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Lecture 1

Parabolic maximum principle

This lecture is dedicated to the weak and strong parabolic maximum principles for uni-
formly elliptic second order operators on bounded domains.

On a bounded, not empty and open subset Q of R? we define the second order elliptic
operator

T) = Z qij(x) Dijyp(x) + ij ) + c(z)y(z)

,j=1 Jj=

“Tr(Q(x) D(x) + (b(a), Vath(2)) + c(2)i(2)
for a smooth function ¢ : @ — R, where Q(x) = (¢;;(z)) and b(x) = (bi(x),...,bn(x)) for

x € Q. Throughout the lecture, we assume the following conditions on the coefficients of

A.

Hypotheses 1.0.1. (i) The coefficients ¢;; = g;i, b; (4,5 = 1,...,d) and c are real valued
functions and belong to C(Q);

(ii) there exists u > 0 such that (Q(x)&, &) > p|é|? for any z € Q, € € RY.

For T' > 0, define Q7 := (0,7] x £ and consider I'r = Qr \ Qr the so-called parabolic
boundary of Qr. It is clear that 'y = {0} x QU (0,T] x 092. Here and in the sequel we
denote by

CY?(Qp) :={u:Qr - R: 3D, Diyjue C(Qr),4,j=1,...,d},

. = 82
where Dyu := 9% and Djju := Dz:03; "

1.1 The parabolic weak maximum principle

With the above notations and assumptions we propose to prove first the weak maximum
principle for the parabolic operator D; — A.
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Theorem 1.1.1 (Weak maximum principle). Fiz u € CY2(Q7) N C(Qr) and assume that
c=01n Q. The following assertions hold:

(i)
If Diu— Au <0 on Qp, then maxu = maxu.
Qr Lr

(i)
If Diu — Au >0 on Qp, then minu = minu.
QT 1—‘T

In particular,
If Diu— Au=0 on Qp, then max|u| = max |u].
QT l—‘T

Proof. Tt is obvious that the assertion (ii) can be deduced from (i) by considering —u

instead of w in (i). So we have to prove only (i).

Let us assume first that D,u — Au < 0 on Q2 and prove that u cannot reach a maximum
t (to, o) € Qpr. In fact, if such point exists then Dju(to,z9) > 0 (since tp could be

equal to T'), Dju(to, o) = 0 for any j =1,...,d, and the matrix (D;;u(to, xo)) is negative

semi-definite. Thus, see Exercise

Dtu(to, 170) - Au(t07 170) DtU, to, $0 Z qw IO to, l’o) > 0.

i,j=1
This contradicts the above assumption and hence

(1.1) maxu = maxu if Dyu— Au <0 on Q.
QT 1—‘T

To prove the general case, let us fix € > 0 and consider the function u.(¢,z) = u(t, x) — et.
We have Dyu. — Au. = Dyu — Au— e < —e < 0. So, by (1.1]), we obtain

max ., = max Ue.
QT I'r

Now, since u. converges uniformly to u on Qp, the assertion follows by letting ¢ — 0. O

The following result concerns the weak maximum principle when ¢ < 0 on €.

Theorem 1.1.2. Let ¢ <0 on Q and u € CY2(Qr) N C(Qr). The following hold:
(i)

If Diu— Au <0 on Qp, then maxu < maxu+
Qr

(i)
If Dyu— Au >0 on Qp, then minu > — Irllaxu ,
Qr

where u™ = sup(u,0) and u~ = sup(—u,0).
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In particular,
If Dyju— Au=0 on Qp, then max |u| = max |ul.
QT 1—‘T

Proof. Let us prove (i). Assume first, as in the above proof, that Dyu — Au < 0 on Q7.
Suppose by contradiction that u reaches its maximum at (tg,zo) € Qr with u(tg, z) > 0.
Then, Dyu(ty, zo) > 0, Dju(to,zo) =0 for any j = 1,...,d, and the matrix D;ju(to, z)) is
negative semi-definite. Thus, again by Exercise [I.4][T],

d
Dyu(ty, xg) — Aulto, x0) = Dyu(to, xo) — Z ¢ij(x0)Diju(to, vo) — c(zo)u(to, z9) > 0

ij=1

which contradicts the fact that Dyu — Au < 0 on Qp. So, it follows that, if (¢o,z) is a
maximum point for u in Q, then (¢o, ) € 'z or u(ty, z9) < 0. So, in both cases we have

max u = u(tg, zo) < maxu™.
na 1a

Qp

For the general case, set u.(t,z) = u(t,z) — et for ¢ > 0. We have Dyu. — Au. = Dyu —
Au—e+ect < —¢(1—ct) <0. So,

+

max u. < maxu, .

QT 1-‘T

Now, (i) follows by letting ¢ — 0, since u. converges uniformly to u on Q7 and uf converges
uniformly to ™ on I'p.

Assertion (ii) can be obtained by applying (i) to —u, since (—u)t = u".

If Dyu — Au = 0 on Q7 and, for example,

max |u| = maxu,
T Qr

then

max |u| > maxu® > maxu.
Ip Ip T

Thus,

max [u| = max |ul.
T Ir
To conclude one proceedes similarly when

masx u] = — minu,
Qp Qr
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One of the first applications of the above weak maximum principle is the uniqueness of
the classical solution to the parabolic problem

Dywu(t,z) = Au(t,x) + g(t,z), te (0,T7], =€,
(1.2) u(t,x) = h(t, ), te (0,7], ze€ 09,

U(O,l‘) :f(aj)a WS Qa
where g € C(Qr), h € C((0,7] x 0Q) and f € C(Q). Here by classical solution we mean
a function u € C2(Q7) N C(Qr) satisfying (1.2)).

Corollary 1.1.3. Let g € C(Q7), h € C((0,T] x 9Q) and f € C(QY). Then there exists at
most one classical solution to (|1.2]).

Proof. Since ¢ is bounded, there is a constant @ € R such ¢ < « on 2. Thanks to the
linearity of A, it suffices to prove that if u is a classical solution to ([1.2)) with g =0, h =0
and f =0, then u = 0. Set v = ue~*". Then.

Dyv = Av — aw.
So, since ¢ — a < 0, we can apply Theorem to obtain

max |v| = max |v| = 0.
T Iz

Thus, u = 0. O]

Another application of the weak maximum principle concerns the asymptotic behaviour
of the solution to the Dirichlet parabolic problem (|1.2]) when g =0 and h = 0.

Corollary 1.1.4. Assume that there is Ay € R such that ¢ < —X g on Q. If u is a classical
solution to (1.2)) with g =0 and h =0, then

u(t, 2)] < e[ flle,  (t,2) € Qr.
Proof. Take the function v(t,z) := e*'u(t, ). Then v is a classical solution to

Dw(t,x) = (A+ Xo)v(t,z), t€(0,T], =€,
v(t,x) =0, te (0,T], ze€ 09,
v(0,z) = f(x), x € (.
Since ¢+ Ag < 0, it follows from Theorem that |v(t, z)| < max,q|f(«)| which means

that
u(t, z)] < e flloo,  (t,2) € Qp.

]

The comparison principle (which implies the positivity) can be deduced from the weak
maximum principle.
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Corollary 1.1.5 (Comparison principle). Assume that f : Qr xR — R is a continuous
function of the variables t, x and y which satisfies the following one-sided uniform Lipschitz
condition in y:

f(t,x,y)—f(t,w,z)§B(y—2), (tax)eQT7 y,ZG]K

for some B € R. If u,v € CY¥(Qr) N C(Qr) satisfy Diu < Au + f(t,x,u) and Dy >
Av + f(t,x,v) in Qp, and u < v in Ty, then u < v in Q.

Proof. From the assumptions we have
Di(u—v) < Alu—v)+ f(t,z,u) — f(t,x,v) < A(u —v) + B(u —v).
As in the proofs of Corollary and Corollary [1.1.4] we introduce the function
w(t,z) = e Uttt 1) —w(t, 2)), (t,z) € Qp.
Then, w € CY2(Q7) N C(Qr) and it satisfies
Dyw < Aw — ||¢]|sow.

Hence, since ¢ — ||¢||oo < 0, it follows from Theorem and the assumption (u —v)™ =0
in FT that

maxw < maxw’ = 0.
QT I'r

Thus, v < v in Qp. This proves the claim. ]

The positivity of solutions can be also deduced.

Remark 1.1.6. Aﬂ)lying Corollary with f =0, 8 =0 and u = 0, we deduce that if
v e CY2(Qr) N C(Qr) satisfies Dyv — Av > 0 in Qp and v > 0 in Tz, then v > 0 in Q7.

1.2 The strong maximum principle for the heat equa-
tion

In this section we prove the strong maximum principle for the heat operator D; — A.
To this purpose let us consider the Gauss—Weierstrass kernel

w2
K(t,|z]) = (4rt) e 5, t>0, z € RL

We start with the following auxiliary result.

Lemma 1.2.1. Let Q = §T(x0), the open ball of centre xy and radius r in R, and let
u e CH2(Qr) N C((0,T] x Q) be such that Dyu — Au >0 in Qp, u> 0 in Qp. Then

2
r

(1.3) / p(t,x — xo)u(t,z)de < u(T,xy), f 0<T —1t< 57
Q

where
p(t,x) .= K(T —t,|z|) — K(T —t,r), te(0,T), z €.
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Proof. We assume without loss of generality that 2o = 0. For any ¢ € C(2) we have, by
a change of variables, that

[SI[o8

[ K@t laletayds = @an)t [ ()e—'”fsow—T—t)dy
Q B yr=(0

[NI[N

_ _lw?
= )t [ v e oV T Dy,
R

where y4 denotes the characteristic function of the set A C R? So, by the dominated
convergence theorem, we have

(14) limy | K(T—t,la) () da = o(0).

Since u(t,-) converges to u(7,-) when t — T, and lim;_,7 K(T — t,r) = 0, it follows by
(1.4]) that

lim [ p(t,z)u(t,z)dx = u(T,0).
=T Jq

On the other hand, we observe that p € C>®([0,T) x Q), p(t,r) > 0 in [0,T) x €, and
p(t,x) =01in 90 x [0,T). Moreover, one can see that (D; + A)K(T —t,|z|) = 0 (K is the
fundamental solution of the heat equation), and

K(T —t,r) >0

(D¢ + A)p(t, x) = [r? — 2d(T — t)]w >

T —t <.
Thus, if0<T—t§§lwehave

Dt/p(t,x)u(t,x) drx = /(thp+thu) dx > /(pAu—uAp) dz,
0 0 0

where we have used the positivity of u and p, and the inequalities D;p > —Ap, Dyu > Au.
We recall Green’s formula

B ou dp
/Q(pAu — ulp)dr = /asz (pa - ua) do.

Taking in account that p =0 in 092, u > 0 and % < 0, we deduce that

ou ap ap
S Vo =— | wLas >0
Dt/Qp(t,x)u(t,x)dx_/aQ <p01/ uay) do /muayda_()

Therefore, the function [, p(-, z)u(-, z) dz is nondecreasing if 0 < T —t < g—z. This implies
that

w(T,0) = lim [ p(t,z)u(t,z)de > / p(t, x)u(t,x) dx

t—=T Q Q

foranytsuchthatO<T—t§%. O
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Corollary 1.2.2. Assume the same assumptions as in the above lemma. If u € C(Qr)

and T < %, then

/Q(r2 — |z — 20/)u(0, 7) dz < u(T, xg).

4T
K(T,r)

Proof. Applying the above lemma with t = 0 we obtain

/ p(0, 2 — z0)u(0,z) de < u(T, o).
Q

This implies the claim, since

p(0,2) = (4T)% (6_47:2 _ e—é> _ K(T,r) (524'52 _ 1)
K(T,7)

(r* = |=f).

We are now ready to prove the strong maximum principle for the heat equation.

Theorem 1.2.3. Let 2 be a bounded, open and connected subset of R:. Let u € C*2?(Qy)
be such that Dyu — Au < 0 (resp. Dyu — Au > 0) in Qp. If there ezists a point xy € €
such that u(T, xo) = supq, v (resp. u(T,xo) = infq, u), then u is constant on Q.

Proof. Set
v(t,x) :==supu —u(t,z), (t,z) € Q.
Qr
Then v € CY2(Qr), v > 0 and v; — Av > 0 in Q7. Let (t;,z1) € Qr be such that
v(ty,z1) =0, and let
Ey ={x € Q:v(ty,z) = 0}.

It is clear that Fy, # () and Fj, is closed. We prove that E;, is also open. To this purpose
fix € By, and B.(x) C Q. Then v € C*%((0,] x B.(x)) N C((0,t1] x B,.(z)) and, by
(1.3]), we have

2

OS/ p(t,y —x)v(t,y)dy < wv(ty,z) =0 if0<t1—t§T—.

Hence,
2

p(t,y —x)v(t,y) =0, if y€ B(x) and 0 <t; —t < %

Thus, since p(t,-) > 0 in B,(x), it follows that v(t,y) = 0 for any y € B,(z) and 0 <
1 —t< %. Using the continuity of v we deduce that v(t1,y) = 0 in B,(x), which implies
that B,.(z) C Ey,. So, since 2 is connected, we have E;, = Q.

Now, since by assumption v(7', xy) = 0, the same argument as above shows that v(¢,z) = 0
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for any x € B, (20), 0 < T —t < % and some ry > 0. In particular, v(t,z¢) = 0 for any
0<T—-t< ;—?21. Iterating k-times this procedure, with £ is such that % > T, one obtains
v(t,x9) = 0 for any ¢ € (0,7]. This implies that E; # @ for any ¢t € (0,7] and hence
E, = Q for any t € (0,7]. This ends the proof of the strong maximum principle for the

heat equation. O

Remark 1.2.4. If u(ty, 29) = supq,. u (or u(ty, v9) = infg, u) for some (o, v9) € Qr, then
we can only conclude that w is constant in (0, tp] x §2 even in the case when Dyu — Au = 0
and u € C(Qr). For example, assume that u € C2((0,T] x (0,1))NC([0, T] x [0, 1]) solves
the heat equation

Dyu(t,x) = Au(t,z), te€ (0,T7], =€ (0,1),

u(t,1) = B(t), t € (0,77,
u(t,0) = a(t), t € (0,7,
u(0,z) =0, xz € (0,1).

Assume that a(t) = (t) = 0 in (0,ty] for some tg € (0,7) and a(t), S(t) > 0 in (ty, 7).
Then u(t,z) = 0 in (0,%] x (0,1), by Corollary [[.1.3] We claim that u(t,z) > 0 for any
z € (0,1) and t € (to, 7.

In fact, by the weak maximum principle, we know that w(t,z) > 0 in Qp. If there exists
(t1,21) € (to,T] x (0,1) such that u(ty,z1) = 0 (= infg, u), then by the strong maximum
principle we have u(t,z) = 0 for any (¢,z) € (0,¢] x (0,1) and this contradicts the fact
that u(t,0) = a(t) > 0 in (to, 7.

We will prove later that a classical solution to the above heat equation exists.

Remark 1.2.5. The strong maximum principle is also satisfied for the more general
parabolic operator D; — A, but the proof is very technical and based on Harnack’s inequal-
ity for uniformly parabolic operators. It says that if € is a bounded, open and connected
domain, and u € CY%(Q7) N C(Qy) satisfies Dyu — Au < 0 (resp. Dyu — Au > 0), then

e If c = 0 in ©, and there exists (,2) € Qp such that u(t,z) = maxg_u (resp.
u(t,r) = ming_u), then u is constant on €, = (0,#] x €.

e If c < 0in Q, and there exists (t,7) € Qr such that 0 < u(t,r) = maxg_u (resp.
u(t, r) = ming_u < 0), then u is constant on €.

1.3 Notes

For the weak maximum principle we refer to [1] and the proof of the strong maximum
principle presented in this lecture is taken from [2]. For the heat equation another proof
of the weak maximum principle can be found in Exercise [[.4[5] We also refer the reader
to the classical monographs [3] and [4].
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1.4 Exercises

1.

Let B = (b;j)1<ij<da, C = (¢ij)1<ij<a be two real and symmetric matrices. Assume that
B is positive semi-definite and C' is negative semi-definite. Prove that

d
TT(BC) = Z bijc'ij < 0.

ij=1

Consider the function u(t,z) := 1 — 2% — 2t.

(a) Verify that u is a solution to the heat equation Dyu(t,x) = Au(t, ).

(b) Find the minimum and the maximum of u on the closed rectangle Qr := [0, 7] x
[0, 1] for a fixed T" > 0 without using the maximum principle.

(c) Find the minimum and the maximum of u on Qg by using the weak maximum
principle.

. Let uw € C2((0,400) x (=5, %)) NC([0, +00) x [~Z, Z]) satisfy the inequality Dyu(z)

2 _

Au(z) > cosx on (0,+00) x (=%, %). Moreover assume that: u(t,—%) >0, u(t,5) >0
for all £ > 0 and u(0,2) > 2cosx for all z € [~F, §]. Show that

—t T T

u(t,z) > (1+e ")cosx on [0,400) X [_57 5]

Let u € CY2((0,T) x RY) N C([0,T] x R?) be a solution to the heat equation

Du(t,z) = Au(t,z), (t,x) € (0,T) x RY,
u(0,z) = g(x), x € R

satisfying ,
u(t,z) < Me¥™™ v(t,x) € [0,T] x R

for some constants M, a > 0.
(a) Assume first that 4a7 < 1 which implies that, there exists ¢ > 0 such that
4a(T +¢) < 1. Fix v > 0 and consider the function

v(t,x) = u(t,x) — - )) . (t,x) €[0,T] x R™

(T +e— )i P (4(T+5 —

(i) Prove that v solves D;v — Av =0 on (0,7) x R and v € C([0,T] x RY).

(ii) By applying the weak maximum principle to the function v on the cylinder
[0,T] x B,(0), show that

max v <supg
[0,T]x By (0) Rd

for sufficiently large r.
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(iii) By letting v — 0, deduce that

(1.5) sup w = supg.
[0,T]x R4 R

(b) Prove ([1.5)) without the assumption 4aT" < 1.

5. Assume that ug € C(Q) and u € CY2((0,T) x Q) N C([0,T] x Q) is a solution to the
heat equation with Dirichlet boundary conditions

Dyu(t, z) = Au(t,x), (t,z) € (0,T] x Q,
u(t,z) =0, (t,z) € (0,T] x 09,
u(0,x) = ug(x), x € (.

Consider the function ® : R — R defined by

l—e™, 5>0
D(s) := © o=
0, s < 0.

H(t) == /Otcp(s) ds, o(t) == /QH(u(t,x) — K)dz and K := max (Supuo(:p),O).

€

(a) Prove that @ is a C'-function, increasing and its derivative is bounded by 1.

(b) Prove that ¢(0) =0, ¢ >0 on [0,T] and ¢ € C*((0,T],R) N C([0,T],R).
Compute ¢’ and deduce that

u(t,z) < K, V(t,z)€[0,T] x Q.
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Lecture 2

Semigroups of bounded operators.
Part I. Strongly continuous
semigroups

In this and in the next lecture, we introduce the concept of semigroup of bounded linear
operators and study two important classes of semigroups: the strongly continuous and
the analytic semigroups. Semigroups of bounded operators naturally arise in the study of
parabolic equations: as we will see a suitable semigroup governs the dynamics of parabolic
equations. Even if we will not enter into details, this being beyond the purpose of this
edition of the Internet Seminar, we stress that semigroups have shown to be a very powerful
tool in the study of linear (but also nonlinear) parabolic equations.

The concept of semigroups of bounded operators generalizes what is known since the
first courses of Calculus: the solutions of the system Dyu = Au of n ordinary differential
equations with constant coefficients are given by u(t) = ec for any t € R, where ¢ € R?
is an arbitrary vector and

(2.1) et = — A, teR.
n:
n=0

The previous formula can be straightforwardly extended to the case when the matrix A
is replaced by a bounded operator in a Banach space X. Indeed, the series in the right-hand
side of (12.1)) converges locally uniformly in R. Since

m-+p tn m+p
D A < Z —||A||L<X>
o n: L(X

and the real Valued series > > LAY 1(x) converges locally uniformly in R (to el Al

n=0 n‘
the series Y " LA™ converges in L(X ) locally uniformly with respect to ¢t € R. Set
=tk AR /! and bk = sk Ak /! for any k € NU {0}. Then,

Zakbnka Zk|n_ = A neNU{0}.

15
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Hence, as for the Cauchy product of scalar series, one can see that

o)

oA sA ZtA ZSJA] Zzakbnk
R

n=0 k=0

)
_ (t + S)nAn _ e(t—l—s)A _ esAetA
I — .

0 n:

Based on the above remarks, we can now give the following definition.

Definition 2.0.1. A family {7'(¢) : ¢ > 0} of bounded linear operators on a Banach space
X is called a semigroup of bounded operators if it satisfies the semigroup property, i.e.,
T(0)=1and T(t+ s) =T(t)T(s) for every s,t > 0.

It follows that, for each A € L(X), {e!1} is a semigroup of bounded operators on the
Banach space X.

As a matter of fact, this class of semigroups, usually referred as uniformly continuous
semigroups, is too small and they are not associated to parabolic equations. For this reason,
we need to go further in the study of semigroups.

Throughout this lecture, X will denote a complex Banach space, || - || its norm and
L(X) is the space of all bounded linear operators on X.

2.1 Strongly continuous semigroups

Definition 2.1.1. A family {T°(¢) : t > 0} of bounded operators on X, which satisfies the
semigroup property, is a strongly continuous semigroup (or Co—semigroupED if the function
t — T(t)z is continuous in [0, 00) with values in X, for each z € X.

The following example is crucial and we will use it in the next lecture to show the main
differences between analytic and Cy-semigroups.

Example 2.1.2. On X = BUC(R), the space of bounded and uniformly continuous
functions f : R — R, endowed with the sup-norm, consider the family {7°(¢)} of linear
operators defined by (T'(t)f)(x) = f(x +t) for each z € R, ¢t > 0 and f € BUC(R). This
is a Cp-semigroup on X. Indeed, T'(¢)f tends to f uniformly in R as ¢ — 0T if and only
if sup,ep |f(x +t) — f(z)| vanishes as ¢ — 07. But this condition, is a rewriting of the
definition of uniform continuity. The semigroup property is straightforward to prove.

We stress that this semigroup, called the semigroup of the left translations, cannot be
written in the form for some bounded operator A. Indeed, if this were the case, then

le = I[pex) < Z _”A”L( = el —q, t>0,

1Cy or (C,0) abbreviates Cesaro summable of order zero, which means the continuity property
limy_yo T'(t)x = x for every x € X.
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and, consequently, lim;_,o+ || — ]| r(x) = 0. The semigroup of left translations does not
satisfy this property since ||T'(t) —I||(x) = 2 for every ¢t > 0. To check this claim, fix t > 0
and consider the bounded uniformly continuous function f; : R — R, defined by f;(z) =
sin(mz/t) for each € R. As it is immediately seen, || fi|lc =1 and fi(x +t) = — fi(x) for
every z € R. Hence,

IT(t) — IllLex) = sup [ fu(z +1) = fu(z)| = 2sup | fi(z)] = 2.
Tz€R z€eR
On the other hand, ||T(t) f|lcc = || f]le for every f € BUC(R) and, consequently, || T(t) —
IHL(X) S ||T(t)||L(X) +1=2 for every t Z 0.
Actually, {T'(t)} is a group of bounded operators, since T'(¢) can be defined, using the
same rule, also for negative values of t.

2.1.1 Basic properties

Throughout this subsection by {7'(t)} we denote a Cy-semigroup on X, without further
mentioning it.

To begin with, we prove that the function ¢ — ||T'(¢)||(x) grows at most exponentially
at infinity.

Proposition 2.1.3. There ezist M > 1 and w € R such that ||T(t)||x) < Me*" for every
t>0.

Proof. The core of the proof consists in showing that there exists § > 0 such that

(2.2) sup [|T(t)[|p(x) < oo
t€[0,0]

Once this property is established, the semigroup property allows us to complete the proof.
Indeed, if ¢ > ¢, then there exist n € N and r € [0,6) such that ¢ = nd + r. By applying
the semigroup property, we conclude that 7'(t) = T'(r)(7(0))". Hence, denoting by M the
supremum in and observing that M > 1, we get

log(M)
5 t

ITO e < ITE) oI TO)7x) < M™ = M exp(nlog(M)) < Me

and the assertion follows with w = §~1log(M).

To prove , we argue by contradiction. If does not hold true, then we can find
out a positive infinitesimal sequence (¢,) such that ||T(t,)| r(x) tends to co as n — oo.
Since T'(t,)x converges to x as n — oo, for every z € X, the uniform boundedness principle
leads us to a contradiction. [

In the proof of Proposition the constant w is nonnegative. Actually, w can be
also negative. This is, for instance, the case of the Cy-semigroup {7,(¢)} on R, defined by
T,(t)xr = e~z for each x € R and ¢t > 0, where a is a positive number.

In view of Proposition the following definition makes sense.
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Definition 2.1.4. The growth bound wy of a Cy-semigroup {7T'(¢)} is defined by wy :=
inf{w € R : 3 M = M, > 1 such that [|T(¢)|| < Me“* for every t > 0}.

Remark 2.1.5. (i) We stress that wy could be also equal to —oo (see Exercise [2.3][4)).

(ii) In general, wy is just an infimum and not a minimum. Consider for instance, the
semigroup (actually, a group) {T'(¢)} in R?, defined by

T(t):(é i) £>0.

Here, wy = 0, but clearly the function ¢ — T'(¢) is not bounded in [0, c0) with values
in L(R?).

2.1.2 The infinitesimal generator

In this subsection, we show that to any Cy-semigroup it is possible to associate a lin-
ear operator, called the infinitesimal generator of the semigroup, and we study the main
properties of this operator.

Definition 2.1.6. The infinitesimal generator A of a Cy-semigroup {7'(¢)} is the operator
defined as follows:

D(A):{xexzahmwex},

t—0t

T(t)x —
Ax = limy_,o+ %, x € D(A).

In the following proposition we exploit the main basic properties of the infinitesimal
generator.

Proposition 2.1.7. The generator A of a Cy-semigroup {T(t)} satisfies the following
properties.

(i) A is a linear operator satisfying AT(t) = T(t)A on D(A) for every t > 0. Moreover,
for each x € D(A), the function u = T(-)x belongs to C*([0, 00); X)NC(]0,00); D(A))
and solves the Cauchy problem

23) {u’(t) = Au(t), t>0,

(ii) For eacht >0 and x € X, [, T(s)xds € D(A) and
(2.4) e —x = A/ s)zds.
In particular, if x € D(A), then

(2.5) A /0 tT(s)deZ /0 tT(s)Aa:ds.
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(iii) A is closed and D(A) is dense in X .

(iv) The operator A completely characterizes the semigroups {T'(t)} in the sense that there
exist no other semigroups which admit A as infinitesimal generator.

Proof. (i) The linearity of the operator A is straightforward to check. Note that D(A) # @&
since 0 € D(A). To complete the proof of property (i), we fix z € D(A) and ¢ > 0. Using
the semigroup property and the continuity of the operator T'(t), we get

. Th)T(t)r-T(t)x
A, h = T® h h—0+ h
Hence, T'(t)x € D(A) and AT (t)x = T(t)Azx. Since T'(h)T(t) = T(t + h), the above
computation shows that the function 7'(-)x is differentiable from the right in [0, c0) and
the right derivative coincides with the function AT(-)z. To prove that the previous function
is also differentiable from the left in (0, 00), we fix t > 0 and observe that

T(t+h)x—T(t)x
h

T(—h)x—=z
— T(t)Ax

%}f—x _ Ax) + Tt + h)Az — T(t) Az,

—T(t)Ax =T(t + h)

~r(e-+.)

Hence, taking Proposition into account, we obtain

Tt+hz-Tt)z T(t) A
h
T(—h)x —x
<|IT(t+ 1)l oex) % — Az| + |T(t + h)Az — T(t) Az
T(—h)x —
<M=t %}“;x — Az|| + |T(t + h)Az — T(t) Az]).

Letting h tend to 0~ we conclude that the function 7'(-)z is differentiable from the left
at t. Hence, the function T'(-)x is differentiable is [0,00) and since its derivative is the
function T'(-)Az, which is continuous in [0, 00), it follows that T'(-)z € C*(]0,00); X) N
C([0,00); D(A)) and solves problem (2.3).

(il) Fix z € X, t > 0, set y = f(f T'(s)x ds and observe that

% _ %(T(h) /OtT(s)xds—/OtT(s)xds) _ %(/OtT(h—i—s):cds—/otT(s)xds)

_ %( /h " () ds - /0 tT(s)xds) _ %( /t " () ds - /0 hT(s)xds).

Taking the limit as h tend to 07 gives
T(h)y —y

lim
h—0+

=T(t)x — .
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Hence, y € D(A) and follows. In the particular case when x € D(A), by property
(i), we know that T'(s)Ax = AT (s)x = DT(s)x. Hence, formula follows from the
fundamental theorem of calculus and ([2.4).

(iii) Let (z,) € D(A) be a sequence converging to some z € X and such that Ax,
converges to some y € X as n tends to co. By property (ii), we know that

h
(2.6) T(h)n = on = l/ T(s)Ax, ds, neN, h>0.
h h J,

Since ||T'(s)Az, — T(s)yl| < Me**|| Az, — y|| < Me“""||Az, — y|| for every s € [0,h],
T(-)Ax,, converges to T'(-)y, uniformly in [0, h]. Hence, letting n tend to oo in both the
sides of , we conclude that

T(h)r —2 1 ("
—_— Y = T d h > 0.
: h /0 (s)y ds, >

Since the function 7'(+)y is continuous in [0, 00), letting i tend to 07 it follows that = €
D(A) and Az = y. Hence, A is a closed.

To prove that D(A) is dense in X, we fix z € X and set z, = nfol/n T(s)xds for each
n € N. By property (ii), x, € D(A) for every n € N. Moreover, lim,,_, z,, = .

(iv) Suppose that {S(t)} is another Cy-semigroup having A as infinitesimal generator.
Fix x € D(A), t > 0 and consider the function w : [0,f] — X, defined by u(s) :=
T(t — s)S(s)x for s € [0,t]. We can see that u is differentiable in [0,¢] with identically
vanishing derivative. So, this implies that u(t) = u(0), i.e., S(t)z = T(t)z. Since D(A)
is dense in X and ¢ is arbitrarily fixed in (0, 00), we conclude that T'(t) = S(t) for every
t>0. [

We now introduce the concepts of spectrum/resolvent set of a linear operator and of
resolvent operator.

Definition 2.1.8. Let A: D(A) C X — X be a closed linear operator. The set o(A) :=
{AeC: AN —A:D(A) — X is not bijective} is called the spectrum of A. Its complement
in C is called the resolvent set of A and will be denoted by p(A).

For each A € p(A), the operator R(\, A) := (Al — A)~! is called the resolvent of A at
the point A.

Remark 2.1.9. (i) The closed graph theorem shows that, if p(A) # @, then R(\, A) is
a bounded operator in X for every A € p(A).

(ii) We stress that the resolvent set of a closed operator may be empty. See Exercise

235

Proposition 2.1.10. The resolvent set of a closed operator A : D(A) C X — X is an
open subset of C. Moreover, the function R(\, A) : p(A) — L(X) is holomorphic. Finally,
the family of operators {R(\, A) : X € p(A)} satisfies the so-called resolvent identity, i.e.,

In particular, R(\, A) commutes with R(u, A) for every A\, € p(A).
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In the proof of Proposition [2.1.10| we will use the following lemma, whose proof is left
as an exercise.

Lemma 2.1.11 (Perturbation of the identity). Let X be a Banach space and T € L(X)
with | T'||rxy < 1. Then, the operator I — T is invertible and its inverse is given by the
Von Neumann series, i.e.,

(2.7) (I-T)"= f: ™.

Proof of Proposition[2.1.10. Fix A\g € p(A), A € C and observe that A\ — A = (I — (\g —
AN)R(Xo, A)) (Aol — A). Thus, X € p(A) if and only if the operator I — (A\g — A)R(X\g, A) is
invertible and, by Lemma [2.1.11] this is the case if A\ € B(Ag,7), the open ball centered at
Ao with radius r = || R( o, A)||Z(1X). Hence, p(A) is open. Moreover, for each A € B(\g,r),

(2:8)  R(\A) = R(ho, A)(I = (o = VR0, A) 7" =D (=1)"(A = X)" (R(o, A)",
n=0
and this shows that the function R(-, A) is holomorphic in p(A) with values in L(X).
The resolvent identity follows from the following chain of equalities:

for every A, € p(A). The last assertion is straightforward to prove. ]

Now, we can go back to the infinitesimal generator of Cy-semigroups. In the following
result, we show that the resolvent set of the infinitesimal generator A is not empty and,
for each A € p(A), the operator R(\, A) can be written in terms of the semigroup.

Proposition 2.1.12. Let {T'(t)} be a Cy-semigroup with infinitesimal generator A and let
M >1 and w € R be such that ||T(t)||Lx) < Me*" for every t > 0. Then, p(A) D {\ €
C: ReA > w} and

(2.9) R\, A)x = / e MT () dt
0
for every x € X and \ € C with Re\ > w. Moreover,
M
2.1 A AT <

Proof. Fix A € C with ReA > w. Then, the operator defined by the right-hand side of
[2.9) is well defined, linear and continuous in X, since ||e ™ MT(t)z| < Me~®eA=)||z|| for
t > 0. In particular,

(2.11) ' iz,  zeX.

&0 e M
/ e—*tT(t)xdtH < Mlq] / o er-wytgy M
0 0 Rel —w
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To prove that this operator, which we denote by Ry, is the inverse of A\l — A, we observe
that, since A is a closed operator and the function t — e~ ReA||T(¢) Ax|| is integrable in
[0, 00) for every x € D(A), Ryz € D(A) for any © € D(A) and, integrating by parts,

R\ Az :/ e MT(t)Ardt = lim e MD,T(t)x dt
0

n—oo 0

= lim <e_)‘"T(n)x —z+ )\/ e MT(t)x dt) = —r+ AR)x.

n—oo 0

Hence, R\(A] — A)x = x for every « € D(A). This shows that the operator A\l — A is
injective. To prove that it is also surjective, we fix x € X and prove that Ryz € D(A) and
ARyx = AR) — x. For this purpose, we fix h > 0 and observe that

T(h)Byxr — Ryx 1 (/ e MT(t + h)x dt — / e M (t)x dt)
0 0

h h
e/\h 0 1 oo
== e™MT(s)ds — 7 / e MT(t)z dt
h 0
Mo _ 1 oo Ab - ph
o / e MT(s)ds — c e MT(s)x ds.
hJo hJo

Letting h tend to 07, we conclude that
lim T(h)R)\ZL' - R)\l’

h—0t h

= A\R\r — x,

as it has been claimed.

To complete the proof, let us prove with n > 1, since the case n = 1 follows
from (2.11). Fix z € X. By Proposition 2.1.10 we know that the function A — R(\, A)x
is holomorphic in p(A) and, applying the dominated convergence theorem to the formula
([2-9), it can be easily checked that

d” o0
LR, A = / (1) e NT(t)z dt
d\" 0
for n € N and A € C with ReA > w. Let us compute the derivatives of the function
R(-, A)x in a different way, using formula (2.8]). This formula shows that
dTL
WR()\’ A) = (—=1)"n!(R(X, A))" AeC, Red>w.
From these last two formulas it follows that

1

(RN, A))'r = CE] /000 " e M () dt.

Hence,

M o M
R AN < n—1_—ReAt wt

which completes the proof. ]
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Example 2.1.13. If {T'(¢)} is given by (2.1)), then it is clearly strongly continuous since
the series defining the semigroup converges locally uniformly in [0, 00). Its infinitesimal
generator is the operator A. Indeed,

@) -1 =t =1 Al

for every ¢t € (0,1]. It follows that lim; o+ |[t7*(T'(t) — I) — Al r(x) = 0. As a byproduct,
t~Y(T(t)r — ) converges to Ax as t — 0" for each z € X.

Example 2.1.14. Let us go back to the semigroup of left translations and show that
its infinitesimal generator A is the first order derivative with BUC'(R) as domain. Let
f € D(A). Then, t™*(f(- +t) — f) converges to Af in BUC(R) as t tends to 0". In
particular, for each z € R, the ratio ¢t~ *(f(z + ¢) — f(z)) converges to (Af)(x). It thus
follows that f is differentiable in R and f' = Af € BUC(R). Hence, f € BUC'(R).

Conversely, suppose that f € BUC!(R). Then, by the fundamental theorem of calculus,
we can write

f(x+t /fx+3 relR, t>0.

Fix ¢ > 0 and let § > 0 be such that |f'(z2) — f'(z1)] < € for every x1, 25 € R such that
|$2 — l’ll S 0. Then,

flx+t) = f(z) _
t

@[ <5 [ ars) - rwls<e

for every x € R if t € (0,5]. Hence, t 1(T(t)f — f) converges to f’ uniformly in R¢ as ¢
tends to 0. This shows that BUC'(R) C D(A).

2.1.3 The Hille-Yosida theorem

By the results of the previous two subsections we know that to any Cp-semigroup {7(¢)}
on X, we can associate an operator A : D(A) C X — X, the infinitesimal generator, which
satisfies the following properties:

(i) A is closed and densely defined;
(ii) p(A) contains the right-halfplane {\ € C: ReX > wy} for some wy € R;

(iii) for each w > wy there exists a positive constant M such that |[(R(A, A))"|lnx) <
M(ReX —w)™™ for every n € N and A € C with ReX > w.

A natural question arises: is any linear operator A : D(A) C X — X, which satisfies the
above three properties, the infinitesimal generator of a Cy-semigroup on X7 The answer
is positive and given by the famous Hille-Yosida theorem
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Theorem 2.1.15 (Hille-Yosida). Let A : D(A) € X — X be a linear operator on a
Banach space X. Then the following properties are equivalent.

(a) A generates a Cy-semigroup {T'(t)} on X.
(b) A satisfies the above properties (i)-(iii).

Proof. In view of the remarks at the very beginning of this subsection, we just need to
show that (b)=-(a). Without loss of generality we can assume that w = 0. Indeed, the
operator A = A—wl, satisfies properties (1)-(iii), with w = 0. If we prove that A generates
a Co-semigroup {S(¢)}, then the operator A generates the Cy-semigroup {e“*S(¢)}.

Being rather long, we split the proof into steps.

Step 1. Here, we define the Yosida approximation of the operator A, i.e., the operators
A, : X — X defined by A,, = nAR(n, A) for n € N. Since, AR(n,A) = (A—nl)R(n, A)+
nR(n,A) = nR(n, A)—I, each operator A, is bounded in X. We claim that lim,,_,., A,z =
Az for each © € D(A). To prove the claim, it suffices to show that nR(n, A)y tends to
y for each y € X. Indeed, A,z = nR(n, A)Az for x € D(A). First, we suppose that
y € D(A). Then, nR(n,A)y = R(n,A)(ny — Ay + Ay) = y + R(n, A) Ay for every n € N
and ||R(n, A)Ay|| < Mn~'||Ay| vanishes as n — oo. Hence, nR(n, A)y tends to y as
n — oo. If y € X, then we consider a sequence (y,,,) C D(A), converging to y as m — oc.
Since |[nR(n, A)||Lx) < M for every n € N, we can estimate

[nR(n, A)y — y|| <||[nR(n, A)(y — ym)|| + [[nR(1, A)Ym — Y|l + |Ym — ¥l
<M+ D)||Yym =yl + [InR(n, A)Ym — Y|

for m,n € N. Hence,

lim sup |nR(n, A)y — yl| <O+ Dlly = yoll + lim [|1R (1, A~

n—oo

=M + 1)[Jym — yl|

for every m € N. Letting m tend to oo, we conclude that limsup,,_, . |[nR(n, A)y —y|| = 0.
Hence, nR(n, A)y converges to y as n — oo.

Step 2. For any n € N, we introduce the uniform continuous semigroup {7,,(¢)} on X,
defined by

and prove that, for each z € X, (T,,(-)x) is a Cauchy sequence in C([0,T]; X) for every
T>0.
To begin with, we observe that, since A, = n?R(n, A) — nI, T,(t) = e e BmA) for
each ¢ > 0. Hence, recalling that ||(nR(n, A))*||rx) < M for k € N, we deduce that
—(n“R(n, A))
|35 oo

(o)

1T () || x) <e™™ |(nR(n, A))*||x)

L(X —
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(2.12) <Me ™™ =M

for every t > 0 and n € N.

Next, we show that, for each x € X, (T,,(-)z) is a Cauchy sequence in C([0,77]; X) for
every T" > 0. For this purpose, we fix T' > 0, t € (0,7], z € D(A) and introduce the
function uy,, @ [0,t] — X, defined by wp(s) = T, (t — s)Th(s)x for s € [0,¢]. As it is
easily checked w, ,(t) = T,,(t)x and up, ,(0) = T,,,(t)x. Moreover, w,,, is differentiable in
[0,1] and ul, ,(s) = —Tn(t — 5)AnTh(s)z + Tr(t — 5)Tn(s)Anz for s € [0,¢]. Note that
A,, commutes with A, since R(n, A) commutes with R(m, A) (see Proposition [2.1.10).
As a byproduct, A,, commutes with the semigroup {7,,(¢)} and, consequently, u;, . (s) =
Ton(t — $)Th(s)(Apz — Ayx) for every s € [0, t]. Thus,

¢
IT(t)a = Ton(t)z]| < / [T (t = 5)Tn(5)(Amz — Anz)| ds
0
<MPt|Apx — Apz|| < MPT|| A — Apz|.

Since T has been arbitrarily fixed and x € D(A), by Step 1 (7,,(-)z) is a Cauchy sequence
in C([0,T]; X) for every T > 0.

If x € X, then there exists a sequence (x;) C D(A) which converges to = as k — 0.
Then, taking into account, for each k,m,n € N and T > 0, we can estimate

1T0( )z — T (Dl cqomx) SITa() (@ — zi)llcqomx) + 1 Tn( )z — Ton( )zl ogo,m:x)
+ 1 Tn () (@ — zi)lleqomix)
<2M ||z — || + MPT|| Apprie — Anl|.

Hence, for every fixed € > 0, we can fix ko,no € N such that 2M |z — x| < &/2
and M*T||Anzr, — Ang,|| < €/2 for each m,n > ng. It thus follows that ||T,,(-)x —
To()zllcqorxy < € for each m,n > ng. Hence, (T,,(-)x) is a Cauchy sequence in
C(]0,T); X) for every z € X.

Step 3. Here, we define a Cy-semigroup {7'(t)}. Since each operator T),(t) is linear
and (7,(-)x) is a Cauchy sequence in [0,7] for each T' > 0 and = € X, there exists a
family of linear operators {T'(t)} such that lim,, ., T,,(t)x = T(t)x for every x € X and
the convergence is uniform on each interval [0,7] (T > 0). So, the function ¢t — T(t)z is
continuous on [0, 00) for each x € X. As is immediately seen, T'(0) = I, since 7,,(0) = I
for every n € N. Moreover, from the estimate ||7,,(¢)z|| < M]|z||, which holds true for
every t > 0, x € X and n € N, it follows that T'(¢) is a bounded linear operator and
|T()||nxy < M for any t > 0. To conclude that {T'(t)} is a Cy-semigroup we need to
check the semigroup property. This follows from T, (¢t + s)x = T,,(t)T,.(s)x for each t, s > 0,
r € X and n € N.

Step 4. Here, we complete the proof. Since {T'(t)} is a Cy-semigroup on X which
satisfies the estimate ||T(t)|/1(x) < M for every t > 0, by Propositions [2.1.7| and [2.1.12] it
admits an infinitesimal generator B whose resolvent set contains the line (0, 00).

To show that B coincides with the operator A, we begin by showing that D(A) C D(B)
and Bx = Ax for every x € D(A). For this purpose, we fix z € D(A), n € N and observe
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that the function 7),(-)x is differentiable in [0, co) with D,T,,(t)x = T,,(t) A,z for each t > 0.
We claim that D,T,,(-)x converges to the function 7'(-) Az locally uniformly in [0, 00). To
check the claim, we observe that

| DiTn(-)r — T(-) Azl co,mx) < M| Apr — Az|| + ||T.(-) Az — T(-) Az || o(jo,13;)

for every T' > 0 and the right-hand side of the previous inequality vanishes as n — co by
Steps 1 and 3. The claim is proved.

Since T,,(-)x converges to T'(-)x, locally uniformly in [0, 00), the function T'(:)z is dif-
ferentiable in [0, 00) and D;T'(t)x = T(t)Ax for every t > 0. This, in particular, shows
that € D(B) and Bx = Ax.

To show that D(B) = D(A), we observe that 1 € p(A) N p(B) and

X = (I - A)(D(A)) = (I - BYD(A)) € (I - B)(D(B)) = X.

Hence, (I — B)(D(A)) = (I — B)(D(B)). Since the operator I — B is injective, we obtain
that D(A) = D(B) and we are done. O

Remark 2.1.16. Given a closed operator A, such that 7 = {\ € C: Re XA > w} C p(A) for
some w € R, we need to check the infinitely many conditions ||(R(A, 4))"|| < M(Re A\—w)™"
for every A € m to establish whether A generates a Cy-semigroup or not. In the particular
case when M = 1, things are easier since once the previous condition is proved with n = 1, it
can be easily extended to every n > 1 just observing that [|(R(X, A))"[|x) < [[RA A7 x)
for each n € N.

Remark 2.1.17. At the very beginning of this lecture, we have introduced uniform contin-
uous semigroups, which are actually groups since the operator e** is defined for every real
value of ¢t and the semigroup property is satisfied for every s,¢t € R. On the other hand,
Co-semigroups are in general defined only on the line [0,00). Indeed, suppose that the
Co-semigroup is actually a group. Then, {T'(t)} and {T'(—t)} are Cp-semigroups. Clearly,
if A is the infinitesimal generator of {7'(¢)}, then, —A generates the semigroup {7'(—t)}.
Hence, the Hille-Yosida theorem implies that the resolvent set of A should contain the
halfplanes {A € C : ReA > w} and {A € C: ReA < —w} for some w > 0. Moreover,
(RN, A) |l nixy £ M(ReX —w)™" for every A € C, such that |[ReA| > w, every n € N
and some positive constant M. These conditions are also sufficient for an operator A to
be the generator of a Cy-group.

Remark 2.1.18. An useful criterium to determine whether a closed operator generates
a Cy-semigroup or not is the well celebrated Lumer-Phillips theorem. To state it, we
introduce the concept of dissipative operator. The operator A : D(A) C X — X is called
dissipative if ||A\z — Ax|| > A||z|| for each A > 0 and x € X. (Note that, if A generates a
Cy-semigroups of contractions, then A is dissipative.) The Lumer-Phillips theorem states
that, if A is dissipative, with dense domain, and p(A) N (0,4+00) # &, then A generates
a Cy-semigroup of contractions on X. As a corollary of the Lumer-Phillips theorem one
can infer that, if A is densely defined and dissipative and A* is dissipative as well, then A
generates a Cy-semigroup of contractions. For more details we refer to [1, Chapter II].
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2.2 Notes and Remarks

Operator semigroups has been widely studied during the last decades and there are many
monographs dealing with them. We mention here the excellent graduate texts by Engel
and Nagel [1,2]. The first milestone in the theory was the opus of Hille and Phillips [4].
An important later reference are the books by Goldstein [3] and Pazy [5].

2.3 Exercises
1. Prove Lemma 2.1.11.

2. On X = (? (p € [1,00)) consider the operator A defined by A(z,) = (anz,) for every
(xn) € D(A) = {(x,) € 7 : (apx,) € P}, where (a,) C C is a given sequence. Show
that:

(i) A€ L(X) if and only if (a,) € £*.
(ii) A is a closed operator with dense domain.

(iii) A generates a Cy-semigroup {7'(¢)} if and only if there exists w € R such that
Rea, <w for all n € N. In this case, T'(t)(z,) = (e'rx,) for each (z,) € X.

(iv) Prove that, if a,, = —n?, then {T'(¢)} is continuous in the operator norm on (0, ),

but not right continuous at t = 0.

3. Let X = Cyp(R) and g € C(R). Consider the operator (Af)(s) := q(s)f(s) with D(A) :=
{f € X : qf € X} and make analogous statements as in the previous exercise. Prove
these statements.

4. On the Banach space Xy = {f € C([0,1]) : f(1) = 0}, endowed with the sup-norm,
consider the family {T(¢)} of operators, defined by

flx+1t), ifz+t<1,
0, otherwise,

for every x € [0,1] and ¢ > 0. Prove that {T'(¢)} is a Cyp-semigroup, called the semigroup
of left translations on C([0,1]), and show that its growth bound wy is —oo.

5. Let X = ([0, 1]). Prove that

(i) the spectrum of the operator A; : {f € C*([0,1]) : f(0) =0} C X — X, defined
by A1 f = f' for f € D(A;), is empty.

(ii) the resolvent set of the operator A, : {f € C*([0,1]) : f(0) = f(1) =0} C X — X,
defined by Ay f = f' for f € D(A,), is empty.

6. Determine which of the following operators generate a Cy-semigroup on X = C/([0, 1]):
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(i) Af =
(ii) Aof =
(iii) Asf =
(iv) Ayf =

LECTURE 2. SEMIGROUPS OF BOUNDED OPERATORS. PART L

f' for f € D(Ay) = {f € C'([0,1]) : f(0) = 0};

f" for f € D(Az) = C*([0,1]);

f" for f e D(As) = {f € C*([0,1]) : £(0) = (1) = 0}
f" for f € D(Ag) = {f € C*([0,1]) : f"(0) = 0}

7. On X = Cy(R) consider the one-parameter family {7'(¢)} defined by

N - | t_tq(s)dé‘)f(x 1), zeR >0

where ¢ : R — R is a bounded and continuous function. Prove that {T'(¢)} is a Cp-
semigroup and identify its infinitesimal generator.

8. Prove Remark
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Lecture 3

Semigroups of bounded operators.
Part II. Analytic semigroups

In this lecture, we keep on the study of semigroups of bounded operators introducing
analytic semigroups and studying their main properties. By X we still denote a complex
Banach space with norm ||-||. Moreover, given a curve v : I — C (I C R being an interval)

and a function f defined at least on the support of f, we set f_7 fA)dN = — f7 f(A)dA.

3.1 Prelude

In the previous lecture, we have seen that, to every bounded operator on X, we can
associate a uniformly continuous semigroup by setting

o0

tn
(3.1) et = A teR.
n.
n=0

This formula can not be extended to the case when A is not defined in the whole X
since the domain of the powers A™ becomes smaller and smaller. On the other hand, when
p(A) is not empty, the resolvent operator is defined and bounded in X. Hence, the idea is
to look for a formula for e which involves the operators R(\, A).

Lemma 3.1.1. For A € L(X) the following assertion holds:
a(A) € B0, [[Allx))-

Proof. Fix A € C and observe that A\l — A = \(I — A" A). Hence, from Lemma [2.1.11] it
follows that, if [A\7!|||Al|Lx) < 1, then AI — A is invertible in X, and we are done. O

Now, we can prove the following integral representation formula for uniformly contin-
uous semigroups.

31
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Proposition 3.1.2. Let A € L(X) and let v, (r > [Al|rx)) be the curve, defined by
Y- (t) = re' fort € [0,2n]. Then,

1
(3.2) et = —/ e R(N, A)dA, teR.
2mi ),

Proof. From (3.1)) and Lemma [2.1.11| we can write

R(), A) =

for every |A| > ||A||L(x). Hence,

Integrating both sides of the previous formula along the curve v, and observing that the
series and the integral commute, we get

1 t)\ k/ —k—1 tA
) — A, A)d A A" d\ =
0 g [ @noan - L0

since

n—k—1 _ 2mi, n =k,
/7 ’ A dA = { 0,  otherwise.

]

Note that the right-hand side of formula makes sense for each closed operator
A: D(A) C X — X whose spectrum is bounded, and is independent of » > 0. Moreover,
if we set T'(0) = I, then the family {T'(¢)} defines a semigroup on X. Indeed, take s,¢ > 0
and let 7 > 0 be such that o(A) C B(0,r). Then,

1
TH)T(s) =— - RN, A)d)\/ e**R(p, A)dp
47T Y2r Yr
1
-1 ”d)\ / e RN, A)R(u, A)du
o
] dA\ - /\ RN A) — R(p, A))du

_ 1 o et 1 - e
= / R(\, A)dA /T e )\d,u 2 . R(,u,A)d,u/ N ’udA,

Y2r

where in the last integral term we have changed the order of integration. Since A ¢ B(0, ),
the function p — (n — A)~'e® is holomorphic in B(0,7) and, consequently, by the Cauchy
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integral theorem, f%(u — M) te*dp = 0. On the contrary, the function A — (X — p)~te?

has a simple pole at A = p € B(0,2r). Hence, by the residue theorem, fwr()\—u)_leﬂd)\ =
(2mi)e™. Tt thus follows that

T(t)T(s) = L / SR, A)dp = T(t + s).

271 ~or

In general, the spectrum of a closed operator is not bounded. Hence, formula can
not used to define a semigroup associated to an unbounded operator A. But, as we will
show in the next section, we can overcome this difficulty changing the path of integration,
provided that the operator A satisfies nice spectral properties.

3.2 Sectorial operators and analytical semigroups

As announced, here we introduce an important class of closed operators, the so-called,
sectorial operators, to which we can associate a semigroup through a variant of formula

B2).

Definition 3.2.1. A linear operator A : D(A) C X — X is called sectorial in X if there
exist w € R, 0y € (7/2,7) and M > 0 such that the spectrum of A contains the sector
Yt = {N € C: A # w, larg(A — w)| < 0o} and |R(N, A)|lx)y < MIA — w| ™! for every
A€ Ewﬂo-

Throughout this lecture, we denote by S(w, 6y, M) the set of all the sectorial operators
A which satisfy the condition in Definition [3.2.1]

Given A € S(w, 0y, M), we can define an operator T'(t), for each ¢t > 0, by using formula
(3.2), where we replace the curve 7, by the “union” of three curves —v1 0, V2.0 and
V3,rmw) where V2k+1,rmw [T, OO) —C (k = O? 1) is defined by V2k+1,rm,w (p) =w +pe(71)k+lm)
for each p > r, and V9,50 : [-7,n] — C is defined by y9,.,.,(0) = w + re? for each
6 € [-n,n]. Here, r > 0 and n € (7/2,0,) are arbitrarily fixed.
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Figure 3.1: the support of the union of the three curves vi, ., w, Y2,rnw a0d Y315 0.

More precisely, we set

1 1
T(t) =~ 5= RN, A)dX + — M R(\, A)dA
27TZ Y1,7m,w e Y2,7m,w
1
+ — eMR(\, A)d\
27TZ V3,rm,w
wt [e’¢)
:6_ </ epcos(n)t[ei(n+psin(77)t)R(w + pein A) . 6—i(n+psin(n)t)R(w + pe—in A)]dp
2m \_J, ’ '
n o . )
(3.4) + / e cos(0)+ir sln(9))tR(w + 7’619, A)z'rewde) .
-n

To ease the notation, we denote the above integral by f% - ePR(N, A)d\.

Note that T'(t) is well defined since the definition is fﬂdependent of r and 7. Indeed,
by Proposition , the function A — v()\) = ¢*R(\, A) is an holomorphic function in
the sector X, ., with values in L(X). This in particular shows that the integral of v over
Yormw 15 well defined. Similarly, since

) e iipsin w 4 pcos 1psin r e
(3.5) ||t costmitesint) Ry + pcos(n)  ipsin(n), A)|| Lo < Mr—ter e

for every p > r and cos(n) < 0, it follows immediately that also the integrals of v over the
CUIves Yirnw and y3,,. are well defined.

Now, we fix v’ > 0 and 7’ € (7/2,6y) and denote by D be the region lying between the
supports of the curves ;.. and v;, o (7 = 1,2,3) and by D,, (n € N) the intersection
of D with the closed ball centered at zero with radius n.

