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Lecture 1

C-semigroups

Cp-semigroups serve to describe the time evolution of autonomous linear systems. The
objective of the present lecture is to introduce the notion of Cy-semigroups and their
generators, and to derive some basic properties. In an “interlude” we provide some
fundamental facts concerning operators as well as integration and differentiation of
Banach space valued functions.

1.1 Motivation

Let X be a Banach space. A Cp-semigroup is a function 7": [0,00) — L(X) associated
with the solutions of the initial value problem for a linear autonomous differential equation
on [0, c0),

Here, A should be a suitable (usually unbounded) linear operator in X. If x € dom(A),
then the function u: [0,00) — X given by wu(t) := T'(¢)x should be the unique solution of
the initial value problem given above.

At the first glance, the differential equation looks like an ordinary differential equation.
However, the right hand side z — Ax of the differential equation will, in general, not
be continuous; in fact, in the intended applications it is not even defined for all z € X.
Typically, the Banach space will be a space of functions, and the operator A will be a
partial differential operator. For example, the heat equation

ou = Au

will be treated in the context of Cy-semigroups. This equation, in fact, is a paradigmatic
example of a parabolic partial differential equation.

1.2 Definition and some basic properties

Let X be a (real or complex) Banach space.
A one-parameter semigroup on X is a function 7': [0,00) — L(X) (where L£(X)
denotes the space of bounded linear operators in X, with domain all of X)), satisfying

(i) T(t +s) = T(t)T(s), for all t, s > 0.
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If additionally
(ii) limy_yoy T'(t)x = x for all x € X,

then T is called a Cy-semigroup (on X) (also a strongly continuous semigroup).
If T is defined on R instead of [0, 00), and (i) holds for all ¢, s € R, then T is called a
one-parameter group, and if additionally (ii) holds, then T is called a Cy-group.

1.1 Remarks. (a) Property (i) implies that for ¢, s > 0 the operators T'(t), T'(s) commute;
also, if t1,t,...,t, > 0, then T(Zj:1 j) szl T(t;).

(b) Property (i) implies that 7(0) = T(0)? is a projection.

(c) If T is a Cy-semigroup, then T'(0)z = lim;_,o, T'(¢)T(0)x = limy_,, T'(t)z = « for all
v e X, ie, T(0)=1.

In property (i) one immediately recognises the functional equation for the exponential
function, and in fact this will be our first example for a C-group.

1.2 Example. Let A € £(X), and define

=
Il
('D(*
S
I
gt
g

q
= 7

for t € R. Then T is a Cy-group. (More strongly, R > ¢ — T'(t) € L(X) is continuous in

the operator norm.)
We leave this as an exercise (cf. Exercise |1.1)).

1.3 Lemma. Let T be a one-parameter semigroup on X, and assume that there exists
§ > 0 such that M := supgc,.5 || T(t)|| < oo. Then there exists w € R such that

|T(t)|| < Me** for allt > 0.

Proof. 1f T(0) = 0, then M = 0, and the assertion is trivial. Otherwise 7°(0) is a non-zero
projection, and therefore M > [|[T(0)|| > 1. Let w := $In M; then M = ¢*°. For t > 0
there exists n € Ny such that nd <t < (n + 1)0. The semigroup property (i) implies

T(t) = T(#l)nﬂ, and therefore

1T < |7 ™ < M™E = Me*™ < Me. O

n+1)

1.4 Proposition. Let T be a Cy-semigroup on X .
(a) Then there exist M > 0 and w € R such that

|T(t)|| < Me** for allt > 0.

(b) For all x € X the function [0,00) > t — T(t)x € X is continuous. In other words,
the function T is strongly continuous.
(c) If T is a Cy-group on X, then there exist M > 0 and w € R such that

IT@)|| < MM for all t € R.

For all x € X the function R >t — T(t)x € X is continuous.
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Proof. (a) In view of Lemma [1.3]it is sufficient to show that there exists ¢ > 0 such that
SuPg<,<s || T(t)]| < co. Assuming that this is not the case we can find a null sequence (t,)
in (0,0) such that ||T'(t,)|| — oo as n — co. However, for all z € X the sequence (T'(t,)x)
is convergent (to x), by property (ii) of Cy-semigroups. Therefore the uniform boundedness
theorem (for which we refer to [Yos68; 11,1 Corollary 1] or [Bre83; Théoreme I1.1]) implies
that sup,,cy [|7(t,)|| < oo; a contradiction.

(b) Let x € X, ¢t > 0. Then T'(t+h)x —T(t)x = T(t)(T'(h)x —x) — 0 as h — 0+, which
proves the right-sided continuity of 7'(-)z. In order to prove the left-sided continuity we
let —t < h <0 and write T'(t + h)x — T'(t)x = T(t + h)(x — T(—h)z). Then we obtain

T (¢ + Bz = T(0)] < ((sup |T(]) e~ T(=h)al| =0
as h — 0-.

(c) First we show that, given x € X, the orbit T'(-)z is continuous. As the restriction of
T to [0,00) is a Cy-semigroup it follows from (b) that T'(-)x is continuous on [0, 00). Let
t<0. Then T(t+ h)x —T(t)r =Tt —1)(T(1 +h)x —T(1)x) — 0 (h — 0), and this
implies that 7'(-)x is continuous on R.

As a consequence, the function [0,00) 3 t — T(—t) € L(X) is a Cp-semigroup, and
therefore satisfies an estimate as in (a). Putting the estimates for the Cy-semigroups
t— T(t) and t — T(—t) together one obtains the asserted estimate. O

In examples it is sometimes not immediately clear how to prove the strong continu-
ity property (ii) of a one-parameter semigroup, whereas the boundedness condition of
Lemma [1.3]is easy to verify. The following condition is useful for such examples.

1.5 Lemma. Let T be a one-parameter semigroup on X. Assume that supgc,«; ||T(t)]| <
oo and that there ezists a dense subset D of X such that lim o T'(t)x = x for all x € D.
Then T is a Cy-semigroup.

This lemma is an immediate consequence of the following fundamental fact of functional
analysis, which we insert here, also for further reference.

1.6 Proposition. Let X,Y be Banach spaces over the same field, and let (By)nen be a
bounded sequence in L(X,Y) (the space of bounded linear operators from X to'Y, with
domain all of X ). Let D C X be a dense subset of X, and assume that for all x € D the
sequence (B,x)nen 1S convergent.

Then Bx = lim, _,o Bpx exists for all v € X, and B: X — Y thus defined is an
operator B € L(X,Y). In other words, there exists B € L(X,Y) such that (B,) is
strongly convergent to B, abbreviated B = s-lim,, .o B,,.

Proof. A standard 3e-argument shows that (B,x) is a Cauchy sequence in Y, for all
x € X, and therefore convergent. The linearity and boundedness of B are then easy to
show. 0

We note that in applications of this proposition it often happens that the limiting
operator is already known, but the pointwise convergence is only known on a dense subset.
(In the application to Lemma [L.5] for instance, one has B = I.)
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1.7 Examples. Right translation on L,(R), L,(—o0,0), L,(0,00) and L,(0, 1), for 1 <
p < 0.
(a) On L,(R): For t € R we define T'(¢) € L(L,(R)) by

Tt f(z):= f(z —1) (z €R, f € Ly(R)).

It is clear that T'(¢) is an isometric isomorphism for all t € R. Also, it is easy to show
that 7" is a one-parameter group. Let f = 1,5 be the indicator function of the interval
la,b], where a,b € R, a < b. Then it is easy to see that T'(t)f — f as ¢ — 0. This carries
over to all linear combinations of such indicator functions. Now the linear span D of such
indicator functions is dense in L,(R). Therefore Lemma implies that 7" is a C-group.

(b) On L,(—00,0): The operator T'(¢), for t > 0, is defined by the same formula as in
(a),

Tt f(x):= f(z—1) (z € (=00,0), f€ Ly(—o0,0)).
In this case the operators T'(t) are not isometric, for ¢ > 0, but they are contractions, even
|T(t)|| = 1. Again it is easy to see that T is a one-parameter semigroup (not a group),
and as in (a) one shows that 7" is a Cy-semigroup.

(c) On L,(0,00): Denote by S the Cy-semigroup of right translations on L,(R), defined
in (a), but with time parameter ¢ restricted to [0, 00). Consider L, (0, 00) as the subspace
{f € Ly(R); fl(_so0y = 0} of Ly(R). It is easy to see that S(t), for all t > 0, leaves this
subspace invariant, and that this implies that the restriction 7" of S to this subspace is
a Cp-semigroup. The operator T'(t) is isometric for all ¢ > 0. However, for t > 0 the
operator T'(t) is not surjective.

(d) On L,(0,1): Analogously to part (b) we can define the Cy-semigroup of right
translations S on L,(—o00,1). Similarly to (c) one shows that S(t) leaves the subspace
L,(0,1) of L,(—o0,1) invariant, and therefore the restriction 7' of S to L,(0,1) is a
Co-semigroup. This semigroup has the property that ||7(¢)|| = 1 for 0 < ¢ < 1, and that
T(t) = 0 for t > 1. Because of the latter property it is called the nilpotent right shift
semigroup on L,(0,1).

1.3 Interlude: operators, integration and differentiation

1.3.1 Operators

Let X,Y be two vector spaces over the same field K € {R,C}. For a linear relation in
X x Y, ie. asubspace A C X x Y, we define the domain of A,

dom(A) := {z € X; there exists y € Y such that (z,y) € A},
the range of A,

ran(A) := {y € Y'; there exists x € X such that (z,y) € A},
and the kernel (or null space) of A,

ker(A) :={z € X; (z,0) € A}.



The linear relation
AT = {(y,2); (z,y) € A}

in Y x X is the inverse relation of A. If B is another linear relation in X x Y, satisfying
A C B, then B is called an extension of A, and A a restriction of B.
In this setting, a linear operator from X to Y is a linear relation in X x Y satisfying
additionally
AN ({0} xY) ={(0,0)}.

Then, for all z € dom(A), there exists a unique y € Y, such that (x,y) € A, and we will
write Az = y. In this sense, A is also a mapping A: dom(A) — Y. As we will consider
only linear operators we will mostly drop ‘linear’ and simply speak of ‘operators’. If the
spaces X and Y coincide, then we call A an operator in X.

Next, let X and Y be Banach spaces. We define a norm on X x Y by

Iz Py = llzlx +lylly  ((#,y) € X xY),

which makes X x Y a Banach space. In this context an operator A from X to Y is called
closed if A is a closed subset of X x Y, and A is closable if the closure A of Ain X xY
is an operator.

For a subspace D C dom(A), the restriction of A to D is the operator A|, =
AN (D xY). The set D is called a core for A if A is a restriction of the closure of A|),

i.e., A Q A|D
Finally, if A and B are operators from X to Y, then the sum of A and B is the
operator defined by

dom(A + B) := dom(A) Ndom(B), (A+ B)x := Az + Bx (v € dom(A + B)),
or, expressed differently,
A+ B ={(z,Ax + Bx); x € dom(A) Ndom(B)} C X x Y.

We mention that in most cases of the use of a sum of two operators the domain of one of
the operators is a subset of the domain of the other, or more specially, one of the operators
is defined everywhere.

1.3.2 Integration of continuous functions

Let a,b € R, a < b, and let X be a Banach space. We define the space of step functions
from [a, b] to X,

T(la,b]; X) :==lin{1gz; a < s <t <b, v € X}

(The letter ‘T’ stands for the German ‘Treppenfunktion’.) For f € T([a,b]; X), f =
> i1 1s;.4,)25, we define the integral

b n
/ ft)dt = Z(tj — 85)Z;.
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It is standard to show that this integral is well-defined, that the mapping f fab flt)de
is linear, and that

/ f(@) dtH <@®b-a)sup IfO  (f € T([a,0]; X)). (1.1)

a<t<b

In short, the mapping T'([a,b]; X) > f — fab f(t)dt € X is a continuous linear mapping,
where T'([a, b]; X) is provided with the supremum norm. This implies that there is a
unique continuous extension of the integral to functions in the closure of T'(|a, b]; X) in
the Banach space

loo([a,b]; X) :=={f: [a,b] = X; f bounded},

provided with the supremum norm. We denote this closure by R([a,b]; X') (the regulated
functions!) and observe that R([a,b]; X) contains the subspace of continuous functions
C([a,b]; X). Moreover, the extension of the integral is linear, and the inequality
carries over to all f € R([a,b]; X).

We will need properties how operators act on integrals.

1.8 Theorem. Let X,Y be Banach spaces over the same field, and let a,b € R, a < b.
(a) Let f: [a,b] — X be continuous, and let A € L(X,Y). Then

AAU@M_AUﬂWh

(b) (Hille’s theorem) Let A be a closed operator from X to Y. Let f: [a,b] = X be
continuous, f(t) € dom(A) for all t € [a,b], and t — Af(t) € Y continuous. Then

[? f(t)dt € dom(A), and
b b
A/fwwz/ﬂﬁwﬁ.

Proof. (a) The equality is clear for step functions and carries over to continuous functions
(in fact, even to regulated functions) by continuous extension.

(b) The hypotheses are just a complicated way to express that one is given a continuous
function ¢t — (f(t),g(t)) € A C X x Y (where g(t) = Af(t)). Because A is a closed
subspace of X x Y, therefore a Banach space, it follows that fab( f(t),g(t))dt € A. As the
canonical projections from X x Y to X, Y are bounded linear operators, one concludes

from part (a) that
(/abf(t) dt, /abg(t) dt> = /ab(f(t),g(t))dt €A,

and this shows the assertions. O

The last issue in this interlude is the connection between differentiation and integration,
i.e., the fundamental theorem of differential and integral calculus for Banach space valued
functions.



1.9 Theorem. Let a,b € R, a < b.
(a) Let f: [a,b] — X be continuous,

F(t) ::/tf(s)ds (a <t<D).

Then F' is continuously differentiable, and F' = f.
(b) Let g: [a,b] — X continuously differentiable. Then

‘/gﬁnuzmm—gw» (1.2)

Proof. (a) is proved in the same way as for scalar valued functions.

(b) For n € X' (= L(X,K), the dual space of X) the function 1 o g is continuously
differentiable, and one has (no g)’ =no¢'. The fundamental theorem of differential and
integral calculus for K-valued functions then implies that

o([ g0at) = [Cng@a= [ oo
= (nog)(b) — (nog)(a) =n(g(b) — g(a)).

As this holds for all n € X', the equation (|1.2]) follows from an application of the theorem
of Hahn-Banach. O

1.4 The generator of a C;-semigroup

Let X be a Banach space.
For a Cy-semigroup T" we define the generator (also called the infinitesimal genera-
tor) A, an operator in X, by

A={(z,y) € X x X;y= lim h™ " (T'(h)x — x) exists}.
h—0+

In other words, the domain of A consists of those z € X for which the orbit ¢ — T'(¢)z is
(right-sided) differentiable at ¢t = 0, and the image of x under A is the derivative of this
orbit at ¢t = 0.

Similarly to the property that for the ordinary exponential function the derivative at 0
determines the function, we will see that the generator determines the Cy-semigroup.

First we derive some fundamental properties of the generator.

1.10 Theorem. Let T be a Cy-semigroup on X, with generator A. Then:
(a) For x € dom(A) one has T(t)x € dom(A) for allt > 0, the function t — T(t)x is
continuously differentiable on [0, 00), and

%T(t)x = AT (t)x =T(t)Az (t>0).



(b) For allz € X, t > 0 one has fot T'(s)xds € dom(A),
t

A/ T(s)xds=T(t)x — x.
0

(c) dom(A) is dense in X, and A is a closed operator.

In the proof we need a small fact on strong convergence of operators which we insert
here.

1.11 Lemma. Let X,Y be Banach spaces, and let (B,,) be a sequence in L(X,Y), B €
L(X,Y), and B = s-lim,, .o, B,,. Let (x,) in X, v, > € X (n = ).
Then B,x, — Bzr as n — co.

Proof. The uniform boundedness theorem (see [Yos68; 11,1 Corollary 1], [Bre83; Théoreme
I1.1]) implies that sup,,cy || Bn|| < co. Therefore

|Bx — By, || < || Bz — Byal| + | Bo(x — 2.)]
< 1Bz = Byl + (sup [ Bil)[o =2l » 0 (n=00). O
je

Proof of Theorem[1.10. (a) For t > 0, h > 0 one has
W (T(t+ h)z —T(t)z) = (T(h) — DT (t)x = T(t)h (T (h)x — ).

As h — 0, the third of these expressions converges to T'(t)Axz. Looking at the second term,
one obtains T'(t)x € dom(A), and looking at the first term one concludes that ¢ — T'(t)x
is right-sided differentiable, with right-sided derivative

() Tlt)e = AT (1) = T(1) A

On the other hand, let ¢t > 0, h € (0,¢). Then

X 1
= (T(t = h)a = T(t)z) = T(t = h)y (T(h)w — ),

and this converges to T'(t)Az as h — 0, by Lemma[1.11]

So we have shown that the continuous function ¢ — AT(t)x = T'(t)Ax is the derivative
of t — T(t)x.

(b) Let 0 < h < ¢. Then Theorem [L.§(a) implies

h YT (h) — I)/O T(s)xds

_ (/hHh—/ot)T(s):cds _ (/tHh—/Oh)T(s)a: ds

— (T(t) — D! / T(s)zds — (T(t) — Dz (h— 04),
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where the last convergence follows from Theorem [1.9(a) (see also Exercise [1.4)(a)). This
shows fo Jxds € dom(A) as Well as the asserted equation.

) Let 2 € X. Then h~ 1f0 s)xds € dom(A) for all h > 0, by part (b). Theo-

rem . ) implies that h~* fo xds — x (h — 0+). This shows that dom(A) is dense
in X.

Let ((a;n,yn)) wen Pe a sequence in A, (z,,y,) — (z,y) in X x X. From (a) and
Theorem [1.9(b) we obtain

t
T(t)x, — x, = / T(s)Ax, ds
0

for all t > 0, n € N. For n — oo one concludes that

Tt)r —x= /Ot T(s)yds,
and then
tH (T —x)=t" /0 T(s)yds —y (t — 0+).

This shows that (z,y) € A. O

Theorem [L.10|(a) implies in particular that the function ¢ — T'(¢)z solves the initial
value problem v’ = Au, u(0) = z. We now show that this solution is unique.

1.12 Theorem. Let T be a Cy-semigroup on X, with generator A.

(a) Let to > 0, and let u: [0,ty) — X be continuous, u(t) € dom(A) for all t € (0,t),
u continuously differentiable on (0,ty), and u'(t) = Au(t) for all t € (0,ty). Then
u(t) = T(t)u(0) for all t € [0,ty).

(b) Let S be a Cy-semigroup on X, with generator B 2 A. Then S =T, B = A.

Proof. (a) Let 0 < t < to. Lemmal[l.11]implies that the function [0,¢] 3 s — T(t—s)u(s) €
X is continuous, and it is not difficult to see that this function is differentiable on (0, 1),
with derivative

STt~ s)u(s) = ~T(t — ) Auls) + T(t — spu'(s) = 0

(a kind of product rule). Therefore Theorem [1.9(b) implies
u(t) =T(t —t)u(t) = T(t)u(0).

(b) Let « € dom(A), u(t) := T(t)z (t > 0). Then u satisfies the equation u'(t) =
Au(t) = Bu(t) (t > 0). From part (a) it follows that then u(t) = S(¢t)u(0) = S(¢)z,
for all ¢ > 0. This shows that S(t) = T'(¢) on dom(A). As dom(A) is dense in X one
obtains S(t) = T'(t) for all t > 0. The equality of the semigroups implies equality of the
generators. O
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1.13 Example. If A € £(X), then A is the generator of the Co-group (e'4),cr; see
Example [I.2] and Exercise [I.1]

For determining the generator of the Cj-semigroups described in Examples the
following result will be useful.

1.14 Proposition. Let T be a Cy-semigroup on X, and let A be its generator. Let D be
a subspace of dom(A) that is dense in X, and assume that D is invariant under T (i.e.,
T(t)(D)C D forallt >0).

Then D is a core for A.

Proof. Let x € dom(A). We have to show that (z, Az) € Alp,.

Let (x,) be a sequence in D, x,, = x (n — 00) in X. Let n € N, ¢t > 0. The function
0,¢] > s = (T'(s)x,, AT (s)z,,) € Alp is continuous; therefore (recall Theorem [I.10[a) and
Theorem [L.9|(b) for the first equality)

( /0 tT(s)xn ds, T(t)an — .rn) - ( /0

:/O (T(8)n, AT(8)x,) ds € Al p.

t

T(s)x,ds, /Ot AT (s)zy, ds)

Taking n — oo we conclude that

(/OtT(s)x ds, T(t)x — x) € Alp.

Dividing by ¢ and taking ¢ — 0+ one obtains (z, Az) € Al,. O]

1.15 Remark. We note that, for the Cy-group T of right translations on L,(R) (see
Example[L.7/(a)) it is not difficult to show that D := C1(R) (the continuously differentiable
functions with compact support) is a subspace of dom(A), and Af = — f for all f € C}(R).
Also, C}(R) obviously is invariant under 7', and is a dense subspace of L,(R). By
Proposition [1.14] D is a core for A. For participants familiar with Sobolev spaces: This
implies that dom(A) = W (R). We will come back to this example.

Also we refer to Exercise for the case of translation semigroups on continuous
functions.

Notes

The classical treatise on one-parameter semigroups is [HP57]. The notation ‘Cy-semigroup’

goes back to Phillips [Phi55]; in [HP57; Section 10.6] it is put into context with other
properties of one-parameter semigroups. Here is a — by far incomplete — list of treatises on
Co-semigroups: [Dav80], [Paz83], [Gol85|, [Nag86], [ENO0]. Theorem [1.8|(b) is the version
of [HP57; Theorem 3.7.12], for the case of continuous functions.
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Exercises

1.1 Let X be a Banach space, and let A, B € L(X) satisfy AB = BA.

(a) Show that e? := > %Aj is absolutely convergent in £(X) and that eAt? =
efeB = eBe. .

(b) Show that ¢ — e is a one-parameter group, that the function is continuously
differentiable as an £(X)-valued function, and that e = Ae* (¢t € R). (In particular,

A is the generator of (e4);er.)

1.2 For a locally compact subset G of R" we define
Co(G) :=={f € C(G); for all ¢ > 0 the set [|f| > ] is compact}

(where C'(G) denotes the space of continuous K-valued functions, and [|f| > ¢] == {z €
G; |f(x)] = c}). We recall that a topological space is called locally compact if every
point possesses a compact neighbourhood.

As in Example [1.7| we define the one-parameter semigroup of right translations on the
spaces Cy(R), Cy(—00, 0], Cy(0,00), Co(0, 1].

(a) Show that Cy(G), provided with the supremum norm, is a Banach space. Show
further that

C.(G) :={f € C(G); spt f compact}

is a dense subspace of Cy(G) (where the support of f is defined by spt f := [f # O]G)

(b) Assuming that it is shown that 7" on Cy(R) is strongly continuous, show that its
generator A is given by

dom(A) = CY(R) = {f € C"(R); /. [ € (R}, Af ="

(c¢) Again assuming that it is shown that 7" on Cy(0, 1] is strongly continuous, show
that its generator A is given by

dom(A) = C3(0, 1] == {f € C'(0, 1]; f. f € Co(0, 1]}, Af = —f"

1.3 Let (92, A, 1) be a measure space, and let 1 < p < oo. Let a: 2 — K be a measurable
function, and assume that Rea(z) <0 (z € Q).
For t > 0, define T'(¢t) € L(L,(p)) by

T(t)f = e" (f € Ly(p))-

(a) Show that T is a Cp-semigroup on L, (u).
(b) Show that the maximal multiplication operator M, by the function a, defined
by
Ma = {(f7 g) € Lp(,u) X LP(M)? g= af}7

is closed and densely defined.
(c) Show that M, is the generator of 7'
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1.4 Let X be a Banach space.

(a) Let f:[0,1] — X be continuous. Show that limj_,o, h~* foh f(t)dt = f(0). (This is
the main step for proving Theorem [1.9(a).)

(b) Let T be an operator norm continuous one-parameter semigroup on X. Show that
then the generator A of T is an operator A € £(X). (Hint: Show that, for small ¢, the
operator fg T'(s)ds is invertible in £(X). Further, note that Theorem (b) implies

that the operator z — A fg T'(s)x ds belongs to L£(X).)
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Lecture 2

Characterisation of generators of
C-semigroups

Generators of Cy-semigroups have special spectral properties. They will be studied in the
Section [2.2] The main goal of this lecture is the Hille-Yosida theorem which characterises
generators of Cp-semigroups. The exponential formula for Cy-semigroups presented in the
Section will be useful for applications. We start with an interlude on spectral theory
of operators as well as on more integration.

2.1 Interlude: the resolvent of operators, and some more
integration

2.1.1 Resolvent set, spectrum and resolvent

Let X be a Banach space over K, and let A be an operator in X.
We define the resolvent set of A,

p(A) :={X € K; A — A: dom(A) — X bijective, (A\] —A)~" € L(X)}.
The operator R(\, A) := (A — A)~! is called the resolvent of A at A\, and the mapping
R, A): p(4) = £(X)
is called the resolvent of A. The set
o(A) ==K\ p(4)
is called the spectrum of A.

2.1 Remarks. (a) If p(A) # @ and A € p(A), then (A — A)~! € L(X) is closed — note
that every operator belonging to £(X) is closed. Hence \I — A is closed, and therefore A
is closed, by the reasoning presented subsequently in part (b).

(b) If A is a closed operator and B € £(X), then the sum A + B is a closed operator.
Indeed, if ((zn,y,)) is a sequence in A + B, (2,,y,) — (z,y) in X x X (n — 00), then
Bx,, — Bz, and therefore Az, = (A + B)x, — Bx,, — y — Bz, and the hypothesis that
A is closed implies that (z,y — Bx) € A, i.e., x € dom(A) and y = Az + Bu.



14

(c) Let A be a closed operator. Assume that A € K is such that A\ — A: dom(A) — X
is bijective. Then the inverse (A — A)~! is a closed operator which is defined on all of X.
Therefore the closed graph theorem (for which we refer to [Yos68; 11.6, Theorem 1], [Bre83;
Theorem I1.7]) implies that (Al — A)~ € £(X). This implies that

p(A) ={N e K; A\ — A: dom(A) — X bijective}.

(d) Usually, in treatments of operator theory the above notions are only defined for the
case of complex Banach spaces. The reason is that many important results of spectral
theory depend on complex analysis of one variable. For our purpose it is — for the moment
— possible and convenient to include the case of real scalars.

Before proceeding we include a piece of notation that will be used in different contexts.
If (M,d) is a metric space, € M and r € (0, co], then

B(z,r):={y e M; d(y,z) <r} and Blx,r]:={ye M;d(y,z)<r}

are the open ball and closed ball with centre x and radius r, respectively. If necessary,
we might also write By (x,r) and By|x,r| for making it clear in which metric space we
are.

The following theorem contains the basic results concerning the resolvent.

2.2 Theorem. Let A be a closed operator in X.
(a) If A € p(A), z € dom(A), then AR\, A)x = R(\, A)Ax.
(b) For all A\, i € p(A) one has the resolvent equation

ROV A) — R(s, A) = (5 — ) R(s, AR, A).
(c) For A € p(A) one has B(A, e )”) C p(A), and for p € B(), m) one has

o0

R(u, A) = 30— w)" RN, A, (2.1)

n=0
As a consequence, p(A) is an open subset of K, and R(-, A): p(A) — L(X) is analytic.

2.3 Remarks. (a) For the proof of Theorem we recall the Neumann series: If
B € L(X) satisfies | B|| < 1, then I — B is invertible in £(X), and the inverse is given by
(I —B)™' =53, B", with absolute convergence of the series.

(b) If A € £(X) and A € K with |A] > ||A]|, then part (a) implies that A\ — A =
A(I = $A) is invertible in £(X), with inverse

(M —A)~

)\J+1

As a consequence, {\ € K; |A| > || A|]} € p(A).
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Proof of Theorem[2.4 (a) AR\, A)x — AR(\, A)x = —x = R(\, A)Az — R(\, A) Az
(b) Multiplying the equation

(ul —A) — (M — A) = (1t — M gom(a)

from the right by R(\, A) and from the left by R(u, A), one obtains the resolvent equation.
(c) Let A € p(A) and p € B(A, M). Then the operator I — (A — u)R(A, A) is
invertible in £(X) since |A — pl||R(A, A)|] < 1 (Neumann series). Therefore the equality

pl = A= —A) =N =p)l = —A\—=mRA A)A — A)
shows that the mapping ul — A: dom(A) — X is bijective, and hence u € p(A). Moreover,
R(p, A) = RO\ A) (I — (A= p)R(A, A))

and the formula (2.1]) for the resolvent is then a consequence of the Neumann series. Now
it follows that p(A) is an open subset of K, and the analyticity of R(-, A) (meaning that
R(-, A) can be written as a power series about every point of p(A)) is a consequence of

(2.1) as well. O

2.4 Remarks. (a) Theorem [2.2|c) shows that [|[R(\, A)|| > dist(\,o(A4))~! for all A €

p(A). This implies that the norm of the resolvent has to blow up if A approaches o(A).
(b) As in first year analysis, the analyticity of R(-, A) implies that R(-, A) is infinitely

differentiable, and from the power series one can read off the derivatives,

(%)HR(A7 A) = (1"l R A (A€ p(A), n € No).

2.1.2 Integration of operator valued functions, and improper
integrals

2.5 Proposition. Let X,Y be Banach spaces, a,b € R, a <b. Let F': [a,b] — L(X,Y)
be strongly continuous, and assume that h: [a,b] — [0,00) is an integrable function such
that ||F(t)]] < h(t) (a <t <b). Then the mapping

b
X9x|—>/ F(t)xdteY

belongs to L(X,Y') and has norm less or equal ff h(t)dt.

Some comments: Writing £(X,Y’) we tacitly assume that the two Banach spaces are
over the same scalar field. Strongly continuous means that ¢t — F(t)x is continuous
for all x € X. (In other words, it means that F' is continuous with respect to the strong
operator topology on £(X,Y'), which is defined as the initial topology with respect to

the family of mappings (£(X,Y) > A+ Az € Y)xex.)
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Proof of Proposition[2.5. The linearity of the mapping is obvious. For x € X we estimate

and this shows the norm estimate for the mapping. O

[ rowa < [irosa< [

Abbreviating, we will write f: F(t)dt for the mapping defined in Proposition . This
integral is called the strong integral; one has to keep in mind that, in general, it is not
an integral of the £(X,Y)-valued function as treated in Subsection [1.3.2]

We will also need ‘improper integrals’ of continuous Banach space valued functions. For
simplicity we restrict our attention to integrals over [0, 00) (because this is what will be
needed next).

2.6 Proposition. Let X be a Banach space, f: [0,00) — X continuous, and assume that
there exists an integrable function g: [0,00) — [0,00) such that || f(t)]] < g(t) (0 <t < o0).
Then

/OO f@ydt = tim | F(t)dt

c— 00 0

exists.

We omit the (easy) proof of this proposition and mention that Proposition [2.5| has its
analogue for these improper integrals.

2.2 Characterisation of generators of C\-semigroups

In this section let X be a Banach space.

2.7 Theorem. Let T be a Cy-semigroup on X, and let A be its generator. Let M > 1,
w € R be such that
1T < Me* (¢t >0)

(see Proposition|[1.4).
Then {\ € K; ReX > w} C p(A), and for all A € K with Re A > w one has
R\ A) = / e MT(t)dt  (strong improper integral; see Subsection[2.1.9),
0

M

A< —
IRO A < rox =

(n € N).

In the proof we will use the concept of rescaling. If T"is a Cy-semigroup on X with
generator A, and A € K, then it is easy to see that T}, defined by

Th(t) == e MT(t)  (t>0),

is also a Cy-semigroup, called a rescaled semigroup, and that the generator of T} is
given by A — A\I; see Exercise 2.2
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Proof of Theorem[2.7. Let A € K, ReXA > w. Observe that the rescaled semigroup T)
obeys the estimate
ITAO) < Ml RNt (¢ > 0)

and that the resolvent of A at A\ corresponds to the resolvent of A — Al at 0. This means
that it is sufficient to prove the existence and the formula of the resolvent for the case
A=0and w < 0.

The estimate || T(¢)|| < Me** (t > 0) implies that the strong improper integral

R := /OOOT(t) dt

defines an operator R € £(X). Let x € dom(A). Then

o d
RAx = / T(t)Azxdt = lim ET(t)x dt = lim (T'(¢)z — x) = —x.
0

Cc— 00 0 c— 00

Further, |T(t)z| < Me“!||x|| and [|AT (¢)x| < Me*'||Az|| (t > 0), and therefore The-
orem [L.§(b) (Hille’s theorem), which also holds in the present context, implies that
Rz € dom(A) and

ARz = / AT )z dt = / T(t)Azdt = RAx = —x.
0 0

If x € X, and (z,) is a sequence in dom(A) with = = lim,,_,, x,,, then Rz, — Rx and

ARz, = —x, — —x (n — c0), and because A is closed we conclude that Rz € dom(A)
and ARz = —x. The two equations RA = —I|4,,(4), AR = —I imply that 0 € p(A) and
R=(-A)1

For the powers of R(\, A) we now obtain (recall Remark [2.4(b))

RO, A)" = (—1)1 (n _1 a (d%)"l /0 T e dt
1

= Oot”* AT (4) dt.
<n—1>!/0 eI

(2.2)

(The last equality is obtained by differentiation under the integral; Exercise See also
the subsequent Remark ) By Proposition this yields the estimate

HR<)‘7A)TLH < ;M/ tnfle(wfRe)\)t dt

(n— 1! 0
1 d \n-t [
— M — (w—Re )t dt
(n—1)! < dw) /0 ¢
1 d \n-1 1 M
_ d _ , 0
(n—1)! (dw) Red—w (ReA—w)”

2.8 Remark. In the following we will mainly be interested in the case where M = 1
in the estimate for the Cy-semigroup, in which case the Cy-semigroup is called quasi-
contractive. For such semigroups it is sufficient to prove the estimate for the resolvent
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in Theorem for n = 1 (because then taking powers one obtains the estimate for all
n € N). For n =1 the second equality in is trivial.

In Exercise one can find a method how to reduce the proof for the estimates for the
resolvents to the case of contractive Cy-semigroups.

Next, we are going to show that the necessary conditions for the generator are also
sufficient. We restrict ourselves to the quasi-contractive case and delegate the general case

to Exercise [2.4]

2.9 Theorem. (Theorem of Hille-Yosida, quasi-contractive case) Let A be a closed,
densely defined operator in X. Assume that there exists w € R such that (w,00) C p(A)

and
IR A < 5= (€ (,00).

Then A is the generator of a Cy-semigroup T satisfying the estimate
1T <et (=0

As a preliminary remark we note that it is sufficient to treat the case w = 0. Indeed,
defining A := A — wl we see that A satisfies the conditions of Theorem . with w = 0.
Having obtained the contractive Cy-semigroup 7" with generator A one obtains the Cj-
semigroup generated by A = A + wl as the rescaled semigroup T,

We now define the Yosida approximations
1 N1
Ay = A([ - EA) = nAR(n, A) = n®R(n, A) —nl € L(X) (n€N)

of A. The proof of Theorem will consist of three steps:
In the first step we show that the semigroups generated by A, are contractive.
In the second step we show that these semigroups converge strongly to a Cy-semigroup.
In the third step we show that A is the generator of the limiting semigroup.

The following lemma justifies that the operators A,, can be considered as approximations
of A.

2.10 Lemma. Let A be a closed, densely defined operator in X. Assume that there exists
Ao > 0 such that (Ao, 00) C p(A) and that M := sup,.,, [|AR(A, A)|| < co. Then:

(a) AR\, A)x — = (A — o00) for all x € X.

(b) A(AR(X, A))z — Az (A — 00) for all x € dom(A).

Proof. (a) If z € dom(A), then
ARN A)x =M — A+ A)RN Az =2+ RN A)Az — x (A — 00).

As [ARNA)|| < M (A > A\g) and dom(A) is dense, the convergence carries over to all
r € X, by Proposition [1.6]
(b) For x € dom(A) the convergence proved in part (a) implies

AMAM —A) Nz =AM — A) ' Az — Az (A = 00). O
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Proof of Theorem[2.9 Recall that, without loss of generality, we only treat the case w = 0.
(i) For n € N, ¢t > 0 we obtain the estimate

e = om0

= (tn*R(n, A))*
Z( (n, 4))

k!

t k
< eftnz ( Z‘) — 1
0 :

le

o0
k=0 k=

(ii) For x € X, t > 0 and m,n € N we compute

¢ ¢

d

elAmy — eting — / & (e(t_S)A”eSA’”x) ds = / elt=)An (Am — An)eSAmx ds
o ds 0

t
= / e(t=8)An gsAm (Am — An)a: ds
0

(where in the last equality we have used that A,,, A, as well as the generated semigroups
commute). Recalling part (i) we obtain the estimate

HetAmx—etA"a:H gtH(Am—An)a:H. (2.3)

Let ¢ > 0. For n € N we define the operator 7,¢: X — C([0, ¢]; X) (where C(]0, c]; X)
denotes the Banach space of continuous X-valued functions, equipped with the supremum
norm) by

Tlx = [t — e!na] (x € X).

Then part (i) of the proof shows that 7. is a contraction, and inequality ([2.3]) shows that
| Toex = x| < cl|Amz — Anz) (m,n € N),

for all z € dom(A), which implies that (7;‘39@)” o 18 @ Cauchy sequence, because (A,2),en
is convergent (to Azx). Applying Proposition we conclude that there exists T¢ €
L(X,C([0,c]; X)) such that T,¢ — T¢ (n — oo) strongly.

Clearly, if 0 < ¢ < ¢, then Tc/x\[oyc] = Tz for all z € X, and therefore we can define
T:[0,00) = L(X) by

T(t)x =T x(t) 0<t<ec zeX).

From T'(-)zlp g = Tz (¢ > 0, z € X) we infer that T is strongly continuous. Since
T(t) = s-lim,,_,, e (¢ > 0), the semigroup property carries over from the semigroups
(etA") 150 O T. As a result, T is a Cy-semigroup of contractions.

(iii) Let B be the generator of T'. Let x € dom(A). Using the notation of part (ii), with
c =1, we see that 7'z — T'z and (7,'z) = T,) A,x — T Az (n — o) in C([0,1]; X)
(recall Lemma . This implies that T'(-)x[;y,) = Tz is differentiable with continuous
derivative 7' Az, and therefore € dom(B) and Bz = Ax.

So far we have shown that A C B. We also know that (0, 00) C p(B), by Theorem [2.7]
and that (0,00) C p(A), by hypothesis. Now from [ — A C I — B, the injectivity of [ — B
and ran(I — A) = X we obtain ] — A =1 — B, and hence A = B. O
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2.11 Remarks. (a) The proof of the Hille-Yosida theorem for the general case can be
given along the same lines; see Exercise [2.4]

(b) The Yosida approximations for the general case are defined in the same way as for
the contractive case as treated in our proof. We point out that the proof given above does
not show that the semigroups generated by the Yosida approximations for the non-rescaled
semigroup approximate the non-rescaled semigroup (although it is true!). This might
seem cumbersome, because sometimes one wants to prove properties of the semigroup
using properties of the approximating semigroups. However, in the following section we
will show another way of approximation which is similarly (or even more) effective.

(c) As an interesting feature in the proof of Theorem we point out that the
approximating semigroups are norm continuous, whereas in general the resulting semigroup
is only strongly continuous. The norm continuity is lost, obviously, because the convergence
of the approximating semigroups is only strong (even though the strong convergence is
uniform on bounded intervals).

2.3 An exponential formula

Given a € K, besides the exponential series there are two well-known ways to approximate
e'®, namely

e = lim <1 + ia)n and e = lim <1 — 1a) n.
n—00 n n—00 n

Trying to replace a by an unbounded generator in the first formula leads to hopeless
problems with the domains of the powers of the operators involved, whereas the second
formula looks more promising because the occuring inverses are just those whose existence
is guaranteed by Theorem (In fact, the resulting formulas are those known in numerical
mathematics as ‘backward Euler method’.)

We mention that the proof of the ‘exponential formula’” presented in this section does
not depend on the Hille-Yosida theorem.

2.12 Theorem. Let X be a Banach space, T a Cy-semigroup on X, and A its generator.
Then

T(t)r = lim ([ — %A) e

n—oo

for all x € X, with uniform convergence on compact intervals.

2.13 Remarks. (a) If M and w are such that ||T'(¢)|| < Me** (t > 0), then (w,00) C p(A),
by Theorem [2.7 Assume that w > 0, and let ¢ > 0. If 0 < ¢ < ¢, then § > %, therefore
2 € p(A) if n > cw, and then
-1 -1
(1-2a4) =2(21-4) ec).
n t\t
This means that the operator (I — £A)™" is defined for all ¢ € [0, ¢] only for sufficiently
large n, depending on c.
This problem does not occur if w < 0.
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(b) From elementary analysis we will need the fact that the convergence (1—¢/n)~™ — €
as n — oo is uniform for ¢ in compact subsets of R.

(¢) As a third remark we note that the expressions (I —rA)~' = (1/r)((1/r)I — A)™*
for small r > 0 correspond to expressions A(AI — A)~! for large A > 0. This implies that
the behaviour of (I —rA)~! for r — 0 is the same as that of A(AI — A)~! for A — oo.

Proof of Theorem[2.13. Let M > 1, w € R, ¢ > 0 and n > cw be as in Remark [2.13(a)
For 0 < ¢ < ¢ we compute, using Remark [2.4|(b)

a0 =aliG f-A)1)=—?(?I—A)l+?%(?f—fl)2

2

_ <__1+ ”A+—I> (?1 A>2 = %A I- —A)Z,

d -n —1\ n—1 —2 —n—1
<I _ —A) . n(<1 _ 1A) ) 1,4(1 _ —A) . A<I _ EA) .
dt n n
(In the last computation the product rule for differentiation is used. The result of this
computation should not be too surprising; if A is a number, then it is a consequence of
the chain rule.)

Let = € dom(A). Then the function [0,¢] 3 s+ T(t — s)(I — £A) "z is continuous as
well as continuously differentiable on (0,t), with

S(re=a(r=20)"0) =1 (- a(i-2a) ") (1-24) "
—1e-s)(1-24) (1= 24) " - 1)

By the fundamental theorem of calculus (see Theorem it follows that

(1 = £A) "z — T(t)z|

_ H/tT(t == 5A) (T = 54) ™ = ) Auds (2.4)
< Co<SsliI;<cHT (t—s)(I—2A4)7" Sup H I—:A)7t I)Ax”.

The first of these suprema is estimated by

HT(t - 3)( - %A)_HH < MQew(t_S)(l _ %w>—n

< My = M?max{1,e*} sup (1-—2w)™" < oo,
0<s<e, n>cw

where the finiteness of the last term is a consequence of Remark [2.13(b). Now (2.4) yields

sup H (I —LtA)” H cMy sup H( — 2 AT - [)A:c“,

0<t<ce 0<s<c

which tends to 0 as n — oo, by Lemma [2.10((a) (recall also Remark [2.13{¢))
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Now the proof is completed pretty much as in part (ii) of the proof of Theorem
For n > cw we define 7¢: X — C([0, c]; X),

Tex =t (I — LA) "] (x € X).

