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Here is a short list of arguments that shall be considered in this course.

Short introduction to measure theory; Gaussian measures and their prop-
erties.

First properties of infinite dimensional Gaussian measures in Banach and
Hilbert spaces; Fernique Theorem, reproducing kernel and Cameron—Martin
space.

Zero—one laws and characterisation of the elements of the reproducing
kernel.

The space of Brownian motion and the characterisation of the reproducing
kernel and of the Cameron—Martin space in the classical Wiener space.

Integration by parts formulae, gradient and divergence, Sobolev functions
on abstract Wiener spaces; definitions and basic properties.

Short introduction to the semigroup theory; definition of the Ornstein—
Uhlenbeck semigroup and operator and characterisation of its domain.
Hermite polynomials, the Wiener Chaos Decomposition.

Poincaré and Log-Sobolev inequalities and spectral properties of the Ornstein—
Uhlenbeck operator.



Lecture 1

Preliminaries

We present the basic notions of measure theory, with the aim of fixing the notation and
making the exposition self-contained. We deal only with finite measures, even though
of course positive infinite measures are the first natural examples. But, assuming that
the basic notions relative to positive measures are known, we go straight to finite real
measures because all measures we are going to discuss are so. In the first section we
present real measures and the related notions of L space, absolute continuous and singular
measure, the Radon-Nikodym theorem, weak convergence and product measures. In the
case of topological spaces we introduce Borel and Radon measures. Next, we introduce
characteristic functions (or Fourier transforms) of measures and Gaussian measures in R?.

1.1 Abstract Measure Theory

We start by introducing measurable spaces, i.e., sets equipped with a o-algebra.

Definition 1.1.1 (c-algebras and measurable spaces). Let X be a nonempty set and let
F be a collection of subsets of X .

(a) We say that F is an algebra if ) € F, EyUE; € . and X \ Ey € .F whenever
FEq, Fy € Z.

(b) We say that an algebra .F is a o-algebra if for any sequence (Ep) C F its union
Uy, En belongs to F.

(c) For any collection & of subsets of X, the o-algebra generated by ¢ is the smallest
o-algebra containing 4. If (X, T) is a topological space, we denote by A(X) the
o-algebra of Borel subsets of X, i.e., the g-algebra generated by the open subsets of
X.

(d) If & is a o-algebra in X, we call the pair (X,.#) a measurable space.



It is obvious by the De Morgan laws that algebras are closed under finite intersections,
and o-algebras under countable intersections. Moreover, since the intersection of any
family of o-algebras is a o-algebra and the set of all subsets of X is a o-algebra, the
definition of generated o-algebra is well posed. Once a o-algebra has been fixed, it is
possible to introduce positive measures.

Definition 1.1.2 (Finite measures). Let (X,.#) be a measurable space and p : F —
[0,+00). We say that u is a positive finite measure if u(0) = 0 and p is o-additive on F,
i.e., for any sequence (Ey) of pairwise disjoint elements of F the equality

Iz <U Eh) = u(Ey) (1.1.1)
h=0

h=0

holds. We say that u is a probability measure if u(X) = 1.
We say that pu : % — R is a (finite) real measure if p = py — po, where py and po are
positive finite measures.

If 11 is a real measure, we define its total variation |u| for every E € F as follows:

[e.e] o0
|u|(E) := sup {Z |w(Ep)|: Ep € .Z pairwise disjoint, F = U Eh} (1.1.2)
h=0 h=0

and it turns out to be a positive measure, see Exercise 1.2. If y is real, then (1.1.1) still
holds, and the series converges absolutely, as the union is independent of the order. Notice
also that the following equality holds:

) =sup{ [ fdus € CuRD. 17l < 1} (113)

see Exercise 1.3.

Remark 1.1.3. (Monotonicity) Any positive finite measure p is monotone with respect
to set inclusion and continuous along monotone sequences, i.e., if (Ej) is an increasing
sequence of sets (resp. a decreasing sequence of sets), then

Ey | = lim w(E . Ey | = lim w(E
M<hU0 h> Jimpi(Ep),  resp u(ﬂ h) Jim pu(Bp),

h=0
see Exercise 1.1.
Definition 1.1.4 (Radon measures). A real measure y on the Borel sets of a topological
space X is called a real Radon measure if for every B € AB(X) and € > 0 there is a

compact set K C B such that |p|(B\ K) < €.
A measure is tight if the same property holds with B = X.

Proposition 1.1.5. If (X, d) is a separable complete metric space then every real measure
on (X, #(X)) is Radon.



Proof. Observe that it is enough to prove the result for finite positive measures. The
general case follows splitting the given real measure into its positive and negative parts.
Let then u be a positive finite measure on (X, Z(X)). Let us first show that it is a regular
measure, i.e., for any B € #(X) and for any £ > 0 there are an open set G O B and a
closed set F' C B such that u(G \ F) < e. Indeed, for a given € > 0, if B = F' is closed
it suffices to consider open sets G5 = {x € X : d(z,F) = infyepd(x,y) < 6}, getting
F = (520 Gs. As u(Gs) = p(F) as 6 — 0, fixed € > 0, for ¢ small enough by Remark
1.1.3 we have u(Gs \ F) < e. Next, we show that the family ¢ containing () and all sets
B such that for any € > 0 there are an open set G O B and a closed set F' C B such that
w(G\F) < € is a o-algebra. To this aim, given a sequence (B,,) C ¢, consider open sets G,
and closed sets F,, such that F,, C B,, C Gy, and u(G,, \ F,,) < /2", For G = U |G,
and F = UY_| F,, with N € N such that u(U,F, \ F) < €/2, we have F C U,B,, C G
and u(G \ F) < e. Therefore, ¢4 is closed under countable unions, and, since it is closed
under complementation as well, it is a o-algebra.

Since we have proved that all closed sets belong to ¢, then it coincides with Z(X).

As a consequence, we prove that any positive finite measure on (X, %(X)) is Radon
iff it is tight. If p is Radon then it is tight by definition. Conversely, assuming that p is
tight, for every ¢ > 0 and every Borel set B C X, we may take a compact set K; such
that (X \ K1) < € and a closed set F' C B such that u(B \ F') < e. Then, defining the
compact set K := K1 N F we have u(B\ K) < 2e.

Therefore, to prove our statement it suffices to show that every Borel measure on X is
tight. Let (z,,) be a dense sequence and notice that X C U2 B(z,, 1/k) for every k € N.
Then, given € > 0, for every k € N there is N € N such that

u(ﬁjlﬂxnj/k0:>u@¥)—a/ﬂl

Then, the compact set
oo N

K= () | B(@n, 1/k)
k=1n=1
verifies p(K) > pu(X) —e. O

Notice that property (1.1.3) holds in any metric space, but we shall use it only in R
Let us come to measurable functions.

Definition 1.1.6 (Measurable functions). Let (X,.#, ) be a measure space and let' Y be
a topological space. A function f: X — Y is said to be % -measurable (or p-measurable)
if f~Y(A) € .F for every open set ACY.

If (Y,9) is a measurable space, a function f : X — Y is said to be F-measurable (or
p-measurable) if f~1(A) € F for every A€ Y.

In particular, if f is .#-measurable then f~1(B) € . for every B € #(Y). For E C X
we define the indicator (or characteristic) function of E, denoted by 1g, by

L) {1 HEEE
xX) =
P 0 ifzgE.



and we say that f : X — R is a simple function if the image of f is finite, i.e., if f belongs
to the vector space generated by the indicator functions. We assume that the readers are
familiar with the usual notion of integral of a measurable function. We now define the LP
(semi)-norms and spaces as follows,

1/p
lull o = ( / IUI”du)
X

lull oo (x,) = Inf {C € [0, +o0]: |u(x)] < C for p-ae. v € X}.

if 1 <p< oo, and

We define the space LP(X, ) as the space of equivalence classes of functions agreeing

p-a.e. such that [|ul|rr(x,) < oo. In this way, || - |zr(x ) 18 @ norm and LP(X, ) is a
Banach space, see e.g. [D, Theorem 5.2.1]. When there is no risk of confusion, we use the
shorter notation || - |[,.

We assume that the reader is familiar also with the properties of integrals, measur-
able functions and LP spaces as well as the main convergence theorems of Levi, Fatou,
Lebesgue, see e.g. [D, Section 4.3]. We just recall the Lebesgue-Vitali theorem on uni-
formly integrable sequences, see Exercise 1.4.

Theorem 1.1.7 (Lebesgue-Vitali Convergence Theorem). Let (X,.%) be a measurable
space, let 1 be a positive finite measure on it and let (f) be a sequence of measurable
functions such that

lim Sup/ | fx| dp = 0.
M=00 keN J{| fi|>M}

If fr — f in measure, i.e.,

lem u{rze X |fu(x)— f(x)]| >e})=0 for every e >0 (1.1.4)

and |f(z)| < oo p-a.e., then f € LY(X, p) and limy_,o0 [ | f — frldp = 0.

Given a g-algebra, we have defined the class of measurable functions. Conversely, given
a family of functions, it is possible to define a suitable o-algebra.

Definition 1.1.8. Given a family F' of functions f : X — R, let us define the o-algebra
E(X,F) generated by F' on X as the smallest o-algebra such that all the functions f € F
are measurable, i.e., the o-algebra generated by the sets {f < t}, with f € F and t € R.

Given a metric space, the set of real Borel measures p is a vector space in an obvi-
uos way. All continuous and bounded functions are in L'(X, 1) and we define the weak
convergence of measures by

Wi —p = /deﬂj%/xfdﬂ Ve Cy(X). (1.1.5)

Let us now introduce the notions of absolute continuity and singularity of measures. Let
i be a positive finite measure and v a real measure on the measurable space (X, .%). We



say that v is absolutely continuous with respect to p, and write v < pu, if u(B) =0 =
|v|(B) = 0 for every B € .%. If u, v are real measures, we say that they are mutually
singular, and write v L p, if there exists E € .% such that |u|(E) = 0 and |[v|(X \ E) = 0.
Notice that for mutually singular measures p,v the equality | + v| = |u| + |v| holds.
If < v and v < p we say that p and v are equivalent and write u ~ v. If p is a
positive measure and f € L'(X, ), then the measure v := fu defined below is absolutely
continuous with respect to p and the following integral representations hold, see Exercise
1.2:

V(B)Z/deu, ]y[(B):/B|f|du VB e Z. (1.1.6)

In the following classical result we see that if a real measure v is absolutely continuous
with respect to u, then the above integral representation holds, with a suitable f.

Theorem 1.1.9 (Radon-Nikodym). Let u be a positive finite measure and let v be a real
measure. Then there is a unique pair of real measures v®, v® such that v* < u, v° L
and v = v* + v°. Moreover, there is a unique function f € L'(X, u) such that v* = fu.
The function f is called the density (or Radon-Nikodym derivative) of v with respect to
and is denoted by dv/dp.

Since trivially each real measure p is absolutely continuous with respect to |u|, from
the Radon-Nikodym theorem the polar decomposition of p follows: there exists a unique
real valued function f € L1(X, |u|) such that u = f|u| and |f] = 1 |ul|-a.e.

The following result is a useful criterion of mutual singularity.

Theorem 1.1.10 (Hellinger). Let p,v be two probability measures on a measurable space
(X,.7), and let X be a positive measure such that u < X\, v < A\. Then the integral

du dv
N d\
is independent of A and
21— H(p,v)) < |u— v|(X) < 2/T— H{p,v)’. (1.1.7)

Proof. Let us first take A\ = u+ v and notice that u, v < A. Then, setting f := du/d\ and
g:=dv/d\ ie, p= f\and v = g\, we have |u—v|(X) = |[f — gll11(x,) and integrating
the inequalities

V=9 <If =gl =IWVF=ValVf+ 3l

we get
| VF = varan=201- Huw) < [ 17 - glar=Ju—vI(0)
X X
=/Xrﬂ—¢§r|ﬂ+\/§|dx
< ([ 7= varan) ([ i+ vara)”

— (2— 2H(1, 1)) *(2 4+ 2H (1, ))/* = 2/T = H {1, v)?,



where we have used the Cauchy-Schwarz inequality. If A’ is another measure such that
w=f'N<XNandv=g¢gN < N, then A\ < \: setting ¢ := %, we have f' = of, ¢ = ¢g
and then

dp dv , / , / dp dv .,
W= | VFgdr= | VFgsdN = | /fgdN = S AY
X dX /X 19 /X 199 VT Vavan

Corollary 1.1.11. If o and v are probability measures, then p L v iff H(u,v) = 0.

Proof. 1t is obvious from Hellinger’s theorem that |p—v|(X) = 2 if and only if H(u,v) = 0.
Let us show that this is equivalent to i L v. Using the notation in the proof of Theorem
1.1.10, notice that H(p,v) = 0 if and only if the set F' defined by F := {fg # 0}
verifies A(F') = 0 (hence also u(F) = v(F) = 0). Therefore, for the measurable set
E={f=0,9g>0} we have u(F) = v(X \ E) = 0 and the thesis follows. O

We recall the notions of push-forward of a measure (or image measure) and the con-
structions and main properties of product measure. The push-forward of a measure gen-
eralises the classical change of variable formula.

Definition 1.1.12 (Push-forward). Let (X,.%) and (Y,%) be measurable spaces, and let
f: X =Y be such that f~1(F) € .F whenever F € 4. For any positive or real measure

on (X,.F) we define the push-forward measure or the law of p under f po f=1, sometimes
denoted by fup, in (Y,9) by

po fHF) = pn(f1(F)) VF 9.

The change of variables formula immediately follows from the previous definition. If
u€ LYY, uo f71), then uo f € L'(X, ) and we have the equality

/Yud(,u,of_l):/(uof)du. (1.1.8)

X
The above relation is nothing but the definition for simple functions, and is immediately
extended to the whole of L' by density.
We consider now two measure spaces and describe the natural resulting structure on
their cartesian product.

Definition 1.1.13 (Product o-algebra). Let (X1,.#1) and (X2, .%2) be measure spaces.
The product o-algebra of %1 and F, denoted by F1 X Fo, is the o-algebra generated in
X1 X Xg by

= {El x Ey: By € 91, E5 € 92}

Remark 1.1.14. Let E € %) x .Zy; then for every € X; the section E, := {y €
Xa: (x,y) € E} belongs to %, and for every y € Xy the section EY := {z € X;: (z,y) €
E} belongs to .#;. In fact, it is easily checked that the families

G, ={F € F x Fy: Fy € Fo}, 9GY:={FecF xF: FYec 7}

are o-algebras in X7 x X5 and contain ¢ see Exercise 1.5.



Theorem 1.1.15 (Fubini). Let (X1, %1, 1), (X2, %2, 2) be measure spaces with py, o
positive and finite. Then, there is a unique positive finite measure p on (X1 x Xo, F1 X F3),
denoted also by p1 @ pga, such that

,u(El X Eg) = MI(EI) . 'LLQ(EQ) VE, € 91, VEy € F.

Furthermore, for any p-measurable function u : X1 x X9 — [0, 00| the functions
= | uz,y)pa(dy) and y— | u(z,y)pa(de)
X2 Xl

are respectively pi-measurable and pz-measurable and

/XIXXQUdNZ /X1 </x2 u(z,y) Mz(dy)> 111 (de)
B /;<2 (/xl uzy) ’“‘1(dx)) p2(dy).

Remark 1.1.16. More generally, it is possible to construct a product measure on infinite
cartesian products. If I is a set of indices, typically I = [0,1] or I = N, and (X, %, ),
t € I, is a family of measure spaces, the product o-algebra is that generated by the family
of sets of the form
B=B; x---x B, x >< X, Bk€9tk,
teI\ {1t}

whose measure is p(B) = u, (B1) - - e, (Bn)-

In the sequel we shall sometimes encounter some ideas coming from probability theory
and stochastic analysis. In order to simplify several computations concerning probability
measures on RY, it is often useful to use characteristic functions of measures. This is the
probabilistic counterpart of Fourier transform. Indeed, given a probability measure p on
(RY, B(R?)), we define its characteristic function by setting

(€)= /Rd e pu(da), ¢ € RY (1.1.9)

We list the main elementary properties of characteristic functions, whose proofs are in
Exercise 1.6.

1. fi is uniformly continuous on R%;

if 11 = fio then pq = po;

if pj — 1 in the sense of (1.1.5), then fi; — f uniformly on compacts;

ot W

if (p;) is a sequence of probability measures and there is ¢ : R? — C continuous in
§ = 0 such that fi; — ¢ pointwise, then there is a probability measure ;. such that

ii=¢.



1.2 (Gaussian measures

Gaussian (probability) measures are the main reference measures we shall encounter in the
Lectures. Let us start from the finite dimensional case. We recall the following elementary

equality ,
1 (r —a) }
———rdr =1 1.2.1

o 27‘(‘/Rexp{ 20’2 v ( )

that holds for all @ € R and o > 0. An easy way to prove (1.2.1) is to compute the double
integral

[ exwl=(a? 42} dody
R2
in polar coordinates and apply Fubini Theorem 1.1.15 and the change of variables formula.

Definition 1.2.1 (Gaussian measures on R). A probability measure v on (R, Z(R)) is
called Gaussian if it is either a Dirac measure §, at a point a (in this case, we put o =0),
or a measure absolutely continuous with respect to the Lebesgue measure A\ with density

2

I

oV 2 202

In this case we call a the mean, o the mean-square deviation and o2 the variance of v and
we say that v is centred or symmetric if a = 0 and standard if o = 1.

By elementary computations we get
a= / xy(dx), o? = /(az — a)?y(dz).
R R

Remark 1.2.2. For every a,0 € R we have 4(§) = eiaf—%0'2§2, see Exercise 1.7. Con-
versely, by property 3 of characteristic functions, a probability measure on R is Gaussian
iff its characteristic function has this form. Therefore, it is easy to recognise a Gaussian
measure from its characteristic function. This is true in R¢, as we are going to see in
Proposition 1.2.4, and also in infinite dimensions, as we shall see in the next Lecture.

Let us come to Gaussian measures in R%.

Definition 1.2.3 (Gaussian measures on R?). A probability measure v on R is said to
be Gaussian if for every linear functional £ on R? the measure v o £~' is Gaussian on R.

The first example of Gaussian measure in R? is 4 := (27r)_d/2e_|x|2)\d, that is called
standard Gaussian measure. We denote by Gy the standard Gaussian density in R?, i.e.,
the density of 4 with respect to Ay. Notice also that if d = h + k then ~v4 = v, ® V%.

The following result gives an useful characterisation of a Gaussian measure through
its characteristic function.



Proposition 1.2.4. A measure v on RY is Gaussian if and only if its characteristic
function is

4(6) = exp{ia- € - Q€ ¢} (122)

for some a € R% and Q nonnegative d x d symmetric matriz. Moreover, v is absolutely
continuous with respect to the Lebesque measure \g if and only if Q is nondegenerate. In
this case, the density of v is

WGXP{_;(Ql(x—a) . ($—a))} (123)

Proof. Let v be a measure such that (1.2.2) holds. Then, for every linear funtional ¢ :
R? — R (here we identify ¢ with the vector in R? such that £(z) = £- z) we may compute
the characteristic function of the measure py :== vy o ¢! on R:

2
fp(T) = / e py(dt) = / e'mH@) v(dx) =A(1L) = exp{ira -l — T—Qﬁ . E}
R Rd 2

by (1.2.2). Therefore, by Remark 1.2.2 puy is a Gaussian measure with mean ay = a - ¢ and
variance ag = Q¢ - ¢, and also v is a Gaussian measure by the arbitrariness of /.

Conversely, assume that uy is Gaussian for every ¢ as above. Its mean ay and its
variance af are given by

ag = /Rt,ug(dt) - /Rdﬁ(:v)'y(dx) — . (/Rd x’y(dm)) (1.2.4)
of = /Rd(t — ap)? pe(dt) = /Rd(ﬁ(a:) — ag)*y(dx). (1.2.5)

These formulas show that the map £+ ay is linear and the map ¢ — U(? is a nonnegative
quadratic form. Therefore, there are a vector a € R? and a nonnegative definite symmetric
matrix Q = (Q;;) such that ag = a - £ and o7 = Q- £, whence (1.2.2) follows. Notice that

a= /Rdiv’y(dl‘), Qij = /Rd(xi — az’)(xj — aj)v(dx).

To prove the last part of the statement, let us assume that v < Ay, i.e. v = fAg. We
want to show that Q¢-¢ =0 iff £ = 0. From (1.2.4), (1.2.5) we have

Qt-t= /R (- (e ) f @),

then Q¢- ¢ = 0iff ((-(z —a))? =0 for a.e. € R ie. iff =0, as f # 0. Hence Q is
nondegenerate.

Viceversa, if @) is nondegenerate, we consider the measure v = fA; with f given by (1.2.3)
and we compute its characteristic function. Using the change of variable z = Q~/ Yz —a),
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since g = ®§»l:171, we have:

#(6) = | explis - a} f(a)do = Q' —a) (x—a) }de

1

VT b
d

—expli€ a} [ expliQ'¢ - zu(dz) = exp{it - a) I /R exp{i(QV/2€) ) ()

d
—exp{i¢ - a} [[51((Q"%¢);) = exp(i€ - a Hexp{ QW&))}
j=1

. 1 .
—exp {zs A SQE 5} = 4(©)-
Hence, by property 3 of the characteristic function, v = v. O

Remark 1.2.5. If v is a Gaussian measure and (1.2.2) holds, we call a the mean and @
the covariance of v, and we write v = .4 (a, Q) when it is useful to emphasise the relevant
parameters. If the matrix @ is invertible then the Gaussian measure v = .4 (a, @) is said
to be nondegenerate. Its density, given by (1.2.3), is denoted G, g. The nondegeneracy is
equivalent to the fact that v, < \; for every ¢ € R,

Proposition 1.2.6. Fvery centred Gaussian measure v on R? is invariant under the
rotation map ¢ defined, for every 6 € R, by ¢ : R x R — R by ¢(x, 1) := sinfz + cos Oy;
then, the image measure (y @) o ¢! in R? 4s .

Proof. We use characteristic functions and Proposition 1.2.4. Indeed, the characteristic
function of vy is exp{—%Qf -£} for some nonnegative d x d matrix (). Then we may compute
the characteristic function of p := o ¢! as follows:

(€)= [ et

N /Rd R4 e!indirteostu)s v @7(d(z,y))
X

— / ei(sin 9x)§,y(dx) / ei(cos Oy)¢ ’Y(dy)
Rd R4
1 ., 1,
= exp{—§ sin® 0Q¢ - £} exp{—§ cos”“ 0Q¢ - &}
1
= exp{_§Q§ : ‘f}:
and the thesis follows from property 3 of characteristic functions. O
Remark 1.2.7. We point out that the property stated in Proposition 1.2.6 is not the

invariance of v under rotations in R?. Indeed, rotation invariance holds iff the covariance
of 7 is a positive multiple of an orthogonal matrix.
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1.3 Exercises

Exercise 1.1. Let p be a positive finite measure on (X,.%#). Prove the monotonicity
properties stated in Remark 1.1.3.

Exercise 1.2. Prove that the set function |u| defined in (1.1.2) is a positive finite measure
and that the integral representation for |v| = | fu| in (1.1.6) holds. Prove also that if 4 L v
then |js+ v] = |p] + [v].

Exercise 1.3. Prove the equality (1.1.3).

Exercise 1.4. Prove the Vitali-Lebesgue Theorem 1.1.7.

Exercise 1.5. Prove that the families ¢, and 4Y defined in Remark 1.1.14 are o-algebras.
Exercise 1.6. Prove the properties of characteristic functions listed in Section 1.1.
Exercise 1.7. Prove the equality §(§) = e'6=3°¢* gtated in Remark 1.2.2.

Exercise 1.8. (Layer cake formula) Prove that if 4 is a positive finite measure on (X,.%)
and 0 < f € LY(X, ) then

/ fdu:/ p({z e X f(z) > t})dt

X 0
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Lecture 2

(zaussian measures in infinite dimen-
sion

In this lecture, after recalling a few notions about o-algebras in Banach spaces, we intro-
duce Gaussian measures in separable Banach spaces and we prove the Fernique Theorem.
This is a powerful tool to get precise estimates on the Gaussian integrals. In most of
the course, our framework is an infinite dimensional separable real Banach space that we

denote by X, with norm || - || or || - || x when there is risk of confusion. The open (resp.
closed) ball with centre z € X and radius r > 0 will be denoted by B(z,r) (resp. B(z,r)).
We denote by X*, with norm || - || x+, the topological dual of X consisting of all linear

continuous functions f : X — R. Sometimes, we shall discuss the case of a separable
Hilbert space in order to highlight some special features. The only example that is not
a Banach space is R (see Lecture 3), but we prefer to describe this as a particular case
rather than to present a more general abstract theory.

2.1 o-algebras in infinite dimensional spaces and
characteristic functions

In order to present further properties of measures in X, and in particular approximation
of measures and functions, it is useful to start with a discussion on the relevant underly-
ing o-algebras. Besides the Borel o-algebra, to take advantage of the finite dimensional
reductions we shall frequently encounter in the sequel, we introduce the o-algebra & (X)
generated by the cylindrical sets, i.e, the sets of the form

C={seX: (h@)..... fule) € O},

where fi1,...,fn € X* and Cy € AB(R"), called a base of C. According to Definition
1.1.8, &(X) = &(X, X*). The following important result holds. We do not present its
most general version, but we do not even confine ourselves to Banach spaces because

13
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we shall apply it to R, which is a Fréchet space. We recall that a Fréchet space is a
complete metrisable locally convex topological vector space, i.e., a vector space endowed
with a sequence of seminorms that generate a metrisable topology such that the space is
complete.

Theorem 2.1.1. If X is a separable Fréchet space, then &(X) = #(X). Moreover, there
is a countable family I C X* separating the points in X (i.e., such that for every pair of
points © #y € X there is f € F such that f(x) # f(y)) such that &(X) = &(X, F).

Proof. Let (z,,) be a sequence dense in X, and denote by (py) a family of seminorms
which defines the topology of X. By the Hahn-Banach theorem for every n and k there
is £ € X* such that py(z,) = lyr(zn) and sup{lyp(z) : pr(z) < 1} = 1. As a
consequence, for every z € X and k € N we have pi(z) = sup, {¢, x(x)}. Therefore, for
every r > 0

Br(z,r)={ye X : prly—a)<r} = [y € X : lurly—=) <r} e &EX).
neN

As X is separable, there is a countable base of its topology. For instance,we may take the
sets By(xp,r) with rational r, see [DS1, 1.6.2 and 1.6.12]. These sets are in &(X), hence
the inclusion #(X) C &(X) holds. The converse inclusion is trivial.

To prove the last statement, just take F' = {{, 1, n,k € N}. It is obviously a countable
family; let us show that it separates points. If z # y, there is k € N such that py(z —y) =
sup,, {n x(x —y) > 0 and therefore there is 7 € N such that ¢ (z — y) > 0. O

In the discussion of the properties of Gaussian measures in Banach spaces, as in R?,
the characteristic functions, defined by

Alf) == /X exp{if (2)} u(dz),  f e X",

play an important role. The properties of characteristic functions seen in Lecture 1 can be
extended to the present context. We discuss in detail only the extension of property (iii)
(the injectivity), which is the most important for our purposes. In the following proposi-
tion, we use the coincidence criterion for measures agreeing on a system of generators of
the o-algebra, see e.g. [D, Theorem 3.1.10].

Proposition 2.1.2. Let py, ps be two probability measures on (X, B(X)). If i1 = la
then py = us.

Proof. 1t is enough to show that if i = 0 then u = 0 and in particular, by Theorem 2.1.1,
that u(C) = 0 when C is a cylinder with base Cy € Z(RY). Let be i = 0, consider
F = span{fi,..., fa} € X* and define up = ,uoPgl, where Pp : X — R? is given by
Pp(z) = (fi(x),. .., fa(x)). Then for any ¢ € R?

Ap(E) = /F expli€ - y} up(dy) = /X expli€ - Pp(a)} p(dz) = /X exp{iPpE(x)} pu(dz) = 0,
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where Py : R? — X* is the adjoint map

d
Pr(©) =) &t
=1

It follows that ur = 0 and therefore the restriction of p to the o-algebra & (X, F') is the
null measure. O

2.2 Gaussian measures in infinite dimensional spaces

Measure theory in infinite dimensional spaces is far from being a trivial issue, because there
is no equivalent of the Lebesgue measure, i.e., there is no nontrivial measure invariant by
translations.

Proposition 2.2.1. Let X be a separable Hilbert space. If p : B(X) — [0,+00] is a
o-additive set function such that:

(i) u(x + B) = u(B) for every x € X, B € B(X),
(i1) p(B(0,7)) > 0 for every r > 0,
then p(A) = 400 for every open set A.

Proof. Assume that p satisfies (i) and (ii), and let {e,} be an orthonormal basis in X.
For any n € N consider the balls B, with centre 2re, and radius r > 0; they are pairwise
disjoint and by assumption they have the same measure, say p(By,) = m > 0 for all n € N.
Then,

U B.cB(0,3r) = u(B0,3r) =Y uB,) = m=+oo,
n=1 n=1 n=1

hence p(A) = +o0o for every open set A. O

Definition 2.2.2 (Gaussian measures on X). Let X be a Banach space. A probability
measure v on (X, B(X)) is said to be Gaussian if yo f~! is a Gaussian measure in R
for every f € X*. The measure v is called centred (or symmetric) if all the measures
v o f~1 are centred and it is called nondegenerate if for any f # 0 the measure yo f~' is
nondegenerate.

Our first task is to give characterisations of Gaussian measures in infinite dimensions
in terms of characteristic functions analogous to those seen in R¢, Proposition 1.2.4.
Notice that if f € X* then f € LP(X,~) for every p > 1: indeed, the integral

/ (@) (dz) = / P (7o £ (dt)
X R

is finite because vy o f~! is Gaussian in R. Therefore, we can give the following definition.
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Definition 2.2.3. We define the mean a., and the covariance B, of v by

(D)= [ f@)r).,  ext (2.21)
B,(f,9) = /X[f(w)—av(f)] [9(z) — ay(9)]v(dz),  f,g€ X" (2.2.2)

Observe that f +— a,(f) is linear and (f,g) — By(f,g) is bilinear in X*. Moreover,
B’Y(fv HN=If- a“/(f)H%Q(Xﬂ) > 0 for every f € X*.

Theorem 2.2.4. A Borel probability measure v on X is Gaussian if and only if its char-
acteristic function is given by

A0 =epfial) - 3B N} fex, (223)

where a is a linear functional on X* and B is a nonnegative symmetric bilinear form on
X,

Proof. Assume that v is Gaussian. Let us show that 4 is given by (2.2.3) with a = a,, and
B = B,. Indeed, we have:

35 = [ expighyo () = exp{im — 50°}.

where m and o? are the mean and the covariance of v o f~!, given by

= / E(yo FY)(dg) = / F@)(dz) = ay (1),
R X

and

o= [e=mPtro @0 = [ (F@) -~ ay()ldn) = B(f. 1)

X

Conversely, let v be a Borel probability measure on X and assume that (2.2.3) holds.
Since a is linear and B is bilinear, we can compute the Fourier transform of v o f~1, for
f € X*, as follows:

vo fH(7)

[ explirt) (o £7dt) = [ explir (@)} 2(de)
R X
= exp{ira(f) - ;7*B(S. )}
According to Remark 1.2.2, yo f~1 = 4 (a(f), B(f, f)) is Gaussian and we are done. [J

Remark 2.2.5. We point out that at the moment we have proved that a, € (X*)
and B, € (X* x X*)', the algebraic duals consisting of linear functions (not necessarily
continuous). We shall see that a, and B are in fact continuous.
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As in the finite dimensional case, we say that v is centred if a, = 0; in this case, the
bilinear form B, is nothing but the restriction of the inner product in L?(X,~) to X*,

By(f.9) = /X f@)g(@)v(de),  By(fof) = 113 (xm- (2.2.4)

In the sequel we shall frequently consider centred Gaussian measures; this requirement
is equivalent to the following symmetry property.

Proposition 2.2.6. Let v be a Gaussian measure on a Banach space X and define the
measure [ by

W(B):=~(~B), VB e B(X).
Then, v is centred if and only if v = p.

Proof. We know that 5(f) = exp{ia,(f) — || f —a(f) H%Q(X ,y)}. On the other hand, since
p=~yoR ! with R: X — X given by R(z) = —x, then

i) = [ n(da) = [ 1) = expl=iar () = 517 = (Dl

Then i = 7 if and only if a,(f) = 0 for any f € X*, whence the statement follows by
Proposition 2.1.2. O

Let us draw some interesting (and useful) consequences from the above result.
Proposition 2.2.7. Let v be a centred Gaussian measure on X.

(i) If p is a centred Gaussian measure on a separable Banach space Y, then v ® p is a
centred Gaussian measure on X X Y.

(ii) If u is another centred Gaussian measure on X, then the convolution measure 7y * i,
defined as the image measure in X of y®@p on X x X under the map (z,y) — x+y
s a centred Gaussian measure and is given by

vulB) = [ (B =ap(da) = [ A(B = oyt (2.25)

(iii) For every 6 € R the image measure (y ® ) o Ry in X x X under the map Ry :
X xX = XxX, Rg(z,y) := (xcosf + ysinh, —xsinf + y cos0) is again 7 & 7.

(iv) For every § € R the image measures (y ® ) o ¢; *

bi: X x X = X,

, 1 =1,2 in X under the maps

¢1(z,y) :=xcosO+ysinh, ¢o(z,y) := —xsinfd + ycosb

are again vy.
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Proof. All these results follow quite easily by computing the relevant characteristic func-
tions. We start with (i) taking into account that for f € X* and g € Y* we have

By F) = Ifl2e g Bulg:9) = llolZay -

For every ¢ € (X x Y)*, we define f and g by
Uz, y) = L(z,0) +£(0,y) =: f(x)+ g(y).
Then
TERH() = / explit(z,y)}(y ® 1)(d(z, 1))
XxY
_ / explif (2)}(dz) / explig(y) hu(dy)
X Y
= exp {311y~ ol
1
= exp {5 (1B + lol300) }-

On the other hand, since v and u are centred

/ F@)9(0)(y ® 1) (d(z, ) = / f(@)(de) / o(y)u(dy) = 0,
XxY X Y

and therefore

1y + Mol = [ S@P2tdo) + [ st
— [ .02 (do) + [ 0,57ty
X

Y

0,0 (v ® 1) (d(, 9)) + / 00, 9)°(v ® w)(d(z, )

XY XxY

(£(z,0)% +£(0,)*) (y ® p)(d(x, y))

>-<

X

(£(z,0) 4+ £(0,9))*(v @ p)(d(z,y))

~

X

— S— e 5

e y)* (v ® w)(d(z,y)).

So we have
Bv@,u(gvg) = B’Y(fa f) + Bu(ga 9)

if we decompose £ by l(z,y) = f(z) + g(y), f(z) = £(x,0), g(y) = £(0,y) as before.
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The proof of statement (ii) is similar; indeed if h : X x X — X is given by h(x,y) =

x + vy, then

—

<7®uyﬁlu@:iépmxwm»(Wanoh*)wm
_ /X _esplit(h(z,u)}(y © ) (d(z. )
— [ it [ explittw)utay)
X Y

1
—exp { =3 (1) + 1832x,0) -

for every £ € X*. Using the notation of Remark 1.1.14, for every B € #(X) we have

{(z,y) € X x X : h(z,y) € B}, = B — =,
{(z,y) € X x X : h(z,y) € B}Y = B —y.

Applying the Fubini Theorem to the characteristic functions of h~1(B) we deduce that

the convolution measure is given by (2.2.5).

To show (iii), set 1 := (v ® 7) o R, '; taking into account that for any £ € (X x X)*

we have
U(Ry(x,y)) =l(zcosh +ysinf, —xsinf + ycosh)
={(x,0)cos 0 — £(0,z)sin b+ £(y,0) sind + £(0, y) cos §
—:fo@) =i90(v)
we find

O /XxX exp{il(Ro(z,y))} (v @ 7)(d(z,y))

= [ explifa(a))r(do) [ exliga(o) ()
X X

1

e {—2 (B, (fo fo) + Bv(geage))} |

since B, is bilinear,
B’V(f@vf@) + B’Y(99799) = B’Y(f07f0) + B’Y(g(]ag())a
where fo(z) = ¢(x,0), go(y) = £(0,y) and

B, (fo, fo) + B4(90, 90) = Byey(¢,£)

by the proof of statement (i).

To prove (iv), we notice that the laws of v ® v under the projection maps pi,ps :

X x X — X,
pl(xay) =, p2(xvy) =Yy
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are y by definition of product measure. Since ¢; = p; o Ry, i = 1,2 we deduce

(v@y)od; ' =(y®7)o(pioRy) ' =((v®@7) o Ry Nop; ' =(y®7y)op; ' =1.

2.3 The Fernique Theorem

In this section we prove the Fernique Theorem; we start by proving it in the case of centred
Gaussian measure and then we extend the result to any Gaussian measure.

Theorem 2.3.1 (Fernique). Let v be a centred Gaussian measure on a separable Banach
space X. Then there exists a > 0 such that

/ exp{alz|2} 1(dz) < 0.
X

Proof. 1f v is a Dirac measure the result is trivial, therefore we may assume that this is
not the case. The idea of the proof is to show that the measures of suitable annuli decay
fast enough to compensate the growth of the exponential function under the integral. Let
us fix t > 7 > 0 and let us estimate y({||z]| < 7})v({||z|| > t}). Using property (iii) of
Proposition 2.2.7 with § = —7, we obtain

Yz e Xzl < mhrv({e e X o flz]| > t})
= (@) {(z,y) € X x X« lz| <7} x {(2,y) € X x X« ly]| > ¢})
= (o) {llzl <mrn{llyl > )

— (y®7) ({Hl‘ﬁy! ST}Q{H:L‘\}L;/H >t}>‘

The triangle inequality yields ||z|], ||y|| > w — w, which implies the inclusion

{”x\g/’ <r}nf ””“’:/;y” >t} c {Jle] > t‘\/{} A {llyl > t‘\/;}

As a consequence, we have the estimate

2
(el < (el > ) < (A B(0.2T)) (2:81)

We leave as an exercise, Exercise 2.1, the fact that if v is not a Dirac measure, then
v(B(0,7)) < 1 for any 7 > 0. Let us fix 7 > 0 such that ¢ := v(B(0,7)) € (1/2,1) and set

- hte(r5)
C T a2 1)
tyi=7, tpi=T+ V21 =71+V2)(VZT —1), n>1
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tn—T

Applying estimate (2.3.1) with ¢ = ¢,, and recalling that = tn_1, we obtain

- VXN BO,ta1))® _ (X \ B0, tn1))\?
V(X \B(0,t,)) < %B(oﬁ))l —( ek

and iterating

F(X\ B(0,1,)) < ¢ (1 - C>2n .

Cc

Therefore
/exp{aH:EIV}v(dw):/ exp{az|?*} v(dz)+
X B(0,7)
Y / _ explafe]?} ()
=0/ B0,tns1)\B(0,tn)
<cexp{ar’} + ) exp{atp, }7(X \ B(0,t,)).
n=0

Since (\/§n+2 —1)2 <22 for every n € N,

/X eXp{OéHfCHQ} y(dx) < c(exp{aTQ} + ni;exp{llon'z(l + \@)22”} (%)QH)

= C(GXP{OM'Q} + ieXp{zn <10g s +dor*(1+ \6)2> }>
n=0

c
o
1 2 1-—
- fomtory+ Sonf (3 - 2)us( ')
n=0
The last series is convergent because ¢ > 1/2 and hence log (%) < 0. O

The validity of the Fernique Theorem can be extended to any Gaussian measure, not
necessarily centred.

Corollary 2.3.2. Let v be a Gaussian measure on a separable Banach space X. Then
there exists a > 0 such that

/ exp{allz||*} y(dz) < 4o0.
X

Proof. Let us set u(B) = v(—B) for any B € #(X). According to (2.2.5), the measure
41 = * u is given by (y® ) o h~Y, h(z,y) =  + vy, and is a centred Gaussian measure.
Therefore, there exists a3 > 0 such that

oo > /X exp{aa| ]2} 1 (dz) = / explaalls + ]2} (v © ) (d(z, )

XxX

_ / explaallz — ]2} (v ® 7)(d(z, ) = / +(dy) / explan |z — y||?} 7(d).
XxX X X
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Then, for v—a.e. y € X,
| explanlle =y} 2(de) < +oc.
X

Using the inequality 2ab < ea® + %bQ, which holds for any a,b and € > 0, we get

1
1 < llz = yl* + Iyl + 2llz = ylllyll < @ +e)llz —yl* + (1+ =) lyll*.
9

For any o € (0, 1), by setting ¢ = % — 1, we obtain

ao
/ exp{allz|*} y(dz) < exp {1||y|!2}/ exp{on ||z — y|*} v(dx).
X o] —« X
Then for any a < aj,
/Xexp{aHxHQ}*y(dx) < 4o00.
O

As a first application of the Fernique theorem, we notice that for every 1 < p < oo we
have

[ el atdz) < +0 (2.32)
X

since ||z||P < cq.pexp{a|z||?} for all z € X and for some constant c,, depending on a and
p only. We already know, through the definition of Gaussian measure, that the functions
f € X* belong to all LP(X,~) spaces, for 1 < p < co. The Fernique Theorem tells us much
more, since it gives a rather precise description of the allowed growth of the functions in
LP(X,~). Moreover, estimate (2.3.2) has important consequences on the functions a- and
B,.

Proposition 2.3.3. If v is a Gaussian measure on a separable Banach space X, then
ay : X* = R and B, : X* x X* = R are continuous. In addition, there exists a € X
representing a~, i.e., such that

ay(f) = fla),  Vfe X"
Proof. Let us define

¢ = /X lell(dz), e = /X ]2~ (d). (2.3.3)

Then, if f,g € X*
as ()] < [1f]lx- / el (de) = exllfllx-,
X
B,(f.9)| < / (@) — ay(F)llg(#) — as(g)] 7(da)
X

< IIfo*IIgIIX*/X(HﬂfH +e1)?y(de) = (c2 + 3¢ fllxllgllx--
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To show that a, can be represented by an element a € X, by the general duality theory
(see e.g. [Br, Proposition 3.14]), it is enough to show that the map f — a.(f) is weakly™
continuous on X*, i.e., continuous with respect to the duality o(X*, X). Moreover, since
X is separable, by [Br, Theorem 3.28] weak* continuity is equivalent to continuity along
weak™* convergent sequences.

Let (f;) be a sequence weakly* convergent to f, i.e.,

fi(x) = f(x), Vo € X.
By the Uniform Boundedness Principle,

sup || f|x+ < +o0,
jeEN

and by the Lebesgue Dominated Convergence Theorem, we deduce

lim a,(f;) = lim /f] (dx):/Xf(x)’y(dx):av(f).

j——+o00 Jj——+oo

O]

The space X* is continuously embedded in L?(X,~) by the map j : X* — L?(X, ),

i) =rf—ay(f), feX"

The operator j is continuous because [|5(f)[|z2(x,,) < (1 + c1)|[f[lx+, where ¢ is defined

n (2.3.3). We define the reproducing kernel as the closure of the range of this embedding,

Definition 2.3.4 (Reproducing kernel). The reproducing kernel is defined by

* . ) 2
X7 = the closure of j(X™) in L*(X,7), (2.3.4)

i.e. X} consists of all limits in L*(X,) of sequences of functions j(fn) = fn — ay(fn)
with (fp) C X*.

The definitions of characteristic function, mean and covariance can be extended to the
reproducing kernel.

Proposition 2.3.5. Let v be a Gaussian measure on a separable Banach space. Then, the
functions 7, a, and B, admit extensions defined on X7 that are continuous with respect
to the L*(X,~) topology In particular, a, =0 on X} and

~ 1 .
5() =ep{ 5 IfI2axy ) VI EXS,

Proof. The extensions of a, and B, are obvious since the maps

S ay(f) = /X f(2) 7 (dz
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and

(1.9) = By(1.9) = [ [#@) = (1] [960) = a(0)] 2 (a0

are continuous in the L?(X,~) topology. So, for f,g € X we have a,(f) =0,

B, (f.g) = /X F@)g(@)1(dx) = (f, 6)z2(x.),

and

5(f) = /X explif (2)} 1(dx).