Denote by v a curve which parameterizes D,,, obtained from the curves ;. w, Vjr 1y w and
the canonical parametrization of the arc of 9B(0,n). The Cauchy integral theorem implies
that

/ e R(\, A)d\ = 0.

Y
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Figure 3.2: the region D,,.

By estimate (3.5)) the integrals on the two arcs contained in 0B(0,n) vanish as n tends to
oo. From these remarks, we deduce that

/ e R(N, A)d\ = / e R(N, A)d\
Yron,w ’y'r’,n/,w

as claimed.
We can now study the main properties of the operators T'(t), t > 0.

Theorem 3.2.2. Let A € S(w, 0y, M) and let T(t) be given by (3.4) for t > 0. Then, the

following properties hold true.

(i) For each x € X, k € N and t > 0, T(t)x € D(A*). Further, if v € D(A¥), then
AFT )z = T(t) Az for every t > 0.

(i) If we set T'(0) = I, then the family {T'(t)} is a semigroup of bounded linear operators.
(iii) There exist positive constants My, (k € NU{0}) such that

(3.6) [t5(A — wD)FT(#) || nx) < My, t>0, ke NU{0}.

(iv) The function t — T(t) belongs to C*°((0,00); L(X)) and DFT(t) = A*T(t) for every
t > 0. Moreover, the function t — T(t) admits an analytic extension to the sector
S0.00-n/2: given by

1
T(z) = 5— / e R(X,A)d), 2 € o go—n/2;
v

2T

7‘,9/2,0.)

where 0, is arbitrarily fized in (7/2,0 — arg(z)).
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Proof. As in the proof of Hille-Yosida theorem, we replace A with the operator A — wl,
which is sectorial in g .

(i) The core of the proof is the case k = 1. Fix t > 0 and x € X. Since e AR(\, A) =
—eMT + NeMR(N, A),

[XT =AM RO A1) < ML+ AR A)[1on) < (1 + M)

and cos(n) < 0, the function A — e AR(\, A)z is integrable along the curves 71,0
and 73,0 for each x € X. Of course, being a continuous function it is also integrable
along the curve ,,,0. Therefore, we can invoke Proposition [A.2.3] which guarantees that
T(t)x € D(A) and

1 1
ATtz =— | ePARN Awdh = ——— [ ePdht— [ AePR(\, Az d)
27TZ Yr,n,0 m Yr,n,0 27T2 Yr,n,0
1
(3.7) - AeAR(N, A) N,
27.(2 Yr,n,0

since

(3.8) / e d\ = 0.
Yr,n,0

If x € D(A), then AR(\, A)x = R(\, A)Ax and, hence, AT'(t)x = T(t)Ax. Iterating this
argument, we can show that T'(t)x € D(AF) for every k € N and
1
(3.9) ART (Do = — NeeMR(N, A)x dA
210 Sy, 0

and, if z € D(A¥), then A*T'(t)x = T'(t) A*x.

(ii) The semigroup property can be proved arguing as in the last part of Section
Fix s,t > 0. Writing

1 1
T({t) = 5= / e R(A, A)d, T(s) = — / M RN, A) dX
27T Yrn,0 27T Y2r,n’,0
for each r > 0, 7/2 < 1 < n < 6 and using the resolvent identity it follows that
THT(s) =— 1 eMR(\, A) d)\/ o dp
471-2 Yr,n,0 7 Y2r,n’,0 ILL - )\
1 o
T2 e R(p, A) dp / d.
Am Y2r,n’,0 Yronw H T
Since
(3.10)
d A
e“su _,u)\ = 2mie*, for A\ € 4,,0 and / e)‘tm =0 for pu € 2.0,

Yryn,0
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we conclude that T'(t)T'(s) = T(t + s).
(iii) We fix t > 0 and take the norm of the three integrals which define T'() (see (3.4).
Since we are assuming that w = 0, from the estimate in Definition [3.2.1] we get

tr cos(n)
HT ||L < _/ tpcos 77) 1dp—|——/ trcos(@ M e +etr
tr|cos( )|

for each r > 0 and n € (7/2,6p). Note that, if we take the same r for every ¢ > 0, we end up
with an estimate for ||T'(¢)||(x) which is singular as ¢ tends to 0. To overcome this difficulty,
it suffices to replace r by 1/t and we get with My = Mm=(| cos(n)|'e™ 4 ¢).
Estimating the norm of AT'(¢) is easier. We do not need to take a radius which depends
on t. It is enough to use formula observing that [[AR(X, A)||Lx) < M. We thus get

M etrcos(n) Mr n
AT(t < = trcos@d0
Tl < 2 (e g [ o)

for each » > 0. Letting r tend to 0%, by dominated convergence we get

M

3.11 AT(t < — t>0.
(311) AT ) < mror

To estimate the operator norm of A*T'(t) for k > 1 it suffices to use (3.11]), prop-
erty (i) and the semigroup property to write A¥T'(t) = (AT(t/k))* and, hence, estimate
IA*T ()| Lx) < AT @)]F

(iv) By applying repeatedly the dominated convergence theorem, it can be easily shown
that the function ¢ — T'(t) belongs to C*°((0,00); L(X)) and

1
DIT(t) = — / NeMR(N, A)dA, t>0.
27TZ Yrm,w

From this formula and (3.9)) it follows that D¥T'(t) = A*T(t) for every t > 0 and k € N.

To complete the proof, we fix a € (0,6y — 7/2). Then, the function

1
2= T(z) = —/ e R(\, A) d,
Yr

271 Oy

is well defined and holomorphic in the sector Xgg)_r/2—o. Indeed, if A = pet®=2) and
z = |z|e" belongs to Yo g_r/2—q, then Re(zA) = p|z|cos(fy — a + ¢) and cos(fy — a + ¢)
is negative since 6y — a + ¢ € (w/2,37w/2). Hence, we can differentiate under the integral
sign, taking the dominated convergence theorem into account, and conclude that the map
z + T(z) is holomorphic in X g, —r/2—q. Since ¥Xgg,—r/2 = UaG(O,Go—ﬂ'/Q) 20,00—r/2—a, the

conclusion follows. ]
Remark 3.2.3. From property (iii) in Theorem it follows that there exists a positive
constant Cj, such that |[tFA*T(¢)]|x) < Cre* for t > (. Indeed,

AF = (A —wl +wi)* = zk: (k) WA — wI)"

n
n=0
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and, therefore,

k k
4Tl < 3 (F) I - Tl < 3 (F) e maten e

n=0 n=0

If t <1, then from the previous estimate we immediately get

HAk ||L < t—kz ( ) k_nMn-

On the other, if ¢ > 1, then there exists a positive constant C,, such that ¢t 7wk ™ <
Ct *ev! for every n < k. We thus conclude that

k
k
4T Wl < ot Y (M),

n=0
and we are done.
In view of Theorem we can now give the following definition.

Definition 3.2.4. Let A be a sectorial operator. The family of operators {T'(¢)}, defined
by (3.4]) for ¢ > 0 and such that 7'(0) = I, is called analytic semigroup generated by A (in
X).

Is each analytic semigroup strongly continuous? The answer is in general negative since
D(A) may be not dense in X. In any case, for each z € X, T(t)x converges to x as t — 0
in a “weak” sense as the following proposition shows.

Proposition 3.2.5. Let {T'(t)} be an analytic semigroup associated with an operator A €
S(w, by, M). Then, limy o+ T(t)x = z if and only if x € D(A). As a byproduct, for each
A€ p(A) and x € X, limy_o+ R\, A)T(t)x = R(\, A)z.

Proof. By replacing A with A — ol for some constant «, we can assume without loss of
generality that w = 0.
Using the Cauchy integral theorem, it follows that

1 1
r-s = g e lR(A,A)x—Xx] i
1 €>\t
= — —R(\, A)Ax d)\
omi [, x A A

for ¥ € D(A) and t > 0. Since |[AN'R(\, A)Az| < CJ|Az|||\|72, it follows from the
dominated convergence theorem and Cauchy’s theorem that

1 1
lim T(t)x —x = — —R(\, A)Axd\ =0

t—0+ 271 A
Yrm,w
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for x € D(A) and hence for € D(A), since ||[T(t)|] < M for every t € [0,1]. The other
implication is obtained from the inclusion T'(t)X C D(A) for every t > 0, see Theorem

B.22
Now, the last statement follows from the fact that R(A, A) commute with T'(¢) for every
t>0and A € p(A). O

Remark 3.2.6. By Theorem [3.2.2 T'(t) maps X into D(A) for every ¢ > 0. Hence, it
leaves D(A) invariant. Moreover, by Proposition B.2.5 T(t)x converges to x as t — 07 for
every x € D(A). It follows that the restriction of {T'(t)} to D(A) is a Cy-semigroup. Note
that D(A) is the largest subspace of X, where the restriction of {T'(¢)} is a Cyp-semigroup.
Indeed, as already remarked, T'(t)z € D(A) for each z € X and ¢t > 0. Hence, if T'(t)z
converges to = as t — 01, then, necessarily, z € D(A).

In the following proposition, we show other interesting properties of analytic semi-
groups. In particular, we show that the infinitesimal generator of the restriction of {T'(¢)} to

D(A) is the part of A in D(A), i.e., the operator defined in D := {z € D(A) : Ax € D(A)}
by Almx = Az for each x € D.

Proposition 3.2.7. The following properties hold true.

(i) For each x € X andt >0, fg T(s)rds € D(A) and
t
(3.12) A/ T(s)xds =T(t)x — x.
0
If, in addition, x € D(A), then
t
(3.13) T(t)r —x = / T(s)Axds, t>0.
0

(i) If X € C with Re XA > w, then
(3.14) R\ A) = / e MT(t) dt.
0

(iii) If x € D(A) and Ax € D(A), then limy ,o+(T'(t)x — x)/t = Ax. Conversely, if

z = limy g+ (T'(t)x — x)/t exists, then x € D(A) and Ax = z € D(A).

Proof. (i) Fix t > 0 and z € X. Since the function T'(-)z is differentiable in (0, 00) and
DiT(-)x = AT(-)x (see Theorem [3.2.2)) then

/tT(s)x ds :/t((w +1)I — A)R(w+ 1, A)T'(s)x ds

:(w+1)/ R(w+1,A)T(s)xds—/ %(R(wﬂ,fl)T(s)x)ds
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=(w+1)R(w+1,A) /t T(s)xds —Tt)R(w+ 1, A)z+T(e)R(w+ 1, A)x

for each € € (0,t). Recalling that the function 7'(-)z is bounded in [0, ] and continuous in
(0, +00) and taking Proposition into account, we can let € tend to 0 and obtain

(3.15) /tT(s)x ds=(w+1)R(w+1,A) /tT(s):r; ds — R(w+ 1, A)(T(t)x — x).

Thus, fot T(s)xds € D(A) and applying the operator ((w + 1)I — A) to both the sides of
(3.15)), formula (3.12) follows.

If € D(A), then the function AT'(-)x is continuous in (0,¢] and bounded in [0,].
Hence,

A / () ds = / AT (s)r ds

£

and, letting ¢ tend to 0%, we conclude that

¢ ¢
lim A/ T(s)xds :/ AT (s)x ds
€ 0

e—0t

and formula (3.13)) follows.
(ii) Fix A € C with ReA > w and consider the operator A — A\I. This operator is

sectorial and the associated semigroup {S(t)} is defined by S(t) = e MT(t) for t > 0.
From formula (3.12]) we know that

t
(A—)\)/ S(r)xdr = S(t)r — x, t>0, veX.
0

Since ||T(t)||nx) < Me** for t > 0 (see Theorem [3.2.2)), the function S(¢)x vanishes as t
tends to co. Hence, lim,o0(A — \) [y S(r)zdr = —z for every x € X. Since [, S(r)zdr
converges to [ S(r)a dr, by the closedness of A, [; S(r)x dr belongs to D(A) and

(A — A)/ e MT(t)x dt = , z e X.
0

Since we know that A € p(A), formula ({3.14)) follows at once.
(iii) Fix € D(A) such that Az € D(A). Then, by property (i), we can write

Tt)r —x

I 1 [
(3.16) = —A/ T(s)xds= —/ T(s)Axds.
t £, t

Since Az € D(A), by Propositionm the function 7'(-) Az is continuous in [0, c0). Hence,
letting ¢ tend to 01 in (3.16)), we conclude that lim; o+ (T'(t)x — x)/t = Ax.
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Vice versa, suppose that the limit z := lim, o+ (7'(f)x — x)/t exists. Then, clearly,
T(t)x converges to x as t — 0T, so that = belong to D(A). Since T'(t)x € D(A) for every

t > 0, also z belongs to D(A). Moreover, using property (i) and recalling that R(w + 1, A)
commutes with T'(s), we get

T o t
R(w+1,4)z =lim R(w + 1, A)W = lim ¢~ R(w+ 1, A)A/ T(s)z ds
— — 0
t

(3.17) — tim [ T(s)wds+ (w+ 1)% /t R(w + 1, A)T(s)z ds.

t—0 ¢ 0

Since z € D(A), the function T'(-)z is continuous in [0, 00). Hence lim;_,o+ ¢ fg T(s)xds =
z. Similarly, R(w + 1, A)T(t)z converges to R(w + 1, A)z as t — 0T, by Proposition [3.2.5
Hence, from (3.17)) it follows that x = R(w+1,A)((w+ 1)z — 2) € D(A) and Az = 2. O

We now provide a sufficient condition for a closed operator to be sectorial. This cri-
terium is particularly used in the applications.

Proposition 3.2.8. Let A: D(A) C X — X be a closed operator such that I = {\ € C:
Re )\ > w} C p(A) for some w € R, and

(3.18) [AR(A, A)llLx) < M, Aell
for some constant M > 1. Then, A is a sectorial operator.

Proof. The same argument as in the proof of Proposition (which uses Lemma [2.1.11])
shows that the open ball B(w =+ ir, |w + ir|/M) is contained in p(A) for each r > 0. Since
|w+ir| > r, the union of such balls and the halfplane IT properly contains the sector ¥gg,,,,
where 09y, = m —arctan(2M/). Observe that each A € X, ,,, with Re A < w can be written
in the form A = w +ir — (2M)~!(0r) for some 6 € [0,1). Moreover, since

R(M\A) = R(wxir, A)(I — (M) '0rR(w + ir, A))™*
and ||(I — (2M)'0rR(w £ ir, A)) | nx) < 2, it follows that

2M 2M 4M?% 41
< <
lwxir] = r = | A—uw]

IR, Al <

On the other hand, if A € Ygg,,, with ReA > w, then from (3.18) it follows easily that

IR, A)||nx) < M]A —w|™! and this completes the proof. O
We conclude this lecture with two important remarks.

Remark 3.2.9. (i) In this and in the previous lecture we have dealt with compler Ba-
nach spaces. In particular, the sectorial operators have been defined through an
integral on an unbounded curve in the complex plane.
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As a matter of fact, in many applications one has to deal with closed operators A on
real Banach spaces X. This (apparent) difficult can be overcome by complexifying
both the Banach space X and the operator A. The complexification X¢ of X is
the set X¢ = {z + iy : =,y € X}, which is a Banach space when endowed with
the norm ||z + iy||§ = sup_,<g<, ||z cos@ + ysind| for every x + iy € X¢ and the
operations (z1 + iy1) + (x2 + iy2) = (1 + x2) + i(y1 + y2) and (A + iXe) (21 +
iy1) = Mxy — Ay + i(Myr + Aexq) for every xy + iyp, xo + iys € Xc and every
A1 +iAy € C. (Note that in general the map (x +iy) — +/||z[|?> + ||y||? is not a norm,
in general, see Exercise . The complexification of the operator A is the operator
Ac : D(Ac) C X¢ — X, defined as follows; D(A¢) = {z + iy : v,y € D(A)} and
Ac(x 4+ iy) = Ax + 1Ay for every x + iy € D(Ac). Clearly, if we identify X with the
set {x +1i0 : © € X}, then the restriction of the operator A¢ to X is the operator A.

Suppose that the operator Ac is sectorial in X¢ and denote by {7 (¢)} the associated
analytic semigroup. We claim that it leaves X invariant. To prove the claim, it turns
out useful to replace the three curves used to define each operator T'(¢) by the union of
the two curves v_ and 7, where 74 : [0,00) — C are defined by v+ (p) = w+1+ pet?
for every p > 0. For each t > 0 and x € X it holds that
Te(t)x = i @t e R(w + 1+ pe?, Ac)x
2mi J

— et R(w + 1+ pe Ac)x]dp.
Note that e’ R(w 4 1 + pe'®, Ac)x — er'*’ R(w + 1 + pe~, Ac)z belongs to iX, so
that T¢(t)z belongs to X. Indeed, it is easy to check that, if we set z +iw = z — iw

for every z 4+ iw € X¢, then R(\, Ac)x = R(\, Ac)x for every A € p(Ac) and z € X.
Thus,

" R(w + 1+ pe®, Ac)x — epte’ R(w + 1 4 pe ™™, Ac)x

=" R(w+1+ pe, Ac)z — e”*" R(w + 1 + pei?, Ac)x
:2iIm(e'Dt€wR(w + 1+ pe® Ac)z),
where Im(x 4 iy) = y for every = + iy € Xc.

If we set T'(t) = Tc(t)x for t > 0, then we define a semigroup of bounded operators
in X, which satisfies the properties that we have established so far.

From this and the previous lecture, a very crucial difference from strongly continuous
semigroups and analytic semigroup arises: the analytic semigroups take a datum z in
the space X and make it smoother (indeed, T(t)z belongs to [,y D(A*) for every
t > 0). Strongly continuous semigroups do not enjoy this property. Think for instance
to the semigroup of left translations on X = BUC(R?). Since T'(t)f = f(- +t) for
every t > 0, T'(t) has no smoothing effects on f. For this reason, as we will see in the
next lectures, analytic semigroups are naturally associated to solutions to parabolic
equations.
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3.3 Notes

As we will see later on, most parabolic problems are based on the theory of analytic semi-
groups. We mention here that the characterization of the sectoriality of a given operator
A involves only a single resolvent estimate, see Proposition [3.2.8 This should be com-
pared with the Hille-Yosida theorem, which characterizes the infinitesimal generators of
Cy-semigroups. We also mention that the single resolvent estimate, which a sectorial oper-
ator A should satisfy, yields regularity properties for the solution to the associated Cauchy

problem
{ uw'(t) = Au(t), t € (0,00),
u(0) ==z

which is u = T'()z, see Theorem [3.2.2(i).
For more details on sectorial operators and analytic semigroups, we refer the reader, e.g.,
to [1-5].

3.4 Exercises

1. Prove formulas (3.8) and (3.10]).

2. Let A: D(A) C X — X be sectorial, let @ € C, and set B : D(B) := D(A) — X,
Br = Ax —ax, C : D(C) = D(A) - X, Cx = aAz. Prove that the operator B is
sectorial, and that the associated semigroup {S(¢)} is defined by S(t) = e *T(t) for
every t > 0. For which « the operator C' is sectorial?

3. Let A: D(A) C X — X be sectorial and let x € D(A) be an eigenvector of A with
eigenvalue A.
(i) Prove that R(u, A)x = (u— \) "'z for every u € p(A).
(i) Prove that T'(t)x = ez for every t > 0.
(iii) Prove that if A and —A are sectorial operators in X, then A is bounded.

4. Let Xy, k =1,...,n be Banach spaces, and let A, : D(Ay) — X}, be sectorial operators.
Set

n

X=1[X. D) =]]DA,

k=1
and A(z,...,x,) = (A121, ..., Ayxy,), and show that A is a sectorial operator in X,
endowed with the product norm ||(z1,...,z,)|| = O_r_, kaHQ)l/Q.

5. Let X be a real Banach space. Prove that the function f : X x X — R defined by
|]|2 + ||y||? for every x,y € X, does not satisfy, in general, the homogeneity

property.
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Prove that if A with domain D(A) generates a Cy-group on a Banach space X,
then A? generates an analytic semigroup on X.

Prove that the operator Af = f’ for f € D(A) = W'P(R) generates a Cy-group
on LP(R), 1 < p < oc.

Deduce that the operator Bf = f" for f € D(B) = W??(R) generates an analytic
semigroup on LP(R), 1 < p < oc.

Prove that the operator Af = f” for any f € D(A) = CZ(R) is sectorial in Cy(R)
and, hence, generates an analytic semigroups.

Prove that the operator Af = f” for any f € D(A) = {u € C%([0,1]) : u(0) =
u(1) = 0} generates an analytic semigroup in C([0, 1]). Is this semigroup strongly
continuous?

Prove that the operator Af = f” for any f € D(A) = {u € C{([0,1]) : «/(0) =
u'(1) = 0} generates an analytic semigroup in C([0, 1]). Is this semigroup strongly
continuous?
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Lecture 4

The heat equation and the
Gauss-Weierstrass semigroup in

Cy(RY). Part 1

This lecture is the prelude to the analysis of parabolic equations in the whole space and in
bounded domains. We will deal with the homogeneous Cauchy problem

(4.1) { Dyu(t,z) = Au(t,z), t>0, z€R

u(0,z) = f(x), r € RY,

where f € Cy(R?) (the space of all the bounded and continuous functions f : R — R).

The Laplacian is the prototype of a uniformly elliptic operator with bounded coefficients
in R? and it has the peculiarity that, for every f € C,(R?), there exists an explicit formula
for the classical solution (see the forthcoming Definition . This greatly simplifies the
analysis of the nonhomogeneous Cauchy problem

(42) { Diu(t,x) = Au(t,z) + g(t,x), t>0, =€ R4,

u(0,2) = f(x), r € R4,

as we will see.

In this lecture we will use also the space C¢(R?) (a > 0) of all the functions f € C*(R?)
which are bounded and admit bounded derivatives up to the order [a] and their derivatives
of order [a] are (a — [a])-Hélder continuous in R? (if o € N). This is a Banach space when
endowed with the norm

Iflepea = D

181<[e]

’f

o+ >[5

© |ge LY ]C"‘[‘*“Rd)

where [g] ca—fo](rd) = SUP {M cx,y €ERY, A y}

lz—y|o—[e]

47
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4.1 The heat equation in R?. Classical solutions: ex-
istence and uniqueness

Definition 4.1.1. A function u : [0,00) x R? — R is a classical solution to problem (4.1))
if (1) u € C([0,00) x R?), (ii) it is continuously differentiable in (0,00) x R¢, once with
respect to the time variable and twice with respect to the spatial variables, (iii) it satisfies
the differential equation and the initial condition in (4.1)).

We now introduce the so-called fundamental solution to the differential equation in

(4.1), i.e., the function K : (0,00) x R? — R defined by

a _|z|?

(4.3) K(t,r) = (4nt)"2¢ ar t>0, r€R
and study its main properties.

Lemma 4.1.2. The following properties are satisfied.

(i) K € 0((0,00) x RY);

(ii) K(t,x)dx =1 for allt > 0;
Rd

(iii) D;K(t,x) = —%K(t,x) for all (t,z) € (0,00) x R%;

(iv) DyK(t,z) = (i—f; . %’)K(t,x) for all (t,z) € (0,00) x RY;

(v) D;K(t,z) = AK(t,x) for all (t,z) € (0,00) x R<.

Proof. We limit ourselves to proving property (v), since the remaining ones are straight-
forward to prove.
From property (iv) it follows that

AK(t,z) = <— — —)K(t, ), (t,r) € (0,00) x R%.
On the other hand,
DKt 2) = —d(dmt)-412me= 5 4 (amy- 220 -5 — (1FE 4 ey
AT 412 42 2t ’

for all (t,7) € (0,00) x R%. Property (v) follows at once. O

Now, we can prove the existence and uniqueness of a classical solution to the Cauchy
problem
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Theorem 4.1.3. For each f € Cy(R?), the Cauchy problem (4.1)) has a unique classical
solution u given by the following formula:

f(x), t=0, z€R%

(4.4) u(t,z) =
K(t,x —y)f(y)dy, t>0, z€&R%
Rd

Moreover, ||u(t, )||oco < || flloo for all t > 0.
Proof. To begin with, we observe that, if u is given by (4.4)), then

it <| [ K(ta =) say
Rd
<l [ Kta =)y =l [ Kt n)dn = 1]

for every (t,x) € (0,00) x R% by property (ii) in Lemma [1.1.2] It thus follows that
lu(t, oo < ||flloo for all ¢ > 0 as claimed.

Next, we observe that, since K € C*®((0,00) x R?) (see Lemma (i)), by the dom-
inated convergence theorem we conclude that u € C*°((0,00) x R?), see Exercise
and

Dyu(t,z) — Au(t, z) = /Rd(DtK(t7 v —y)—AK(t,z—y))f(y)dy =0

for every (t,z) € (0,00) x R?, thanks to Lemma [4.1.2v).

To prove that u is a classical solution to problem (4.1) we need to show that u is
continuous on {0} x R where it equals the function f. For this purpose, we fix ¢ > 0 and,
using the fact that [y, K(t,2)de =1 for all t > 0, we split

uttea) = el =| [ Kleofla =)y~ [ Kt m) i

< [ Kl =9) = sl dy
< [ Ktalfe =) = 1@l dy-+ 1£w) = )

for #, 29 € R By the change of variable z = y/v/t we can rewrite

[S]ISW

| K= = fldy =m) [ @ = Vin) = sl

2
2]

/B ¢ V) - f@

[N]IsH

—(4m)”

d
2

+ (4m) / e\ f o - VEz) — f(a)|d
RN\ B(0,r)
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2
2]

<(4m)~* / ¢ U VR - f@e

(4.5) +2(47r)‘5|!f||oo/ e T dz

R4\ B(0,r)

for each r > 0. Fix ¢ > 0. By the absolutely continuity of the measure e‘|z|2/4dz, we can
find out ry > 0 such that

2
=]

2(4m) 4| flle / Ly <

R\ B(0,ro)

DN ™

As far as the first term in the last side of is concerned, we notice that since f
is continuous in RY, it is uniformly continuous in each compact set K of R?. Hence, if
r € B(xg,1), z € B(0,79) and ¢ < 1, then both 2 — v/tz and x belong to K = B(0, M)
where M = |zo| + 1+ 7¢. Let 6 > 0 be such that |f(z2) — f(21)]| < e/21if 21, 29 € K satisfy
|zg — 21| < 6. It <t := 8%y 2, then |f(x — Vtz) — f(x)| < /2 for all z € B(wxo,1), so

that
/ 122
e 1 dz
B(0,r)

22
§§(47r)—3/ S
2 ]Rd 2

e,

amt [ ) )e-f|f<a: Vi) - f(a)|dz <5 (4n)

and we conclude that |u(t, x)— f(zo)| < e+|f(z)— f(xo)| for every (t,z) € (0, o] x B(xg,1).
It thus follows that

limsup [u(t,x) — f(zo)| < e
(t,x)—(0,z0)

and the arbitrariness of £ > 0 implies that u(¢, z) tends to f(xg) as (t,x) — (0, o).
To complete the proof, we observe that the uniqueness of the classical solution to the

Cauchy problem (4.1)) is implied by the maximum principle in Exercise .. ]

Remark 4.1.4. Up to now we have just verified that formula defines the (unique)
classical solution to the Cauchy problem . A natural question is how formula
can be derived. The (formal) answer is based on the use of the Fourier transform. For
each f € L*(RY) U L=(R?), the Fourier transform of f is the function F(f) defined by

o0

F()(E) = (2m) / N f(2)dr, € ERY

o0

where (-, -) denotes the Euclidean inner product of R?. We recall that

F(D;f)(§) = i§F(f) (), ¢eRY j=1,....d,

for every smooth enough function f. If we take the Fourier transform of both the sides
of the equation Dyu = Awu with respect to x and interchange the actions of F and the
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time derivative, then we deduce that the function u, defined by u(t,&) = (F(w(t,)))(€)
for every t > 0 and ¢ € RY, solves the Cauchy problem
—l¢lPact,€), (t,€) € (0,00) x RY,

Dta(t7§> i
u(0,€) = f (&), § €RL

This is a Cauchy problem for an ordinary differential equation, since £ plays the role of a
parameter, and it is easy to see that

(4.6) at,e) =efe), >0, EeR™

To get back to u, we take the inverse Fourier transform of the right-hand side of ,
recalling that the inverse Fourier transform of the product of two functions is the convolu-
tion of the inverse Fourier transforms of the two factors, and the inverse Fourier transform
of the function & — e "€ is the function z — (4t)~%2e~1#I’/(4) for ¢ > 0.

The results in Theorem [4.1.3| can be rephrased in the semigroup language. More pre-
cisely, if for each f € Cy(R?) and t > 0 we set T(t)f = wu(t,-), where u is the unique
classical solution to problem , we define a semigroup of bounded linear operators in
Cy(RY), usually called the Gauss-Weierstrass semigroup. Indeed, the uniqueness of the
classical solution to problem for each f € Cy(R?), implied by the maximum principle
in Exercise [L.44] shows that each operator T'(t) is linear on Cy(R?). It also implies the
semigroup rule, i.e.

T(t+s)f =T)T(s)f, f € CRY, t,s>0.

In other terms the value at time ¢ of the classical solution of problem (4.1)) with initial
condition T'(s)f at time zero coincides with the value at time ¢ + s of the classical solution
to problem (4.1) with f as initial condition at time zero. Moreover, for t > 0 and = € R?,

vl

K(t,z —y) f(y)dy, t>0, zeR’
Rd

(4.7) (T(8).f) () = (4mt)~

The Gauss-Weierstrass semigroup is not strongly continuous. It turns out that 7'(¢)f
converges to f in Cy(R?) as t — 0" if and only if f € BUC(R?). Indeed, adapting the
arguments in the last part of the proof of Theorem [4.1.3] we can easily show that, if f is
uniformly continuous in R%, then T'(t)f converges uniformly in R¢ to f as t tends to 0F.
Conversely, the forthcoming Proposition shows that T'(t)f € C}(R?) for each ¢ > 0.
Hence, if T'(t) f converges to f in Cy(R?) as t — 07, then f belongs to the closure of C} (R?)
in Cy(RY), which is BUC(RY).

On the other hand, as the following theorem shows {7'(¢)} is an analytic semigroup.

Theorem 4.1.5. The Gauss-Weierstrass semigroup is analytic in Cy(R?).

To prove the theorem, we need the following result.
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Lemma 4.1.6. Let I C R be an interval and let 1 : I x R* — R be a continuous function
such that || (t, )|l < g(t) for each t € I and some function g € L*(I). Then, the function
U :RY = R, defined by

U(x) = /]1/1(15, x)dt, z € RY

18 bounded and continuous and
(4.8) (T(t)¥)(z) = /(T(t)l/)(S, ) (x)ds, t>0, zeRL

Proof. The dominated convergence theorem shows that the function ¥ is well defined and
belongs to Cy(RY) and formula (4.8) follows from Fubini theorem. Indeed, the function
(s,y) — e 1o~/ (s o)) belongs to LY(I x RY) for each 2 € R%. Hence,

/R e ( /I b(s,y) ds)dy

/Ide e (s, ) ds dy = (47rt)g/1ds/Rd T (s, ) dy
= [t s

1

ol

(T(1) V) (x) =(4mt)”

[NJisY

=(4nt)”

for t > 0 and = € R?, and we are done O

Proof. We denote by II the right-halfplane, i.e. the set of all A\ € C with positive real part.
For each A € II, we introduce the operator R, defined by

(Raf)(z) = / TeMTWH@d,  ceRY f e GREC),

Observe that, by the dominated convergence theorem, R, f is a bounded and continuous
function in R for every f € Cy(R?% C) and A € II. Moreover, Ry is a bounded operator
for every A as above. Finally, if f is real valued and A > 0, then R, is real valued too.

It is easily seen that {R) : A € I} is a resolvent family: indeed, taking Lemma [4.1.6]
into account, we can show that, for every A, u € II, it holds that

(mar ) = [ (10 [T e ds)a i
_ /O ot /O M (Tt 4 ) ) () ds

:/0 e " (T(o)f)(z)do /00 e Nt = /000 e " (T(o)f)(z)—————do
1
= A BN)@) = (Ruf)(@)]
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for all z € R%. Let us prove that R, is injective for each A € II. For this purpose, we
fix \g € II and f € Cy(R?) such that Ry,f = 0. The resolvent identity proved above
shows that Ryf = 0 for each \ € II. Since, for every x € R%, the function A — (Ryf)(x)
is the Laplace transform of the bounded and continuous function t — (T'(¢) f)(x), by the
uniqueness of the Laplace transform, we conclude that (7'(¢) f)(x) = 0 for all t > 0. Taking
t = 0 we conclude that f(z) = 0. The arbitrariness of x € R? implies that f = 0. Hence,
R, is injective.

By Proposition [A.3.1] it follows that there exists a closed operator A : D(A) C
Cy(R%,C) — Cy(R% C), whose resolvent set contains the right-halfplane, and such that
R(M\, A) = R, for each A € II.

We claim that A is a sectorial operator. To check the claim, we will show that there
exists a positive constant C' such that

(49) HR()\, A)HL(CI,(RUZ,(C)) < C‘)\’_l, AeC, Rex > 1.

Indeed, from and Proposition , the sectoriality of A follows at once.

We begin by observing that, for each f € Cy(R?) and x € R? the function t
(T'(t)f)(x) can be extended to the right-halfplane with a holomorphic function. Indeed,
for z € R?, the function K(-,z) : II — C, defined by K(z,z) = (4mwz) ¥2e~1#1°/(42) ig
holomorphic in II. Moreover, K(z,-) € L}(R? C) for every z € II and

ol

|K(z,2)|de = (%)_ , z e IL
Rd ||
Hence, the function
(4.10) x> (T(2)f)(x) = » K(z,x —y)fy) dz

is well defined, bounded and continuous in R?, for every z € II, as it can be easily seen
again applying the dominated convergence theorem. Moreover,

_d
Rez\ 2

IT(2) oo < (—) e, zell

||

In particular, if for each ¥y € (0,7/2), we denote by Xy, the sector of all A € C\ {0} such
that |arg(\)| < ¥, then, from the previous estimate it follows immediately that

d
IT(2) |l ¢y ey < [T+ (tan(9o)) 4[| floo, z € Xy,

Now, we can prove (4.9). If A = a + iy with a > 1 and y > 0, then by Cauchy integral
theorem we have

(RO A)f)(x) = / TN ) ) di = / e (T()[)(x)dz,  zERY

o
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where 7y(s) = s — is for every s > 0. Therefore
IRO AN oo <28 [ 0055 < 2101
0

If y < 0 then one gets the same estimate replacing the curve v with the curve 7, defined
by Y(s) = s + is for every s > 0. Estimate follows.

Denote by {S(t)} the analytic semigroup generated in Cy(R?, C) by A. By Proposition
2.1.12] if A € C has sufficiently large real part, then

/0 T NS () dt = (RO, A)f)(x) = (Raf)(x) = / NI f) (o)
for z € RY, i.e.

/OOO e M(S(t) f)(z) — (T(t)f)(z)] dt = 0, -

Again, the uniqueness of the Laplace transform implies that S(¢)f = T'(¢t)f in (0,00). We
have so proved that the Gauss-Weierstrass semigroup is analytic in Cy(R?). [

Remark 4.1.7. Without much effort, we can show that the sectorial operator A associated
with the Gauss-Weierstrass semigroup is an extension of the operator (A, CZ(R?)). Indeed,
fix f € C}(R?). Recalling that each operator T'(t) commutes with the Laplacian and
integrating by parts, we get

(R(L A)(f - Af))(x) = / T T - A () di
- / T (T ) (@) — (AT f) () de

- / T e (T(0) ) () dt / T e DI ) () di
—(R(LAYf)(x) + f(z) — (R(LA)f)(x) = f(x)

for z € R% Hence, R(1,A)(f — Af) = f. Applying the operator I — A to both the sides
of the previous equality we obtain f — Af = f — Af, ie., Af = Af. Therefore, A is an
extension of the operator (A, CZ(RY)).

If N =1, then A actually coincides with the second order derivative with CZ(R) as
domain. On the other hand, if N > 2, then A is a proper extension of (A, CZ(R%)). In
fact, D(A) = {u € C,(RY) NW2F(RY), for all p € [1,00), and Au € Cy(R?)} and Au = Au

for each uw € D(A). The proof of the above characterization of (A, D(A)) is beyond the
purposes of this lecture. We refer the interested reader to |1, Proposition 4.1.10]
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4.1.1 Estimates of the spatial derivatives of T'(¢)f
To begin with, let us consider the following lemma.
Lemma 4.1.8. Fizt >0, a € R?, k € N. Then,
0, k odd,
(4.11) / (@) Kt a)dr =4 @m) .
Rd Wt |Cl| s

k=2m, meN.

Proof. Fix A > 0, t > 0 and observe that

22
.
T

1 2|2
(4.12) / ANV K (¢, 2)dr = 7 / Moo= gy =
Rd (4mt)2 Jra

Note that

2 . 2
a5 — (2 —Nay vt 2,2 2,2 _§2 2,2
/e“l‘” it dx :/e <2\/f a“[> et da, = e “lt/ e~ 2V/tds = VAnteN %t
R R ( Vi) R

T

— % as
=371 Aai Vit

fori =1,...,d. Replacing this formula in (4.12)), we obtain
/ MK (t, 3)da = 1o
Rd

Differentiating k-times with respect to A both sides of the previous formula and then
computing the so obtained derivative at A = 0 gives

(aa_;etﬂﬁ) e /R () (1, 2)d

Now, an easy computation yields

ak O, k Odd,
(—et’\2|“2> =9 (2m)
ONE |A:0 W'tm|a|2m, k=2m, m €N,

Proposition 4.1.9. The following estimates hold true.

(1) VT () flloo < fort >0 and f € Cy(R?);

\/—||f||oo

V1490
(i) ||DijT<t>f||oog%nf||m fort>0, f € CyRY) andi,j=1,....d;

(iif) [ Dy T () flloe < Vafllss fort >0, f € Cy(RY) and i, j=1,....d;

\/— —=I
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1

NG (14 6 + 650 + O + 265052 flloe for f € Cy(RY) and

(1v) [[DieT () flloo <
iik=1,....d:

S

1+ 650
() 1T flke < Y28V, o fort >0, f € CHRY and i, jil=1,.....d;

(Vi) || DijrT'(t) flloo < flloo fort >0, f € Cf(Rd) and i,j,k=1,....d.

1
EHDZ
Proof. (i) Fix f € Cy(RY). By differentiating under the integral sign and taking Lemma
[4.1.2] into account, we get

V10N =(Ve [ K= i) 0) = [ Tk =) )y

Rd
r—=y
—— [ S K - ) f)dy
]Rd
for all t > 0 and z € R%. It thus follows that
1
(V. T(t)f)(x),a) = ~5 /d(x —y,a)K(t,x —y)f(y) dy, t>0, a,r € RY,
R

and, consequently, using Cauchy-Schwarz inequality and (4.11]), we conclude that

|<(VxT(t)f)(x),a>\2=i(/ (o — ) EGr = VR — ) >dy)2

4t2
<o [ = PR =y [ Ko=)ty
—|a|2/ Kt = )(f () Py
<Ll
for all t > 0, a,x € R%. Taking a = (V,T(t)f)(z), yields

(VTN @) P

[\>|H

(Vo T(6))(@)]* <

So, property (i) follows.
(ii) Fix f € Cy(RY). Applying Lemma [4.1.2(iv), one obtains, using again Holder’s
inequality,

2

(DTt f)(@)]* =

Yiy; Oy
— YK _

< [ - pra [ (2% -2 K

Rd
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YT AN
<z [ (Y- %) K, y)a
<UfE [, (% - ) Ky
0ij

i
U1 (g [ st nan+ 3 - 5 [ wknay).

Now, if ¢ = j, then by (4.11]) with £ = 2,4 and a being the i-th element of the Euclidean
basis of R?, we get

(4.13) @ [ pxepdy=2 0 [ K- 12
R4 Rd

On the other hand, if 7 # j, then, using the one-dimensional version of formula (4.11)),
we get

2,2 Zi Ji
yiy-K(t,y)dy=< y)( /y ~aid ) ( /e 4tdyh)
/Rd ! VAart 4 i€ Yi oy V4
(4.14) =4t
Hence,
1 o
1 ) 5 5” Ea ¢ 7é Js
o /. vy K(t, y)dy+4—t2—4—t3 dyiyjK(t,y)dy— L
@7 =7

Property (ii) follows.
(iii) As it is immediately seen, if f € CL(R?), then (D;T(t)f)(z) = (T(¢)D;f)(z) for
(t,z) € [0,00) x R? i = 1,...,d and, consequently, thanks to property (i), we can estimate

DT #)lloo = DT (#)Dj flloo < [[VaT(#)Djflloc < Voo

1 1
— IDi ]l € ——
1Dl < =
and we are done.

The proofs of (iv), (v) and (vi) are left to the reader as an exercise, see Exercise
4215 [

Remark 4.1.10. From Proposition [4.1.9((ii), it follows that AT'(¢) is a bounded operator
in Cy(RY) for every t > 0 and

d
(415) HAT(t)HL(Cb(Rd)) < 7, t> 0.

2
Now, we want to prove estimates similar to those in Proposition [4.1.9) when Cj(R?),
CHRY) and CZ(RY) are replaced by some subspaces of Holder continuous functions. For
this purpose, we need the following preliminary result.
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Lemma 4.1.11. For every 6 € (0, 1) there exists a positive constant C' = C(6) such that
(4.16) 1fllcsey < ClAlE @eylFI7 f e Cy(RY).

Proof. Fix z,y € RY. Using the mean value theorem, we can estimate |f(z) — f(y)| <

IV flloclz = y|. Moreover, |f(z) — f(y)| < [f(z)]+[f(y)] < 2[|fl|. Hence, writing |f(z) —
f)=1f(x)— f)°|f(x) — f(y)|*? and using the previous estimates, we conclude that

[f (@)= f(y)] < 2PNV IS FllS o —y|°, which shows that [f]ee@ay < 2"V AN F11557
Now, estimate (4.16]) follows at once. ]

Using the previous lemma and Proposition 4.1.9, we can now prove the following result.

Theorem 4.1.12. For every 0 < a < 6 < 3 and T > 0 there exists a positive constant
Cop,r such that

(4.17) IT(®) Flosee) < Caprt™ = | Flleg e, te(0,7], feCpRY.

Proof. Fix T > 0. In view of Proposition 4.1.9, we can confine ourselves to the case when
at least one between o and 6 is not an integer. The crucial point is the proof of (4.17))
with a € (0,1) and # = 1. For this purpose, we observe that

1 ly— z\
DT (t ) L— s —T)e dy, t >0, RY i=1,...,d
(DTN = s | = m)e 5 )y e R,
As it is immediately seen,
_wi—wy)? .
/(yz‘—%’)e w dy; =0, 1=1,...,d,
R
whence
_ly=al? _ize)® 1>
/ (yz - :{,’7;)6 a dy = /(y - xz dyzH/ dy] = 0.
R4 R
J#i
It thus follows that
1

((DiT(8)f) ()] =

[ =20 ) - st

2t (4rrt) /2
1 _ly—=|
S%@iﬁﬁ/|%—%k ’

<2t(47rt a7z lep e / ly
1 aa fre I

for all x € R? and ¢ > 0. We thus conclude that ||V, T( Vflso < cott@™D /2||f||ca(Rd for all
t > 0. Since ||T(t) f|loo < || f|loo for t > 0, estimate ) follows at once in this case.
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Using the semigroup rule and Proposition [4.1.9(i) we can prove (4.17) with o = 2 and
0 = 3. Indeed, we can estimate

1D T(E) flloe =[1Di;T(¢/2)T(/2) flloo = 1D:T(/2) DT (t/2) f ||
<IDiT(t/2)]| Loy @an 1D T(t/2) flloo < cut> ™ [flep @ay
for all ¢ > 0. Similarly, using Proposition [4.1.9(ii) we get
1DijeT(t) flloo =IIDiT(t/2) DiT(t/2) flloo < D T(E/2)|1c,mapl| DrT'(t/2) flloo
=3
<t T [flesma
forallt > 0,1,5,k=1,...,d.

Now, suppose that f € C¢(R?) for some a € [1,2). Since D;T(t)f = T(t)D;f for all

t>0andi=1,...,d, and D;f € C{ '(R?), we can estimate
IDGT () flloo = I1D;T()Dif lloo < Camat™ 2 [D; floa-1 gay

forallt >0andi,j=1,...,d. Since

d d
IT () fllepmay = ITE) fllso + D NDTE flloo = ITE Fflloo + > NTED; flloo < 1fllep ey
j=1 j=1
for all ¢ > 0, from the previous estimate, (4.17) with 6 = 2 follows. Similarly,
_3-a
1DijeT(#) flloo = I1DaT @) Diflloo < comrt™ 2 [floo-1(ray

forallt >0andi,j,k=1,...,d and ([.17), with § = 3 follows.

The proof of for a € [2,3) and § = 3 is completely similar and, hence, left to the
reader.

To conclude the proof, we should check for # ¢ N. For this purpose, it suffices
to apply Lemma To fix the ideas, we prove it for 6§ € (2,3) and « € (0, 1), but all
the other cases can be analyzed just in the same way.

By the above results, we know that

a—2
IT() fllezmay < Capt = || fllos@a, t>0

and

HT( )fHC3 R4) < Ca St Hf”ca (Rd) t > 0.
Moreover, from Exercise [£.2][7] it follows that

||T(t)f||cg(Rd) <O (0) 712520 1T 15
for each f € C2(RY), t > 0 and some positive constant Cp. Hence,
IT(t) fll g ray <Coll TS G tray IT @) f 152 e
<Co[Coat > Iflcpaa]”Coat T Ifllogenl™
=CoCl2C3 "t | fllop e
for all t > 0. This completes the proof. O
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4.2 Exercises

1. Prove that BUC(R?) is the closure of C}(R?) in Cy(R%).

2. Prove that the function z — T'(2)f, defined in (4.10) is holomorphic in the sector ¥
for every ¢ € (0,7/2).

3. Prove that the function

u(t, z) = K (tx —y)fy)dy, t>0,z€eR,

belongs to C°°((0, +00) x RY) for each f € Cy(R?).

4. Prove that the sectorial operator associated with the one-dimensional Gauss-Weierstrass
semigroup is the second-order derivative with CZ(R) as domain.

5. Prove properties (iv), (v) and (vi) in Proposition [4.1.9]
6. Use (4.9) and Proposition to prove that the operator
A+ b()V with domain D(A)

generates an analytic semigroup in Cy(R?), where b € Cy(R? R?) and A the generator
of the Gauss-Weierstrass semigroup {T'(t)} in Cy(RY).

7. Prove that for each 6 € (2,3) there exists a positive constant Cyp such that
I Fllog < Coll 102 F 12

for every f € C/(RY).
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Lecture 5

The heat equation and the

Gauss-Weierstrass semigroup in
Cy(RY). Part 2

In this lecture, we begin by proving that the Holder spaces can be characterized by means of
the Gauss-Weierstrass semigroup and, then, we study the nonhomogeneous heat equation.

5.1 Two equivalent characterizations of the Holder
spaces

Let us introduce the space Da(6,00).

Definition 5.1.1. For each 6 € (0,1), we denote by Da(f,00) the set of all functions
f € Cy(R?) such that

[flpa.00) = sup " PIAT(t) f|lo < o0.
te(0,00)

Remark 5.1.2. For each 0 € (0,1), Da(6, 00) is a Banach space when endowed with the
norm

[ Ia@o0) = I fllce + [flDa@.0), € Dal8,00).

To begin with, we prove the following (abstract) equivalent characterization of the space

DA(Q, OO)

Proposition 5.1.3. For each 6 € (0,1), Da(0,00) is the space of all functions f € Cy(R?)
such that

[N =supt*|T(t)f = fllo < 0o
>0
Moreover, the norm of Da(6,00) is equivalent to the norm || - ||oo + [[-]]-

63
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Remark 5.1.4. Since [|T(t) flloo < ||f]|oo for all £ > 0, it is immediate to see that [[f]]s < oo
if and only if

[ = sup t (| T#)f — flloo < 0.

te(0,1)
Moreover, the norms || - ||oo + [[-]] and || - [ + [[[-]]] are equivalent.

Proof of Proposition [5.1.5 Suppose that f € Da(f,00). Then, in view of the fundamental

theorem of calculus we can write

TONE) - TENE = [ (DTN = [ (AT s

for 0 < e <t and z € R Since, by assumptions [|AT(¢)f|lec < t*7[f]pa(o,00) for t > 0,
from the previous formula we can infer that

(1)) = @ONE] < lpsne) [ s = oyt (¢~ ).
Letting € tend to 0" shows that

(5.1) [1le < 07 [F1Da(6.00)-

Vice versa, let us suppose that [[f]ly < oo and let us prove that f € Da(6,00). For
this purpose, we split

B 1
t—¢

1
t—e¢

(5.2) () /(f(x)—(T(S)f)(fC))d8+ /(T(S)f)(w)d&

for 0 < e <t and € R%. Applying AT(¢) to both the sides of the previous formula, by
dominated convergence we obtain

53) AT = - (370) [ =16 s )+ (870 [ 16535 ) o)

— &

Taking (4.15)) into account we can estimate

d t?

(5:4) S\/5(1 +o)t—e¢

[[£1lo-

As far as the second integral term in ([5.2]) is concerned, we observe that Proposition
and the dominated convergence theorem show that the function = — f;(T (s)f)(z)ds
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belongs to C7(R?). Since T(t) commutes with A on CZ(R?) and ||T'(t)| 1(c,®a)) = 1, we
conclude that

|t [ =2 [erenos|
e [@aenon]
— T Of - TE) )
<T@ - TE)
< (ITOf = floe + ITE)S = fl1)

(5.5) <ot + &)
From (f.3), and (5.5), we conclude that
d ¢

IAT(0) f]l < [[f]]e( (o + a@))

_|_
V2(1+60)t—e t—e¢

for every t > 0 and € € (0,t). Letting ¢ tend to 0%, from the previous estimate we can
infer that

JAT@) flle < [ (ﬁ N 1)
so that
d
(5.6) [f1pa@.00) < (m + 1> [[f]]e-

We have so proved that f € Da(6,00).
To conclude the proof it suffices to observe that (5.1)) and (5.6) show that the norms
I lloo + [+ ]1Da(0.00) and || - loo + [+ ]lDs(6,50) are equivalent. 0

Remark 5.1.5. In view of Proposition [5.1.3, Remark and the semigroup property,
it follows that Da(f,00) can be characterized as the set of all f € C,(R?) such that the
function ¢ — T'(t)f belongs to CY([0,00); Cy(R?)) for every T > 0, where, as usually, b
means bounded. Indeed, if 0 < s < t, and f € Da(6,00), then

1Tt f = T(5)flloe = IT)T(E = 5)f = fllloo < NT(t = 8)f = Flloo < [No(t = 5)".
We can now give an explicit characterization of the space Da (6, c0).

Theorem 5.1.6. For each 0 € (0,1)\ {1/2} it holds that Da(0,00) = CZ(RY), with
equivalence of the respective norms.
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Proof. We begin by observing that the embedding C2?(R?) — Da (6, c0) follows immedi-

ately from Theorem 4.1.12]
Conversely, assume that f € Da(f,00). We first consider the case § € (0,1) and

observe that for t > 0 and z,y € R? we can estimate ’
[f (@) = f)] <[(T@) ) () = f@)| + [(T@)f) (=) = (TE W]+ [(TEF)y) — fy)]
(5.7) <2{[MMpawect’ + [VaT () fllsolz =yl

We would like to take ¢ = |x — y|? in the previous formula. Unfortunately, the estimate
in Proposition M(l) is not enough sharp for our purposes. Indeed, using that estimate
we would get | f(z) — f(¥)| < 2[[f]pa .00l — y|?* + 2712, To overcome this difficulty, we
differentiate the formula

@wnm—@@mm:[ﬁuwnmw=[%w®ﬂmm

to get
(5.8)  (DI()f)(x) — (DI ) () = / ((DAT(s)f)()ds,  te(0.n), xR,

for every i = 1,...,d. Since f € Da(f,00), we can estimate |AT(t)f]loo < t771[f]s for all

t > 0. Hence, taking Proposition M(l) into account, using the semigroup property and
the fact that T'(t) and A commute on CZ(R%), we get

ID:AT(5) flloo =IIDiT(5/2)AT (5/2) flloe < 1 DT (5/2) || ey man AT (5/2) £l
(59) SCSQ_% [f]DA(G,oo)7

so that we may let n tend to oo in ([5.8]) to get

(D;T()f)(z) = — /t OO(DZ-AT(S) )(x)ds, t>0, reR?

and
* s _1
(5.10) DT () flloe < CIIfIIDA(e,oo)/ s""2ds = Cot" 2| fll ps(6.00)
t
forany 7 = 1,...,d. This estimate is what we need to prove that f is 20-Hélder continuous

in R?. Indeed, replacing in and taking ¢ = [z — y[?, we obtain |f(z) — f(y)| <
Collflsomls — 4P, so that f € CZ(RY) and ([l < Collflpsa We have so
proved that Da (6, 00) < CZ?(R?). This completes the proof in the case § < 1/2.

Let us now suppose that § € (1/2,1). As a first step, we prove that f € C}(R?). For
this purpose, we fix 0 < s < t and observe that

(DTt f)(x) — (DT(s)f)(z) = / (D,AT(r)f)(x)dr,  z€RY i=1,....d
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Using estimate ((5.9) we deduce that

A1) (DTN — (DTN < O Mspoa =5, Rl

This estimate shows that (V,T(1/n)f) is a Cauchy sequence in (Cy(R%))?. On the other
hand, applying with ¢t = |z —y| and Proposition 4.1.9|(i), we deduce that D (6, c0) C
BUC(R%). So, T(1/n)f converges to f uniformly in R? as n tends to co. As a byproduct,
we conclude that f is continuously differentiable in R%. Moreover, from it follows
that

(5.12) IDT(t)f = Diflloo < Colflpa@ont’ t>0, i=1,...,d

Hence, taking Proposition [{.1.9[(i) into account, we deduce that
- 1
(5.13) 1Diflloo < DT (1) f = Diflloc + [|DIT(1) flloo < Colf]pa(0,00) + EHfHoo

for every i = 1,...,d. So, f € C}H(R?).
Fix i € {1,...,d}. Since f is differentiable in R?, taking (5.12)) into account we can
estimate

Dif () — Dif(y)| <|(DiT(8)f) () — Dif ()] + [(DT (1) f)(x) — (DT() f) ()]
+ (DT () f)(y) — Dif ()]
(5.14) <2C4[flpa@oyt’ 2 + IV DT (t) flloolz — yl.

With the same arguments used to prove ([5.9)), we can show that
(5.15) IDi;AT(5) flloe < C5"2[flpa@oc), 5> 0.

Therefore, since
(DZ]T(t)f)<C(]) = — /OO(D”AT(S)f>(ZE)dS, t> O, x € Rd,

using (5.15)) we obtain that [|V,D;T(t)f]lc < 69t9*1||f||DA(9700). Replacing this estimate
in (5.14), we get
~ 1 A e
|Dif () = Dif ()] <2Co[f1pa@ocrt’ 2 + Cot" | | Dato.o) |z — 0l
for z,y € R% and t > 0. Taking t = |z — y|? we can infer that

(5.16) [Dz'f]cg"*l(]gd) < (209 + aH)HfHDA(@vOO)

From (5.13) and (5.16) we conclude that D;f € C2’~*(RY) and ||Dz~f||05971(Rd) <
Kol fllpaco,00) for every @ = 1,....d. The inclusion Da(f,00) < CZ(R?) follows at
once. 0
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Remark 5.1.7. The previous theorem does not cover the case = 1/2. One may think
that Da(1/2,00) = CL(R?) or Da(1/2,00) = Lip,(R?) (the space of bounded Lipschitz
continuous functions f : R — R). But this is not the case. Indeed,

DA(2,00) = {1 € R LV H IO =2t ) )

zFy lz —yl

and Lip,(R?) is one of its proper subspaces (see e.g., [4]).

We are going to prove that the semigroup T'(t) leaves C¢(R?) invariant for any ¢ > 0
and a € (0,1).