Then H’ﬁfH < M for all n > cw, and Tz — T(-)z|g 4 (n — o00) for all x € dom(A),
as shown above. Using that dom(A) is dense and applying Proposition we obtain
Tox = T()zlg, (n — o) for all z € X. O

2.14 Remark. An important application of the exponential formula will be the invariance
of a closed subset M C X under a Cy-semigroup. If M is invariant under (I —rA)~! for
small » > 0, then Theorem implies that M is invariant under 7.

Notes

The section on resolvents etc. is pretty standard and can be found in any book on functional
analysis treating fundamentals of operator theory. The Hille-Yosida theorem is basic for
Co-semigroups and can be found (with varying proofs) in any treatment of Cy-semigroups.
Our proof is Yosida’s original proof in [Yos48]. The exponential formula, Theorem [2.12]
can be found in [HP57; Theorem 11.6.6] or in [Paz83; Theorem 1.8.3], with proofs different
from ours. A proof of the Hille-Yosida theorem can also be given using the exponential
formula; see [Kat80; IX, Sections 1.2 and 1.3]. It was found by Hille, independently of
Yosida, and published in [Hil48]. It is worth mentioning that the exponential formula
can also be derived from the Chernoff product formula, for which we refer to [ENOO;
ITI, Theorem 5.2]. The proof of the Chernoff product formula requires results from the
perturbation theory of Cy-semigroups.

Exercises

2.1 Show the second equality in ([2.2)).

2.2 Let T be a Cy-semigroup on the Banach space X, with generator A. Let A € K.
Show that

Th(t) == e MT(t)  (t>0),
defines a Cy-semigroup (the rescaled semigroup), and that the generator of T} is given by
A— M.

2.3 Let T be a bounded Cy-semigroup on the Banach space X, M := sup,., ||7'(¢)||, and
let A be its generator.
(a) Show that
=il = sup [T®)=]l - (= € X)

defines a norm ||| - ||| on X which is equivalent to || - ||, and that T" is a Cy-semigroup of
contractions on (X, ||| - [|])-
(b) For any «ay, ..., a, > 0, show that

(I — oA (I —a, A7 < M.
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2.4 Show the Hille-Yosida theorem for the general case:
Let A be a closed, densely defined operator in the Banach space X. Assume that there
exist M > 1 and w € R such that (w, 00) C p(A) and

M

(A € (w,00), n€N).

Then A is the generator of a Cy-semigroup 7T satisfying the estimate
IT@) < Met (> 0).
(Hint: Proceed as in the proof of Theorem , with adapted estimates.)

2.5 Let T be a Cy-semigroup on the Banach space X. For h > 0 we define A, =
h=Y(T'(h) — I). Show that e*thz — T(t)x for all x € X as h — 0, uniformly for ¢ in
compact subsets of [0,00). (Hint: Use a procedure similar to the proof of the exponential

formula, Theorem )
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Lecture 3

Holomorphic semigroups

The objective of this lecture is to introduce semigroups for which the ‘time parameter’ ¢
can also be chosen in a complex neighbourhood of the positive reals. The foundations
of these ‘holomorphic semigroups’ will be given in Section [3.2] The generation of such
semigroups will be studied in Section[3.3] And in Section[3.4]the special case of holomorphic
semigroups on Hilbert spaces will be treated. We start with an interlude on Banach space
valued holomorphy.

3.1 Interlude: vector-valued holomorphic functions

In this section let X, Y be complex Banach spaces.

The first issue of the present section is to show that for Banach space valued functions
several notions of holomorphy coincide.

Let Q2 C C be open, f: Q2 — X. The function f is called holomorphic if f is
(complex) differentiable (at each point of ). f is called scalarly holomorphic if 2’ o f
is holomorphic for all 2’ € X’ (= L(X, C), the dual space of X). f is called analytic if f
can be represented as a power series in a neighbourhood of each point of 2.

3.1 Remarks. (a) It is evident that holomorphy of a function implies scalar holomorphy.

(b) Let 2 C C be open, and let f: Q@ — X be holomorphic. The following facts can be
shown in the same way as in the case of C-valued functions.

If Q is convex, and 7 is a piecewise continuously differentiable closed path in €2, then
f7 f(2)dz = 0 (Cauchy’s integral theorem). Note that the path integral is defined by
a parametrisation of the path and therefore reduces to integrals over intervals. As a
consequence, path integrals enter the context explained in Subsection [1.3.2]

For zp € Q, r > 0 such that Blzy,r] C Q the function f satisfies Cauchy’s integral
formula

z:L &d z € B(z,7)).
/(2) /C ¢ (z€B(z,r))

2mi —z|=r C —Z

The function f is analytic, and one has Cauchy’s integral formulas for the derivatives,

FO(z) = ”—!/ SO _4e (e B, nen),
IC

211 —zo|=r (C - Z)N—H

with zg and r as before.
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A set E C X' is separating (for X) if for all 0 # x € X there exists 2’ € E such that
2'(z) # 0. The set F is called almost norming (for X) if

]l := sup{|2(z)]; 2’ € E, [l']] <1}

defines a norm that is equivalent to the norm on X. E is called norming if || - || = || - ||
on X. It is a consequence of the Hahn-Banach theorem that £ = X’ is norming for X.

3.2 Theorem. Let €2 C C be open, f: QQ — X. Then the following properties are
equivalent.

(i) f is holomorphic.

(i) f is scalarly holomorphic.

(iii) There exists an almost norming closed subspace E C X' such that 2'o f is holomorphic
forall 2’ € E.

(iv) f is locally bounded, and there exists an almost norming subset E C X' such that
x' o f is holomorphic for all 2’ € E.

(v) f is continuous, and there exists a separating set E C X' such that 2’ o f is
holomorphic for all 2’ € E.

Proof. (i) = (ii) is clear (and was already noted above).

(i) = (iii) is clear, with £ = X',

(iii) = (iv). With the canonical embedding X C E' = L(FE, C) we can consider f as an
L(E,C)-valued function. Then the uniform boundedness theorem implies that f is locally
bounded with respect to the norm || - || 5.

(iv) = (v). Since almost norming subsets are separating we only have to show that f
1s continuous.

Let 29 € Q, 7 > 0, Blzo,7] € Q, M = sup{||f(Ol; [¢ — 20| =7} (< 00). For 2’ € E,
z € B(z0,7/2) we then obtain, using Cauchy’s integral formula for the derivative,

1 Q)
2 / (C—2)?

[¢—20|=r

d /
I (f(2)

1 AM AM
d¢| < =2mr||2||— = —[|2"||.
2 72 r

For 2/, 2" € B|zy,r/2] this implies

AM
[2/(f() = FENI < ===l (2" € B),

and therefore

AM
1F ) = FEe < =127 = 2.
Since the norm || - || ; is equivalent to the norm on X the continuity follows on B(zg,7/2).

(v) = (i). Let z9 € 2. We show that f can be expanded into a power series about z.
Without loss of generality we assume z; = 0. There exists 7 > 0 such that B[0,r] C .

For n € Ny we define (
1 f(¢)
n = — =—>=d(.
T o / et 46

I¢|=r
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With M = sup{||f(O); |¢| = r} (< o0) one obtains [la,| < 2 for all n € Ny, so
lim sup ||a,||*/™ < 1/r, and therefore the radius of convergence of the power series g(z) :=
Yoo o 2"ay, is greater or equal r. For 2’ € E, |z| < r one has

[e.e]

= z'( (z' o (”
=3 o [ TR ac= S e e

n=0 =0
[Cl=r

where the last equality is just the power series expansion of the holomorphic function
x’' o f. Since F is separating we therefore obtain f(z) = g(z). O

3.3 Remark. If X is a dual Banach space then the predual is a norming closed subspace
of its bidual X’. (For instance, ¢y is norming for ¢;.) This illustrates a possible application
of condition (iii) of Theorem [3.2]

As a first application of Theorem we show the identity theorem for holomorphic
functions.

3.4 Corollary. Let 2 C C be open and connected, let f: 2 — X be holomorphic, and
assume that [f = 0] = {z € Q; f(z) =0} has a cluster point in Q2. Then f = 0.

Proof. For each ' € X’ the zeros of the function z’ o f have a cluster point in €2, and
therefore 2’ o f = 0 follows from the identity theorem for C-valued holomorphic functions.
From 2’ o f =0 for all 2’ € X’ one obtains f = 0. H

For the experts this proof may not really seem convincing, because the identity the-
orem can also be concluded in the same way as for C-valued functions (in the spirit of
Remark [3.1(b))

Finally we come to the characterisation of holomorphy for £(X,Y)-valued functions. As
L(X,Y) is a Banach space, all previous criteria apply. However, scalar holomorphy is not
a useful concept in this case, because the dual of £(X,Y) mostly is not easily accessible.

3.5 Theorem. Let 2 C C be open, F: Q — L(X,Y). Let B be a dense subset of X, and
let C CY' be almost norming for Y. Then the following properties are equivalent.
(i) F is holomorphic (as an L(X,Y)-valued function).
(ii) F is locally bounded, and F(-)x is holomorphic for all x € B.
(iii) F is locally bounded, and y'(F(-)x) is holomorphic for all x € B, y € C.

Proof. (i) = (ii) = (iii) is clear.
(iii) = (i). The hypotheses imply that the set

E:={A~y(Az);z€ B, y €C} CLIX,Y)

is almost norming for £(X,Y’). Therefore Theorem (iv) = (i), implies the assertion.
[l

3.6 Remarks. Note that the set E in the proof of Theorem is not a subspace of
L(X,Y)". For this application it is convenient to have condition (iv) of Theorem at
our disposal.
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The last issue of this section is the convergence of sequences of holomorphic functions.

3.7 Theorem. Let 2 C C be open, and let (f,) be a sequence of holomorphic functions
fo: Q — X. Assume that (f,) is locally bounded (i.e., for each zy € Q) there exists
r > 0 such that B(zo,r) C Q and sup{||f.(2)|; 2 € B(z0,7), n € N} < 00) and that
f(2) :=lim, o fn(2) ezists for all z € Q.

Then (f,) converges to f locally uniformly, and f is holomorphic.

Proof. In the first step we show that the sequence (f,,) is locally uniformly equicontinuous.
Let zp € Q, r > 0 be such that Blz,r] C Q. Then C = sup,c g, ), nen || fn(2)[| < 00, by
hypothesis. From Cauchy’s integral formula for the derivative,

o L 0 B
M =gg | R eBGon neN

we conclude that for all z € Bz, r/2] one has
4
IfGI<Cs (neN).

This implies that the sequence (f,) is uniformly equicontinuous on Bz, r/2].

The local uniform equicontinuity of the sequence (f,) together with the pointwise
convergence implies that (f,,) converges to f locally uniformly. In order to show that this
implies that f is holomorphic, let again zy € Q and r > 0 be such that B[zy,r] € Q. Then

Cauchy’s integral formula
1 fn(€)
o) =5 [ .
(2) 271 Jiezg=r C — 2

valid for all z € B(zp,r), n € N, carries over to f,
1 f(©)
fZ:—,/ —=d(¢ z € Bz, 7)),
O =5m [ e e
and this implies that f is holomorphic on B(z,r). O

3.8 Corollary. Let Q C C be open, and let (F,,) be a sequence of holomorphic functions
F.: Q— L(X,Y). Assume that (F,) is locally bounded and that F(z) 1= s-lim,, o F,(2)
exists for all z € ).

Then F' is holomorphic.

Proof. The hypotheses in combination with Theorem imply that F'(-)z is holomorphic
for all x € X. Therefore Theorem [3.5] implies that £ is holomorphic. O

3.2 Holomorphic semigroups

Let X be a complex Banach space. For 6 € (0, 7/2] we define the (open) sector
Sg :={z € C\ {0}; |[Argz| < 0} = {re*; r >0, |a| < 6}.

We will also use the notation ¥y := 3y U{0}. A holomorphic semigroup (of angle 6,
if we want to make precise the angle) is a function 7: ¥y — £(X), holomorphic on Xy,
satisfying
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(1) T(z1 + 22) = T(21)T(22) for all 21, 25 € Lpp.
If additionally
(ii) lim._o, ez, T'(2)r = o for all x € X and all 6 € (0,0),

then T" will be called a holomorphic Cy-semigroup (of angle 0).
Saying that T" is a holomorphic semigroup we will always mean that 7" brings along its
domain of definition, in particular, the angle of T is defined.

3.9 Remark. We note that the definition of a holomorphic Cy-semigroup implies that
for all 6 € (0, 6) there exist M' > 1, w’ € R such that

IT(2)|| < M'e’ B2 (2 € Sp);
see Exercise 3.3

The following lemma states that it suffices to check the semigroup property for real
times.

3.10 Lemma. Let 0 € (0,7/2], and let T: ¥y — L(X) be holomorphic and such that
T(t+s)=T(t)T(s) for allt,s > 0.
Then T'(z1 + 2z2) = T(21)T (22) for all z1, 29 € Xy.

Proof. Fixing t > 0, we know that the functions ¥y 3 z — T(t + 2), g 3 2 — T'(t)T(2)
and ¥y 5 z — T'(z)T'(t) are holomorphic and coincide on (0,00). The identity theorem,
Theorem [3.4} implies that they are equal on Yy. Repeating the argument with ¢ € >y we
obtain the assertion. O

3.11 Proposition. Let T be a Cy-semigroup on X, and assume that there exist 0 € (0, /2]
and an extension of T' to Xy, also called T', holomorphic on ¥y and satisfying

sup  ||T'(2)]| < oo
2€X9, |z]<1

Then lim, ¢, .ex, T'(2)x = x for all x € X, and T is a holomorphic Cy-semigroup.

Proof. First note that Lemma implies property (i) from above.
Let v € D :=J,.oran(T'(t)), i.e., there exist y € X, t > 0 such that = T'(t)y. Then
the continuity of z +— T'(2)x = T(2)T(t)y = T(z + t)y at 0 implies lim, g ey, T(2)x = .
Note that D is dense, because T'(t) — I strongly as ¢ — 0. Therefore the boundedness
assumption implies the assertion (recall Proposition . O

3.12 Remarks. Let 7" be a holomorphic Cy-semigroup of angle 6 € (0, 7/2].

(a) Then for each a € (—6,60) the mapping [0,00) > t — T, (t) := T(e'®t) is a Cop-
semigroup.

(b) The set D := J, .y, ran(7'(2)) is a dense subspace of X. The denseness follows from
property (ii). In order to show that D is a vector space we first note that ran(7'(z; +z25)) C
ran(7'(z1)) for all z1, zo € Xy. Further, it is not difficult to see that for all z1, 2z, € ¥y there
exists z € Xy such that 2y — 2, 2o — 2 € Xy, and then it follows that ran(7'(z;)) C ran(7'(z))
for y =1,2.
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3.13 Theorem. Let T be a holomorphic Cy-semigroup of angle 0 € (0,7/2], and let A be
the generator of Ty (= T|jo,00)). Then:

(a) For all a € (—0,0) the generator of T, is given by €'*A.

(b) For all x € dom(A), ¢ € (0,0) one has

1
za(l)}gézg, ;(T(z)x —1z) = Ax.
Proof. ( Let a € (—0,0), and denote the generator of the Cy-semigroup 7, (see Re-
mark [3.12) - ) by Aa. Let D =, oy, 1an(T'(2)). Then the differentiability of T on ¥,
implies that D C dom(A,), and one easily computes that A,z = ¢/*Az for all x € D. Also
it follows from the definition of D that D is invariant under T,,. Therefore Proposition [I.14]
(together with Remark [3.12(b)) implies that D is a core for A,. In particular, this holds

for a = 0, and therefore one obtains A, = e'“A.
(b) Let x € dom(A), 6" € (0,60). For z € ¥y one then obtains

Lo =1 [ Lrneas = [ 1Az

—(T(2)x —x) = — —T(sz)rds = sz)Ax ds.

z zJy ds 0

In view of the continuity at 0 of the restriction of 7'(-)Ax to Xg o one therefore obtains
the assertion. N

Let T be a holomorphic Cy-semigroup. In the light of Theorem it is justified to
call the generator of the Cp-semigroup 71y .y also the generator of the holomorphic
Co-semigroup T'. Clearly, the application of Theorem [2.7] yields estimates for the resolvents
of the generator of T. We will not pursue this issue but restrict our attention to a special
kind of holomorphic semigroups.

3.3 Generation of contractive holomorphic semigroups

As before, X will be a complex Banach space. We will call a holomorphic semigroup of
angle § contractive if ||T(z)|| < 1 for all z € Xy .

The following theorem characterises the generation of contractive holomorphic Cy-
semigroups.

3.14 Theorem. An operator A is the generator of a contractive holomorphic Cy-semigroup
of angle 0 € (0,7/2] if and only if it is closed, densely defined, and X9 C p(A), with

|(A = A)71| < (A € ).

1
Al
Proof. The necessity of the condition is an almost immediate consequence of Theorem [3.13]
and Theorem ‘Closed” and ‘densely defined’ are clear. For a € (—6,0), we know
from Theorem 3.13( ) that €/*A is the generator of a contractive Cy-semigroup; therefore
(0,00) C p(e®A) and [|[(M — €“A)7| < 1/A for all A > 0, by Theorem 2.7 The
equation (A — e®A) = e*(eAI — A) then shows that {e7X; A > 0} C p(A4) and
|(e7 A\ — A)7Y| < 1/ for all A > 0. This finishes the proof of the necessity.
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In the proof of the sufficiency we will employ the exponential formula, Theorem [2.12
For n € N we define the holomorphic function F,: ¥y — L(X),

F.lz):=(I—-2A)™".

Then the hypotheses imply that ||F,(2)|| < 1 for all z € £y, n € N. It also follows from
the hypotheses and Theorem that for each o € (—0,0) the operator e®A generates a
contractive Cp-semigroup; call it T,. Let z € Xy, z = el®t with suitable ¢t > 0, a € (—0,0).
Then F,(z) = (I — tel®A)™ — T,(t) strongly as n — oo, by Theorem S0

T(z) = sn—l}g)l F.(2)
exists for all z € ¥y. From Corollary we derive that T is holomorphic on Y4 and
from Theorem that T o is the Co-semigroup generated by A. [

We add some comments on the generation of holomorphic semigroups which are not
necessarily contractive.

3.15 Remarks. (a) The same proof as given for Theorem can be used to show the
following equivalence.

Let 0 € (0,7/2], M > 1. Then an operator A is the generator of a bounded holomor-
phic Cy-semigroup of angle 6 and with bound M if and only if for each a € (-6, 0) the
operator e®A is the generator of a bounded Cy-semigroup with bound M. (Note that we
call the holomorphic semigroup 7" of angle § bounded if sup .y, ||7(z)|| < co. We point
out that the terminology ‘bounded holomorphic semigroup’ is sometimes used differently.)

(b) If A is the generator of a bounded Cy-semigroup with bound M > 1, then [Re > 0] :=
{AeC; ReA >0} Cp(A) and

M-A) <= A€ Re>0
(A=A < (A Re>0)),
by Theorem If 0 € (0,7/2) and A € ¥y, then % > cosf, and this implies
M M 1
M-AH < =—< —.
It )~ ReA = cosf |)|

Applying this observation to the generator A of a bounded holomorphic semigroup of
angle 6 € (0,7/2] one obtains

Yo4r2 € p(A) and sup  ||AAT = A)7Y| < oo (¢ € (0,0)). (3.1)

6201+ﬂ/2

This fact has a kind of converse. Here is the complete information: a closed, densely
defined operator A in X is the generator of a holomorphic Cy-semigroup of angle 6 €
(0,7/2] that is bounded on all sectors Yy with 6’ € (0,0) if and only if holds (see
[Kat80; IX, §1.6], [ENOO; II, Section 4a]).
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3.4 The Lumer-Phillips theorem

Let H be a Hilbert space over K. The scalar product of two elements z,y € H will be
denoted by (z|y), and it is defined to be linear in the first and antilinear in the second
argument.

An operator A in H is called accretive (or monotone) if

Re(Az|z) >0 (x € dom(A)).
3.16 Lemma. Let A be an operator in H. Then A is accretive if and only if
AL+ A)zl| = Alz]] (2 € dom(A)) (3.2)
for all X > 0.
Proof. Assume that A is accretive, and let A > 0, x € dom(A). Then
I+ A)zllllll = [ (A + Az |2) | > Re (M + A)z|z) > (\x | 2) = Al

This shows the asserted inequality.
On the other hand, assume that the norm inequality holds, and let z € dom(A). Then

0 < ||+ A)z|* — N||z]|* = 2ARe (Az | z) + || Ax|?
for all A > 0, and this implies Re (Az | z) > 0. O

3.17 Remark. We point out some simple consequences of the inequality (3.2), in a more
general context.
If X, Y are Banach spaces, B is an operator from X to Y, and a > 0, then

|Bzlly = allzlx (€ dom(B))

if and only if B is injective and ||B~'y|| < a™!||y|| for all y € ran(B). If these properties
are satisfied and additionally ran(B) =Y, then B~ € £(Y, X) and |B7!|| < a7l

An accretive operator A satisfying ran(/ + A) = H is called m-accretive. Note that
A being m-accretive implies that A is closed; this is immediate from Lemma and
Remark [3.17] A historical note on the prefix ‘m’: it should be remindful of the word
‘maximal’. However, ‘maximal accretive operators’, in the sense that there does not exist
a proper accretive extension, need not be m-accretive; see [Phi59; footnote (6)].

3.18 Theorem. (Lumer-Phillips) Let A be an operator in H. Then —A is the generator
of a Cy-semigroup of contractions if and only if A is m-accretive.

For the sufficiency we need a preparation.

3.19 Lemma. Let A be an accretive operator in H, and assume that there exists \g > 0
such that ran(Aol + A) = H. Then (0,00) C p(—A) (in particular, A is m-accretive), and
dom(A) is dense in H.
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Proof. From Lemma [3.16] and Remark [3.17] we obtain: for A > 0 one has ran(A\ + A) = H
if and only if A € p(—A), and then [|[(A] + A)~'|| < A~!. In particular Ay € p(—A); hence
p(—A) N (0,00) # @. Assuming that o(—A) N (0,00) # @ we find a sequence (\,) in
p(—A) N (0,00) with A := lim, 00 Ay, € 0(—A) N (0,00). But then ||[R(\,,—A)| — o
(n — o0), by Remark [2.4(a), which contradicts the bound for the resolvent derived above.
So we have shown that (0,00) C p(—A).

Let x € dom(A)+. Then y := (I + A)~'x € dom(A), and therefore

0=Re(z|y) =Re((I+Ayly) = [yl

This implies that y = 0, z = (I + A)y = 0; therefore dom(A)* = {0}, i.e., dom(A) is
dense in H. O

3.20 Remark. We note that Lemma implies that every accretive operator A € L(H)
is automatically m-accretive. Indeed, {\ € R; A > ||A[|} C p(A), by Remark 2.3|(b).

Proof of Theorem [3.18. The necessity is an immediate consequence of Theorem [2.7] Re-
mark and Lemma B.16l

The sufficiency follows from Lemma[3.19} Lemma[3.16](in combination with Remark[3.17)
and Theorem 2.9 O

For the remainder of this section we assume that H is a complex Hilbert space. In
order to formulate a conclusion concerning the generation of holomorphic semigroups we
state the following definition. For an operator A in H we define the numerical range
num(A) := {(Az | z) ; x € dom(A), ||z|| = 1}. We call A sectorial (of angle 0) if there
exists 6 € [0,7/2) such that num(A) C {z € C\ {0}; |Argz| < 0} U {0}, and we call A
m-sectorial if additionally ran(I + A) = H.

We note that our definition of ‘sectorial’ is slightly more restrictive than the one used
in [Kat80; p. V.3.10]. Unhappily, the notation also conflicts with a notion introduced
later in [PS93; Section 3] and which meanwhile is an important concept in the functional
calculus for operators.

3.21 Remarks. Let A be an operator in H.

(a) Obviously A is accretive if and only if num(A) C [Re > 0].

(b) We note that for any angle o one has num(e'®A) = e num(A). Let § € (0,7/2].
Then it follows from (a) that e®A is accretive for all a € (—6,0) if and only if num(A) C
{z € C\{0}; |[Argz| < m/2 -0} U {0},

We now draw a conclusion of the Lumer-Phillips theorem for generators of holomorphic
semigroups which are contractive on a sector.

3.22 Theorem. Let A be an operator in the complex Hilbert space H, and let 6 € (0,7/2].
Then —A generates a contractive holomorphic Cy-semigroup of angle 6 if and only if A is
m-sectorial of angle /2 — 0.

Proof. For the necessity we note that the hypothesis implies that —e’®A generates a
contractive Cy-semigroup, and therefore by Theorem [3.18] e*A is accretive, for all
a € (—0,0). Remark(3.21|(b) implies that num(A) C {z € C\{0}; |Arg z| < 7/2—0}U{0}.
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As — A generates a contractive Cy-semigroup one has ran(/ + A) = H, by Theorem
This shows that A is m-sectorial of angle 7/2 — 6.
For the sufficiency we first note that Theorem [3.18] implies that —A generates a

contractive Cyp-semigroup; hence dom(A) is dense and ¥y C [Re > 0] C p(—A). Let
a € (—0,0). From Remark [3.21|(b) we know that e'®A is accretive, and therefore

. . 1
[e7 A+ A7 = [[AL+e ) <5 (A>0),
by Lemma |3.16| This inequality can be rewritten as
1 1
|(A+A)7H| < oy (A € Xp).
Applying Theorem |[3.14] we obtain the assertion. [

3.23 Remark. In the context of generators of contractive Cy-semigroups in Banach
spaces, one usually considers dissipative instead of accretive operators. An operator A is
called dissipative if —A is accretive. The reason we prefer using the notion of accretive
operators is that they will arise naturally in the context of forms.

Notes

The equivalence of (i), (ii), (iii) in Theorem [3.2|is due to Dunford [Dun38; Theorem 76].
Natural as the setup and proof of Theorem may seem, it is rather surprising that
a further weakening is possible: f is holomorphic if f is locally bounded, and there
exist a separating set £ C X’ such that 2’ o f is holomorphic for all x € E. This
generalisation is due to Grosse-Erdmann |Gro92| (see also |Gro04]); an elegant short proof,
based on the Theorem of Banach-Krein-Smulian, has been given in [ANOO; Theorem
3.1]. Theorem [3.5|is also due to Dunford; see Hille [Hil39; footnote to Theorem 1] (see
also [HP57; Theorem 3.10.1]).

The contents of Section are standard and can be found in most treatises on Cy-
semigroups. The statement of Theorem [3.14] can be considered as standard. Its proof,
however, deviates from the standard proofs. Classically, the generation theorem for
holomorphic semigroups is treated by defining the semigroup as a contour integral. We
refer to the literature for this kind of proof. Our proof follows the approach presented
in [AEH97; Section 4] and [AE12; Section 2]. We note that the characterisation stated
at the end of Remark [3.15|(b) can also be proved without contour integrals; see [AEHIT
Theorem 4.3]. Our treatment of the Lumer-Phillips theorem in Section [3.4]is restricted to
Hilbert spaces. This restriction simplifies the treatment significantly in comparison to the
treatment in Banach spaces. We refer to the literature for the general treatment; in our
lectures we will only need the Hilbert space case.
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Exercises

3.1 Define the subspace E of ¢} = ¢; by

E = {x:(xn) €l ixn:O}.

Show that E is almost norming, but not norming for cy.

3.2 Let 2 C C an open set. Let (f,,) be a bounded sequence of bounded holomorphic
functions f,,: Q@ — C (i.e., sup,cq nen | fn(2)] < 00). Define the function f: Q — £ by
F(2) = (fal2)nere

(a) Show that f is holomorphic. (Hint: Find a suitable norming subset of {,, and use
Theorem [3.2])

(b) Assume additionally that fo(2) := lim,_ fn(2) exists for all z € 2. Show that
then f: Q — ¢ is holomorphic (where ¢ denotes the subspace of ., consisting of the
convergent sequences), and that f., is holomorphic. (Hint for the last part: The functional
¢ > (x,) — limz, € C belongs to ¢'.)

(Comment: Continuing this approach one can also show the classical result that the
convergence f,(z) — feo(2) is locally uniform. The whole setup could also start with
X-valued functions, thereby finally yielding an alternative proof of Theorem [3.7])

3.3 Let X be a complex Banach space, T' a holomorphic Cy-semigroup of angle 6 € (0, 7 /2]
on X.

(a) Show that, for each 6 € (0,0), there exists 6 > 0 such that

sup  [|T'(2)]| < oo.
z€X4r, Re2<0

(b) Show Remark [3.9]

(c¢) Show that the estimate in Remark can be written equivalently as follows: for
each 0" € (0,0), there exist M” > 1, w” € R such that

1T(2)]| < M"e”"! (z € Zg).

3.4 Let T be a bounded holomorphic Cy-semigroup of angle 6 € (0, 7/2].

(a) Show that there exists a strongly continuous extension (also called T') to the closure
of ¥po. (Hint: Show first that the extension can be defined on |, ¢y, ran(7T'(2)).)

(b) Show that Ty, defined by Tug(t) := T(e*?t) (¢t > 0), are Cy-semigroups (the
boundary semigroups of 7).

(c) If @ = 7/2, then show that T%/5(t) := T'(it) (t € R) defines a Cy-group T5/» (the
boundary group of T).
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Lecture 4

The Sobolev space H'!, and applications

In Section we present the definition and some basic properties of the Sobolev space H'.
This treatment is prepared by several important tools from analysis. The main objective
of this lecture is the Hilbert space treatment of the Laplace operator in Section [4.2] In
particular, the Dirichlet Laplacian will be presented as our first (non-trivial) example of a
generator of a contractive holomorphic Cy-semigroup.

4.1 The Sobolev space H'!

4.1.1 Convolution

We recall the definition of locally integrable functions on an open subset {2 of R,

Li1oc(Q) := {f: Q = K; for all z € Q there exists r > 0 such that
B(z,r) € Qand flp,.,) € Li(B(z,r))}.

Moreover, C°(Q) := C*°(Q) N C.(£) is the space of mﬁmtely differentiable functions with
compact support.

4.1 Lemma. Let u € Ly0.(R™), p € C(R™). We define the convolution of p and u,

pru)i= [ pla-yut)dy= [ pohulr-dy (@R,
n R
Then p xu € C*(R™), and for all o € N one has
0 (o ) = (%) +

Proof. (i) The integral exists because p is bounded and has compact support.
(ii) Continuity of p % u: There exists R > 0 such that sptp C B(0,R). Let R’ > 0,
d > 0. For 2,2’ € B(0, R'), |xr — 2’| < 6, one obtains

/ (p(x —y) — pla’ — y))uly) dy’
B(0,R+R’)
<sup{lo() — )i lo =71 <5} [ july)]dy.

B(0,R+R)

lp*xu(x) — pru(a)| =

The second factor in the last expression is finite because u is locally integrable, and the
first factor becomes small for small § because p is uniformly continuous.
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(iii) Let 1 < j < n. The existence of the partial derivative of p x u with respect to the
j-th variable and the equality 0;(p*u) = (0;p) *u are a consequence of the differentiability
of integrals with respect to a parameter. The function (0;p) * u is continuous, by step (ii)
above, and therefore p x u is continuously differentiable with respect to the j-th variable.

(iv) Induction shows the assertion for all a € Nj. O

A sequence (py)ken in C.(R™) is called a §-sequence if p, > 0, [pp(z)dz =1 and
spt pr. C B0, 1/k] for all k € N. (The notation ‘d-sequence’ is motivated by the fact that
the sequence approximates the ‘d-distribution’” C°(R™) 3 ¢ — ¢(0).)

4.2 Remarks. (a) We recall the standard example of a C°-function ¢. The source of
this function is the well-known function ¢ € C*°(R),

0 if t <0,
t) =
Vo) { 1/t if ¢ > 0.

Then ¢(z) := (1 — |z|*) (z € R™) defines a function 0 < ¢ € C°(R"), with the property
that ¢(z) # 0 if and only if |z| < 1.
(b) 0 < p € Co(R™), [ p(x)dz =1, spt p C B[0,1], and we define

pr(x) = k'p(kz)  (r €R" keN),
then (pg) is a d-sequence.

4.3 Proposition. Let (pi) be a d-sequence in C.(R™).
(a) Let f € C(R™). Then py* f — f uniformly on compact subsets of R as k — oo.
(b) Let 1 < p < oo, f e Ly(R™). Then py* f € L,(R"),

lox* fllp < [[fllp,  for all k € N,

If 1 < p< oo, then
lox* f = fllp =0 (k= o0).

Proof. (a) The assertion is an easy consequence of the uniform continuity of f on compact
subsets of R™.

(b) (i) For p = oo the estimate is straightforward.

If1<p<ooand % + % = 1, then we estimate, using Holder’s inequality in the second
step,

wmwuﬂzy/W@—yﬁﬁf@mﬂ

</ pe( —y) dy) " (/pk(fv —yIf W) dy) "
:(/}Ax—ynmwvmgué

N
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This estimate also holds (trivially) for p = 1. Then, with Fubini’s theorem in the second
step,

[inss@ra< [ / ol — P @)IP dy da
- / / or(x — y) dz | f(y)] dy = | f]1

(ii)) Now let 1 < p < oo. For k € N we define T}, € L(L,(R™)) by Tyg := px * g for
g € L,(R™); then step (i) shows that ||T}| < 1.

If g € C.(R"), then Tg — g in L,(R") as k — oo. Indeed, there exists R > 0 such
that spt g C B[O, R|. It is easy to check that this implies that spt(py * g) C B[0, R + 1]
for all k € N. Also, pi * g — g uniformly on B[0, R + 1], by part (a). This shows that
pe*g— g (k— 00)in L,(R").

Now, the denseness of C.(R") in L,(R"™) (which we will accept as a fundamental fact
from measure and integration theory) together with Proposition implies that Tpg — ¢
(k — o00) in L,(R™), for all g € L,(R™). O

4.4 Corollary. Let Q@ C R™ be open, 1 < p < 0o. Then C(Q) is dense in Ly().

Proof. Let (pi) be a d-sequence in C°(R™).

Let g € C.(f2), and extend g by zero to a function in C.(R"). Then p; *x g € C>°(R") for
all k € N, by Lemma. If + < dist(spt g, R™\ ), then spt(pg*g) C spt g+ B[0,1/k] C Q
(see Exercise [4.1[(a)), and therefore pj, x g € C°(€2). From Lemma [£.3] we know that
pr*xg — g (k— 00)in L,(R™). So, we have shown that C2°(2) is dense in C,(€2) with
respect to the L,-norm.

Now the denseness of C.(Q2) in L,(2) yields the assertion. O

4.1.2 Distributional derivatives

Let P(0) = ZaeNg o<k 40" be a partial differential operator with constant coefficients

ao € K (Ja| < k), with & € N. Let Q C R" be open, f € C*(Q). Then for all “test
functions” ¢ € C°(Q2) one has

/Q(P(a)f)godx—/ﬂf Z(—l)la‘aoﬁo‘godx

lal<k

(integration by parts!).
Now, let f € Lj10.(£2). Then we say that P(0)f € Ly 10.(2) if there exists g € Ly 10c(€2)

such that
/gsodxz /f > (=Dllag0*pda

lal<k
for all p € C°(Q2), and we say that P(9)f = g holds in the distributional sense. In
particular, if 0%f € L1 10c(€2), then we call 0%f the distributional (or generalised or
weak) derivative of f.

In order to justify this definition we have to show that g = P(9)f is unique. This is
the content of the following “fundamental lemma of the calculus of variations”.
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Then f = 0.

The statement ‘f = 0’ means that f is the zero element of Lj,.(f2), i.e., if f is a
representative, then f =0 a.e.

Proof of Lemmal[f.5 Let p € C(Q). We show that ¢f = 0 a.e. Defining

. olx)f(x) ifxeq,
9le) = {o it e R\ Q,

we have g € Li(R").
Let (pr) be a d-sequence in C°(R™). From Lemma we know hat p, x g — ¢ in
Li(R™). For x € R", k € N we have

pi % g(z) = / ol — )o(y) f(y) dy = 0,

because pp(z — -)p € C(2). This shows that p; x g = 0, and hence g = 0 (as an
L,-function).
From ¢f = 0 a.e. for all ¢ € C°(£2) we conclude that f = 0 a.e.; see Exercise O

In the remainder of this subsection we give more information on the one-dimensional
case. The aim is to show that an L j..-function with L, j,.-derivative can be written as
the integral of its derivative.

4.6 Proposition. Let —oco < a < xg < b < 00, f,9 € Lijoc(a,b). Then f' = g in the
distributional sense if and only if there exists ¢ € K such that

flz)=c+ /mg(y) dy (a.e. x € (a,b)).

zo
Note that the right hand side of the previous equality is continuous as a function of x,
and that therefore f has a continuous representative.
For the proof we need a preparation.

4.7 Lemma. Let —oo < a < b < 00, h € Lyc(a,b), and assume that h' = 0 in the
distributional sense. Then there exists ¢ € K such that h = c.

Proof. (i) We start with the observation that a function ¢» € C'°(a,b) is the derivative of
a function in C°(a, b) if and only if [¢ dz = 0.
(ii) Let p € C=(a,b), [ p(x)dzr =1, and let ¢ := [ p(z)h(z)dx. For all p € C>(a,b)

one obtains

[e@(hi@) - e = [ etz s~ [ o) dy [ olointe)as
= [(ele) = [ elw)dypla) o) d =0

because of [(¢(z)— [ ¢(y) dy p(x)) dz = 0 and part (i). Now the assertion is a consequence
of Lemma [4.5] O
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Proof of Proposition[4.6. (i) We first show the sufficiency. Let ¢ € C°(a,b), and choose
x1 € (a,infspt ). Then

fa)=ci+ | gy (ae z € (ah),

1

with ¢; := ¢+ f g(y) dy. We obtain

/ab@/fdx:/b@/( )(cl+/:g(y)dy) dx:cl/ab¢’dx+ // ¢ (2)g(y) dy dz

T <y<z<b

// y)drdy = — /absf)(y)g(y) dy.

T <y<z<b

Thus, f'=g.
(ii) For the proof of the necessity we define

hz) = fla) - / “d)dy  (a<a<b),

zo

Then part (i) implies that A’ = f’ — g = 0 in the distributional sense, so by Lemma
there exists ¢ € K such that h = c. O]

4.1.3 Definition of H'(Q)
Let 2 C R™ be open. We define the Sobolev space

Q) == {f € Lo(Q); 9;f € Lo(Q) (j € {L,...,n})},
with scalar product

(flg), = (flg)+ Z (0:f1959)

(f19): /f

denotes the usual scalar product in Ly(€2)) and associated norm

170 2= (118 + 3 10518)

4.8 Theorem. The space H'(S)) is a separable Hilbert space.

(where

Proof. Clearly, H'(2) is a pre-Hilbert space.
Let J: H'(Q) — @}, L2(Q) be defined by Jf := (f,0.f,...,0nf), where @}_; L2()
denotes the orthogonal direct sum. Then evidently J is a norm preserving linear mapping.
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Therefore H*(Q) is complete if and only if the range of J is a closed linear subspace of the
Hilbert space @}_, L2(€). Let (fi) be a sequence in H'(Q) such that (Jf) is convergent
in @?:0 Ly(Q) to an element (fY ..., f"). This means that fk — f%and 0;fy — f7
(j=1,...,n) in Ly(Q) as k — oo. We show that this implies f/ = 9;f° (j =1,...,n).
Indeed, for all ¢ € C*(2), k € N we have

[osiarete) e =~ [ i@ as

Taking k — oo we obtain

/fj(x)w(x) dr = —/fo(x)8j<p(x) da.

So we have shown that f:= f9 € HY(Q) and that Jf = (f°,..., f").
The space Ls(£2) is separable, therefore @?:0 Lo (2) is separable, the closed subspace
J(H'()) of @_, La(Q) is separable, and thus H'(1) is separable because J is isometric.
O

As in Subsection we give additional information for the one-dimensional case.

4.9 Theorem. Let —oco < a < b < oo. Then every f € H'(a,b) possesses a representative
in Cla,b], and the inclusion H'(a,b) C Cla,b] thus defined is continuous.

Proof. 1t is an immediate consequence of Proposition that every function f € H'(a,b)
has a continuous representative, which also can be extended continuously to [a, b].
Let f € H'(a,b), with f chosen as the continuous representative. Then

b b b
. 1
e < int 1F@]+ [ 17 @lde < = [ 1r@lde+ [ 1)
<(b=a) | flla+ (0= a) Uy < (0= a) ™2 + (b= @) 2) |l
This inequality shows that the inclusion mapping is a bounded operator. O]

4.10 Remarks. (a) It is not difficult to see that Theorem implies that, for ¢ € R, one
also obtains continuous embeddings H'(—oo,c) C Cy(—00,c|, H'(c,00) C Cy[c, 00) and
H'(—00,00) C Cy(—00,00). (The important observation is that the norm of the inclusion
mapping only depends on the length of the interval (a,b).)

In fact, the inequality derived in the proof of Theorem shows that one obtains

1l < (@2 +d2)If e (f € H'(a,b))

if (a,b) contains an interval of length d.
(b) Theorem [4.9|is a simple instance of the Sobolev embedding theorems.
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4.1.4 Denseness properties

Let © C R™ be open. For f € Lj,.(£2) we define the support of f by

spt f ::Q\U{UQ Q; U open, fly :O}.

(This definition is consistent with the already defined support for continuous functions.)
Furthermore we define

H. () :={f € H'(Q); spt f compact in Q},

H}(Q) = HI()

4.11 Remarks. (a) In a generalised sense, functions in Hj(£2) ‘vanish at the boundary
of ’. This will be made more precise in Lecture 7.

(b) For f € H}(Q) the extension to R™ by zero belongs to H'(R™). This is easy to see
if f € H(S2) and then carries over to the closure; see Exercise [4.2]

4.12 Theorem. (a) H}(R") = H'(R").
—Hl(Q)

(b) HY(Q) = C= ()
We need the following auxiliary result.
4.13 Lemma. (a) Let a € N, f,0% € L110c(R™), p € C*(R"). Then
I*(p= f) = p= (0°f).

1(b) Let f € H'(R"), and let (px) be a d-sequence in C(R™). Then ppx [ — [ in
H'(R") as k — oc.

Proof. (a) Using Lemma in the first equality and the definition of the distributional
derivative in the third, one obtains

(p * f)(x) = / (x — ) f(y) dy = (—1)* / 0% (y > ple — ) F ) dy
- / ol — )0 (y) dy = p * OF (x).

(b) From Proposition [1.3(b) we know that py * f — f in Ly(R") as k — oc. Also, using
part (a), for 1 < j < n one obtains

Oi(pe * [) = prx 0;f = 0;f (k= o0)
in Ly(R™), again by Proposition 4.3(b). O

Proof of Theorem[[.13. (a) Let f € H'(R"), ¢ € C*(R"). A straightforward compu-
tation shows that 0;(¢f) = 0;¢of + ¢0;f, and therefore 0;(¢f) € Lo(R™) (1 < j < n).
Hence ¢of € HX(R™).
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Choose ¥ € C(R™), Y|y = 1, and define ¢y, := ¢(-/k) (k € N). Then, with the aid
of the previous observation, it is not difficult to show that 1, f — f in H'(R") as k — oo.
(b) The inclusion ‘D’ is trivial. For the inclusion ‘C’ it is sufficient to show that each
f € HY() can be approximated by elements of C°(Q2). This, however, is a consequence
of Remark [.11|(b) and Lemma [4.13|b). (Observe that the support of py * f is a compact
subset of Q, for large k € N; see Exercise [£.1f(a).) O

4.14 Remark. In general, the spaces H'(Q) and H} () do not coincide. We show this
for the case that Q £ @ is bounded.

As a preparation we note that for all f € Hg(Q) one has [ 9;f(z)dz = 0. This is clear
if f € C>®(Q) and carries over to H}(S) by continuity. Let f € H'(Q) be defined by
f(z) =1 (x € Q). Then [0 f(x)dzx # 0 and therefore f € H*(Q)\ H} ().