Let gn, = 7(fn), fn € X*, be a sequence of functions converging to f in L?(X,v). Then,
limy, o0 ay(gn) = 0. Using the fact that the map t +— e’ is 1-Lipschitz, we have

‘/ exp{igh(x)}—exp{if(:n)}v(dx)} S/ |exp{ign(z)} — exp{if(x)}|(dz)
X X

< [ lonte) = f@) (o)

< ([ o) = F@)P(an)) " 0
Therefore,

. N . 1 1
() = lim Agn) = lim exp{a,gn) = 5By (g 90) } = exp{ =5 Iflr2x }-

O

Notice that if v is nondegenerate then two different elements of X* define two different
elements of X7, but if v is degenerate two different elements of X* may define elements
coinciding vy-a.e.

By Proposition 2.3.5, we may define the operator R, : X3 — (X*)" by

R, f(g) = /X f@)l(@) - ay(g)]1(dz), e X', ge X (2.3.5)

Observe that
Ry f(9) = (f,9 — ay(9)) 2(x ~)- (2.3.6)

It is important to notice that indeed R, maps X7 into X.

Proposition 2.3.6. The range of Ry is contained in X, i.e., for every f € X[ there is
y € X such that R, f(g) = g(y) for all g € X*.

Proof. As in the proof of Proposition 2.3.3, we show that for every f € XJ the map
g — R, f(g) is weakly* continuous on X*, i.e., continuous with respect to the duality
o(X*, X). By the general duality theory (see e.g. [Br, Proposition 3.14]) we deduce that
R, f € X. Recall that, since X is separable, weak® continuity is equivalent to continuity
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along weak* convergent sequences. Let then (gr) C X* be weakly* convergent to g, i.e.,
gx(x) — g(x) for every x € X. Then, by the Uniform Boundedness Principle the sequence
(gx) is bounded in X* and by the Dominated Convergence Theorem a~(gy) — a(g) and

R, f(ge) = /X @) o) — as (i) v(dz)  — /X F@)g(x) - ay(g)] 1(dz) = R, f(9).
]

Remark 2.3.7. Thanks to Proposition 2.3.6, we can identify R, f with the element y € X
representing it, i.e. we shall write

R, f(g9) = g(Ryf), Vge X"

2.4 Exercises

Exercise 2.1. Prove that if v is a Gaussian measure and ~ is not a Dirac measure, then
for any » > 0 and z € X,
v(B(z,r)) < 1.

Exercise 2.2. Let X be an infinite dimensional Banach space. Prove that there is no
nontrivial measure p on X invariant under translations and such that p(B) > 0 for any
ball B. Hint: modify the construction described in the Hilbert case using a sequence of
elements in the unit ball having mutual distance 1/2.

Exercise 2.3. Prove that a Gaussian measure on a Banach space is degenerate iff there
exists X* 3 f # 0 such that 4(f) = 1 and hence iff there exists a proper closed subspace
V C X with y(V) = 1.

Exercise 2.4. Let v be centred. Prove that for any choice fi,..., fg € X*, setting
P(ZL‘) = (fl(x)7 R fd(aj))v

v o P71 is the Gaussian measure .#(0,Q), with Q; ; = (f;, fidrex - ML R? — R™ is
another linear map, compute the covariance matrix of y o (L o P)~1.

Exercise 2.5. Let v = .4 (a, Q) be a nondegenerate Gaussian probability measure on R
Show that

[ Jalt2tdo) = (10Q)* + 270(Q%).

Hint: Consider the function F(e) = [z e*l7*y(dz) and compute F”(0).

Exercise 2.6. Let v be a centred Gaussian measure on a separable Banach space X.
Compute the integrals

/ ef(x)fy(dx), /(f(a;))k'y(dm), keN
X X

for every f € X*.
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Lecture 3

The Cameron—Martin space

In this Lecture we present the Cameron-Martin space. It consists of the elements h € X
such that the measure ~y,(B) := (B — h) is absolutely continuous with respect to . As
we shall see, the Cameron-Martin space is fundamental when dealing with the differential
structure in X mainly in connection with integration by parts formulae.

3.1 The Cameron—Martin space

We start with the definition of the Cameron—-Martin space.

Definition 3.1.1 (Cameron-Martin space). For every h € X set
Blir = sup{ () f € X, 15Dz <11 (3.1.1)

where j : X* — L*(X,7) is the embedding defined in (2.3.4). The Cameron-Martin space
1s defined by
H = {h €X: |hlw< oo}. (3.1.2)

Calling ¢ the norm of j : X* — L?(X,~), we have

1Pl = sup{f(h) : |[fllx- <1} <sup{f(h): [li(N)llr2xy) <} =clblm,  (3.1.3)

and then H is continously embedded in X. We shall see that this embedding is even
compact and that the norms || - ||x and | - | are not equivalent in H.

The Cameron-Martin space inherits a natural Hilbert space structure from the space
X through the L?(X,~) Hilbert structure.

Proposition 3.1.2. An element h € X belongs to H if and only if there is he X7 such
that h = RJL. In this case,
(A = (Rl L2(x ) (3.1.4)

27
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Therefore Ry : XJ — H is an isometry and H is a Hilbert space with the inner product
[y ki = (ho k) p2x
whenever h = RJL, k= Ryl%.
Proof. 1f |h|g < oo, we define the map L : j(X*) — R setting
LGG(f) = f(h),  Vfe X"
Such map is well defined since the estimate

S <MD 2 x bl (3.1.5)

implies that if j(f1) = j(f2), then fi(h) = fa(h). The map L is also continuous with
respect to the L? topology again by estimate (3.1.5). Then L can be continuously extended
to X7; by the Riesz representation theorem there is a unique h e X7 such that the
extension (still denoted by L) is given by

L(¢) = / H()h(x)1(dz), Vo e X
X
In particular, for any f € X*,
f(h) = LG(/)) = /X (D) @)h(z) v(de) = F(R,h),
therefore RJL = h and
(Blir = sup{ £(h) : f € X*, 13(A) ez < 1) = Illezccq-

Conversely, if h = R.ylAz, then by (2.3.7) for all f € X* we have

f(h) = f(Ryh) = /Xj(f)(iv)ﬁ(w)’y(dw) < Nl z2x 1 )22 )- (3.1.6)

whence |h|g < oo. O

The space L?(X,7) (hence its subspace X7 as well) is separable, because X is sepa-
rable, see e.g. [Br, Theorem 4.13]. Therefore, H, being isometric to a separable space, is
separable.

Remark 3.1.3. The map R, : XJ — X can be defined directly using the Bochner integral
through the formula

Ryf = /X (x — a) f(2) 7(dz),

where a is the mean of 7. We do not assume the knowledge of Bochner intregal. We shall
say something about it in one of the following lectures.
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Before going on, let us describe the finite dimensional case X = R?. If 4y = A4 (a, Q)
then for f € R? we have

G ey = [ (o= a0 ¥ (0. Qo) = (QF. D

and therefore |h|p is finite if and only if h € Q(R?) and, as a consequence, H = Q(R?)
is the range of (. According to the notation introduced in Proposition 3.1.2, if @ is
invertible, h = RJL iff h(z) = (Q'h, 2)ga. Moreover, if 7 is nondegenerate the measures
v, defined by v, (B) = (B — h) are all equivalent to 7 in the sense of Section 1.1 and an
elementary computation shows that, writing v;, = g7, we have

on(z) == eXp{(Q_lh,a:>Rd - %|h|2} = exp{ﬁ(:z:) — %\h|2}

In the infinite dimensional case the situation is completely different. We start with a
preliminary result.

Lemma 3.1.4. For any g € XJ, the measure

_ Lo
Py = eXp{g - §HgHL2(x,7)}7
is a Gaussian measure with characteristic function
~ . . 1.
7o) = exp{if (Royg) + ian (1) = 51D Bexny - (3.1.7)

Proof. First of all, we notice that the image of + under the measurable function g :
X — R is still a Gaussian measure given by .4(0, HQH%Q(X 7)) thanks to Proposition 2.3.5.
Therefore,

| expla@atdn) = [ & (0.l () < +ox.

hence exp{|g|} € L*(X,7) and pu, is a finite measure. In addition, p, is a probability
measure since

1o(X) = | exp{a@) = GlolEacx } (o)

1
ZeXp{—QHQ\%Q(Xﬁ)}/Retﬁ/V(O? 191172 (x.))(dt) = 1

In order to prove that (3.1.7) holds, we observe that for every ¢ € R we have
1, 1y .
eXP{—*HQHLz s} [ eplilf(@) ~ ta(@)} 2 (o)
{ Slgllzex }V(f —tg)
1, )
exp{ S92 x) bexp{ias (F = t9) = 137 = 19) 2ax

1+t2 . 1. .
exp{tf(R,9) = —5—N9lz(x +iar () = S13 (A2 -
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So, the entire holomorphic functions

2o exp{ =3lalaony } [ ewlilf@) - 2gta))}a(da)

1+ 22

. 1, .
2o exp{2f(Rog) = =5 llglax + 00 (1) = 515D Bax |

coincide for z € R, hence they coincide in C. In particular, taking z = ¢ we obtain

() = exp{ias (1)~ 17D Baxy +iRoa(F)}.

O
Theorem 3.1.5 (Cameron-Martin Theorem). For h € X, define the measure y,(B) =
v(B —h). If h € H the measure 7y, is equivalent to vy and vy, = op7y, with
~ 1
on(z) = exp{h(:n) - §|h|%{}, (3.1.8)

where h = R;lh. If h ¢ H then ~y, L ~. Hence, v, = if and only if h € H.

Proof. For h € H, let us compute the characteristic function of ;. For any f € X* we
have

() = /X exp{if (2)} (dz) = /X exp{if (z + h)} 7(da)

~ 1
= exp{if (D) +ia,(f) = 51D ey ) FeX™

Taking into account Lemma 3.1.4 and Proposition 2.1.2, we obtain that v, = g7y, where
the density g, is given by (3.1.8).

Now, let us see that if h ¢ H then v, L ~. To this aim, let us first consider the
1-dimensional case. If v is a Dirac measure in R, then ~; L « for any h # 0 and
|y — Yu|(R) = 2. Otherwise, if v = .4 (a,0?) is a nondegenerate Gaussian measure in R,
then v, < v with C%h(t) = exp{—% + h(;a) }. We can apply Hellinger Theorem 1.1.10
with A = =, whence by Exercise 3.2

h2
H(vy,9m) = eXp{—@}, (3.1.9)
and then (1.1.7) implies
Lo
[y — 7l (R) > 2 <1—eXp{—802h }) (3.1.10)

In any case, (3.1.10) holds true.
Let us go back to X. For every f € X*, using just the definition, it is immediate to

verify that v, 0 f~1 = (yo f~1) ) and

o f™ = (vo F ) rmlR) < |y — wml(X);
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If h ¢ H, there exists a sequence (f,) C X* with [lj(fn)|lr2(x,) = 1 and fr(h) > n. By
(3.1.10) we obtain

=l () 21070 5 = (0 Sl (R) 2 2 (1= exp{ £} )

>2 (1 —exp{—én2}> .

This implies that |y — v,|(X) = 2, hence by Corollary 1.1.11, ~;, L . O

From now on, we denote by B (0,7) the open ball of centre 0 and radius r in H and
by EH(O, r) its closure in H. In the proof of Theorem 3.1.8 we need the following result.

Proposition 3.1.6. If A € borel(X) is such that yv(A) > 0, then there is v > 0 such that
BH(0,7r) c A— A.

Proof. Let us introduce the function H 3 h — ¢(h) :=v((A+ h) N A), i.e.,

o) =1 ((A+ 1)1 4) = [ Tate = W)a(a) ().

We claim that
liminf ¢(h) > 0.

‘th—>0

Let us first assume that A is open; then

La(x) = sup{p(z) : ¢ € C(X),0 < p(z) < Ta(2)}.

In particular we consider the sequence of functions
on(z) = min{ndist(az, A9, 1}.

For every n, ¢, = 0 on A¢, ¢, =1 on {z € A : dist(x, A°) > %}, it is Lipschitz continuous
and ¢p,(z) — L4(x) for any = € X. By continuity and by the fact that ||| x < c|h|q, for
any r € X

lim On\T — h) = OnT).
|h|1H%O n( ) n( )
Then by the Fatou Lemma we have

/ on(z)?(d) = / lim (i — h)on(z)y(dz)
X

X |h|H4)O

< limin /X Ta(z — h)La(2)y(da).

‘th—>0

Letting n — 400, by Lebesgue Dominated Convergence Theorem, we obtain

v(A) = lim on(z)? y(dz) < lim inf/ La(z — h)14(x)y(dx),
X X

n—+00 |h) g —0
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and we have proved the claim for A open.

Let us now consider an arbitrary A € Z(X); in the proof of Proposition 1.1.5 we have
seen that for any € > 0 there exists an open set A, O A with v(A. \ A) < e. Taking into
account that h € H, we get

/ a(z — h)la(z) y(dz) =
X

= [ Mo W@ ) + [ (W4l = 1)~ La o= W) La(o) 2 ()
X X

_ / L, (2 — W)L, (2) 7(de) + / L, (2 — ) (La(z) — L, (2)) 7(de) +
X X

T / (Ma(x — h) — Lo (z — h)La(x) y(da)
X
> /X 1. (z — h) I, (2)y(dz) — /X Wa(z) — L, ()] 7(dr)+
—/ a(x — h) — a. (x — h)| 4 (de)
X
- /X L (2 — h)lLa, (2)y(dz) — (AL \ A)+
A 1
= [ 1a(o) = @)l exp{—hta) = 5lhlE ().
Now we claim that

fim [ 114(0) = Da. @) exp{~h(a) = 5l }o(dn) =24\ 4. @.11)

|h|r—0

Once (3.1.11) is proved, it implies

lim inf/X Ta(x — h)N4(x)y(dz) > lim inf/X g (x— h)a,(z)y(dx)+

|P| r—0 |h| g —0

—27(A:\ A) > y(Ae) =26 > y(A4) =2 >0

if e < (A)/2. Then there is r > 0 such that ¢(h) > 0 for |h|g < r and therefore for any
|hlg <7, (A+h)NA#(, sothat BH(0,r) C A— A.

To prove that (3.1.11) holds, we notice that since the image measure of v under h is
(0, |h|%), then

J,

and the right hand side vanishes as |h|g — 0 by the Dominated Convergence Theorem. [

exp{ ~hz) - ;]hﬁ{}—l‘ y(dz) = /R

1
exp{ il - 2|h|%{}—1' (),

We give the following technical result that we shall need for instance in the proof of
Theorem 3.1.8; it will be rephrased with a probabilistic language in the sequel.
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Lemma 3.1.7. Let f,g € X* and set T : X — R?, T(z) := (f(z),9(z)). Then
yoT ' =(yof )@ (yog™
iff §(f) and j(g) are orthogonal in L*(X,7).

Proof. We just compute the characteristic function. For every ¢ € R? we have

—

Yo T1(g) = /X explit (T(x)) 1y (de) = /X expli(6rf + £ag)(x) )y (de)
—exp {10, (1) + a0 0) — G167 + €20 |-
On the other hand, if = (yo f7!) ® (yo g~ 1), then

AS) = (Yo f7 (&) (Y o g 1) (&)

: . &, &,
= exp {151a7(f) +i&2a5(9) = SN2 x ) = S 1@ T20x )
whence the conclusion, since

560 f + &9)I72(x 4y = ENTPT2x ) + EN7 (D 72(x 1)
if and only if (f, g)r2(x ) = 0. O]

In the proof of the following result we deal with a nonmetrisable topology, and this
requires the use of nets. Let us recall that a directed set is an ordered set (we denote by >
the order relation) in which any couple of elements possess a common majorant. A net is
a function whose domain is a directed set. If S is a topological space, a net (z4)qca C S
is said to converge to x € S iff for any neighbourhood U of x there is ag € A such that
xq € U for all o > ag. A point x belongs to the closure of a set F C S iff there is a net
(Za)aca C A converging to x.

Theorem 3.1.8. Let v be a Gaussian measure in a separable Banach space X, and let H
be its Cameron—Martin space. The following statements hold.

(i) The unit ball BY(0,1) of H is relatively compact in X and hence the embedding
H — X 1is compact.

(i) H is the intersection of all the Borel full measure subspaces of X.
(ii1) If X7 is infinite dimensional then v(H) = 0.

Proof. (i) By inequality (3.1.3), the ball EH(O, 1) is bounded in X. Let us prove that

it is weakly closed. To this aim, consider a net (hy) C EH(O, 1) weakly converging to
h € X. For every f € X* with [|j(f)|lr2(x,y) < 1 the inequality |f(h)| < 1 holds because

f(h) = lim,, f(he) and || fllx« < 7(f)|lp2(x,,)- Hence EH(O, 1) is weakly closed, then it is
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closed in X since it is convex, see e.g. [Br, Theorem 3.7]. To prove that the embedding of

H in X is compact, it is sufficient to prove that EH(O, 7) is compact in X for some r > 0.
Fix any compact set K C X with y(K) > 0; by Lemma 3.1.6 there is » > 0 such that
the ball BH(0,r) is contained in the compact set K — K, which implies that B (0,7) is
contained in K — K and the proof is complete.

(ii) Let V be a subspace of X with v(V) =1 and fix h € H; by Theorem 3.1.5,

A 1
AV =) = (V) = [ exp{ha)  5lhfh} 2(do)
\%4
A 1
= [ exp{h(z) — =|h|% + y(dz) = 1.
| exo{ia) = 5init } )
This implies that h € V, since otherwise V N (V — h) = ) and we would have
1=7(X)22(V) +~1(V - h) =2,

a contradiction. Therefore, H C V for all subspaces V of full measure.

To prove that the intersection of all subspaces of X with full measure is contained
in H, fixed any h ¢ H, we construct a full measure subspace V such that h ¢ V. If
h ¢ H, then |h|y = +oc and there is a sequence (f,) C X* with [j(fn)|lz2(x,) = 1 and
fn(h) > n. Since

o 4 . 1.
> [ i@ ) < 5l < o

the space (which is a Borel set, see Exercise 3.1)
oo
. 1. :
V= {x € X : the series Z —5J(fn)(z) is convergent } (3.1.12)
n=1 "

has full measure, and h ¢ V.

(iii) Let us assume that X7 is infinite dimensional. Then, there exists an orthonormal
basis {f, : n € N} of XJ; in particular for any n € N, yo ft = 4(0,1). For every
M >0 and n € N we have

Y{zr e X ¢ |fulz)| < M}) = A(0,1) (=M, M) =:ap < 1;
as a consequence, since the functions f, mutually are orthogonal, by Lemma 3.1.7 we have
YH{r e X : |fu(x)| <M fork=1,...,n})=a}y, -0 asn— oo

and then

’7({1'€X: ilelglfn(:z:ﬂ §M}) :’y(ﬂ{zéX: | ()] SM,k:zl,...,n}) =0.

neN
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Since {fn : n € N} is a basis of X7, for any h € H we have

BIE = 1032 = D A fn W) ia(x 0y = D fa(B).
n=1 n=1
Therefore
H = {xGX: an(x)z <oo} - U {.TUEX: sup | fn ()] SM}
n—1 M>0 neN
and it has measure 0. O

We close this lecture with a couple of properties of the reproducing kernel and of the
Cameron—Martin space. First we show that it is always possible to consider orthonormal
basis in X made by elements of j(X™*); this fact can be very useful in some proofs. Then
we see that the norm of the space X is somehow irrelevant in the theory, in the sense that
the Cameron—Martin space remains unchanged if we replace the norm of X by a weaker
norm.

Lemma 3.1.9. There exists an orthonormal basis of X7 contained in j(X*).

Proof. Let {fx : k € N} be an orthonormal basis of X». In its turn, every fj is the

L?(X,~)-limit of a sequence of elements j(g,(f)) with gT(Lk) € X*. Let us enumerate the set

{j(gﬁlk)) : k, n € N}, for instance by the diagonal procedure. On span {j(gﬁlk)) : k,ne
N} we construct an orthonormal basis V, by the Gram-Schmidt procedure (see e.g. [L,
Theorem V.2.1]). The linear combinations of the elements of such a basis approach every

J( 7(Lk)) and hence every fi, in L?(X,). Therefore, the linear space spanned by V is dense
in XZ*. O
¥

Proposition 3.1.10. Let v be a Gaussian measure on a Banach space X. Let us assume

that X is continuously embedded in another Banach space Y , i.e., there exists a continuous

injection i : X — Y. Then the Cameron—Martin space H associated with the measure

~ is isomorphic to the Cameron—Martin space Hy associated with the image measure
- _1 .

Yy (=704 - inY.

Proof. Let f € Y*; then f oi € X* by the continuity of the injection i. Moreover
e oi) = [ f)2d0) = [ £ () = ary ().

Denoting by jy : Y* — Y the embedding of Y* into L2(Y,~y), we have j(foi) = jy(f)oi
and

15(F 0 )30 = /X 3(f 0 0) (@) y(de) = / I (F) W) (dy) = 1y (DB

Y

We prove now that i : H — Hy is an isometry. First of all, i(h) € Hy for any h € H since
for any f € Y*

[f @R = 1(f e 0)(h)| < li(f o D)llr2(x ) 1Pl
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and then

[i(h)|my = sup{f(i(h)) : f €Y7, [liy (N)llL2(viyy) <1} < [hlr < 400

Hence i(H) C Hy and
i(R) |y < |hlE- (3.1.13)

We prove now the inclusion Hy C i(H); since i(X) has full measure in Y, we have
Hy C i(X) by statement (ii) of Theorem 3.1.8. Then, for any hy € Hy, there exists a
unique h € X with i(h) = hy; since

w(B —hy) =~ (B) — h),

then hy € Hy if and only if h € H. In this case

(B = hy) = [ exp{hn(w) - Gy i, J v ()

B

= [y Lt = Slhr i ()
is equal to
VB m = [ e {he) - glbl i)

This implies
. 1 - 1
hy (i(2)) = Slhy [, = h(z) = S |hlG (3.1.14)

for y-a.e. z € X. By (3.1.13) we obtain hy (i(x)) — h(z) < 0 for y-a.e. z € X, and then,

since

~

[ oy (i) = ) 2(do) = [ () () — [ ) 2(o) =0,

X Y X

we conclude that hy (i(z)) = h(z) for y-a.e. = € X and then by (3.1.14) |hy|g, =
|i(h)|Ey = |hlH- O
3.2 Exercises 3

Exercise 3.1. Prove that the space V in (3.1.12) is a Borel set.
Exercise 3.2. Show that (3.1.9) holds.

Exercise 3.3. Let v be the measure on R? defined by
v(B) =vy1({z € R: (z,0) € B}), B € B(R?).

Prove that the Cameron-Martin space H is given by R x {0}.
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Exercise 3.4. Let vy, u be equivalent Gaussian measures in X, and denote by H,, H,, the
associated Cameron—Martin spaces. Prove that for every x € X, x € H, iff x € H,,, and if
in addition v and y are centered, then X7 = X . Prove that if v, u are centred Gaussian
measures in X such that v L p, then v, L p,, for all z, y € X.

Exercise 3.5. Prove that the Cameron—Martin space is invariant by translation, i.e. for
any x € X, the measure

V2(B) =y(B—=x), VBeHAX)

has the same Cameron—Martin space as v even when v, L 7.
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Lecture 4

Examples

In this Lecture we present two basic examples that provide in some sense the extreme
cases. The first one is R, which is not even a Banach space, but, being a countable
product of real lines, admits a canonical product Gaussian measure which generalises
Proposition 1.2.4. The second example is a Hilbert space, whose richer structure allows
a more detailed, though simplified, description of the framework. After presenting the
relevant Gaussian measures in these spaces, we describe the Reproducing Kernel X and
the Cameron—Martin space H.

4.1 The product R*

The space R! of all the real functions defined in the set I is the only example of non Banach
space that is relevant in our lectures. Its importance comes both from some “universal”
properties it enjoys and (even more) from the fact that it appears naturally when dealing
with stochastic processes, in particular with the Brownian motion. Here, we restrict our
attention to the countable case, i.e., R® := RN, the space of all the real sequences. It is
obviously a vector space, that we endow with a metrisable locally convex topology coming

from the family of semi-norms pg(z) := |xg|, where x = (xg)reny € R*. A distance is
defined as follows,
o~ Lz — il
d(z,y) =S ook YRl
(#9) ;2k1+’$k_yk’

It is easily seen that under this metric every Cauchy sequence is convergent, hence R*
turns out to be a Fréchet space. Moreover, the subspace R2° of finite sequences, namely
the sequences (x) that vanish eventually, is isomorphic to the topological dual of R>,
under the obvious isomorphism (see exercise 4.1(i))

RX 3 (&) — f(z) = kaxk (finite sum) .
k=1

37
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The elements of R2® with rational entries are a countable dense set, hence R* is separable.
The cylindrical o-algebra & (R*°) is generated by the sets of the form

{x eR*: (z1,...,25) € B,B € %’(R”“)}.

According to Definition 1.1.8, we consider the cylindrical o—algebra & (R, F') with F' :=
{6j, j € N}, generated by the evaluations d;(x) := x;. By Theorem 2.1.1, it coincides
with the Borel o-algebra. According to Remark 1.1.16, we endow R* with the product
measure

= ®’yl (4.1.1)

keN

where v, is the standard Gaussian measure. As in the Banach space case, we say that
a probability measure y in R* is Gaussian if for every & € RS the measure po £t is
Gaussian on R. Moreover, it is easily seen that Theorem 2.2.4 holds in R>® as well, see
[B, Theorem 2.2.4]. Finally, « is obviously a Gaussian measure.

Theorem 4.1.1. The countable product measure v on R* is a centred Gaussian measure.
Its characteristic function is

7)) = exp{—% > \§k|2} = exp{-%”f”?z}, £ e R®, (4.1.2)
k=1

the Reproducing Kernel is
o

Xy ={f e LP®*7): f@) =) Gan (&) € £}

k=1
and the Cameron-Martin space H is (2.

Proof. We compute the characteristic function of 7. For f(z) = Y, &g, with 2 € R™
and £ € RZ° we have

i = [ exnlif@)aia) = [ exp{i;gkxk} i) (4.1.3)
-1 [ explinige nane) = [Lexw{—5leuf*} = exo{ —5 1 -

According to Theorem 2.2.4, v is a Gaussian measure with mean a, = 0 and covariance

B, (&,€) = Il
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Let us come to the Cameron-Martin space. Since the mean of v is 0, for every f =
(&k) € R we have

2
0y = [, \;sm\ i) = [ Ddhot+ e | o(a
:Zk:fl%/sz’Yl(dxk)‘f‘ij/Rﬂ?j V(dl’j)kak/ka v(dzy)

J#k
=> &=l
k

(we recall that all sums are finite) and this shows that X7, being the closure of j(X*) = X*,
consists of all the functions f(z) = >, &k, with (&) € £2, see Exercise 4.1(ii). On the
other hand, for any sequence h = (hy) € R*> we have

Bl =sup{ f(h): f € X, 15Dz <1}
= sup{ > EERE, Y IGl2 <1} = |hlle,
k k

and then H coincides with ¢2. O

Remark 4.1.2. It is possible to consider more general Gaussian measures on R*, i.e.,

p= QAN (ar, M) (4.1.4)
k=1
In this case,
oo 1 o0
() = eXp{kaak 3 Z )\kfz}, &= (&) e R, (4.1.5)
k=1 k=1

where as before all the sums contain a finite number of nonzero terms. Let us show that
if (ag) € £2 and Y, Ax < 0o then p is concentrated on 2, i.e., u(¢?) = 1. Indeed

[ lonPutde) = 3 [l oH nAedldn) = 3- A+ D e < oc.
R =1 k=1“R k=1 k=1

Then ||z]|;2 < 400 p-a.e in R>, hence pu(?) = 1.

4.2 The Hilbert space case

Let X be an infinite dimensional separable Hilbert space, with norm || - ||x and inner
product (-,-)x. As usual, we identify X* with X via the Riesz representation.

We recall that if L is a compact operator on X, the spectrum of L is at most countable
and if the spectrum is infinite it consists of a sequence of eigenvalues () that can cluster
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only at 0. If L is compact and self-adjoint, there is an orthonormal basis of X consisting
of eigenvectors, see e.g. [Br, Theorem 6.11]. Moreover, L has the representation

Lx = Z)\k<$,€k>x, re X, (4.2.1)

where {ej : k € N} is an orthonormal basis of eigenvectors and Lep = Arey, for any k € N.
If in addition L is nonnegative (namely, (Lz,z)x > 0 for every x € X)) then its eigenvalues
are nonnegative and we may define the square root of L by

L'Y?x Z)\ (x,er) xeg.

The operator LY/2 is obviously self-adjoint, and it is also compact. In fact, every operator
that can be written in the form

[o@)
Lx = Z oz, ep) x ek,
k=1

for some orthonormal basis {ey : k € N} with (o) C R, limg_,o ap — 0, is compact.
Indeed, L is the limit in the operator norm of the sequence of finite rank operators

n

Loz =Y aglx,ex)xer,
k=1

as

Lz — Lpz|x = H Z ak(z, ex)xex|| < Sllp|04k|||$HX=

k=n+1

whence || L — Ly z(x) < SuPgs,, |ax| — 0 because ay, — 0 as k — oo.
A particular class of nonnegative self-adjoint operators which will play an important
role is that of trace-class operators.

Definition 4.2.1 (Trace-class operators). A nonnegative self-adjoint operator L € L(X)
is of trace-class or nuclear if there is an orthonormal basis {e, : k € N} of X such that

oo
E Lek,ek x < oQ.
k=1

It is not hard to see that the sum of the series in definition 4.2.1 is independent of the
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basis. Indeed, if {f, : n € N} is another orthonormal basis, we have

i<L€kaek‘>X = < (i 6k7fn>an)7 i<ekafm>Xfm>X
k=1

m=1

Mg

=
Il

1

Mg

e
Il
—
3
l
—_

n=1
i< (eks fa)x Lfn, <ekafm>Xfm>
(>

ot
Mg

ekafn €k,fm>X)<Lfn,fm>X

1 k=1

<fm fm>X<Lfm fm>X = Z<Lfm fn>X

n=1

S
Il
—

m

M
M8

1

S
[
3
Il

where we may exchange the order of summation because L is nonnegative.
So, we define tha trace of L as

= (Leg,ex)x (4.2.2)
k=1

for any orthonormal basis {ej : k € N} of X.

Proposition 4.2.2. If L is a nonnegative self-adjoint trace-class operator then it is com-
pact.

Proof. Without loss of generality, assume that ||L[|;(x) = 1. For every n € N, let X, be
the linear span of {ey,...,e,}. Let P, be the orthogonal projection on X,, and define the
finite rank operator L, = P,LP,. It is nonnegative and self-adjoint, ||Ly|lsx) < 1, and
the equality

(Lnek,er)x = (Ley, er)x

holds for every k =1, ...,n. Denoting by L,ll/2

(Leg,er)x for k=1,...,n, whence

the square root of L, we have ||L}/2ek||%( =

n
> Ly 2exl5% < tr(L) VneN.
k=1
From ||Ly/?||cx) < 1 it follows [|Lpex]% < s/
1...,nand

1/2

1/2
121 Ly /

ek < L "exl% for k =

n n
S IEnerlk < YOI enlk < (L) WneN.
k=1 k=1

Notice that for £ = 1,...m and n > m we have Lye;, = P, Le; and lim,,_., Lyer = Ley,.
Therefore, for every m € N we have

m

m

E | Le||% = li_}rn g |Lpexl|% <tr(L) Vm €N
n—oo

k=1 k=1
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and then letting m — oo

o
S Zenlk < (L), (123)
k=1
Using (4.2.3) we prove that L is compact. Let
o0
Ty = Z(azn, ex)xer — 0 weakly.
k=1

Then, (z,,) is bounded, say ||z,|x < M for any n € N. Moreover,

o @]
Lz, = Z(xn7€k>XLek
k=1
whence for every N € N we have
%s) N 0o
| Lanllx < Wan e x| Lekllx =Y [an, ex) x| Lexllx + Y [@n, er) x|l Lexllx
k=1 k=1 k=N+1
N 0o ) 1/2
<Y lwmedxl+ M (Y Lelk)
k=1 k=N-+1

and for every € > 0 there is N € N such that the second term is < ¢ because the series in
(4.2.3) is convergent. Once this N has been fixed, there is v > 0 such that the first term
is < € for n > v by the weak convergence of the sequence (x,) to 0. O

For a complete treatment of the present matter we refer e.g. to [DS1, §VL5], [DS2,
§§X1.6, XI.9].

Let v be a Gaussian measure in X. According to Theorem 2.2.4 and (2.2.1), (2.2.2)
we have

A1) = ep{ian (1) — 5By (£ N} S X,

where the linear mapping a : X* — R and the bilinear symmetric mapping B, : X* X
X* — R are continuous by Proposition 2.3.3. Then, there are a € X and a self-adjoint

Q € L(X) such that a(f) = (f,a)x and By(f,9) = (Qf,g)x for every f, g€ X* =X
(see Exercise ). So,

(QFf.g)x = /X (f.x— ayxg,x — a)x1(dz), f, g€ X, (4.2.4)

and
i) = ep{ilfalx — 5 (@A Nx ), feX. (125)

We denote by .4 (a,Q) the Gaussian measure v whose Fourier transform is given by
(4.2.5). As in finite dimension, a is called the mean and @ is called the covariance of ~.

The following theorem is analogous to Theorem 2.2.4, but there is an important differ-
ence. In Theorem 2.2.4 a measure is given and we give a criterion to see if it is Gaussian.
Instead, in Theorem 4.2.3, we characterise all Gaussian measures in X.
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Theorem 4.2.3. If v is a Gaussian measure on X then its characteristic function s
given by (4.2.5), where a € X and Q a self-adjoint nonnegative trace-class operator.
Conwversely, for every a € X and for every nonnegative self-adjoint trace-class operator Q,
the function 4 in (4.2.5) is the characteristic function of a Gaussian measure with mean
a and covariance operator Q.

Proof. Let v be a Gaussian measure and let 4 be its characteristic function, given by
(4.2.5). The vector a is the mean of v by definition, and the symmetry of @ follows from
the fact that the bilinear form B, is symmetric. By (4.2.4), @ is nonnegative, for every
orthonormal basis {ey : k € N} we have

ZQek,eM—Z/ ~aekr(de) = [ o= alf ()

which is finite by Corollary 2.3.2. Therefore, @) is a trace-class operator.
Conversely, let @ be a self-adjoint nonnegative trace-class operator. Then @ is given
by

o0
Qr = Z Az, ex) x ek,
k=1
where {ej : k € N} is an orthonormal basis of eigenvectors and Qey, = Agey for any k € N.
Let us consider the measure p on R* defined by (4.1.4) and its characteristic function,

f):eXp{ifokzak—%ZAH&JZ}, feRYT
k=1 k=1

(recall that the series contains only a finite number of nonzero elements). Let u : /2 — X
be defined by u(y) = > 72, ykex (and extended arbitrarily in the p-negligible set R\ 2,
see Remark 4.1.2). Let us show that v := g ou™! and let us prove that v = .4 (a, Q) by
computing its characteristic function. For z € R%°, setting z = u(y) we have

—

(mou=b)(x) = exp{i(z, 3 ek x } ( ou_l)(dz)
p /X p ; ker)x } (1

:/ exp{iiykxk}u(dy)
Re k=1
/42 eXp{in’ﬂyk} &) A (ar, Ae) (dy)

k=1 k=1
o 1 oo
= exp{z’ Z Tpap — 3 Z )\kx%}
k=1 k=1
. 1
= exp{i(a,a)x — 5(Qu,w)x }.

By Theorem 2.2.4, (uowu~1) is the characteristic function of a unique Gaussian measure
with mean a and covariance Q. O



44

Remark 4.2.4. Since in infinite dimensions the identity is not a trace-class operator, then
the function 2 — exp{—3|z||%} cannot be the characteristic function of any Gaussian
measure on X.

As a consequence of Theorem 4.2.3 we compute the best constant in Fernique Theorem.

Proposition 4.2.5. Let v = A4 (a,Q) be a Gaussian measure on X and let (\;) be the
sequence of the eigenvalues of Q. If v is not a Dirac measure, the integral

/ exp{alz|%} 1(dz)
X

is finite if and only if
1
a< 1nf{ DA > 0} . (4.2.6)
2

Proof. Let {e; : k € N} be an orthonormal basis of eigenvectors of @, and Qer = Agey
for any k£ € N. For every a > 0, we compute

[ exptalaliysian = [ esw{ada }(Eifw%& )

k=1

= H / exp{azi} A (ak, \p)(dxy)

= H eXP{aak} H G
k:\p =0 kX >0 2m A

/exp{oz:pk,}exp{ I —(z — ag) }dxk.

If @ > (2\;) 7! for some k € N then the integral with respect to dzy is infinite, and the
function = — exp{a/| z||?} is not in L'(X,v). If a < inf {ﬁ DA > 0} then each integral
is finite and we have

aai

1-— 204)\k

} ! (4.2.7)

1

2

—_— —_ d =
/Rexp{axk}exp{ e (z ak)} Lk GXP{ T— 2a\,

for every k € N. Therefore

| explalialf} 2 (o)
= 1
vfe 5 t)onfe 5 Yol 3 (o))
The convergence of the series follows from ), A < oo. O

Let us characterise X7 and the Cameron-Martin space H. By definition, X7 is the
closure of j(X*) in L?(X,v). Henceforth, if v = .4#'(a,Q) we fix an orthonormal basis
{ek : k € N} of eigenvectors of @ such that Qe = Arey for any k£ € N and for every x € X,
ke N, we set xp := (z,er) x
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Theorem 4.2.6. Let v = A (a,Q) be a nondegenerate Gaussian measure in X. The
space X7 1is

{f X —->R: f(x iwk—akzk/\ /Z,ZEX} (4.2.8)
k=1

and the Cameron-Martin space is the range of QY/2, i.e.,

o

H = {a: eX: Y ain! < oo}. (4.2.9)
k=1
For h = QY%z € H, we have
= (z1 — az) EP (4.2.10)
k=1
Proof. Let z € X. The series
k=1
converges in L?(X,~), since for m > n,
o Fuloe = 30 A4 [ o= P @) = 3 A
k=n+1 k=n+1
and the limit function f(z) =Y 7 (zf — ak)zk)\lzlﬂ satisfies
1122 0x ) = ZA?Z%/(% — ap)® N (ar, \e) (dy) = ||z[|%- (4.2.11)
k=1 R

Moreover, for every n € N, f, = j(gn), with g, € X*,

x) = Z A;l/szazk.
k=1

So, denoting by V' the set in the right hand side of (4.2.8), V' is contained in the closure
of j(X*) in L*(X,~), which is precisely X*.

Let us show that X5 C V. Let f € X} and let (w™) C X be a sequence such that
fulx) = (x — a,w™)x converges to f in L*(X,v). Setting (™ := Q2w we have
ful@) = 32 (w, — ag) 2 A2, and by (4.2.11),

Hz(n)_z(m)HX: Hf'fl_meLQ(X,’y)7 n, m €N,
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so that (z(”)) is a Cauchy sequence, and it converges to some z € X. Then, still by
(4.2.11),

/X( kzla:k—akzk)\ /> ~(dx)

o o T
= lim <; zp — ag)( 2k) Mg >7(dw)

= (TL 2:
Tim 12 — 2]} =0,

so that fe V.
Let us come to the Cameron-Martin space. We know that H is the range of R, : X7 —
X, and that R, f = hiff (f,7(9))r2(x,4) = g(h) for every g € X™.

Givenozjny fe Xy, f(x) = 202 (zr — ak)zk)\,zl/g for some z € X, and g € X",
6(z) = 2, gray, we have

/Xf(x)j( v(dx) /XZ Tp — ag) zk)\ /gk’y(dx) sz)\k/ Jk-

k=1 k=1

This is equal to g(h) for h = > 72, zk)\llcmek, namely h = Q'/2z. So, by definition wa =
Q'/?z, hence H = Q'/*(X) and for h = Q'/?z we have h(z) = Y57, (z, —ag)\, Y2 O

4.3 Exercises

Exercise 4.1. (i) Prove that the dual space of R* is R2°.

(ii) Prove that the closure of R® in R* with respect to the topology induced by the
norm | - ||g2 is £2.

Exercise 4.2. Let X be a real Hilbert space, and let B : X x X — R be bilinear, symmetric
and continuous. Prove that there exists a unique self-adjoint operator @ € £(X) such that
B(z,y) = (Qz,y)x, for every z, y € X.

Exercise 4.3. Let L : /> — (2 be the operator defined by Lz = (2,21, x4, 23....), for
r = (21,...7p, ...) € 2. Show that L is self-adjoint and (Ley,ex)p2 = 0 and that L is not
compact.

Exercise 4.4. Check the computation of the integral in (4.2.7).

Exercise 4.5. Prove that if X is a separable Hilbert space, then h € R, (j(X™)) if and
only if h = Qz, x € X, and that in this case |h|g = ||QY?zx.

Exercise 4.6. Modify the proof of Theorem 4.2.6 in order to consider also degenerate
Gaussian measures.
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Lecture 5

The Brownian motion

In this and in the next Lecture we present a very important example: the classical Wiener
space, which is to some extent the basic and main reference example of the theory. To do
this, we introduce the Wiener measure and we define the Brownian motion. With these
tools, in the next Lecture we shall define the stochastic integral and we shall use it to
characterise the reproducing kernel X3 when v is the Wiener measure on X = C([0,1]),
the Banach space of real valued continuos functions. For the material of this chapter we
refer the reader for instance to the books [Ba, DJ.

5.1 Some notions from Probability Theory

In this section we recall a few notions of probability theory. As in Definition 1.1.2, a
probability is nothing but a positive measure P on a measurable (or probability) space
(Q, .#) such that P(Q2) = 1.

Any measurable R%valued function defined on a a probability space (£2,.%,P) is called
random variable. Usually, random variables are denoted by the last letters of the alphabet.

Using the image measure, we call P o X! the law of the R%valued random variable
X : Q — R% The law of a random variable is obviously a probability measure.

Given a real valued random variable X € L'(Q,.%,P), we denote by

E[X] = /Q XdP

the average or the expectation of X. We also define the variance of the real random variable
X, in case X € L*(Q,.Z,P), as

Var[X] = E[(X — E[X])?] = /Q(X — E[X])2dP.

Let us introduce the notion of stochastic process.

49
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Definition 5.1.1. A stochastic process (Xi)ier on a probability space (Q2,.7,P) indexed
on the interval [0,1] is a function X : [0,1] x Q@ — R such that for any t € [0,1] the
function X;(-) = X (t,-) is a random variable on (Q, F,P).

We give now the notion of independence, both for sets and for functions. Notice that
a measurable set is often called event in the present context.

Definition 5.1.2 (Independence). Let (2,.%,P) be a probability space. Two sets or events
A, B € .F are independent if

P(AN B) = P(A) - B(B).

Two sub-c-algebras F1, F2 of F are independent if any set A € F is independent of any
set B € 9, that is

P(ANB) =P(A)-P(B), VYAec ,YBec P

Given a real random variable X and F' sub-o-algebra contained in F, we say that X
is independent of F' if the o-algebras o(X) and F' are independent M. Two random
variables X and Y are independent if o(X) and o(Y') are independent. Two stochastic
processes (Xi¢)ier and (Yi)ier are independent if o(Xy) and o(Yy;) are independent for any
tel.

One of the first properties of independence is expressed in the following

Proposition 5.1.3. Let X andY be two independent real random variables on (Q, %, P).
IfX,)Y, X Y € LY(Q, Z,P), then

E[X - Y] =E[X] E[Y].

