ C‖ψ̂‖

C
1+α/2,2+α
b ((−∞,T ]×Rd−1)

.

Estimating the parabolic Hölder norm of second-order derivatives Didv (i = 1, . . . , d) trying
to follow the same technique as above is not straightforward. To overcome this difficulty,
we take advantage of Lemma 11.1.3. First of all, we observe that

Didv(t, x) =

∫ ∞
0

ds

∫
Rd−1

DdK+(s, y′, xd)Diψ̂(t− s, x′ − y′)dy′, (t, x) ∈ (−∞, T ]× Rd
+.

Since Diψ̂ ∈ Cα/2,α
b ((−∞]× Rd−1) and ‖Diψ̂‖Cα/2,αb ((−∞]×Rd−1)

≤ C‖ψ̂‖
C

1+α/2,2+α
b ((−∞]×Rd−1)

as in the proof of (11.25), we can show that |Didv(t, x)| ≤ C‖ψ̂‖
C

1+α/2,2+α
b ((−∞]×Rd−1)

x−1
d

for every (t, x) ∈ (−∞, T ] × Rd
+. It can also be checked that Didv ∈ Cα/2,α((−∞, T ] ×

Rd−1 × [ε,∞)) for every ε > 0. As a byproduct, the function vε = v(·, ·, · + ε) belongs to

C
1+α/2,2+α
b ((−∞, T ]× Rd

+) for every ε > 0 and we can estimate, using Lemma 11.1.3,

[Didvε]α,d := sup
t≤T

[Didvε(t, ·)]Cαb (Rd+)
+ sup

x∈Rd+

[Didvε(·, x)]Cα/2((−∞,T ])

≤C
(
‖Dtvε‖Cα/2,αb ((−∞,T ]×Rd+)

+
d−1∑
i,j=1

‖Dijvε‖Cα/2,αb ((−∞,T ]×Rd+)
+ ‖Dddvε‖Cα/2,αb ((−∞,T ]×Rd+)

)

≤C
(
‖Dtv‖Cα/2,αb ((−∞,T ]×Rd+)

+
d−1∑
i,j=1

‖Dijv‖Cα/2,αb ((−∞,T ]×Rd+)
+ ‖Dddv‖Cα/2,αb ((−∞,T ]×Rd+)

)
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≤C‖ψ̂‖
C

1+α/2,2+α
b ((−∞,T ]×Rd−1)

.

Letting ε tend to 0 gives [Didv]α ≤ C‖ψ̂‖
C

1+α/2,2+α
b ((−∞,T ]×Rd−1)

. Estimate (11.19) follows

immediately.
To conclude the proof, it suffices to observe that (11.18) and (11.19) yield estimate

(11.13).

As a consequence of Theorem 11.2.1, we can now prove the following a priori estimates

Theorem 11.2.4. There exists a positive constant C0, depending only on the Hölder norms
of the coefficients and the ellipticity constant µ in Hypothesis 10.0.1, such that

‖u‖
C

1+α/2,2+α
b ((−∞,T ]×Rd+)

≤C0(1− c−1
0 )‖Dtu−Au‖Cα/2,αb ((−∞,T ]×Rd+)

+ C0‖u(·, ·, 0)‖
C

1+α/2,2+α
b ((−∞,T ]×Rd−1)

(11.28)

Proof. The weaker estimate

‖u‖
C

1+α/2,2+α
b ((−∞,T ]×Rd+)

≤ C0(‖Dtu−Au‖Cα/2,αb ((−∞,T ]×Rd+)
+ ‖u‖

Cb((−∞,T ]×Rd+)

+ ‖u(·, ·, 0)‖
C

1+α/2,2+α
b ((−∞,T ]×Rd−1)

)(11.29)

can be obtained arguing as in Lecture 7, first considering the case when A = Tr(QD2) for
some constant and positive definite matrix Q and then freezing the coefficients to handle
the more general case. Since there are no sensible differences with the proof of Theorem
7.2.1 we omit the details.

Noting that u trivially solves the Cauchy problem (11.12) with g = Dtu − Au and
ψ = u(·, ·, 0), from (11.14) it follows that

‖u‖
Cb((−∞,T ]×Rd+)

≤ |c0|−1‖Dtu−Au‖Cb((−∞,T ]×Rd+)
+ ‖u(·, ·, 0)‖Cb((−∞,T ]×Rd−1).

Replacing this estimate into (11.29), we immediately get (11.28).

By applying the continuity method, using Theorems 11.2.1 and 11.2.4 we can complete
the proof of Theorem 11.2.1.

Proof of Theorem 11.2.1: the general case. For σ ∈ [0, 1], let Lσ be the linear operator

defined by Lσ = (Dt − Aσu, u(·, ·, 0)) for every u ∈ X := C
1+α/2,2+α
b ((−∞, T ] × Rd

+),
where Aσ = σA + (1 − σ)(∆ − I). Clearly, each operator Lσ is bounded from X into

Y = C
α/2,α
b ((−∞, T ] × Rd

+) × C1+α/2,2+α((−∞, T ] × Rd−1) (endowed with the classical
norm, i.e., ‖(g, ψ)‖Y = ‖g‖

C
α/2,α
b ((−∞,T ]×Rd+)

+ ‖ψ‖C1+α/2,2+α((−∞,T ]×Rd−1)). Let c′σ denote the

potential term of the operator Aσ. Then, c′σ = σ− 1 + σc ≤ σ(1 + c0)− 1 ≤ max c0,−1 for
every σ ∈ [0, 1]. Hence, from (11.28) it follows that ‖Lσu‖Y ≥ K0‖u‖X for a constant K0

independent of σ. Since the operator L1 is invertible by Theorem 11.2.1, applying Theorem
7.1.1 we conclude that also the operator L1 is invertible and we are done.
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11.3 A refined version of Theorem 10.0.2

Now, we have all the tools to prove the main result of this lecture.

Theorem 11.3.1. For every f ∈ C2+α
b (Rd

+) and g ∈ C
α/2,α
b ([0, T ] × Rd

+) such that f =
Af + g(0, ·) = 0 on ∂Rd

+, there exists a unique classical solution u to problem (10.1).

In addition, u belongs to C
1+α/2,2+α
b ([0, T ] × Rd

+) and there exists a positive constant C,
independent of f and g, such that

(11.30) ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd+)

≤ C(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

).

Proof. Throughout the proof, we denote by C a positive constant, independent of the
functions that we consider, which may vary from line to line. Moreover, we use the notation
P(f, g) to denote the Cauchy problem (10.1) and we set gf = Af + g.

Without loss of generality we can assume that c0 < 0. Indeed, suppose that c0 ≥ 0.
Then, observe that the function u solves problem P(f, g) if and only if the function (t, x) 7→
v(t, x) = e−(c0+1)tu(t, x) solves the Cauchy problem

Dtv(t, x) = A′v(t, x) + ĝ(t, x), t ∈ [0, T ], x ∈ Rd
+,

v(t, x′, 0) = 0, t ∈ [0, T ], x ∈ Rd−1,

v(0, x) = f(x), x ∈ Rd
+,

where A′ = A − (c0 − 1)I has potential term which is not greater than −1 on Rd
+ and

ĝ(t, x) = e−(c0+1)tg(t, x) for every (t, x) ∈ [0, T ] × Rd
+. Moreover, ‖ĝ‖

C
α/2,α
b ([0,T ]×Rd+)

≤
C∗‖g‖Cα/2,αb ([0,T ]×Rd+)

and ‖u‖
C

1+α/2,2+α
b ([0,T ]×Rd+)

≤ C∗‖v‖C1+α/2,2+α
b ([0,T ]×Rd+)

for some positive

constant C∗. Hence, if v satisfies (11.30), then u satisfies (11.30) as well, with possibly a
different constant C.

So, in the rest of the proof, we assume that c0 < 0. As a first step, we observe that
u ∈ C1+α/2,2+α

b ([0, T ] × Rd
+) solves problem P(f, g) if and only if the function v1 = u − f

solves the Cauchy problem P(0, gf ). The function gf belongs to C
α/2,α
b ([0, T ] × Rd

+) and
‖gf‖Cα/2,αb ([0,T ]×Rd+)

≤ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

+C‖f‖
C2+α
b (Rd+)

. We extend gf (0, ·) to Rd by setting

gf (0, x) = gf (0, x
′,−xd) for every x′ ∈ Rd−1 and xd < 0. Clearly, gf (0, ·) ∈ Cα

b (Rd) and

‖gf (0, ·)‖Cαb (Rd) ≤ 2‖gf (0, ·)‖Cαb (Rd+)
≤ C(‖g‖

C
α/2,α
b ([0,T ]×Rd)

+ ‖f‖
C2+α
b (Rd+)

).

Theorem 8.1.1 shows that there exists a unique function v2 ∈ C
1+α/2,2+α
b ([0, T ] × Rd)

vanishing on {0}×Rd and such that Dtv2 = Av2 + gf (0, ·) on [0, T ]×Rd. The function v2

also satisfies the estimate

(11.31) ‖v2‖C1+α/2,2+α
b ([0,T ]×Rd)

≤ C‖gf (0, ·)‖Cαb (Rd) ≤ C(‖f‖
C2+α
b (Rd+)

+ ‖g‖
C
α/2,α
b ([0,T ]×Rd+)

),

where C is the constant in (8.1), which is independent of v2, f and g.
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Note that v1 solves the Cauchy problem P(0, gf ) if and only if the function v3 = v1−v2 ∈
C

1+α/2,2+α
b ([0, T ]× Rd

+) solves the Cauchy problem

(11.32)


Dtv3(t, x) = Av3(t, x) + gf (t, x)− gf (0, x), t ∈ (0, T ], x ∈ Rd

+,

v3(t, x′, 0) = −v2(t, x′, 0), t ∈ (0, T ], x′ ∈ Rd−1,

v3(0, x) = 0, x ∈ Rd
+.

Since v2(0, x′, 0) = 0 and Dtv2(0, x′, 0) = g(0, x′, 0) + Af(x′, 0) = 0 for every x′ ∈ Rd−1,
we can extend the function v2(·, ·, 0) to (−∞, T ]× Rd−1 by setting v2(t, x′, 0) = 0 for each
t < 0 and x′ ∈ Rd−1, obtaining a function which belongs to C1+α/2,2+α((−∞, T ] × Rd−1).

Similarly, we can extend gf − gf (0, ·) to (−∞, 0] × Rd
+ in the trivial way obtaining a

function which belongs to C
α/2,α
b ((−∞, T ]×Rd

+). Hence, by Theorem 11.2.1, there exists a

unique function v3 ∈ C1+α/2,2+α((−∞, T ]×Rd
+) which solves the Cauchy problem (11.32).

Moreover, v3 vanishes on (−∞, 0] × Rd
+ by Proposition 11.2.2 (with T = 0) since on this

set Dtv3 = Av3 and v3(t, x′, 0) = 0 on (−∞, T ]×Rd−1. The quoted proposition also shows
that

‖v3‖C1+α/2,2+α
b ([0,T ]×Rd+)

≤C(‖v2(·, ·, 0)‖
C

1+α/2,2+α
b ([0,T ]×Rd−1)

+ ‖gf‖Cα/2,α([0,T ]×Rd+)
)

≤C(‖g‖
C
α/2,α
b ([0,T ]×Rd+)

+ ‖f‖
C2+α
b (Rd+)

).(11.33)

We thus conclude that the function u = v2+v3+f , which belongs to C1+α/2,2+α([0, T ]×Rd
+),

is a solution (actually, the unique solution by Proposition 11.0.1) of the Cauchy problem
P(f, g). Moreover, from (11.31) and (11.33), estimate (11.30) follows at once.

11.4 Notes

This lecture is based on [1, Chapters 8 & 9] and [2, Chapter 4]. We refer the reader to
these monographs for further results.

11.5 Exercises

1. Complete the proof of Lemma 11.1.1.

2. Prove that if u ∈ C1+α/2,2+α
b (Rd+1) has support contained in [a, b]×Rd for some a, b ∈ R

with a < b, then

u(t, x) =

∫ t

−∞
(T (t− s)(Dtu(s, ·)−∆u(s, ·))(x)ds

where {T (t)} is the Gauss-Weierstrass semigroup.
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3. Let u ∈ C3(C1(0, 0)) ∩ C(C1(0, 0)) solve the homogeneous heat equation. Further,
suppose that Dju ∈ C((−1, 0]×B(0, 1)) for every j = 1, . . . , d and let ψ ∈ C∞c ((−1, 1)×
B1) satisfy ψ(0, 0) = 1.

(i) Prove that the function vγ = γu2 + ψ|∇xu|2 solve the equation Dtvγ = ∆vγ + Ψγ

on C1(0, 0), where

Ψγ = 2(γ + ψ∆ψ + |∇xψ|2 − ψDtψ)|∇xu|2 + 2ψ2|D2
xu|2 + 8ψ

d∑
i,j=1

D2
ijuDiψDju

(ii) Prove that Ψγ ≥ (2γ + 2ψ∆ψ + 2|∇xψ|2 − 8|∇xψ|2 − 2ψDtψ)|∇xu|2 and deduce
that γ can be fixed large enough such that Ψγ ≥ 0 on C1(0, 0).

(iii) Show that there exists a constant β0 > 0, independent of u, such that |∇xu(0, 0)| ≤
β0‖u‖C(C1(0,0)).

4. (i) Prove that, if u is as in the previous exercise with C1(0, 0) being replaced by
Cr(0, 0), then |∇xu(0, 0)| ≤ κr‖u‖C(Cr(0,0)) for some positive constant κ.

(ii) By properly applying the above result to the function Dju (j = 1, . . . , d) instead
of u prove that, if u ∈ C4(Cr(0, 0)) with spatial derivatives up to the second-order
which are continuous on (r2, 0] × B(0, r), then |Diju(0, 0)| ≤ β1r

2‖u‖C(Cr(0,0)) for
every i, j = 1, . . . d and some positive constant β1, independent of u.

(iii) More generally, prove that if u ∈ Ck(Cr(0, 0)) has spatial derivatives up to the (k−
2)-th order which are continuous on (r2, 0]×Br, then the value at the origin of each
(k−2)-th order spatial derivatives can be bounded in modulus by βhr

h‖u‖C(Cr(0,0))

for some positive constant βh, independent of u.

5. Prove estimates (11.10) and (11.11).

6. Prove that, if ψ̂ ∈ C
1+α/2,2+α
b ((−∞, T ] × Rd−1), then Diψ̂ ∈ C

α/2,α
b ((−∞, T ] × Rd−1)

and

‖Diψ̂‖Cα/2,αb ((−∞,T ]×Rd−1)
≤ C‖ψ̂‖

C
1+α/2,2+α
b ((−∞,T ]×Rd−1)

for every i = 1, . . . , d− 1 and some positive constant C, independent of ψ̂.

7. Prove that ∫
Rd+1

DdK+(t, x) dt dx = 0.

8. Prove that the function Didv (i = 1, . . . , d) in the proof of Theorem 11.2.1 belongs to

C
α/2,α
b ((−∞, T ]× Rd−1 × [ε,∞)) for every ε > 0.
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Lecture 12

Parabolic equations in bounded
smooth domains Ω with homogeneous
Dirichlet boundary conditions.

In this lecture, we complete the analysis of parabolic Cauchy problems with bounded
coefficients, dealing with the Cauchy-Dirichlet problem

Dtu(t, x) = Au(t, x) + g(t, x), t ∈ [0, T ], x ∈ Ω,

u(t, x) = 0, t ∈ [0, T ], x ∈ ∂Ω,

u(0, x) = f(x) x ∈ Ω,

(12.1)

where Ω ⊂ Rd is a bounded and smooth domain1 (see the forthcoming Definition 12.0.2)
and A is the second-order differential operator, defined by

(12.2) Aζ(x) =
d∑

i,j=1

qij(x)Dijζ(x) +
d∑
j=1

bj(x)Djζ(x) + c(x)ζ(x)

on smooth enough functions ζ : Ω→ R. We assume the following conditions on Ω and on
the coefficients of the operator A.

Hypotheses 12.0.1. (i) Ω is a bounded domain of class C2+α for some α ∈ (0, 1) (see
the forthcoming Definition 12.0.2);

(ii) the coefficients qij = qji, bj (i, j = 1, . . . , d) and c are bounded and α-Hölder contin-
uous in Ω for some α ∈ (0, 1);

(iii) there exists a positive constant µ such that 〈Q(x)ξ, ξ〉 ≥ µ|ξ|2 for all x ∈ Ω and
ξ ∈ Rd.

1By domain, we mean an open connected set.
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Definition 12.0.2. A bounded domain Ω ⊂ Rd is called a domain of class C2+α (α ∈ (0, 1))
if there exist a positive constant r and, for every x0 ∈ ∂Ω, an open neighborhood Ux0 of x0

and a diffeomorphism ψx0 : Ux0 → B(0, r) of class C2+α such that

ψx0(Ω ∩ Ux0) = B+(0, r) = {x ∈ B(0, r) : xd > 0}, ψx0(∂Ω ∩ Ux0) = {x ∈ B(0, r) : xd = 0}.

The following proposition provides us with an equivalent condition for a bounded do-
main to be a domain of class C2+α. Its proof is deferred to Appendix C being rather
technical.

Proposition 12.0.3. A bounded domain Ω is a domain of class C2+α (α ∈ (0, 1)) if and
only if there exists a function g ∈ C2+α(Rd) such that

Ω = {x ∈ Rd : g(x) > 0}, ∂Ω = {x ∈ Rd : g(x) = 0}, Rd \ Ω = {x ∈ Rd : g(x) < 0}

and ∇xg 6= 0 on ∂Ω.

Remark 12.0.4. In view of the previous proposition examples of bounded domains of
class C2+α are easily provided. For instance every open ball has this property (actually, it
is a C∞-smooth domain. Indeed, B(x, r) = {x ∈ Rd : r2 −

∑d
i=1(xi − xi)2 > 0} for every

x ∈ Rd and the function g : Rd → R, defined by g(x) = r2 −
∑d

i=1(xi − xi)2 > 0 for every
x ∈ Rd, belongs to C∞(Rd).

The main result of this lecture is the following counterpart of Theorems 8.1.1 and 11.3.1.

Theorem 12.0.5. For every f ∈ C2+α(Ω) and g ∈ Cα/2,α([0, T ] × Ω), such that f
and g + Af vanish on ∂Ω and on [0, T ] × ∂Ω, respectively, there exists a unique solu-
tion u ∈ C1,2((0, T ] × Ω) ∩ C([0, T ] × Ω) to the Cauchy problem (12.1). In addition,
u ∈ C1+α/2,2+α([0, T ]× Ω) and there exists a positive constant C, independent of u, f and
g such that

(12.3) ‖u‖C1+α/2,2+α([0,T ]×Ω) ≤ C(‖f‖C2+α(Ω) + ‖g‖C1+α/2,2+α([0,T ]×Ω)).

To solve the Cauchy problem (12.1) we will take advantage of the following result,
commonly referred to as partition of unity.

Proposition 12.0.6. Let K ⊂ Rd be a compact set and {Ωi : i = 1, . . . , N} be an open
covering of K (i.e., K ⊂

⋃N
i=1 Ωi, Ωi being open subsets of Rd). Then, there exist functions

ηi ∈ C∞c (Ωi) (i = 1, . . . , N) such that 0 ≤ ηi ≤ 1 on Ωi and
∑N

i=1 ηi ≡ 1 on K.

Proof. To begin with, we show that there exists a covering {Ω′i : i = 1, . . . , N} of K such
that Ω′i ⊂ Ωi for every i = 1, . . . , N . For this purpose, for every x ∈ Ωi, we consider a ball
B(x, rx) ⊂ Ωi. Clearly, {B(x, rx/2) : x ∈ Ωi, i = 1, . . . , N} is an open covering of K, from
which we can extract a finite subcovering {B(xj, rxj/2) : j = 1, . . . ,M}. For every i ∈



157

{1, . . . , N}, we set Ii = {j ∈ {1, . . . ,M} : B(xj, rxj/2) ⊂ Ωi} and Ω′i =
⋃
k∈Ii B(xk, rxk/2).

Each Ω′i is an open subset of Rd and

Ω′i =
⋃
k∈Ii

B(xk, rxk/2) ⊂
⋃
k∈Ii

B(xk, rxk) ⊂ Ωi, i = 1, . . . , N.

By Exercise 7.3.1, for every i = 1, . . . , N we can determine a function %i ∈ C∞c (Rd)
compactly supported in Ωi and such that %i ≡ 1 in Ω′i. Note that we can also assume that
0 ≤ %i ≤ 1 on Rd

To complete the proof, it suffices to set η1 = %1, η2 = (1 − %1)%2 and, more generally,
ηk = %k

∏k−1
j=1(1− %j) for k = 2, . . . , N . Each function ηi is compactly supported in Ωi and

its image is contained in [0, 1]. Moreover2,

N∑
i=1

ηi(x) = 1−
N∏
i=1

(1− %i(x)), x ∈ Rd.

From this formula it follows immediately that
∑N

i=1 ηi ≡ 1 on K. Indeed, if x ∈ K, then
x ∈ Ω′i for some i ∈ {1, . . . , N}, and on Ω′i the function 1− %i identically vanishes.

In Section 12.2 we shall make use of the following corollary of the Proposition 12.0.6.

Corollary 12.0.7. Let K ⊂ Rd be a compact set and {Ωi : i = 1, . . . , N} be an open
covering of K. Then, there exist functions ϑi ∈ C∞c (Ωi) (i = 1, . . . , N) such that 0 ≤ ϑi ≤ 1
on Ωi and

∑N
i=1 ϑ

2
i ≡ 1 on K.

Proof. Let ηi (i = 1, . . . , N) be the same functions as in the proof of Proposition 12.0.6.
We claim that there exists a positive constant δ0 such that

∑N
i=1 η

2
i ≥ δ0 on K. Indeed,

the function
∑N

i=1 η
2
i is continuous on K. Hence, it admits a minimum over K attained at

some point x0. If such a minimum were zero, then each function ηi (i = 1, . . . , d) would
vanish at x0 and this would clearly contradict the condition

∑N
i=1 ηi(x0) = 1.

Next, we claim that there exists ε > 0 such that
∑N

i=1 η
2
i ≥ δ0/2 on K + B(0, ε).

By contradiction, suppose that this is not the case. Then, for every n ∈ N we may find
a point xn ∈ K + B(0, 1/n) such that

∑N
i=1(ηi(xn))2 < δ0/2. Since the sequence (xn)

is bounded, up to a subsequence it converges to some point x ∈ K, which satisfies the
condition

∑N
i=1(ηi(x))2 ≤ δ0/2: a contradiction.

Now, we are almost done. Still by Exercise 7.3.1 we can determine a function ψ ∈
C∞c (Rd) such that χK ≤ ψ ≤ χK+B(0,ε). Setting

ϑi =

( N∑
j=1

η2
j

)− 1
2

ηiψ, i = 1, . . . , N,

we obtain the functions that we are looking for.

2This formula can be proved by induction on N
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Now, we have all the tools to prove Theorem 12.0.5. The uniqueness part follows
straightforwardly from Corollary 1.1.3. The proof of the remaining statements are the
contents of the next two sections.

The following remark will be used in both the next sections.

Remark 12.0.8. Let {Ux : x ∈ ∂Ω} be as in Definition 12.0.2. Since {Ux : x ∈ ∂Ω} is
an open covering of ∂Ω, which is a compact set, there exists a finite subcovering {Uxj :

j = 1, . . . , N − 1}. Note that there exists δ > 0 such that
⋃N−1
j=1 Uxj ⊃ Ωδ := {x ∈ Ω :

dist(x, ∂Ω) ≤ δ}. Indeed, if this were not the case, we would find a sequence (yn) ⊂ Ω
such that dist(yn, ∂Ω) ≤ n−1 and yn /∈

⋃N−1
j=1 Uxj . The sequence (yn) is bounded. Hence, it

admits a subsequence (ynk) which converges to some y ∈ ∂Ω ⊂
⋃N−1
j=1 Uxj . Since

⋃N−1
j=1 Uxj

is an open subset of Rd it should contain ynk for k sufficiently large, leading us to a
contradiction. Therefore, if we set Ωj = Uxj for each j = 1, . . . , N − 1 and ΩN = Ω \ Ωδ/2,

then the family {Ωj : j = 1, . . . , N} is an open finite covering of Ω.

Finally, we introduce the following couple of notation: (i) given a function ζ : Ω → R
(resp. ζ : [0, T ] × Ω → R) we denote by ζ the trivial extension of ζ to Rd (resp. to
[0, T ]× Rd), (ii) A0 = A− cI.

12.1 Proof of estimate (12.2)

Let u ∈ C1+α/2,2+α
b ([0, T ]×Ω) solve the Cauchy problem (12.1) and let {Ωj : j = 1, . . . , N}

be the covering of Ω in Remark 12.0.8. By Proposition 12.0.6, we can determine N smooth
functions η1, . . . , ηN such that supp(ηi) ⊂ Ωi (i = 1, . . . , N) and

∑N
i=1 ηi = 1 on Ω.

We split

(12.4) u =
N∑
k=1

uk,

where uk = uηk and analyze separately the cases k < N (in which we are led to a Cauchy-
Dirichlet problem on Rd

+) and k = N (in which we are led to a Cauchy problem in the
whole Rd). We begin by this latter case, being easier.

Note that each function uk satisfies the differential equation

Dtuk = Auk + gk := Auk + gηk − uA0ηk − 2
d∑

i,j=1

qijDiuDjηk

on [0, T ]× Ω and identically vanishes on [0, T ]× ∂Ω.

Throughout the section, we denote by C a positive constant, independent of f and g,
which may vary from line to line.
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12.1.1 The case k = N

As it is easily seen, the function uN belongs to C
1+α/2,2+α
b ([0, T ] × Ω) and its support is

contained in [0, T ]×Ω′ where Ω′ is an open set whose closure is contained in Ω. Therefore,

uN belongs to C
1+α/2,2+α
b ([0, T ]×Rd). Again, by Exercise 7.3.1, we can determine a function

ϑ ∈ C∞c (Ω) such that ϑ = 1 on Ω′. Let q̃ij = ϑqij + (1 − ϑ)δij, b̃j = ϑbj and c̃ = ϑc for

every i, j = 1, . . . , d. The coefficients q̃ij, b̃j (i, j = 1, . . . , d) and c̃ belong to Cα
b (Rd) and

d∑
i,j=1

q̃ij(x)ξiξj =ϑ(x)
d∑

i,j=1

qij(x)ξiξj + (1− ϑ(x))|ξ|2

≥[ϑ(x)µ+ 1− ϑ(x)]|ξ|2 ≥ min{1, µ}|ξ|2

for every x, ξ ∈ Rd. Hence, the operator

(12.5) AN =
d∑

i,j=1

q̃ijDij +
d∑
j=1

b̃jDj + c̃

satisfies Hypotheses 7.0.1. Moreover, the function uN solves the Cauchy problem{
DtuN(t, x) = ANuN(t, x) + gN(t, x), t ∈ [0, T ], x ∈ Rd,

uN(0, x) = fN(x), x ∈ Rd,

where fN = fηN . Since fN ∈ C2+α
b (Rd) and gN ∈ Cα/2,α

b ([0, T ]× Rd), by Theorem 8.1.1

‖uN‖C1+α/2,2+α
b ([0,T ]×Rd)

≤ C1(‖fN‖C2+α
b (Rd) + ‖gN‖Cα/2,αb ([0,T ]×Rd)

).(12.6)

Note that ‖fN‖C2+α
b (Rd) ≤ C‖f‖C2+α

b (Ω)‖ηN‖C2+α
b (Rd) and, recalling that u = uϑ on the

support of the function ηN , we can estimate

‖gN‖Cα/2,αb ([0,T ]×Rd)
≤
(
‖g‖Cα/2,α([0,T ]×Ω)‖ηN‖Cαb (Rd) + ‖uϑ‖Cα/2,α([0,T ]×Ω)‖A0ηN‖Cαb (Ω)

+ 2
N∑

i,j=1

‖qij‖Cα(Ω)‖Dj(ϑu)‖Cα/2,α([0,T ]×Ω)‖Di(ϑηN)‖Cαb (Rd)

)
≤C(‖g‖Cα/2,α([0,T ]×Ω) + ‖ϑu‖

C
α/2,1+α
b ([0,T ]×Ω)

).(12.7)

Applying the same arguments as in the proof of Theorem 7.2.1 to the function ϑu, which
belongs to C

1+α/2,2+α
b ([0, T ]× Rd), we can estimate

‖ϑu‖
C
α/2,1+α
b ([0,T ]×Rd)

≤ε‖ϑu‖
C

1+α/2,2+α
b ([0,T ]×Rd)

+ C̃ε‖ϑu‖Cb([0,T ]×Rd)

≤ε‖u‖
C

1+α/2,2+α
b ([0,T ]×Ω)

+ C̃ε‖u‖Cb([0,T ]×Ω),
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for every ε > 0, where the constant C̃ε blows up as ε tends to 0. Replacing this estimate
in (12.7) we conclude that

‖gN‖Cα/2,αb ([0,T ]×Rd)
≤ C(‖g‖Cα/2,α([0,T ]×Ω) + ε‖u‖Cα/2,2+α([0,T ]×Ω) + C̃ε‖u‖∞)(12.8)

for every ε > 0, and (12.6) yields
(12.9)

‖uN‖C1+α/2,2+α([0,T ]×Ω) ≤ C(‖f‖C2+α
b (Ω) + ‖g‖Cα/2,α([0,T ]×Ω) + ε‖u‖Cα/2,2+α([0,T ]×Ω) + C̃ ′ε‖u‖∞)

for every ε > 0.