4.15 Example. Right translation semigroups.

We come back to Examples but only for the case p = 2. We describe the generator
A.

(a) On Ly(R): It was mentioned in Remark that D := C}(R) is a core for 4, i.e.,
A = A, and that Af = —f' for all f € D. Since A|p, considered as a subspace of
Ly(R) x Ly(R), is isomorphic to C!(R), as a subspace of H!(R), one obtains

dom(4) = CI(R) = HA(R) = H'(R), Af=—f' (f € dom(A)).
(b) On Ly(0,00): Similarly to part (a) one obtains

dom(A) = C1(0,00) = Hy(0,00), Af =—f (f € dom(A)).
(c) We leave it as a homework to show that for Ly(—o0,0) the generator is given by
dom(A) = H'(—00,0), Af=—f" (f € dom(A4)),
whereas for Ly(0, 1) one obtains

dom(A) = {f € H'(0,1); f(0) =0}, Af=—f (f€ dom(4)).

4.2 The Hilbert space method for the solution of
inhomogeneous problems, and the Dirichlet
Laplacian

The first aim of this section is to present a variant of the solution of the Poisson equation
—Au = f on (), Ulgq = 0.

Here, f should be a given function on the open subset 2 C R", and (for the moment) u
should be thought twice differentiable on €2 and continuous on the closure. We will not
treat the problem in this form but rather weaken the requirements.

More explicitly, the requirement on the boundary behaviour will be modified to the
requirement that u should belong to Hg(€2), and the equation itself will only be required
to hold in the distributional sense.

In the second part of the section we will establish the connection to m-accretivity and
holomorphic semigroups.
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4.2.1 The equation u — Au = f

4.16 Theorem. Let Q C R™ be open, and let f € Ly(2). Then there exists a unique
function v € Hj(Q) such that u — Au = f in the distributional sense.

We insert a lemma expressing the distributional equality in another form.

4.17 Lemma. Let u € H(Q), g € Lo(Q). Then Au = g in the distributional sense if
and only if

n

W19 Ly = =D Ow]0u), 0 (v € Hy()). (4.1)

j=1
Proof. By the definition of distributional derivatives, the equation Au = g is equivalent to

n

(lg) = (Aplu) ==Y (9pl0m)  (peCX(Q)),

J=1

i.e., to the validity of Equation for all v € C>(92). As both mappings H'(Q)
v (vlg) € Kand H(Q) 3 v = 37, (9jv|05u) € K are continuous, the equality
of the terms in extends to the closure of C>(Q2) in H'(2), i.e., to H}(Q) (recall
Theorem [£.12(b)). O

Proof of Theorem[[.16. We define a linear functional n: H}(Q2) — K by
n() == @ f) 1 (v e Hy(Q)).

Then 7 is continuous; indeed [n(v)] < [fllallvll; < I fllallvllas (v € Ho(€)). Applying the
representation theorem of Riesz-Fréchet (see, for instance, |[Bre83; Théoreme V.5]) we
obtain u € H} () such that

nw) = (lu), (v H(Q)

Putting this equation and the definition of n together we obtain
(W] f) = (v]u), = (@[u)+ Y @p|du)  (ve Hi(Q).
j=1

Shifting the first term on the right hand side to the left and applying Lemma we
conlude that —Au = f — u in the distributional sense.

The uniqueness of u is a consequence of the uniqueness in the Riesz-Fréchet representa-
tion theorem. O]

4.2.2 The Dirichlet Laplacian

In this subsection we reformulate the result of Subsection in operator language. As
before, let 2 C R™ be open. In what follows the space Ly(2) will be complex.
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We define the Dirichlet Laplacian Ap in Ly(€2),
Ap = {(Ua f) € La(Q) x Ly(Q); w € Hy (), Au= f}
In other words,

dom(Ap) = {u € Hy(); Au € Lg(Q)},
Apu = Au (u € dom(Ap)).

We will show that Ap generates a contractive holomorphic Cy-semigroup of angle /2. The
name ‘Dirichlet Laplacian’ may be somewhat misleading; so we give a short explanation.
In principal, ‘Dirichlet boundary conditions’ are of the form u|y, = ¢ for some function ¢
defined on 9. We have explained above that the membership of v in H} is a version
of Dirichlet boundary condition zero. So, ‘Dirichlet Laplacian’ should be regarded as an
abbreviation of ‘Laplacian with Dirichlet boundary condition zero’.

4.18 Theorem. The negative Dirichlet Laplacian —Ap is m-sectorial of angle 0. The
operator Ap is the generator of a contractive holomorphic Cy-semigroup of angle w/2 on
Ly (92).

Proof. For u € dom(Ap) an application of Lemma yields

(—Apu|u) = (—Au|u) = Z/ﬁju@ = Z/ |0ul? € [0, 00).

This means that num(—Ap) C [0, 00). Also, Theorem states that ran(/—Ap) = Lo(2).
As a consequence, —Ap is m-sectorial of angle 0.

Now Theorem implies that Ap generates a contractive holomorphic Cy-semigroup
of angle /2. O

The statement that ‘—Ap is m-sectorial of angle 07 is equivalent to saying that —Ap is
a positive self-adjoint operator; this will be explained in Lecture 6.

Notes

In Section we have collected some basics of Sobolev spaces as far as we will need
and use them in the following. For the general definition of Sobolev spaces and more
information we refer to [Ada75|. The reader may have noticed that we state (and prove)
some properties in more generality than used for the case of the Sobolev space H!.

The treatment of the Dirichlet Laplacian as given in the lecture is well-established and
can be found in many books on partial differential equations.
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Exercises

4.1 (a) Let f € L110.(R™), ¢ € C.(R"). Show that spt(p * f) C spt f + spt¢. (Hint:
Show first that spt f + spt ¢ is closed.)

(b) Let K CU C R", K compact, U open. Show that there exists ¢ € C°(R™) with
spt C U, Y| =1 and 0 < ¢ < 1. (Hint: Note that dist(K,R™\ U) > 0. Find 1 as the
convolution of a suitable function p € C°(R™) with a suitable indicator function.)

4.2 Let €2 C R" be open.

(a) Let f € HY(Q), and define f as the extension of f to R™ by zero. Show that
f e H'Y(R"). (Hint: Using Exercise , choose a function ¢ € C:°(R™) with spty C Q
and 1 = 1 in a neighbourhood of spt f. With the aid of this function show that 9; fis
the extension of 0; f to R" by zero.)

(b) Let f € Hl(Q), and define f as the extension of f to R” by zero. Show that
f € HY(R") and that 9, f is the extension of d;f to R” by zero (1 < j < n).

4.3 Let H C R? be the half-plane H := {(x1,22); ; > 0}, and let f € Ly,.(R?) be
defined by f :=1g.

(a) Show that [dipf = fszR ©(0,3) day for all ¢ € C(R?) and that there is no
g € L11oc(R?) such that [O1pf = [ g for all ¢ € C°(R?).

(b) Decide which of the partial derivatives 0, f, daf, 0102 f belong to Ly j.(R?).

4.4 Let n > 3. Show that H'(R") = H}(R" \ {0}). For more ambitious participants:
Show this also for n = 2.

4.5 Let QQ C R" be open.
(a) Show that there exists a standard exhaustion (Qk)keN of Q, i.e., € is open,
relatively compact in 41 (K € N), and (J, oy Q% = Q. (Hint: For Q # R™ use

Q= {z € Q; |z| <k, dist(z,R"\ Q) > +}.)
(b) Let f € L110c(€2), and assume that f = 0 locally, i.e., for all x € €2 there exists
r > 0 such that f|pq,) =0. Then f = 0. (All ‘=0 should be interpreted as a.e.)
References
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Lecture 5

Forms and operators

Now we introduce the main object of this course — namely forms in Hilbert spaces. They
are so popular in analysis because the Lax-Milgram lemma yields properties of existence
and uniqueness which are best adapted for establishing weak solutions of elliptic partial
differential equations. What is more, we already have the Lumer-Phillips machinery at
our disposal, which allows us to go much further and to associate holomorphic semigroups
with forms.

5.1 Forms: algebraic properties

In this section we introduce forms and put together some algebraic properties. As domain
we consider a vector space V over K.
A sesquilinear form on V' is a mapping a: V x V' — K such that

a(u+v,w) = alu,w) + a(v,w), a(Au,w) = Aa(u,w),

alu,v +w) = a(u,v) + alu,w), alu, ) = Xa(u,v)

for all u,v,w eV, A e K.

If K =R, then a sesquilinear form is the same as a bilinear form. If K = C, then a is
antilinear in the second variable: it is additive in the second variable but not homogeneous.
Thus the form is linear in the first variable, whereas only half of the linearity conditions
are fulfilled for the second variable. The form is 1%—linear; or sesquilinear since the Latin
‘sesqui’ means ‘one and a half’.

For simplicity we will mostly use the terminology form instead of sesquilinear form. A
form a is called symmetric if

a(u,v) = a(v,u) (u,v € V),
and a is called accretive if
Rea(u,u) >0 (ueV).

A symmetric form is also called positive if it is accretive.
In the following we will also use the notation

a(u) = a(u, u) (weV)

for the associated quadratic form.
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5.1 Remarks. (a) If K = C, then each form a satisfies the polarisation identity

1
a(u,v) = Z(a(u +v) —a(u —v) +ia(u + iv) — ia(u — iv)) (u,v € V).
In particular, the form is determined by its quadratic terms. The identity also shows that
a is symmetric if and only if a(u) € R for all w € V. This characterisation is obviously
only true if K = C. So here we have a case where the choice of the field matters.

(b) If K = C, then a is positive symmetric if and only if a(u) € [0,00) for all u € V.

Now we may again consider K = C or R. Recall that a scalar product is a symmetric
form a which is definite, i.e., a(u) > 0 for all w € V'\ {0}. For Schwarz’s inequality to
hold we do not need definiteness. In fact, we may even consider a version which involves
two symmetric forms. This will be useful later on.

Note that each form a satisfies the parallelogram identity

a(u+v) + alu —v) = 2a(u) + 2a(v) (u,v eV).

5.2 Proposition. (Schwarz’s inequality) Let a,b: V x V — K be two symmetric forms.
Assume that |a(u)| < b(u) for allu € V. Then

la(u, v)| < b(u)?b(v)1/? (u,v € V). (5.1)

Proof. Let u,v € V. In order to show (5.1) we may assume that a(u,v) € R (in the
complex case replace u by yu with a suitable v € C, |y| = 1). Then a(u,v) = a(v,u) by
the symmetry of a, and therefore

a(u,v) = i(a(u +v) —a(u—v)).

Hence from the hypothesis one obtains

(b(u) + b(v)),

N | —

)] < § (b -+ v) + b — v)) =

in virtue of the parallelogram identity.
Let s > b(u)Y/2, ¢ > b(v)"/2. Then

(Gn )
al —u, —v
s 't

Taking the infimum over s and ¢ we obtain (/5.1]). [

lau,v)] = st

ést-1<M+M) < st.

2\ 2 2

Finally, we introduce the adjoint form. Let a: V x V' — K be a form. Then
a*(u,v) == a(v,u) (u,v € V)

defines a form a*: V x V' — K. Thus a is symmetric if and only if a = a*. In the case of
complex scalars, the forms

1 1
Rea := §(a+ a*) and Ima = i(a —a”)



ol

are symmetric and
a=Rea+ilma.

We call Rea the real part and Ima the imaginary part of a. Note that (Rea)(u) =
Rea(u) and (Ima)(u) = Ima(u) for all u € V.

There is another algebraic notion — only used for the case K = C — that will play a role
in this course. A form a: V x V — C is sectorial if there exists § € [0,7/2) such that
a(u) € {z € C\ {0}; |Argz| < 0} U{0} for all u € V. If we want to specify the angle, we
say that a is sectorial of angle 6. It is obvious that a form a: V x V' — C is sectorial if
and only if there exists a constant ¢ > 0 such that

Ima(u)| < cRea(u) (ueV).

(The angle 0 and the constant ¢ are related by ¢ = tan.)

5.2 Representation theorems

Now we consider the case where the underlying form domain is a Hilbert space V over
K. An important result is the classical representation theorem of Riesz-Fréchet: If n is a
continuous linear functional on V', then there exists a unique v € V such that

nw) = (lu)y  (veV)

(cf. |Bre83; Théoreme V.5]).

The purpose of this section is to generalise this result. First of all, in the complex case,
it will be natural to consider the antidual V* of V instead of the dual space V’'. More
precisely, if K = R, then V* = V' is the dual space of V', and if K = C, then we denote by
V* the space of all continuous antilinear functionals. (We recall that n: V' — C is called
antilinear if n(u +v) = n(u) +n(v) and n(Au) = An(u) for all u,v € V, A € C.) Then V*
is a Banach space over C for the norm [|n|y, = supy, < |n(v)]. For n € V* we frequently
write

(m,v) ==nv) (veV).

Of course, the theorem of Riesz-Fréchet can be reformulated by saying that for each
n € V* there exists a unique v € V such that

nw) = (ulv)y  (veV).

We will also need the Riesz isomorphism ®: V — V* u +— (u]-). It is easy to see that
® is linear and isometric. The Riesz-Fréchet theorem shows that ® is surjective.

Next we derive a slight generalisation of the Riesz-Fréchet theorem, the omni-present
Lax-Milgram lemma.

A form a: V x V — K is called bounded if there exists M > 0 such that

la(u, v)] < Mlfully vl (w0 e V). (5.2)
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It is not difficult to show that boundedness of a form is equivalent to continuity; see
Exercise 5.1l The form is coercive if there exists a > 0 such that

Rea(u) > aul? (ueV). (5.3)
Ifa: VxV — Kis abounded form, then
(Au,v) = a(u,v) (u,v € V)

defines a bounded operator A: V' — V* with || Al| ;) < M, where M is the constant
from (5.2). Incidentally, each bounded operator from V to V* is of this form. Coercivity
implies that A is an isomorphism: this is the famous Lax-Milgram lemma.

Before stating and proving the Lax-Milgram lemma we treat the ‘operator version’.

5.3 Remark. Let A € L(V) be coercive, i.e.,
Re(dulu) > allul}  (ueV),

with some « > 0. Then, obviously, A — af is accretive, and Remark implies that
A — ol is m-accretive. Therefore A = al + (A — al) is invertible in £(V), and [|[A7!|| < £

(see Lemma [3.16), Remark and Lemma [3.19)).

5.4 Lemma. (Lax-Milgram) Let V' be a Hilbert space, a: V x V — K a bounded and
coercive form. Then the operator A: V — V* defined above is an isomorphism and

A ] £y vy < L with a > 0 from (5.3).

Proof. Composing A with the inverse of the Riesz isomorphism ®: V' — V* we obtain an
operator @t A € L(V) satisfying

Re (7" Au | u) = Re (Au, u) = Rea(u,u) > al|ul® (weV).
From Remark [5.3| we conclude that ®~1A is invertible in £(V), and ||(®71A)7|| < L. As

«
® is an isometric isomorphism we obtain the assertions. O

If the form is symmetric, then the Lax-Milgram lemma is the same as the theorem
of Riesz-Fréchet. In fact, then a is an equivalent scalar product, i.e., a(u)l/ 2 defines an
equivalent norm on V.

5.3 Semigroups by forms, the complete case

Here we come to the heart of the course: we prove the first generation theorem. With a
coercive form we associate an operator that is m-sectorial and thus yields a contractive,
holomorphic semigroup. The Lumer-Phillips theorem in its holomorphic version (Theo-
rem characterises generators of such semigroups by sectoriality and a range condition.
In concrete cases the range condition leads to a partial differential equation (mostly of
elliptic type) which has to be solved. If the operator is associated with a form, then the
Lax-Milgram lemma does this job, so the range condition is automatically fulfilled. At
first we will explain how we associate an operator with a form.
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We use the terminology “complete case” since in this lecture the form domain is a
Hilbert space. After having seen a series of examples in diverse further lectures, we will
also meet the “non-complete case” where the form domain is just a vector space.

Let V, H be Hilbert spaces over K and let a: V' x V — K be a bounded form. Let
j € L(V, H) be an operator with dense range. We consider the condition that

uweV, j(u) =0, a(u) =0 implies u = 0. (5.4)

Let
A={(z,y) e Hx H; JueV:ju) ==z, alu,v) = (y|ik) (veV)}.

5.5 Proposition. (a) Assume (5.4). Then the relation A defined above is an operator
in H. We call A the operator associated with (a,j) and write A ~ (a,j).

(b) If a is accretive, then A is accretive.

(c) If K= C and a is sectorial, then A is sectorial of the same angle as a.

Proof. (a) It is easy to see that A is a subspace of H x H. Let (0,y) € A. We have to show
that y = 0. By definition there exists u € V' such that j(u) = 0 and a(u,v) = (y|j(v))y
for all v € V. In particular, a(u) = 0. Assumption implies that v = 0. Hence
(y|j(v))y =0 for all v € V. Since j has dense range, it follows that y = 0.

(b), (c¢) If z € dom(A), then there exists u € V such that j(u) = z and such that
a(u,v) = (Aj(u)|j(v)) for all v € V, and then a(u,u) = (Aj(u)|j(u)) = (Az | z).

If Rea(u,u) =0 (u € V), then Re (Az|x) > 0 for all x € dom(A), and this proves (b).

Also, in the complex case, num(A) is contained in {a(v); v € V'}, and this proves (¢). [
5.6 Remark. Let V) H,a,j be as above, and let w € R. Then
b(u,v) := alu,v) +w (G(u) [i(v))  (u,veV)

defines a form satisfying (5.4) as well (with a replaced by b). Let B be the operator
associated with (b, 7).
Let z,y € H. Then for all u,v € V with j(u) = x we have
a(u,v) = (y[j(v)) <= blu,v) = (y +wz|jv)).
This shows that
(x,y) € A <= (z,y +wz) € B.

Therefore B = A + wl.
Now we prove the first generation theorem for forms. Note that coercivity implies ([5.4)).
5.7 Theorem. (Generation theorem, complete case, part 1) Let a: V xV — K be bounded

and coercive and let j € L(V, H) have dense range. Let A be the operator associated with
(a,7). Then A is m-accretive, i.e., —A generates a contractive Cy-semigroup on H.
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Proof. Clearly, the hypothesis that a is coercive implies that a is accretive. Hence A is
accretive by Proposition [5.5(b). In order to show that A is m-accretive we have to show
the range condition ran(/ + A) = H. Define the form b: V x V — K by

b(u,v) :=al(u,v) + (j(u)|j(v)) (u,v € V).

Then b is bounded and coercive; recall from Remark that the operator I + A is
associated with (b, 7).

Let y € H. Then n(v) := (y|j(v))y defines an element n € V*. By the Lax-Milgram
lemma there exists u € V' such that

bu,v) = (yli(@))y  (LeV).
This implies that = := j(u) € dom(A) and (I + A)z = y. O

5.8 Remark. For later use we explain that the construction presented in the proof of
Theorem yields a closed expression for the inverse of I + A.

In order to derive this expression we let B: V' — V* denote the ‘Lax-Milgram operator’
associated with the form b used above, i.e.,

(Bu,v) = b(u,v) (u,v e V).
Further we define k: H — V*, y — (y]j(-)) 5. Then

[(E@), o)l < lyllglli)lly < llllvllgllvly, (v e H, veV),

and this inequality implies that k € L(H, V™), || k] < ||j]|-

Now, starting with y € H we obtain (with the notation used in the proof of Theorem 5.7))
n=k(y), u=B7'n, x = j(u). This results in z = jB~'k(y), and using (I + A)x = y and
the invertibility of I + A we obtain (I + A)~' = jB~'k.

In the complex case one also obtains results concerning sectoriality.

5.9 Theorem. (Generation theorem, complete case, part 2) Let K = C, leta: VxV — C
be bounded and coercive and let j € L(V, H) have dense range. Let A be the operator
associated with (a,j). Then the form a is sectorial, and the operator A is m-sectorial, i.e.,
—A generates a contractive holomorphic Cy-semigroup on H.

Proof. By assumption there exist M > 0, a > 0 such that
la(u, )| < Mllullyolly, Rea(v) = allolly

for all u,v € V. Thus
2
Ima()| _ Mol _ M

Rea(v) = aluly @

for all v € V'\ {0}. This implies that there exists 6 € [0,7/2) such that |Arga(v)| < 6 for
all v € V'\ {0}. Thus a is sectorial. The remaining assertions are immediate consequences

of Proposition [5.5(c), Theorem and Theorem [3.22] O]
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We give a first example as an illustration.

5.10 Example. Multiplication operators.

Let (€2, 1) be a o-finite measure space and let m: @ — C be measurable such that
w(z) == Rem(z) > 6 >0 for all x € Q. Let V := Ly(, wp). Assume that there exists
¢ > 0 such that

[Imm(z)| < cRem(x) (x € Q).

Then a(u,v) := [uvmdu defines a bounded coercive form a: V x V. — C. Let H :=
Ly(2, 1), j(u) = w for all w € V. Then j € L(V, H), and j has dense range. (For the
denseness of ran(j) note that V' is the domain of the maximal multiplication operator by
the function \/w; see Exercise [1.3(c).) Let A ~ (a,j). Then one easily sees that

dom(A) ={u e V; mu e Ly(Q, 1)},
Au = mu.

From Section we recall the concept of rescaling. If —A is the generator of a Cy-
semigroup 7' and w € R, then —(A + w) generates the semigroup (e “'T'(t));s0. One
frequently uses the word “quasi” as prefix if something is true after rescaling. (The
notation ‘A + w’ is an abbreviation of ‘A + wI’; the w stands for multiplication by the
scalar w, which is just the operator wl.)

Let H be a complex Hilbert space. An operator A in H is quasi-sectorial if there
exists w € R such that A 4+ w is sectorial. The operator A is quasi-m-sectorial if A + w
is m-sectorial for some w € R. A quasi-contractive holomorphic semigroup is a
holomorphic semigroup 7" such that |[e”*T'(2)|| < 1 for all z € ¥y, for some 6 € (0, 7/2]
and some w € R.

Thus A is quasi-m-sectorial if and only if —A generates a quasi-contractive holomorphic
Cy-semigroup.

Let a: VxV — C be a bounded form and let j € £L(V, H) have dense range. In analogy
to the previous notation we could say that a is quasi-coercive (with respect to j) if there
exist w € R, a > 0 such that

Rea(v) +w|j@)llz = allvly,  (veV), (5.5)

but — for simplicity of notation — we prefer to call a j-elliptic in this case. It is obvious that
(5.5)) implies (5.4). Thus the operator A associated with (a, j) is defined by Proposition 5.5
Consider the form b: V x V' — C given by

b(u,v) = au,v) +w (G(u) | 5(v) g -

Then b is bounded and coercive. Thus the operator B associated with (b, j) is m-sectorial.
Remark implies that B = A + wl, so we have proved the first part of the following
more general generation theorem.

5.11 Corollary. Let j € L(V, H) have dense range, and let a: V xV — C be bounded and
j-elliptic. Then the operator A associated with (a,j) is quasi-m-sectorial. If additionally
a 18 sectorial, then A is m-sectorial.
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For the last statement we observe that Proposition implies that A is sectorial.
Applying Lemma one obtains that A is m-sectorial.

Later we will meet interesting situations where j is not injective. In most applications,
however, 7 is an embedding; then we will usually suppress the letter j. The situation

is described as follows. Let H and V' be Hilbert spaces such that V (i> H. This is an
abbreviation for saying that V' is continuously embedded into H (abbreviated by V' — H)
and that V' is dense in H. Of course, that V < H means that V' C H and that for some
constant ¢ > 0 one has

lully < cllully (e V).

We call such a constant an embedding constant.
Now let a: V x V — K be a bounded form. We say that a is H-elliptic if

2 2
Rea(v) + wl|v|ly = aoflv]}

for all v € V and some a > 0, w € R. In that case the definition of the operator A
associated with a (not mentioning the given embedding of V' into H) reads as follows. For
x,y € H one has

redom(A), Av =y < z €V, a(z,v) =(y|v)y (veV).

In the case K = C, this operator is quasi-m-sectorial by Corollary [5.11}

5.4 The classical Dirichlet form and other examples

Let Q be an open set in R™. The classical Dirichlet form is defined on Hj(Q) x H}(Q)
and given by

a(u,v)z/ﬁViﬁde ::Z/Qﬁju%dx.
j=1

It is clear that a is bounded; in fact
la(u, v)| < HVUHLQ(Q)HVU”LQ(Q) < HUHHl(Q)”UHHl(Q)-

) n 1/2
Here Vu = (diu,...,0,u) and [[Vul|p, o = (Zj:l Jo ’aju‘2d$) . Thus HuHiIl(Q) =

2 2
[l + IVUllL, )
We will prove that the Dirichlet form is coercive if 2 is bounded, or more generally,
if 2 lies in a strip, i.e., there exist 6 > 0 and jo € {1,...,n} such that |z;| < ¢ for all
x € .

5.12 Theorem. (Poincaré’s inequality) Assume that Q lies in a strip. Then there exists
a constant cp > 0 such that

/ lul? dz < Cp/ V| dz (u € Hy(Q)).
Q 0
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Proof. Theorem implies that it suffices to prove the inequality for all u € C°(£2). We
may assume that jo = 1; otherwise we permute the coordinates. Let § > 0 be such that

lz1| < 6 for all z = (xq,...,2,) € Q. Let h € CY[—4,5], h(—5) = 0. Then by Holder’s

inequality we estimate
/ K (y) dy
-5

/_Z|h(a:)]2da::/_z
< ([ o) ([ )

)
< (25 / W)y

2

dx

Let v € C°(§2). Applying the above estimate to h(r) = u(r, x2, ..., z,) we obtain

5
/|u|2dx<452/...// |81u(x1,...,xn)|2dx1...d:Bn<452/ |Vl dz. O
0 R RJ-5 0

In fact, we saw that the constant cp can be chosen as d? where d := 2§ is an upper
estimate for the width of Q. (For bounded domains the best constant can be determined
as cp = 1/AP, where A} is the first eigenvalue of —Ap; we will come back to this later.)
At first we revisit the Dirichlet Laplacian.

5.13 Example. The Dirichlet Laplacian.
Let Q C R" be open. Let H := Ly(Q2), V := H}(Q) and define a: V x V — C by

a(u,v)-/Vszdx.
Q

Then a is bounded and H-elliptic. Observe that V < H. Let A be the operator in H
associated with a. Then

dom(A) = {u € Hy(Q); Au € L2(Q>}7
Au = —Au.

Thus —A = Ap, the Dirichlet Laplacian as defined in Subsection 4.2.2]
If ©2 lies in a strip, then a is coercive.

Proof. The inequality a(u) + 1 ||ul|% = ||ul|?- (v € V) — in fact an equality — shows that a
is H-elliptic. Let A ~ a. Then for u, f € Ly(Q2) one has u € dom(A), Au = f if and only
if u e H(Q) and

/Vu-ﬁdx:/fﬁdx (v € Hy(Q)).
0 Q
By Lemma the latter is equivalent to —Au = f in the distributional sense (i.e.,
— [quAvdz = [, fodz for all v € C(2)).

Now assume that €2 lies in a strip. Let u € H3(€). Then a(u) > & [, |u[*dz by
Poincaré’s inequality. Thus a(u) > 1 [, |Vu|* dz + ﬁfg lu® dz > a||u||12ql(m where
o = min{3, ﬁ} Thus a is coercive. O
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The semigroup 7' generated by Ap governs the heat equation. In fact, let ug € Lo(€2),
u(t) = T(t)up for t = 0. Then u € C(]0,00); L2(2)) N C(0, 00; La(2)), u(t) € dom(Ap)
for all ¢ > 0, and

W(t) = Ault), ullpg=0  (t>0),

(In which sense ‘u(t) € H}(Q) can be expressed as ‘u(t)|yq, = 0’ will be explained in
Lecture 7.) If we consider a body €2 (a bounded open subset of R™) and wug(x) as the
temperature at x € {2 at time 0, then u(t)(z) is the temperature at time ¢ > 0 at z. The
boundary condition means that the temperature is kept at 0 at the boundary. One expects
that lim; ., u(t) = 0. This is the case as we can see in Exercise .

Finally we give an example where j is not the identity.

5.14 Example. Multiplicative perturbation of Ap.
Let Q C R™ be an open set which lies in a strip. Let m: {2 — C be measurable such
that |m(z)| > g > 0 for all z € 2. Define the operator A in Ly(€2) by

dom(A) = {u € Ly(Q2); mu € dom(Ap), mA(mu) € LQ(Q)},
Au = —mA(mu).

Then A is m-sectorial of angle 0.

Proof. Let H = Ly(Q), V = H}(), a(u,v) = [, Vu-Vuvdz, and let j € L(V, H) be given
by j(v) = Lv. Then j(V) is dense in Ly(€2). In fact, let g € j(V)*. Then [,visgdz =0
for all v € C®(Q). Thus g = 0 by Lemma E Consequently, g = 0. We have shown
that j(V)* = {0}, i, j(V) = j(V)** = La(€).

Let A be the operator in Ly(€2) associated with (a, j). Then for u, f € Ly(2) one has
u € dom(A) and Au = f if and only if there exists w € H}(Q) such that 2 = u and

foVw-Vudz = [, f()da for all v € HJ(Q). This is equivalent to mu € dom(Ap) and
—A(mu) = L. O

Notes

The approach to forms presented here is the “French approach” following Lions [DL92].
However, we have introduced this little j following the article [AE11] (see also [AE12]). It
will carry its fruits when we consider the non-complete case and also when we consider
the Dirichlet-to-Neumann operator.

The Lax-Milgram lemma was proved in 1954 and is a daily tool for establishing weak
solutions since then. It is an interesting part of the history of ideas that Hilbert considered
bilinear forms to treat integral equations in his famous papers in the beginning of the 20th
century. His ideas led his students to develop the notion of operators in Hilbert spaces.
Since then we consider operators as the central objects and formulate physical and other
problems with the help of operators. In the 1950’s, form methods were developed to solve
equations defined by operators. Forms are most appropriate for numerical treatments.
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The reason is that a form a: V x V' — C can easily be restricted to a finite-dimensional
subspace V,, X V,,, whereas for operators there might be only few invariant subspaces.
The method of finite elements is based on such restrictions.

Exercises

5.1 Let V be a Hilbert space, and let a: V x V' — K be a sesquilinear form. Show that
a is bounded if and only if a is continuous.

5.2 (a) Let V, H be Hilbert spaces over C, j € L(V, H) with dense range, a: VxV — C
bounded and coercive. Let A ~ (a,7) and let T" be the semigroup generated by —A.
Show that there exists € > 0 such that | T(¢)|| < e for all ¢ > 0. (Hint: Show that
b(u,v) = a(u,v) — e (j(u)| j(v)), defines a coercive form if € > 0 is small enough.)

(b) Let © C R™ be an open set which lies in a strip. Show that

tAp < efet (t > 0)

He ||L(L2(Q)) S

for some € > 0. Express € > 0 in terms of the width of €.

5.3 Let —o0 < a < b < oo. In the following we will always use the continuous
representative for a function in H'(a, b); recall Theorem [4.9| for the inclusion H'(a,b) C
Cla, b].

(a) Show that each u € H'(a,b) is Holder continuous of index 1/2, i.e., |u(t) — u(s)| <
c|t — 5|2 for some ¢ > 0.

(b) Show that the embedding H'(a,b) < C|[a, b] is compact, i.e., if (u,)nen in H'(a,b),
[tnll gr1(ap) < ¢ for all n € N, then (un)nen has a uniformly convergent subsequence.

(c) Let H?*(a,b) :== {u € H'(a,b); v' € H'(a,b)}. Then u” = (v') is defined for all

1/2

u € H%(a,b), and on H?(a.b) we define the norm by |Jul| 2 == ([Jull7, +[lw'[|7, +[u"]7,) /
Show that H?(a,b) = C'[a,b] if C'[a,d] carries the norm [[ullor = [[ull oy + 14 oy

5.4 Let —0o < a <b<ooand a,f > 0. Define the operator A in Ly(a,b) by

dom(A) = {u € H*(a,b); —u'(a)+ au(a) =0, u'(b) + Bu(b) = 0},
Au = —u".
(See Exercise [5.3](c) for the definition of H?(a,b) and the existence of u'(a) and u’(b).)
(a) Show that A is m-sectorial. (Hint: Consider the form given by

a(u, v) = / W Az + au(a)o(@) + Bu)o®) (w0 € H'(a,b)).)

La(a)) <e ¥ (t > 0) for some € > 0.

(b) Show that [[e™4||
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Lecture 6

Adjoint operators, and compactness

The main objective of this lecture is to show that, for a bounded open set 2 C R", the
Dirichlet Laplacian Ap on 2 has an orthonormal basis consisting of eigenfunctions. The
main point is that one can show that (I — Ap)~! is a compact self-adjoint operator, and
one shows that for such operators there exist sufficiently many eigenfunctions. One of the
aims of this lecture is to explain all the notions occuring in the previous sentence.

6.1 Adjoints of operators, and self-adjoint operators

The principal objective of this section is to prove the following result.

6.1 Theorem. Let H be a Hilbert space, A an operator in H. Then the following
properties are equivalent.
(a) A is a positive self-adjoint operator.
(b) A is a symmetric m-accretive operator.
If H is a complex Hilbert space, then there is the following additional equivalent property.
(c) A is m-sectorial of angle 0.

Evidently, before proceeding to the proof, we first have to explain the notions of
self-adjointness and symmetry. The proof will be given at the very end of this section.

Let G, H be Hilbert spaces over K. Before defining the adjoint of an operator we want
to explain the idea behind this notion. If A is an operator from G to H, then the adjoint
A* should be the maximal operator from H to G such that

(Az |y)y = (x| A'y)q (x € dom(A), y € dom(A*)).
In the following, the product space G x H will be provided with the scalar product

((z,9)] (@1,)) = (@|z)e+ Wiy  ((@y), (21, 51) € G x H),

which makes G x H a Hilbert space; we will use the notation G @& H for this space.
For an operator A from G to H we define the adjoint

—{ ) € Hx G;Va; € dom(A): (Azq|y)y = (z1]|2)g}
= EHXG V(J/’l,yl)GA ((xl,—yl ‘ )—0}
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It is obvious from the last equality that A* is a closed subspace of H x G. We mention
that — A, as a linear relation, is given by

—A={(r,~y); (v,y) € A}.

(It is somewhat unpleasant that, in principle, A* is already defined as the antidual space
to the subspace A of G @ H. We will have to live with this ambiguity.)

6.2 Remarks. Let A be an operator from G to H.
(a) If B is an operator from H to G such that

(Ax|y) = (z | By) (x € dom(A), y € dom(B)),

then it is immediate that B C A* and A C B*.
(b) If A* is an operator, then the definition implies that (Ax|y) = (x| A*y) for all
x € dom(A), y € dom(A*).

6.3 Theorem. Let A be an operator from G to H. Then:

(a) A* is an operator if and only if dom(A) is dense in G.

(b) Assume that dom(A) is dense. Then A** := (A*)* = A, and dom(A*) is dense if
and only if A is closable.

Proof. (a) From the definition of A* it is easy to see that {z € G; (0,2) € A*} = dom(A)*.
This shows the assertion.

(b) Tt is easy to see that in the expression ((—A)+)~! for A* the order of the operations
A —A, A— A' and A — A~ does not matter. It follows that A* = A+ = A.

By part (a), dom(A*) is dense if and only if (A*)* is an operator, and by A** = A this
is equivalent to the closability of A. m

6.4 Example. Define the operator A in Ly(R) by
dom(A) := CZ(R),  Af:=f" (f € D(4)).
For f,g € Ly(R) we then obtain:

(9, f) € A" = Vo e CZ[R): (Aplg) = (]| f)
— Vo e CX(R /gw—/fso

<= f = —¢ in the distributional sense.

This shows that D(A*) = H'(R), A*g = —¢' (g € dom(A*)).

We claim that A = —A*.

The previous considerations show that A C —A*, and since —A* is closed we obtain
A C —A*. The subset A* of Ly(R) @ Ly(R) is isometrically isomorphic to H'(R), under
the mapping A* 5 (f, —f") — f € H(R). From Theorem we know that dom(A) =
C>(R) is dense in H'(R). This shows that A = —A*.
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An operator A in H is called symmetric if dom(A) is dense, and A C A*; A is called
self-adjoint if dom(A) is dense, and A = A*.

We collect some properties of symmetric operators.

6.5 Remarks. Let A be an operator in H, dom(A) dense.

(a) Then A is symmetric if and only if (Az |y) = (x| Ay) for all z,y € dom(A). This
follows immediately from Remark

(b) If A is symmetric, then A is closable, and A is symmetric. Indeed from A C A*
and the fact that A* is a closed operator one concludes that A is closable and that
A C A* = A" (where the last equality is immediate from the definition).

(c) Let H be complex. Then A is symmetric if and only if (Az | z) € R for all x € dom(A).
This follows from Remark[5.1j(a), applied to the form dom(A)xdom(A) > (z,y) — (Az | y),
and part (a) above.

An operator A in H is called essentially self-adjoint if it is symmetric and A is
self-adjoint. A symmetric operator is called positive, A > 0, if (Az|z) > 0 for all
x € dom(A) (in other words, if A is accretive).

Particularly simple examples of self-adjoint operators are those possessing ‘sufficiently
many’ eigenelements, which we will present next. We note that an eigenvalue of a symmetric
operator A is always real: If 0 # z € H, Ax = Az, then A\ (z|z) = (Az|z) € R.

6.6 Example. Diagonal self-adjoint operators.

Let A be a self-adjoint operator in an infinite-dimensional separable Hilbert space, and
assume that there exists an orthonormal basis (e, ),en consisting of eigenelements of A,
with corresponding eigenvalues (A,)nen-

Then

dom(A) = {x e H; Y ll] e < oo},
Az = Z A (2] en) ey (x € dom(A)).

neN

Define A. C A by dom(A,) := lin{e,; n € N}. Then A. is essentially self-adjoint (and
A= A).

We call A the diagonal operator associated with the orthonormal basis (e, )nen and
the sequence (\;)nen-

Proof. Using the unitary operator J: H — {5, x ((x]en))neN, we transform the
situation to the case where A is a self-adjoint operator in the Hilbert space /5, possessing
the canonical unit vectors as eigenelements.

Now we refer to Exercise [6.2] for the measure space N with counting measure, with the
multiplying function m in Exercise given by the sequence (\,)nen. Then A. = Ay,
with Ay defined in Exercise[6.2] and by Exercise[6.2b) the operator A7 is the maximal
multiplication operator M, by the ‘function’ (A, )nen = (An)nen. From Exercise (c) we
know that then A, = M,; hence A, is essentially self-adjoint. Because A is closed, one
concludes that M, C A. Thus A* C M, C A= A*, and A is the maximal multiplication
operator, i.e., A is the operator described above. O
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In order to connect self-adjointness with m-accretivity and m-sectoriality we need further
preparations.

6.7 Lemma. Let G, H be Hilbert spaces, A an operator from G to H.
Then ker(A*) = ran(A)*.

Proof. By the definition of A*, y € ker(A*) (which by definition means (y,0) € A*) is
equivalent to (Az; |y), = 0 for all ; € dom(A), i.e., toy L ran(A). O

We point out that in the following result the operator A is not supposed to be densely
defined.

6.8 Proposition. Let A be an operator in H, (Az|y) = (x| Ay) for all x,y € dom(A),
and ran(A) = H.
Then A is self-adjoint.

Proof. Remark [6.2(a) shows that A C A*, and Lemma implies that ker(A*) =
ran(A)t = {0}. These two facts, together with ran(A) = H, imply A* = A. (This comes
under the heading that ‘a surjective mapping cannot have a proper injective extension’ —
which also holds for relations.) From Theorem [6.3|(a) one now infers that dom(A) is dense,
because A* = A is an operator. O

6.9 Lemma. Let A be an operator in H, dom(A) dense, and let A € K. Then (\[+A)* =
M + A%

Proof. Let 1 € dom(A), y € dom(A*). Then
(A4 Dz |y) = (z1 ] My) + (21| A%y) = (1| (A + A%)y) .
Therefore we obtain A + A* C (A + A)*. This also implies that
A = (-A+ A+ A)" D=2+ (A+ A,
i.e., A+ A* O (A + A)*. The two inclusions prove the assertion. O

After these preparations we will now prove the main result of this section.

Proof of Theorem[6.1. (a) = (b), (c). Clearly, it is sufficient to show that ran(I+ A) = H.
As A is closed and accretive, the latter is satisfied if ran(/ + A) is dense: the inequality
(I + A)z|| = ||z]] (z € dom(A)) implies that ran(I + A) is closed.

By Lemma 6.9 the operator I + A is self-adjoint, and I + A is injective since A is
accretive. Now Lemma [6.7] implies ran(/ + A)t = ker((I + A)*) = ker(I + A) = {0}.

(b) = (a). The hypothesis implies that I + A satisfies the conditions in Proposition [6.8]
and therefore I + A is self-adjoint. Then Lemma shows that A is self-adjoint.

(c) = (b) Being an m-sectorial operator, A is m-accretive. Sectoriality of angle 0 means
that (Az |x) > 0 for all z € dom(A). Applying Remark [6.5]c) one concludes that A is
symmetric. O
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6.2 Adjoints of forms and operators

In this section we assume that V' and H are Hilbert spaces over K and that j € £L(V, H)
has dense range. Let a: V x V — K be a bounded form. For the reader’s convenience we
recall the definition of the operator A associated with a and j,

A={(w,y) e Hx H; FueV: ju) =z, alu,v) = (y]j(v)) (veV)};

see Lecture 5.
The following result shows the close connection between adjoints of forms and operators.

6.10 Theorem. Let V, H and j be as above, let a: V x V — K be bounded and coercive,
and let A ~ (a,j), B ~ (a*, 7).
Then B = A*. If additionally a is symmetric, then A is self-adjoint and positive.

Proof. First we note that for x € dom(A), y € dom(B) there exist u,v € V' such that
j(u) =z, j(v) =y and

(Az|y) = (Az[j(v)) = a(u,v) = a*(v,u) = (By | j(u)) = (z| By) .

Hence B C A*, by Remark [6.2)(a).
As in the proof of Theorem [5.7 we define the form b by

b(u,v) == a(u,v) + (j(u) | j(v)) (u,v € V).

Then (I+A) ~ (b,7), (I+B) ~ (b*,7), and as just noted this implies that I+ B C (I +A)*.
From Theorem [5.7| we know that ran(/ + B) = ran(/ + A) = H, and therefore Lemma
implies that (I + A)* is injective. These properties imply that [ + B = (I + A)* (recall
that ‘a surjective mapping cannot have a proper injective extension’). Using Lemma
we obtain I + B = I + A*, and then B = A*.

If a is symmetric, then A = B = A*, and a(u) > 0 (v € V) implies (Az|z) > 0
(x € dom(A)). O

6.3 The spectral theorem for compact self-adjoint
operators

For Banach spaces X, Y and an operator A from X to Y we recall that A is called
compact if A € L(X,Y) and A(Bx(0,1)) is a relatively compact subset of Y, where
Bx (0, 1) is the open unit ball of X. We recall that the set IC(X,Y") of compact operators
is a closed subspace of £(X,Y), and that the composition of a compact operator with
a bounded operator is compact. The latter is called the ideal property of compact
operators.