Proof. Splitting both X and Y in positive and negative part, it is not restrictive to as-
sume that X and Y are nonnegative. Let us consider two sequences of simple functions
(si)ien, (85)ien C 84 such that s; is o(X)-measurable and s} is o(Y)-measurable for any
1 € N, and such that

E[X] = lim E[s], E[Y] = lim E[s]].

1—+00 1—+400
We have

n; mg
/ /
si= Y cinlag, si= cpla,
h=1 h=1

with 4; , € 0(X), AL, € o(Y). Then (s;-s});cn is a sequence of simple functions converging

(DWe recall that o(X) is the o—algebra generated by the sets {w € Q : X(w) < a} with a € R.
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to X - Y and then, by independence

E[X -Y] = lim E[s;-s}] = lim chzhcmEﬂAzh Ly,]

— —
1——+00 1——+00 el 1
= lim ZZczhcsz mﬂA %)
z—>+oo
h=1 k=1
Uz
. / /
= zilgloo Z Z cinCi kP (Ain) - P(Aj )
h=1 k=1

= lim 37 einP(Ain) D dP(AL)
h=1 k=1
= lim E[s;] - E[s}] = E[X]-E[Y].
1——+00
O

In the same way it is possible to prove the next result; we leave its verification as an
exercise.

Corollary 5.1.4. Let X and Y be two independent real random variables on (2, .7 ,P)
and let f,g : R — R be two Borel functions. If f(X),q(Y), f(X)-g(Y) € LY(Q,.Z,P),
then

E[f(X)-g(Y)] = E[f(X)] - E[g(Y)].

Remark 5.1.5. Using Corollary 5.1.4, it is possible to prove that two random variables X
and Y are independent if and only if Po (X,Y)™! = (Po X 1)@ (PoY 1), see Exercise 5.1.
As a consequence, Lemma 3.1.7 can be rephrased saying that for every f, g € X*, the
elements j(f),j(g) are orthogonal in X7 iff they are independent.

5.2 The Wiener measure PV and the Brownian motion

We start by considering the space R the set of all real valued functions defined on

[0,1]. We introduce the o—algebra .# generated by the sets
{we RO Pp(w) € B},

where F' = {t,...,t,} is any finite set contained in [0, 1], B € Z(R™) and Pg : RO —
™ is defined by
Pr(w) = (w(t1),...,w(tm)).
We denote by @ the o-algebra Pn'(%(R™)), and we define a measure up on € by
setting, in the case 0 < t; < ... <ty

(an_mmfl)Q

_ 1 / 672zt11+ T 2(tm—tym_1) dSU;
27)5\/751(152 —t1) oo (tm — tm—1) JPr(4)

pr(A) =
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inthecase 0 =t < ... <t

2
(Tm—=ym—1)

2(tm—ty_1) d:E/

2

T
2 _
2t2+“'

ip(A) = ! e

- (ZW)MTA\/tQ et (tm - 7577171) /(PF(A))O

where
(Pr(A))o = {2/ € R™1:(0,2") € Pr(A)}.

For F' = {0}, we set 1oy = do, the Dirac measure at 0. In this way we have defined a
family of measures pp on the o—algebras €r.

We shall use the following result to extend the family of measure pp to a unique
probability measure on (R®! .%). It is known as the Daniell-Kolmogorov extension
theorem, that we present only in the version we need for our purposes. Its proof relies on
the following basic results.

Proposition 5.2.1. Let i be a real valued finitely additive set function on an algebra < .
Then p is countably additive on <7 if and only if it is continuous at ), i.e.

lim w(A,) =0

n——+0o00
for every decreasing sequence of sets (Ay,) C < such that NpenAy, = 0.

Theorem 5.2.2. Let i be a real valued countably additive set function on an algebra <f .
Then u extends to a unique finite measure on the o-algebra generated by < .

The proof of Proposition 5.2.1 is left as an exercise, see Exercise 5.2. For Theorem
5.2.2 we refer to [D, Theorems 3.1.4, 3.1.10]).

Theorem 5.2.3 (Daniell-Kolmogorov extension). There exists a unique probability mea-
sure PV, called the Wiener measure on (R[O’H,ﬁ’) such that for every finite F C [0,1],
PV(A) = pr(A) if A€ 6p.

Proof. We notice that if F' = F U {t;41} with ¢, < t;+1 < 1, then for any B € B(R™),
P.Y(B) = P;.}(B x R), so that

ur(Pr(B)) = p (P (B x R)).

This argument can be generalised to the case FF C G C [0,1], F' and G finite sets with
cardinality m and n respectively, to conclude that if A = P, '(B) = P5'(B'), B € Z(R™),
B’ € B(R"), then pup(A) = pug(A). So, for A € €, we can set

PV (A) := up(A).
The set function PV is defined on the algebra

g = U Cr;

Fclo,1] finite
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it is finitely additive since if A € €F and B € % are two disjoint sets, then AUB € €ruc
and

PY(AUB) = ppug(AUB) = pruc(A) + proa(B) = pp(A) + pa(B)
=PY(A) +PY(B).

Moreover, PV (R[O’I]) = 1. To extend PV to the o-algebra ., we apply Proposition 5.2.1
and Theorem 5.2.2. Let us prove that PV is continuous at (). Assume by contradiction
that there are ¢ > 0 and a sequence (4,) € & of decreasing sets whose intersection is

empty, such that
PY(A,) >e, VneN.

Without loss of generality, we may assume that A, = Pgnl(Bn) with Fj, containing n
points and B,, € Z(R"), and that F,, C Fj,;1. Denote by 7, : R""! — R” the projection
such that m, o Pp,., = Pp,. Since each measure i, o P},?nl is a Radon measure in R",
for every n € N there is a compact set K, C B, such that PV (4, \ C,) < 57, where
Cn = Pfjnl (Kn) By replaCing Kn+1 by KnJrl = Kn+1 ﬂﬂﬁl(Kn), we get KnJrl C 777:1([%71)
In order to see that the K, are nonempty, we bound from below their measure. Setting
as before C), = P;nl(f(n), we have

HF, © P}«:nl(f(n) = ]P)W(én) = PW(An) - PW(An \ én)

=PV (4,) - IP’W(O Ap\ Ck) > PV (4,) - IP’W<O A\ Ck>
k=1 k=1
> e — z": 2% > 0.
k=1

Therefore, for any n € N we can pick an element
2" = (:rgn), 2y e K,

Since K,, C w;_ll(f?n_l), the sequence (xgn)) is contained in K7, then up to subsequences, it

converges to y, € K71, i.e. there exists (z converging to y1. The sequence (x(k"), xgk”))

is contained in Ky, then up to subsequences, there exists y2 such that it converges to
(y1,y2) € Ky. Tterating the procedure, we can define a sequence (y,,) such that

(kn))

(Y1, yn) € Kny  VneN.
Then

Pol({(w1,- - yn)}) € Cn C Ay, V€N,

hence -
S :={weRO: w(tj) =y; Vj € N} C ﬂ Ay
n=1
which is a contradiction, as S # (. Therefore, PV is continuous at (. By Proposition

5.2.1, PV is countably additive, and by Theorem 5.2.2 it has a unique extension (still
denoted by P") to the o-algebra .# generated by 7. O
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Once the Wiener measure has been defined, we give a formal definition of the Brownian
motion.

Definition 5.2.4 (Standard Brownian motion). A real valued standard Brownian motion
on [0,1] is a stochastic process (Bt)ic(o,1) on a probability space (2, F,P) such that:

1. By =0 almost surely;

2. for any t,s € [0,1], s < t, the law of both random variables By — Bs and B;_s is
equal to A (0,t — s);

3. for any 0 < s <t, Bs and By — Bs are independent.
An explicit construction of a Brownian motion is in the following proposition.

Proposition 5.2.5 (Construction and properties of Brownian motion). Given the proba-
bility space (RO, 7)), the family of functions By : RO — R defined by

Bi(w) = w(t), t€0,1]
is a real valued standard Brownian motion on [0,1].
Proof. The proof relies on the equalities
Bi(w) = w(t) = Py (w).
First of all we notice that for any ¢ € [0, 1]
By Y(#(R)) = €.

Then By is .7-measurable and (B;).c(o,1] is a stochastic process.
By definition of the Wiener measure, we have

PY(By € A) = poy(Py (4) = 6o(4), VA€ B(R),

and then By = 0, P" —almost surely. Let us now compute PV o B, 15, for t > s. For every
Borel set A C R,

PV (Bi-s € A) =P" (P! 4(A)) = sy (PL,(4))

(0, — s)(A).

1 a?
:/ 6_2(t*5) daj =
V2m(t—s) Ja
On the other hand, if we define h : R? — R, h(z,y) := y — x, then

{w e RO : Bi(w) — Bs(w) € A} = {w € RO (1) — w(s) € A}

= {w € ROM : h(Pp 1y (w)) € A} = P{—S}t}(hfl(A)).



Hence

w -1 —1 7ﬁ+M
P ({Bt — Bs € A}) =H{st} (P{&t}(h (A))) e 2= 20=9) dzxdy

_ 1 /
Com/s(t—s) Jn-1(a)

_(y=a)? 22
e 2t=s)dy le” 2 dx

1 1
V%/R <\/27r<t — ) /w—lm»z
where
(1A ={yeR:(z,y) e Y (A)}={ycR:y—xc Ay = A+

As a consequence,

_(y—=)?

1 / 1 _w-a)?
N e 2(t—s) dy - / e 2(t—s) dy
2m(t — s) J(h=1(A)). V2r(t —s) Jata

1 22
= / e 2=3dz
2r(t —s) Ja

= A4(0,t—s)(A),

and therefore PV ({B, — Bs € A}) = A4 (0,t — 5)(A).
In order to verify independence, we fix 0 < s <t and A;, Ay € Z(R). Then

{Bs € A1} = Py(4) = P [y (A1 x R),

and

{Bi — By € Az} = Py (h7'(42)),

so we have
PV ({B, € A1} N{B; — B, € Ay}) = PW(p{—S}t}(
= iy (P (A1 x R) N A7 (Ag)

(A; x R) N h™1(Ay))
)
:c2 (y—z)2

e 2 20-9) dxdy

1 1 /
27 \/m (A1xR)Nh~—1(As2)

1 1 22 _(y=)?

27 /s(t —s) /Re N (/((AlxR)ﬂh—l(Ag))z ¢ dy) o
1 1 _a? _==)?

- L (/A+ iy ) i

22
e_ 2(t—s) dz

1 / _2? 1 /
—_— Y A —
V2rs Ja, V2r(t —s) JAa,

=PV ({Bs € A1}) -PY({B; — Bs € Ay}).
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Now, we have a measure on (]R[O’l], Z ), but we are looking for a measure on a separable
Banach space. We now show how to define the measure PV on C([0,1]); this is not
immediate because C([0,1]) does not belong to .#. To avoid this problem, the main
point is to prove that the Brownian motion (B;) can be modified in a convenient way to

obtain a process with continuous trajectories. We prove something more, namely that the

trajectories are Holder continuous for PV a.e. w € RO

We need the following useful lemma. We recall that the limsup of a sequence of sets
(A;,) is defined by
limsup A4,, := ﬂ U Ay
n—+400 neNk>n

and it is the set of points w such that w € A,, for infinitely many n € N.

Lemma 5.2.6 (Borel-Cantelli). Let (2, #,P) be a probability space and let (Ap)nen C F
be a sequence of measurable sets. If

Z P(Ay) < 400,

neN

then

n—-+o0o

P (lim sup An> =0.

Proof. We define the sets
B, = U Ag.

k>n

Then B,4+1 C B, for every n, and setting

B = m B, = limsup A4,

neN n—-+00

by the continuity property of measures along monotone sequences (see Remark 1.1.3)

P(B) = lim P(B,).

n—-+oo

On the other hand,

lim P(B,)= lim P || ] Ax

n—-+o0o n—-+o0o
k>n

< i =



o7

Now we state and prove the Kolmogorov continuity theorem; we need the notion of
version of a stochastic process. Given two stochastic processes Xy, Xy, ¢ € [0,1] on a
probability space (£2,.%,P), we say that X; is a version of X, if

P{X; # X,}) =0, Vte[o,1].

We use also the Chebychev’s inequality, whose proof is left as Exercise 5.3. For any 8 > 0,
for any measurable function f such that |f|® € L'(Q, i) we have

1
pllf1 =) < 55 [ 1Pan o

Theorem 5.2.7 (Kolmogorov continuity Theorem). Let (X¢).e(o,1] be a stochastic process
on a probability space (Q,.%,P) and assume that there exist o, 8 > 0, such that

E[|X; — X,|°] < Clt —s|'t, ¢, s€[0,1].
Then there exists a version (Xt)te[o,l] such that the map t — Xy(w) is y—Holder continuous
for any v < § and for P-a.e. w € Q.
Proof. Let us define
Dn=q5e k=0...,2", 7= 2.
neN

We compute the measures of the sets

2n 2mn

A, = { max

1<k<2an

using Chebychev’s inequality. We have

2”1
1
P(A,) =P (kUl{ Xp = Xp| > w})

vV
H

3| =
3
H/_/
N—

2’71
< — _
_;PG X —Xia

2”
SEZWW]E[X&—XM
21’1,
k=1

|

14+«

omn

ko k-1

on - on

277.
<C Z gynB
k=1

— ¢g—a=h),

As a consequence we obtain that the series

Z P(A,) < C Z 9—n(a=1p)

neN neN
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is convergent if v < £. In this case, by the Borel-Cantelli Lemma 5.2.6, the set
B

A=Q\limsup 4,

n—-+4o0o

has full measure, P(A) = 1. By construction, for any w € A there exists N(w) such that

max | X » (w) — X1 (w)| <2777 Vn > N(w).

1§k§2n on om

We claim that for every w € A the restriction of the function t — X;(w) to & is y-Holder
continuous, i.e.,

3C >0 suchthat [X;(w)— Xs(w)| <C|t —s]? (5.2.1)

for all t,s € 2. Indeed, it is enough prove that (5.2.1) holds for ¢,s € 2 with |t — s| <
2~ N@),

Fixed t,s € 9 such that |t — s| < 27N there exists a unique n > N(w) such that
2771 < |t — 5| <27 We consider the sequences si < s, t, < t, sg,tx € 9, defined by

k ; k ;
B [2's] [2°t]
Sk = z; i atk = z; 91
i= i=

where [z] is the integer part of x. Such sequences are monotone increasing, and since
t,s € I, they are eventually constant. Moreover,

1
Skl — Sk < SRFT tpr1 —tp = SR ke N.
Then,
Xi(w) = Xo(w) = Xp, (@) = X, () + D> (K, (W) = X (@) = D (X, (@) = X (@)
k>n k>n

where the series are indeed finite sums. Hence

Xow) - Xyw)| <242y o = 20 2 o
! = P 1-277  1-277 '
=N

So (5.2.1) holds with C' = {22, for t,s € 2 with |t — s| < 27V Covering [0,1] by
a finite number of intervals with length 2=V () we obtain that (5.2.1) holds for every
t,s € 2 (possibly, with a larger constant C'). In particular, the mapping ¢ — X;(w) is
uniformly continuous on the dense set &; therefore it admits a unique continuous extension
to the whole [0, 1] which is what we need to define X;(w).

Let us define for w € A

and for w € A
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It is clear that P({X, # X;}) = 0 if t € 2. For an arbitrary ¢ € [0,1], there exists a
sequence (tp,) in & such that X;, converges to )N(t P-a.e.. We use Egoroff’s Theorem, see
for instance [D, Theorem 7.5.1]: for any £ > 0 there exists E. € .% such that P(E,) < ¢
and X;, converges uniformly to X, on Q \ E.. This implies convergence in measure, i.e.
for any A > 0

lim P{|X; — X;| > A\}) =0.
. ({| Xy, — X4 > A}) =0

On the other hand, we know that

1 C|th _ t‘1+a
P({| Xy, — X¢| > A}) < WEHX@ - X/ < —F
and then
lim P{|X:, — Xi| > A}) =0.
h—+o00
We deduce that X; = X; P-a.e., see Exercise 5.6. Hence ()?t) is a version of (X). d

Our aim now is to define a Borel measure (the Wiener measure) on the Banach space
C([0,1]) endowed as usual with the sup norm. To do this we use the Brownian motion
(Bt)iefo,1) on (RO, 7).

Lemma 5.2.8. Let PV be the Wiener measure on (R, .Z) and let (Bt)tefo,1) be the
Brownian motion defined in Proposition 5.2.5. Then, for any k € N

0 if k odd
E[(B; - B,)"] = _
W’t - s\ if k even.
Proof. Let us take 0 < s < t. Since the law of By — By is A47(0,t — s), we get

I, :=E[(B; — B,)*] =

l/fnkeﬁs)d:ﬂ.
V2m(t—s) Jr

As a consequence I = 0 if k is odd, whereas integrating by parts one obtains Iy = 1,
Iy = (t —s) and Isp, = (2h — 1)(t — s)Iop—o for h > 2. O

Lemma 5.2.8 and Theorem 5.2.7 yield that, fixed any vy < 1/2, there exists a version
(By) of (B;) such that the trajectories t — Bt( ) are y—Hélder continuous, in particular
they are continuous. For any ¢, the random variables B; and B; have the same law,
PV o B =PV o B;"'. The map P : RO — R™,

P(w) = (B, (w), ..., B, (w)) (5.2.2)

is measurable for any choice t1,...,t, € [0, 1], and the image measure of PW under the
map P is the same as the image measure of PV under the map

w i (B, (w), ..., B, (w)).
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Finally, for C € €r, PV o P7Y(E) = pup(E). We leave the verification of these properties
as an exercise, see Exercise 5.5.

We recall some facts. The first one is the characterisation of the dual space (C([0, 1]))*.
We denote by .# ([0, 1]) the space of all real finite measures on [0, 1]; it is a real Banach
space with the norm | x| = |u|([0,1]), see Exercise 5.4.

Theorem 5.2.9 (Riesz representation Theorem). There is a linear isometry between the
space A (]0,1]) of finite measures and (C([0,1]))*, i.e. L € (C([0,1]))* iff there exists
e A ([0,1]) such that

L) = [ wutn,  vwec(o.).
0.1]

In addition || L|| = |u|([0,1]).

We refer to [D, Theorem 7.4.1] for a proof.
We define the o-algebra €}, for F' = {t1,...,t,} as the family of sets

C={weC(0,1]) : (w(t1),...,w(ty)) € B},
where B € A(R"™). We also define the algebra

o = U €
Fclo,1], F finite
and we denote by .%’ the o—algebra generated by /. Using Theorem 5.2.9 and the fact
that any Dirac measure d; is in (C([0,1]))*, it is clear that %’ C Z(C([0,1])); indeed, if
F={t,...,t,} and B € #(R"), we have

C:={w e C([0,1]) : (w(t1),...,w(tn)) € B}
:{w € C([Ov 1]) : (5t1 (w)7 SUR) 6tn(w) € B} € 5(0([0, 1])a {5t17 s 76tn})'
We have also the reverse inclusion, i.e. A(C([0,1])) C #’; the proof is similar to the
proof of Theorem 2.1.1. Indeed, fix wg € C([0,1]), r > 0 and let & be the set in the
proof of the Kolmogorov continuity Theorem 5.2.7. Note that w € B(wg,r) if and only if

lw — wollec < 7, and by continuity this is equivalent to |w(t) — wo(t)| < r for any ¢t € 2.
Then

B(wg,r) = m {w € C([0,1]) :w(zﬁn) € [r—w()(%),r—i—wo(%)}, Vk::(),...,2”}.
neN

The set in the right hand side belongs to .#’. Since C([0,1]) is separable then as in the
proof of Theorem 2.1.1 Z(C([0,1])) C F#'.

Now we consider a version (B;) of (B;), constructed using the Kolmogorov continuity
Theorem 5.2.7 and a set A € .% such that PV (A) = 1 and ¢ — By(w) is continuous for
any w € A. We define the restricted o—algebra

yAZ{EﬁA:EEy}

and the restriction IP’AW of P to .Z4.
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Proposition 5.2.10. The map B : (A,.Z4) — (C([0,1]), Z(C([0,1]))) defined by
B(w)(t) := By(w)

is measurable. The image measure PY o B~L, called the Wiener measure on C([0,1]), has
the property that for any E € €}

PY o BTY(E) = up(B~Y(E)). (5.2.3)
Proof. We know that Z(C([0,1])) = %, so it is sufficient to prove that for every finite
set F'={t1,...,t,} C[0,1], we have
B~ YC) e Fa, VC € C.

Let E € (R™) and
C={weA: (w(tr),...,w(tn)) € E}.

Then
B Y C)={weA: (B, (w),...,B,(w) € E} = AN P YE)

where P is the map defined in (5.2.2). Since P is measurable, then B~1(C) € .#4 The
last assertion follows from the fact that PV (A) = 1 and

(PY o B (C) = PV (AN PL(E)) = PV (PL(E)) = pp(PY(E))
since P~Y(E) € €. O

5.3 Exercises

Exercise 5.1. Use Corollary 5.1.4 to prove that two random variables X and Y on a
probability space (2,.%,P) are independent if and only if Po (X,Y)"! = (Po X 1) ® (Po
y—1).

Exercise 5.2. Prove Proposition 5.2.1.

Exercise 5.3. Prove the Chebychev’s inequality: if f > 0 and f is a measurable function
uch that |f|? € LY(Q, 1), we have for any X > 0

1
S ES -y A
Q
Exercise 5.4. Prove that the vector space .Z([0, 1]) with norm given by the total variation
is a Banach space.

Exercise 5.5. Prove that the map P : RI%!U — R” defined by (5.2.2), is measurable.
Prove that P o P~1 = PW o 7! with

T(w) = (w(t1),...,w(ty)) = (By (w), ..., By, (w)).
Prove in addition that if C' € €, then
BV o P~1)(C) = ur(C).

Exercise 5.6. Let (X,,) be a sequence of random variables on a probability space (€2, .7, P),
that converge in law to X and to Y. Prove that X =Y, P-a.e.
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Lecture 6

The classical Wiener space

In this Lecture we present the classical Wiener space, which is the archetype of the struc-
ture we are describing. Indeed, any triple (X,~, H) (where X is a separable Banach
space, v is a Gaussian measure and H is the Cameron-Martin space) is called an abstract
Wiener space. In the classical Wiener space the Banach space is that of continuous paths,
X = C([0,1]), and all the objects involved can be described explicitly. The Gaussian
measure is the Wiener measure vV defined in Lecture 5, the covariance operator is the
integral operator with kernel min{x,y} on [0, 1]? and both the Cameron-Martin space H
and X are spaces of functions defined on [0, 1].

6.1 The classical Wiener space

We start by considering the measure space (X, Z(X),7") where X = C([0,1]), #(X) is
the Borel o—algebra on X and "V = P" 0o B~! is the measure defined in Proposition 5.2.10.

We give the following approximation result for measures in terms of Dirac measures.
For every real measure p € .#([0,1]) and n € N we set

2" —1

fn = p({1)5 + 3 ([;ﬂ l;f)) Sisa. (6.1.1)
=0

Lemma 6.1.1. The following statements hold:
(1) for every u € #([0,1]) the sequence (u,) converges weakly to p;

(ii) for every u,v € #([0,1]) the sequence (fun, ® V) converges weakly to p @ v;

(i1i) for every u,v € A#([0,1]) the sequence (p, @ vy) converges weakly to pu ® v.
Proof. (i) Let us fix f € C([0,1]). Then

— it1
= [ g =3 f (15" - 7)) ta).

63
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By the uniform continuity of f, for every € > 0 there is ng > 0 such that for n > ng we
have |f(45) — f(z)| < € for every @ € [i27™, (i + 1)27"] and for every i = 0,...,2" — 1,
whence for n > ng

\Z J1s iy (1057) = 102 mtan] < o)

PICREPIO

and p,(f) — p(f).
(ii) Let now f € C([0,1]?). Setting

only) = /M f@m(ds), o) = /[0 ),

we have

/ £ (@9 im ® 1) (d(z ) = / on(y)v(dy).
[0,1]2

[0,1]
For any y € [0,1], (pn(y)) converges to ¢(y) by statement (i). Since

| on(y)] < ([ fllooll ([0, 1]),

by the Lebesgue Dominated Convergence Theorem we have

lim en(y)v(dy) = /

n—=+00 Jig 1] [0,1]

v (dy) = / £ () (1 @ v)(d(z. ).

[0,1]2

(iii) Let now f € C([0,1]?). Let ¢, and ¢ the functions in (ii), then

£, 9) (tn © va)(d(z, y)) = / on()vm(da)

[0,1]2 [0,1]

= / o(z)vp(dx) +/ (en(z) — (@))vn(dz).
[0,1]

[0,1]
We argue as in (i): by the uniform continuity of f for any £ > 0 there is ng > 0 such that
for n > ng

2n—1

su n(x) —o(x)| <
b [gn(z) — p(a) ;/[)

IE[O,I] PR

1+1
on

() = o) ulld) < elul(0. 1),

Using the inequality |v,[([0,1]) < |v]([0,1]), see Exercise 6.1, we have
’ /[01](90”(:15) - SO(x))un(d:U)‘ < elpl([o, 1])ilé§ v ([0, 1]) < elv|([0, 1]) |[([0, 1])
so that

i [ ) ® ) (d(z ) = / £ 9) (1 ® ) (d(z, ).

00 J[0,1)2 [0,1]2
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Statements (ii) and (iii) in Lemma 6.1.1 can be shown in a different way and for
arbitrary sequences (u,) and (v,) weakly convergent to p and v respectively, see Exercise
6.2.

Proposition 6.1.2. The characteristic function of the Wiener measure v" is
W =ew{ g [ minta)ee @)}, e (O1)
So, 'yW is a Gaussian measure with mean zero and covariance operator
Bow () = /[0,112 min{t, s}(u @ V)(d(t5)), v e.a(0,1]). (6.1.2)

Proof. We start by considering a linear combination of two Dirac measures
p = ads + 36

with a, 8 € R, s <t € [0,1]. Then
W () = /X expliad,(f) + i5,(f) 14" (df) = /X expliaf(s) + B (61" (df).

Since /" =PY o B! with PW(A) = 1 and B is a version of the Brownian motion which
is continous on A, noticing that (By)ejo,1] and (Bt)iefo,1) have the same image measure,
we obtain

—

AW (p) = /A exp{iaB(w)(s) + iBB(w)(t))PV (dw) = /A exp{iaBs(w) + iBB;(w))P" (dw)
- / exp{iaBy(w) + iBBy(w))PV (dw) = / exp{iaBs(w) + iBB(w))PY (dw)
RI[0,1] RI[0,1]
= [ expliCa-+ B)Bw) + iB(Bw) — Bufw)P (d).
Since Bs and B; — B are independent, we may write
YW(p) = /IR oy Pl + B)By(w) +iB(Be(w) — By (w))PY (dw)
= [ explita+ BP0 [ explif(Biw) - B(w)P" (o)
RIO,1] RIO,1]
— [ explita+ 8)2}N 0,5)(da) - [ explisy) A (0,8 - )(d)
R R
=exp {;(a + 5)25} exp {;52(25 - s)} = exp {;((az +2af)s + ﬂ2t> } .
We now compute the integral

/ min{z, v} (4 ® u)(d(z, ) = / (@) u(dz) = ap(s) + Be(t)
[0,1]2

[0,1]
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where p(z) = f[o yymin{z, y}u(dy). We have

os)= [ min{s,y}u(dy) = /

yp(dy) + S/ u(dy) = as + Bs
[0,1] [0,s]

(s,1]

o) = [ min{t, yhu(dy) = /

yp(dy) + t/ p(dy) = as + Bt,
[0,1] [0,t]

(t,1]

whence

/[0 12 min{z, y}(u @ p)(d(z,y)) = (o* + 2ap)s + .

So, the assertion of the theorem holds if x4 is a linear combination of two Dirac measures.
The same assertion holds true if p is a linear combination of a finite number of Dirac
measures. In the general case we conclude by using Lemma 6.1.1. Indeed, if pu, is the
approximation of u defined in (6.1.1), then for any f € X,

lim pn(f) = lim ]f(w)ﬂn(dw): f(@)p(dz) = p(f).

n——4o00 n—-4o0o [0,1 [071]

Hence exp{iun(f)} converges to exp{iu(f)} for any f € X, so by the Lebesgue Dominated
Convergence Theorem

W) = [ exolintn" (@) = Jim [ esolin (DR (@)
1
= lim exp{ ——= min{z n n)(d(x,
Jim p{ 3 it v ) y>>}
1

—exp{d —= min{z d(x .

p{ 5 .t v m ,y>>}

Then we conclude applying Theorem 2.2.4. O

We notice that the space

Co([0,1]) == {f € C([0,1]) : £(0) = 0} = 55" ({0})

is a closed subspace of C([0,1]). Since
_ 1 _
W (50) = exp {—2 [, minte o) e 50)(d($,y))} -1
0.1

7W05()_1 = 4(0,0) = dp, and so

YW (Co([0,1])) = (v 0 551 ({0}) = 1.

Then 4" is degenerate and it is concentrated on Cy([0, 1]).
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6.2 The Cameron—Martin space

In order to characterise the Cameron-Martin space of (C([0,1]),7"), we use the embed-
ding ¢+ : C([0,1]) — L?(0,1), «(f) = f, which is a continuous injection since

() L20,1) < [1f lloo-

If we consider the image measure ¥V := 4y" 0,71 on L?(0,1), the Cameron-Martin spaces
on C([0,1]) and on L?(0,1) are the same in the sense of Proposition 3.1.10. The fact that
L%(0,1) is a Hilbert space allows us to use the results of Section 4.2.

By using the identification (L?(0,1))* = L?(0,1), the characteristic function of the
Gaussian measure 7"V is

)= [ ep{ithomon} 7@ = [ el mont " @)

c([0,1])

Let us compute ((f),g)2(0,1)- If we denote by o* : L2(0,1) — .#([0,1]) the adjoint of .,
then

((f),9) 2001y = ¢ (9)(f)- (6.2.1)
Since (f)(z) = f(z), (6.2.1) yields

1
/Of(:v)g(w)dfv— f@)(9)dz),  ¥f € C(o,1]).

[0,1]

Hence t*(g) = g\1, where \; is the Lebesgue measure on [0,1]. Therefore, according to
Proposition 6.1.2,

FW(g) =7 (1*g) = exp {—; /[O . min{z, y}g(x)g(y) d(z, y)}

so that 3" is a Gaussian measure with covariance

1
Byw (f,9) = / min{z,y} f(z)g(y)d(z,y) = /O Qf(y)g(y)dy,

[0,1)2

where )
Qf() = | winfa.ybf(a)da

is the covariance operator @ : L?(0,1) — L?(0,1) introduced in Section 4.2.

Theorem 6.2.1. The Cameron-Martin space H of 5V on (L?(0,1), (L?(0,1))) is

H([0,1]) := {f € L*(0,1) : ' € L*(0,1) and £(0) = 0}.
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Proof. As the Cameron-Martin space is the range of Q2. see Theorem 4.2.6, we find the
eigenvalues and eigenvectors of Q, i.e., we look for all A € R and f € L?(0,1) such that
Qf = Af. Equality Qf = A\f is equivalent to

1 x 1
M(z) = /0 min{z, y} f(y)dy = /0 yf()dy + / £(9)dy (6.2.2)

for a.e. x € [0,1]. If (6.2.2) holds, f is weakly differentiable with

1
A(z) = / f(w)dy.

Moreover, the continuous version of f vanishes at 0. Hence, in its turn, f’ is weakly
differentiable and

A (z) = —f(x) a.e..

The continuous version of f’ vanishes at 1. We have proved that if f is an eigenvector of
@ with eigenvalue A, then f is the solution of the following problem on (0, 1):

A+ f =0,
f(0) =0, (6.2.3)
(1) =o0.

On the other hand, if f is the solution of problem (6.2.3), integrating between = and 1

1
M) = / f(y) dy,

whence, integrating again between 0 and z
x 1 1 1
M@ = [ [ s dyae= [ Boa) [ s dvd
1 1 1 1
= [ 160 [ Voa@enitds = [ 1) [ Gon@onwiedy
1
—/0 min{z, y} f(y) dy = Qf ().

We leave as an exercise, see Exercise 6.3, the fact if A is an eigenvalue, then there exists
k € N such that A = A\, where

1
k=, keN (6.2.4)
72 (k+3)
and Qex, = Arek, [lexllr2(0,1) = 1 if and only if
x 2k +1
= V2sin( —— ) = V2si : 2.
er(x) \fsm(m) fsm( 5 7733) (6.2.5)
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Let us now take f € L%(0,1) and write
f= ifkelm fe = (frex)r20) (6.2.6)
k=1
with ej be given by (6.2.5). Applying (4.2.9), we see that f € H if and only if
kax Qka (2k+ 1) < +oo.
Such condition allows us to define the function
\fz —cos (\/7) = W\fz fk2k +1 cos ($W(2k2+ 1))

and to obtain that g € L?(0,1) is the weak derivative of f. Indeed, for any ¢ € C°((0, 1)),
1 , 00 /s 1 s ,
flx)p' (z)de = fr Q/Sin<><p x)dx
| @@ > siv2 [ () o
 fev2 /1 ( z ) /1
; Novill Bl Svvd R | g(@)e(w)ds

In conclusion f € H'(0,1) and, by (6.2.6), its continuous version vanishes at 0, whence
f € Hy([0,1)).
Eventually, from the equality

|flir = 11Q7 2 fllx

we immediatly get |f|g = [|f'||22(0,1)- O

Remark 6.2.2. We have used the notation H} ([0, 1]) to characterise the Cameron—Martin
space; we point out that this space is not the closure of C°(0,1) in H*(0,1).

6.3 The reproducing kernel

In this section we characterise the reproducing kernel, both for X = C([0,1]) and for
X = L?(0,1). To do this, we need to introduce an important tool coming from probability,
the stochastic integral (the It6 integral).

Let (2, .7,P) be a probability space and let (W;);co,1) be a Brownian motion, i.e., a
stochastic process on (€2, %, P) satisfying the conditions of Definition 5.2.4.

If f is a simple function, i.e.,

n—1
— Z Ci]l[ti,ti+1)(t)
=0
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with¢; e R, 0=ty < ... <t, =1, we define the random variable on )

|
—

1 n
/0 f)dW(w) := (thﬂ( ) — W4, (w)) (6.3.1)
=0
We claim that
1 2 1
(/ f(t)th> ] = / f(z)%de. (6.3.2)
0 0
Indeed, we have
—1
/ f th = Z CJ']E[(Wt¢+1 - Wti)(Wtj+1 - Wtj)]
n—1
= Z C?E[(WEH + 2 Z Z CZC] ]+1 - Wtj)(Wti+1 - Wtz)]
=0 =1 j<i
—1
= Z G E[|Wtz+l ti ‘ + 2 Z ZCZCJ th+1 - Wtj] 'E[Wti+1 - Wti]
=1 j<i

= A (tig1 —t;) /\f )| de,

where we have used the fact that Wy, , — Wy, is independent of Wy, , — Wy, if j < and
the fact that Wy, , —W;, has the same image measure as Wy, | _,, given by A47(0,t;11 —t;).
For the next Theorem, we refer to [B, Section 2.11].

-
I
o

Theorem 6.3.1 (Ito Integral). There exists a unique map Iq : L?(0,1) — L?(Q,P) such
that

E[|Io(f /\f )?dz,  Vfe L*0,1) (6.3.3)

-/ faw,

if f is a simple function. Such a map is called the 1t6 integral of f, identity (6.3.3) is
called 1t0 isometry and the It6 integral is denoted by

and such that

1
:/ f(t)dwy, f e L*0,1).
0

Proof. Let .#(]0,1]) be the linear subspace of L?(0, 1) consisting of the simple functions.
The map Iq : .7([0,1]) — L*(Q,P),
1
- [ rwaw)
0

is a linear operator, defined on a dense subset of L?(0,1). Since it is continuous in the
L?(0,1) topology by (6.3.2), it has a unique continuous extension to L?(0,1). O
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In order to apply Theorem 6.3.1, we need to define Brownian motions on the probability
spaces (C([0,1]), 8(C([0,1])),4") and (L?(0, 1), Z(L?(0,1)),7""). We leave as an exercise
(see Exercise 6.4) the verification that the evaluation maps W, : C([0,1]) — R and W :
L?(0,1) — R given for continuous functions by

Wi(f) = f(t),  Wi(f) = F(2) (6.3.4)

are indeed standard Brownian motions on C([0,1]) and on L?(0, 1) respectively.
We pass now to the characterisation of the reproducing kernels X:W and X;W.

Proposition 6.3.2. Let us consider the Gaussian measures vV and 3"V on C([0,1]) and
on L*(0,1), respectively. Then

Xow = Ioqoa) (L*(0,1))

and
Xiw = I12(0,1)(L7(0,1)).

Proof. Let us consider the simple function
9(x) = aljy g () + Bl = (a+ B) g5 () + Bl (2),
s <t e€0,1]. Let (W;) be the Brownian motion defined in (6.3.4). Then by (6.3.1)

1
Ieqoa(9) = /0 g(t)dWy = (a + B)W, + B(W; — W) = oW, + W,

Therefore,
Icqoa(9)(f) = af(s) + Bf(t)
for y""W-a.e. f € C([0,1]). On the other hand, setting

B = ads + 36y,

since j(1)(f) = af(s) + BF(t) for any f € C([0,1]), we obtain Ie(.(g) = () 7" —a-e.
Moreover, by (6.3.3)

2 2 2
||9||L2(0,1) =E (IC([O,I})(Q)) = ||IC([0,1])(9)||L2(c([0,1]),7W)
= ||j(ﬂ)”%2(c([o,1}),a,W)~
For any simple function g € ([0, 1])

g(x) =Y il (x),
=1

a similar computation yields ||gl[z2(0,1) = Il7()ll 2(c(jo.17),,) With

n
= Z Ci0t,;,
=1
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W_a.e.. Approaching any ¢ € L?(0,1) by a sequence of simple

and Igo,1))(9) = J(u) v
functions gn, Ic(o,1))(gn) converges to Ic((,17)(g) in L?(C(]0,1]),4") by the It6 isometry
(6.3.3). Since I¢((o,1))(gn) € 7(#(]0,1])) for every n € N, we have Ix(o,1))(9) € X
This proves that Ioo17)(L*(0,1)) C Xow-
For the reverse inclusion, we use Lemma 6.1.1. Let us take p € .Z([0, 1]) and let (p,)
be the approximating sequence defined by (6.1.1). Then YW-a.e. j(u,) = Ieqo,1))(9n),
where

gn(z) =p({1}) +2n71u ([;n Z;1>> Upg, i1y ()
1=0
2n—1 . 7
=eI) + 3 m (-57)) 2 M) )
S SIUILTEEES o) o' (5o 5)) My @
7=0 =0 1i=j
on—1
= Cn’j]l[Q%vaTl)(x)’ (6.3.5)
j=0
where -
cng = p({1}) + ; 7 ([;n Z;})) =p ([anlD .

The functions j(j,) converge to j(u) in L2(C([0,1]),7") since

117 Cpen) — j(#)||%2(c([o,1]),»yW) =[5 (pn — H)H%%c([o,u)ﬁm = Byw (ftn =ty fin — 1)
= [t 9} (a0 & o= ) )

)

= [ @ ) <2 [ minga ) o © ) 4 )
+ [ minfeghue m(da)
[0,1]2
As p, converges to u weakly, u, ® p and u, ® p, converge to u ® u weakly, we obtain

lim|5(kn) = 520,17 w) = O-

n—-+00

Hence j(j) is the limit in Z2(C([0, 11),7/") of j(jin) = I (gn), whenee j(.([0, 1]))
T (L7(0,1)). Hence Xow C I (L2(0,1)), and this concludes the proof of the
equality X;W = IC([OJ])(LQ(O, 1)).

The proof of equality X;;W = IL2(071)(L2(0, 1)) is similar. O
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Remark 6.3.3. By Proposition 3.1.2, a function f € C([0,1]) belongs to the Cameron—
Martin space H if and only if it belongs to the range of R.w, namely if and only if
f =R, w(lcqoa(g)) for some g € L*(0,1). In this case, by (3.1.4) we have

|flr = o) (D L2cqo,1)),4w)

and by the It6 isometry (6.3.3)
|fla = HgHLQ(O,l)-
The same argument holds true for f € L?(0,1).

We close this lecture by characterising the spaces
Row (j(((0,1])))

and
Rsw (§(L*(0,1))) = Q(L*(0,1)).

The latter is easier to describe. We have indeed the following result.

Proposition 6.3.4. Let 7'V be the Wiener measure on L*(0,1). Then
Q(L*(0,1)) = {u € Hy([0,1]) N H*(0,1) : /(1) = 0}

and for any f € L*(0,1), u = Qf is the solution of the problem on (0,1)

u' = —f
u(0) = 0, (6.3.6)
w'(1)=0

Proof. If u = Qf, then

u(z) = Qf (x) = / min{z, y} £ (y)dy.

Then w is weakly differentiable and

1
W (z) = / f(w)dy.

Hence u' admits a continuous version such that u/(1) = 0; v’ is also a.e. differentiable with

On the other hand, arguing as in the proof of Proposition 6.2.1, if w is a solution of
(6.3.6), integrating twice we obtain

1
u(z) = / min{z, y} f(y)dy = Qf (x),

and this completes the proof. O
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To prove a similar result in the case of ¥V on C([0, 1]), we need the following lemma.

Lemma 6.3.5. Let v € L?(0,1) be such that v' = u € .#([0,1]) in the sense of distribu-
tions, i.e.

1
| v @ds == | pauldn), Ve clo.
0 [0,1]
Then there exists ¢ € R such that for a.e. x € (0,1)
v(z) = p((0,z]) + c. (6.3.7)

Proof. Let us set w(x) = u((0,z]). We claim that w’ = pu is the sense of distributions.
Indeed, for any ¢ € CL(0,1), by the Fubini Theorem 1.1.15

[ wwgwi= [ uaea= [ ( [, o <y>u<dy>> (@)
= /(071) ( /01 Lo,.21(¥)# (%) dx) p(dy) = — /( o o(y)u(dy).

As a consequence, the weak derivative of v — w is zero and the conclusion holds. ]

Definition 6.3.6. Let v € L?(0,1) be such that v’ € .#(]0,1]) in the sense of distributions.
Then, writing v(x) = u((0,x]) + ¢ for a.e x € (0.1) as in (6.3.7), we set

v(17) = e+ pu((0, 1)).
We close this lecture with the following proposition.
Proposition 6.3.7. Let vV be the Wiener measure on C([0,1]). Then
Ryw (j(([0,1]))) = {u € Hy([0,1]) :F3u € A4([0,1]) s.t. u" = —p on (0,1)
in the sense of distributions, u'(17) = p({1})}

and u= R w(j(u)) if and only if u is the solution of the following problem on (0,1)

u’ = —u,
u(0) = (6.3.8)
e ) ({1})-

Proof. Let u = R w(j()). Then for any v € .#([0,1]) we have

~

v(u) = v(R,w(ji(n))) _/0(01 (W) ()i @) (YWY (df)
/ / p(dz) [ fy)v(dy)y" (df)
c([0,1]) J[0,1] [0,1]

_/ </ Wx(f)Wy(f)WW(df)> (n@v)(d(z,y))
(0,12 \ /C([0,1])
:/ min{z,y}(n @ v)(d(z,y)),

(0,1]2
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where we have used the fact that W; is a standard Brownian motion. Indeed, since if
r <y, Wy and W, — W, are independent,

/ W (F)W, ()" (df) = / Wo(F) (W, () — Wal )W (df)+
([0,1]) c([0,1])
+ / Wa(f)24" (df)
c([0,1])
_ / W ()" (df) - / (W, () — Wa(£)7" (df)+
c([0,1]) ([0,1])

+ / W (f)22" (df) = .
C([0,1])

Then

u(y) = Ryw (5 (1)) (y) = o min{z, y }pi(dz). (6.3.9)

We claim that for a.e. y € (0,1)

u'(y) = p((y,1]) = —p((0, y]) + u((0,1]) (6.3.10)
and that u' € L%(0,1). Indeed, for any ¢ € C}(0,1),

/01 u(z)y' (z)dz :/[01 /1 min{z,y}¢' (z)dz p(dy)

/ / x)dx p(dy) = / / 1o p(dy) dx
[0,1] [0,1]
1
—/ / 1, 1] w(dy) dx = — / o(x ]) dz.
0 [0,1] 0

It is readily verified that u/(x) = u((x,1]) belongs to L?(0,1); in addition v’ = —u on
(0,1) in the sense of distributions. Indeed for any ¢ € C1(0,1)

/ dx—/[m]/ (0) ()¢ (x)da pu(dy)

/ culdy) = [ o)u(dy),
[0,1]

(0,1)

where the last equality follows from the fact that ¢(0) = ¢(1) = 0. Comparing (6.3.10)
with (6.3.7) in Lemma 6.3.5, we obtain

lim u'(y) = p({1}).

y—1—

On the other hand, if u is a solution of (6.3.8), then since u” = —u, by (6.3.7) in
Lemma 6.3.5 we have for a.e. z € (0,1)

u'(z) = —pu((0,2]) + ¢ = p((x,1)) = n((0,1)) +c
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Then «/(17) = p({1}) if and only if ¢ = p({1})+x((0,1)), and in this case v'(z) = p((x,1])
for a.e. x € (0,1). Integrating v’ between 0 and x, we get

) = [ w1t = /On(om ((t, 1))t = // 0 (O ey ()a(dy)

/[0 : / (1] (@) N ) (y)dt p(dy) = / min{z, y}u(dy),

and then u = R,w (j()). This completes the proof. O

6.4 Exercises

Exercise 6.1. Let u € .#([0,1]) and let u, be the sequence defined by (6.1.1); prove that
|1 (10,1]) < ([0, 1))

Exercise 6.2. Show that if (u,) is a sequence of real measures on (X,.#;) weakly con-
vergent to p and (1) is a sequence of measures on (Y, .%3) weakly convergent to v then
the sequence (, ® vy,) converges weakly to p ® v, cf. statements (ii) and (iii) in Lemma
6.1.1.