12.1.2 The case k < N

Let us fix such an index k and denote by ψk := ψxk the diffeomorphism in Definition 12.0.2
corresponding to the open neighborhood Uxk of xk ∈ ∂Ω. Due to the smoothness of ψk, the

function vk : [0, T ] × B+(0, r) → R, defined by vk(t, y) = uk(t, ψ
−1
k (y)) for every t ∈ [0, T ]

and y ∈ B+(0, r), belongs to C1+α/2,2+α([0, T ]×B+(0, r)) and solves the Cauchy problem
Dtvk(t, y) = Akvk(t, y) + ĝk(t, y), t ∈ [0, T ], x ∈ B+(0, r),

vk(t, y) = 0, t ∈ [0, T ], y ∈ B+(0, r) ∩ ∂Rd
+,

vk(0, y) = f̂k(y), y ∈ B+(0, r),

where

(12.10) Ak =
N∑

i,j=1

q
(k)
ij Dij +

d∑
j=1

b
(k)
j Dj + c(k),

with

q
(k)
ij = [(Jacψk)(Q ◦ ψ−1

k )(Jacψk)
∗]ij ◦ ψ−1

k ,

b
(k)
j = [Tr(QD2ψk,j) + 〈b,∇ψk,j〉] ◦ ψ−1

k ,

c(k) = c ◦ ψ−1
k ,

f̂k = (ηkf) ◦ ψ−1
k ,

ĝk = gk(·, ψ−1
k (·))

for every i, j = 1, . . . , d, where ψk,j denotes the j-th component of ψk. The functions f̂k
and ĝk belong to C2+α(B+(0, r)) and to Cα/2,α([0, T ]×B+(0, r)), respectively. Moreover,

‖f̂k‖C2+α(B+(0,r)) ≤ C‖f‖C2+α(Ω)

and

‖ĝk‖Cα/2,α([0,T ]×B+(0,r)) ≤ C(‖g‖Cα/2,α([0,T ]×Ω) + ‖u‖Cα/2,1+α([0,T ]×Ω)).
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Note that

d∑
i,j=1

q
(k)
ij (y)ξiξj =

d∑
i,j=1

[Jacψk(ψ
−1
k (y))Q(ψ−1

k (y))(Jacψk(ψ
−1
k (y)))∗]ijξiξj

=〈Q(ψ−1
k (y))(Jacψk(ψ

−1
k (y)))∗ξ, (Jacψk(ψ

−1
k (y)))∗ξ〉

≥µ|(Jacψk(ψ
−1
k (y)))∗ξ|2.

Since the matrix Jacψk(x) is invertible at any x ∈ Uxk , it follows that det(Jacψk(x)) > 0

for every x ∈ Uxk . Thus, the function y 7→ ‖(Jacψk(y))−1‖ is bounded in B+(0, r) by
a positive constant M0. As a byproduct, we deduce that |(Jacψk(ψ

−1
k (y)))∗ξ| ≥ M−1

0 |ξ|
for every y ∈ B+(0, r) and, consequently, there exists a positive constant µk such that∑d

i,j=1 q
(k)
ij (y)ξiξj ≥ µk|ξ|2 for every ξ ∈ Rd and y ∈ B+(0, r). Since ηk is compactly

supported in Uxk , the function ηk◦ψ−1
k is compactly supported in B(0, r) and, consequently,

the function vk is supported in [0, T ]×B+(0, r′) for some r′ < r. It thus follows immediately

that the function vk belongs to C
1+α/2,2+α
b ([0, T ] × Rd

+). We now introduce a function
ϑ′ ∈ C∞c (Rd) such that χB(0,r′) ≤ ϑ′ ≤ χB(0,r). Clearly, vk = vkϑ

′. Using the function ϑ′

we “extend” the operator Ak to Rd
+, by means of the operator Ãk defined on functions

ζ ∈ C2(Rd
+) by

(12.11) Ãkζ =
d∑

i,j=1

q̃
(k)
ij Dijζ +

d∑
j=1

b̃
(k)
j ζ + c̃(k)ζ,

where

q̃
(k)
ij = ϑ′q

(k)
ij + (1− ϑ′)δij, b̃

(k)
j = ϑ′b

(k)
j , c̃(k) = ϑ′c(k).(12.12)

Clearly, the coefficients of the operator Ãk belongs to Cα
b (Rd

+). Moreover,

d∑
i,j=1

q̃
(k)
ij (x)ξiξj ≥ min{µk, 1}|ξ|2, x ∈ Rd

+, ξ ∈ Rd,

so that operator Ãk satisfies Hypotheses 10.0.1. Since the function vk solves the Cauchy
problem 

Dtvk(t, y) = Ãkvk(t, y) + ĝk(t, y), t ∈ [0, T ], y ∈ Rd
+,

vk(t, y) = 0, t ∈ [0, T ], y ∈ ∂Rd
+,

vk(0, y) = f̂k(y), y ∈ Rd
+,

we can apply Theorem 11.3.1 to deduce that

‖vk‖C1+α/2,2+α
b ([0,T ]×B(0,r))

≤‖vk‖C1+α/2,2+α
b ([0,T ]×Rd+)

≤C(‖f‖C2+α(Ω) + ‖g‖Cα/2,α([0,T ]×Ω) + ‖vkϑ′‖Cα/2,1+αb ([0,T ]×Rd+)
).
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As in the case of the whole Rd, we can show that

‖vkϑ′‖Cα/2,1+αb ([0,T ]×Rd+)
≤ ε‖vkϑ′‖C1+α/2,2+α

b ([0,T ]×Rd+)
+ C̃ ′′ε ‖vkϑ′‖Cb([0,T ]×Rd+)

.

Since uk(t, x) = vk(t, ψk(x)) for every (t, x) ∈ [0, T ]×Ω ∩ Uxk , from the previous estimate,
we conclude that

‖uk‖C1+α/2,2+α
b ([0,T ]×Ω∩Uxk )

≤C(‖f‖C2+α(Ω) + ‖g‖Cα/2,α([0,T ]×Ω) + ε‖u‖C1+α/2,2+α([0,T ]×Ω) + C̃ ′′′ε ‖u‖∞).(12.13)

12.1.3 Conclusion

From (12.4), (12.9) and (12.13) we conclude that

‖u‖C1+α/2,2+α([0,T ]×Ω) ≤
N∑
k=1

‖uk‖C1+α/2,2+α([0,T ]×Ω)

≤
N−1∑
k=1

‖uk‖C1+α/2,2+α([0,T ]×Ω∩Uxk ) + ‖uN‖C1+α/2,2+α([0,T ]×Ω)

≤C(‖f‖C2+α(Ω) + ‖g‖Cα/2,α([0,T ]×Ω) + ε‖u‖C1+α/2,2+α([0,T ]×Ω) + Cε‖u‖∞).

Hence, choosing ε small enough, we deduce that

(12.14) ‖u‖C1+α/2,2+α([0,T ]×Ω) ≤ C(‖f‖C2+α(Ω) + ‖g‖Cα/2,α([0,T ]×Ω) + ‖u‖∞)

To remove the sup-norm of u from the right-hand side of (12.14), it suffices to observe
that

(12.15) ‖u‖∞ ≤ C(‖f‖C(Ω) + ‖g‖C([0,T ]×Ω)),

(see Exercise 12.4.1).

12.2 The existence part

To prove the existence of a function u ∈ C1+α/2,2+α
b ([0, T ] × Ω) which solves the Cauchy

problem (12.1), we need some preliminary results.

Lemma 12.2.1. The following properties are satisfied.

(i) Let u ∈ C1+α/2,2+α
b ([0, T ]× Rd) be such that u(0, ·) = 0. Then, there exists a positive

constant C, independent of u and λ ≥ 1, such that

λ1−α
2 ‖u‖

C
α/2,α
b ([0,T ]×Rd)

+ λ
1−α
2

d∑
i=1

‖Diu‖Cα/2,αb ([0,T ]×Rd)

≤C‖Dtu−Au+ λu‖
C
α/2,α
b ([0,T ]×Rd)

.(12.16)



12.2. THE EXISTENCE PART 163

(ii) Let u ∈ C1+α/2,2+α
b ([0, T ]×Rd

+) be such that u(0, ·) = 0 on Rd
+ and u(t, ·) = 0 on ∂Rd

+

for every t ∈ [0, T ]. Then, there exists a positive constant C, independent of u and
λ ≥ 1, such that

λ1−α
2 ‖u‖

C
α/2,α
b ([0,T ]×Rd+)

+ λ
1−α
2

d∑
i=1

‖Diu‖Cα/2,αb ([0,T ]×Rd+)

≤C‖Dtu−Au+ λu‖
C
α/2,α
b ([0,T ]×Rd+)

.(12.17)

Proof. We limit ourselves to proving estimate (12.16), since the proof of (12.17) can be
obtained adapting the same arguments.

Let v : [0, T ] × Rd+1 → R be the function defined by v(t, y, x) = cos(
√
λy)u(t, x) for

every t ∈ [0, T ], y ∈ R and x ∈ Rd. As it is immediately seen v belongs to C
1+α/2,2+α
b ([0, T ]×

Rd+1). Let also denote by A′ the operator defined on smooth enough functions ζ : Rd+1 →
R by

A′ζ(y, x) = Dyyζ +
d∑

i,j=1

qij(x)Dijζ(x, y), (y, x) ∈ Rd+1.

It is easy to check that A′ is an elliptic operator with ellipticity constant given by the
minimum between 1 and the ellipticity constant µ of the operator A. By Theorem 7.2.1
there exists a positive constant C, independent of v, such that

(12.18) ‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd+1)

≤ C‖Dtv −A′v‖Cαb ([0,T ]×Rd+1).

We observe that Dtv(t, y, x)−A′v(t, y, x) = (Dtu(t, x)−Au(t, x) +λu(t, x)) cos(
√
λy) and

‖Dtv −A′v‖Cα/2,αb ([0,T ]×Rd+1)
≤‖Dtu−Au+ λu‖

C
α/2,α
b ([0,T ]×Rd)

+ Cλ
α
2 ‖Dtu−Au+ λu‖∞

≤Cλ
α
2 ‖Dtu−Au+ λu‖

C
α/2,α
b ([0,T ]×Rd)

,(12.19)

(recall that λ ≥ 1). Moreover,

λ‖u‖
C
α/2,α
b ([0,T ]×Rd)

+ C0λ
α
2

d∑
i,j=1

‖Diju‖Cb([0,T ]×Rd) +
√
λ

d∑
i=1

sup
x∈Rd
‖Diu(·, x)‖Cα/2([0,T ])

≤‖Dyyv(·, 0, ·)‖
C
α/2,α
b ([0,T ]×Rd)

+
d∑

i,j=1

sup
(t,x)∈[0,T ]×Rd

[Dijv(t, ·, x)]Cαb (R)

+
d∑
i=1

sup
(y,x)∈Rd+1

[Dyiv(·, y, x)]Cα/2([0,T ])

≤‖v‖
C

1+α/2,2+α
b ([0,T ]×Rd+1)

,
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(12.20)

where C0 denotes the α-Hölder seminorm of the function cosine. Replacing (12.19) and
(12.20) in (12.18), we conclude that

λ1−α
2 ‖u‖

C
α/2,α
b ([0,T ]×Rd)

+ λ
1−α
2

d∑
i=1

sup
x∈Rd
‖Diu(·, x)‖Cα/2([0,T ]) + C0

d∑
i,j=1

‖Diju‖∞

≤C‖Dtu−Au+ λu‖
C
α/2,α
b ([0,T ]×Rd)

.(12.21)

Since ‖ζ‖C1+α
b (Rd) ≤ Cα‖ζ‖

1−α
2−α
Cαb (Rd)

‖ζ‖
1

2−α
C2
b (Rd)

for every ζ ∈ C1+α
b (Rd) and some positive con-

stant Cα, from (12.21) we obtain that

(12.22)
d∑
j=1

sup
t∈[0,T ]

‖Dju(t, ·)‖Cαb (Rd) ≤ Cλ−
1−α
2 ‖Dtu−Au+ λu‖

C
α/2,α
b ([0,T ]×Rd)

.

From (12.21) and (12.22), estimate (12.16) follows at once.

We can now prove the existence of a solution u ∈ C1+α/2,2+α([0, T ]×Ω) to the Cauchy
problem (12.1). For this purpose, we consider the same covering {Ω1, . . . ,ΩN} of Ω in
Remark 12.0.8 and functions ϑ1, . . . , ϑN ∈ C∞c (Rd) such that the set {ϑ2

i : i = 1, . . . , N} is
a partition of unity subordinated to the covering {Ωi : i = 1, . . . , N} (see Corollary 12.0.7).

Note that u ∈ C1+α/2,2+α([0, T ]×Ω) solves the Cauchy problem (12.1) if and only if the
function v = u− f solves the equation Dtv = Av+ g+Af on [0, T ]×Ω and it vanishes on
parabolic boundary of (0, T )× Ω. For this reason, in the rest of the proof we will assume
that f ≡ 0. In fact, we will show the existence of a solution uλ ∈ C1+α/2,2+α([0, T ]×Ω) to
the Cauchy problem

Dtuλ(t, x) = Auλ(t, x)− λuλ(t, x) + g(t, x), t ∈ [0, T ], x ∈ Ω,

uλ(t, x) = 0, t ∈ [0, T ], x ∈ ∂Ω,

uλ(0, x) = 0, x ∈ Ω,

(12.23)

for λ sufficiently large. Note that a function uλ solves problem (12.23) if and only if the
function u : [0, T ] × Ω → R, defined by u(t, x) = eλtuλ(t, x) for every (t, x) ∈ [0, T ] × Ω,
solves the Cauchy problem (12.1) with f ≡ 0.

In the rest of this section we denote by C a positive constant, independent of h and λ,
which may vary from line to line.

For any λ ≥ 1 and h ∈ Cα/2,α([0, T ]× Ω), we consider the Cauchy problems
(12.24)

Dtv(t, y) = Ãkv(t, y)− λv(t, y) + ϑk(ψ
−1
xk

(y))h(t, ψ−1
xk

(y)), t ∈ [0, T ], y ∈ Rd
+,

v(t, y) = 0, t ∈ [0, T ], y ∈ ∂Rd
+,

v(0, y) = 0, y ∈ Rd
+,
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for k = 1, . . . , N − 1, and

(12.25)

{
Dtw(t, x) = ANw(t, x)− λw(t, x) + ϑN(x)h(t, x), t ∈ [0, T ], x ∈ Rd,

w(0, x) = 0, x ∈ Rd,

where the operators Ãk (k = 1, . . . , N − 1) and AN are defined by (12.11)-(12.12) and

(12.5). Since, as it has been already pointed out, the coefficients of the operators Ãk and
AN satisfy Hypotheses 10.0.1 and 7.0.1, respectively, and the functions ϑjh (j = 1, . . . , N)

belongs to C
α/2,α
b ([0, T ] × Rd

+), if k < N , and to C
α/2,α
b ([0, T ] × Rd) otherwise, Theorems

7.2.1 and 11.3.1 show that problems (12.24) (k = 1, . . . , N − 1) and (12.25) admit unique

solutions vk ∈ C
1+α/2,2+α
b ([0, T ] × Rd

+) and uN ∈ C
1+α/2,2+α
b ([0, T ] × Rd). Thus, we can

introduce the operators Sλ,k (k = 1, . . . , N) defined on functions h ∈ Cα/2,α([0, T ]× Ω) as
follows:

• (Sλ,kh)(t, x) = vk(t, ψk(x)) for every t ∈ [0, T ] and x ∈ Ω ∩ Uxk , if k < N ;

• Sλ,Nh = uN .

A change of variables shows that, for every h ∈ Cα/2,α([0, T ] × Ω), Sλ,kh belongs to
C1+α/2,α([0, T ]× Ω ∩ Uxk) and solves the Cauchy problem

Dtuk(t, x) = Auk(t, x)− λuk(t, x) + ϑk(x)h(t, x), t ∈ [0, T ], x ∈ Ω ∩ Uxk ,
ũk(t, x) = 0, t ∈ [0, T ], x ∈ Uxk ∩ ∂Ω,

ũk(0, x) = 0, x ∈ Ω ∩ Uxk .

Since ϑk is compactly supported in Uxk , the function ϑkSλ,kh (k = 1, . . . , N−1) belongs
to C1+α/2,2+α([0, T ]× Ω).

Based on all the above remarks, we can define a linear operator Sλ : Cα/2,α([0, T ]×Ω)→
C1+α/2,2+α([0, T ] × Ω) setting Sλh =

∑N
k=1 ϑkSλ,kh for every h ∈ Cα/2,α([0, T ] × Ω). As

it is immediately seen, for every h ∈ Cα/2,α([0, T ] × Ω), the function Sλh vanishes on the
parabolic boundary of (0, T )× Ω. Moreover,

DtSλh−ASλh =
N∑
k=1

ϑk(DtSλ,kh−ASλ,kh)−
N∑
k=1

(A0ϑk)Sλ,kh− 2
N∑
k=1

〈Q∇xSλ,kh,∇ϑk〉

=
N∑
k=1

ϑ2
kh−Rλh = h−Rλh,

where Rλh := λSλh+
∑N

k=1(A0ϑk)Sλ,kh+ 2
∑N

k=1〈Q∇xSλ,kh,∇ϑk〉.
Clearly, Rλ is a bounded operator mapping Cα/2,α([0, T ] × Ω) into itself. We claim

that, for λ sufficiently large the operator I − Rλ is invertible on Cα/2,α([0, T ] × Ω). This
will conclude the proof. Indeed, fix g ∈ Cα/2,α([0, T ]×Ω), λ as above and take the unique
h0 ∈ Cα/2,α([0, T ]×Ω) such that h0 −Rλh0 = g. The function u = Sλh0 is the solution to
the Cauchy problem (12.1) we are looking for,



166 LECTURE 12. PARABOLIC EQUATIONS IN SMOOTH BOUNDED DOMAINS

In view of Lemma 2.1.11 to prove the claim it suffices to show that ‖Rλ‖L(Cα/2,α([0,T ]×Ω))

vanishes as λ tends to ∞. This follows from Lemma 12.2.1, which shows that
(12.26)

‖Sλ,Nh‖Cα/2,αb ([0,T ]×Rd)
+

d∑
i=1

‖DiSλ,Nh‖Cα/2,αb ([0,T ]×Rd)
≤ Cλ−

1−α
2 ‖ϑNh‖Cα/2,αb ([0,T ]×Rd)

for every λ ≥ 1. The same lemma shows that the function vk satisfies the estimate

‖vk‖Cα/2,αb ([0,T ]×Rd+)
+

d∑
i=1

‖Divk‖Cα/2,αb ([0,T ]×Rd+)

≤Cλ−
1−α
2 ‖(ϑk ◦ ψ−1

xk
)h(·, ψ−1

xk
(·))‖

C
α/2,α
b ([0,T ]×Rd+)

≤Cλ−
1−α
2 ‖h‖Cα/2,α([0,T ]×Ω)

for every k = 1, . . . , N − 1, λ ≥ 1. It follows that
(12.27)

‖Sλ,kh‖Cα/2,α([0,T ]×Ω∩Uxk ) +
d∑
i=1

‖DiSλ,kh‖Cα/2,α([0,T ]×Ω∩Uxk ) ≤ Cλ−
1−α
2 ‖h‖Cα/2,α([0,T ]×Ω)

for every k = 1, . . . , N − 1. From (12.26) and (12.27), we easily conclude that

‖Rλ‖L(Cα/2,α([0,T ]×Ω)) ≤ Cλ−
1−α
2 , λ ≥ 1.

The claim follows and this completes the proof of Theorem 12.0.5.

12.3 Notes

We stress that also more general homogeneous boundary conditions can be considered
instead of the Dirichlet ones. More precisely, Theorem 12.0.5 holds true if we replace the
boundary condition u = 0 with the boundary condition au+〈γ,∇xu〉 = 0 on [0, T ]×∂Ω for
some functions a ∈ C2+α(∂Ω) and γ ∈ C1+α(∂Ω; ∂B(0, 1)) which satisfies the nontangential
condition infx∈∂Ω |〈γ(x), ν(x)〉| > 0, where ν(x) denotes the exterior normal vector to ∂Ω
at x. Since the boundary condition is represented by a first-order differential operator,
there is only one compatibility condition which reads as follows: af + 〈γ,∇xf〉 = 0. We do
not enter too deeply into details since this could be the subject of a project of the second
phase of the ISEM.

12.4 Exercises

1. Let u ∈ C1,2([0, T ]× Ω) solve the Cauchy problem (12.1).
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(i) By applying the maximum principle, prove that the function v, defined by v(t, x) =
e−(c0+1)tu(t, x) for every (t, x) ∈ [0, T ]×Ω, where c0 denotes the maximum over Ω
of the potential term c of A, satisfies the estimate

v(t, x) ≤ C∗(‖f‖∞ + ‖g‖C([0,T ]×Ω)), (t, x) ∈ [0, T ]× Ω,

for some positive constant C∗, independent of f and g.

(ii) Use this result to prove estimate (12.15).

2. Let Ω1 ⊂ RM and Ω2 ⊂ RN be two open sets and let u ∈ Cb(Ω1), v ∈ Cθ
b (Ω2) for some

θ ∈ (0, 1). Set f(x, y) = u(x)v(y) for every (x, y) ∈ Ω1 × Ω2. Prove that the function
f(x, ·) belongs to Cθ

b (Ω2) for every x ∈ Ω1 and

sup
x∈Ω1

[f(x, ·)]Cθb (Ω2) = ‖u‖∞[v]Cθb (Ω2).

3. Prove estimate (12.17).
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Lecture 13

The Ornstein-Uhlenbeck operator
and its associated semigroup in
Cb(Rd).

In this lecture we study the Ornstein-Uhlenbeck operator, which is the prototype of an
elliptic operator with unbounded coefficients. Such an operator is defined on smooth
functions ψ : Rd → R by

Lψ(x) =
d∑

i,j=1

qijDijψ(x) +
d∑

i,j=1

bijxjDiψ(x)

=Tr(QD2ψ(x)) + 〈Bx,∇xψ(x)〉,

where Q and B are d× d constant and real matrices, Q is positive definite and B 6= 0.
We will deal with the Ornstein-Uhlenbeck equation

(13.1)

{
Dtu(t, x) = Lu(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

where f ∈ Cb(Rd).
As in Lecture 4, we see that, for every f ∈ Cb(Rd), there exists an explicit formula for

the classical solution to (13.1).

13.1 The Ornstein-Uhlenbeck equation in Rd. Classi-

cal solutions: existence and uniqueness

For each t > 0 we consider the positive definite matrix

Qt :=

∫ t

0

esBQesB
∗
ds,

169
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where B∗ denotes the adjoint matrix of B. Since Qt is positive definite, we deduce that Qt

is invertible and detQt > 0 for all t > 0.
We now introduce the so-called Gaussian measure with mean etBx and covariance Qt,

i.e., the measure defined by

(13.2) N (etBx,Qt)(dy) := (4π)−
d
2 (detQt)

− 1
2 e−

1
4
〈Q−1

t (etBx−y),etBx−y〉dy, t > 0.

We can now prove the existence and uniqueness of a classical solution to the Cauchy
problem.

Theorem 13.1.1. For each f ∈ Cb(Rd), the Cauchy problem (13.1) has a unique classical1

solution u given by the following formula:

(13.3) u(t, x) =


f(x), t = 0, x ∈ Rd,∫
Rd
f(y)N (etBx,Qt)(dy), t > 0, x ∈ Rd.

Moreover, ‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0.

Proof. We observe first that, if u is given by (13.3), then

|u(t, x)| ≤
∫
Rd

∣∣∣∣f(y)N (etBx,Qt)(dy)

∣∣∣∣
≤‖f‖∞

∫
Rd
N (etBx,Qt)(dy) = ‖f‖∞

∫
Rd
N (etBx,Qt)(dy) = ‖f‖∞

for every (t, x) ∈ (0,∞) × Rd, since
∫
Rd N (etBx,Qt)(dy) = 1 (see Exercise 13.4.1). So,

‖u(t, ·)‖∞ ≤ ‖f‖∞ for all t ≥ 0 as claimed.
To prove that u, given by (13.3), solves the Cauchy problem (13.1) we follow the

approach given in Remark 4.1.4. For this purpose we look for a solution v ∈ C([0,∞) ×
Rd) ∩ C1,2((0,∞)× Rd) of

(13.4)

{
Dtv(t, y) = Tr(etBQetB

∗
D2
yv(t, y)), t > 0, y ∈ Rd,

v(0, y) = f(y), y ∈ Rd.

Taking the Fourier transform of both the sides of the equation Dtv = Tr(etBQetB
∗
D2
yv)

with respect to y and interchanging the actions of F and the time derivative, we deduce
that the function v̂, defined by v̂(t, ξ) = (F(v(t, ·)))(ξ) for every t ≥ 0 and ξ ∈ Rd, solves
the Cauchy problem{

Dtv̂(t, ξ) = −〈etBQetB∗ξ, ξ〉v̂(t, ξ), t ∈ (0,∞), ξ ∈ Rd,

û(0, ξ) = f̂(ξ), ξ ∈ Rd.

1i.e., u ∈ C([0,∞)× Rd) ∩ C1,2((0,∞)× Rd) and solves (13.1)
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So, it is easy to deduce that

v̂(t, ξ) = e−〈Qtξ,ξ〉f̂(ξ), t > 0, ξ ∈ Rd.

Taking the inverse Fourier transform one obtains
(13.5)

v(t, y) = (4π)−
d
2 (detQt)

− 1
2

∫
Rd
e−

1
4
〈Q−1

t (y−z),y−z〉f(z) dz =: (G(t)f)(y), t > 0, y ∈ Rd.

Note that (G(t)f)(y) =
∫
Rd K̃(t, z)f(y − z) dz, where

(13.6) K̃(t, z) := (4π)−
d
2 (detQt)

− 1
2 e−

1
4
|Q−1/2
t z|2 , t > 0, z ∈ Rd.

As in Lemma 4.1.2 one can prove that K̃ ∈ C∞((0,∞) × Rd) and so, by the dominated
convergence theorem one concludes that v ∈ C∞((0,∞)× Rd).

To prove now that v is a classical solution to problem (13.4) we need to show that v is
continuous on {0}×Rd, where it equals the function f . To this purpose let us fix y0 ∈ Rd.

Using the fact that
∫
Rd K̃(t, z) dz = 1 for all t > 0, we can estimate

|v(t, y)− f(y0)| =
∣∣∣∣ ∫

Rd
K̃(t, z)f(y − z) dz −

∫
Rd
K̃(t, z)f(y0) dz

∣∣∣∣
≤
∫
Rd
K̃(t, z)|f(y − z)− f(y)| dz + |f(y)− f(y0)|

for y, y0 ∈ Rd. Performing the change of variable x = Q
−1/2
t z we get∫

Rd
K̃(t, z)|f(y − z)− f(y)| dz = (4π)−

d
2

∫
Rd
e−
|x|2
4 |f(y −Q1/2

t x)− f(y)|dx

for every t > 0 and y ∈ Rd. We proceed now as in the proof of Theorem 4.1.3 to obtain
that v(t, y) tends to f(y0) as (t, y)→ (0, y0). So we have proved that v ∈ C([0,∞)×Rd)∩
C1,2((0,∞)×Rd) and solves (13.4). Thus, by an easy computation one can check that the
function

u(t, x) = v(t, etBx), t ≥ 0, x ∈ Rd

belongs to C([0,∞)× Rd) ∩ C1,2((0,∞)× Rd) and solves the Cauchy problem (13.1).
To prove the uniqueness part of the statement, we proceed as in the proof of Proposition

11.0.1. We consider the function ϕ : Rd → R, defined by ϕ(x) = 1 + |x|2 for every x ∈ Rd.
As easy computation yields

Lϕ(x) = 2TrQ+ 2〈Bx, x〉, x ∈ Rd.

So, there exists a positive constant λ such that Lϕ < λϕ on Rd. Now, fix T > 0 and define
the function vn(t, x) = e−λtu(t, x)− n−1ϕ(x) for n ∈ N and (t, x) ∈ [0, T ]× Rd, where u is
a classical solution of (13.1) with f ≡ 0. Thus, the same proof as the one of Proposition
11.0.1 yields u ≤ 0 on [0, T ]×Rd. The same arguments can be applied to −u instead of u.
So, one concludes that u = 0 on [0, T ]×Rd for every T > 0 and the uniqueness follows.