Proposition 5.1.8. For each f € C&(R?) andt > 0, the function T'(t) f belongs to Cg(R?).
More precisely,

IT(t) fllop may < Cllf lce ray, t>0,
for some positive constant C, independent of f.

Proof. To prove the assertion, we observe that since T'(s) and A commute on CZ(R?) and
each operator T'(t) is a contraction in Cy(R?), we can estimate

IAT (s + 1) flloo = IT()AT (1) flloo < AT () flloo <27 [f]Da(a/2.00)

for all ¢, s > 0. Hence, [T(5) f]pa(a/2.00) < [f]Da(a/2,00) fOr any s > 0. Theorem allows
us to complete the proof. O

In terms of the bounded classical solution to problem (4.1]), the previous result says
that if f € C¢(R?) for some a € (0, 1), then u(t,-) € CF(R?) for any ¢t > 0 and

sup [ut, lco@ay < Cllfllop@ay

for some constant C'; independent of f.

5.2 Optimal Schauder estimates for solutions to the
heat equation in R?%: preliminary results

The following lemma plays a crucial role in the proof of the forthcoming Theorem [6.1.2]

Lemma 5.2.1. For each a € (0,1), there ezists a positive constant C' = C(«) such that

atl 1-a
(5.17) 197 e < O ch a1 oy € CEF(R)
and

5 -5 .
(5.18) IFlczmn < O Mg ol ey F € CEF2(RY)
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Proof. To begin with, we observe that it suffices to prove and - when d = 1.
Indeed, if d > 1, then it suffices to apply the one—dlmenswnal result to the functions
i f(o, .o i1, T, Ty, ) (= 1,000, d).

Since the proof is rather long, we split it into three steps. Throughout the proof, ¢
denotes a positive constant, depending on « but being independent of the functions that
we consider, which may vary from line to line.

Step 1. Here, we prove that

1
(5.19) (@) 19'lloo < llglle @9 ]cp Ry (i1) 119l < cllgl & Ig 9csr)

for every g € C}T*(R). For this purpose, we fix g € C;7(R) and use the fundamental
theorem of calculus to write

(5200 gly) = g(0) + / ")t = g(0) + ¢ O)y + / "Wt —gond >0,
and then estimate

g0 < ’M‘ +§/Oy l9'(t) — g (0)]dt < [glepmy™ " + lia

(07

/
lg ]og (R)-
Minimizing with respect to y > 0, we get

19 (0)] < ¢ [g]C“(R)[g]l_(R)

Next, replacing g by the function g, = g(- + x) and observing that [g.]ce®) = [g]co®) and
[9:]ce®) = [9']com), we immediately conclude that

l9'(z)| < cl9]Ge m) [9/]10}?R), r eR.

Finally, taking the supremum with respect to € R, estimate (5.19))(i) follows at once.
The proof of estimate (5.19))(ii) is very similar. Starting from (5.20)), we can infer that

1

2 (6%
1g'(0)] < §||g||oo + H——ay [gl]og(R)

for all y > 0. Again, minimizing with respect to y and then replacing g with the function
gz as above, estimate ((5.19))(ii) follows.
Step 2. Here, we prove that

(5.21) 19l < cllgllé R)Hg (5 g € Gy (R).

For this purpose, we fix g € CZ(R) and apply estimates (4.17)), with § = « and (5.19)(i)
to get

—

19/ lloo <cllgliee 91zt < cllglépm (19l 1%)"
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« —a)2 " a(l—
=c|lgllee @l 1l 1l
or, equivalently,

" |a(1—a)

a—a2 «
91127 < ellgllEe mllg 115

from which (5.21]) follows immediately.
Step 3. Here, we complete the proof of (5.17). We fix f € CZ™*(R) and use (5.21))
together with ( m )(ii) to estimate

1 o < CIIfllca(R T E C||f||ca Cor) (1 Ear; ]é*JZR))ﬂv

from which we deduce that

-«

T ISRER <cWﬂbam["V?&f“’

and ([5.17)) follows.

Step 4. Finally, here we check estimate ([5.18)) with d = 1. We use again Taylor formula
to get

9(y) = g(0) + g'(0)y + %g”(o)y2 + /0 y(g"(t) —¢"(0))(y — t)dt, y >0,
for any g € CZ1*(R). Hence,
" 2|g(y)_g( )l 2|g // /
/) <790 /| — g"(O)l(y — t)dt

QW”quwﬂyWMR+% ' lep | 10—t
0
<2y *[gleem + 2y 19 llee + cy*9"lcpm@)-
Now, using (5.17)) we can estimate

1y —1y 5=
v e <er™ o o 19 e
o— a+1 l1—a
=c(y*lgllegm) = Y llgllczrawy) 2
<c(y"llgllcpm + ¥ 19l czra @)

where we have taken advantage of the Young inequality a’b'=# < 8~'a+ (1 — 3)~'b, which
holds true for any a,b > 0 and 8 € (0,1), see Exercise
From the previous two inequalities we can infer that

19" (O] <2y *[glegm + 20 19 lse + (9" lcp ) < ey Pllgllep@ + ey llgllezrom)
Minimizing with respect to y > 0 we get
o 1—2a
19 (O] < ellgl o e 9l o

Replacing g with g, as in the proof of (5.17)) we can complete the proof. ]
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Remark 5.2.2. We stress that estimate (5.17) holds true also with o« = 0, as it can be
easily seen adapting the proof of the above lemma. The only difference is in the estimate
of the term y~!|g(y) — ¢(0)|, which now is bounded from above by 2||g||.cy .

5.3 Notes

The notation Da(6,00), used to define the space of functions f such that

sup Y| AT (1) oo < +o0,
t>0

may sound a bit strange, but it is the commonly used notation to define the so-called
interpolation space of order 6 between X and the domain D(A) of the generator of an
analytic semigroup. More precisely, if A is a sectorial operator, then D4(0,00) = {x € X :
(] DA(9.00) = SUPse(ory t' P |AT(t)z|| < +o00}. This is a Banach space when endowed with
the norm || - ||p,@.00) = || - [[x + [*]Da,00)- It can be proved that D4 (6, 00) coincides with
the real interpolation space (X, D(A))p, between X and D(A). See also Exercises [5.4]
and For further details, we refer the reader to [3].

Finally, the interested reader may find in [2] a very exhaustive and nice exposition of the
heat equation in the one dimensional case. For the multidimensional case we refer the
reader to [1].

5.4 Exercises

1. Prove the Young inequality

1 1
ab < —a? + -b?
p q
for any a,b > 0 and p,q € (1,00) such that 1/p+1/¢ = 1.

2. Prove that, for any a € (0,1) and T' > 0 there exists positive constants C, and C, 1
such that the interpolation estimates

(5.22) I¢llcarey < Ca ||C||2+“ ||C||é§ia ()’ ¢ € Cy (R,

(5.23) lellce o) < Carllells e ||<P||é+1"+a (0,7’ p € Gy ([0,T7),
(6529 lellcorory < CarlolE 015 mmpmy:  © € COT2(0,T))
hold true.

3. Prove the interpolation estimates

2+a—k

(5.25) 1 llopmay < Call flloc™ HfHéfzia(Rd), feC®Y), k=12,
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(5.26) Ifllopma < CallFlls £ 1l s f € G R,

C§+Q(Rd)’
for any o € (0,1) and some positive constant C,.

4. Let A be the infinitesimal generator of the Gauss-Weierstrass semigroup and 6 € (0,1)\
{1}. Prove that its part in C?(R?) (i.e., the operator Ajgzoray + Da(f + 1,00) =
{f € D(A) : Af € CH¥RY)} — CP(R?), defined by Ajczorayf = Af for any f €
Da(0 + 1,00)) is still sectorial and the analytic semigroup that it generates is the
restriction of the Gauss-Weierstrass semigroup to C2¢(R?). In the next lecture it will
become clear what D (0 + 1,00) is.

5. Foreach 2 € X +Y and t > 0 set

K(t2)i= _ inf (ol + tylly),

where X and Y are two Banach spaces endowed respectively with the norms || - || x and
| - |ly. For 6 € (0,1) define the set

(X, Y )00 := {z EX+Y :suptPK(t2) < +oo}.

t>0

a) Prove that

12]16.00 := supt PK(t,z), ze (X, Y )0.00,
>0

defines a norm in (X, Y ) .

b) Prove that (X,Y ) endowed with | - ||s,.c is a Banach space.

6. Let A be the generator of the Gauss-Weierstrass semigroup {7'(t)} in Cy(R?). Here
D(A) is endowed with its graph norm. With the notations of the above exercise prove
that

a) (Cp(RY), D(A))g.oo = Da(6,00) with equivalent norms.
Hints:
(i) using the characterization of Da (6, c0) in Proposition|5.1.3], prove that D (6, 00)
is continuously embedded into (X, D(A))g.oo;

(ii) prove that, if f € (X, D(A))o,00, then [f]ps,00) < K[f](x,D(4)). for some
positive constant K, independent of f;

b)

(CHRY, DU = { £ € R sup WIAR(L ) < 00} =
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and the norms || - ||p.- and
116,00 == [[flloc + iu[gAe\|AR(A,A)f||m, feA
>

are equivalent.
Hints: Adapt the idea of the proof of a).
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Lecture 6

The heat equation and the

Gauss-Weierstrass semigroup in
Cy(RY). Part 3

6.1 Optimal Schauder estimates

In this section we prove the fundamental optimal Schauder estimates for solutions to the
Cauchy problem

(6.1) { Dou(t,z) = Au(t,z) +g(t,x), t€ (0,T], =€ R,

u(0,z) = f(x), x € RY,

proving also that, under suitable assumptions on f and g, it admits a unique bounded
classical solution.

Definition 6.1.1. A function u : [0,7] x R? — R is called “a bounded classical solution”
to problem (6.1)) if (i) u € Cy([0,T] x R?) N CY2((0,T] x R?), (i) u(0,-) = f in R? and (iii)
u satisfies the differential equation in (6.1]).

To begin with, we introduce the following functional spaces that we use in this lecture.

Definition 6.1.2. For any a € (0, 1),

(a) C)¥([0,T] x R?) denotes the space of all the bounded functions f : [0,7] x RY — R
such that the function f(¢,-) is a-Holder continuous in R for any ¢ € [0,T]. It is a
Banach space with the norm

HfHCE’“([O,T]de) = ti}(l),pT] 1/ (2, ')HC;}(]Rd)

for each f € C*([0,T] x RY).
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(b) C°([0,T] x R%) denotes the space of all the bounded functions f : [0,7] x R? — R
such that the function f(-,z) is a-Hélder continuous in [0, 7] for any z € R?. It is a
Banach space with the norm

Hchg’O([o,T}XRd) = sup || f (-, 2)l[c= (o1
r€R

for each f € C*([0,T] x RY).

(c) Cg“/?’“([o, T] x RY) = 05/2’0([0, T) x RY) N CP([0,T] x RY). Tt is a Banach space with

the norm

I llegrzeomicmay = 1 llcgeqore + SURLFC @leerqomy
fAS

for cach f € C{7>%([0,T] x RY).

(d) ¢y ([0, T]xR?) denotes the space of all the bounded functions f : [0, T]xR% — R
which are once continuously differentiable with respect to the time variable and twice
continuously differentiable with respect to the spatial variables in [0, T x R? with D, f

and D;ju in C’;/Q’a([o, T] x RY) for any 7,7 = 1,...,d. It is a Banach space with the
norm

d d
LAl gavarzza o 1y ay = Flloo + D IDiflloe + Y 1D Fllcarzaorxray
j=1

ij=1

+ ||th||c;l/2’a([0,T]><Rd)

Remark 6.1.3. C*/22([0, T] x R?) can be also characterized as the space of all bounded
functions f : [0,7] x R? — R which are a-Holder continuous with respect to the parabolic
distance d((t1, 1), (t2, 29)) = /|ta — ta] + |za — 1 |? for every ti,ty € [0,7] and zq, 25 €
R

The aim of this lecture is to prove the following Schauder estimate for the solution to

@)

Theorem 6.1.4. For cach f € C2**(R%) and g € C2**([0,T] x RY), a € (0,1), the
Cauchy problem (6.1)) admits a unique bounded classical solution u. Further, u belongs to

C;JFQ/Z’QW([O, T x R%) and there exists a positive constant C, independent of u and f, such
that
(62) HuHCbH&/?ﬁQJFO‘([o’T]XRd) < C(HfHCf"'a(Rd) + ||g||C:/2’a([O,T]><]Rd)>‘

Remark 6.1.5. Estimate (6.2) is usually referred to as an optimal Schauder estimate. The
optimality comes from the following facts:
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(i) the first-order time derivative and all the second-order derivatives of the solution u
have the same degree of smoothness of the datum g;

(i) for any ¢ > 0, the function u(t,-) preserves the same regularity it has at ¢ = 0;

(iii) the assumptions f € C2**(R%) and g € C/**([0,T] x R?) are necessary for u to
belong to C) T/>2T([0, T] x R9).

Proof of Theorem[0.1.4]. To prove the uniqueness of the classical solution to problem (6.1)),
let us consider two bounded classical solutions u and v to (6.1)). Then u — v is a bounded
classical solution to

Dyw(t,x) = Aw(t,x), t€0,T], = €RY,
w(0,z) =0, r € R4

So, by Exercise [[.44] one obtains u = v.

As far as the existence part is concerned, we will show that the function u : [0, T]xR? —
R, defined by the variation of constants formula
(6.3)

u(t,z) = (T(t)f)(:c)—i—/o (T(t—s)g(s,))(x)ds =: ug(t, x)+uy(t, ), (t,x) € [0, T] xR,

solves problem and satisfies estimate (6.2). Throughout the proof, we denote by ¢
a positive constant, independent of v and f, which may vary from line to line. Clearly,
u(0,-) = f. Being rather long, we spit the rest of the proof into several steps.

Step 1. Here, we show that it suffices to prove that the function u given by formula
solves the Cauchy problem (6.1]), belongs to C*2([0,T] x R%) N C%*™([0,T] x R?)

and

(6.4) ||u||C,?’2+a([O,T]><Rd) < C(||f||c§+a(Rd) + ||9||c§va([o,T]XRd))-

Indeed, if the previous properties are satisfied, then, for any ¢,ts € [0,T], with ¢; < ¢,
and x € R, we can write

to
t1

u(te, ) — u(ty, z) = /t 2 Dyu(s, z)ds = / (Au(s,z) + g(s,z))ds.

1

Using estimate (6.4) we conclude that
[u(tz, ) = ults, )| < C(”f”cf*“(n@) + ”gHCS’O‘([O,T}XRd))lt? — t1].
Similarly,

|u(t27 ZL’) - U(tl,l‘) - u(t27 y) + u(tlvy)|

(Au(s,z) + g(s, ) — Au(s,y) — g(s,y))ds

t1
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< / “(|Au(s, ) — Aus,y)| + g(s,2) — 9(5,)])ds

t1

<c SBI;]([AU(@ Nog@ay +[9(t, )] comay) |z — y|*|ta — 1]
tel0,

SC(”JCH(JEW(W) + ”g”cgva([o,T]de)ﬂx —y|*t2 — t]
for all z,y € R?. Summing up, we have proved that
[ulta, ) — ults,)llep ey < clllflleg@ay + 19l coxomyrey) 2 — tal; 0<ty <t <T.
Using the interpolation estimate ([5.18)) together with (6.4)) we deduce that
a 1_a
lultz, ) = ulte, )llopmey Scllultz, ) — ults, )l G gallultz, ) = wlty, )l ol ga)
(6'5) SC(Hf||cb2+°‘(Rdl) + ||9Hcgva([o,T]de))‘t2 - tl’E

for all ¢1,t5 € [0, T]. Hence, for every z € R? the functions u(-, ), D;u(-, ) and Djju(-, z)
(i,j = 1,...,d) are a/2-Holder continuous uniformly with respect to z € RY. We thus
conclude that u € C2/**7([0, T] x R?) and, from (6.4) and (6.5), it follows that

oll o2 g sy < €1 oo + 191l gz o)

Since u is supposed to be a classical solution to the Cauchy problem (6.1), D;u = Au+ g
and, therefore, Dyju € C’,?/Za([(], T] x R%) and

||Dtu||cl?/2va([07T]><Rd) SC(||AUHC§/2’Q([O,T]XRd) + ||g||C§“/2’°‘([0’T}XRd))
<l Fllegre sy + 19l g2 o 2y )

From the previous two estimates, (6.2)) follows at once.
By Theorems [4.1.3| and |4.1.12} uy is the classical solution to problem ((6.1) with g =0
and

sup ||uo(t, -)||2+e < c||fll r2+e ray-
sup uoltslegeoqee) < el llgeoqee

Hence, to complete the proof we have to consider the function w; in (6.3), show that it
belongs to Cy*7*([0,T] x R?), is continuously differentiable with respect to t, solves the
Cauchy problem

Dyuy(t,z) = Auy(t,z) + g(t,x), t€[0,T], =R,
ul(O,I) = 07 x € Rd

and satisfies the estimate

(6.6) ||u1||03’2+“([0,T]><Rd) < CHchgva([o,T]de)'
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This is done in Steps 2 to 4.

Step 2. Here, we prove that u; is continuous in [0,7] x R% To begin with, we observe
that, for any ¢ > 0 and x € R, the function s — (T'(t — s)g(s,-))(x) is continuous in [0, ¢]
Hence it can be integrated over [0,¢]. This can be easily checked using the representation
formula (4.7) and the dominated convergence theorem.

To prove that the function wu; is continuous in [0, 7] x R?, by a straightforward change
of variable we rewrite it in the form

uy(t, z) = /0 (T(s)g(t —s,-))(x)ds, (t,r) €[0,T] x R%.

Fix (to, 7o) € [0,T] x RY. To ease the notation, we write (¢,z) — (t§, o) (vesp. (t,x) —
(ty, o)) to denote that (¢,x) tends to (to,zo) with ¢ > ¢y (resp. t < tp).

As a first step, we prove that u(t, ) converges to u;(tg, zo) as (t,x) — (tg,xo). For
this purpose, for t > t, and z € R?, we split

w(t, ) — us(to, 20) = / (T()g(t — 5,))(x)ds

+ /O (TG)g(t - 5, )@) — (Ts)glto — 5.)(mo)lds
=: I (t,z) + I} (t, x).

Since ||T(s)g(t—5, )|l < |9(t—=5, )loo < [|9llcy(jo,r1xRrey for any 0 < s < ¢, we immediately
conclude that I} (¢, z) vanishes as (¢, ) tends to (tj,z0). As far as I (¢,x) is concerned,

using we can write
(T'(s)g(t = s,-)) (@) — (T(s)g(to — 5,-)) (o)

_Jz—yl? g —y|?

=(4rms)” /Rd (7 = glt—sy)—e = glto—s,9))dy.

This formula and the dominated convergence theorem imply that (T'(s)g(t — s,-))(x) con-
verges to (T'(s)g(to — s,-))(zo) as (t,z) tends to (tg,xo), for every s € [0,%]. Indeed,

_Jz—yl? g —y|?

e 2 g(t—s,y)—e 5 g(tg—s,y) vanishes as (t,z) — (t5,xo) for every s € [0, to] and
y € R% Moreover, if x € B(xg,1), then |z —y| > |y| — |z| > |y| — |wo] — 1. Therefore, if
lyl > 2(]zo| + 1), then we can estimate

2
_lz—yl? lzg—yl

2
le” T g(t—s,y)—e & g(to—s,y)\é%_%

chb([o,T]de)
for every s € [0,%p]. On the other hand, if |y| < 2(|xg| 4+ 1), then we get

2
_lz—yl? lzg—y|

’6 Is g(t — s,y) —e 4 g(to - s,y)| < QHQHCb([O,T]XRd)'

2
lz—yl|? lzg—y|

Hence, le” 2 g(t — s,y) —e™ 5 g(to — s,y)| < ¥(y) for any y € R?, where 1(y) =
|y

2(e7 165 Xra\ B(0,2(|wo|+1)) T X B(0,2(w0l+1))) |19/l 0y (0,77 R4y and the function ¢ belongs to L*(RY).
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Since |(T(s)g(t — 5,))(@) — (T()g(ts — 5, ))(@0)| < 2llgllcy o118 for every 0 < s <
to < t and x, 79 € R% we can apply the dominated convergence theorem once more and
deduce that I, (t,z) tends to 0 as (t,z) tends to (tj,zo). Hence, u;(t,z) converges to
uy (to, mo) as (t,z) — (g, x0). If t tends to to from the left, then the proof is similar. We
split

uy(t, ) — uy(to, xo) = / (to —s,-))(x)ds
/0 g9(t = s,))(x) = (T(s)g(to — s,-)) (o) X0, (5) ds
Iy () + I, (L, @)

Again I; (t,x) tends to 0 and [(T'(s)g(t — s,-))(x) — (T'(s)g(to — s, -))(x0)]X[0,4(s) vanishes
as (t,z) — (ty,x0), for every s € [0,to]. The dominated convergence theorem shows that
also I (t,x) vanishes as (t,x) — (tg,20), and the continuity of u; at (ty,zo) is proved.
Moreover, since each operator T'(t) is a contraction, we deduce that |luillc,omxre) <

T||9||cb [0,T] xRd) -

Step 3. Here, we prove that the function u; is twice continuously differentiable With
respect to the spatial variables, u;(¢,-) € C;*(R?) for any ¢ € [0,7] and estimate
satisfied.

By Theorem for any 0 < s < ¢t < T, the function T'(t — s)g(s,-) is differen-
tiable in R? and ||V, T(t — 5)g(s, ) |lee < c(t — s)aT_l||g||Cc>a (0.7)xRa)- Hence, the dominated

convergence theorem shows that w; (¢, -) is differentiable in R? for any ¢ € [0, 7] and

Vst z) = /0 (V.T(t — 8)g(s, ) (@)ds,  (t,z) € [0,T] x RY.

Similarly, since || D2T'(t — s)g(s, )||eo < c(t — 5)%71HgHCS’“([o,T]dey we deduce that uy(t,-)

is twice differentiable in R? and
t
Dau(t.o) = [ (DAT(t = 9)g(s, Nads, () € [0.7] B
0

Moreover,
t

t .
IDiu(t0)| < [ (DIT( = 95, )e)ds < lglegorpensy [ (6= 5)Fds

2 a— ]+2

:mT 190l o 0,7

for all (t,z) € [0,T] x RY and j = 1,2. Moreover, for every § € (0,a), t € [0,7] and
z1, T2 € R? we can estimate

| D3 (t, x2) — Dyua(t, 1) S/O (DET(t = s)g(s,)(@2) — (DFT(t = s)g(s,-))(w1)|ds
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t
_q1pa=t
SCHQHC?’O‘([O,T]XRd)‘x2_'x1|9/0 (t—s)""" 2 ds

SHT Z |zy — a4 ||9||cgva([o,T]XRd)7

which shows that, for any ¢ € [0, 7], u;(t,-) belongs to CZT?(RY) and [D?u(t, Moo ray <
2C(a — 9)_1T(a_9)/2||9HC§*“([0,T]de)‘ Note that, as 6 tends to a from the left, the right-
hand side of the previous inequality blows up. This prevents us from concluding that
uy(t,+) € CyT(R?) for any t € [0,T). To overcome this difficulty, we perform a different
strategy based on Theorem : to prove that Dj;juy(t,-) € C2(R?) for every t € [0, 7]
and 7,5 =1,...,d, we will show that

supTlfgﬂAT(T)D@-jul(t, Moo < 00, t €10,7).
>0

For this purpose, using Lemma we can easily show that
(T'(7) Dijua(t,-))(x) = /Ot(T(T)DijT(t —5)g(s,-))(x) ds
(6.7) :/t(DijT(t +7—35)g(s,-))(z)ds, (t,x) € [0,T] x R, 7> 0.
0
Thanks to we can write
(AT (7)Djjuq(t,-))(x) = /Ot(ADijT(t +7—9)g(s,-))(x)ds, (t,x) € [0,T] x RY, 7> 0.
Hence, by Proposition [4.1.9 and Theorem [4.1.12] we get

t+17—5 t+717—5
IADT( 47 = gls s =7 (S5 Dy (H5= ) gt

<lar (F57)] o [P () )]
2 L(Cy(RY) 2 .

<c(t+T1— 5)5_2||g||cg’a([0,T]de)

so that
t
(68) T3 |AT(r)Digun(t, e < er 2 lgllonn oy / (t+7— )8 %ds

for all t € [0,T], 7 >0 and i,j = 1,...,d. Performing the change of variable t — s = 70,
we can estimate

(6.9)
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From and we deduce that

T AT(7) Dijua(t, e < cllgllconorpxzey  tE0,T], 7> 0,
i.e., each second-order derivative of u;(t,-) belongs to Da(a/2,00) = C2(R?) and
||Diju1(t7 ')HC,?‘(R"Z) < CHQHCS"’([O,T]X]Rd)? te [O7T]7 Lj=1,....d.

Summing up, we have proved that u; is bounded in [0, T] with values in CZ**(R¢) and
satisfies (6.6).

Step 4. Here, we prove that wu; is continuously differentiable with respect to t in
[0, 7] x R For notational convenience, we denote by D (resp. D; ) the right (resp. left)
time derivative.

For each ¢ € (0,1) we introduce the function u; . : [0,7] x R? — R defined by

u(t,-) = /OE (T(t —s)g(s,-))(x)ds, (t,r) € [0,T] x R

Note that u; . converges to u; as € — 17, uniformly in [0, 7] x R?. Indeed,

[ua (t, ) — (8, 2)| = / (T(t = s)g(s,-))(@)ds| < glic,qoryxrea (1 = )T

t

for all (t,x) € [0,7] x R and all € € (0, 1).
Let us prove that u; . is differentiable in [0,7] x R? with respect to ¢t. Fix ¢t € [0,7)
and h € (0,7 —t). Then,

ur(t+h,-) —ue(t,z) 1 /E(Hh)
h h.

t (T(t+h—s)g(s,-))(z)ds
/“ (Tt +h —s)g(s, ) () — (Tt = s)g(s,))(2) ,
h

=: Jfro(h) + J5 (h).

_l_

S

We claim that J;f(h) converges to (T((1 — ¢)t)g(et,-))(z) as h — 0T. Indeed,
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It is clear that the second integral term in the last side of the previous chain of equalities
converges to 0 as h — 0T. As far as the first integral term is concerned, we observe
that an easy computation (based on the representation formula for the Gauss-Weierstrass
semigroup) reveals that the function (r, s) — (T'(r)g(s, -))(z) is continuous on [0, 7' x [0, T].
Therefore, it is therein uniformly continuous. Hence, for each p > 0 there exists § > 0 such
that [(T'(r2)g(s,-))(x) — (T(r1)g(s,-))(z)| < pif |rg —r| < and s € [0,T]. Consequently,
if |h| <0, then [(T'(t+h — s)g(s,-))(x) — (T((1 —e)t)g(s,-))(x)| < p for s € [et,e(t + h)]
an

1 e(t+h)
G [T = gl (@) — (T 2)g(s. N @)ds <

h e
Therefore,
i [ 906,90 @) — (70 - gt D@l =0
h=0h J ’ ’

As far as J; (h) is concerned, we observe that the function under the integral sign
converges to (D, T(t —s)g(s,-))(z) = (AT(t — s)g(s,+))(z) as h — 07. Moreover, using the
mean value theorem, we estimate

' (T'(t+h —s)g(s,-)(x) = (T( = 5)g(s,-)) (x)
h

‘ =[(AT(t + & — 8)g(s,)) ()|

C

SEHQHQ([G,TVW)

for all s € [0, et], where ¢ is a suitable point on the line joining 0 to h. Hence, we can apply
the dominated convergence theorem and conclude that

h—0t

lim Jy (h) = /0E (AT(t — s)g(s,-))(x)ds.

We have so proved that u; . is differentiable from the right in [0,7) x R?, with respect to
t, and

D u e (t,x) =e(T((1 = e)t)g(et, ) (x) + /0 E(AT(?? —s)g(s,))(x)ds
=c(T((1 —e)t)g(et, ) (x) + Auy (¢, x).

We can argue similarly to prove that wu, . is differentiable from the left in (0,7] x R?,
with respect to ¢ and

Dy ure(t, ) =e(T((1 = e)t)g(et, ) () + /0 S(AT(t — s)g(s,-))(x)ds

Note that |t + h — s — (1 —e)t| = |h — s + et| < |h| if s € [et,e(t + h)].
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=c(T((1 —e)t)g(et, ) (x) + Auy (¢, x).

Summing up, u; . is differentiable with respect to ¢ in [0, 7] x R? and

Dyun et x) =e(T((1 = e)t)g(et, ) (x) + /0 E(AT(t —5)g(s,-))(x)ds
=c(T((1 —e)t)g(et,))(x) + Aug (¢, x)
for all (¢,z) € [0,T] x R%. Now, we observe that

lim Dyuy (¢, ) = g(t,z) + /Ot(AT(t —8)g(s,))(x)ds = g(t,x) + Auy (¢, )

e—1—

for any (t,x) € [0,7] x R%. Since u; . converges to u; uniformly in [0,7] x R?, it follows
that u; is differentiable with respect to ¢ in [0, 7] x R? and therein Dyu; = Auy + g. The
proof is now complete. O]

Remark 6.1.6. As the proof of Theorem shows, if we assume that f € C7T*(R?) and
g € C)°([0,T] x RY), then, problem (6.1)) admits a unique solution u € Cy*"*([0, T] x R?)
such that Dyu € Cy*([0, 7] x R%). Moreover,

HUHCI?’?*‘*([O,T}XW) < C(’|f|’C§+a(Rd) + HQHCS’Q([O,T}XW))
for some positive constant ¢, independent of f and g.

Remark 6.1.7. Under the same assumptions of Theorem [6.1.4] the first-order spatial
derivatives of the solution u to the Cauchy problem (6.1])) belong to C'3+)/29(]0, T] x R?).
Indeed, Step 1 of the proof of the quoted theorem shows that

[ulta, ) — ults, )llop ey < ClHDtu”CS’O‘([O,T}XRd)’tQ —t]

for all ¢1,ty € [0, T). Using (5.17)), we deduce that

. lta l-a
IVaults,) = Vaults, oo <callults, ) — ulte, )l oo lulte, ) = ults, )l 24a ga,

i
<csllull grove gaylta — ] 7

The proof of the following result can be obtained adapting the arguments in the proof
of Theorem [6.1.4] Hence, it is left as an exercise.

Theorem 6.1.8. For each f € CJ(RY), (6 € [0,2 + a)) and each g € C((0,T] x R?)
such that supe o7 t°[l9(t, Meomsy < oo (a,8 € (0,1)), the Cauchy problem (6.1) admits a
unique classical solution u € CY2((0,T] x R?) such that

Sup tl’[lilX{97(2-|—()c—6)/2}||’LL(Z‘:7 -)||Cb2+o<(Rd) S C(Hf”cfﬁ(Rd) + Sup t0||g(t’ )||C§(Rd))
te(0,T) b t€(0,T]

for some positive constant C, independent of f and g. Moreover, u belongs to C,”7([0, T x
R?), where v = min{3,2 + a — 260}.
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6.2 Notes

As we start to see in Exercise [6.3] optimal Schauder estimates plays an important role in
the study of nonlinear equations. We will see other examples in the next lectures when
parabolic equations will be considered in a bounded (and smooth enough) domain. In
these situations, the relevance of the optimal Schauder estimates will be made much more
clear.

For a different proof of the optimal Schauder estimates and for further details, we refer
the interested reader to [1]

6.3 Exercises

1. Prove Remark [6.1.3]

2. (i) Prove that there exists a positive constant C, independent of ¢ and 7 such that
t o o
/ s0(t4+7—5)22ds < Cr2t™?, t,7>0, a,0€(0,1),
0

and observe that one can take
44 abf —a—20

C =2°
2 —«

(ii) Prove that

t
sup/ st — 8)Pds < oo.
0

t>0

Use this result to prove that, for each continuous function g : (0,7] x R¢ — R such that
supe o7t ll9(t, Meo@ey < oo, the function

(t,2) > / (T(t - 8)g(s, ) (x)ds

belongs to C{**72°([0, T] x RY).
(ii) Prove Theorem [6.1.8|

3. On a complete metric space (Y, d) we consider a contractive map F' : Y — Y i.e.
d(F(z), F(y)) < vd(z,y), r,y €Y

for some v € (0,1). Given y € Y, define F"(y) inductively by F°(y) = y and F"*1(y) =
F(F(y),y €Y.

Prove that there is a unique u € Y such that F(u) = w and lim, . F"(y) = u for
each y € Y. This is the well-known Banach fixed point theorem.
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4. Let us consider the nonlinear convection-diffusion equation

{ Du(t,z) = Au(t,z) —u(t,z)®, (t,x) € (0,T] x R4,
u(0,z) = f(z), r € R

Assume that f € C(RY) for some a € (0,1) and define the map

(6.10)

F)=T({t)f - /0 T(t —s)(v(s,-))*ds, v e C([0,T], C2(RY)).

a. Prove that F' maps C([0, 7], C&(R%)) into C([0,T], C&(R?)).

b. Prove that for each R > 0 there exists T' > 0, depending only on R, such that
(6.10)) has a mild solution u € C([0, T}, C(R%)), i.e

u(t, z) = (T(t)f)(x) —/0 (T(t = s)(u(s,")*)(z) ds, te0,7], z €RY,

for every initial data f € Cg(R?) such that [ fllce @ay < R
Hints: Use the above Banach fixed point theorem.

c. Prove that
(6.11) ullc,qorxray < 11f oo

d. Prove that the above obtained mild solution v can be extended to all time and
satisfies

2
[Ju(t, ')Hcg(Rd) < ||f||cg(Rd)€Ct”fH°°, t >0,

for some constant C > 0.
Hints: Use Proposition [5.1.8]

(6.12) l*llopme < CllelZllellcpre, Vo € CHRY),

(6.11) and Gronwall’s lemma.
e. Prove that u € C2+((0,T] x R%) and u is a classical solution to ([6.10)).

Hints: Use Theorem [4.1.12|with = a+2, (6.11)), (6.12)) and the ideas of the proof
of Theorem [6.1.4
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Lecture 7

Parabolic equations in R, Part T

In this lecture, we start to study the nonhomogeneous Cauchy problem

Dou(t,z) = Au(t,z) + g(t,x), t€ (0,T], =€ R4,
(7.1) { u(0,z) = f(x), r € RY

where A is the operator defined on smooth functions v : R? — R by

2 4 Digib (o Z 2) + c(2)b(a)
(

ZTI“(Q(if)D%(%)) + b(fﬂ), Vap(x)) + c(x)i(x)

with Q(z) = (¢ij(2))1<ij<a for x € RY. Throughout the lecture, we assume the following
conditions on the coefficients of the operator A.

Hypotheses 7.0.1. (i) The coefficients ¢;; = g;;, b; (1,7 =1,...,d) and ¢ are bounded
and a-Holder continuous in R? for some a € (0, 1);

(i) there exists a positive constant y such that (Q(z)¢, &) > ul&|* for all x, € € RY.

Remark 7.0.2. The condition (ii) in Hypothesis is usually rephrased saying that the
operator A is uniformly elliptic in R

Our aim consists in extending the results in Lecture [6] to the more general Cauchy
problem ([7.1)). Two are the main tools which we use to prove the counterpart of Theorem

for the solution to problem (7.1)):

(i) some apriori estimates for solutions to the Cauchy problem ([7.1));
(i) the continuity method.

The continuity method states that, if we have a “segment” of bounded linear operators
L, = (1—-0)Ly+ oLy (¢ € [0,1]) mapping a Banach space X into a Banach space

91



92 LECTURE 7. PARABOLIC EQUATIONS IN R”. PART I

Y, Ly is invertible and there exists a positive constant C', independent of o, such that
|Loz||y > C||lz||x for any x € X and o € [0, 1], then each operator L, is invertible. We
will apply the continuity method with the following choices:

X = G220, T) x RY), Y = redCP* ([0, T] x RY) x CZH*(RY),
L()U = (Dtu — Au, U,(O, ))7 L1U — (Dtu — Au7 U(O, ))

Since, by Theorem the operator L is invertible, to make the continuity method
work we need to prove the aprioriestimate || Lyul|y > c||u||x, for each u € C’;M/Q’Ha([O, T x
R%), o € [0, 1] and some positive constant ¢, independent of o. Such an estimate is proved
using the classical method of freezing the coefficients.

7.1 The continuity method

Here, we restate and prove the continuity method.

Theorem 7.1.1 (Continuity method). Let X, Y be two Banach spaces, Lo, L1 be two
bounded linear operators mapping X into Y. For each o € [0,1], set L, = (1—0)Lo+0L;.
Suppose that the operator Lg is invertible and there exists a positive constant C such that

(7.2) | Loz|ly > C|lz||x, reX, oel0,1].
Then, each operator L, is invertible and ||L; | povx) < C7L.

Proof. To begin with, we observe that estimate implies that each operator L, is
injective. To prove that L, is also surjective for all o € [0,1], we prove that if L, is
invertible for some g € [0, 1), then there exists 6 > 0, independent of oq, such that L, is
invertible for all o € [0g, 09 + min{d,1 — g¢}|. This is enough for our purposes. Indeed,
since Ly is invertible, starting from og = 0 and moving to the right by steps of length ¢
we reach 0 = 1 in a finite number of steps. And this shows that all the operators L, are
invertible.
So, let us suppose that L,, is invertible and fix o € (0,1]. Observe that

Ly =Loy+ Ly — Lyy = Loy (I + L' (Ly — Loy))
:LUO([ + (O’ - 0'0)[1;01([/1 - Lo))

Since L,, is invertible, the operator L, is invertible if and only if the bounded operator
I+ (0 —09)L,} (L1 — Ly), mapping X into itself, is invertible. Applying Lemma
and with o = 09, we conclude that, if [0 — o|||L1 — Lo||(x,y) < C, then the operator
I+ (0 —o00)L, (L1 — Lo) is invertible. Hence, if § = 27'C||L; — LOHZ(lx,Y)v then, for each
o € 09,00+ min{d, 1 — 0¢}] the operator L, is invertible. Since ¢ is independent of o¢, we
are done. [



7.2. A PRIORI ESTIMATES 93

7.2 A priori estimates

This section is devoted to prove the following result.

Theorem 7.2.1. Let the coefficients of the operator A satisfy Hypotheses[7.0.1 Then, for
each u € C11e/22+2([0, T] x R?) there exists a positive constant K, which depends only on
d, T, u (the ellipticity constant of the operator A) and the C“-norm of the coefficients of
¢ij, bj (1,7 =1,...,d) and c, such that

(73) HUHC;JFO‘/QWFO‘([O’T]XRd) < K(Hu(ov ')HC?*O‘(Rd) + HDtu - AUHC?/ZO‘([O’T}XRd))'

In view of Theorem we know that estimate (7.3) is satisfied when A is the
Laplacian. By a straightforward change of variables, we can show that (7.3)) holds true
when A = Tr(QD?) and Q is a positive definite and constant matrix.

Lemma 7.2.2. Suppose that A = Tr(QD?) for some constant symmetric and positive
definite matriz ). Then, estimate (7.3)) holds true.

Proof. We split the proof into two steps.

Step 1. Here, we suppose that () = diag(Aq, ..., \s) and denote, by Ayax the maximum
eigenvalue of (). Note that the best possible choice of p is the minimum eigenvalue of
Q. Given u € C, ([0, T] x RY), we introduce the function v : [0,7] x RY — R
defined by v(t,z) = u(t,v \z,...,VIazq) for (t,z) € [0,T] x Re. Clearly, v belongs to

C;+a/2’2+a([0,T] x R?). Hence, applying (6.2), we get
(74) ||U||C;+a/272+a([0’ﬂXRd) < Kl(HU(Ov ')||Cb2+°‘(Rd) + ||Dtv - AUHC;/Q’O‘([O’T]XRd))a

where the constant K depends only on d, T' and «. Now, we observe that

Du(t,x) — Av(t,2) = Dyu(t, A/ z1, ...,/ Aata) — Tr(QD*u(t, / Miz1, . .., v/ Aaxa))

Therefore,

HDtU — AU”C?/Q,Q SHDtu — AUHC?/zo )\a/Q [Dtu — .Au]co *([0,T]xR<)

(10,T]xR) (10,T]xRd) T "'max

<max{1, \o22 }| Deu — A“”cg/z’“([o,T]de)'

Similarly,

||U||C;+a/2,2+a([O’T]XRd) ZH“’”C},([O,T}XR‘Z) + \/pz ”DjuHCb([O,T}X]Rd) + ||Dtu||cg‘/270([0’T]><Rd)

j=1
d
2 =3
+ p Z ||Diju||cg‘/2’0([0’T]XRd) + 2 [Dt“]cl?v"‘([o,T]de)
i,j=1

d
1+ 2
+pite Z[Diju]cg‘a([O,T}de)

,j=1
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>min{u'*t?, LHlull ooz e (o gy

and
142
[0 (0, ')Hogﬂ(Rd) < max{1, Amaz }u(0, ')Hof*a(Rd)'
Replacing these three estimates in (7.4), we get

<max{p 7%, 1} max{1, \LL/2}

||u||cg+ﬂ/2’2+&([07T] xRd)

X K1 ([|u(0, )| cz+o@ay + | Deu — A“Hcg/Qva([o,T}de))

and follows with K = max{u~1=%, 1} max{1, Ampa/ 2} K.

Step 2. Now, we consider the general case and fix a matrix P such that PP* = P*P =
Id, the (d x d)-identity matrix, and PQP* = D, := diag(Ay,...,Aq). Then, the function
v, defined by v(t, z) = u(t, P*z) for (t,z) € [0,T] x RY, belongs to C, T*/****([0, T] x RY).
By Step 1, we know that

(75)  ollgpsorzasm o gposy < K00, llezoo gy + 1D = Te(DAD0) | oo 1)

Since V,v(t,r) = PV,u(t, P*x), D>v(t,z) = PD>?u(t, P*x)P* for (t,z) € [0,T] x R% and
P is an isometry with Euclidean norm ||| P||| equal to 1, it is immediate to check that

d
1Djullos < [ Vatulloo = Vel < D 1D50]loc,

j=1

_ 2
PN = 1Dzoll core

([0,T]xR) <| (j0,T] xR
<[Pl Dzvll o2

0,71 xR4)

(]0,T] xRd [0,T]xR4)

d
< Z ”thUHC;/Q’a([O,T]XRd)

h,j=1
for every ¢,7 = 1,...,d. Hence.
d d
lull gararzarego rymay Iolloo + D I1Dj0lloc + D I Digvll garza o gy
j=1 ij=1
+ HDtUHc;Y/M([o,T]de)

(7.6) SHU”C;M/Z!Q*a([o,T]de)‘
Moreover,

Dy(t,z) — Tr(Dy\D?v(t, x)) =Du(t, P*z) — Tr(D\PD?u(t, P*z) P*)
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=Dyu(t, P*z) — Tr(P*Dy\PD>u(t, P*z))
=Dyu(t, P*z) — Te(QD2u(t, P*x)).

Hence,
(7.7) | Dyv — Tr(DADazcv)”c;“”’o‘([o,T]de) = ||Dyu — Tr(QDan“)”c?””([o,:r}md)‘
Replacing (7.6) and ((7.7) in (7.5)) the assertion follows also in this case. O

Lemma 7.2.3. For any a € (0,1), a function f belongs to CZ(RY) if and only if f is
bounded and, for some (and, hence, all) r > 0, |f(x) — f(y)| < Cilz — y|* for every
x,y € RY, such that |x —y| < r, and some positive constant C,. Moreover, for everyr > 0,
the norm

f r)— f ) e
739 flet  sp  HDZTWL o),

z,y€RL: 0<|z—y|<r |.Z' - y|
is equivalent to the classical norm of Cf(RY).

Proof. Clearly, if f € C2(R?), then we can take C, = [flogmay- On the other hand, if f is
bounded and |f(z) — f(y)] < Clx — y|® for all z,y € R? such that |z — y| < r, for some
r > 0, then for |z — y| > r we can estimate |f(z) — f(¥)] < 2||fllc < 2™ f]loo]z — y|*
Hence, f € C¢(R?) and [flog ey < max{C;,2r7[|f|lo}. This estimate also shows that
the classical norm of C¢(R?) and the norm in are equivalent. ]

Lemma 7.2.4. C,*([0,T] x RY) is continuously embedded mt 05/2’1+a([0,T] x RY) for
each a € (0,1). Moreover, for every € > 0 there exists a positive constant Cy, . such that

(7'9) “uHc;’Q([o,T}de) < EHUHC;‘FO‘/?’HQ([QT]XRd) + Coc,a(HDtu - AUHC;,([O,T}de) + HU(Oa )HOO)

for all u € CH**72([0,T] x RY).

Proof. We begin by proving that C ([0, T] xR%) — 05/2’1+a([o, T]xR). For this purpose,
we just need to estimate the C*/>®-seminorm of u € C,*([0, T] x R?). Applying the mean
value theorem, we can easily show that

lu(t, r) — u(s, z)| < || Deullc,omxrylt — s| < ||Dtu||0b([0,T]><Rd)T1_%|t — s[*/?
for all z € R? and s,t € [0, 7], and

jult,2) = u(t, )] < IVatleyqopenn |z =yl < Nullgra oy 2 — u1°,

10;1/2,1-5-@([0711] x R%) is the space of all the functions f € C’;X/Q’O([O,T] x RY) such that D,f €

a/2,a d . . . o
C, 77([0,T] x R?) for any j = 1,...,d. It is a Banach space with the norm ”fHC{f/z'a([O,T]de) =

d
Hf”cv;*/?fo([o’T]X]Rd) + Zj:l HDijC;‘/Q»“([O’ﬂX]Rd)'
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|Dju(t, z) — Dju(t, y)| < [VaDjullc,omxralz —y| < HUHC;’2([0,T]><RCI)‘$ -yl

for t € [0,T], z,y € RY, with |[x —y| < 1, and j = 1,...,d. Taking Lemma into
account, we conclude that

[u]cg/Qva([07T]XRd) + [Dju]cg'“([O,T]de) < OlHuHCl}’Q([O,T}XRd)

for every j = 1,...,d and some positive constant (', independent of u. Finally, we recall
(see Remark 5.2.2 that ||V,¢|le < Cg||@/)||1/2||¢||é,/22Rd) for every ¢ € CZ(RY) and some

positive constant Cy, independent of ¢). Hence,

[Djut, ) — Djuls, 2)] <Callu(t, ) — u(s, )| ju(t,-) — us, ez gay

<C2||Dtu||cb [0,T] xRd) (2“uHc“ ([0,T]xRd) ) |t — 5|2

<Cyr? “UHCI}’?([O,T}X]Rolﬂ — ]2
for all s,¢ € [0,T], x € R? and j = 1,...,d. We thus conclude that

~  1-a
[Dju]cg/z,o < CoT ||u||C;*2([O,T]><Rd)

([0,T]xR4)

for every j = 1,...,d, The embedding C,*([0,T] x RY) < C’;‘/ZHQ([O, T] x R?) follows.
To complete the proof, let us check estimate (7.9). For this purpose, we fix u €

C;Jra/ 2’2+a([(), T] x RY) and begin by observing that, since u is a classical solution to the

Cauchy problem

{ Diu(t, ) = Au(t,x) + g(t,x), t>0, xR
u(0,z) = f(z), x € RY,

with f =u(0,-) and g = Dyu — Au, Exercise implies that
(7.10) [ulloy(o.1)xrey < Cs([|Dew — Aul| (o, 11xrey + [[w(0, -)[]o0)

for some positive constant C3, independent of u. Now, applying the interpolation estimate
(5.25)) with & = 2 to the function u(t,-) and Young’s inequality, we get

2
HUHc“ ([0,T]xR%) <CHu”é:DZ[OT xRd) [l é§3+a([o,T}de)

S_ HUHCS’2+‘)‘([07T}><R4) + Ceallulloy(oryxra

for all € > 0 and some positive constant 65,1.
Similarly, estimate (5.19))(ii) (with R and « being replaced, respectively, by [0, 7] and
«/2), and again Young’s inequality yield

||UHC’;‘O([O,T]XR‘1) _C“uHéta[O T]xR4) ||U‘| 2 1+a/2 0([0 T xRd)
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IS ~
§§HUHC;JFO‘/?*O([(]’T]XRd) + C€,2| uHCb([O,T]de)

for all € > 0 and some positive constant 65,2. Hence,

||“||c;*2([o,T}de) SHUHC’S‘Z([O,T]XRd) + ||“||c,}’°([o,T}de)
£ ~ ~
< Sl g gomessy + Nullgrrorzo o ppugn) + (Con + Co)lellcyorises

§5||u||cg+a/2,2+a([0’T}XRd) + (0871 + CE,Q)HuHCb([O,T]XRd)‘

Replacing ([7.10]) in this estimate, ((7.9) follows at once. ]
Now, we are ready to prove Theorem in its full generality.

Proof of Theorem |7.2.1. Throughout the proof, we denote by C a positive constant, which

may vary from line to line and depends only on 7', u and the C'“-norm of the coefficients.
For each 7y € R? and r > 0, we introduce a cut-off function 9,,, € C>°(R?), such that

XB(a:o,r/2) S /19550,7‘ S XB(a:o,r) and
(7.11) THVﬁxO:THOO + TzHDQﬂwo,r oo + rg"DSﬁxo,r‘|oo <M,

for some positive constant M7, independent of x5 and r. As a byproduct,

(7.12) 7| Vs 1

|C§(Rd) + r1+a||19x0,7“ C&*a(Rd) + T2+a||19zo,7’||cg+°‘(ﬂ{d) < M2~

We fix u € C’;+a/2’2+a([0,T] x RY), o € RY r € (0,1) and apply Lemma to the
function ¥,, ,u and the operator A,, = Tr(Q(x)D?), obtaining

”ﬁxoﬂ“uuC;+a/2’2+a([0,T] xR4)

(713) SK(Hﬁl’o,TDtu - Aﬂco (199”0’7"“)”C?/Za([O,T]XRd) + ||19960,7“u(07 ')||Cb2+°‘([0,T]><Rd)>'

Let us estimate the right-hand side of (7.13)). To begin with, we observe that 9,,,Dyu —
Ao (O r1t) = Uy p (D — Agyt) — Ay Vg r — 2(Q(20) Vs, Vyu). Hence, taking Lemma
and ((7.12) into account, we can estimate

Hﬁmo,rDtu - Azo (7910,ru) ||C;1/27a

([0,71xR9)

ool [ Dett = Azyttl| co 2,010,171 x Brao )
leg @l oz o rpnmy + 2N QI Vg

SHﬂﬂcoﬂ”HC’g‘(R"l)”Z)tu - 'AIOUHC([O,T]XB(Q:O,T)) + Hﬁmo’r

+ ([ Az s

<||Deu — AwOUHCa/M([O,T]XW) + Mor™|| Deu — Aggul| o, (po,71xre)
—2—a —1l-a

|C;3 &l Vac“”ow/%a([o,T] x B(xo,r))

([0,T]xR4) [0,T]xR4)

SHDtu - AﬂUOu”Ca/Q»a([O,T]X (xo,7)

)+ O lullgagoxray + O Nullgarzie o ey

SHDtU - AxOuHCO‘/Q*O‘([O,T]XW) + CT_Q_OC||u||C’;’2([O,T]XRd)'
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(7.14)

Analogously, since r e (0 1), [|04.u(0, >||02+a (0.1xrey < CT727|u(0, )||C§+a(Rd). From
this estimate, and observing that

Hu”C““/Q’”“([O,T]XB(wom/Q)) < Wz rtll grvarziasa o rycmay;

we deduce that

||U||Cl+a/2,2+w([0,T]xW) < C(HDtu - AzouHca/M([O,T]xW)
(7.15) + TﬁQia”““cJ%[o,z*]md) + 1727 |u(0, Ngzre ay)-

Next, we replace the operator A,, with the operator A in the right-hand side of (7.15)).
For this purpose, we observe that

| Dy — Agoti| pae, 2 ([0,T]x B(xo,r))
< Dvw = Aullcars.a o115 5o T AW = Asgtll carzao,11x B0

<||Dyu — Au||Ca/2,a([O’T]Xm) + | Tr((Q — Q($0))Diu)||oa/2,a([o,ﬂ xB(zo,r))
d

(7'16) + Zl HbjHC,?(RCZ)’leuHC'O‘/QvOC([O7T]><Rd) + HC“C’Z?(R"Z)HUHCI?/ZO‘([(),T}XR@'
J:

Since the diffusion coefficients of the operator A are a-Hélder continuous in R?, we can
estimate

ITe(Q — Q(x0)) Dault, Nl e@mem) <CrIDxull e o,rxBmm):

[Tl"((Q - Q(‘TO))D U’( ) ))] C*(B(zo,r))
S"Tr((Q_Q(xO)))l acor)||D2u||C(OT]XB(Z‘0,T))
+ [ITr(Q—-Q( o))Hc a0 [Pt oo 0,11 x Bom)
d d
<> lasllep e 102l oo msaomy + 7 D lillopes | D2ul coo o 11 Em)
i,j=1 hj=1
for all ¢ € [0, 7] and

d
[Tr((Q(z) — Q(w0)) Dul:, z))lerzoy < 7° Z ”%’j“Cl?(Rd)[Diu]oa/m([o;r]XB(xo,r))

ij=1
for all x € B(xo, 7). Hence, we conclude that

ITr((Q = Q(20)) Dzl o2 0,115 Bmmmy) < CllDatellcyor1xme) + CrN Diull gz o 7,cmay
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which, replaced in ([7.16)), gives

1Dy — Axo“Hgg/%a([O,T]XW) <IDew — Aullgarzia o, r1xray + CHUHCE’2([O7T]><Rd)

([0,T] x R4 [0,7]xR4)"

Recalling once more that r € (0,1), from (7.15)), (7.17) and Lemma we obtain

||u||cl+a/2’2+a([07T]><m) S C’(HDtu - AUHCI?/Q’Q([O,T]XRd) + Ta||u||Cb1+a/2’2+a([0,T]XRd)

(7.18) + 7’727Q||UHC§’2([O,T]><RCI) + 1777 |u(0, ')”CTQ(W))‘

Since the constant C' in the previous estimate is independent of zy € R¢, we immediately
deduce that

HUHC;JFO‘/Q‘Z([O,T]de) S C(HDtu — Au”cg/za([o’T]XRd) + TaHuHC’;JFO‘/ZQJFD‘([O,T]XRJ)

(7.19) + T_Q_(XHUHC’;‘Q([O,T]XRd) + 727 u(0, MNeztemey)-

Moreover, for every (t,z), (t,y) € [0,T] x R, with |z — y| < g,and 7,5 =1,...,d, we can
estimate

|Diju(t7 l’) - DlJu(t7y)| + |Dtu<t7‘r) - Dtu(t’y)|
<([Dijult, )o@z + [Pelts oo @arm) e — yl®

S||u||cl+a/2,2+a([o,ﬂxm)|I —y|*.