Exercise 6.3. Verify that the eigenvalues of @ in Theorem 6.2.1 are given by (6.2.4) and
that the eigenfunctions with unit norm are given by (6.2.5).

Exercise 6.4. Prove that the stochastic processes defined in (6.3.4) are standard Brownian
motions, i.e. they satisfy Definition 5.2.4.

Exercise 6.5. Prove that the function g, in formula (6.3.5) is given by

gn(ﬂc):/t([[z;:j],l}),

where [2"z] is the integer part of 2"x. Prove that if u € #([0,1]), j(u) = Ic(o1))(9)
where
g(z) = p([z,1]), for a.e. x € [0,1].

Exercise 6.6. Prove that for any u € .Z([0, 1]), the function

u(y) = min{z,y}u(dr),  y€0,1],
[0,1]

is continuous.
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Lecture 7

Finite dimensional approximations

In this Lecture we present some techniques that allow to get infinite dimensional results
through finite dimensional arguments and suitable limiting procedures. They rely on
factorising X as the direct sum of a finite dimensional subspace F' and a topological
complement Xp. The finite dimensional space F' is a subspace of the Cameron-Martin
space H. To define the projection on F', we use an othonormal basis of H, so that we
get at the same time an orthogonal decomposition H = F @ F1 of H. Throughout this
Lecture, X is a separable Banach space endowed with a centred Gaussian measure ~.

7.1 Cylindrical functions

In analogy to cylindrical sets discussed in Section 2.1, cylindrical functions play an impor-
tant role in the infinite dimensional Gaussian analysis.

Definition 7.1.1 (Cylindrical functions). We say that ¢ : X — R is a cylindrical func-
tion if there are n € N, 4q,...,¢, € X* and a function ¥ : R" — R such that ¢(x) =
V(01 (x),. .., lo(z)) for allx € X. Fork € N, we write ¢ € FCF(X) (resp. p € FOFX(X)),
and we say that ¢ is a cylindrical k times (resp. infinitely many times) boundedly differ-
entiable function, if, with the above notation, 1 € CE(R™) (resp. ¢ € C°(R™)).

We fix now an orthonormal basis {ﬁj : j € N} of XJ. By Lemma 3.1.8, we may assume

that each h; belongs to j(X*). We recall that the set {h; : j € N}, with h; = R,hj,
is an orthonormal basis of H. Notice also that, arguing as in Theorem 2.1.1 we obtain
E(X) =& (X, {hj}jen). We define

an:ZiLj(x)hj, neN, zreX. (7.1.1)
j=1

Note that every P, is a projection, since by (2.3.6) h;(h;) = 6;;. Moreover, if z € H, then
hj(z) = [z, hj]g so that P,z is just a natural extension to X of the orthogonal projection
of H on span {hy,...,h,}.

77
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We state (without proof) a deep result on finite dimensional approximations.

Theorem 7.1.2. For v-a.e. x € X, lim P,z =z.
n—oo

The proof of theorem 7.1.2 may be the subject of one of the projects of Phase 2.
However, it is easy if X is a Hilbert space, v = 47(0,Q), and we choose as usual an
orthonormal basis {e; : j € N} of X consisting of eigenvectors of @, Qer = Aye. We may
assume, without loss of generality, that @) is nondegenerate, i.e. A > 0 for any k € N.
Then {h; = )\Jl-/gej, j € N} is an orthonormal basis of H and we have h;(z) = (z, ej)/)\Jl-/Q
for every x € X. Indeed, for every x € H,

hi(@)hj = o, hjliwh; = (Q7V22,Q7V2Q2¢;)Q"?e; = (w,¢5)e;. (7.1.2)
Since for every x € X we have x = Y 72, (x, ex)e, and the partial sums of this series are in
H, the space H is dense in X. Therefore, equality (7.1.2) holds for every x € X and P,x
is the orthogonal (in X) projection of x on span{ei,...,e,} = span{hy,...,h,}, which
goes to x as n — oo for every x € X. The case when @) is degenerate follows similarly
using the fact that H is dense in the span of the eigenvectors e; associated with nonzero
eigenvalues \; > 0.

7.2 Some more notions from Probability Theory

In this section we recall some further notions of probability theory, in particular conditional
expectation. We use the notation of Lecture 5.
Let us introduce the notion of conditional expectation.

Theorem 7.2.1. Given a probability space (2, #,P), a sub-c-algebra ¢ C F and X €
LY(Q, .7 ,P), there exists a unique a random variable Y € L'(2,%,P) such that
/ YdP = / XdP, VAe9. (7.2.1)
A A

Such random wvariable is called expectation of X conditioned by ¢, and it is denoted by
Y =E(X|¥9). Moreover, |[E(X|¥)| <E(|X||¥).

Proof. The map B +— [ X dP, B € ¢, defines a measure that is absolutely continuous
with respect to the restriction of P to &. The assertions then follow from the Radon-
Nikodym Theorem 1.1.9. O

Remark 7.2.2. Using approximations by simple functions, we have that (7.2.1) implies

/ngIP’:/gE(XK?)d]P’
Q Q

for any bounded ¥—measurable functions g : 2 — R.

We list some useful properties of conditional expectation. The proofs are easy conse-
quences of the definition and are left as an exercise, see Exercise 7.3.
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Proposition 7.2.3. The conditional expectation satisfies the following properties.
1. If 9 ={0,Q}, then E(X|¥¢) = E[X].

E[E(X|9)] = E[X].

If X <Y, then E(X|9) <E(Y|9); in particular, if X > 0, then E(X|¥) > 0.

For any X,Y and o, € R, E(aX + YY) = oE(X|9) + FE(Y|9).

Cvo o e

If 7 C 9 is a sub-o-algebra of 9, then

6. If X is &-measurable, then E(X|¥) = X.

7. If XY, XY € LY(Q,.7,P) and X is 4-measurable, then
E(X-Y¥9) =X -EY|¥9).

8. If X is independent of 4, then E(X|¥9) = E[X].

The following result allows to handle conditional expectations in LP spaces, p > 1.

Theorem 7.2.4 (Jensen). Let (Q2,.7,P) be a probability space, let 4 C F be a sub-o-
algebra, let X € L' (Q2,.#,P) be a real random variable, and let p : R — R be a conver C*
function such that ¢(X) € L*(Q,.Z,P). Then,

E(po X|9) > p o E(X|9). (7.2.2)
Proof. As ¢ is convex, we have that for any =,y € R
p(r) = (y) + &' (Y (@ —y).
We use this inequality with z = X and y = E(X|¥) and we obtain
p(X) > o(E(X]9)) + ¢'(E(X|9))(X — E(X]9)). (7.2.3)

Since p(E(X|¥)) is ¥ -measurable, by property 6 of Proposition 7.2.3 we have that
E(E(p(X)|9)|¥) = E(¢(X)|¥9). In the same way, E(X|¥) is ¥-measurable and then
E(X —E(X|¥)|¥¢) = 0. Since also ¢'(E(X|¥)) is ¥—measurable, by property 7 of Propo-
sition 7.2.3 we also have that

E(@’(E(X\%))(X ~ E(X|9)) ‘g) — J(B(X|¥)) - E(X —E(X|¥)|%) = 0.
Then, taking conditional expectation in (7.2.3), we have

E(¢(X)|9) 2E(¢(E(X[9))I9) + E(¢ (B(X|9))(X - E(X|9))|%) = p(E(X|9)).
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Corollary 7.2.5. Let X € LP(Q,.%#,P), p > 1, be a real random variable. Then, its
conditional expectation E(X|9) given by Theorem 7.2.1 belongs to LP(Q, Z,P) as well.

Proof. Theorem 7.2.4 with ¢(z) = |z|P yields
/ |E(X|9)PdP < / E(|X|P|¥)dP :/ | X |P dP.
Q Q Q

O]

Notice that the properties of the conditional expectation listed in Proposition 7.2.3
hold also in LP(X,~), p > 1.

7.3 Factorisation of the Gaussian measure

In this section we describe an important decomposition of v as the product of two Gaus-
sian measures on subspaces. The projections on finite dimensional subspaces generate a
canonical decomposition of the Gaussian measure as follows. Let F' C Ry(j(X*)) be an
n—dimensional subspace and let us denote by Pr the projection on X with image in F
(which is given by P, of (7.1.1) with a suitable choice of an orthonormal basis of H).
Define the measure v = v o P, and notice that v (F) = 1 since P,.*(F) = X. For any
(e X*

7(0) = [ expliC(Pr(e))} 1(dn) = [ expliPpo(a)} (da)
b's X
—exp {3 B (Pi¢. PR}
then v is a centred Gaussian measure by Corollary 2.2.7(i), with
Bre(G1:2) =By (P Pi) = [ PEG(@)PiGa (@) (do)
=/ G (Prz)Ce(Prz)y(dr) = / G1(2)¢2(2) vr(dz)
X X
~ [ Q) ve(d) = (G b (7.3.1)

vr(F) =1, for any (31, (2 € X*. In the same way we define the measure fyj; =~yo(I—-Pp)~!
and notice that fyf(X r) = 1 where X := ker Pp. This measure is again a centred
Gaussian measure with

B (G G) =By — Pr)Gu, (I - Pr)Ga) = /X (I~ Pr)Cu(@)(I — Pr)Cala)y(da)
- / G (I = Pr)a)Ga((I — Pr)a)y(da) = / () Cay)ri (dy)
X Xr

= <C17€2>L2(XF771%)7 (732)
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for any (1,¢2 € X*. The explicit computations of B, and Bﬁ imply that the Cameron—

Martin spaces of vp and 71{: are respectively equal to F and F=, the last being the
orthogonal complement of F' in H.

Since + is centred, we have that j(f)(z) = f(x) for any f € X*. To simplify the
notation, we shall write f instead of j(f) also when considered as an element of X7; in
this way we may think to X* as a subset of X7. Let us assume that F' = span{hy,...,hn}
with hi,...,h, orthonormal and such that h;y € R,(X*). In this way we may use the
explicit expression for Pr given by (7.1.1). We can state and prove the following result.

Lemma 7.3.1. For any f € X*, we have

Pr(Ry(f)) = Ry(Prpf), (I —Pp)(Ryf) =Ry((I—Pr)*f).

As a consequence
By (D = 1Pef 72 + 1T = Pr) FllT2x, 0 (7.3.3)

Proof. We know that for any g € X*, by (7.1.1) and Remark 2.3.7

n

9(Pe(Ry(£))) =D hi(Ry(£))g(hi) =Y {F i) r2x, 9 ().
k=1

k=1
On the other hand, we also have

n

Pif(x) = f(Prz) = T = (s b r2(x ) ().

k=1 k=1
Hence for any g € X*

9(Ry(Prf)) =g (Rv <Z<fa i) 12 (x ) hk )

k=1

=g <Z<f, Bk>L2(X,~/)hk) = (fhu) 2(x )9 (M),
=1

k=1
and then Pr(R,(f)) = R,(P;f). In addition
(I = Pr)Ry(f) = By(f) = Pr(Ry(f)) = By(f) — By(Prf)Ry((I — Pr)[).
Since H = F @ F*, for f € X* we have

(R f 3 =|PrRy [T + (T = Pr) RSy
=1 P2 12 gy + I = Pe)* a0

We have the following result.
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Proposition 7.3.2. Let 4 the restriction of vy to B(F) and 7}/}% the restriction of ’y]% to
B(Xp). Then equality yr ® ¥ = v holds.

Proof. We use the fact that X = F'® X and then for any £ € X*

—

i © Ak (E) = /F (il )3 9 ()

= [ ewplige ez [ expliel) i)
F

XF
ool Y mco)}

Taking into account (7.3.1) and (7.3.2), we obtain that

Boe(6.8) + By (6.6 = [ ePr(a) + [ cwii)

¢
Xr
- /X (¢(Pra)? + (1 = Pr)a)?)y(da)
=IBEE Ty + 1T = Pr) €Nz 20

:’R’Y(g)‘% = B’Y(ga 5)7
where we have used identity (7.3.3). O
As a consequence, by the Fubini theorem, setting for every A € #(X) and z € F (as

in Remark 1.1.14) A, = {y € Xr: (z,y) € A}, we have A, € #(XF); in the same way,
setting, for any y € Xp, AY = {2 € F': (z,y) € A}, AY € B(F) and we have

+(A) = /F E(A2) v (dz) = /X (A 7 (dy).

F

7.4 Cylindrical approximations

Now we are ready to study the approximation of a function via cylindrical ones, taking
advantage of the tools just presented.

We fix an orthonormal basis {hg, k € N} of H, hy = va}k with hy € J(X*) for all
k € N, see Lemma 3.1.8. For every f € LP(X,v), n € N, we define E,, f as the conditional
expectation of f with respect to the o-algebra 3, generated by the random variables
iLl, cee B Using Proposition 7.3.2, we can explicitly characterise the expectation of a
function f € LP(X,~) conditioned to 3.

Proposition 7.4.1. Let 1 < p < oo. For every f € LP(X,v) and n € N we have

®.0)@) = [ FPu+ (T = Pypr(ds), 7€ X, (7.41)
Moreover, the conditional expectation is a contraction, i.e.

HEanLP(X,y) < HfHLP(X,'y)‘ (7.4.2)
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Proof. Let us define

= / f(Ppz+ (I —Pyy)y(dy), neN, zeX.
X
Using the factorisation v = yp ® 'ﬁ;, we may also write

fal@) = [ f(Puz+y)7E(dy).
XF

Since for any B € %, 1gp(x) = 1g(P,x), we have

/B J(@)y(de) =

1g(Ppx) f(Pox 4+ (I — Pp)x)y(dx)

W
—

Ip(2)f(z +y)ir ® 35 (d(z,y))

|
5 —

FXXF

]lB(z)<
- /F]IB ?) </X flz+ y)V#M?/)) Ar(dz)
- /FJIB(Z) (/X flz+ (I - Pn)y)fy(dy)) Sp(dz)
_ / g z)(/ flz+(I— Pn)y)f)/(dy)> y(dz)
/X X

[ 1sP) ([ f(Pua+ (1= Pawsta) 2 ()

f(z+y)ik(dy) ) r(d2)

I
S

Xr

- / 15() fu () (d).
X

By Theorem 7.2.1 we deduce that f, = E(f|%,).
The contractivity estimate |E, f||, < || f|l, easily follows from (7.4.1), and the proper-
ties of conditional expectation:

Bty = [ Eut@Patdn) = [ | [ 1P+ = Powtanas)

< /X E.(1fP)v(de) = [ £12, 0.
Il

Let us come back to the space R* described in Subsection 4.1. Through R*, we give
a description of &(X).

Lemma 7.4.2. A set E C X belongs to &(X) if and only if there are B € B(R*) and a
sequence (fp)nen C X* such that

E= {x €X: fla)=(fulz)) € B}. (7.4.3)
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Proof. For every fixed sequence (f,) C X* the sets of the form (7.4.3) are a o-algebra, see
Exercise 7.5. Then, the family of the sets as in (7.4.3) are in turn a o-algebra (let us call
it .#) and the cylinders belong to .#, whence &(X) C .Z.

On the other hand, for any fixed sequence f = (f,) C X*, the family ¢} consisting
of all the Borel subsets B C R* such that the set E described in (7.4.3) belongs to
&(X) contains all the cylinders in R*°, hence ¢y O &(R*°). But, since the coordinate
functions in R*° are continuous and separate the points, from Theorem 2.1.1 it follows
that Z(R*°) = &(R*°). Therefore, the family of sets £ C X given by (7.4.3) with B € ¥
is contained in &(X) for every f as above. Then &(X) C .% and the proof is complete. [

Remark 7.4.3. We notice that the o—algebra &(X) coincides also with the o—algebra of
cylinders based on elements ox XJ; indeed, for any F' = {fi,..., fa} C X7 the sets of the
type

E={zeX:(fi(x),..., fa(x)) € B},
with B € Z(R%), belong to %(X) for any choice of Borel representatives fi, ..., fs. Hence
&(X, X)) € #(X). The reverse inclusion is trivial, whence the fact that &(X, XJ) =
A(X) by the separability of X, see Theorem 2.1.1.

Lemma 7.4.2 easily implies further useful approximation results.

Lemma 7.4.4. For every A € &(X) and € > 0 there are a cylinder with compact base
C and a compact set B C R* such that v(CAA) < e and the set E defined via (7.4.3)
verifies E C A and y(A\ E) < e.

Proof. Let A be as in (7.4.3). For every € > 0 there is a cylinder Cj such that v(AACyp) <
g/2: for instance, define By, = {y € R®: y; = fij(x), * € A, j <k} and Cy = f~1(By),
and take Cy = O} with k large enough. Since Cop = P~1(Dy) for some Dy € B(R") and
a linear continuous operator P : X — R", it suffices to take a compact set K C Dy such
that yo P~Y(Dp \ K) < ¢/2 and C = P~1(K).

By Proposition 1.1.5 the measure v o f~! is Radon on R*, hence for every € > 0
there is a compact set K C B such that v o f~}(B\ K) < ¢ and it suffices to choose
E = f~1(K). O

Proposition 7.4.5. For every 1 < p < oo and f € LP(X,) the sequence E, f converges
to f in LP(X,~) and y-a.e. in X.

Proof. 1t is sufficient to check LP-convergence of indicator functions, as the general case
follows by the density of simple functions. Taking into account that &(X) = &(X, (iLJ) FEN)S
for every measurable set B C X and € > 0 there is n € N and B, € 3, such that
v(BAB:) < (¢/2)P. Equality E,1p. = 1p_ and estimate (7.4.2) yields

|En1p — 1pllrr(x,y) < Enlp — Ip.|lLr(xy) + 115 — 1B || Lr(x )
= |En(1p — 1) zr(x,y) + 1B — 1B || Lr(x,1) < &

The convergence y-a.e. of a subsequence follows from the LP convergence, whereas the
convergence of the whole sequence easily follows from Theorem 7.1.2 (which we have stated
without proof) via dominated convergence. O
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As a consequence of the above results, we have the following approximation theorem.
Notice that the conditional expectations E,, f of a function f is invariant under translations
along kerP,, hence it can be identified with a function defined on F = P,X setting
fn(y) = Enf(l')a yeF, y= Py

Theorem 7.4.6. For every 1 < p < oo the space FC°(X) is dense in LP(X,7).

Proof. Fix p and f € LP(X,). Assume first that f € L>°(X,~) (this hypothesis will be
removed later). Set

e = [ F(6h+ (U= Py) ). g <R
j=1

and notice that f,, € LP(R", v o P;!). Each f, can be approached in LP(R", v o P;!)
by a sequence (v, ;) of functions in C;°(R"), e.g. by convolution. Defining the FC;°(X)
functions g, j(x) = ¥n ;(Pax), it is easily checked that the diagonal sequence g, ,, converges
to f in LP(X,v). In order to remove the assumption that f is bounded, given any f €
LP(X,7), just consider a sequence of truncations f; = max{—k, min{k, f}}, £ € N, and
proceed as before. O

7.5 Exercises

Exercise 7.1. Let X be a separable Banach space endowed with a centred Gaussian
measure 7. Prove that for any choice h1,...,hq € H, the map P : X — RY, P(z) =
(h1(z),...,ha(x)) is a Gaussian random variable with law v o P~ = 4(0,Q), Qi; =
[hi gl

Exercise 7.2. Let ¢ : R — R be a convex function. Prove that there are two sequences
(an) C RY and (b,) C R such that

o(z) = sup{a, - x + by }.
neN

Use this fact to prove Theorem 7.2.4 for any convex function ¢ : R — R.

Exercise 7.3. Prove the properties of conditional expectation stated in Proposition 7.2.3.
Exercise 7.4. Prove that if Q = (0,1)? with # = £((0,1)?) and P = )y the Lebesgue
measure in €2, then by considering ¥ = #((0,1)) x (0,1)

1
BX[9)(w0) = [ X(@dh(®) Yy (0.1)
0
Exercise 7.5. Prove that for every fixed sequence (f,) C X* the family of sets defined
in (7.4.3) is a o-algebra.

Exercise 7.6. Prove that if ¢ € C°°(X) has compact support in an infinite dimensional
Banach space then ¢ = 0.
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Lecture 8

Zero-One law and Wiener chaos

In this Lecture we introduce the Hermite polynomials, which provide an orthonormal basis
in L?(X,v). Accordingly, L?(X,v) is decomposed as the Hilbert sum of the (mutually
orthogonal) subspaces X generated by the polynomials of degree k € N, see Proposition
8.1.9. Knowing explicitly an orthonormal basis in this not elementary setting is a real
luxury! The term chaos has been introduced by Wiener in [W] and the structure that
we discuss here is usually called Wiener chaos. Of course, the Hermite polynomials are
used in several proofs, including that of the zero-one law. The expression “zero-one law”
is used in different probabilistic contexts, where the final statement is that a certain event
has probability either 0 or 1. In our case we show that every measurable subspace has
measure either 0 or 1.

We work as usual in a separable Banach space X endowed with a centred Gaussian
measure 7. The symbols R,, X7, H have the usual meaning.

8.1 Hermite polynomials

As first step, we introduce the Hermite polynomials and we present their main properties.
We shall encounter them in many occasions; further properties will be presented when
needed.

8.1.1 Hermite polynomials in finite dimension

To start with, we introduce the one dimensional Hermite polynomials.
Definition 8.1.1. The sequence of Hermite polynomials in R is defined by

(=" 2oy & 2
Hy(z) = T exp{x /Q}W exp{—z“/2}, keNU{0}, z€R. (8.1.1)

87
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Then, Ho(z) = 1, Hi(a) = @, Ha(x) = (2* = 1)/V2, Hy(w) = (a* — 32)/V/G, ete.
Some properties of Hermite polynomials are listed below. Their proofs are easy, and left
as exercises, see Exercise 8.1.

Lemma 8.1.2. For every k € N, Hy, is a polynomial of degree k, with positive leading
coefficient. Moreover, for every x € R,

(i) Hj(z) = VkHy_1(z) = 2H(x) — Vk + LHgy1 (), ( |
8.1.2
(it) Hj(x) —aH(x) = —kHp(x).

Note that formula (ii) says that Hy, is an eigenfunction of the one dimensional Ornstein—
Uhlenbeck operator D? — xD, with eigenvalue —k. This operator will play an important
role in the next lectures.

Proposition 8.1.3. The set of the Hermite polynomials is an orthonormal Hilbert basis
m L2 (R, ’yl) .

Proof. We introduce the auxiliary analytic function
F:R? SR, F(tz):= e /2t

Since
o

Fa,t) = Z;(—t; + tx)k,
k=0

for every x € R the Taylor expansion of F' with respect to ¢, centred at ¢ = 0, converges
for every t € R and we write it as

Ft, 2) = e/~ (=22 _ 2/22 '8t” o~ (t=2)2/2
n

S e 4
_T;)n!e:E (=1 dzn© Z\F

So, for t, s € R we have

t=0

m

Zfr

n,m=0

F(t,2)F(s,x) = e~ 57/ 24 (t4s)e () Hyn ().

Integrating with respect to x in R and recalling that [ My (d) = N /2 for every A € R

we get

> thgh
M

[ )P (s,0) p(dn) = 1072 [ v, () — s =
R

R n=0
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as well as
= s
F(t,x)F(s,x)v1(dz) = /anHmaﬁ’yldm.
JFeareomn = 3 o [ Hola) o) mids)
Comparing the series gives, for every n, m € NU {0},

/ Hon () Hon () 1 (di5) = G,
R

which shows that the set of the Hermite polynomials is orthonormal.

Let now f € L?(R,~1) be orthogonal to all the Hermite polynomials. Since the linear
span of {Hy : k < n} is the set of all polynomials of degree < n, f is orthogonal to all
powers x™. Then, all the derivatives of the holomorphic function

o(z) = /R explizz} f(z) dy ()

vanish at z = 0, showing that ¢ = 0. For z =t € R, ¢(¢) is nothing but (a multiple of)
the Fourier transform of = — f(x)e~*"/2, which therefore vanishes a.e. So, f(z) = 0 a.e.,
and the proof is complete. O

Next, we define d-dimensional Hermite polynomials.

Definition 8.1.4. If o = (av, ..., aq) € (NU{0}? is a multiindex, we define the polyno-
mial H, by

Hy(x) = Hoy (1) -+ Hoy(zd), = (x1,...,24) € RL (8.1.3)
Proposition 8.1.5. The system of Hermite polynomials is an orthonormal Hilbert basis in
L?%(R%,~y). Moreover, for every multiindex o = (a1, ..., aq) the following equality holds,
d
AHo(z) — (2, VHy(2)) = —(Z aj>Ha(a:). (8.1.4)
j=1

Proof. Since ~4 is the product measure of d copies of 1, and every H, is a product of
one dimensional Hermite polynomials, Proposition 8.1.3 yields (Ha, Hg)2(ray,) = 1 if
a = (3 and (Hq, Hg)r2(ra ) = 0 if @ # 8. Completeness may be shown by recurrence
on d. By Proposition 8.1.3 the statement holds for d = 1. Assume that the statement
holds for d = n — 1, and let f € L?(R",,) be orthogonal to all Hermite polynomials in
R™. The Hermite polynomials in R™ are all the functions of the form H,(x1,...,2,) =
Hy(x1)Hg(z2,. .., 2,) with k € NU{0} and 8 € (NU{0})"L. So, for every k € NU {0}
and 3 € (NU{0})"! we have

0= (f, Ha) L2(Rn ) Z/R(Hk(wl)/]Rn_lf(svhy)Hﬁ(y)%—l(dy)>71(dx1)-

Then, the function g(z1) = [gn-1 f(z1,y)Hp(y)ym-1(dy) is orthogonal in L?(R,~1) to all
Hy. By Proposition 8.1.3 it vanishes for a.e. x1, which means that for a.e. 1 € R the
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function f(z1,-) is orthogonal, in L2(R"~1,~,_1), to all Hermite polynomials Hgz. By the
recurrence assumption, f(r1,y) vanishes for a.e. y € R*~1,
For d = 1 equality (8.1.4) has already been stated in Lemma 8.1.2. For d > 2 we have

DjH,(x) S (@5) H He, (7h)
h#j
d d
AH () =~ HY (25) ] Hop(on) = 3 [25H4, (25) = aHo, (@5)] T] Ha (on)
j=1 h#j j=1 h#j
d d d
:Z:z:j - (Z%)Ha( = (x, VHq( (Za )
j=1 Jj=1 Jj=1

O]

Let us denote by Xj the linear span of all Hermite polynomials of degree k. It is a
finite dimensional subspace of L?(R?, ), hence it is closed. For f € L?(R%,~,), we denote
by Ij(f) the orthogonal projection of f on Xy, given by

L(f) = Y (f, Ha)Ha. (8.1.5)

|a|=k

We recall that if & = (aq,...,a,) then |a] = a3 + ... + ay, so that the degree of H,, is
|a|. By Proposition 8.1.5 we have

o0
F=> "I/ (8.1.6)
k=0
where the series converges in L2(R%,v,).

8.1.2 The infinite dimensional case

The Hermite polynomials in infinite dimension are the functions = — H, (¢1(x),. .., lq(x)),
where d € N, H,, is any Hermite polynomial in R¢, and ljeX*forj=1,...,dand Hy, =1
if @ = 0. To our aim, it is enough to consider the sequence of elements of X* given by
¢; = hj, where {h; : j € N} is a fixed orthonormal basis of X7, so that {h; : j € N} is
a fixed orthonormal basis of H. We pointm out that this is always possible, see Lemma
3.1.9.
For notational convenience we introduce the set A of multi-indices a € (N U {0})Y,

a = (o), with finite length \a\ > joq oy < oo. Als just the set of all NU {0}-valued
sequences, that are eventually 0

Definition 8.1.6. For every a € A, a = (¢ ), we set

H o, (hj(z)), z€X. (8.1.7)
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Note that only a finite number of terms in the above product are different from 1.
So, every H,, is a smooth function with polynomial growth at infinity, namely |H,(x)| <
C(1+ ||z|le!). Therefore, H, € LP(X,~) for every p > 1.

Theorem 8.1.7. The set {H, : o € A} is an orthonormal basis of L*(X,7).

Proof. Let us first show the orthogonality. Let «, 8 be in A, and let d € N be such that
aj = fj = 0 for every j > d. We have

d
/X Ho Hydy = /X jr_[lHajmj(x))ffﬂj(hj(x»v(dm)

d
:/ HHaj(éj)H,Bj(fj)Wd(dﬁ)
RY ;)

which is equal to 1 if a;j = f; for every j (namely, if @ = ), otherwise it vanishes. The
statement follows.

Next, let us prove that the linear span of the H, with a € A is dense in L?(X,~). By
Theorem 7.4.6, the cylindrical functions of the type f(z) = ¢(hy(z), ..., hq(z)) with d € N
and ¢ € Cy(R%, v4) are dense in L?(X, 7). So, it is sufficient to approach such functions.
To this aim, we recall that the linear span of the Hermite polynomials in R is dense in
L?(R4,~4), by Proposition 8.1.5; more precisely the sequence

n n

d

S 1) =>" Y. (¢ Ha)reri g Ha
k=0 k=0 ae(NU{0})?, |a|=k

converges to ¢ in L%(R% ~4) as n — co. Set

fo(z) = Z Z <g0,Ha>L2(Rd’,7d)Ha(ltLl(l'), . hg(z), neN, zeX.
k=0 ac(NU{0})?, |al=k

~ ~

Since y o (h1,...,hq)"" is the standard Gaussian measure 74 in R?,

1 = fallzzoen = [|le = Y10 0) nen,
k=0

L2(R%,y)]
so that f, — f in L*(X,7). O

Definition 8.1.8. For every k € NU {0} we set

Xr =span{H, : a € A, |a| =k},

where the closure is in L?(X,7).
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For k = 0, Xg is the subset of L?(X,~) consisting of constant functions. In contrast
with the case X = R?, for any fixed length & € N there are infinitely many Hermite
polynomials H, with |a| = k, so that X is infinite dimensional. For k = 1, X; is the
closure of the linear span of the functions iLj, j € N, that are the Hermite polynomials H,
with |a| = 1. Therefore, it coincides with X7.

Proposition 8.1.9. (The Wiener Chaos decomposition)

X,y = & %X

kENU{0}

Proof. Since (Ha Hpg)r2(x,) = 0 for a # B, the subspaces Xy are mutually orthogonal.
Moreover, they span L?(X,~) by Theorem 8.1.7. O

As in finite dimension, we denote by I the orthogonal projection on Xj. So,

L(f)= Y. (fHa)izxyHar f€ LX), (8.1.8)
a€A, |a|=k
F=Y I(f), fel*X,), (8.1.9)
k=0

where the series converge in L?(X,7).

8.2 The zero-one law

We start this section by presenting an important technical notion that we need later, that
of completion of a o-algebra.

Definition 8.2.1. Let .Z be a o-algebra of subsets of X and let v be a measure on (X, .F).
The completion of % is the family

%:{Ecxz IB1,By € F such that B, C E C By, 7(32\31):0}.

We leave as an exercise to verify that .%, is a o-algebra. The measure v is extended
to #, in the natural way. From now on, unless otherwise specified, a set £ C X is called
measurable if it belongs to the completed o-algebra (X ), = &(X),. The main result of
this section is the following.

Theorem 8.2.2. If V is a measurable affine subspace of X V), then ~(V) € {0,1}.
We need some preliminary results.

Proposition 8.2.3. If A € #(X), is such that v(A + h) = v(A) for all h € H, then
7(4) € {0,1}.

(1)By measurable affine subspace we mean a set V = Vj + xo, with Vo measurable (linear) subspace and
xo € X.
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Proof. Let {h;}jen be an orthonormal basis of H. Then, for every n € N the function
n R 1 n
F(t1,...,tn) =v(A—=tih1 + ... —tyhy) = /Aexp{z tihj(x) — 3 Zt?}'y(d:c)
j=1 J=1

is constant. Therefore, for all a, ..., a, not all 0 we get

8a1+"'+a”F

Arguing as in the proof of Proposition 8.1.3 we get
8041"1‘---"1‘0171

n
~ 1 9
oot exp) ki) =5 o6}
J:

=1

~

= Ho, (h1(x)) - ... Ha, (hn(z))

ti ==t =0

(where H,; are the 1-dimensional Hermite polynomials), whence

/X Ho, (ha() - .. Ha. (h(2))La(2)y(dz) = 0.

It follows that the function 14 is orthogonal to all nonconstant Hermite polynomials and
then by Theorem 8.1.7 it is constant, i.e., either 1y =0 or 14 =1 a.e. O

Corollary 8.2.4. If A € B(X)y is such that y(A\ (A+ h)) =0 for every h € H, then
7(4) € {0, 1}.

Proof. Since if h € H also —h € H, we deduce that y(A\ (A —h)) =0 for all h € H and
then v((A+h) \ A) = 0. In conclusion

YA+ h) =~(A4), Vhe H
and we conclude by applying Proposition 8.2.3. O

Corollary 8.2.5. If f is a measurable function such that f(x+ h) = f(x), for allh € H,
then there exists ¢ € R such that f(x) = ¢ for a.e. x € X.

Proof. By Proposition 8.2.3, for every ¢t € R either y({z € X : f(zx) < t}) =1 or
v{z € X : f(z) < t}) = 0. Since the function t — y({x € X : f(z) < t}) is increasing,
there exists exactly one ¢ € R such that y({x € X : f < t}) = 0 for all ¢ < ¢ and
y{z e X: f<t})=1forall t >c. Then,

’y({meX:f(x):c}):ggrgov<{xeX:c—%Sf(m)<c+%}>:1.

Now we prove our main theorem.
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Proof. of Theorem 8.2.2 Let us assume first that V is a linear subspace. As we shall see
at the end of the proof, passing to an affine subspace requires to prove the statement for
non-centred measures.

Let V be a measurable linear space. If V = X there is nothing to prove, so we may
assume X \ V # (. Let us consider X x X with the product measure v ® v and the
projections p1,p2 : X x X — X,

pi(z.y) ==z, paz,y) =y,
whose law is ; let us define the sets

Ay ={(z,y) e X x X2 ¢ V}in{(z,y) e X x X :y+kx € V}, k € N.

If j # k, then A; N Ay = 0; indeed, if y + jz,y+ kx € V, (j — k)xz € V and if j # k then
zeV.
We notice that, by defining ux = (v ® ) o (kp1 + p2) 1,

Al = / &) 1y (d) = / @0 (4 @ ) (d(z, )
X XxX

:/ eikf(x)ﬂ'f(y)w®7)(d(x’y)):/ eikf(x)py(dx)/ e W (dy)
X><X X X

k2+1

B2y =312 ) 1122 xy

for all f € X*. On the other hand, defining v, = (v ® ) o (VE2 + 1p1)~!, we have
uk(f) = / ¢y (dz) = / TVEH @) (y @ ) (d(x, )
X XxX

O (3@ ) (d(a, ) = e F Wszeso,
XxX

So the random variables kpj +ps and vk2 + 1p; are identically distributed, i.e., they have
the same law. In addition, since x,y € V if and only if z,y + kx € V for any k£ € N, we
deduce

(@A) =(y@N{(z,y) e X x X :y+kx € V})
—(veoN{@y e X x X zeVin{(z,y) :y+kreV})
—(reN{(@y) € X x X: VI+kzeV})
(N y) e X x Xz eVin{(ry) e X xX:yeV})
—(venN{@y) e X xX:zeVh) - (yey)({(z,y) e X x Xz eV})
=y(V) =7 (V)%

Since the the sets Ay are pairwise disjoint, (v ® 7)(Ag) = 0, and then (V') € {0,1}.

Let now V be an affine subspace. Then, there is zg such that Vj = V 4+ x¢ is a
vector subspace, hence, applying the result for Vj to the measure 7., we obtain (V') =
Yoo (V 4+ x0) € {0, 1}. O
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Remark 8.2.6. The proof of Theorem 8.2.2 is much simpler for centred measures, if we
confine to linear subspaces. Indeed, let V' be a measurable linear subspace. If 4(V) = 0
there is nothing to prove. If v(V') > 0 then there is ¢ > 0 such that By (0,¢c) C V-V =V,
see Proposition 3.1.6. Then, H C V, V +h =V for every h € H and by Proposition 8.2.3
we have y(V) = 1.

8.3 Measurable linear functionals

In this section we give the notion of measurable linear functionals and we prove that such
functions are just the elements of X7.

Definition 8.3.1 (Measurable linear functionals). We say that f : X — R is a measurable
linear functional or y—measurable linear functional if there exist a measurable subspace
V C X with v(V) =1 and a y-measurable function fy: X — R such that fo is linear on
V oand f = fo vy-a.e.

In the above definition f = fy v-a.e., so we may modify any measurable linear func-
tional on a negligible set in such a way that the modification is still mesurable, as the
o-algebra Z(X) has been completed, it is defined everywhere on a full-measure subspace
V and it is linear on V. This will be always done in what follows. As by Theorem 3.1.8(ii),
which is easily checked to hold for all measurable subspaces and not only for Boler sub-
spaces, the Cameron-Martin space H is contained in V', all measurable linear functionals
will be defined everywhere and linear on H.

Example 8.3.2. Let us exhibit two simple examples of measurable linear functionals
which are not continuous.

(i) Let f:R* — R be the functional defined by

[e.o]

fla) = cxan

k=1

where (cj,) € ¢2. Here, as usual R is endowed with a countable product of standard
1-dimensional Gaussian measure, see (4.1.1). Indeed, the series defining f converges
v-a.e. in R*, but only the restriction of f to R2° is continuous.

(ii) Let X be a Hilbert space endowed with the Gaussian measure v = .4(0, @), where
Q@ is a selfadjoint positive trace-class operator with eigenvalues {\; : k € N}. Let
{er : k € N} be an orthonormal basis of eigenvectors of @ in X with Qe = Apex
for all k € N. Fix a sequence (c;) C R such that the series Y, ci)\g is convergent
and define the functional

F@) =" crlw,en)x.
k=1

Then, f is a measurable linear functional on X which is not continuous if (c) ¢ ¢2,
see Exercise 8.5.
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We shall call proper measurable linear functionals the measurable linear functionals
that are linear on X.

Proposition 8.3.3. Let f be a measurable linear functional and let V' be a full measure
subspace such that f is linear on V. If X \'V # () then there is a modification of f on the
~v-negligible set X \ V' which is proper.

Proof. If V' is a complemented subspace, just put f = 0 on the complementary space.
If not, we use the existence of a vector (or Hamel) basis in X, i.e., an infinite (indeed,
uncountable) linearly independent set of generators, see [E, Theorem 1.4.5]. Notice that
the existence of such a basis is equivalent to the (countable, as X is separable) axiom of
choice or Zorn Lemma. Fix a Hamel basis of V, say B = {e, : a € A} for a suitable set if
indices A. Then, complete B in order to get a basis of X and extend f}y setting f =0 on
the added generators. The extension of fy is different from f on a y-negligible set and is
linear on the whole of X. O

The first result on the measurable linear functionals is the following.

Proposition 8.3.4. If f : X — R is a linear measurable functional, then its restriction
to H is continuous with respect to the norm of H.

Proof. Setting V,, = {f < n}, n € N, since X = U,V,, there is ng € N such that
¥(Vino) > 0. By Lemma 3.1.6 there is 7 > 0 such that By (0,r) C V,,, — Vy,, and therefore

sup | f(h)] < 2nyp.
hEBH(OJ‘)

O]

For the statement of Proposition 8.3.4 be meaningful, f has to be defined everywhere on
the subspace V' in definition 8.3.1, because H is negligible. Nevertheless, proper functionals
are uniquely determined by their values on H.

Lemma 8.3.5. Let f be a proper measurable linear functional. If f € X7 then

f0) = [~ M = [ f@hie)s(do).  he (8.3.1)

Proof. The second equality is nothing but the definition of inner product in H. In order
to prove the first one, consider a sequence (f,) C X* converging to f in L?(X,~) and fix

‘N

h € H. By (2.3.6), writing as usual h = R+h, we have

falh) = fu(Ryh) = /X ful@)h(z) 7(dz).

The right hand side converges to the right hand side of (8.3.1), hence (up to a subsequence
that we do not relabel) f, — f a.e. Then

L={reX: (@)= lm f@)

is a measurable linear subspace of full measure, hence L contains H thanks to Proposition
3.1.8(ii). Therefore, f(h) = lim, o frn(h) and this is true for all h € H. O
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Corollary 8.3.6. If (fy,) is a sequence of proper measurable linear functionals converging
to 0 in measure, then their restrictions f  converge to 0 uniformly on the bounded subsets

of H.
Proof. Let us first show that the convergence in measure defined in (1.1.4) implies the

convergence in L?(X,~). Indeed, if f, — 0 in measure then

1 .
eXp{_innH%?(X,'y)} =3(fn) = 1,

whence || fn|lr2(x ) — 0. Therefore, by Lemma 8.3.5

Fall)] < /X n@ (@) 1(dz) < [[fullzzixo bl ¥he .

To show that the sequence (fyy) converges uniformly on the bounded sets, it is enough
to consider the unit ball:

sup | [ (M) < [ fallz2xq,) — 0
heH, |h|g<1

O

Proposition 8.3.7. If f and g are two measurable linear functionals, then either v({f =
g})=1or~v({f=g9g})=0. We havev({f =g}) =1 if and only if f =g on H.

Proof. According to Proposition 8.3.3, we may assume that f and g are proper; then
L = {f = g} is a measurable vector space. By Theorem 8.2.2 either v(L) = 0, or y(L) = 1.
If v(L) = 1 then H C L by Proposition 3.1.8(ii) and then f = g on H. Conversely, if
f =g in H then the measurable function ¢ := f — g verifies p(x + h) = ¢(x) for every
h € H. By Corollary 8.2.5 ¢ = c a.e., but as ¢ is linear, ¢ = 0. O

Notice that in the proof of Proposition 8.3.7 we use the extension of the measure ~
to the completed o-algebra, because we don’t know whether L = {f = ¢} is a Borel
vector space. Moreover, as a consequence of Proposition 8.3.7, if a measurable linear
functional vanishes on a dense subspace of H then it vanishes a.e. Indeed, any measurable
linear functional is continuous on H, hence if it vanishes on a dense set then it vanishes
everywhere in H.