172 LECTURE 13. THE ORNSTEIN-UHLENBECK OPERATOR

For every t > 0, denote by TOU(t) the operator defined on Cb(Rd) by TOU(t)f = u(t, ·)
where u is the solution to the Cauchy problem (13.1) provided by Theorem 13.1.1. This
theorem also shows that TOU(t) is a bounded linear operator and ‖TOU(t)‖L(Cb(Rd)) ≤ 1.
Actually, one can show that ‖TOU(t)‖Cb(Rd) = 1 (see Exercise 13.4.2). Moreover, by the
uniqueness of the classical solution to the Cauchy problem (13.1), the family {TOU(t)} is a
semigroup of bounded linear operators on Cb(Rd), commonly referred to as the Ornstein-
Uhlenbeck semigroup. Hence, two questions naturally arise:

• is the Ornstein-Uhlenbeck semigroup strongly continuous on Cb(Rd)?

• is the Ornstein-Uhlenbeck semigroup analytic on Cb(Rd)?

We will see that both the two previous questions have negative answer. As the Gauss-
Weierstrass semigroup, {TOU(t)} is not strongly continuous on Cb(Rd) since it maps Cb(Rd)
into Ck

b (Rd) for every k ∈ N as the following theorem shows. Hence, if TOU(t)f converges
uniformly to f as t→ 0+, then f should belong to BUC(Rd).

Theorem 13.1.2. For every t > 0 and f ∈ Cb(Rd), the function TOU(t)f belongs to
Ck
b (Rd) for each k ∈ N. In particular, if f ∈ C1

b (Rd),

(13.7) DiTOU(t)f =
d∑
j=1

(etB
∗
)ijTOU(t)Djf, t > 0, i, j = 1, . . . , d.

Moreover, for each ε > 0 and h ∈ N with h ≤ k, there exists a positive constant C = Cε
such that

(13.8) ‖Dα
xTOU(t)f‖∞ ≤ Cek(s(B)+ε)t(1 ∨ t−

k−h
2 )‖f‖Chb (Rd), t > 0,

for every f ∈ Ch
b (Rd) and |α| = k, where s(B) is the spectral bound2 of the matrix B.

Proof. Formula (13.7) as well as estimate (13.8) with h = 0 and k = 1, follow easily
differentiating (13.3) under the integral sign and observing that, for each δ > 0, there

exists a constant C̃1 = C̃1(δ) such that

(13.9) ‖etB‖∞ ≤ C̃1e
(s(B)+δ)t, t > 0.

To prove (13.8) with h = 0 and k ∈ N, we argue by induction. For this purpose, we
suppose that TOU(t)f belongs to Ck

b (Rd) for every t > 0 and (13.8) is satisfied. Let us show
that the (k+ 1)-th order derivatives Dα

xTOU(t)f are bounded on Rd and satisfy (13.8). We
fix any such derivative Dα

x = Di1,...,ik+1
and observe that (13.7) yields the following formula:

Di2,...,ik+1
TOU(t)f =Di2,...,ik+1

TOU((1− 1/n)t)TOU(t/n)f

=Di2,...,ik

{
TOU((1− 1/n)t)

d∑
jk+1=1

(e
n−1
n
B∗t)ik+1jk+1

Djk+1
TOU(t/n)f

}
2The spectral bound of a matrix B is the supremum of the real parts of its eigenvalues
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=TOU((1− k/n)t)
d∑

j2,...,jk+1=1

(e
n−k
n
tB∗)i2j2 · . . . · (e

n−1
n
tB∗)ik+1jk+1

×Dj2TOU(t/n) ◦ . . . ◦Djk+1
TOU(t/n)f(13.10)

for every n > k and t > 0. Similarly,

Dj2TOU(t/n) ◦ . . . ◦Djk+1
TOU(t/n)f

=TOU((k/n− 1/n)t)
d∑

l2,...,lk=1

(e
1
n
tB∗)jklk · . . . · (e

k−1
n
tB∗)j2l2Dl2,...,lk,jk+1

TOU(t/n)f,(13.11)

for each t > 0. From formulas (13.10), (13.11) and estimate (13.8) (with k = 1) we conclude
that Di2,...,ik+1

TOU(t)f belongs to C1
b (Rd). Moreover,

Dα
xTOU(t)f =

d∑
j2,...,jk+1=1

(e
n−k
n
tB∗)i2j2 · . . . · (e

n−1
n
tB∗)ik+1jk+1

×
d∑

l1,...,lk=1

(e
1
n
tB∗)jklk · . . . · (e

k−1
n
tB∗)j2l2(e

n−2
n
tB∗)i1l1

× TOU((1− 2/n)t)Dl1TOU(t/n)Dl2,...,lk,jk+1
TOU(t/n)f.(13.12)

Therefore, taking δ = 1/n in (13.9) and using (13.8) with |α| = 1 and |α| = k and ε = 1/n,
we get

‖Dα
xTOU(t)f‖∞ ≤ Cn exp

{(
k + 1− 1

n

)(
s(B) +

1

n

)
t

}
(1 ∨ t−

k+1
2 )‖f‖∞,

for every t > 0 and some positive constant Cn. Since (k + 1− n−1)(s(B) + n−1) converges
to (k + 1)s(B) as n→∞, estimate (13.8) follows taking n sufficiently large.

Estimate (13.8) with h = k follows immediately from (13.9). Indeed, a straightforward
computation shows that

(13.13) Di1,...,ikTOU(t)f =
d∑

j1,...,jk=1

(etB
∗
)i1j1 · . . . · (etB

∗
)ikjkTOU(t)Dj1,...,jkf,

for each i1, . . . , ik ∈ {1, . . . , d}, k ∈ N and t > 0.
Finally, in the case when 0 < h < k, estimate (13.8) follows from (13.12) (with |α| = k)

observing that, thanks to (13.13), we have

Dl1TOU(t/n)Dl2,··· ,lk−1,jkTOU(t/n)f

=
d∑

r1,...,rh+1=1

(e
1
n
tB∗)l1r1(e

1
n
tB∗)lk−h+1r2 · . . . · (e

1
n
tB∗)lk−1rh(e

1
n
tB∗)jkrh+1

× TOU(t/n)(Dr1,l2,...,lk−hTOU(t/n)Dr2,...,rh+1
f)(13.14)

for each t > 0.
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Remark 13.1.3. (i) From the proof of Theorem 13.1.2, it is clear that, if (13.9) holds
with δ = 0, then the estimate (13.8) can be written also with ε = 0. This is, for
instance, the case when B is diagonalizable on Rd.

(ii) We stress that estimate (13.8) is useful to estimate the long time behaviour (with
respect to t) of the spatial derivatives of the function TOU(t)f when the spectral
bound s(B) of the matrix B is negative. Indeed, using the semigroup property, we
can split TOU(t)f = TOU(1)TOU(t−1)f for each t > 1 so that, from (13.8) with h = 0
and t = 1, it follows that

‖Dα
xTOU(t)f‖∞ ≤ Ce|α|(s(B)+ε)‖TOU(t− 1)f‖∞ ≤ Ce|α|(s(B)+ε)‖f‖∞.

Corollary 13.1.4. For every t > 0, 0 ≤ α ≤ θ ≤ 4 there exists a positive constant Cα,θ,T
such that

(13.15) ‖TOU(t)f‖Cθb (Rd) ≤ Cα,θ,T t
− θ−α

2 ‖f‖Cαb (Rd), t ∈ (0, T ], f ∈ Cα
b (Rd).

Proof. The proof can be obtained adapting the arguments in the proof of Theorem 4.1.12,
so that the details are left to the reader.

Remark 13.1.5. Note that in view of the estimates in Theorem 13.1.2, the restriction
α, θ ≤ 4 can be removed in Corollary 13.1.4. Moreover, one can also easily show that, if
s(B) < 0, then,

‖TOU(t)f‖Cθb (Rd) ≤ Cα,θ(1 ∨ t−
θ−α
2 )eωα,θt‖f‖Cαb (Rd), t > 0, f ∈ Cα

b (Rd).

for some constants Cα,θ > 0 and ωα,θ ≤ 0.

As we have shown above, f ∈ BUC(Rd) is a necessary condition for TOU(t)f to converge
to f , uniformly on Rd as t→ 0+. Actually, this condition is not sufficient as the following
proposition shows.

Proposition 13.1.6. Let f ∈ Cb(Rd). Then, TOU(t)f converges to f uniformly in Rd, as
t tends to 0+, if and only if f ∈ BUC(Rd) and ‖f(etB·)− f‖∞ tends to 0 as t→ 0+.

Proof. Fix a nontrivial f ∈ BUC(Rd). By the proof of Theorem 13.1.1 we know that
(TOU(t)f)(x) = (G(t)f)(etBx) for every t > 0 and x ∈ Rd, where

(G(t)f)(x) = (4π)−
d
2 (detQt)

− 1
2

∫
Rd
f(x− y)e−

1
4
〈Q−1

t y,y〉dy, x ∈ Rd.

We claim that G(t)f tends to f uniformly in Rd as t tends to 0. Indeed, for every n ∈ N,
t > 0 and x ∈ Rd it holds that

|(G(t)f)(x)− f(x)| =
∣∣∣∣(4π)−

d
2

∫
Rd
e−

1
4
|y|2(f(x+

√
Qty)− f(x)

)
dy

∣∣∣∣
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≤(4π)−
d
2

∫
B(0,n)

e−
1
2
|y|2|f(x+

√
Qty)− f(x)|dy

+ 2(4π)−
d
2‖f‖∞

∫
Rd\B(0,n)

e−
1
2
|y|2dy.(13.16)

Since |
√
Qty| ≤ ‖

√
Qt‖|y| ≤ ‖

√
Qt‖n for every t > 0 and |y| ≤ n, and ‖

√
Qt‖∞ tends to

0 as t → 0+, it follows that supx∈Rd sup|y|≤n |f(x +
√
Qty) − f(x)| vanishes as t → 0+ for

every n ∈ N. Hence, letting t tend to 0+ in the first and last side of (13.16) yields

lim sup
t→0+

‖G(t)f − f‖∞ ≤ 2(4π)−
d
2‖f‖∞

∫
Rd\B(0,n)

e−
1
2
|y|2dy

for every n ∈ N. Letting n tend to ∞, we conclude that lim supt→0+ ‖G(t)f − f‖∞ = 0, so
that G(t)f converges to f uniformly on Rd as t→ 0+.

Writing

(TOU(t)f)(x)− f(x) = (G(t)f)(etBx)− f(etBx) + f(etBx)− f(x), t > 0, x ∈ Rd,

the assertion follows at once.

The following proposition proves that the Ornstein-Uhlenbeck semigroup is not analytic.

Proposition 13.1.7. The Ornstein-Uhlenbeck semigroup is not analytic neither in Cb(Rd)
nor in BUC(Rd).

Proof. Indeed, if it were analytic in Cb(Rd), it would be analytic also in BUC(Rd), since
the Ornstein-Uhlenbeck semigroup leaves BUC(Rd) invariant, as a byproduct of Theorem
13.1.2.

By contradiction, suppose that {TOU(t)} is analytic in BUC(Rd). Denote by A its
infinitesimal generator. Then, DtTOU(t)f = ATOU(t)f for every t > 0, by property (iv)
in Theorem 3.2.2, whereas DtTOU(t)f = LTOU(t)f due to Theorem 13.1.1, It thus follows
that ATOU(t)f = LTOU(t)f for every t > 0 and f ∈ Cb(Rd). The same theorem (see
property (iii)) shows that ATOU(1) is a bounded operator in Cb(Rd). We will show that
this is not the case, proving that there exists h0 ∈ Rd such that the function LTOU(1)fh0
in unbounded in Rd, where fh0(x) = sin(〈h0, x〉) for each x ∈ Rd. For this purpose, we
observe that

(13.17) (TOU(1)fh0)(x) = e−
1
2
〈Q1h0,h0〉 sin(〈eBx, h0〉), x ∈ Rd.

From (13.17) it follows that the function Tr (QD2
xTOU(1)fh0) is bounded in Rd for each

h0 ∈ Rd. On the other hand,

(B∗(∇xTOU(1)fh0)(x))i = (B∗eB
∗
h)ie

− 1
2
〈Q1h0,h0〉 cos(〈eBx, h0〉),

for every x ∈ Rd and i = 1, . . . , d. Since B 6= 0, we can choose h0 ∈ Rd and j ∈ {1, . . . , d}
such that (B∗eB

∗
h0)j 6= 0. Thus, it easily follows that

sup
x∈Rd
|〈Bx, (∇xTOU(1)fh0)(x)〉| ≥ sup

σ∈R
|σBej, (∇xTOU(1)fh0)(σej)〉|
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= sup
τ∈R
|τ(B∗eB

∗
h0)je

− 1
2
〈Q1h0,h0〉 cos(τ(eB

∗
h0)j)| =∞.

As a byproduct, we conclude that the function ATOU(1)fh0 = LTOU(1)fh0 is unbounded
on Rd: a contradiction.

13.2 Optimal spatial Schauder estimates

In this section, we want to prove the counterpart of Theorem 6.1.4, i.e., the following result.

Theorem 13.2.1. Fix T > 0, α ∈ (0, 1), f ∈ C2+α
b (Rd) and g ∈ C0,α

b ([0, T ]× Rd). Then,
the Cauchy problem

(13.18)

{
Dtu(t, x) = Lu(t, x) + g(t, x), t ∈ [0, T ], x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

admits a unique solution u ∈ C1,2((0, T ]×Rd)∩C0,2+α
b ([0, T ]×Rd). Moreover, there exists

a positive constant C = CT such that

(13.19) sup
t∈[0,T ]

‖u(t, ·)‖C2+α
b (Rd) ≤ C

(
‖f‖C2+α

b (Rd) + sup
t∈[0,T ]

‖g(t, ·)‖Cαb (Rd)
)
.

Remark 13.2.2. Differently from the case of elliptic operators with bounded coefficients,
in general we can expect neither any additional smoothness properties on u, than we stated
in Theorem 13.2.1 nor the boundedness of the time derivative. This is a typical feature of
elliptic operators with unbounded coefficients, which do not exhibit a nice behaviour with
respect to the time variable. In the case of the Ornstein-Uhlenbeck operator L, this is easy
to check. Indeed, the proof of Proposition 13.1.7 shows that the function T (·)fh0 , which
solves the equation Dtv = Lv, has unbounded time derivative over Rd.

In the proof of Theorem 13.2.1 we shall make use of the following result, see Exercise
13.4.6.

Lemma 13.2.3. A function f : Rd → R belongs to Cθ
b (Rd) for some θ ∈ (0, 1) if and only

if it is bounded and

[[f ]]θ = sup
x,y∈Rd, x 6=y

|f(x)− 2f(2−1(x+ y)) + f(y)|
|x− y|θ

<∞.

Moreover, the classical norm of Cθ
b (Rd) is equivalent to the norm ‖f‖∞ + [[f ]]θ.

Proof of Theorem 13.2.1. The uniqueness of the solution u ∈ C1,2((0, T ]×Rd)∩Cb([0, T ]×
Rd) of the Cauchy problem (13.18), follows from Theorem 13.1.1.

So, let us prove the existence part. In view of Corollary 13.1.4, it suffices to prove that
the function v : [0, T ]× Rd → R, defined by

v(t, x) =

∫ t

0

(TOU(t− s)g(s, ·))(x)ds, t ∈ [0, T ]× Rd,
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belongs to C1,2([0, T ]× Rd) ∩ C0,2+α
b ([0, T ]× Rd), solves the Cauchy problem

(13.20)

{
Dtv(t, x) = Lv(t, x) + g(t, x), t ∈ [0, T ], x ∈ Rd,

v(0, x) = 0, x ∈ Rd

and satisfies the estimate

(13.21) ‖v‖C0,2+α
b ([0,T ]×Rd) ≤ C‖g‖C0,α

b ([0,T ]×Rd),

where here and in the rest of the proof, C denotes a positive constant, independent of g,
v (and in the sequel also of t), which may vary from line to line. Slightly modifying the
arguments in the proof of Theorem 6.1.4. The only remarkable difference is in the way one
can prove that v belongs to C0,2+α

b ([0, T ]×Rd) and satisfies estimate (13.21). Nevertheless,
for the reader’s convenience we provide an almost full proof of the remaining part of the
theorem, just leaving the proof of the continuity on [0, T ] × Rd of the function v to the
reader, as an exercise. The rest of the proof is split into two steps.

Step 1. Here, we prove that the function v belongs to C0,2+α
b ([0, T ]× Rd) and satisfies

estimate (13.21). For this purpose, we begin by observing that, by Corollary 13.1.4, for
any 0 ≤ s < t ≤ T , the function TOU(t − s)g(s, ·) is differentiable in Rd and ‖∇xTOU(t −
s)g(s, ·)‖∞ ≤ c(t−s)α−1

2 ‖g‖C0,α
b ([0,T ]×Rd). Hence, the dominated convergence theorem shows

that u1(t, ·) is differentiable in Rd for any t ∈ [0, T ] and

∇xv(t, x) =

∫ t

0

(∇xTOU(t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Similarly, since ‖D2
xTOU(t−s)g(s, ·)‖∞ ≤ c(t−s)α2−1‖g‖C0,α

b ([0,T ]×Rd), we deduce that u1(t, ·)
is twice differentiable in Rd and

D2
xv(t, x) =

∫ t

0

(D2
xTOU(t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Moreover,

|Dj
xv(t, x)| ≤

∫ t

0

|(Dj
xTOU(t− s)g(s, ·))(x)|ds ≤ ‖g‖C0,α

b ([0,T ]×Rd)

∫ t

0

(t− s)
α−j
2 ds

=
2

α− j + 2
T
α−j+2

2 ‖g‖C0,α
b ([0,T ]×Rd)

for all (t, x) ∈ [0, T ]× Rd and j = 1, 2. We thus conclude that

(13.22) ‖v‖C0,2
b ([0,T ]×Rd) ≤ C‖g‖C0,α

b ([0,T ]×Rd).

As in the case of the Laplacian, proving that the second order derivatives of v are
in C0,α

b ([0, T ] × Rd) is much more tricky since the same arguments used to prove (13.22)
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lead us to a singular integral. We also can not adapt the arguments used for the Gauss-
Weierstrass semigroup. We rather have to take advantage of a different argument, which
is a hidden use of interpolation3. For this purpose, we fix i, j ∈ {1, . . . , d}, t ∈ (0, T ] and
split Dijv(t, ·) = aξ(t, ·) + bξ(t, ·), where,

aξ(t, x) =


∫ t

t−ξ
(DijTOU(t− s)g(s, ·))(x)ds, if ξ ≤ t,∫ t

0

(DijTOU(t− s)g(s, ·))(x)ds, if ξ > t,

bξ(t, x) =


∫ t−ξ

0

(DijTOU(t− s)g(s, ·))(x)ds, if ξ ≤ t,

0, if ξ > t,

for each x ∈ Rd and ξ ∈ (0, 1). Taking estimate (13.15) into account, we easily deduce
that aξ(t, ·) ∈ Cb(Rd) and bξ(t, ·) ∈ C2

b (Rd) for every t ∈ [0, T ]. Moreover,

‖aξ(t, ·)‖∞ ≤ C

∫ t

max(t−ξ,0)
(t− s)−1+

α
2 ds‖g‖C0,α

b ([0,T ]×Rd) ≤ Cξ
α
2 ‖g‖C0,α

b ([0,T ]×Rd),

(13.23)

‖bξ(t, ·)‖C2
b (Rd) ≤ C

∫ max(t−ξ,0)

0

(t− s)−2+
α
2 ds‖g‖C0,α

b ([0,T ]×Rd) ≤ Cξ−1+
α
2 ‖g‖C0,α

b ([0,T ]×Rd),

(13.24)

the constant C being independent of ξ. Next we observe that

|Dijv(t, x)− 2Dijv(t, 2−1(x+ y)) +Dijv(t, y)|
≤|aξ(t, x)− 2aξ(t, 2

−1(x+ y)) + aξ(t, y)|+ |bξ(t, x)− 2bξ(t, 2
−1(x+ y)) + bξ(t, y)|

for every (t, x) ∈ [0, T ]× Rd. As it is easily seen,

(13.25) |aξ(t, x)− 2aξ(t, 2
−1(x+ y)) + aξ(t, y)| ≤ 4‖aξ(t, ·)‖∞, t ∈ [0, T ], x ∈ Rd.

On the other hand,

|bξ(t, x)− 2bξ(t, 2
−1(x+ y)) + bξ(t, y)|

=

∣∣∣∣ ∫ 1

0

d

ds
bξ(t, sx+ (1− s)2−1(x+ y))ds+

∫ 1

0

d

ds
bξ(t, sy + (1− s)2−1(x+ y))ds

∣∣∣∣
=

1

2

∣∣∣∣ ∫ 1

0

〈∇bξ(t, sx+ (1− s)2−1(x+ y))−∇bξ(t, sy + (1− s)2−1(x+ y)), x− y〉ds
∣∣∣∣

3We do not think convenient here to introduce the basic results from interpolation theory which should
be used. We rather prefer to adapt some of those techniques to our situation
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≤|x− y|
∫ 1

0

|∇bξ(t, sx+ (1− s)2−1(x+ y))−∇bξ(t, sy + (1− s)2−1(x+ y))|ds

≤|x− y|
d∑

h=1

∫ 1

0

|Dhbξ(t, sx+ (1− s)2−1(x+ y))−Dhbξ(t, sy + (1− s)2−1(x+ y))|ds

≤|x− y|2‖bξ(t, ·)‖C2
b (Rd)

(13.26)

for every t ∈ [0, T ] and x ∈ Rd. From (13.25) and (13.26) we conclude that

(13.27) |Dijv(t, x)−2Dijv(t, 2−1(x+y))+Dijv(t, y)| ≤ 4‖aξ(t, ·)‖∞+|x−y|2‖bξ(t, ·)‖C2
b (Rd)

Choosing ξ = |x− y|2 and using (13.23) and (13.24) we get

|Dijv(t, x)− 2Dijv(t, 2−1(x+ y)) +Dijv(t, y)| ≤ C‖g‖C0,θ
b ([0,T ]×Rd)|x− y|

α

for every t ∈ [0, T ] and x ∈ Rd, so that Lemma 13.2.3 allows us to conclude that Dijv(t, ·)
belongs to Cα

b (Rd) and

(13.28) sup
t∈[0,T ]

‖Dijv(t, ·)‖Cαb (Rd) ≤ C‖g‖C0,α
b ([0,T ]×Rd).

From (13.22) and (13.28), estimate (13.21) follows at once.
Step 2. Here, we prove that v is continuously differentiable with respect to t in [0, T ]×

Rd. For notational convenience, we denote by D+
t (resp. D−t ) the right (resp. left) time

derivative.
For each ε ∈ (0, 1) we introduce the function vε : [0, T ]× Rd → R defined by

vε(t, x) =

∫ εt

0

(TOU(t− s)g(s, ·))(x)ds, (t, x) ∈ [0, T ]× Rd.

Note that vε converges to v as ε→ 1−, uniformly in [0, T ]× Rd. Indeed,

|v(t, x)− vε(t, x)| =
∣∣∣∣ ∫ t

εt

(TOU(t− s)g(s, ·))(x)ds

∣∣∣∣ ≤ ‖g‖Cb([0,T ]×Rd)(1− ε)T
for all (t, x) ∈ [0, T ]× Rd and all ε ∈ (0, 1).

To prove that vε is differentiable in [0, T ] × Rd with respect to t, we fix t ∈ [0, T ),
h ∈ (0, T − t) and split

vε(t+ h, x)− vε(t, x)

h
=

1

h

∫ ε(t+h)

εt

(TOU(t+ h− s)g(s, ·))(x)ds

+

∫ εt

0

(TOU(t+ h− s)g(s, ·))(x)− (TOU(t− s)g(s, ·))(x)

h
ds

=: J+
1 (h) + J+

2 (h).
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We claim that J+
1 (h) converges to ε(TOU((1− ε)t)g(εt, ·))(x) as h→ 0+. Indeed,

J+
1 (h)− ε(TOU((1− ε)t)g(εt, ·))(x)

=
1

h

∫ ε(t+h)

εt

(TOU(t+ h− s)g(s, ·))(x)ds− ε(TOU((1− ε)t)g(εt, ·))(x)

=
1

h

∫ ε(t+h)

εt

[(TOU(t+ h− s)g(s, ·))(x)− (TOU((1− ε)t)g(s, ·))(x)]ds

+

∫ ε(t+h)

εt

1

h
(TOU((1− ε)t)(g(s, ·)− g(εt, ·)))(x) ds.

It is clear that the second integral term in the last side of the previous chain of equalities
converges to 0 as h → 0+. As far as the first integral term is concerned, we observe that
the function (r, s) 7→ (TOU(r)g(s, ·))(x) is continuous on [0, T ]× [0, T ] (see Exercise 13.4.7).
Therefore, it is therein uniformly continuous. Hence, for each ρ > 0 there exists δ > 0
such that |(TOU(r2)g(s, ·))(x) − (TOU(r1)g(s, ·))(x)| ≤ ρ if |r2 − r1| ≤ δ and s ∈ [0, T ].
Consequently, if |h| ≤ δ, then |(TOU(t + h − s)g(s, ·))(x) − (TOU((1 − ε)t)g(s, ·))(x)| ≤ ρ
for s ∈ [εt, ε(t+ h)] and

1

h

∫ ε(t+h)

εt

[(TOU(t+ h− s)g(s, ·))(x)− (TOU((1− ε)t)g(s, ·))(x)]ds ≤ ερ

Therefore,

lim
h→0

1

h

∫ ε(t+h)

εt

[(TOU(t+ h− s)g(s, ·))(x)− (TOU((1− ε)t)g(s, ·))(x)]ds = 0.

As far as the term J+
2 (h) is concerned, we observe that the function under the integral

sign converges to (DtTOU(t− s)g(s, ·))(x) = (LTOU(t− s)g(s, ·))(x) as h→ 0+. Moreover,
using the mean value theorem, we estimate∣∣∣∣(TOU(t+ h− s)g(s, ·))(x)− (TOU(t− s)g(s, ·))(x)

h

∣∣∣∣ =|(LTOU(t+ ξ − s)g(s, ·))(x)|

≤Cx(t− s)
α
2
−1‖g‖C0,α

b ([0,T ]×Rd)

for all s ∈ [0, εt], where ξ is a suitable point on the line joining 0 and h and we have
taken advantage of (13.15). Hence, we can apply the dominated convergence theorem and
conclude that

lim
h→0+

J+
2 (h) =

∫ εt

0

(LTOU(t− s)g(s, ·))(x)ds.

We have so proved that vε is differentiable from the right in [0, T )×Rd, with respect to t,
and

D+
t vε(t, x) =ε(TOU((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(LTOU(t− s)g(s, ·))(x)ds
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=ε(TOU((1− ε)t)g(εt, ·))(x) + Lvε(t, x).

In a similar way, it can be proved that vε is differentiable from the left in (0, T ]× Rd,
with respect to t and

D−t vε(t, x) = ε(TOU((1− ε)t)g(εt, ·))(x) + Lvε(t, x).

Summing up, vε is differentiable with respect to t in [0, T ]× Rd and

Dtvε(t, x) =ε(TOU((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(LTOU(t− s)g(s, ·))(x)ds

for all (t, x) ∈ [0, T ] × Rd. Letting ε tend to 1−, we conclude that Dtvε converges locally
uniformly on [0, T ]×Rd to the function g + Lv. Indeed, for any R > 0, any t ∈ [0, T ] and
x ∈ B(0, R), we can estimate∣∣∣∣ε(TOU((1− ε)t)g(εt, ·))(x) +

∫ tε

0

(LTOU(t− s)g(s, ·))(x)ds− g(x)− Lv(t, x)

∣∣∣∣
≤|ε(TOU((1− ε)t)g(εt, ·))(x)− g(t, x)|+

∣∣∣∣ ∫ t

tε

(LTOU(t− s)g(s, ·))(x)ds

∣∣∣∣
≤|ε(TOU((1− ε)t)[g(εt, ·)− g(t, ·)])(x)|+ (1− ε)|(TOU((1− ε)t)g(t, ·))(x)|

+ |(TOU((1− ε)t)g(t, ·))(x)− g(t, x)|+ C‖g‖C0,α
b ([0,T ]×Rd)

∫ t

tε

(t− s)
α
2
−1ds

≤(1− ε)
α
2 T

α
2 ‖g‖

C
α/2,0
b ([0,T ]×Rd) + (1− ε)‖g‖Cb([0,T ]×Rd) +

∫ (1−ε)t

0

|(DsTOU(s)g(t, ·))(x)|ds

+ 2α−1C(1− ε)
α
2 T

α
2 ‖g‖C0,α

b ([0,T ]×Rd)

≤2(1−ε)
α
2 T

α
2 ‖g‖Cα/2,0([0,T ]×Rd) + (1−ε)‖g‖Cb([0,T ]×Rd) + 4α−1C(1−ε)

α
2 T

α
2 ‖g‖C0,α

b ([0,T ]×Rd),

where the constant C is independent of x ∈ B(0, R). Letting ε tend to 1− we conclude
that ε(TOU(1− ε)·)g(ε·, ·) converges to g + Lv uniformly on [0, T ]×B(0, R).