By ([7.18)) and Lemma [7.2.3| we conclude that

sup [Di;(t, )| comay + sup [Dy(t, )] coray

t€[0,7) t€[0,T]
SC(HDtU — .AUHC;!/Q,Q([O’T}XRd) —+ ra||U’||C;+a/2’2+a([0,T]XRd)
(7.20) + TﬁQ*aH“ch%[o,ﬂmd) + 1727 |u(0, ) ezt gay)

and, as byproduct, by (7.19) and ([7.20)),

HUHC;+D¢/2,2+Q([O7T}XRd) S O(HDtU — AuHC?/z,a([QT}Xw) + TaHu”c;*“/Q’“a([o,T]de)

+ T_Q_a“u”Cl}’Q([O,T}XRd) + 7727 |u(0, ) lc2+o @ay)-

Now, we fix 7y € (0, 1) such that Crg < 1/2 to move the term Cre|[ul| ;1+a/2.2+a
b
to the left-hand side of the previous estimate and thus conclude that

([0,71xR4)

H“Hc;*a/?’?*“([o,ﬂde) < 2Ctr()_2_a(||Dtu - AUHC’;‘/Q’Q([O,T]XRd) + ||u||Cb1’2([0,T}><Rd)
(7.21) + [1w(0, )| g2+ ra))
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Using Lemma we estimate the C'*-norm of u and from (7.21]) we get

H“Hc;*““v““([o,T]de)
<2075 (1 Dets = Aull 2o gy + Nl gprorease o gy
+ C;,a(HDtU - AUHC’b([O,T}XRd) + [|[u(0, )[[o0) + [Ju(0, ‘)||c§+a(Rd)]
for all € > 0. Choosing g > 0 sufficiently small, we conclude that

||U||C;+a/2,2+a([0,ﬂXRd) < C(HDtu - AUHC;“/Q’O‘([O’T}X]M) + HU(O7 ')HCE*“(R%)

and the proof is complete. O

Remark 7.2.5. We stress that the constant K in (7.3)) can be split as

goeey =1,...,

where C(d, T, -,-,-) is a locally bounded function. Indeed, the ellipticity constant p appears
only in the constant K of the estimate ([7.13]) and the proof of Lemma shows that

this constant is given by max{1, z~*=*/2}C(d, T, o) max {1, Zijzl i l|% ¢

On the other hand the constants C' in estimates (7.14)) and (7.17)) are locally bounded
functions of the C¢(R?%)-norm of the coefficients of the operator A.

Adapting the proof of Theorem and taking Remark into account the following
result can be proved.

Theorem 7.2.6. For each T > 0 there exists a positive constant C such that
(7.22) ||UHC£’2+O‘([0,T]><R(1) < C([Ju(0, ')Hcg+a(Rd) + || Dyu — AU”cg’a([o,T]de))

for allu € C*T([0,T] x RY).

7.3 Exercises

1. Prove that, for any pair of compact sets K; and K, with K; € K, C R?, there exists a
function ¢ € C®(R?) such that ¢ =1 in K; and ¢ = 0 outside K.

2. Given ry € R% and r > 0, construct a function 9, , satisfying (7.11]) and prove estimate
([712).

3. Assume that u € C; P> ([0, T] x R%) is a classical solution to the following Cauchy
problem
Du(t, ) = Au(t,x) + g(t,x), t>0, xR
U(O,l’) = f(CL’), T E Rd>
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where f € Cy(R?) and g € Cy([0,T] x R?). Prove that

[ullcyomixrey < Clllglleyqorxray + [1.f]lse)

for some constant C' > 0.
Hint: Use the weak maximum principle for the function (¢, z) — 6, (z)u(t, ), where 6,
is a cut-off function.

4. Prove Theorem [7.2.6]
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Lecture 8

Parabolic equations in R, Part II

8.1 Solving problem (7.1

Now, we are in a position to prove the main result of this lecture.

Theorem 8.1.1. Let Hypotheses be satisfied. Then, for every f € Cera(Rd) and g €
C,f‘/Z’a([O,T] x R%) there exists a unique classical solution u to problem (7.1)). In addition,

u belongs to C’;+a/2’2+a([0,T] x RY) and there exists a positive constant C, independent of
f and g, such that

(81) HUHC;*'O‘/Q’Q“'O‘([QT]XRd) < C(”fHCE*O‘(Rd) + “9”05/2""([0’T]><Rd)>‘

Proof. The uniqueness of the classical solution to problem follows from the maximum
principle in Exercise . The existence of a solution to problem ([7.1)) will be proved, as
already claimed, using the continuity method. For this purpose, for every o € [0,1], we
introduce the operator A, defined on smooth functions ¥’ : R — R by

d d

Acrqu) = Z qij('u O)Dij¢ + Z bj('? 0->Dj¢) + C(', U)%
ij=1 j=1

where ¢;;(-,0) = (1 — 0)d;; + 0¢;j, bj(-,0) = ob; and ¢(-,0) = oc for every i,j =1,....,d.

As it is immediately seen, Ay = A and A; = A. Each operator A, is elliptic since

d d
(82) Y ai(w,0)6& = (1=0)E+0 Y a(2)€&; > (1=0)|¢[* +oplg|* > min{L, u}[¢f?
i,j=1 B,j=1
for every z,£ € R? and o € [0, 1]. Moreover,

(8.3) 19 (- o)l comey < max{]|gisllcogay, 1},

(8.4) ||bj('=0)||cg(Rd) < ||bj||Cg‘(Rd)a HC('aU)HCZ?(Rd) < ||C||C;j‘(Rd)

103
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for each i,7 = 1,...,d and o € [0,1]. Consider the operators L, L; : C’;+O‘/2’2+a([0, T| x
RY) — C27([0,T] x RY) x C2F*(R?) defined by

Lou = (Dyu — Au, u(0,-)), Liu= (D — Au,u(0,-)), wue C*([0,T] x RY),

Note that the operator L, = (1 — o)L + oL, is associated with the operator A4, in the
sense that Lyu = (Dyu — Ayu,u(0,-)) for each u € CpH/**7([0,T] x RY).
By estimate ([7.3)) we known that

||uHC;+a/2’2+a([O,T]de) SC(HDtu - AGUHC?/Q,Q([QT]XRd) + ||u<07 ')||C§+Q(Rd)>

=C| LUUHCI‘;‘/Q'“([O,T] xR x CFT(Rd)

where the constant C' is independent of ¢ in view of Remark and the estimates

B-2-B9.

To conclude the proof, we observe that Theorem implies that the operator L
is invertible from C}"*****([0,T] x R into C/**([0,T] x R%) x CZ+*(R%). Hence, we
can apply Theorem [7.1.1] which shows that the operator L; is invertible, i.e., for each
f e C*(RY) and g € C’gﬂﬂ([(),T] x R%), the Cauchy problem admits a unique
solution u € C;7/***%([0, T] x R%), which satisfies estimate (8.1)). O

8.2 More on the Cauchy problem (7.1)

In the previous section, we have seen that, if f € C;T*(R?) and g € O,?/Q’a([o, T] x R?) for
some « € (0,1), then the Cauchy problem ([7.1)) admits a unique classical solution, which in
addition belongs to C, o/ 227([0, T] x R%). Thinking at the ordinary differential equations,
one might think that, to get a classical solution to problem , the continuity of f and
g are enough. This is not the case in general. To justify this claim we show that there
exists a function v € C*(R*\ {(0,0)}) N C}(R?) such that D,,u and D,,u are bounded
and continuous in R? and D,,u(z,y) diverges to co as (z,y) tends to (0,0). Clearly, u
solves the Cauchy problem with g = —Au € Cy(R?). This Cauchy problem admits no
classical solutions since every classical solution should coincide with u on [0, 7] x (R?\ {0}),

which does not belong to C%(R?), see Exercise [8.4]4]
Example 8.2.1. Let u : R? — R be the function defined by

u(a,y) = ntayd(2"z, 2"y), (z,y) € R?,
n=1

where ¥ € C>°(R?) is such that XB0,1) < ¥ < XB(o,2)- We observe that the series defining
u converges uniformly in R?. Indeed,

nHayd(2"z,2"y)| < 47"t sup  zwd(z,w)| = 47"n1C, (z,y) € R* neN.
(z,w)€ER2
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Similarly, the series Y " n~tD,(zyd(2"z,2"y)) and > 7, n D, (zyd(2"x, 2"y)) converge
uniformly in R? since

]Dz(n1xy19(2”x,2"y))|§2"n1( sup |wd(z,w)| + sup |zwa19(z,w)|)

(z,w)ER? (z,w)ER?

for every (z,y) € R?, and D,(n 'zyd(2"z,2"y)) satisfies a similar estimate. Hence, u €
C}(R?). The same arguments show that the classical derivatives D,,u and D,,u exist in
R? and are therein continuous. In particular, Awu is a continuous function in R?. As far as
the mixed derivative is concerned, we observe that if (z,y) € R? \ B(0,r) for some r > 0,
then [(2"x,2"y)| > 2"r > 2 for each n > ng, where ng is a suitable integer independent
of (z,y). Hence, on R?*\ B(0,r) the series defining u reduces to a finite sum and thus it
belongs to C*°(R? \ B(0,r)). The arbitrariness of r > 0 implies that u € C>=(R?\ {0}).
On the other hand, if 2724 < 22 + ¢? < 272 for some k € N, then 9(2"z,2"y) = 0 if
n >k + 3. Hence,

k+2
D,yu(z,y) xyZn Loy (2", 2™y)
n=1
k+2 k+2
= Z n (2", Q”y)—l—z 4"n "oy D, (2" x, 2"y)
n=1 n=1
k2

+ Z 2"n o D,9(2"x, 2"y) + yD,d(2"x, 2"y))].
n=1
Note that, if n < k, then [2"(z,y)| < 1 so that ¥(2"x,2"y) = 1. Therefore,

k
1 1
a:yu T y Z - T k - : 2k+ll'7 2k+1y) + mﬁ(2k+2x7 2k+2y)
n=1
4k+1 el il k+2
k+1xyDzy19(2 e 28 y) + Lo
2k+1

k—l—l
k+2

k+2

+ a:nyyﬁ‘(2k+2x, 2k +2q))

———[xD, (2" z, 26T y) + y D, 9 (2, 2K y)]

+ ——[xD0(2" 2, 242y) + y D9 (252, 252y,

Hence,

D,yu(z,y) >Z— —2 sup |zwD,,Y(z,w)|

(2,w)ER?

—2( sup |zD 9(z,w)|+ sup |wDy19(z,w)|).
(

z,w)ER? (z,w)€ER?

The above estimate shows that D, u(z,y) diverges to oo as (x,y) — (0,0).
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Nevertheless, the assumptions on f and g may be weakened as the following theorem
shows.

Theorem 8.2.2. Let Hypotheses be satisfied. Suppose that f € CZT*(RY) and
g € C((0, T)xR?) is such that sup,c 71 t°||g(t, MNeomey < oo for some € (0,1). Then, the
Cauchy problem (7.1]) admits a unique classical solution u. In addition, u(t,-) € CFT*(R%)
and

sup te(Hu(t, ')||Cg+a(Rd) + HDtu(t, ')HC?(Rd)) + HUHCZ?’”O‘*%([O,T]XRd)
te(0,T7]

“llgt, ~>||cba(Rd)>7

<Co (I lgaan + 1
€(0,

for some positive constant Cy, independent of u, f and g.

Proof. We just sketch the proof, which is similar to that of Theorem [8.1.1] Throughout
the proof, by C', we denote a positive constant, which is independent of u, f and g.

To begin with, we observe that, by Theorem [6.1.§] (with 8 = 2 + a — 26), for every
f € CF* (R and g € C((0,T] x R?) such that supge (o, t°l9(t, )l comay < 00, the
Cauchy problem

(8.5) {Dtu<t,w>=Au<t,x>+g<t,x>, te(0,7], =eRY,

uw(0,z) = f(x), T € RY

admits a unique solution u € Cy([0, T] x RY) N CH2((0,T] x R%) such that

sup ¢ ([|u(t, WNezto@ay + 1 Deult, )l cpma)) < C<||f”c§+a—29(Rd) + sup t’||g(t, ')||05(Rd)>-
te(0,7] te (0,7

Using the same arguments as in the proof of Lemma [7.2.2] it can be easily checked that
the Cauchy problem (8.5) with the Laplacian being replaced with the operator A,, =
Tr(Q(x¢)D?), admits a (unique) solution u € Cy([0,T] x R?) N CH2((0,T] x RY) for every
zo € R%. In particular, if f € CFT* % (R?), then u is bounded in [0,7] with values in
C2re=2(R4) and

sup te(Hu(t, -)|’Cg+a(Rd) + HDtu(t, ')”C’g‘(Rd)) + ||u’|c§,2+a729([0’T]XRd)
te(0,T7]

(8.6) §C<Hf||cb2+a29(Rd) + sup teHg(t, -)HC?(Rd))
te(0,T

]

with the constant C' being independent of x, € R%.
Take u € CP2T72([0, T|xRH)NCH2((0, T xRY) such that sup, e oy (t°f|ult, -) [l c2er ay
t0|| Dyul(t, Meame) < oo for some 6 € (0,1). Since u solves the Cauchy problem (8.5) with
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A being replaced by the operator A,,, f = u(0,-) € Co(R?) and g = Du — A, u, from
(8.6) we conclude that

Sup t(|fu(t, )llezeo gy + | Deult, llep@a)) + 1l cozra—20 g0 ygay
€0,

87 <O Moo + 510 1D = At egien )

te (0,7

Fix u as above and apply (8.7 to the function v = ¥, ,u, where the function 9,,, €
C>(R?) satisfies (7.11)) and r € (0,1), obtaining

o P (llult Ml e2re@aorrmy + 1Pt Moa@amorm) + lullcpzra—2o o 2y Bomrm)

SC(H%JU( Mezra-20gay + Sup_ ([ Deult, ) — Agy (Vg rult, ))Hca(Rd))

te(0,77]

(8.8)

We note that (see (7.16) and (7.17))

t0||19xo,rDtu(t ) = Ay (Ve rult, ))”C“(Rd)
<t’|| Dyu(t,-) = Awyu(t, )| comiem) + Mr~ ateHDtu( ) = Agoult, oo

+ Crr 2 Jult, )l o @ey + Cor ™0t Z I Dju(t, )l coma)
7j=1
<L+ M) Dyalt, ) — Ault, Vg + Crt'r =t caun
+ Cyt"r* |Juft, WNez+o @y

for some positive constant C, independent of ¢ and r. Next, applying ([5.25), we can
estimate

ot ut, ) cpn <Crt® (0T ult, Mlczvagany + Collullc)
<et?llult, lezrogn + CLT fut, )

for each ¢ > 0 and some positive constant C! Replacing these estimates in (8.8), we
conclude that

50 1, ooz + 1P, ewarassz) + oo myarzzer

<C% (T_Q_O‘Hu((), ‘)||C§+a—29(Rd) + (1 4+ Mr=®) SZJpT] %) Dyu(t, ) — Ault, e @y
te(o,

e+ ) st gy + Tt ->||oo)
te(0,
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for each € > 0 and some positive constant Cs, independent of r, f and ¢g. Now, arguing as
in the proof of Theorem |7.2.1] we can show that

sup 7 (|lu(t, Wezre ey + 1 Deults )l ogway) + 1wl o2ea—20 (g yupay
te(0,7)

<Cj (Hu(o, .)HC?H@(W) + ts(%pT] t?|| Dyu(t, ) — Ault, MNes @y + C'Tult, ~)Hoo>-
€(0,

with Cj3, independent of w. In particular, C3 does not blow up as T — 0". Hence, if
T < Ty, where Ty is any positive constant such that C’gC’ETg < 1/2, then,

tS(%PT] £ (|lu(t, Wezregay + 1 Deults )l ogmay) + 1wl o2t (o 7yupa
(0,

(8.9) <204 (||u(0, Mzra-sogge) + sup. || Dyult, ) — Ault, -)||C?(Rd)) .
S )

Now, suppose that T" > Tj. Then, holds true with T being replaced by Tj, i.e.,

sup t0(||“(t7 ')H(Jb”a(Rd) + [ Deult, ')HCg(Rd)) + HUHCI?QJFO‘*QQ([O’TO}XRd)
t€(0,To)

(8.10) g203(||u(o,-)||05+aQQ(WW sup t‘)HDtu(t,-)—Au(t,-)||C§(Rd)).

te(0,To)

Moreover, since u belongs to C’b1 2He([Ty, T x RY), we can apply Theorem 7.2.6 which,
together with yields

||u||C£’2+a([TO,T]><Rd)
<C([Ju(To, ')||c§+a(Rd) + | Dru — AUHCS’O‘([TO,T]XRd))

te(0,To]

+ sup 1°|| Dyu(t,-) — Ault, )|l coma
te[To, T

SOTO—G [203||u(0, ')HCZJFO‘*%(RCI) + (203 + 1) ts(%%} t9||Dtu(t, ) — Au(t, ->||C?(Rd)>:| .
€0,

Hence,

sup 759||U(t>‘)||cb2+°‘(111{d)
te(To,T)

SCTGTO_Q |:203||u(0’ -)||Cb2+a—29(Rd) + (203 + 1) tS(lé%] t6||Dtu(t’ ) —_— Au(t7 .)||C?(Rd)):|
€ ’

(8.11)
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From (8.10) and (8.11]), we get also in this situation.

To complete the proof, we introduce the sets X = {u € C“2((0, T|xRH)NCY* ([0, T x
R : supieo gy Pt ooy + 1Dt Mcpen) < oo} and ¥ = G2 1R x {g €
C((0,T] x RY) = sup;e .1y t°ll9(t, ee ey < oo}, endowed with the norms

[ullx = llullgozra—20 (g gypay + Sup ([t )llezro@ay + | Deult, )llepea),
€(o,

||(f, 9)||Y = ||f||c2+a—29 ra) T SUp t9||9(t’ ')”C,?(Rd)v
b (R%)
te(0,T

and the same operator L, (o € (0,1)) as in the proof of Theorem|7.1.1} Since (X, ||-||x) and
(Y, |- |ly) are Banach spaces, see Exercise [8.4][1] using the above results and the continuity
method, we can complete the proof. O

To conclude this section, we consider the following result which will be used in the next
lecture.

Theorem 8.2.3. Let u € C1272([0,T] x RY) be a classical solution to the differential
equation Dyu = Au, Then, for every T > 0, there exists a positive constant Cr such that

_2ta
(812) Jaft, Megeoqma, < Crt™ 5 [u(0, Vs t€ (0.7]

Proof. We fix sq € (0, 7] and consider the sequence (%) as in the proof of Theorem [B.0.4]
with 79 = s9/2 and 7 = s9. We also introduce the same sequence (i,,) of functions defined
in the proof of the quoted theorem. Observe that [|¢/ ||, < 2"Csy* for every n € N, C
being independent of n.

As it is easily seen, for every n € N the function v, = @,u belongs to C'T®/22+2([0, T x
R?), vanishes in [0, s9/2] x R? and solves the equation Dyv,, = Av, + ¢/,u in [0,T] x R<.
By it follows that

HUnHCO,2+a([0,T]><Rd) gc”@%HooHUHCE’Q([tnﬂ,T]XRd) < 2ncsalHUHCE(,)’Q([WH’T]XRCI)
<2"Csy " [vn+1ll 0 go.77 xR

<2"C'sg  (ellvnsll coz+a o mpxray + €7 2 lvnsilleyo,r1xme)

for each ¢ > 0 and n € N, since v,,1 = u on [t,.1,T] x R%, (5.22) and Young’s inequality.
Now, we fix n € (0,27'7%/2) and choose ¢ = ¢, = 27"C~'sgn; from the previous

estimate we obtain

I 2n(1+%)01+%n—%862%&|

HUVLHCE’Q“'Q([O,T]XRd) < 77H'Un+1Hcg’“a([o;r]de) ’uHCb([&Tlde)'

Multiplying both sides of this estimate by n™ and summing from 1 to m € N, we get

m
a _o —Ha a
Hvl”cg%a([oﬂxw)_77m+1HUmHHCQvHQ([o,T}XW) <C'EnTEs, Z(n21+2)kHuHCb([O,T]XRd)
k=1
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(&3

(8.13) <Cisy * ||ullcy(o.r)xre)

for some constant C, independent of sy, due to the choice of 1. Letting m tend to oo
_2ta
in (8.13)) we conclude that Hlecf’“a([o,T]de) < Cisy * ||ulle,o,7xre) and, hence,

_2ta
HUHCE’2+“([SO,T]><]RUZ) < Cisy ° HuHCb([O,T]de)‘

Estimate (8.12) follows, from the maximum principle in Exercise ., which shows that
ulleyo.myxray < €7 (w0, -)||loo, Where ¢ denotes the supremum over R? of the function
c. [

8.3 Notes

For further details on parabolic equations in the whole R¢, besides Appendix [B| we refer
the interested reader to e.g., [?,/1},2].

8.4 Exercises

1. Prove that the sets (X, || -||x) and (Y, |- ||y), defined in the proof of Theorem are
Banach spaces.

2. Let u € Cy([0,T] x RY) N C12((0,T] x RY) be such that Dyu — Au < 0 on (0,7] x R?
and u(0,-) < 0 on RY, where A is the elliptic operator introduce at the beginning of
Lecture 7.

(a) Prove that there exists A > 0 such that the function ¢ : R? — R, defined by
o(z) = 1+ |z|? for every x € R, satisfies the inequality Ap < Ap on [0,7] x R<.

(b) Prove that the function v, : [0, 7] x R? — R, defined by v, (t, 1) = e~V (u(t, 2) —
n=Y(1+|z|?)) for every (t,z) € [0, T] x R? belongs to Cy([0, T] x RY) NCY2((0,T] x
R?), achieves its maximum on [0,7] x R? and satisfies the differential inequality
Dyv, — Av, < 0 on (0,7] x R? for every n € N.

(c) Use the above result and the arguments in the proof of Theorem to prove, first
that v, <0 on [0,7] x R? and, then, that « < 0 on [0,7] x R

(d) Conclude that, for every f € Cy(R%) and g € C,((0,T] x R?), the Cauchy problem
(7.1) admits at most a unique solution u € Cy([0,T] x RY) N CL2((0,T] x R?).

3. Let A be the elliptic operator in Lecture 7 and denote by ¢y the supremum over [0, T]xR?
of the function c. Assume that u € Cy([0, 7] x RY) N CH2((0,T] x R?) satisfies the
inequality Dyu < Awu on (0,7] x R4

(a) Prove that the function v : [0,7] x RY — R, defined by v(t,z) = e “u(t,r) —
|u(0, -)|| s for every (¢,z) € [0,T] x RY, satisfies the inequalities Dyv — Agv < 0 on
(0,T] x R, where Ay = Tr(QD?) + (b, Vu).



8.4. EXERCISES 111

(b) Using Exercise conclude that u(t, ) < e®|u(0, )|« for every (¢,x) € [0, T] %
R,

(c) Prove that, if Dyu = Au on (0,7] x R? then [Ju(t,-)||e < e®!||u(0, )]s for every
t € 10,77

4. Taking advantage of the previous exercises prove that, for each f € Cy(R?) and g €
Cy([0, T] x R?), there exists at most a solution u € C([0, T x R?) to the Cauchy problem
Dyu = Au on (0,7] x R?, u(0,-) = f on R?, such that Dyu, Dyu, Dyu, Dyyu, Dyyu are
bounded and continuous on (0, 7] x R? and D,,u is continuous on (0, 7] x (R?\ {(0,0)}).
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Lecture 9

Parabolic equations in Re. Part IIT

In this chapter, we are interested in proving that a semigroup {7'(t)} of bounded linear
operators in Cy(R?) can be associated with the operator A, which satisfies Hypotheses
(.01l

As a byproduct of Theorems [8.2.2] and [8.2.3] we can prove the following result.

Theorem 9.0.1. For ecach f € Cy(RY), the Cauchy problem

01 Du(t,r) = Au(t,x), t>0, =R
(9:1) { u(0,z) = f(x), r € RY

admits a unique solution u € CH2((0,00) x R?) N C([0,00) x R?), which is bounded in
0,T] x RY for every T > 0, and, in addition, belongs to C’I{;O‘/Q’Ha((o,oo) x RY). As a
byproduct, we can associate a semigroup of bounded operators {T(t)} in Cy(RY) with the
operator A, defined as follows: T'(t)f = u(t,-). Moreover, for each 0 < <~ < 2+«, each
operator T(t) is bounded from C) (R?) into C (RY) and there exist two positive constants

wg, and Cg such that
38,
(9-2) 1T fllog ey < Coat™ 2 €7 fll oo gay: t>0.

Proof. Being rather long, we split the proof into several step.

Step 1. Here, we prove that, for each f € BUC(R?), problem admits a unique
solution u € CH2((0,00) x RY) N C([0, 00) x R?), which is bounded in [0, 7] x R? for every
T > 0. The uniqueness follows from the maximum principle in Exercise [8.4][3] Hence, we
just need to prove the existence part.

Fix f € BUC(R?). Observe that there exists (f,) C Cy™*(R?) which converges to
f uniformly in R¢. (For instance, one can take f, = S(1/n)f, where {S(1/n)} denotes
the Gauss-Weierstrass semigroup in Cy(R?).) By Theorem , for every n € N the
Cauchy problem (9.1)), with f being replaced by f,, admits a unique classical solution
Uy : [0,00) x R — R? which belongs to C, t*/***([0, T] x R?) for every T > 0. By the
maximum principle in Exercise [8.4][3]

tn(t, ) — tm(t, ) oo < € frn — finlloos t>0, mmneN,

115
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where ¢y = sup,cga ¢(x). Hence, u, converges uniformly in [0,7] x R? for every T > 0,
to a function u € BUC(R?) which, of course, satisfies the condition u(0,-) = f. From the
interior Schauder estimates in Theorem we deduce that

Hun — um‘|cl+a/2,2+a([E,T]XK) < CHun — umHCb([O,T]XRd)7 m,n c N,

for every 0 < € < T, every compact set K C R? and some constant C, independent of
m,n € N, which blows up as ¢ tend to 0. Hence, u,, converges to u in C1**/22+¢([¢ T x K)

for every ¢, T" and K as above. Thus, u belongs to C’llota/2’2+a((0, o0) x R?). Finally, since
Dy, = Au,, in (0,00) x RY, letting n tend to oo, we conclude that u solves the differential
equation in . We have so proved that the Cauchy problem , corresponding to
f € BUC(R?) admits a classical solution u € CpLt****((0,00) x R%) N C(]0, 00) x RY),
which satisfies the estimate |[u(t, )|l < e®' for every ¢t > 0. We can thus define, for each
t > 0, the bounded linear operator T'(t) on BUC(R?) as described in the statement. The
linearity and the boundedness follow from the maximum principle.

Step 2. Here, we prove that problem admits a unique solution u € C([0, 00) x R%)N
C12((0,00) x R?) for each f € Cy(RY). For this purpose, we introduce a bounded sequence
(fn) € BUC(R?), converging to f locally uniformly in R? and set u, = T(-)f, (n € N).
Arguing as in Step 1, we conclude that the sequence (u,,) is bounded in C1+/22+e([1 [k, k] x
B(0,k)) for each k € N. Applying the Arzela-Ascoli theorem to u,, and its first-order time
derivative and first- and second-order spatial derivatives we conclude that, for each k € N,

there exist a function u, € C**/22+([1/k k] x B(0,k)) and a subsequence (u,t) such

that w,r converges to uy, in C12([1/k, k] x B(0,k)) as h — oco. Without loss of generality,
we can assume that (n}™') is a subsequence of (nf). It thus follows that uj, = ugy; in

[1/k, k] x B(0,k) for each k& € N. Let u : (0,00) x R — R be the function defined as
follows: for each (t,z) € (0,00) x RY, u(t,z) = uy(t,x), where k is any integer such that
(t,z) € [1/k, k] x RY. By the above results u is well defined, it belongs to C2((0, c00) x R?)
and, if we consider the diagonal sequence (n}), then we immediately realize that U
converges to u in C12([a,b] x B(0, M)) for each 0 < a < b and M > 0. In particular,
Dyu = Au in (0,00) x R To prove that u is the solution to problem (9.1]) we are looking
for, we need to show that u can be extended by continuity at ¢ = 0 with u(0,-) = f.
For this purpose, we use an argument from [1]. Given M > 0, we consider a function
Yy € C°(R?) such that xB(o,m) < U < XBozm)- By the linearity of each operator T'(t), it
follows that

93) gt = T(0) fuy = TOWarfy) + O = D) f)s >0,

We claim that |T'(¢)((1 — ¥ar) frn)| < suppe anZHOO(eCOt —T(t)9y) in RY, for every ¢ > 0.
Indeed, assume first that ¢ < 0 on R? Then the function v = T(-)((1 — Uni) for) —
suPpen || fur lloo(1 = T'(-)0nr) satisfies Dyw < Av in (0, 00) X R4, Moreover, v(0,-) = (1 —
Unt) frp —SUPpen || frn loc(L—=Uar) < 0. Hence, by Exercise ., v is nonpositive in [0, co) x
RY ie., T(t)((1 — Uni) frp) < suppen || funlloo (1 = T(£)0ar) in R? for all t > 0. The same
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argument, applied to the function w = =T'()((1 — Jar) fr) — suppen || fu [l (1 = T'(-) V1),
reveals that w < 0, i.e., T(¢)((1 — Var) fun) = —suppen | fon loo(1 = T(¢)0ar) in R4, for all
t > 0, and the claim follows in the general case by considering the semigroup {e~“'T'(¢)}

instead of {T°(t)}. From the claim and (9.3]) we conclude that

04)  fung(t:) = 1 < 1Ot o) = S+ 5p [ gl (e = TWI), t>0.

Since fnz converges to f, locally uniformly as h — oo, the function 9, fnz converges to

Iy f € BUC(R?) uniformly in RY. Hence, letting h tend to oo in both the sides of (9.4)),
we conclude that

9-5)  fult,z) = f(2)] < [(T@)WOsf)) () = fz)] + sup £ ool = (T(£)0ar) ()]

for every t > 0 and x € RY. Fix 7y € B(0, M). Since ¥y, = 1 in B(0, M), as (¢, ) tends to
(0,z0) the right-hand side of vanishes. It thus follows that u(¢, x) tends to f(zq) as
(t,x) — (0,z0) for every xy € B(0, M). By the arbitrariness of M, we thus conclude that
u can be extended by continuity to {0} x R? by setting u(0,z) = f(z) for x € RY. We
have so proved that the function wu is the solution to problem (9.1)) we were looking for.

Step 3. By the above results, we can extend each operator T(t) to Cy(RY). By
the maximum principle in Exercise [8.4J3} T'(t) is bounded linear operator in C,(R?) and
I T ()|l iy reyy < e for every ¢t > 0. Moreover, the semigroup property is satisfied, still
thanks to the maximum principle. Hence, if we set T'(0) = I, then the family {7'(¢) : t > 0}
is a semigroup of bounded operators in Cy(R?).

Step 4. Here, we prove estimate for every v € (2,2 + o] and 8 < 7 and for
y=p€[0,2+aqal.

Theorem shows that each operator T'(¢) is bounded from C7t*(R?) in itself and

1T fll L c2tomay < Cull fllczeo @y, t€[0,1],

for some positive constant C, independent of f, which, without loss of generality, we can
assume to be larger than one. Using the semigroup property, we extend this estimate
to each ¢ > 0. Indeed, if ¢ > 1, then t = n + o, where n € N and ¢ € [0,1). So,
T(t)=T(n)T(r) = (T(1))"T'(r). Hence,

IT (@) 2o zeyy SUTNG oo g IT (@) 240 @ayy
<Cp = exp((n + 1) log(Cy)) = Cre=sosset,

where Wyt q 240 = log Cy. Similarly, taking g = 0 and choosing ¢ properly in Theorem m
we can show that T'(t) is bounded from C}(R?) in itself for each v € (0,2 + «), and it
satisfies . Still Theoremshows that estimate is satisfied if § < 2 < v < 24q,
such that g > ~v — 2 To prove it with § < v — 2, we use again the semigroup property and
the results so far obtained. More precisely, we have proved that

148
IT@N Lop e czrormmay < Coarspt Hragn et t>0,
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and

—2y+4458
||T(t)||L(C§+5/2(Rd),c’;’(Rd)) < 02+/3/2,’yt E 6w2+5/2"yt, t>0.

Hence,

HT( )”L C’ﬂ (R4), 07 (R4)) < ”T(t/2) ”L(CB(]Rd) CQ+5/2(Rd )”T(t/Q) ||L(C§+B/2(Rd),Cg(Rd))

<2 t_iCﬁ 2+6/2C215/2, 7@%( 8.24+8/2 W2t 8/2,4)t

and we are done.
Step 5. Here, we prove estimate (9.2)) for 0 < 5 < v < 2. Applying the estimate

4+8— 2W 2(7 ﬁ)

(9.6) l9llc; ey < Callglpgay 191l 21

248/2
(Re)’ g€ G R,

(see Exercise 9.1)13) with g = T'(¢) f, we deduce that

44+8— 27 2(7 /J‘)

1T () fllg ey <CllT @S oo gy ITOS 2 ng (R

)
w +,8 2y w
<Co(Co 50| fllgpgny) 7 (Coarayat T38| ]| o) 0

Q(W—ﬁ)

4+B8—-2v

<CyCy 57" C’B;‘aﬂ/zt’%e”ﬁ”tﬂﬂlcﬁ (RY)
+B 2y (w B)

for all £ > 0, where wg, = ws 3 + W,B 2+B/2 4= -
Step 6. Finally, we prove estlmate 9.2)) for ﬁ =0 and v € (0,2 + «]. First we suppose

that f € BUC(R?) and observe that by Theorem it follows that

_2+a
HUN(t» ) - um(tv ')||Cb2+°‘(Rd) <Ot an - meOOa te (07 1]7

for every m,n € N, where u,, and u,, are as in Step 1. Letting n tend to oo, we conclude that
T(t)f € CF*(RY) for every t € (0,1], f € BUC(R?) and ||T(t ) fll gzt gay < Ct22% || f]
for every t € (0,1]. Using the semigroup property and arguing as above we easily show
that T(t)f € CFT(R?) for every t > 0 and estimate follows with § = 0. Observing

that

2+a—y

9.7) lolleg e < g™ 1911255 gy

for every g € CZT*(RY) and v € (0,2 + «), (see Exercise and arguing as above,
estimate follows with 8 =0 and v € (0,2 + «).

Now, suppose that f € Cy(R?). Let (f,) C BUC(R?) be a sequence converging to f
locally uniformly in R? and such that ||f.|lee < || fllec for all n € N. By Step 2, T'(t)f,

converges to T(t)f in C2(B(0, M)) for every M > 0 and ¢ > 0. Since
IT(t) falleg ey < Coqt™ 2| falloo < Coqt™ 20| flloos t>0,

for all n € N and v € (0,2 + af, letting n — oo, we conclude that ||[T'(¢)f|cy@ey <
Cot77/2e20t|| f|| o for all ¢ > 0, completing the proof.

O
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Remark 9.0.2. Some important remarks are in order.

(i)

(i)

(iii)

{T(t)} is not strongly continuous in Cy(R?). This is clear if A = A, but it can be
proved for each operator A satisfying Hypotheses [7.0.1] The proof of Theorem [9.0.1
shows that T'(t) f converges to f, as t — 0T, locally uniformly in R

On the other hand, the restriction of {T'(t)} to BUC(RY) is strongly continuous.
Indeed, by estimate (9.2)), with 8 = 0 and v = 1, it follows that T'(¢) f € C}(R?) —
BUC(R?) for every t > 0. Moreover, let (f,) C CZ7*(R?) be a sequence converging
to f € BUC(R?), uniformly in R%. Note that

(9.8)
(T(t)f)(z) = f(@)] < sup [ T(r)fn = T(r)flloc + (L) fu)(@) = ful@)] + [[fn — [l

rel0,1]

for all ¢ € [0,1], x € RY, n € N, and, by Step 1 in the proof of Theorem 9.0.1, T'(-) f,,
converges to T'(-) f uniformly in [0,7] x R? for every T' > 0. Moreover, using again
(9.2) and recalling that D,T(-)f, = AT(-) f, for every n € N, we get

[(T(0) fn) () = ful2)] < /O (AT (s) fn)(@)|ds < Cl| full g2+o gayt

for every t € [0,1], z € R? n € N and some positive constant C, independent of
t € [0, 1], which, replaced in , gives

7)) = fllee < sup. 1T () fn =T () flloo + Cllfallczre@ayt + o = Flioos

rel0,1

for all ¢ € [0,1] and n € N. Thus,

limsup [T'(£)f = flloo < sup [|T(r)fo = T(r)flloc + 1fn = flloo: n €N,

t—0+ ref0,1]

and letting n tend to oo, we conclude that imsup, o+ ||T(t)f — flloo = 0, i.e., T(t) f
converges to f uniformly in R? as ¢t — 0%, showing that the restriction of {T'(t)} to
BUC(RY) is strongly continuous.

Actually, {T'(¢)} is an analytic semigroup in Cj(R?) whose associated sectorial oper-
ator A is defined as follows:

D(A) = {u € Co(RY) N W2P(R?), for each p < oo and Au € Cy(R%)}

loc

and Au = Au for every u € D(A).

The arguments in the proof of Step 2 of the proof of Theorem can be used
to prove that, if (f,) C Cy(R?) is a bounded sequence, converging to f € Cy(RY),
locally uniformly in R¢, then T'()f, converges to T'(:)f in C**([a,b] x B(0,k)) for
every 0 < a < b and k£ € N. Indeed, the quoted arguments show that a suitable
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subsequence of (T(+) f,) converges in C'?([a,b] x B(0, K)) (for every 0 < a < b and
K > 0) to T(-)f. In particular, each subsequence of (T'(-)f,) admits a subsequence
which converges in C1?([a,b] x B(0, K)) for every a,b, K as above, to T(-)f. From
Exercise [9.1ii) it follows that the whole sequence (T'(-)f,) converges to T(-)f in
C12([a,b] x B(0, K)) for every 0 < a < b and K > 0.

Actually, the result in point (iv) holds true also in the case when the bounded sequence
(fn) converges to f € Cy(RY) pointwise in R?. Indeed, the same arguments used
in Step 1 of the proof of Theorem [9.0.1] show that, up to a subsequence, (T(-)f,)
converges in C%([a,b] x B(0,K)), for every 0 < a < b and K > 0, to some function

C’llota/ 2279((0, 00) x R%). To identify u with T(-)f, we observe that since, for all
t > 0 and x € R, the operator g — (T(t)g)(x) belongs to the dual of Cy(R?) (the
space of continuous functions over R¢ vanishing at infinity), there exists a positive

Borel measure on R?, which we denote by p(t, z, dy), such that

(T'(t)g)(x) = /Rd 9(y)p(t, z, dy), g € Co(RY), t>0, x € R

Since each function in Cy(RY) is the local uniform limit of a bounded sequence of
functions in Cy(R?), by property (iv) the previous equality can be extended to each
g € Cy(R?). Now, we are done. Indeed, by dominated convergence (T'(t)f,)(z)
converges to (T(t)f)(x) for all t > 0 and x € R Hence, u = T'(-) f and we are done.

The difference between the case when f,, converges to f locally uniformly in R? and
the case when the convergence is only pointwise in RY, is that, in the first case, the
convergence of T'(-)f, to T(-)f is uniform in [0,7] x B(0, M) for every M,T > 0.
Indeed, suppose that f, tends to f locally uniformly in R? set K = sup,cy || fulls
and fix M > 0. Then, by we get

“T( ) fn”c B(0,M)) §”T<t>(19an) 19an“0 B(0,M)) + KHecot - T(t)ﬁMHC(W)
<IT@) WS = I f)lloo + T @) WOnr f) = Ini flloo
+ 1 fo = flle@man) + Klle™ = T®)9ullo@man)
<2|fn = ez + 1T @)W f) = I flls
+ Kle® = T()Iml o @oam)

for all ¢ > 0. Fix ¢ > 0 and let ny € N be such that 2||f, — fllo@ozmm < /4 for
every n > ng. With this choice of ng it follows that

HT< ) anc B(0,M)) S + HT( )(ﬁMf) - ﬁMfHC(B(O,M))
+ Kle" — T(t)ﬁM”c(W)

for all n > ng. Since ||T'(¢)(Ire f) = In f |l o m@am) and ||lecot —T'(¢ )OumllcB@am) vanish
as t tends to 0T, we can determine to > 0 such that | T'(¢) fn — foll oo < €/2 for
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all t € [0,%] and n > ng. Now, we are almost done. Indeed, we can estimate

”T(t)fn - T(t)fHC(B <||T( ) anC(B(O M)) + an fHC(W)
(9.9) +TWOf = fllomoamn
for t > 0 and n € N. Up to replacing ¢ty with a smaller value and ny with a larger
integer, if needed, we can assume that ||7'(¢) fo — fullc aam + 1o — fllo@oan < €/4

for t € [0, tp] and n > ny. Hence, from it follows that ||T°(¢) f,,—T'(¢ )f||C B <
e for all t € [0, ] and n > ny.

Fix T > 0. Without loss of generality, we can assume that 7" > t,. Hence,

||T<')fn - T(')fHC([O,T}xB(O,M))
=max{||T(-)fn — T(')fHC([O,tO]xB(O,M))? 1T() fn — T(‘)fHC([tO,T]xB(o,M))}
< max{s, HT()fn - T(')ch([to,T]xB(o,M))}

for n > ng. Since, [|T'(:) fo = T(C) fll oty 71xBw30) vanishes as n tends to oo, from the
previous estimate, it follows that |[T'(:) fu = T'(:) fll (o 1< B am) does not exceed e if

n is sufficiently large.

9.1 Exercises

1.

(i) Prove that if a sequence (g,) C C} (R?) (7 > 0) satisfies the estimate gnllcyray < K,
for some positive constant K and all n € N, and converges to some function g : R — R,
locally uniformly in R?, then g € G (R?) and [|g||co(re) < K.

(ii) Prove that, if v € (0,1), then the same conclusion holds just assuming that g,
converges to g pointwise in R

. Let (X, d) be ametric space and let (x,,) be a sequence with the following property: there
exists a subsequence (z,, ) with converges to some z € X and each subsequence of ()
admits a subsequence which converges to x. Prove that the sequence (z,) converges.

. Prove estimates and ((9.7)).

. Prove the first part of Remark [9.0.2]
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Lecture 10

Parabolic equations in Rﬁir with
homogeneous Dirichlet boundary
conditions. Part I

In this lecture we study the Cauchy-Dirichlet problem

Duu(t,z) = Au(t,z) + g(t,z), t€(0,T], = €R%,

(10.1) u(t,z',0) =0, te(0,7], 2’ e R
U(O,IL’) :f<£L’>, .TGR(_ip
where R% = {(1,...,2q4) € R?: 24 > 0} and we find it convenient to split = (27, z,) for

every x € R?%. Here, A is the elliptic operator defined on smooth functions ¥ : ]Ri — R by

T) = Z qij(x)Dijyp(x) + ij ) + c(z)y(z)

4,j=1 Jj=

—Tr(Q(2) D2 () + (b(x), Vatb()) + o)t ()

with, as usually, Q(z) = (gi;(2))1<i j<a for z € R%. Throughout the lecture, we assume the
following conditions on the coefficients of the operator A.

Hypotheses 10.0.1. (i) The coeflicients ¢;; = ¢;;, b; (i, =1,...,d) and c are bounded
and a-Holder continuous in R? := R4 x [0, 00) for some « € (0,1);

ii) there exists a positive constant p such that (Q(x)&,€) > pulé|? for all z € R and
) +
¢ € R

The following result is the counterpart of Theorem [8.1.1]

Theorem 10.0.2. Let Hypotheses 1| be satisfied. Then, for every f € Cgm(@) and
g€ C2**([0,T) xRY) such that Af+g( ) =0 on ORL := R x {0} for each t € [0,T],
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there exists a unique classical solution w to problem (10.1). In addition, u belongs to

C;Jra/?’zm([(),T] x RL) and there exists a positive constant C, independent of f and g,
such that
(10'2) HUHC?Q/?’?*‘@([QT]Xﬁ) < C(Hf”c?rﬂ(@) + Hg||C;’/2’“([0,T]><@)>'

Remark 10.0.3. The conditions f = Af + g(0,-) = 0 on IRL are necessary for problem

to have a solution u € C*2([0, 7] x R%). Indeed, since u(t,-) vanishes on OR% for
each t € [0, 7], then f = u(0,-) and Dyu(t,-) vanish on ORZ for each ¢ € [0, 7). This latter
condition implies that Au(t,z) + g(t,2) = 0 for each t € [0,7] and = € OR?. Taking ¢ =0
it follows that Af(z) + g(0,z) for each z € IR?.

In this lecture, we prove Theorem [10.0.2] in the case when A = A under stronger
assumptions on the functions f and g. These stronger conditions make the proof easier
since they easily allow to transform the Cauchy problem into a Cauchy problem in
the whole space.

Throughout the lecture we use the notation u, to denote the odd extension with respect
to the last variable of a function u : R% — R, i.e., the function u, : R? — R defined by
uo(z) = u(z) for each z € RL and u,(z) = —u(z’, —x4) for each z = (2/,24) € R? with
zg < 0.

Now, we can prove [10.0.2]in the particular case when A = A.

Theorem 10.0.4. For every f € C’g“‘(@) and g € Cf/Q’Q([O,T] X @) such that f, Af
and g(t, ) vanish on ORL for every t € [0,T), there exists a unique classical solution u to
problem

Dyu(t,z) = Au(t,z) + g(t,x), t€(0,T], ze€RYL,

(10.3) u(t,2’,0) =0, te (0,7], 2’ e R
u(0,z) = f(x), zeRL

In addition, u belongs to C’;+a/2’2+a([0,T] X @) and there exists a positive constant C,
independent of f and g, such that

(104) HUHC;Jra/2,2+a([O7T]X@) S C(Hf”cf-ka(@) + Hg”cg/la([QT}xﬁ)).

Proof. Let us begin by proving the uniqueness part. For this purpose, we assume that
u € Cy2((0,T] x RL) N Cy([0, T] x RL) solves the Cauchy problem

Dwu(t,z) = Au(t,z), te€(0,T], zeR?,
u(t,z’,0) =0, te(0,T], 2’ e R
u(0,z) =0, zeRYE,

and prove that u identically vanishes on R%. Since u vanishes on [0, 7' x 9R%, function u, is
once continuously differentiable with respect to the time and spatial variables on [0, 7] x R?
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and the first-order derivatives of u, are bounded on [0, 7] x R¢. Similarly, since D;ju = 0 on
0,7)xOR% (i,j =1,...,d—1), then D;;u, exists and it is continuous on [0, 7] x R?. From
the differential equation satisfied by u we conclude that Dgqu vanishes on [0,7] x ORZ.
Hence, the derivative Dyqu, exists and it is a continuous function in [0, 7] x R¢. Moreover,
u, solves the equation Dyu, = Au, on (0,T] x R? and vanishes at ¢t = 0. Fix ¢t > 0 and let
v:[0,¢] x R — R be the function defined by v(s,z) = (T'(t — s)u,(s,-))(z) where {T'(t)}
denotes the Gauss-Weierstrass semigroup. A straightforward computation shows that
st<57 ) = - AT(t - S)uo(37 ) + T(t - S)Dsuo(sa )

=— AT(t — s)uy(s,-) + T(t — s)Au,(s,-)

=— AT(t — s)uo(s,-) + AT(t — s)ue(s,-) =0
Hence, for any 2 € R? the function v(-, ) is constant in [0,¢] and, consequently v(t, z) =
v(0, ), i.e., uy(t,x) = 0. We have so proved that u = 0 and the uniqueness of the solution
to the Cauchy problem ((10.3)) follows.

Let us prove the existence part. As a first step, we observe that u solves the Cauchy

problem if and only if the function v = u — f solves the Cauchy problem

Dyw(t,x) = Av(t,z) + g(t,z) + Af(x), t€(0,T], zeR,

v(t,2’,0) =0, te (0,7], 2’ € R

v(0,2) =0, zeRL
To find a solution to this problem, we set ¢ = g + Af and consider the function v,. Due
to the conditions g = 0 on [0,7] x OR% and Af = 0 on IR, function v, belongs to
>0, T) x R%) and

HwO“C’“/?’Q([O,T]X]Rd) < 2”9 + Af‘|cg¥/27‘l([07T]X@) < Cl(”f”cf“é(@) + HgHCg/Q’a([O’T}X@))

for some positive constant C, independent of f and g. Hence, we can apply Theorem|[6.1.4
and conclude that the Cauchy problem

(10.5) Dy(t,z) = Av(t,z) + o(t,x), t€(0,T], = €R%
' v(0,2) =0, r € RY
admits a unique solution v € C, **/****(]0, T] x R?) which satisfies the estimate

oll gprarzara o rycmay CMYoll garze o 1y,cma)

SC?(”f”cf-&-a(@) + ||g||C§/2’a([O,T]X@))'

The restriction u of v to [0, 7] x R% clearly belongs to Cpt*/**7*([0,T] x R%), solves the
differential equation in , equals the function f on {0} x R% and satisfies estimate
(10.4). To complete the proof, we need to show that u vanishes on [0,7] x 9R?%. For this
purpose, it suffices to show that v(t,z) = —v(t,2’, —x4) for each (¢t,x) € [0,T] x R?, but
this follows from the uniqueness of the solution to the Cauchy problem ([10.5]), since the
function (t,z) — —uv(t,2’, —x4) is a bounded classical solution to (10.5]). O
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Now, we show that, for each f € Cy(R%) the Cauchy problem (10.1) (with ¢ = 0)
admits a classical solution u. Since f is not defined on JR% (and even if it is defined on

@ in general it does not identically vanish on OR%) we can not expect u to be continuous
on {0} x ORZL. Hence, we need to slightly modify the definition of classical solution.

Definition 10.0.5. A classical solution to problem (10.3) with ¢ = 0 and f € Cy(R%)
is a function u € C([0,00) x RL) N C((0,00) x RL) N CH2((0,00) x R%) which solves the
equation Dyu = Au on (0,00) x RY and satisfies the boundary and initial condition in
(10.3).

Theorem 10.0.6. For each f € Cy(RL) there exists a unique bounded classical solution u
of the Cauchy problem (10.3)), with g = 0. Further,

(10'6) |’u|‘cb([0700)><@) < Hf”cb(@)'

Finally,

(10.7) uta) = [ ks te 000, ve B,
i

where k(t,x,y) = (4rt)~Y2(e"le=vlP/(4) _ o=(a'~y'Ptlzatval)/ (40 for each t > 0 and z,y €
R
Proof. The uniqueness of the bounded classical solution to problem ((10.3)) follows from the

proof of Theorem [10.0.4]
To prove the existence part, we introduce a bounded sequence (f,) of functions in

Cy(R2) which vanish on JR% and converge to f locally uniformly on RZ. We denote by
u, € Cy([0,00) x RL) N CH2((0,00) x RE) the solution of the Cauchy problem (10.1]). By
the interior Schauder estimates in Theorem for each 0 < e < T, each compact set
K C R% and each a € (0,1), there exists a positive constant C' such that

lutnllgporzzsoempery < Clltnlloo < Cllfalloe < Cllfll

for every n € N. This estimate allows us to apply Arzela-Ascoli theorem to w, and its
time derivative and first-order and second-order spatial derivatives to infer that, up to a
subsequence wu, converges in C'%([e,T] x K) to a function u € C'**/22+([¢ T] x K).
The arbitrariness of €, T and K yields that u € C'+*/22t%((0, 00) x RZ) and it solves the
differential equation in . Since

witr) = [ Kool te000), ve R,
R
letting n tend to oo, by dominated convergence we conclude that

(10.8) u(t,x) = /]R k(t,z,y)f(y)dy, t € (0,00), x € Ri,

d
+
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or, equivalently,

(10.9) u(t,z) = /Rd e_gfo(m +Vty)dy, (t, ) € (0,00) x RL.

where f, is continuous on R%\ 9R?. Using this formula we can show that u(t, z) converges
to f(x%) as (t,z) = (0,2°) for every z° € R%. Indeed, fix e > 0 and let R > 0 be sufficiently
large such that

y|?

1l / ey <
Rd\B(O,R)

Hence, if VR < 29 and z € Ri, then we can estimate

DO ™

[ut, z) — f (") :% * /B(O R) ei%f(x +Viy)dy — f(z°)
5 o e .
<5+ / Vi = sy + |rf||oo( / L 1)

§a+/ 67#“.(1'4—\/%?/) — f(a®)|dy.
B(0,R)

Letting (¢, ) tend to (0,2°), we conclude that

limsup |u(t,z) — f(z%)| <e.
(t,2)—(0,29)

The arbitrariness of ¢ > 0 implies that u(¢, z) tends to f(zo) as (t,z) — (0,2°). We have
so proved that u € C([0,00) x R%). On the other hand, using formula together with
the dominated convergence theorem it can be easily checked that, for each t € (0, 00), the
function wu(t,-) can be extended by continuity to R4, ie., u € C((0,00) x R%). Finally,
since u,(t,z) = 0 for every t > 0, z € OR%, n € N and u,(¢,z) converges to u(t, )
pointwise on (0, 00) x R%, we conclude that u(t, z) = 0 for every ¢ € (0,00) and = € ORZ.
Summing up, we have proved that u is a classical solution to the Cauchy problem [10.3] and
this completes the proof. [

As in the previous lectures, we can associate a semigroup of bounded operators {S(t)}
with the Cauchy problem (10.3). For each f € C,(R%) S(-)f is the unique solution to
problem ((10.3) with the regularity properties in the statement of Theorem [10.0.4 The
semigroup property follows from the uniqueness part of the proof of Theorem [10.0.6] As a
consequence of Theorem and Theorem we can prove the following interesting
result.

Proposition 10.0.7. Let C’g(@) ={f € Cf(]RT‘j) . f=0ondR%Y, if B <2, and
CORL) ={feC/RY): f=Af=0on OR%Y, if B € (2,3]. Then, each operator S(t)
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maps Cg(@) into C’S’(RTfr) and, for each o, 0 € [0,3], such that « < 6 and T > 0, there

exists a positive constant Cy 91 > 0 such that

~ _6-a
(10.10) HS(t)”L(Cg(Ri),Cg(Ri)) < Coprt™ 2, t e (0,77.
Proof. To begin with, let us prove that, if f € C§' (@) (a € 0,2)U(2,3)), then the function
fo € C&(R?) and ||ch;;(Ri) < 2||fHCQ(R—d). This is clear if @ € [0,2). Let us suppose that
b\
a € (2,3). Then, the same argument used in the first part of the proof of Theorem [10.0.4
can be used to prove that function f, has the following properties:

e it belongs to C} (R%);

e it admits the classical derivative Dj; f, (j € {1,...,d}) which is a continuous function
on RZ.

Based on this remark, it is easy to check that AT'(t)f, = T(t)(Af), for every t > 0, where
as usually in this lecture {7'(t)} denotes the Gauss-Weierstrass semigroup. Therefore, for
everyi=1,....,dand t >0

AT () Difolloo =IADT(t) folloe = [[DiAT () folloo = 10T (£)(Af)olloo
<Cit™ = [(Afollcgme) < cht—%QHAfHC?(@)

for some positive constant Ci, independent of ¢ and f, so that, by Theorem [5.1.6, D;f,
belongs to Da((1+a)/2, 00) = C}T(R4). We havd'o proved that f, belongs to CZT(R%).
Clearly, || follcoray < 2Hchg(@)-

Now, Theorem and formula , which shows that, for every ¢t > 0 and f €
Co (M), S(t)f coincides with the restriction T'(t) f, to @, allow us to conclude that S(t)f €
C3(RY) for every f € Co(RL), t > 0 and

(10.11) I15(t) ) < 2Caprt™ 3, t e (0,T]

s @m ey

for every T'> 0, a € [0,2) U (2,3) and S € [a, 3], where C, o1 is the constant in (4.18)).
The case a = 2 < 6 follows from observing that || ]| .. &) < Col| f]l o2 &) for each o €
b + b\

(1,2), f € C3(R%) and some positive constant Cy, independent of f, so that from (10.11])
we can infer that

_b—a
(10'12) HS(t)chg(@) < CQCO(,@,Tt 2 Hf“cg(@)v

and the function a — C, 1 is bounded in a left neighborhood of 2, letting o — 27, (({10.10))
follows also in this case. A similar argument can be used in the case o = 3.

!The previous argument is an adaption of an idea by Hendrik Voigt on the Discussion board: thanks
Hendrik!



10.1. EXERCISES 131

Fixt > 0and f € Co(@). Since S(t)f is the restriction to Re, of the function 7'(t)f, and
the function 7'(+) f, belongs to C12((0, 00) x R?), it follows that S(-)f € C1?((0,00) x R%).
Recalling that S(t) f vanishes on 9R? for every ¢ > 0 and D,S(t) f = AS(t) f on (0, 00) X@
it is immediate to conclude that AS(t)f = 0 on IR? for every ¢ > 0, so that S(t)f €

Cg(@) for every t > 0 and from ((10.11)), estimate ((10.10)) follows at once. ]

10.1 Exercises

1. Adapting the arguments used in Lemmal[7.2.2] prove Theorem in the case when
A = Tr(QD?) for some constant positive definite matrix Q). (Note that the case when
@ is not diagonal demands some more efforts, since in general the transformation used
in the proof of the quoted lemma does not preserve Ri.)