In the following let H be a Hilbert space. The next theorem is the spectral theorem for
compact self-adjoint operators.
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6.11 Theorem. (Hilbert) Let A € L(H) be compact and self-adjoint. Then there exist
N C N and an orthonormal system (e;);en of eigenelements of A with corresponding

eigenvalues (Xj)jen in R\ {0}, \; = 0 (j — o0), such that
Ax:Z)\j(x]ej)ej (x € H).
jEN
For the proof we need two preparations.

6.12 Proposition. Let A € L(H) be self-adjoint. Then
[A]l = sup{|(Az [ 2)[; [lz] <1},

Proof. “>” is obvious from |(Az | z)| < || A| ||z

“<". Let a(z,y) = (Azy) (2,y € H), ¢ == sup{la(@)]; |lz]| < 1}, bz, y) = c(z]y)
(x,y € H). Then Schwarz’s inequality (Proposition implies |(Az|y)| < ¢||lz|||ly]]
(x,y € H); therefore ||A| < c. O

6.13 Proposition. Let 0 # A € L(H) be compact and self-adjoint. Then || Al or —||A||
is an eigenvalue of A.

Proof. By Proposition there exist a sequence (z,), |[z,|| =1 (n € N), and A € R
with |[A| = ||A|| such that (Az, | z,) — A. Therefore

0 < ||Azy — Az |® = || Azy|]? — 2 (A, | 20) + A2 < 202 — 2X (Azy, | 2,) — O;

hence ||Az, — Az,|| = 0 (n — o0).

The compactness of A implies that there exists a subsequence (x,,) of (z,) such that
(Azy,) is convergent, Az, — y. This implies
1
A
Az = \x. O

1 1
= X()\xn]. — Axy,) + LAz, — Xy =:x #0,

T,

Proof of Theorem [6.11. We show the assertion with N =N or N = {1,...,n} for some
n € Ny. By induction we construct an orthonormal sequence (e;) ey with {e;; j € N }L =
ker(A) and a corresponding sequence of eigenvalues ()\;);jen, decreasing in absolute values.

Assume that n € Ny and that ey, ..., e, and Ay, ..., )\, are constructed. Define H,,, :=
{e1,...,en}. Then A(H,1) C H,y1; indeed, z L e; implies (Az|e;) = (z]Ae;) =
ANj(zle;) =0 (j=1,...,n). Then A, := Al considered as an operator in H,,1,

is compact. If A,.; = 0, then the construction is finished, with N = {1,... ,n}. If
A,+1 # 0, then Proposition implies that there exist A\,11 € R with |A,41| = || Ania]]

and e,+1 € Hyyq with |le,11|| = 1 such that A, 1€,01 = Apr1€n11.
The construction yields |\;| = ||A4;|| (7 € N), and as (||A;||)jen is decreasing, so is
(IXiDjen-

If N =N, then e; — 0 weakly (j — oo). This implies that |\;| = [[Ae;|| = 0 (j — o),
because A is compact; see Exercise [6.1
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Finally we show the representation of A. For x € H we have

and thisis 0 if N = {1,...,n} and converges to 0 as n — oo if N = N. The representation
of A shows that {e;; j € N} = ker(A). O

n

Ao (2= Y @le) )| < Iuaalllel = el

j=1

HAH? =D Ni(xley)e
j=1

We are going to draw consequences from Hilbert’s theorem, for self-adjoint operators
with compact resolvent. We will prepare this by some remarks and an example.

6.14 Remark. Let A be an operator in a Banach space X, and assume that there exists
A € p(A) such that R(\, A) is a compact operator. Then it follows from the resolvent
equation and the ideal property of compact operators that R(u, A) is compact for all
i € p(A). In this case we will simply call A an operator with compact resolvent.

6.15 Proposition. Let V|, H be Hilbert spaces, let j € L(V,H) have dense range, let
a: VxV = K be a bounded coercive form, and let A ~ (a,j). Assume additionally that j
18 compact.

Then A has compact resolvent.

Proof. From Remark [5.8 we know that the inverse of I + A can be expressed explicitly
as (I + A)~' = jB7'k. As B~! and k are bounded operators, we see that (I + A)~! is
compact. L]

6.16 Example. Diagonal forms.

Let H be an infinite-dimensional separable Hilbert space with orthonormal basis (e, )nen,
and let (A,)nen be a sequence in [0, o).

Define the space

V= {u € H; i/\nKulen)HP < oo}
n=1

Then V' is a Hilbert space for the scalar product
(w]v)y = (u|v)y + alu,v),

where a(u,v) =307 A, (u]en)y (en]v) -

Then the injection j of V into H is continuous, and a is continuous and j-elliptic. The
operator A associated with (a,j) is self-adjoint. It is easy to see that A is the diagonal
operator associated with (e, )neny and (A,)nen as defined in Example .

Assume additionally that lim,_,., A\, = co. Then the injection j is compact. Indeed,
it is easy to see that the finite rank operators P,j, where P, denotes the orthogonal
projection onto lin{ey, ..., e,}, approximate j in the operator norm. By Proposition
we see that A has compact resolvent (which is also easily obtained directly).

This example is generic for positive self-adjoint operators with compact resolvent, as
the following theorem shows.
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6.17 Theorem. Let A be a positive self-adjoint operator with compact resolvent in an
infinite-dimensional Hilbert space H. Then there exist an orthonormal basis (e;,)nen and
a sequence (Ap)nen in [0, 00) with lim, . A\, = 00 such that A is the associated diagonal
operator.

Proof. From Theorem [6.1] we know that (I + A)~! exists in £(H), and it is easy to
see that this operator is symmetric, hence self-adjoint. By hypothesis, (I + A)~! is
compact. Applying Theorem to (I + A)~! one obtains an orthonormal system
(én)nen, with a corresponding sequence (py,)nen of eigenvalues. The representation
(I+A) e =3 yn(z]en)e, together with the injectivity of (I + A)~! implies that
(én)nen is an orthonormal basis. Hence N is countably infinite, without loss of generality
N =N.

It follows that e, is an eigenelement of A with eigenvalue )\, := ;' — 1, for all n € N.
The positivity of A implies

An = (Anen|en) = (Aey|en) =0 (n € N).
Since (pn)nen is a null sequence, it follows that lim,, ., A, = 0. O

A sequence (A,) in R with lim,,_,,, A, = 0o can always be rearranged to an increasing
sequence, and in applications of Theorem [6.17] one usually assumes the sequence of
eigenvalues to be increasing.

Note that the hypotheses of Theorem [6.17|imply that H is separable. We formulate
the consequence of this theorem for operators associated with forms.

6.18 Corollary. Let V, H be infinite-dimensional Hilbert spaces, and let a: V x V — K
be a bounded coercive symmetric form. Let j € L(V, H) have dense range, and assume
that j is compact. Let A be the operator associated with (a,j).

Then A is a positive self-adjoint operator with compact resolvent, and therefore all the
conclusions of Theorem[6.17 hold. Additionally, all eigenvalues of A are positive.

Proof. We know from Theorem that A is a positive self-adjoint operator, and it was
shown in Proposition that A has compact resolvent. In order to show that all the
eigenvalues are positive, we note that, if A is an eigenvalue of A with eigenelement x, then
A|z||? = (Ax |z) = a(u) > 0, where u € V with j(u) = z. O

We finally come to the property announced in the introduction of this lecture. In order
to draw the conclusion for the Dirichlet Laplacian Ap in Ly(€2), for bounded open 2 C R”
we will use the compactness of the embedding H}(Q) < Ly(Q), which will be proved in
the next section.

6.19 Example. Spectral decomposition of the Dirichlet Laplacian.

If Q C R™ is open and bounded, then Ap has compact resolvent. There exists an
orthonormal basis (¢ )gen of Lo(€2) and an increasing sequence (Ag)xen in (0, 00), with
limg_,oo Ak = 00, such that —Ap is the associated diagonal operator. In particular,
¢r € dom(Ap) and

—Appr = A\pr

for all £ € N.
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Proof. From Example we know that —Ap is associated with the classical Dirichlet
form and j: Hj(2) < Ly(Q). As the embedding j is compact, by Theorem the
assertions follow from Corollary [6.18] O

6.20 Remark. The existence of an orthonormal basis of eigenelements of —Ap is a
highlight and triumph of Hilbert space theory as applied to partial differential equations.
There is no way to obtain this kind of result by computing eigenfunctions, even if the
boundary is nice.

In the case of an interval in one dimension there is no problem (see Exercise [6.4)), and
this can be generalised to n-dimensional rectangles. For a ball one already has to use
Bessel functions.

6.4 Compactness of the embedding H;(Q) — Ly(Q)

The main result of this section is the following special case of the Rellich-Kondrachov
theorem.

6.21 Theorem. (Rellich-Kondrachov) Let Q@ C R"™ be open and bounded. Then the
inclusion map j: H}(Q) — Ly(Q) is compact.

The proof will be given at the end of the section. As a preparation we start with
explaining the convolution of functions for a context different from Subsection [4.1.1]

6.22 Proposition. Let p € L1(R"™), and let 1 < p < oco. Then, for all uw € L,(R"),

p*u(r) = / ple —y)uly)dy = / p(y)ulr —y)dy
exists for a.e. x € R", and
o ull, < {lplly[lull,-

Proof. Let u € L,(R™). Then the function R* 3 (z,y) — p(x — y)u(y) is measurable
because the mapping (z,y) — (z — y,y) is measurable. Let 1 < ¢ < oo, % + % = 1. For
g € L,(R"™) we estimate, using Fubini-Tonelli and Hdlder,

[ 1ot —play g ae = [ o) [ lute—pllgtol dedy

< /Ip(y)HIU(-—y)HpHqudy < llpllyllell,ligll,-

This inequality shows the assertions. O]
The fundamental result in this context is the following theorem.

6.23 Theorem. Let p € L1(R™), let Q2 CR"™ be a bounded open set, and let 1 < p < oc.
Then the mapping
Ly(R") 3 ur (pxu)lg € Ly(2)

18 compact.
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Proof. 1If p € C.(R™), then we show that

Fo={(p*ulg: u € L(RY), Jul, <1}

is relatively compact in C(§2). Clearly, the set is bounded because |p* u(x)| < ol [[ull,
(with § + 3 = 1, as usual). Also, the estimate

|p* u(x) — pruly)| < / |(p(z = 2) = ply — 2))u(z)| dz < llp(z =) = ply = )l llull,

shows that F'is equicontinuous. By the Arzela-Ascoli theorem it follows that F is relatively

compact in C(§2). The embedding C(£2) < L,(2) is continuous, and therefore F' is also
relatively compact in L,(€2).

Now let p € L1(R™). Then there exists a sequence (pi) in C.(R"™) such that p;, — p in
Li(R™). For k € Nlet J, € L(L,(R™), L,(€2)) be defined by Jyu = (pr*u)lq (u € Ly(R™)),
and let J be associated with p in the same way. As shown above, Ji is compact for
all k € N. Proposition [6.22] implies that ||J — Ji|| < [lp — pxll; = 0 (k — o0), and as
K(L,(R™), L,(R2)) is closed in L(L,(R™), L,(£2)) we conclude that J is compact. O

In order to use Theorem for the compactness of the embedding H} < Ly, we
derive a representation of functions in C}(R") in terms of their derivatives.

6.24 Lemma. Let p € CH(R™). Then

1
p(0) = ——— | Vo(y)- %dy,

On—1 JRrn | ’

where 0,_1 is the (n — 1)-dimensional volume of the unit sphere S,_1 of R™.

Proof. Let z € S,_1. Then

0(0) = — /000 %gp(tz) dt = — /000 V(tz) - zdt.

Integrating this formula over S,,_1, provided with the surface measure o, we obtain
on_10(0) = —/ / V(tz) - zdtdo(z)
z€Sp_1 Jt=0
° t
- ‘/ / Vo(tz) —do(z) " dt =~ | Voly) mdy,
t=0 Jz€S5,-1 a8 Rn

where in the last equality we have used generalised polar coordinates. O]

Proof of Theorem |6.21. In this proof we extend all functions defined on €2 to R", by
setting them 0 on R™ \ €.
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There exists R > 0 such that Q C B(0, R). For ¢ € C}(Q), x € Q we obtain, applying
Lemma to p(x — ),

1 Yy
x) = Vo —y)  —5d
o(r) p— o(r —y) i
1 y
- / Volr —y) - Yody= [ Volz—1) p(y)dy
On—1 JB(0,2R) Y| R™

with p(y) = = 1poa2r) ()5
Due to the cut-off at 2R, the function p belongs to the vector valued L;(R";R").
Therefore Theorem [6.23] implies that the mapping

Jot Lo(R™ K") — La(Q),u — (px u)lqg
is compact. Obviously, the mapping
Jii Hy(Q) = Lo(K"), frs VS

is continuous. This implies that JoJ;: H}(Q) — Ly(Q) is compact.

The formula presented above shows that for ¢ € C}(Q) one has j(p) = JoJ1p. As both
operators j and JoJ; are continuous and C!(Q) is dense in H}(€2) one concludes that
j = JoJi is compact. |

Notes

It is difficult to attribute the development of adjoint operators to a source. Maybe one of
the first more systematic treatments is given in |[Neu32]. The idea to include also linear
relations is contained in |Are61], where the adjoint is also defined for linear relations
(whereas we define the adjoint only for operators).

The first version of the spectral theorem of compact self-adjoint operators is contained
in [Hil06]. (This paper is also contained in the collection |[Hil12].) The diagonal structure
of the Dirichlet Laplacian seems to be classical and difficult to attribute; however, the
use of compactness methods for this purpose can be attributed to Rellich |[Rel30]. In
this paper the first version of the Rellich-Kondrachov theorem appeared as well as the
application to the Dirichlet Laplacian. The proof we give for the Rellich-Kondrachov
theorem is not the one usually found in text books. In particular, the virtual lecturer
could not find a version of Theorem [6.23] in the literature.

Exercises

6.1 Let G, H be Hilbert spaces, A € L(G, H). Show that A is a compact operator if and
only if A maps weakly convergent sequences in GG to convergent sequences in H.

Hints: 1. Recall that (z,,) in G is called weakly convergent to x € G if (x, |y) — (z]|y)
(y € G), and that every bounded sequence in G contains a weakly convergent subsequence.
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2. Recall that A € L(G, H) is also continuous with respect to the weak topologies in G
and H; in particular, if (z,,) in G is weakly convergent to x € G, then (Ax,) is weakly
convergent to Ax in H.

6.2 Let (€2, 1) be a o-finite measure space, and let m: 2 — C be measurable. Let Ay be
defined by
dom(Ap) :=lin{l¢; C € C},

with
C:= {C’ C Q; C measurable, u(C) < oo, sup |m(z)| < oo},
zeC

Aof :=mf (f € dom(Ay)).

(a) Show that dom(Ay) is dense in Lo(£2, 1), and that Aj = Mz, where Mz denotes
the maximal multiplication operator by m,

dom(Mz) == {f € Lo(Q, p); mf € La(Q, )},
My f :=mf (f € dom(Mzm)).

(b) Show further that My = M, (maximal multiplication operator by m).
(c) Assume that m is real-valued. Show that Ay is essentially self-adjoint, and Ay = M,,.

6.3 (a) Let X be a vector space, Y an n-dimensional subspace, Z an (n—1)-codimensional
subspace (i.e., there exists an (n— 1)-dimensional subspace Z; of X such that ZNZ, = {0},
Z + Zy = X). Show that Y N Z # {0}.

(b) Let H be an infinite-dimensional separable Hilbert space, and let A be a self-adjoint
diagonal operator in H associated with the form a, described as in Examples and
6.16l Assume that the sequence of eigenvalues (A,)nen in [0,00) is increasing, with
lim,, oo A,y = 00.

For z1,..., 2,1 € H define

(@1, @) = inf{a(@); o € {21, ..., 200} OV, [lz] =1}
Show the min-max principle:
A =max{I(xy,...,.Tpn1); T1,..., Ty 1 € H} (n € N).

(c) Let €, € Qy € R" be bounded open sets, and let A; be the Dirichlet-Laplacian on
Q; and (M} )ken the corresponding increasing sequence of eigenvalues, for j = 1, 2.
Show the domain monotonicity of eigenvalues: A\, > \? for all k € N.

6.4 (a) Let f € C(—1,1), and assume that g; := (f‘(—l,O))/ € L1(—1,0), g2 == (f\(071)), €
L1(0,1). Define g € Li(=1,1) by gl_10) := 91, glo1) := g2 Show that f' = g (all
derivatives in the distributional sense).

(b) Let a,b € R, a < b. Show that H}(a,b) = {f € H'(a,b); f(a) = f(b) = 0}.

Hints: 1. For f € H'(a,b) with f(a) = f(b) = 0, show that the extension of f to R by
0 belongs to H'(R).
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2. Let ¢ € (a,b), and let f € H'(a,b), f(a) =0, f|ep = 0. Show that f € Hy(a,b) (by
using suitable translates of f).

(c) Compute the orthonormal basis of eigenfunctions and the eigenvalues of —Ap for
Q= (0,m).

(d) Determine the optimal value of the Poincaré constant for the open set (0,7) (see

Section [5.4)).
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Lecture 7

Robin boundary conditions

So far we have only studied the Laplacian with Dirichlet boundary conditions. Our aim
of this lecture is to investigate Neumann boundary conditions

d,u =0 on 0f)
and more generally Robin boundary conditions
d,u+ Pu=0 on 0.

If we think of heat conduction in a body (2, then the Neumann boundary condition
describes an isolated body, whereas Robin boundary conditions describe when part of the
heat is absorbed at the boundary.

We start with the description of properties of the boundary for an open subset of R™. The
main issue of Section [Z.1] will be the statement of Gauss’ theorem and some discussion of
its consequences. In particular we point out that it can be considered as an n-dimensional
version of the fundamental theorem of calculus.

In an interlude in Section we present properties of H'(Q2) that will be needed in
order to formulate Neumann and Robin boundary conditions and to derive properties of
the associated operators.

7.1 Gauss’ theorem

The aim of this section is to generalise the fundamental theorem of calculus to higher
dimensions. For this we need to define the outer normal. We will mainly consider open
sets with C''-boundary, but in order to be complete we occasionally mention domains with
more general boundaries. For z,y € K" we use the notation z -y := Z;‘:l x;y; (which for
R™ is the natural scalar product) and |z| := v/x - T (which for R" is the Euclidean norm).
All over this section, €2 is a bounded open subset of R™.

Let W C 02 be an open subset (of the metric space 0€2). Then we say that W is
a normal C'-graph (with respect to Q) if W’ := {(21,...,2,-1); 2 = (21,...,2,) €
W} C R™ ! is open and there exist an open interval (a,b) C R and a C'-function
g: W' — (a,b) such that W = {(y,9(y)); y € W'}, i.e., W is the graph of g, and for a
point (y,t) € W’ x (a,b) one has

(y,t) € Q if and only if ¢ < g(y).
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It is easy to see that then (y,t) ¢ Q if and only if
t > g(y). The set W is a C'-graph (with respect to ),
if there exists an orthogonal matrix B € R"*" such that
® (W) is a normal C''-graph with respect to ®({2), where
®(z) = Bx (x € R™). This means of course that W is
a normal C'-graph with respect to another cartesian
coordinate system. We say that € has C'-boundary
if for each z € 9L there exists an open neighbourhood
W C 9Q of z such that W is a C'-graph.

We define right away other possible regularity properties of the boundary.

7.1 Remarks. (C*-, Lipschitz, continuous boundary)

(a) For k € NU {oo} we call W a C*-graph if the function ¢ in the definition given
above is a C*-function.

We talk of a Lipschitz graph if g: W' — (a,b) satisfies |g(z) — g(y)| < L|z — y| for
all z,y € W’ and some L > 0. We call V' a continuous graph if we merely require that
g: W' — (a,b) is continuous.

(b) We say that Q has C*-boundary (Lipschitz boundary, continuous boundary),
if for each z € 0f) there exists an open neighbourhood W C 02 of 2z such that W is a
C*k-graph (or Lipschitz graph, or continuous graph).

In this way we have defined a hierarchy of regularity properties. If Q has C''-boundary,
then it also has Lipschitz boundary. Continuous boundary is the weakest property
we consider and C*™-boundary is the strongest. Each polygon in R? and each convex
polyhedron in R? has Lipschitz boundary, but not C'*-boundary. So there are good reasons
to consider Lipschitz boundary. But things become much easier in C''-domains, on which
we will focus.

At first we introduce the outer (or exterior) normal of a C''-domain. This can be done
intrinsically without mentioning the graph.

7.2 Proposition. Assume that Q has C*-boundary. Then for each z € OS) there is a
unique vector v(z) € R"™ satisfying
(i) (z)] = 1;
(i) of v € CH(—1,1;R"™) is such that ¥(0) = z and ¥(t) € OQ for all t € (—1,1), then
v(2)-¢'(0) = 0;

(iii) there exists € > 0 such that z +tv(z) ¢ Q (and z —tv(z) € Q) for all 0 < t < e.
We call v(z) the outer normal at z. It is a continuous function on I with values
in R™.

Condition (ii) says that v(z) is orthogonal to the boundary and (iii) that v(z) points
out of €.

7.3 Remark. We do not give a proof of Proposition but we mention that
(=Vy(£), 1)
Vg(z)]” +1

v(z) =

if z = (2/,2,) € W, with W as in the description of a normal C*-graph.
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Now we can formulate Gauss’ theorem. By C'(2) we denote the space of all functions
u e CH(Q) N C(Q) for which d;u has a continuous extension to € for each j € {1,...,n}.
We keep the notation d;u for this extension.

7.4 Theorem. (Gauss) Assume that Q C R" is open and bounded and has C'-boundary.
There exists a unique Borel measure o on 0S), the surface measure on 0S), such that

/Q Dyu() de /6 u(ary(2)da(2)

for each j € {1,...,n} and allu € CY(Q). Here v € C(0Q;R") is the outer normal with
coordinates v(z) = (v1(2),...,vn(2)).

7.5 Remarks. (a) If W C 09 is a normal graph and u € C(99) has support in W, then

| ot = [ at gy I9eP 1,

where ¢ is as in the definition for the normal graph. This formula is one of the ingredients
for the construction of the measure 0. The weight factor in the integral on the right hand
side is such that the (n — 1)-dimensional Lebesgue measure on W' is transferred to the
appropriate (n — 1)-dimensional measure on the (n — 1)-dimensional manifold 0.

(b) For the proof of Theorem [7.4] and Proposition [7.2| we refer to [AU10; Sections 7.1,

7.2] or to calculus books.

Gauss’ theorem can be considered as the n-dimensional version of the fundamental
theorem of calculus. In fact, for Q = (a,b) we have Q2 = {a,b}, v(a) = —1, v(b) = 1.
Then for u € C'[a, b] we can write

/ab u'(x) dz = u(b) — u(a) = /{a?b} u(2)v(z)do(2),

with the counting measure o.

Next we derive an important consequence of Gauss’ theorem. We define C2(€) := {u €
C'(Q); due CHQ) (j=1,...,n)}. Then for u € C*(Q) the functions 9;0;u are in C(Q)
forall 4,5 =1,...,n. For u € C'(Q) the function d,u: 9Q — K, given by

0,u(z) = Vu(z) - v(z) = > djulz)r(2),

is called the normal derivative of u. Note that d,u € C(09).

7.6 Corollary. (Green’s formulas) Let u € C%(2). Then

/Q(Au)v dz + /QVu -Vodz = /m(a,,u)v do (v e C(Q)), (7.1)
/Q(UAU — uAv)dx = /aQ(vﬁl,u —ud,v)do (v € C*(Q)). (7.2)
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Proof. By Gauss’ theorem one has

/Qajuajv = —/Q(a?u)v—i-/ﬂﬁj((aju)v) = —/Q(ajzu)v+/m(3ju)vvj do.

Summation over j = 1,...,n yields (7.1)).
Exchanging u and v in ([7.1)) and substracting the result from ([7.1)) one obtains (7.2). [

7.2 Interlude: more on H'(Q)); denseness, trace and
compactness

In this section we give some information on H'(€2) that will be needed in the following.
We could have simply quoted these results, because our main interest is to present form
methods. However, we felt that just quoting the results would have the effect that the
reader will not be aware of the analysis facts behind the treated situations. So we give
the proofs, but we will be somewhat sketchy in the presentation. In a first reading there
should be no problem if you just take notice of the results and first look at the further
development.

The first issue is a denseness theorem for H'(€2). To recall, denseness theorems are
needed to transfer properties one can show classically to more general functions if suitable
estimates are provided. An example for this procedure is the proof of Poincaré’s inequality
in Lecture 5; further examples follow in this section.

7.7 Theorem. Let (2 CR" be open, bounded, and with continuous boundary. Then the
set
C=(Q) = {gla; ¢ € C(R")}

is dense in H'(2). As a consequence, C*(Q) is dense in H'(€2).

Proof. (i) Let W C 09 be a normal continuous graph, with (a,b) and g as described at
the beginning of Section . Let u € H'() be such that sptu is a relatively compact
subset of W’ x (a,b), and extend u by 0 to R™. For 7 > 0 we define

ur(z) == u(a', x, — 7) (z = (2, 2,) € R").

Then u,|q € H'(Q) for small 7, and u.|q — u in H'(Q) as 7 — 0. Moreover, for 7 > 0
one has that u, € H'(2 + 7e,) (with the n-th unit vector e, € R"). Let (pi)ren be a
d-sequence in C°(R™). Then py * u, € CX(R") for all £ € N, and it is not too difficult to
see that (pg * us)|lg — urlo in HY(Q) as k — oo. (In the last step one has to use a ‘local
version’ of Lemma [4.13])

From the above we conclude: for each continuous graph W C 0f) there exists an open
set U C R™ such that W = UNOSQ, and such that each u € H'() with relatively compact
support in U can be approximated by functions in C*(Q).

(ii) A compactness argument shows that 92 can be covered by open sets Wy, ..., W,
such that each W}, is a continuous graph, with a corresponding open set U, C R” as

.....
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.....

.....

means that sptpp C Uy (k=0,...,m). We refer to [AU10; Satz 7.12] for the existence of
a partition of unity as above.)

Let u € H'(Q). Then pou € Hi(2) can be approximated by C°(Q)-functions, by
Theorem M(b), and @11, . . ., Pmu can be approximated by C*(Q)-functions, by part (i).
In consequence, u can be approximated by C°°(Q)-functions. O]

7.8 Remarks. (a) The proof we have given uses that 2 having continuous boundary
implies that ) satisfies the ‘segment property’. We refer to [Ada75; 3.17] for this property
and to [Ada7h; Theorem 3.18] for Theorem It is not difficult to show that the segment
property is in fact equivalent to continuous boundary.

(b) The following important observation will be used in the proofs of Theorems
and [7.10, The procedure used in the proof of Theorem can be adapted to yield
simultaneous approximation with respect to other properties. For instance, if u €
H'(Q) N C(Q), then the approximations can be chosen to additionally approximate u in
the sup-norm. And also: if u € H'(2) is such that Au € Ly(2), then the approximations
uy can be chosen such that additionally Au, — Au in Ly(Q).

In order to explain this in somewhat more detail we first mention that multiplying u by
a function ¢ € C°(R™) does not effect the additional properties mentioned in the previous
paragraph. This is clear for the case that u is continuous. But also, if Au € Ly(£2),
then A(pu) = (Ap)u + 2V - Vu + pAu € Ly(f2). In view of part (ii) of the proof of
Theorem [7.7], this means that for the approximation we only have to treat the ‘local’ case
considered in part (i).

Concerning part (i) of the proof of Theorem the case of continuous u is done by
invoking a local version of Proposition [4.3(a). The case Au € Ly() ist slightly more
involved: one has to use a local version of Lemma m(a), with 0% replaced by A, and for
the convergence a local version of Proposition [4.3(b).

Next we show that for Q with C''-boundary one can define a trace mapping tr: H'(2) —
Ly(09) such that for u € C'(Q) one has tru = ulyq.

7.9 Theorem. Assume that Q0 C R" is open, bounded, and with C*-boundary. Then there
exists ¢ = 0 such that

2
HU\aQ”Lz(aQ) < CHUHLQ(Q)”U’HHI(Q) (7.3)

for all u € C1(9).

There is a unique bounded operator tr: H'(Q) — Ly(09), called the trace operator,
such that tru = ulyg for all u € C(Q) N HY(Q), and then holds for all u € H'(Q)
(with uly replaced by tru on the left hand side).

Proof. (i) Let W C 09 be a normal C'-graph, with (a,b) and g as in the definition.
Let x € W, and let ¢ € C(R") satisfy spt C W’ X (a,b), ¢ =2 0, and ¢ = 1 on a
neighbourhood of . Then there exists an open neighbourhood W, C W of z such that
p=1on W,. As W 3 z + v(z) € R" is continuous and v,(z) > 0 for all z € W, one
concludes that ¢ := inf,cy, v,(2) > 0.
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Let u € C'(Q). Then, by Gauss’ theorem,

5 / w ul? do < /8 (o, do = /Q (0 (pu) + (pu)0, 1)

_l’_
< lpullgallullp, + leull p, lull g < cpllull g, [l

with ¢, only depending on ¢.
We have shown that for each z € 92 there exist an open neighbourhood W, C 92 and
a constant ¢, > 0 such that

[ o < calull,
for all u € C1(Q)). A standard compactness argument finishes the proof of for
u € CH(Q).

(i) The inequality together with the denseness of C*(Q) in H'(Q) implies that
the mapping u — u|y, has a continuous extension tr: H'(Q) — Ly(99).

(iii) So far, we only have shown that tru = u|,q holds for u € C'(Q). In order to show

it for u € C(Q) N HY(Q), we use the remarkable feature of the proof of Theorem
mentioned in Remark b). As explained there, for u € C(Q) N H*(Q) an approximating
sequence (uy,) in C*(Q) can be chosen converging to u in C(Q) as well as in H'(2). For
this sequence, (uglyg) converges to tru in Ly(2) and uniformly to ulyq , and this implies
tru = ulyq. O

By abuse of notation, we still write u|y, := tru for u € H(Q). In integrals we will
frequently omit the trace notation to make things more readable. Here and in the following
we always understand L(0f2) with respect to the surface measure.

The trace is compatible with our definition of Hj () as the following result shows.

7.10 Theorem. Let Q C R™ be open, bounded, and with C*-boundary. Then
Hy(Q) ={ue H(Q); tru=0}.

Proof. The inclusion ‘C’ follows from the continuity of the trace operator since C°(€2) is
dense in H}(Q).

Let u € H'(Q) be such that tru = 0. Our aim is to show that u L H}(Q)* (where
throughout this proof the orthogonality symbol ‘L’ refers to the scalar product (-|-), in
HY(Q)). If this is proved we are done, because Hg(Q)*+ = H}(Q).

As a first step we note that one easily shows — using the definition of distributional
derivatives — that H}(Q)* = {v € H(Q); Av =v}.

Now, let v € H}(Q)*; then Av = v. Thus, as explained in Remark [7.§b), there exists
a sequence (vy,) in C%(€2) such that v, — v in HY(Q) and Avy — Av = v in Ly(f2). Then
in combination with Theorem implies

/(Avk)ﬂ+/Vka:/ (8,,vk)trﬂd0:0
Q Q o0

for all £ € N, and for £ — oo one obtains

(v|u)1:/vﬂ+/Vv-W:0. O
0 Q
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For another proof of Theorem we refer to [Eval0O; Section 5.5, Theorem 2].
We close the section by transferring the compactness of the embedding H} () C Ly(Q)
to H(Q).

7.11 Theorem. (Rellich-Kondrachov) Let Q C R™ be open, bounded, and with continuous
boundary. Then the embedding j: H'(Q2) — Lo(Q) is compact.

Proof. The hypothesis implies that there exist a covering of 02 by continuous graphs
Wi, ..., Wy, and vectors y',...,y™ € R™ with the following properties: Q\ U,", Uk is a
compact subset of €2 for all € > 0, where

Uge i= U (Wk—i—syk) (k=1,....,m, € >0),

0<s<e

and Uy, CQfork=1,...,m.
Let u € CY(Q). Let k € {1,...,m}, 0 < e < 1. Then for x € Uy, we have

u(z) = —/0 %((1 — t)u(z + ty")) dt.

It follows that
€ 2
/ lu(z + sy*)|* ds < 5/ 2(Ju(z + ty*) P + [Vu(z + ty*) PlyF ) dt
0 0

for all z € Wj,. Therefore, ka,e lul*dz < 25(““”%2(%“2) + |yk|2||Vu||2L2(Uk’2;Kn)). Summing
over k=1,...,m we obtain

; [ul? dz < eCllull g, (7.4)

with the ‘boundary layer’ U, := (J;L, Uy and C := ", 2(1+ [y*|?). From Theorem
we conclude that holds for all u € H'(Q).

There exists a function ¢, € C2°(Q) with 1oy, < 9. < 1. Define j.: H(Q) — Lo(Q)
by je(u) := ¥.u. Then Theorem implies that j. is compact. Further, implies
that || _jEHL(Hl(Q),LQ(Q)) < ()2

Summing up, we have shown that the embedding j; can be approximated in
L(HY (), L2(Q2)) by compact operators, and this shows that j is compact. O

We also refer to [EE87; Theorem 4.17] for Theorem [7.11}

7.12 Remark. We note that in combination with Theorem also shows that
the trace mapping in Theorem is compact. Indeed, if (uy) is a bounded sequence in
H'(Q), then Theorem implies that there exists a subsequence (uk) converging in
Ly(€2), and then implies that (tr uk) is a Cauchy sequence, hence convergent.
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7.3 Weak normal derivative

Now we want to define the normal derivative for certain functions in H'(Q). At first we
recall the weak definition of the Laplace operator.
Let 2 C R™ be open. Let u, f € Ly(f2). Then Au = f if

/u&p /fso (p € CZ(2)).

For u € Ly(Q2) we say that Au € Ly(Q) if there exists f € Ly(€2) such that Au = f.
Now we define the normal derivative in a weak sense by asking Green’s formula to
be valid.
Let © be bounded, with C''-boundary, and let u € H*(Q) with Au € Ly(Q2). We say
that 0,u € Lo(012) if there exists h € Ly(0f2) such that

/Q(Au)vdac+/QVu-Vvda::/thvda (v e H'(Q)).

In this case we let d,u := h. (In order to show the uniqueness of h we note that
C*(Q) € HY(Q). The Stone-Weierstrass theorem ([Yos68; Section 0.2]) implies that the
set {@log; ¢ € CH(Q)} is dense in C(9Q). As C(01) is dense in Ly(0S2) we obtain the
uniqueness.) In the integral over 092 we did omit the trace sign. The integral over €2 is
always with respect to the Lebesgue measure and that over 02 always with respect to the
surface measure o.

7.4 The Neumann Laplacian

Now we consider Neumann boundary conditions. Let €2 C R™ be open, bounded, and
with C''-boundary, and let u € H'(Q2) be such that Au € Ly(£2). Then, by the definition
given in the previous section, d,u = 0 if and only if

/Q(Au)v + /Q Vu-Vu=0 (v e H'(Q)). (7.5)

It is remarkable that makes sense for arbitrary open sets. Therefore, for open sets
Q CR" and u € H(Q) we will write ‘O,u = 0’ (including the quotes!) if holds. This
leads us to the following definition.

Let © C R™ be open (not necessarily bounded). We define the operator Ay in Ly(2) by

dom(Ay) := {u € H'(Q); Au € Ly(Q), ‘Ou=0},
Anu = Au (u € dom(Ay)).

We call Ay the Laplacian with Neumann boundary condition or simply the Neu-
mann Laplacian.

7.13 Theorem. The negative Neumann Laplacian —Ay is self-adjoint and positive. It is
associated with the classical Dirichlet form on H(2) x H(2).
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Proof. Define a: H'(2) x H' () — K by a(u,v) = [, Vu- Vudz. Then a is continuous.
We consider H'(§2) as a subspace of H := Ly(£2). Since a(u) + ”U”ig(g) = Hu||?{1(m, the
form a is H-elliptic. Moreover, a is accretive. Let A ~ a. We show that A = —Ay. Let
u € dom(A), Au = f. Then by definition [, Vu-Vuv = [, fv for all v € H'(Q). Inserting
test functions v € C2°(Q) one obtains —Au = f. Thus [, Vu- Vv + [,(Au)v = 0 for
all v € H'(Q), ie., u satisfies (7.5). We have shown that A C —Ay. Conversely, if
u € dom(Ay) and —Axu = f, then

/QVu-W:/QVu~W+/Q(Au)@+/Qf@:/Qf@ (v e HY()).

Thus u € dom(A) and Au = f. O

Applying Theorem [7.11] one concludes that A has compact resolvent if {2 satisfies our
weakest regularity property.

7.14 Theorem. (Spectral decomposition of the Neumann Laplacian) If Q C R™ is open,
bounded and has continuous boundary, then Ax has compact resolvent. There exist an
orthonormal basis (pg)ren of La(2) and an increasing sequence (A\g)ken in [0, 00), with
A1 = 0 and limy_,oo A\, = 00, such that —Ay is the associated diagonal operator. In
particular, ¢, € dom(Ay) and

—ANpr = Ak

for all k € N.

Proof. From Theorem we know that the embedding j: H'(Q) < Ly(Q) is compact.
Therefore Proposition [6.15)— in combination with Theorem [7.13|— implies that Ay has
compact resolvent.

The statement concerning the eigenfunctions and eigenvalues now follows from The-
orem [6.17], except for the property that Ay = 0. However, it is immediate that ¢; =
vol(€2)™1/21¢, is an eigenfunction of —Ay with eigenvalue 0. O

As a consequence, we deduce the following:

dom(Ay) = {u € Lo(); Y X|(uley) 0| < oo},

Jj=1

—Anu = Z Aj (u] SOj)LQ(Q) 5>

j—l
U—Ze U|SOJL2()§0j7

where T denotes the Cy-semigroup generated by Ay.

We will see later that Ay > 0 if 2 is connected. This gives important information
concerning the asymptotic behaviour of T'(¢) as t — co. We have to wait until we have
discussed positivity.
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7.5 The Robin Laplacian

Let 2 C R™ be open, bounded, and with C*'-boundary. Here we consider Robin boundary
conditions. Given § € L (02) we define the operator Agz in Lo(2) by

dom(Ap) := {u € H'(Q); Au € Ly(Q), du+ Bulyg =0},
Agu = Au.
Note that the condition ‘O,u + Bulyq = 0’ should be read as ‘0,u = —Pulyg’, in the sense
of the definition in Section We call Az the Laplacian with Robin boundary

conditions or briefly Robin Laplacian. We now state and prove properties about the
Robin Laplacian, announced in the title of the lecture.

7.15 Theorem. Let 3 be real-valued. Then the operator —Ag is self-adjoint and quasi-
accretive, with compact resolvent. In particular, Ag generates a quasi-contractive Cy-
semigroup T on Ly(Y). If B > 0, then —Ag is accretive and ||T3(t)|| < 1 for allt > 0.

Proof. Consider the form a: H'() x H'(€2) — K given by a(u,v) = [, Vu-Vu+ [, fuv.
Then [a(u, )| < [Vully Vel + 181l oylltr ull o 0] y0ny- Since the trace is
continuous, it follows that a is continuous.

We consider H*(2) as a subspace of H := Ly(Q2) and claim that a is H-elliptic, i.e.,

that
/ IVl + / Bluf +w / uf? > allul

for some w > 0, a > 0 and all u € H'(Q). By Theorem [7.9] m and Euclid’s inequality (i.e.,
ab < 1 (va® + 1172) for all a,b > 0, v > 0) there exists ¢ > 0 such that

1
2 2 2
180y [ 1ol < Gl + el

for all u € H*(2). Hence

2 1 2 1 2
> B
[ Bz =5 [ vl = (5+¢) [ Il
1 1
Vu2+/ Bu22—/ Vul> = (= +¢ /u2
Lo+ [ s =3 [ 190 = (G+¢) [ 1

for all w € H'(€)). This proves the claim.
Let A be the operator associated with a. We show that A = —Ap. Let (u, f) € A
Then

and therefore

/ Vu-Vou+ puv = / fo (v e HY(Q)). (7.6)
Q o9 Q
Taking v € C°(2) we see that —Au = f. Replacing f by —Auwu in (7.6 we find
/ Vu - Vo + /(Au)@ =— [ puv (v € HY(Q)). (7.7)
Q ) 09

This is equivalent to d,u = —fulyq. Thus (u, f) € —Agz. Conversely, if u € dom(Ap),
then (7.7) holds. Letting f = —Au we obtain (7.6 and thus (u, f) € A.
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Finally, since by Theorem the embedding H'(Q) — Ly(f2) is compact, the operator
A has compact resolvent. Since a is symmetric, A is self-adjoint, and since a is H-elliptic,
A is quasi-accretive. O

Notes

In Section we partially follow [AU10|. It is possible to extend Gauss’ theorem to
Lipschitz domains, for which a suitable surface measure on 0f2 is defined analogously.
Most of the properties of H!(Q) presented in Section can be found in the standard
literature on Sobolev spaces. The proofs of and Theorem have been contributed
by H. Vogt.

The theorem of Gauss is due to Lagrange in 1792 but has been rediscovered by Carl
Friedrich Gauss in 1813, by George Green in 1825, and by Mikhail V. Ostrogradsky in
1831. For this reason one finds it in the literature under these different names. We could
call it ‘fundamental theorem of calculus’ but this is not usual. Obviously, it can also be

written as
/divu: / u-vdo,
Q a0

for each vector field u € C*(Q;R™). In this form it is frequently called the divergence
theorem. Physicists and engineers love this theorem because of immediate interpretation.

Victor Gustave Robin (1855-1897) was a French mathematician and the reader should
correctly pronounce the nasal. He was teaching mathematical physics at the Sorbonne in
Paris. Not much is known about him since he burnt his manuscripts. But he worked on
thermodynamics, and the Russian school introduced the name Robin boundary conditions.
These boundary conditions had already been introduced by Isaac Newton (1643-1727).
Neumann boundary conditions carry their name to honour Carl G. Neumann (1832-1925)
who was professor at Halle, Basel, Tiibingen and Leipzig. He introduced the Neumann
series for matrices.

None of these ‘forefathers’ used forms it seems. Time was not yet ripe and Hilbert had
to come into play first.

Exercises

7.1 Let Q C R” be open, connected, bounded, and with C'-boundary. Let 0 < 3 €
Loo(082) such that [,,fdo > 0 (ie., § is not 0 in Ly (99)). Denote by T the Co-
semigroup generated by the Robin Laplacian Ag. Show that

Il <e™ (t>0)

for some e > 0. (Hint: If w € H*(Q) is such that Vu = 0, then u is constant. This can be
used without proof; it holds because €2 is connected.)

7.2 Let Q C R” be a C'-domain with a hole, i.e., we assume that there exist bounded
open sets O and w with C'-boundary such that @ C Q and Q = Q \w. Let I'} = o0,
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['y = Ow so that 0Q =T'1 UTy. Let 8 € Ly(I'y) be real-valued. Define the Laplacian with
Robin boundary condition d,u + Bulp, = 0 on I'; and Dirichlet boundary condition zero
on I';. Show that it is a self-adjoint operator.

7.3 Let a: V xV — C be a symmetric continuous form that is j-elliptic, where V, H
are complex Hilbert spaces and j € L(V, H) has dense range. Let b: V x V — C be
sesquilinear and assume that there exists ¢ > 0 such that

[b(u, v)| < cllully i)z (w0 eV).

(a) Show that a +b: V x V — C is continuous and j-elliptic.

(b) Denote by A the operator associated with (a + b, j). Show that the numerical range
num(A) lies in a parabola with vertex on the real axis and opened in the direction of the
positive real axis.