Since vε converges to v uniformly in [0, T ]× Rd, it follows that v is differentiable with
respect to t in [0, T ]× Rd and therein Dtv = Lv + g. The proof is now complete.

13.3 Notes

As we have proved, the Ornstein-Uhlenbeck semigroup is neither strongly continuous nor
analytic in Cb(Rd) and in BUC(Rd), so that we cannot define the concept of infinitesimal
generator in the sense described in Lectures 2 and 3. Nevertheless, we can still associate a
“generator” with the Ornstein-Uhlenbeck semigroup (and more generally with semigroups
associated with elliptic operators with unbounded coefficients), the so-called weak gen-
erator, which has properties similar to those of the infinitesimal generator. The weak
generator A may be defined in three equivalent ways.
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(i) The family {R(λ) : λ ∈ C : Reλ > 0}, defined by

(R(λ)f)(x) =

∫ +∞

0

e−λt(TOU(t)f)(x)dt, x ∈ Rd, Reλ > 0, f ∈ Cb(Rd)

is a resolvent family. Hence, there exists a closed operator A such that R(λ) = R(λ,A)
for any λ as above. This is the approach in [1] and [4],

(ii) The second definition is based on the bounded pointwise convergence: a sequence
{fn} ⊂ Cb(Rd) is said to be boundedly and pointwise convergent to f ∈ Cb(Rd) if
there exists a positive constant C such that ‖fn‖∞ ≤ C for any n ∈ N and if fn(x)
converges to f(x) for any x ∈ Rd. This notion of convergence leads to the following
definition of the weak generator which was introduced in [6, 7]:
(13.29)

D(A) =
{
f ∈ Cb(Rd) : supt∈(0,1)

‖TOU (t)f−f‖∞
t

< +∞ and ∃g ∈ Cb(Rd) :

lim
t→0+

(TOU(t)f)(x)− f(x)

t
= g(x) ∀x ∈ Rd

}
,

(A2f)(x) = limt→0+
(TOU (t)f)(x)−f(x)

t
, x ∈ Rd, f ∈ D(A).

(iii) The third definition is based on the notion of mixed topology introduced in [8]. The
mixed topology τM is the finest locally convex topology which agrees on every norm–
bounded subsets of Cb(Rd) with the topology of the uniform convergence on compact
sets (see e.g., [3]). See also [5] for a similar approach.

Operator A can be defined as the infinitesimal generator of the semigroup in the
mixed topology, that is

(13.30)


D(A) =

{
f ∈ Cb(Rd) : ∃g ∈ Cb(Rd) : τM– lim

t→0+

TOU(t)f − f
t

= g

}
,

Af = τM– lim
t→0+

TOU(t)f − f
t

, f ∈ D(A).

We also underline another crucial difference between bounded and unbounded coeffi-
cients in the study of nonhomogeneous Cauchy problems. In the first case, starting from
the heat equation and, roughly speaking, freezing the coefficients and using the continuity
method, we have analyzed more general operators. For elliptic operators with unbounded
coefficients the method of freezing the coefficients does not work in general. Hence, differ-
ent strategies should be used to study such problems and typically some conditions on the
growth at infinity of the coefficients of the elliptic operator should be assumed.

Again roughly speaking, we can say that the Ornstein-Uhlenbeck semigroup can be
used as a “test” to see what properties one can expect and what properties in general
one can not expect from a semigroup associated with an elliptic operator with unbounded
coefficients. For instance, as we have seen in this lecture, we can not expect nice properties
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with respect to the time variable of solutions to Cauchy problems associated with elliptic
operators with unbounded coefficients.

For further details on the Ornstein-Uhlenbeck semigroup we refer the interested reader
to [2], and to the notes of the 19th Internet Seminar.

13.4 Exercises

1. Prove that ∫
Rd
N (etBx,Qt)(dy) = 1

for every t > 0.

2. Prove that ‖TOU(t)‖L(Cb(Rd)) = 1 for each t > 0.

3. (i) Exhibit a function f ∈ BUC(Rd) such that ‖f(etB·) − f‖∞ does not converge to
0 as t→ 0+.

(ii) Prove that, if f ∈ C0(Rd) (the space of continuous functions over Rd which vanish
at infinity), then f(etB·) converges to f uniformly on Rd as t→ 0.

(iii) Taking advantage of the previous exercise prove that the restriction of the Ornstein-
Uhlenbeck semigroup to C0(Rd) defines a strongly continuous semigroup.

4. Prove formulas (13.13) and (13.14).

5. Prove formula (13.17).

6. Given a function f : Rd → R and θ ∈ (0, 1). Define

[[f ]]θ := sup
x,y∈Rd, x6=y

|f(x)− 2f(2−1(x+ y)) + f(y)|
|x− y|θ

.

(a) Prove that if f ∈ Cθ
b (Rd) then

[[f ]]θ ≤ 21−θ[f ]Cθb (Rd).

(b) Fix x1 ∈ Rd and define the function gx1(y) := f(x1 + y)− f(x1) for y ∈ Rd. Prove
that

|gx1(y)− 2gx1(y/2)| ≤ [[f ]]θ|y|θ, y ∈ Rd,

and deduce that

|gx1(y)− 2ngx1(2
−ny)| ≤ 2n(1−θ)

21−θ − 1
|y|θ[[f ]]θ.
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(c) Prove that

|f(x1)− f(x2)| ≤ (4‖f‖∞ + (21−θ − 1)−1[[f ]]θ)|x2 − x|θ

for x2 ∈ Rd such that |x1 − x2| < 1.

(d) Deduce that f ∈ Cθ
b (Rd) if and only if f is bounded and [[f ]]θ <∞.

(e) Prove that the norms ‖ · ‖+ [ · ]Cθb (Rd) and ‖ · ‖+ [ · ]Cθb (Rd) are equivalent.

7. Prove that, for any bounded and continuous function g : [0, T ]× Rd → R, the function
(t, s, x) 7→ (TOU(t)g(s, ·))(x) is bounded and continuous on [0,∞)× [0, T ]× Rd.
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Lecture 14

More general elliptic operators with
unbounded coefficients

In this lecture, we will consider more general elliptic operators A with unbounded coeffi-
cients and study the homogeneous Cauchy problem

(14.1)

{
Dtu(t, x) = Au(t, x), t ∈ (0,∞), x ∈ Rd,

u(0, x) = f(x), x ∈ Rd,

where

Aζ(x) =
d∑

i,j=1

qij(x)Dijζ(x) +
d∑
j=1

bj(x)Djζ(x) + c(x)ζ(x), x ∈ Rd

on smooth enough functions ζ : Rd → R. On the coefficients of the operator A we assume
the following conditions.

Hypotheses 14.0.1. (i) qij ≡ qji for every i, j = 1, . . . , d and there exists a continuous
function κ : Rd → (0,∞) such that 〈Q(x)ξ, ξ〉 ≥ κ(x)|ξ|2 for every ξ, x ∈ Rd, where
Q = (qij);

(ii) qij, bi (i, j = 1, . . . , d) and c belong to Cα
loc(Rd) for some α ∈ (0, 1);

(iii) there exists c0 ∈ R such that c(x) ≤ c0 for every x ∈ Rd.

Remark 14.0.2. (i) Note that the previous assumptions cover also the case when the
matrix Q(x) degenerates at ∞. So, we are not assuming that the operator A is
uniformly elliptic on Rd.

(ii) At this stage we are not assuming any growth assumption of the diffusion and drift
coefficients of the operator A. The only (algebraic) condition that we assume is on
the potential c which should be bounded from above on Rd.

187
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14.1 Existence of a classical solution to the Cauchy

problem (14.1)

In this section we prove the existence of a classical solution to the Cauchy problem (14.1),
which is bounded in each strip [0, T ]× Rd.

Theorem 14.1.1. For every f ∈ Cb(Rd), problem (14.1) admits a solution u ∈ C([0,∞)×
Rd) ∩ C1+α/2,2+α

loc ((0,∞)× Rd) which satisfies the estimate

(14.2) |u(t, x)| ≤ ec0t‖f‖∞, t > 0, x ∈ Rd.

Proof. We split the proof into two steps. First, in Step 1, we prove the assertion for
functions f ∈ C2+α

c (Rd). Then, in Step 2, based on this result, we prove the statement in
its full generality. We adapt some arguments from the proof of Theorem 9.0.1.

Step 1. Let us first assume that f ∈ C2+α
c (Rd). Let n0 ∈ N be the smallest integer such

that supp(f) ⊂ B(0, n0). By Theorem 12.0.5, for every n ∈ N such that n ≥ n0, there exists
a unique function vn : [0,∞)×B(0, n)→ R, which belongs to C1+α/2,2+α([0, T ]×B(0, n))
and solves the Cauchy problem

Dtvn(t, x) = Avn(t, x), t ∈ [0,∞), x ∈ B(0, n),

vn(t, x) = 0, t ∈ [0,∞), x ∈ ∂B(0, n),

vn(0, x) = f(x), x ∈ B(0, n).

From Corollary 1.1.4, for each n ≥ n0 as above, it holds that

(14.3) ‖vn(t, ·)‖C(B(0,n)) ≤ ec0t‖f‖∞, t > 0.

This estimate and Theorem B.0.6 show that, for every m ∈ N, there exists a positive
constant Cm, independent of n, such that

(14.4) ‖vn‖C1+α/2,2+α(Ωm) ≤ Cm‖f‖∞,

for each n ≥ m ∨ n0, where Ωm = (0,m)×B(0,m).
Take m = 1. Since the sequence (vn) is bounded in C1+α/2,2+α(Ω1), there exists

a subsequence (v
n
(1)
k

) which converges in C1,2(Ω1) to a function u(1) which belongs to

C1+α/2,2+α(Ω1). Estimate (14.4) shows that sequence (v
n
(1)
k

) is bounded in C1+α/2,2+α(Ω2).

Hence, it admits a subsequence (v
n
(2)
k

) which converges in C1,2(Ω2) to a function u(2) ∈
C1+α/2,2+α(Ω2). Clearly, by uniqueness, the functions u(1) and u(2) coincide on Ω1. By

induction, we can prove that for any m ∈ N there exists an increasing sequence (n
(m)
k ) ∈ N

with the following properties:

(i) (n
(m)
k ) is a subsequence of (n

(m−1)
k );

(ii) the sequence (v
n
(m)
k

) converges in C1,2(Ωm) to a function u(m) ∈ C1+α/2,2+α(Ωm) such

that u(m) = u(m−1) on Ωm−1.
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Now, we introduce the diagonal sequence (ñk) = (n
(k)
k ). For each m ∈ N, (ñk) is definitively

a subsequence of (n
(m)
k ). Moreover, in view of the previous property (ii), we can define a

function u : [0,∞) × Rd → R by setting u(t, x) = u(m)(t, x), where m is the smallest

integer such that (t, x) ∈ Ωm. This function clearly belongs to C
1+α/2,2+α
loc ((0,∞) × Rd)

and the sequence (vñk) converges to u in C1,2([0, T∗] ×K) for every compact set K ⊂ Rd

and 0 < T∗. Since Dtvñk = Avñk on [0,∞) × B(0, ñk), letting k tend to ∞ we conclude
that Dtu−Au = 0 on [0,∞)×Rd and, from (14.3), we also obtain estimate (14.2). Since
vñk(0, ·) = f on Rd for every k ∈ N, it follows that u(0, ·) = f . Hence, u is a solution to
the Cauchy problem (14.1) as smooth as in the statement of the theorem.

Step 2. Let us now fix f ∈ Cb(Rd) and consider a sequence (fn) ⊂ C2+α
c (Rd), bounded

with respect to the sup norm and converging to f locally uniformly on Rd. By Step 1, for
every n ∈ N, the Cauchy problem (14.1), with f being replaced by fn, admits a solution

un ∈ C1+α/2,2+α
loc ([0,∞) × Rd) such that ‖un(t, ·)‖∞ ≤ ec0t‖fn‖∞ ≤ Cec0t for every t > 0

and some positive constant C, independent of t and n ∈ N.
Applying estimate (B.2) we conclude that ‖un‖C1+α/2,2+α(Ωm) ≤ Cm for every n ≥ n0

and some n0 = n0(m). As in Step 1, Arzelà-Ascoli theorem and a diagonal argument
show that there exists a subsequence (unk) which converges in C1,2(Ωm) for every m ∈ N
to a function uf ∈ C

1+α/2,2+α
loc ((0,∞) × Rd). Clearly, uf solves the differential equation

Dtu−Au = 0 on (0,∞)× Rd.
To complete the proof, let us show that u can be extended by continuity to [0,∞)×Rd

by setting u(0, ·) = f . For this purpose, we take advantage of Theorems 8.2.2 and B.0.7.
We fix m ∈ N and a smooth cut-off function ϑ such that χB(0,m) ≤ ϑ ≤ χB(0,2m). For

each k ∈ N, the function vk = ϑunk belongs to C([0,∞) × Rd) and solves the Cauchy-
Dirichlet problem

(14.5)

{
Dtvk(t, x) = Ãvk(t, x) + ψk(t, x), t > 0, x ∈ Rd,

vk(0, x) = ϑ(x)f(x), x ∈ Rd,

where ψk = −2〈Q∇xunk ,∇ϑ〉 − unkTr(QDijϑ)− unk〈b,∇ϑ〉, and Ã is any elliptic operator
on Rd whose coefficients belong to Cα

b (R) and agree with the coefficients of the operator
A on B(0, 2m).

By the uniqueness of the classical solution to the Cauchy problem (14.5) it follows that
vk splits into the sum of the classical solution w of the Cauchy problem{

Dtw(t, x) = Ãw(t, x), t > 0, x ∈ Rd,

w(0, x) = ϑ(x)f(x), x ∈ Rd,

and the classical solution to the Cauchy problem{
Dtzk(t, x) = Ãzk(t, x) + ψk(t, x), t > 0, x ∈ Rd,

zk(0, x) = 0, x ∈ Rd.

By Theorem 9.0.1, the function w belongs to C([0,∞)× Rd).
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Let us consider the function zk. For this purpose, we observe that Theorem B.0.7 and
estimate (14.2) show that there exists a positive constant C̃1, depending on m but being
independent of n such that

t‖D2
xunk(t, ·)‖C(B(0,2m)) +

√
t ‖∇xunk(t, ·)‖C(B(0,2m)) ≤ C̃1, t ∈ (0, 1], k ∈ N.

From this estimate and (4.16) it follows immediately that

‖unk(t, ·)‖C1+α(B(0,2m)) ≤ C̃2t
− 1+α

2 , t ∈ (0, 1], k ∈ N

with C̃2 also being independent of k. Hence, ψnk(t, ·) belongs to Cα
b (Rd) for every t ∈ (0, 1]

and ‖ψnk(t, ·)‖Cαb (Rd) ≤ C̃3t
− 1+α

2 for every t ∈ (0, 1], k ∈ N and some positive constant C̃3,
being independent of k. Therefore, applying Theorem 8.2.2 we conclude that

(14.6) t
1+α
2 ‖Dtznk(t, ·)‖Cαb (Rd) ≤ C̃4, t ∈ (0, 1], k ∈ N.

Now, writing

zn(t, x) =

∫ t

0

Dtzn(σ, x)dσ, t ∈ (0, 1], x ∈ Rd,

and using (14.6) we conclude that

‖zn(t, ·)‖∞ ≤ C̃4

∫ t

0

σ−
1+α
2 dσ = C5t

1−α
2 .

Summing up, we have proved that

|unk(t, x)− f(x)| ≤ |w(t, x)− ϑ(x)f(x)|+ |zk(t, x)| ≤ |w(t, x)− ϑ(x)f(x)|+ C̃5t
1−α
2

for every t ∈ (0, 1] and x ∈ B(0,m). Letting n tend to ∞, we conclude that

‖u(t, ·)− f‖C(B(0,m)) ≤ ‖w(t, ·)− f‖C(B(0,m)) + C̃5t
1−α
2 .

As t tends to 0+ this estimate shows that u can be extended by continuity on {0}×B(0,m)
by setting u(0, ·) = f . The arbitrariness of m > 0 allows us to complete the proof.

14.2 Uniqueness and nonuniqueness

In this section, we address the problem of the uniqueness of the solution u ∈ C([0,∞) ×
Rd) ∩ C1,2((0,∞) × Rd), which is bounded on [0, T ] × Rd for every T > 0. In the case
of bounded coefficients, the uniqueness of the classical solution to the Cauchy problem
(14.1) was a consequence of the classical maximum principle. As a matter of fact, without
any additional conditions on the unbounded coefficients of the operator A, no maximum
principle holds. In fact, we will provide examples of operators A whose associated Cauchy
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problem (14.1) admits infinitely many solutions u ∈ C([0,∞) × Rd) ∩ C1,2((0,∞) × Rd),
which are bounded on [0, T ]× Rd for every T > 0.

The maximum principle can be proved assuming the existence of a so-called Lyapunov
function, i.e., a smooth enough function, diverging to +∞ as |x| → ∞ and satisfying an
algebraic condition. More precisely.

Theorem 14.2.1. Suppose that there exists a positive function ϕ ∈ C2(Rd) blowing up
as |x| → ∞ and such that Aϕ ≤ λϕ on Rd for some λ > 0. Then, if u ∈ Cb([0, T ] ×
Rd) ∩ C1,2((0, T ] × Rd) solve the differential inequality Dtu − Au ≤ 0 on (0, T ] × Rd. If
u(0, ·) ≤ 0, then u ≤ 0 on [0, T ] × Rd. As a byproduct, there exists a unique solution
u ∈ Cb([0, T ]× Rd) ∩ C1,2((0, T ]× Rd) to the Cauchy problem (14.1).

Proof. The proof can be obtained adapting the arguments in the proof of Proposition
11.0.1. For the reader convenience we provide the full proof. Without loss of generality,
we can assume that λ > c0.

Let u be as in the first part of the statement. As it is immediately seen, the function
v : [0, T ]×Rd defined by v(t, x) = e−2λtu(t, x) for every (t, x) ∈ [0, T ]×Rd is as smooth as
u is and solves the differential inequality Dtv − (A − 2λ)v ≤ 0 on (0, T ] × Rd. Since ϕ is
positive on Rd, it follows immediately that Aϕ < 2λϕ on Rd. Hence, for every n ∈ N the
function vn = v − n−1ϕ satisfies the differential inequality Dtvn − (Avn − 2λvn) < 0 and
tends to −∞ as |x| → ∞, uniformly with respect to t ∈ [0, T ]. Since it is continuous on
[0, T ] × Rd, it follows immediately that vn admits a maximum value on [0, T ] × Rd. This
maximum cannot be achieved on (0, T ]×Rd, due to the fact that the potential term of the
operator A− 2λ is negative on Rd (see the proof of Theorem 1.1.2). Hence, it is achieved
on {0} × Rd, so that each function vn is nonpositive on [0, T ]× Rd. Letting n tend to ∞,
we conclude that u is nonpositive on [0, T ]× Rd, as well.

To complete the proof, we observe that, by Theorem 14.1.1 we know that a solution
u ∈ Cb([0, T ] × Rd) ∩ C1,2((0, T ] × Rd) to the Cauchy problem (14.1) actually exists. If
v ∈ Cb([0, T ] × Rd) ∩ C1,2((0, T ] × Rd) is another solution. then the function w = u − v
vanishes on {0} × Rd and satisfies the differential equality Dtw −Aw = 0 on (0, T ]× Rd.
From the first part of the proof, applied to w and −w, we conclude that w identically
vanishes on [0, T ]× Rd.

Remark 14.2.2. Typically, one takes as ϕ polynomials or exponential type functions. For
instance, if A = ∆ + 〈b,∇〉, then the function ϕ(x) = 1 + |x|2, for every x ∈ Rd, is a
Lyapunov function for A if and only if the function x 7→ 2d + 2〈b(x), x〉 grows at most
quadratically at infinity.

14.2.1 The one-dimensional case

To begin with we prove, for the one-dimensional elliptic operator

Aζ(x) = q(x)ζ
′′
(x) + b(x)ζ ′(x) + c(x)ζ(x), x ∈ R,

on smooth functions ζ : R→ R, the following result.



192 LECTURE 14. MORE GENERAL ELLIPTIC OPERATORS

Proposition 14.2.3. The following properties are equivalent:

(i) for each λ > c0 and f ∈ Cb(R), the elliptic equation λv − Av = f admits a unique
solution v ∈ Cb(R) ∩ C2(R);

(ii) for each f ∈ Cb(R), there exists a unique solution u to problem

(14.7)

{
Dtu(t, x) = Au(t, x), t ∈ (0,∞), x ∈ R,
u(0, x) = f, x ∈ R,

which belongs to C([0,∞) × R) ∩ C1,2((0,∞) × R) for every T > 0 and satisfies the
estimate ‖u(t, ·)‖∞ ≤Meρt‖f‖∞ for some constants M > 0 ρ ≥ c0 and every t > 0.

Proof. We split the proof into two steps.
Step 1. Let us assume that property (i) holds true and let u ∈ C([0,∞) × R) ∩

C1,2((0,∞)×R) be a solution of the parabolic problem (14.7) with u(0, ·) = 0, such that

(14.8) |u(t, x)| ≤Meρt, t > 0, x ∈ R,

for some ρ ≥ c0 We fix λ > ρ, and consider the functions

vn =

∫ n

1/n

e−λtu(t, ·)dt, n ∈ N.

Estimate (14.8) shows that vn belongs to Cb(R) for each n ∈ N and ‖vn‖∞ ≤ M(λ− ρ)−1

for each n ∈ N. Moreover, vn converges, uniformly on R, to the function

v =

∫ ∞
0

e−λtu(t, ·)dt

as n tend to ∞.
A straightforward computation shows that vn ∈ C2(R) for each n ∈ N and

Avn =

∫ n

1/n

e−λtAu(t, ·)dt =

∫ n

1/n

e−λtDtu(t, ·)dt = e−λnu(n, ·)− e−λ/nu(1/n, ·) + λvn,

(14.9)

which implies that Avn ∈ Cb(R) and that Avn converges to λv, locally uniformly on R,
as n tends to ∞. From Exercise 14.4.2ii it follows that the sequence vn is bounded in
C2([−M,M ]) for every M > 0. Applying Arzelà-Ascoli theorem and a diagonal argument
as in the proof of Theorem 14.1.1 we deduce that, up to a subsequence, vn and v′n converge
locally uniformly on R as n tends to ∞. As a byproduct, v ∈ C1(R). To conclude that
v actually belongs to C2(R) it suffices to write v′′n = q−1Avn − bq−1v′n − cq−1vn and let
n → ∞. Now, from (14.9), it follows that λv − Av = 0 just letting n tend to ∞. Since
v ∈ Cb(R) ∩ C2(R), from (i) it follows that v identically vanishes on R.

Finally, the arbitrariness of λ > ρ and the uniqueness of the Laplace transform imply
that u ≡ 0 on (0,∞)× R.
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Step 2. Let v ∈ Cb(R) ∩C2(R) be a solution of the equation λv −Av = 0 with λ > c0.
Let us prove that v ≡ 0. For this purpose, we observe that the function u, defined by
u(t, x) = eλtv(x) for every t ≥ 0 and x ∈ R, belongs to C([0,∞) × R) ∩ C1,2((0,∞) × R)
and solves problem (14.7), with u(0, ·) = v, and ‖u(t, ·)‖ = eλt‖v‖∞ for each t > 0. By
property (ii) this Cauchy problem admits a unique solution with the above properties.
Hence, by Theorem 14.1.1 it follows that eλt‖v‖∞ = ‖u(t, ·)‖∞ ≤ ec0t‖v‖∞ for every t > 0.
From this chain of inequalities it follows at once that ‖v‖∞ = 0, that is v identically
vanishes on R.

In view of the previous proposition, in the rest of the subsection we study the uniqueness
of the solution u ∈ Cb(R) ∩ C2(R) to the equation λu−Au = f ∈ Cb(R), when λ > c0.

This topic has been studied at the beginning of previous century by W. Feller, in the
particular case when the potential c of the operator A identically vanishes on R. Here, we
present a part of those results. So, from now on, we assume that c(x) = 0 for all x ∈ R.

To begin with, we prove the following crucial result.

Lemma 14.2.4. There exist a positive, decreasing function u1 and a positive, increasing
function u2, which solve equation λu−Au = 0.

Proof. As a first step, we observe that it is enough to prove the existence of a positive
decreasing solution u to the equation λu−Au = 0. Indeed, once this property is checked,
it suffices to set u2(x) = v(−x) for every x ∈ R, where v ∈ C2(R) is positive, decreasing
and λv(x)−q(−x)v′′(x)+b(−x)v′(x) = 0 for every x ∈ R, to obtain the increasing positive
solution to the equation λu−Au = 0 we are looking for.

Being rather long, we split the rest of the proof into some steps. Moreover, for notational
convenience, we denote by ub ∈ C2(R) the solution to the equation λu − Au = 0 which
satisfies the conditions ub(0) = 1, u′b(0) = b.

Step 1. Here, we introduce the set B of all b ∈ R such that ub(x) = 0 at some x > 0,
and prove that it is an interval. To begin with, we observe that B is not empty. To
this end, we recall that the more general solution to the equation λv − Av = 0 is given
by v = c1v1 + c2v2, where c1 and c2 are arbitrary real constants and v1 and v2 are two
independent solutions to that equation. By Exercise 14.4.3 the matrix whose rows are
(v1(0), v2(0)) and (v1(x0), v2(x0)) is invertible for every x0 > 0, since v ≡ 0 is the unique
solution to the equation λv − Av = 0 such that v(0) = v(x0) = 0. This implies that for
every x0 > 0 there exists a unique solution v ∈ C2(R) such that v(0) = 1, v(x0) = 0 and
λv −Av = 0 on R. Hence, b = v′(0) belongs to B.

Now, we show that, if b ∈ B, then (−∞, b] ⊂ B. This will imply that B is an interval.
Fix c < b. Since u′c(0) < u′b(0), it follows that uc < ub in (0, x1) for some x1 > 0.
We claim that x1 = ∞. By contradiction, suppose that x1 < ∞. Then, by continuity,
ub(x1) = uc(x1). This would imply that the function v = ub−uc, which solves the equation
λv−Av = 0 on R, should have two zeroes. By Exercise 14.4.3 this is a contradiction. Since
uc < ub in (0,∞), it follows that uc should vanish at some point x ∈ (0,∞). Consequently,
c ∈ B.
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Step 2. Here, we show that B ⊂ (−∞, 0]. For this purpose, we prove that, the set
{ub, b ∈ B} consists of decreasing functions.

Fix b ∈ B and let x0 > 0 be the unique zero of the function ub. Then, ub is decreasing in
(−∞, x0), otherwise it should have a positive maximum which is not possible by Exercise
14.4.3. Similarly, ub is decreasing in [x0,∞). Indeed, u′b(x0) < 0, so that ub is strictly
decreasing in a neighborhood of x0. If ub were not decreasing in the whole (x0,∞) it
should have a negative minimum, which is again a contradiction, by Exercise 14.4.3.

Step 3. Here, we complete the proof, showing that u1 = ub is the function that we are
looking for. Here, b = supB and u1 = ub.

Since u′b ≤ 0 for each b < b, by the continuous dependence of ub on b, it follows
that u′1 ≤ 0. Actually, u1 is decreasing, otherwise it would be constant on some interval
(see again Exercise 14.4.3). To prove that u1 is positive in R, we show that b /∈ B. By
contradiction, assume that b ∈ B and denote by x0 > 0 the positive zero of u1. Further,
let u ∈ C2(R) be such that λu − Au = 0 on R, u(0) = 1 and u(2x0) = 0. The function
v = u− u1 vanishes at zero and is positive at x0. Hence, it is positive on [0, x0], otherwise
it would have a negative minimum, which could not be the case. Hence, u′(0) ≥ u′1(0) = b.
Actually, the strict inequality holds, otherwise, if u′(0) = u′1(0), u and u1 should coincide,
which, of course, is not the case. Hence, u′(0) ∈ B, but this is a contradiction since
b = supB.

We now introduce the functions W,P,R : R→ R, defined by

W(x) = exp

(
−
∫ x

0

b(s)

q(s)
ds

)
, P(x) =

1

q(x)W(x)

∫ x

0

W(s)ds,

R(x) = W(x)

∫ x

0

1

q(s)W(s)
ds,

for every x ∈ R.