2. For f € Cb(@) prove that the solution u to the Cauchy problem (10.3)) with ¢ =0
is given by

[NJfsH

z—y|? |2’ —y/ > +leg+yal®
u(t,z) = (4nt)~ / (e e )f(y) dy, t>0, reRL
R






Lecture 11

Parabolic equations in RSZF with
homogeneous Dirichlet boundary
conditions. Part II

In this lecture we keep on the study the Cauchy-Dirichlet problem ([10.1)), proving Theorem
[10.0.2] The following proposition is the uniqueness part of Theorem [10.0.2] Its proof will
be adapted to cover the case of elliptic operators with unbounded coefficients in one of the
forthcoming lectures.

Proposition 11.0.1. Let u € Cy([0,T] x RL) N C12((0,T] x RY) satisfy the inequalities
Dyu— Au <0 on (0, 7] x R, w < 0 on (0,T] x ORL and u(0,-) < 0 on RL. Then, u is
everywhere non positive. As a consequence, the Cauchy problem (10.1) admits at most a

unique bounded classical solution u € Cy([0,T] x RL) N CH2((0,T] x RY).

Proof. Let u be as in the statement of the proposition and consider the function ¢ : R% —
R, defined by p(z) = 1+ |z|* for every z € R Clearly, lim;_o ¢(2) = +00. Moreover,

since Ap(z) = 2Tr(Q(x)) 4+ 2(b(z), ) + c(x)(1 + |x|?) for every x € R, we can estimate
d d 3 _
1) e <23 e+ (I el +lelmete), 2 B,
i j=1

and conclude that Ay < Ap on R¢ for some positive constant .

For each n € N, let v, be the function defined by v, (t,z) = e Mu(t,z) — n~'p(x) for
every t € [0,7] and z € RY. We claim that v, < 0 on [0,7] x RZ for all n € N. For this
purpose we observe that each function v, is as smooth as u is and lim|,| o v, (¢, ) = —00,
uniformly with respect to ¢t € [0,T]. As a consequence, for each n € N v,, has a maximum
point (t,,z,) € [0,7] x RL. If (¢,,2,) belongs to the parabolic boundary of (0,7) x R%,
then v, is clearly nonpositive on [0,7] x R%. Suppose that (t,,z,) € (0,7] x R%. Then,
v(t,, ,) should be nonpositive. Indeed, the function v, satisfies the differential inequality
Dy, — Av, + v, < 0. The argument in the proof of Theorem [I.1.1]1leads to a contradiction
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if v(t,, z,) > 0. Thus, v, <0 on [0,7] x @. Letting n tend to oo, we conclude that u < 0
on [0,7] x @.

To complete the proof, let us assume that u € Cy([0,7] x RY) N C*2((0,T] x R%)
solves the Cauchy problem ((10.1)) with f =0 and g = 0. Since both u and —u satisfy the
assumptions of the first part of the proof, they both are nonpositive on [0, 7] x @. As a

byproduct, u identically vanishes on [0,7] x RZ and we are done. O

The existence part of the proof of Theorem [10.0.2] demands much more effort also in
the simplest case when A is the Laplacian. We need some preliminary results which are
the content of the next section.

11.1 Technical results

Lemma 11.1.1. There exists a positive constant C' such that

(11.2)
d
lullgyeoraave go.zymy < C(”u”‘” I Peullgprne o iy + 2 ||D”u||05/2’“([07T]XM>)
i,j=1

for each u € C’;+a/2’2+a([0, T] x RY).

Proof. The proof follows the same lines of that of Lemma [5.2.1. We just need to show that
19l < CllYSL 1" |52 for every 1) € C?([0,00)). This follows from expanding v using
Taylor’s formula to write

By + 1) = b(y) + ()t + / (L= sy +s)ds,  y>0, >0,

and thus estimate

W(y)! < 'w(zﬂrti—iﬁ(y)‘

1 [t Lt
3 / (t = )" (y + 5)|ds < 2blloct™ + 10|
0

Minimizing with respect to t > 0, we get [¢'(y)] < 2H¢|]<1>42|WN||<1></>2 and, taking the supre-
mum with respect to y > 0, the wished estimate follows with C' = 2. ]

To ease the notation, in the rest of the lecture, we set C,(tg,zo) = (to — 1% tg) x
B(xo,r) for every r > 0 and (to, ) € R™™. We also set [(Ja.g = sup,e;[¢(t,-)]cep) +

sup,eplC(-, x)]ca/zu) for every ¢ € C’ba/Q’O‘(I x D), I x D being either the whole R4 or the
b

set (—oo, T] x RY.

Theorem 11.1.2. There exists a positive constant C such that

(113 il gy < CUDE ~ Auloso gy + o),

for every u € C AT (RATY),
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Proof. Being rather long, we split the proof into some steps. Throughout the proof, C
denotes a positive constant, independent of u, which may vary from line to line.
Step 1. Here, we show that

d
Diug.q + Diulpa <C  su supr27% inf ||lu-— s =: C'luli1a.4,
Diloat 3 Dylea C sy, supr= it = o = Clivns

for every u € C’; T/ 22FO(RIY) | where Pol; 5 denotes the set of all the polynomials in (¢, x)
which are of at most first-order in ¢ and at most second-order in z. To ease the notation

a bit more, we set [D2w],q = ijzl[Dijw]a,d.

We fix u € Cp /> (R41) and begin by estimating [Dju]aq for arbitrarily fixed
i,j €{1,...,d}. For every h > 0 and (t,z) € R¥" we set

Rou(t, z) = %[u(t, 4 hei + e5) — ult, x + hey) — ult, x + hes) + ult, z)] = %g,x(h).

The function (;, belongs to C2T*([0,00)) for every (¢,z) € R¥!. Moreover, (;.(0) =
C{@(O) =0 and

|G (h) = 2Dyju(t, )|

<|Djiu(t,z + h(e; + e;)) — Diu(t,x + he;)| + |Djjul(t, x + h(e; + e;)) — Djju(t, x + he;)|
+2|Djju(t, x + h(e; +e;)) — Diju(t, x)|

<4h®[D2ula.q.

Hence, expanding (;, by Taylor’s formula centered at zero, we can estimate

| Ryult, ) — Digu(t, 2)] = 'h—ﬁ (60) + GO+ 6L (M ) = Doyt

1
(11.4) :§|§t’fz(h’)h2 — Diju(t,z)| < 2h*[D2ula 4

for each h > 0 and (¢,x) € R with some b’ € (0, h).

Using (11.4) we can estimate [D2ulaq. Fix (f,2z;) and (t,73) in R and set r =
|z2 — x1]. As it is immediately seen, the points (¢, xy), (t, 2 + h(e; +¢€;)), (t, zx + he;) and
(t, z1, + he;) belong to Cs, (¢, xy), for k = 1,2, if |h| < r. Noting that if p € Pol; 5, then Ryp
is constant and coincides with the coefficients of the monomial z;z;, we can estimate

|Dz-ju(t, l’g) — Diju(t, $1)|
< |Diju(t, 7)) — Rypu(t, 2x)| + [[Ra(u — p)](t2, 22) — [Ri(u — p)](t, 21)]

<4h®[D3ulaa + 4h 72w = pllo@rgay T 40 llv = Pllo@amy
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for each p € Poly,. Minimizing with respect to p, gives |D;u(t,x2) — Dju(t,zy)| <
4h*[D2u) o a+8h72(3r)*[u]1 4 o.q for every b > 0. We now choose h = yr, where 4y* = 1/4
to obtain

1
(115) |DZ]U(t, I‘g) — Diju(t, I’l)l < (Z[Diu]a’d + C[”]H—a,d) |;L'2 — gjl|a.

Similarly, if we take (1, ), (o, x) in R with ¢, < 5, set r = \/f, — {; and argue as
above, then we conclude that

1 a
(116) |D2'jU(t2, .’IZ’) — DijU(tQ, LC)| S (Z[D?C'U,]a’d + C[U]pra,d) |t2 — tl‘f.

Estimates and vield [Djjulaa < 27 [D2u)pq + Clu)1 40,4 and summing with
respect to 4, 7 we finally get [D?u)n.q < Clu)i a4

To estimate [Dyu],q we replace the differential quotient Rju with the differential quo-
tient Spu = h™2[u(- — h%-) — u]. Since ||Spu — Dyullo < ha||Dtu||C?/2,o(Rd+1) for every
h > 0 and Syp coincides with the coefficients of the monomial ¢, we can repeat the same
arguments used to estimate D;;u and conclude that [Dyu]aq < Cluliya.q.

Step 2. Here, we prove that [u];1q4 < C[Dyu — Aulaq for every u € C;+a/2’2+a(]Rd+1)
with compact support on R¥*!. We fix u as above, (o, 79) € R4 r > 0 and consider the
polynomial p, defined by

pu(t, ) =u(to, zo) + Dyu(to, xo)(t — to) + (Viu(te, xo), z — xo)

+ {D2ulto, )z — o), (& — 7))

for every (t,x) € R4, Clearly, D;p, — Ap, = Dsu(to, z0) — Au(to, x0) =: g(to, x¢) on RITL,
Next, we fix a function ¢ € C*(R4™!), ¢ =1 on C,,,(to, z0), where ry; = (M + 1)r, with
M > 1 to be properly chosen later on. The function u—(p, is smooth, compactly supported
on R and Dy(u—(py) —A(u—Cpu) = g— (Di(Cpu) —A(Cpu)) =: g—a1- TherQefore, u—Cpy
is the convolution in R4 of the functions g — ¢g; and K, where K (t,z) = e_%x(opo)(t) for
any (t,7) € R see Exercise .. In particular, u—p, = Kx(g—g1) on C,,(to,zo). We
split K * (g — g1) into the sum of the integral over C,,, (to, o) and over its complement on
R, The so obtained functions are denoted by z; and 2, respectively. Since g; = g(to, 7o)
on Gy, (to, 7o), we can estimate [21] < r/[gla,af * Xe,,, (to.0) O0 Cry, (to, To). Performing
the change of variables (s',9') = (r3/(s — to), 737 (¥ — 0)) gives

|(K * XGTM (to,xo))(tv (L’)| :,r‘(]{/—li—2

K(t—to—138 2 — 20 — ) Xea (0,00 (8, ¥ )dy'ds’

Rd+1
=1 (K % Xea00) (1 (t = to), 737 (& — 20))| < 1y

for every (t,z) € R¥1. Hence, HleC(i&M(to’xo)) < 72 aa-
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As far as z9 is concerned, we observe that it belongs to C*(C,,, (to, o)) and D;zo — Azy
identically vanishes on C,,, (t9, z9). Moreover, twice using Taylor’s formula we can write

29(t, x) =29(to, x) + Dyza(ts, z)(t — to)
1
=25(to, o) + (V2a(to, x0), v — zo) + §(D§zg(t0, z.)(x — x0), T — To)
+ DtZQ(t*, l’)(t — to)

for every (t,z) € C,,,(to, o) and some suitable point (., z.) € C,,,(to, zo), depending on
(t,z). Hence, if we denote by p,, the second-order polynomial defined as p, with u being
replaced by zy, then we can estimate

|2t @) = oy (£, )]
d

1
S'thg(t*, CL’) _DtZQ(tO7 5170)||t—t0| +§ Z (DijZQ(tO, CL’*) —DijZQ(to, CC()))(I' - 1’0) (l‘ — CL’())
ij=1
d
<r?|Dizy(t., r) — Dizy(to, ©)| + 72| Di2a(to, ) — Dyza(to, z0)| + 17 Z I Dijnz2ll o @z
i,j,h=1
d d
<!l Dillo@riemy +7° D 1 Pizllo@mm + 77 D 1Dl o@mm)
j=1 ij,h=1

(11.7)

for every (t,x) € Cy(to,x0). Since (t1,21) + Car(0,0) C €, (to, o) for every (ty,21) €
C,(to, zo) we can apply Exercise L1154 to the function zy(- + #1,- + x1) and conclude that
M?1r?|Dijzo(ty, x1)| + MPr3| Dignza(ty, 21)| + M| Dijnrza(ty, 21)| < AHZ2HC @y

(to,70))

for every i,j,h,k = 1,...,d and some positive constant A, independent of z5 and (¢, z1).
Since Djzo(th, x1) = D;Azy(t1,21) and Dizo(ty, 1) = ZZ].ZI D;;ji7z2(t1, z1), from the pre-
vious estimate, we conclude that

MPr?|Djza(tr, 21)] < dA |2l o MDY zs(tr, 1) < A2l o

7M (to,x0))’ 7M (t0,20))"

Thus, we can continue estimate (11.7)) obtaining that |zy(¢,z) — p.,(t,z)] < C(M ™3 +
M—4)HZQHC(7&M(,§N0 for every (t, x) €| r(to, o).

Let us estimate ||2|| (€ry, (t0,20))

t0,%0)) |u Pu— ZIHC C,r]u(to,mo Since ||u_pU”C(CTM(t0,mO)) S

Crat®([Dyut) aq + [D*u)a.4), taking the above estimate of 2; and Step 1 into account we get

22l 0@ —omey SCM +1)**r***([gla.g + [Deu]aa + [Diu]a,a)
SOM*r**([gla.a + [U)140.a)-

Summing up, we have proved that [|zo — p, | o @z < CM* ' ([glaa + [ul14a.0)-
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Now, we are done. Indeed,

[Uli4ad < sup  sup r = pu = p-, HC(C’T(to,xo))
(to,r0)ERIHL 7>0

—2—a —2—«
< sup supr Izl c@aomey) + sup supr 122 = P22 ll o oo
(to,m0)€R+1 7>0 (to,mo) R+ 7>0

<CO(M**[glaa + K ' uli1a,a)-

Taking M large enough, we conclude that [u]146.4 < C|g]a.d-

Step 3. By Steps 1, 2, [Dytt] g q+[D?u]aq < C[Dyu— Aty 4 for cach u € C) /> (RAH)
with compact support. We now remove the condition on the support of u. For this
purpose, we fix u € C T*/****(R41) and consider a sequence (¥,,) C C°(R%) such that
X —nn)x B = ¥, < 1 on R and [Dyd,]a + [D?9,]a vanishes as n tend to co. The
function u,, = ud, satisfies the estimate [Dyuy]a.d+ [D2tun)aa < C[Dyuy, — Auy)q q for every

n € N. Since u, = u on [—n,n] x B(0,n), a straightforward computation shows that

d

sup [Dtu("x)]ca/Q([—n,n])+Z sup [Diju('7$)]ca/2([—n7n])
z€B(0,n) i,j=12€B(0,n)

d
+ sup [Dyult, )] ca@oay) T Z sup [Dyu(t, )| ca@omy < ClDw — Aufaa + ay

te[—n,n] ij=1 te[—n,n|

for each n € N and some sequence (a,,) converging to 0. Letting n tend to oo, we conclude
that [Dyu]a.a+ [D2u)aq < C[Dyu— Au)yq. Note that this estimate can be straightforwardly
extended to functions u taking values in C: it is enough to apply it to the real and imaginary
parts of w.

Step 4. Here, we prove estimate when A = A. For this purpose, we use a
trick commonly used in the analysis of elliptic equations on LP spaces, which consists of
adding a new variable. More precisely, for every u € C’;M/ 22T (RAHL) we consider the
function v : R¥*? — C defined by v(t,z,7441) = u(t, r)e®+1. By Step 3, we know that
[Div]a.di1 + [D2]adi1 < C[Diw — Av)gar1, where A is now the Laplacian on R, As it is
immediately seen, D;v(, -, qy1) — Av(-, -, Tqy1) = a1 (D — Au+u) for every zq441 € R.
Hence, [Dyv — Av]aa11 < C||Diu — Au — u”c;*/?’a(RdH)‘

We now observe that
2]D”u(t, .CC)‘ = ’Dij'l)(t, x, 7T) — Dw?](t, Z, O)' S 7Ta [Dijv]a,d+1> (t, .Z') € Rd—H

for every i,j = 1,...,d, so that |[|[Djullee < 27'7%[Dijv]aas1. Similarly, ||Diulle <
2717 Dyv] 441 and, consequently,

d
IDelloe + Y I Dijtlloe < 2747 ([Dit]a,asr + [Div]aasn)-

,j=1
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Finally, notice that [D;;v(-,-,0)]a.q = [Dijuaq for every i,j =1,...,d and [Dyv(-,-,0)]aa =
[Dtu]g . From these estimates and Lemma [11.1.1{ we deduce that
(A18)  ullgeoroen gaeny < CDitlaass + D) < CllDut = B+l g gy

Using ((11.8) and the interpolation estimate HuHCs‘/2’2+O‘(Rd+1) < €|]uHC;+a/2,2+a(Rd+1

C.||u||s we obtain

) +

||U||C;+a/2,2+a(Rd+1) SO(”D{U - Au||c§/2,a(Rd+l) + ||u||c§/2,a(Rd+l))

<C(ID = Aull o gasny + il gsmsazca gy + Celull)

for every € > 0 and some positive constant C., independent of © and blowing up as ¢ — 0F.
Taking ¢ sufficiently small, we immediately get .

Step 5. To extend to every operator A, one can use the same arguments as in
Lecture 7| first considering the case when A = Tr(QD?) for some constant and positive
definite matrix ) and then freezing the coefficients to handle the more general case. Since
there are no sensible differences with the proof of Theorem |7.2.1| we omit the details. [

To complete this section we prove the following property, which will be used in the
proof of Theorem [11.2.1]

Lemma 11.1.3. There exists a positive constant C' such that

d—1
Dyttt < c([Dtma,d £ Dyl + [Dddu]a,d>

ij=1
for every u € C*/224((—o0o, T x @) andi=1,...,d.

Proof. Throughout the proof, we denote by C' a positive constant, which is independent
of u and may vary from line to line. Moreover, we set || - ||o = || - ch((_NT]X@). We split
the proof into two steps.

Step 1. Let Aéh) and Agh) be the operators defined by (A(()h)C)(t, x) = ((t,x)=((t—h? )
and (Agh)()(t, x) = ((t,x+ he;) — (¢, x) for every (¢,z) € (—oo, T] x R, h > 0, and every
function ¢ : (—oo0,T] x RY? — R. Using the previous operators we can define some new
operators that will be used in the proof. More precisely, for every i, j,k € {1,...,d} and
h > 0 we set

A(h) _ A(h) o A(.h)

] i Jj

h h h h h h
A" =AM o A, Al = A o A,

As it is immediately seen, the operator Axﬁ is invariant with respect to each perturbation
of the triplet (4, j, k). Moreover,

05

h h
A(h)ku = / dr/ [Djju(-,- +re; + sej + heg) — Diju(-, - + re; + sej)|ds
0 0
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for every 4,5,k =1,...,d and h > 0 and u € C’;+a/2’2+a((—oo,T] X @) Therefore,

o h2+a

(11.9) 1A%l < Sup[DijU( Nep @)

for every h > 0, 7,7,k = 1,...,d. Arguing similarly, it can be easily shown that

h a
(11.10) ||Aé])u||oo < sup|Dyul(t, )]CG(RT h2t
t<T
— h a
(11.11) IDiju — h2AM || < 2sup[Digult, )] gp iy h"

for every h > 0,4,5=1,...,d and u € Cb1+a/2’2+a((—oo,T] X ]RTi)
Step 2. Here, we set

s = sp " a(nA e +Z N kuum)

for every u € C,*****((—oc0,T] x RZ) and prove that [Dldu]ad < Cluli,, for some
positive constant, independent of u (and of T') and every ¢ = 1,...,d. For this purpose,
we fix 1,k =1,...,d, n € N and split

AW Digu =Digu(-, - + hey) — h’anAEZ/")u(., + hey) + h2n2 Ay — Djgu

+h72n? Z h/n -+ rhn~t er) — AZ(.Z/N)U(-, c+(r — 1)hn_lek).

Since A (/) ( —I—rhn* er) — Ay (= Dhntey) = AY 0+ (r = 1) hntey),
i,d i,d,k
taking (|1 and (| into account, we can estimate

HAkh)DiduHOO <dn=h® sup[Digu(t, )] go gy + 1~ N
t<T
§4n*°‘h°‘ Sup[Didu(t,.)]Ca( ha 1= a[ ]1+a
t<T b

for every h > 0. This shows that, if y,x € @ are such that y — 2 = (yx — xx)e;, for some
k=1,...,d, then

| Diqu(t, y) — Diqu(t, z)| < (4”_CY fgg[Did“(t’ ')]05(@) + ”1_a[u]/1+a> [z =yl
for every t < T. Now, for every z,y € @ and k = 1,....d, we set 20 = z, ¥ =
2D 4 (yp — z1)ex and split Digu(t, y) — Digu(t, x) = S0_ (Diqu(t, z®) — Digu(t, z:-1))
and conclude that

|Diqu(t,y) — Diqu(t,z)| < (4dn—CY sup[D;qu(t, )]Ca( +dn'[u ]1+a) |z —y|®

t<T
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o < Clulia
To estimate the a/2-Holder seminorms of D;u, we fix s <t < T and set h = v/t — s.
Then, as above we get
[Digut,-) = Diau(s,-)| <|Digu(t, ) = h>AlJu(t, )| + [Digu(s, -) = h> A u(s. )|
+h?)(AF 0 AlJu)(t, )]

<2sup[Digu(t, )lg ) [t — s|% + 2077 Ay ulloo
t<

< , N e T
_2§1§1§)[Dzdu(t, )]C?(Ri)ﬁ s|% + 20t — 5|2 [u] 0

so that, taking n sufficiently large, it follows that sup,<p[Diqu(t, -)]

where we have also used the estimate ||A} o AM < 2| Al u||Cb((7ooT

d“”cb (=00, T]xRY) TIxRE)"
We have so proved that sup E@[Didu(- )] car2((—oor)) < Clu ]1+a The estimate [D;qu]q.q <

Clul},, now follows for every i =1,...,d.

So, using (11.10) and (11.9), we deduce that

Diatloa < Comph™* a(HAo@uumezdkuum)

k=1
< c([DtumZnAzdkunm)
k=1
d—1
h h
= C(Dalaa+ L 1Al + 1Al )
k=1
d—1
< C([Daloa + Y [Dygtlua + [Daathna)
j=1
and the assertion follows at once. O]

11.2 An auxiliary boundary value problem

In this section we deal with the boundary value problem
{ Dyu(t,z) = Au(t,z) + g(t,z), t€ (—o0,T], x€ R,
u(t,x’,0) = (¢, '), t € (—oo,T], 2’ € R
under Hypotheses , with 0 > ¢o = sup,ege ¢(z), and prove the following important
result
Theorem 11.2.1. For each g € CQ/QO‘((—OO,T] X @) and ) € C’;+a/2’2+a((—oo,T] X

R41Y), problem ([I1.12) admits a unique solution u € C'*/22e((—oo T] x R%) which
satisfies the estimate

(11.12)

(11'13) ||u||c1+a/2,2+a((_oo’ﬂ x@) < C*(Hg”q?/?’a((_w’ﬂ xﬁ) + Hw||C;+a/2’2+a((_oo7T]XRdfl))
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for some positive constant C, independent of u and g.

The following proposition, yields the uniqueness of the solution to the Cauchy problem

[L12).
1+a/2,2+a

Proposition 11.2.2. Suppose that v € C, ((—o00,T] x ]RTD solves the boundary

value problem (11.12]). Then,
(11'14) Hu”cb((—oo,T]x@) < ’CO‘ilHQHCb((_OQT}X@) + Hqﬁ”Cb((*OO,T}X]Rd_l)'

Proof. We introduce the function v = u + co’ngHCb((_ho]Xﬁ) — |1¥lc, (— 00,77 xRA-1, Which
is nonpositive on (—oo,T] x IR and satisfies the differential equation D;v — . Av < 0 on
(=00, T] x R%. As in (1L.I), the function ¢, : R — R, defined by ¢.(z) = a + |z|?
for every x € RY, satisfies the estimate Ap,(z) < di + da]x| + coa + colz|* for every

T € R‘i and some positive constants d; and ds. Using Young’s inequality, we can estimate

da|z| < ds — colz|? for every x € RZ, so that we can choose a large enough such that

Ap, < 0 on Ri. The function v, = v — n~'y, is nonpositive on (—oo,T] x 8]Ri and
Dy, — Av, <0 on (—o0, T] x R4. Since lim 4|00 Un(t, -) = —00, uniformly with respect to
t € (—o0, T, it attains its maximum value. The same argument as in the proof of Theorem
shows that the maximum its attained on (—oo, 7] x GRi, so that v,, is nonpositive
on (—o00,T] x R4. Letting n tend to oo we deduce that v < 0 on (—o0,T] X R%, i.e.,
u < |co| 7Y glloo + |[%]|co- Applying the same argument with u being replaced by —u, we
get also the estimate —u < |co| ™| gloo + ||#]|oo and follows. O

The following lemma will be used in the proof of the existence part of Theorem [11.2.1

Lemma 11.2.3. Set K, = —2XR1 DyK, where K is the Gauss-Weierstrass kernel defined
by (4.3)). Then, the following properties hold true:

(i) K. is infinitely many times differentiable in R x R% ;
(ll) DtK+ = AK+ on R x Ri,
ii ’ +\Y /7 d . - -
(iii) the function (t,2') — t7|2'|PK (¢, 2, 24) belongs to L*(R?) provided that 1 —2vy— 3 >
0. In such a case,

(11.15) / dt/ ' |PK (2, xg)da’ = Cgaly ™
0 Rd—1

for each x4 > 0, where

2y — 1 '
Cpy = 4v7r—§lr(¢> / |y'|b’e—\y IQdy/;
2 Rd-1

(iv) the functions K., DiK,, D;K., DK, are integrable on R? (with respect to t and
2') for any x4 > 0 and their L*-norms are bounded on (g,00) for every e > 0.
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Proof. (i) & (ii): By Lemma we know that K, € C*((0,00) x R%). Moreover, a
direct computation shows that D;K, = AK, on (0,00) X R‘i. To conclude the proof, it
suffices to observe that all the derivatives of K vanish as (¢,z) tends to (0, z), for some
zo > 0. This implies that K € C*(R x RZ) and it solves the heat equation in the whole
R x R?.

(iii) The usual change of variables y = (2v/t)"'2’ and, then, the change of variable
s = x2/4t show that

> Tq ® 4 %3 |2
/ dt/ |2 [P Ko (t, 2 2q)da’ =— / 2 _26_4tdt/ |2'|Pe m da’
0 Rd-1 (471')5 0 Rd—1

2[371 © B o2 ’
7 g;d/ tﬁw‘;’eﬁdt/ |y/‘ﬁef|y Izdy/
2 0 Rd—1

oo
8
:4702@5”7 / sTI"2 378t
0

™

Hence, the integral is finite provided that —2y — f —1 > —2,ie., 1 =2y - > 0, and

(11.15)) follows.

(iv) It is a straightforward consequence of (iii). Indeed, an easy computation shows
that

1
(11.16) DyK (t,z) = — §t_1xhK+(t, x) + Opary K (L, 2),
1 1
Din+(t, .CL’) = — §t715in+(t, l’) + Zt72l’inK+(t, SL’),
1 1
Dy K. (t,z) =— §t_1xia:;1K+(t, x) + Zt_lxia:dKJr(t, x),

3 1
DK (t,x) = — §t_1K+(t7 ) + Zt_%?zKJr(t,iU),

for eacht > 0, 2 € R%, 4,5 =1,....,d -1 and h = 1,...,d. Hence, applying estimate
(11.15) we conclude that the L'(RY)-norm of each the first-order (resp. second-order)
spatial derivatives of K (-, -, z,) is bounded from above by a constant times z;' (resp. z,?)
for every x4 > 0. Since D;K, = AK it follows that the L'(R?) norm of D;K (-, z4) is
bounded from above by a constant times xf. The assertion follows. ]

Proof of Theorem when A = A — I. Being rather long, we split the proof into two
steps.

Step 1. Here, we prove that, for every g € C’,?/Q’a((—oo, T] x RY) there exists a function
w e O (—o0, T) x RY) such that Dyw = Aw —w +§ on (—o0, T] x R%. By setting
g(t,-) = g(T,-) for any t > T, we can extend g to the whole R%"! with a function which

belongs to C/**(R41) and satisfies the estimate 190l vz asny = N9l gorzen oo 2y
b b )

We also consider a sequence (¢¥,,) C C°(R), such that x(_nn) < U5 < X(—2n,20) for every
n € N.
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For each n € N we set

wa(t,7) = / eUT(t — $)gu(s, ) (z)ds,  tER, 7 €RY

—0o0

where {T'(t)} is the Gauss-Weierstrass semigroup and g, = 9,,g. Note that |[gn | ;e/2.
b

IN

(R+1)
CO||§HC;’/2’°‘((—OO,T]x@) for some positive constant Cj, independent of g and n. Since g,
is supported in (—2n,2n) x RY, the integral defining function w, converges for every
t € R. Adapting the arguments in the proof of Theorem [6.1.4] we can easily show that
w, € C’;+°‘/2’2+a(Rd+l), solves the equation D;w = Aw — w + g, on R Moreover, by
(11.8) it satisfies the estimate ||wn||C;+a/2,2+a(Rd+1) < Cl||§||C§/2’“((—OO,T]de)7 C1, being inde-

pendent of n and g. Thus, applying Arzela-Ascoli theorem to the sequences (w,,), (Dyw,,),

(Djwy,) and (D;;wy) (i,j =1,...,d), we conclude that, up to a subsequence, w, converges

in CY2(|—r,r] x B(0,r)) (for every r > 0) to a function w € C}™/****(R41), which

solves the equation Dyw = Aw — w + ¢ and satisfies the estimate Hth]|Cl+a/z,2+a(Rd+1) <
b

Csllg —7, th tant C being ind dent of g.
2||g||C‘l/27“((foo,T]><Ri)’ e constant Cy being independent of g

Step 2. In view of Step 1, u € C’b1+a/2’2+a((—oo,T] X @) solves the boundary value

problem (TT.12) if and only if the function v = u — w € C} ™*****((—oc0, T] x R%) solves
problem

Dw(t,z) = Av(t,z) —v(t,z), te(—o0,T], ze€RL,
v(t,2’,0) = ¢(t,2') —w(t,2’,0), te€ (oo, T], '€ R

(11.17) {

where w is the solution to the equation D;w — Aw +w = g on (—oo, T| x R? provided by
Step 1 and g is the even extension (with respect to the last variable x4) of g. The function
w satisfies the estimate

(11.18) ||w||Cb1+a/2,2+a((_oo7T]XRd) S CQ ||g||C;/z,a((_OO7T]X@).

To ease the notation, we set 12 = ¢ — w(-,-,0). We will prove that the function
v:(—00,T] x RL — R, defined by

v(t,z) = /Rds /Rdl STTK L (t—s,2" —f, xd)qz;(s, ydy', te(—o0,T], z € @,

belongs to C’bHa/ 229 ((—00,T] x RY), solves the boundary value problem (11.17) and
satisfies the estimate

(11'19) HU||C;+a/2»2+a((_oo’T]X@) < 03(||¢||C;+a/272+a((_007ﬂXqu) + ”9”(;;/2*“((_00,T} x@))

for some positive constant Cj3, independent of v, ¢ and g. An easy application of the domi-
nated convergence theorem, as in the proof of Theorem m, shows that v € C1?((—o0, T] %
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) A

4) and it solves the heat equation. To prove estimate (11.19)) and to show that v(-,-,0) =
¢ on (—o0,T] x RL, we perform the change of variables t — s = 22r, 2/ —y' = x4/, to
write v in the much more convenient form

(11.20)
v(t,x) = / e "adr Ko (r, 2, D)ot — rad, o’ — 242")d2, t e (—oo,T], z€RY.
0 Rd-1

By applying the dominated convergence theorem, we easily see that

lim  v(t,2) :/ dr K. (r, z’,l){/z\(tg,mo)
0) 0 Rd-1

(t,x)—(to,x(),
:w(tO’ x6)||K+(’ K 1)||Ll((O;&-oo)><]Rd—1)-
Lemmal[11.2.3(iii) shows that | K.(, -, 1)[| 11 ((0,00)xre-1) = 1. Hence, the boundary condition
in (11.17) is satisfied.

In view of Lemma [11.1.1] to prove it suffices to prove that Dy, D;v (i,7 =
1,...,d) belong to C}' 2a((—oo,T] x R?) and their C*/2*norms together with the sup-
norm of v satisfy estimate . Throughout the rest of the proof, we denote by C' a
positive constant, which depends only on d and «, and may vary from line to line.

As it is immediately seen, from ([11.20)) it follows that |v(t,z)| < ||¢)||e for any (t,z) €
(—o0, T] x RY.

We now estimate the C/**((—oo, T] x R% )-norm of Dyw and Dyjv fori,j =1,...,d—1.

Since the arguments are just the same, we show in details how to estimate D;v. Differen-
tiating under the integral sign, from ((11.20)) it follows that

Dyw(t,x) = ds K, (s,9,1 efszﬁDﬂZ t— sz 2’ — xqy)dy
; d

Rd-1

for each t € (—00,T] and = € @. From this formula, we immediately deduce that
| Div]loo < | D) ||o- Moreover, for each t; < to < T and x € RL we can estimate

|Dyv(ta, x) — Dyv(ty, x)|

< K+(S7 y/7 1)€_sw3|Dt$<t2 - Sx?la z’ — flfdy,) - Dtll;(tl - Sx?la z' — xdy’)|dy/
Ra-1
< sup [Dy(-,x)] O/ (—o0 )\tg ti]2 / e 5%ads K (s,y,1)dy
zeRI-1 0 Rd-1

S”Dt¢HC;!/Q’O((,OO,T}XRd—l)|t2 - t1|%a
so that
(11.21) [Dev (-, @) garz((—oorn) < 1Dl garzo((—oo rpxri-1)

for any x € @. Similarly, for each ¢ < T it holds that

(1122) [D{U(t, . xd)]cg(Rd—l) S Hth”COvO‘((—oo,T]X@)
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for any t < T and x4 > 0. To estimate the a-Holder seminorm of the function Dyv(t, 2, -),
we observe that

|Dyv(t, o', 24) — Dyv(t, 2, Tq)|

</ 757 — 75T |ds K (5,9, 1)|Dy(t — s22, 2" — xqy')|dy’
0 Rd—l

+ / e_siﬁds/ K. (s,y, 1)|Dt@//;(t — Sl'?j; ¥ —aqy’) — Dt@/b\(t - 3383, ' — Tqy')|dy’
0 Rd-1

<Cola - B ID [ stds [ Kool iy
0 Ré=

+ sSup [Dt¢('7x)]cg/Q((_oQT]ﬂxZ - E§|g/ 8%6_8x3d8 K+(5,y/, 1)dy,
0

zeRI-1 Rd-1

+ sup[ Dyt (L, )] cp ra-1)|2a — ffd’a/ esx?lds/ V" Ky (5,9, 1)y
t<T 0 Rd—1

SCHDtQﬂ“cg/M(( |7 — T3|% + |wa — Tal*)
(11.23)

for each t < T, x4, T4 > 0, where we have taken advantage of ((11.15)).
Suppose that T4+ T4 < 2|xy — Z4|. Then, |22 — 73] < 2|zg — T4/?, so that from (11.23))
it follows that

(11.24) |Dyo(t, o', xq) — Dyv(t, 2!, Zq)] < C’HDﬂZHCQ/M((_mﬂX@)]a:d — Zal®.

—oo,T]x@)<

Formula ([11.23) is of no help when x4+ Z4 > 2|24 — Z4|. In such a case, we rewrite Dyv
in the form

Dw(t,z) = / ds /d ST (t— 5,7 — o, xg) Db (s, )dy, t<T, veR%
R JRe

Differentiating with respect to the variable x4, taking (11.16)) into account and observing
that [par DaK (s, Yy, xa)dsdy’ = 0 for every x4 > 0, we get

~

DyDy(t, z) :/Res_tds " DyK (t —s,2" =y, xq) Dip(s,y")dy’
= [eas [ D= = a)(D0s.t) - DDl
o [ s [ 5Kl na) (Dt = 5.0 = f) = Dbt )
) /0 T etds [ Kt 2a) (Dt = 5,0’ =) = Dt "))

for every t € (—o0,T] and = € @. Hence, estimating ]DtQZ(t —s, ' —9y) — Dt{/z\(t, )| <
HDt¢||cg’/2"’((foo,T]de—l)(|3|a/2 + |¢/|%) we obtain

1 ~ > o “1y I
|Dth’U(t, QT)‘ SﬁdethHCa/Q’a((—oo T]XRT) / dé‘/ (35 1 + s 1|y’| )K+(S> y” xd)dy/
b ’ + 0 Rd—1
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+ ggd1\|DMHC§/2,Q((_OQT]XM)/0 ds /Rdl(sz + 1|V K (5,4, 2q)dy .
Taking (11.15)) once more into account, we conclude that

(11.25)  |DyDw(t,z)| < cgnDtﬁ\ycg/g,a((_mﬂXRd,l)ngl, te(—oo,T], z R

Hence, observing that the condition x4 + Z4 > 2|z — T4| implies that 2z4 > x4 — Z4|, we
can estimate

Dol o' 24) — Dev(t, o, F)| <C Dl 25 o — 7

—00,T]xR%)

From (|11.24)) and (11.26)) it follows that

(1127) [D{U(t, 37,7 )]C?(E) S CHthHCl?/z’a((—oo,T]XRd*l)

for every t < T and 2’ € R*!. So, (11.21), (11.22) and (11.27) imply that Dy €
2, =7 =
C:/ O‘((_QQ,T] X Ri) and ||Dtv|lC§/2’a((foo,T]><@) < O||¢||C;+a/2’2+a((700,T]XRd_l)'

Since Dyv = Av — v, then Dggv = Dy — Z;l;i Dj;v + v and we conclude that
/2« e ~

Dddv S Ob/ ((—OO,T] X Ri) and ”DddUHC:/Q’Q((foo,T]X@) S C||1/)||C;+a/272+a((700,T}XRd_l).

Estimating the parabolic Hélder norm of second-order derivatives Dygv (i = 1,...,d) trying

to follow the same technique as above is not straightforward. To overcome this difficulty,
we take advantage of Lemma [11.1.3] First of all, we observe that

Digv(t,z) = / ds ) DuK (s, zd) Ditb(t — s, 2" —y/)dy , (t,x) € (—o0, T] x RL.
0 Rd—1

. N a/2,«a _ o o
Since Dﬂﬁ S Ob/ ((—OO] X Rd 1) and ||Diw||cgl/2’a((foo]><Rd*1) < C||¢‘|C;+a/2’2+a((foo]><Rd*1)

as in the proof of (11.25)), we can show that |Dyv(t, z)| < C||1D||C;+a/z,2+a((_oo]de,l

for every (t,z) € (—oo,T] x RL. It can also be checked that D € C%*%((—o0,T] x

R4 x [g,00)) for every € > 0. As a byproduct, the function v, = v(-,-,- + &) belongs to

22 (o0, T x RY) for every € > 0 and we can estimate, using Lemma [11.1.3]

—1
yLd

[Diave]a.a := sup[Digve(t, )] o gy + suP [Diave (-, )] corz((—oom)
t<T b 3:6@

d—1
SC(HDtUaHCI‘)’/Z""((—oo,T}xIRi) _I_ Z ||Dijva||C§/2’a((—OO,T}X@) _|_ ||Dddv8||C:/2’a((—OO,T]><Ri))
1,7=1

d—1
SC(HDtUHC;/z’a((—oo,T]XR‘i) + Z ”Dij“”cf/?’“((—oo,ﬂx@) + ”DddUHCZ?/Z’a((—oo,T]XRi))

i,j=1
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SCHw‘|C;+a/2v2+a((_m7T]XRd—l) :

Letting ¢ tend to 0 gives [D;qv], < C’\|1Z||Cl+a/2,z+a((7oo Txpi-1y- Bstimate (11.19) follows
b ’

immediately.
To conclude the proof, it suffices to observe that (11.18]) and ((11.19]) yield estimate
(11.13]). [

As a consequence of Theorem [11.2.1], we can now prove the following a priori estimates

Theorem 11.2.4. There exists a positive constant Cy, depending only on the Holder norms
of the coefficients and the ellipticity constant p in Hypothesis[10.0.1], such that

lull rareasa o gy SCo(1 = cg I Dy = Aullgarea

oo,T]X@)
(11.28) + Collu(-, -, )||c;+a/2’2+“((_oo,T]defl)
Proof. The weaker estimate
HUHCb1+a/2,2+a(( OOT]XRd < CO(HDtu .AUHC?/ZQ((iOO’T}X@) + ||uHC},((—OO T]XRd)
(11.29) + [Ju(, 0)’lcg+a/2’2+a((—oo,T]XRd_l))

can be obtained arguing as in Lecture , first considering the case when A = Tr(QD?) for
some constant and positive definite matrix ) and then freezing the coefficients to handle
the more general case. Since there are no sensible differences with the proof of Theorem
[L.2.1] we omit the details.

Noting that u trivially solves the Cauchy problem with ¢ = Dyu — Au and

¥ = u(-,-,0), from (11.14) it follows that

||u||Cb((foo,T}><@) < |CO|_1||Dtu AUHC ((—00,T) ><1Rd + “u(a '70)||Cb((—oo,T}><Rd*1)‘

Replacing this estimate into ((11.29]), we immediately get ({11.28)). [

By applying the continuity method, using Theorems|11.2.1/and [11.2.4] we can complete
the proof of Theorem [11.2.1}

Proof of Theorem [I1.2.1]: the general case. For o € [0,1], let L, be the linear operator
defined by L, = (D; — A,u,u(-,-,0)) for every u € X := C’;+a/2’2+a((—oo,T] X @),
where A, = 0 A+ (1 — 0)(A — I). Clearly, each operator L, is bounded from X into
Y = C%(—00,T] x RY) x CHe/22te((—oo T] x R4 (endowed with the classical
norm, i.e., ||(g,¥)|ly = HgHCa/ga(( o T RT) + [|]| c1+ar2 240 (oo, xre-1))- Let ¢, denote the
potential term of the operator A,. Then, ¢, =0 —1+4+0c < o(1+¢))—1 < maxcy,—1 for
every o € [0,1]. Hence, from ((11.28)) it follows that ||Loully > Kollu||x for a constant K
independent of 0. Since the operator L is invertible by Theorem |11.2.1} applying Theorem
7.1.1) we conclude that also the operator L; is invertible and we are done. O
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11.3 A refined version of Theorem 10.0.2

Now, we have all the tools to prove the main result of this lecture.

Theorem 11.3.1. For every f € CZ**(R%) and g € C2/**([0,T) x RY) such that f =
Af +¢(0,-) =0 on 8Ri, there exists a unique classical solution w to problem -

In addition, u belongs to C’;+a/2’2+a([0,T] X @) and there exists a positive constant C,
independent of f and g, such that

(11'30) ||u||cg+a/2,2+a([0’T1X@) < 6(”]0”034-0[(@) + Hg”Cf”""([O,T}x@))'

Proof. Throughout the proof, we denote by C a positive constant, independent of the
functions that we consider, which may vary from line to line. Moreover, we use the notation

P(f,g) to denote the Cauchy problem and we set gr = Af +g.

Without loss of generality we can assume that ¢y < 0. Indeed, suppose that ¢y > 0.
Then, observe that the function u solves problem P(f, ¢g) if and only if the function (¢, z) —
v(t, ) = e~ (©+Dy(t, x) solves the Cauchy problem

Do(t,z) = Av(t,z) +g(t,z), tel0,T), =R,
v(t,2',0) =0, te0,T], € R
v(0,z) = f(a), zeRe,

where A’ = A — (¢o — 1)1 has potential term which is not greater than —1 on Re, and
-~ _ —(co+1)t ™d -~ .
g(t,x) = e (@itg(t x) for every (t,z) € [0,T] x R%L. Moreover, ”9”05/2"*([0,T]xm)_§
C*HQHC?/Q,(X([O’T]X@) and ||u||C;+a/2,2+a([O7T]X@) S C*||U||C;+a/2’2+a([O,T]><@) for some pOSlthG
constant . Hence, if v satisfies (11.30]), then u satisfies (11.30)) as well, with possibly a
different constant C'.

So, in the rest of the proof, we assume that ¢y < 0. As a first step, we observe that
u € C’l+a/2 ([0, T] x R?) solves problem P(f,g) if and only if the function v; = u — f

solves the Cauchy problem P(0,gs). The function gy belongs to Ca/2a([0 T] x Rd) and
||gf||ca/2 (. T}xRT < ||g||Ca/2 (. T]de +C||f||02+a(Rd We extend g;(0, ) to R? by setting
g7(0, :c) = g;(0,2/, —x4) for every 2/ € R¥! and x4 < 0. Clearly, g;(0,-) € C£/(R?) and

”gf(07 ')HC?(Rd) < 2Hgf(ov )HC?(@) < C(HQHQZ"/Q*O‘([O,T}XRQ + ‘|f"cg+a(@+))'
Theorem shows that there exists a unique function vy € C’bHa/ 22H0,T] x RY)
vanishing on {0} x R? and such that D,uy = Avy + g£(0,-) on [0, 7] x R% The function vy
also satisfies the estimate

(1131) [feallggsarazso oy < Clos(© Mepen < CUS g, + 19 coro o)

where C' is the constant in (8.1]), which is independent of vs, f and g.
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Note that vy solves the Cauchy problem P(0, g¢) if and only if the function vy = v;—vy €
22 ([0, T) x RY) solves the Cauchy problem

Dys(t,z) = Avs(t, ) + g¢(t,x) — g7(0,2), t€(0,T], = €RY,
(11.32) v3(t, o', 0) = —wq(t, a’,0), te(0,7], 2’ € R4
v3(0,2) = 0, zeRL

Since v5(0,2,0) = 0 and D,v5(0,2',0) = ¢(0,2’,0) + Af(2',0) = 0 for every 2/ € R4~
we can extend the function vy(+, -, 0) to (—oo, T| x R4 by setting vy(t, 2’,0) = 0 for each
t < 0 and 2/ € R obtaining a function which belongs to C'**/22+((—o0o, T] x R*1).
Similarly, we can extend g — gf(0,) to (—o0,0] X @ in the trivial way obtaining a
function which belongs to Cf/**((—oo, T] x RY). Hence, by Theorem , there exists a
unique function vs € C1/22+((—o0, T] x RL) which solves the Cauchy problem (11.32).
Moreover, vs vanishes on (—oo, 0] x @ by Proposition (with 7" = 0) since on this
set Dyvs = Avs and v3(t, 2’,0) = 0 on (—oo, T| x R¥"1. The quoted proposition also shows
that

o3l cornzso oy SO O)llgrorzasago ity + 1951l ormoozyei)

(11.33) <Cllgllgarzogorixim + 1 llcasar)):

We thus conclude that the function u = vy+vs+ f, which belongs to C*+e/22+e ([0, T|x RY),
is a solution (actually, the unique solution by Proposition [11.0.1)) of the Cauchy problem

P(f,g). Moreover, from ({11.31)) and (11.33), estimate (11.30]) follows at once. ]

11.4 Notes

This lecture is based on [1, Chapters 8 & 9] and |2, Chapter 4]. We refer the reader to
these monographs for further results.

11.5 Exercises

1. Complete the proof of Lemma [11.1.1}

2. Prove that if u € ) 7*/**"®(R+1) has support contained in [a, b] x R? for some a,b € R
with a < b, then

u(t,z) = / (T(t — s)(Dyu(s, ) — Au(s,))(x)ds

—0o0

where {T'(t)} is the Gauss-Weierstrass semigroup.
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3. Let u € C3(€1(0,0)) N C(€1(0,0)) solve the homogeneous heat equation. Further,
suppose that Dju € C((—1,0]x B(0,1)) for every j =1,...,d and let ¢y € C2°((—1,1) x
By) satisfy ¢(0,0) = 1.

i) Prove that the function v, = yu? 4+ |V, u|? solve the equation D,v, = Av, + ¥
v = y y ¥
on €1(0,0), where

U, = 2(y + YAY + [V — D)) | Vaul® + 20°| Dluf® 4 8¢ Z D}uDiyDju

i,j=1

(ii) Prove that W, > (27 + 2 A¢ + 2|V, |* — 8|V,4|? — 29 D)) |V, ul? and deduce
that v can be fixed large enough such that ¥, > 0 on €;(0,0).

(iii) Show that there exists a constant 3y > 0, independent of u, such that |V,u(0,0)| <
Bollulle@woy-

4. (i) Prove that, if u is as in the previous exercise with €;(0,0) being replaced by
C,(0,0), then [V,u(0,0)| < r||ull¢@ @) for some positive constant x.

(ii) By properly applying the above result to the function D;u (j = 1,...,d) instead
of u prove that, if u € C*(€,(0,0)) with spatial derivatives up to the second-order
which are continuous on (r?,0] x B(0,7), then [Dj;u(0,0)| < Sir?|[ull @ oy for
every 1,7 = 1,...d and some positive constant (31, independent of u.

(iii) More generally, prove that if u € C*(€,.(0,0)) has spatial derivatives up to the (k—
2)-th order which are continuous on (72, 0] X B,., then the value at the origin of each
(k —2)-th order spatial derivatives can be bounded in modulus by 5h7“hHuHO(m)
for some positive constant [3,, independent of w.

5. Prove estimates (11.10]) and (11.11]).

6. Prove that, if ¢ € C, *****((—o00,T] x R41), then Dy € C2/*%((—o0,T] x R*1)
and

”DinCg/2'a((—OO,T]XRd71) S CHwHC;+OA/2,2+a((_OO,T]XRdil)
for every : = 1,...,d — 1 and some positive constant C', independent of zZ
7. Prove that

DyK(t,z)dtdx = 0.

Rd+1

8. Prove that the function Dyv (i = 1,...,d) in the proof of Theorem belongs to
C,?/Q’a((—oo,T] x R4t x [g,00)) for every ¢ > 0.
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Lecture 12

Parabolic equations in bounded
smooth domains () with homogeneous
Dirichlet boundary conditions.

In this lecture, we complete the analysis of parabolic Cauchy problems with bounded
coefficients, dealing with the Cauchy-Dirichlet problem

Dyu(t,z) = Au(t,x) + g(t,z), t€[0,T], =€,
(12.1) u(t,z) =0, te0,T], €0,
u(0,7) = f(z) z e,

where @ C R? is a bounded and smooth domai (see the forthcoming Definition |12.0.2))
and A is the second-order differential operator, defined by

d

(12.2) A(x) = Y ais(@) DygC() + Y by(w) Dy¢() + efx)((x)

3,j=1 j=1

on smooth enough functions ¢ : 2 — R. We assume the following conditions on €2 and on
the coefficients of the operator A.

Hypotheses 12.0.1. (i) Q2 is a bounded domain of class C*™* for some « € (0,1) (see
the forthcoming Definition [12.0.2]);

(ii) the coefficients gi; = gji, b; (i,5 =1,...,d) and c are bounded and a-Holder contin-
uous in € for some a € (0, 1);

(iii) there exists a positive constant p such that (Q(z)¢,&) > u|éf? for all + € Q and
£ e R

!By domain, we mean an open connected set.
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Definition 12.0.2. A bounded domain Q C R? is called a domain of class C*** (a € (0,1))
if there exist a positive constant r and, for every z¢ € 952, an open neighborhood U, of xq
and a diffeomorphism ,, : U,, — B(0,r) of class C?T® such that

Ui (AN Uy ) = BL(0,7) ={x € B(0,r) : 24 > 0}, 1, (0Q NU,,) = {x € B(0,7) : x4 = 0}.

The following proposition provides us with an equivalent condition for a bounded do-
main to be a domain of class C?T*. Its proof is deferred to Appendix |C| being rather
technical.

Proposition 12.0.3. A bounded domain €2 is a domain of class C*** (a € (0,1)) if and
only if there exists a function g € C***(RY) such that

Q={recR: g(x) >0}, o0 = {x € R?: g(z) = 0}, R\ Q = {z € R?: g(x) < 0}
and Vg # 0 on 0N.

Remark 12.0.4. In view of the previous proposition examples of bounded domains of
class C**@ are easily provided. For instance every open ball has this property (actually, it
is a C*-smooth domain. Indeed, B(Z,r) = {z € R? : 2 — % (2; — T;)> > 0} for every
T € R? and the function g : R? — R, defined by g(z) = r2 — 0, (z; — 7;)* > 0 for every
r € R, belongs to C*(RY).

The main result of this lecture is the following counterpart of Theorems|8.1.1jand|[11.3.1}

Theorem 12.0.5. For every f € C**(Q) and g € C°>*([0,T] x Q), such that f
and g + Af wvanish on 0Q and on [0,T] x 092, respectively, there exists a unique solu-
tion u € CY2((0,T] x Q) N C([0,T] x Q) to the Cauchy problem (12.1)). In addition,
u € CHe/2249(10,T] x Q) and there exists a positive constant C, independent of u, f and
g such that

(12.3) HUHCPFO‘/ZQ*O‘([O,T}XQ) < C(Hf”c%a(ﬁ) + ”g”Cl+a/2’2+a([O,T]xﬁ))'

To solve the Cauchy problem (12.1) we will take advantage of the following result,
commonly referred to as partition of unity.

Proposition 12.0.6. Let K C R? be a compact set and {Q; : i = 1,...,N} be an open
covering of K (i.e., K C Uf\il Qi, Q; being open subsets of RY). Then, there exist functions
n € C®(Q) (i=1,...,N) such that 0 <5, <1 onQ and Y0 ;=1 on K.

Proof. To begin with, we show that there exists a covering {Q; : ¢ =1,..., N} of K such
that ﬁ; C €); for every © = 1,..., N. For this purpose, for every x € €);, we consider a ball
B(z,r,) C Q,. Clearly, {B(z,r,/2):x €€, i=1,...,N}is an open covering of K, from
which we can extract a finite subcovering {B(x;,7,,/2) : j = 1,...,M}. For every i €
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{1,..., Ny, weset I ={j € {l,..., M} : B(xj,rs,/2) CQi} and Q) = Uyep, B(Tr,72,/2).
Each ] is an open subset of R? and

Q —UBxk,rxk/Q UBxk,rxk C Q, 1=1,...,N.

kel; kel;

By Exercise ., for every i = 1,..., N we can determine a function o; € C®(R?)
compactly supported in €2; and such that g; = 1 in ;. Note that we can also assume that
0<p; <1onR?

To complete the proof, it suffices to set 1 = o1, 72 = (1 — 01)02 and, more generally,
M = Ok Hf;ll (1—ypj) for k=2,...,N. Each function 7, is compactly supported in €; and
its image is contained in [0, 1]. Moreoverf|

Yon@)=1-T[0- o). wcR”

From this formula it follows immediately that Zfil 7; = 1 on K. Indeed, if z € K, then
x € Q) for some i € {1,..., N}, and on 2 the function 1 — p; identically vanishes. O

In Section [12.2] we shall make use of the following corollary of the Proposition [12.0.6]

Corollary 12.0.7. Let K C R? be a compact set and {Q; : i = 1,..., N} be an open
covering of K. Then, there exist functions 9; € C°(€;) (i = 1, .., N) such that0 < 9; <1
on Q and SN 92 =1 on K.

Proof. Let n; (i = 1,...,N) be the same functions as in the proof of Proposition
We claim that there exists a positive constant d, such that ZZ (7 > 6 on K. Indeed,
the function Zi:l n? is continuous on K. Hence, it admits a minimum over K attained at
some point zg. If such a minimum were zero, then each function n; (i = 1,...,d) would
vanish at zy and this would clearly contradict the condition ZNl ni(zo) = 1.

Next, we claim that there exists ¢ > 0 such that S, 77 > /2 on K + B(0,¢).
By contradiction, suppose that this is not the case. Then, for every n € N we may find
a point z, € K + B(0,1/n) such that Zf\il(m(:vn)f < 50/2. Since the sequence ()
is bounded, up to a subsequence it converges to some point x € K, which satisfies the
condition SN (m:(z))? < 6o/2: a contradiction.