(c) Assume that a = 0 and that b is j-elliptic. Denote by B the operator associated
with (b, j). Show that j is an isomorphism and that B is bounded.

7.4 In this problem we let K = C. Let Q C R" be open, bounded, and with C'-boundary.
Let 5 € Lo(092) (not necessarily real-valued), and let Ag be the Robin Laplacian.

(a) Show that —Apg is H-elliptic (where H := L,(£2)), and that —Az is m-accretive if
Repg > 0.

(b) Show that num(—Ag) is contained in the region ‘surrounded’ by a parabola with
vertex on the real axis and opened in the direction of the positive real axis.

(c) Show that —Ag is quasi-m-sectorial of any angle ¢ < 7/2 and that Ag generates a
holomorphic semigroup of angle 7 /2.
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Lecture &

The Dirichlet-to-Neumann operator

The Dirichlet-to-Neumann operator plays an important role in the theory of inverse
problems. In fact, from measurements of electrical currents at the surface of the human
body one wishes to determine conductivity inside the body. But the Dirichlet-to-Neumann
operator also plays a big role in many parts of analysis. Here we prove by form methods
that it is a self-adjoint operator in Ly(0€2). Our form methods come to fruition; in
particular, to allow general mappings j is very useful here: throughout this lecture j will
be the trace operator.

8.1 The Dirichlet-to-Neumann operator for the Laplacian

Let © C R™ be a bounded open set with C'*-boundary. We use the classical Dirichlet form
a(u, v) = / Vu-Vo  (wue H'(Q). (8.1)
Q

If we choose the canonical injection of H!(€Q) into Ly(£2), the associated operator is the
Neumann Laplacian. Here we will choose as j the trace operator from H'(Q) to Lo(0),
introduced in Theorem We will show that the form a is j-elliptic. Thus we obtain
as associated operator a self-adjoint operator in Ly(0€2). It turns out that this is the
Dirichlet-to-Neumann operator Dy which maps g € dom(Dy) to d,u € Ly(02) where
u € H*(Q) is the harmonic function with u|;q = ¢g. This will be made more precise in the
following. (We recall that a function u defined on an open set is called harmonic if it is
twice continuously differentiable, and Au = 0.)

Observe that the trace operator tr: H'(Q)) — Lo(992) has dense image. In fact, by the
Stone-Weierstrass theorem ([Yos68; Section 0.2]) the set {p|yq; ¢ € C°(R"™)} is dense in
C(09), and C(09Q) is dense in Ly(02). Next we prove j-ellipticity.

8.1 Proposition. With j = tr, the classical Dirichlet form is j-elliptic.

For the proof we need an auxiliary result. We state it for the general case of Banach
spaces; in our context it will only be needed for Hilbert spaces.

8.2 Lemma. Let XY, Z be Banach spaces, X reflexive, K € L(X,Y) compact and
S € L(X, Z) injective. Then for all € > 0 there exists c. > 0 such that

K]y <ellzllx + el Szl
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Proof. If not, there exists € > 0 such that for each n € N there exists x,, € X such that
[Kznlly > ellznllx +nlSzall,

and ||z,||y = 1. Passing to a subsequence we may assume that x, — = weakly. Hence
Sz, — Sx weakly. The inequality implies that ||Sz,||, — 0, hence Sz = 0. Since S is
injective, it follows that x = 0. Since K is compact it follows that Kz, — 0 in norm. But
|Kz,|ly > ¢ for all n € N, a contradiction. O

Proof of Proposition[8.1. (i) Define S: H'(Q) — Ly(; K") & Ly (99) by
Su = (Vu, ulyg).

We will show below that S is injective. Because the embedding H'(Q) < Ly(Q) is
compact, by Theorem [7.11] the application of Lemma yields a constant ¢ > 0 such
that

1
2 2 2
| 1ol do < Sl + el Sul

1 1
:—/\u]zdx—l——/]Vu]2d$+c/\Vu|2dx+c/ u|® do.
2 Ja 2 Jo 0 B

Adding 3([;,|Vul*dz — [;,|u|*d) to this inequality we obtain

1
§|IUII§11(Q) < cllullf,00) + (¢ + Dalu)  (ve HY(Q)),
and this shows that a is j-elliptic.

(ii) For the proof that S is injective let u € H'(Q) be such that Su = 0. Then Vu = 0,
and therefore u is constant on each connected component w of 2. As tru = 0, this

constant is zero. Therefore u = 0. OJ

8.3 Remark. In the proof given above (as well as in Exercise it was used that a
function u on a connected open set Q with Vu = 0 (distributionally) is constant.

This is shown as follows. If one takes the convolution of u with a function p € C°(R")
with support in a ‘small’ neighbourhood of 0, then p * u is infinitely differentiable and
satisfies V(p x u) = 0 far enough away from 02, and therefore is locally constant far
enough away from 02. Convolving u with a d-sequence in C°(R™) one therefore infers
that, locally on €2, u is the limit of constant functions. Thus v has a locally constant
representative, which is constant since €2 is connected.

8.4 Theorem. Let j be the trace operator, and let a be the classical Dirichlet form (8.1)).
Then the operator Dy in Ly(02) associated with (a, j) is described by

Do = {(g,h) € La(0Q) x Ly(0Q); Ju € H(Q): Au=0, ulyy =g, du=h}.

The operator Dy is self-adjoint and positive and has compact resolvent. We call Dy the
Dirichlet-to- Neumann operator (with respect to A ).
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Proof. Let (g,h) € Dy. Then there exists u € H'(Q) such that ul,, = g and

/ Vu- Vo = a(u,v) = / hv (8.2)
Q o9

for all v € H'(2). Employing this equality with v € C>°(2) we obtain —Awu = 0. Thus
adding Au = 0 to (8.2]) we have

A}Aw5+lkm-?ﬁzl;m; (v e HY(Q)).

Hence 0,u = h by our definition of the normal derivative. This shows “C” in the asserted
equality for Dy.

In order to get the converse inclusion let u € H'(2) such that Au = 0, g = u|yq,
h = 0,u € Ly(0R). Then

/QVU'W:/QVU'W-F/Q(AU)@I/MZ}M_J (v e HY(Q)).

Thus a(u,v) = (h|j(v))1,q) for all v e H(2). Consequently (g, h) € Dy.
The symmetry of a implies that Dy is self-adjoint. Finally, it was shown in Remark
that tr: H'(Q) — Ly(09) is compact; hence Dy has compact resolvent, by Proposition m
O

Our next aim is to define Dirichlet-to-Neumann operators with respect to more general
Dirichlet problems. The following interlude is a preparation for this treatment.

8.2 Interlude: the Fredholm alternative in Hilbert space

We need a detail from the spectral theory of compact operators which we formulate and
prove only for operators in Hilbert spaces. It will be used in the proof of Proposition [8.10]

8.5 Proposition. Let H be a Hilbert space, K € L(H) compact. Then I + K is injective
if and only if ran(I + K) = H, and in this case I + K is invertible in L(H).

Proof. (i) First we note that K (Bg[0,1]) is a relatively compact set in a metric space,
and as such is separable; therefore ran(K) is separable.

(ii) In this step we treat the case that dimran(K) < co. We define H; := ker(K), Hy :=
ker(K )1 and denote by Py, P, the orthogonal projections onto Hj, Hy, respectively. Note
that dim Hy < co. (Indeed, from K =377 (-|z;)y; one obtains ker(K) 2 {zy,... L}
and therefore ker(K)* C lin{xy,...,x,}.) On the orthogonal sum H; & H, the operator
I + K can be written as the operator matrix

I P K|y, )

I+K:(
0 I+ PK|y,

where I, I are the identity operators in Hy, Hs, respectively. In the matrix representation
it is easy to see that I + K is injective if and only if I, + K|y, is injective. From
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(finite-dimensional) linear algebra it is known that the operator I, + P, K]y, is injective if
and only if it is surjective. Again, using the matrix representation one easily can see that
I, + P, K|y, is surjective if and only if I + K is surjective.

If I + K is injective, then in the (upper diagonal) block matrix version of I + K the
diagonal entries are invertible, and it is straightforward to show that then I + K is
invertible in L(H).

(iii) If ran(K) is not finite-dimensional, let (e, ),eny be an orthonormal basis of ran(K),
and let P, be the orthogonal projection onto lin{ey, ..., e,}. Then P,z — = (n — oo) for
all z € ran(K), and the compactness of K implies that P, K — K in the operator norm.

Therefore K can be written as a sum K = K; + Ky, where || K| < 1 and ran(K3) is
finite-dimensional. Then I + K is invertible in £(H) (recall Remark [2.3|(a)), and therefore
(I+K,) ' (I+K) = I + F, with the finite rank operator F' = (I + K;) ' K,. Hence I + K
is injective if and only if [ + F' is injective if and only if I + F is surjective (by step (ii)) if
and only if I 4+ K is surjective.

If I + K is injective, then the continuity of the inverse follows from part (ii) and
I+K)y'=UI+F)'I+K)" O

8.6 Remark. If, in the situation of Proposition 8.5 B € L(H) is invertible in L(H),
then B + K is injective if and only if ran(B + K) = H. This is immediate from
B+ K = B(I + B7'K) and Proposition applied to I + B~'K.

Proposition carries the name ‘alternative’ because the only alternative to I + K
being invertible is that I 4+ K is not injective and I + K is not surjective.

8.3 Quasi-m-accretive and self-adjoint operators via
compactly elliptic forms

Let V, H be Hilbert spaces, and let a: V x V' — K be a continuous sesquilinear form. Let
j € L(V, H) have dense range. We assume that

u € ker(j), a(u,v) =0 for all v € ker(j) implies u = 0. (8.3)

This is slightly more general than (}5.4)).
As in Section [5.3] let

A={(z,y) e Hx H; JueV: ju) ==z, alu,v) = (y|ik) (veV)}.

8.7 Proposition. Assume (8.3). Then the relation A defined above is an operator. As
before, we call A the operator associated with (a,j). If s also satisfied for a*, and
B is the operator associated with (a*,j), then B C A* and A C B*. In particular, if a is
symmetric and dom(A) is dense, then A is symmetric.

The proof is delegated to Exercise For the following we define

Vi(a) :={u e V;a(u,v) =0 (v € ker(j))}.
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8.8 Remarks. (a) Condition ({8.3)) is equivalent to V;(a) Nker(j) = {0}.
(b) V;(a) is a closed subspace of V. One can think of V;(a) as the ‘orthogonal complement’
of ker(j) with respect to a.

We call the form a compactly elliptic if there exist a Hilbert space H and a compact
operator J: V' — H such that a is ‘J-elliptic’, i.e.,

Rea(u) + [|(u)l7 = allully (8.4)

for all w € V and some & > 0. We are going to show that the operator associated with
(a,7) is quasi-m-accretive if in addition ({8.3)) is satisfied.

8.9 Lemma. If (8.3) is satisfied and a is compactly elliptic, then there exist w > 0, a > 0
such that

Rea(u) +wli(u)ly = alluly,  (u€ Vi(a)). (8.5)
Proof. According to Remark [8.8(a), j is injective on Vj(a). Therefore Lemma [8.2) implies
- a :
7)< §||U||%/ i@l (ueVi(a)),
with @ > 0 from (8.4) and some ¢ > 0. From (8.4) we then obtain

Rea(u) + cllj () > 5 llully- U

o |

8.10 Proposition. Assume that (8.3)) is satisfied and that a is compactly elliptic. Then
V =Vj(a) ®ker(j) is a (not necessarily orthogonal) topological direct sum.

Proof. There exists R € L(V') such that
(Rulv)y = a(u,v) +w ((u)|[1(©)y  (w,veV),

with w from (8.5)). (For fixed u, the right hand side, as a function of v, belongs to V*,

and Ru results from the Riesz-Fréchet theorem.) Then R is injective: If Ru = 0, then

a(u,v) = 0 for all v € ker(j), i.e., u € Vj(a), and then afu?, < Re (Ru|u) =0 by (8-7).
Define B € L(V) by

(Bulv)y = a(u,v) +w(G(u)[j(0)y + ) [30)g  (wveV).

Then the ‘operator version” of the Lax-Milgram lemma (Remark implies that B
is invertible in £(V'), by (8.4). The operator K := j*j € L(V) is compact, and from
the definitions we see that R = B — K. As R is injective, the ‘Fredholm alternative’,
Proposition in the guise of Remark [8.6] shows that R is invertible in £(V'). Note that
then also R* is invertible in £(V'); see Exercise [8.2c).

Let J: Vj(a) < V be the embedding and S := J*R*J. Then S € L(V;(a)), and

Re (Suu)y, ) = Re (Ru|u), = Re(u| Ru)y > allul?  (u € Vy(a)).

This shows that S is coercive, hence invertible in £(V;(a)), by the operator version of the
Lax-Milgram lemma, Remark . Note that J* is the orthogonal projection onto Vj(a);

see Exercise [8.2/(d).
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Now, let P := JS™'J*R* € L(V). Then P? = JS7'SS™'J*R* = P, and clearly
ran(P) = V;(a). This shows that P is a projection onto Vj(a). We note that

ran(RJ) = R(Vj(a)) = ker(j)*.

Indeed, u € V;(a) if and only if (Ru|v) = a(u,v) = 0 for all v € ker(j), i.e., Ru € ker(j)*.
As R is invertible, this shows the equality. This implies

ker P = ker(J*R*) = ran(RJ)* = ker(j).

(For the second of these equalities we refer to Exercise [8.2(b) and Lemmal6.7}) Therefore
P is the (continuous) projection onto V;(a) along ker(j), and this shows the assertion. [J

We insert the definition that a self-adjoint operator A in a Hilbert space H is called
bounded below or bounded above if the set {(Az|z); x € dom(A), ||z|| = 1} is
bounded below or bounded above, respectively. Now we — finally — can show that the
operator associated with (a, j) is as one should hope for.

8.11 Theorem. Let a: V x V — K be a bounded form, and let j € L(V,H) have dense
range. Assume that 15 satisfied and that a is compactly elliptic.

Let A be the operator associated with (a,j). Then A is quasi-m-accretive. If a is
symmetric, then A is self-adjoint and bounded below. If j is compact, then A has compact
resolvent.

Moreover, let a := aly q)xv,a) and J = jly,@a)- Then ran(j) is dense, and A is also
associated with (a,j).

Proof. From Proposition one obtains j(V;(a)) = j(V), in particular ran(j) is dense.
By Lemma [8.9) . ais j- elhptlc Hence the operator A associated with (a, ) is quasi-m-
accretive. If a is symmetric, then a is symmetric, and A is self-adjoint. If j is compact,
then j is compact, and A has compact resolvent, by Proposition . It remains to show
that A = A.

Let (z,y) € A. Then there exists u € V such that j(u) = x and a(u,v) = (y|j(v)) for
all v € V. In particular, for v € ker(j) one has a(u,v) = (y|j(v)) = 0. Hence u € V;(a)
and a(u,v) = (y|j(v)) for all v € Vj(a). This implies that (z,y) € A.

Conversely, let (v,y) € A. Then there exists u € Vj(a) such that j(u) = = and
a(u,v) = (y|j(v)) for all v € V;(a). For v € ker(j) one has a(u,v) = 0 = (y|j(v)),
because u € Vj(a). Now Proposition implies that a(u,v) = (y|j(v)) for all v € V'
and therefore (z,y) € A.

0

8.12 Remark. The last statement of Theorem |8.11| says that it is possible to specialise to
the case of embedded forms, i.e., to the case that j: V — H is injective. This also applies
to the situation that a is j-elliptic, even if j is not compact, which can be seen as follows.
There exists w € R such that the form b defined by b(u,v) := a(u,v) + w (j(u) | j(v)) is
coercive. Recall from Remark |5 - 6| that (b, j) is associated with w4+ A. One easily sees that
V;(b) = V;(a). Moreover, b is compactly elliptic, with 7 = 0, so Proposition E yields
V = Vj(a) & ker(j), and Theorem applies to b. Let @, b, 7 be the restrictions as in the
last assertion of the theorem. Then w + A is associated with (b, ), and from Remark .
we conclude that A is associated with (a, j).
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8.4 The Dirichlet-to-Neumann operator with respect to
A+m

Let  C R" be a bounded open set with C'-boundary. Let m € L, () be real-valued.
Our aim is to consider the Dirichlet-to-Neumann operator D,,, with respect to (A + m)-
harmonic functions. This means that we define D,, in Ly(02) by requiring that for
g,h € Ly(09) one has g € dom(D,,) and D,,g = h if there is a solution u € H'(Q) of
Au+mu = 0, ulyy = g such that 9,u = h. We will show that D,, is a self-adjoint operator
if
0¢ o(Ap +m) (8.6)

which we want to suppose throughout. Here Ap + m is the Dirichlet Laplacian perturbed
by the bounded multiplication operator by the function m. We observe that this operator
is self-adjoint, bounded above and has compact resolvent; see Exercise [8.3]

As in Section [8.1| we consider H = Ly(99Q), V = H'(Q) and as j € L(H'(Q), L2(99Q))
the trace operator. According to the intended setup we now define the form a: VxV — C
by

a(u,v) = / Vu-%—/mm? (u,v € H'(Q)).
Q Q
8.13 Remark. The form a is in general not j-elliptic. In fact, let A\ > A\, where Ay is

the first Dirichlet eigenvalue, and m := X. Choose u € H;(f2) as an eigenfunction of —Ap
belonging to A;. Then [, IVul? = N o ul®, and

/qu]—)\/M +w/ uf? = /|uy <0

for all w > 0. Thus the form is not j-elliptic.

Since the form a is not j-elliptic the theory developed in the previous lectures is not
applicable. However, we can apply the results of the previous section.

8.14 Theorem. Suppose that holds. Then
= {(g,h) € La(0Q) x Ly(0Q); Fu € H'(Q): Au+mu =0, ulyg =g, du=nh}

defines a self-adjoint operator with compact resolvent, and D,, is bounded below.

Proof. Let a be the form defined above, and let j € L(H' (), Ly(09)) be the trace. We first
show that condition ({8.3)) is satisfied. We recall from Theorem that ker(j) = Ha(Q).
Let u € ker(j) such that a(u,v) = [, Vu- Vv — [, muv = 0 for all v € ker(j) = Hj ().
Then u € dom(Ap + m) and Apu + mu = 0, by the definition of Ap. This implies u = 0
since 0 ¢ o(Ap + m) by our assumption.

In order to show that a is compactly elliptic we choose H = Ly(€2) and as j the
embedding H'(Q) = Ly(9), multiplied by ¢ := (||m]|_ + 1)/2. Then

afu) + |72 = / IVl / mlul? + (Jmll o + Dlll? > / Va4 Jul2 = [l

for all u € H*(2), and from Theorem we know that 7 is compact.
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Let A be the operator associated with (a,j). By Theorem [8.11] A is self-adjoint and
bounded below. We show that A = D,,. In fact, for g, h € Ly(02) we have (g,h) € A if
and only if there exists u € H'(Q) such that uy, = ¢g and

/QVU-W—/QmuT):/BQhT; (v e HY(Q)). (8.7)

Inserting test functions v € C(2) one concludes that —Au — mu = 0. Plugging
mu = —Au into (8.7) we deduce that d,u = h. Thus (g,h) € D,,. Conversely, if
(g,h) € D,,, then there exists u € H'() such that Au + mu = 0, ulyq = g and d,u = h.
Thus, by the definition of the normal derivative,

/mh@_/QVU.WJF/Q(Au)@_/QVU.W_/Qmmj_a(u,v) (v e HY(Q)),

hence (g, h) € A.
As j is compact, by Remark [7.12, Theorem implies that A has compact resolvent.
O

Notes

A large part of the material of this lecture is an extract from [AEKS14]. The main result
of Section 8.3, Theorem [8.11], goes beyond this paper and is due to H. Vogt. Our proof
of Theorem for the general non-symmetric case is based on the decomposition in
Proposition A different proof can be given based on results in [Saul3].

We may add that assumption is not really needed. However, if 0 € o(Ap + m),
then D,, is a self-adjoint relation and no longer an operator. We did not want to introduce
the notion of self-adjoint relations here. However, it is well motivated. In the complex
case, the resolvent (is — D,,)! is a bounded operator on Ly(99), and the mapping
Loo(Q) 2 m — (is — D,,) 7' € L(Ly(99)) is continuous. This gives valuable information
on the stability of the inverse problem which interests engineers and doctors at the same
time.

Exercises
8.1 Prove Proposition

8.2 Let F,G, H be Hilbert spaces.

(a) Let A be a densely defined operator from G to H, B € L(G,H). Show that
(A+ B)* = A* + B*.

(b) Let A€ L(F,G), B € L(G, H). Show that (BA)* = A*B*.

(c) Let A € L(H) be invertible in £(H). Show that A* is invertible in L(H).

(d) Let Hy C H be a closed subspace, J: Hy — H the embedding. Show that J* is the
orthogonal projection from H onto H,.
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8.3 Let Q C R™ be open, m € L,(Q2) real-valued. Show that Ap + m is self-adjoint,
bounded above and has compact resolvent. (Hint: Use Exercise [8.2(a).)

8.4 Let —0o < a < b < oo. (a) Compute the Dirichlet-to-Neumann operator Dy for
Q = (a,b), and compute the Cy-semigroup generated by — Dy.
(b) For a = —1, b =1, interpret the result in the light of Exercise

8.5 Let U, := Bgn(0,1) be the open unit ball in R", S, _; := 9U,, the unit sphere. The
following facts can be used for the solution of this exercise: For each ¢ € C(S,-1) there

exists a unique solution v € C(U,,) of the Dirichlet problem,
ulg, , = ¢, uly, harmonic.

(We mention that the solution can be written down explicitly with the aid of the Poisson
kernel, but this will not be needed for solving the exercise.) The solution satisfies
uly, € C*(U,) and [lull, < [l¢ll,- We will use the notation Gy = u; thus G €

L(C(Sp-1), C(Un)).
Define T'(t) € L(C(S,-1)) by

T(t)p(z) :=ule '2) (z€8,-1, t =0)

(with ¢ and u = G as above).

(a) Show that 7" is a Cy-semigroup of contractions on C(S,_1).

(b) Let A be the generator of 7. Show that D := J,.,ran(T'(t)) is a core for A, and
that Ap = —0,(Gyp) for all p € D.

(c) Define A, := Alp. Show that — A, is a restriction of the Dirichlet-to-Neumann
operator in Ly(S,_1), and that Dy = — A, (where Ay, is interpreted as an operator in
Ls(Sy-1)). Conclude that T" extends to a Cy-semigroup 75 of contractions on Lo (S,—1),
and that — Dy is the generator of 7.

(We refer to [Lax02; Section 36.2] for this exercise.)
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Lecture 9

Invariance of closed convex sets

In this lecture we investigate criteria for a closed convex set to be invariant under a
semigroup. To begin with, we present criteria involving properties of the generator.
Applying these criteria to the Dirichlet and Neumann Laplacian one realises that further
properies of H'-functions are needed. These will be provided in an interlude on lattice
properties of H'. In the last section we present criteria involving properties of forms.
Their applicability to a wide range of problems will be presented in a later lecture on
elliptic operators.

9.1 Invariance for semigroups

Let T be a Cy-semigroup on a Banach space X over K, with generator A. Our aim is to
characterise when a closed convex subset C' of X is invariant under the semigroup 7,
e, T(t)(C) C C for all t > 0. At first we note that invariance under 7" is equivalent to
invariance under the resolvent.

9.1 Proposition. Let C C X be closed and convex. Then the following assertions are
equivalent.

(i) C is invariant under T

(ii) There exists w € R such that (w,00) C p(A) and AR(\, A)(C) C C for all X > w.

Noting that AR(A, A) = (I — +A)~! we see that condition (ii) can be expressed equiv-
alently by requiring that there exists ro > 0 such that {1/r; 0 < r < ro} C p(A) and
(I —rA)~1(C) C C for all 0 < r < ry. It is this version of condition (ii) that will mostly
be used in the following.

For the proof of the implication ‘(i)=-(ii)" we need a fact concerning integration. It
should be understood as a statement on generalised convex combinations.

9.2 Lemma. Let C be a closed conver subset of a Banach space X, let —0 < a<b< oo,
uGC([ab] X)withu()ECforalltE[a,b] and ¢ € Cla,b], ¢ >0, f t)dt = 1.
Then f u(t)dt € C.
Proof. For Slmpllclty of notation (and without loss of generality) we assume that [a, b] =
[0, 1].
For n € N define

1{0}‘|‘ZU k/m)L (k1) /nk/n)-
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Then ||¢u, — <pu|] — 0 (n — o0); hence fol ou, dt — fol ¢oudt. Moreover fol ou, dt =

Y orey Lz/ nl \n P t)dtu(k/n) € C, as a convex combination of elements of C. As C' is
closed we obtam the assertion. O

Proof of Proposition[9.1. (1)=-(ii). Let w € R, M > 0 be such ||T(¢)|| < Me** (t > 0),
and let A > w. Then AR(A, A) fo e MT(t )dt (strong improper mtegral) Let x € C.
For r > 0 we obtain (1 — _’\’” L[S AeTMT(t)xdt € C, by Lemma [9.2] Letting r — oo
we conclude that AR(\, A)z € C’

(ii)=-(i). This follows from ‘Euler’s formula’ (Theorem [2.12):

T(t)r = lim <I - %A) Trec (x e O). O

In order to motivate why one may be interested in the invariance of closed convex sets,
we indicate several examples.

9.3 Remarks. Let (€2, 1) be a measure space, H := Lo(p; K).

(a) Let C' C Lao(p) be the positive cone, C' := Lo(u)y = {u € Ly(p); u > 0}. Clearly,
C'is a closed convex subset of Ly(p). An operator S € L(H) leaves C' invariant if and
only if S is positive, or positivity preserving, i.e., Su > 0 for all u > 0.

(b) Let K = C, and let C' := Ly(u;R) be the subset of real-valued functions. An
operator S € L(H) leaves C invariant if and only if S is ‘real’; i.e., Su is real-valued for
all real-valued wu.

(c) Let C := {u € Lo(p); |lul|l,, < 1}. Then C is convex and closed, and S € L(H)
leaves C' invariant if and only if S is L..-contractive, i.e., |[Sull < |u|, for all
u € La(p) N Loo(p).

(d) Let C :={u € Lo(u); u < 1}. Then C is convex and closed, and S € L(H) leaves
C' invariant if and only if S is sub-Markovian, i.e., S is positive (in particular, real) and
L -contractive.

Indeed, let u € Ly(p)4. Then —au < 1 and therefore —aSu < 1, for all @ > 0. This
implies that Su > 0. This shows that S is a positive operator.

Let u € La(p) N Loo(p), ||ull, < 1. Then, for any v € K with |y| = 1 one obtains

Re(ySu) = Re(S(yu)) = S(Re(’yu)) <L

It is not difficult to show that this implies that ||Sul|
Conversely, if S is positive and L..-contractive, then u < 1 implies Su < Su™ <

We are looking for another characterisation involving more directly the generator A and
not just its resolvent. This is possible in Hilbert spaces. Let H be a Hilbert space over K
and let @ # C' C H be closed and convex. We denote by Pr: H — C the minimising
projection of H onto C, i.e., for x € H the element Pox € C is the unique element
satisfying

|z — Pox|| = inf{{lz —y|[; y € C}.
In other words, Pox is the best approximation to x in C'. The mapping Pr is a contrac-
tion; in particular, Ps is continuous. It will be important for us that Pox can also be
characterised as the unique element of C' such that

Re(y — Pcx|x — Pex) <0 (y € O); (9.1)
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see [Bou07; V, §1, N° 5, Théoreme 1], [Bre83; Théoreme V.2]. Geometrically, this means
that © — Poz is ‘orthogonal’ to the boundary of C. Clearly, the mapping P satisfies
Py o Po = Pg; so it deserves the name ‘projection’. We could not find a commonly
accepted name for this mapping in the literature. One should keep in mind that in general
Pc is not a linear operator.

The following result has a geometric appeal. It tells that C' is invariant under the
motion if the ‘driving term’ Au(t) in the equation u/(t) = Au(t) always points ‘sufficiently’
from u(t) towards C. (For w < 0 this is quite intuitive. If w > 0, then one can interpret
that it is more and more true, the closer u(t) is to C'.)

9.4 Proposition. Let H, T, A be as before, & #+ C C H a closed convex set, and denote
by P := Pc the minimising projection. Assume that there exists w € R such that

Re (Az |z — Pz) < wl|z — Pz’ (9.2)

for all x € dom(A).
Then C' is invariant under T .

Proof. Because of Proposition [9.1| we only have to show that (I —rA)~(C) C C for small
r > 0. (Observe that (I —rA)~t € L(H) for small r > 0.) Without loss of generality we
assume w > 0. Let 0 <7 < 1/w and let © € dom(A) such that (I —rA)z € C. We have
to show that z € C. Applying with y = (I —rA)z € C we obtain

Re ((I = rA)z — Pz |z — Px) <O0.

Thus
|z — Pz||* = Re (rAz + (I —rA)z — Pz |z — Px)
< rRe(Az |z — Pr) < rwl|z — Pz,
Using rw < 1 we conclude that ||z — Pz| =0, z = Px € C. O

The converse of Proposition holds for quasi-contractive semigroups.

9.5 Proposition. Let H,T, A be as before, and assume that T is quasi-contractive, i.e.,
there exists w € R such that ||T(t)|| < e*' for allt > 0. Let @ # C C H be a closed and
convex set, and assume that C' is invariant under T.

Then holds for all x € dom(A), with the minimising projection P := Pg.

Proof. Let x € dom(A). Then (9.1) implies Re (7'(t)Px — Pz |z — Pz) < 0, and this
inequality can be rewritten as 0 < Re (=T'(t)Px + Px |x — Pxz). One then obtains

Re (T(t)(z — Px) — (v — Px) |z — Px)
(e“t —1)||z — Px|*.

Dividing by ¢ and taking the limit ¢ — 0+ we conclude that

Re (Az |z — Pr) < w|jz — Pzl O
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For the case of contractive Cy-semigroups we summarise the results of Propositions
and [0.5] as an equivalence.

9.6 Corollary. Let T' be a contractive Cy-semigroup on a Hilbert space H, let A be the
generator of T, and let C' # & be a closed convex subset of H. Then C' is invariant under
T if and only if

Re (Az |z — Px) <0 (x € dom(A)), (9.3)

where P = Pg is the minimising projection.

For an illustration we expand the example where H = Ly(1;R) and C' = Lo(p)4 is the
positive cone; see Remark [9.3(a).

9.7 Corollary. Let T be a contractive Cy-semigroup on La(u;R). Then T is positive,
i.e., T'(t) is positive for all t > 0, if and only if

(Au|ut) <0 (u € dom(A)). (9.4)

Here, u™ :=u V 0 is the positive part of u. If A satisfies the condition (9.4]), then A is
sometimes called dispersive.

Proof. Clearly, the projection P is given by Pou = u. With v™ = (—u)™ = u™ — u,
the condition (9.3)) translates to (Au|—u~) < 0 (u € dom(A)). Replacing u by —u one
obtains

0= (A(—u) | —(—u)”) = (Au|u™) (u € dom(A)). O

9.2 Application to Laplacians

We recall that the Dirichlet Laplacian Ap is associated with the classical Dirichlet form
on V = H}(Q), embedded into Ly(£2). We also recall that the Neumann Laplacian Ay is
associated with the classical Dirichlet form on V = H'(Q), embedded into Ly(2). (See

Example and Theorem )

9.8 Example. Let (2 C R” be an open set. Then the Cy-semigroup generated by the
Dirichlet Laplacian Ap in Ly(€2; C) leaves Lo(€%;R) invariant. Moreover, 2P is sub-
Markovian for all t > 0, i.e., e'P is positivity preserving and HetADu”OO < ||l for all
0 < u€ LyN Loo(S).

Proof. (i) For the proof of the first property we use Corollary 0.6l As —Ap is accretive,
the semigroup (e'2P);>q is contractive. The minimising projection P: Ly(;C) — C =
Ly(2;R) is given by Pu := Reu. Let u € dom(Ap). Then

Re (Apu|u— Pu) = Re (Ap(Reu) + iAp(Imu) |iImu) = (Ap(Imu) | Imu) < 0.

Therefore Corollary (9.6 implies that Ly(£2;R) is invariant under (e*),.

(ii) We now restrict e!®P a priori to Ly(€2;R), and we show that the (closed convex) set
C = {u € Ly(;R); u < 1} is invariant under (e!2P);o. The minimising projection onto
C is given by Pu = u A 1. We have to show that

Re (Apu|u—uAn1l) <0
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for all u € dom(Ap).

We are going to use that u A1 € Hj(Q), and that V(u A 1) = 1j,<1jVu. These
properties will be shown in the following section (and the present example should serve as
a motivation for this treatment); see Theorem Accepting these properties we obtain

(Apu|u—uAl)=—(Vu|lysyVu) = —/

[u>

|Vul? < 0.
1]

Now the application of Corollary yields the invariance of C'. It was shown in Re-
mark [9.3((d) that then e'2P is sub-Markovian for all ¢ > 0. O

We note that identically the same arguments show the same properties for the Neumann
Laplacian. We refer to Exercise for the discussion of invariance properties for the
Robin Laplacian.

9.3 Interlude: lattice properties of H'(Q)

We start this section with a warm-up.

9.9 Lemma. Let —o00 < a < b < oo, and let u: (a,b) — R be continuously differentiable.
Then Olu| = (sgnu)u’ in the distributional sense, where sgn: C — C is the signum function,
sgn o = ﬁ if0 #a e C, and sgn0 := 0.

For the proof we use a sequence (Fy,) of functions Fj, € C*°(R;R) with Fj,(t) = [t| — ¢
for [t| > £, Fi,(t) = 0 for |¢| < 5 and |F(t)| < 1 for all t € R. (F} can be obtained as
a convolution of ¢ — (|t| — 1)* with a suitable C°-function; and then Fj,(¢) := + Fy (kt)

(t e R).)

Proof of Lemmal[9.9 By the chain rule we have (Fj ou)’ = (F] ou)u'. Then Fy o u(z) —
|u(z)|, uniformly for x in compact subsets of (a,b), and (Fj, o u)'(x) — (sgnu(z))u'(z)
for all © € (a,b), with |(F}, o u)'(z)| < |W/(z)| for all x € (a,b), k € N. Therefore
(F) ou) — (sgnu)u' locally in L on (a,b). This implies 0|u| = (sgnu)u'. O

9.10 Remark. It is an interesting observation that, in the situation of Lemma one
also obtains that v’ =0 on [u = 0] (= {z € (a,b); u(x) = 0}).

Indeed, using a sequence (F}) of functions in C*(R) satisfying F}(0) = 0, F/(0) = 1,
0< F,é < 1, Fk(t) = —1/]{? (t < —2/]{3), Fk(t) = 1/]6 (t = 2/]{5), we obtain Fpou — 0
uniformly, (Fj,ou)" = (Fjou)u’ — 1j,—qu’ locally in Ly on (a,b). This shows that 1j,_qu’
is the distributional derivative of the zero-function; hence v’ = 0 a.e. on [u = 0].

Our aim is to show similar properties in more general situations. The first point is that
the chain rule holds also for distributional derivatives.

In the following let 2 C R™ be an open set. Until further notice all the function spaces
will consist of real-valued functions.

9.11 Proposition. Let F € CY(R;R), |[F'(t)] < 1 for allt € R, u € L11,.(Q), j €
{1, . ,TL}, 8ju - Ll,loc(Q)-
Then 0;(F ou) = (F' o u)oju.
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Proof. Without loss of generality we assume that F'(0) = 0; then |F(¢)| < [t| for all t € R.
Being the distributional derivative of a function is a local property, and therefore (after
suitable multiplication by a C°-function) it is sufficient to treat the case that @ = R”
and u, 0ju € Li(R™).

Let (pi)ken be a d-sequence in C2°(R™). Then wuy, = pj x u — u, Ojuy, = py * ju — dju
in L;(R™), and for a suitable subsequence (py,) these convergences also hold a.e. as well
as “boundedly”, in the sense that there exists h € L1(R™) such that |ug,|, |0;uk,| < h. As
u, € C®(R"), one has F ouy,, € C'(R"), and

Fouy, — Fou, 0;(Fouy)=(F"ou)0ju,, — (F' ou)dju a.e.,

since F, F" are continuous. Furthermore, |F o wuy,| < |ug,| < h, |0;(F o uy,)| < h, by the
hypotheses on F' and the subsequence, and therefore F o uy, — F ow, 0;(F o uy,) —
(F" ou)0;ju in Ly (R™), and this implies that 0;(F o u) = (F’ o u)0;u. O

Next, we extend the chain rule of Proposition to more general composition func-
tions F'.

9.12 Proposition. Let F': R — R be continuous, and assume that there exist a function
G: R — R and a sequence (Fy) in C'(R;R) with ||F|| <1 (k€ N), Fy, — F pointwise,
and F|, — G pointwise (k — 00).

Let uw € L110c(2), j € {1,...,n}, Oju € L116c(2). Then Fou € Ly 1,.(2), 0;(Fou) =
(G ou)o;u.

Proof. From Proposition we know that Fi ou € Ly 15.(£2), 0;(F) o u) = (F}, o u)0;u.
Applying the dominated convergence theorem on relatively compact subsets of €2 one
obtains the assertions. O

9.13 Corollary. Let u € L1 0c(2), 7 € {1,...,n}, Oju € L1)0c(2). Then ut,u A1l €
Ll,lOC(Q)7 8j(u+) = 1[u>0}8ju, @(u A ]_) = 1[u<1]8ju.

Proof. Similarly to the construction of the sequence (F}) at the beginning of the section
one can construct a sequence (Fy) converging to F'(t) := t*, with the properties mentioned
in Proposition and such that F] — 1 ) pointwise. Then Proposition implies
the assertion for u™. The reasoning for u A 1 is analogous. O]

The following result is the conclusion for the Sobolev spaces H'(2) and H}(Q). Tt
implies that they are Stonian sublattices of Lo(u).

9.14 Theorem. Let u € H'(Q). Then ut,uAl e H'(Q), Vu = 1,20 Vu, V(u A1) =
Ifu e Hy(Q), thenu™,u N1 € H(Q).

Proof. It was shown in Corollary that the indicated derivatives for u* and u A 1 are
the distributional derivatives. As they belong to Lo(£2;R™), the first part of the theorem
is proved.

Now let u € H}(Q). There exists a sequence (uy) in H}(2) such that uj, — u in H'().
Then (u}) is a bounded sequence in H}(Q), and u — u™ in Ly(Q2). The fact formulated
in Remark below shows that u belongs to the closure of H}(Q) in H'(Q), i.e., to
H}(Q). The argument for u A 1 is similar. O
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9.15 Remark. Let V| H be Hilbert spaces, V' C H with continuous embedding. Let (v,)
be a bounded sequence in V' that is weakly convergent in H to v € H. Then u € V', and
v, — u weakly in V.

Indeed, there exist v € V and a subsequence (v, ), v,, — v weakly in V. Then also
Uy, — v weakly in H; hence v = u. A standard sub-sub-sequence argument shows v,, — u
weakly in V.

9.4 Invariance described by forms

In this section we transform the invariance criteria obtained in Propositions [9.4] and [9.5| to
conditions on forms instead of operators. This means that we only treat Cy-semigroups
associated with forms. In this case the Cj-semigroup is quasi-contractive, and the
condition (9.2)) is equivalent to the invariance of C' under the semigroup.

We restrict our treatment to the case of embedded forms, i.e., we assume that V is a
Hilbert space that is densely embedded into H and that a: V x V' — K is a bounded
H-elliptic form. We recall that this means that there exist w € R, a > 0 such that

Rea(u) +wllully > alluly  (we V). (9.5)
In the following the quantity
wo(a) == inf{w € R; Rea(u) +wllulf, =0 (uc V)}

will be needed. Then —wy(a) is the ‘lower bound’ of a, in particular Re a(u) = —w(a)|ul|%
for all w € V. It follows from Proposition (b) that | T(t)|| < 0@ for all ¢ > 0, where
T is the Cy-semigroup associated with a.

The notation used above will be fixed troughout this section. Coming back to invariance,
let @ # C C H be convex and closed, and let P := P¢ be the minimising projection.

9.16 Proposition. Let C' be invariant under T. Then P(V) C V.

9.17 Remark. At the first glance, this property might look rather unexpected, because
the elements of V' have some quality (or ‘regularity’), and it is surprising that this quality
is preserved under P. To make the point, the elements of the domain of the generator

will not be mapped to the domain of the generator, in general.

For the proof we single out a technical detail, which will be useful in several of the
subsequent proofs.

9.18 Lemma. Let (uy,), (v,) be sequences in V', u, — w in H, (v,) bounded in V', and
Re a(tp, uy, —v,) <0 (n € N).

Then uw €V, and u, — u weakly in V.
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Proof. Using (9.5 we estimate

ollun|ly < Rea(un, un) + wllunllz < Realun, va) +wllun|7

~
< Mlfunlly l[onlly + wlfunll gllunlly

(where M denotes the bound of a, and without loss of generality we have assumed
|-l 7 < []-]ly)- This implies that (u,) is bounded in V', and therefore Remark implies
that u,, — u weakly in V. O

Proof of Proposition[9.1(. Adding the inequality (y — Pz | Pz —y) < 0 to (9.1 one ob-
tains
Re(Pr—yly—z)=Re(y— Px|z—y) <0 (x € H, ye ). (9.6)

For r > 0 small enough (say, 0 < r < ry < oo) we define R, := (I +rA)~'. Then
AR, =Y +rA—I)R, = X(I - R.), 50

a(Ru,v) = (ARu|v) = % (u— Ryulv) (ue H, velvV). (9.7)

We recall from Proposition [9.1|that the invariance of C' under 7" implies that R,(C) C C.
Let u € V. Using (9.7) and applying with y = R,.Pu € C, we obtain

Rea(R,Pu, R,Pu—u) = - Re (Pu— R,Pu| R,Pu—u) < 0.

Since R,Pu — Pu in H as r — 0 (by Lemma [2.10[a)), Lemma implies that
PueV. ]

We insert an auxiliary result that will be used in the proof of the next theorem.

9.19 Lemma. (a) As in the proof of Pmposz’tion we define R, == (I +1A)~" for
0 <r <y (suitable). Then R.u — u (r — 0) weakly in 'V for allu € V.

(b) Assume that (u,) is a sequence converging weakly in V' to u. Then a(u,,v) — a(u,v)
forallveV.

Proof. (a) Let uw € V. By (9.7) we obtain
a(Ryu, Rou —u) = % (u—Ryu| Rou—u) <0.

Since R,u — u (r — 0) in H, Lemma implies that R,u — u weakly in V" as r — 0.
(b) For v € V| the functional V' 3 u + a(u,v) € K is continuous, by the boundedness
of a. This implies the assertion. [

Now we come to the fundamental result concerning invariance characterised by conditions
on the form. The inequality appearing below has already been commented upon
before Proposition . In order to give a geometrical interpretation to we note
that, loosely speaking, a(Pu,u — Pu) can be understood as (A(Pu)|u — Pu) (only Pu
is not necessarily in dom(A)). So, the condition gives information on the driving term
—Au(t), whenever u(t) is the image Pu of some u € H \ C: in these points, the driving
term ‘points towards C".
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9.20 Theorem. Under the previous assumptions the following properties are equivalent.