Proposition 14.2.5. The following properties are satisfied:

(i) all the solutions to the equation λu−Au = 0 admit finite limit at +∞ if and only if
the function R belongs to L1((0,∞));

(ii) if P ∈ L1((0,∞)) and R /∈ L1((0,∞)) then, every positive decreasing function such

that λu−Au = 0 satisfies limx→+∞
u′(x)
W(x)

= 0;

(iii) if P, R belong to L1((0,∞)) and u ∈ C2(R) satisfies the equation λu−Au = 0 on R,
then the functions u and u′/W admit finite limits at +∞. Moreover, there exist two
decreasing functions u1 and u2 such that λuj −Auj = 0 on R (j = 1, 2) and

(14.10) lim
x→+∞

uj(x) = j − 1, lim
x→+∞

u′j(x)

W(x)
= −2 + j, j = 1, 2;

(iv) the equation λu − Au = 0 admits a decreasing solution, with limx→+∞ u(x) > 0, if
and only if P ∈ L1((0,∞)).
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Proof. (i) Since each solution to the equation λu−Au = 0 is given by a linear combination
of the functions u1, u2 and u1 is decreasing (by Lemma 14.2.4), it suffices to show that
limx→+∞ u2(x) ∈ R if and only if R ∈ L1((0,∞)). Recalling that u2 is increasing and
u2(0) = 1, we can estimate

R(x) ≤W(x)

∫ x

0

u2(s)

q(s)W(s)
ds ≤ u2(x)R(x), x > 0.(14.11)

Moreover, by (14.21) we can write

(14.12) u′2(x) = W(x)

(
u′2(0) + λ

∫ x

0

u2(s)

q(s)W(s)
ds

)
, x > 0.

Suppose that u2 is bounded in a neighborhood of +∞. Then, the two terms in the
right-hand side of (14.12) are in L1((0,∞)), since they are both positive. Therefore, from
(14.11) it follows that R ∈ L1((0,∞)).

Vice versa, suppose that R ∈ L1((0,∞)). Plugging (14.11) into (14.12) we deduce that
u′2 ≤ u′2(0)W + λRu2 on (0,∞). Therefore, by Gronwall’s lemma,

(14.13) u2(x) ≤ exp

(
λ

∫ x

0

R(t)dt

)[
1 + u′2(0)

∫ x

0

W(t) exp

(
− λ

∫ t

0

R(s)ds

)
dt

]
for every x > 0. From the definition of the function W it follows that

W(x) ≤
(∫ 1

0

1

q(s)W(s)
ds

)−1

R(x), x ≥ 1,

and since R ∈ L1((0,∞)), we conclude that W belongs to L1((0,∞)). Thus, from (14.13)
it follows that u2 is bounded in (0,∞), so that its limit at +∞ is finite.

(ii) Let u be a positive decreasing solution to the equation λu − Au = 0. Then, from
(14.20) we deduce that u′/W is a negative and increasing function on R. Therefore, it
converges to a nonpositive number, which we denote by k, as x tends to +∞. Let us prove
that k = 0. Integrating (14.20) from x to c and, then, letting c tend to +∞, gives

(14.14) u′(x) = W(x)

(
k − λ

∫ ∞
x

u(s)

q(s)W(s)
ds

)
, x ∈ R.

Since P ∈ L1((0,∞)), it follows that the function x 7→W(x)
∫∞
x

(q(s)W(s))−1ds belongs to
L1((0,∞)), by the Fubini theorem. The boundedness of u in (0,∞) yields the summability
in (0,∞) of the function

x 7→
∫ ∞
x

u(s)

q(s)W(s)
ds.

Therefore, from formula (14.14) it follows that, if k 6= 0, then the function W is integrable
in (0,∞). Since

(14.15)
1

q(x)W(x)
≤
(∫ 1

0

W(s)ds

)−1

P(x), x ≥ 1,



196 LECTURE 14. MORE GENERAL ELLIPTIC OPERATORS

the function 1/(qW) is integrable in (0,∞). As a byproduct, function R is integrable in
(0,∞) as well. Hence, we get a contradiction.

(iii) Let us prove that, if P,R ∈ L1((0,∞)), then, for every solution u to the equation
λu−Au = 0, the functions u′/W and u admit finite limits at +∞. By (i) it is enough to
deal with the first function. For this purpose we observe that (14.15) and the boundedness
of u at ∞ imply that the function u/(qW) is integrable in (0,∞). Therefore, dividing
both the sides of (14.21) by W(x) and letting x tend to +∞, we conclude that u′(x)/W(x)
admits finite limit at +∞.

Let us now set u = u1 − cu2 where c is a constant such that limx→+∞ u(x) = 0. Note
that c ∈ (0, 1). Checking that c is positive is immediate since u1 and u2 are both positive
in R. Thus, u is decreasing in R and, since u(0) = 1− c, it follows that c < 1. The same
arguments as in the proof of (ii) show that u′(x)/W(x) tends to a nonpositive limit k as x
tends to +∞. Suppose that k = 0. Then (14.14) yields

(14.16)
u′(x)

u(x)
= −λW(x)

u(x)

∫ +∞

x

u(s)

q(s)W(s)
ds ≥ −λW(x)

∫ +∞

x

1

q(s)W(s)
ds

for each x ∈ R. By the proof of (ii), the last side of (14.16) belongs to L1((0,∞)) since
P ∈ L1((0,∞)). It follows that the function log(u) is bounded from below in (0,∞) and,
consequently, limx→∞ u(x) > 0: a contradiction. Thus, we conclude that k is negative.
Therefore, setting u1 = −u/k, we obtain a solution to the equation λu − Au = 0 which
satisfies (14.10), with j = 1.

To complete the proof of property (iii), let us prove the existence of the function u2. For
this purpose, we consider the function w ∈ C2(R) which solves the equation λw−Aw = 0
on R and fulfills the conditions w(0) = 0, w′(0) = 1. By Exercise 14.4.3, w is increas-
ing in R. Therefore, (14.20) implies that w′/W is increasing as well and, consequently,
limx→∞w

′(x)/W(x) ∈ (1,∞).
Let us set v = u1 + dw, where d > 0 is chosen to let v′/W converge to zero as x

tends to ∞. Since v is nonnegative, again by (14.20) we conclude that v is decreasing
in R. Moreover, since limx→+∞ v

′(x)/W(x) = 0, the previous arguments show that ` :=
limx→+∞ v(x) is positive. Hence, if we set u2 = v/`, we find the function we are looking
for.

(iv) Let u be a decreasing solution to the equation λu − Au = 0 with positive limit `
at +∞. From the proof of the property (ii), it follows that u′/W has nonpositive limit k
at +∞ and u′ is given by (14.14). Hence, the function u/(qW) belon L1((0,∞)). Since
all the terms in the right-hand side of (14.14) are nonpositive, and the left-hand side is
summable in (0,∞), the function x 7→W(x)

∫ +∞
x

u(s)/(q(s)W(s))ds belongs to L1((0,∞))
as well. Using the condition u ≥ ` on (0,∞), we immediately conclude that the function
x 7→ W(x)

∫ +∞
x

(q(s)W(s))−1ds belongs to L1((0,∞)). Now, the Fubini Theorem yields
P ∈ L1((0,∞)).

Conversely, let us suppose that P ∈ L1((0,∞)) and let us prove that the equation
λu − Au = 0 admits a positive decreasing solution u with limx→∞ u(x) = ` > 0. If
R ∈ L1((0,∞)), then the property (iii) gives us the wished function u. If R /∈ L1((0,∞)),
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then every positive and decreasing solution u to the equation λu − Au = 0 is given by
(14.14) and k = 0 by the property (ii). Hence u′/u satisfies (14.16) and, consequently,
arguing as in the proof of the property (iii), we conclude that limx→+∞ u(x) = ` > 0.

Concerning the behaviour of the solutions of the equation λu−Au = 0 in a neighbor-
hood of −∞, the following result holds true.

Proposition 14.2.6. The following properties are satisfied:

(i) all the solutions u ∈ Cb(R)∩C2(R) to the equation λu−Au = 0 admit finite limit at
−∞ if and only if the function R belongs to L1((−∞, 0));

(ii) if P ∈ L1((−∞, 0)) and R /∈ L1((−∞, 0)) then, for every positive function u ∈
Cb(R) ∩ C2(R) such that λu−Au = 0, it holds limx→−∞

u′(x)
W(x)

= 0

(iii) if P, R belong to L1((−∞, 0)) then every solution u ∈ Cb(R)∩C2(R) to the equation
λu − Au = 0 is such that u and u′/W admit finite limits at −∞. Moreover, there
exist two increasing solutions u1 and u2 of the equation λu−Au = 0 such that

lim
x→−∞

uj(x) = j − 1, lim
x→−∞

uj(x)

W(x)
= 2− j, j = 1, 2;

(iv) there exists a solution u ∈ Cb(R) ∩ C2(R) to the equation λu − Au = 0, which is
increasing on R and admits positive limit at −∞, if and only if P ∈ L1((−∞, 0)).

We now introduce a few nomenclature. For this purpose, we set I+ = (0,∞) and
I− = (−∞, 0)

Definition 14.2.7. The point ±∞ is said

accessible if

{
regular, i.e., P ∈ L1(I±), R ∈ L1(I±),

exit, i.e., P /∈ L1(I±), R ∈ L1(I±),

unaccessible if

{
entrance, i.e., P ∈ L1(I±), R /∈ L1(I±),

natural, i.e., P /∈ L1(I±), R /∈ L1(I±).

Combining Propositions 14.2.5 and 14.2.6 we can now show the following result.

Proposition 14.2.8. The following properties are satisfied:

(i) +∞ (resp. −∞) is regular if and only if the differential equation λu−Au = 0 admits
two positive decreasing (resp. increasing) solutions u1 and u2 such that

lim
x→∞

uj(x) = j − 1, lim
x→∞

u′j(x)

W(x)
= −2 + j, j = 1, 2,
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resp. lim

x→−∞
uj(x) = j − 1, lim

x→−∞

u′j(x)

W(x)
= 2− j, j = 1, 2

)
.

In this case all the solutions u ∈ Cb(R) ∩ C2(R) to the equation λu − Au = 0 are
bounded in (0,∞) (resp. in (−∞, 0));

(ii) +∞ (resp. −∞) is an exit if and only if all the solutions of the equation λu −
Au = 0 are bounded in (0,∞) (resp. in (−∞, 0)) and every positive decreasing (resp.
increasing) solution u vanishes at +∞ (resp. at −∞);

(iii) +∞ (resp. −∞) is an entrance if and only if the differential equation λu −Au = 0
admits a positive decreasing (resp. increasing) solution u such that the functions u
and u′/W converge, respectively, to 1 and 0 as x tends to +∞ (resp. as x tends to
−∞), and any other solution of the above equation, which is independent of u, is
unbounded in (0,∞) (resp. in (−∞, 0));

(iv) +∞ (resp. −∞) is natural if and only the differential equation λu−Au = 0 admits a
positive decreasing (resp. increasing) solution u such that the functions u and u′/W
vanishes as x tends to +∞ (resp. as x tends to −∞), and any other solution of the
above equation, which is independent of u, is unbounded in (0,∞) (resp. in (−∞, 0)).

Proof. We just prove the property (iv) since the other properties follow easily from Propo-
sitions 14.2.5 and 14.2.6. Moreover, we limit ourselves to dealing with the point +∞ since
the other case can be deduced from this one using Proposition 14.2.6 instead of Proposition
14.2.5.

Suppose that +∞ is natural. Then, according to Proposition 14.2.5(iv), u1 vanishes
at +∞. To prove that u′1/W vanishes at +∞ as well, we begin by observing that (14.20),
written with u1 instead of u, show that u′1/W admits finite (and nonpositive) limit as x
tends to +∞ since it is negative and increasing. By contradiction, we assume that the
previous limit k is negative. Since every solution of the equation λu −Au = 0 is a linear
combination of u1 and u2 and, according to Proposition 14.2.5(i), the above equation admits
solutions which are unbounded in a neighborhood of +∞, it follows that u2(x) diverges as
x tends to +∞. By Exercise 14.4.5, we can write

1 =
1

w0

(
u′2
W
u1 −

u′1
W
u2

)
on R. Recalling that u′2 and u1 are positive in R and taking the limit as x tends to +∞,
we are led to a contradiction.

Vice versa, let us assume that there exists a positive decreasing solution ũ to the
equation λu − Au = 0 vanishing at +∞ together with the function ũ′/W and that any
other solution to the above equation, independent of ũ, is unbounded at +∞. According
to Proposition 14.2.5(i), the function R does not belong to L1((0,∞)). To show that also
P does not belong to L1((0,∞)), we take a solution v to the equation λu−Au = 0 linearly
independent of ũ. As a byproduct, if u ∈ Cb(R)∩C2(R) solves the equation λu−Au = 0,
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then u = c1ũ + c2v, for some c1, c2 ∈ R. Therefore, u is bounded at +∞ if and only if
c2 = 0. But in such a case, u vanishes at +∞. Therefore, Proposition 14.2.5(iv) implies
that P /∈ L1((0,∞)) and this completes the proof.

Remark 14.2.9. Let A+ be the one-dimensional differential operator defined on smooth
functions ζ by A+ζ(x) = ζ ′′(x) + x3ζ ′(x) for every x ∈ R. In this case P /∈ L1((−∞, 0)) ∪
L1((0,∞)) and R ∈ L1((−∞, 0)) ∩ L1((0,∞)). Therefore, +∞ and −∞ are both exit
points, i.e., they are accessible, and, according to Proposition 14.2.8, the equation λu −
A+u = 0 admits a nontrivial solution u ∈ Cb(R) ∩ C2(R). In view of Proposition 14.2.3,
we thus conclude that, for every f ∈ Cb(R), the Cauchy problem{

Dtu(t, x) = A+u(t, x), t ∈ (0,∞), x ∈ R,
u(0, x) = f(x), x ∈ R

admits several bounded solutions u ∈ C([0,∞)× R) ∩ C1,2((0,∞)× R).

Now, consider the elliptic operator A− defined on smooth functions ζ by A−ζ(x) =
ζ ′′(x) − x3ζ ′(x) for every x ∈ R. In this case −∞ and ∞ are entrance points and the
elliptic equation λu − A−u = 0 admits just the trivial solution. In view of Proposition
14.2.3, we thus conclude that, for every f ∈ Cb(R), the Cauchy problem{

Dtu(t, x) = A−u(t, x), t ∈ (0,∞), x ∈ R,
u(0, x) = f(x), x ∈ R

admits a unique bounded solution u ∈ C([0,∞)× R) ∩ C1,2((0,∞)× R).

Note that the operators A− and A+ differ only in the sign of the drift coefficient, but
this difference is crucial.

The same situation occurs in the d-dimensional case where

A− = ∆− |x|2〈x,∇〉, A+ = ∆ + |x|2〈x,∇〉,

(see Remark 14.2.2). Hence, for elliptic operators with unbounded coefficients the longterm
behaviour of the coefficients is crucial: an information on their moduli is not enough.

14.3 Notes

Even if the classical solutions of the Cauchy problem 14.1 might be infinitely many, when
the datum f is nonnegative there exists a minimal nonnegative solution. Unfortunately,
the techniques used in the proof of Theorem ?? do not allow to check this property, since
more refined results on the Cauchy-Dirichlet problem on balls are needed. For this result
and other further details on elliptic operators with unbounded coefficients on Cb(Rd), we
refer the reader to [1–3]
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14.4 Exercises

1. (i) Prove that there exists a positive constant C1 such that

(14.17) ‖u′‖C([0,1]) ≤ C1(‖u‖C([0,1]) + ‖u‖1/2
C([0,1])‖u

′′‖C([0,1]))

for every u ∈ C2([0, 1]). (For this purpose it might be useful to check that the
previous estimate is satisfied if [0, 1] is replaced by [0,∞) and by (−∞, 1] and to
split u = ηu + (1− η)u where η is any smooth function supported in [0, 3/4] and
such that η = 1 on [0, 1/2].

(ii) Use estimate (14.17) to deduce that, for every M > 0, there exists a positive
constant C2 such that

(14.18) ‖u′‖C([−M,M ]) ≤ C2(‖u‖C([−M,M ]) + ‖u‖1/2
C([−M,M ])‖u

′′‖C([−M,M ])).

2. Let A = qDxx + bDx + c, where q, b and c are continuous functions over R, q being
everywhere positive.

(i) Using estimate (14.18) prove that

(14.19) ‖u′‖C([−M,M ]) ≤ C3(‖u‖C([−M,M ]) + ‖Au‖C([−M,M ])).

(ii) Prove that there exists a positive constant K, depending on M such that

‖u‖C2([−M,M ]) ≤ K(‖u‖C([−M,M ]) + ‖Au‖C([−M,M ]))

for every u ∈ C2([−M,M ]) and every M > 0.

3. Let u ∈ C2(R) be a solution to the equation λu − Au = 0. Prove that u can attain
neither a positive maximum nor a negative minimum. Conclude that, if u vanishes at
two different points x0 and x1, then u identically vanishes on R.

4. Prove that u ∈ C2(R) solves equation λu−Au = 0 if and only if

(14.20)

(
u′

W

)′
= λ

u

qW
.

Deduce that all the solutions u of the equation λu−Au = 0 satisfy the equation

(14.21) u′(x) = W(x)

(
u′(0) + λ

∫ x

0

u(s)

q(s)W(s)
ds

)
, x ∈ R.

5. Prove that u1u
′
2 − u′1u2 = w0W on R for some positive constant w0.

6. Deduce Proposition 14.2.6 from Proposition 14.2.5.

7. Prove that if operator A is as in Remark 14.2.9, then ∞ and −∞ are both exit points.
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Lecture 15

A class of non analytic Markov
semigroups in Cb(Rd)

In Lecture 13 we have seen that the Ornstein-Uhlenbeck semigroup is neither analytic
nor strongly continuous in BUC(Rd). In this chapter we deal with the semigroup, called
Markov semigroup, associated with the operator A defined on smooth functions by

(15.1) Aζ(x) = ∆ζ(x) +
d∑
j=1

bj(x)Djζ(x), x ∈ Rd,

where we assume that the corresponding homogeneous Cauchy problem (14.1) admits a
unique solution and bj (j = 1, . . . , d) are unbounded locally Lipschitz continuous functions
in Rd. We recall that the existence and uniqueness of solutions to (14.1) are given by
Theorem 14.1.1 and Theorem 14.2.1. Let us denote by (T (t)f)(x) for each (t, x) ∈ [0,∞)×
Rd, the unique solution to (14.1) provided by Theorem 14.1.1. By uniqueness it is easy to
see that {T (t)} defines a semigroup of linear bounded operators on Cb(Rd). Moreover, by
(14.7), the semigroup {T (t)} satisfies the condition

lim
t→0+

sup
x∈K
|(T (t)f)(x)− f(x)| = 0

for every f ∈ Cb(Rd) and every compact subset K ⊂ Rd.
As it was observed for the Ornstein-Uhlenbeck semigroup, see Proposition 13.1.6, the

semigroup {T (t)} is not strongly continuous on Cb(Rd). So, it is not possible to define its
infinitesimal generator. Nevertheless, as we noticed in the Notes of Lecture 13, the weak
generator exists and it can be defined as follows:

D(Â) =

{
f ∈ Cb(Rd) : sup

t>0

‖T (t)f − f‖∞
t

<∞ and ∃g ∈ Cb(Rd) s.t.

lim
t→0+

(T (t)f)(x)− f(x)

t
= g(x), x ∈ Rd

}
Âf(x) = lim

t→0+

(T (t)f)(x)− f(x)

t
, x ∈ Rd, f ∈ D(Â).

203
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For some useful properties of the weak generator Â of {T (t)} we refer to Exercise 15.3.1.
For sectorial operators we refer to Chapter 3 and in particular to Proposition 3.2.8,

where one can easily see that (3.18) is also a necessary condition for an operator to be
sectorial in the sense of Definition 3.2.1

In this lecture we provide conditions on b = (b1, . . . , bd) implying that {T (t)} is not
analytic in Cb(Rd). The results of this lecture are taken from [4].

15.1 Non analytic semigroups in Cb(Rd)

The main result of this section is Theorem 15.1.1.

Theorem 15.1.1. Assume that the coefficients bj (j = 1, . . . , d) in (15.1) are locally
Lipschitz continuous. Further, assume that there exist three sequences (rn), (λn) ⊂ (0,∞)
and (σn) ⊂ Rd such that

(15.2) rn ≤M, n ∈ N,

for some positive constant M ;

(15.3) lim
n→∞

rn
λ2
n

= 0;

(15.4) lim
n→∞

rn
λn
b(λnx+ σn) = h ∈ Rd, h 6= 0,

uniformly with respect to x on compact subsets of Rd. Then, (Â,D(Â)) is not sectorial in

Cb(Rd). In particular, if rn = 1 for each n ∈ N, then the spectrum of (Â,D(Â)) contains
the imaginary axis.

Proof. To prove the assertion we argue by contradiction. We show that, if (Â,D(Â))
were sectorial, then the semigroup {S(t)} ⊂ L(C0(Rd)), defined by (S(t)f)(x) = f(x +
th) for each t > 0, x ∈ Rd and f ∈ C0(Rd), should be analytic. But this cannot
be the case since the infinitesimal generator of {S(t)}, is the operator B : D(B) ={
u ∈ C0(Rd) : 〈h,Du〉 ∈ C0(Rd)

}
→ C0(Rd) defined by Bu = 〈h,Du〉 for each u ∈ D(B),

whose spectrum contains the imaginary axis, see Exercise 15.3.2. Here, h is as in (15.4).

So, let us assume that (Â,D(Â)) is sectorial and let us introduce, for each n ∈ N, the
isometries In : Cb(Rd)→ Cb(Rd) defined by

(Inu)(x) = u

(
x− σn
λn

)
, x ∈ Rd, u ∈ Cb(Rd), n ≥ 1.

For n ∈ N we denote by An the second-order differential operator defined on smooth
functions by

(Anu)(x) =
rn
λ2
n

∆u(x) +
rn
λn

d∑
j=1

bj(λnx+ σn)Dju(x), x ∈ Rd,
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and we denote by {Tn(t)} the semigroup of contractions in Cb(Rd) associated with the
operator An. Since An = rnI

−1
n AIn, it is easy to check that, for each n ∈ N, the weak

generator Ân of the semigroup {Tn(t)} is the operator Ân : D(Ân) := I−1
n (D(Â))→ Cb(Rd)

defined by Ân = rn(I−1
n ÂIn). Therefore, ρ(Ân) = rnρ(Â) and

(15.5) R(λ, Ân) =
1

rn
I−1
n R(r−1

n λ, Â)In, n ∈ N.

Since we are assuming that (Â,D(Â)) is sectorial, it follows that there exist two positive
constants C and K such that

(15.6) ‖R(λ, Â)‖L(Cb(Rd)) ≤
C

|λ|
, Reλ > K.

Using (15.5), (15.6) and the assumptions on the sequence (rn), we can easily show that

(15.7) ‖R(λ, Ân)‖L(Cb(Rd)) ≤
C

|λ|
, Reλ > MK.

Now, we fix f ∈ C∞c (Rd) and check that, for every λ ∈ C, with Reλ > MK, and all
x ∈ Rd, it holds that

lim
n→∞

(R(λ, Ân)f)(x) = (R(λ,B)f)(x).(15.8)

Of course, once (15.8) is proved, letting n tend to ∞ in (15.7) we will get

‖R(λ,B)f‖∞ ≤
C

|λ|
‖f‖∞, Reλ > MK,

first for f ∈ C∞c (Rd) and then, by density, for f ∈ C0(Rd). Theorem 3.2.8 then will imply
that B is sectorial: a contradiction.

As a first step we prove that, for each f ∈ C∞c (Rd) and T > 0, the function Tn(·)f
converges to S(·)f in [0, T ]×Rd as n tends to∞. For this purpose, we begin by observing

that, since S(t) maps C∞c (Rd) into itself for each t ≥ 0, and C∞c (Rd) is contained in D(Ân),
by Exercise 15.3.1,

d

dt
(Tn(t)S(s)f)(x) = (Tn(t)ÂnS(s)f)(x), s, t > 0, x ∈ Rd,

for every f ∈ C∞c (Rd). Moreover, since {S(t)} is a strongly continuous semigroup of
contractions and the domain of its infinitesimal generator contains C∞c (Rd), then the map
t 7→ S(t)f is differentiable on [0,∞) with values in C0(Rd) and its derivative at t is BS(t)f .
Therefore, we have

(Tn(t)f)(x)− (S(t)f)(x) =−
∫ t

0

d

ds
[(Tn(t− s)S(s)f)(x)]ds



206 LECTURE 15. A CLASS OF NON ANALYTIC SEMIGROUPS

=

∫ t

0

(Tn(t− s)(Ân −B)S(s)f)(x)ds,

for t > 0 and x ∈ Rd, which implies that

(15.9) ‖Tn(t)f − S(t)f‖∞ ≤ T sup
s∈[0,T ]

‖(Ân −B)S(s)f‖∞,

for all t ∈ [0, T ] and all T > 0. Let us observe that the right-hand side of (15.9) converges

to 0 as n tends to ∞. Indeed, recalling that ÂnS(s)f = AnS(s)f (see again Exercise
15.3.1), we can estimate

|(ÂnS(s)f)(x)− (BS(s)f)(x)|

≤ rn
λ2
n

‖∆S(s)f‖∞ +

∣∣∣∣ rnλn b(λnx+ σn)− h
∣∣∣∣ ‖∇S(s)f‖∞χsupp(S(s)f)(x),

for all s ∈ [0, T ] and x ∈ Rd. Since supp(S(s)f) ⊂ B(0, |h|T )+supp(f) for every s ∈ [0, T ],

using the conditions (15.3) and (15.4), we easily deduce that ‖(Ân − B)S(s)f‖∞ tends to
0 as n tends to ∞. Therefore, from (15.9) it follows that Tn(·) tends to S(·)f uniformly in
[0, T ]× Rd.

Now, by Exercise 15.3.1, we can write

(R(λ, Ân)f)(x)− (R(λ,B)f)(x) =

∫ ∞
0

e−λt(Tn(t)f − S(t)f)(x)dt,

for all x ∈ Rd. Consequently,

|(R(λ, Ân)f)(x)− (R(λ,B)f)(x)| ≤
∫ ∞

0

e−Reλt|(Tn(t)f)(x)− (S(t)f)(x)|dt,

for each x ∈ Rd, and the right-hand side of (15.10) tends to 0 as n tends to ∞, by the
dominated convergence theorem. Therefore, (15.8) follows.

To conclude the proof, let us prove that, if rn = 1 for every n ∈ N, then the spectrum
of (Â,D(Â)) contains the imaginary axis. For this purpose, we observe that (15.5) yields

‖R(λ, Â)‖L(Cb(Rd)) = ‖R(λ, Ân)‖L(Cb(Rd)) for every λ ∈ ρ(Ân) = ρ(Â). Therefore, since ρ(Â)
contains the halfplane {λ ∈ C : Reλ > 0}, by (15.8) we conclude that

‖R(λ,B)‖L(Cb(Rd)) ≤ lim sup
n→∞

‖R(λ, Ân)‖L(Cb(Rd)) = ‖R(λ, Â)‖L(Cb(Rd)).

But, since iR ⊂ σ(B), it follows that

lim
λ→is
Reλ>0

‖R(λ,A)‖L(Cb(Rd)) =∞,

for all s > 0, so that iR ⊂ σ(Â), see Exercise 15.3.3.
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Now we look for sufficient conditions under which (15.2)-(15.4) are satisfied.

Corollary 15.1.2. Assume that there exist two sequences (τn) ⊂ Rd and (λn) ⊂ (0,∞)
such that b(τn) 6= 0 for each n ∈ N, (λn) is bounded, λn|b(τn)| tends to ∞ as n tends to ∞
and

lim
n→∞

|b(τn + λnx)− b(τn)|
|b(τn)|

= 0,(15.10)

uniformly on compact subsets of Rd. Then, (Â,D(Â)) is not sectorial.

Proof. Let (σn) be a subsequence of {τn} such that b(σn)/|b(σn)| converges to some h ∈ Rd

as n tends to ∞. If we set rn = λn|b(σn)|−1 for n ∈ N, then it is immediate to check that
the three sequences (rn), (λn) and (σn) satisfy the conditions (15.2)-(15.4).

Corollary 15.1.3. Let bj ∈ C1(Rd) for each j = 1, . . . , d. Further, assume that there
exists a sequence {τn} ⊂ Rd, diverging to ∞, such that |b(τn)| ≥ K|τn|α for some K,α > 0
and all n ∈ N. If

(15.11)
d∑

i,j=1

|Dibj(x)|2 ≤ K(1 + |x|β)2, x ∈ Rd,

for some β < α, then the assumptions of Corollary 15.1.2 are satisfied.

Proof. Take λn = 1 for all n ∈ N. The mean value theorem yields

|b(τn + x)− b(τn)| ≤R sup
0≤θ≤1

( d∑
i,j=1

|Dibj(τn + θx)|2
) 1

2

≤ KR(1 + (|τn|+R)β),

for each x ∈ B(0, R). Dividing by |b(τn)|, we easily see that condition (15.10) is satisfied
since, by assumption, |b(τn)| tend to ∞ faster than |τn|β.

Remark 15.1.4. The conditions in Corollary 15.1.3 are satisfied, for instance, if bj are
polynomials for each j = 1, . . . , N . Indeed, let bi be the polynomial of maximal degree
and define τn = nx0 for n ∈ N, where x0 ∈ Rd is such that |x0| = 1 and the homoge-
neous part of bi of maximum degree does not vanish at x0. It is immediate to check that
|b(τn)| ≥ |bi(τn)| ≥ Kndeg(bi) for some positive constant K > 0 and every n sufficiently
large. Moreover, since

∑d
i,j=1 |Dibj|2 is a polynomial of degree 2(deg(bi)−1), the condition

(15.11) is satisfied with β = deg(bi)− 1 < α := deg(bi).