Now, we are almost done. Still by Exercise we can determine a function ¢ €
C2°(R?) such that xx < ¢ < Xkip(0,e). Setting

1
2

N
j=1

we obtain the functions that we are looking for. O]

2This formula can be proved by induction on N
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Now, we have all the tools to prove Theorem The uniqueness part follows
straightforwardly from Corollary [I.I.3] The proof of the remaining statements are the
contents of the next two sections.

The following remark will be used in both the next sections.

Remark 12.0.8. Let {U, : x € 9} be as in Definition [12.0.2] Since {U, : = € 90} is
an open covering of d€2, which is a compact set, there exists a finite subcovering {U,; :
j=1,...,N —1}. Note that there exists 6 > 0 such that ij:_lll/{xj D Qs ={reQ:
dist(x,00Q) < d§}. Indeed, if this were not the case, we would find a sequence (y,,) C
such that dist(y,,dQ) < n~! and y, ¢ Uj\;l U,,;. The sequence (y,) is bounded. Hence, it
admits a subsequence (y,, ) which converges to some y € 02 C Uj\;l U,,. Since U;\;l Uy,
is an open subset of R? it should contain y,, for k sufficiently large, leading us to a
contradiction. Therefore, if we set €2; = U,, for each j =1,..., N — 1 and Qn = Q\ Qy/2,
then the family {Q; : j =1,..., N} is an open finite covering of €.

Finally, we introduce the following couple of notation: (i) given a function ¢ : 2 — R
(resp. ¢ : [0,T] x 2 — R) we denote by ( the trivial extension of ¢ to R? (resp. to
[0, 7] x RY), (ii) Ag = A — cl.

12.1 Proof of estimate (12.2)

Let u € Cg+a/2’2+a([0, T] x Q) solve the Cauchy problem (12.1]) and let {Q; : j =1,..., N}
be the covering of Q in Remark By Proposition We can determine /N smooth
functions 7, ...,ny such that supp(n;) C ; (i=1,...,N) and vazl n; =1 on .

We split

N
k=1

where uy, = un, and analyze separately the cases kK < N (in which we are led to a Cauchy-
Dirichlet problem on R%) and k = N (in which we are led to a Cauchy problem in the
whole RY). We begin by this latter case, being easier.

Note that each function uy satisfies the differential equation

d
Dy, = Auy, + gi, = Aug + g — uAony, — 2 Z ¢ij DiuDjmy

i,j=1

on [0,7] x © and identically vanishes on [0, 7] x 052.
Throughout the section, we denote by C' a positive constant, independent of f and g,
which may vary from line to line.
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12.1.1 The case k= N

As it is casily seen, the function wuy belongs to Cp™*/**7*([0,T] x Q) and its support is
contained in [0, 7] x €' where Q' is an open set Whose closure is contained in €2. Therefore,

Iy belongs to Cp /*%7(j0, T]x R?). Again, by Exercise ., we can determine a function
v e Cr(Q) such that J = 1 on €. Let g;; = Jg; + (1 — 9)dy;, b; = ¥b; and ¢ = e for
every i,j = .,d. The coeflicients g;;, b- (i, =1,...,d) and ¢ belong to C¥(R?) and

un )ik = qu 2)&&5 + (1= 9())|¢?

i,j=1 i,j=1

>[9(x)p+ 1 = 9(2)][]* > min{1, }[¢[*
for every x, ¢ € RY. Hence, the operator
d d
(12.5) Av = GDi+> bD;+¢
ij=1 j=1
satisfies Hypotheses [7.0.1. Moreover, the function @y solves the Cauchy problem

{ D) = At ) 435002, € 0T) 2 R,
un(0,2) = fn(z), r € R,

where fy = fny. Since fy € CZT*(R?Y) and gy € 05/2’(1([0,T] x R%), by Theorem
(126) HW”C;+Q/2’2+Q([O,T]XRd) S Cl(HfNHCbQﬂL&(Rd) + Hg_N||Cg/2’a([O,T]><Rd))'

Note that ||fN||C§+a(Rd) < C||f||c§+a@||77N||C§+Q(Rd) and, recalling that v = wd on the
support of the function 7y, we can estimate

||9_N||C§c/2,a([0,T]XRd) < (HgHC&/?aa([O,T]XQ)||77N||C,§"(]Rd) + ”1“9”00‘/27“([0,T]><§)||A077N||Cg‘(§)

N
2y ||qij||ca<m||Dj<19u>||0a/z,a<[o,m||Di<19nN>||cg<Rd))

ij=1
(12.7) <Ol a1y + 19l orzaso o .-

Applying the same arguments as in the proof of Theorem to the function Ju, which
belongs to C’b1+a/2’2+a([(), T] x R?), we can estimate

||%||C§/2’1+a([O,T]><Rd) SSH%HC;“"/Z’HO‘([O,T}de + C ||19“||c ([0,T]xR9)

Ss”u|’C;+a/2!2+a([o,T]X§) + CEHUHCI,([O,T} xQ)»
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for every € > 0, where the constant 6’5 blows up as ¢ tends to 0. Replacing this estimate
in (12.7) we conclude that

(128) ||gN||Ca/2a([0 T]de) = (HgHCO‘/2O‘([O TIxQ) + 6HUHCO‘/2 2+ (0,T)xQ) + C ||uHOO)
for every e > 0, and ((12.6)) yields
(12.9)

||uN||Cl+a/272+a([O,T}><§) < C(||f||c§+a(§) + HQHCa/?»a([o,T]xﬁ) + 6Hu||CO‘/2*2+O‘([O,T]><§) + Clulloo)

for every € > 0.

12.1.2 The case k < N

Let us fix such an index k and denote by 9y, := 1), the diffeomorphism in Definition [12.0.2
corresponding to the open neighborhood U,, of x; € 92. Due to the smoothness of 1y, the

function vy, : [0,7] x B(0,7) — R, defined by vi(t,y) = ux(t, v, ' (y)) for every t € [0, 7]
and y € B, (0,r), belongs to C'**/22+2([0, T| x B, (0,r)) and solves the Cauchy problem

Dﬂ)k(t,y) = Akvk(tay) +§k(t7y>7 te [OaT]a LS B+<O )

Uk(tvy) = 07 te [OvT]a Y€ B-l-( ) n 8Ri>
Uk(an) :fk(y)v y€B+(O, )’
where
(12.10) Z .V Dij + Zb D; + ck
7,7=1
with

q,] = [(Jac ) (Q o vy ") (Jac )]y 0 ¥y,
b = [TH(QD*y ) + (b, Vi ;)] 0 0,

k;):co%_1
Fo = () oy,
ae(- ()

for every ¢,7 = 1,...,d, where 9, ; denotes the j-th component of ;. The functions j?k
and g, belong to C?**(B,(0,7)) and to C*/22(]0,T] x B, (0,r)), respectively. Moreover,

1fellozsa @i < Cllflozram)

and

Gkl oo, (0,1 x By (0) = Cllgllgar. e ([0,7]x0) T [ull g, L+a([o, T]xg))
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Note that

d
Zqz (v = Z[Jacwkw;%y))cgw,;l(y))uacwkw,;l(y)))*]ij@fj
Qi () (Tac v (5 ()€, (ac (i (0)))°6)
>l (Jac (1, (1)) €.

Since the matrix Jacy(z) is invertible at any x € U,,, it follows that det(Jacvy(z)) > 0
for every x € U,,. Thus, the function y — ||(Jacy(y))~!| is bounded in B, (0,7) by
a positive constant M. As a byproduct, we deduce that |(Jacyy (v ' (y)))*¢| > My '€
for every y € B.(0,7) and, consequently, there exists a positive constant py such that
Zf] 1% ( )& > |€)? for every € € R*and y € B,(0,r). Since 7, is compactly
supported in U, , the function nko¢k is compactly supported in B(0,r) and, consequently,
the function vy, is supported in [0, 7] x B1 (0, r’) for some " < r. It thus follows immediately
that the function T belongs to Cp *****([0,T] x RY). We now introduce a function
V' € C°(R?) such that xp, <V < xpoy). Clearly, v = 7p. Using the function
we “extend” the operator Aj to Ri, by means of the operator Avk defined on functions
¢ € C*(RY) by

d
(12.11) A = Z G D¢+ 3¢+ e,
2,7=1 7j=1
where
(12.12) g+ (=), P =P = e,

Clearly, the coefficients of the operator Ay belongs to C}' (@Jr). Moreover,

d
>0 (@)&€ > min{u, 1}E?,  reRY, eRY

1,j=1

so that operator Xk satisfies Hypotheses . Since the function vy solves the Cauchy
problem _ _

Deu(t.y) = Ai(t,y) + Gi(t,y), t€10,T], y€RL,

wi(t,y) = 0, te0,T], yedRg,

U_k(()?y) :fk<y)7 yGRi,
we can apply Theorem to deduce that

l0ellgearzaa o ryxa@a SITlleprorzare o)

§0(||f||c2+a(§) + ||g||Ca/2»&([O,T]><§) + ||Uk:19/||05/2,1+a([07T]X@))'
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As in the case of the whole R?, we can show that

Hvkl(/l/HC?/z,Ha( ~d § EH’U}CI(}IHC;JFQ/z,era([ ) -+ éélu’l)kﬁ/

[0,T]xR%) 0,T]xR%. ch([o,T]x@)'

Since uy(t, x) = vi(t, Yi(x)) for every (¢,x) € [0,T] x QN U,,, from the previous estimate,
we conclude that

[ HC;‘*‘C“/?’Q*“([O,T] xQMUz, )

(12.13) SC(Ifllozva@) + N19lloarzago <y + ellullorrarzetaoryxa) + C2 lullso)-

12.1.3 Conclusion
From ((12.4)), (12.9) and ((12.13]) we conclude that

||u||01+&/2a2+“([0,T]><ﬁ) < ”uk||Cl+0‘/2»2+a([0,T}><§)

M-

IN
r

||uk||Cl+a/2’2+°‘([0,T]XiQﬁumk) + HUNHCI'*'Q/Q»Q'*‘O‘([O,T] xQ)
=1

IN
e

Cllfllcz+e@) + 9llcaraqomxa + ellullerrararaomxm + Celltlle)-

Hence, choosing ¢ small enough, we deduce that

(12.14) [ull crtarzeasaqorxay < Clllfllczra@ + 19llcarzagomxa) + ulls)

To remove the sup-norm of u from the right-hand side of ((12.14)), it suffices to observe
that

(12.15) [ullee < C([fllo@) + l9llcqorxm):

(see Exercise [12.4][1).

12.2 The existence part

To prove the existence of a function u € C, o/ 22+([0,T] x Q) which solves the Cauchy
problem (|12.1)), we need some preliminary results.

Lemma 12.2.1. The following properties are satisfied.

(i) Letu € C,,1+a/2’2+a([0, T] x RY) be such that u(0,-) = 0. Then, there exists a positive
constant C', independent of u and X\ > 1, such that

d
-« 52
N7 ull gorze o zppenay + A D IDstllgorze o ey
=1

(12.16) <C||Dyu — Au + )‘UHC’;‘/Q""([O,T]de)'
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(i) Letu € C’;+a/2’2+a([0,T] X @) be such that u(0,-) =0 on @ and u(t,-) = 0 on ORL
for every t € [0,T]. Then, there exists a positive constant C, independent of u and
A > 1, such that

znuuca/m (OTIET) FA ZHDUHCQ/M (0,71 D)

=1

(12.17) <C||Dyu — Au + M| jo/2.0
b

([0,T]xR%)"

Proof. We limit ourselves to proving estimate (12.16)), since the proof of can be
obtained adapting the same arguments.

Let v : [0,7] x R™! — R be the function defined by v(t,y,z) = cos(v/Ay)u(t,z) for
everyt € [0,T),y € Rand z € R%. As it is immediately seen v belongs to C, "/ 2+O‘([O, T|x
R¥*1). Let also denote by A’ the operator defined on smooth enough functlons ¢:RHL
R by

A/C(yv yyC + Z %y z]C X y) (y, I‘) S Rd+1.

i,7=1

It is easy to check that A’ is an elliptic operator with ellipticity constant given by the
minimum between 1 and the ellipticity constant p of the operator A. By Theorem [7.2.1
there exists a positive constant C', independent of v, such that

(1218) ||’U||C;+a/2,2+a([0’T]XRdJrl) S C”Dtv - A,UHC?([O,T]XRd_"l)'

We observe that Dyu(t,y, z) — Av(t,y,z) = (Du(t, z) — Au(t, z) + Mu(t, x)) cos(v/Ay) and

<D — Au + Ml| oz o 7m0y + CN2 || Dyu — Au 4 M| o

||DtU - A/UHC’;‘/Q’O‘([O,T]XRd+1 ([0, 7]

(12.19) <C)\2HDtU—Au+)‘uHca/“ ([0,T] xR4)?

(recall that A > 1). Moreover,

)\HUHCa/Qa [0,T]xR4) + OOAQ Z ”D’LJUHCb [0,T]xR%) + \/_Z Suﬂ? HD U( )”C(X/Q([O,T])
i,j=1 i=1 T€
d
S||l) U('707')|| /2,0 + sup [Di'v(tf)x)]ca R
vy = ([0,T)xR4) ”21 ()0 TIxRE J 5 (R)
d

+ sup  [Dyiv (-, Y, )| carz(or
ZZI(W)ERM y ((0.77)

< HU || c;+a/2v2+a([07T} xRA+1)?
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(12.20)

where Cj denotes the a-Holder seminorm of the function cosine. Replacing (12.19)) and
(12.20) in (12.18)), we conclude that

d
N Zsup 1D, 2)llcarzoyy + Co D I1Dijulloc

d
i=1 *€R ij=1

(12.21) <C||Dyu — Au + )‘uHc,j‘/Q’“([O,T]de)'

Since HCHCHa(Rd < C, HCHCa (&) HCHC2 (gay for every ¢ € C,T(R?) and some positive con-
stant C,, from (|12.21]) we obtaln that

d
(12.22) > sup [[Djult,)llesmey < CA ||Dtu—Au+/\u||Ca/za

=1 t€[0,T]

From ([12.21)) and ({12.22), estimate ((12.16)) follows at once. [

We can now prove the existence of a solution u € C1**/22+2([0, T] x Q) to the Cauchy
problem ([12.1)). For this purpose, we consider the same covering {€;,...,Qx} of Q in
Remark and functions 9y, ..., 9y € C®(R?) such that the set {97 :i=1,..., N} is
a partition of unity subordinated to the covering {€2; : i = 1,..., N'} (see Corollary [12.0.7).

Note that u € C'+*/22+([0, T x Q) solves the Cauchy problem if and only if the
function v = u — f solves the equation D;v = Av+ g+ Af on [0, T] x  and it vanishes on
parabolic boundary of (0,7") x Q. For this reason, in the rest of the proof we will assume
that f = 0. In fact, we will show the existence of a solution uy € C1**/22+([0, T] x Q) to
the Cauchy problem

([0,T)xR4)"

Dyuy(t, x) = Auy(t, x) — Muy(t,x) + g(t,z), t€[0,T)], =€,
(12.23) ux(t,z) =0, te0,T], xe 09,
ux(0,z) =0, r €,

for A sufficiently large. Note that a function uy solves problem if and only if the
function u : [0,7] x Q — R, defined by u(t,z) = eMuy(t,z) for every (t,x) € [0,T] x Q,
solves the Cauchy problem with f = 0.
In the rest of this section we denote by C' a positive constant, independent of h and A,
which may vary from line to line.
For any A > 1 and h € C*/2([0,T] x ), we consider the Cauchy problems
(12.24)
Dy(t,y) = Awo(t,y) — Mo(t,y) + 9e(Ug W)h(t vz (y), €0, T], yeRL,
v(t,y) =0, te0,T], yedR?,

U(()?y) = 07 y E RJra
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fork=1,...,N —1, and

(12.25) { Dyw(t, ) = Ayw(t, x) — Mw(t,z) + In(x)h(t, z), te[0,T], zeR%

' w(0,z) =0, r € RY,
where the operators A, (k = 1,...,N — 1) and Ay are defined by (12.11)-(12.12) and
- Since, as it has been already pointed out, the coefficients of the operators Ay and
Ap satisfy Hypotheses |1O 0. 1| and |7 0. 1| respectively, and the functions ¥J; h(j=1,...,N)
belongs to C2/**([0,T] x RY), if k < N and to C7*([0,T] x RY) othervvlse Theorems
[7.2.1] and [11.3.1] show that problems (1 (k=1,...,N —1) and ( admit unique
solutions vy, € C’HO‘/2 0,77 x Rd) and uy € C’Ha/2 2JrO‘([O T] x Rd). Thus, we can
introduce the operators Sy (k= 1,..., N) defined on functions h € C*/%%([0,T] x Q) as
follows:

o (Syih)(t,z) =vk(t, Yi(x)) for every t € [0,T] and z € QNU,,, if kK < N;

° S>\7Nh = UN.

A change of variables shows that, for every h € C*2%([0,T] x Q), Sy.h belongs to
C'*e/2([0,T] x QN U, ) and solves the Cauchy problem

Dyuy(t, x) = Aug(t, ) — Aug(t, ) + Op(x)h(t, ), t€[0,T], x€ QNU,,,
uy(t,z) =0, t€[0,T), z €U, N,
ﬂk<0,l‘) =0, mGQﬂka.

Since ¥y, is compactly supported in U, , the function VS xh (k =1,..., N —1) belongs
to C1+e/22+e ([0, T x Q).

Based on all the above remarks, we can define a linear operator Sy : C%/2%([0, T x Q) —
o220, T) x Q) setting Sxh = Y0, 9xSaxh for every h € C*/2%([0,T] x Q). As
it is immediately seen, for every h € C%/22([0,T] x ), the function Syh vanishes on the
parabolic boundary of (0,7) x Q. Moreover,

N N
DySxh — ASxh = " 0k(DiSaxh — ASyxh) = > (Agk)Sxih — 2 Z QV..S\1h, Vi)
k=1

k=1 k=1

N
= Wih = Ryh = h — Ryh,
k=1

where Ryh := ASyh + O8N (Ag9k)Sanh 4+ 230 (QV 1S kh, V).

Clearly, Ry is a bounded operator mapping C*/%<([0,7] x Q) into itself. We claim
that, for \ sufficiently large the operator I — R) is invertible on C*/%%([0, 7] x ). This
will conclude the proof. Indeed, fix g € C/22([0,T] x Q), A as above and take the unique
ho € C°/22([0,T] x Q) such that hg — Ryhg = g. The function u = Syho is the solution to
the Cauchy problem we are looking for,
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In view of Lemma [2.1.11]to prove the claim it suffices to show that || Ry || (e /2.a (0 1)x@)
vanishes as A tends to oo. This follows from Lemma [12.2.1 which shows that
(12.26)

d
_l-a -
5.l o1y 2 NDiSx bl oy < ONZ 10Nl e o1y
i=1

for every A > 1. The same lemma shows that the function v, satisfies the estimate

d

HU’“”C?/ZQ([O,TM@) + Z ||Divk||cg/27a([07T]Xﬁ)
=1

_l1-a CINT -
SCA 2 H(ﬁk okal)h(.’wftk-l(.»HC?/Q’O‘([QT]X@)

_l-a
SCAN 2 ||hf| garzao,rxa)

forevery k=1,...,N — 1, A > 1. It follows that
(12.27)
d

_l-a
1Sx khll oz o xamzzr) + Y IDiSakbllcarzagomixarmmr < CA 7 hllgarzaorxm)
=1

for every k =1,..., N — 1. From (12.26)) and ([12.27]), we easily conclude that

_l-a
HRAHL(ca/w([o,T]xﬁ)) <SCOA 7, A> 1

The claim follows and this completes the proof of Theorem [12.0.5

12.3 Notes

We stress that also more general homogeneous boundary conditions can be considered
instead of the Dirichlet ones. More precisely, Theorem holds true if we replace the
boundary condition u = 0 with the boundary condition au+ (v, V,u) = 0 on [0, T] x 99 for
some functions a € C?7*(9Q) and v € C1(92; dB(0, 1)) which satisfies the nontangential
condition inf,cgq |(y(x),v(z))| > 0, where v(z) denotes the exterior normal vector to Jf
at x. Since the boundary condition is represented by a first-order differential operator,
there is only one compatibility condition which reads as follows: af + (v, V. f) = 0. We do
not enter too deeply into details since this could be the subject of a project of the second
phase of the ISEM.

12.4 Exercises

1. Let u € C%%([0,T] x Q) solve the Cauchy problem (12.1]).
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(i) By applying the maximum principle, prove that the function v, defined by v(t, z) =
e~ (ot Dty (t, ) for every (t,z) € [0,T] x Q, where ¢, denotes the maximum over Q
of the potential term ¢ of A, satisfies the estimate

U<t7x) < C*(HfHOO + ”gHC([O,T]xﬁ))? (t,I) € [O,T] X ﬁ?

for some positive constant C, independent of f and g.
(ii) Use this result to prove estimate ((12.15]).

2. Let QO ¢ R™ and ©, C RY be two open sets and let u € Ci(ﬁl), v € CY(Qy) for some
0 € (0,1). Set f(z,y) = u(z)v(y) for every (z,y) € 1 x Q. Prove that the function
f(z,) belongs to C¢ () for every z € Q; and

sup [f (2, )]co@,) = llulloo[v]co@y)-
e

3. Prove estimate ((12.17]).
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Lecture 13

The Ornstein-Uhlenbeck operator
and its associated semigroup in

C(RY).

In this lecture we study the Ornstein-Uhlenbeck operator, which is the prototype of an
elliptic operator with unbounded coefficients. Such an operator is defined on smooth
functions 9 : R? — R by

Ly(x) = Z qij Dijib () + Z bijr; Diy)(x)

ij=1 ij=1

=Tr(QD*)(x)) + (Bx, V,ib(z)),

where () and B are d x d constant and real matrices, () is positive definite and B # 0.
We will deal with the Ornstein-Uhlenbeck equation

(13.1) { Dyu(t,z) = Lu(t,z), t>0, zeR’

u(0,z) = f(z), r € RY,
where f € Cy(R?).

As in Lecture 4, we see that, for every f € Cy(RY), there exists an explicit formula for

the classical solution to (13.1)).

13.1 The Ornstein-Uhlenbeck equation in R?. Classi-
cal solutions: existence and uniqueness

For each t > 0 we consider the positive definite matrix

t
Q+ ::/ e*BQe P ds,
0
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where B* denotes the adjoint matrix of B. Since @), is positive definite, we deduce that @),
is invertible and det @); > 0 for all £ > 0.

We now introduce the so-called Gaussian measure with mean et
i.e., the measure defined by

By and covariance Qy,

(13.2) N(eBz,Q,)(dy) = (4m) "% (det Q;) 2e 1@ (€ Fr—v)ePav)gy 4 5

We can now prove the existence and uniqueness of a classical solution to the Cauchy
problem.

Theorem 13.1.1. For each f € Cy(R?), the Cauchy problem (13.1]) has a unique classz'caﬂ
solution u given by the following formula:

f(z), t=0, zeR?

(13.3) ult,z) =
FN Pz, Q) (dy), t>0, zeR™
Rd

Moreover, ||u(t, )||oo < || flloo for all t > 0.

Proof. We observe first that, if u is given by ((13.3)), then

utt.a) < |

<Iflle [ A, QM) = 11 [ NP2, Qo)) = I

f(y)N(eth,Qt)(dy)‘

for every (t,z) € (0,00) x R?, since [p. N(e"Pz,Q;)(dy) = 1 (see Exercise .. So,
lu(t, )loo < ||flloo for all £ > 0 as claimed.

To prove that u, given by , solves the Cauchy problem we follow the
approach given in Remark [4.1.4] For this purpose we look for a solution v € C([0,00) x
R?) N CH2((0,00) x RY) of

Dyo(t,y) = Tr(e"" Qe Dju(t,y)), t>0, y€eR,
v(0,y) = f(y), y € RY
Taking the Fourier transform of both the sides of the equation D;v = Tr(e!? QetB*Dzv)
with respect to y and interchanging the actions of F and the time derivative, we deduce

that the function v, defined by 0(¢,£) = (F(v(t,-)))(&) for every ¢t > 0 and ¢ € R?, solves
the Cauchy problem

{ Di(t,€) = —(e'PQeP"E, )V(t,€), te€ (0,00), £€RY

(13.4) {

~

a(ové) = f(£)7 ¢ e R

YHe., u e C(0,00) x RY) N CH2((0,00) x RY) and solves (13.1])
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So, it is easy to deduce that

0t ) = e @ f(E),  t>0, £eRY
Taking the inverse Fourier transform one obtains
(13.5)
ot ) = (4m) " (det Q) / MO () ds = (GWH), >0, yeRE
Rd
Note that (G( = [aa K(t,2)f(y — 2) dz, where
(13.6) f((t,z): (47)" %(detQt) bemile P 450, e RY

As in Lemma one can prove that K € C*((0,00) x R%) and so, by the dominated
convergence theorem one concludes that v € C*((0, c0) x R9).

To prove now that v is a classical solution to problem we need to show that v is
continuous on {0} x RY, ~where it equals the function f. To this purpose let us fix yy € R
Using the fact that [, K(t,2)dz = 1 for all t > 0, we can estimate

ot~ Swl =| [ Ree.2)ft -2 [ Re)sma:

R4

< | K(t,2)fly—=2) = f(y)ldz+1f(y) = f(5)|

R4

for y, yo € R?. Performing the change of variable x = @, 12, we get

| Rl =2 -l = tmt [ T ir- Q1) - f)lis

for every ¢t > 0 and y € R?. We proceed now as in the proof of Theorem to obtain
that v(t,y) tends to f(yo) as (£,4) — (0,y0). So we have proved that v € C([0,00) x RY) N
C12((0,00) x RY) and solves ((13.4]). Thus, by an easy computation one can check that the
function

u(t, ) = v(t, ePx), t>0,zecR?

belongs to C([0,00) x RY) N CH2((0,00) x R?) and solves the Cauchy problem (13.1)).

To prove the uniqueness part of the statement, we proceed as in the proof of Proposition
. We consider the function ¢ : R? — R, defined by p(x) = 1 + |z|? for every z € R%.
As easy computation yields

Lo(x) =2TrQ + 2(Bx, x), r € R

So, there exists a positive constant A such that £y < Ay on R%. Now, fix T > 0 and define
the function v, (t,z) = e Mu(t,z) — n~tp(x) for n € N and (¢,z) € [0,T] x R where u is
a classical solution of with f = 0. Thus, the same proof as the one of Proposition
yields u < 0 on [0, 7] x RY. The same arguments can be applied to —u instead of w.
So, one concludes that « = 0 on [0, T] x R? for every T' > 0 and the uniqueness follows. [
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For every t > 0, denote by Toy(t) the operator defined on Cy(R?) by Toy(t)f = ult, )
where u is the solution to the Cauchy problem provided by Theorem [13.1.1] This
theorem also shows that Ty () is a bounded linear operator and [|Tou(t)||rc, @) < 1.
Actually, one can show that || Toy(t)||c,re = 1 (see Exercise . Moreover, by the
uniqueness of the classical solution to the Cauchy problem ([13.1]), the family {Toy (¢)} is a
semigroup of bounded linear operators on Cy(R?), commonly referred to as the Ornstein-
Uhlenbeck semigroup. Hence, two questions naturally arise:

e is the Ornstein-Uhlenbeck semigroup strongly continuous on Cj(R%)?

e is the Ornstein-Uhlenbeck semigroup analytic on C(R)?

We will see that both the two previous questions have negative answer. As the Gauss-
Weierstrass semigroup, {Toy ()} is not strongly continuous on Cy(R?) since it maps Cy(R?)
into CF(R?) for every k € N as the following theorem shows. Hence, if Toy (t)f converges
uniformly to f as t — 0%, then f should belong to BUC(R?).

Theorem 13.1.2. For every t > 0 and f € Cy(RY), the function Toy(t)f belongs to
CF(R?) for each k € N. In particular, if f € CH(R?),

d
(13.7) DiTou(t)f =Y _(e"")iTou (t)D;f, t>0, i,j=1,....d

Jj=1

Moreover, for each € > 0 and h € N with h < k, there exists a positive constant C = C;
such that

_k=h
(13.8) 1D Tou (1) fllso < C AV E720) | fllop ey, >0,
for every f € C}HR?) and |a| = k, where s(B) is the spectral bounaﬂ of the matriz B.

Proof. Formula ((13.7) as well as estimate (13.8)) with h = 0 and k = 1, follow easily
differentiating (13.3)) under the integral sign and observing that, for each 6 > 0, there
exists a constant Cy; = C4(0) such that

(13.9) €8 ||oe < CpelB+ot t>0.

To prove ((13.8) with h = 0 and k € N, we argue by induction. For this purpose, we
suppose that Top () f belongs to CF(R?) for every ¢t > 0 and (13.8)) is satisfied. Let us show
that the (k+ 1)-th order derivatives DTy (t) f are bounded on R? and satisfy (13.8]). We

fix any such derivative D = D;, ;.. and observe that (13.7) yields the following formula:
DZQ ~~~~~ ik+1TOU(t)f :Diz ,,,,, ik+1TOU((1 - 1/n)t)TOU(t/n)f
d
n—1 px
:Diz ,,,,, ik{TOU<<1 - 1/n)t) Z (6 w B t)ik+1jk+1Djk+1TOU<t/n>f}
Je+1=1

2The spectral bound of a matrix B is the supremum of the real parts of its eigenvalues
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d
n—k * n—1 *
:TOU((l - k/n)t) Z (6 B )i2j2 Tl (6 w B )ik+1jk+1

(1310) X Dj2TOU(t/n) 0...0 DijTOU(t/n)f
for every n > k and ¢t > 0. Similarly,
DjQTOU(t/n) o...0 DijTOU(t/n)f

d
1 * k-1 *
(13'11) :TOU«k/n - 1/n)t) Z (entB )jklk et (6 P )jQZQDlz ----- lkajk+1TOU(t/n)f7
Ioyoolp=1

for each t > 0. From formulas ((13.10), (13.11)) and estimate (13.8) (with & = 1) we conclude

that D;, ., Tou(t)f belongs to Cj (R?). Moreover,
d k
DgTOU(t)f = Z (eTtB )izjz Tt (eTtB )’ik+1jk+1
J2y-sJk+1=1
d k
1 * k-1 * n—2 *
X Z (entB )jklk Tt (6 w P )j2l2(6 it )ilh
lyelp=1
(1312) X TOU((l — 2/n)t)DllTOU(t/TL)D12 ..... lk,jk+1TOU(t/n)f-

Therefore, taking § = 1/n in (13.9) and using (13.8) with |a| =1 and |a| = k and € = 1/n,
we get
k+1

Dol < Coesp{ (k4 1= 1) (st2)+ 1) ef v i

n

for every ¢ > 0 and some positive constant C,,. Since (k+ 1 —n""')(s(B) +n~') converges
to (k4 1)s(B) as n — oo, estimate ((13.8)) follows taking n sufficiently large.
Estimate (13.8]) with h = k follows immediately from ([13.9)). Indeed, a straightforward

computation shows that
(13.13) D;,

for each iy,...,i, € {1,...,d}, k€ Nand t > 0.
Finally, in the case when 0 < h < k, estimate ({13.8)) follows from (13.12) (with |a| = k)
observing that, thanks to (13.13)), we have

Dy, Tou(t/n)Duy,... 1, 5 Tou(t/n) f
d

1 1 1,k 1
- Z (eZtB*hlh (eEtB*)lkthTZ et (eZtB )lk—lTh (entB*)jkth

(13.14) X Tov(t/n)(Dry ty,...n_n Tou(t/n) Dy i f)
for each t > 0. O
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Remark 13.1.3. (i) From the proof of Theorem [13.1.2] it is clear that, if (13.9)) holds
with 6 = 0, then the estimate (13.8) can be written also with ¢ = 0. This is, for
instance, the case when B is diagonalizable on R¢.

(ii) We stress that estimate is useful to estimate the long time behaviour (with
respect to t) of the spatial derivatives of the function Ty (t)f when the spectral
bound s(B) of the matrix B is negative. Indeed, using the semigroup property, we
can split Toy (t) f = Touv(1)Tou(t — 1) f for each ¢ > 1 so that, from ((13.8) with h =0
and t = 1, it follows that

1D Tou (1) fllse < CelCET Ty (t — 1) flloc < Ol £l

Corollary 13.1.4. For everyt > 0, 0 < o < 0 < 4 there exists a positive constant Co o1
such that

_6-a o
(1315)  [Tov®flesen < Canrt™ T flopn, L€ (0.T), e CPRY.

Proof. The proof can be obtained adapting the arguments in the proof of Theorem [4.1.12
so that the details are left to the reader. [

Remark 13.1.5. Note that in view of the estimates in Theorem [13.1.2] the restriction
a,f < 4 can be removed in Corollary [13.1.4. Moreover, one can also easily show that, if
s(B) < 0, then,

—b—ay «
HTOU(t)fHCg(Rd) < Cap(lViE 2 )e O"gtHchg(Rd), t>0, fed (Rd)-
for some constants C 9 > 0 and wyp < 0.

As we have shown above, f € BUC(RR?) is a necessary condition for Ty () f to converge
to f, uniformly on R? as t — 0*. Actually, this condition is not sufficient as the following
proposition shows.

Proposition 13.1.6. Let f € Cy(R?). Then, Toy(t)f converges to f uniformly in R?, as
t tends to 0%, if and only if f € BUC(R?) and || f(e'B-) — fl|o tends to 0 ast — 0.

Proof. Fix a nontrivial f € BUC(R?). By the proof of Theorem [13.1.1] we know that
(Tou(t) f)(x) = (G(t) f)(e'Bx) for every t > 0 and = € R, where

(G f)(x) = (4n) "5 (det Q)2 [ flz —y)e 1@ w)qy 2 eR%
]Rd

We claim that G(t)f tends to f uniformly in R? as ¢ tends to 0. Indeed, for every n € N,
t > 0 and z € R? it holds that

(GO0~ )l =) [ (1o )~ F)ay
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<(4m)~2 /B(O )e—é'yﬂf(a: +/Quy) — f(x)dy

(13.16) + 2(47r)‘5||f||oo/ el gy
R4\ B(0,n)

Since |vVQwy| < |V Q:|ly] < |[v/Q¢l|n for every t > 0 and |y| < n, and ||v/Q:|| tends to
0 ast — 07, it follows that sup,cgas supy, <, |f(z + /Qry) — f(x)| vanishes as t — 07 for

every n € N. Hence, letting ¢ tend to 0T in the first and last side of ((13.16)) yields
t—0+

limsup [G(0)f — fll < 204m) A Sl [ ey
R4\ B(0,n)

for every n € N. Letting n tend to oo, we conclude that limsup, o+ [|G(t)f — fllec =0, so
that G(t)f converges to f uniformly on R? as t — 0.

Writing
(Tou () f)(x) = f(z) = (G(#) f)(ex) = f(ePx) + f(ePx) — f(a), t>0, xR,
the assertion follows at once. O

The following proposition proves that the Ornstein-Uhlenbeck semigroup is not analytic.

Proposition 13.1.7. The Ornstein-Uhlenbeck semigroup is not analytic neither in Cy(R?)
nor in BUC(RY).

Proof. Indeed, if it were analytic in Cy(R?), it would be analytic also in BUC(R?), since
the Ornstein-Uhlenbeck semigroup leaves BUC(RY) invariant, as a byproduct of Theorem
1312

By contradiction, suppose that {Toy(t)} is analytic in BUC(R?). Denote by A its
infinitesimal generator. Then, D, Toy(t)f = ATou(t)f for every t > 0, by property (iv)
in Theorem [3.2.2] whereas D, Toy (t)f = LTou(t)f due to Theorem [13.1.1] It thus follows
that AToy(t)f = LToy(t)f for every t > 0 and f € Cy(RY). The same theorem (see
property (iii)) shows that ATpy(1) is a bounded operator in Cy(R?). We will show that
this is not the case, proving that there exists hg € R? such that the function LTy (1) fr,
in unbounded in RY, where f,,(x) = sin({(ho,z)) for each x € RY. For this purpose, we
observe that

(13.17) (Tov (1) fa,) () = e 2(Qthoh0) gin (B hg)), r e R

From ([13.17)) it follows that the function Tr (QD2Toy (1) fn,) is bounded in R? for each
ho € R?. On the other hand,

(B*(VaTou (1) fr)(x))s = (B h);e~2(@hato) cos((ePa, ho)),

for every # € R and i = 1,...,d. Since B # 0, we can choose hg € R? and j € {1,...,d}
such that (B*e® hg); # 0. Thus, it easily follows that

sup [(Bi, (VaTou (1) fny) (2))] = sup |0 Be;, (VaTou (1) fne)(a¢)))]

zCRd
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= sup |T(B*eB*h0)je*%<Q1ho,h0> COS(T(GB*hO)j)’ = 0.
TER

As a byproduct, we conclude that the function AToy(1)fr, = LTov (1) fr, is unbounded
on R% a contradiction. O]

13.2 Optimal spatial Schauder estimates

In this section, we want to prove the counterpart of Theorem [6.1.4] i.e., the following result.

Theorem 13.2.1. Fiz T > 0, a € (0,1), f € CZT(R?) and g € C*([0,T] x RY). Then,
the Cauchy problem

Diu(t,z) = Lu(t,x) + g(t,x), t€[0,T], = €RY,

(13.18) { uw(0,z) = f(z), z € R,

admits a unique solution u € CY*((0,T] x R N Cy*T*([0,T] x RY). Moreover, there exists
a positive constant C' = Cr such that

(13.19) sup u(t Megrogen < C(Uflegro + s ot egien )
t€[0,T) t€[0,T)

Remark 13.2.2. Differently from the case of elliptic operators with bounded coefficients,
in general we can expect neither any additional smoothness properties on u, than we stated
in Theorem [13.2.1| nor the boundedness of the time derivative. This is a typical feature of
elliptic operators with unbounded coefficients, which do not exhibit a nice behaviour with
respect to the time variable. In the case of the Ornstein-Uhlenbeck operator £, this is easy
to check. Indeed, the proof of Proposition shows that the function 7°(-)fs,, which
solves the equation D,v = Lv, has unbounded time derivative over R

In the proof of Theorem [13.2.1| we shall make use of the following result, see Exercise

13.416

Lemma 13.2.3. A function f : RY — R belongs to Cf(R?) for some 6 € (0,1) if and only
if it is bounded and
|f(x) —2f2 7 (z +y) + f(y)|

[[fllo= sup < 00.
z,y€R4, x#y |£B - y|9

Moreover, the classical norm of C¢(R?) is equivalent to the norm || flle + [[f]]6-

Proof of Theorem [13:2.1] The uniqueness of the solution u € CY2((0, T] x R) N Cy ([0, T] x
R?) of the Cauchy problem ([13.18)), follows from Theorem [13.1.1]

So, let us prove the existence part. In view of Corollary [13.1.4] it suffices to prove that
the function v : [0, T] x R? — R, defined by

v(t,x) = /Ot(TOU(t —5)g(s,-))(x)ds, t€[0,7T] x RY,
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belongs to C12([0, T] x RY) N CP*([0, T] x R%), solves the Cauchy problem

(13.20) { Dyo(t, z) = Lo(t, x) + g(t,x), t€[0,T], zeR?,

v(0,2) =0, r € RY

and satisfies the estimate

(13.21) 0]l co2+e o, 77xmay < Cllgllcooo,z1xme):

where here and in the rest of the proof, C' denotes a positive constant, independent of g,
v (and in the sequel also of t), which may vary from line to line. Slightly modifying the
arguments in the proof of Theorem [6.1.4] The only remarkable difference is in the way one
can prove that v belongs to Cy***([0, T] x R%) and satisfies estimate (13.21). Nevertheless,
for the reader’s convenience we provide an almost full proof of the remaining part of the
theorem, just leaving the proof of the continuity on [0,T] x R? of the function v to the
reader, as an exercise. The rest of the proof is split into two steps.

Step 1. Here, we prove that the function v belongs to C*7*([0, T] x R?) and satisfies
estimate ([13.21]). For this purpose, we begin by observing that, by Corollary , for
any 0 < s < t < T, the function Toy(t — s)g(s,-) is differentiable in R? and ||V, Toy (t —
$)9(S, ) oo < c(t—s)°T \|g||cg,a([07T}de). Hence, the dominated convergence theorem shows

that (¢, -) is differentiable in R? for any ¢ € [0, T] and
t
V.ot z) = / (VoTou(t —s)g(s,-))(x)ds, (t,x) € [0,T] x RY.
0

Similarly, since | D2Top (t—5)g(s,)||ec < c(t—s)%_1||g||cg,a([0 71xgay> We deduce that us (2, -)

is twice differentiable in R? and
t
D2u(t, x) = / (D2Toy(t — s)g(s,-))(z)ds, (t,r) € [0,T] x R
0

Moreover,

t t )
Dlu(t, )] < / (DiTou(t — s)g(s,))(@)lds < lgllooorpeen / (t —s)°F ds
0 0

2 a—j+2

mT : Hchg’a([o,T]de)

for all (¢,2) € [0,T] x R? and j = 1,2. We thus conclude that

(13.22) HUHCI?’?([O,T}XIW) < CHgHCQ’“([O,T]XRd)'

As in the case of the Laplacian, proving that the second order derivatives of v are
in C*([0,T] x R?) is much more tricky since the same arguments used to prove (13.22)
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lead us to a singular integral. We also can not adapt the arguments used for the Gauss-
Weierstrass semigroup. We rather have to take advantage of a different argument, which
is a hidden use of interpolationﬂ For this purpose, we fix i,j € {1,...,d}, t € (0,7] and
split D;;v(t, ) = ag(t,-) + be(t, -), where,

( /t (DijTou(t — s)g(s,-))(x)ds, if £ <t,
ag(t,x) = tf

\ / (DyTou(t — $)g(s, )(@)ds, &>,

( t—¢& .
it | ) OoToult= s @ gt

0, if € >,

for each » € R? and £ € (0,1). Taking estimate (13.15) into account, we easily deduce
that ag(t,-) € Cy(RY) and be(t,-) € CZ(R?) for every t € [0,T]. Moreover,

(13.23)
t
lag(t, )l < C/ . 50)(lf =) 2 ds||gll coe o ryxmey < CE2 N9llen o mycrey,
(13.24)

max(t—¢&,0)
It ez < € | (t = 5> 2dsllgll oo g1y < CE E oo orpemey
the constant C' being independent of £. Next we observe that

|Dij1)(t, JI) — 2Dijv(t, 2_1(1' + y)) + Dl-jv(t, y)|
<lag(t, x) — 2a¢(t, 27 (x +y)) + ae(t,y)| + [be(t, 2) — 20¢(t, 27" (z + y)) + be(t, )]

for every (t,z) € [0,T] x R%. As it is easily seen,
(13.25)  |ag(t,z) — 2a¢(t, 27 (z + y)) + ac(t,y)| < 4llac(t, )| oo, t€0,T], z € R
On the other hand,

ety ) — 26e(t,27 (x + ) + belt, )]

d Ld
/ —be(t, sz + (1 —5)27 (x + y))ds + / —be(t, sy + (1 — )27 (z +y))ds
o ds o ds

:%‘ /0 (Vbe(t, sz + (1= )27 (x+y)) = Vbe(t, sy + (1= 5)27 (x + y)), v — y)ds

3We do not think convenient here to introduce the basic results from interpolation theory which should
be used. We rather prefer to adapt some of those techniques to our situation
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1
<|lx —y / |Vbe(t, sz + (1 — 5)2’1(56 +y)) — Vbe(t, sy + (1 — 5)2’1(56 +y))|ds
0

d 1
<l ol Y [ IDabeltssw+ (1= 3927 o 4) = Dabelt sy + (1= )27 o+ o)
h=1

(13.26)
<z — y|*||be(t, Mezma

for every t € [0,T] and x € R%. From (13.25)) and ((13.26) we conclude that

(13.27) | Dyyo(t, ) ~2Dyyo(t, 27 (@+9)+ Dyolt, )| < 4lagt, ) low-Hlr—yP [be(t. ) cpa

Choosing ¢ = |z — y|? and using ((13.23)) and ((13.24]) we get
| Diju(t, ) — 2Dio(t, 27 (@ +y)) + Dijv(t,y)| < Cligll oo o ryxmay |2 — y1*

for every t € [0,7] and x € R%, so that Lemma [13.2.3| allows us to conclude that D;v(t,-)
belongs to C¢(R?) and

(13.28) sup || Djo(t, ')”C’g‘(Rd) < CHQHCE*“([O,T]XRFI)’
t€[0,T]

From (|13.22)) and (13.28)), estimate (|13.21]) follows at once.

Step 2. Here, we prove that v is continuously differentiable with respect to ¢ in [0, 7] x
R?. For notational convenience, we denote by D, (resp. D; ) the right (resp. left) time

derivative.
For each € € (0,1) we introduce the function v, : [0, 7] x R? — R defined by

et
vt z) = / (Tow(t — 8)g(s, ))(@)ds,  (L,x) € [0,T] x R
0
Note that v. converges to v as € — 17, uniformly in [0, 7] x R¢. Indeed,

o(t, ) —ve(t, )| = / (Tou(t = s)g(s,-))(@)ds| < llgllc,oryxra (1 — )T

t

for all (t,x) € [0,7] x R and all € € (0, 1).
To prove that v, is differentiable in [0,7] x R? with respect to t, we fix t € [0,7),
h € (0,T —t) and split

Vet + h,x) —v-(t,x) 1 /E(t+h)

- n (Tou(t+h —s)g(s,-))(x)ds
N /Et (Tou(t +h —s)g(s, '))(1’2 — (Tou(t = 5)g(s,))(2) ,

S

=: J{ (k) + J5 (h).
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We claim that J;"(h) converges to e(Toy((1 — €)t)g(et,-))(x) as h — 0F. Indeed,

Ji' (h) — e(Tou((1 = €)t)g(et, ) (x)
1

e(t+h)
== /t (Tou(t+h —8)g(s,-))(x)ds — e(Tou((1 — e)t)g(et,-))(x)

e(t+h)
=7 /E [(Tou(t +h —s)g(s,-)(x) — (Tov((1 —e)t)g(s,-))(x)]ds

t

e(t+h) 1
+/t 5 (Tou((1 = €)t)(g(s, ) — glet, ) () ds.
It is clear that the second integral term in the last side of the previous chain of equalities
converges to 0 as h — 07. As far as the first integral term is concerned, we observe that
the function (r, s) — (Tou(r)g(s,-))(x) is continuous on [0, 7] x [0,T] (see Exercise [13.4][7)).
Therefore, it is therein uniformly continuous. Hence, for each p > 0 there exists 6 > 0
such that [(Tou(ra)g(s, ) (z) — (Tou(r1)g(s, ) ()| < pif |rg — | < 6 and s € [0,T].
Consequently, if || < 6, then |(Tou(t + h — $)g(s,))(x) — (Tor(1 — £)t)g(s,))(@)] < p
for s € [et,e(t + h)] and

1 e(t+h)
> / (Tou(t +h = s)g(s,-)) () = (Tou((1 = £)t)g(s,-))(x)]ds < ep

h Jet
Therefore,
e(t+h)
}ng(l)% t [(Tou(t +h = s)g(s,-))(x) = (Tou((1 = )t)g(s,-))(x)]ds = 0.

As far as the term J;(h) is concerned, we observe that the function under the integral
sign converges to (D Tou(t — s)g(s,))(z) = (LTou(t — $)g(s,-))(x) as h — 07. Moreover,
using the mean value theorem, we estimate

‘ (Tou(t +h = s)g(s, ) (x) = (Tou(t = s)g(s,-))(z)

h =[(LTou(t +& = 5)g(s, ) (@)l

<C,(t— 3)%_1”9”01?*“([0,T}x11%d)

for all s € [0,et], where £ is a suitable point on the line joining 0 and h and we have
taken advantage of ([13.15)). Hence, we can apply the dominated convergence theorem and
conclude that

lim J(h) = /06 (LTou(t — s)g(s,-))(x)ds.

h—0t+

We have so proved that v, is differentiable from the right in [0,7) x R¢, with respect to t,
and

Difv.(t,z) =e(Tor((1 — e)t)g(et, ) (x) + /0 E(ETOU(t —8)g(s,-))(x)ds
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=e(Tou((1 —e)t)g(et,))(x) + Lo.(t, ).

In a similar way, it can be proved that v, is differentiable from the left in (0,7] x R,
with respect to ¢ and

Dy v.(t,z) = e(Tou((1 —e)t)g(et,-))(x) + Lo-(t, ).
Summing up, v, is differentiable with respect to t in [0,7] x R? and
te
Dyve(t, x) =e(Tou((1 = e)t)g(et, -))(x) + / (LTou(t = s)g(s,-))(x)ds
0
for all (t,z) € [0,T] x R% Letting ¢ tend to 17, we conclude that D;v. converges locally

uniformly on [0, T] x R? to the function g + Lv. Indeed, for any R > 0, any ¢ € [0, T] and
x € B(0, R), we can estimate

e(Tou((1 —e)t)g(et, ) (x) + /0 8(ETOU(t —5)g(s,-))(x)ds — g(x) — Lou(t, )

/t (LTou(t —s)g(s,-))(z)ds

<le(Tou (1 —e)t)g(et,-))(x) — g(t,x)| +

<le(Tou((1 = )t)lg(et, ) = g(t, ) ()] + (1 = &)[(Tou (1 = e)t)g(t, -))(x)]

t

+1(Tov((1 = )9t ))a) = 98]+ Clllcpeopen [ (6= 97 1ds

te

(1—e)t
<(L =€) 3 T2 gl oz o rypey + (L = )glloy oy + / ((DsTou(s)g(t, -))(x)lds
0
+2071C(1 — )2 T3 ”g”CS’a([O,T]XRd)
<2(1=6)5 T8 |lgllcer2oqorixrs + (1=2)glleyqorcmn + 407 C(L=2) T2 lgll e o 17z

where the constant C' is independent of x € B(0, R). Letting ¢ tend to 1~ we conclude
that e(Toy (1 —€)-)g(e-, -) converges to g + Lv uniformly on [0,7] x B(0, R).
Since v. converges to v uniformly in [0, 7] x R, it follows that v is differentiable with

respect to t in [0, 7] x R? and therein D;v = Lv + g. The proof is now complete. O]

13.3 Notes

As we have proved, the Ornstein-Uhlenbeck semigroup is neither strongly continuous nor
analytic in Cy(R?) and in BUC(R?), so that we cannot define the concept of infinitesimal
generator in the sense described in Lectures 2 and 3. Nevertheless, we can still associate a
“generator” with the Ornstein-Uhlenbeck semigroup (and more generally with semigroups
associated with elliptic operators with unbounded coefficients), the so-called weak gen-
erator, which has properties similar to those of the infinitesimal generator. The weak
generator A may be defined in three equivalent ways.
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(i) The family {R(X) : A € C: ReX > 0}, defined by
+o0
(RONf)(z) = / e M(Tou(t)f)(x)dt,  z€R’, ReA>0, f € Cy(R")
0

is a resolvent family. Hence, there exists a closed operator A such that R(A) = R(\, A)
for any A as above. This is the approach in [1] and [4],

(ii) The second definition is based on the bounded pointwise convergence: a sequence
{fa} C Cy(R?) is said to be boundedly and pointwise convergent to f € Cy(R?) if
there exists a positive constant C' such that || f,||« < C for any n € N and if f,(x)
converges to f(z) for any € R% This notion of convergence leads to the following
definition of the weak generator which was introduced in [6}7]:

(13.29)

(

D(A) = {f € Cyp(RY) : SUDye (0,1) w < 400 and g € Cy(R?) :
- T DE) - 1)

t—0t+ t

| (Aof)(x) = limyor FLBBEEED g e RY - f € D(4),

=g(z) Vz € Rd},

(iii) The third definition is based on the notion of mixed topology introduced in [8]. The
mixed topology 7 is the finest locally convex topology which agrees on every norm-
bounded subsets of Cy(R?) with the topology of the uniform convergence on compact
sets (see e.g., [3]). See also [5] for a similar approach.

Operator A can be defined as the infinitesimal generator of the semigroup in the
mixed topology, that is

D(A) = {f € Cy(RY) : g € Cp(RY) : 7M— lim

t—0t
Af = M- lim w f e D(A).

t—0t

Tou(t)f — f
- =49,
(13.30) t }

We also underline another crucial difference between bounded and unbounded coeffi-
cients in the study of nonhomogeneous Cauchy problems. In the first case, starting from
the heat equation and, roughly speaking, freezing the coefficients and using the continuity
method, we have analyzed more general operators. For elliptic operators with unbounded
coefficients the method of freezing the coefficients does not work in general. Hence, differ-
ent strategies should be used to study such problems and typically some conditions on the
growth at infinity of the coefficients of the elliptic operator should be assumed.

Again roughly speaking, we can say that the Ornstein-Uhlenbeck semigroup can be
used as a “test” to see what properties one can expect and what properties in general
one can not expect from a semigroup associated with an elliptic operator with unbounded
coefficients. For instance, as we have seen in this lecture, we can not expect nice properties
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with respect to the time variable of solutions to Cauchy problems associated with elliptic
operators with unbounded coefficients.

For further details on the Ornstein-Uhlenbeck semigroup we refer the interested reader
to [2], and to the notes of the 19th Internet Seminar.
13.4 Exercises

1. Prove that
[ Ve @i 1
Rd

for every t > 0.

[N}

. Prove that || Tou (t)||r(c,®a) = 1 for each ¢ > 0.

3. (i) Exhibit a function f € BUC(R?) such that [|f(e'B-) — f||o does not converge to
Oast— 0t.

(ii) Prove that, if f € Cy(R?) (the space of continuous functions over R¢ which vanish
at infinity), then f(e!®.) converges to f uniformly on R as t — 0.

(iii) Taking advantage of the previous exercise prove that the restriction of the Ornstein-
Uhlenbeck semigroup to Co(R?) defines a strongly continuous semigroup.

4. Prove formulas (|13.13]) and ([13.14)).
. Prove formula ((13.17)).
6. Given a function f: R? — R and @ € (0,1). Define

Ul = sup L@ =2Cw+y)+ /)

z,y€RY, x#y ’SL’ - y’€

ot

(a) Prove that if f € C?(R?) then
[[ﬂ]a < 21_0[f]cg(Rd).

(b) Fix z; € R? and define the function g,,(y) := f(x1 +y) — f(z1) for y € RY. Prove
that

192, (¥) — 29, (y/2)] < [[f1olyl’, y € RY,

and deduce that

n(1-0)
|g:c1 (y) - 2ngx1 (2—ny)| < ka'a“f“@
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(c) Prove that

[f (@) = fla)] < @ fllo + @7 = D7 [[No)2 — 2l

for x5 € R? such that |z; — 2| < 1.
(d) Deduce that f € C¢(R?) if and only if f is bounded and [[f]]s < oo.

(e) Prove that the norms || - [| + [ ]oo(raey and || - || 4 []co(ra) are equivalent.

7. Prove that, for any bounded and continuous function g : [0,7] x R? — R, the function
(t,s,2) = (Tor(t)g(s,-))(x) is bounded and continuous on [0, 00) x [0, T] x R
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Lecture 14

More general elliptic operators with
unbounded coefficients

In this lecture, we will consider more general elliptic operators A with unbounded coeffi-
cients and study the homogeneous Cauchy problem

(14.1) { Dyu(t,z) = Au(t,z), t € (0,00), x€R,

u<07x) = f(x)a S Rda

where

d

Al(z) = Z gij(z)Dij¢(x) + ij(m)ng(x) + c(z)((z), z e R?

i,j=1 J=1

on smooth enough functions ¢ : R — R. On the coefficients of the operator A we assume
the following conditions.

Hypotheses 14.0.1. (i) ¢;; = g;; for every i,j = 1,...,d and there exists a continuous
function x : R? — (0,00) such that (Q(z)¢, &) > k(x)[€]? for every &, 2 € RY, where

Q = (g:);
(ii) gy, bi (i,7 =1,...,d) and c belong to C2 (R?) for some a € (0,1);
(iii) there exists ¢y € R such that c(x) < ¢y for every z € R%

Remark 14.0.2. (i) Note that the previous assumptions cover also the case when the
matrix Q)(z) degenerates at oco. So, we are not assuming that the operator A is
uniformly elliptic on RY.