(i) C is invariant under T';

(ii) P(V)CV, and

Rea(Pu,u — Pu) >0 (9.8)

forallu e V;

(iii) there exists a dense subset D of V' such that P(D) C V', and holds for all
u € D;

(iv) P(V) CV, and

Rea(u,u — Pu) > —w||u — Pul® (ueV), (9.9)
for some w € R / for w = wy(a).
Proof. (i)=-(ii). P(V) C V was shown in Proposition [9.16{ Let v € V. Then for
0 < r < rgwe have

Rea(R,Pu,u — Pu) = %Re (Pu— R,Pu|u— Pu) >0

by (9.7) and (9.1)), and from Lemma we obtain
Re a(Pu,u — Pu) > 0.

(ii)<(iii). ‘(i) = (iii)’ is trivial. For the proof of ‘(iii) = (ii)’ let v € V. There exists a
sequence (u,) in D such that u,, — u in V' as n — oco. By the hypothesis we have

Re a(Puy,, Pu, —u,) <0 (n € N). (9.10)

From the continuity of P we obtain Pu,, — Pu in H, and therefore Lemma [9.18| implies
that Pu € V, and Pu,, — Pu weakly in V.
In order to show (9.8) we use that on V' an equivalent norm is given by

1/2
loll, == (Rea(v) +wlo|3)?  (veV),

associated with the scalar product 3(a + a*) +w (-]+), (with w from (9.5))). It follows
that for the weakly convergent sequence (Pu,) in V one has ||Pul|, < liminf,_, ||[Pu,]|,.

Using (9.10) we obtain
Re a(Pu) + w||Pul[3, < lim inf (Re a(Puy,) + w||PunH?{)
n—oo

< lim inf Re a( Pu,, u,) + w|| Pul)%,.

n—oo
Since a(Puy, u,) = a(Puy, uy, —u) + a(Pup,u) = 0+ a(Pu,u) as n — oo, we conclude
that Re a(Pu,u — Pu) = Rea(Pu,u) — Rea(Pu) > 0.
(ii)=(iv) with ‘w = wp(a)’ follows from the identity

a(u,u — Pu) = a(Pu,u — Pu) + a(u — Pu)
and the definition of wy(a).
(iv) with ‘some w € R’=(i). Because of a(u,u — Pu) = (Au|z — Pu) (u € dom(A)),
condition implies (9.2 for the generator —A of T'. Then the assertion follows from
Proposition [9.4} O
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9.21 Example. We come back to Example and show again part (ii), i.e., that the
Cp-semigroup generated by the Dirichlet or Neumann Laplacian is sub-Markovian. Using
C = {u € Ly(4R); u < 1} and the minimising projection Pu = u A 1, we check
property (i) of Theorem [0.20f Theorem implies that P leaves V = H}(Q) (and also
V = H'(Q)) invariant, and

a(Pu,u — Pu) = /V(u A1) - (Vu—=V(unl)) = /1[u<1}Vu “1p=yVu =0

shows that property (ii) is satisfied. Hence C' is invariant by Theorem [0.20]

9.22 Remark. We emphasise that in Theorem the associated semigroup is not
assumed to be contractive. If the convex set C' is not a cone, then the quasi-contractive
case cannot be reduced to the contractive case by scaling.

An example for an application to a non-contractive semigroup can be found in Exer-

cise [0.5]

Notes

Clearly, it is of fundamental interest to ask for criteria describing when certain sets are
invariant under the time evolution of a system, and questions of this kind have a long
history, in particular in the finite-dimensional case, for linear and non-linear problems.

The seminal papers for investigating such questions in infinite-dimensional spaces are
probably the papers by Beurling and Deny, [BD58|, [BD59]. Another fundamental paper
on positive contraction semigroups is by Phillips [Phi62]. Skipping a lot of history we
refer to Kunita [Kun70] for the idea to include non-contractive non-symmetric semigroups
in the treatment, and we mention the more recent papers by Ouhabaz, |[Ouh96] and
[IMVV05] as well as Ouhabaz’ book [Ouh05] and refer to the literature mentioned in these
sources. The invariance criterion in Theorem is taken from [MVV05; Theorem 2.1].
An investigation on invariance for non-linear evolution equations can be found in [Bar96).

The lattice properties of the Sobolev spaces Hj(2) and H'(2) have been developed
in the 70’s (at the latest). We refer to a paper of Marcus and Mizel [MM79] where also
earlier references can be found. Meanwhile, these properties can be found in several books
on Sobolev spaces or partial differential equations. We refer to |[EE87; p. VI.2] for a more
general chain rule than presented in the lecture.

Exercises

9.1 Let (2, 1) be a measure space, 1 < p < oo, and let A € L(L,(p)) be positive, i.e.,
Au >0 for all u € L,(p) with u > 0.

(a) Show that |Au| < Alu| for all uw € L,(p).

(b) Show that

IA]] = sup{||Aull,; w € Lp(u), u >0, [jull, < 1}.

p
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9.2 Let (Q, ) be a measure space, C' C K convex and closed, 0 € C; let P: K — C be
the minimising projection. Then clearly

C:={u€ Ly(n); u(z) € C for prae z} # @

is convex and closed. )
Show that the minimising projection P: Ly(u) — C' is given by (Pu)(z) = P(u(x))
(x € Q).

9.3 Let Ag be the Robin Laplacian from Section [7.5]
(a) Let § be real-valued. Show that the Cy-semigroup generated by Ag is positive.
(b) Let 5 > 0. Show that the Cp-semigroup generated by Az is sub-Markovian.

9.4 (a) Assume that H,V,a,j are as in Proposition 5.5 and such that minus the
operator associated with (a,j) is a generator. Let @ # C' C H be convex and closed,
P the minimising projection onto C. Let P:V > Vhbea mapping satisfying Pj = jp.
Further assume

a(u,u — Pu) >0 (veV). (9.11)

Show that C' is invariant under the Cy-semigroup associated with (a, j). (Hint: Use

Proposition [0.4] )
(For the more ambitious: Show the assertion if (9.11)) is replaced by

a(Pu,u — Pu) >0 (veV),

additionally assuming that a is j-elliptic.)

(b) Show that the Cy-semigroup generated by the Dirichlet-to-Neumann operator of
Section [8.1]is sub-Markovian. (Hint: Show that the operation u — uA1 for an H'-function
is consistent with the trace operator.)

9.5 Let Q C R™ be open, let b € L,(2;R"™), and define the operator A in Ly(2) by

dom(A) := {u € Hy(Q); —Au+b-Vu € Ly(Q)},
Au = —-Au+b-Vu (u € dom(A)).

(a) Show that A is associated with an H-elliptic form on V x V, with V := H}(Q2) C
H := Ly(f2) (and therefore —A generates a quasi-contractive Cy-semigroup). Show that
the semigroup generated by —A is holomorphic of angle 7/2, if K = C (cf. Exercises

and .

(b) Show that the Cy-semigroup generated by —A is sub-Markovian.
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Lecture 10

Interpolation of holomorphic
semigroups

In the first section of this lecture we will present an extremely powerful tool of Functional
Analysis, important in many areas: complex interpolation. It should be looked upon
as the surprising fact that (elementary) complex methods are a useful tool for deriving
inequalities. The main result is the Stein interpolation theorem; as a particular case one
also obtains the famous and important Riesz-Thorin interpolation theorem.

For us, the important consequence will be that a holomorphic semigroup on some Ly,
that is bounded on some L,, for real times can be ‘interpolated’ holomorphically to other
L,’s. In the last section we demonstrate the interplay of invariance, interpolation and
duality in applications to Cy-semigroups on L.

10.1 Interlude: the Stein interpolation theorem

Throughout this section the scalar field will be K = C.

10.1.1 The three lines theorem

The content of this section is a version of the maximum principle for holomorphic functions
on an unbounded set. First we recall the maximum principle.

If Q C C is a bounded open set, and h: Q — C is continuous and holomorphic on €2,
then ||h|lg < [|R||5- This is an easy consequence of Cauchy’s integral formula. Here and
in the following we denote by |-||,, the supremum norm taken over the set M.

In this and the following section the set S C C will be the open strip

S:={2€C;0<Rez<1}.
10.1 Theorem. Let h: S — C be continuous and bounded, and h|g holomorphic. Then

1205 < lIAllys-

Proof. For n € N, the function ,(z) := 3% is continuous on S and holomorphic on S.
From the maximum principle one obtains



110

where Sy, = {z € S; [Imz| < k}. As |[¥nhll(.cos,. jtmej=ry — 0 (k = 00), we conclude
that

[nhlls < [[nhllas < lhllas  (n € N).

Letting n — oo we obtain the assertion. O]

10.2 Remark. Taking more astute functions v,, one may weaken the assumption that h
is bounded; it suffices that |h(z)| < ce™ with ¢ > 0 and o < 7 (see Exercise [10.1]).

It is of interest to distinguish between the suprema of h at [Re = 0] and [Re = 1]. This
is expressed in the following statement.

10.3 Corollary. (Three lines theorem) Let h be as in Theorem |10.1. Then

1l eery < Il 1l ey
forall0 <7< 1.
Proof. Let bj > [[h||ge—; for j = 0,1. Then we apply Theorem m to the function
Z (Z—‘l’)zh(z) and obtain

() Wl <bo=(32) 0 @< <1

hence b
1 TILT
Ml = (5 ) o= 057701
Taking the infima over the b;’s one obtains the assertion. O]

10.4 Remark. It follows that 7+ |[A| g,_, is a log-convex function, i.e., 7 = In [|A[[g._,
Is convex.

10.1.2 The Stein interpolation theorem

Let (£2,A, 1) be a measure space. Let A, C {A € A; u(A) < oo} be a ring of subsets
of €, with the property that the space of simple functions over A,

S(Ae) ==1lin{l4; A€ A}
is dense in L;(p). We will also use the notation
Li(A.) = {u: ) — C; u measurable, 14u € Ly(u) for all A € A,
3(Ay) in Ae: [u0] € |J A},

neN

where we understand the elements of L;(.A.) as equivalence classes of a.e. equal functions
(with the equivalence classes formed in the set of measurable functions). With these
conventions one has uv € Ly(u) for all u € S(A.),v € L1(A.). We note that for o-finite
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measure spaces the requirement on [u # 0] in the definition of L;(.A.) can be dispensed
with. (The index ‘c’ should be remindful of ‘compact’: if 2 C R™ is an open set, then one
can choose A, as the system of relatively compact measurable subsets of (2.)
Let the strip S € C be defined as in Subsection and let po, p1,qo, 1 € [1, 0],
Moy, M, > 0. For 7 € (0,1) we denote
lizl_T‘Fl, l3:1_7_+la MT::M()l_TM{'
pr Po b1 4r 4do 41
Finally, let L(S(A.), L1(A.)) denote the linear operators from S(A.) to Li(A.) (without
continuity requirement), and let ®: S — L(S(A.), L1(A.)) be a mapping satisfying the
following two conditions.
(1) [|2G +is)ull,, < Mjllull,, for all u € S(A), all s € R and j =0, 1. (The estimate
means, in particular, that ®(j +is)u € Lg; (i) for all the indicated terms.)

(ii) For all A, B € A, the function S 3 z — [(®(2)14)1pdu is continuous and bounded,
and its restriction to S is holomorphic.

After these preparations we can state the Stein interpolation theorem, the main result
of this section.

10.5 Theorem. (Stein) In the context described above it follows that
[B(7 +is)ull,, < Mc|lull,,
for allu e S(A.), s€ R and 7 € (0,1).

Before proceeding to the proof we mention the important application to the situation
where the function @ is constant.

10.6 Corollary. (Riesz-Thorin) Let (S0, 1), po, P1, 90, @1, Mo, My be as before, and let B €
L(S(Ac), L1(Ac)) be such that || Bull, < Mjllull, (u€ S(Ac), j=0,1).
Then for all T € (0,1) one has || Bul|, < M|[ull, (uv€ S(A.)).

As an application we recall Example where it was shown that the operators e/Ap

are sub-Markovian. Since we know that e2P is contractive in Ly(£), we conclude from
Corollary that e'2P is contractive in L,(2) for all p € [2, 00].
The following fact will be needed in the proof of Theorem [10.5]

10.7 Lemma. Let the notation be as above. Let p,p" € [1, 0],
and assume that there exists ¢ = 0 such that

‘/uv dﬂ‘ <cloll, (10.1)

for allv € S(Ac). Then u € Ly(p), [lull, < e

Proof. (i) In the first step we show that (10.1]) carries over to all

V€ Lo o(Ae) i={w: Q — C; w measurable, bounded, 3A € A.: [w # 0] C A}.
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Let v € Ly o(Ac), A € A. such that [v # 0] C A. The hypotheses imply that there exists
a sequence (vy,) in S(A.), such that v, — v a.e. Since A. is a ring, we can choose (vy,)
such that [v, # 0] C A and ||v,]|, < |||, for all n € N. Then [wv,dp — [uvdu as
well as v, — v in Ly (p) (n — 00), and this implies (10.1)).

(ii) Recall that [u # 0] C (J,,cy An for a suitable sequence (A,) in A..

If p=1, then [, |uldy = [u(sSgnula)dp < cfor all A € A, and therefore |Jul|; < c.

In the case 1 < p < oo we use that |u| can be approximated pointwise by an increasing
sequence (Vy)ken I Logc(Ac)+. We estimate

Joully = [ ki< [ utsgmad ) an < el ), = ellel”

hence ||vg||, < c. Now the monotone convergence theorem implies u € L, (), [Jull, < c.
If p = 0o and [|u] > ¢ is not a null set, then there exists A € A with 0 < u(A) < oo
and A C [|u] > ¢|. Then

[utEraLgdn = [ lultsde > cu(a) = el

leads to a contradiction. O
Proof of Theorem[10.5 Let 7 € (0,1), and let u,v € S(A.), ||lull, =1, [[v[l, =1 (where
=+ i = 1_) We are going to show that then | [(®(T)u)vdu| < M.

For z € S define a(z) == &2 + =2, f(z) == 1; + 2z

F(z) = {|U|a(z)pT sgn u ?f pr # 00,
u if p, = o0,

Gy o [0 s it # 00,
z) =
v if ¢, = oc.

Then F(7) = u, G(7) = v. Note that F(z),G(z) € S(A.) for all z € S. Indeed, u
can be written as u = 2?21 cjla;, with Ay,... A, € A. pairwise disjoint, and then

F(z) =3, |cj|a(z)p7(sgn cj)1a,, if p; # 0o, and similarly for G(z).
Finally we define

Then h is continuous, bounded, and holomorphic on S. Indeed, it is sufficient to show
this for the case u = cly, v =dlp, with c,d € C, A, B € A.. If p;,q. < oo, then

[ @EF@)GE) du= 107" (sna)|df snd) [(@E10Lsdn (2 € )

and this function has the required properties, by condition (ii). An analogous — easier —
computation shows that this also holds if one or both of p., ¢, are equal to co.
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The definition of F' is such that [[F(o +is)||, =1 for all o € [0,1], s € R. For the
proof recall that a(o) = 1/p,. If p, < 00, then p, < oo, and therefore

PG +is)lz = [ () d = fully = 1.
If p, = 00, then a(o) = 0, and therefore
. 0
|1F(o +is)ll,, = |[lul o], = L.
An analogous observation applies to GG. This shows that

1®(is) F(is)l,, < Mol Fs)l,, = Mo,
|M@h{/@mﬁmmamm4<anmeMmmm%<Mb

for all s € R. In the same way one obtains |h(1 + is)| < M; for all s € R.
At this point we can apply Corollary and obtain U(@(T)u)v du} = |h(7)| < M.
So, we have shown that

[ @dn] <3l ol (o e S(A)

In view of Lemma this implies the assertion for s = 0.
If s € R, then the result proved so far can be applied to the function z — ®(z + is),
and this yields the asserted inequality for general s. O]

10.2 Interpolation of semigroups

As in Section [10.1], the scalar field in this section will be K = C.

Let (Q, A, i) be a measure space. Let p; € [1,00), 6 € (0,7/2], and let T be a bounded
holomorphic Cy-semigroup on L, (1) of angle 6, M; := sup,y, ||T(z)||£(Lp1 () < 00- Let
po € [1,00], po # p1, and assume that T\[Om) is L,,-bounded; by this we mean that there
exists My > 0 such that

IT@ully, < Mollull, (€ Ly, 0 Ly (p), ¢ > 0).

10.8 Theorem. Let the hypotheses be as above, and let T € (0,1), 0, := 70, p% = lp_—OT—f—
M, := My "MT.
Then for all z € X, the operator T(z)ly, nr, () €vtends (uniquely) to an opera-

T
p1’

tor Tr(z) € L(Lp, (1)), and T, is a bounded holomorphic Cy-semigroup of angle 60,
T (2)|] < M, for all z € X, .

Proof. We define A, := {A € A; u(A) < oo} and use the notation S(A.), L1(Ac) from
the beginning of Subsection [10.1.2]

(i) The essential part of the theorem is the boundedness statement for T'(2)[g4,); its
proof will require the Stein interpolation theorem.
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Let 0 < @ < 6. The function (z) := €# maps the strip S continuously onto the
‘semi-sector’ ¥j, ;= {z € C\ {0}; 0 < Argz < #'}, and 9 is holomorphic on S. Now one
can see that the function ® := T ov: S — L(S(A.), L1(A.)) satisfies the hypotheses of
Theorem [10.5) with gy = pg, ¢1 = p1. Let us just comment on the holomorphy hypothesis:
for A € A. the function S 3 z — T'(¢)(2))14 € Ly, (1) is holomorphic, and this implies
that for all B € A, the function S 3 z — [(T(¢(2))14)1p dp is holomorphic. The other
properties are checked similarly.

For every s € R, Theorem implies that T'(¢(7 +1s))lg(4,) is bounded with respect
to the L, -norm, with norm < M,. The points ¥(7 +is) = 7+ = =056l are
contained in the open semi-sector XO]’QT, and in fact all points of this open semi-sector can
be obtained by a suitable choice of s and ¢’. .

For the complementary open semi-sector {Z; z € 2’97} the reasoning is analogous, and
for z > 0 the boundedness statement follows from Corollary [I0.6]

(ii) As S(A.) is a dense subspace of L, (u), the operator T'(2)[g(4.) has a unique extension
T:(z) € L(Ly, (n)). We show that T'(z)lL, nr, ) = Tr(2)lL,, 0L, o: Let w € Ly, N Ly, (1)
Then there exists a sequence (u,) in S(A.) with w, — v in L, (1) as well as in L,_(u).
This implies T'(2)u = T (2)u.

In order to show that o, 3 z — T;(2) is holomorphic we use the results of Section [3.1]
For u,v € S(A.) the function Xy, 3 z — [(T'(z)u)vdy is holomorphic. As S(A.) is dense
in L, () and in Ly () and T2 g, — L(L,, (1)) is bounded, Theorem 3.5 implies that
2+ T.(2) € L(L,, (1)) is holomorphic on Xy, .

(iii) In order to show the strong continuity of 7, at 0 we use Holder’s inequality

1—

el < el

ull, (u e S(A)).

Let u € S(A.). Then the boundedness of {||T(t)u||p0 ; t > 0} together with the continuity
of T'(-)u at 0 in Ly, (u) implies that [|T'(t)u —ul[, — 0 as ¢ — 0. Then the combination
of Lemma [1.5| and Proposition |3.11| implies that 7} is strongly continuous at 0. O]

10.3 Adjoint semigroups

In this section we insert some information on adjoint semigroups. Let H be a Hilbert space,
T a Cy-semigroup on H. Then clearly T* := (T'(t)*);>0 is a one-parameter semigroup on
H, but it is not obvious that 7™ is strongly continuous. We will show this by looking at
the generator of T'. However, we will restrict our treatment to the case of quasi-contractive
semigroups.

10.9 Theorem. Let H be a Hilbert space, let T be a quasi-contractive Cy-semigroup on H,
and let A be its generator. Then A* is the generator of a quasi-contractive Cy-semigroup,
and the generated Cy-semigroup is T as defined above.

Proof. By rescaling we can reduce the situation to the case that 7' is contractive. Then
— A is an m-accretive operator.

As A is closed, A* is densely defined; see Theorem [6.3(b). We know from Theorem [3.1§]
that (0,00) C p(A), and that [|(A — A)~'|| < 5 for all X > 0. Similarly as in the proof of
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Theorem [6.3|(b) one obtains (A — A*)~" = (A — A)~")*. It follows that A\ € p(A*) and
[(A—=A*)7Y|| < 1 for all X > 0. Therefore the Hille-Yosida theorem (Theorem implies
that A* generates a contractive Cy-semigroup.

From the exponential formula, Theorem [2.12] we conclude that the Cy-semigroup
generated by A* is the adjoint semigroup 7. O

10.10 Remark. If the semigroup 7" in Theorem is holomorphic of some angle
0 € (0,7/2], then T* (defined as the adjoint of TY, .)) has a holomorphic extension to
the sector >y. This extension is given by

T*(z) = T(3)" (2 € %) (10.2)

Indeed, it is not difficult to show that 7%, defined by (10.2)), is holomorphic. Hence T* is
a holomorphic Cy-semigroup.

10.11 Remarks. (a) Using the general Hille-Yosida generation theorem (see Exercise
one also obtains Theorem for general Cy-semigroups on H.

(b) If X is a Banach space and T is a Cyy-semigroup on X, then it is not generally true
that T7(t) :=T(t)" (t > 0) defines a Cy-semigroup on X', where T'(t) € L£L(X') is the dual
operator. It is true, however, if X is reflexive. More generally, if T is a one-parameter
semigroup on X that is weakly continuous, then 7" is a Cy-semigroup.

10.4 Applications of invariance criteria and interpolation

Throughout this section let (2, 1) be a measure space.

An operator S € L£(Li(n)) is called substochastic if S is positive and contractive. An
operator S € L(Ly(p)) is called Li-contractive if || Su||, < ||u||; for all w € Ly N Ly(p),
and S is substochastic if S is positive and L;-contractive. The same notation will be
used for semigroups if all the semigroup operators satisfy the corresponding property.

10.12 Theorem. Let V C H := Ly(p) be continuously and densely embedded, and let
a:VxV — K be a bounded H-elliptic form. Let A be the operator associated with a, and
let T' be the Cy-semigroup generated by —A. Then one has the following properties.
(a) T is real if and only if Reu € V for allu € V' and a(u,v) € R for all real u,v € V.
(b) T is positive if and only if T is real, and u™ € V, a(u™,u™) <0 for all real u € V.
(¢) T is sub-Markovian if and only if T is real, and u N1 €V, a(u N1, (u—1)") =0
for all real u € V.
(d) T is substochastic if and only if T is real, and u A1 €V, a((u—1)",uAl) =0 for
all real u € V.

For the proof of (d) we need an auxiliary result.

10.13 Lemma. Let S € L(Ls(p)). Then S is Ly-contractive if and only if S* is L;-
contractive, and S is sub-Markovian if and only if S* is substochastic.
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Proof. Let S be Lo-contractive. Let v € Ly N Ly(p), ||v||; < 1. Then

‘/uS*_vdu‘ _ ‘/(Su)ﬂdu' <1 (weLon Lo, Jul. <1,

and from Lemma we conclude that ||S*v||; < 1.

The converse statement is proved in the same way.

For the second statement it is now sufficient to notice that S is positive if and only
if S* is positive. O

Proof of Theorem [10.13, In view of Remarks the statements (a), (b), (c) are easy
consequences of ‘(i)<>(ii)’ in Theorem [9.20] For the necessity in (a) we note that only the
case K = C is of interest and that for real u,v € V one obtains

0 < Rea(Re(u £iv),u +iv — Re(u +iv)) = Rea(u, +iv) = £ Ima(u,v),

which implies that a(u,v) € R. For (b) we note that u —ut = —u~, and for (c) we note
that u —u A1l = (u—1)".

For (d) we note that —A* is the generator of the Cy-semigroup 7%, by Theorem m,
and that A* is associated with the form a*, by Theorem (which by Remark [5.6 and
Lemma also holds for H-elliptic forms). It is easy to see that T is real if and only if
T* is real, and therefore Lemma [10.13| implies that 7" is substochastic if and only if T’
is real and T* is sub-Markovian, or equivalently, u A1 € V and a((u — 1)t u A 1) =
a*(u A1, (u—1)T) >0 for all real u € V', by part (c). O

10.14 Remarks. (a) A form a satisfying conditions (c) and (d) of Theorem is
called a (non-symmetric) Dirichlet form. The conditions formulated in (b), (¢) and
(d) are the Beurling-Deny criteria.

(b) Using the condition (iii) of Theorem one could also formulate the conditions in
Theorem [[0.12 with a dense subset of V.

10.15 Theorem. Let T be a Cy-semigroup on Lo(u).

(a) Assume that T is sub-Markovian and substochastic. Then for all p € [1,00) the
operators T'(t)|,nr, (s evtend to operators T,(t) € L(L,(1)), and T, thus defined is a
contractive Cy-semigroup on L,(u). For 1 < p,q < oo the semigroups T,,T, are con-
sistent, i.e., Ty,(U)|p,nr, ) = Ta(O)lr, 0L, for allt > 0.

(b) Assume that T'(t) is self-adjoint for all t > 0 and that T is sub-Markovian. Then
the assertions of (a) hold. If K = C, then for all p € (1,00) the semigroup T, extends to
a contractive holomorphic Cy-semigroup of angle

0_{(1—%)77 ifl<p<2,
p 1 .
5T if 2 < p<oo.

Proof. (a) Let 1 < p < co. For every ¢ > 0, Exercise [10.3] (or Corollary if K=C)
implies that T'(t)|1,y. () extends to a contractive operator Tp(t) on Ly(x). It is standard
to show that T}, is a one-parameter semigroup. The strong continuity of 7}, at 0 is obtained
as follows. If u € L, N Ly(p) and (¢,,) is a null sequence in (0, 00), then T'(¢,)u — u in
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Ly () implies that for a subsequence one has T'(t,, )Ju — u a.e., and the contractivity of
T, in combination with Lemma proved subsequently, implies that T,(¢,, )Ju — v in
L,(1). Applying a standard sub-sub-sequence argument one obtains 7,(t)u — w in L,(p)
as t — 0+. Lemma [L.5| concludes the argument.

The consistency is shown as in (ii) of the proof of Theorem [10.8|

(b) From T'(t)* = T(t) for all ¢ > 0 and Lemma it follows that 7' is also
substochastic. Thus (a) is applicable. Also, Theorem implies that the generator A of
T is self-adjoint, and as 7T is contractive, — A is accretive.

Now let K = C. Then it follows that —A is sectorial of angle 0. Hence —A is the
generator of a contractive holomorphic Cy-semigroup of angle 7/2; see Theorem . In
view of Theorem this implies the remaining assertions. O

10.16 Lemma. Let 1 < p < oo, and let (f,) be a sequence in L,(u), f € L,(u) such that
fo = [ a.e. and limsup,,_, | foll, < | fll,- Then f — f in Ly(u).

Proof. For n € N let f, :=sgn f, (|f| A|fu]). Then f, — fin L,(u) by the dominated
convergence theorem. Moreover |fn| = |fn| + |fn - fn|7 hence |fn|p 2 |fn|p + |fn - ]En|p
for all n € N. Therefore | f, — ang < fally = anHZ — 0, and this implies that

fo= (fo = fo) + fo = [ 0 Ly(p). H

Notes

The three lines theorem is generally attributed to J. Hadamard. The Stein interpolation
theorem, essentially in the form presented here, is contained in [Ste56]. We refer to this
paper for some history of the Riesz-Thorin convexity theorem, finally proved by Thorin by
the complex variable method, which initiated a whole new branch of Functional Analysis.
In fact, the paper |Steb6] can be considered as the start of interpolation theory, for which
we refer to the seminal paper of Calderén [Cal64] as well as to the monographs [BL76],
[Lun09].

The application of invariance and interpolation as described in Section is well-
established in the theory of semigroups for diffusion equations, Schrodinger semigroups
and related. Interestingly enough, nice and elegant as the proof of Theorem [10.15 may
seem, the angle of holomorphy for the L,-semigroup is not optimal, in this case, neither for
holomorphy nor for contractivity. There exist other methods providing more sophisticated
estimates.

Exercises

10.1 For this exercise let S be the strip
S:={2€C; -1/2<Rez<1/2}

(of width 1). Let h: S — C be continuous and holomorphic on S. Assume that h is
bounded on 0S5, and that there exists o < 7 such that

|h(2)| <e (z €09).

e&|Im z|
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Show that h is bounded by ||h||,g. (Hint: Use 9, (2) := emn (@) ith o < f < )

10.2 Let (€2, 1) be a measure space. Show that

5+l + 130 = 9l <272 (LA + Ngl) (10.3)

for all f,g € L,(1), 2 <p < o0.
Hint: Use the mapping

T Ly(p) X Lyp(p) = Ly(p) % Lp(p), (f, 9) = (5(F +9),5(f —9)).

Compute the norm of T for p = 2 and for p = oo and use the Riesz-Thorin interpolation
theorem. (The inequality is one of Clarkson’s inequalities. The other inequalities of
Clarkson involve p and the conjugate exponent and can also be obtained by interpolation,
but this is more complicated.)

10.3 (a) Let p € (1,00), r € [0,00). Show that

" el (L= )
(b) Let (€2, ) be a measure space, and let S € L(Ls(p)) be sub-Markovian and
substochastic. Show that S is L,-contractive for all p € (1,00). (The case K = C is
already covered by Corollary , but not the case K = R!)
Hint: Using (a) twice show first that S|u| < (S |u]p)1/ P for simple functions.
(c) Let (€2, 1) be a measure space, let S € L(Ls(n)) be sub-Markovian, and assume
that there exists ¢ > 0 such that S is substochastic. Show that S interpolates to an
operator S, € L(L, (1)) with ||S,|| < /P, for all 1 < p < c0.

10.4 (Continuation of Exercise Let the hypotheses be as in Exercise and
additionally b € C*(Q). Assume that w € R is such that divb(z) < w for all z € Q.

(a) Show that || T(t)ullx < e“||ully (v € LaNLi(2), t = 0), where T is the Cy-semigroup
generated by the operator —A.

Hint: Use C!() as the dense subset of V = H}(Q) for the application of the invariance
criterion to the semigroup (e “'T'(t)) 1s0- Observe that on C1(Q) one can transform
(b- Vu|v) — using integration by parts — to an expression where b only appears in the
second argument of the scalar product, and u in the first argument appears without
derivative.

(b) Compute estimates for ||7,(¢)| in terms of w := supdivb for t > 0, 1 < p < oo,
where T, is the interpolated semigroup on L,(f2), analogous to Theorem [10.15(b).
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Lecture 11

Elliptic operators

Elliptic operators with measurable coefficients are a classical topic in partial differential
equations. Their realisations under diverse boundary conditions generate semigroups and
thus lead to solutions of parabolic initial boundary value problems. Form methods are
most efficient to treat these problems and to derive properties of the solutions of the
equations. It will become apparent that a large amount of the topics presented so far
enter the treatment of these equations. In particular the properties of the Sobolev space
H'(2) and the invariance criteria will play a decisive role in the treatment. The latter
lead to positivity and to sub-Markovian and substochastic behaviour of the generated
semigroups.

In order to achieve these goals it turns out that again additional order properties of
H'(Q) — treated in an interlude — are needed.

11.1 Perturbation of continuous forms
We start with a perturbation result. We refer to the proof of Theorem and to
Exercise [L.3] for related methods.

11.1 Lemma. Let V, H be Hilbert spaces with V' <i> H. Leta: VXV — K be an H-elliptic
continuous form. Let b: V x V — K be a continuous form such that

)| < Mlully Jully — (we V).
Then a+b:V xV — K is H-elliptic.
Proof. By the H-ellipticity of a there exist w € R and a > 0 such that
Rea(u) +wllull?, > afull’

for all u € V.
By the “Peter-Paul inequality” (i.e., Young’s inequality, ab < 3(vya® + 1b?) for all
a,b >0, v>0) one has

Rea(u) + Reb(u) +wlully > allully, — Mllully |lull ;

2 1 2 1 2
> aljull}, - 5 (allully + 22ully ).

This implies

Re(a(u) +b(u)) + (w4 3 ) fully > 2l (wev). 0



122
11.2 Elliptic operators

Let © CR™ be open. Let aj, € Lo(2) (j,k =1,...,n) be coeflicient functions satisfying
the ellipticity condition

Re Z aj(r)6& > ale)? (€ €K (11.1)

J,k=1

for a.e. x € Q, with a > 0, and let bj,¢; € Loo(2) (j =1,...,n), d € Loo(2). Our aim is
to define operators in Ly(€2) corresponding to the “elliptic operator in divergence form’
A written formally as

)

.Au = Z —8j(ajk8ku) + Z(bjaju — Gj(cju)) + du
j=1

j,k=1

= —div((a;x)Vu) + b Vu — div(cu) + du.

(11.2)

We consider the form
a: H'(Q) x H'(Q) - K

given by

a(u,v)z/ﬂ(i

a;xOu 050 + Z(bjﬁju@ + cjud;v) + duz‘;) dz.
jk=1 j=1
11.2 Proposition. The form a is continuous and Lo(Q2)-elliptic.

Proof. Let the form ag: H'(Q) x H'(Q2) — K be given by

ao(u,v) :/ Z a;kO0pu 00 da.
Q

jk=1

Then the boundedness of the coefficients a;;, implies that a, is continuous. The ellipticity
condition implies that Reag(u) + OzHuHiz > (JcHVuHi2 + ozHuHi2 = alul|3: for all
u € H'(Q). Thus aqg is Ly(Q2)-elliptic.

Define a;: H(2) x H'(Q) — K by

ar(u,v) = / (Z(bjajuﬁ + cjud;v) + duU) dz.
Q

=1

Then a = a¢ + a;.
The boundedness of the coefficient functions b;, ¢; and d implies that a; is continuous.
It also implies that there exists M > 0 such that

aw)] < M / Vallul dz + ld],_|lul,

< ([ wufan) ([P ar) + ol

< M+ ldll g D lull gl
for all u € H*(£2). Now the claim follows from Lemma[11.1] O
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Now let V be a closed subspace of H'(2) containing H}(€2). Then the restriction of a
to V x V is also continuous and Ly (Q2)-elliptic. Denote by Ay the operator associated
with aly.,. Then —Ay generates a Cy-semigroup Ty on Ls(2), and if K = C, then — Ay
generates a holomorphic Cy-semigroup 7y on Lo(£2); see Section

Coming back to (11.2)), let u € H'(Q) and multiply by a test function v € C'°().
A formal integration by parts gives

/Q (Au)Tdz = a(u, v).

So we might say that for u € H'(Q) one has Au = f € Ly(Q) if

/Qfde = a(u,v) (v e C(N)).

This leads to the definition of the maximal operator
Apax = {(u, f) € HY(Q) x Ly(Q); a(u,v) = /f@dx (ve CSO(Q))}

11.3 Remark. For each closed subspace V C H'(Q) with Hj(2) C V the operator Ay
is a restriction of Ayay. For (u, f) € Apax to be in Ay it is needed that

(i) u € V (and not merely for u € H(2)),

(ii) a(u,v) = (f |v), for all v € V' (and not merely for v € C(Q2)).
These conditions can be interpreted as a boundary condition.

11.4 Examples. (a) Let us first consider the case V' = Hy(Q2). Then Ay is just the
restriction of Apyay to dom( Ay ) NH(Q). We write Ap := A H) and call Ap the realisation
of the elliptic operator A with Dirichlet boundary conditions. We define T, := Ty

(b) Next we consider V = H'(Q). We define Ty := Ty and call Ay = A the
realisation of the elliptic operator A with Neumann boundary conditions. However,
it is not the normal derivative of u which is 0 at the boundary, but rather the conormal

derivative
n

n
Z (a;k0ku)v; + Z cjuv;
jk=1 j=1
on 02, which is defined in terms of the coefficients of A.
Clearly, the conormal derivative has no meaning for general domains, but even for nice
domains there is the problem that the partial derivatives of u occur, and there is no reason
why they should have a trace on 9€2. We will motivate the Neumann boundary condition

involving the conormal derivative under suitable “smooth hypotheses™. B
Assume that Q2 is bounded and has C'-boundary. Assume that aj; € C*(Q), ¢; € C1(Q),

b; € C(Q), d € C(Q). Let u € dom(Ax), Axu = f, and assume addititionally that
i

u € C%(Q). Since Apaxu = f by Remark |[11.3 and since a;,0,u € C1(), c;u € C1(Q),
partial integration yields

n

f=- Z 0;(a;,0ku) + Z bj0ju — Z 0j(cju) + du.
j=1 =1

jk=1
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By the definition of the associated operator Ay we have

/Q fode = alu, v)

n

= / <Z ajkﬁku% + zn: b]ﬁjuﬁ + zn: cjum + dUI_)) dz
Q% k=1 j=1 j=1

for all v € CY(Q) C HY(). Applying Gauss’ theorem (Theorem [7.4) we deduce that

/sz‘;d:c:/Qf@da:+/80(Zn:(ajkaku)uj>5da+/a (Zn:cjuuj>z7da

k=1 Qi

for all v € C1(Q2) C HY(Q), where v = (vy,...,v,) is the outer normal. (These computa-
tions correspond to the argument given at the beginning of Section concerning the
Neumann boundary condition for the Laplacian.) This implies that

n

Z (Z ajkOku + cju) vj = ((ajp)Vu+cu)-v=0 on 0. (11.3)

j=1 k=1

Thus is the Neumann boundary condition we are realising by the form a on
HY(Q) x H'(Q).

(c) There are other possible choices of V. For example, assume that 2 has C''-boundary,
and let I' C 0f) be a Borel set. Then we may consider

V={ueH(Q); tru=00nT}.

We call Ay the realisation of the elliptic operator A with mixed boundary conditions
(i.e., Dirichlet on I, Neumann on 02\ T).

11.5 Remarks. Assume that the coefficient matrix (a;(z)) is self-adjoint, i.e., a;i(z) =
agj(x), for all z € Q.

(a) Then the ellipticity condition says that the smallest eigenvalue of each matrix
(a;r(z)) is > a.

(b) If b; =& (j =1,...,n) and d is real-valued, then a is symmetric and the operator
Ay is self-adjoint.

We conclude this section with comments on the interplay between the real and complex
cases. Obviously, in order to obtain a holomorphic Cy-semigroup one has to work with

the field C.

11.6 Remarks. Assume that all the coefficient functions aj,b;, c;,d are real-valued.

Assume that the ellipticity condition is satisfied. (Take notice of Exercise [11.1])
(a) Let V be a closed subspace of H(; C) containing H}(2; C) with the property that

u € V implies Reu € V. Then Ty (t) leaves Ly(€2; R) invariant, for ¢ > 0; this follows

from Theorem [10.12(a).
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Let Vg = VN Ly(2;R). Tt is clear that the restriction of a to Vi x Vi is again continuous
and elliptic and that minus the generator of Ty restricted to Ls(£2;R) is the operator
associated with aly. .y, -

(b) Conversely, if V is a closed subspace of H'({2;R) containing H}(€;R), then V¢ =
V@iV is a space as we considered in (a).

In order to study further properties of the semigroup on Ly(£2; R) generated by an elliptic
operator with real coefficients we need additional properties of the Sobolev space H!(Q).

11.3 Interlude: Further order properties of H'((})

In this section let K = R. Let €2 C R" be open. In Section we have seen that
H'(Q) is a sublattice of Ly(Q2). More precisely, if u € H*(£2), then Theorem implies
that u™,u™ = (—u)™, [u| = " +u~ € H(Q) and dju™ = 1p5q0;u, Oju~ = —Lj<005u,
djlu| = Oju™ + Jju~ = (sgnw)0;u. It follows that

el @) = lulm@ — (we€ H(Q) (11.4)

since Oju = Jjut — dju~ = 1pzgOju (j = 1,...,n). Incidentally, this last equality
implies that 1,—g0;u = 0, i.e., d;ju = 0 a.e. on [u = 0] (“Stampacchia-Lemma”); see also
Remark [9.10l

Next we show that the lattice operations are continuous.

11.7 Proposition. (a) The mapping H () > u s |u| € H'(Q) is continuous.
(b) The mappings (u,v) — uAv and (u,v) — uV v are continuous from H'(Q) x H'(Q)
to H(Q). In particular, the mappings H'(Q) > u v+ u™,u™ € H'(Q) are continuous.

Proof. (a) Let (ug) be a sequence in H*(Q), up — u in H'(Q). Then |ug| — |u| in Ly(Q),
and implies that (|ug|) is bounded in H'(2). Therefore Remark implies that
lug| — |u] weakly in H'(Q).

From ([11.4)) we also obtain

ekl = lurll g = Nl g = lulllg (B = o0),

and this implies that |ug| — |u| in H'(); see the subsequent Remark
(b) follows from uAv = 3(u+v —|u—v|), uVv = 3(u+v+ |u—v]) and part (a). O

11.8 Remark. Let H be a Hilbert space, (uy) a sequence in H, uy — u weakly in H,
and [|ug|| — ||u|| (kK — o). Then

e = ull* = [fug|* + [full* = 2Re (ug [u) = 0;
so ur — uin H (k — 0).

For a function u: € — R we denote by u: R” — R the extension of u by 0,

i(z) = u(z) ?f:v €Q,
0 if z € R"\ Q.
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From Subsection .1.4] we recall the definitions
H; () :={f € H'(Q); spt f compact in Q},

T (@)

HY(Q) = H(©Q)

Saorar

and the denseness property H}(Q2) = C>(2) ? We also recall that for u € H, 2(€2) one
has @ € HY(R"), d;u = d;u (j = 1,...,n); see Remark (b) and Exercise (b) We
already know that H} (1) is a sublattice of H*(Q) (see Theorem [9.14). Now we show that

it is even an ideal (in the sense of vector lattices).
11.9 Proposition. Let u € H}(Q), v € H'(Q), 0 <v < u. Thenv € H}(Q).

Proof. There exists a sequence (uy) in H!(€) such that v — u in H'(Q2). It follows from
Proposition that uxy Av - uAv=uvin H(Q) as k — oo. Since uy Av € H}(Q) we
conclude that v € H}(Q). O

11.10 Proposition. Let Q be bounded and with C'-boundary. Let T' C 0Q be a Borel
subset, and let V be as in Example|11.4(c). Then V is a sublattice of H* (), and u € V,
ve HY D), 0 <v < uimpliesv eV,

Proof. The fundamental observation is that the mapping tr: H'(Q) — Ly(99Q) is a
continuous lattice homomorphism. This means that additionally to continuity and
linearity one also has tr(u V v) = tru V trv (u,v € H'(2)). This last property is clear
for u,v € HY(Q) N C(Q) and carries over to H'(Q2) by denseness and continuity; see
Theorems [.7] and [T.9

Therefore, if u € V, then tr(u")|p = (tru)|p =0, i.e., ut € V. This implies that V is
a sublattice.

Let u,v be as in the statement of the proposition. Then 0 < tro|p < trujp = 0. This
shows that v € V. O

We will also need the following denseness properties.

11.11 Lemma. The set C(Q); = {p € C*(Q); ¢ = 0} is dense in HJ(Q); = {u €
Hi(Q); u > 0}.

Proof. (i) In this step we show that H}(Q), := {u € H}(Q); u > 0} is dense in H} ().
Let u € H}(2),. There exists a sequence (uy,) in H!(Q) such that u, — u. Then clearly
uf € HY(Q), for all k € N, and Proposition implies that u; — u™ = u.
(ii) Let u € HY(Q)4. Let (py) be a d-sequence in C°(R™). It was shown in the proof of
Theorem 4.12|(b) that then (py * @)| € C(Q) for large k, and (p * )| — uw in H'(Q).
1
Clearly pg *x @ > 0 for all k¥ € N, and this shows that u € C§°(Q)+H @, O
11.12 Proposition. Let Q be bounded and with continuous boundary. Then C=(Q), =

{ue C®(Q);u>0} is dense in H'(Q)+ := {u € H(Q); u > 0}.