Example 15.1.5. Let A be the operator defined on smooth functions by

Aζ(x) = ∆ζ(x)− |x|r〈x,∇ζ(x)〉, x ∈ Rd,

where r > 0. Then the function ϕ : Rd → R, defined by ϕ(x) = 1 + |x|2 for any x ∈ Rd,
satisfies the condition Aϕ ≤ 2dϕ. So, by Theorem 14.2.1, there exists a unique bounded
classical solution to the Cauchy problem (14.1) associated to A. Thus, Remark 15.1.4 and

Corollary 15.1.3 imply that (Â,D(Â)) is not sectorial.
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Corollary 15.1.6. Let bj ∈ C1(Rd) (j = 1, . . . , d). Assume that there exist a sequence
(τn) ⊂ Rd such that |b(τn)|, diverges to ∞ as n tends to ∞, and positive numbers γ, δ, C
such that (

d∑
i,j=1

|Dibj(x)|2
) 1

2

≤ γ|b(x)|
3
2 + C,

for every x ∈ Rd with |x− τn| ≤ δ|b(τn)|−1/2. Then (Â,D(Â)) is not sectorial in Cb(Rd).

Proof. Without loss of generality, we can assume that δ < (4γ)−1 and that b(τn) 6= 0 for
all n ∈ N. We fix an arbitrary n ∈ N and observe that, for s ∈ [0, δ) and |x| ≤ s|b(τn)|−1/2,
we can estimate

|b(τn + x)− b(τn)|
|b(τn)|

≤ |x|
|b(τn)|

sup
0≤θ≤1

(
d∑

i,j=1

|Dibj(τn + θx)|2
) 1

2

≤γs sup
0≤θ≤1

|b(τn + θx)| 32
|b(τn)| 32

+ Cs|b(τn)|−
3
2 .(15.12)

Set

Fn(s) = sup
|x|≤s|b(τn)|−

1
2

|b(τn + x)|
|b(τn)|

, s ∈ [0, δ).

From (15.12) we get

Fn(s) ≤ 1 + γs(Fn(s))
3
2 + Cs|b(τn)|−

3
2 , s ∈ [0, δ).

We claim that Fn(s) < 4 for all s ∈ [0, δ) and all n sufficiently large. To prove the claim,
we begin by noting that, for n large enough, we have

1 + Cs|b(τn)|−
3
2 ≤ 1 + Cδ|b(τn)|−

3
2 ≤ 2.

It follows that Fn(s) ≤ 2 + γs(Fn(s))
3
2 for every s ∈ [0, δ). Recalling that 4δγ < 1, we get

Fn(s) < 2 +
1

4
(Fn(s))

3
2 , s ∈ [0, δ).

Since Fn is continuous in [0,∞) with Fn(0) = 1 for every n ∈ N, and [0, 4) is the biggest
interval containing 1 in which the inequality x < 2 + x3/2/4 holds, we easily deduce that
Fn(s) ∈ [0, 4) for all s ∈ [0, δ), and the claim follows. Thus, for n large enough, the
equation (15.12) yields, for |x| ≤ s|b(τn)|−1/2,

(15.13)
|b(τn + x)− b(τn)|

|b(τn)|
≤ 8γs+ Cs|b(τn)|−

3
2 .
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Now, fix R > 0 and let λn = |b(τn)|− 3
4 . For y ∈ B(0, R) and n sufficiently large such that

R|b(τn)|−1/4 < δ, we have |λny| ≤ s|b(τn)|−1/2 with s = R|b(τn)|−1/4. Applying (15.13), we
get

|b(τn + λny)− b(τn)|
|b(τn)|

≤ 8Rγ|b(τn)|−
1
4 + CR|b(τn)|−

7
4 .

Corollary 15.1.2 now allows us to conclude the proof.

Next corollary gives suitable conditions on the drift term of the operator A implying
that the spectrum of Â contains the imaginary axis.

Corollary 15.1.7. Assume that bj ∈ C1(R) for each j = 1, . . . , N and there exists a
sequence (τn) ⊂ Rd, diverging to infinity, such that |b(τn)| tends to ∞ as n tends to ∞.
Further, assume that

∑d
i,j=1 |Dibj(x)|2 and |b(x)|/|x| tend to 0 as |x| tends to ∞. Then,

the spectrum of (Â,D(Â)) contains the imaginary axis. As a consequence, (Â,D(Â)) is
not sectorial.

Proof. Let (σn) be a subsequence of (τn) such that limn→∞
b(σn)
|b(σn)| = h for some h ∈ Rd. Fix

R > 0. By the mean value theorem we have

|b(σn + λnx)− b(σn)| ≤ Rλn sup
0≤θ≤1

(
d∑

i,j=1

|Dibj(σn + θλnx)|2
) 1

2

,

for all x ∈ B(0, R) and every sequence (λn) ⊂ (0,∞).
Now, we take λn = |b(σn)| and rn = 1 for all n ∈ N, and we show that

lim
n→∞

sup
0≤θ≤1

(
d∑

i,j=1

|Dibj(σn + θλnx)|2
) 1

2

= 0,

uniformly with respect to x ∈ B(0, R). For this purpose it suffices to show that |σn+θλnx|
diverges to∞ as n tends to∞, uniformly with respect to θ ∈ [0, 1] and x ∈ B(0, R). Since
b is sublinear, it follows that

|σn + θλnx| ≥ |σn|
(

1− R|b(σn)|
|σn|

)
≥ 1

2
|σn|

for all θ ∈ [0, 1], x ∈ B(0, R) and n sufficiently large. Therefore,

lim
n→∞

inf
θ∈[0,1]
x∈B(0,R)

|σn + θλnx| =∞.

Thus,

lim
n→∞

1

λn
b(σn + λnx) = lim

n→∞

b(σn + λnx)− b(σn)

|b(σn)|
+ lim

n→∞

b(σn)

|b(σn)|
= h.

So, Theorem 15.1.1 allows us to conclude.



210 LECTURE 15. A CLASS OF NON ANALYTIC SEMIGROUPS

Up to now we have shown sufficient conditions implying that (Â,D(Â)) is not sectorial.
In the next theorem we provide suitable conditions on the drift coefficient of the operator
A which guarantee that (Â,D(Â)) is sectorial in Cb(Rd).

Theorem 15.1.8. Let bj ∈ C1(Rd) ∩ Lp(Rd), for some p ∈ (d,∞) and every j = 1, . . . , d,

be such that div b is bounded. Then, (Â,D(Â)) is sectorial in Cb(Rd).

Proof. As a first step we introduce the formal adjoint of A, i.e. the operator

A∗ = ∆−
d∑
i=1

biDi − div b,

and prove that its realization A∗ in L1(Rd) with domain D(A∗) = {u ∈ L1(Rd) : ∆u ∈
L1(Rd)} (∆u being meant in the sense of distributions1) generates an analytic semigroup

in L1(Rd). Then, we use this result to show that (Â,D(Â)) is sectorial.
Let us observe that, since div b is bounded, according to the bounded perturbation

theorem [2, Theorem 1.3, Chap. III] the operator B = ∆ − div b, with domain D(B) =
D(A∗), generates an analytic semigroup in L1(Rd).

We now recall that if u ∈ L1(Rd) is such that ∆u ∈ L1(Rd), then u ∈ W 1,q(Rd) for each
q ∈ [1, d/(d− 1)) and there exists a positive constant C = C(d, q), independent of u, such
that

(15.14) ‖∇u‖Lq(Rd) ≤ C(d, q)
(
‖u‖L1(Rd) + ‖∆u‖L1(Rd)

)
,

see [5, Theorem 5.8]. Applying the estimate (15.14), with q = p/(p − 1), to the function
vλ : Rd → R (λ > 0), defined by v(x) = u(λx) for x ∈ Rd, and minimizing with respect to
λ > 0, we get the following inequality:

‖∇u‖
L

p
p−1 (Rd)

≤ 2C(d, p)‖u‖
p−d
2p

L1(Rd)
‖∆u‖

d+p
2p

L1(Rd)
.

Hölder’s and Young’s inequality then give∣∣∣∣∣∣∣∣ d∑
i=1

biDiu

∣∣∣∣∣∣∣∣
L1(Rd)

≤‖b‖Lp(Rd)‖∇u‖
L

p
p−1 (Rd)

≤2C(d, p)‖b‖Lp(Rd)‖u‖
p−d
2p

L1(Rd)
‖∆u‖

p+d
2p

L1(Rd)

≤C(d, p, ε)‖b‖Lp(Rd)‖u‖L1(Rd) + ε‖∆u‖L1(Rd)(15.15)

1i.e., ∆u is the unique function g ∈ L1(Rd) such that∫
Rd

u∆ψdx =

∫
Rd

gψdx, ψ ∈ C∞
c (Rd).
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for every ε > 0 and u ∈ L1(Rd) such that ∆u ∈ L1(Rd). From (15.15) it follows that the
term u 7→ 〈b,∇u〉 is a small perturbation of (B,D(B)). Therefore, according to [2, Theorem
2.10, Chap. III], (A∗, D(A∗)) generates an analytic semigroup in L1(Rd).

Now, we can prove that (Â,D(Â)) is sectorial in Cb(Rd). Possibly replacing A∗ with
A∗ − ω, with ω sufficiently large, we can assume that

‖R(λ,A∗)‖L(L1(Rd)) ≤
M

|λ|
,

for every λ ∈ C with positive real part. Let us set Dλ = (λ − A∗)(C∞c (Rd)) for such λ’s.
Since C∞c (Rd) is a core of A∗, by Exercise 15.3.4, then Dλ is dense in L1(Rd) for every

Reλ > 0. Therefore, if u ∈ D(Â) ⊂ Cb(Rd) and λ is as above, then

‖u‖∞ = sup

{∫
Rd
uϕ dx : ϕ ∈ Dλ, ‖ϕ‖L1(Rd) ≤ 1

}
≤ sup

{∫
Rd
u(λ− A∗)v dx : v ∈ C∞c (Rd), ‖v‖L1(Rd) ≤

M

|λ|

}
= sup

{∫
Rd
v(λ− Â)u dx : v ∈ C∞c (Rd), ‖v‖L1(Rd) ≤

M

|λ|

}
≤M
|λ|
‖(λ− Â)u‖∞,

and we conclude that ‖R(λ, Â)‖L(Cb(Rd)) ≤M/|λ| and the assertion follows from Proposition
3.2.8.

Example 15.1.9. Let A be the operator defined on smooth functions of two variables by

Aζ(x, y) = ∆ζ(x, y) + b0(
√
x2 + y2)(xDyζ − yDxζ), (x, y) ∈ R2,

where b0 ∈ C1(R). Note that the drift b(x, y) = b0(
√
x2 + y2)(−y, x) has divergence 0.

By an easy computation one can see that the function ϕ : R2 → R, defined by ϕ(x, y) =
1 + x2 + y2 for every (x, y) ∈ R2, satisfies the inequality Aϕ ≤ 4ϕ. So, the uniqueness
of the bounded classical solution to the homogeneous Cauchy problem (14.1), associated
to the operator A, follows from Theorem 14.2.1. Moreover the assumptions of Theorem
15.1.8 hold if ∫ ∞

0

rp+1|b0(r)|pdr <∞,

for some p > 2. In such a case, the semigroup associated with the operator A is analytic
in Cb(Rd).
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15.2 Notes

By knowing the concept of minimal semigroup, the assumption on the uniqueness of the
bounded classical solution to the homogeneous Cauchy problem (14.1)can be removed.
Indeed, it can be shown, that if f ∈ Cb(Rd) is nonnegative, then it always exists a minimal
nonnegative (actually positive if f does not identically vanishes on Rd) classical solution
to the Cauchy problem (14.1), which is bounded on [0, T ]× Rd for every T > 0.

We also stress that the assumption on the boundedness of div b in Theorem 15.1.8
can be relaxed, just requiring the boundedness from below of div b. For more details we
refer to [4], see also [3, Chapter 10]. Finally, we remark that the technique used to prove
Theorem 15.1.1 is inspired by the paper [1].

15.3 Exercises

1. Fix f ∈ D(Â). Prove the following properties:

(i) T (t)f ∈ D(Â) for all t ≥ 0 and ÂT (t)f = T (t)Âf ;

(ii) for each x ∈ Rd, the function (T (·)f)(x) is of class C1 and d
dt

(T (t)f)(x) =

(T (t)Âf)(x);

(iii) D(Â) is dense in Cb(Rd) with respect the dominated pointwise convergence, i.e.

for every f ∈ Cb(Rd), there is a sequence of functions (fn) ⊆ D(Â) uniformly
bounded and converges pointwise to f ;

(iv) (Â,D(Â)) is closed in Cb(Rd) with respect to the dominated pointwise convergence.

(v) (0,∞) ⊂ ρ(Â) and for each λ > 0

R(λ, Â)f(x) =

∫ ∞
0

e−λt(T (t)f)(x) dt, f ∈ Cb(Rd), x ∈ Rd;

(vi) C∞c (Rd) ⊂ D(Â) and Af = Âf for every f ∈ C∞c (Rd).

2. Fix h ∈ Rd and consider the family of operators {S(t) : t > 0} defined on C0(Rd) by

(S(t)f)(x) = f(x+ th), t > 0, x ∈ Rd

for f ∈ C0(Rd). Prove that {S(t)} is a C0-semigroup on C0(Rd) whose generator is
given by

Bu = 〈h,Du〉, u ∈ D(B) =
{
u ∈ C0(Rd) : 〈h,Du〉 ∈ C0(Rd)

}
and that iR ⊂ σ(B).
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3. Let A be a linear operator with domain D(A) on a Banach space X. Assume that
ρ(A) 6= ∅ prove that

σ(R(λ,A)) \ {0} =

{
1

λ− µ
: µ ∈ σ(A)

}
and deduce that

dist(λ, σ(A)) =
1

r(R(λ,A))
≥ 1

‖R(λ,A)‖L(X)

for λ ∈ ρ(A), where r(R(λ,A)) denotes the spectral radius of R(λ,A).

4. Consider the Laplacian ∆ on L1(Rd) with domain

D(∆) = {u ∈ L1(Rd) : ∆u ∈ L1(Rd)},

where ∆u is meant in the sense of distributions. Prove that C∞c (Rd) is a core for ∆,
i.e., C∞c (Rd) is dense in D(∆) with respect to the graph norm:

‖f‖∆ = ‖f‖L1(Rd) + ‖∆f‖L1(Rd), f ∈ D(∆).
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Appendix A

Basic notions of Functional Analysis
in Banach spaces

In this appendix we collect a few basic results on linear operators, and on elementary
spectral theory that we use in this lecture. For more details and for the proofs of the
results that we present, we refer the reader mainly to [4, 5].

A.1 Bounded and closed linear operators

Let X and Y be two Banach spaces. We denote by L(X, Y ) the vector space of linear and
bounded operators T : X → Y . We endow it with the norm

(A.1) ‖T‖L(X,Y ) = sup
x∈X
‖x‖=1

‖Tx‖Y = sup
x∈X\{0}

‖Tx‖Y
‖x‖X

.

If Y = X, we write L(X) instead of L(X,X).
The norm in (A.1) makes L(X, Y ) a Banach space.
Now, we introduce another class of linear operators which we use in these lectures. If

D(A) is a vector subspace of X and A : D(A) ⊂ X → Y is a linear operator, we say that
A is closed if its graph GA = {(x, y) ∈ X × Y : x ∈ D(A), y = Ax} is a closed subset of
X × Y . As it is easily seen, A is closed if and only if, for any sequence {xn} ⊂ D(A) such
that xn and Axn converge, respectively, to some elements x ∈ X and y ∈ Y , as n tends to
+∞, then x ∈ D(A) and y = Ax.

In general, a closed operator is not bounded in (X, ‖ · ‖). It turns out to be bounded
if we endow D(A) with the graph norm

(A.2) ‖x‖D(A) = ‖x‖X + ‖Ax‖Y , x ∈ D(A).

Note that D(A) is a Banach space when it is endowed with the graph norm.
An operator A : D(A) ⊂ X → Y is said to be closable if there exists a (closed) operator

A whose graph coincides with the closure of GA. The operator A is called the closure of A.

31
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In such a case every x ∈ D(A) is the limit of a sequence {xn} ⊂ D(A) which is a Cauchy
sequence with respect to the graph norm (A.2). Moreover, Ax := limn→+∞Axn.

Equivalently, A is closable if, for each sequence {xn} ∈ D(A) converging to 0 in X and
such that Axn converges to some y ∈ Y as n tends to +∞, then y = 0.

A.2 Vector valued Riemann integral

In this section we define the Riemann integral for vector-valued functions. For more details
and for the proof of the results that we present here, we refer the reader to [1, Chapter
2], [2, Chapter 3] and [3, Chapter 3].

Definition A.2.1. A bounded function f : [a, b] 7→ X (−∞ < a < b < +∞) is said to be
integrable on [a, b] if there exists x ∈ X with the following property: for each ε > 0 there
exists δ > 0 such that, for every partition P = {a = t0 < t1 < . . . < tn = b} of [a, b], with
maxi=1,...,n(ti − ti−1) < δ, and for every choice of the points ξi ∈ [ti−1, ti], we have∣∣∣∣∣∣∣∣x− n∑

i=1

f(ξi)(ti − ti−1)

∣∣∣∣∣∣∣∣ < ε.

In this case we define ∫ b

a

f(t)dt = x.

Arguing as in the real-valued case, one can easily check that the set of integrable
functions on [a, b] is a vector space and that the integral over [a, b] is a linear operator
on this vector space. In particular, if f : [a, b] → X is continuous, then it is integrable.
Moreover, if f is integrable on [a, b], then the map t 7→ ‖f(t)‖X is integrable on [a, b] as
well. Finally, if f is integrable on [a, b], then it is integrable on every [c, d] ⊂ [a, b] and∫ b

a

f(t)dt =

∫ c

a

f(t)dt+

∫ d

c

f(t)dt

for every c ∈ (a, b).
As in the real-valued case, the definition of the Riemann integral can be easily extended

to the case of unbounded intervals or unbounded functions

Definition A.2.2. Let I ⊂ R be an interval with endpoints a and b (−∞ ≤ a < b ≤ +∞)
with a and b not necessarily in I. Moreover, let f : I → X be Riemann integrable on [c, d]
for every a < c < d < b. We say that f admits an improper integral on I if, for each t0 ∈ I,
the limits

lim
c→a+

∫ t0

c

f(t)dt, lim
d→b−

∫ d

t0

f(t)dt
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exist in X. In this case we set∫
I

f(x)dx = lim
c→a+

∫ t0

c

f(t)dt+ lim
d→b−

∫ d

t0

f(t)dt.

Note that the previous definition is independent of t0.

To simplify the notation in the following proposition we simply denote by I the interval
in which the function f is defined. When we say that “f is integrable on I” we mean
indifferently, that f is Riemann integrable on I or that it admits improper integral on I.

Proposition A.2.3. Let f : I → X be integrable on I. Then, the following properties are
met:

(i) for each bounded operator T ∈ L(X, Y ), the function Tf is Riemann integrable on
[a, b] and

T

∫
I

f(t)dt =

∫
I

Tf(t)dt;

(ii) if A : D(A) ⊂ X → Y is a closed operator such that Af is integrable on I, then∫
I

f(t)dt ∈ D(A) and A

∫
I

f(t)dt =

∫
I

Af(t)dt.

Proof. We limit ourselves to proving the last part of the proposition, since the first one
is similar and even simpler.

Proof of (ii). We first assume that I = [a, b] for some a, b ∈ R, a < b and f is

Riemann integrable on [a, b]. Set x =
∫ b
a
f(t)dt. We fix n ∈ N and consider the partition

Pn = {a = t0 < . . . < tn = b} where tk = a+ (b− a)k/n for every k = 0, . . . , n. Moreover,
for every k = 0, . . . , n− 1 fix ξi ∈ [ti, ti+1] and set

Sn =
n∑
i=1

f(ξi)(ti − ti−1), n ∈ N.

Of course Sn belongs to D(A) for each n ∈ N and

ASn =
n∑
i=1

Af(ξi)(ti − ti−1), n ∈ N.

Since both f and Af are integrable, Sn and ASn converge, respectively, to x and y =∫ b
a
Af(t)dt as n tends to +∞. Since A is closed, it follows that x belongs to D(A) and

Ax = y.
Now, suppose that f admits improper integral on I. To fix the ideas we assume that

I = [a,+∞) and that f is Riemann integrable on [a, b] for each b > a. Then,

A

∫ b

a

f(t)dt =

∫ b

a

Af(t)dt
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By hypothesis

lim
b→+∞

∫ b

a

Af(t)dt =

∫ +∞

a

Af(t)dt and lim
b→+∞

∫ b

a

f(t)dt =

∫ +∞

a

f(t)dt.

Since A is closed,∫ +∞

a

f(t)dt ∈ D(A) and A

∫ +∞

a

f(t)dt =

∫ +∞

a

Af(t)dt.

Next we recall the fundamental theorem of calculus for X-valued functions. For this
purpose we first recall the definition of Fréchet derivative. Let I ⊂ R be an (open) interval
and let t0 ∈ I. The function f : I → X is Fréchet differentiable at t0 ∈ I if the limit

lim
t→t0

f(t)− f(t0)

t− t0
exists in X. Such a limit, when existing, is denoted by f ′(t0) and is called the Fréchet
derivative of f at t0. In an analogous way the right and left derivatives can be defined.

Theorem A.2.4. Let f : [a, b]→ X be continuous. Then, the integral function F : [a, b]→
X defined by

F (t) =

∫ t

a

f(s)ds, t ∈ [a, b],

is (Fréchet) differentiable, and F ′(t) = f(t) for each t ∈ [a, b].

Now, we recall the definition of the integral of vector-valued functions of a complex
variable, along a smooth curve γ.

Definition A.2.5. Let Ω be an open subset of C, f : Ω → X be a continuous function
and γ : [a, b]→ Ω be a piecewise C1-curve. The integral of f along γ is defined as follows:∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt.

As in the case of vector-valued functions defined on a real interval, we can define the
improper complex integrals in an obvious way.

Definition A.2.6. Let Ω ⊂ C be a (possibly) unbounded open set. Moreover, let I = (a, b)
be a (possibly unbounded) interval and γ : I → C be a (piecewise) C1 curve in Ω. We say
that f admits an improper integral along γ if for each t0 ∈ (a, b) the limits

lim
s→a+

∫ t0

s

f(γ(τ))γ′(τ)dτ and lim
s→b−

∫ b

t0

f(γ(τ))γ′(τ)dτ

exist in X. In such a case, we set∫
γ

f(z)dz = lim
s→a+

∫ t0

s

f(γ(τ))γ′(τ)dτ + lim
s→b−

∫ s

t0

f(γ(τ))γ′(τ)dτ.

Note that the definition of the improper integral is independent of the choice of t0.
Moreover, if I is bounded and the integral of f along γ exists, then f admits an improper
integral along γ and the two integrals coincide.
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A.3 Resolvent families

In this section, we prove the following important result.

Proposition A.3.1. Let Ω ⊂ C be an open set, and let {F (λ) : λ ∈ Ω} ⊂ L(X) be a
family of linear operators verifying the resolvent identity

F (λ)− F (µ) = (µ− λ)F (λ)F (µ), λ, µ ∈ Ω.

If the operator F (λ0) is invertible, for some λ0 ∈ Ω, then there exists a closed linear
operator A : D(A) ⊂ X → X such that ρ(A) contains Ω, and R(λ,A) = F (λ) for each
λ ∈ Ω.

Proof. Fix λ0 ∈ Ω, and set

D(A) = Range F (λ0), Ax = λ0x− F (λ0)−1x, x ∈ D(A).

For λ ∈ Ω and y ∈ X the resolvent equation λx − Ax = y is equivalent to (λ − λ0)x +
F (λ0)−1x = y. Applying F (λ) we obtain (λ − λ0)F (λ)x + F (λ)F (λ0)−1x = F (λ)y, and
using the resolvent identity it is easily seen that

F (λ)F (λ0)−1 = F (λ0)−1F (λ) = (λ0 − λ)F (λ) + I.

Hence, if x is solution of the resolvent equation, then x = F (λ)y. Let us check that
x = F (λ)y is actually a solution. In fact, (λ − λ0)F (λ)y + F (λ0)−1F (λ)y = y, and
therefore λ belongs to ρ(A) and the equality R(λ,A) = F (λ) holds.
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Appendix B

Interior Schauder estimates and
optimal Schauder estimates for
parabolic problems with parabolic
problems associated with elliptic
operators with unbounded
coefficients

B.1 Interior Schauder estimates

As a byproduct of Theorem 8.1.1, we can prove some interesting interior Schauder estimates
satisfied by the solutions to the differential equation Dtu = Au + g in (0, T ]× Ω, Ω ⊂ Rd

being an open set. Such estimates are of local type, i.e., they allow to estimate the parabolic
Hölder norm of u and its derivatives in every compact subset of (0, T ]×Ω in terms of the
sup-norm of the solution itself in a larger compact set. We assume the following conditions
on the coefficients of the operator A.

Hypotheses B.1.1. The coefficients qij = qji, bj and c (i, j = 1, . . . , d) belong to Cα
loc(Ω)

1 and there exists a positive continuous function µ : Ω→ R such that

(B.1)
d∑

i,j=1

qij(x)ξiξj ≥ µ(x)|ξ|2, ξ ∈ Rd, x ∈ Ω.

Remark B.1.2. Note that condition (B.1) implies that the matrix Q(x) is positive definite

1Cαloc(Ω) denotes the set of all functions f : Ω → R which are α-Hölder continuous in each compact
subset of Ω.

233
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in Ω and, for every compact set K ⊂ Ω,

d∑
i,j=1

qij(x)ξiξj ≥ µK |ξ|2, ξ ∈ Rd, x ∈ K,

where µK = infx∈K µ(x). Note also that, under the previous assumptions, it may happen
that infx∈Ω µ(x) = 0.

Now, we can state precisely the result of this subsection.

Theorem B.1.3. Let u ∈ C1,2((0, T )×Ω) be a classical solution to the differential equation

Dtu = Au + g, corresponding to g ∈ Cα/2,α
loc ((0, T ) × Ω)2. Then, u ∈ C1+α/2,2+α

loc ((0, T ) ×
Ω) and for every pair of bounded closed intervals I1 and I2, such that I1 b I2 b (0, T )
3, and every pair of compact sets K1 b K2 b Ω, there exists a positive constant C =
C(µ, I1, I2, K1, K2) such that

(B.2) ‖u‖C1+α/2,2+α(I1×K1) ≤ C(‖u‖C(I2×K2) + ‖g‖Cα/2,α(I2×K2)).

In the proof of Theorem B.1.3 we shall use of the following result

Lemma B.1.4. There exists a positive constant C such that for each ε ∈ (0, 1) and each

function v ∈ C1+α/2,2+α
b ([0, T0]× Rd) it holds that

(B.3) ‖v‖
C
α/2,1+α
b ([0,T0]×Rd)

≤ C(ε‖v‖
C

1+α/2,2+α
b ([0,T0]×Rd)

+ ε−(1+α)‖v‖∞).

Proof. Throughout the proof, C denotes a positive constant, independent of ε and the
functions that we consider.

Using the interpolation estimates (5.22) and (5.23) together with the Young inequality,
we get

‖ζ‖Cαb (Rd) ≤ C(ε−
α
2 ‖ζ‖∞ + ε‖ζ‖C2+α

b (Rd)),

‖ζ‖C1+α
b (Rd) ≤ C(ε−(1+α)‖ζ‖∞ + ε‖ζ‖C2+α

b (Rd)),

for every ζ ∈ C2+α
b (Rd), and

‖ϕ‖Cα/2([0,T0]) ≤ C(ε−
α
2 ‖ϕ‖∞ + ε‖ϕ‖C1+α/2([0,T0])), ϕ ∈ C1+α/2([0, T0])

for every ε ∈ (0, 1) and some positive constant C independent of ε and ζ. Applying these
estimates with ζ = v(t, ·) and ϕ = v(·, x), we deduce that

‖v‖
C
α/2,α
b ([0,T0]×Rd)

+
d∑
j=1

‖Djv‖C0,α
b ([0,T0]×Rd)

2C
α/2,α
loc ((0, T )×Ω) is the space of all functions f ∈ Cα/2,α((a, b)×K) for each (a, b)×K with compact

closure in (0, T )× Ω.
3Ω1 b Ω2 means that Ω1 ⊂ Ω2
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≤C(ε‖v‖
C

1+α/2,2+α
b ([0,T0]×Rd)

+ ε−(1+α)‖v‖∞)(B.4)

for each ε ∈ (0, 1). To estimate the α/2-Hölder norm of the functions Djv(·, x) (j =
1, . . . , d) for every x ∈ Rd, we use Remark 6.1.7 which shows that

‖Djv(t2, ·)−Djv(t1, ·)‖∞ ≤ C‖v‖C1,2+α
b ([0,T0]×Rd)|t2 − t1|

1+α
2

for every t1, t2 ∈ [0, T0] and j = 1, . . . , d. Hence, Djv belongs to C
(1+α)/2,0
b ([0, T0]×Rd) for

each j = 1, . . . , d and

(B.5)
d∑
j=1

‖Djv‖C(1+α)/2,0
b ([0,T0]×Rd)

≤ C‖v‖
C

1+α/2,2+α
b ([0,T0]×Rd)

.