(ii) At this stage we are not assuming any growth assumption of the diffusion and drift
coefficients of the operator \A. The only (algebraic) condition that we assume is on
the potential ¢ which should be bounded from above on R?.

187
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14.1 Existence of a classical solution to the Cauchy
problem ([14.1

In this section we prove the existence of a classical solution to the Cauchy problem ({14.1]),
which is bounded in each strip [0, 7] x R%.

Theorem 14.1.1. For every f € Cy(R?), problem (14.1)) admits a solution u € C([0, 00) x
R N Clte/? (0, 00) x RY) which satisfies the estimate

loc

(14.2) lu(t, z)] < e f]loos t>0, r€R%

Proof. We split the proof into two steps. First, in Step 1, we prove the assertion for
functions f € C**(R%). Then, in Step 2, based on this result, we prove the statement in
its full generality. We adapt some arguments from the proof of Theorem [9.0.1]

Step 1. Let us first assume that f € C?**(R%). Let ny € N be the smallest integer such
that supp(f) C B(0,n9). By Theorem[12.0.5] for every n € N such that n > no, there exists
a unique function v, : [0, 00) x B(0,n) — R, which belongs to C'*t®/22+2([0, T] x B(0,n))
and solves the Cauchy problem

Dy, (t,x) = Av,(t,z), t€[0,00), z¢€ B(0,n),
v, (t, ) =0, t€0,00), x € dB(0,n),
v, (0,2) = f(z), xr € B(0,n).

From Corollary [1.1.4] for each n > ng as above, it holds that

(14.3) lvn (8, M@z < € flleo; t>0.

This estimate and Theorem [B show that, for every m € N, there exists a positive
constant C,,, independent of n, such that

(14.4) [onllgrearzera@yy < Cmllflloos

for each n > m V ng, where Q,,, = (0, m) x B(O,m).
Take m = 1. Since the sequence (v,) is bounded in C'*®/22+%(Q);) there exists
a subsequence (v 1)) which converges in C*?(€) to a function u which belongs to
k

CHe/224a(Q))). Estimate shows that sequence (v 1)) is bounded in C'+*/22e(Qy).
k

Hence, it admits a subsequence (’Un(z)) which converges in C'2(Q,) to a function u® €
k

D and u®

C1Fe/224a(Q,). Clearly, by uniqueness, the functions u") coincide on Ql By
induction, we can prove that for any m € N there exists an increasing sequence (nk, ) eN
with the following properties:

(i) (n{™) is a subsequence of (n\™");

I

(ii) the sequence (v ) converges in C**(y,) to a function u™ € C1T/22Te(Q,,) such
k

that ©™ = 4™ on Q,,_;.
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Now, we introduce the diagonal sequence (1) = (n,(f)) For each m € N, (n) is definitively

a subsequence of (nlim) ). Moreover, in view of the previous property (ii), we can define a
function u : [0,00) x R? — R by setting u(t,z) = u(™(t,z), where m is the smallest
integer such that (t,z) € ,. This function clearly belongs to Ci.m®**™((0, 00) x RY)
and the sequence (vz,) converges to u in C12([0,T,] x K) for every compact set K C R?
and 0 < 7. Since Dy, = Av;, on [0,00) x B(0,ny), letting k& tend to oo we conclude
that Dyu — Au =0 on [0,00) x R? and, from (14.3)), we also obtain estimate (14.2)). Since
v7,(0,-) = f on R? for every k € N, it follows that u(0,-) = f. Hence, u is a solution to
the Cauchy problem (|1 as smooth as in the statement of the theorem.

Step 2. Let us now fix f € Cy(R?) and consider a sequence (f,) C C?T%(R¢), bounded
with respect to the sup norm and converging to f locally uniformly on R¢. By Step 1, for
every n € N, the Cauchy problem (|1 , with f being replaced by f,, admits a solution

E%W”WWwMRﬂwmmamd)MS&WM@SCﬁmewt>O
and some positive constant C, independent of ¢ and n € N.

Applying estimate we conclude that [|u, | cive/z2ra@y) < Cn for every n > ng
and some ng = ng(m). As in Step 1, Arzela-Ascoli theorem and a diagonal argument
show that there exists a subsequence (unk) which converges in C12(€Q,,) for every m € N

to a function uy € C’llota/ 2279((0,00) x R%). Clearly, uy solves the differential equation
Dyu — Au = 0 on (0,00) x R%.
To complete the proof, let us show that u can be extended by continuity to [0, 00) x R?
by setting u(0,-) = f. For this purpose, we take advantage of Theorems [8.2.2] and [B.0.7|
We fix m € N and a smooth cut-off function ¥ such that xpm) < ¥ < Xp(o,2m). For
each k € N, the function vy = Ju,, belongs to C([0,00) x RY) and solves the Cauchy-

Dirichlet problem

= A d
(14.5) { Dyuy(t, ) = Avi(t, ) + di(t, ), ¢t>0, zeRY,

v(0, ) = I(x) f(x), r € RY,

where ¢y, = —2(QV Uy, , VI) — up,, Tr(QD;;0) — uy, (b, VV), and Ais any elliptic operator
on R? whose coefficients belong to Cf(R) and agree with the coefficients of the operator
A on B(0,2m).

By the uniqueness of the classical solution to the Cauchy problem ((14.5) it follows that
v splits into the sum of the classical solution w of the Cauchy problem

{Dm(,): wt,z), t>0, zeR
(0,2) = d(z)f (), z e RY,

and the classical solution to the Cauchy problem

Dizi(t, z) = .sz(t, x) + Yi(t, x), t>0, zeR%
2:(0,2) = 0, r € R

By Theorem [9.0.1 the function w belongs to C([0, c0) x R?).
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Let us consider the function z;. For this purpose, we observe that Theorem and
estimate (14.2) show that there exists a positive constant C7, depending on m but being
independent of n such that

t D3, (t, )l o (B30, + V[V, (1, Ne@mzm) < (i, te (0,1, keN.

From this estimate and (4.16) it follows immediately that

+a

[t (£, )| 010 BrOZRY) < Cot™ 5%, te (0,1, keN

with C5 also being independent of k. Hence, 1, (t, ) belongs to Cg*(R?) for every t € (0, 1]

and [[¢hn, (¢, )| co ey < Cst~ 5" for every t € (0,1], k € N and some positive constant Cj,
being independent of k. Therefore, applying Theorem [8.2.2| we conclude that

(146) ”‘thnk( )HC"‘ R4) < 04, t € (0, ].], k e N.

Now, writing
t
Zp(t, ) = / Dz, (0, x)do, t € (0,1], r € RY,
0
and using ((14.6)) we conclude that

Joalt o < G [ o~ 0 = 0’
0
Summing up, we have proved that
g (8,2) — £(2)] < [t 2) — I(@) f(@)] + |n(t,2)| < Jw(t, 2) — D) f()] + Cst 2"
for every t € (0,1] and = € B(0,m). Letting n tend to oo, we conclude that
lutt, ) = Flogamy < lwt) = Flle@am, +Cst

As ¢t tends to 07 this estimate shows that u can be extended by continuity on {0} x B(0,m)
by setting «(0,-) = f. The arbitrariness of m > 0 allows us to complete the proof. O

14.2 Uniqueness and nonuniqueness

In this section, we address the problem of the uniqueness of the solution u € C([0, 00) X
R%Y) N CH2((0,00) x R?), which is bounded on [0,7] x R? for every 7' > 0. In the case
of bounded coefficients, the uniqueness of the classical solution to the Cauchy problem
(14.1)) was a consequence of the classical maximum principle. As a matter of fact, without
any additional conditions on the unbounded coefficients of the operator A, no maximum
principle holds. In fact, we will provide examples of operators A whose associated Cauchy



14.2. UNIQUENESS AND NONUNIQUENESS 191

problem admits infinitely many solutions u € C([0,00) x R%) N C12((0, 00) x RY),
which are bounded on [0, 7] x R? for every T' > 0.

The maximum principle can be proved assuming the existence of a so-called Lyapunov
function, i.e.; a smooth enough function, diverging to +oo as |x| — oo and satisfying an
algebraic condition. More precisely.

Theorem 14.2.1. Suppose that there exists a positive function p € C?(R%) blowing up
as |z| — oo and such that Ap < A\p on R for some A > 0. Then, if u € Cy([0,T] x
R?) N CH2((0,T] x RY) solve the differential inequality Dyu — Au < 0 on (0,T] x Re. If
u(0,-) < 0, then u < 0 on [0,T] x RY.  As a byproduct, there exists a unique solution
u € Cy([0,T] x RT) N CH2((0,T] x RY) to the Cauchy problem (14.1)).

Proof. The proof can be obtained adapting the arguments in the proof of Proposition
11.0.1} For the reader convenience we provide the full proof. Without loss of generality,
we can assume that A > ¢g.

Let u be as in the first part of the statement. As it is immediately seen, the function
v : [0, T] x R? defined by v(t,z) = e~ ?u(t, z) for every (¢,2) € [0,T] x R? is as smooth as
u is and solves the differential inequality Dyv — (A — 2X\)v < 0 on (0,7] x R%. Since ¢ is
positive on R?, it follows immediately that Ay < 2Ap on R Hence, for every n € N the
function v, = v — n~1p satisfies the differential inequality D;v, — (Av, — 2\v,) < 0 and
tends to —oo as |z| — oo, uniformly with respect to ¢ € [0,7]. Since it is continuous on
0, 7] x R4, it follows immediately that v, admits a maximum value on [0,7] x R?. This
maximum cannot be achieved on (0,77] x R, due to the fact that the potential term of the
operator A — 2\ is negative on R? (see the proof of Theorem . Hence, it is achieved
on {0} x R? so that each function v, is nonpositive on [0, 7] x R?. Letting n tend to oo,
we conclude that u is nonpositive on [0, 7] x R?, as well.

To complete the proof, we observe that, by Theorem [14.1.1] we know that a solution
u € Cy([0,T] x RY) N CH2((0,T] x RY) to the Cauchy problem actually exists. If
v € Cp([0,T] x RY) N CH2((0,T] x R?) is another solution. then the function w = u — v
vanishes on {0} x R? and satisfies the differential equality Dyw — Aw = 0 on (0,7] x R<.
From the first part of the proof, applied to w and —w, we conclude that w identically
vanishes on [0, 7] x R%. O

Remark 14.2.2. Typically, one takes as ¢ polynomials or exponential type functions. For
instance, if A = A + (b, V), then the function p(z) = 1 + |z|?, for every € R? is a
Lyapunov function for A if and only if the function x — 2d + 2(b(z),x) grows at most
quadratically at infinity.

14.2.1 The one-dimensional case

To begin with we prove, for the one-dimensional elliptic operator

A(w) = q(2)¢ (@) + b(2)¢'(2) + e(w)((x), = €R,

on smooth functions ¢ : R — R, the following result.
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Proposition 14.2.3. The following properties are equivalent:

(i) for each X > ¢y and f € Cy(R), the elliptic equation \v — Av = f admits a unique
solution v € Cy(R) N C*(R);

(ii) for each f € Cy(R), there exists a unique solution u to problem

Duwu(t,z) = Au(t,z), t € (0,00), x € R,

(14.7) { u(0,z) = f, z € R,

which belongs to C([0,00) x R) N CY2((0,00) x R) for every T > 0 and satisfies the
estimate ||u(t, )||cc < Me?||flloo for some constants M >0 p > ¢y and every t > 0.

Proof. We split the proof into two steps.
Step 1. Let us assume that property (i) holds true and let u € C([0,00) x R) N
C12((0,00) x R) be a solution of the parabolic problem (14.7) with u(0,-) = 0, such that

(14.8) lu(t, z)] < Me?, t>0, zeR,

for some p > ¢y We fix A > p, and consider the functions

Uy = / e Mu(t,-)dt, neN.
1

n

Estimate ([14.8)) shows that v, belongs to Cy(R) for each n € N and [|v,]|ce < M(X — p)~*
for each n € N. Moreover, v, converges, uniformly on R, to the function

v:/ e Mu(t,-)dt
0

as n tend to oo.
A straightforward computation shows that v, € C*(R) for each n € N and

(14.9)

Av, = / e M Au(t,)dt = / e MDyu(t,)dt = e u(n,-) — e M™u(1/n,-) + Au,,
1/n

1/n

which implies that Av, € Cy(R) and that Av, converges to Av, locally uniformly on R,
as n tends to co. From Exercise [14.4]21] it follows that the sequence v, is bounded in
C?([-M, M)) for every M > 0. Applying Arzela-Ascoli theorem and a diagonal argument
as in the proof of Theorem we deduce that, up to a subsequence, v,, and v/, converge
locally uniformly on R as n tends to oco. As a byproduct, v € C*(R). To conclude that
v actually belongs to C?(R) it suffices to write v/ = ¢ ' Av,, — bg v/, — cq v, and let
n — oo. Now, from , it follows that A\v — Av = 0 just letting n tend to oco. Since
v € Cp(R) N C*(R), from (i) it follows that v identically vanishes on R.

Finally, the arbitrariness of A > p and the uniqueness of the Laplace transform imply
that . = 0 on (0,00) x R.
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Step 2. Let v € Cyp(R) N C?*(R) be a solution of the equation \v — Av = 0 with A > ¢.
Let us prove that v = 0. For this purpose, we observe that the function u, defined by
u(t,x) = eMv(x) for every t > 0 and x € R, belongs to C([0,00) x R) N C12((0,0) x R)
and solves problem (14.7), with w(0,-) = v, and ||u(t,-)|| = e||v||s for each ¢t > 0. By
property (ii) this Cauchy problem admits a unique solution with the above properties.
Hence, by Theorem [14.1.1]it follows that eM||v]|oo = [[u(t, )|l < €!||v]|oo for every ¢ > 0.
From this chain of inequalities it follows at once that ||v|| = 0, that is v identically
vanishes on R. W

In view of the previous proposition, in the rest of the subsection we study the uniqueness
of the solution u € Cy(R) N C?*(R) to the equation \u — Au = f € Cy(R), when A > c.
This topic has been studied at the beginning of previous century by W. Feller, in the
particular case when the potential ¢ of the operator A identically vanishes on R. Here, we
present a part of those results. So, from now on, we assume that ¢(z) = 0 for all z € R.
To begin with, we prove the following crucial result.

Lemma 14.2.4. There exist a positive, decreasing function u; and a positive, increasing
function o, which solve equation \u — Au = 0.

Proof. As a first step, we observe that it is enough to prove the existence of a positive
decreasing solution u to the equation Au — Au = 0. Indeed, once this property is checked,
it suffices to set uz(x) = v(—=x) for every z € R, where v € C%*(R) is positive, decreasing
and Av(x) —q(—x)v"(x) +b(—z)v'(z) = 0 for every € R, to obtain the increasing positive
solution to the equation Au — Au = 0 we are looking for.

Being rather long, we split the rest of the proof into some steps. Moreover, for notational
convenience, we denote by u, € C%*(R) the solution to the equation Au — Au = 0 which
satisfies the conditions u,(0) = 1, u;(0) = b.

Step 1. Here, we introduce the set B of all b € R such that u,(x) = 0 at some x > 0,
and prove that it is an interval. To begin with, we observe that B is not empty. To
this end, we recall that the more general solution to the equation Av — Av = 0 is given
by v = cjv1 + cov9, Where ¢; and ¢y are arbitrary real constants and v; and vy are two
independent solutions to that equation. By Exercise the matrix whose rows are
(v1(0),v2(0)) and (vy(zo), v2(xg)) is invertible for every zo > 0, since v = 0 is the unique
solution to the equation Av — Av = 0 such that v(0) = v(zg) = 0. This implies that for
every o > 0 there exists a unique solution v € C*(R) such that v(0) = 1, v(zo) = 0 and
Av — Av =0 on R. Hence, b = v/(0) belongs to B.

Now, we show that, if b € B, then (—oo,b] C B. This will imply that B is an interval.
Fix ¢ < b. Since u,(0) < uy(0), it follows that u., < w, in (0,21) for some z; > 0.
We claim that xy = oo. By contradiction, suppose that x; < oo. Then, by continuity,
up(x1) = uc(xq). This would imply that the function v = up — u,.., which solves the equation
A —Av = 0 on R, should have two zeroes. By Exercise this is a contradiction. Since
ue < up in (0, 00), it follows that u,. should vanish at some point z € (0, 00). Consequently,
c € B.



194 LECTURE 14. MORE GENERAL ELLIPTIC OPERATORS

Step 2. Here, we show that B C (—o0,0]. For this purpose, we prove that, the set
{up,b € B} consists of decreasing functions.

Fix b € B and let 2y > 0 be the unique zero of the function u,. Then, u,, is decreasing in
(—00, xg), otherwise it should have a positive maximum which is not possible by Exercise
[14.48 Similarly, u, is decreasing in [zo,00). Indeed, uj(zo) < 0, so that u, is strictly
decreasing in a neighborhood of xy. If uw, were not decreasing in the whole (zg,00) it
should have a negative minimum, which is again a contradiction, by Exercise [14.4[3]

Step 3. Here, we complete the proof, showing that @, = v is the function that we are
looking for. Here, b = sup B and u; = u.

Since uj < 0 for each b < b, by the continuous dependence of wu, on b, it follows
that @), < 0. Actually, u; is decreasing, otherwise it would be constant on some interval
(see again Exercise 14.4l13). To prove that @ is positive in R, we show that b ¢ B. By
contradiction, assume that b € B and denote by zy > 0 the positive zero of %;. Further,
let w € C*(R) be such that A\u — Au = 0 on R, u(0) = 1 and u(2x¢) = 0. The function
v = u — U vanishes at zero and is positive at xy. Hence, it is positive on [0, 2|, otherwise
it would have a negative minimum, which could not be the case. Hence, v/(0) > %@ (0) = b.
Actually, the strict inequality holds, otherwise, if «'(0) = @ (0), u and @; should coincide,
which, of course, is not the case. Hence, u/(0) € B, but this is a contradiction since
b =supB. ]

We now introduce the functions W, P, R : R — R, defined by

W(z) = exp <— /Om%ds), P(z) — m/ng)d&

R(z) = W(z) /099 st,

for every x € R.
Proposition 14.2.5. The following properties are satisfied:

(i) all the solutions to the equation Au — Au = 0 admit finite limit at 400 if and only if
the function R belongs to L'((0,00));

(i) if P € LY((0,00)) and R ¢ L'((0,00)) then, every positive decreasing function such
that Au — Au = 0 satisfies lim,_, o % =0;

(iii) if P, R belong to L*((0,00)) and u € C*(R) satisfies the equation Au— Au =0 on R,
then the functions u and u'/W admit finite limits at +00. Moreover, there exist two
decreasing functions u; and uy such that Au; — Au; =0 on R (j = 1,2) and

uj ()

(14.10) xl_l)gloo uj(x) =7 —1, wl_lgloo W) =243 J3=12

(iv) the equation \u — Au = 0 admits a decreasing solution, with lim,_, . u(x) > 0, if

and only if P € L'((0,00)).
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Proof. (i) Since each solution to the equation Au— Au = 0 is given by a linear combination
of the functions u;, uy and @, is decreasing (by Lemma , it suffices to show that
lim, 1o Uz(z) € R if and only if R € L'((0,00)). Recalling that %, is increasing and
u3(0) = 1, we can estimate

(14.11) R(z) < W) /0 ' S SRR, >0

Moreover, by ([14.21]) we can write
14.12 Uy(2) = W(x (ﬂ/()—i-/\/ E2—(8)d8>, x> 0.
(1412 J(a) = W) (w0) +1 [ 20

Suppose that sy is bounded in a neighborhood of 400. Then, the two terms in the
right-hand side of (14.12)) are in L'((0,0)), since they are both positive. Therefore, from

(14.11) it follows that R € L'((0, 00)).

Vice versa, suppose that R € L1((0,00)). Plugging (14.11)) into (14.12) we deduce that
uy < u5(0)W + ARz on (0, 00). Therefore, by Gronwall’s lemma,

(14.13)  Ta(z) < exp (/\ /O ' fR(t)dt) {1 +(0) /O W) exp (- A /O tsz(s)ds> dt}

for every x > 0. From the definition of the function W it follows that

Wi(z) < ( /0 1 m(k) TRe), a1

and since R € L'((0,00)), we conclude that W belongs to L*((0,c0)). Thus, from (14.13))
it follows that %y is bounded in (0, 00), so that its limit at +oo is finite.

(ii) Let u be a positive decreasing solution to the equation Au — Au = 0. Then, from
we deduce that «'/W is a negative and increasing function on R. Therefore, it
converges to a nonpositive number, which we denote by k, as x tends to +00. Let us prove
that k£ = 0. Integrating from z to c and, then, letting ¢ tend to 400, gives

(14.14) d(z) = W(a) (k —A / h %%) . zeR

Since P € L*((0,00)), it follows that the function a — W(z) [( )~'ds belongs to
L*((0,00)), by the Fubini theorem. The boundedness of u in (0, ) ylelds the summability

n (0, 00) of the function
= u(s)
x d
/x q(s)W(s)

Therefore, from formula ((14.14) it follows that, if & # 0, then the function W is integrable
n (0,00). Since

(14.15) m < ( /0 1 W(s)ds) Tow), ez,
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the function 1/(¢W) is integrable in (0,00). As a byproduct, function R is integrable in
(0,00) as well. Hence, we get a contradiction.

(iii) Let us prove that, if P,R € L'((0,00)), then, for every solution u to the equation
Au — Au = 0, the functions «'/W and u admit finite limits at +o00. By (i) it is enough to
deal with the first function. For this purpose we observe that and the boundedness
of u at oo imply that the function u/(¢W) is integrable in (0,00). Therefore, dividing
both the sides of by W(z) and letting x tend to 400, we conclude that u'(z)/W(x)
admits finite limit at +oo.

Let us now set w = u; — cuy where ¢ is a constant such that lim, , ;. @(x) = 0. Note
that ¢ € (0,1). Checking that c is positive is immediate since u; and uy are both positive
in R. Thus, u is decreasing in R and, since u(0) = 1 — ¢, it follows that ¢ < 1. The same
arguments as in the proof of (ii) show that @'(z)/W(x) tends to a nonpositive limit k as x
tends to +00. Suppose that £ = 0. Then yields

a(x) W) [ a(s) > _AW(z oo 1 )
(14.16) Amx)/x W)™ = e [ W)

for each x € R. By the proof of (ii), the last side of belongs to L'((0,00)) since
P € LY((0,00)). It follows that the function log(w) is bounded from below in (0,00) and,
consequently, lim, . u(x) > 0: a contradiction. Thus, we conclude that k is negative.
Therefore, setting u; = —u/k, we obtain a solution to the equation Au — Au = 0 which
satisfies , with j = 1.

To complete the proof of property (iii), let us prove the existence of the function us. For
this purpose, we consider the function w € C?(R) which solves the equation Aw — Aw = 0
on R and fulfills the conditions w(0) = 0, w'(0) = 1. By Exercise [14.4]3] w is increas-
ing in R. Therefore, implies that w'/W is increasing as well and, consequently,
lim, o w'(z)/W(x) € (1, 00).

Let us set v = u; + dw, where d > 0 is chosen to let v'/W converge to zero as x
tends to co. Since v is nonnegative, again by we conclude that v is decreasing
in R. Moreover, since lim,_, . v'(z)/W(z) = 0, the previous arguments show that ¢ :=
lim, . v(z) is positive. Hence, if we set us = v/¢, we find the function we are looking
for.

(iv) Let u be a decreasing solution to the equation Au — Au = 0 with positive limit ¢
at +00. From the proof of the property (ii), it follows that u//W has nonpositive limit k
at +oo and ' is given by (14.14). Hence, the function u/(¢gW) belon L'((0,00)). Since
all the terms in the right-hand side of are nonpositive, and the left-hand side is
summable in (0, 00), the function z — W(z) f;oo u(s)/(q(s)W(s))ds belongs to L((0, c0))
as well. Using the condition u > ¢ on (0, 00), we immediately conclude that the function
x = W(z) [T(q(s)W(s))~'ds belongs to L'((0,00)). Now, the Fubini Theorem yields
P e L'((0,00)).

Conversely, let us suppose that P € L'((0,00)) and let us prove that the equation
A — Au = 0 admits a positive decreasing solution w with lim, . u(z) = ¢ > 0. If
R € L'((0,00)), then the property (iii) gives us the wished function u. If R ¢ L'((0,00)),



14.2. UNIQUENESS AND NONUNIQUENESS 197

then every positive and decreasing solution u to the equation Au — Au = 0 is given by

(14.14) and k& = 0 by the property (ii). Hence u'/u satisfies (14.16)) and, consequently,
arguing as in the proof of the property (iii), we conclude that lim, , o u(z) =¢>0. O

Concerning the behaviour of the solutions of the equation Au — Au = 0 in a neighbor-
hood of —oo, the following result holds true.

Proposition 14.2.6. The following properties are satisfied:

(i) all the solutions u € Cy(R) N C%(R) to the equation \u— Au = 0 admit finite limit at
—o0 if and only if the function R belongs to L'((—o0,0));

(i) of P € L'((—00,0)) and R ¢ L'((—o0,0)) then, for every positive function u €
CKR)Q(?%R)SudLMatAu—nAu::O,ﬁhowshn%%ﬂm%%%::o

(iii) if P, R belong to L' ((—o0,0)) then every solution u € Cy(R) N C?*(R) to the equation
M — Au = 0 is such that u and u'/W admit finite limits at —oo. Moreover, there
exist two increasing solutions u; and us of the equation Au — Au = 0 such that

lim w;(z) =j— 1, lim S _o j=1,2:

T——00 T——00 ({L‘)
(iv) there exists a solution u € Cy(R) N C*(R) to the equation Mu — Au = 0, which is
increasing on R and admits positive limit at —oo, if and only if P € L*((—o0,0)).

We now introduce a few nomenclature. For this purpose, we set I, = (0,00) and
I = (—00,0)

Definition 14.2.7. The point oo is said
regular, i.e., P e L'(I.), Re L'(1),
accessible if
exit, i.e., P ¢ Ll(]i), R e Ll(]i),
entrance, i.e., P € L'(Iy), R ¢ L'(1}),

unaccessible if
natural, i.e., P ¢ L'(I), R¢ LY(1L).

Combining Propositions [14.2.5| and [14.2.6| we can now show the following result.

Proposition 14.2.8. The following properties are satisfied:

(i) 400 (resp. —o0) is reqular if and only if the differential equation Au— Au = 0 admits
two positive decreasing (resp. increasing) solutions uy and uy such that
uj(x)

lim uj(x) =j — 1, lim ——=-2+j j=1,2,

T—00 T—00 (l‘)
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. i b W@ o
resp. lm u;(r) = j ) L W(z) = J 1 =4 .
In this case all the solutions u € Cy(R) N C*(R) to the equation Mu — Au = 0 are
bounded in (0,00) (resp. in (—o0,0));

(i) +oo (resp. —oo) is an exit if and only if all the solutions of the equation Au —
Au = 0 are bounded in (0,00) (resp. in (—o0,0)) and every positive decreasing (resp.
increasing) solution u vanishes at +oo (resp. at —o0);

(iii) 400 (resp. —o0) is an entrance if and only if the differential equation AMu — Au = 0
admits a positive decreasing (resp. increasing) solution u such that the functions u
and u' /W converge, respectively, to 1 and 0 as x tends to +o0o (resp. as x tends to
—00), and any other solution of the above equation, which is independent of u, is
unbounded in (0,00) (resp. in (—o0,0));

(iv) 400 (resp. —o0) is natural if and only the differential equation Au— Au = 0 admits a
positive decreasing (resp. increasing) solution u such that the functions u and u'/'W
vanishes as x tends to 400 (resp. as x tends to —o0), and any other solution of the
above equation, which is independent of u, is unbounded in (0, 00) (resp. in (—o0,0)).

Proof. We just prove the property (iv) since the other properties follow easily from Propo-
sitions [14.2.5] and [14.2.6] Moreover, we limit ourselves to dealing with the point 400 since
the other case can be deduced from this one using Proposition [14.2.6|instead of Proposition
14250

Suppose that +oo is natural. Then, according to Proposition (iv), u; vanishes
at +00. To prove that @} /W vanishes at +0o as well, we begin by observing that ,
written with u; instead of w, show that @} /W admits finite (and nonpositive) limit as x
tends to 400 since it is negative and increasing. By contradiction, we assume that the
previous limit & is negative. Since every solution of the equation Au — Au = 0 is a linear
combination of 7; and s and, according to Proposition (i), the above equation admits
solutions which are unbounded in a neighborhood of +o0, it follows that @ (z) diverges as
x tends to +o0o. By Exercise we can write

1 (@ T
1= — (g, -4y
wo (W”1 W“Q)

on R. Recalling that u, and @, are positive in R and taking the limit as = tends to +oo,
we are led to a contradiction.

Vice versa, let us assume that there exists a positive decreasing solution u to the
equation Au — Au = 0 vanishing at +oo together with the function u'/W and that any
other solution to the above equation, independent of u, is unbounded at 4+o00. According
to Proposition [14.2.5[i), the function R does not belong to L!((0, 00)). To show that also
P does not belong to L'((0,c0)), we take a solution v to the equation Au— Au = 0 linearly
independent of &. As a byproduct, if u € Cy(R) N C?*(R) solves the equation Au — Au = 0,
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then u = c1u + cov, for some ¢y, co € R. Therefore, u is bounded at +oc if and only if
co = 0. But in such a case, u vanishes at +o0o. Therefore, Proposition [14.2.5(iv) implies
that P ¢ L'((0,00)) and this completes the proof. O

Remark 14.2.9. Let A, be the one-dimensional differential operator defined on smooth
functions ¢ by A, ((x) = ("(z) + 23¢'(z) for every x € R. In this case P ¢ L'((—o0,0)) U
L'((0,00)) and R € L'((—00,0)) N L'((0,00)). Therefore, +00 and —oco are both exit
points, i.e., they are accessible, and, according to Proposition [14.2.8] the equation Au —
A,u = 0 admits a nontrivial solution u € Cy(R) N C?*(R). In view of Proposition
we thus conclude that, for every f € Cy(R), the Cauchy problem

Diu(t,x) = Ayu(t,z), te (0,00), z€R,
{ U(O,[L’):f(x), reR

admits several bounded solutions u € C([0,00) x R) N C12((0,00) x R).

Now, consider the elliptic operator A_ defined on smooth functions ¢ by A_((z) =
("(z) — 23'(z) for every z € R. In this case —oo and oo are entrance points and the
elliptic equation Au — A_u = 0 admits just the trivial solution. In view of Proposition

14.2.3] we thus conclude that, for every f € Cy(R), the Cauchy problem

{ Diu(t,x) = A_u(t,z), te (0,00), z€R,
u(0,2) = f(x), z€R

admits a unique bounded solution u € C([0,00) x R) N C2((0,00) x R).

Note that the operators A_ and A, differ only in the sign of the drift coefficient, but
this difference is crucial.

The same situation occurs in the d-dimensional case where

A=A —|z)*{z, V), Ay = A+ |2z, V),

(see Remark|14.2.2). Hence, for elliptic operators with unbounded coefficients the longterm
behaviour of the coefficients is crucial: an information on their moduli is not enough.

14.3 Notes

Even if the classical solutions of the Cauchy problem [I4.1] might be infinitely many, when
the datum f is nonnegative there exists a minimal nonnegative solution. Unfortunately,
the techniques used in the proof of Theorem ?? do not allow to check this property, since
more refined results on the Cauchy-Dirichlet problem on balls are needed. For this result
and other further details on elliptic operators with unbounded coefficients on Cy(R?), we
refer the reader to [1-3]
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14.4 Exercises
1. (i) Prove that there exists a positive constant C; such that

1/2
(14.17) [ leqoay < Crlllulleqon) + HUHC/([O,u)HU”HC([OJ]))

for every u € C?([0,1]). (For this purpose it might be useful to check that the
previous estimate is satisfied if [0, 1] is replaced by [0, 00) and by (—o0, 1] and to
split u = nu + (1 — n)u where 7 is any smooth function supported in [0, 3/4] and
such that n =1 on [0, 1/2].

(ii) Use estimate ([14.17) to deduce that, for every M > 0, there exists a positive
constant Cy such that

1/2
(14.18) 'l o-mamy < Colllwlloq-enn) + HUHC/([fM,M])HUHHC([fM,MD)'

2. Let A = gD, +bD, + ¢, where ¢, b and ¢ are continuous functions over R, ¢ being
everywhere positive.

(i) Using estimate prove that
(14.19) W' le-aany < Cs(lulleq-nran + [ Aulleq-aran))-
(ii) Prove that there exists a positive constant K, depending on M such that
[ulle2(-aenny < K(llulloq-nnn) + 1Mullo-nan)
for every u € C%([—M, M]) and every M > 0.

3. Let u € C*(R) be a solution to the equation Au — Au = 0. Prove that u can attain
neither a positive maximum nor a negative minimum. Conclude that, if u vanishes at
two different points xg and x1, then u identically vanishes on R.

4. Prove that u € C*(R) solves equation A\u — Au = 0 if and only if

'\’ u
14.20 — | =——.
(14.20) (W) qw
Deduce that all the solutions u of the equation Au — Au = 0 satisfy the equation

(14.21) u'(z) = W(x) (u’(O) + )\/OI %ds) : z eR.

5. Prove that wu, — wjus = woW on R for some positive constant wy.

6. Deduce Proposition |14.2.6| from Proposition [14.2.5]
7. Prove that if operator A is as in Remark [14.2.9] then oo and —oo are both exit points.
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Lecture 15

A class of non analytic Markov
semigroups in Cp(R?)

In Lecture we have seen that the Ornstein-Uhlenbeck semigroup is neither analytic
nor strongly continuous in BUC(R?). In this chapter we deal with the semigroup, called
Markov semigroup, associated with the operator A defined on smooth functions by

d
(15.1) AG(a) = A¢(@) + Y _b@)D(), R,

where we assume that the corresponding homogeneous Cauchy problem admits a
unique solution and b; (j = 1,...,d) are unbounded locally Lipschitz continuous functions
in R?. We recall that the existence and uniqueness of solutions to are given by
Theorem [14.1.1]and Theorem [14.2.1] Let us denote by (T'(t) f)(x) for each (¢, ) € [0, 00) X
R?, the unique solution to provided by Theorem [14.1.1] By uniqueness it is easy to
see that {T'(t)} defines a semigroup of linear bounded operators on C,(R?). Moreover, by
(14.7), the semigroup {T'(¢)} satisfies the condition

lim sup [(T'(t) f)(z) = f(z)[ =0
t—0F pcK
for every f € Cy(R?) and every compact subset K C R¢.

As it was observed for the Ornstein-Uhlenbeck semigroup, see Proposition the
semigroup {T'(t)} is not strongly continuous on Cy(R?). So, it is not possible to define its
infinitesimal generator. Nevertheless, as we noticed in the Notes of Lecture [13], the weak
generator exists and it can be defined as follows:

D(A) = {f € Cy(RY) : Supw < oo and 3g € Cy(R?) s.t.

>0 t
. (TO)f)(x) = f(z) d

Af(z) = lim (TN _f<“">, zeR feDA).

t—0+ t
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For some useful properties of the weak generator A of {T(t)} we refer to Exercise .‘
For sectorial operators we refer to Chapter 3 and in particular to Proposition |3.2.8
where one can easily see that (3.18)) is also a necessary condition for an operator to be
sectorial in the sense of Definition [3.2.]
In this lecture we provide conditions on b = (by,...,by) implying that {T'(¢)} is not
analytic in Cy(R?). The results of this lecture are taken from [4].

15.1 Non analytic semigroups in Cj(R?)

The main result of this section is Theorem [15.1.11

Theorem 15.1.1. Assume that the coefficients b; (j = 1,...,d) in (15.1) are locally
Lipschitz continuous. Further, assume that there ezist three sequences (1), (An) C (0, 00)
and (0,) C RY such that

(15.2) T < M, neN,

for some positive constant M

(15.3) 711;120 v 0;
(15.4) lim ~2b(Auz + o) =h €RL, h#£0,

n—o0 \,,

uniformly with respect to x on compact subsets of R%. Then, (121\, D(ﬁ)) s not sectorial in
Co(RY). In particular, if r, = 1 for each n € N, then the spectrum of (A, D(A)) contains
the imaginary axis.

Proof. To prove the assertion we argue by contradiction. We show that, if (E,D(ﬁ))
were sectorial, then the semigroup {S(t)} C L(Cy(R?)), defined by (S(t)f)(x) = f(z +
th) for each t > 0, z € R? and f € Cy(R?Y), should be analytic. But this cannot
be the case since the infinitesimal generator of {S(¢)}, is the operator B : D(B) =
{u € Co(RY) : (h, Du) € Co(R?)} — Co(R?) defined by Bu = (h, Du) for each u € D(B),
whose spectrum contains the imaginary axis, see Exercise . Here, h is as in ((15.4]).

So, let us assume that (A, D(A)) is sectorial and let us introduce, for each n € N, the
isometries I, : Cy(R?) — Cy(RY) defined by

(Iyu)(z) =u (x ; Jn) : reRY ueC(RY, n>1

For n € N we denote by A, the second-order differential operator defined on smooth
functions by

(Agu)(z) = 2 Au(x) + S bj(Ax + 0,)Dyulx),  x€RY,
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and we denote by {T,(t)} the semigroup of contractions in Cy(R?) associated with the
operator A,. Since A, = r,[ ' AIL,, it is easy to check that, for each n € N, the weak
generator A, of the semigroup {7, (¢)} is the operator A, : D(A,) := I7}(D(A)) — Cy(R?)
defined by A, = r,(I-'AlL,). Therefore, p(A,) = rop(A) and

~ 1 ~
(15.5) R\ A, = —L'R(r '\ A, n € N.

T'n

-~

Since we are assuming that (121\, D(A)) is sectorial, it follows that there exist two positive
constants C' and K such that

-~ C

(156) ”R(/\,A)HL(Cb(Rd)) < W, Re A > K.

Using (15.5)), (15.6) and the assumptions on the sequence (7,), we can easily show that

-~ C
(157) ||R(/\7An)||L(C'b(Rd)) < N, ReA > MK.

Now, we fix f € C>®°(R?) and check that, for every A € C, with ReA > MK, and all
x € RY, it holds that

(15.8) lim (R(\, A,) f)(2) = (R(\, B) f) ().

n—oo
Of course, once (|15.8]) is proved, letting n tend to oo in (15.7]) we will get

@

R\ B)flleo <
1RO B) Sl < 75

1 £ lloo, ReA > MK,

first for f € C>°(R?) and then, by density, for f € Co(R?). Theorem then will imply
that B is sectorial: a contradiction.

As a first step we prove that, for each f € C®(R?) and T > 0, the function T,,(-)f
converges to S(-)f in [0, T] x R? as n tends to co. For this purpose, we begin by observing
that, since S(t) maps C°(R¢) into itself for each t > 0, and C*°(R¢) is contained in D(A,),
by Exercise [15.3|[1]

%(Tn(t)S(S)f)(l’) = (Tu(1)A,S(5) ) (@), s,t>0, v €R,

for every f € C®(R?). Moreover, since {S(t)} is a strongly continuous semigroup of
contractions and the domain of its infinitesimal generator contains C°(R%), then the map
t — S(t)f is differentiable on [0, 00) with values in Cy(R?) and its derivative at t is BS(t)f.
Therefore, we have

) a) = (SON) == [ Tt =S @)ds
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t
— [t =)~ B,
0
for t > 0 and = € R, which implies that

(15.9) ITn(@)f =St fllee <T sup, 1(A = B)S(5)

s€[0,T

for all t € [0, 7] and all T' > 0. Let us observe that the right-hand side of (15.9)) converges
to 0 as n tends to oo. Indeed, recalling that A,S(s)f = A,S(s)f (see again Exercise

-.', we can estimate
miaeﬂuw43a>ﬂ<n
T AS($) e + | b0 + ) — Mvs 97l Xenpots(n ().

< )\2 ;
forall s € [0, 7] and x 6 Rd Since supp(S(s)f) C B(0,|h|T)+supp(f) for every s € [0,T7,
using the conditions and (]E we easily deduce that [|(4, — B)S(s)f]le tends to
0 as n tends to oo. Therefore from @ it follows that T,,(-) tends to S(-)f uniformly in
[0, T] x RY.

Now, by Exercise we can write

-~

(R(A, An) f)(z) = (R(A, B) f)(z) = /Ooo e M(Tu(t) f = S(t)f)(w)dt,
for all € R?. Consequently,
[(R(A, An) f)(z) = (R(A, B)f)(2)] < /Ooo e MM (8) f)(x) — (S(t) f)()|dt,

for each z € R?, and the right-hand side of (15.10) tends to 0 as n tends to oo, by the
dominated convergence theorem. Therefore, (15.8) follows.

To conclude the proof, let us prove that, if 7, = 1 for every n € N, then the spectrum
of (A, ZA)(A)) contains the ir/r\laginary axis. For this purpose, we o/k\)serve that yielel\s
RN, Al Ly ®ay = |1 R(A, An) || Lo, ey for every A € p(A,) = p(A). Therefore, since p(A)
contains the halfplane {\ € C: Re A > 0}, by we conclude that

| R(A, B)HL(Cb(Rd)) < lim_fUP HR()‘?AH)HL(Cb(Rd)) = HR()‘vA)HL(Cb(Rd))-

But, since iR C o(B), it follows that

11_{{18 IR, Al may) = o0,
ReA>0

for all s > 0, so that iR C a(ﬁ), see Exercise [15.3]3| O
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Now we look for sufficient conditions under which ([15.2)-(15.4) are satisfied.

Corollary 15.1.2. Assume that there exist two sequences (1,) C R? and (\,) C (0,00)
such that b(t,,) # 0 for each n € N, (\,) is bounded, \,|b(7,)| tends to oo as n tends to oo
and

(15.10) i 120+ An) = b(7)|

= 07
n-vo0 |6(7)]

uniformly on compact subsets of R%. Then, (ﬁ, D(ﬁ)) is not sectorial.

Proof. Let (0,) be a subsequence of {7, } such that b(c,)/|b(c,,)| converges to some h € R?
as n tends to oco. If we set r, = \,|b(0,,)|! for n € N, then it is immediate to check that
the three sequences (r,), (\,) and (o,,) satisfy the conditions ([15.2))-(|15.4)). O

Corollary 15.1.3. Let b; € C'(RY) for each j = 1,...,d. Further, assume that there
exists a sequence {1, } C R%, diverging to oo, such that |b(r,)| > K|1,|* for some K,a > 0
and alln € N. If

(15.11) Z |Dib,(2))? < K(1+ |z, z e RY,

3,7=1
for some B < «, then the assumptions of Corollary|15.1.2| are satisfied.
Proof. Take A\, =1 for all n € N. The mean value theorem yields

b(7,, + ) — b(7,,)| <R sup ( > Dibj(r + 9x)|2) ’ < KR(1+ (|7| + R)?),

0<6<L1 -
2,7=1

for each z € B(0, R). Dividing by |b(7,)|, we easily see that condition ([15.10)) is satisfied
since, by assumption, |b(7,,)| tend to oo faster than |7,|°. O

Remark 15.1.4. The conditions in Corollary are satisfied, for instance, if b; are
polynomials for each 7 = 1,..., N. Indeed, let b; be the polynomial of maximal degree
and define 7, = nxzy for n € N, where 2, € R? is such that |zo| = 1 and the homoge-
neous part of b; of maximum degree does not vanish at xy. It is immediate to check that
b(7,)] > |bs(7,,)| > Knde®) for some positive constant K > 0 and every n sufficiently
large. Moreover, since Z L |D;ib;|? is a polynomial of degree 2(deg(b;) — 1), the condition

(15.11)) is satisfied with 5 deg(b ) — 1 < a:=deg(h).
Example 15.1.5. Let A be the operator defined on smooth functions by

Al(z) = Al(x) — [a]"(z, V((2)), z € RY,

where 7 > 0. Then the function ¢ : R? — R, defined by ¢(x) = 1 + |z|? for any z € RY,
satisfies the condition Ay < 2dp. So, by Theorem [14.2.1] there exists a unique bounded
classical solution to the Cauchy problem ([14.1]) associated to A. Thus, Remark [15.1.4] and

Corollary |15.1.3[imply that (ﬁ, D(/Al)) is not sectorial.
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Corollary 15.1.6. Let b; € C*(R?) (j = 1,...,d). Assume that there exist a sequence
(7.) C R? such that |b(7y,)|, diverges to oo as n tends to oo, and positive numbers -, 6, C
such that

1
d 3
( > |D¢bj(37)!2> <Alb()]? +C,
ig=1
for every x € RY with |z — 7, < 8|b(7,))|"/2. Then (A, D(A)) is not sectorial in Cy(R?).

Proof. Without loss of generality, we can assume that § < (4v)~! and that b(r,) # 0 for
all n € N. We fix an arbitrary n € N and observe that, for s € [0,6) and |2| < s|b(7,,)| "2,
we can estimate

b 0) = bl _ el (Zl m@m))%

|b(Tn)‘ ’b Tn 0<6<1

3
(15.12) <vs sup MJrCS!b(Tn)! 2.
o<o<t  |b(7,)|2

Set
b(7,
F.(s)=  sup ‘(\71;(—+):|C)" € [0,6).
jel<slb(r)"2 1P\
From ([15.12)) we get
Fo(s) < 14 78(Fy(s))2 + Cs|b(r,)| 72, s €10,9).

We claim that F,,(s) < 4 for all s € [0,d) and all n sufficiently large. To prove the claim,
we begin by noting that, for n large enough, we have

14 Cs|b(r,)| 72 < 1+ Colb(r,)| 7 < 2.

It follows that F,(s) < 2 +~s(F,(s))2 for every s € [0,8). Recalling that 46y < 1, we get

Fo(s) < 24 —(F,(s))?2, s €0,0).

Since F), is continuous in [0, 00) with F,(0) = 1 for every n € N, and [0, 4) is the biggest
interval containing 1 in which the inequality # < 2 + 22 /4 holds, we easily deduce that
F.(s) € [0,4) for all s € [0,0), and the claim follows. Thus, for n large enough, the
equation ([15.12)) yields, for |x| < s|b(7,)|~V/2,

(0 + ) = b(7)|
|b(7)]

(15.13) < 8ys+ Cs|b(r,)| 2.
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Now, fix R > 0 and let \, = \b(Tn)\’%. For y € B(0, R) and n sufficiently large such that
R|b(7,,)| 7Y% < 6, we have [A,y| < s]b(7,)|7Y/? with s = R|b(r,,)|~"/%. Applying (15.13)), we
get
6(T0 + Any) — b(7)|
[6(7)]
Corollary now allows us to conclude the proof. O

< 8RA|b(7,))| 7 + CRIb(m,)| 5.

Next corollary gives suitable conditions on the drift term of the operator A implying
that the spectrum of A contains the imaginary axis.

Corollary 15.1.7. Assume that b; € C*(R) for each j = 1,...,N and there exists a
sequence (1,) C R%, diverging to infinity, such that |b(t,)| tends to oo as n tends to oo.
Further, assume that ch‘l,j=1 |Dib;(z)]* and |b(x)|/|z| tend to O as |z| tends to co. Then,

the spectrum of (/Al,D(A\)) contains the imaginary axis. As a consequence, (fAl,D(/Al)) is
not sectorial.

Proof. Let (0,) be a subsequence of (7,,) such that lim,, . b(L"%' = h for some h € R?. Fix

[b(on
R > 0. By the mean value theorem we have

d 3
(7 + Auzt) — b(0m)| < R, sup ( > [Dibj(on + em)y?) ,
0<o<1 \ 5T
for all z € B(0, R) and every sequence (\,,) C (0,00).
Now, we take A\, = |b(0,,)| and r, = 1 for all n € N, and we show that

1
d 3
lim sup ( Z |D;ib; (0, + HAnx)]2> =0,

n—00 0<h<1 —
i,7=1

uniformly with respect to = € B(0, R). For this purpose it suffices to show that |o,, + 0\, x|
diverges to 0o as n tends to oo, uniformly with respect to 8 € [0, 1] and € B(0, R). Since
b is sublinear, it follows that

1
0 + O] > |0, (1 - M) > o

‘Un‘ —5’ n’

for all 6 € [0,1], z € B(0, R) and n sufficiently large. Therefore,

lim inf o, + 0\, x| = cc.
n—oo 0€[0,1]
z€B(0,R)

Thus,

1 _
i b, + Au) = lim b(on + M) = blow) . blow) _

n—oo A, n—00 |b<0n)| n—o0 |b(0n)|

So, Theorem [15.1.1] allows us to conclude. O]
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Up to now we have shown sufficient conditions implying that (E, D(/Al)) is not sectorial.
In the next theorem we provide suitable conditions on the drift coefficient of the operator
A which guarantee that (A, D(A)) is sectorial in Cy(RY).

Theorem 15.1.8. Let b; € C1(RY) N LP(Rd) for some p € (d,00) and every j =1,...,d,
be such that divb is bounded. Then, (A, D(A)) is sectorial in Cy(R).

Proof. As a first step we introduce the formal adjoint of A, i.e. the operator

d
A" = A= "bD; —div),

=1

and prove that its realization A* in L*(R?) with domain D(A4*) = {u € L*(R?) : Au €
L'(R%)} (Au being meant in the sense of distributiond!)) generates an analytic semigroup
in L'(R?). Then, we use this result to show that (/Al, D(A\)) is sectorial.

Let us observe that, since divd is bounded, according to the bounded perturbation
theorem [2, Theorem 1.3, Chap. III] the operator B = A — divb, with domain D(B) =
D(A*), generates an analytic semigroup in L!(R?).

We now recall that if u € L'(R?) is such that Au € L*(R?), then u € WH4(R?) for each
q € [1,d/(d—1)) and there exists a positive constant C' = C(d, ¢), independent of u, such
that

(15.14) IVl Lagay < C(d, q) ([[ull L1 ey + [[Aull p1ay )

see |5, Theorem 5.8]. Applying the estimate (15.14)), with ¢ = p/(p — 1), to the function
vy R — R (A > 0), defined by v(z) = u(A\r) for z € R? and minimizing with respect to
A > 0, we get the following inequality:

[Vl < 20(d, P)||U||L1 Rd)IIAUIILl Rd):

Lo (Rd)
Holder’s and Young’s inequality then give

<Hb||LP R4) ||VUH

LP p—T (Rd
L1(R4) )

d

ptd
<2C(d, p) D] eyl Rd)HAUHLl Re)
(15.15) <C(d, p, )16l Lo ey 1l L2 ey + el| Aul| 1 (ra)

Yi.e., Au is the unique function g € L*(R?) such that

/ uApdr z/ gudz, (NS Cﬁo(Rd).
R4 R4
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for every e > 0 and u € L}(R?) such that Au € L'(R?). From it follows that the
term u — (b, Vu) is a small perturbation of (B, D(B)). Therefore, according to |2, Theorem
2.10, Chap. III], (A*, D(A*)) generates an analytic semigroup in L!(R%).

Now, we can prove that (A, D(A)) is sectorial in Cy(R?). Possibly replacing A* with
A* — w, with w sufficiently large, we can assume that

M
1RO A aiwio) < Ty

for every A\ € C with positive real part. Let us set Dy = (A — A*)(C>°(R?)) for such \’s.
Since C®°(R?) is a core of A*, by Exercise [15.3|4] then D) is dense in L'(R?) for every
Re A > 0. Therefore, if u € D(A) C Cy(R?) and ) is as above, then

||u||oo=sup{/ wpdz o € Dy, Il <1}

M
<sup u(A — A*)vdz 1 v € CPRY), |Jv]|pige < —}

R

M
sup{ v(A — A udx ;v € C(RY), ]| 1 ey < W}

A
>|=

I = Ao

and we conclude that || R(A, A)| L(Cyrd)) < M/|A| and the assertion follows from Proposition
328 O

Example 15.1.9. Let A be the operator defined on smooth functions of two variables by
AC(I‘,y) = AC(‘I“7 y) + bO( V xQ + y2>(nyC - yDJ?C)a (xu y) € R27

where by € C'(R). Note that the drift b(z,y) = bo(v/2% + y?)(—y, z) has divergence 0.
By an easy computation one can see that the function ¢ : R? — R, defined by ¢(z,y) =
1 + 22 + y? for every (z,y) € R? satisfies the inequality Ap < 4. So, the uniqueness
of the bounded classical solution to the homogeneous Cauchy problem , associated
to the operator A, follows from Theorem [I4.2.1] Moreover the assumptions of Theorem

[5.1.8 hold if
/ P bo(r)|Pdr < oo,
0

for some p > 2. In such a case, the semigroup associated with the operator A is analytic
in Ob (Rd)
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15.2 Notes

By knowing the concept of minimal semigroup, the assumption on the uniqueness of the
bounded classical solution to the homogeneous Cauchy problem can be removed.
Indeed, it can be shown, that if f € Cy(IR?) is nonnegative, then it always exists a minimal
nonnegative (actually positive if f does not identically vanishes on R?) classical solution
to the Cauchy problem (14.1]), which is bounded on [0, 7] x R? for every T' > 0.

We also stress that the assumption on the boundedness of divb in Theorem [15.1.8
can be relaxed, just requiring the boundedness from below of divb. For more details we
refer to [4], see also [3, Chapter 10]. Finally, we remark that the technique used to prove

Theorem [15.1.1|is inspired by the paper [1].

15.3 Exercises

-~

1. Fix f € D(A). Prove the following properties:

(i) T(t)f € D(A) for all t > 0 and AT(t)f = T(t)Af;
(ii) for ea/c\:h z € R?, the function (T'(-)f)(x) is of class C' and L(T(t)f)(z) =
(T Af)();
(i) D(A) is dense in Cy(R?) with respect the dominated pointwise convergence, i.c.

for every f € Cy(R?), there is a sequence of functions (f,) € D(A) uniformly
bounded and converges pointwise to f;

(iv) (121\, D(A\)) is closed in C,(R?) with respect to the dominated pointwise convergence.

-~

(v) (0,00) C p(A) and for each A\ > 0
ROV A f () = / T MTW)@)dt, f e CRY, @ € RY:

(vi) C=(R?) C D(A) and Af = Af for every f € C(RY).
2. Fix h € R? and consider the family of operators {S(t) : t > 0} defined on Cy(R?Y) by
(SO f)(x) = flx+th), t>0 xzcR?

for f € Co(R?). Prove that {S(t)} is a Cy-semigroup on Cy(R?) whose generator is
given by

Bu = (h,Du), u € D(B) = {u € Co(R?) : (h, Du) € Cy(R%)}

and that iR C o(B).
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3. Let A be a linear operator with domain D(A) on a Banach space X. Assume that
p(A) # @ prove that

o(BO A\ 10} = {2 st
and deduce that

1 1
RO.A) ~ RO Do)

dist(\, o(4)) = -

for A € p(A), where r(R(), A)) denotes the spectral radius of R(A, A).

4. Consider the Laplacian A on L'(R?) with domain
D(A) = {u e L*(RY) : Au € L'(R%)},

where Au is meant in the sense of distributions. Prove that C°(R9) is a core for A,
i.e., C°(R%) is dense in D(A) with respect to the graph norm:

Iflla = flzi@ay + 1Af ey, | € DA).
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Appendix A

Basic notions of Functional Analysis
in Banach spaces

In this appendix we collect a few basic results on linear operators, and on elementary
spectral theory that we use in this lecture. For more details and for the proofs of the
results that we present, we refer the reader mainly to [4./5].

A.1 Bounded and closed linear operators

Let X and Y be two Banach spaces. We denote by L(X,Y) the vector space of linear and
bounded operators T': X — Y. We endow it with the norm

Tz Y
<A1) HTHL(X,Y) = Sup HT.CC”Y = sup u
eie sex\(oy [zl x

lzll=1
IfY = X, we write L(X) instead of L(X, X).