Theorem 8.3.8. The following conditions are equivalent.
(i) feX.
(i) There is a sequence (fn)neny C X* that converges to f in measure.

(iii) f is a measurable linear functional.
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Proof. (i) == (ii) is obvious.
(i) = (iii) If (fn) € X* converges to f in measure, then (up to subsequences that
we do not relabel) f,, — f a.e. and therefore defining

V={reX:3 lim fu(z)},

n——+oo

V' is a measurable subspace and v(V') = 1, hence we may define also the functional
fo(z) = lim fu(z), zeV.

V and fy satisfy the conditions of Definition 8.3.1 and therefore f is a measurable linear
functional.

(iii) == (i) Let f be a measurable linear functional and, without loss of generality,
assume that f is proper. By the Fernique Theorem f € L?(X,~) and by Proposition 8.3.4,
f is continuous on H. Fix an orthonormal basis {h,, : n € N} of H and define

9= f(hn)hn €XI.
neN

We already know that the elements of X7 are measurable linear functionals, so g is a
measurable linear functional, and by definition f = ¢g on H, so that by Proposition 8.3.7,
f=g~vae and f € XJ. O

8.4 Exercises

Exercise 8.1. Prove the equalities (8.1.2).

Exercise 8.2. Prove that the class of functions of the form H,, (41 - x)--- Ho,({q - x),
where H,; are Hermite polynomials and /; are elements of RY, is dense in L?(R%, ).

Exercise 8.3. Verify that the family .%#, introduced in Definition 8.2.1 is a o-algebra.
Prove also that the measure v, extended to .%, by v(E) = v(B1) = v(Bz2) for E, By, By
as in Definition 8.2.1, is still a measure.

Exercise 8.4. Prove that if A is a measurable set such that A+rh; = A up to y-negligible
sets with r € Q and {h; : j € N} an orthonormal basis of H, then v(A) € {0,1}.
Hint: Use the continuity of the map h +— v(A+ h) in H.

Exercise 8.5. Prove that the functionals f defined in Example 8.3.2 enjoy the stated
properties.
Hint: For the case (ii), prove that f € L?(X, ).
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Lecture 9

Sobolev Spaces I

9.1 The finite dimensional case

We consider here the standard Gaussian measure v4 = .4#(0,1;) in R%. As in the case of
the Lebesgue measure Ay, for 1 < p < 400 there are several equivalent definitions of the
Sobolev space WHP(R?, ~4). It may be defined as the set of the functions in LP(R?,v,)
having weak derivatives D;f, i = 1,...,d in LP(R%,~,), or as the completion of a set of
smooth functions in the Sobolev norm,

1/p 1/p
T :=< / Iflpd%z> +< / |Vf\pdwd> . (0.1.1)
R4 Rd

Such approaches are equivalent. We will follow the second one, which is easily extendable
to the infinite dimensional case, and in the infinite dimensional case seems to be the
simplest one. To begin with, we exhibit an integration formula for functions in CZ} (R9), the
space of bounded continuously differentiable functions with bounded first order derivatives.

Lemma 9.1.1. For every f € Cl}(Rd) and for every i =1,...,d we have

0
/ 8f (x) ya(dz) = / z;i f(x) vq(dx). (9.1.2)
Rd OZ; R
The proof is left as an exercise. Applying Lemma 9.1.1 to the product fg we get the
integration by parts formula

729 gy = - /R ggg dva + /R F@g@udn), 1 geCHRY,  (9.13)

R axl

which is the starting point of the theory of Sobolev spaces.
We recall the definition of a closable operator, and of the closure of a closable operator.

99
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Definition 9.1.2. Let E, F be Banach spaces and let L : D(L) C E — F be a linear
operator. L is called closable (in E) if there exists a linear operator L : D(L) C E — F
whose graph is the closure of the graph of L in E x F. Equivalently, L is closable if

(xn) C D(L), lim z, =0in E, lim Lz, =2 in F = 2=0. (9.1.4)
n—oo n—oo
If L is closable, the domain of the closure L of L is the set

D(L) = {g; € E: I(z,) C D(L), nh_}rgo Ty, = x, Lx, converges in F}

and for z € D(L) we have

Lx = lim Lx,,
n—oo

for every sequence (x,) C D(L) such that lim,_, z, = x. Condition (9.1.4) guarantees
that lim,,_,o, Lz, is independent of the sequence (z,). Since L is a closed operator, its
domain is a Banach space with the graph norm = — ||z||g + || Lz F.

For every 1 < p < +oo we set as usual p’ = p/(p—1)if 1 < p < 400, p' = 400 if
p=1.

Lemma 9.1.3. For any 1 < p < +00, the operator V : D(V) = CL(RY) — LP(RY, v4; RY)
is closable in LP(R?, ~q).

Proof. Let f, € C’l}(Rd) be such that f,, — 0 in LP(R%,~,4) and V£, — G = (g1,...94) in
LP(RY, ~v4: RY). For every i = 1,...,d and o € C}(R?) we have

lim Ofn

n—oo Jpa O0;

<Pd’Yd:/ gip drg,
]Rd

since

O
(B = 9) | dva < 100/0: = i)l o gy 2l v e,

J.

On the other hand,

Ofn 0
[ 52 etu= [ £52 b+ [ sifal@ho@ iz, nen,
R Rd X Rd

d 8.7}1

so that, since f, — 0 in LP(R? ~4) and the functions = ~— dp/dz;(x), = — zip(x) are
bounded,

0
lim fngp dyg = 0.
n—oo Jpa O0;
So,
/ gipdya=0, ¢eC(RY
R4
which implies g; = 0 a.e. O

Lemma 9.1.3 allows to define the Sobolev spaces of order 1, as follows.
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Definition 9.1.4. For every 1 < p < 400, WIP(R? ~y) is the domain of the closure
of V : Cg(Rd) — LP(R%, v4;RY) in LP(RY,~y4;RY) (still denoted by V). Therefore, f €
LP(R?, ~y) belongs to WHP(RY, ~,) iff there exists a sequence of functions f, € C} (R9)
such that f, — f in LP(R%,~y) and Vf, converges in LP(R%,~v4;RY), and in this case,
Vf =lim, 00 Vfn. Moreover we set Of /0xi(x) ==V f(x) e, i=1,...d.

WhP(RY, ~,) is a Banach space with the graph norm

Hf”leP(R‘i,'yd) = HfHLP(Rd;yd) + HVfHLP(Rd,'yd;R‘i)

1/p 1/p
_ < / Iflpd%z> +< / |Vf|pdvd) |
Rd Rd

One could give a more abstract definition of the Sobolev spaces, as the completion
of C}(RY) in the norm (9.1.1). Since the norm (9.1.1) is stronger than the LP norm,
every element of the completion may be identified in an obvious way with an element f
of LP(R%,~,). However, to define Vf we need to know that for any sequence (f,) of c}
functions such that f, — f in LP(R? ~4) and V f,, is a Cauchy sequence in LP(R?, v4; R?),
the sequence of gradients (V f,) converges to the same limit in LP(R?, ~4; R?). In other
words, we need Lemma 9.1.3.

Several properties of the spaces WP (RY, ~,) follow easily.

(9.1.5)

Proposition 9.1.5. Let 1 < p < +o0. Then
(i) the integration formula (9.1.2) holds for every f € WYP(X,vq), i =1,...,d;

(i) if 0 € CHRY) and f € WIP(RY,v,), then 6o f € WIP(RY,v,), and V(0 o f) =
(0o fIVS;

(iii) if f € W'P(RY,~q), g € WH(R, ~g) with 1/p +1/q = 1/s < 1, then fg €
Whs(RY, ~g) and
V(fg) =gV f+fVy;

(iv) WHP(R?, ~y) is reflezive;
(U) Zf fn — f in Lp<Rd7’Yd) and SUPpeN ”fTLHWLp(Rd,’Yd) < 00, then f € Wl’p(Rdafyd)'

Proof. Statement (i) follows just approximating f by a sequence of functions belonging to
C’,}(Rd), using (9.1.2) for every approximating function f, and letting n — oc.

Statement (ii) follows approaching 6 o f by @ o f,, if f,, € C} (RY) is such that f,, — f
in LP(R%,~4) and V£, — Vf in LP(RY, ~v4; RY).

Statement (iii) follows easily from the definition, approaching fg by fngn if f, € C}(R%)
are such that f,, — f in LP(R%,~y), Vf, — V£ in LP(RY, v4;RY), g, — g, in LI(RY, ~,),
Vgn — Vg in LI(R?, y4; RY).

The proof of (iv) is similar to the standard proof of the reflexivity of W1P(R? \y).
The mapping u — Tu = (u, Vu) is an isometry from W1P(R? ~4) to the product space
E = LP(R? ~4) x LP(R?, ~v4;RY), which implies that the range of T is closed in E. Now,
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LP(R?, ~4) and LP(RY,~v4;RY) are reflexive so that E is reflexive, and T(W1'P(R?, ~4)) is
reflexive too. Being isometric to a reflexive space, WhP(R?, ~,) is reflexive.

As a consequence of reflexivity, if a sequence (f,) is bounded in WP (R4, ~,) a subse-
quence fy, converges weakly to an element g of WhP(RY, ~,4) as k — oo. Since fro, = f
in LP(R%, ~,), then f = g and statement (v) is proved. O]

Note that the argument of the proof of (ii) works as well for p = 1, and statement
(ii) is in fact true also for p = 1. Even statement (i) holds for p = 1, but the fact that
r — zf(x) € L'(RYy,) for every f € WHL(R?, 4,) is not obvious, and will not be
considered in these lectures.

Instead, W11(R?, v4) is not reflexive, and statement (v) does not hold for p = 1 (see
Exercise 9.2).

The next characterisation is useful to recognise whether a given function belongs to
WP(R?, ~,4). We recall that LP (R?) (resp. I/Vli’f(Rd)) is the space of all (equivalence
classes of) functions f such that the restriction of f to any ball B belongs to LP(B, \g)
(resp. WIP(B,\y)). Equivalently, f € L} (R9) (resp. f € VV;’C”(RCI)) if f0 € LP(R?, \y)
(resp. f0 € WHLP(RY, \y)) for every 0 € C°(R?). For f € Wlif(Rd) we denote by D; f the
weak derivative of f with respect to z;, 1 =1,...d.

Proposition 9.1.6. For every 1 < p < +o0,

WHP(R?, vq) = {f e WLP(RY) : f, Dif € LP(RY7q), i =1,. ..d}.
Moreover, for every f € WYP(RY,vq) and i = 1,...,d, Of/0x; coincides with the weak
derivative D; f.

Proof. Let f € WHP(R? ~,4). Then for every g € C}(R?), (9.1.3) still holds: indeed, it is
sufficient to approximate f by a sequence of functions belonging to C} (RY), to use (9.1.3)
for every approximating function f,, and to let n — oo.

This implies that 0f/0x; is equal to the weak derivative D;f. Indeed, for every ¢ €
C°(RY), setting g(z) = o(z)el™*/2(27)4/2 (9.1.3) yields

oo 99 _ of _ / of
Rd f@x, daj o /Rd f <8$1 $1g> d’)/d o /Rd 8:)%9 d’}/d o R4 8.%'1 Y dx‘

So, Of/0x; = D;f, for every i = 1,...,d. Since LP(R% ~,) C LfOC(Rd), the inclusion

WLP(Rda’Yd) - {f € Wli)f(Rd) 2 fy Dif € Lp(Rdvlyd)v t=1,... d} is proved.
Conversely, let f € VVli’f(Rd) be such that f, D;f € LP(R% ) fori = 1,...d. Fix
any function § € C°(R?) such that @ = 1 in B(0,1) and § = 0 outside B(0,2). For every

n € N, we define

fal@) = b0(z/n)f(zx), z€R%

Each f,, belongs to W1P(R9, v,), because the restriction of f to B(0,2n) may be approx-
imated by a sequence (¢y) of C! functions in W1P(B(0,2n), \¢), and the sequence (uy)
defined by ug(z) = 0(x/n)pr(z) for |x| < 2n, ux(x) = 0 for |z| > 2n is contained in
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CL(R?), it is a Cauchy sequence in the norm (9.1.5), and it converges to f,, in LP(RY, ~4)
since

. ) o gy < e
Ll [ oG - e < oo |

|f — rlPdx.
2n)

)

In its turn, the sequence (f,,) converges to f in LP(R%,~,), by the Dominated Convergence
Theorem. Moreover, for every i = 1,...,d we have 0f,/0x;(x) = n~'D;0(x/n)f(z) +
0(x/n)D;f(z), so that 0f,/0x; converges to D;f in LP(R? ~,), still by the Dominated
Convergence Theorem. Therefore, f € WIP(R?, ~,). O

By Proposition 9.1.6, if a C! function f is such that f, D;f belong to LP(R? ~4)
for every i = 1,...,d, then f € W'P(R? ~,). In particular, all polynomials belong to
WhP(RY, ~,), for every 1 < p < 4o0.

9.2 The Bochner integral

We only need the first notions of the theory of integration for Banach space valued func-
tions. We refer to the books [DUJ, [Y, Ch. V] for a detailed treatment.

Let (2, .#) be a measurable space and let i : # — [0, 400) be a positive finite measure.
We shall define integrals and LP spaces of Y-valued functions, where Y is any separable
real Banach space, with norm || - ||y

In the following sections, Q2 will be a Banach space X endowed with a Gaussian mea-
sure, and Y will be either X or the Cameron—Martin space H. However, the definitions
and the basic properties are the same for a Gaussian measure and for a general positive
finite measure.

As in the scalar valued case, the simple functions are functions of the type

F(SU) = Z ]lrz(x)ylv x €,
=1

withn e N, T; € #, y; € Y forevery i = 1,...,n and I'; NT'; = () for ¢ # j. In this case,
the integral of F' is defined by

| P@ntdz) = 3 nru. (9.2.1)
=1

It is easily seen that the integral is linear, namely for every «, 8 € R and for every couple
of simple functions F}, Fy

[ (@Fs(a) + sFs@)nldo) = a | Fiwn(do) +5 | Fula)u(do (9.22)
Q Q X

and it satisfies

H /Q F(z)y(dz) y < /Q |F(z)||ly~y(dz), (9.2.3)

for every simple function F' (notice that x — || F(z)||y is a simple real valued function).
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Definition 9.2.1. A function F' : Q — Y is called strongly measurable if there exists
a sequence of simple functions (F,) such that lim, | F(z) — Fn(2)|ly = 0, for u-a.e.
x € Q.

Notice that if Y is separable then this notion coincides with the general notion of
measurable function given in Definition 1.1.6, see [VTC, Proposition 1.1.9]. If Y = R, see
Exercise 9.3. Also, notice that if F' is strongly measurable, then ||F'(-)|]y is a real valued
measurable function. The following theorem is a consequence of an important result is
due to Pettis (e.g. [DU, Thm. I1.2]).

Theorem 9.2.2. A function F : Q — Y is strongly measurable if and only if for every
f € Y™ the composition foF :Q — R, x+— f(F(x)), is measurable.

As a consequence, if Y is a separable Hilbert space and {yy : k € N} is an orthonormal
basis of Y, then F': Q — Y is strongly measurable if and only if the real valued functions
x +— (F(x),yr)y are measurable.

Definition 9.2.3. A strongly measurable function F : Q — 'Y is called Bochner integrable
if there exists a sequence of simple functions (Fy) such that

lim / |F(x) — Fo(@)ly p(da) = 0.

n—o0

In this case, the sequence fQ F,dp is a Cauchy sequence in'Y by estimate (9.2.3), and we
define

/QF(SU) p(dz) := lim [ F,(x)p(dz)

n—oo QO

(of course, the above limit is independent of the defining sequence (F},)). The following
result is known as the Bochner Theorem.

Proposition 9.2.4. A measurable function F : Q2 — Y is Bochner integrable if and only
of
L IF@)yutdo) < .

Proof. If F' is integrable, for every sequence of simple functions (F},) in Definition 9.2.3

/ 1P (@)lly ude) < / 1P () — Fu(a)ly u(de) /HF Yy (dz),

which is finite for n large enough.

To prove the converse, if [, [|[F(z)|lyu(dz) < oo we construct a sequence of simple func-
tions (F,) that converge pointwise to F' and such that lim,_,o [, [|F(2) = Fy(2)|ly p(dx) =
0.

we have

Let {yi : k € N} be a dense subset of Y. Set

Op(z) = min{||F(x) —yklly : k=1,...,n},
kn(x) :=min{k <n: 0,(x) = [|F(x) — yx|lv },
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and
Fo() =y, (), z€X.

Then every 6,, is a real valued measurable function. This implies that F; is a simple
function, because it takes the values y1, ...y, and for every k = 1,...,n, F;1(y;) is the
measurable set I'y = {x € Q: 0,(z) = ||F(z) — ykllv }-

For every = the sequence | F,(z) — F(x)|ly decreases monotonically to 0 as n — oc.
Moreover, for every n € N,

[1Fn(z) = F(@)lly <llyr = F(@)lly < lwilly +1F@)]y, =X (9.24)

By the Dominated Convergence Theorem (recall that p is a finite measure) or else, by the
Monotone Convergence Theorem,

T [ () = F@)lyp(da) =0,
]

If FF: Q — Y is integrable, for every E € .% the function 1gF is integrable, and we

set
| F@utdo) = | 1P n(do)
E Q

The Bochner integral is linear with respect to F', namely for every «, § € R and for every
integrable Fy, Fy, (9.2.2) holds. Moreover, it enjoys the following properties.

Proposition 9.2.5. Let F : Q) — Y be a Bochner integrable function. Then
(i) | Jo F (@) pldz)lly < [o [IF(2)ly p(dx);

(it) hmu(E)%O fE (z) p(dz) =
(117) If (Ey) is a sequence of pairwise disjoint measurable sets in Q and E = UpenEnp,

then
é p(dx) }:/

neN

(iv) For every f € Y*, the real valued function x — f(F(x)) is in L'(, n), and

1 [ Fautan) = [ s i) (9.2.5)

Proof. (i) Let (F,,) be a sequence of simple functions as in Definition 9.2.3. By (9.2.3) for
every n € N we have || [, Fr(x) p(dz)|ly < [q [[Fa(2)||yp(dz). Then,

HAF@MM) hm/F()ux

< hmsup/ | E(z)]ly p(dx)

n—00 n—00
< lim / |Fu() — F(a)ly p(da) / |F(@)lly u(de)

- / IF(@)lly uldz).
Q
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Statement (1) means: for every € > 0 there exists § > 0 such that p(E) < ¢ implies
| [z F( dz)|ly < e. Since lim, g0 [ [|F(2)|ly p(dz) = 0, statement (ii) is a conse-
quence of ( )

Let us prove statement (iii). Since, for every n,

] [ Fen)| <

the series > o /| o ) 1(dz) converges in Y, and its norm does not exceed

/ VP (@)lly pdz),
E,

/ |F(@)lly ulda).
Q

Since the Bochner integral is finitely additive,

H / F(m)u(dm)—g [ (@) utan

where limy, o0 1(Up,,, 11 En) = 0. By statement (i), the right-hand side vanishes as
m — 00, and statement (iii) follows.

Let us prove statement (iv). Note that (9.2.5) holds obviously for simple functions.
Let (F},) be the sequence of functions in the proof of Proposition 9.2.4. Then,

1 [ Futan) = (g [ £ utan)

= tin ([ F@)utan)) =t [ 5050 atio)

n—oo n—oo 0

- H /. Pl ()

n=m-1 Y

On the other hand, the sequence (f(Fy,(x))) converges pointwise to f(F'(z)), and by (9.2.4)

[F(En(@)] < 1 fllv= 1 (@) lly < I flly=(1Fn(z) = F@)lly + [F(@)]y)
< A lly=lyally + 21 F () [ly)-

By the Dominated Convergence Theorem,

fim [ (@) utdo) = [ F(Pa) i),

n—oo Q
and the statement follows. O

Remark 9.2.6. As a consequence of (iv), if Y is a separable Hilbert space and {yy : k €
N} is an orthonormal basis of Y, for every Bochner integrable F': Q — Y the real valued
functions = +— (F(x), yx)y belong to L'(, i), and we have

/QF( (d) Z/ ) Yk)y p(d) yi
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The LP spaces of Y-valued functions are defined as in the scalar case. Namely, for every
1 <p< +oo, LP(Q,1;Y) is the space of the (equivalence classes) of Bochner integrable
functions F': 2 — Y such that

1/p
I1F | Lo,y (/ | F ()5 )) < 00.

The proof that LP(Q, u;Y) is a Banach space with the above norm is the same as in the
real valued case. If p =2 and Y is a Hilbert space, LP(Q, u;Y') is a Hilbert space with the
scalar product

<F¢»Lag#y>:=/£quxc%x»yu«m>
As usual, we define

L®(Q,u;Y) = {F : Q — Y measurable s.t. ||F|[ 10 uv) < +oo},

where

1Pl ey = nf{ M > 0 p({a : |F(@)lly > M}) =0},

Notice that if Y is a separable Hilbert space, which is our setting, the space LP(Q, u;Y)
is reflexive for 1 < p < oo, see [DU, Section IV.1].

The first example of Bochner integral that we met in these lectures was the mean a of
a Gaussian measure v on a separable Banach space X. By Proposition 2.3.3, there exists
a unique a € X such that ay(f) = f(a), for every f € X*. Since v is a Borel measure,
every continuous F' : X — X is measurable; in particular F(z) := z is measurable,
hence strongly measurable. By the Fernique Theorem and Proposition 9.2.4 it belongs to
LP(X,~; X) for every 1 < p < 400, and we have

o= /X 2r(dz).

Indeed, for every f € X™*, we have

N/wwm> [ f@)td) = ar (1),

by (9.2.5). Therefore, a = [y x~(dx).

9.3 The infinite dimensional case

9.3.1 Differentiable functions

Definition 9.3.1. Let X, Y be normed spaces. Let T € X and let ) be a neighbourhood of
T. A function f:Q —Y is called (Fréchet) differentiable at T if there exists £ € L(X,Y)
such that

If (@ +h) = f(@) = €h)lly = o([[hllx) ash—0in X.

In this case, { is unique, and we set f'(T) := L.
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Several properties of differentiable functions may be proved as in the case X = R"”,
Y = R™. First, if f is differentiable at T it is continuous at . Moreover, for every v € X
the directional derivative

Of (0 v gy ST ) £ (E)

ov t—0 t

exists and is equal to f/(T)(v).

IfY =R and f: X — Ris differentiable at Z, f'(T) is an element of X*. In particular,
if f € X* then f is differentiable at every T and f’ is constant, with f/(Z)(v) = f(v) for
every T, v € X. If f € FCHX), f(z) = p(l1(z),..., 0 (x)) with £, € X*, p € CLR™), f
is differentiable at every T and

Z agk v (@)l (v), T, veX.

If f is differentiable at x for every x in a neighbourhood of Z, it may happen that the
function X — L£(X,Y), z — f'(z) is differentiable at T, too. In this case, the derivative
is denoted by f”(T), and it is an element of £(X,£L(X,Y)). The higher order derivatives
are defined recursively, in the same way.

If f:X — R is twice differentiable at Z, f”(Z) is an element of £(X, X*), which is
canonically identified with the space of the continuous bilinear forms £®(X): indeed, if
v € L(X,X*), the function X? — R, (z,y) — v(x)(y), is linear both with respect to x
and with respect to y and it is continuous, so that it is a bilinear form; conversely every
bilinear continuous form a : X2 — R gives rise to the element v € £(X, X*) defined by
v(z)(y) = a(x,y). Moreover,

v(z)(y)] la(z, y)|
||UHLX,X* = Sup . — Sup 72”@\ (2) .
X 20z0 [2lx [9llx — az0.g20 2] x [yllx LX)

Similarly, if f: X — R is k times differentiable at z, f(* ( ) is identified with an element
of the space £*)(X) of the continuous k-linear forms.

Definition 9.3.2. Let k € N. We denote by C¥(X) the set of bounded and k times
continuously differentiable functions f : X — R, with bounded ||fU HL(J> ) for every
j=1,...,k. It is normed by

Hf”cg Z SUP 2 @)l e (x);

j=07€X

where we set fO)(z) = f(x). Moreover we set

P(X) =) Cchx

keN
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If X is a Hilbert space and f : X — R is differentiable at T, there exists a unique
y € X such that f'(Z)(x) = (x,y), for every x € X. We set

V@) :=y.

From now on, X is a separable Banach space endowed with a norm || - || and with a
Gaussian centred non degenerate measure v, and H is its Cameron-Martin space defined
in Lecture 3.

Definition 9.3.3. A function f : X — R is called H-differentiable at T € X if there exists
by € H* such that

|f(Z+ h) — f(T) = Lo(h)| = o(|h|g) ash— 0in H.

If f is H-differentiable at T, the operator ¢y in the definition is called H-derivative of
f at T, and there exists a unique y € H such that {y(h) = [h,y]g for every h € H. We set

Vuf(z):=y.
Definition 9.3.3 differs from 9.3.1 in that the increments are taken only in H.

Lemma 9.3.4. If f is differentiable at T, then it is H -differentiable at T, with H-derivative
given by h — f'(Z)(h) for every h € H. Moreover, we have

V(@) = R, f(@). (9.3.1)
Proof. Setting ¢ = f'(Z) we have

o @R = f@ =) @) — f@) - h)] ]

|l —0 2 Il —0 |IR]] res

0,

because H is continuously embedded in X so that the ratio ||h||/|h|g is bounded by a
constant independent of h. This proves the first assertion. To prove (9.3.1), we recall
that for every ¢ € X* we have p(h) = [R,¢, h|g for each h € H; in particular, taking
¢ = f'(T) we obtain f(z)(h) = [Ryf(Z),hlu = [Vuf(Z),h]y for each h € H, and
therefore Vi f(Z) = R, f'(T). O

If f is just H-differentiable at T, the directional derivative %(E) exists for every v € H,

and it is given by [V f(Z),v]n. Fixed any orthonormal basis {h, : n € N} of H, we set

0, f(T) == 3}{ (z), ieN.
So, we have
Vaf(@ =Y 0if(@)hi, (9.3.2)
=1

where the series converges in H.
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We warn the reader that if X is a Hilbert space and f is differentiable at z, the gradient
and the H-gradient of f at T do not coincide in general. If v = A47(0, Q), identifying X*
with X as usual, Lemma 9.3.4 implies that Vg f(ZT) = QV ().

We recall that if v is non degenerate, then () is positive definite. Fixed any orthonormal
basis {e; : j € N} of X consisting of eigenvectors of @), Qe; = Aje;, then a canonical
orthonormal basis of H is {h; : j € N}, with hj = \/)Aje;, and we have

0
01() = Vi (@), jeN

9.3.2 Sobolev spaces of order 1

As in finite dimension, the starting point to define the Sobolev spaces is an integration
formula for C’I} functions.

Proposition 9.3.5. For every f € C}(X) and h € H we have
of -
——dy = hdy. 9.3.3
[ Srar=[ rhar (933)
Consequently, for every f, g € CL(X) and h € H we have
of 9g / o
—gdy=— —fd hd~y. 9.3.4
/Xahgv Xahf v+ ng gl (9.3.4)
Proof. By the Cameron—Martin Theorem 3.1.5, for every ¢t € R we have
[t thyatde) = [yt E 0 ),
X X

so that, for 0 < |t| <1,

T — f(r 6t}}(:c)—t2|h|§,/2 o
J A o) = [ ) T a),

As t — 0, the integral in the left-hand side converges to [ 0f/0hdy, by the Dominated

Convergence Theorem. Concerning the right-hand side, (eti‘(z)_ﬂ'h'?f/ 2 _1)/t — h(z) for
every x € X. We estimate

t + t

e_t2‘h‘%-[/2 — 1
n 9

€7t2|h|%—1/2(eﬁ3‘(x) — 1) eftz‘hlil/z — 1’

eth(@) =82 |hi3 /2 _ ‘
t

[Ai()e™™ )] + sup
0<t<1

IN

where the function z — ﬁ(x)etﬁ(m) belongs to L'(X,~) since h is a Gaussian random
variable. So, applying the Dominated Convergence Theorem we get the statement. O
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Notice that formula (9.3.3) is a natural extension of (9.1.2) to the infinite dimensional
case. In (R?, ~4) the equality H = R? holds, and for every h € R? we have ﬁ(x) =h-x=
[h7 ‘T] H

We proceed as in finite dimension to define the Sobolev spaces of order 1. Next step
is to prove that some gradient operator, defined on a set of good enough functions, is
closable in LP(X,~). In our general setting the only available gradient is V. We shall
use the following lemma, whose proof is left as an exercise, being a consequence of the
results of Lecture 7.

Lemma 9.3.6. Let ¢ € L'(X,~) be such that

/ pody=0, ¢€FCyX).
X

Then ¢ =0 a.e.

Proposition 9.3.7. For every 1 < p < o0, the operator Vg : D(Vy) = FCHX) —
LP(X,~; H) is closable in LP(X,~).

Proof. Let 1 < p < +oo. Let f, € FCL(X) be such that f, — 0 in LP(X,v) and
Vufn — Gin LP(X,~; H). For every h € H and ¢ € FCL(X) we have

lim f”

Jm [ Frodr = [ 6@, lipla) (de).

since

1/p
[ @801~ Gta) el ar <l ([ 19t~ Gl ) ol oy
X X

On the other hand,

05
o /fn d7+/ fuphdy, neN,

so that, since f, — 0 in LP(X,~) and dp/0h, ho € LY (X,7),
Ofn

A | an P =0
So,
/X (G(@), e() v(dz) =0, o€ FOMX), (9.3.5)

and by Lemma 9.3.6, [G(x),h]g = 0 a.e. Fix any orthonormal basis {h; : k € N} of H.
Then Ugen{z : [G(x), hx]a # 0} is negligible so that G(z) = 0 a.e.

Let now be p = 1. The above procedure does not work, since iLgp ¢ L>°(X,7) in
general, although it belongs to LI(X,~) for every ¢ > 1. We modify it introducing a

function § € CZ(R) such that 6(0) = 0, 6'(0) # 0, and replacing f, by 6 o f,. Still,
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6o f, = 0in LY(X,v) as n — oo, because |0(fn(x))] = |0(fa(x)) — 00)| < |60/]l0c|fr()]-
Moreover, for every h € H, n € N and ¢ € S"C’l} (X) we have

| X oa— [ o) ";jsod (9.3.6)

Letting n — oo, the right hand side converges to '(0) [ [G x hlpe dy. Indeed,

[ or)Geds-00) [ G@nuen)
< [ 16/ £ \W"—[ <>,h1H'dw+/Xr<9'ofn>—9’(0)\|{G<x>,hmrm.

Since 6’ and ¢ are bounded, the first integral vanishes as n — oo. Every subsequence of
(fn) has a sub-subsequence f,, — 0 a.e., so that (¢’ o f,, ) — 6'(0) — 0 a.e.; moreover,

(6" © fr,) (@) = O (O)[[[G(2), ()| < 2[0"]|0|G (@)1 [hlH |1 Plloe < CIG(2)|H

and by the Dominated Convergence theorem [ (6 o fy,) — 0'(0)]|[G(x), hlgp|dy — 0 as
k — oo. Since this holds for every subsequence of (f,), then

i [ 16" fu) ~ #(OIl[G (o). Bl dy = 0.
X

n—oo
Similar arguments yield

lim LH © fn)

dy = 0. 9.3.7
Jm | —an D (9.3.7)

Indeed, by the integration by parts formula (9.3.4), for every n we have
a0 o fr) / op
——pd 00 f)lh dry.
/X on P4 = (0o fu)lhe -5 Tdy

Taking as before any subsequence ( fy, ) such that f,, — 0 a.e., we have (Hofnk)[izgp— g—}f] —
0 a.e., and for a.e. x € X we have

(00 1) e = 5] @) < 100 (1ol + ] 52

and by the Dominated Convergence Theorem, (9.3.7) holds along the subsequence (f, )
and then along the whole sequence (fy,).
Letting n — oo in (9.3.6), we obtain

20 /X Gla) Hipdy =0, ¢ e FC(X).

Since 6/(0) # 0, (9.3.5) holds for every ¢ € FC}(X). By Lemma 9.3.6, [G(z),hlg = 0 a.e.
for every h € H and we conclude as in the case 1 < p < 400. O
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The proof of Proposition 9.3.7 for p = 1 is more complicated than the proof of Lemma
9.1.3, where we could use compactly supported functions (.

Remark 9.3.8. Note that in the proof of Proposition 9.3.7 we proved that for every
h € H the linear operator 0y, : D(0),) = FOL(X) — LP(X,~) is closable in LP(X,~).

We are now ready to define the Sobolev spaces of order 1 and the generalized H-
gradients.

Definition 9.3.9. For every 1 < p < +oo, WIP(X,v) is the domain of the closure of
Vi : FCHX) — LP(X,v; H) in LP(X,~) (still denoted by V). Therefore, an element
[ € LP(X,7) belongs to WIP(X,~) iff there exists a sequence of functions f, € FCL(X)
such that f, — f in LP(X,~) and Vgf, converges in LP(X,~;H), and in this case,

WLP(X,~) is a Banach space with the graph norm

1/p 1/p
1l = ||f|er<X,7>+||vaHLp<X,%H>=< /X fl”dv> +( /X |va\§;®> .

(9.3.8)
For p = 2, W'2(X,~) is a Hilbert space with the natural inner product

<fag>W1v2 :/ngd’.)/—"_/X[Vvang]Hd'yv

which gives an equivalent norm.
For every fixed orthonormal basis {h; : j € N} of H, and for every f € WhP(X,~),
we set

9 f(x) == [Vu f(x),hjlu, jEN.
More generally, for every h € H we set
nf(x):=[Vuf(z) hln.
By definition,
0 p/2 oo ) p/2
/ Vo flydy =/ (Z Vi f, hj] > dy =/ (Z(é’jf) ) d.
X = X \j3

Moreover, if f, € FCL(X) is such that f, — f in LP(X,7) and Vg f, converges in
LP(X,~; H), then

lim [Van, hj]H = l;m 8jfn = 8jf, in Lp(X, 'y).

n—oo
As in finite dimension, several properties of the spaces WP(X, ) follow easily.

Proposition 9.3.10. Let 1 < p < co. Then
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(i) the integration formula (9.3.3) holds for every f € WYP(X,~), h € H;

(i) if 0 € CH(X;R) and f € WIP(X,~), then o f € WIP(X,~), and Vg0 o f) =
(0o f)Vuf:

(iii) if f € WHP(X,y), g € WH(X,~) with 1/p+1/q = 1/s < 1, then fg € WH3(X,~)
and

Vu(fg) =Vufg+ fVug;
(iv) WHP(X 5) is reflexive;
(v) if fo = [ in LP(X,7) and sup,ey | fullwiv(x.) < 0o, then f € WHP(X, 7).

Proof. The proof is just a rephrasing of the proof of Proposition 9.1.5.

Statement (i) follows approaching f by a sequence of functions belonging to FC} (X),
using (9.3.3) for every approximating function f, and letting n — oo.

Statement (ii) follows approaching fo f by fo f,, if (f,,) C FCL(X) is such that f, — f
in LP(X,v) and Vg f, — Vg f in LP(X,v; H).

Statement (iii) follows from the definition, approaching fg by fngn if (fn), (gn) C
FCLH(X), are such that f, — f in L?(X,v), Vufn = Vuf in LP(X,v;H), g» — ¢ in
L (X,%), Vign — Vg in LV (X,~; H). Then lim, o0 fngn = fg in L*(X,~), and the
sequence (Vg (fngn)) converges to gV f+ Vg in L*(X,~; H).

Let us prove (iv). The mapping u +— Tu = (u, Vgu) is an isometry from WP(X, )
to the product space E := LP(X,v) x LP(X,~; H), which implies that the range of T is
closed in E. Now, LP(X,v) and LP(X,~; H) are reflexive (e.g. [DU, Ch. IV]) so that
E is reflexive, and T(WYP(X,~)) is reflexive too. Being isometric to a reflexive space,
WLP(X,7) is reflexive.

As a consequence of reflexivity, if a sequence (f,,) is bounded in W1P(X,~) a subse-
quence f,, converges weakly to an element g of W1P(X,v) as k — oo. Since f,,, — f in
LP(X,7), then f = g and statement (v) is proved. O

As in finite dimension, statement (ii) holds as well for p = 1.

Remark 9.3.11. Let X be a Hilbert space and let v = .A47(0,Q) with @ > 0. For every
f € FCHX) we have Vy f(z) = QV f(z), so that

Vi f(@)} = (Q2QVf(2),Q ?QVf(z)) = |Q*V f(x)|%
and

1/p
1o = 1l + ( /X IlQl/QVf(x)dev) .

Fixed any orthonormal basis {e; : j € N} of X consisting of eigenvectors of @), Qe; = Aje;,
then a canonical basis of H is {h; : j € N}, with h; = \/Aje;, 0;f(z) = \/\;j0f/0e;, and

0 af 2\ 1/p 1/p
Hfuwmm=\|f||Lp<X,7>+( /X (ZA(8)> ch) |
J=1
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One can consider Sobolev spaces Wwte (X,v) defined as in Definition 9.3.9, with the
gradient V replacing the H-gradient V. Namely, the proof of Proposition 9.3.7 yields that
the operator V : FC}(X) — LP(X,v; X) is closable; we define W'P(X,~) as the domain
of its closure, still denoted by V. This choice looks even simpler and more natural; the
norm in WL? is the graph norm of V and it is given by

1/p 1/p
ey = ([ 1orar) "+ ([ 1wsm)
1/p oo of 2\ /p 1/p
- Pd oy dy) .
(L) "+ ([ (@) )

Since limy_,00 A = 0, our Sobolev space WP (X, ~) strictly contains Wl’p(X, ), and the
embedding WP (X,~v) ¢ WIP(X,~) is continuous.

(9.3.9)

9.4 Exercises

Exercise 9.1. Prove Lemma 9.1.1.

Exercise 9.2. (i) Prove that statement (v) of Proposition 9.1.5 is false forp =1, d = 1.
(Hint: use Proposition 9.1.6, and the sequence (f,,) defined by f,(z) =0 for z <0,
fo(z) =nx for 0 <z <1/n, fo(x) =1 for x > 1/n).

(i) Using (i), prove that WH1(IR,~1) is not reflexive.

Exercise 9.3. Let (2,.%) be a measurable space, and let x be a positive finite measure
in Q. Prove that a function f : {2 — R is measurable if and only if it is the pointwise a.e.
limit of a sequence of simple functions.

Exercise 9.4. Prove Lemma 9.3.6.
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Lecture 10

Sobolev Spaces 11

In this Lecture we go on in the description of the Sobolev spaces W (X, ~), and we define
the Sobolev spaces W2P(X,v). We give approximation results through the cylindrical
functions E,, f, and we introduce the divergence of vector fields; formally, the divergence
operator is adjoint of the H-gradient. We use the notation of Lecture 9. So, X is a
separable Banach space endowed with a centred nondegenerate Gaussian measure -, and
if {hj: j € N} C R,(X™) is an orthonormal basis of the Cameron-Martin space H, then
for every f € WIP(X,~) we denote by 9, f(x) = [V f(z), hj]lm the generalised derivative
of f in the direction h;.

10.1 Further properties of W' spaces

Let f € WYP(X,~). For every h € H, 9),f plays the role of weak derivative of f in the
h direction. Indeed, by Proposition 9.3.10, for every f € WhP(X,v) and ¢ € C}(X),
applying formula (9.3.3) to the product fy we get

| @rrar== [ vonav+ [ orii

The Sobolev spaces may be defined through the weak derivatives. Given f € LP(X, )
and h € H, a function g € L'(X,~) is called weak derivative of f in the direction of h if

/(8h90)fd7:_/ wgdwr/ ¢ fhdy, Ve CpX).
X X X

The weak derivative is unique, because if [y ¢ gdy = 0 for every ¢ € Cl} (X), then g =0
a.e. by Lemma 9.3.6.
We set

GYP(X,) = {f € LP(X,~): 3V € LP(X,~; H) such that for each h € H,

[¥(-), h]g is the weak derivative of f in the direction h}.

117
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If f € G'?(X,~) and ¥ is the function in the definition, we set

Duf =9, |fllarrixq) = Ifllzecxq + 1 oexqy;m)-

Theorem 10.1.1. For every p > 1, G*?(X,~) = WYP(X,5) and Dy f = Vg f for every
f e WLP(X, 7).

The proof may be found e.g. in [B, Cor. 5.4.7].

Let us come back to the approximation by conditional expectations introduced in
Subsection 7.4. We already know that if f € LP(X,v) then E,f — f in LP(X,~) as
n — 0.

Proposition 10.1.2. Let 1 < p < oo and let f € WIP(X,v). Then, E,f € WHP(X )
for alln € N and:

(i) for every j € N
E.(0;f) ifj<n,
O;(Enf) :{ 0 (9) ifi>n (10.1.1)
(i) [[Evnfllwiexqy < Ifllwiecxqys
(i) lim E,f = f in WP (X, 7).
Proof. Let f € FCL(X). Since Pz =Y 1, hi(z)h; and g—ﬁ;(:):) = §;; for every x, for every

y € X the function  — f(P,x + (I — P,)y) has directional derivatives along all h;, that
vanish for 7 > n and are equal to g—}{;(an + (I — Py)y) for j <n.

Since z — g—,{j(Pna: + ({ — P,)y) is continuous and bounded by a constant independent of
y, for 7 < n we get

O f(z) = ai /X F(Pa 1 (I — Ba)y)(dy) = /X 5,{j<m+ (I — P)y)(dy).

In other words, (i) holds, and it yields

ViEnf(z) = / PoVirf(Pat + (I — Pa)y)y(dy),  Va € X. (10.1.2)
X
So we have
V4
IV HEnf = Vi S oy = / \ / (PaVirf (P + (I — Po)y) — Vi f(@)y(dy)| ~(dz)
X X H

< / / PV it (P + (I — Po)y) — Vi f(2), ~(dy)y (de).
XJX
Notice that

lim |P,.Vgf(Pwx+ (I—-P,)y)—Vuf(z)g =0, YRy —ae. (z,y).

n—-+00
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Indeed, recalling that || P ¢y < 1,

’anHf(an + (I - Pn)y) — VHf(x)]H
Po(Vatd (Pa+ (I = Pa)y) = Varf @) )|+ 1PuVaif (@) = Viaf (@)
< |Vaf(Por + (I = Po)y) = Vaf(@)la +[(Po = DV f(2)|a

and the first addendum vanishes as n — +oo for v ® y-a.e. (x,y) since

<

lim P+ (I —-P)y==

n—-+o0o

for v ® y-a.e. (z,y) and Vg f is continuous; the second addendum goes to 0 as n — oo
for every x € X. Moreover,

|PaV i f(Pa + (I = Po)y) = Vi f(x)|n < 2sup [V f(2)|a-

zeX
By the Dominated Convergence Theorem,
lim VHE,f =Vgf
n——+o0o
in LP(X,~; H), and taking into account Proposition 7.4.5,
lim E,f=f
n——+00
in WlP(X,v). So, f satisfies (iii). Moreover,
P
HVH]Ean][?,P(X H) = anHf(an + (I - Pn)y)fY(dy) V(dx)
7’Y7 X X H

S/X/X!PnVHf(Pn:H(I—Pn)y)\%v(dy)v(dx)
< /X /X Vaf(Puz + (I = P)y)(dy)y(de)

- /X IV 0 £ () () (10.1.3)

where the last equality follows from Proposition 7.3.2.

Estimate (10.1.3) and (7.4.2) yield (ii) for f € FCL(X).

Let now f € W'P(X,v), and let (f;) C FC!(X) be a sequence converging to f in
WP(X,~). By estimate (7.4.2), for every n € N the sequence (E,f;); converges to
E,f in LP(X,~), and by (i) (E,fi)r is a Cauchy sequence in W1P(X v). Therefore,
E,f € WHP(X,~) and

VHETLf = lim VHEnfk
k——+o00

in LP(X,~; H) so that
HvHEﬂf”LP(X,A/;H) :kgr—ir-loo ||vH]Enfk||LP(X,'y;H) < kll)rfoo HvakHLP(X,'y;H)

=IVaflloexq:m)-
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Therefore (ii) holds for every f € W1P(X,~) and then (iii) follows from (ii) and from the
density of FC}(X) in WIP(X,~).