Using the interpolation estimate (5.24) and, again, Young’s inequality, we deduce that

‖ϕ‖Cα/2([0,T0]) ≤ C(ε‖ϕ‖C(1+α)/2([0,T0]) + ε−α‖ϕ‖∞), ϕ ∈ C(1+α)/2([0, T0]), ε ∈ (0, 1).

This inequality, (B.4) and (B.5) show that

d∑
j=1

‖Djv‖Cα/2,αb ([0,T0]×Rd)
≤ C

(
ε‖v‖

C
1+α/2,2+α
b ([0,T0]×Rd)

+ ε−(1+α)‖v‖Cb([0,T0]×Rd) + ε−α
d∑
j=1

‖Djv‖Cb([0,T0]×Rd)

)
.(B.6)

Now, from (5.25) and Young’s inequality, we can estimate

d∑
j=1

‖Djv‖Cb([0,T0]×Rd) ≤ δ‖v‖C0,2+α
b ([0,T0]×Rd) + δ−

1
1+α‖v‖Cb([0,T0]×Rd)

for each δ ∈ (0, 1). Choosing δ = ε1+α and replacing this estimate in (B.6), we get

d∑
j=1

‖Djv‖Cα/2,αb ([0,T0]×Rd)
≤ C(ε‖v‖

C
1+α/2,2+α
b ([0,T0]×Rd)

+ ε−(1+α)‖v‖Cb([0,T0]×Rd)).(B.7)

From (B.4) and (B.7), estimate (B.3) follows at once.

Proof of Theorem B.1.3. The main step of the proof consists in showing that, for each
x0 ∈ Ω, r > 0, such that 2r < dist(x0, ∂Ω), 0 < τ0 < τ < T , estimate (B.2) is satisfied with
I1 = [τ, T ], I2 = [τ0, T0] K1 = B(x0, r) and K2 = B(x0, 2r). This is the content of Step 1.
Indeed, once this latter estimate is proved, a covering argument will allow us, in Step 2,
to obtain estimate (B.2) in its full generality.
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Step 1. Fix 0 < τ < T0, r > 0 and let us prove (B.2) with I1, I2, K1 and K2 as above.
Throughout the proof, we denote by C a positive constant, independent of u, g and n,
which may vary from line to line.

We introduce the real sequences (rn) and (tn), defined by rn = (2 − 2−n)r and tn =
τ0 + 2−n(τ − τ0), for every n ∈ N∪{0}. Note that the previous sequences are, respectively,
increasing and decreasing. Next, we consider two functions ϕ, ϑ ∈ C∞(R) which satisfy
the conditions χ[2,∞) ≤ ϕ ≤ χ[1,∞) and χ(−∞,1] ≤ ϑ ≤ χ(−∞,2]. For every n ∈ N ∪ {0}, we
set

ϕn(t) = ϕ

(
1 +

t− tn+1

tn − tn+1

)
, t ∈ R, ϑn(x) = ϑ

(
1 +
|x− x0| − rn
rn+1 − rn

)
, x ∈ Rd.

As it is easily seen, ϕn(t) = 1 if t ≥ tn and vanishes if t ≤ tn+1. Similarly, ϑn(x) = 1 if
x ∈ B(x0, rn) and ϑn(x) = 0 if x /∈ B(x0, rn+1). Moreover,

We introduce the operator Ã =
∑d

i,j=1 q̃ijDij+
∑d

j=1 b̃jDj+c̃, where q̃ij = %qij+(1−%)δij,

b̃j = %bj (i, j = 1, . . . , d), c̃ = %c, and % ∈ C∞c (Rd) is compactly supported in Ω with

0 ≤ % ≤ 1 and % ≡ 1 in B(x0, 2r). Clearly, the coefficients of the operator Ã, extended in
the trivial way to the whole Rd, belong to Cα

b (Rd) and coincide with the coefficients of the
operator A in B(x0, 2r). Moreover,

d∑
i,j=1

q̃ij(x)ξiξj = %(x)
d∑

i,j=1

qij(x)ξiξj + (1− %)|ξ|2 ≥ [%(x)µ(x) + 1− %(x)]|ξ|2 ≥ µ0|ξ|2

for all x, ξ ∈ Rd, where µ0 = min{1, infx∈supp% µ(x)} > 0. From the above arguments
(and in particular the fact that ϑn(x) = 0 for x /∈ B(x0, 2r)) it follows that each function
vn = uϕnϑn belongs to C1,2

b ([0, T ] × Rd) ∩ Cb([0, T ] × Rd), vanishes at t = 0 and satisfies

the equation Dtvn = Ãvn + gn in (0,∞)× Rd, where

gn = ϕnϑng − ϕnu(Ãϑn − cϑn)− 2ϕn〈Q̃∇ϑn,∇xu〉+ ϕ′nϑnu

and Q̃ = (q̃ij). Since the coefficients of the operator Ã satisfy Hypotheses 7.0.1, the Cauchy
problem {

Dtu(t, x) = Ãu(t, x) + gn(t, x), t ∈ (0, T ], x ∈ Rd,

u(0, x) = 0, x ∈ Rd,

admits a unique solution which belongs to C
1+α/2,2+α
b ([0, T0] × Rd). Hence, the function

vn belongs to C
1+α/2,2+α
b ([0, T0] × Rd) and ‖vn‖C1+α/2,2+α

b ([0,T0]×Rd)
≤ C‖gn‖Cα/2,αb ([0,T0]×Rd)

for every n ∈ N, where the constant C is independent of n. In particular, taking n = 0,
we deduce that u belongs to C1+α/2,2+α([τ, T0] × B(x0, r)). The arbitrariness of τ and r
imply that u ∈ C1+α/2,2+α(J × K) for each closed interval J b (0, T0] and each compact
set K ⊂ Rd.
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Estimating the C
α/2,α
b ([0, T0]× Rd)-norm of the function gn, we get

‖vn‖C1+α/2,2+α
b ([0,T0]×Rd)

≤C‖ϑn‖C3
b (Rd)‖ϕ‖C2

b (R)

(
‖u‖Cα/2,1+α([tn+1,T0]×B(x0,rn+1)) + ‖g‖Cα/2,α([tn+1,T0]×B(x0,rn+1))

)
≤25nC

(
‖vn+1‖Cα/2,αb ([0,T0]×Rd)

+
d∑
j=1

‖Djvn+1‖Cα/2,αb ([0,T0]×Rd)
+ ‖g‖Cα/2,α([τ0,T0]×B(x0,2r))

)
,

where we have used the inequalities ‖ϑn‖C3
b (Rd) ≤ 23nC and ‖ϕ‖C2

b (R) ≤ 22nC, which hold

true for all n ∈ N ∪ {0}, and observed that vn+1 ≡ u in [tn+1, T0] × B(x0, rn+1). This
estimate and (B.3) yield

‖vn‖C1+α/2,2+α
b ([0,T0]×Rd)

≤25nC(ε‖vn+1‖C1+α/2,2+α
b ([0,T0]×Rd)

+ ε−(1+α)‖vn+1‖∞ + ‖g‖Cα/2,α([τ0,T0]×B(x0,2r))
)

for each ε ∈ (0, 1). We fix η ∈ (0, 2−5(2+α)) and choose ε = εn = 2−5nC−1η; from the
previous estimate we obtain

(B.8) ζn ≤ ηζn+1 + 25n(2+α)Cη‖u‖C([τ0,T0]×B(x0,2r))
+ 25nC‖g‖Cα/2,α([τ0,T0]×B(x0,2r))

,

where ζn = ‖vn‖C1+α/2,2+α
b ([0,T0]×Rd)

. Multiplying both sides of (B.19) by ηn and summing

from 1 to m ∈ N, we get

ζ0 − ηm+1ζm+1 ≤Cη‖u‖C([τ0,T0]×B(x0,2r))

m∑
n=0

(25(2+α)η)n + C‖g‖Cα/2,α([τ0,T0]×B(x0,2r))

m∑
n=0

(32η)n

≤C(‖u‖C([τ0,T0]×B(x0,2r))
+ ‖g‖Cα/2,α([τ0,T0]×B(x0,2r))

),(B.9)

since both the two series converge, due to the choice of η. To conclude, we observe that
ηn+1ζn+1 tends to 0 as m tends to ∞. Indeed, we have shown that u ∈ C1+α/2,2+α(J ×K)
for every J b (0,∞) and K b Rd. In particular, u ∈ C1+α/2,2+α([τ0, T0] × B(x0, 2r)).
Hence,

ζn = ‖vn‖C1+α/2,2+α
b ([0,T0]×Rd)

≤ C‖u‖
C

1+α/2,2+α
b ([τ0,T0]×Rd)

‖ϕn‖C2([0,T0])‖ϑn‖C3
b (Rd) ≤ 25nC.

The choice of η implies that ηm+1ζm+1 vanishes as m→∞. Letting n tend to ∞ in (B.9)
we conclude that ζ0 ≤ C(‖u‖∞ + ‖g‖Cα/2,α([τ0,T0]×B(x0,2r))

) or, equivalently,

‖u‖C1+α/2,2+α([τ,T0]×B(x0,r))
≤ c(‖u‖C([τ0,T0]×B(x0,2r))

+ ‖g‖Cα/2,α([τ0,T0]×B(x0,2r))
),

i.e., estimate (B.2) with the above choices of Ij and Kj (j = 1, 2) follows.
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Step 2. Let δ denote the minimum between dist(∂I1, ∂I2) and dist(∂K1, ∂K2). As it is
immediately,

I1 ⊂
⋃
t0∈I1

(t0 − δ/2, t0 + δ/2) ⊂ I2, K1 ⊂
⋃

x0∈K1

B(x0, δ/2) ⊂ K2.

Since I1 and K1 are compact sets, we can find out m ∈ N and points t1, . . . , tm ∈ I1,
x1, . . . , xm ∈ K1 such that

I1 ⊂
m⋃
j=1

(tj − δ/2, tj + δ/2), K1 ⊂
m⋃
j=1

B(xj, δ/2).

We claim that

(B.10) ‖u‖C1+α/2,2+α(I1×K1) ≤
m∑

j,k=1

‖u‖C1+α/2,2+α([tj−δ/2,tj+δ/2]×B(xk,δ/2)).

It is clear that ‖u‖C1,2(I1×K1) ≤ maxj,k=1,...,m ‖u‖C1,2([tj−δ/2,tj+δ/2]×B(xk,δ/2)). As far as the

Hölder seminorms of Dtu and Diju (i, j = 1, . . . , d) are concerned, we fix x ∈ K1, s, t ∈ I1,
with s < t, and estimate |Dtu(t, x) − Dtu(s, x)|. We denote by i and j, respectively, the
largest and the smallest indices such that s ∈ (ti−δ/2, ti+δ/2) and t ∈ (tj−δ/2, tj +δ/2).
By definition i ≤ j. If i = j, then we are done, since

|Dtu(t, x)−Dtu(s, x)| ≤ [Dtu]Cα/2,0([ti−δ/2,ti+δ/2]×B(xk,δ/2))|t− s|
α
2 ,

where k is chosen such that x ∈ B(xk, δ/2).
So, we suppose that i < j and consider all the indices i1, . . . , ih such that ti < ti1 <

. . . < tih < tj. As it is immediately seen, ti1 ∈ (ti − δ/2, ti + δ/2), tih ∈ (tj − δ/2, tj + δ/2)
and tip ∈ (tip−1 − δ/2, tip−1 + δ/2) if p ∈ {2, . . . , h− 1}. Hence, we can split

|Dtu(t, x)−Dtu(s, x)| ≤|Dtu(s, x)−Dtu(ti + δ/2, x)|
+ |Dtu(ti1 + δ/2, x)−Dtu(ti + δ/2, x)|

+
h−1∑
p=1

|Dtu(tip+1 , x)−Dtu(tip , x)|+ |Dtu(tih , x)−Dtu(t, x)|

≤[Dtu]Cα/2,0([ti−δ/2,ti+δ/2]×B(xk,δ/2))|ti + δ − s|
α
2

+
h−1∑
p=1

[Dtu]Cα/2,0([tip−δ/2,tip+δ/2]×B(xk,δ/2))|tip+1 − tip |
α
2

+ [Dtu]Cα/2,0([tj−δ/2,tj+δ/2]×B(xk,δ/2))|t− tih|
α
2

≤
m∑
h=1

[Dtu]Cα/2,0([th−δ/2,th+δ/2]×B(xk,δ/2))|t− s|
α
2
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and this shows that

‖Dtu‖Cα/2,0(I1×K1) ≤
m∑

j,k=1

‖Dtu‖Cα/2,0([tj−δ/2,tj+δ/2]×B(xk,δ/2)).

The same arguments show that

‖Diju‖Cα/2,0(I1×K1) ≤
m∑

h,k=1

‖Diju‖Cα/2,0([th−δ/2,th+δ/2]×B(xk,δ/2)), i, j = 1, . . . , d,

and that

‖Dtu‖C0,α(I1×K1) + ‖Diju‖C0,α(I1×K1)

≤
m∑

h,k=1

(‖Dtu‖C0,α([th−δ/2,th+δ/2]×B(xk,δ/2)) + ‖Diju‖C0,α([th−δ/2,th+δ/2]×B(xk,δ/2)))

for i, j = 1, . . . , d. The proof of (B.10) follows.
Finally, by Step 1, with τ0 = tj − 3δ/4, τ = tj − δ2, T0 = tj + δ/2 and r = δ, we get

‖u‖C1+α/2,2+α([tj−δ/2,tj+δ/2]×B(xk,δ/2))

≤Cjk(‖u‖C([tj−3δ/4,tj+δ/2]×B(xk,δ))
+ ‖g‖Cα/2,α([tj−3δ/4,tj+δ/2]×B(xk,δ))

)

≤Cjk(‖u‖Cb(I2×K2) + ‖g‖Cα/2,α(I2×K2))(B.11)

for every j, k = 1, . . . ,m. Replacing (B.11) into (B.10) we easily obtain (B.2).

The same arguments as in the proof of Theorem B.1.3 can be used to prove the following
result. For the reader’s convenience, we point out the differences.

Theorem B.1.5. Let u ∈ C1,2([0, T )×Ω) be a classical solution to the differential equation

Dtu = Au + g, corresponding to g ∈ Cα/2,α
loc ([0, T ) × Ω)4 and such that u(0, ·) ∈ C2+α

loc (Ω).

Then, u ∈ C1+α/2,2+α
loc ([0, T ) × Ω) and for every pair of compact sets K1 b K2 b Ω, there

exists a positive constant C = C(µ,K1, K2) such that

(B.12) ‖u‖C1+α/2,2+α([0,T ]×K1) ≤ C(‖u(0, ·)‖C2+α(K2) + ‖u‖C([0,T ]×K2) + ‖g‖Cα/2,α([0,T ]×K2)).

Proof. The only slight differences with respect to the proof of Theorem B.1.3 are in the
proof of (B.12) with K1 = B(x0, r) and K2 = B(x0, 2r). Hence, here we deal also with
this case.

Throughout the proof, we denote by C a positive constant, independent of u, g and
n, which may vary from line to line, and consider the same sequence (ϑn) and the same

operator Ã as in the proof of Theorem B.1.3.

4C
α/2,α
loc ([0, T ) × Ω) is the space of all functions f ∈ Cα/2,α([0, b) × K) for each 0 < b < T and each

compact set K ⊂ Rd. The definition of the space C
1+α/2,2+α
loc ([0, T )× Ω) is completely similar.
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For every n ∈ N the function vn = uϑn belongs to C1,2
b ([0, b] × Rd), vanishes at t = 0

and satisfies the equation Dtvn = Ãvn + gn in (0,∞)× Rd, where

(B.13) gn = ϑng − u(Ãϑn − cϑn)− 2〈Q̃∇ϑn,∇xu〉

and Q̃ = (q̃ij). Since the coefficients of the operator Ã satisfy Hypotheses 7.0.1, the Cauchy
problem {

Dtw(t, x) = Ãw(t, x) + gn(t, x), t ∈ [0, b], x ∈ Rd,

w(0, x) = ϑn(x)u(0, x), x ∈ Rd,

admits a unique solution which belongs to C
1+α/2,2+α
b ([0, T ]×Rd). Hence, the function vn

belongs to C
1+α/2,2+α
b ([0, T ]× Rd) and

‖vn‖C1+α/2,2+α
b ([0,T ]×Rd)

≤ C(‖ϑnu(0, ·)‖C2+α
b (Rd) + ‖gn‖Cα/2,αb ([0,T ]×Rd)

), n ∈ N.

In particular, taking n = 0, we deduce that u belongs to C1+α/2,2+α([0, T ]×B(x0, r)). The
arbitrariness of r imply that u ∈ C1+α/2,2+α([0, T ]×K) for each compact set K ⊂ Rd.

Estimating the C
α/2,α
b ([0, T ]× Rd)-norm of the function gn and observing that

‖ϑnu(0, ·)‖C2+α
b (Rd) ≤ 23nC‖u(0, ·)‖C2+α(B(x0,2r)), n ∈ N,

we get

‖vn‖C1+α/2,2+α
b ([0,T ]×Rd)

≤C‖ϑn‖C3
b (Rd)

(
‖u(0, ·)‖C2+α(B(x0,2r))

+ ‖u‖Cα/2,1+α([0,T ]×B(x0,rn+1)) + ‖g‖Cα/2,α([0,T ]×B(x0,2r))

)
≤23nC

(
‖vn+1‖Cα/2,αb ([0,T ]×Rd)

+
d∑
j=1

‖Djvn+1‖Cα/2,αb ([0,T ]×Rd)

+ ‖u(0, ·)‖C2+α(B(x0,2r))
+ ‖g‖Cα/2,α([0,T ]×B(x0,2r))

)
.

This estimate and (B.3) yield

‖vn‖C1+α/2,2+α
b ([0,T ]×Rd)

≤23nC(ε‖vn+1‖C1+α/2,2+α
b ([0,T ]×Rd)

+ ε−(1+α)‖vn+1‖∞ + ‖u(0, ·)‖C2+α(B(x0,2r))
+ ‖g‖Cα/2,α([0,T ]×B(x0,2r))

)

for each ε ∈ (0, 1). Fixing η ∈ (0, 2−3(2+α)), choosing ε = εn = 2−3nC−1η and arguing as in
the proof of Theorem B.1.3 we can easily show that

‖u‖C1+α/2,2+α([0,b]×B(x0,r))

≤ c(‖u(0, ·)‖C2+α(B(x0,2r))
+ ‖u‖C([0,b]×B(x0,2r))

+ ‖g‖Cα/2,α([0,b]×B(x0,2r))
),

and we are done.



B.1. INTERIOR SCHAUDER ESTIMATES 241

As a consequence of Theorems B.1.3 and Remark B.1.5 we can prove the following
result.

Proposition B.1.6. Suppose that the coefficients of the operator A belong to C1+α
loc (Ω) and

(B.1) is satisfied. Then, the following properties are satisfied.

(i) Let g ∈ Cα/2,1+α
loc ([0, T ]× Ω) and u ∈ C1+α/2,2+α

loc ([0, T ]× Ω) solve the equation Dtu =

Au+g on (0, T ]×Rd, with u(0, ·) ∈ C3+α
loc (Ω). Then, Dku ∈ C1+α/2,2+α

loc ([0, T ]×Ω) for

every k = 1, . . . , d, solves the differential equation DtDku = ADku+
∑d

i,j=1DkqijDijDku+
〈Dkb,∇xu〉 + Dkcu and, for every pair of compact sets K1 b K2 b Ω, there exists a
positive constant C such that
(B.14)
‖Dku‖C1+α/2,2+α([0,T ]×K1) ≤ C(‖u(0, ·)‖C3+α(K2) + ‖u‖C([0,T ]×K2) + ‖g‖Cα/2,1+α([0,T ]×K2)).

(ii) Let g ∈ Cα/2,1+α
loc ((0, T )×Ω) and u ∈ C1,2((0, T )×Ω) solve the equation Dtu = Au+g

on (0, T ] × Rd. Then, Dku ∈ C1+α/2,2+α
loc ((0, T ) × Ω), solves the differential equation

DtDku = ADku+
∑d

i,j=1DkqijDijDku+〈Dkb,∇xu〉+Dkcu and, for every k = 1, . . . , d
and, for every pair of intervals I1 b I2 b Ω and compact sets K1 b K2 b Ω, there
exists a positive constant C such that

(B.15) ‖Dku‖C1+α/2,2+α(I1×K1) ≤ C(‖u‖C(I2×K2) + ‖g‖Cα/2,1+α(I2×K2).

Proof. (i) We fix K1 b K̂ b K̂ b K2 b Ω. For each h ∈ R \ {0}, such that

h < min{dist(K1, ∂K̂), dist(K̂, ∂K2), dist(K2, ∂Ω)},

and k ∈ {1, . . . , d}, we introduce the operator τh,k, defined by τh,kψ = h−1(ψ(·+ hek)− ψ)
for every function ψ. Finally, we denote by vh,k : [0, T ]×K1 → R the function defined by
vh,k(t, ·) = τh,k(u(t, ·)) for any t ∈ [0, T ]. Clearly, vj,h satisfies the differential equation

Dtvh,k = Ah,kvh,k +
d∑

i,j=1

(τh,kqij)Diju+
d∑
j=1

τh,kbj,∇xu〉+ τh,kg + (τh,kc)u

where Ah,kvh,k = Tr(Q(·+hek)D
2
xvh,k)+ 〈b(·+hek),∇xvh,k〉+ c(·+hek)vh,k. Let us observe

that

τh,kqij(x) =
1

h

∫ h

0

Dkqij(x+ σek)dσ, x ∈ K̂

so that ‖τh,kqij‖C(K̂) ≤ ‖Dkqij‖C(K2) and

|τh,kqij(x)− τh,kqij(y)| ≤1

h

∫ hej

0

|Dkqij(x+ σej)−Dkqij(y + σej)|dσ



242 APPENDIX B. INTERIOR AND OPTIMAL SCHAUDER ESTIMATES

≤[Dkqij]Cα(K3)|x− y|α

for each x, y ∈ K̂. It thus follows that τhkqij ∈ Cα(K̂) and ‖τh,kqij‖Cα(K̂) ≤ ‖Dkqij‖C(K2).

Similarly, ‖τh,kbj‖Cα(K̂) ≤ ‖Dkbj‖C(K2) and ‖τh,kc‖Cα(K̂) ≤ ‖Dkc‖C(K2). Applying estimate

B.12 with K2 being replaced by K̂, we thus conclude that

‖vh,k‖C1+α/2,2+α
b ([0,T ]×K1)

≤C
(
‖τh,ku(0, ·)‖C2+α(K̂) + ‖τh,ku‖Cb([0,T ]×K̂)

+ C1‖u‖C0,2+α
b ([0,T ]×K̂) + ‖g‖Cα/2,α([0,T ]×K2)

)
≤C
(
‖u(0, ·)‖C3+α

b (K2) + C‖u‖C0,2+α
b ([0,T ]×K̃)

+ ‖u‖C0,1
b ([0,T ]×K̃) + ‖g‖Cα/2,α([0,T ]×K2)

)
,

where

C1 =
d∑

i,j=1

‖Dkqij‖Cαb ([0,T ]×K2) +
d∑
i=1

‖Djbi‖Cαb ([0,T ]×K2) + ‖c‖Cαb ([0,T ]×K2)

Using once more estimate B.12, with K1 being replaced by K̃, we can infer that

‖vh‖C1+α/2,2+α
b ([0,T ]×K1)

≤C(‖u(0, ·)‖C3+α
b (K2) + ‖g‖

C
α/2,α
b ([0,T ]×K2)

)

Letting h tend to 0 we conclude that Dku ∈ C
1+α/2,2+α
b ([0, T ] × K1). and DtDku =

ADju+
∑d

i,j=1 DkqijDijDku+ 〈Dkb,∇xu〉+Dkcu on [0, T ]×K1 for each j = 1, . . . , d. The
arbitrariness of K1 yields the assertion.

(ii) The proof of (B.15) can be obtained adapting the arguments in (i) and using
estimate (B.2) instead of (B.12).

To conclude this appendix we prove the following weighted estimates.

Theorem B.1.7. Let Ω ⊂ Rd be an open set and u ∈ Cb([0, T ] × Ω) ∩ C1,2((0, T ] × Ω)

solves the equation Dtu = Au+ g in (0, T )× Ω for some g ∈ Cα/2,α
loc ((0, T ]× Ω). Further,

assume that the function t 7→ t‖u(t, ·)‖C2
b (Ω) is bounded in (0, T ). Then, for every pair of

compact sets K1 b K2 b Ω, there exists a positive constant C = C(µ, T,K1, K2) such that,
for every t ∈ (0, T ),

t‖D2
xu(t, ·)‖C(K1) +

√
t ‖∇xu(t, ·)‖C(K1) ≤ C(‖u‖Cb([0,T ]×K2) + ‖g‖Cα/2,α([0,T ]×K2)).(B.16)

Proof. Throughout the proof, we denote by C a positive constant independent of n, which
can vary from line to line. The main part of the proof consists of proving estimate (B.16)
when K1 = B(x0, r) and K2 = B(x0, 2r). We also consider the same sequence of cut-off
functions (ϑn) as in the proof of Theorem B.1.3.
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Let us set un := ϑnu and observe that each function un vanishes on [s, T ]× ∂B(0, rn+1)

and Dtun = Ãun + gn in (0, T )× Rd, where the operator Ã is the same as in the proof of
Theorem B.1.3 and the function gn is given by (B.13).

In view of the variation-of-constants-formula it thus follows that

un(t, x) = (T (t)(ϑnu(0, ·)))(x) +

∫ t

0

(T (t− s)gn(s, ·))(x)ds, t ∈ [0, T ], x ∈ Rd,

where {T (t)} is the semigroup associated in Cb(Rd) with the operator Ã (see Theorem
9.0.1). That theorem also shows that t‖T (t)ψ‖C2

b (Rd) ≤ C‖ψ‖Cb(Rd) and
√
t‖T (t)ζ‖C2

b (Rd) ≤
C‖ζ‖C1

b (Rd) for every t ∈ (0, T ), ψ ∈ Cb(Rd) and ζ ∈ C1
b (Rd).

Using (4.16) from the previous estimates we deduce that t1−
α
2 ‖T (t)ψ‖C2

b (Rd) ≤ C‖ψ‖Cαb (Rd)

for every ψ ∈ Cα
b (Rd) and t ∈ (0, T ). Since gn(s, ·) ∈ Cα

b (Rd) for every s ∈ (0, T ), we can
estimate

t‖un(t, ·)‖C2
b (Rd) ≤ C‖u‖∞ + C

∫ t

0

(t− s)−1+α
2 ‖gn(s, ·)‖Cαb (Rd)ds, t ∈ (0, T ).(B.17)

Note that ‖gn(s, ·)‖Cαb (Rd) ≤ C‖ϑn‖C2+α
b (Rd)(‖u(s, ·)‖C1+α

b (Rd) + ‖g(s, ·)‖Cαb (Rd)) for every s ∈
(0, T ). Moreover, for every σ ∈ (s, T ), ε > 0 and n ∈ N it holds that

‖u(s, ·)‖C1(B(x0,rn+1)) ≤ Cs−
1
2‖u‖

1
2∞ζ

1
2
n+1 ≤ s−

1
2 (Cε−1‖u‖∞ + εζn+1),

‖∇xu(s, ·)‖Cα(B(x0,rn+1)) ≤ Cs−
α+1
2 ‖u‖

1−α
2∞ ζ

1+α
2

n+1 ≤ s−
α+1
2 (Cε−

1+α
1−α‖u‖∞ + εζn+1),

where ζn := sups∈(0,T ) s‖u(s, ·)‖C2(B(x0,rn)). Since ‖ϑn‖C2+α
b (Rd) ≤ C8n for any n ∈ N, from

these last three estimates we conclude that

(B.18) ‖gn(s, ·)‖Cα(B(x0,rn+1)) ≤ 8ns−
α+1
2 (Cε−

1+α
1−α‖u‖∞+εζn+1)+C8n‖g(s, ·)‖Cα(B(x0,rn+1)),

for any s ∈ (0, T ) and ε > 0. Replacing (B.18) into (B.17) yields

ζn ≤C‖u‖∞ + 8nC
(
ε−

1+α
1−α‖u‖∞ + εζn+1 + ‖g‖Cα/2,α([0,T ]×B(x0,2r))

)
, n ∈ N, ε ∈ (0, 1).