Proof. We refer to the proof of Theorem [7.7] Following the lines of this proof one can
see that, starting with a function u € H*(2), in all the steps one stays in the realm of

positive functions. As a consequence, the approximating function constructed in the proof
of Theorem [7.7] will be positive. O
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11.4 Elliptic operators with real coefficients

In this section we assume throughout that K = R. Let 2 C R" be open, and let
@ik, bj, cj,d € Loo(Q) (all real-valued) be as in Section 11.2; in particular, we assume that
the ellipticity condition (11.1) is satisfied.

A vector sublattice of H'(Q) is a subspace with the property that « € V implies
ut eV.

11.13 Proposition. Let V be a closed vector sublattice of H'(Q) containing H}(S2).
Then the semigroup Ty generated by — Ay is positive.

Proof. Let u € H'(Q). Then Theorem implies Ojut = 1p5005u, ju~ = —1p<q0;u;
therefore Oyut0;u™ =0, dutu™ =0, v dju~ =0, wu~ = 0. Thus a(u™,u”) = 0. Now
it follows from Theorem [10.12(b) that Ty is positive. O

Proposition [11.13| implies that the semigroup is positive for Dirichlet, Neumann and
mixed boundary conditions; see Theorem and Proposition [11.10]

Next we show additional properties for Dirichlet boundary conditions.

11.14 Proposition. (a) Assume that ¢ = (cy,...,c,) € CH(Q;R™) and dive < d. Then
Tp 18 sub-Markovian.
(b) Let b= (by,...,b,) € C* (R, divb < d. Then Ty is substochastic.
).

Proof. (a) Let u € Hy(Q). Then uAl € H}(Q) and 9;(uAl) = 1,<110;u, by Theoremm.
Since u =u A1+ (u—1)*, it follows that (u —1)* € Hj(Q) and 9;(u — 1)* = 1},21)0;u.
Thus Og(u A 1)0;(u—1)" =0 and 9;(u A1) (u—1)* = 0. It follows that

n

(Z ¢;(u A1) (u— 1)F + d(u A1) (u — 1)+) dz

j=1

- [t -1

Jj=1

a(unt, (u—1)%) —/

Q

(where the last equality holds because w A1 =1 on [u > 1]). From the hypotheses we

obtain . .
/Q<ch8jg0 + dgp) dz = [)(—;ajcj + d)gpdx >0

j=1
for all 0 < ¢ € C°(2). Since (u — 1)* can be approximated by positive test functions, by
Lemma [11.11] it follows that a(u A1, (u—1)") > 0. Now it follows from Theorem [10.12c)
that Tp is sub-Markovian.

(b) The proof is analogous to (a) and uses Theorem [10.12{d). O

11.15 Remark. In Proposition [11.14]a) it would be sufficient to require the validity of
div ¢ < d in the distributional sense, without requiring ¢ to be differentiable, and similarly
for b in Proposition [I1.14|(b). (A corresponding statement for the subsequent result would
be somewhat more subtle, because of the occurence of the boundary terms.)
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Next we consider boundary conditions which are defined by more general spaces V.

11.16 Proposition. Assume that Q is bounded and has C*-boundary. Assume thatu € V
impliesu N1 € V.
(a) If c € CH;R™), dive < d on Q and c-v = 0 on 09, then Ty is sub-Markovian.
(b) If b € CY(;R™), divb < d on Q and b-v > 0 on OS2, then Ty is substochastic. (As
before, v(z) = (11(2),...,vn(2)) denotes the exterior normal at z € 0).)

Proof. (a) As in the proof of Proposition |11.14] one has

n

a(unl,(u—1)") = /Q<Z ¢;0;(u—1)" +d(u— 1)+> de (ueV).

J=1

For 0 < ¢ € C1(Q) we now have by Gauss’ theorem (Theorem that

/Q<;Cj3j80+d90> dx:A(—;ﬁjcj+d)<pda:+/m;yjcj@da20_

By approximation — applying Proposition [11.12|— we deduce that a(u A 1, (u —1)7) > 0
The proof of (b) is analogous. O

11.17 Remarks. Let 2 and V be as in Proposition [11.16, and assume that 1o € V.
(a) If in Proposition [11.16{(a) one has the equalities

dive=4d on €, c-v=0 on 01,

then Ty (t)1g = 1g for all ¢ > 0. This means that Ty is not only sub-Markovian but
Markovian.

Indeed, the proof of Proposition shows that a(1q,v) = 0 for all v € C1(Q2) and
hence for all v € H'(Q2), by Proposition [L1.12] This implies that 1o € dom(Ay) and
Aylg = 0. Now Theorem [1.12(a) implies the assertion.

(b) Similarly, if in Proposition [I1.16b) one has the equalities

divb=d on (, b-v=0 on 01,

then Ty is not only substochastic but stochastic, i.e., | Ty (¢t)ul|, = |lul|, for all 0 < u €
LyN Li(Q), ¢t > 0. See Exercise [11.4]

11.18 Remark. Deviating from the initial announcement of this section that only K = R
is treated, we include a comment on the complex case. It should be noticed that then
Theorems [10.§] and [10.15] are applicable to the situations treated in Propositions
and and that they yield L,-properties and holomorphic extensions for the generated
semigroups.
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11.5 Domination

We assume K = R throughout this section. Let 2 C R"™ be open, V a closed vector sublat-
tice of H'(2) containing H}(2). Recall from Theorem [11.13| that then the semigroup Ty
generated by —Ay is positive. We recall the notation Ap,Tp, An, Tx from Examples [11.4]

11.19 Theorem. For allt > 0 one has 0 < Tp(t) < Ty (t), i.e., 0 < Tp(t)f < Ty(t)f for
all 0 < f € Ly(Q).

Proof. Because of the exponential formula, Theorem [2.12] it suffices to show the domination
property for the resolvents; i.e., for large A we have to show that

A+ Ap) <A+ AY) S

for all 0 < f € Ly(Q2). Adding A to the coefficient d we may assume A = 0 and also that
the form a is coercive on H'(Q) x H'(Q).

Let 0 < f € Ly(Q), up = A]Slf, Uy = A‘_/lf. We know that u; € H}(Q)y, up € Vi 1=
V' N Ly(Q);4 and

a(uhv) = (f|

a(uz,v) = (f |
Thus a(u; — ug,v) = 0 for all v € H}(Q). Observe that 0 < (u; — uz)* < uy. Thus
(uy — ug)™ € H}(Q) by the ideal property Proposition [11.9] Taking v := (u; — us)* we
obtain a(u; — us, (ug —ug)™) = 0. But a(w™,w") =0 for all w € H'(Q) as we had seen in
the proof of Proposition [11.13] Thus a((u; — uz)*) = 0, which implies (u; — uz)™ =0 by
our coerciveness assumption. Consequently, u; < us. We have shown that A]Sl < A(/l. O

11.20 Theorem. Assume additionally that V is an ideal in H'(Q), i.e., u € V, v € H'(Q),
0 <wv<uimpliesveV. Then Ty(t) < Tn(t) for allt > 0.

,, foralwve Hi (),
r, forallveV.

v)
v)

The proof is analogous to the proof of Theorem [11.19; see Exercise [11.5]

If Ay is the elliptic operator with mixed boundary conditions, then V' is an ideal in
H'(2), by Proposition [L1.10} and so Ty () < T (t) for all ¢ > 0.

Finally we want to prove domain monotonicity for Dirichlet boundary conditions. Let
Q; € Q be open. We consider the semigroup Tp on Ly(€2). But we may also restrict the
coefficients to €; and consider the semigroup T} on Ly(£2;). We identify Ly(£2;) with a
subspace of Ly(Q2) by extending functions in Lo(€2;) by 0 on 2\ €.

11.21 Theorem. One has T3(t)f < Tp(t)f for all 0 < f € Ly(y), t > 0.

Proof. By the exponential formula it suffices to show that (A + AL)™'f < (A + Ap)~Lf
on € for large enough A and 0 < f € Ly(€2;). As in the proof of Theorem we may
assume that the form a is coercive and A = 0.

Let 0 < f € La(Qy), uy = (Ap) ' f, ug = (Ap) ™' f. Then uy € HJ ()1, ug € HH(Q)4
and

a(uy,v) = fvdz for all v € HJ (),

Q1

a(ug,v) = / fodz for all v € H(Q).
Q
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Observe that for v € Hj(£2;) the extension ¢ is in H}(2) and 9;0 = 8;?1 forallj=1,...,n
(see the paragraph before Proposition [11.9). Thus a(u; — uz,v) = 0 for all v € Hg ().
Since ug, us = 0 one has 0 < (u; — ug)* < uy. It follows from Proposition that v :=
(ug —ug)™ € HY(Qy). Hence a(u; —us, (ug —ug)™) = 0. Since a((u; —uz)™, (u; —uz)™) =0
it follows that a((u; —ug)™) = 0 and hence (u; —ug)™ = 0 by the coerciveness assumption.
Thus vy < us. ]

Notes

The application of invariance criteria — in the form of the Beurling-Deny criteria — to
symmetric elliptic operators, in particular in connection with the heat equation with
potential (“Schrodinger semigroups”), has a longer history; see for instance [RS78], [Dav89).
The application to non-symmetric operators seems to start with [MR92], [Ouh92], [Ouh96];
see [Ouh05] and |Are06] for more recent presentations. Domination is also considered
in the above references. It is interesting that the conditions for domination given in
Exercise are also necessary; see [MVVO05; Corollary 4.3]. We refer to [MVV05] and
the literature quoted there for the treatment of more general domination results, which
are then treated in the context of invariance criteria.

Perturbations as in Lemma play an important role for the second order equation
(cosine functions), see [ABHN11; Chapter 7 and Section 3.14] as well as the corresponding
notes.

We note that the treatment of second order elliptic operators by forms is particularly
effective for operators in divergence form, as written in . This nomenclature concerns
the second order part of the operator. Transforming an expression Z;kzl a;,0;0ru into
divergence form would require differentiability properties of a;; and produce first order
terms (called drift terms).

Exercises

11.1 Let (ajx) € R, a > 0 such that

n

Z &y = al¢f?

k=1
for all £ € R™. Show that
Re Z ;e > al¢f?
jik=1

for all £ € C™.

1 1

11.2 Let Q C R? be open, (ajz) = (_1 ,

(a) Show that Ap = —Ap.

),b:c:o,d:o.
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(b) Assume that € is bounded with C'-boundary. Find the conormal derivative
corresponding to Ay; cf. Example [11.4(b). Find Q with Ax # —Ay. Can one see that for
all of these Q2 # & one has Ay # —AN?

11.3 Let ajx, bj,cj,d be as in Section [11.2]
(a) Assume additionally that b € CL(Q;K") (bounded derivatives!). Let the formal
elliptic operators A;, As, in the sense of ([11.2]), be defined by

Aju = — Z 0j(a0ku) +b- (Vu), Au:=— Z 0j(a;,0ku) + div(bu) — (div b)u.
Jik=1 4, k=1
Show that Al,D = AQvD'
(b) Assume additionally that b,c € CL(;K"), ¢ = b, and let A be defined by

Au = — Z 0;(ajk0ku) + b - (Vu) — div(cu).

jk=1

Show that Ap is associated with a formal elliptic operator without drift terms.

11.4 Prove Remark [11.17[b).

11.5 (a) Let K=, (2, 1) a measure space, H := Ly(u), V, W Hilbert spaces, V' SN H,

w i> Hand let a: V xV — R, b: W x W — R be continuous bilinear forms, both
H-elliptic. Denote by A the operator associated with a and by B the operator associated
with b. Assume that the semigroups T generated by —A and S generated by — B are both
positive. Assume

HVCW,andifveV, weW,0< w< v, thenw € V;

(ii) a(u,v) = b(u,v) for all 0 < u,v € V.
Show that T'(t) < S(t) (t = 0).

(b) Prove Theorem [11.20]
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Lecture 12

Sectorial forms

In this lecture we study sectorial forms. If the form is closed, then the approach presented
here is equivalent to the approach via elliptic forms. We point out that even if the form
is not closed, we can always associate an m-sectorial operator. Two examples are given
that illustrate very well the theory: the Robin Laplacian and the Dirichlet-to-Neumann
operator are revisited, but now on rough domains.

12.1 Closed sectorial forms

In this section we want to establish a slightly different formulation of the generation
theorems of Section [5.3] As defined in Lecture [5] a form a is a sesquilinear mapping
a:V xV — K, for some K-vector space V. In contrast to previous sections, V will
carry no additional stucture. For our purposes it will be convenient to simply call V' the
domain of a and set dom(a) := V. Evidently, this is a misuse of the symbol ‘dom’, since
actually the domain of a, in the usual sense, is the cartesian product V' x V. However,
this notation is useful, has a long history, and should not lead to (too much) confusion.

Let a: dom(a) x dom(a) — C be a form. We recall that, by definition, a is sectorial
if there exists 6 € [0,7/2) such that a(u) € {z € C\ {0}; |Argz| < 6} U {0} for all
u € dom(a). This is the same as saying that there exists ¢ > 0 such that

[Im a(u)| < cRea(u) (12.1)

for all u € dom(a). We further recall that Re a, Im a: dom(a) xdom(a) — C are symmetric
forms such that « = Rea +ilma and that Rea(u) = (Rea)(u) and Ima(u) = (Ima)(u)
for all u € dom(a). Using Proposition we deduce from (12.1)) the inequality

la(u,v)| < (1 + ¢)(Rea(u))?(Rea(v)) 2. (12.2)

This is a sort of intrinsic continuity of a which we will use throughout.

Let H be a complex Hilbert space. A sectorial form in H is a couple (a,j) where
a: dom(a) x dom(a) — C is a sectorial form and j: dom(a) — H is linear. We say that
(a,j) is densely defined if j has dense range.

12.1 Remark. Later we want to use the results of this section also for the case K = R, if
a is an accretive symmetric form a: dom(a) x dom(a) — R. Note that then the inequality
holds with ¢ = 0; in fact the validity of is a key point for the results of this
section. We ask the reader to keep this in mind and to read the section under this aspect,
observing that the results also hold in this case.



134
12.2 Proposition. Let (a,j) be a densely defined sectorial form in H. Then

Ay = {(z,y) € H x H; Ju € dom(a): j(u) =z, a(u,v) = (y|j(v))y (ve€ dom(a))}
(12.3)
defines a sectorial operator in H.

Proof. (i) Let (0,y) € Ap. We show that y = 0; this implies that Ay is an operator.
Since (0,y) € Ay there exists v € dom(a) such that j(u) =0 and a(u,v) = (y|j(v)), for
all v € dom(a). In particular, a(u) = 0. By this implies that a(u,v) = 0 for all
v € dom(a). Consequently (y|j(v))y; = 0 for all v € dom(a). Since j has dense range it
follows that y = 0.

(ii) Let x € dom(Ap). There exists u € dom(a) such that j(u) = x and a(u,v) =
(Aox | j(v))y for all v € dom(a). In particular, (Apx | ) = a(u). Thus Ay is sectorial. [

In general, Ay is not m-sectorial, but later we will construct an m-sectorial extension.
We will give a condition which implies that Ay is m-sectorial.
Let (a,j) be a densely defined sectorial form in H. Then

(u|v), == (Rea)(u,v) + (j(u) | j(v))y (12.4)

defines a semi-inner product, i.e., a symmetric, accretive sesquilinear form on dom(a).

Thus o
lull, = /(uTw), = (Rea(u) + j(uw)|})"

defines a seminorm on dom(a).

12.3 Remark. (Completion of a semi-inner product space) Let E be a vector space over
K and (-|-) a semi-inner product on F (i.e, the form (-|-) is symmetric and accretive),
with associated semi-norm ||-||.

(a) There exist a Hilbert space E and a linear mapping ¢: E — E which

(i) is isometric, i.e., (¢(u)|q(v))z = (u]v) for all u,v € E, and

(ii) has dense range.

Indeed, note that F':= {u € F; ||ul]| = 0} is a subspace of E, and let ¢: E — E/F =: G
denote the quotient map. Since |(u|v)| < ||ul|||v]|, by Proposition [5.2] |ju|| = 0 implies
(u|v) =0 for all v € E. Thus, setting (¢(u)|¢(v)); = (u|v) one obtains a well-defined
scalar product on G such that ¢ is isometric. We define E as the completion of G.

(b) The space E is unique up to unitary equivalence. We call the pair (E,q) the
completion of F.

(c) The mapping ¢ is injective if and only if (- |-) is positive definite, and ¢ is surjective
if and only if (£, ||-]|) is complete. If (E,||-||) is complete, but (- |-) is not positive definite,
then its completion (E,q) = (E/F,q) is different from E. (Recall that a semi-normed
space is called complete if every Cauchy sequence is convergent.)

(d) If H is a Hilbert space, and j: E — H is a continuous linear mapping, then there
exists a unique continuous linear mapping j: E — H such that jo ¢ = j. Similarly, if
a: E x E — K is a bounded form (i.e., |a(u,v)| < M|ul|||v| for all u,v € E), then there
exists a uniquely determined bounded form a: E x E — K such that a(q(u), ¢(v)) = a(u,v)
for all u,v € E.
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The form (a,j) is called closed if the semi-inner product space (dom(a),(-|-),) is
complete.

12.4 Theorem. Let (a,j) be a densely defined closed sectorial form in H. Then the
operator Ay defined in Proposition[12.9 is m-sectorial. We call A := A, the operator
associated with (a,j) and write A ~ (a, j).

Proof. Denote the completion of (dom(a), (-|-),) by (V,¢). Since dom(a) is complete, ¢
is surjective. From Remark [12.3[(d) we recall the existence and continuity of j: V' — H
and a: V x V — C. Observe that a is sectorial. Moreover,

Rea(q(u)) + [I7(a(w)) |l = Rea(w) + ()7 = llull; = la(u)l

for all u € dom(a). Thus @ is j-elliptic. By Corollary [5.11| the operator A associated with
(@, 7) is m-sectorial.

We show that A = Ag. Indeed, due to the surjectivity of ¢ one has (z,y) € A if and only
if there exists u € dom(a) such that j(g(v)) = = and a(q(u), q(v)) = (v |j(g(v))) for all
v € dom(a). This is the same as saying that there exists u € dom(a) such that j(u) =z
and a(u,v) = (y|j(v))y for all v € dom(a), which is equivalent to (z,y) € A,. O

12.2 The Friedrichs extension

Let H be a complex Hilbert space. In this section we consider the situation that a is a
form whose domain is a subspace of H and that j: dom(a) < H is the embedding. In that
case we drop the j in our notation and call ¢ a form in H. If we want to emphasise that
we are in this situation we will sometimes call a an embedded form. If a is a sectorial
form in H and dom(a) is dense, the operator A, of Proposition is described by

Ao = {(u,y) € dom(a) x H; a(u,v) = (y|v), (v € dom(a))}.
The form a is closed if and only if dom(a) is complete for the norm ||-||, given by
2 2
[ully = Rea(w) + [lul[j-
In that case the associated operator A = Ay is m-sectorial, by Theorem [12.4]

12.5 Theorem. (Friedrichs extension) Let B be a densely defined sectorial operator in H.
Then there exists a unique densely defined embedded closed sectorial form a in H such
that dom(B) C dom(a), dom(B) dense in (dom(a),|-||,), and

a(u,v) = (Bul|v)g

for all uw € dom(B), v € dom(a).
Let A~ a. Then B C A.

The operator A is called the Friedrichs extension of B. Note that the theorem also
holds for accretive symmetric operators in real Hilbert spaces; see Remark [12.1}
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Proof of Theorem [12.5, Define b: dom(B) x dom(B) — C by b(u,v) := (Bu|v),. Then
b is densely defined and sectorial. We use the embedding j: dom(b) < H and the scalar
product (-|-), analogous to on dom(b) = dom(B). Let (V,q) be the completion
of (dom(b), ||-||,); then ¢ is injective by Remark [12.3(c). We consider dom(b) as a subset
of V and drop the notation g. We show that j € £(V, H) — from Remark [12.3|(d) — is
injective. Let u € V such that j(u) = 0. There exists a sequence (u,) in dom(b) such that
u, — uin V. Then u, = j(u,) — j(u) =0 in H. Using one obtains

Reb(uy,) = Re b(uy, u, — ug) + Re b(un, ug)
< (14 ) uall 1t — el + (B | w)l (i € )

Sending k — oo we deduce that Reb(u,) < (1 + ¢)||un||y ||t — ully, for all n € N. It
follows that [|u, |2 = Reb(u,) + |[unl — 0 as n — oo, |Jull, = lim, e ||, = 0.

Because j is injective we now can consider V' as a subspace of H. Then a := b with
dom(a) := V (with the notation of Remark [I2.3(d)) is a closed sectorial form in H with
the required properties, and the associated operator A is an extension of B.

In order to show uniqueness let a and b be two forms in H with the required properties.
Then dom(B) C dom(a) Ndom(b), a(u,v) = (Bu|v) = b(u,v) for all u,v € dom(B), and
dom(B) is dense in (dom(a), ||-||,) and in (dom(d), ||-||,). Since [|-||, = |||, on dom(B) it
follows that a = . O

We now prove a converse version of Theorem [12.4]

12.6 Corollary. Let A be an m-sectorial operator in H. Then there exists a unique
densely defined embedded closed sectorial form a in H such that A is associated with a.

Proof. The existence follows from Theorem [12.5| since m-sectorial operators do not have
proper m-sectorial extensions.

Let a be as asserted. Then dom(A) C dom(a) and a(u,v) = (Au]|v) for all u,v €
dom(A). Moreover it follows from Lemma [0.19(a) that dom(A) is dense in (dom(a), [|-||,).

Therefore the uniqueness follows from the uniqueness in Theorem [12.5] O

12.3 Sectorial versus elliptic

We now have two different generation results: on the one hand based on the notion
of sectoriality in Section [12.1] on the other hand based on the notion of ellipticity in
Lecture 5. We will show that they are basically the same. Before making this precise we
first apply the usual rescaling procedure.

Let H be a complex Hilbert space. A quasi-sectorial form is a couple (a,j) where
a: dom(a) x dom(a) — C is a sesquilinear form whose domain is a complex vector space
and j: dom(a) — H is linear, with the property that there exists w € R such that the
form

ay(u,v) = a(u,v) +w (j(uw) [ j(v))y
is sectorial. If a is densely defined (i.e., j has dense range) we define the operator Ay
corresponding to (a, j) as in Proposition [12.2] One easily sees that Ay + w corresponds
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to a,. Now assume that a is closed, i.e., a, is closed. Then A, ~ (ay,j) is m-sectorial,
A, = Ag + w, and thus A := A is quasi-m-sectorial.

In the following remark we will make it clear that the notions of ‘densely defined closed
quasi-sectorial form” and ‘j-elliptic form’ are equivalent.

12.7 Remarks. (a) ‘Closed sectorial’ implies ‘continuous j-elliptic’.

Let (a,j) be a densely defined closed sectorial form in H. Then the completion (Vq)
of (dom(a), ||-||,) is a Hilbert space for the norm given by |ju|,, := [Jul|, = (Rea(u) +
17(w)||3,)"/2. The form @ is continuous for this norm and j-elliptic.

(b) ‘Continuous j-elliptic’ implies ‘closed quasi-sectorial, ||-||;, ~ ||-[|, "

Let V be a Hilbert space, and assume that j € £(V, H) has dense range. Let a: VXV —
C be continuous and j-elliptic, say

|a(u, v)] < Mully [|vfly,
. 2 2
Rea(u) +wllj(u)lly = allully-

Then a,, is sectorial (see Theorem and the norm ||-||, is equivalent to the given norm
|-]l;; on V. The latter shows that a, and hence a is closed.

(c) Sectorial on a complete domain.

Let V, H be Hilbert spaces, V' C H dense, with continuous embedding, and let a: V' x
V' — C be a closed sectorial form in H. Observe that the norm of V' is not used for these
properties. They imply that ||lul|, = (Rea(u) + |lul|3)"/? defines a complete norm on V.
Since also (V, ||-|,) < H, it follows from the closed graph theorem that both norms, ||-||,
and |[-||;,, are equivalent. Thus the form a is H-elliptic also with respect to the given
norm on V.

12.4 The non-complete case

Here we consider densely defined sectorial forms that are not closed. Let H be a Hilbert
space over C. Let (a,j) be a densely defined sectorial form in H. Let (V,q) be the
completion of (dom(a), ||-||,), and let 7, @ be as explained in Remark [12.3(d). Then (a, j)
is a closed sectorial form in H. Let A be the m-sectorial operator associated with (a, j)
according to Theorem We call A the operator associated with (a, 7). Recall that

A= {(:c,y) €eHxH;JueV:ju) =z alu,v)=(y|jv)y (ve V)}

It follows from the proof of Theorem that this definition is consistent with the
definition given in Theorem [12.4]

12.8 Theorem. For the operator A defined above one has the description

A= {(z,y) € H x H; there exists (u;) in dom(a) such that
(a) j(ug) = = as k — oo,

(b) sup Rea(ux) < oo,
keN

(c) alug,v) = (y|jw)y (ve dom(a))}.
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In this description the condition (b) can be replaced by
(b’) limy p—y0o Re a(uy — ug) = 0.
The operator A is an extension of Ay defined in Proposition [12.9,

Proof. Let (z,y) € A. Then there exists w € V such that j(w) = z and a(w,v) =
(y]j(v))y forall v € V. Since ¢ has dense range there exists a sequence (uy) in dom(a) such
that ¢(ux) — w in V. By the continuity of 7 it follows that j(ux) = j(q(ux)) — j(w) = .
Since ¢ is isometric, we obtain

Rea(up — ue) + |17 (un) — j(ue) 3 = lJur — uell2 = |lq(ur) — q(ue) |3 — 0

as k,{ — oo. Finally, for v € dom(a) we have

a(ug, v) = alq(ur), q(v)) = a(w, q(v)) = (y[7(q() g = (¥ |5(v)) -

This shows the existence of a sequence (uy) as asserted, and for this sequence one even
has the stronger property (b’).

Conversely, let (x,y) € H x H such that there exists a sequence (uy) in dom(a)
satisfying (a), (b), (c). It follows from (a) and (b) that sup,cy ||ukl|, < co. Thus, taking
a subsequence if necessary, we can assume that (g(uy)) converges weakly to some w € V.
Hence j(ug) = j(q(ug)) — j(w) weakly in H, and j(w) = = by (a). Property (c) implies

a(w,q(v)) = lim a(g(ux), q(v)) = lim a(ug, v) = (y[5(v)y
—00 k—o0
for all v € dom(a). Since ¢ has dense range and a,j are continuous, it follows that
a(w,v) = (y|j(0))y for all o € V. This implies that (z,y) € A.

If (z,y) € Ao and u € dom(a) is as in (12.3), then the constant sequence (ux) = (u)

satisfies the conditions required in the description of A, so (z,y) € A. O

12.9 Remarks. In this remark we assume that a is an embedded densely defined sectorial
form in H. Then the description of the operator associated with a is as in Theorem [12.8]
but without ‘5’ in conditions (a) and (c).

(a) Let (a,j) be the ‘completion’ of (a, j) as described at the beginning of the section.
We point out that in general j is not injective. We call the form a closable if j is injective.
Then we may identify dom(a) with a subspace of H.

An example of a closable form has been given in Section [12.2], leading to the Friedrichs
extension.

(b) We have seen that we may associate an m-sectorial operator A with the form a, no
matter whether a is closable or not. This means that in our context we can simply forget
about the notion of closablility.

From Corollary we know that there exists a unique closed form @ in H that is
associated with A. In general there is no simple relation between a and a.

(c) We add a comment on the terminology. The notation ‘closed form’ (in the situation
of embedded forms) was forged by Kato — see, for instance, [Kat80; VI, §1.3] — in a vague
analogy to ‘closed operators’. However, whereas closed operators are closed in the product
topology, for forms there is no visible closed set. Note that the definition of ‘closable’” —
see |[Kat80; VI, §1.4] — requires the associated closed form to be an embedded form.
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12.10 Remark. Coming back to accretive symmetric forms in a real Hilbert space — recall
Remark — we note that in this case one obtains an associated accretive self-adjoint
operator A and the same description as in Theorem [12.8|.

12.5 The Robin Laplacian for rough domains

We choose K = R thoughout this section. Let 2 C R™ be open and bounded. On 02 we
consider the (n — 1)-dimensional Hausdorff measure o; we refer to the end of this section
for the definition. If Q has C''-boundary, then o coincides with the surface measure. We
assume that o(0Q) < co. Let 0 < ¢ < € Loo(092).

We define the trace tr as the closure of the operator u — ulyq: C(Q)NHY(Q) — Ly (09)
in H'(Q) x Ly(99). For u € H'(Q) we denote tru := {g € L2(8Q); (u,g) € tr}; this
means that

tru = {g € Ly(99); there exists (u;) in C(Q) N H'(2) such that
u, = win H'(Q), uglpq — g in La(0Q) }.

In general the set tru may consist of more than one element; see Exercise [12.4] But if
has Lipschitz boundary, then tru is a singleton for each u € H'(Q), i.e., tr is an operator.
For the case of C''-boundary this has been shown in Theorem and for the case of
Lipschitz boundary we refer to [Alt85; A 5.7].

Let u € H'(Q) such that Au € Ly(Q2). Let h € Ly(09). We say that d,u = h if

/Vu-Vvdx+/(Au)vd:E:/ hv do
0 Q o9

for all v € C(Q) N HY(). We say that d,u € Lo(92) if there exists h € Ly(0€2) such that
0,u = h. Note that this is analogous to the definition of the weak normal derivative in
Section The uniqueness of d,u is obtained from the denseness of {v|yq; v € C*(Q)}
in LQ(@Q)

Now we can define the Robin Laplacian

Ag:={(u, f) € H(Q) x Ly(Q); Au= f, g € tru: d,u = —Pg}
under our present general hypotheses.

12.11 Theorem. The operator —Ag is an accretive self-adjoint operator.

Proof. Let dom(a) := C(Q2) N H*(Q) and

a(u,v) = / Vu-Vvdz + [ Puvdo.
Q o0

Then a is symmetric, densely defined and accretive. Let A be the operator associated
with a; see Section [12.4] Then A is self-adjoint and accretive by Remark [I12.10] Using
Theorem and Remark we are going to show that —Agz = A.

‘AC —Ag’. Let (u, f) € A. Then there exists a sequence (ug) in dom(a) such that
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(a) up — uin Ly(Q),

(b’) hmk,g_mo a(uk — UJg) = O,

(¢) Jo Vug - Vode + [, fugvdo — [, foda for all v € dom(a).
It follows from (a) and (b’) that v € H'(Q) and u, — u in H'(Q) and that g :=
limy o0 Ukl exists in Ly(0N2). Now (c) implies that

/Vu-Vvdx+ 5gvda:/fvd:v
Q o0 Q

for all v € dom(a). Taking v € C°(2) we conclude that —Awu = f. Thus

/Vu-Vvdx+/(Au)vdx:— Bgv do
0 0

o

for all v € dom(a). This means by our definition that d,u = —f(g.

‘—Ag C A’ Let (u, f) € =Ap. Then u € H'(Q), f = —Au, and there exists g € tru
such that d,u = —f¢g. Thus, there exists a sequence (uy) in dom(a) such that vy — w in
H'(Q) and ug|yq — g in Ly(09) as k — oo. Thus (a) and (b’) hold, and

a(uk,v):/Vuk-Vvdx+/ ﬁukvda%/VU-Vvdqu Bgvdaz/fvdx
Q o0 Q o0 Q

for all v € dom(a) since —Au = f and d,u = —fg. It follows that (u, f) € A, by
Theorem [12.8 O

We close the section by a short introduction to the d-dimensional Hausdorff measure
on R", for d > 0. Let A C R". For ¢ > 0 and coverings (C});en of A by sets C; C R”
satisfying sup;cy diam C; < € we let

O'd,g(A) = wyinf i(dia? Cj)d7

Jj=1
where the infimum is taken over all coverings as above, and

/2
Wy = ——,
T +1)

which is the volume of the unit ball in R? if d € N. Then

oy(A) = lli% 04.:(A)

is the outer d-dimensional Hausdorff measure of A, where the limit exists because
04:(A) is decreasing in €. Carathéodory’s construction of measurable sets yields a
measure o4, the d-dimensional Hausdorff measure, and it turns out that Borel sets
are measurable. If d € N, and E = R? x {0} C R", then o4 is the Lebesgue measure on
R? = E. For all of these properties (and more) we refer to [EG92; Chapter 2].
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12.6 The Dirichlet-to-Neumann operator for rough
domains

Let 2 C R™ be open and bounded. We keep the definitions concerning ¢ and 9, from
Section Again we use K = R and assume that ¢(092) < co. Now we define the
Dirichlet-to-Neumann operator D,.

12.12 Theorem. The relation
Do = {(g,h) € Lo(0Q) x Ly(0Q); Ju e H(Q): Au=0, g € tru, h = d,u}.
is an accretive self-adjoint operator in Lo(0S2).

It is part of the assertion in Theorem [12.12] that the relation D, defines an operator
even though 2 may have rough boundary. For the proof we need a remarkable inequality
due to Maz'ja. Let ¢ := 2. There exists a constant ¢y > 0 such that

Jull o < e ([ [Vl ao+ [ Juf*do) (125)
Q o0
for all u € C(2) N HY(2) (see [Maz85; Example 3.6.2/1 and Theorem 3.6.3]).

Proof of Theorem[12.13, Let dom(a) = C(Q) N H'(Q), a(u,v) = [, Vu- Vodz. Then a
is an accretive symmetric form. Let j: dom(a) — Ly(0S2) be given by j(u) := ulyq. Then
4 has dense range because C*(Q2) C dom(a). Let A be the operator associated with (a, j);
see Section [12.4] Then A is self-adjoint and accretive by Remark [12.10] We show that
A= Do.

Let (g,h) € A. Then there exists a sequence (uy) in C(Q) N H'(Q) such that ulyq — ¢
in Ly(092), limy oo [ |V (ur — u)*de = 0 and limy_,e0 a(ug, v) = Joq hv do for all
v € C(Q) N HYN). Now Maz’ja’s inequality implies that (uy) is a Cauchy sequence in
H'(€). (Here we use that ¢ > 2 and  has finite measure, and therefore L,(Q) C Ly(),
with continuous embedding.) Let u := limy_ oo ux in H'(Q). Then g € tru. Moreover,

/Vu-Vvd:B:/ hv do (v e C(Q)NHY Q).
0 o0

Taking test functions v € C°(€2) one obtains Au = 0. Thus

/Vu-Vvdx+/(Au)vdx:/ hv do
0 Q o9

for all v € C(Q) N H'(Q). Hence d,u = h by the definition in Section [12.5, We have
shown that A C D.

Conversely, let (g, h) € Dy. Then there exists u € H'(Q) such that g € tru, Au = 0,
0,u = h. Hence there exists a sequence (u;) in dom(a) such that uglyq — g in Lo (052)
and u, — u in H'(Q). Thus supyey a(ux) < 0o and

a(uk,v):/Vuk-Vvdx%/Vu-Vvdx:/Vu-Vde—i—/(Au)vdx:/ hv do
Q Q Q Q )

for all v € dom(a). This shows that (g,h) € A. O
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12.13 Remark. Regrettably, it is completely beyond the scope of the Internet Seminar
to provide a proof of Maz’ja’s inequality. We refer to Maz’ja’s book [Maz85| as well as to
a self-contained presentation in a manuscript of Daners |[Daned).

We mention that for our purpose it would have been sufficient to have with ¢ = 2.
In this case, and for  with C'-boundary, we can show . Indeed, in the proof of
Proposition [8.1] we have shown the inequality

1 1
/|u|2dx< -/ |u|2dx+—/ |Vu|2dx+c/ |Vu|2dx—|—c/ uf? do,
Q 2 Q 2 Q Q o0

and this inequality implies

Jul|2 < (2¢ + 1)/ |Vu|* dz + 20/ lu|® do.
Q El9)
However, this inequality is deficient in comparison to (12.5) with respect to several
features: Maz’ja’s inequality holds for arbitrary open sets — this is the salient point in our
application — and on the left hand side one has the stronger g-norm.

Notes

The material of this lecture comes from [AE1la] and [AE11b]. The trace may be multi-
valued if Q does not have Lipschitz boundary; see Exercise [12.4, Much more information
on the Dirichlet-to-Neumann operator is contained in [AE11b).

For the case of embedded non-closable accretive symmetric forms, a procedure to define
an associated closed form has been presented in [Sim7§|.

Exercises

12.1 Let H be a complex Hilbert space, a an embedded sectorial form in H. Show the
following criteria for a being closed or closable:

(a) a is closed if and only if for any Cauchy sequence (u,,) in (dom(a), ||-||,) with u, — u
in H one has [ju, — u||, = 0.

(b) @ is closable if and only if for any Cauchy sequence (u,,) in (dom(a), ||-||,) with v, — 0
in H one has ||u,||, — 0.

12.2 Let H := Ly(—1,1), a1, ay in H defined by dom(a;) = C*(—1,1),

ai(u,v) =

(0)v(0),
/_1 o' (z)v'(z) dz 4+ w(0)v(0)

as(u,v) :

for all u,v € C°(—1,1).
For j = 1,2 determine whether a; is closable. Find the completion of (dom(a;), (-|-),,)
and the operator associated with a;.
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12.3 Let Q:=(—1,0)U(0,1).
(a) Determine the relation tr of Section and show that dom(tr) is not dense.
(b) Find 9, u for those u € H'(Q) with Au € Ly(Q2) for which d,u € Ly(09).
(c) Determine the Robin-Laplacian for § = 1.

12.4 Let S:=[0,1] x {0} C R? and let (z,) be a bounded sequence in R?\ S having
the set S as its cluster values. Let (r,) be a sequence in (0, 00) such that > 2 r, < oo,
Blzp,r,] NS = @ (n € N) and Blz,, ] N B[y, rm] = @ (my,n € N, m # n). Let
Q= U, ey B(n,m0).

(a) Determine 092 and o1(02) (1-dimensional Hausdorff measure).

(b) Show that dom(tr) is dense in H'(2) and that tr0 = Ly(S) (where Ly(S) C Lo(092)
is the natural embedding).

(c) Let Dy be the Dirichlet-to-Neumann operator for Q2. Show that Ly(S) C dom(Dy)
and that Do, s = 0.
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Lecture 13

The Stokes operator

The Stokes operator arises in the context of the (non-linear!) Navier-Stokes equation and
acts in a subspace of a K"-valued Ls-space. In our context we define it using a variant
of the classical Dirichlet form. One of the features appearing in the description of the
Stokes operator is the use of a Sobolev space of negative order, which is introduced at the
beginning. Another important feature is the appearance of divergence free vector fields.
This extra condition of vanishing divergence has interesting implications for the theory of
the related Sobolev spaces, and a large part of the lecture is devoted to the investigation
of these properties.

13.1 Interlude: the Sobolev space H ()

Let © C R"™ be open. The space H}(Q) is a Hilbert space, and by the Riesz-Fréchet
theorem, each continuous antilinear functional on H} () is represented by an element
of H}(). For some purposes, however, it is more convenient to work with antilinear
functionals directly, i.e., to consider the antidual Hj(Q2)* without this identification. The
basic idea is to use that an element f € Ly(2) acts on H}(Q) in a natural way as a
continuous antilinear functional by

Hy(Q) 3 ur (f|u)L2(Q) =: (/, U>H—17H5-

The operator Ly(Q2) 3 f = (f, ") y-1 1 € HJ(Q2)* is injective, and because the subspace
{(f, Y-y J € Ly(2)} of H}(€)* separates the points of Hg(Q), it is dense in HJ(€2)*.
In this context the antidual Hj(2)* is denoted by H ().

13.1 Remark. We note that in the situation described above one has
Hy(Q) = Ly(Q) = H1(Q) = Hy(Q)*,

with dense embeddings, and the embeddings are dual to each other. In such a situation one

calls (Hj(), Lo(Q), H(2)) a Gelfand triple; this will be treated in more generality
in Section 14.1.

If feLy(2) and j € {1,...,n}, then the mapping

Hy(Q) 3w (05 f,u) s gy = = (f [ 070) 1,0
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belongs to Hy(€2)*. This definition of 9;f is consistent with the definition of the distri-
butional derivative in Section because C°(2) is dense in HJ(f2), and the mapping
0j: La(Q) — H(Q) is linear and continuous. With these definitions the differential
operator A = 7" | 0;0; acts as a continuous operator A: Hj(Q2) — H~'(2). This
interpretation of the Laplace operator implies that

(Au, 80>H—1,H5 = (u] A‘P)LQ(Q)

for all u € H}(Q), ¢ € C=(Q).

It turns out that the mapping I — A: HJ(Q) — H~1(Q) is an isometric isomorphism.
If Q is bounded and one provides H3(2) with the scalar product (u,v) — [ Vu - Vo,
then —A : Hj(2) — H'(Q) is an isometric isomorphism. See Exercise for these
properties. (Strictly speaking, the notation ‘I — A’ is not correct: the identy is meant to
be the embedding Hj(Q) — H1(Q).)

13.2 The Stokes operator

Let €2 C R™ be open. The Stokes operator is an operator in a subspace H of Ly(€2;K™).
It is defined as the operator associated with the classical Dirichlet form on

V= H) (%K) = {u e Hy (4 K") = Hy(Q)"; divu = 0}.

Note that V is a closed subspace of H}(€Q;K"). The Hilbert space H is defined as the
closure of V' in Lo (; K"),

— L2 (;K™)

H = L27070(Q; Kn) =V

13.2 Remarks. (a) The space Ly ,(; K") := {f € Ly(;K™); div f = 0} is a closed
subspace of Ly(€2; K™); this is because div: Ly(; K") — H~(Q) is continuous. Therefore
H is a (closed) subspace of Lo, (£2; K").

(b) In previous instances when working with forms, we always had the Hilbert space H
given beforehand, and then had to make sure that the domain of the form is dense (or
that j: V — H has dense range). In contrast to this procedure, here we have a situation
where V' is given and H is adapted to V. We point out that C2°(€2; K™) N H need not be
dense in H, so that the notation Ly, is not entirely consistent with previous notation.
(There is no such reservation for sets {2 that are bounded and have Lipschitz boundary; cf.
Theorem [13.13])

(c) A comment on the notation: the index ‘c’ should be remindful of ‘solenoidal’, which
is the classical term for divergence free vectors fields.

We define the form a: V x V — R by

a(u,v) = Z/ Vu; - V.
j=179
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In each component of H}(Q)", the form a is the classical Dirichlet form. Therefore we
conclude from Section that a is symmetric, accretive and H-elliptic; for bounded {2 it
is coercive. The (accretive self-adjoint) operator associated with a is therefore given by

A:{(u,f)EVXH;i/Vuj-V_vj:(f]v)H (UGV)}. (13.1)

In view of Section [13.1] the equality appearing in the description of A can be rewritten as

n

0= [ Vur T (10 = 3 B vy SV

j=1

where f; is considered as an element of H~*(Q) via the injection Ly(Q2) — H~ (), and
A is the operator A: Hj(Q) — H~1(Q) from Section [13.1]
Note that the antidual of H}(Q)" is given by H'(2)", with the dual pairing

n

<777U>H*1,H& = Z <njauj>H*1,Hé (77 € H_l(Q)n7 u € H&(Q)n)

J=1

It will be convenient to have a notation for the subset of H~(Q)" “orthogonal” to V. In
order to avoid confusion with the orthogonal complement in Hilbert spaces we will use

the notation as the polar,
Ve = {7] c HH(Q)"; (n,v)H,l’Hé =0 (ve V)}

It is immediate from the definition of the derivative that for all f € Ly(Q2) the gradient
Vf e H Q)" belongs to V°.