(i) follows as well and in fact we have
VHE,f =E,.(P,Vuf) Vn €N,

where the right-hand side has to be understood as a Bochner H-valued integral. Indeed,
by (10.1.2) we have

ViEn fi(z) = / PV fe(Paz + (I — Po)y)y(dy)

for every k € N. The left hand side converges to VyE,, f in LP(X,~v; H) as k — +oo. The
right hand side converges to E,, P, Vg f as k — 400 since

/‘/Pvak P (Paz + (I - Pyl <dy> +(dx)
< /X /X va<fk—f)(an+<I—Pn>y>|%v<dy>v<dx>
_ /X Vaf — F)@)(de)

by Proposition (7.3.2). O

Regular LP cylindrical functions with L? gradient are in WP(X, ), see Exercise 10.2.
The simplest nontrivial examples of Sobolev functions are the elements of X7J.

Lemma 10.1.3. XX C W'(X,7) for every p € [1,400), and Vih = h (constant) for
every he X3

Proof. Fix p > 1. For every h € X7, there exists a sequence £, € X* such that
limy, o0 £, = h in L?(X,v). For every n, m € N we have

la=Cnlly = [ 167 Ot )(@E) = [ 1A (0.1 (@)=l

so that (£,) is a Cauchy sequence in LP(X,~). Its L2-limit & coincides with its LP-limit,
if p #£ 2.

As ¢, is in X*, Vgl, is constant and it coincides with R./,, see (9.3.1). Since
lim,, oo £, = h in L?*(X,7) and R, is an isometry from X7 to H, H — lim,_00 Ry ly =
RJL = h. Therefore,

/ \Vil, — hlbdy =Ry, — b}, - 0 asn — oo.
b

It follows that h € W'?(X,~) and Vgh = h. O
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An important example of Sobolev functions is given by Lipschitz functions. Since a
Lipschitz function is continuous, then it is Borel measurable.

Proposition 10.1.4. If f : X — R is Lipschitz continuous, then f € WYP(X,~) for any
1<p<+o0.

Proof. Let L > 0 be such that

fle)—fWI <Ljz—y| VazyeX

Since | f(z)| < |f(0)|+L||z||, by Theorem 2.3.1 (Fernique) f € LP(X,~) forany 1 < p < oc.
Let us consider the conditional expectation E,, f.
Let us notice that

Enf(m) = Un(ill(x)a ceey iln(x))v
with v, : R — R an Li—Lipschitz function since

n

Enf (Zn: zihi + z": Th'hi) - Enf(z Zihi)
i=1 :

1=1 ) 1=

< /X ’f<§”: zih; + 2": 77@'h7;> + (I - Pn)Z/) - f(z zih; + (I — Pn)l»/) ‘w(dy)
i=1 i=1 —

imhi

i—1

where we have used (3.1.3), |||l < c|h|g for h € H, and we have set L; := cL. By the
Rademacher Theorem, v, is differentiable A\,—a.e. in R™ and |Vu,(z)|gn < L for a.e.
z € R™. Hence v, € W' (R"), and

loc

(2 +n) = va(2)] =

—_

<Ly = Li|n|gn,

H

/R IV 0n(2)Bn(d2) < L.

A~

We use now the map T}, : X — R", T,(z) = (hi(x), ..., hy(z)). If z € X is a point such
that v, is differentiable at T),(z), then

0 if h e Ff
ahEnf(:E) =
Vun(Tp(2)) - Tn(h) if h € F,.

As a consequence, we can write

IVHEaf (@)|h =) 10Baf(2)* =) |0Enf(2)* = |Vou(Ta(2))[Zn-
=1 =1

We claim that for y—a.e. = v, is differentiable at T, (x). Indeed, let A C R™ be such that
An(A) = 0 and v, is differentiable at any point in R™ \ A. Since 7, < An, 7 (A4) = 0 and
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then v(7,1(A)) = 0 because v o T);! = ~,, see exercise 2.4. Hence v, is differentiable at
any point T, (x), where x € X \ T, }(A).
We Know that E,,f — f in LP(X,v) and we have

[ WuEap@) i dn) = [ 1VonTa)Ear(de) = [ 190 Enlde) < L
X X Rn

By Proposition 9.3.10(v) f € WP(X,) for every 1 < p < oo and by inclusion f €
WX, ). 0

Further properties of WP functions are presented in Exercises 10.3, 10.4, 10.5.

10.2 Sobolev spaces of H-valued functions

We recall the definition of Hilbert—Schmidt operators, see e.g. [DS2, §XI.6] for more
information.

Definition 10.2.1. Let Hy, Ho be separable Hilbert spaces. A linear operator A €
L(Hy, H) is called a Hilbert-Schmidt operator if there exists an orthonormal basis {h; :
j € N} of Hy such that

oo
> AR |17, < oo (10.2.1)
j=1
If A is a Hilbert-Schmidt operator and {e; : j € N} is any orthonormal basis of Hj,
{y; : j € N} is any orthonormal basis of Ha, then

o [o.¢]
1Ae;l17, = (Aej, )i, = D (e A yi)
k=1 k=1
so that
o oo oo
> N Aejll, = ZZ ej, A ZZ e A yr) i Z 1A |7, -
j=1 Jj=1k=1 k=1 j=1

So, the convergence of the series (10.2.1) and the value of its sum are independent of the
basis of H;. We denote by H(H;, Hs) the space of the Hilbert—Schmidt operators from

H; to Hs, and we set
(9] 1/2
Al = (3 1AnlE )

j=1
for every orthonormal basis {h; : j € N} of H;. Notice that if H; = R", Hy = R™, the
Hilbert—Schmidt norm of any linear operator coincides with the Euclidean norm of the
associated matrix.
The norm (10.2.1) comes from the inner product

o0

<A7 B>9{(H1,H2) = Z<Ahj7 th>H27
j=1



Sobolev spaces 11 123

where for every couple of Hilbert—Schmidt operators A, B, the series in the right-hand side
converges for every orthonormal basis {h; : j € N} of Hy, and its value is independent of
the basis. The space H(H;, H) is a separable Hilbert space with the above inner product.
If Hf = Hy = H, where H is the Cameron—Martin space of (X,~), we set H :=
H(H,H).
It is useful to generalise the notion of Sobolev space to H-valued functions. To this
aim, we define the cylindrical E-valued functions as follows, where F is any normed space.

Definition 10.2.2. For k € N we define FCF(X, E) (respectively, FC°(X, F)) as the
linear span of the functions x — v(x)y, with v € FCF(X) (respectively, v € FC°(X)) and
yeELl.

Therefore, every element of FCF(X, E) may be written as

= v(x)yr (10.2.2)
k=1

for some n € N, and v, € FOF(X), yr € E. Such functions are Fréchet differentiable
at every x € X, with v(z) € L(X, E) defined by v'(z)(h) = > }_; vi.(x)(h)yy for every
heX.

Similarly to the scalar case, we introduce the notion of H-differentiable function.

Definition 10.2.3. A function v : X — FE is called H-differentiable at T € X if there
exists L € L(H, E) such that

|lv(Z + h) —v(®) — L(h)||g = o(|hlg) as h— 0in H.
In this case we set L =: Dyv(T).

If v € FCHX, E) is given by (10.2.2), then it is H-differentiable at every T € X, and

n

Dpv(@)(h) =Y _[Vor(), hlu y.
k=1

In particular, if E = H and {h; : j € N} is any orthonormal basis of H we have

n

|Dpo(T) <Z| HUE(T ']HH%lH) < [Vaor(E Zlyk\H

k=1

so that Dyv(Z) is a Hilbert—Schmidt operator, and we have

o
|Dyv(T)|5, = Z [Dav(®), hylu|?* < ZZ! V uvg(T), hyla|? Z lykl%

k=1 j=1

IV Hok(T ’H Z |ykz|H

I
M= T

b
Il

1



124 Lecture 10

Moreover, x — V gui(z) is continuous and bounded for every k, therefore x — Dyv(z) is
continuous and bounded from X to H. In particular, it belongs to LP(X,~;H) for every
p=>1

The procedure to define Sobolev spaces of H-valued functions is similar to the proce-
dure for scalar functions. Namely, we show that the operator Dy, seen as an unbounded
operator from LP(X,~; H) to LP(X,~;H) with domain FCL(X, H), is closable.

Lemma 10.2.4. For everyp > 1, the operator Dy : FCL(X, H) — LP(X,~; H) is closable
in LP(X,~v; H).
Proof. Let (V,,) be a sequence in FC} (X, H) such that V;, — 0 in LP(X,v; H), with
DV, — @ in LP(X,~;H). We have to show that ®(z) = 0 a.e., namely that
[(I)(.%')hj,hz‘][{ = O,Vi,j € N,

a.e. in X.

Let V,,(x) = Zk 1 vk(az) yi. For every j € N let us consider the functions z — fp,(x) :
Va(x), hjlg = Zk 1 ) o, (z)[yk, hjlu. Each of them belongs to FCL(X), and f, — 0
in LP(X,), since |fn(z)] < |Vo(z)|g. Moreover, Vg fn(z) = Z,]fv:(?) V uvi (@) Yk, hila

converges in LP(X,~; H) to the vector field ¢(x) = > 2, [®(x)hi, hj]hi. Indeed,
e’} N(n) e’}
Vifa@) = [Vuor(), il ahilyr, hila = (D Va(@)(hi), hylm
i=1 k=1 i=1
so that
o) p/2
[ vnsi@) = oy = [ (Lioavi@n) - elm k) @
i=1
oo p/2
< [ (X o)) - winli )
X \ji=1

- /X (i (Di V() — ®(a)) (h:) %)pmdv

that vanishes as n — oo. Since Vi is a closed operator in LP(X,~), ¢ vanishes a.e. so
that [®(z)hi, hjlg = 0 a.e. for every i, j € N. O

Definition 10.2.5. For every p > 1 we define WYP(X,~; H) as the domain of the closure
of the operator Dy : FCH(X, H) — LP(X,~; H) (still denoted by Dy ) in LP(X,~; H).

Therefore, WP (X, ~; H) is a Banach space with the graph norm

Vo com / V@l d7 /” (/ \DHV(x)\gfd’Y>l/p
= (/X(jz;[‘/(x)’hj]ff)p/zd’o 1/i</)(<i§:1[DHV(I)(hi),hjﬁ{)p/d%o 1/p.
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Let v € FCL(X, H),
v(@) = er(@)yr,

k=1

with ¢ € FCL(X) and y; € H. Then v may be written in the form
v(@) =Y wvi(x)h;,
j=1

where the series converges in WP(X,~; H). Indeed, setting

n

vj(z) = [v(z), hjlg = Z@k(ﬁ)[?/k,h]’]m jeN
k=1

the sequence sp,(v) = > 0, vj(2)h; converges to v in WLP(X,~; H), because for each
k = 1,...,n, the sequence > "', p(7)[yk, hj]ln converges to gx(z)y in WP (X, v, H).
Moreover,
oo
Dyv(x)(h) =) _[Viv;(), hlmh;
j=1

so that, as in finite dimension,
[Drv(z)(hi), hjln = [Vavj(2), hilg = O, ().

10.2.1 The divergence operator

Let us recall the definition of adjoint operators. If X;, Xo are Hilbert spaces and T :
D(T) ¢ X; — Xy is a linear densely defined operator, an element v € X3 belongs to
D(T™) iff the function D(T) — R, f +— (T f,v)x, has a linear continuous extension to the
whole X7, namely there exists g € X; such that

<Tfav>X2 = <fvg>X17 fED(T)
In this case g is unique (because D(T') is dense in X;) and we set
g=T".

We are interested now in the case X; = L?(X,v), Xo = L*(X,v;H) and T = V. For
feWbt3(X,v), v e L*(X,~; H) we have

(TS0 = [ [Vinf@). o)l (do)
so that v € D(T*) if and only if there exists g € L?(X,~) such that

/ Vo f(2), v(@)] i y(dx) = / f(@)g(x)y(d), | e W2(X,). (10.2.3)
X X
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In this case, in analogy to the finite dimensional case, we set
g = —divyv

and we call —g divergence or Gaussian divergence of v. As FCL(X) is dense in WH2(X, ),
(10.2.3) is equivalent to

| Fus@). vl = [ @) fesCix)
The main achievement of this section is the embedding W'2(X,~; H) C D(T*). For its
proof, we use the following lemma.

Lemma 10.2.6. For every f € WY2(X,v) and h € H, fhe L*(X,v) and
[ hpar<a [ @praveong [ £a (10.2.4
X X X

Proof. We already know that A € W2(X,~). Then, for every f € FCHX) we have
f?h e WH2(X,~) and

7\2 _ 27\ 1 _ 27
/X(fh) dv—/x(f h)hdv—/xah(f h) dvy

- /X @F Onf b+ Pon(R)dy
=2/Xff33hfd7+|h|?{/xf2dv

<2( | (fh)dy v (Onf)*dy 1/2+!h!?{ f2dn.
X X X

Using the inequality ab < a?/4 + b%, we get

512 1 512 2 2 2
J iy < 5 [ a2 [ @unpan i [ o

so that f satisfies (10.2.4). Since FC}(X) is dense in W'2(X,v), (10.2.4) holds for every
f e WX, 7). 0

Theorem 10.2.7. The Sobolev space WH2(X,~; H) is continuously embedded in D(div.,)
and the estimate

HdiVWUHLZ(X,v) < HUHWIvZ(Xq;H)
holds. Moreover, fixing an orthonormal basis {h, : n € N} of H contained in R(X"),
and setting vy, (z) = [v(z), hy)g for every v € WH2(X,y; H) and n € N, we have

o0

din’U(CL‘) = Z(anvn(x) - Un(x)iln(x))7

n=1

where the series converges in L*(X,7).
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Proof. Consider a function v € W12(X,~v; H) of the type
n
v(x) = Zvi(:p)hi, x e X. (10.2.5)
i=1

with v; € WhH2(X, ).
For every f € WH2(X,~) we have [V f(x),v(x)]lg = >, 0;f(z)vi(x), so that

/X[VHf,v]Hdvz/X<§8¢fvi>d7:/Xg(—awi—kvifzi)fd*y

which yields

n

diV»YU == Z(aﬂ)l - iLﬂ)Z)

i=1
Now we prove that

/X(divyv)zd’y:/x|v|%d’y+/ Z 0;v; 0jv; d, (10.2.6)

ij=1

n

showing, more generally, that if u(z) = )" ; u;(x)h; is another function of this type, then

/X(divvvdivvu)d'y:/X[U,U]Hd’y—i-/x Z Oiuj 0jv; dy. (10.2.7)

ij=1

By linearity, it is sufficient to prove that (10.2.7) holds if the sums in u and v consist of a
single addendum, u(x) = f(x)h;, v(xz) = g(z)h; for some f, g € WI?(X,~) and i, j € N.
In this case, (10.2.7) reads

[ @1 = hip)@sg ~ gy = [ sasizar+ [ o5t 0i9a. (10.28)
X X X
First, let f, g € FCZ(X). Then,

[ @ =iun@a—hortr == [ fouoi0-lsa)in

——/ faz‘jgdwr/ fg5ijdv+/ fhjdig dy

X X X
— [[@r~hipdrgdr+ [ sassav+ [ fhoigd
X X X

so that (10.2.8) holds. Since FCZ(X) is dense in W?(X,~), see Exercise 10.6, (10.2.8)
holds for f, g € W2(X,~). Summing up, (10.2.7) follows, and taking u = v, (10.2.6)

follows as well. Since the linear span of functions in (10.2.5) is dense in W12(X,~; H)
both equalities hold in the whole W12(X,~; H). Notice also that (10.2.6) implies

/(div,yv)2d7§/ \U|%{d’y+/ | Dgv|3 dy. (10.2.9)
X X X
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If v € WH2(X,~; H) we approximate it by the sequence

n

vn(z) = [v(@), hil mhi.

=1

For every f € WH2(X,~) we have

/[VHf,vn]Hd’y:—/ fdivyv, dy. (10.2.10)
X X

By estimate (10.2.9), (div,vy,) is a Cauchy sequence in L?*(X,7), so that it converges in
L*(X,7) to g(x) = > 521 (05v5(x) — vj(z)h;(x)). Letting n — oo in (10.2.10), we get

[ utidudy == [ sqar

so that v € D(T™) and div,v = g. O

Note that the domain of the divergence is larger than W12(X, ~; H), even in finite
dimension. For instance, if X = R? is endowed with the standard Gaussian measure,
any vector field v(z,y) = (a1(x) + Bi(y),az(z) + B2(y)) with a1, B2 € WH2(R, 1),
B1, az € L*(R,71) belongs to the domain of the divergence, but it does not belong to
W12(R2, ~5; R?) unless also 1, az € WH2(R, ).

The divergence may be defined, still as a dual operator, also in a L? context with
q # 2. We recall that if X;, X5 are Banach spaces and : D(T) C X; — Xs is a linear
densely defined operator, an element v € X3 belongs to D(T™) iff the function D(T') — R,
f — v(Tf) has a linear continuous extension to the whole Xj. Such extension is an
element of X7; denoting it by ¢ we have ¢(f) = v(Tf) for every f € D(T).

We are interested in the case X1 = LY(X,~), Xo = LY(X,~; H), with 1 < ¢ < oo, and
T :D(T) = WH(X,~), Tf = Vi f. The dual space X consists of all the functions of
the type

w = / ['lU,'U]Hd"}/,
X
ve LV (X,v;H), ¢ =q/(g—1), see [DU, §IV.1], so we canonically identify LI (X,~; H)

as LY(X,~; H)*. We also identify (L(X,~))* with L% (X,~). After these identifications,
a function v € LY (X,~; H) belongs to D(T*) iff there exists g € LY (X,~) such that

/[VHf(x),v(:E)]H'y(dx):/ f(@)g(z)y(dz), ¥ feWh(X,7),
X X

which is equivalent to
[ War@)o@luntdn) = [ @i, ¥ eTCix)
X X

since FCL (X)) is dense in W4(X,~). So, this is similar to the case ¢ = 2, see (10.2.3).
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Theorem 10.2.8. Let 1 < ¢ < oo, and let T : D(T) = W(X,~y) — LY(X,v; H),
Tf=Vyf. Then WHi(X, ~; H) C D(T*), and for every orthonormal basis {h, : n € N}
of H we have

T*v(z) = = Y (Onvn(z) — vn(2)hn(x)), vE WX, ~; H)

n=1
where vy, (x) = [v(x), hyn|g, and the series converges in LI(X, 7).
The proof of Theorem 10.2.8 for ¢ # 2 is not as easy as in the case ¢ = 2. See [B,
Prop. 5.8.8]. The difficult part is the estimate
1T La(x ) < Cllvllwa(x ;i)

even for good vector fields v = 1 | v;(@)h;, with v; € FOL(X).
We may still call “Gaussian divergence” the operator 1.

10.3 The Sobolev spaces W%*?(X, )

Let us start with regular functions, recalling the definition of the second order derivative
f"(z) given in Lecture 9. If f : X — R is differentiable at any x € X, we consider the
function X — X*, x — f’(x). If this function is differentiable at T, we say that f is twice
(Fréchet) differentiable at Z. In this case there exists L € £(X, X*) such that

If(+ h) — f' () — Lh|x- =o(|h]|) ash—0 in X,

and we set L =: f"(T).

In our setting we are interested in increments h € H, and in H-differentiable functions.
If f: X — R is H-differentiable at any « € X, we say that f is twice H-differentiable at
T if there exists a linear operator Ly € L(H) such that

’va(f-i- h) — VHf(f) — LHh’H = O(VL‘H) ash — 0in H.

The operator Ly is denoted by D% f ().

We recall that if f is differentiable at z, it is also H-differentiable and we have
Vuf(z) = Ry f'(z). So, if f is twice differentiable at 7, with f”(z) = L, then D% f(Z)h =
R, Lh. Indeed,

[Ryf'(T + h) = Ry f'(Z) = RyLhly < ||Ry |l ox-m) | /(@ + h) = f'(@) = Lh|lx- = o(|[R]])
as h — 0in X, and therefore,
|R,f'(+h) — Ryf () — RyLh|g = o(Jh|g) ash — 0in H.
If feFCHX), fl@) = o(li(x),...,ly(z)) with p € CZ(R"), ¢y € X*, then f is twice
differentiable at any T € X and
0%
8:1:2-8:5]-

(f@v)w) =Y

i,7=1

(l(Z),... . bh(@)l; (V) (w), v, weX
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so that

D% f(Z Z 8% 8% (@) R, W (R4, K, h, k€ H.

D? f(%) is a Hilbert-Schmidt operator, since for any orthonormal basis {h; : j € N} of
H we have

00 2 n n
2 2 2
(Dt f @)han, a1y Z < Z axlax] ><Z[R7€iahm]H> <Z[R’Y£j7hk]H>
m,k=1 m,k=1 “i,5=1 =1 j=1
= | Dy ellaccen mmy [Roli, ]2 [R5, bl
mk=1 i=1 =1
= HDZSOHS-C(R”,R”) Z Z [R’\/Eia hm ZZ R fj, hk
i=1 m=1 G=1 k=1
= ||D2(10||9'C(R",]R") Z |R’y€1|%{ Z |R7£J|%_]
i=1
where the derivatives of ¢ are evaluated at (£1(Z),...,¢n(T)). Since ||D?*¢|lgrn gny is

bounded, z — || D% f(z)||s¢ is bounded in X.
The next lemma is similar to Lemma 9.3.7. We omit the proof.

Lemma 10.3.1. For every p > 1, the operator
(Vi DF) : FOH(X) — LP(X, v H) x LP(X,7; 5)

is closable in LP(X,~).

Definition 10.3.2. For every p > 1, WP(X,~) is the domain of the closure of
(Vi DY) : FCHX) = LP(X, v H) x LP(X, ;)

in LP(X,7). Therefore, f € LP(X,~) belongs to W?P(X,~) iff there exists a sequence
(fn) C FCE(X) such that f, — f in LP(X,v), Vi fn converges in LP(X,~; H) and D% f,
converges in LP(X,~;H). In this case we set D2 f = limp 00 D% fn.

W2P(X,~) is a Banach space with the graph norm

I fllwee = 1fllexq) + IV f e x ) + I DEFI Lo (x50 (10.3.1)

1/p 1/p 1/p
- < / Ifl”d7> +( / |va|%d7> +( / |D§{f|§(d7> |
X X X

Fixed any orthonormal basis {h; : j € N} of H, for every f € W?P(X, ) we set

i f(x) = [Df f(@)hy, hilg
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For every sequence of approximating functions f,, we have

then the equality
9ijf(x) = 0 f(x), ae.

holds. Therefore, the WP norm may be rewritten as

(/X‘f |pd7> ", ( /X (i(ajff)mdy) . < /X (i o, f>2>p/2d7> e

Jj=1 4,j=1

Let X be a Hilbert space and assume that ~ is nondegenerate. Then, another class of
W?2P spaces looks more natural. As in Remark 9.3.11, we may replace (Vg f, D% f) in
Definition 10.3.2 by (Vf, f”). The proof of Lemma 10.3.1 works as well with this choice.
So, we define WQJ’(X,v) as the domain of the closure of the operator T : FCZ(X) —
LP(X,v; X) x LP(X,v; H(X, X)), f— (Vf, ") in LP(X,~) (still denoted by T'), and we
endow it with the graph norm of 7. This space is much smaller than W2P(X,~) if X
is infinite dimensional. Indeed, fix as usual any orthonormal basis {e; : j € N} of X
consisting of eigenvectors of Q Qe; = \jej, and set h = \/>ej Then {h;: j€N}isa
orthonormal basis of H, 0; f(x f@f/@e], 0ij f(x) = \/AiXjO* f | De;De;, and

ee} a 2\ p/2 1/p
1 lw2exq) =1 ey + < /X (ZAf<6efj> ) d”>
PF O\ NP
(/ <Z Aidj <8€1863) > dv) ’

7,7=1

2\ p/2 1/p

115720 ) =N lr ) + </ ( (m)) ‘”>
p/2 1/p
< < (86186]>> dv) .

Since limj_oo Aj = 0, the W2P(X,~) norm is stronger than the W2P(X,~) norm. In
particular, the function f(z) = ||z||?> belongs to W2P(X,~) for every p > 1 but it does
not belong to WQ’p(X, v) for any p > 1, because f”(x) = 2I for every z € X and
82]('/862‘8%' = 2(5@'.

while

10.4 Exercises

Exercise 10.1. Prove that (10.1.2) holds.
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Exercise 10.2. Prove that if f € FCY(X)NLP(X,7), 1 <p < oo and Vg f € LP(X,7)
then f € WhP(X, ).

Exercise 10.3. Prove that if f € WP(X,~) then f+ f=,|f] € W'P(X,~) as well.
Compute Vg f*,Vyf~,Vu|f| and deduce that Vi f = 0 a.e. on {f = c} for every
ceR.

Exercise 10.4. Let o € WIP(R" ~,) and let ¢1,...,4, € X*, with Wi ly) r2(x ) = Oij-
Prove that the function f : X — R defined by f(z) = @(hi(x),...,hn(z)) belongs to
WhP(X, 7).

Exercise 10.5. Let f € LP(X,), p > 1, be such that E, f € W'P(X,~) for every n € N,
with sup, ||V By f|| o (x 4;0) < 00. Prove that f € W'P(X,~).

Exercise 10.6. Prove that FCZ(X) is dense in W2(X, )
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Lecture 11

Semigroups of Operators

In this Lecture we gather a few notions on one-parameter semigroups of linear operators,
confining to the essential tools that are needed in the sequel. As usual, X is a real or
complex Banach space, with norm || - ||. In this lecture Gaussian measures play no role.

11.1 Strongly continuous semigroups

Definition 11.1.1. Let {T'(t) : t > 0} be a family of operators in L(X). We say that it
is a semigroup if
T0)=1, T{t+s)=T@)T(s) Vt,s>0.

A semigroup is called strongly continuous (or Cy-semigroup) if for every x € X the func-
tion T(-)z : [0,00) = X is continuous.

Let us present the most elementary properties of strongly continuous semigroups.

Lemma 11.1.2. Let {T'(t) : t > 0} C L(X) be a semigroup. The following properties
hold:

(a) if there exist § >0, M > 1 such that
1T <M, 0<t<§,
then, setting w = (log M) /6 we have
IT#)|| < Me*t, t>0. (11.1.1)

Moreover, for every x € X the function t — T (t)x is continuous in [0, +00) iff it is
continuous at 0.

(b) If {T(t) : t > 0} is strongly continuous, then for any § > 0 there is Ms > 0 such
that
IT(t)]) < M, ¥t e [0,6)

133
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Proof. (a) Using repeatedly the semigroup property in Definition 11.1.1 we get T'(t) =
T(&)"'T(t — (n —1)6) for (n —1)d <t < né, whence |T(t)|| < M™ < Me“t. Let z € X
be such that ¢t — T'(t)z is continuous at 0, i.e., lim, ,o+ T'(h)x = x. Using again the
semigroup property in Definition 11.1.1 it is easily seen that for every ¢ > 0 the equality
limj,_,o+ T(t + h)x = T'(t)x holds. Moreover,

IT(t — k) = T(t)z]| = |T(t = h)(z = T(h)z)|| < MM |[(z = T(h)z)|,  0<h<t,
whence limy,_,o+ T'(t — h)x = T(t)z. It follows that t — T'(t)z is continuous in [0, +00).

(b) Let x € X. As T'(-)x is continuous, for every § > 0 there is M;, > 0 such that
|T(t)x| < Msg, Vtel0,0].

The statement follows from the Uniform Boundedness Principle, see e.g. [Br, Chapter 2]
or [DS1, §IL.1]. O

If (11.1.1) holds with M = 1 and w = 0 then the semigroups is said semigroup of
contractions or contractive semigroup. From now on, {T'(t) : t > 0} is a fixed strongly
continuous semigroup.

Definition 11.1.3. The infinitesimal generator (or, shortly, the generator) of the semi-
group {T(t) : t > 0} is the operator defined by

_ o T T T -1
D(L) = {x €X:3 lm T:z:} Le= lim —5 .

By definition, the vector Lz is the right derivative of the function ¢ — T'(t)z at t = 0
and D(L) is the subspace where such derivative exists. In general, D(L) is not the whole
X, but it is dense, as the next proposition shows.

Proposition 11.1.4. The domain D(L) of the generator is dense in X.
Proof. Set
1 a+t
Ma’t:c:t/ T(s)xds, a>0,t>0, z€X
a
(this is a X-valued Bochner integral). As the function s +— T'(s)x is continuous, we have

(see Exercise 11.1)
lim M,z = T(a)x.
t—0

In particular, lim, ,q+ Moz = x for every x € X. Let us show that for every ¢ > 0,
My sz € D(L), which implies that the statement holds. We have

P == ([ “T(h -+ sy ds - / T(s)ads)

_ hlt(/hw T(s)x ds — /Ot 7 () ds )

1 h+t h
= ht(/t T(s)xds _/0 T(s)x ds)
i Mtjhw — Mo’hx

t
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Therefore, for every x € X we have Mo,z € D(L) and

T(t)r —x

LM()’tZL' = ;

(11.1.2)

O]

Proposition 11.1.5. For every t > 0, T(t) maps D(L) into itself, and L and T(t)
commute on D(L).
If x € D(L), then the function T(-)z is differentiable at every t > 0 and

d
&T(t)x =LT(t)x =T(t)Lz, t> 0.

Proof. For every x € X and for every h > 0 we have

If x € D(L), letting h — 0 we obtain T'(¢)z € D(L) and LT (t)x = T(t)Lx.
Fix tg > 0 and let h > 0. We have
T(to+ h)x — T (to)x
h

This shows that T'(-)z is right differentiable at ¢y. Let us show that it is left differentiable,
assuming to > 0. If h € (0,ty) we have

T(h) -1
= T(to)(})lx — T(to) Lz ash — 0%,

T(to — h)x — T(to)x
—h

Th) -1
=T(to — h)(})lx — T(to)Lx ash — 07,
as
T(h)—1 T(h)—1
h h

and || T'(to — h)|| < supg<i<y, |T()|| < co by Lemma 11.1.2. It follows that the function
t — T(t)z is differentiable at all ¢ > 0 and its derivative is T'(t)Lx, which is equal to
LT (t)x by the first part of the proof. O

HT(tg—h) x—T(to)LxH < HT(to—h)( x—Lx)‘—i—H(T(to—h)—T(to))L:):H

Using Proposition 11.1.5 we prove that the generator L is a closed operator. Therefore,
D(L) is a Banach space with the graph norm |||/ p(z) = ||z + || Lz||.

Proposition 11.1.6. The generator L of any strongly continuous semigroup is a closed
operator.

Proof. Let (z,) be a sequence in D(L), and let z,y € X be such that =, — z, Lz, =:
Yn — y. By Proposition 11.1.5 the function ¢ — T'(t)x,, is continuously differentiable in
[0,00). Hence for 0 < h < 1 we have (see Exercise 11.1)

T(h) -1 1 (" 1 [k
N p == LTWzpdt == | T(t)yndt,
=5 [ pr@ma = [Ty
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and then
HTU‘L;L—% B HZ%‘% )|+ |2 /OhT@)(yn ]| + || /OhT<t)ydt 9|
< C,flux—mnu+cuyn—yu+H,1l/hT<t>ydt—y ,
0

where C' = supg,;1 ||T'(t)||. Given ¢ > 0, there is ho such that for 0 < h < hg we have
| f T (t)ydt/h — y|| < /3. For h € (0, ho), take n such that ||z — 2, < eh/3(C + 1) and
lyn — yl| < e/3C: we get ||%£U —y|| < e and therefore z € D(L) and y = Lz, i.e., the
operator L is closed. O

Proposition 11.1.5 implies that for any = € D(L) the function u(t) = T'(¢)x is differ-
entiable for ¢ > 0 and it solves the Cauchy problem

u'(t) = Lu(t), t >0,
(11.1.3)
u(0) = .

Lemma 11.1.7. For every x € D(L), the function u(t) := T(t)z is the unique solution
of (11.1.3) belonging to C([0,400); D(L)) N C*([0, +00); X).

Proof. From Proposition 11.1.5 we know that u/(t) = T'(t)La for every ¢ > 0, and then
u' € C([0,+00); X). Therefore, u € C*(]0,+00); X). Since D(L) is endowed with the
graph norm, a function u : [0, +00) — D(L) is continuous iff both u and Lu are continuous.
In our case, both u and Lu = «’ belong to C([0, +00); X), and then u € C([0, +00); D(L)).

Let us prove that (11.1.3) has a unique solution in C([0, +00); D(L))NC* ([0, +00); X).
If u € C([0,4+00); D(L)) N CL([0,+00); X) is any solution, we fix t+ > 0 and define the
function

v(s) :=T(t—s)u(s), 0<s<t.

Then (Exercise 11.2) v is differentiable, and v'(s) = —T'(t — s)Lu(s) + T(t — s)u'(s) =0
for 0 < s <'t, whence v(t) = v(0), i.e., u(t) = T(t)z. O

Remark 11.1.8. If {T'(t) : ¢t > 0} is a Cy-semigroup with generator L, then for every
A € C the family of operators

S(t) = eNT(t), t>0,

is a Cp-semigroup as well, with generator L + A\I : D(L) — X. The semigroup property is
obvious. Concerning the generator, for every z € X we have

S(h)x —x _ e}\hT(h) —r M —

h h h
and then "
limM: lim eAhT(h)_x—l—e $_$:Lm+)\x
h—0+ h h—0+ h h
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Let {T'(t) : t > 0} be a strongly continuous semigroup. Characterising the domain
of its generator L may be difficult. However, for many proofs it is enough to know that
“good” elements z are dense in D(L). A subspace D C D(L) is called a core of L if D is
dense in D(L) with respect to the graph norm. The following proposition gives an easily
checkable sufficient condition in order that D is a core.

Lemma 11.1.9. If D C D(L) is a dense subspace of X and T'(t)(D) C D for everyt >0,
then D s a core.

Proof. Let M, w be such that ||T(t)|| < Me*“! for every ¢t > 0. For x € D(L) we have

t

1
Lz =lim- [ T(s)Lxzds.
t—0 t 0

Let (z,,) C D be a sequence such that lim, o z, = z. Set

1 t 1 t 1 t
Ynt = / T(s)xnds = / T(s)(xy, —x)ds + / T(s)xds.
0 t Jo t Jo

t
As the D(L)-valued function s — T'(s)x,, is continuous in [0, +00), the vector fot T(s)xpds
belongs to D(L). Moreover, it is the limit of the Riemann sums of elements of D (see
Exercise 11.1), hence it belongs to the closure of D in D(L). Therefore, y,; belongs to
the closure of D in D(L) for every n and t. Furthermore,

t
0

Ynt — x| < Hi/ T(s)(xp — ) dsH + H% /OtT(s)xds — a:H

tends to 0 as t — 0, n — oco. By (11.1.2) we have

Tt)(xp —x) — (v, —2) 1 [
" + n /0 T(s)Lxds — L.

Lyn,t —Lx =

Given ¢ > 0, fix 7 > 0 such that

1 T

H/ T(s)Lxds — L:L’H <e,

7 Jo

and then take n € N such that (Me“™ + 1)||z, — z||/7 < €. Therefore, ||Ly, » — Lz| < 2¢

and the statement follows. O

11.2 Generation Theorems

In this section we recall the main generation theorems for Cy-semigroups. The most general
result is the classical Hille-Yosida Theorem, which gives a complete characterisation of the
generators. For contractive semigroups, i.e., semigroups verifying the estimate ||7'(¢)| <
1 for all ¢ > 0, the characterisation of the generators provided by the Lumer-Phillips
Theorem is often useful. We do not present here the proofs of these results, referring e.g.
to [EN, §IL.3].
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First, we recall the definition of spectrum and resolvent. The natural setting for spec-
tral theory is that of complex Banach spaces, hence if X is real we replace it by its
complexification X = {z + iy : z, y € X} endowed with the norm

|z +iyllg ;== sup |xcosd+ ysind)|
—m<O<m
(notice that the seemingly more natural “Euclidean norm” (||z||? + [|y[|?)*/? is not a norm
in general).

Definition 11.2.1. Let L : D(L) C X — X be a linear operator. The resolvent set p(L)
and the spectrum o (L) of L are defined by

p(L)={AeC:3IN-L)"' e L(X)}, o(L)=C\p(L). (11.2.1)

The complex numbers X\ € o(L) such that \I — L is not injective are the eigenvalues, and
the vectors © € D(L) such that Lx = Az are the eigenvectors (or eigenfunctions, when
X is a function space). The set o,(L) whose elements are all the eigenvalues of L is the
point spectrum.

For A € p(L), we set
R\ L) := (N — L)L, (11.2.2)

The operator R(\, L) is the resolvent operator or briefly resolvent.

We ask to check (Exercise 11.3) that if the resolvent set p(L) is not empty, then L is
a closed operator. We also ask to check (Exercise 11.4) the following equality, known as
the resolvent identity
Theorem 11.2.2 (Hille-Yosida). The linear operator L : D(L) C X — X is the generator
of a Cy-semigroup verifying estimate (11.1.1) iff the following conditions hold:

( (i) D(L) is dense in X,

(@) p(L) D{AER: A>w}, (11.2.4)

(i#8) (RO L)Flecx) < S VEEN, VA>w.

M
(A —w)
Before stating the Lumer—Phillips Theorem, we define the dissipative operators.
Definition 11.2.3. A linear operator (L, D(L)) is called dissipative if
(AT = L)z|| = Alj]]
for all X\ >0, x € D(L).

Theorem 11.2.4 (Lumer—Phillips). A densely defined and dissipative operator L on X is
closable and its closure is dissipative. Moreover, the following statements are equivalent.

(i) The closure of L generates a contraction Cy-semigroup.

(i) The range of NI — L is dense in X for some (hence all) A > 0.
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11.3 Invariant measures

In our lectures we shall encounter semigroups defined in LP spaces, i.e., X = LP(Q)) where
(Q,.7, ) is a measure space, with ©(€2) < co. A property that will play an important role
is the conservation of the mean value, namely

/T(t)fdu:/fdu Vt >0, Vfe LP(Q).
Q Q

In this case p is called invariant for T'(t). The following proposition gives an equiva-
lent condition for invariance, in terms of the generator of the semigroup rather than the
semigroup itself.

Proposition 11.3.1. Let {T'(t) : t > 0} be a strongly continuous semigroup with generator
L in LP(Q, p), where (Q, p) is a measure space, p € [1,+00), and u() < co. Then

/T(t)fdpz/fdp Vt >0, Vf € LP(Q, ) <:>/Lfdu:0 Vf e D(L).
Q Q Q

Proof. “=7” Let f € D(L). Then limy_,o(T(t)f — f)/t = Lf in LP(Q, u) and consequently
in L'(Q, u). Integrating we obtain

1
| zrau=ms [ @ =pin=o

“<" Let f € D(L). Then the function ¢ + T'(t)f belongs to C'([0, +00); LP(, 1)) and
d/dtT(t)f = LT(t)f, so that for every ¢t > 0,

— | T@t)fdu= / LT(t)fdp=0.

Therefore the function ¢ — [ + T'(t) f dup is constant, and equal to S « J du. The operator
LP(Q,u) = R, f— [o(T(t)f — f)du, is bounded and vanishes on the dense subset D(L);
hence it vanishes in the whole LP(, u). O

11.4 Analytic semigroups

We recall now an important class of semigroups, the analytic semigroups generated by
sectorial operators. For the definition of sectorial operators we need that X is a complex
Banach space.

Definition 11.4.1. A linear operator L : D(L) C X — X is called sectorial if there are
weR,0e (n/2,7m), M >0 such that

(1) p(L) D Spu ={AeC: X #w,|arg(A —w)| < 0},

(11.4.1)

.. M
(41) ||R(>\7L)”L(X) < m VA € Sy
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Sectorial operators with dense domains are infinitesimal generators of semigroups with
noteworthy smoothing properties. The proof of the following theorem may be found in
[EN, Chapter 2], [L, Chapter 2].

Theorem 11.4.2. Let L be a sectorial operator with dense domain. Then it is the in-
finitesimal generator of a semigroup {T'(t) : t > 0} that enjoys the following properties.

(i) T(t)x € D(LF) for everyt >0,z € X, k € N.

(i) There are My, My, My, ..., such that
(@) NT®)]lcx) < Moe*t, t>0,
(11.4.2)
(b) L — WD T (t)]|g(x) < Mye', t>0,
where w is the constant in (11.4.1).
(111) The function t — T(t) belongs to C*°((0,400); L(X)), and the equality
dk
—T(t) = LFT(t), t >0, (11.4.3)

holds.

(i) The function t — T(t) has a L(X)-valued holomorphic extension in a sector Sgg
with 8 > 0.

The name “analytic semigroup” comes from property (iv). If O is an open set in C,
and Y is a complex Banach space, a function f : O — Y is called holomorphic if it is
differentiable at every zg € O in the usual complex sense, i.e. there exists the limit

. f(2) = f(20) Y,

Zlgrzlo T 1 (20).

As in the scalar case, such functions are infinitely many times differentiable at every
20 € O, and the Taylor series > 7%, f*)(20) (2 — 20)*/k! converges to f(z) for every z in a
neighborhood of 2.

We do not present the proof of this theorem, because in the case of Ornstein-Uhlenbeck
semigroup that will be discussed in the next lectures we shall provide direct proofs of the
relevant properties without relying on the above general results. A more general theory
of analytic semigroups, not necessarily strongly continuous at ¢t = 0, is available, see [L].

11.4.1 Self-adjoint operators in Hilbert spaces

If X is a Hilbert space (inner product (-,-), norm || - ||) then we can say more on semi-
groups and generators in connection to self-adjointness. Notice also that the dissipativity
condition can be rephrased in the Hilbert space as follows. An operator L : D(L) — X is
dissipative iff (see Exercise 11.5)

Re (Lz,z) <0, Vz € D(L). (11.4.4)

Let us prove that any self-adjoint dissipative operator is sectorial.
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Proposition 11.4.3. Let L : D(L) C X — X be a self-adjoint dissipative operator. Then
L is sectorial with 8 < w arbitrary and w = 0.

Proof. Let us first show that the spectrum of L is real. If A = a + ib € C, for every
x € D(L) we have

I(A = L)z|* = (a® + 0)|l«|® — 2a(z, L) + || La|* > b°||z|]?, (11.4.5)

hence if b # 0 then Al — L is injective. Let us check that in this case it is also surjective,
showing that its range is closed and dense in X. Let (z,) C D(L) be a sequence such that
the sequence (Ax,, — Lx,,) is convergent. From the inequality

IA = L) (2n = zm)lI* 2 0|z — 2|, n, m €N,

it follows that the sequence (z,) is a Cauchy sequence, hence (Lzy,) as well. Therefore,
there are z,y € X such that z, — x and Lz, — y. Since L is closed, x € D(L) and
Lz =y, hence \x,, — Lx,, converges to Az — Lz € rg (A — L) and the range of \I — L is
closed.

Let now y be orthogonal to the range of (Al — L). Then, for every x € D(L) we have
{(y, Az — Lx) = 0, whence y € D(L*) = D(L) and \y — L*y = Ay — Ly = 0. As A\ — L
injective, y = 0 follows. Therefore the range of (Al — L) is dense in X.

From the dissipativity of L it follows that the spectrum of L is contained in (—oo,0].
Indeed, if A > 0 then for every z € D(L) we have, instead of (11.4.5),

I(M = L)z||* = N||z[|* — 2\ (z, La) + || La|* = X*|l2|?, (11.4.6)

and arguing as above we deeduce A € p(L).