(B.19)

Let us fix η ∈ (0, 64−1/(1−α)) and ε = 8−nC−1η. Multiplying both sides of (B.19) by ηn and
summing from 1 to m ∈ N, and arguing as in the last part of the proof of Theorem B.1.3,
we get the assertion.

B.2 Optimal Schauder estimates

In this section we extend Theorem 13.2.1 to more general elliptic operators with unbounded
coefficients. For the sake of simplicity, we assume that

A = ∆ +
d∑
j=1

bj(x)Dj,

under the following conditions on its coefficients
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Hypotheses B.2.1. (i) bj ∈ C3+α
loc (Rd) for each j = 1, . . . , N , and there exist two

functions b0, r : Rd → R and constants L1, L2 such that supRd(d + L1r) < ∞,
〈b(x), x〉 ≤ L2(1 + |x|2), for every x ∈ Rd,

(B.20)
d∑

i,j=1

Dibj(x)ξiξj ≤ b0(x)|ξ|2, x, ξ ∈ Rd;

and |Dβbj(x)| ≤ r(x) for every x ∈ Rd, j = 1, . . . , d and |β| = 2, 3;

(ii) there exist a positive function ϕ ∈ C2(Rd), diverging to ∞ as |x| tends to ∞, and a
positive constant λ0 such that Aϕ ≤ λ0ϕ on Rd;

As in the proof of Theorems 6.1.4 and 13.2.1, we first prove some uniform estimates for
the derivatives of the function T (t)f , when f ∈ Cb(Rd). More precisely, we prove that, for
every T > 0 and α, β ∈ R, with 0 ≤ α ≤ β ≤ 3, there exists a positive constant CT such
that

(B.21) ‖T (t)f‖Cβb (Rd) ≤ CT t
−β−α

2 ‖f‖Cαb (Rd), t ∈ (0, T ], f ∈ Cα
b (Rd).

To prove (B.21), with α, β ∈ N, we use the well celebrated Bernstein method (see
[1]) and approximate T (t)f by solutions of Cauchy problems in bounded domains. We
assume weak dissipativity-type (see (B.20)) and growth conditions on the coefficients bj
(j = 1, . . . , d). Note that, without condition (B.20), estimate (B.21) does not hold in
general, see Example B.2.4. An interpolation argument allow us to prove estimate (B.21)
in the general case. Then, the argument, in the proof of Theorem 13.2.1 can be repeated
with slight differences to prove the following result.

Theorem B.2.2. For each f ∈ C2+α
b (Rd) and g ∈ C0,α

b ([0, T ]×Rd), there exists a unique
classical solution u : [0, T ]× Rd → R to the Cauchy problem{

Dtu(t, x) = Au(t, x) + g(t, x), t ∈ [0, T ], x ∈ Rd,

u(0, x) = f(x), x ∈ Rd.

Function u belongs to C1,2([0, T ]×Rd) ∩C0,2+α
b ([0, T ]×Rd) and there exists a positive

constant C > 0, independent of u, such that

‖u‖C0,α
b ([0,T ]×Rd) ≤ C(‖f‖C2+α

b (Rd) + ‖g‖C0,α
b ([0,T ]×Rd)).

B.2.1 Uniform estimates

Theorem B.2.3. For each T > 0 and 0 ≤ α ≤ β ≤ 3, there exists a positive constant CT
such that estimate (B.21) holds true.
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Proof. The arguments in the proof of Theorem 4.1.12 show that it suffices to prove (B.21)
when α = h, β = k and h, k ∈ N. Being rather long, we split the proof into two steps.

Step 1. Here, we deal with the case when h = 0, k = 3 and first assume that f ∈
C5+α
c (Rd). For each n ∈ N, let ϑn : Rd → R be the function defined by ϑn(x) = ϑ(|x|/n)

for every x ∈ Rd and n ∈ N, ϑ ∈ C∞c (R) being a nonincreasing function such that
χ(−1/2,1/2) ≤ ϑ ≤ χ(−1,1). For each n ∈ N such that supp(f) ⊂ B(0, n), and T > 0, we

introduce the function v0,3,n : [0, T ]×B(0, n)→ R, defined by5

v0,3,n(t, x) = |un(t, x)|2 + atϑ2
n|∇xun(t, x)|2 + a2t2ϑ4

n|D2
xun(t, x)|2 + a3t3ϑ6

n|D3
xun(t, x)|2,

for each t ∈ [0, T ] and x ∈ B(0, n), where un denotes the (unique) classical solution of the
Cauchy-Dirichlet problem

Dtun(t, x) = Aun(t, x), t > 0, x ∈ B(0, n),

un(t, x) = 0, t > 0, x ∈ ∂B(0, n),

un(0, x) = f(x), x ∈ B(0, n).

By repeatedly applying Proposition B.1.6, we can infer that Djun, Dijun and Dijhun
(i, j, h = 1, . . . , d) belong to C1+α/2,2+α([0, T ] × B(0, R)) for every R < n. Function v0,3

6

belongs to C1,2([0, T ] × B(0, n)) and, with some computations, one can see that Dtv0,3 ≤
Av0,3 + g on [0, T ]×B(0, n), where g =

∑4
j=1 gj with

g1 = (aϑ2 − 2)|∇xu|2 + 2atϑ2(aϑ2 − 1)|D2
xu|2 + a2t2ϑ4(3aϑ2 − 2)|D3

xu|2 − 2a3t3ϑ6|D4
xu|2,

g2 = −2atϑA(ϑ)|∇xu|2 − 4a2t2ϑ3A(ϑ)|D2
xu|2 − 6a3t3ϑ5A(ϑ)|D3

xu|2

− 8atϑQ0(u)− 16a2t2ϑ3

d∑
i=1

Q0(Diu)− 24a3t3ϑ5

d∑
i,j=1

Q0(Diju),

g3 = 2atϑ2B1(u) + 4a2t2ϑ4

d∑
i=1

B1(Diu) + 6a3t3ϑ6

d∑
i,j

B1(Diju),

g4 = 2a2t2ϑ4B2(u) + 6a3t3ϑ6

d∑
i=1

B2(Diu) + 2a3t3ϑ6

d∑
i,j,h,k=1

DihkbjDjuDihku.

and

Q0(v) = 〈D2v∇v,∇ϑ〉, B1(v) =
d∑

j,h=1

DhbjDjvDhv, B2(v) =
d∑

j,h,k=1

DhkbjDjvDhkv

on smooth enough functions v : Rd → R. To estimate the function g2 we first observe
that n‖∇xϑn‖∞ + n2‖∆ϑ‖∞ ≤ C0 for each n ∈ N and some positive constant C0. Using

5For each smooth enough function, we set |D2v|2 =
∑d
i,j=1 |Dijv|2 and |D3v|2 =

∑d
i,j,h=1 |Dijhv|2.

6For notational convenience, throughout the rest of the proof, we drop out the dependence on n and
the dependence of the functions that we consider on the variables, when there is no damage of confusion.
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Hypothesis B.2.1(i) and recalling that ϑ is nonincreasing in R, we obtain that the function
x 7→ 〈b(x), x〉 is bounded from below on Rd. Therefore, −Aϑn ≤ C1 on Rd for some positive
constant C1. Similarly, we can show that Q0(v) ≤ C0n

−1|∇xv||D2
xv| for every v ∈ C2(Rd).

From all the above estimates and recalling that βγ < 2−1(β2 + γ2) for each β, γ ∈ R, we
deduce that

g2 ≤2aC1tϑ|∇xu|2 + 4a2C1t
2ϑ3|D2

xu|2 + 6a3C1t
3ϑ5|D3

xu|2 + 8aC0n
−1t|∇xu|(ϑ|D2

xu|)

+16a2C0n
−1t2

d∑
i=1

(ϑ|∇xDiu|)(ϑ2|D2
xDiu|)+24a3C0n

−1t3
d∑

i,j=1

(ϑ2|∇xDiju|)(ϑ3|D2
xDiju|)

≤2aC1tϑ|∇xu|2 + 4a2C1t
2ϑ3|D2

xu|2 + 6a3C1t
3ϑ5|D3

xu|2 + 4aC0n
−1t
(
|∇xu|2 + ϑ2|D2

xu|2
)

+ 8a2C0n
−1t2

(
ϑ2|D2

xu|2 + ϑ4|D3
xu|2

)
+ 12a3C0n

−1t3
(
ϑ4|D3

xu|2 + ϑ6|D4
xu|2

)
≤2a(C1 + 2C0n

−1)t|∇xu|2 + 4a(aC1t+ C0n
−1 + 2aC0n

−1t)tϑ2|D2
xu|2

+ 2a2(3aC1t+ 4C0n
−1 + 6aC0n

−1t)t2ϑ4|D3
xu|2 + 12a3C0n

−1t3ϑ6|D4
xu|2.

Taking advantage of Hypothesis B.2.1(i), we deduce that

g3 ≤ b0(2atϑ2|∇xu|2 + 4a2t2ϑ4|D2
xu|2 + 6a3t3ϑ6|D3

xu|2).

To estimate the term g4, we first observe that

B2(v) ≤
d∑
j=1

|D2bj||Djv||D2v| ≤ d
3
2 r|∇v||D2v| ≤ d2r|∇v||D2v|, v ∈ C2(Rd).

Hence,

g4 ≤2t2ϑ4d2r(a
3
4 |∇xu|)(a

5
4 |D2

xu|2) + 6t3ϑ6d2r
d∑
i=1

(a
5
4 |∇xDiu|)(a

7
4 |D2

xDiu|2)

+ 2t3ϑ6d2r(a|∇xu|)(a2|D3
xu|2)

≤a
3
2 t2ϑ4d2(1 +

√
at)r|∇xu|2 + a

5
2 t2ϑ4(1 + 3t)d2r|D2

xu|2 + a
7
2 t3ϑ6d2(3 +

√
a)d2r|D3

xu|2.

Combining all the above estimates, we easily see that

g ≤
[
− 2 + 2a(C1 + 2C0n

1)T + a+ aϑ2t(2b0 +
√
aTd2(1 +

√
aT )r)

]
|∇xu|2

+ atϑ2
[
2a− 2 + 4(aC1T + C0n

−1 + 2aC0T ) + atϑ2(4b0 +
√
a(1 + 3T )d2r)

]
|D2

xu|2

+ a2t2ϑ4
[
3a−2+6aC1T+8C0n

−1+12aC0T + atϑ2(6b0+
√
ad2(3+

√
a)d2r)

]
|D3

xu|2

+ 2a3t3ϑ6(−1 + 6C0n
−1)|D4

xu|2

on (0, T ]×B(0, n). We now choose n > 8C0. With this choice the above estimate simplifies
to

g ≤
[
− 2 + 2a(C1 + 2C0)T + a+ aϑ2t(2b0 +

√
aTd2(1 +

√
aT )r)

]
|∇xu|2
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+ atϑ2
[
− 1 + 2a+ 4aT (C1 + 2C0) + atϑ2(4b0 +

√
a(1 + 3T )d2r)

]
|D2

xu|2

+ a2t2ϑ4
[
− 1 + 3a+ 2aT (3C1 + 6C0) + atϑ2(6b0 +

√
ad2(3 +

√
a)d2r)

]
|D3

xu|2.

Next, we choose a0 such that

√
a0Td

2(1 +
√
a0T ) ≤ 2L2,

√
a0(1 + 3T )d2 ≤ 4L2,

√
a0d

2(3 +
√
a0)d2 ≤ 6L2

and denote by M the supremum over Rd of the function d + L2r. Then, for each a ≤ a0,
we can estimate

g ≤
[
− 2 + 2a(C1 + 2C0)T + a+ 2aM+T

]
|∇xu|2

+ atϑ2
[
− 1 + 2a+ 4aT (C1 + 2C0) + 4aTM+

]
|D2

xu|2

+ a2t2ϑ4
[
− 1 + 3a+ 2aT (3C1 + 6aC0) + 6aTM+

]
|D3

xu|2.

Since the coefficients in front of |∇xu|2, |D2
xu|2 and |D3

xu|2 have negative limits as a→ 0+,
we can fix a small enough such that g ≤ 0 on [0, T ]×B(0, n). Recalling that v vanishes on
[0, T ]× ∂B(0, n), from the classical maximum principle we now deduce that |v0,3,n(t, x)| ≤
‖ϑnf‖2

∞ ≤ ‖f‖2
∞ for every (t, x) ∈ [0, T ]×B(0, n).

Note that, (B.14) and a diagonal argument show, that up to a subsequence, Dβ
xun

converges to Dβ
xu pointwise on [0, T ] × B(0, n). Hence, taking the limit as n tends to

∞, in the inequality |v0,3,n(t, x)| ≤ ‖f‖2
∞, formula (B.21) follows in this case for functions

f ∈ C5+α
c (Rd). To extend it to every f ∈ Cb(Rd), it suffices to approximate f by a

convolution with a sequence (fn) ⊂ C5+α
c (Rd), converging to f locally uniformly on Rd and

such that ‖fn‖∞ ≤ ‖f‖∞ for any n ∈ N. Clearly, it holds that

‖T (t)fn‖C3
b (Rd) ≤ CT t

− 3
2‖f‖∞, t ∈ (0, T ], n ∈ N.(B.22)

Since DtT (·)fn = AT (·)fn on (0, T ) × Rd and ‖T (t)fn‖∞ ≤ ‖f‖∞, from (B.15) and a
compactness argument, we can easily show that, for every t ∈ (0, T ] there exists gt ∈ C3(Rd)
such that, up to a subsequence T (t)fn converges to gt in C3(B(0, R)) for every R > 0. The
same arguments used in the proof of Theorem 4.1.12, and Hypothesis B.2.1(ii), which
yields the uniqueness of the solution to the Cauchy problem (14.1), show that, still up to
a subsequence, T (t)fn converges to T (t)f locally uniformly on Rd. Hence, gt = T (t)f and
from (B.22), it follows immediately that ‖T (t)f‖C3

b (Rd) ≤ CT t
−3/2‖f‖∞ for every t ∈ (0, T ],

and we are done.
Step 2. The proof of estimate (B.21) for the other values of the pair (h, k) is very similar.

It suffices to apply the quoted arguments to the function vh,k,n : [0, T ] × B(0, n) → R,
defined by

vh,k,n(t, x) =
l∑

j=0

ajt(j−k)+(ϑn(x))2j|Djun(t, x)|2, t ∈ (0, T ], x ∈ B(0, n),

first assuming that f ∈ C5+α
c (Rd) and, then, using the same density argument to cover the

general case. The details are left to the reader.
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Finally, we show that the estimates (B.21) may fail to hold without any dissipativity
assumption.

Example B.2.4. Consider the one-dimensional operator A, defined on smooth functions
ζ : R → R by Aζ(x) = ζ ′′(x) + p′(x)ζ ′(x) = e−p(x)

(
ep(x)ζ ′(x)

)′
for every x ∈ R, where

p ∈ C1(R) is defined by p(x) = −x4 + log(h(x)) for every x ∈ R, where h(x) = εn if
x = n− 2−1δn and n ∈ N, h(x) ∈ [εn, 1] if n− δn < x < n and n ∈ N, h(x) = 1 otherwise,

εn = n−1e(n−1/2)4−(n+1/2)4 , δn = n−2e−n
4
εn. We also consider a functions f ∈ Cb(Rd) such

that f ≡ 1 on (0,∞) and
∫
R f(t)ep(t)dt = 0.

A straightforward computation shows that the solutions of the equation Au = f are
given by

(B.23) u(x) = C1 +

∫ x

0

e−p(t)
(
C2 +

∫ t

0

f(s)ep(s)ds

)
dt, x ∈ R,

where C1, C2 ∈ R are arbitrary real constants. We take

C2 = −
∫ ∞

0

f(t)ep(t)dt =

∫ 0

−∞
f(t)ep(t)dt.

and observe that, if x > 0 then from (B.23) and Fubini Theorem we get

u(x) = C1 −
∫ x

0

e−p(t)dt

∫ ∞
t

f(s)ep(s)ds = C1 −
∫ ∞

0

ep(s)f(s)ds

∫ s∧x

0

e−p(t)dt.(B.24)

Consider the function Q : R→ R defined by Q(x) = ep(x)
∫ x

0
e−p(t)dt for each x ∈ R. Since

Q(x) ≤e−x4
∫ x

0

et
4

h(t)
dt ≤ e−x

4

∫ x

0

et
4

dt+ e−x
4

[x]+1∑
n=1

∫ n

n−δn

en
4

εn
dt

≤e−x4
∫ x

0

et
4

dt+ e−x
4
∞∑
n=1

δne
n4

εn
= e−x

4

∫ x

0

et
4

dt+ e−x
4
∞∑
n=1

1

n2
,

Q belongs to L1((0,∞)). Hence, from (B.24) it follows that u is bounded on (0,∞) and
‖u‖Cb([0,∞)) ≤ |C1| + ‖f‖∞‖Q‖L1((0,∞)). Using the fact that Q ∈ L1((−∞, 0)), it can be
proved that u is bounded also on (−∞, 0). Thus, u ∈ Cb(R). On the other hand, since
f = 1 on (0,∞) it follows that

u′(x) = − ex
4

h(x)

∫ ∞
x

h(t)e−t
4

dt, x > 0,

so that at x = n− δn/2

|u′(n− δn/2)| =e
(n−δn/2)4

εn

∫ ∞
n− δn

2

h(t)e−t
4

dt ≥ e(n−1/2)4

εn

∫ n+1/2

n

e−t
4

dt ≥ n

2
,
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which shows that u is unbounded.
Let v : [0,∞) × R → R be the function defined by v(t, x) = etu(x) for every (t, x) ∈

[0,∞)×R. It solves the equation Dtv = Av and is bounded on each strip [0, T ]×R On the
other hand, Dxv(t, x) = etu′(x) for each t ≥ 0 and x ∈ R. Consequently, Dxv is unbounded
on [1/2, 1]× Rd and estimate (B.21) with α = 0, beta = 1 fails to hold.

We note that in this case the dissipativity assumption (B.20) fails since p′′ is unbounded
from above. Indeed, let g : R → R be the function defined by g(x) = log(h(x)) for each
x ∈ R. Since g(n− δn) = g(n) = 0 and g(n− δn/2) = log(εn) for every n ∈ N, then, by the
mean value theorem, there exist two points yn ∈ (n− δn, n− δn/2) and zn ∈ (n− δn/2, n)
such that g′(yn) = −g′(zn) = 2 log(εn)δ−1

n for every n ∈ N. Applying again the mean value
theorem, it follows that there exists xn ∈ (yn, zn) such that

g′′(xn) = − 4 log(εn)

δn(zn − yn)
≥ −4 log(εn)

δ2
n

= −4 log(εn)

ε2
n

n4e2n4

, n ∈ N.

Since εn vanishes as n tends to ∞, then, for n large enough it holds that

p′′(xn) = −12x2
n + g′′(xn) ≥ −12n2 + n4e2n4

,

which shows that p′′ is unbounded from above.
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Appendix C

Proof of Proposition 12.0.3

This appendix is devoted to the proof of Proposition 12.0.3.

Remark C.0.6. The proof of Proposition 12.0.6 actually shows that
∑N

i=1 ηi = 1 on a

neighborhood of K. Indeed,
∑N

i=1 ηi = 1 on
⋃M
j=1 B(xj, rxj/2) and this set contains the set

Kδ = {x ∈ Rd : dist(x,K) ≤ δ}. By contradiction, suppose that there exists a sequence
(yn) ∈ Rd such that dist(yn, K) ≤ n−1 and yn /∈

⋃M
j=1B(xj, rxj/2) for every n ∈ N. Since

this sequence is bounded, up to a subsequence, it converges to some y ∈ K, which belongs
to the open set

⋃M
j=1 B(xj, rxj/2). Hence, for large n, yn belongs to

⋃M
j=1B(xj, rxj/2): a

contradiction.
Now, if we introduce a function ζ ∈ C∞c (Rd) such that χKδ/2 ≤ ζ ≤ χKδ (whose

existence follows from Exercise 7.3.1) and set η̃i = ηiζ for every i = 1, . . . , N , then we can
claim that

(i) η̃i ∈ C∞c (Rd), η̃i ≤ χΩi for every i = 1, . . . , N ;

(ii) 0 ≤
∑N

i=1 η̃i ≤ 1 on Rd and
∑N

i=1 η̃i = 1 on Kδ/2.

We will use this remark in the proof of Proposition 12.0.3.

Proof of Proposition 12.0.3. We split the proof into two steps.
Step 1. Here, we prove that, if Ω is of class C2+α then there exists a function g as in

the statement. For this purpose, for every x ∈ ∂Ω we denote by ϕx the last component of
the function ψx in Definition 12.0.2. It is easy to check that

Ω ∩ Ux = {y ∈ Ux : ϕx(y) > 0},
∂Ω ∩ Ux = {y ∈ Ux : ϕx(y) = 0},

(Rd \ Ω) ∩ Ux = {y ∈ Ux : ϕx(y) < 0}.

We now consider a finite subcovering {Uxi : i = 1, . . . , N − 1} of ∂Ω and observe that,
by the same arguments in Remark C.0.6, we can show that there exists δ > 0 such that

Kδ = {x ∈ Rd : dist(x, ∂Ω) ≤ δ} ⊂
N−1⋃
i=1

Uxi .
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This remark also shows that we can determine nonnegative functions η̃i ∈ C∞c (Rd) (i =
1, . . . , N − 1) such that supp(η̃i) ⊂ Ui for every i and χKδ ≤ η̃ :=

∑N−1
i=1 η̃i ≤ 1 on Rd.

Let g : Rd → R be the function defined on Rd by

g(x) = (η̃(x)− 1)(1− 2χΩ(x)) +
N−1∑
i=1

η̃i(x)ϕxi(x), x ∈ Rd.

It is clear that each function η̃iϕxi belongs to C2+α
b (Rd) since it is compactly supported in

Uxi . Similarly, the function (η̃ − 1)(1 − 2χΩ) belongs to C2+α
b (Rd) since it vanishes on a

neighborhood of ∂Ω and it is trivially smooth elsewhere.
We are going to prove that function g has all the properties in the statement of the

proposition. To begin with, we prove that it vanishes on ∂Ω. For this purpose, we observe
that on ∂Ω, η̃ ≡ 1 (since ∂Ω ⊂ Kδ). Hence,

g(x) =
N−1∑
i=1

η̃i(x)ϕxi(x), x ∈ ∂Ω.

Fix x ∈ ∂Ω and i = 1, . . . , N − 1. We claim that η̃i(x)ϕxi(x) = 0. Indeed, if x ∈ Uxi ,
then ϕxi(x) = 0, otherwise η̃i(x) = 0.

Suppose now that x ∈ Ω. Then,

g(x) = 1− η̃(x) +
N−1∑
i=1

η̃i(x)ϕxi(x), x ∈ Rd.

Note that η̃i(x)ϕxi(x) ≥ 0 for every i. Indeed, if x ∈ Uxi , then ϕxi(x) > 0 and η̃i(x) ≥ 0,
whereas, if x /∈ Uxi , then η̃i(x) = 0, so that η̃i(x)ϕxi(x) = 0. We have two possibilities:

(i) η̃i(x) = 0 for every i = 1, . . . , N − 1;

(ii) there exists i ∈ {1, . . . , N − 1} such that η̃i(x) 6= 0.

In the first case 0 = η̃(x) =
∑N−1

i=1 η̃i(x) and g(x) ≥ 1, On the other hand, if (ii) holds,
then x ∈ Uxi . Since ϕxi(x) > 0, it follows that g(x) ≥ η̃i(x)ϕxi(x) > 0.

Finally, we suppose that x /∈ Ω. In such a case,

g(x) = η̃(x)− 1 +
N−1∑
i=1

η̃i(x)ϕxi(x).

Arguing as above, we can easily show that η̃i(x)ϕxi(x) ≤ 0 for every i = 1, . . . , N − 1. We
have also the same two cases (i) and (ii) as above. In the first case g(x) = −1, whereas in
the latter one, g(x) ≤ η̃i(x)ϕxi(x) < 0, since ϕxi < 0 on (Rd \ Ω) ∩ Uxi .

To complete the proof, let us show that the gradient of the function g nowhere vanishes
on ∂Ω. For this purpose, we fix x ∈ ∂Ω and observe that the function (1 − η̃)(1 − 2χΩ)
identically vanishes on a neighborhood of x. Hence,

∇g(x) =
N−1∑
i=1

∇η̃i(x)ϕxi(x) +
N−1∑
i=1

η̃i(x)∇ϕxi(x).
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Note that if ∇η̃i(x) 6= 0, then ϕxi(x) = 0. Based on this remark, we simplify the previous
formula obtaining

∇g(x) =
∑
i∈Jx

η̃i(x)∇ϕxi(x) =
∑
i∈Jx

η̃i(x)|∇ϕxi(x)|νi(x).

where Jx = {i ∈ {1, . . . , N − 1} : x ∈ Uxi} and νi(x) = |∇ϕxi(x)|−1∇ϕxi(x) We claim that
νi(x) = νj(x) for every i, j ∈ Jx. Denoting by ν(x) the common value, from the claim it
will follow that

∇g(x) = ν(x)
∑
i∈Jx

η̃i(x)|∇ϕxi(x)|.

Since
∑

i∈Jx η̃i(x) = 1 and |∇ϕxi(x)| > 0 for every i ∈ Jx, we will easily conclude that
∇xg(x) > 0.

So, let us prove the claim. Fix i, j ∈ Jx. Since νi(x) and νj(x) are the normal vectors
to Ω ∩ Uxi at x, νi(x) = νj(x) or νi(x) = −νj(x). To prove that the second possibility can
not occur, we apply Taylor formula to write

ϕxi(x+ tνi(x)) = ϕxi(x) + t〈∇ϕxi(x), νi(x)〉+ o(t, 0) = t(|∇ϕxi(x)|+ o(1, 0)),

ϕxj(x+ tνj(x)) = ϕxj(x) + t〈∇ϕxj(x), νj(x)〉+ o(t, 0) = t(|∇ϕxj(x)|+ o(1, 0)),

for t ∈ (−δ0, δ0) and δ0 small enough. From these formulas it follows that, up to replacing
δ0 with a smaller value, if needed, x + tνi(x) belongs to Ω for every t ∈ [0, δ0) whereas
x− tνj(x) does not belong to Ω if t ∈ [0, δ0). We thus conclude that νj(x) = νi(x).

Step 2. We now show that if Ω = {x ∈ Rd : g(x) > 0} for some function g ∈ C2+α(Rd)
such that ∇xg 6= 0 on ∂Ω = {x ∈ Rd : g(x) = 0} and Ω is bounded, then it is a domain
of class C2+α. For this purpose, we fix x0 ∈ ∂Ω and observe that since ∇g 6= 0 on ∂Ω, it
follows that there exists i ∈ {1, . . . , d} such that Dig(x0) 6= 0. Let ψ̃x0 : Rd → Rd be the
function defined by

ψ̃x0(x) = (x1 − x0,1, . . . , xi−1 − x0,i−1, g(x), xi+1 − x0,i+1, . . . , xd − x0,d), x ∈ Rd.

As it is immediately seen, ψ̃x0 belongs to C2+α(Rd;Rd) and its Jacobian determinant at x0

is positive. Hence, there exists r > 0 such that the function ψ̃x0 is invertible in B(x0, r).

Since ψ̃x0(x0) = 0, we can fix δ > 0 such that B(0, δ) ⊂ ψ̃x0(B(x0, r)). Hence, if we set

Ux0 = ψ̃−1
x0

(B(0, δ)), then ψ̃x0 is a diffeomorphism of class C2+α between Ux0 and B(0, δ).

We are going to prove that ψ̃x0(Ω ∩ Ux0) = {x ∈ B(0, δ) : xi > 0} and ψ̃x0(∂Ω ∩ Ux0) =
{x ∈ B(0, δ) : xi = 0}. For this purpose, we recall that x ∈ Ω (resp. x ∈ ∂Ω) if and only

if g(x) > 0 (resp. g(x) = 0). Hence, if x ∈ Ω ∩ Ux0 then y = ψ̃x0(x) ∈ B(0, δ) and yi > 0.

Similarly, if x ∈ ∂Ω ∩ Ux0 then y = ψ̃x0(x) ∈ B(0, δ) and yi = 0. Viceversa, let us assume

that y ∈ B(0, δ) is such that yd > 0. Then, y = ψ̃x0(y), with x = ψ̃−1
x0

(y) ∈ Ux0 . Moreover,
g(x) = yd > 0. Hence, x belongs also to Ω. In the same way it can be proved that each
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y ∈ B(0, δ) such that yd = 0 is the image under ψ̃x0 of an element of Ω ∩ Ux0 and we are
done.

Now, we set ψx0 = T ψ̃x0 , where

T (y) = (δ−1y1, . . . , δ
−1yi−1, δ

−1yd, δ
−1yi+1, . . . , δ

−1yd−1, δ
−1yi)

for every y ∈ Rd. Function ψx0 belongs to C2+α(Ux0), ψx0(Ω ∩ Ux0) = B+(0, 1) and
ψx0(∂Ω ∩ Ux0) = {y ∈ B(0, 1) : yd = 0}. This completes the proof.