The norm in (A.1)) makes L(X,Y") a Banach space.

Now, we introduce another class of linear operators which we use in these lectures. If
D(A) is a vector subspace of X and A : D(A) C X — Y is a linear operator, we say that
A is closed if its graph G4 = {(z,y) € X XY :x € D(A), y = Ax} is a closed subset of
X x Y. As it is easily seen, A is closed if and only if, for any sequence {z,} C D(A) such
that z,, and Az, converge, respectively, to some elements x € X and y € Y, as n tends to
+00, then x € D(A) and y = Ax.

In general, a closed operator is not bounded in (X, || -||). It turns out to be bounded
if we endow D(A) with the graph norm

(A.2) [zl by = [lzllx + [|Az]ly, z € D(A).

Note that D(A) is a Banach space when it is endowed with the graph norm.
_ Anoperator A: D(A) C X — Y is said to be closable if there exists a (closed) operator
A whose graph coincides with the closure of G4. The operator A is called the closure of A.

31
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In such a case every € D(A) is the limit of a sequence {zn} C D(A) which is a Cauchy
sequence with respect to the graph norm - Moreover, Az = lim,_, o Az,,.

Equivalently, A is closable if, for each sequence {z,,} € D(A) converging to 0 in X and
such that Ax, converges to some y € Y as n tends to +o00, then y = 0.

A.2 Vector valued Riemann integral

In this section we define the Riemann integral for vector-valued functions. For more details
and for the proof of the results that we present here, we refer the reader to [1, Chapter
2], [2, Chapter 3] and [3, Chapter 3].

Definition A.2.1. A bounded function f : [a,b] — X (—oc0 < a < b < 400) is said to be
integrable on [a, b] if there exists © € X with the following property: for each ¢ > 0 there
exists 0 > 0 such that, for every partition P = {a =ty < t; < ... < t, = b} of [a,b], with
max;—1_(t; —ti—1) < 0, and for every choice of the points &; € [t;_1,t;], we have

ZL‘—Zf& z_zl)

<eE.

In this case we define

/a eyt =

Arguing as in the real-valued case, one can easily check that the set of integrable
functions on [a,b] is a vector space and that the integral over [a,b] is a linear operator
on this vector space. In particular, if f : [a,b] — X is continuous, then it is integrable.
Moreover, if f is integrable on [a,b], then the map t — | f(t)||x is integrable on [a,b] as
well. Finally, if f is integrable on [a, b, then it is integrable on every [c,d] C |a,b] and

[f(t)dt _ /acf(t)dt + /Cdf(t)dt
for every ¢ € (a,b).

As in the real-valued case, the definition of the Riemann integral can be easily extended
to the case of unbounded intervals or unbounded functions

Definition A.2.2. Let I C R be an interval with endpoints @ and b (—oo < a < b < +00)
with a and b not necessarily in I. Moreover, let f : I — X be Riemann integrable on [c, d]
for every a < ¢ < d < b. We say that f admits an improper integral on I if, for each ¢, € I,

the limits
to
lim/ f(t)dt, hm/ f(t)
c—=at /.
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exist in X. In this case we set

[ 1@z = 1im [ " f(oar + tim / 0

Note that the previous definition is independent of ;.

To simplify the notation in the following proposition we simply denote by I the interval
in which the function f is defined. When we say that “f is integrable on I” we mean
indifferently, that f is Riemann integrable on I or that it admits improper integral on 1.

Proposition A.2.3. Let f: I — X be integrable on I. Then, the following properties are
met:

(i) for each bounded operator T € L(X,Y), the function T'f is Riemann integrable on

la,b] and
T/f@ﬁ:/ﬁﬂmm

(i) if A: D(A) C X =Y is a closed operator such that Af is integrable on I, then

/f Bdt € D(A)  and Azﬂmﬁ:[Aﬂmﬁ

Proof. We limit ourselves to proving the last part of the proposition, since the first one
is similar and even simpler.

Proof of (ii). We first assume that I = [a,b] for some a,b € R, a < b and f is
Riemann integrable on [a,b]. Set x = f: f(t)dt. We fix n € N and consider the partition
P,={a=ty<...<t, =0} where ty = a+ (b—a)k/n for every k = 0,...,n. Moreover,
for every k =0,...,n — 1 fix § € [t;,t;11] and set

Sn = Zf(gz)(tz — ti_1>, n c N.
i=1
Of course S,, belongs to D(A) for each n € N and

=1

Since both f and Af are integrable, S, and AS, converge, respectively, to z and y =
fab Af(t)dt as n tends to +oo. Since A is closed, it follows that = belongs to D(A) and
Ax =y.

Now, suppose that f admits improper integral on I. To fix the ideas we assume that
I = [a,+00) and that f is Riemann integrable on [a, b] for each b > a. Then,

Al%@ﬁzl%ﬁ@ﬁ
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By hypothesis

b +o00
im [ Af(t)dt = / Af(t)dt lim / rwdi= [ ft
b—+o0 J, a b—+o0
Since A is closed,
+00 +o0 +00
f(t)dt € D(A) and A ft)dt = Af(t)dt

Next we recall the fundamental theorem of calculus for X-valued functions. For this
purpose we first recall the definition of Fréchet derivative. Let I C R be an (open) interval
and let ty € I. The function f : I — X is Fréchet differentiable at ty € I if the limit

t)— f(t
1o F0 = f(t)
t—to t— 1o
exists in X. Such a limit, when existing, is denoted by f’(to) and is called the Fréchet
derivative of f at tg. In an analogous way the right and left derivatives can be defined.

Theorem A.2.4. Let [ : [a,b] — X be continuous. Then, the integral function F : [a,b] —

X defined by
/f )ds, t € [a,bl,

is (Fréchet) differentiable, and F'(t) = f(t) for each t € [a,b].

Now, we recall the definition of the integral of vector-valued functions of a complex
variable, along a smooth curve ~.

Definition A.2.5. Let (2 be an open subset of C, f : 2 — X be a continuous function
and 7 : [a,b] — 2 be a piecewise C'-curve. The integral of f along v is defined as follows:

[ s | F) (i

As in the case of vector-valued functions defined on a real interval, we can define the
improper complex integrals in an obvious way.

Definition A.2.6. Let 2 C C be a (possibly) unbounded open set. Moreover, let I = (a, b)
be a (possibly unbounded) interval and v : I — C be a (piecewise) C'* curve in Q. We say
that f admits an improper integral along + if for each ty € (a,b) the limits

tm (s @l anddm [ @) e

exist in X. In such a case, we set

/f )dz = lim N (D + T [ () (F)dr

s—at s s—b— to

Note that the definition of the improper integral is independent of the choice of .
Moreover, if [ is bounded and the integral of f along v exists, then f admits an improper
integral along v and the two integrals coincide.
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A.3 Resolvent families

In this section, we prove the following important result.

Proposition A.3.1. Let Q C C be an open set, and let {F(\) : A € Q} C L(X) be a
family of linear operators verifying the resolvent identity

F(A) = F(p) = (p = NF(NF(p), Ape

If the operator F(Xo) is invertible, for some Ao € S, then there exists a closed linear
operator A : D(A) C X — X such that p(A) contains 0, and R(\, A) = F(\) for each
A€ Q.

Proof. Fix A\g € (), and set
D(A) = Range F(X), Az =Xz — F(X) 'z, € D(A).

For A € Q and y € X the resolvent equation Az — Ax = y is equivalent to (A — Ag)z +
F(X\o) ™'z = y. Applying F()\) we obtain (A — X\g)F(A)z + F(A\)F(\) 'z = F(\)y, and
using the resolvent identity it is easily seen that

FOVF(h) ™" = F(h) "F(\) = (Ao = NF(A) + 1.

Hence, if = is solution of the resolvent equation, then z = F(\)y. Let us check that
r = F()\)y is actually a solution. In fact, (A — X\g)F(N)y + F(A) ' F(\)y = vy, and
therefore X\ belongs to p(A) and the equality R(A, A) = F(\) holds. O
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Appendix B

Interior Schauder estimates and
optimal Schauder estimates for
parabolic problems with parabolic
problems associated with elliptic
operators with unbounded
coefficients

B.1 Interior Schauder estimates

As a byproduct of Theorem [8.1.1], we can prove some interesting interior Schauder estimates
satisfied by the solutions to the differential equation Dyu = Au + g in (0,T] x Q, Q C R?
being an open set. Such estimates are of local type, i.e., they allow to estimate the parabolic
Holder norm of w and its derivatives in every compact subset of (0,77 x €2 in terms of the
sup-norm of the solution itself in a larger compact set. We assume the following conditions
on the coefficients of the operator A.

Hypotheses B.1.1. The coefficients ¢;; = g;;, b; and ¢ (i,j = 1,...,d) belong to C_.(£2)
[ and there exists a positive continuous function g : 2 — R such that

d
(B.1) Y ai(@)&s > p@)lE?,  EeRY zeq.

ij=1

Remark B.1.2. Note that condition (B.1)) implies that the matrix Q(z) is positive definite

1C2 (Q) denotes the set of all functions f :  — R which are a-Hélder continuous in each compact

subset of ).
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in 2 and, for every compact set K C (2,

d
Z qij(2)&E5 > uxl€l, EER) 2 €K,

ij=1
where py = inf,ex (). Note also that, under the previous assumptions, it may happen
that inf,cq p(z) = 0.

Now, we can state precisely the result of this subsection.

Theorem B.1.3. Let u € CH2?((0,T)xQ) be a classical solution to the differential equation
Dy = Au+ g, corresponding to g € C2/((0,T) x Q) Then, u € CLE27((0,T) x

Q) and for every pair of bounded closed intervals Iy and I, such that I; € I, € (0,T)
EL and every pair of compact sets K1 € Ky € 2, there exists a positive constant C =
C(p, I, Iz, K1, K3) such that
(B.2) [ullcrrarzerarn xiyy < Cllullowmx g + 19llcarmanxxm))-

In the proof of Theorem we shall use of the following result

Lemma B.1.4. There exists a positive constant C' such that for each ¢ € (0,1) and each
function v € C’;+a/2’2+0‘([0, To] x RY) it holds that

—(1+a)|

B3)  Nollgormrreomyessy < CClltllgrroraragoas + & o).

Proof. Throughout the proof, C' denotes a positive constant, independent of ¢ and the
functions that we consider.

Using the interpolation estimates (5.22)) and ([5.23)) together with the Young inequality,
we get

[Cllpmay < Ce™2[[Clloo + €ll¢ll g2t ray);
¢l cataqay < Cle™ V¢l +ell¢lczvage)s
for every ¢ € CZ*(R?), and

||90||ca/2([0,T0]) < 0(5_%”@”00 + 5||S0||cl+a/2([o,To]))a Y e Cl+a/2([07T0])

for every € € (0,1) and some positive constant C' independent of £ and (. Applying these
estimates with ¢ = v(t,-) and ¢ = v(-, x), we deduce that
d

10ll o2 o ety + D 1 P50l o,z et
j=1

20{;’?’&((0, T) x Q) is the space of all functions f € C*/%%((a,b) x K) for each (a,b) x K with compact

closure in (0,7) x Q.
30, € Q5 means that Q; C Qy
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(B4) <C(el[v]| grearzzro “0v]oo)

(0T xRd) T €

for each ¢ € (0,1). To estimate the a/2-Holder norm of the functions D;v(-,z) (j =
1,...,d) for every x € R% we use Remark which shows that

14+a

1D;0(t2,) = Dyoltr, Yoo < Clolleaire o gy Itz — 1] 5

for every t1,t, € [0,1p] and j =1,...,d. Hence, D;v belongs to C’ZEHQ)/Q’O([O,TO] x R?) for
each j =1,...,d and

d
(B5) Z ||Djv|‘Cél+a)/2’0([O,To}XRd) S CHU||C;+a/2’2+a([0,To]><Rd)'
j=1
Using the interpolation estimate ((5.24]) and, again, Young’s inequality, we deduce that
[elloarzomy < Clellellcararzqomy +& *llell), p € CUHI2([0,Th)), e € (0,1).

This inequality, (B.4) and (B.5)) show that

d

Z ||DjfU||C’sz/2,a([07T0}de) S O(8”U||C;+a/2’2+a([07To]><Rd)
j=1

d
(B.6) + el ey omurny F Y ||DjU||cb([o,T0]de)) :
j=1

Now, from ([5.25) and Young’s inequality, we can estimate

d

_1
Z D0l 6y 0,10] xrey < 5|’UHC’E’2+"([O,TO]><Rd) + 0~ ||l ¢y (1o.70) xR
j=1

for each 6 € (0,1). Choosing § = '™ and replacing this estimate in , we get

d
B1) 3 IDtllgerze o pegny < CElllgrrarmare o mpgs + & Noleyomean)

j=1
From (B.4) and (B.7)), estimate (B.3)) follows at once. O

Proof of Theorem[B.1.3] The main step of the proof consists in showing that, for each
xo € Q, r > 0, such that 2r < dist(xg,0N), 0 < 79 < 7 < T, estimate is satisfied with
I = [1,T], Iy = [0, To) K1 = B(xo,r) and Ky = B(xg,2r). This is the content of Step 1.
Indeed, once this latter estimate is proved, a covering argument will allow us, in Step 2,
to obtain estimate in its full generality.
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Step 1. Fix 0 < 7 < Tp, r > 0 and let us prove with [y, I, K and K, as above.
Throughout the proof, we denote by C a positive constant, independent of u, g and n,
which may vary from line to line.

We introduce the real sequences (r,) and (¢,), defined by r, = (2 —27")r and t,, =
To+27"(1 — 1), for every n € NU{0}. Note that the previous sequences are, respectively,
increasing and decreasing. Next, we consider two functions ¢,9 € C*°(R) which satisfy
the conditions Xj2,00) < ¥ < X[1,00) a0d X(—00,1] < U < X(—00,2- For every n € NU {0}, we
set

t_tn - —In
gpn(t)ch(l—i——ﬂ), teR, ﬁn(x):19<1+w), z € RY.

tn — tn+1 Tn-i—l —Tn

As it is easily seen, ¢,(t) = 1 if ¢t > ¢, and vanishes if ¢ < ¢,41. Similarly, ¥, (z) = 1 if
x € B(xg,1,) and ¥, (z) =0if x ¢ B(xo, Tnil)- Moreover,

We introduce the operator A = Z” L @i ”—i-z Zij+5, where g;; = 0qi;+(1—0)04,
gj = obj (i,j = 1,...,d), ¢ = gc, and ¢ € C=(R?) is compactly supported in  with
0<p<1landp=1in B(xg,2r). Clearly, the coefficients of the operator ./T, extended in
the trivial way to the whole R?, belong to C&(R?) and coincide with the coefficients of the
operator A in B(zg,2r). Moreover,

S @6 = oe) S 4@ + (- O > [o(whae) + 1= o@)Ef > oleP

,j=1 2,7=1

for all z,& € RY, where py = min{1,inf,cquppo ()} > 0. From the above arguments
(and in particular the fact that ¥,(x) = 0 for x ¢ B(xo,2r)) it follows that each function
v, = upy?, belongs to Cp2([0,T] x RY) N Cy([0,T] x RY), vanishes at t = 0 and satisfies
the equation D;v, = ./Z(Un + gn in (0,00) x R where

In = ©nUng — Lpnu(/Tﬁn —cdy,) — 290n<CN2V19n, V.u) + @l du

and @ = (gij). Since the coeflicients of the operator A satisfy Hypotheses the Cauchy
problem

Dyu(t,z) = Au(t,z) + go(t,z), t e (0,T], zeR%
u(0,z) =0, z € RY,

admits a unique solution which belongs to C’Ha/ 227210, Ty] x RY). Hence, the function
v, belongs to C’HO‘/2 ([0, Ty) x RY) and ||UnHC;*"/Q’Q*‘*([O,TO]XW) < CHg”Hcl?/Q’“([o,TO]de)
for every n € N, where the constant C' is independent of n. In particular, taking n = 0,
we deduce that u belongs to C'+%/22+([r Ty] x B(xg,7)). The arbitrariness of 7 and r
imply that u € C1**/22+(J x K) for each closed interval J € (0,7p] and each compact
set K C R%.
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Estimating the C2/**([0, Tp] x R%)-norm of the function g,, we get

||Uﬂ ||C;+a/2’2+a([0,To} xRd)

SCHﬁn”CS(Rd) ||90”C§(R) (HUHC"‘/271+a([tn+1,TO]><B(x0,rn+1)) + Hg‘|00‘/270‘([tn+1,To}XB(:po,rn_;,_l)))
d

5n
<270 (onsllgprzn o gy + > 1D5vnsall oz o,z ey + 190l carz o mu)Bawmm )
j=1

where we have used the inequalities [|0,[|csre) < 2°"C and ||¢||c2@) < 2°"C, which hold

true for all n € N U {0}, and observed that v, 1 = u in [t,41,To] X B(zo,7ny1). This
estimate and (B.3]) yield

an |’C;+a/2’2+a([O,To] XRd)

<O gprorsasago ey + & ntlloo + 190l corem mmEmm)

for each ¢ € (0,1). We fix € (0,27°?*%)) and choose ¢ = &, = 27°"C~!n; from the
previous estimate we obtain

n(2+a 5n
(BS) C’n S n<n+1 + 2 ( * )CnHuHC([To,To]XB(x0,2T)) _'_ 2 C”g”co‘/g’o‘([ﬂ'o,To]XB(:(:O,QT))’

where (, = ||Un||cl+a/2 240 ([0 ] xRd)’ Multiplying both sides of (B.19) by " and summing
from 1 to m € N, we get

o= 0" G SC??“u”C([TO,TO]xB(zOQT)) 2(25(2+a)77) + Cligllcare. ([0, To] x B(x0,2r)) Z (32n)"
n=0 n=0
(B.9) <Cllullo(ir 11 xBazm) T 19llcarram mxBaam):

since both the two series converge, due to the choice of 7. To conclude, we observe that
7",y tends to 0 as m tends to co. Indeed, we have shown that v € C'+/22+( ] x K)
for every J € (0,00) and K &€ R?. In particular, u € O /224 ([7y Tyl x B(wg, 2r)).
Hence,

Cn - HU"|‘C;+a/2‘2+a([0,To]de) < CHUHC;+Q/2’2+Q([T(),TO]><R(1)ngn“C’Q([O,TODHﬁnHCg(]Rd) < 25"0

The choice of n implies that 7™*1(,,,1 vanishes as m — co. Letting n tend to oo in
we conclude that (o < C([|ulloc + (|9l carzapr 1 x Bagay)) OF: equivalently,

[ull a2, 2+ ([r,To] x Blzo,r)) — <||u||c ([r0.To] x B(zo,2r)) T 19l g2, e ([ro, Tg]XB(xg,Zr)))

i.e., estimate (B.2) with the above choices of I; and K; (j = 1,2) follows.
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Step 2. Let § denote the minimum between dist(01,015) and dist(0K;,0K>3). As it is
immediately,

Lc|Jto—6/2t+6/2) C I, Ky C | B(%,6/2) C K.
toel zo€EK1
Since I; and K; are compact sets, we can find out m € N and points ¢,...,t,, € I,

T1,...,T, € Ky such that

11CU(tJ—6/2,tJ+5/2), K1CUB($],(S/2)
j=1

Jj=1

We claim that

m

(B.l()) HUHCHQ/Q,H&(IMKQ < Z ||u||Cl+"‘/272+a([tj—6/2,tj+5/2}XB(xk,5/2))'
J,k=1

-----

Hélder seminorms of Dyu and D;;u (i,7 = 1,...,d) are concerned, we fix x € K7, s,t € I,
with s < ¢, and estimate |D;u(t,z) — D;u(s,z)|. We denote by i and j, respectively, the
largest and the smallest indices such that s € (¢, —0/2,t;+0/2) and t € (t; —9/2,t;+6/2).
By definition ¢ < j. If ¢ = j, then we are done, since

o

Dyt 2) = Do )] < (Detdmog syl = 1%

where k is chosen such that x € B(xy,0/2).

So, we suppose that ¢ < 7 and consider all the indices 1,...,17, such that ¢; < ¢, <
... <t <tj. Asitis immediately seen, t; € (t;, —0/2,t;+0/2), t;, € (t; —/2,t; +/2)
and t;, € (t;,_, —0/2,t;,_, +0/2) if pe {2,...,h — 1}. Hence, we can split

|Dyu(t, z) — Dyu(s, )| <|Dyu(s, x) — Dyu(t; +6/2, )|
+ [ Dyu(t;, +6/2,2) — Dyu(t; + /2, )|

h—1
+ Y |Dsulti,,, x) — Diu(t,, )| + | Dyulty,, ) — Dyu(t,z)]
p=1

S[Dtu]Co‘/2’0([ti75/2,ti+5/21XB(Ik,5/2))|ti + 5 - 8‘5
h—1

+ 2_1Datlcarsoqs, s34, 525 Bmam i — tinl®
p=1

+ [Dtu}Ca/zvo([tj—5/2,tj+(s/2]XB(xk7(S/2)) ’t - tih| 2

o

< D _Detlcarzoqu,-s/0,6,+5/2xBansan |t = 512
h=

1
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and this shows that

||Dtu||ca/2,0(11xK1) < Z ||Dtu“C’ﬁ‘/an([tj75/2,tj+5/2]XW)'

Jk=1
The same arguments show that
m
||Diju||ca/2’0(11XK1) S Z ||Diju||CQ/Q’D([th—a/Q,th—FCS/ﬂXB(Zk,6/2))7 Z,j — 1, e ,d,
hyk=1

and that

| Dyl coery screyy + [ Dijul|coer x i)

< Z (”Dtu”Cova([th—§/2,th+5/2}xB(zk,é/Q)) + ||Diju||Co’a([th—6/2,th+6/2]><B(;vk,5/2)))
h,k=1

for i,j =1,...,d. The proof of (B.10) follows.
Finally, by Step 1, with 7o =t; —30/4, 7 =t; — 02, Ty = t; + /2 and r = 0, we get

all orarzzeea e, —s52,6; 4512 < Blws72)

SCjk(||u||C’([tj—35/4,tj+§/2] X B(z,5)) + “9 ||Ca/Q,a([tj—35/4,tj+5/2} ><B(:Jck,6))>

(B.11) <Cjr(llullc,raxxz) + l9llcarza, )
for every j,k =1,...,m. Replacing (B.11]) into (B.10) we easily obtain (B.2). O

The same arguments as in the proof of Theorem[B.1.3]can be used to prove the following
result. For the reader’s convenience, we point out the differences.

Theorem B.1.5. Let u € CY2([0,T) x Q) be a classical solution to the differential equation
Diyu = Au+ g, corresponding to g € Cﬁé2’a([0, T) x Q) and such that u(0,-) € CEF*(Q).
Then, u € Cllota/Q’era([O,T) x Q) and for every pair of compact sets K1 € Ky € €2, there

exists a positive constant C' = C(u, Ky, Ks) such that

(B-12) |lullgrvarzeraqorixir) < CUu(0, )lczrary) + lullcqorixis) + 19llcorzaqomxis))-

Proof. The only slight differences with respect to the proof of Theorem are in the
proof of with Ky = B(xg,r) and Ky = B(x,2r). Hence, here we deal also with
this case.

Throughout the proof, we denote by C' a positive constant, independent of u, ¢ and
n, which may vary from line to line, and consider the same sequence (¥,) and the same
operator A as in the proof of Theorem m

4C/2([0,T) x Q) is the space of all functions f € C%/2%([0,b) x K) for each 0 < b < T and each

loc
compact set K C R%. The definition of the space Olte/2 2t

loc

([0,T) x ) is completely similar.
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For every n € N the function v, = u),, belongs to C,*([0,b] x R%), vanishes at t = 0
and satisfies the equation D;v, = Av, + ¢, in (0,00) x R, where

(B.13) Gn = Ung — u(AD, — c0,) — 2(QVY,, V,u)

and Q = (gij)- Since the coefficients of the operator A satisfy Hypotheses the Cauchy
problem

Dyw(t, ) = Aw(t,z) + gu(t,x), t€[0,b], = €RY,
w(0,x) = 0, (x)u(0, x), r € RY,

admits a unique solution which belongs to C, "*/***([0, T] x R¢). Hence, the function v,
belongs to C;+a/2’2+a([0, T] x R?) and

||/U7L||Cb1+0¢/272+0‘([0’T}XRd) < C(Hﬁnu(oa ')Hcf*a(]Rd) + ||9n||c§/2va([o,T]de))v n € N.

In particular, taking n = 0, we deduce that u belongs to C1**/22+2([0, T| x B(z¢,r)). The
arbitrariness of r imply that u € C+%/22+2([0, 7] x K) for each compact set K C R%
Estimating the C2/**([0, T] x R%)-norm of the function g, and observing that

||19nu(0’ .)||C§+Q(Rd) < 23”0““(07 ')HCZJF“(B(xo,Qr))v ne N7

we get

an H Cb1+a/2’2+a([0,T} xRd)

§C||19n\|cg(Rd)(HU(O7 ')|’CQ+"(B(10,27*)) + Hu”Ca/QvlﬂLa([O,T]xB(mo,rn_,_l)) + ||g||Ca/2v“([U,T]><B(x0,2r)))
d

3n
<2 C(””nﬂ”c;“/?’a([o,ﬂde) + Z ”Divnﬂ||c§/2’a([0,T]de)
j=1

+ 110, )l 240 Bz + 119l caraqorxBazm)-
This estimate and (B.3]) yield

”'Un H C;+a/2,2+a([07T} XRd) §23n0<€ an+1 H C;+a/2,2+a([0,T} XRd)
+ &N lloo + 140, )l 2ra@nzy) + 19/l cereqor B )

for each € € (0,1). Fixing 1 € (0,2732+%)) choosing ¢ = ¢,, = 27°"C !y and arguing as in
the proof of Theorem we can easily show that

||u||cl+a/2a2+a([0,b] xB(zo,r))

< c([|ul0, )l coraBmeany) + 1llcqonxBmazy t 119lcarzaonxBmezm))

and we are done. O
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As a consequence of Theorems and Remark we can prove the following
result.

Proposition B.1.6. Suppose that the coefficients of the operator A belong to C’ﬁ;ga(Q) and
(B.1)) is satisfied. Then, the following properties are satisfied.
(i) Let g € CO2M([0,T) x Q) and u € CLE>27(10,T) x Q) solve the equation Dyu =

loc loc
Au+g on (0,T] xR, with u(0,-) € C21*(Q2). Then, Dyu € C’llota/2’2+a([0, T xQ) for
everyk = 1,...,d, solves the differential equation D;Dju = ADku+ZZj:1 Dy.qijDi; Diu+
(Dyb, V,u) + Dycu and, for every pair of compact sets K1 € Ky € €, there exists a
positive constant C' such that

(B.14)
| Drul|grtarzevaorxi) < CUw(0, )| cora(r) + [[ulloqorxre) + [19llcarzivaorxr))-

(i) Let g € C2/*((0,T) x Q) and u € CT2((0,T) x Q) solve the equation Dy = Au+g

loc

on (0,T] x RY. Then, Dyu € C’ﬁ;a/z’%a((O,T) x ), solves the differential equation
D,Dyu = ADku+ZZj:1 Dy.qij D Dyu+(Dyb, Vu)+Dycu and, for everyk =1,....d
and, for every pair of intervals I; € Iy € ) and compact sets K1 € Ky € (2, there

exists a positive constant C' such that

(B.15) [1Drullcrearzavanxiy < Clllullow ) + 19llcarzara,xs)-

Proof. (i) We fix K} € K € K € K, € Q. For each h € R\ {0}, such that
h < min{dist(K,, 0K ), dist(K, 0K>), dist (K, 09Q)},

and k € {1,...,d}, we introduce the operator 73, , defined by 7, x10 = b= (¢ (- + hey,) — )
for every function . Finally, we denote by v, : [0,7] x K; — R the function defined by
v i(t, ) = Thi(u(t,-)) for any t € [0, 7). Clearly, v, satisfies the differential equation

d d
Doy = Anivn i + Z (Th,k i) Diju + Z Thkbj, Vo) + Ty pg + (Thkc)u
ij—=1 =1

where A, yvn = Tr(Q(- + hex) D2vp i) + (b(- + heg), Vovn k) + (- + hey)up . Let us observe
that

1 [h .
TheQii(T) = ﬁ/ Dyqii(z + oey)do, reK
0

so that ||Th7kqinC(f() < ||Dinj||C(K2) and

1 th
1 ThokGij (7) — ThoeGij ()] SE / | Digij(v + 0ej) — Drqij(y + oe;)|do
0
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<[Dxgijlca(xs)lz — y|*
for each z,y € K. It thus follows that ThkQij € C’O‘(l?) and (|71l ca(y < 1 Drtislleire)-
Similarly, ||74kbjllca(y < [Dkbjllcc) and [|7h kel ga(zy < [[Drcllo(r,)- Applying estimate
B.12| with K5 being replaced by K, we thus conclude that

[vnell grverzoee o 2y SC(HTh,kU(Q Wezray + Imnrtlle, qomxi)
+ Cl||u||cg’2+°‘([0,T]><I?) + ||g||CO‘/27ﬂ([O,T]><K2)>
<O (0. Mgy + Cllullegrequei

+ Hu||C,?’1([O,T]><I~() + ||g||Ca/27a([0,T]><K2))>

where

d d
Cv = Y IDkgislloporixay + Y I1Djbillog o1k + llellep o)

ij=1 i=1
Using once more estimate , with K being replaced by K , we can infer that
thHC,}*"’/Z“&([O,T]xKl) SC(H“(Q .)||CS+Q(K2) + Hg||c?/2ﬂ([o7ﬂ><;(2)>

Letting h tend to 0 we conclude that Dyu € C;+a/2’2+a([O,T] x Ki). and D;Dyu =
ADﬂH—ZZj:l Dy.qi;DijDyu+ (Dyb, V,u) + Dycu on [0,T] x K for each j = 1,...,d. The
arbitrariness of K yields the assertion.

(ii) The proof of (B.15) can be obtained adapting the arguments in (i) and using

estimate (B.2)) instead of (B.12]). O

To conclude this appendix we prove the following weighted estimates.

Theorem B.1.7. Let Q C R? be an open set and u € Cy([0,T] x Q) N CH2((0,T] x Q)
solves the equation Dyu = Au+ g in (0,T) x Q for some g € C’a/2’a((0,T] x ). Further,

loc
assume that the function t — t[lu(t, )| c2() is bounded in (0,T). Then, for every pair of
compact sets K1 @ Ky € (Q, there exists a positive constant C' = C(u, T, K1, K3) such that,

for every t € (0,7,

(B.16) t| D2ult, e + VEIVault, )leu) < Cllulle, o7 + ll9llcerzaorx i)

Proof. Throughout the proof, we denote by C' a positive constant independent of n, which
can vary from line to line. The main part of the proof consists of proving estimate
when Ky = B(xzg,r) and Ky = B(xg,2r). We also consider the same sequence of cut-off
functions (9,,) as in the proof of Theorem [B.1.3|
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Let us set u,, := ¥,,u and observe that each function w,, vanishes on [s, 7] x 0B(0, r41)
and Dyu, = Au, + g, in (0,T) x R% where the operator A is the same as in the proof of

Theorem and the function g, is given by (B.13)).

In view of the variation-of-constants-formula it thus follows that
¢
un(t,z) = (T(t)(9,u(0,-)))(x) +/ (T(t — s)gn(s,-))(x)ds, te0,7], = €RY,
0

where {T(t)} is the semigroup associated in Cy(R%) with the operator A (see Theorem

. That theorem also shows that t||T(¢)y|c2re) < Cll¥||c,me) and \/EHT(t)gHCg(Rd) <
Cli¢llcp ray for every t € (0,T), ¢ € Cy(R?) and ¢ € Cy (R?).

Using from the previous estimates we deduce that ¢!~ || T'(t)y lezrey < CllYlloe ray
for every ¢ € C(R?) and t € (0,T). Since g,(s,-) € C(R?) for every s € (0,T), we can
estimate

t
(BA7)  tlunlt, )l cz@a) SCHUI|OO+C/O (t =)= lgals, loprads,  t€(0,T).

Note that [lgn (s, )lcp e < Clldallcse e (1605, ooy + 1905, g ey for every s €
(0,T). Moreover, for every o € (s,7), € > 0 and n € N it holds that

_1 11 1 _
lu(s, MerBaormy < Cs 2 ulldliy < 572 (Ce Hlulloo + eGas),

_atl loa lia _atl _lta
IVotu(s, lcoBaomy < Cs™ 2 |ullod G2 <52 (Cem o ufloo + ¢nsn),

where C, := supye(o,r) sl|u(s, )l o2 gy Since ||19n||03+a(Rd) < C8" for any n € N, from
these last three estimates we conclude that
n —ofl B n

(B-18) [|gn(s, )lco(Brorary) < 8"~ 2 (Ce™ o [ulloo+2Cns1) +C8"[|g(s, )l oo (B@orura))
for any s € (0,7) and € > 0. Replacing (B.18) into (B.17)) yields
(B.19)

n _lia
G <Cllull +8°C (5 ulloo + Gt + l9lcrsaqorpmnzm ). P EN €€ (01).
Let us fix n € (0,647~ and ¢ = 8 "C~'5. Multiplying both sides of (B.19) by 7™ and
summing from 1 to m € N, and arguing as in the last part of the proof of Theorem
we get the assertion. O

B.2 Optimal Schauder estimates

In this section we extend Theorem [13.2.1{to more general elliptic operators with unbounded
coefficients. For the sake of simplicity, we assume that

d
A=A+ bi(x)D;,
j=1

under the following conditions on its coefficients
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Hypotheses B.2.1. (i) b; € C2t%(RY) for each j = 1,..., N, and there exist two

loc

functions by, : R — R and constants L;, Ly such that supga(d + Lir) < oo,
(b(x),x) < Ly(1 + |x]?), for every z € RY,

d
(B.20) > Dibj()&i&; < bo(x) €], z,§ € RY
ig=1
and |DPb;(x)| < r(x) for every z € R4, j =1,...,d and |f] = 2, 3;

(ii) there exist a positive function ¢ € C?*(R?), diverging to oo as |z| tends to oo, and a
positive constant A\ such that Ay < A\gp on R%

As in the proof of Theorems [6.1.4] and [13.2.1], we first prove some uniform estimates for
the derivatives of the function T'(t) f, when f € Cy,(R?). More precisely, we prove that, for
every T'> 0 and «, 8 € R, with 0 < a < g < 3, there exists a positive constant C7 such
that

_B=a et
(B.21) 1T fllcpray < Crt™ = | flleg e, te(0,T], feCgRY),

To prove , with o, 5 € N, we use the well celebrated Bernstein method (see
[1]) and approximate T'(t)f by solutions of Cauchy problems in bounded domains. We
assume weak dissipativity-type (see ) and growth conditions on the coefficients b;
(j = 1,...,d). Note that, without condition , estimate does not hold in
general, see Example . An interpolation argument allow us to prove estimate
in the general case. Then, the argument, in the proof of Theorem [13.2.1] can be repeated
with slight differences to prove the following result.

Theorem B.2.2. For each f € CF(R?) and g € C*([0,T] x RY), there exists a unique
classical solution u : [0,T] x R — R to the Cauchy problem

Diu(t,z) = Au(t,z) + g(t,x), t€0,T], =€ R,
{ u(0,z) = f(x), z € R

Function u belongs to CV2([0,T] x RY) N CY***([0,T] x RY) and there exists a positive
constant C' > 0, independent of u, such that

HUHcg’a([o,T]de) < C(“f”c,f*“(W) + ||9||cgva([o,T]XRd)>‘

B.2.1 Uniform estimates

Theorem B.2.3. For each T >0 and 0 < a < 3 < 3, there exists a positive constant Crp
such that estimate (B.21)) holds true.
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Proof. The arguments in the proof of Theorem show that it suffices to prove
when o = h, f = k and h, k € N. Being rather long, we split the proof into two steps.

Step 1. Here, we deal with the case when h = 0, £ = 3 and first assume that f €
C5t(R%). For each n € N, let 9, : R? — R be the function defined by 9, (x) = J(|z|/n)
for every x € RY and n € N, ¥ € C>®(R) being a nonincreasing function such that
X(-1/2,1/2) < ¥ < X(-1,1)- For each n € N such that supp(f) € B(0,n), and T' > 0, we
introduce the function vy 3, : [0,7] x B(0,n) — R, defined b

vosn(t,x) = |u,(t, x)|2 + atﬁi|vmun(t, x)|2 + a2t2?9i|D§un(t, x)|2 + a3t3ﬂg|Diun(t, x)|2,

for each t € [0,7] and « € B(0,n), where u,, denotes the (unique) classical solution of the
Cauchy-Dirichlet problem

Dyun(t,x) = Au,(t,z), t>0, x€ B(0,n),
un(t,z) =0, t>0, z€0B(0,n),
Un(O,J?) = f(x)7 LS B(Oan)

By repeatedly applying Proposition [B.1.6] we can infer that Dju,, D;u, and D;nu,
(i,7,h = 1,...,d) belong to C'T*/22*([0,T] x B(0, R)) for every R < n. Function vogﬁ

belongs to C12([0,T] x B(0,n)) and, with some computations, one can see that Dyvg 3 <
Auvgs+gon [0,T] x B(0,n), where g = Z?:l g; with

g1 = (a9 — 2)|V,ul? + 2at9*(ad? — 1)|D2ul* + a*t*9*(3a9* — 2)| D3u|? — 2a*t*9°| Dul?,
g2 = —2atd AV |V, u|? — 4a*t*9° A(9) | D2ul® — 6a*t*9° A(V)| D2ul?

d d
— 8atQo(u) — 16a*t*0* Y~ Qo(Diu) — 24a*t*0° >~ Qq(Diju),
=1

i— ij=1

d d
g3 = 2at0°By (u) + 4a**9* Y " By (Dyu) + 6a’t*9° > " By (Diju),

i=1 i,

d d
g1 = 20°C°0* By(u) + 6a°1*9° Y~ Bo(Dju) + 2a°°9° Y " Dingb; DjuDipu.

i=1 i,9,h,k=1
and
d d
Qo(v) = (D*Vo,V¥),  Bi(v) = > Duyb;DjuDyv, By(v) = Y Dyxb;DjvDyyu
j:h=1 Jh.k=1

on smooth enough functions v : R — R. To estimate the function g we first observe
that n||V,.9,|le + n%|AV|w < Cp for each n € N and some positive constant Cy. Using

SFor each smooth enough function, we set |D?v|? = Zijzl |D;jv|?* and |D3v|? = sz’hzl |D;jnvl?.

SFor notational convenience, throughout the rest of the proof, we drop out the dependence on n and
the dependence of the functions that we consider on the variables, when there is no damage of confusion.
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Hypothesis M(l) and recalling that ¢ is nonincreasing in R, we obtain that the function
x + (b(z), x) is bounded from below on R%. Therefore, —Ad,, < C; on R? for some positive
constant C;. Similarly, we can show that Qy(v) < Con~!|V,v||D2v| for every v € C%(R?).
From all the above estimates and recalling that 8y < 27(3? + ~?) for each 8,7 € R, we
deduce that

g2 <2aC1t9|Vul? + 4a*C1#*9%| D2u|? + 66> C1t*9° | D2ul? + 8aCon ™ 't|V ,u|(9]| D2ul)
d d
+16a’Con™ "> (9|VoDiul)(9?| D2 Dsul)+24a*Con™ 't > " (92| V, Dijul) (9°| D2 Dyjul
i=1 ij=1

<2aCit0 |V ul® + 4a°C1°9° | D2ul® + 6a°C1¢°9°| D3ul® + 4aCon™ "t (|V,ul® + 9| D2ul?)
+ 8a’Con't* (V| D2ul? + 9| Diul?) + 12a°Con ™'t (9| Dul® + 9°| Djul?)

<2a(Cy + 2Con M)t|Vul? + 4a(aCit + Con™' + 2aCon™'t)t9?| D?ul?
+2a*(3aCit + 4Con " + 6aCon 1) t*9*| D3ul* + 12a*Con ™ 39° | Dul?.

Taking advantage of Hypothesis |[B.2.1{i), we deduce that
g3 < bo(2at9?|Vul? + 4a*t*0*| D2ul* 4 6a*t39°| D3ul?).

To estimate the term g4, we first observe that

d
By(v) < Z | D?b;||D;v|| D*v| < d2r|Vo||D?v| < d?r|Vo|| D], v € C%(RY).
j=1
Hence,
d
2,94 72, 3 312,12 3,96 72 3 P2 2
gs <2t=0°d*r(a1|Vu|)(at|Diul*) + 6t°0°d rZ(a4|VxDiu])(a4|DwD,;u| )
i=1

+ 26395dr (a|V ,ul) (a®| D2u|?)
§a%t2194d2(1 +Vat)r|Vul* + agt2194(1 + 3t)d*r|D2ul* + a%t3196d2(3 +Va)d®r|D3ul?.
Combining all the above estimates, we easily see that
9 <[ =24 2a(Cy 4+ 2Con")T + a + ad*t(2by + VaTd*(1 + /aT)r)||V,ul?
+ atd?[2a — 2 + 4(aCi T + Con™" + 2aCoT) + atd*(4by + va(l + 3T)d*r)] | D2ul?

+ a2 [3&—2+6aClT+8COn_1+12aCOT + at192(6b0—|—\/5d2(3—|—\/5)d2r)] |D3u?
+ 2a*t39°(—1 + 6Con 1) | D2ulf?

on (0,7]x B(0,n). We now choose n > 8Cj. With this choice the above estimate simplifies
to

g <[ —2+42a(Cy +2Co)T + a + a¥?t(2by + aTd*(1 + /aT)r)| |V ul?
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+ atd?[ — 1+ 2a + 4aT(Cy + 2Co) + at¥*(4by + /a(1 + 3T)d*r) || D2ul?
+ a®t?*9* [ — 1+ 3a + 24T (3C, + 6Cp) + atv?(6by + /ad® (3 + v/a)d*r) || Diul*.

Next, we choose ag such that

VaoTd*(1+ /aoT) < 2L, Vao(1 +3T)d* < 4L, Vaod® (3 + \/ag)d®> < 6L,

and denote by M the supremum over R? of the function d + Lor. Then, for each a < ay,
we can estimate

g < [ —2+42a(Cy +2Co)T + a + 2aM+T} |V ul?
+ at?®[ — 1+ 2a + 4aT(Cy + 2Co) + 4aTM* ]| D2ul?
+ a®t*9* [ — 1+ 3a + 24T (3C, + 6aCy) + 6aT M ]| D3ul>.

Since the coefficients in front of |V, u|?, |D?u|* and |D3u|? have negative limits as a — 0T,
we can fix a small enough such that g < 0 on [0,7] x B(0,n). Recalling that v vanishes on
[0, 7] x 0B(0,n), from the classical maximum principle we now deduce that |vg 3, (f, z)| <
19, 1%, < /I, for every (t,2) € [0,T) x B0, ).

Note that, and a diagonal argument show, that up to a subsequence, DPu,
converges to DPu pointwise on [0,7] x B(0,n). Hence, taking the limit as n tends to
00, in the inequality |vg 3., (¢, )| < || f||%, formula follows in this case for functions
f € CoF*(RY). To extend it to every f € C,(R?), it suffices to approximate f by a
convolution with a sequence (f,) C C2T*(R?), converging to f locally uniformly on R? and

such that || fu||co < || f|loo for any n € N. Clearly, it holds that

(B.22) IT) ullcpen < Crt 3 fller £ (O], neN.

Since DyT(+) fn = AT(:) fn on (0,T) x R? and || T(t) fulloo < || f]loo, from and a
compactness argument, we can easily show that, for every t € (0, T there exists g, € C*(R?)
such that, up to a subsequence T'(¢) f,, converges to g; in C*(B(0, R)) for every R > 0. The
same arguments used in the proof of Theorem [4.1.12] and Hypothesis [B.2.1fii), which
yields the uniqueness of the solution to the Cauchy problem , show that, still up to
a subsequence, T'(t) f,, converges to T'(t) f locally uniformly on RY. Hence, g; = T'(t)f and
from (B.22), it follows immediately that IT() fllesmay < Crt=2|| f|l for every t € (0,77,
and we are done.

Step 2. The proof of estimate for the other values of the pair (h, k) is very similar.
It suffices to apply the quoted arguments to the function vy, : [0,7] x B(0,n) — R,
defined by

l
Vn g (t, ) = Zajt(j_k)+(19n(a:))2j | D, (t, )], t e (0,7T], z € B(0,n),
7=0

first assuming that f € C>T*(R?) and, then, using the same density argument to cover the
general case. The details are left to the reader. O
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Finally, we show that the estimates (B.21]) may fail to hold without any dissipativity
assumption.

Example B.2.4. Consider the one-dimensional operator A, defined on smooth functions
¢(:R = R by A((z) = ("(2) + p'(2)('(z) = e P@ (ep(”C)C’(I))/ for every x € R, where
p € CY(R) is defined by p(z) = —x* + log(h(x)) for every x € R, where h(z) = ¢, if
r=n—2"1,andn €N, h(x) € [g,,1] if n — 4§, <z <nand n €N, h(z) = 1 otherwise,
e, = n-lem 1/ =t/ 5 p=2c—n'cWe also consider a functions f € Cy(R?) such
that f =1 on (0,00) and [, f(t)eP®dt = 0.

A straightforward computation shows that the solutions of the equation Au = f are
given by

(B.23) u(z) =Cy + /x e P (Cg + /t f(s)ep(s)ds) dt, r €R,
0 0
where (', Cy € R are arbitrary real constants. We take
Cy = —/OO f(t)erWat = /0 f(t)erWat.
0 —oc0

and observe that, if x > 0 then from (B.23) and Fubini Theorem we get
(B.24)  wu(z)=0Cy — /x e POt /00 f(s)e!®ds = Cy — /00 P f(s)ds /SM P gt

0 t 0 0
Consider the function @ : R — R defined by Q(z) = /@ fox e P®dt for each € R. Since

4

nooen
—dt

n—on En

[x]+1

4 r 6t4 4 /x 4 4
z) <e * —dt<e”® eldt +e®
Q) <= [ e |

n=1
T o0 n4 T o0
_ .4 4 A4 5n€ 4 4 .4 1
§ex/etdt+6x E :ex/etdt—i—ex E =
0 n=1 n 0 n:ln

Q belongs to L'((0,00)). Hence, from (B.24)) it follows that u is bounded on (0, 00) and
ulley 0,00y < CL =+ 1| fllsol| @l 21 ((0,00))- Using the fact that @ € L'((—o0,0)), it can be
proved that u is bounded also on (—o0,0). Thus, u € Cy(R). On the other hand, since
f=1on (0,00) it follows that

u'(z) = — ¢ / h(t)e " dt, x>0,

e(n—0n/2)*  roo . e(n—1/2)4 nt1/2
|u'(n — 6,/2)| :—/ h(t)e " dt > / e tdt
n—é—" n

En

v
|3
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which shows that u is unbounded.

Let v : [0,00) x R — R be the function defined by v(t,x) = e'u(x) for every (¢,z) €
[0, 00) x R. It solves the equation D;v = Av and is bounded on each strip [0, 7] x R On the
other hand, D,v(t,z) = e'u/(x) for each t > 0 and « € R. Consequently, D,v is unbounded
on [1/2,1] x R? and estimate (B.21]) with a = 0, beta = 1 fails to hold.

We note that in this case the dissipativity assumption fails since p” is unbounded
from above. Indeed, let g : R — R be the function defined by ¢(z) = log(h(x)) for each
x € R. Since g(n—9,) = g(n) =0 and g(n —0,/2) = log(e,) for every n € N, then, by the
mean value theorem, there exist two points y,, € (n — d,,n — 0,/2) and 2, € (n — 6,/2,n)
such that ¢'(y,) = —¢'(2,) = 2log(e,)d, ! for every n € N. Applying again the mean value
theorem, it follows that there exists z, € (Y, 2,) such that

4log(ey) 4log(en) 4log(ey) 4
aes > S de2n e N.
g (x ) 5n(zn yn) 6,21 g2 ne ’ K

n

Since ¢,, vanishes as n tends to oo, then, for n large enough it holds that
P () = —1222 + ¢"(x,) > —120% + n'e®™,

which shows that p” is unbounded from above.
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Appendix C

Proof of Proposition [12.0.3

This appendix is devoted to the proof of Proposition [12.0.3|

Remark C.0.6. The proof of Proposition actually shows that Zfil 7, = 1 on a
neighborhood of K. Indeed, 32 7; = 1 on Uj1 B(w;,7,,/2) and this set contains the set
K; = {z € R : dist(z, K) < 6}. By contradiction, suppose that there exists a sequence
(y) € R4 such that dist(y,, K) < n~! and y, ¢ Uj‘il B(xj,7,,/2) for every n € N. Since
this sequence is bounded, up to a subsequence, it converges to some y € K, which belongs
to the open set Uj\il B(wj,74,/2). Hence, for large n, y, belongs to U]Ail B(wj,74,/2): a
contradiction.

Now, if we introduce a function ¢ € C*(R?) such that xx,, < ¢ < xx,; (Whose
existence follows from Exercise [7.3|[1]) and set 7; = n;¢ for every i = 1,..., N, then we can
claim that

(i) 7 € C®(RY), 7; < xq, for every i =1,..., N;

i) 0<N i <lonR%and YN 7 =1on K.
We will use this remark in the proof of Proposition
Proof of Proposition[12.0.3. We split the proof into two steps.

Step 1. Here, we prove that, if  is of class C**® then there exists a function ¢ as in
the statement. For this purpose, for every x € 02 we denote by ¢, the last component of
the function 1, in Definition [12.0.2] It is easy to check that

QNU, ={y €U, : ¢.(y) > 0},
0NU, ={y €U, : p.(y) =0},
RINQ) NU, = {y € Uy = pu(y) < 0}.

We now consider a finite subcovering {U,, : i = 1,..., N — 1} of 92 and observe that,

by the same arguments in Remark [C.0.6] we can show that there exists § > 0 such that
N-1

K = {x € R* : dist(z,09) < 6} C | Us,.

i=1

185
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This remark also shows that we can determine nonnegative functions 7; € C*°(R%) (i =
1,...,N —1) such that supp(7;) C Y; for every i and xg, <7 := Zf\:l 7 <1 on R%
Let g : R? — R be the function defined on R by

g(x) = (N(x) — 1)(1 — 2xa(z)) + Z (%), (x z € R%

It is clear that each function 7;i,, belongs to C7T*(R?) since it is compactly supported in
U,,. Similarly, the function (77 — 1)(1 — 2xq) belongs to C7™*(R?) since it vanishes on a
neighborhood of 902 and it is trivially smooth elsewhere.

We are going to prove that function g has all the properties in the statement of the
proposition. To begin with, we prove that it vanishes on 0f2. For this purpose, we observe
that on 02, 7 =1 (since 92 C Kj). Hence,

Z ni(z)@, (x x € 0fd.

Fixx € 0Q and i = 1,..., N — 1. We claim that 7;(x)@,,(x) = 0. Indeed, if 2 € U,,,
then ¢, (z) = 0, otherwise 7;(x) = 0.
Suppose now that x € 2. Then,
N-1
9(2) =1-7j(z) + Y u(@)@w(x),  z€R
i=1
Note that 7;(z)@z, (z) > 0 for every i. Indeed, if z € U,,, then p,,(z) > 0 and 7;(z) > 0,
whereas, if x ¢ U,,, then 7;(x) = 0, so that 7;(z)@,,(x) = 0. We have two possibilities:
(i) mi(z) =0 for every i =1,...,N — 1;
(ii) there exists i € {1,..., N — 1} such that 7;(x) # 0.
In the first case 0 = 7j(z) = .~ "7i(x) and g(x) > 1, On the other hand, if (ii) holds,
then r € U,,. Since ¢,, () > 0, it follows that g(z) > 7:i(2)ps; (z) > 0.
Finally, we suppose that x ¢ €. In such a case,

Arguing as above, we can easily show that 7;(z)@,, () <0 for every i =1,..., N — 1. We
have also the same two cases (i) and (ii) as above. In the first case g(x) = —1, whereas in
the latter one, g(z) < 7;(2)@s, () < 0, since @,, < 0 on (RY\ Q) NU,,.

To complete the proof, let us show that the gradient of the function g nowhere vanishes
on 09. For this purpose, we fix x € 02 and observe that the function (1 —7)(1 — 2xq)
identically vanishes on a neighborhood of x. Hence,

va )P (@ +Zm 2)Vipr,(z
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Note that if V7;(x) # 0, then ¢,,(z) = 0. Based on this remark, we simplify the previous
formula obtaining

= (@) Ver (2) = Y 7:(x) | Vi, () |vi().

1€, 1€,

where J, ={i e {1,...,N =1} : 2 € U,,} and v;(z) = |V, (2)| "'V, (z) We claim that
vi(x) = v;(z) for every i,j € J,. Denoting by v(x) the common value, from the claim it
will follow that

Z ()| Vg, ()]

lGJT

Since ), ni(z) = 1 and |V, (z)| > 0 for every i € J,, we will easily conclude that
V.g(z) > 0.

So, let us prove the claim. Fix 4,5 € J,. Since v;(x) and vj(x) are the normal vectors
to QNU,, at z, v;(z) = vj(x) or vi(x) = —v;(z). To prove that the second possibility can
not occur, we apply Taylor formula to write

P (1 + tvi(2)) = @, (1) + UV @, (1), vi(x)) + 0(t, 0) = H([Vipa, ()| + 0(1,0)),
Pa; (@ + tw;(2)) = o, (1) + UV 0, (1), v5(2)) + 0(t,0) = L(|Veps, (2)] + 0(1,0)),

for t € (—dg, do) and Jy small enough. From these formulas it follows that, up to replacing
dp with a smaller value, if needed, = + tv;(z) belongs to Q for every t € [0,09) whereas
x — tvj(x) does not belong to 2 if t € [0,dp). We thus conclude that v;(x) = v;(z).

Step 2. We now show that if Q = {x € R?: g(x) > 0} for some function g € C?T*(R%)
such that V,g # 0 on 9Q = {x € R? : g(x) = 0} and § is bounded, then it is a domain
of class C?T®. For this purpose, we fix 2y € 09 and observe that since Vg # 0 on 012, it
follows that there exists i € {1,...,d} such that D;g(zo) # 0. Let v, : R — R? be the
function defined by

TZzO(I) = (1’1 — 20,155 Li—1 — L0i—1, Q(I)7 Ti+1 — L0+l Xd — l’o,d)y S R?.

As it is immediately seen, JIO belongs to C**(R%; R?) and its Jacobian determinant at xq
is positive. Hence, there exists 7 > 0 such that the function @/):co is invertible in B(zo, 7).
Since ¢zo($0) = 0, we can fix § > 0 such that B(0,0) C 1y, (B(xo,7)). Hence, if we set
Uy, = U 2 (B(0,0)), then wxo is a diffeomorphism of class C?T® between Z/lxo and B(0,0).
We are going to prove that %:O(Q NU,,) = {x € B(0,9) : z; > 0} and z/zxo(aQ NU,) =
{z € B(0,0) : x; = 0}. For this purpose, we recall that = € Q (resp. = € 99Q) if and only
if g(z) > 0 (resp. g(z) = 0). Hence, if x € QN U, then y = 1y, (z) € B(0,6) and y; > 0.
Similarly, if z € 9Q N U,, then y = 1, () € B(0,8) and y; = 0. Viceversa, let us assume
that y € B(0,4) is such that y; > 0. Then, y = ¥, (y), with z = ¢ (y) € Uy,. Moreover,

o

g(x) = y4 > 0. Hence, = belongs also to Q. In the same way it can be proved that each
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y € B(0,0) such that y; = 0 is the image under 1, of an element of 2 N, and we are

done. N
Now, we set 1, = T,,, where

T(y) = (5713/17 s ;571%‘—17 671yd7 571yi+17 s 7571yd—17 6713/@')

for every y € R? Function v,, belongs to C***(U,,), ¥.,(Q NU,,) = B,(0,1) and
Vo (02N Uy,) = {y € B(0,1) : yg = 0}. This completes the proof. O