Let us now estimate |[R(\, L)||, for A = pe?, with p > 0, —7 < § < 7. For z € X, set
u = R(A, L)z. Multiplying the equality Au — Lu = = by e/2 and then taking the inner
product with u, we get

pe?2 ul? — ¢~/ Lu,u) = e, ),
whence, taking the real part,
peos(0/2)|[ul® — cos(0/2)(Lu,u) = Re(e™?(z,u)) < ||| |lull
and then, as cos(0/2) > 0, also

fuff < 4
|A| cos(0/2)
with 0 = arg \. O

Proposition 11.4.4. Let {T'(t) : t > 0} be a Cy-semigroup. The family of operators
{T*(t) : t >0} is a Cy-semigroup whose generator is L*.
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Proof. The semigroup law is immediately checked. Let us prove the strong continuity.
Possibly considering the rescaled semigroup e “!T'(t) with M, w as in (11.1.1), see Remark
11.1.8, we may assume that [|T'(t)|[¢(x) < M for every ¢t > 0, without loss of generality,
IT(t)] = |T(t)*]| <1 (see Exercise 11.6). For z € X we have

Ttz — 2| = (T(t)*z — x, T(t)*z — z)
= T + 2] = (=, T(t)*z) — (T(t)"z, z)
< 2lz|* = ((, T(t)"x) + (T(t)"z,z))

=2|lz|* = ({(T()z, ) + (z, T(t)z))

whence
limsup ||T(¢t)*z — z|| =0
t—0

by the strong continuity of T'(t), and then T'(-)*x is continuous at 0. By Lemma 11.1.2,
t — T(t)*z is continuous on [0,00) and {T'(t)* : ¢t > 0} is a Cp-semigroup. Denoting by
A its generator, for x € D(L) and y € D(A) we have
(La,y) = im ™ (T(t) — )a,y) = lim(z, tT(TX)" ~ I)y) = (z, Ay),
t—0 t—0

so that A C L*. Conversely, for y € D(L*), = € D(L) we have
t
@ Ty =9) = (T =) = [ (ET(s)o.)ds

:/ (T(s)x, L*y) ds:/ (x,T(s)*L*y) ds.
0 0

We deduce .
Tty —y= / T(s)*L*yds,
0

whence, dividing by ¢t and letting ¢t — 0 we get Ay = L*y for every y € D(L*) and
consequently L* C A. O

The following result is an immediate consequence of Proposition 11.4.4.

Corollary 11.4.5. The generator L is self-adjoint if and only if T(t) is self-adjoint for
every t > 0.

11.5 Exercises

Exercise 11.1. Let R be endowed with the Lebesgue measure Aj, and let f : [a,b] — X
be a continuous function. Prove that it is Bochner integrable, that

b - b—a
/ f&)dt = lim > f(7)
a i=1

n—00 4 n
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for any choice of 7; € [a + (bfazfifl),a + (b;a)i}, i =1,...,n (the sums in this approxi-

mation are the usual Riemann sums in the real-valued case) and that, setting

t
P(t) :/ f(s)ds, a<t<b,
the function F' is continuously differentiable, with
F'(t)=f(t), a<t<b.

Exercise 11.2. Prove that if u € C([0, +00); D(L))NC ([0, +00); X) is a solution of prob-
lem (11.1.3), then for ¢ > 0 the function v(s) = T'(t — s)u(s) is continuously differentiable
in [0,¢] and it verifies v'(s) = —T(t — s)Lu(s) + T(t — s)u/(s) =0 for 0 < s < t.

Exercise 11.3. Let L : D(L) C X — X be a linear operator. Prove that if p(L) # () then
L is closed.

Exercise 11.4. Prove the resolvent identity (11.2.3).

Exercise 11.5. Prove that in Hilbert spaces the dissipativity condition in Definition 11.2.3
is equivalent to (11.4.4).

Exercise 11.6. Let {T'(t) : t > 0} be a bounded strongly continuous semigroup. Prove
that the norm

|| == sup || T'(t)=]|
>0

is equivalent to || - || and that T'(¢) is contractive on (X, |- |).
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Proposition 11.4.4. Let {T'(t) : t > 0} be a Cy-semigroup. The family of operators
{T(t)*: t >0} is a Cy-semigroup whose generator is L*.

Proof. The semigroup law is immediately checked. Let us prove the strong continuity.
Recall that by (11.1.1) we have || T(¢)|| = ||T(¢)*|| < Me“t, where we may assume w > 0.
First, notice that T'(t)*x — x weakly for every x € X as t — 0. Indeed, by the strong
continuity of T'(t) we have (T'(t)*z,y) = (z,T(t)y) — (x,y) as t — 0 for every y € X.
From the estimate

t M .
[ @eragas| < S - vl o]
0 w
and the Riesz Theorem we get the existence of x; € X such that

1

t/o (T(s)*z,y)ds = (xt,y) VyeX.

Therefore, for £ > 0 and 0 < h < t we infer

(T (h) 2t — @, y)| = (e, T(h)y) — (21, )]
1 1

o /0 (s T(h)y) ds— 7 /0 () ) ds|

= 1/0t<T(5 + h)*x,y)ds — 1/Ot<T(s)*$,y> ds‘

= 1/tt+h(T(s)*x,y> ds — 1/()h(T(s)*ac,y> ds‘

1 M
<l flyll — [(e20H) — ) + (2" = 1)].
t w
Taking the supremum on ||y|| = 1, we deduce
lim ||T'(h)*zs — 2¢]| = 0. (11.4.7)
h—0

Since by linearity and an e/3 argument the set where (11.4.7) holds is a weakly closed
subspace Y, containing x; for all ¢ > 0. Since for any x € X, x — x weakly as t — 0, we
conclude that Y = X and that T'(¢)* is strongly continuous. Denoting by A its generator,
for z € D(L) and y € D(A) we have
(La,y) = Lim(t™H(T(t) — D)z, y) = lim(z, ¢~ (T@)" = Dy) = {x, Ay),
t—0 t—0

so that A C L*. Conversely, for y € D(L*), = € D(L) we have
t
@ Ty =9) = (0 =) = [ (ET(s)o.g)ds

:/0 (T(s)x, L*y) ds:/o (x,T(s)*L*y) ds.
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We deduce .
Tty —y= / T(s)*L*yds,
0

whence, dividing by t and letting ¢ — 0 we get Ay = L*y for every y € D(L*) and
consequently L* C A. O



Lecture 12

The Ornstein—Uhlenbeck semigroup

All of us know the importance of the Laplacian operator A and of the heat semigroup,

4 92 f 1 )
A _ — —|z—y|?/4t
f(z) ;:1 922 (), T f(z) @t /Rde fy)dy, t>0,

that serve as prototypes for elliptic differential operators and semigroups of operators,
respectively. Choosing X = L2(R%, \g), the Laplacian A : D(A) = W22(R4, )\;) — X
is the infinitesimal generator of 7'(t), namely given any f € X, there exists the limit
lim,_,o+ (T'(t)f — f)/t if and only if f € W22(R%, \;), and in this case the limit is Af. The
W22 norm is equivalent to the graph norm. Moreover, the realization of the Laplacian in
X is the operator associated with the quadratic form

Qu,v) = | Vu-Vovdr, u, veWH(R N).
Rd
This means that D(A) consists precisely of the elements u € W1H2(R? \;) such that the
function WH2(R4, \y) — R, ¢ Jga Vu - Vpdz has a linear bounded extension to the
whole X, namely there exists g € L?(R?, \y) such that

Vu-Vgodx:/

) gedr, @€ Wl’Q(Rd, Ad)s
R

Rd
and in this case g = —Au. If u € W22(R?, )\y), the above formula follows just integrating
by parts, and it is the basic formula that relates the Laplacian and the gradient. Moreover,
for u € W22(R9, \y) we have

Au = div Vu,

where the divergence div is (minus) the adjoint of the gradient V : WH2(R% \g) —
L?(R?, \g;RY), and for a vector field v € WH2(RY, \g; R?) it is given by Z?Zl 0v; /0x;.

In this lecture and in the next ones we introduce the Ornstein—Uhlenbeck operator and
the Ornstein—Uhlenbeck semigroup, that play the role of the Laplacian and of the heat
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semigroup if the Lebesgue measure is replaced by the standard Gaussian measure 7,4, and
that have natural extensions to our infinite dimensional setting (X,~, H). As before, X
is a separable Banach space endowed with a centred nondegenerate Gaussian measure -,
and H is the relevant Cameron—Martin space.

12.1 The Ornstein—Uhlenbeck semigroup

In this section we define the Ornstein—Uhlenbeck semigroup; we start by defining it in the
space of the bounded continuous functions and then we extend it to LP(X,~), for every
p € [1,+00).

The Ornstein—Uhlenbeck semigroup in Cj(X) is defined as follows: T'(0) = I, and for
t >0, T'(t)f is defined by the Mehler formula

Tt)f(x):= /X fle7tz + /1 — e~ 2ty)y(dy). (12.1.1)

We list some properties of the family of operators {T'(t) : ¢ > 0}.

Proposition 12.1.1. {T'(¢t) : t > 0} is a contraction semigroup in Cy(X). Moreover, for
every f € Cp(X) we have

/T(t)fd’y:/ fdy, t>0. (12.1.2)
X X

Proof. First of all we notice that |T'(¢) f(x)| < || flleo for every x € X and t > 0. The fact
that T'(t) f € Cy(X) follows by Dominated Convergence Theorem. So, T'(t) € L(Cy(X))
and [|T(t) [l ¢(cy(x)) < 1. Taking f =1, we have T'(t) f = 1 so that || T'()||z(c,(x)) = 1 for
every t > 0.

Let us prove that {T'(t) : t > 0} is a semigroup. For every f € Cp(X) and t,s > 0 we
have

(T(T(s)f)(x) = /X(T(S)f)(e_tfﬂ + V1= e 2y)y(dy)
= / / fle*(e7te + V1 — e 2ty) + V1 — e=252)y(dy)y(dz).
XJX

s_V1—e—?t + V1—e—2s
\/1_672t72sy V1—e—2t—2s

Setting now ®(y,z) = e~ z, and using Proposition 2.2.7(iv), we

get
(TE)T()))(x) = /X /X Fles "t + /1 — e 250 (y, 2))y(dy)y (d2)
- /X Flemtn + /T — e 526) (7 @ 7) 0 1) (d€)

= [ re e VT )
=T(t+s)f(x).
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Let us prove that (12.1.2) holds. For any f € C3(X) we have
[ 0590 = [ [ et s VIZ By dpn (o)
X xXJx

Setting ¢(x,y) = e to + /1 — e~2y, we apply Proposition 2.2.7(iv) with any 6 € R such
that e=! = cosf, V1 — e=2t = sin6, and we get

/ T(t)f dy = / FE)(r ®7) 0 6\ (de) = / (e (de).
X X X
]

We point out that the semigroup {7'(¢) : ¢t > 0} is not strongly continuous in Cy(X),
and not even in the subspace BUC(X) of the bounded and uniformly continuous functions.
In fact, we have the following characterisation.

Lemma 12.1.2. Let f € BUC(X). Then
lim [|T(t)f — flleo = 0 <= 1i ) = flloo = 0.
Jin (7@ f = 1 Jim [[£(e™) = f]

Proof. For every t > 0 and z € X we have

(T(t)f - F(e™))(x) = /X (e 'z + VI e By) — f(e'z))(dy)

and the right hand side goes to 0, uniformly in X, as t — 07. Indeed, given e > 0 fix R > 0
such that v(X \ B(0,R)) < e, and fix § > 0 such that |f(u) — f(v)| < e for |Ju —v|| <.
Then, for every t such that v1 —e=2*R < § and for every x € X we have

] [ et 4 V=) — et
X

(L [ et VIS - e tana)
B(0,R) JX\B(O,R)
<+ 2l

O]

The simplest counterexample to strong continuity in BUC(X) is one dimensional: see
Exercise 12.1.

However, for every f € Cp(X) the function (¢, x) — T'(¢) f(x) is continuous in [0, +-00) x
X by the Dominated Convergence Theorem. In particular,

lim T(t)f(z) = f(x), Vze X,
t—0+
which is enough for many purposes.
The semigroup {7'(t) : t > 0} enjoys important smoothing and summability improving
properties. The first smoothing property is in the next proposition.
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Proposition 12.1.3. For every f € Cy(X) and t > 0, T(t)f is H-differentiable at every
x € X, and we have

7t R

VAT @)t =~ [ et VIZ it (213)

Therefore,
—t

IV uT () f ()] < ﬁ\hmwnw z € X. (12.1.4)

Proof. Set
et
c(t) == N1

For every h € H we have
T 1+ 1) = [ Fe o+ VT= e elh + 1))
= / fleTtr + /1 —e~2t2) exp{c(t)h(z) — c(t)2|hQ|%I} ~v(dz),
X

by the Cameron-Martin formula. Therefore, denoting by l; (k) the right hand side of
(12.1.3),

[ T(@)f(x+h) = TE)f(x) = lt2(h)]

<
v -
< |hl|H/ ‘f(e*tx + V1 —e2ty) (exp{c(t)il(y) - c(t)2‘h2|%1} — 1) — c(t)fl(y)‘fy(dy)
< e Lfeofetoe ey -l g

= 1o [ [esp{ellam — e "5} <1~ et pln|-1 0, (e

where the right hand side vanishes as |h|g — 0, by the Dominated Convergence Theorem.
This proves (12.1.3). In its turn, (12.1.3) yields

IVaT () f (), Bl| < e@)l|fllocllhll i x.r) < Ol flloollBll 2 x ) = e fllool bl
for every h € H, and (12.1.4) follows. O

Notice that in the case X = R?, v = 74, we have Vy = V and formula (12.1.3) reads
as

eft

q/]_ _ 672t Rd

Let us consider now more regular functions f.

D,T(t)f(x) = fle7te + V1 — e 2y)y;va(dy), i=1,...,d. (12.1.5)
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Proposition 12.1.4. For every f € CHX), T(t)f € CHX) for any t > 0, and its
derivative at x s

(T(t)f) (x)(v) = e /X fle™ e+ /1 = e72ty)(v) y(dy). (12.1.6)
In particular,
aavT(t)f(x) - et(T(t)<aavf>>(x), veX, zeX. (12.1.7)

For every f € C3(X), T(t)f € C}(X) for any t >0, and its second order derivative at x
18

TON' @@ = [ et + VI Ty) ) (d) (12.1.8)
X
so that ) ;
8a€g2f(x) = e 2T(t) <aiéfu) (), uw,velX, zekX. (12.1.9)

Proof. Fix t > 0 and set ®(x,y) = e 'z + /1 — e~ 2ly. For every z, v € X we have

O+ o) = TN - [ Fetor VIt

< / f(@(x,y) + e ) — f(@(z,y)) — f'(P(z,y))(e"v)| V(d?/)i-
X ]
On the other hand, for every y € X we have
@ g)ee) — [(B(y) ~ f @)t
v—0 ||v]] ’

and (see Exercise 12.3)

£ (®(2,y) +e7"v) — f(2(x,y)) — f'(2(x,y))(e~"v)]

o]

< 2e” sup || f/(2)]|x+,
zeX

and (12.1.6) follows by the Dominated Convergence Theorem. Formula (12.1.7) is an
immediate consequence. The derivative (T'(¢)f) is continuous still by the Dominated
Convergence Theorem. The verification of (12.1.8) and (12.1.9) for f € CZ(X) follow
iterating this procedure (see Exercise 12.4). O

Let us compare Proposition 12.1.3 and Proposition 12.1.4. Proposition 12.1.3 describes
a smoothing property of T'(¢), while Proposition 12.1.4 says that T'(t) preserves the spaces
CLH(X) and C}(X). In general, T(t) regularises only along H and it does not map Cj(X)
into C1(X). If X = R? and v = 4 we have H = R%, this difficulty does not arise,
Proposition 12.1.3 says that T'(t) maps Cj,(R?) into C} (R?) and in fact one can check that
T(t) maps Cp(R?) into CF(R?) for every k € N, as we shall see in the next lecture.
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If f € CHX) we can write VyT'(t)f(z) in two different ways, using (12.1.3) and
(12.1.6): for every h € H we have

[VuT(t)f(z), kg 1 — e~2y)h(y)y(dy)

—et/ fle ta +

V1i—e2t Jx

=t [ Feta e VI ey ) ().
X

We now extend 7T'(t) to LP(X,7), 1 <p < oo.

Proposition 12.1.5. Let t > 0. For every f € Cp(X) and p € [1,+00) we have

1T fllzexqyy < N llzecxy)- (12.1.10)

Hence {T'(t) : t > 0} is uniquely extendable to a contraction semigroup {T,(t) : t > 0} in
LP(X,v). Moreover

(i) {Tp(t) : t >0} is strongly continuous in LP(X,~), for every p € [1,+00);
(ii) To(t) is self-adjoint and nonnegative in L*(X,v) for every t > 0;
(iii) v is an invariant measure for {T,(t) : t > 0}.

Proof. For every f € Cp(X), t >0 and x € X the Holder inequality yields

T(t)f ()] < /X [fle™'z + V1= e 2y)[Pdy = T(t)(|fI) ().

Integrating over X and using (12.1.2) we obtain

AW@NWSLT@WWM=AUW%

Since Cp(X) is dense in LP(X, ), T'(t) has a unique bounded extension T),(t) to the whole
LP(X,7), such that ||T,(#)|lczr(x,)) < 1. In fact, taking f = 1, Tp(t)f = 1 so that
1T ()| (o (x,y)) = 1-

Let us prove that {T),(t) : ¢t > 0} is strongly continuous. We already know that for
f € Cp(X) we have limy_,o+ T'(t) f(x) = f(z) for every x € X, and moreover |T(t)f(z)| <
| flloo for every x. By the Dominated Convergence Theorem, lim, ,o+ T'(¢t)f = f in
LP(X,7). Since Cyp(X) is dense in LP(X,7) and || Ty(t)||lc(zr(x,0)) = 1 for every ¢, then
lim; o+ Tp(t) f = f for every f € LP(X, 7).

Let us prove statement (ii). Let f, g € Cp(X), t > 0. Then

TOLg)0x = [ [ 504 VI= e Fg(a)n dn o)
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and setting u = et + V1 —e 2y, v = —/1 —e 2ty + ey, (u,v) = R(x,y), using

Proposition 2.2.7(iii) and the fact that v is centred we get
TOL.9)20x = [ Flgle™t = VI=eTo)(709) 0 ) (d(ws0)
X
/ / fw)gle 'u — /1 — e 2tw)y(dv)y(du)

/ / fw)g(e tu + V1 — e~ 2t)y(dv)y(du)
= ([, T)g) r2(x ~)-

Approximating any f, g € L?(X,~) by elements of Cy(X), we obtain (T(t)f, 9 r2(xy) =

(fs To()g) 12(x )
Still for every f € L?(X,~) and t > 0 we have

(O, Frexq = (B@/2)T2(t/2)f, flrex ) = (Ta(t/2) f, Ta(t/2) ) 2(x0) 2 0.
Statement (iii) is an immediate consequence of (12.1.2). O

To simplify some statements we extend the Ornstein—Uhlenbeck semigroup T'(t) to
vector valued functions. For v € Cp(X; H) and ¢t > 0 we set

T(t)v(x) = /Xv(etx +V1—e2ty)y(dy), t>0, ze€X.

By Remark 9.2.6, for every orthonormal basis {h; : i € N} of H we have

=" T@)([v(), hlw) (x)hi.
=1

Using Proposition 9.2.5(i) we get the estimate

T@)v(x)r < /X [v(e™"z + V1 — e 2y) |y y(dy) = (T(t)(vlu))(x), »€X. (12.1.11)

Notice that the right hand side concerns the scalar valued function |v|g. Raising to the
power p, integrating over X and recalling (12.1.2), we obtain

||T(t)v||LP(X,'y;H) < ||UHLP(X,7;H)7 t> 0. (12112)

As in the case of real valued functions, since Cy(X; H) is dense in LP(X,~; H), estimate
(12.1.12) allows to extend T'(t) to a bounded (contraction) operator in LP(X,~; H), called
Ty(t). We will not develop the theory for vector valued functions, but we shall use this
notion to write some formulae in a concise way, see e.g. (12.1.13).

LP gradient estimates for T),(t) f are provided by the next proposition.

Proposition 12.1.6. Let 1 < p < oo.
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(i) For every f € WYP(X,~) and t > 0, T(t)f € WLP(X,v) and
ViTy(t)f = e Ty() (Vi ), (12.1.13)

1T fllwrexqy) < N lwiex,q)- (12.1.14)

i) If p> 1, for every f € LP(X,7) and t > 0, T,(t)f € W'P(X,v) and
P

/ STy (t) (@) By < clt, p)? / Py, (12.1.15)
X X

1/p'
with c(t,p) <fR [P (0, 1)(d£)> e t/V1—e 2t

Proof. (i). Let f € CL(X). By Proposition 12.1.4, T(t)f € CH(X) and (O,T(t)f)(x) =
e YT (t)(Onf))(x) for every h € H, namely [(VyT(t)f)(z), hlg = e *T(t)([Vu f, hm)(z).
Therefore, |(VyT(t)f)(x)|g < e *T(t)(|Vu fla)(z), for every z € X. Consequently,

IVuT () f (@)l < e”P(TO(Viflu)(@) < e (T Vafly)(@)

and integrating we obtain

/ VT () (2)fydy < e / T (Vo flu)Pdy = e / Vi fyd,
X X
so that

1T fllwrexqy = 1T@) flleexy) + 1VET @) fla e x )
< fllerx ) + VB H e x,0) = 1 llwrecx )

Since C}(X) is dense in W1P(X,v), (12.1.14) follows.

(ii) Let f € Cy(X). By Proposition 12.1.3, T'(t) f is H-differentiable at every z, and
we have
IVaT(t)f(x)lu = sup  [[VaT(t)f(x),h]ul
heH, |h|g=1
Let us estimate |[VgT'(t)f(z), hlu| = |lt.o(h)| (where l; »(h) is as in the proof of Proposi-
tion 12.1.3), for |h|g = 1, using formula (12.1.3). We have

—t R
sl < < [ 15+ VTl ()
—t 1/p ., 1/p'
< [rete s vimeHpian) ([ i)

eft

- aaimey( [1errona)
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By the invariance property (12.1.2) of ~,

/X Va0 ()l (d) < (me_itezt)p /X(T(t)(lf”) dv< /]R €7 (0, 1)(d5)>p/p/

(=) [irar( [1errc 1><d5>>p/pl.

Therefore, T'(t)f € WHP(X,v) and estimate (12.1.15) holds for every f € Cy(X). Since
Cy(X) is dense in LP(X, ), the statement follows. O

Note that the proof of (ii) fails for p = 1, since for every h € H the function h does not
belong to L, and the constant c(¢,p) in estimate (12.1.15) blows up as p — 1. Indeed,
T(t) does not map L'(X,~v) into WH1(X,~) continuously for ¢ > 0, even in the simplest
case X =R, v = (see for instance [MPP, Corollary 5.1]).

12.2 Exercises

Exercise 12.1. Let X = R and set f(x) = sinz. Prove that T'(¢)f does not converge
uniformly to f in R as ¢t — 0.

Exercise 12.2. Show that the argument used in Proposition 12.1.5 to prove that T'(t) is
self-adjoint in L?*(X,~) implies that Ty (t) = T,(¢)* for p € (1,+00) with 1/p+1/p/ = 1.

Exercise 12.3. Prove that for every f € C'(X) and for every z, y € X we have

1
)~ () = /0 oy + (1 —0)a)(y — o) do,
so that, if f € C}(X),

[f(y) = f(2)] < sup [[f'(2)llxlly — .
zeX

Exercise 12.4. Prove that for every f € CZ(X) and t > 0, T(t)f € CZ(X) and (12.1.8),
(12.1.9) hold.
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Lecture 13

The Ornstein-Uhlenbeck operator

In this lecture we study the infinitesimal generator of T),(¢), for p € (1,400). The strongest
result is the characterisation of the domain of the generator Ly of Th(¢) as the Sobolev
space W22(X,~). A similar result holds for p € (1, +0c0)\ {2}, but the proof is much more
complicated and will not be given here.

13.1 The finite dimensional case

Here, X = R? and v = 74. We describe the infinitesimal generator L, of T,(t) in
LP(R%,~y), for p € (1,400), which is a suitable realisation of the Ornstein-Uhlenbeck
differential operator

Lf(x):=Af(x) —x-Vf(x) (13.1.1)

in LP(RY, ~,).
We recall that

D(Ly) = {fELp(Rd,ryd): 377 — lim T(t)Jtc—f}7

t—0+
T f-f
Lyf = lim ————.
2 ti%lJr t

If f € D(Ly,), by Lemma 11.1.7 the function ¢ — T'() f belongs to C1([0, +00); LP(R%,~4))
NC([0,400); D(Ly)) and d/dtT(t)f = L,T(t)f, for every t > 0. To find an expression of
Ly, we differentiate T'(t) f with respect to time for good f. We recall that for f € Cj,(R%),

T,(t)f =T(t)f is given by formula (12.1.1).

Lemma 13.1.1. For every f € Cy(R?), the function (t,z) ~— T(t)f(x) is smooth in
(0,4+00) x R, and we have

d

Z(TON)(@) = AT f(2) - VIO f (), >0, xR (13.1.2)

155
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If f € C’g(]Rd), for every x € R the function t — T(t)f(x) is differentiable also at t =0,

with
d

dt
and the function (t,z) v+ d/dt (T(t)f)(x) is continuous in [0, +oc) x R

Proof. Setting z = e 'z + V1 — e 2ty in (12.1.1) we see that (t,z) — T(t)f(x) is smooth
in (0,400) x R and that

(T(t)f)(a:)|t:0 =Af(z)—z-Vf(x), z¢€ R, (13.1.3)

d 1 0 |z — e~tx|? o
FTON = oy [ 1615 ({70
_ (1-— (3_215)—‘11/2 |2 — e_t:c‘Q

SRR SICE L b

e tz—eta)-x e |z —el2|? de=2
- 1 — o2 l—e2)2 1-e2 dz

= [ J a4 V1= ey (et y - @+ et)’lyl? — de(t)*)raldy),

where c(t) = e t/y/1 —e2t. Differentiating twice with respect to x in (12.1.1) (recall
(12.1.5)), we obtain

Di;(T(t)f)(w) = c(t)? o (e™'z + V1 — e 2y)(=dij + yiy;)va(dy)

so that
AT(t) f(x) = e(t)? y fle'a+ V1 — e 2y) (—d + |y[*)ya(dy).

Therefore,

GEONE) = AT f(@) = ~ctt) [ e o V/T= ) e yuldy
Rd
= VI()f(2) =,

and (13.1.2) follows.
For f € CZ(R%), we rewrite formula (13.1.2) as

STONE) = (CTWf)@)
(13.1.4)

= e H(THASf)(x) — etz - (TH)Vf)(z), t>0, x€RE

taking into account (12.1.7) and (12.1.9). (We recall that (T'(¢)V f)(x) is the vector whose
Jj-th component is T'(t)D;f(x)). Since Af and each D;f are continuous and bounded
in R?, the right hand side is continuous in [0,400) x R%. So, for every z € R? the
function 6(t) := T(t)f(x) is continuous in [0, +00), it is differentiable in (0, +o00) and
limy_0 0'(t) = Af(x) —x-V f(x). Therefore, 6 is differentiable at 0 too, (13.1.4) holds also
at t =0, and (13.1.3) follows. O
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Lemma 13.1.1 suggests that L, is a suitable realisation of the Ornstein-Uhlenbeck
differential operator £ defined in (13.1.1). For a first characterisation of L, we use Lemma
11.1.9.

Proposition 13.1.2. For 1 < p < oo and k € N, k > 2, the operator L : D(L) =
CFR?) C LP(RY,~yy) — LP(RY,~y) is closable, and its closure is L. So, D(L,) consists
of all f € LP(RY,~y) for which there exists a sequence of functions (f,) C C’If(Rd) such
that fn — f in LP(RY, ~g) and (Lf,) converges in LP(R, ~,). In this case, Lyf = LP —

Proof. We check that D = C’f(]Rd) satisfies the assumptions of Proposition 11.1.9, i.e., it
is a core of L,. We already know, from Proposition 12.1.4, that T'(t) maps CF(R?) into
itself for k =1, 2. The proof of the fact that C¥(R?) is dense in LP(R?, v4) and that T(¢)
maps Cr(RY) into itself for k > 3 is left as Exercise 13.2.

Since CF(R?) C CZ(RY) for k > 2, it remains to prove that CZ(R?) C D(L,), and
Lyf = Lf for every f € C2(R?).

By Lemma 13.1.1, for every f € CZ(R?) we have d/dt T(t) f(z) = LT(t)f(z) for every
r € R and ¢t > 0; moreover ¢ + d/dtT(t)f(z) is continuous for every x. Therefore for
every t > 0 we have

Tt)f(z) = flx) 1 /O %T(s)f(l‘) ds = 1/0 LT(s)f(x)ds,

t Tt t

and

J.

Since s — LT(s)f(z) is continuous, for every = we have

1 p

batan) < [ (3 [ 6161 10) - 2501 ds )t

T(t)f(x) - f(x)
t

—Lf(x)

t—0t

¢ P
lim <1/ |LT(s)f(x) — Lf(x)] ds) =0.
0
Moreover, by (13.1.4),
1 t p » » 1 d
t/o LT (s)f(x) = Lf(x)lds ) < 2P(|Aflloc + 2] | [V ] lloo)” € LT (R, 7a)-
By the Dominated Convergence Theorem,

T(t)f(xg - f(x) _ Lf(-%') pryd(dg;> =0.

lim
t—0t+ JRd

Then, CF(RY) C D(L,). Since L, is a closed operator and it is an extension of £ :
CF(RY) — LP(RY,7,), £ : CF(RY) — LP(RY,~,) is closable.

Applying Lemma 11.1.9 with D = CF(RY), we obtain that D(L,) is the closure of
CF(RY) in the graph norm of L,, namely f € D(L,) iff there exists a sequence (f,) C
C{f(]Rd) such that f, — f in LP(R% ~,) and L,f, = Lf, converges in LP(R% ~,). This
shows that L, is the closure of £ : CF(RY) — LP(RY, ~,). O
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In the case p = 2 we obtain other characterisations of D(Ly). To start with, we point
out some important properties of £, when applied to elements of W22 (R%, ~,).

Lemma 13.1.3. (a) £ : W22(R% y) — L?(R%,~,) is a bounded operator;

(b) for every f € W22(R%, ~y), g € WH2(RY, ~,4) we have
/ Lfgdy, = —/ Vf-Vgdyg. (13.1.5)
R4 R4

(c) for every f € W2(R?, ~4) we have
Lf = div,, VY. (13.1.6)

Proof. To prove (a) it is sufficient to show that the mapping T : W22(R%, v4) — L?(R%, ~y)
defined by (Tf)(x) := x - Vf(x) is bounded. For every i =1,...,d, set g;(z) = z;D; f(x).
The mapping f — g; is bounded from W22(R?, v4) to L?(R%,v,4) by Lemma 10.2.6, and
summing up the statement follows.

To prove (b) it is sufficient to apply the integration by parts formula (9.1.3) to compute
Jra Diif gdvg, for every i = 1,...,d, and to sum up. In fact, (9.1.3) was stated for C}
functions, but it is readily extended to Sobolev functions using Proposition 9.1.5.

Statement (c) follows from Theorem 10.2.7. In this case we have H = RY and it is
convenient to take the canonical basis of R? as a basis for H. So, we have ﬁl(x) = z; for
i=1,...,d and divy,v(z) = Zle Djv; — wv;, for every v € WH2(R? 44;R?). Taking
v=Vf, (13.1.6) follows. O

The first characterisation of D(L2) is the following.
Theorem 13.1.4. D(Ls) = W22(R%, v,), and Lof = Lf for every f € W22(R4, ).
Moreover, for every f € W>2(R%, ~,),

[fl 2y + 1L F Il L2ma g < I fllw2emaqy < 5 U FllL2maqyg) + 1€l L2Raqg))- (13.1.7)

3
2
Proof. The embedding W22(R9, ;) C D(Ls) is an easy consequence of Lemma 13.1.3(a).
For every f € W%2(R% v,) there is a sequence (fx) of C2 functions such that fr — f
in W22(R? ~4). Then, £f, — g = Lf in L?(R%,~,). By Proposition 13.1.2, f € D(Ls)
and Lof = Lf for every f € W22(R?, ~,). However, the embedding constant that comes
from Lemma 13.1.3(a) is not clear, and may depend on d. It is better to use (13.1.6) and
Theorem 10.2.7, with v = V f, that gives the clean estimate

d 1/2 d 1/2
12 g vy < IV S et ety = ( /R D)+ ( /R Y (Dyf)Pda)
i=1 ij=1

which yields

£l 2 ey + 1L F Il L2ma g < I fllweemaqy f€ W22(RY, yy).
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To prove the other embedding we shall show that

3
[ fllw22mayg) < §(Hf”L2(Rd,'yd) + 1€ fll 22 7)) (13.1.8)

for every f € C3(R?). Indeed, by Proposition 13.1.2, if f € D(Ls) there is a sequence (fx)
of C3 functions such that f; converges to f and £ f converges in L*(R%, ~4). Applying
estimate (13.1.8) to fi — f we obtain that (f;) is a Cauchy sequence in W22(R%, ~,), so
that its L2 limit f belongs to W22(R% ~,4), and f satisfies estimate (13.1.8), too. This
shows that D(Ls) is continuously embedded in W?22(R%, ~,4) and that (13.1.8) holds for
every f € D(Ls).

So, let us prove that (13.1.8) holds for every f € C$(R?). By Lemma 13.1.3(b),

L rPau == [ rerau < ilmeaploflogn,,. (319

To estimate the L? norm of the second order derivatives, we set Lf =: g and we differ-
entiate with respect to z; (this is why we consider Cj, instead of only Cg, functions) for
every j = 1,...d. We obtain

d
Dj(Af) - Z(dijDif +2;Djif) = Djg.

=1

Multiplying by D, f and summing up we get

d d
> DifAD;f) — VP =D x-V(D;f)D;f =Vf-Vg.

J=1 J=1

Note that each term in the above sum belongs to LP(R%, v,) for every p > 1. We integrate
over R? and we obtain

d
/Rd (ZDjfL(Djf) - IVf|2>d%z = /R Vf-Vgda.
j=1

Now we use the integration formula (13.1.5), both in the left hand side and in the right
hand side, obtaining

d
= [ SR - [ 1ViPda= - [ g8t
RY S Rd Rd

so that, since g = L f

d
L X 0arpa= [ (erpau= | 1Vifaus | @i

4,j=1
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This inequality and (13.1.9) yield (13.1.8). Indeed,

1wz < IFllze + (2L F 1l 2)? + 1Ll 22
1
< A llee + S Ul + 1Ll ) + 1211 2

< SO lze + 185 z2).
O

The next characterisation fits last year Isem. We recall below general results about
bilinear forms in Hilbert spaces. We only need a basic result; more refined results are in
last year Isem lecture notes.

Let V. C W be real Hilbert spaces, with continuous and dense embedding, and let
Q:V xV — R be a bounded bilinear form. “Bounded” means that there exists M > 0
such that |Q(u,v)| < M||ully ||v||yv for every u, v € V; “bilinear” means that Q is linear
both with respect to u and with respect to v. Q is called “nonnegative” if Q(u,u) > 0 for
every u € V, and “coercive” if there is ¢ > 0 such that Q(u,u) > c||ul|},, for every u € V;
it is called “symmetric” if Q(u,v) = Q(v,u) for every u, v € V. Note that the form in
(13.1.10), with V' = WH2(R9, ~4), W = L?(R% ~,) is bounded, bilinear, symmetric and
nonnegative. It is not coercive, but Q(u,v) + a(u, v) r2ra ) is coercive for every a > 0.

For any bounded bilinear form Q, an unbounded linear operator A in the space W is
naturally associated with Q. D(A) consists of the elements u € V such that the mapping
V — R, v — 9Q(u,v), has a linear bounded extension to the whole W. By the Riesz
Theorem, this is equivalent to the existence of g € W such that Q(u,v) = (g,v)w, for
every v € V. Note that g is unique, because V is dense in W. Then we set Au = —g,
where g is the unique element of W such that Q(u,v) = (g, v)w, for every v € V.

Theorem 13.1.5. Let V. C W be real Hilbert spaces, with continuous and dense em-
bedding, and let Q : V. x V. — R be a bounded bilinear symmetric form, such that
(u,v) — Qu,v) + alu, v)w is coercive for some a > 0. Then the operator A: D(A) - W
defined above is densely defined and self-adjoint. If in addition Q is nonnegative, A is
dissipative.

Proof. The mapping (u,v) — Q(u,v) + a{u,v)y is an inner product in V, and the as-
sociated norm is equivalent to the V-norm, by the continuity of Q and the coercivity
assumption.

It is convenient to consider the operator A : D(A) = D(A) — W, Au := Au+ au. Of
course if A is self-adjoint, also A is self-adjoint.

We consider the canonical isomorphism 7' : V' — V* defined by (Tu)(v) = Q(u,v) +
alu,v)w (we are using the new inner product above defined), and the embedding J :
W — V*, such that (Ju)(v) = (u,v)w. T is an isometry by the Riesz Theorem, and J is
bounded since for every u € W and v € V' we have |(Ju)(v)| < |Ju|lw||v]lw < C|lullw]v|lv,
where C' is the norm of the embedding V' C W. Moreover, J is one to one, since V is
dense in W.
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By definition, u € D(A) iff there exists g € W such that Q(u,v) + a(u, v)w = (g, v)w
for every v € V, which means Tu = Jg, and in this case Au = —g.

The range of J is dense in V*. If it were not, there would exist ® € V*\ {0} such that
(Jw, @)y« = 0 for every w € W. So, there would exists ¢ € V'\ {0} such that Jw(p) =0,
namely (w, )y = 0 for every w € W. This implies ¢ = 0, a contradiction. Since T is
an isomorphism, the range of T~!.J, which is nothing but the domain of E, is dense in V.
Since V is in its turn dense in W, then D(A) is dense in W.

The symmetry of Q implies immediately that Ais self-adjoint. Indeed, for u, v € D(Z)
we have

(Au,v)w = Qu,v) + alu, v)w = Qv,u) + alv, ww = (u, Av)y .

Since A is onto, it is self-adjoint.
The last statement is obvious: since (Au,u) = —Q(u,u) for every u € D(A), if Q is
nonnegative then A is dissipative. O

In our setting the bilinear form is

Qu,v) := y Vu-Vody, u, ve WH2(RY, 4y), (13.1.10)

so that the assumptions of Theorem 13.1.5 are satisfied with W = L*(R%4y), V =
W1H2(R9, ~,4) and every o > 0. D(A) is the set

{u e WH2(R?,~y) : 3g € L*(R?, ~,) such that Q(u,v) = / gudyg, Yv € Wl’z(Rd,yd)}
Rd

and Au = —g.

Theorem 13.1.6. Let Q be the bilinear form in (13.1.10). Then D(A) = W22(R%,~,),
and A = Ls.

Proof. Let u € W22(R% ~4). By (13.1.5) and Theorem 13.1.4, for every v € WhH2(R%, ~4)
we have

Qu,v) = —/Rdﬁuvd’yd

Therefore, the function g = Lu = Lou fits the definition of Au (recall that g € L2(R%,v,)
by Lemma 13.1.3(a)). So, W22(R% ~4) C D(A) and Au = Lou for every u € W22(R%, v,)
(the last equality follows from Theorem 13.1.4). In other words, A is a self-adjoint ex-
tension of Lo. Lo itself is self-adjoint by Corollary 11.4.5, because T»(t) is self-adjoint
in L2(R%, ~4) by Proposition 12.1.5(ii), for every ¢ > 0. Self-adjoint operators have no
proper self-adjoint extensions (this is because D(L2) C D(A) = D(A*) C D(L3), but
D(A*) = D(A) and D(L%) = D(L2)), hence D(A) = D(Ls2) and A = L. O
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13.2 The infinite dimensional case

Here, as usual, X is a separable Banach space endowed with a centred nondegenerate
Gaussian measure v, and H is the relevant Cameron-Martin space.

The connection between finite dimension and infinite dimension is provided by the
cylindrical functions. In the next proposition we show that suitable cylindrical functions
belong to D(L,;,) for every p € (1, +00), and we write down an explicit expression of L,, f for
such f. Precisely, we fix an orthonormal basis {h; : j € N} of H contained in R, (X*), and
we denote by ¥ the set of the cylindrical functions of the type f(z) = @(hi(z), ..., ha(z))
with ¢ € C’g (RY), for some d € N. This is a dense subspace of LP(X,~) for every p €
[1,+00), see Exercise 13.3. For such f, we have

g? (h1(z),... hg(z)), i < d; 8if(x)=0,i>d. (13.2.1)

To distinguish between the finite and the infinite dimensional case, we use the superscript
(d) when dealing with the Ornstein-Uhlenbeck semigroup and the Ornstein-Uhlenbeck
semigroup in R%. So, Lz(,d)
group T@(t) in Lp(Rd,*yd) We recall that L( ) is a realisation of the operator £ =

A — x -V, namely L f LD f for every f € D(L (d))

0if(z) =
is the infinitesimal generator of the Ornstein-Uhlenbeck semi-

Proposition 13.2.1. Let {h; : j € N} be any orthonormal basis of H contained in
R(X™), and let f(z) = o(h1(z), ..., hq(z)) with ¢ € LP(R%, ~y), for some d € N and
p € [1,+00). Then for every t >0 and y-a.e. z € X,

Ty () f (@) = (T3 (1)) (R (), .., ha()).

If in addition ¢ € D(Ly L )) then f € D(Lp), and

Lypf(x) = L o(ha(x),. .., ha(x)),
If p € CE(RY), then

Lyf(x) = LDl (), ... ha(x)) = Y (0 f(@) = hi(2)0i f (x)) = div, Vr f ().
Proof. Assume first that ¢ € Cp(RY). For t > 0 we have
T(t)f(z) = / fle™'z + V1 — e 2y)y(dy)
- /X " (z) + V1 — e 2hi(y),. .., e tha() + V1 — e 2ha(y))y(dy)

:/ ethy(x) + V1 — e 2, e tha(z) + V1 — e 2Eg)vq(dE)
Rd
= (TD (1)) (hi (), .., ha(x)),
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because 7y o (ill,...,ild)_l = g by Exercise 2.4. If p € LP(R? ~4) is not continuous,
we approximate it in LP(R?, ~4) by a sequence of continuous and bounded functions ¢,,.
The sequence fp(z) := @n(hi(x), ..., hq(z)) converges to f and the sequence gy (z) :=
(TD () n)(h1(z), ..., hg(z)) converges to (TD(t)p)(hy(z),. .., hg(z)) in LP(X,~), still
by Exercise 2.4. Therefore, T(t) f,, converges to T'(t)f in LP(X,~) for every t > 0, and the
first statement follows.

Let now ¢ € D(LI()d)). For every t > 0 we have

/ ‘T(t)f(l‘z —f=) _ LDy (hy(2), .. .,Bd(x))‘pv(dfv)
X

p

:/ ‘T(d)(t)cp(in(x),...,iLd(:):))—go(hl(m),...,hd(x)) L@@ ale) o)
X

:/Rd

that vanishes as ¢ — 0. So, the second statement follows.
Let ¢ € CZ(RY). By Theorem 13.1.2 we have

TD(t)p(€) — ¢(€)
¢

— L0(6)| vatde)

Lilp(e) = i@w(&) —&Dip(€)) = £D0(¢), €ER”.
Therefore,
Lpf(x) = (L9)(hi(x),... ha(x)) = i(Diw(f) = &iDio(€)) |y (2),... ha(a))
d
= ;(@'if(iv) — hi()dif(x)),
which coincides with div,V g f(x). See Theorem 10.2.7. O

As a consequence of Propositions 13.2.1 and 11.1.9, we obtain a characterisation of
D(L,) which is quite similar to the finite dimensional one.

Theorem 13.2.2. Let {h; : j € N} be an orthonormal basis of H contained in R(X™).
Then the subspace & of FCZ(X) defined above is a core of L, for every p € [1,+oc), the
restriction of L, to ¥ is closable in LP(X,~) and its closure is Ly,. In other words, D(Ly)
consists of all f € LP(X,~) such that there exists a sequence (fy,) in X which converges to
fin LP(X,~) and such that Ly f, = div,V g f,, converges in LP(X, ).

Proof. By Proposition 13.2.1, ¥ C D(L;,). For every t > 0, T'(t)f € ¥ if f € X, by
Proposition 13.2.1 and Proposition 12.1.4. By Lemma 11.1.9, ¥ is a core of L. O

For p = 2 we can prove other characterisations.
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Theorem 13.2.3. D(Ly) = W22(X, ), and for every f € W?2(X,~) we have
Lof = div,Vy f, (13.2.2)

and

3
1 fllz2x ) + 1 L2fllz2x ) < 1 fllw22xy) < §(Hf||L2(X,fy) + I Lafllr2x ). (13.2.3)

Proof. Fix an orthonormal basis of H contained in R, (X™*). By Exercise 13.3, ¥ is dense
in W22(X, ), and by Theorem 13.2.2 it is dense in D(Ls).

We claim that every f € X satisfies (13.2.3), so that the W?? norm is equivalent
to the graph norm of Ly on . For every f € %, if f(z) = @(hi(z),..., hq(z)), by
Proposition 13.2.1 we have Lof(z) = (L D) (hy(x), ..., hg(z)), where £ is defined in
(13.1.1). Recalling that v o (hy,...,hq) ! = 74, we get

/f2d7=/ P dyd, /(sz)2d7:/ (£ D)2 dry,
X R4 X R

and, using (13.2.1),
I Flwecxm = I lwae .

Therefore, estimates (13.1.7) imply that f satisfies (13.2.3), and the claim is proved.
The statement is now a standard consequence of the density of ¥ in W22(X,~) and
in D(L3). Indeed, to prove that W2?2(X,~) € D(Lz), and that Ly f = div,Vy f for every
f € W22(R?, ~y), it is sufficient to approximate any f € W22(X,~) by a sequence (f,)
of elements of ¥; then f, converges to f and Laf, = div, Vg f, converges to div, Vg f
in L?(X,v) by Theorem 10.2.7, as Vg f,, converges to Vg f in L?(X,~; H). Since Lo is
a closed operator, f € D(L) and Lof = div, Vg f. Similarly, to prove that D(Ls) C
W22(X,~) we approximate any f € D(Ls) by a sequence (f,) of elements of ¥ that
converges to f in the graph norm; then (f,) is a Cauchy sequence in W?22(X,~) and
therefore f € W22(X, 7). O

Eventually, as in finite dimension, we have a characterisation of Lo in terms of the
bilinear form

Qu,v) = / [V, Vgvlgdy, u, veWh2(X, 7). (13.2.4)
X

Applying Theorem 13.1.5 with W = L?(X,v), V = W12(X,v) we obtain

Theorem 13.2.4. Let A be the operator associated with the bilinear form Q above. Then
D(A) = W?2(X,~), and A = L.

The proof is identical to the proof of Theorem 13.1.6 and it is omitted.
Note that Theorem 13.2.4 implies that for every f € D(Ly) = W22(X,~) and for every
g € WH2(X,v) we have

/ Lof gdy = / Vuf Vagludy (13.2.5)
X X
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that is the infinite dimensional version of (13.1.5). Proposition 11.4.3 implies that Lo is a
sectorial operator, therefore the Ornstein-Uhlenbeck semigroup is analytic in L?(X, 7).

We mention that, by general results about semigroups and interpolation theory (e.g.
[D, Thm. 1.4.2]), {T,(t) : p > 0} is an analytic semigroup in LP(X,~) for every p €
(1,400). However, this fact will not be used in these lectures.

A result similar to Theorem 13.2.3 holds also for p # 2. More precisely, for every
p € (1,+00), D(L,) = W?P(X,~), and the graph norm of D(L,) is equivalent to the W?2?
norm. But the proof is not as simple. We refer to [M] and [B, Sect. 5.5] for the infinite
dimensional case, and to [MPRS] for an alternative proof in the finite dimensional case.

13.3 Exercises

Exercise 13.1. Let o : R4 — [0, 4+00) be a mollifier, i.e. a smooth function with support

in B(0,1) such that
/ o(x)dx = 1.
B(0,1)

o-(z) =% (g) , zeR

For € > 0 set

Prove that if p € [1,4+00) and f € LP(R?, v4), then
fele) = Froe@) = [ Feste =),

is well defined, belongs to LP(R%, v,) and converges to f in LP(R?, 4) as ¢ — 0.

Exercise 13.2. Prove that for every k € N, k > 3, CF(R?) is dense in LP(R?, v,) and that
T(t) € L(CF(RY)) for every t > 0.

Exercise 13.3. Let {h; : j € N} be any orthonormal basis of H contained in R, (X*).
Prove that the set ¥ of the cylindrical functions of the type f(z) = @(h1(2),..., hq(z))
with ¢ € CZ(R?), for some d € N, is dense in LP(X,v) and in W*P(X,v) for every
p € [1,+00).

Exercise 13.4.

(i) With the help of Proposition 10.1.2, show that if f € WP(X,~) with p € [1, +00)
is such that Vg f = 0 a.e., then f is a.e. constant.

(ii) Use point (i) to show that for every p € [1,+00) the kernel of L, consists of the
constant functions.
(HiNT: First of all, prove that T'(t)f = f for all f € D(L,) such that L,f = 0 and
then pass to the limit as t — +o0 in (12.1.3))
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Lecture 14

More on Ornstein-Uhlenbeck oper-
ator and semigroup

In this lecture we go on in the study of the realisation of the Ornstein-Uhlenbeck operator
and of the Ornstein-Uhlenbeck semigroup in LP spaces. As in the last lectures, X is a
separable Banach space endowed with a centred nondegenerate Gaussian measure -, and
H is the Cameron-Martin space. We use the notation of Lectures 12 and 13.

We start with the description of the spectrum of Ly. Although the domain of Lo
is not compactly embedded in L?(X,~) if X is infinite dimensional, the spectrum of Lo
consists of a sequence of eigenvalues, and the corresponding eigenfunctions are the Hermite
polynomials that we already encountered in Lecture 8. So, L?(X,~) has an orthonormal
basis made by eigenfunctions of Lo. This is used to obtain another representation formula
for T5(t) and another characterisation of D(L2) in terms of Hermite polynomials.

In the second part of the lecture we present two important inequalities, the the Log-
arithmic Sobolev and Poincaré inequalities, that hold for C’l} functions and are easily
extended to Sobolev functions. They are used to prove summability improving properties
and asymptotic behavior results for T),(t).

14.1 Spectral properties of L,
Let {h; : j € N} be any orthonormal basis of H contained in R,(X*). We recall the
definition of the Hermite polynomials, given in Lecture 8.

A is the set of of multi-indices o € (NU {0})N, a = (a;), with finite length |a| =
> 721 @ < oo. For every a € A, o = (a;), the Hermite polynomial H,, is defined by

lo__oI ajiz rz e X.
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where the polynomial H,; is defined in (8.1.1). By Lemma 8.1.2, for every k € N we have

Hi(§) — xH(§) = —kHi(€), EE€R,

namely Hj is an eigenfunction of the one-dimensional Ornstein-Uhlenbeck operator, with
eigenvalue —k. This property is extended to any dimension as follows.

Proposition 14.1.1. For every o € A, H, belongs to D(L2) and

LoHy = —|a|Ha.
Proof. As a first step, we consider the finite dimensional case X = R¢, 7 = 74- Then
H = R? and we take the canonical basis of R? as a basis for H, so that h;(x) = x; for

7=1,...d.
We fix a Hermite polynomial H, in RY, with a = (a1,...,aq) € (NU{0})9,

d
= H Hy,(7j), x€ RY.
j=1

H, belongs to W22(R% ~4) (in fact, it belongs to W?2P(R? ~,) for every p € [1,+00))
and therefore by Theorem 13.1.4, it is in D(L;d)). By (8.1.4) we know that Lgd)Ha =
LDH, = —|a|H,.

Now we turn to the infinite dimensional case. Let @ € A and let d € N be such
that o;j = 0 for each j > d. Then H,(x) = o(h1(z),. .., hg(x)), where ¢ is a Hermite
polynomial in R%. Proposition 13.2.1 implies that H, € D(Lz), and

LyHy = LD%(ha(), .. ha() = ~lalo(fu (), - ha(-)) = —|a] Ha.
O

As a consequence of Propositions 14.1.1 and 8.1.9, we characterise the spectrum of Ls.
We recall that, for every k € NU {0}, I is the orthogonal projection on the subspace
Xy =span{H, : a € A, |a| =k} of L?(X,~). See Section 8.1.2.

Proposition 14.1.2. The spectrum of Lo is equal to —N U {0}. For every k € NU {0},
Xy is the eigenspace of Lo with eigenvalue —k. Therefore, I(Lof) = Lo(Ipf) = —kI(f),
for every f € D(Ls).

Proof. Let us consider the point spectrum. First of all, we prove that X is contained in
the eigenspace of Lo with eigenvalue —k.

Xg consists of constant functions, that belong to the kernel of Ls. For k& € N, every
element f € Xj is equal to lim,_,o fn, where each f, is a linear combination of Hermite
polynomials H,, with |«| = k. By Proposition 14.1.1, f,, € D(Ls) and Laf,, = —kf,. Since
Lo is a closed operator, f € D(Lsg) and Laof = —kf.

Let now f € D(L2) be such that Laf = Af for some A € R. For every a € A we have

My Ha)r2(x,y) = (Laf, Ha) 12(x ) = (fs LaHo) 12(x ) = —1al(fs Ha) 12(x )
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Therefore, either A = —|a| or (f, Ha)r2(x,4) = 0. If A = —k with k € NU {0}, then f is
orthogonal to all Hermite polynomials Hgz with |3| # k, hence f € X, is an eigenfunction
of Ly with eigenvalue —k. If A # —k for every k € NU {0}, then f is orthogonal to all
Hermite polynomials so that it vanishes. This proves that Xj is equal to the eigenspace
of Ly with eigenvalue —k.

Since Ly is self-adjoint, for f € D(L2) and |a| = k we have

(Laf, Ha)r2(x ) = (fs LaHa) 12(x,7) = —k{(f, Ha) 12(x ) (14.1.1)

Let f;, j € N, be any enumeration of the Hermite polynomials H, with |a| = k. The
sequence s, := > 1_o(f, fj)r2(x,)fj converges in D(Ls), since L? — limy, 00 5 = Ii(f)
and

n n n

Losn = Y {f, fid iz Laty = =k > (L fidreen i = > Laf, fid iz Fis

j=0 j=0 =0

where the last equality follows from (14.1.1). The series in the right hand side converges
to —kIx(f) = Ix(Laf), as n — oo. Then, Loli(f) = —kIx(f) = Ix(Laf), for every
ke NU{0}.

It remains to show that the spectrum of L is just —NU {0}. We notice that D(Ls) is
not compactly embedded in L?(X,) if X is infinite dimensional, because it has infinite
dimensional eigenspaces. So, the spectrum does not necessarily consist of eigenvalues.

If A # —h for every h € NU{0}, and f € L?(X, ), the resolvent equation A\u — Lou =
f is equivalent to A(u) — Ix(Lou) = Ii(f) for every k € N U {0}, and therefore to
M (u) + kI (u) = Ix(f), for every k € NU{0}. So, we define

o0

(14.1.2)

k=0

The sequence uy, := Y ;_o Ix(f)/(A+Fk) converges in D(Lsz), since both sequences 1/(A+k)
and k/(X + k) are bounded. Therefore, u € D(Lsy), and Au — Lou = f. O

Another consequence is a characterisation of Lo in terms of Hermite polynomials.

Proposition 14.1.3.

(@) D(Lo)={fer*(x,7): Zk?ﬂfk W32(x) < 50}
(14.1.3)
(b) Lof ==Y kIu(f), f€D(La).

k=1

Proof. Let f € D(Ly). Then Iy(Laf) = —kIx(f) = La(Ix(f)) for every k € NU {0}, by
Proposition 14.1.2. Applying (8.1.9) to Lo f we obtain

Lof = I(Lof) =) —kIk(f)
k=1

k=0
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which proves (14.1.3)(b). Moreover,

Lo fl72(x ) = DRI 172 (x ) < o0
=1

Conversely, let f € L?(X,v) be such that Y57, k2| Ix(f) |12, 2(x,y) < OO Then the sequence

Jn = ij(f)
k=0

converges to f in L?(X,~), and it converges in D(Ls) too, since for n > m

| La(fn fm)HLQ(XW)_H Z —kIi(f ’LQ = Z K2\ In(f ]\LQ(X7 — 0 as m — oo.
k=m-+1 k=m+1
Since Lo is closed, f € D(Ls). O

As every H, is an eigenfunction of Lo with eigenvalue —|al, we ask to verify that
Ty(t)Hy = etH,, t>0, a €A, (14.1.4)

see Exercise 14.1. As a consequence, we obtain a very handy expression of T5(¢) in terms
of Hermite polynomials.

Corollary 14.1.4. For every t > 0 we have
o
Of=Y_e ML), feI*X,v), (14.1.5)

where the series converges in L*(X,~). Moreover, Tx(t)f € D(Ly) and

1
1L2T2 () fllz2x) < oI 22 (x)- (14.1.6)

The function t + T(t)f belongs to C1((0,+00); L*(X, 7)), and

%TQ( )f = LQTQ(t)f, t > 0. (1417)
Proof. Fix f € L*(X,v). By Lemma 14.1.1, for every k € N, I;(f) € D(Ly) and
LoIi(f) = —kI(f), so that by the above considerations, To(t)I(f) = e *I.(f). Since
f=limy o0 > p_o Ik(f) in L?(X,v) and T3(t) is a bounded operator in L?(X, ), (14.1.5)
follows.

The other statements and estimate || L2T2(t) f|lz2(x ) < cllfllL2(x )/t follow from the
fact that T(t) is an analytic semigroup in L?(X,7), see Theorem 11.4.2. However, we
give here a simple independent proof, specifying the constant ¢ = 1/e in (14.1.6).
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Since supg €2e7% = 72, using (14.1.5) we obtain

o0
S R (Ta ) ) F2x ) = Zk2 L7 x
k=1

1 2
< thZHIk )7z ;y)SWHfHLQ(Xﬁ)

so that Ty(t)f € D(L2) by (14.1.3)(a), and estimate (14.1.6) follows from (14.1.3)(b).
Moreover, for every ¢t > 0 and 0 < |h| < t/2 we have

ox(

Fach addend in the right hand side sum converges to 0, and using the Taylor formula for
the exponential function we easily obtain

—k(t+h) —kt 2 2

e e t c
4 k) < ZEe < S
< h ) T 2’

—k (t+h) e—kt

2
|t 4+ )7~ Do)~ LTt k) 1272 -

with ¢ independent of ¢, h, k. By the Dominated Convergence Theorem for series, we
obtain

T, H%(Tz(t RS = To(t)f) — LaTo(t)

=0,

namely, the function T5(+)f is differentiable at ¢, with derivative LoT5(t)f. For t > tg > 0
we have LQTQ(t)f = LQTQ(t — to)T(tQ)f = Tg(t — to)LQT(to)f. Then, t — LQTQ(t)f is
continuous in [tg, +00). Since tg is arbitrary, T'(-)f belongs to C1((0, +o00); L?(X,~)). O

We already know that D(Ly) = W%2(X,v). So, Proposition 14.1.3 gives a charac-
terisation of W22(X,~) in terms of Hermite polynomials. A similar characterisation is
available for the space W12(X,v).

Proposition 14.1.5.
WX, ) = {7 € LX) Zkufk M2 (x < 00}
Moreover, for every f € W12(X,~),

/X Vo flFdy = ;k /X (Ii(f))?dn,

and

n
i) for every f € WH2(X, ) the sequence Iy, converges to f in WH2(X, ),
v
k=0
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(ii) the sequence Z VEI, converges in L(WY2(X, ), L2(X,7)).
k=1

Proof. Let f € L?(X,~). By Proposition 14.1.2, for every k € N, I3(f) € D(Ly) and
Lol (f) = —kIk(f). Therefore,

/ VL ()Edy = —/ Ie(f) Lo (f) d’Y_k?/( K(f)?dy, kel (14.1.8)
X

X
Assume that Y 22 k|| Ik (f )HL2 (X < 00 The sequence s, := > ko le(f) converges to f

in L?(X,v). Moreover, (Vgsy,) is a Cauchy sequence in L?(X,~; H). Indeed, VyIy(f)
and VyI;(f) are orthogonal in L?(X,~; H) for [ # k, because

/ Vo lo(F), Vali(f)]ady = — / () LaDy(f)dy = 1 / LI f)dy = 0.
X X X

Therefore, for n, p € N,
n—+p n—+p n—+p

HZVHIk ‘LQ Xl —Z/WHII@ )y = Zk”fk HL2X7

So, f € WH2(X,7), s, — f in WH2(X,~), and

/ Vuffdy =Y / V() Brdy = 3 R (x
X k=1"%X k=1

To prove the converse, first we take f € D(Lg). Then, by (13.2.5),

) o o 00 00
/X|VHf|Hd7— /fLQfd'Y /Z;Iz(f)kzofk(sz)d’Y
/Xsz Mi(Laf)d,

k=0
since [;(f) € X, Ix(La2f) € Xi. By Proposition 14.1.2,

[ 19 sl = Zk [t
Comparing with (14.1.8), we obtain

/ Vi flhdy = Z/ IV Ik (f) 7y

X /X

So, the mappings Ty, : D(La) — L*(X,7), Tnf = > 14 VEIL(f) satisfy
AL (X, 7) — Dim Tof, N Tofllzexq) < 1wtz

Since D(Ls) is dense in W12(X, ), the sequence (T}, f) converges in L?(X,~) for every
fe WLQ(X 7). Since ||Tnf||%2(x,y) = Zzz1k||lk(f)"%2(x,7)v letting n — oo we get

Ziilkllfk( )HLz (X7) < o0. —
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Proposition 14.1.3 may be recognized as the spectral decomposition of L. See e.g. [RS,
§VIIL.3], in particular Theorem VIIL.6. Accordingly, a functional calculus for L may be
defined , namely for every g : —NU {0} — R we set

D(g(L)) := {f € L*(X,) Z\g B[ 15 ( )H%z(xﬁ) < oo}

and

= Zg(—k‘)]k(f), feD(g(L)).
k=0

In particular, for g(¢) = (—&)Y/2, Proposition 14.1.5 says that D((—L)Y/?) = Wh2(X,~),
and [[(=L) 2 fllr2(x ) = Ve flrlr2x ) for every f € WH2(X, 7).

Corollary 14.1.6. For every d € N, the embedding W12(R?, ~4) C L?(R%,~4) is compact.

Proof. Let (f,) be a bounded sequence in W12(R9, v,), say [ fllwr2@aq,) < C. Then
there exists a subsequence (f,,;) that converges weakly in WH2(RY, ~v4) to an element
f € Wh2(R? ~,), that still satisfies [fllwi2@maq, < C. We claim that f,, — f in
L2(R%, ).

For every N € N we have (norms and inner products are in L?(R?, 7))

1y = FII? = Z 1 (fa; = NI = Z 1k (fy = FIIP + Z 12 (fr; = FII?

k=
N-1
< <fn] I, H, ‘|' AT Z k‘uk fnj )H2
k=0 a€(NU{0})?, |o|=k
N-1 2
2 (20)
< Z <fnj_faHa> + N .
k=0 ae(NU{0}), [al=k

Fixed any € > 0, let N be such that 4C?/N < . The sum in the right hand side consists
of a finite number of summands, each of them goes to 0 as n; — oo, therefore it does not
exceed ¢ provided n; is large enough. O

The argument in the proof of Corollary 14.1.6 does not work in infinite dimension,
because in this case for every k£ € N the Hermite polynomials H, with |a| = k are
infinitely many. In fact, W1?2(X,~) is not compactly embedded in L?(X,~) if H is infinite
dimensional. It is sufficient to consider the Hermite polynomials H, with |a| = 1, namely
the sequence of functions (B]) Their W2(X,~) norm is 2 but no subsequence converges
in L2(X,~) since ||h; — iAsz%z(Xﬁ) = 2 for i # j. The same argument shows that D(L2) is
not compactly embedded in L?(X, ).
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14.2 Functional inequalities and asymptotic behaviour

In this section we present two important inequalities, the Logarithmic Sobolev and Poinca-
ré inequality, that hold for functions in Sobolev spaces. The Ornstein-Uhlenbeck semigroup
can be used as a tool in their proofs, and, in their turn, they are used to prove summability
improving and asymptotic behaviour results for T),(t) f, as t — oo.

We introduce the mean value f of any f € L'(X,7),

fzz/dev-

If f € L3(X,y), f = Ip(f) is just the orthogonal projection of f on the kernel Xg of Lo,
that consists of constant functions by Proposition 14.1.2 (see also Exercise 13.4). In any
case, we have the following asymptotic behavior result.

Lemma 14.2.1. For every f € Cp(X),

lim T(t)f(z)=f, =x¢cX. (14.2.1)

t——+o0

For every f € LP(X,v), 1 < p < o0,
i [T(0)f ~ Fllir oy = 0. (142.2)

Proof. The first assertion is an easy consequence of the definition (12.1.1) of T'(¢) f, through
the Dominated Convergence Theorem. Still for f € Cp(X), we have that (14.2.2) holds
again by the Dominated Convergence Theorem. Since Cj(X) is dense in LP(X, ) and the
linear operators f + Tp(t) f — f belong to £(LP(X,~)) and have norm not exeeding 2, the
second assertion follows as well. O

We shall see that the rate of convergence in (14.2.2) is exponential. This fact could be
seen as a consequence of general results on analytic semigroups, but here we shall give a
simpler and direct independent proof.

14.2.1 The Logarithmic Sobolev inequality

To begin with, we remark that no Sobolev embedding holds for nondegenerate Gaussian
measures. Even in dimension 1, the function

(£2/4

f(f)zwa

£ ER,

belongs to W12(RR,~1) but it does not belong to L?*¢(R,~;) for any £ > 0. This example
may be adapted to show that for every p > 1, WLP(R,~1) is not contained in LP*¢(RR,~1)
for any € > 0, see Exercise 14.2.

The best result about summability properties in this context is the next Logarithmic
Sobolev (Log-Sobolev) inequality. In the following we set 0log0 = 0.
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Theorem 14.2.2. Let p > 1. For every f € C}(X) we have

p _
/X £ 1081 Fldy < 115, (xy o8 I ey + 5 /X P2V f B pydy. (14.2.3)

Proof. As a first step, we consider a function f with positive infimum, say f(xz) > ¢ >0
for every z. In this case, also f? belongs to C}(X), and (T'(t)f?)(x) > P for every z, by
(12.1.1). We define the function

F(t) = /X (T(t) f7) log(T(£) f7)dy, £ > 0.

Since Lo is a sectorial operator (or, by Corollary 14.1.4), the function t — T'(t)fP and
t + log(T(t)fP) belong to C((0,+00); L3(X,v)). Consequently, their product is in
C((0,+00); L (X, 7)), F € C*(0, +00), and for every t > 0 we have

PO = [ La(T@)7) 0g(T(0) ) + LaT(0) 1) dy (14.2.)

- /X La(T(£) %) - log(T(£) f7) .

The second equality is a consequence of the invariance of v (Propositions 12.1.5(iii) and
11.3.1). Moreover, t — T'(t) fP(x) and t — log(T'(¢t) fP)(x) are continuous for every = and
bounded by constants independent of x. It follows that F' is continuous up to t = 0, and
F(t)—F(0) = fg F'(s)ds. Integrating in the right hand side of (14.2.4) and using (13.2.5)
with f replaced by T'(t) fP, g replaced by log(T'(t) fP), we obtain

F'(t) = —/X[VHT(S)f”,VH log(T'(s) 7)) ey

=~ | G Ve o

We recall that for every x € X, [V (T(t)fP)(x)|g < e 'T(#)(|VufP|lu)(z) (see Proposi-

tion 12.1.6). So,

F'(t) > —e—zt/X T(tl)fp (TE)(|V e fP|r))? dry. (14.2.5)

Moreover, using the Holder inequality in (12.1.1) yields

IT(t)(pr02) ()| < [(T()]) (@) 2[(T(£)03)(@))'/?, i € Cy(X), x € X.
We use this estimate with 1 = |V fP|/fP/2, w2 = fP/? and we obtain

P p|2 1/2
T0(Vufrln) =10 (T ) < (oo ()Y oy

Replacing in (14.2.5) and using (12.1.2), we get

_ 2t |Vpr|12LI> -2 ’Vpr’%{
e /XT(t)(fp dy = —e /Xfp dry

— e /X P2 f .

v

F(t)
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Integrating with respect to time in (0,t) yields

/ (T'(t) f7) log(T'(t) f*) dry — / fPlog(fP)dy = F(t) — F(0)
X X
(14.2.6)

2
P, _
=00 [ PV,
X
Now we let ¢ — 4oco0. By Lemma 14.2.1, limy, oo(T(t)fP)(z) = f7 = ||f||}», and
consequently limy_, oo log((T(t) fP)(z)) = plog(||f|lz»), for every z € X. Moreover,
c? < |(T#)fP)(z)| < || fl|%, for every z. By the Dominated Convergence Theorem, the

left hand side of (14.2.6) converges to p||f|",log(||fllzr) — p [ fPlog fdy as t — +oo,
and (14.2.3) follows.

For f € CH(X) we approximate |f| in W1P(X,~) and pointwise by the sequence
fn =/ f?+1/n, see Exercise 14.3. Applying (14.2.3) to each f,, we get

[ 2108 £ = Ufall oy Yor Wfullioy < 5 [ 0%+ 1m0 sy
<5 [ Mg (72 12 g,

and letting n — oo yields that f satisfies (14.2.3). Notice that the last integral goes to
Jx ﬂ{f¢0}|f|p72’va|%Id’}/ by the Monotone Convergence Theorem, even if p < 2. O

Corollary 14.2.3. Let p > 2. For every f € WYP(X,v) we have

p _
1117108 1y < 8y o8 1 Fluroy + 5 [ P29 m P, (14.2)
) 2 X

Proof. We approximate f by a sequence of S"Cg (X) functions (f,) that converges in
WP(X,~) and pointwise a.e. to f. We apply (14.2.3) to each f,, and then we let
n — oo. Recalling that Vg f,, = 0 a.e. in the set {f,, = 0} (see Exercise 10.3), we get

[ sl gy = [ 15l Sl
X X
for every n, and
[ irmioglalay < timint [ 15,p1081 5l dr
X n—oo Jx
< timint (15 08 Wl + 5 [ 12V

= Wy 108 W ) + 5 [ 1£17519n f
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Note that for 1 < p < 2 the function Lpo|f|P~2|Vu f|3; does not necessarily belong
to L1(X,v) for f € WHP(X,~), and in this case (14.2.3) is not meaningful, since it says
that the left hand side does not exceed 4-oco. Take for instance X = R and f(z) = z/P
for 0 <2 <1, f(x) = 0for z <0, f(x) = 1 for x > 1. Then f € WIP(R,v;) but
Je LI 1 f 3 D g z0pdm = +oo.

Instead, it is possible to show that for any p € (1, 400)

(101)/X|f|p_2VHfI%]l{#O}dyz/Xf|f|7’_2Lpfd'y (14.2.8)

for every f € D(Ly), so that [y |[fIP"?|V fl5 1 s20ydy < Cpll fllp(r,)- See Exercise 14.4.
So, if f € D(L,) (14.2.3) may be rewritten as

P < p __r p=2 . 2.
J 1508 71 < 171 08 1) = 5y [ AP 2L (14.29)

An important consequence of the Log-Sobolev inequality is the next summability im-
proving property of T'(t), called hypercontractivity.

Theorem 14.2.4. Let p > 1, and set p(t) = e*(p — 1) + 1 for t > 0. Then T,(t)f €
LPO (X, ~) for every f € LP(X,~), and

1T fll e (x,0) < 1 llzex ). T >0. (14.2.10)

Proof. Let us prove that (14.2.10) holds for every f € ¥ with positive infimum (the set
¥ was introduced at the beginning of Section 13.2, and it is dense in LP(X,)). For such
f’s, since they belong to D(Ly) for any ¢, we have that T),(f) = T'(¢)f and we can drop
the idex p in the semigroup. We shall show that the function

B(t) = T oy €20

decreases in [0, +00).

It is easily seen that ( is continuous in [0,+00). Our aim is to show that g €
C1(0,+00), and B'(t) < 0 for every t > 0. Indeed, by Proposition 13.2.1 we know that for
every z € X the function t — T'(t) f(x) belongs to C'(0, +00), as well as t — (T'(t) f(x))*®,
and

d

7 (L) f(@))" ) = (1) (T () F ()"0 1og(T () F(x)) + p(8) (T(8) ()" (T (1) ()

dt
=/ ()T (t)f (2))"D Log(T (1) f (x)) + p()(T(t) f (2))"O~H (LT (8) f ()

We have used the operator Lo, but any other L, can be equivalently used. Moreover,
|d/dt(T(t)f(z))P®| is bounded by ¢(t)(1 + ||z||) for some continuous function ¢(-). So,
t = [ |T(t)fPMdy is continuously differentiable, with derivative equal to

P(t) /X (T(t) £ og(T(t) )y — p(t)(p(t) — 1) /X T() POV 5 T(8) 13 .
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It follows that S is differentiable and

90 1 [ ()0 + 420 LT PO log(T(t)f)dy

80 = 5(0)| -

p(t2 p(t) [ (T(t) f)rDdry
[y (T f*?\vHﬂ )i
- (ol - R |

The Logarithmic Sobolev inequality (14.2.3) yields

/X (T(0) )"0 log(T()f)dn <

1 p(t p(t p(t) p(t)—
<5 [ @ aios [ o prOay+ B2 [ @on02varo .
and replacing we obtain
! t)—2 2
70 < (10 - o - ) LTOLT B O,
X

The function p(t) was chosen in such a way that p'(t) = 2(p(t) — 1). Therefore, 5'(t) <0,
and (14.2.10) follows.
Let now f € ¥ and set f, = (f2 +1/n)'/2. For every z € X and n € N we have, by

(12.1.0), [(T'@#) f)(@)| < (T@OIf)(z) < (T(t) fn)(x), so that
1T o (x,y) < WmAnf [|T() fal[poe) () < Wminf{| frll o x0) = [ fllzr x99

and (14.2.10) holds. Since ¥ is dense in LP(X,~), (14.2.10) holds for every f € LP(X,~).
O

We notice that in the proof of Theorem 14.2.4 we have not used specific properties
of the Ornstein-Uhlenbeck semigroup: the main ingredients were the integration by parts
formula, namely the fact that the infinitesimal generator Lo is the operator associated to
the quadratic form (13.2.4), and the Log-Sobolev inequality (14.2.3) for good functions.
In fact, the proof may be extended to a large class of semigroups in spaces LP(, 1),
(€, 1) being a probability space, see [G]. In [G] a sort of converse is proved, namely under
suitable assumptions if a semigroup T'(t) is a contraction from LP (€2, 1) to LI® (Q, 1), with
q differentiable and increasing, then a logarithmic Sobolev inequality of the type (14.2.9)
holds in the domain of the infinitesimal generator of T'(¢) in LP(X, u).

14.2.2 The Poincaré inequality and the asymptotic behaviour
The Poincaré inequality is the following.

Theorem 14.2.5. For every f € W12(X,7),

/(ff)2d7§/ Vi f7dy. (14.2.11)
X X
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Proof. There are several proofs of (14.2.11). One of them follows from Theorem 14.2.4,
see Exercise 14.5. The simplest proof uses the Wiener Chaos decomposition. By (8.1.9)
and (14.1.3), for every f € D(L2) we have f = > 7 Ix(f) and Laf = > ;2 —kIx(f),
where both series converge in L?(X,v). Using (13.2.5) and these representation formulas
we obtain

/XWHfﬁfdv:—/ fLofdy

_ZkHIk HL2 >ZHIk HL2 (X,7)

”f”m = [Ho(f )HLQ(X,'y)
72 J—
= HfHLQ(X;y) —F = 1f = Fllzacxq-
Since D(Ls) is dense in W12(X,v), (14.2.11) follows. O

An immediate consequence of the Poincaré inequality is the following: if f € W12(X,~)
and Vi f =0, then f is constant a.e. (compare with Exercise 13.4).
An LP version of (14.2.11) is

/ |f = [Py < cp/ Vi flydy. (14.2.12)
X X

that holds for p > 2, f € W'P(X, ) (Exercise 14.6). B
Now we are able to improve Lemma 14.2.1, specifying the decay rate of T,(t)f to f.

Proposition 14.2.6. For every q > 1 there exists ¢, > 0 such that ca = 1 and for every
feLi(X,y),

1Ty f = Fllacx .y < coe N fllpacxqy, >0 (14.2.13)
Proof. As a first step, we prove that the statement holds for ¢ = 2. By (14.1.5), for every
f€L?X,y)and t > 0 we have T(t)f = > 32, e " I(f). We already know that for k = 0,
Iy(f) = f. Therefore,

[e.e]

Z —kt Ik

Qtz [ (f HL2 (X.7) 72t||f||L2
k=

For g # 2 it is enough to prove that (14.2.13) holds for every f € Cy(X). For such
functions we have Ty(t)f = T'(t)f for every t > 0.
Let ¢ > 2. Set 7 = log+/q — 1, so that ¢*” + 1 = ¢, and by Theorem 14.2.4 T,(7) is a
contraction from L?*(X,v) to L4(X,~). Then, for every t > 7,
1T f = fllacxq) = ITET(E=7)f = Pllzacxq
<T@ =7)f = fllz2xq  (by (14.2.10))
<e | fllp2xn  (by (14.2.13) with g = 2)

1T f = Fl22x =

LQ( )

< e (t=7) [fllzacxy) (by the Holder inequality)
q— 1 eitHfHLq(X,fy)v
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while for ¢ € (0, 7) we have

IT@) f = fllracxq < 20 1 acxq = 2€' e fllnacxqy < 2vVa—Le || fllnax .-

So, (14.2.13) holds with ¢, = 2v/g — 1.
Let now ¢ < 2 and set 7 = —log+/q — 1, so that e?"(¢ — 1) + 1 = 2, and by Theorem
14.2.4 T,(7) is a contraction from L?(X,~) to L*(X,~). For every t > 7 we have

IT#)f = fllzaxy) S IT@)F = fllz2(xy) (by the Holder inequality)
=Tt = 7)(T(T)f =T(T) )2 (x )
< e UINT(1) fllzxs  (by (14.2.13) with g = 2)

<e | fllpaxny  (by (14.2.10))
1

= \/ﬁe_t”fHLq(X,fy)a

while for ¢ € (0,7) we have, as before,

_ _ 2 _
||T(t)f - f“Lq(Xﬁ) < 2HfHLq(X,'y) = 2@te tHfHLq(X,w) < \/ﬁ € t”fHLq(Xa’Y)'

So, (14.2.13) holds with ¢, =2/1/¢ — 1. O

In fact, estimate (14.2.13) could be deduced also by the general theory of (analytic)
semigroups, but we prefer to give a simpler self-contained proof.

14.3 Exercises

Exercise 14.1. Prove the equality (14.1.4).

Exercise 14.2. Show that for every p > 1, WYP(R,~) is not contained in LPT¢(R, ;)
for any € > 0.

Exercise 14.3. Prove that for every f € WP(X,v) the sequence f, = /f2+1/n
converges to |f| in WhP(X, ~).

Exercise 14.4. Prove that for every p > 1 and f € D(L,), (14.2.8) holds.
Hint: for every f € ¥ and ¢ > 0, apply formula (13.2.5) with g = f(f? 4+ ¢)'~?/2 and then
let ¢ — 0.

Exercise 14.5. Prove the Poincaré inequality (14.2.11) for functions f € C,(X) such
that f = 0, in the following alternative way: apply (14.2.7) with p = 2 to the functions
f-:=1+¢f, for ¢ > 0, and then divide by €2 and let ¢ — 0.

Exercise 14.6. Prove that (14.2.12) holds for every f € W1P(X,~) with p > 2.
Hint: For p < 4, apply (14.2.11) to |f|P/? and estimate ( [y |f["/2dy)? by HfH};Q(XV), then
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estimate ([ |Vuf|%|fIP/?1dv)? by € [ |fPdy + C()([x [Vu flfdy). Taking e small,
arrive at

J 1Py < 1y + K [ VSl

(14.2.12) follows applying such estimate to f — f, and using (14.2.11) to estimate ||f —
fllz2(x,y)- For p > 4, use a bootstrap procedure.
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Lecture A

Addendum to Lecture 7

Aim of this short note is to fix some problem present in Lecture 7. There we made the
wrong assertion that Z(X) = &(X, ), where # = {{} : k € N} is a subset of X* such
that {hy = R,j(¢x) : k € N} is an orthonormal basis of H.

First of all we prove a result concerning the o—algebra & (X, #°) and then we use such
result to rewrite the proof of Proposition 7.4.5.

A.1 Completion of &(X,.77)

Theorem A.1.1. Let X be a separable Banach space and let v be a centred Gaussian
measure on X. If {hy : k € N} is an orthonormal basis of H contained in R(X*), then

B(X)y=E(X,5),
with 7 = {hy : k€ N} .
We need some preliminary result.

Lemma A.1.2. Let v be a centred Gaussian measure and let z*,y* € X™* be such that
13 @) | z2x ) = 13 W) z2(x ) = 1 and [l(2*) = j(y)72(x .,y =€ Then for any o € R

€
4—¢’

Y{z* > a}A{y* > a}) <

3w

where AAB = (A\ B)U (B\ A).

Proof. We use essentially the fact that «*,y* : X — R are random variables with image
measures .4 (0,1). Let us define the map 7 : X — R?,

Te = —(z"(x) +y"(z), 2" (z) — y*(2)).

Sl
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Since

e = [7(") = 3 WL2(x ) = 200 = (@), W) r2ixm)s

we deduce, by Exercise 2.4, that 4o T~ = .#/(0,Q) with
2—% 0
("7 7).
0 3

Set E={ze€X:2*(x)>a}, F={x € X :y*(x) > a}. Then E=T"YA), F=T"1B)

where

A={(u,v) eR*:u+v>av2}, B={(u,v) €R?:u—v>aVv2},

and we have
(EAF) = /X () — 1p() |y (dx) = /X |L4(T) — 1p(Ta) (de)
= 2 ’ﬂA(u7v) - ﬂB(“’? U)"/V(Q Q)(d(u77)))

- /R L (s,) = L (s, 0| A (0, I2) (d(s, 1))
=2.4(0,1,)(A"\ B'),

where the sets A’ and B’ are obtained by the change of variables s = —%—, t =

, Y and
V2-3 Vi
then

4- 2 4 - 2

Al:{(S»ﬁeRQ:tz €s+a}’ B/:{(s,t)eRQ:tS : a}.
€ Ve €

We have

B

20 €
A\NB = (s;t) €R?: —t, | —— < s — <t
\ {(S ) e e T

and therefore

V(EAF) =2.4(0, 1) (A'\ B)

1 oo t2 V 4L—Et+ ioie _ﬁ
=— e~ e 2ds | dt
/ t+ 2a

+oo +2
<—1/ / te™ 7 dt.
4—¢
]

Proposition A.1.3. Let z* € X* and let (x}) be a sequence in X* such that j(z7)

converges to j(x*) in L*(X,7) and ||5(x*)|l12(x) = [i(@p)ll2(x0) = 1 for any n € N.
Fized any o € R, set E = {z : 2*(z) > a}, E, = {z : 2}(z) > a}. Then

lim v(EAE,) =0.

n—-+0o

In addition, if 9 is a sub-o algebra of F and E, € 9 for any n € N, then E € (¥),.
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Proof. The first assertion follows by Lemma A.1.2 since

2 [ i) ~ i) lroxg)
g — g, |1 (x) = V(ERAE) < = - e
102 = 1. 1) = V(EaAE) WV =15 = i@

Let us prove the second statement. Since lg, — lg in L'(X,), 1g, is a Cauchy
sequence in L'(X,¥,v). Hence, there are a subsequence and A € ¢ with v(A) = 1 such
that 1g, (x) converges for any x € A. Set g(z) =0 for z € X \ A and

g(z) = lim 1g, (z), Vo e A.

k—+o00

Then g is ¢—measurable. Since 1g, has values in {0,1}, g is the characteristic function
of some set F© C A; the measurability of ¢ implies that FF € 4. By the Dominated
Convergence Theorem, 1, —converges to 1p in LY(X,4,~) and hence also in L'(X,~).
On the other hand,

V(EAF) =|1g = 1pllpixq < e = 1e, l21(x4) + 1B, — Vplloixs  VEEN

Since 1z, converges to g in L1 (X, ), the right hand side vanishes as k — 400, y(EAF) =
0and £ € (¥4),. O

We can then prove the main result.
Proof. (of Theorem A.1.1) Since &(X, ) C #(X), the inclusion
E(X, H)y C B(X),

is immediate. Let us prove the reverse inclusion. Arguing as in Theorem 2.1.1, it is enough
to prove that B(xg,r) € &(X, ), for any 2o € X, r > 0. Since there exists a sequence
xy € X* such that

B(xg,7) = ﬂ {r e X :|z*(x —x0)| <1},
neN

we are reduced to show that

EZ ={r € X :a*(vo) —r < x*(x) < 2*(x0) + 1} € E(X, H),

To,r

for any 2* € X*, 29 € X and 7 > 0. Let us distinguish the cases ||j(z*)||r2(x ) = 0 and

17 (@) z2(x ) # O-
If 2* € X* is such that [|j(z*)| 12(x ) = 0, then yo(z*) ! is a Dirac measure and then

(B, .)€ {01}
depending on the fact that 0 € [z*(x0) — 7, #*(x0) + 7] or not. In any case, Ef . is a
null measure set modification of either the empty set or the whole space X, and then

€ &(X, 7).

xor
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In the case ||j(z*)| 12(x,,) # 0, we have

E¥ ={reX:a <T*(z) <} ={Z" > a1} N{-Z" > —ay},

zo,r

where z* € X* is defined by
—x 1 *

_= - X
17 () [ L2 x )

so that [7(Z*)|[z2(x,y) = 1 and

x*(xg) — 7 x*(xo) + 7

o0 = T Qg = T — .
17 (=) | 2 (x ) 17(@*) | 2 (x )
We then apply Proposition A.1.3 with

o = cn Y G, Bk 20 ks
k=1

where ¢;, > 0 is a normalising constant such that ||j(z},)|z2(x,) = 1, and then, since j(x},)
converges to j(z*) in L?(X,~), we deduce that E2 € &(X, H).. O

xo,T

A.2 Proof of Proposition 7.4.5

Proof. Let us fix f € LP(X,v). We know that for any € > 0 there exists a simple function
Se,

Ss:ZCiﬂAi, A€ B(X),ci € R\ {0},
i=1
such that ||f — s||Lr(x ) < €. Since B(X) C &(X, H),, for any i = 1,...,m there exists
A; € (X, ) withy(A;AA;) = 0. Since &(X, ) is the o-algebra generated by the

algebra
{g(x, F):neN,F,={,... ,en}},

for any i = 1,...,m there exists n; and C; € &(X, F,,) with y(fliACZ-) < #ﬁzzlp The
choice of the sets C; implies that by defining

m
55 = E C’L']lcia
i=1
we have

m
lse = 3ellzoexy < D leilllLa, — eyl oo (x.)
1=1

= el (AACH) =e.
i=1
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Then, if n = max{n; : i = 1,...,m}, since 8 is & (X, F,,)—measurable, by property 6. of
Proposition 7.2.3 E,,5. = 5. and then

1f = Enfllorxyy SIf = sellzexqy) + l18e = Sellrx )+
+ |5 — Enss”LP(X,v) + [|[Ense — EanLP(X,«,)

<If = sellrx ) + 11se = 3ellr(x )+
+ [[En(8e = se)llzrx,y) + En(se = )lle(x )
<2[|f = sellr(x,0) + 2

Se — §€‘|LP(X7,7) < 4e,

where we have used the contractivity property of the conditional expectation. The proof
is then completed. O