After these preliminaries we get a description of the Stokes operator. Abbreviating, we
will use the notation Au = (Auy, ..., Au,) for u € H}(Q)™.

13.3 Theorem. The operator A in H associated with the form a is given by
A={(u,f) eV xH;IneV®: —Aut+n=f}

(where the equality ‘—Au+n = fis an equality in H=*(Q)", with f € H — H~'(Q)").
Written differently,
dom(A) = {u eV;IeV®: —Au+ne H},
Au=—Au+n (withn as in dom(A)).

Proof. According the previous discussion, the condition appearing in ((13.1) can be
rephrased as

(AuA f,0) g1 g =0 (veV),
which means that n = Au+ f € V°. O
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As mentioned above, the Stokes operator A in Theorem [13.3] is self-adjoint and
accretive.

For the physical interpretation one wants to express the element n € V° appearing in
the description of A in a more explicit way. In order to do this we need an additional
property:

for all n € V° there exists p € Ly(Q) with n = Vp. (H)

We will comment on this hypothesis in Remarks [13.5] In Section it will be shown
that holds if 2 is bounded with Lipschitz boundary. With this hypothesis we get
another description of the Stokes operator A.

13.4 Theorem. Assume that ) satisfies hypothesis (H|). Then
A={(u,f) €V x H;3p€ Ly(Q): —Au+Vp=f}
1s the operator associated with the form a. Expressed differently,

dom(A) ={u e V;3pe Ly(Q): —Au+Vpe H},
Au= —Au+ Vp (with p as in dom(A)).

In the application in fluid dynamics one would like to interpret p in the statement of
Theorem [13.4] as a pressure — the reason for the notation. However, we will not endeavour
to enter the physical interpretation of the Stokes operator.

13.5 Remarks. Let 2 C R” be open, and let u € Ly(€2; K™) satisfy
/u ~pdz =0 forall p € CHQ;K") with divy = 0. (13.2)

(a) Then djuy — Opu; = 0in H1(Q), for all j,k € {1,...,n}.
Indeed, let ¢ € CX(Q), and define p; = O, i, = —0;¢, @ = 0 for all other
components. Then divy = 0, and therefore

/(@-uk — Opuy)Y = /(ujakw — up0;1) = /u cp=0.

(b) Assume additionally that w is a continuous vector field. In view of (a), the
condition implies that u satisfies the ‘compatibility conditions’ for a vector field to
be locally the gradient of a potential.

However, the condition is not only local, and in fact one can show that it implies
that the potential exists also globally. For the idea of the proof we mention that it is
sufficient to treat the case that € is connected. Then, fixing an “initial point” z° € €, one
defines p(z) = fol u(y(t)) - v/ (t) dt, where v: [0,1] — Q is a continuously differentiable
path connecting 2° with z. Using it can be shown that this is well-defined — this is
the main issue — and that then u = Vp.

We will not carry out this proof but refer to the proof of Theorem [13.13] where an
analogous problem is treated.
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13.3 Interlude: the Bogovskit formula

This section could also run under the heading “some functions are divergences”. For
u € C(R™K") one has [divudz = 0, and it is well-known that the converse holds as
well: for each p € C°(R") with [pdz = 0 there exists u € C°(R™; K") with divu = ¢.
In this section we will show that this holds in a more general and more precise version:
for suitable bounded ©Q one has that for any f € Ly(2) with [ fdz = 0 there exists
u € H}(Q)" such that divu = f; see Theorem [13.9]

Let v € C°(R™; K™) be a vector field satisfying the compatibility conditions 0;v;, = Oy,
for all j,k = 1,...,n. Then it is well-known and easy to show that, for any y € R", a
potential for v is given by

p(x) = /0 v(y +t(x —y)) - (x—y)dt,

i.e., v = Vp. We smooth this formula out with the help of a function p € C*(R"),
satisfying [ pdz = 1: we define

Av(z) = /p(y)/o vty + (1 —t)z) - (v —y)dtdy (13.3)

and obtain Av € C*°(R"), V(Av) = v. In order to write A as an integral operator, we
substitute z =ty + (1 — ¢)z and r = 7 to obtain

// (A~ (1= B)o() - T Z e ar

:/1 /p(x+7’(z—x))v(z) Nz —2)derVdr

This means that one can write Av(z) = [ k(z,y) - v(y) dy, with

o) = [ plot oy = o) e (o - )
1
Let ¢ be the negative transposed kernel of k, i.e.,
o9 i= ~k) = (=) [ ply+rle—p)r e (myeR)
1
It will be shown in the following theorem that then the definition
Bf(a) = [ te.)f) dy

(13.4)
= [t =) [ ottt =g,

for x € R™, f € C°(R"), yields a mapping B: CP(R™) — C°(R™;K"). This definition is
such that for all v € C°(R™; K"), f € C°(R") one has [(Av)fdz =— [v- Bfdu.
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13.6 Theorem. For all f € C°(R") one has Bf € C*(R™; K"),

spt(Bf) C {)\21 + (1= N)zo; 21 €spt f, zo €sptp, 0 <A< 1} = F. (13.5)
If [ fdx =0, then divBf = f.

Proof. Let f € C(R").

(i) First we show that Bf = 0 on R" \ E. Note that E is a compact set (in general
a proper subset of the convex hull of spt f Usptp). Let z € R*\ E. If y € spt f
and r > 1 then y + r(x — y) ¢ sptp (because z = y + r(x — y) € sptp would lead to
v =12+ (1—-1)y € E - a contradiction), and therefore p(y + r(z — y)) = 0. Hence
implies Bf(x) = 0.

(ii) By the variable transformation z = z — y and then r = 1 + 737 in the inner integral
we obtain Bf in the form

Bf(x) = /f(a: - z)in / p(m + si> (s +|z))" 'dsdz.
21" Jo 2|
In this form one can differentiate under the integral to obtain Bf € C*(R™ K"). (If
R > 0 is such that p, f have their supports in B(0, R), then we know from (i) that
Bf = 0 on R*\ B(0,R), and for x € B(0,R) we can use a multiple of g(s,z) =
1i02r)(S)1B(02r)(2)|2|"™™ as a dominating function.)
(iii) Let f,p € C(R™), [ fdz = 0. Then

/(diva)godx:—/Bf-chda::/fA(V(p)dm,

and this implies

0= /(diva)gpdx—/fA(Vg@) dz = /(diva—f)gpd:H—/f(go—A(th))dx. (13.6)

Note that in the above computation V¢ satisfies the compatibility conditions, therefore
VA(Vy) = Vo, and as a consequence V(p — A(Vp)) =0, i.e., ¢ — A(Vy) is constant.
From f f dx = 0 we therefore conclude that the last term in vanishes, which implies
that [(div Bf — f)edz = 0. As this holds for all ¢ € C°(R™) we obtain div Bf = f. O

13.7 Remarks. (a) The formula ((13.4) is the Bogovskii formula.

(b) If n > 2, then there exist vector fields 0 # v € C®(R™; K") satisfying divv = 0.
Therefore the vector field obtained by the Bogovskii formula is not the unique solution of
dive = f.

Next we give reasons why, for suitable bounded €2, the Bogovskii formula provides a
continuous linear operator B: LY(2) — Hg (), where LY(Q) := {f € Ly(Q); [ fdz =0}.
Let us note immediately that L(Q) is a closed subspace of Ly(Q2) and that C2° N LY(2)
is dense in L3(€2); see Exercise [13.2]a).

In the following considerations all functions on €2 should be considered as extended by
zero to R™.
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13.8 Theorem. Let Q C R"™ be a bounded open set containing a ball B(xg,r) such
that Q is star-shaped with respect to every point of B(xg,r). Let p € CP(R™), with
sptp C B(xo,7), [pdx =1.

Then B: C> N LY(QY) — C>(Q;K"), defined by (13.4), has a continuous (linear)
extension B: LY(Q) — HL(Q). (The formula implies that indeed Bf € C(Q; K™)
for all f € C*NLY(Q).) For all f € LY(Q) one has divBf = f.

Unfortunately we cannot give the proof of this theorem because it relies on a piece of
Analysis and Operator Theory that is beyond the scope of the Internet Seminar. In fact,
the problem consists in two parts: one needs the Calderén-Zygmund theory of singular
integral operators, and then one has to check the applicability to the operator at hand.

Showing that there exists ¢ > 0 such that |Bf]|, < ¢||f]|, is not the problem; see
Exercise [I3.5] The problem is to find the corresponding estimate for the derivatives
of Bf. For the Calderéon-Zygmund theorem needed for this purpose we refer to the
original paper |[CZ56; Theorem 2] and to [Galll; Theorem I1.11.4]. The application to the
Bogovskii operator is treated in [Galll; proof of Lemma I11.3.1, pp. 164, 165].

We emphasise that the main interest in the mapping B in Theorem [I3.§] consists in the
circumstance that it implies the surjectivity of the map div: Hg(Q2) — L3(€2). (Note that
div(C(Q; K™)) C LY(), hence div(H] () C LY(Q), for any bounded open Q C R™.)

We show that Theorem implies the surjectivity of div: H}(Q) — L3(€) for more
general €.

13.9 Theorem. Let Q2 C R"™ be open, bounded, connected and with Lipschitz boundary.
Let f € LY(2). Then there exists v € H}(Q;K") such that dive = f.

Proof. (i) It is not difficult to see that for all = € Q there exists an open neighbourhood U,
such that U, N is star-shaped with respect to the points of a ball in U, N{2. This is obvious
for x € €, and for x € 0f) it results from the Lipschitz property of 0€2. Compactness

.....

Thereom [13.§ can be applied.

(ii) It is not too difficult to show that there exist functions fi,. .., f,, € LY(Q) such that
[fj #0] € forall j € {1,...,m} and f=3"7", f;. (Let us illustrate this for m = 2.
In this case choose g € Ly(Q) with [g # 0] C Q1 N Qy, [gdz = [ 1g, fdx, and define
fii=10,f =g, f = Lana, f + 9. See Exercise[13.2(b) for the general case.) Then for all
j€{1,...,m} there exists v/ € Hy(Q; K") with dive? = f;, and v := 37", v/ has the
required properties. O

13.10 Remark. We mention that in Theorem [13.9 one can also construct a continuous
linear operator B: LY(Q) — H}(Q;K") such that div(Bf) = f for all f € L3(Q).
13.4 The hypothesis and the Bogovskii formula

In this section we show that the hypothesis is satisfied if {2 C R" is open, bounded
and has Lipschitz boundary.
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13.11 Theorem. Let Q be as stated above. Then for any n € Hj (0 K")°, ie., n €
H=Y(Q)™ with (n,v) ;- gy =0 forallve Hj, (Q;K"), there exists p € Ly(Q2) such that
1n = Vp. In other words, Q satisfies hypothesis (H]).

For the proof we need the following special case of the ‘closed range theorem’.

13.12 Theorem. Let G, H be Hilbert spaces, A € L(G, H) with the property that ran(A)
15 closed.
Then ran(A*) is closed.

Proof. (i) First we treat the case that A is bijective. Then the closed graph theorem
implies that A~! is continuous, (A*)™! = (A™1)* is in £L(G, H), and therefore ran(A*) =
dom((A*)™") = G is closed.

(ii) We can apply part (i) to Ay := Alaye: ker(A)" — ran(A) and obtain that ran(A})
is closed. Let J: ker(A)t — G, and let P be the orthogonal projection from H onto
ran(A) = ker(A*)*. Then J* is the orthogonal projection from G onto ker(A)*+ = ran(A*),
and P*: ker(A*)* — H; see Exercise [8.2(d). Then A} = (PAJ)* = J*A*P* shows that
ran(A*) = ran(Ajy) is closed. O

Proof of Theorem[13.11. Without loss of generality we assume that 2 is connected.

The fundamental observation for the proof is that the continuous linear operators
div: H}(;K") — Ly(Q) and V: Ly(Q2) — H ()" are negative adjoints of each other.
Indeed, for v € H}(;K"), f € Ly(2) one has

(f|divo) /fa vijdr = — Z (0; f, Uj>H—17Hé = —(V/, U)H*LH& :

We know from Lemma [6.7] that ran(V)° = ker(div), and this implies ran(V) = ker(div)°.
(Note that for this argument no special properties of Q are required.) It is shown in
Theorem that ran(div) = L3(Q), and clearly L(f2) is a closed subspace of Ly(9Q).
Therefore Theorem implies that ran(V) is closed, ran(V) = ran(V) = ker(div)®.
As ker(div) = Hj ,(9; K") by definition, we obtain the assertion of the theorem. O

13.5 Supplement: the space H,,(2;K") and the
hypothesis

The final issue of the lecture will be to investigate a slightly stronger version of hypothe-
sis (H). Using the space H},(Q;K") := C(Q)" N Hy (4 K") "0 e can formulate it as

follows:

for all n € H;O(Q' K™)® there exists p € Lo(£2) with 77 = Vp. (H')

The space Hj,(€;K") is a closed subspace of H,(€;K"), and (H) can be rephrased as
the property that H, (9 K")° = ran(V), where V: Lz(Q) — H ( )", f—=Vf.

We insert the important observation that for any open set 2 C R" one has
ran(V) C Hy (4 K")° C H) o(1K")° (= C(K™)°). Recall that is equiva-
lent to H (2 K")° = ran(V).
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13.13 Theorem. Let 2 C R"™ be open, bounded and with Lipschitz boundary. Then
is satisfied, and H} o(K") = Hy (4 K"), d.e., Co% (1 K™) is dense in Hy (€, K™).

Proof. (i) Assume additionally that 2 is star-shaped with respect to every point of some
ball B(z°,r) contained in 2. Without loss of generality assume that 2° = 0. Then one can
casily see that AQ C Q for all A € (0,1). Let u € Hy,(;K"). Extend u to R™ by 0. Then
it follows from Exercise that divu = 0 also for the extended function. For A € (0,1)
define uy := w(A™!-); then spt uy € AQ is a compact subset of Q. If (p;)ren is a 6-sequence
in C°(R™), then one concludes that div(pg % uy) =0 for all k£ € N, pg x uy € C(Q; K")
for large k, and py*uy — uy in Hy (€ K") as k — co. As a consequence, uy € H, o(Q;K")
for all A € (0,1). Taking A — 1 one obtains uy — u; hence u € H} ,(Q; K").

So we have shown that H},(Q;K") = Hj ,(€;K"). Theorem shows that is
satisfied; hence is satisfied.

(ii) Without loss of generality we assume that  is connected. From the proof of
Theorem we recall that there exists an open covering (£2;);=1,..m of Q, where each
Q; is star-shaped with respect to the points in a ball B(a?,r;) C ;.

Let n € Hy (€ K")°. Then clearly 7/ := M o,k € H, (9;;K")°, and from (i) we
conclude that there exists f; € Ly(€2;) such that Vfj=mn, forall j=1,...,m.

Note that each function f; is only determined up to a constant (see Remark , and
we have to “glue together” suitable versions of these functions.

(iii) We show that for all 1 < j,k < m, j # k, with the property that Q; N, # @ there
exists ¢;; € K such that f; = f; + cx; on Q; N Q. (Note that V(f, — f;) = 0 on Q; N QY
alone does not imply that f; — f; is constant since €2; N € need not be connected.)

Let y € §; Ny, r, > 0 be such that B(y,r,) C ; N . Then V(fr — f;) =0 on
B(y,r,) implies that there exists ¢;; € K such that f; — f; = ¢; on B(y,r,). We are
going to show that each y' € Q; N, has a neighbourhood where f; — f; = cy;; then it
follows that fi — f; = cx; on £, N Q.

Let v/ € Q; N, and let 0 < r < min{r;, 74,7, } be such that B(y',r) C Q; N .
Then there exists cj; € K such that fi — f; = ¢; on B(y/,r). Let p € CZ(R")y,
spto C B(0,7), [¢dz = 1. Then (- —y) — ¢(- — 27) is the divergence of a function
Dy € CF()". (See Exercise [13.3} in fact spt ®,,; is a subset of the convex hull
co(B(z7,7) U B(y,r)) C Q; of B(z?,r) U B(y,r).) Similarly one obtains @, € C°()"
such that div®,,» = ¢(- — y) — ¢(- — 2¥). Note that V f; =7’ implies

(0, @yas) = (7, Byes) = = (5[ div @y ) = (f5 [0 = 27) = (- =),
and similarly for k. This implies
(1 @yai = o) = (fi | (- = 27) = (- = 9)) = (fu| p(- = 2") — (- = y))
= (fi | o= 27) = (fe | (- = 2%)) + ci;.

Similarly, “connecting” 2/ with x* via 3’ and using the corresponding functions, one
obtains

(13.7)

<777q)y’zj - (I)y'mk> = (fj ’ 80(' o xj)) - (fk | 90<' - xk>) + C;fj'
The above definitions imply that div((®,,; — @) — (Pyrpi — Pypr)) = 0, and therefore

0= <77, (I)yxj — (I)yxk> — <n, q)y/zj — (I)y/xk> = Ckj — C;cj'
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So, we obtain fj, — f; = ¢; on B(y/,r).

(iv) From step (iii) we conclude that there exists 0 < r < min{ry,...,7,} such
that, given a function ¢ € C(R™); with spte C B(0,r) and [¢ = 1, the following
property holds: for all 1 < j,k < m with j # k, Q; N Q; # @ there exists a function
Pp; € C(Q; U Q)™ with div ®y; = (- — 2%) — (- — 27), and for this function one has

@)= [ fiol =) = [ fuol = o) + e

(Indeed, use ®y; := @5 — $pr from (iii) and recall (13.7)).)
Now let (jo, j1,---,je = jo) be a ‘closed chain’ in {1,...,m} of ‘neighbouring indices
(ie., jr—1 # Jr and Q;, , NQ;, # @ forall 1 <k < ¢). Then div(Zizl @, ;. ,) =0, hence

¢ l
0= <77’ Z ®jkjk71> = chkjk—l'
k=1 k=1

Thus we obtain a well-defined function f € Ly(Q2) if we define f := f; on €, and for
Jj €{2,...,m} we choose a ‘chain’ (jo = 1, j1,...,Ji-1,j¢ = j) of neighbouring indices
(which can be found because  is connected) and define f = f; — S2¢_ ¢, on Q. It
is clear that then n = V f locally on €2, and this implies n = V f.

(v) From what is shown above we know that € satisfies condition (H'), i.e., ran(V) =
H} (€ K™)°. Together with the property ran(V) C Hg,(Q;K")° € H, o(K")° we
obtain equality in the last inclusions. Therefore the reflexivity of H}(Q;K") implies
Hj (4 K") = H} (4 K™). O

Note that Theorem |13.13[strengthens Theorem [13.11, In step (i) of the proof we used
Theorem [13.11] but only for the case of ‘strongly star-shaped’ (2.

)

13.14 Remarks. In these remarks we sketch how Theorems [[3.11] and [[3.13 are obtained
in [Tem77; I, §1].
(a) The basis is Necas’ inequality, stating that there exists ¢ > 0 such that

10, < (310l + 1 fll) (€ La(@)),
j=1

if Q has Lipschitz boundary, asserted in [Ne¢12; Lemma 7.1, p. 186]. Using the compactness
of the embedding Hj(2) < Ly(2) one can show that this inequality implies

Il < 32107 (£ € La(@) with [ 7o =0) (139
j=1

if Q2 is bounded with Lipschitz boundary. From one obtains that ran(V) is closed
(where V: Ly(Q) — H~(2)"); see Exercise[13.4 As also ran(V) is dense in Hy ,(€;K")°,
Theorem [13.11} is proved.

(b) Theorem is also derived in [Tem77; I, Remark 1.4]. The argument there ist
based on a stronger version of (13.8)), where f is not a priori in Ly(€2). The source [Nec66)
for this version, quoted in [Tem77], was not available to us.
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Notes

Our introduction and presentation of the Stokes operator follows [Mon06] and [AE12].
Working out details we realised that we needed properties of Sobolev spaces of divergence
free vector fields. These spaces are also of importance for the treatment of the Navier-Stokes
equation.

The treatment given for the space H&U(Q; K™) in Section can be found to a large
part in |[Galll; Section IIL.3]. The derivation of the Bogovskil formula presented at the
beginning of Section was found by the authors, and the same holds for the proof of
Theorem We mention that Bogovskii’s operator is also treated in the L,-context in
[Gall1] and in Sobolev spaces of negative order in [GHHO6]. The treatment in Section [13.4]
uses ideas contained in [Tem77; Ch.I, §1].

Exercises

13.1 Let Q2 C R" be open.
(a) Show that the mapping I — A: H}(Q) — H~(Q) is an isometric isomorphism.
(b) Assume additionally that € is bounded, and provide H}(f2) with the scalar product
(u,v) = [ Vu-Vov. Show that —A : H}(Q) — H~1(Q) is an isometric isomorphism.

13.2 Let 2 C R"™ be open and bounded.

(a) Show that L9(Q) is a closed subspace of Ly(f2) and that Lj.(Q) = {f €
L5(2); spt f compact} is dense in L(12).
of O Let feL3(Q). T

Show that there exist functions fi,..., f, € LY(Q), [f; #0] C Q, forall 1 < j < m

such that f=3"", f;.
13.3 Let ¢ € C*(R"), y,z € R™. Define ®: R" — R™ by

0
Ba) = [ (o= 2) = ol =)o+ tz = ) dt ().

Show that & € C°(R"), div® = ¢(- — z) — (- — y) and that spt ® is contained in the
convex hull of (spty + y) U (spt o + 2).

13.4 Let Q C R"™ be open, bounded and with Lipschitz boundary. Show that the
inequality (13.8)) implies that ran(V) is closed, for the mapping V: Ly(Q2) — H~1(Q)".

13.5 Let Q and the Bogovskil operator B be as in Theorem Show that there exists
¢ > 0 such that || Bf||, < ¢||f]|, for all f € C*nN L3().

Hint: Recall the dominating function indicated in the proof of Theorem [13.6, Then
either use Proposition (b), or else show an Li-L; bound and an L..-L., bound for B,
and then use Riesz-Thorin.
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Lecture 14

Non-autonomous equations

So far we have considered forms that do not depend on time. The aim of this lecture is to
prove an elegant theorem of Lions that establishes well-posedness of the non-autonomous
equation
u'(t) + Au(t) = f(t),  u(0) =wuo

where each operator A(t) is associated with a form a(¢, -, -). In contrast to previous results,
the existence of solutions will be investigated in a larger space V*. In fact, the situation
is slightly more delicate and interesting: the solution will take its values in V', but the
equation will be solved only in V*.

We start by introducing the setup for V* in the first section of the lecture. The next
sections are devoted to the Bochner integral for Hilbert space valued functions and to
Hilbert space valued Sobolev spaces. Of special interest are the maximal regularity spaces
— as we call them —, certain mixed Sobolev spaces which have interesting properties. Lions’
representation theorem extends the Lax-Milgram lemma and yields an elegant proof of
the final result.

14.1 Gelfand triples

Let V, H be Hilbert spaces over K such that V' < H. We have frequently encountered this
situation in previous lectures; typical examples are Hj(Q) < La(Q2) or H'(Q) < Ly(92),
where 2 C R" is open. In this section we want to add the antidual V* to our considerations.
Forne V* ueV we let
(n, u) = n(u).

Note that V* is a Hilbert space (being isomorphic to V). Given f € H we define n; € V*
by

(g, u) = (flu)y — (weV).
It is not difficult to see that the mapping H > f — ny € V* is linear, injective, continuous
and has dense range. We will identify n; and f and thus consider H as a subspace of V*.
This yields the following consistency identity:

(frw)=(flw)y  (feH ueV).

Thus we now have a triple of injected spaces

vy
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called a Gelfand triple. We have encountered this situation already in Lecture [13]— see
Remark — and illustrate it with another example.

14.1 Example. Let (€2, 1) be a measure space and let m: {2 — [, 00) be measurable,
where 6 > 0. Let

H:=Ly(Q,p), V= Ly(Q,mpu) = {u: @ — K measurable; [ |u>mdu < oo}.
Then V <% H. We can identify V* with Lo(€, ), where the duality is given by

(fou) = /Q f@a@ du(e)  (f € Lo(@, 2p), we V).

One can easily see this by using that ®f := mf defines an isometric isomorphism
D: Ly(2,mp) — La(, Lp).

14.2 Remark. Example [14.1|is generic. Whenever V' Nyl , there exist a measure space
(Q, 1), a unitary operator U: H — Ly(Q, 1) and a measurable function m: Q — [§, c0)
(with 6 > 0) such that U]y, is a unitary mapping from V onto Ly(€2, mpu). This can be
proved with the help of the spectral theorem, applied to the accretive self-adjoint operator
Ain H associated with the form a: V x V — K, a(u,v) := (u|v)y; see also Exercise [14.1]

Now let a: V x V — K be a continuous form. Denote by A € L(V,V*) the operator
given by (Au,v) = a(u,v). Let A be the operator in H associated with a. It is easy to
see that A is the part of A in H, i.e.,

A=AN(V x H),

where we identify V — H < V* as before. We will illustrate this situation below in
Example [14.3] If a is H-elliptic, then we know that —A generates a holomorphic Cy-
semigroup on H. One can show that —A generates a holomorphic Cy-semigroup on V*;
we will not pursue this here. However, our final aim will be to study the inhomogeneous
Cauchy problem

u 4+ Au = f,
’LL(O) = Ug
when A depends on time; see Section [14.5]

14.3 Example. Consider the situation described in Example [I4.1] Let a: V x V — K
be given by

a(u,v) = / mut du.
Then a is continuous and coercive. The opethor A in V* is given by
Au = mu with dom(A) =V,
and the operator A in Ly(€2, ) is given by

dom(A) = {u € Lo(Q,p); mu € LQ(Q,M)},
Au = mu (u € dom(A)).
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14.2 Interlude: The Bochner integral for Hilbert space
valued functions

There is a general theory extending the Lebesgue integral to Banach space valued functions
(the Bochner integral, see [ABHN11} Section 1.1]). On separable Hilbert spaces one may
use a more elementary approach, which we will present here (cf. [AU10; Section 8.5]).

Let H be a separable Hilbert space, and let —oo < a < b < co. A function f: (a,b) - H
is called measurable if (f(-) |v) is measurable for all v € H. If (v,) is a dense sequence
in By (0,1), then || f(t)|| = sup,en |(f(t)|v,)| for all t € (a,b), and this implies that
If)]: (a,b) — R is measurable. We let

b
Li(a,b;H) = {f: (a,b) — H measurable; / | f(®)] dt < oo},

where the elements of L;(a,b; H) are to be understood as equivalence classes of a.e. equal
functions.

14.4 Lemma. Let f € Li(a,b; H). Then there exists a unique w € H such that

b

[ @l =i, wen)
and we define fab f(t)dt == w. The mapping Li(a,b; H) > f fab f(t)dt € H is linear
and continuous.

Lemma is an easy consequence of the theorem of Riesz-Fréchet; see Exercise [14.2]
We also introduce the space

b
Ly(a,b; H) = {f: (a,b) — H measurable; / Hf(t)|]2dt < oo},

again identifying a.e. equal functions. Note that Lo(a,b; H) C Ly(a,b; H) if (a,b) is a
bounded interval.

14.5 Proposition. The space Lo(a,b; H) is a Hilbert space for the scalar product

(F19) 1oy = [ (F0 |90

In order to see that the function ¢ — (f(t)]|g(t)) in Proposition is measurable we
note the following denseness property.

14.6 Lemma. For each f € Lo(a,b; H) there exists a sequence (f,) in
Lo(a,b) ® H :=lin{p(-)v; ¢ € Ly(a,b), ve H}

such that || f,()|| < ||f()]| for alln € N and f, — f a.e.
In particular, Ls(a,b) ® H is dense in Ly(a,b; H).
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Proof. This is obvious if dim H < oo; assume that H is infinite-dimensional. Let f €
Ly(a,b; H). Let (ex)gen be an orthonormal basis of H. Then, with f, := > "7, (f(-) ] ex) ex,
the sequence (f,,) has the required properties. The dominated convergence theorem implies
that f, — f in La(a,b; H). ]
Proof of Proposition[1.5 We prove that t — (f(t)|g(t)), is measurable.

I f € Loa,b) @ H, f = Yoy, then (F()[g() = Sy s() (05 19()) is
measurable. Every f € Ls(a,b; H) can be approximated pointwise a.e. by a sequence in
Ly(a,b) ® H, by Lemma [14.6 and this implies the measurability of (f(-)|g(-)).

The completeness is proved in the same way as the completeness of the scalar valued
Ls(a,b). (Show that every absolutely convergent series is convergent.) O

14.3 Vector valued Sobolev spaces

We now define Hilbert space valued Sobolev spaces. As before, let H be a separable
Hilbert space over K, and let —oo < a < b < o0.
Given u € Ly(a,b; H), a function «’ € Lo(a,b; H) is called weak derivative of u if

b b

- [(ueds = [ ds (e e CRan),
Such a weak derivative is unique whenever it exists; see Exercise [14.3|(a). We let
H'(a,b; H) := {u € Lo(a,b; H); u has a weak derivative v’ in Lo(a, b; H)}

It is easy to see that H'(a,b; H) is a Hilbert space for the scalar product

(] ) g =/ ((w(®) [v(t) g + (W' (&) [V (1) ) dt

(cf. Theorem and Proposition [14.5]).
The next result can be proved essentially as Proposition

14.7 Proposition. Let —oco < a < b < 0.
(a) Let v € La(a,b; H), ug € H, u(t) := uo+ [, v(s)ds (t € (a,b)). Thenu € H'(a,b; H)

and v’ =v.
(b) Conversely, let u € H'(a,b; H). Then there exists ug € H such that

u(t) = ug +/ u'(s)ds (a.e. t € (a,b)).

In particular, each function uw € H'(a,b; H) has a representative in C([a,b]; H), and with
this representative one has ff uw'(s)ds = u(b) — u(a).

We will always use the continuous representative for functions u € H'(a,b).
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14.8 Remark. We note the following product rule for differentiation: if u € H'(a,b; H)
and ¢ € C*|a,b], then pu € H'(a,b; H), and (¢pu)’ = @'u + pu'.
Indeed, for ¢ € C°(a,b) one has

/ (oup dt = / (o udt — / s

b b b
:—/ gp@/m'dt—/ ¢/U¢dt:—/ (pu" + Q'u)p dt.

Next we suppose that V' is a separable Hilbert space such that V < H. Then we
identify H with a dense subspace of V* as in Section [14.1} The following mixed Sobolev
space plays an important role for evolutionary problems. Let —oo < a < b < oo and

MR(a,b) == H'(a,b;V*) N Ly(a, b; V).

Here the symbol “MR” stands for “maximal regularity”. It is easy to see that MR(a,b) is
a Hilbert space for the norm

. 2 2 1/2
||u||MR(a,b) = (||u||L2(a,b;V) + ||u/HL2(a,b;V*)) :

By Proposition each u € MR(a,b) has a representative u € C([a,b];V*). The
following result shows that in fact the representative is even continuous with values in the
smaller space H.

14.9 Proposition. (a) One has MR(a,b) — C([a,b]; H).
(b) If u € MR(a,b), then the function ||[u(-)||% is in Wi(a,b) and

(IleC)l7)" = 2Re (' (), u()) - (14.1)
In the following remarks we explain the assertions of Proposition [14.9,
14.10 Remarks. (a) We define the scalar Sobolev space
Wi(a,b) == {u € Li(a,b); v’ = Ou € Li(a,b)}

(cf. Subsection . Using Proposition 4.6/ one can see that W} (a,b) < Cla, b] and that
u(t) = u(a) + [, w'(s)ds for all u € W (a,b). In particular, u is decreasing if v’ < 0 a.e.
(b) From Section recall the embeddings V' < H < V* and the dual pairing (-, ).
(¢) The measurability of ¢ — f(t) := (u/(¢),u(t)) in Proposition [14.9(b) is shown as
in the proof of Proposition [I4.5] Since |f(t)| < [|u/(t)||y-||u(t)|l,, for all ¢ € (a,b), the
Schwarz inequality implies that f € Li(a,b).

V*

For the proof of Proposition [14.9 we need the following denseness property.
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14.11 Proposition. The space C*([a,b]; V') is dense in MR(a,b).

Proof. In several arguments in the following proof it is used without mentioning that
Ly(R) ® V is dense in Ly(R; V'), and similarly for V*.

(i) Let w € MR(a,b), assume that u = 0 near b, and extend u by 0 to R, keeping the
notation u. For 7 > 0 we define the left translate u, := u(- + 7); then u, € MR(a — 7,b)
and |, — w in MR(a,b) as 7 — 0. (In order to see the latter, note that u,|, — u
in Lo(a,b;V) and (u,) = (v'); = ' in La(a,b; V*).)

Now we fix 7 > 0 and choose x € C®(R) with spty C (a — 7,00) and x = 1 on
la,b]; then yxu, € Lo(R; V) with (xu,)" € Lo(R;V*), by Remark Let (px) be a
d-sequence in CF(R). Then p; * (xu,) € CP(R; V) for k € N, pg * (xu,;) = xu, in
Lo(R; V), (pw = (XUT))/ = pp* (xur) — (xu,) in Le(R; V*) as k — oo, by Proposition .
In consequence, (py, * <XUT))‘(a,b) = (Xtr)l(ap) = Url (o) I0 MR(a,b), as k — oo.

This double approximation procedure shows that u can be approximated as asserted.

(ii) The corresponding procedure yields the approximation if u = 0 near a. For general
u € MR(a,b) choose a function a € C*°(R) with & = 1 in a neighbourhood of (—o0, al,
a = 0 in a neighbourhood of [b, c0) and apply the result shown so far to au and (1 — a)u.
(Note that Remark implies that au, (1 — a)u € MR(a,b).) O

We mention that the proof given above is analogous to the proof of Theorem [7.7]
Proof of Proposition[If.9. If w € C'([a,b]; V), then it is immediate that $|ju(t)||? =

(' (t) [u(t)) g + (u(t) |0/ (1) g = 2Re (u'(1), ult)).
(a) For u € C*'([a,b]; V) we deduce (as in the proof of Theorem that

b
d
el oy < nt ()1 + / — )5 dt

—/ @l +2 [

HU||L2 @by + 200 | Lo i)

u(®)]v dt

V*

< b_ uHLgabV)

with the embedding constant ¢ > 0 of V L H. As C'([a,b]; V) is dense in MR(a,b), by
Proposition m, 14.11} this inequality shows that MR(a,b) — C([a,b]; H), and the inequality
carries over to all u € MR(a,b).

(b) Initially we have shown for u € C'([a,b]; V). Let now u € MR(a,b). By

a?
Proposition [14.11] there exists a sequence (u,) in C*([a,b]; V') converging to u in MR(a,b).
Then

(lun()17)" = 2 Re (up (), un(-)) = 2Re (/' (), u(-))
in Ly(a,b). Moreover, u, — u in C([a,b]; H) by part (a), and therefore ||u,(-)||% —

|u(-)||% in Cla,b]. This implies that 2Re (u/(-),u(-)) is the distributional derivative
of [lu(-)|[7- 0
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14.4 Lions’ representation theorem

The great importance of Hilbert spaces is the representation theorem of Riesz-Fréchet,
which so often gives us weak solutions of partial differential equations. We use it now in
order to prove a much more general representation theorem.

14.12 Theorem. (Lions’ representation theorem) Let V be a Hilbert space, W a pre-
Hilbert space such that W — V. Let E: V x W — K be sesquilinear such that

(i) E(-,w) €V for allw e W,
(ii) |E(w,w)| > a||w||$/v for all w € W, with some o > 0.
Let L € W*. Then there exists uw € V and such that L(w) = E(u,w) for allw € W.

The fact that YW may not be complete makes Lions theorem more widely applicable
than the Lax-Milgram lemma. To say that W < V means that

lwlly < clwlly,  (weWw) (14.2)

for some constant c. The larger the norm on W the less restrictive is the assumption on
L to be continuous in the norm of W. On the other hand the coercivity hypothesis (ii)
becomes more restrictive if we take larger norms. Even if we choose as norm on W the
norm of V the fact that E need not be defined on all of V in the second variable is an
advantage; note that there is no continuity requirement on £ with respect to the second
variable.

Proof of Theorem[14.13 By the Riesz-Fréchet representation theorem there exists a linear
operator T': W — V such that E(v,w) = (v|Tw),, for allv € V, w € W.
It follows from property (ii) that

2
allwll?, < |Blw,w)| = (w| Tw),| < [wly|Twll, < el [ Twl,,

where ¢ > 0 is the embedding constant from (14.2)). Thus ||[Tw||,, > &|w]|,,, for all w € W.

This implies that 7" is injective and that 7-': T(W) — W is linear and continuous, where

T(W) is provided with the norm of V. Since L € W*, the functional Lo T~! extends to a

continuous antilinear functional ¢ € V*, and by the Riesz-Fréchet theorem there exists
u € V such that {(v) = (u|v),, for all v € V. In particular, for w € W one has

Lw) =4{(Tw) = (u|Tw),, = E(u,w). O

14.13 Remark. (Uniqueness in Theorem [14.12)) The vector u € V is unique if and only if

veV, E(v,w)=0 for all w e W implies v = 0.

This is the same as saying that T (W) is dense in V, with the operator T" from the proof.
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14.5 The non-autonomous equation

Now we come to the main result of this lecture. We study the non-autonomous inhomoge-
neous evolution equation

u'(t) + A()u(t) = f(t),

2(0) = (14.3)

Our assumptions are as follows. Let V, H be separable Hilbert spaces, V' <i> H. With

these spaces we form the Gelfand triple V/ < 1<% v+ and use the notation introduced
in Section 4.1l

Let 7 > 0 and let a: [0,7] x V x V — K be a mapping such that

(i) a(t,-,-): V x V — K is sesquilinear for all ¢ € [0, 7];

(ii) |a(t,u,v)| < M|ul| ||v]l, for all t € [0, 7], u,v € V, with some M > 0;

(iti) Rea(t,u,u) > allull;, for all t € [0,7], u € V, with some o > 0;

(iv) a(-,u,v) is measurable for all u,v € V.

We point out that v and M are independent of ¢. Below we will repeatedly need that
t — a(t,u(t),v(t)) is measurable for all u,v € Ly(0,7; V). This property follows from
Lemma and the conditions (iv) and (ii).

For each t € [0, 7] we denote by A(t) € L(V,V*) the operator given by

(A(t)u,v) = a(t,u,v).
First we want to interpret A as an operator in the following way.
14.14 Proposition. Defining
(Au)(t) == A(t)u(t)  (t€(0,7))
foru € Ly(0,7;V), one obtains a bounded linear operator A: Ls(0,7; V) — Lo(0,7; V*).

Proof. Let uw € Ly(0,7; V). Recalling that the function t — (Au(t),v) = a(t,u(t),v) is
measurable for all v € V one deduces that Awu is measurable. The estimate

[A@u®)]ly- < Mlu®)ll, (¢ €0,7]),

shows that Au = A(-)u(-) € Ly(0,7; V).
Obviously the operator A is linear, and the previous inequality shows that A is
bounded. O

In order to motivate our definition of £ in the proof of Theorem [14.16| below we show the
following proposition. We will use the notation C°[0, 7) := {¢ € C*[0,7); spt compact}.

14.15 Proposition. Let ug € H, f € Ly(0,7;V*), u € Ly(0,7; V). Then the following
statements are equivalent.

(i) u € MR(0,7) and v’ + Au = f, u(0) = up.

(ii) For all ¢ € C[0,7), v €V one has

- / (ult) | (t0) i+ / Ca(t, u(t), p(tyo) dt = / UF@) o)) A+ (o] 9(0)v)
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Since w € MR(0,7) C C([0,7]; H), the initial condition u(0) = ug in statement (i)
makes sense.

Proof of Proposition[1f.15 Note that condition (ii) is equivalent to

- [ ars [ o= [ eioa o (14.4)

for all p € C°[0, 7). This equality holds in V*; recall that Au = A(-)u(-) € L2(0,7; V*).
(i) = (ii). Let ¢ € C°[0,7). Using Au = f — ' and Remark we obtain

—élmmmw+[%@memzﬁ[wwwm+ﬂbmﬂwn

Since ¢(7) = 0 and u(0) = u, it follows from Proposition [14.7(b) that (14.4) holds.
(ii) = (i). Using (14.4) with ¢ € C°(0,7) we obtain

- [ um = [ e (70— (Au o) a.

This implies that v € H'(0,7;V*) and v/ = f — Au.
In order to show that u(0) = ug we choose ¢ € C°[0,7) with ¢(0) = 1. From (i) = (ii)
it follows that (14.4) holds with «(0) in place of ug. Therefore u(0) = uy. O

Now we can formulate and prove the main result of this lecture.

14.16 Theorem. Let ug € H, f € Ly(0,7;V*). Then there exists a unique u € MR(0,7)
such that

v+ Au = f,

w(0) = uy (14.5)

Note that both terms v/, Au are in the same space Ly(0,7;V*) as f. For this reason
we say that the problem has maximal regularity in V*.

Proof of Theorem[1/.16 To show existence we apply Lions’ representation theorem [14.12
with V 1= Ly(0,7; V) and the pre-Hilbert space

W= CZ0,7) @V =lin{pv; p € CZ[0,7), vE V}
with norm [[w],y == (|3 + [lw(0)]|%)"?. We define E: V x W — K by
Blv.w) == [ ) [ ®)y dt+ [ alt.o(t) wie) d.
For w € W, one has

[E(v, w)] < [Jollyllwl] 0 rv+) + Mlvllylwlly

for all v € V. Thus condition (i) of Theorem [14.12]is satisfied.
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In order to show (ii) let w € W. By Proposition M(b) we have Hw()H?{ € Wi (0,7)
and &[lw(t)]|}; = 2Re (w'(t) | w(t)) . Thus

1

- [ Rew(®)u®) dt = 5wl + 51wl = O

By the coercivity condition (iii) it follows that
1 .
Re E(w, w) > Sllw(0)[} + of|wly, > min{1/2, a}|wll,.
Thus (ii) is satisfied.
Define L € W* by

zw=£7ﬂmmmw+wumwﬂ

By Lions’ representation theorem, there exists u € V such that F(u, w) = Lw for allw € W.
This statement is equivalent to the validity of the statement (ii) of Proposition
Therefore Proposition implies that v € MR(0,7) and that  is a solution of (14.5)).

In order to show uniqueness, let u € MR(0,7) such that v’ + Au = 0 and u(0) = 0.
Then by Proposition [14.9(b) we obtain

(Ilu()I1%) (8) = 2 Re (u/(¢), u(t)) = —2Re ((Au) (1), u(t)) = —2Rea(t, u(t), u(t)) < 0

for a.e. t € [0, 7]. Remark|14.10(a) implies that |lu(-)|| is decreasing, so u(t) = 0 for all
te0,7]. O

14.17 Remark. The notion of solution we use here is rather weak. This is reflected by
the fact that our space of test functions W is small and consists of very regular functions.
Of course, if we have a weak notion of solution, existence of solutions might become easy
to prove (at the extreme case we might call every function a solution). But uniqueness
may become very hard to prove. Here for existence we need the key equality only
for functions in W, for which it is in fact trivial. With the help of Lions’ representation
theorem the proof of existence is indeed rather elegant and easy. In contrast, uniqueness
is more technical, since is needed for a rather general class of functions.

Notes

The results of Sections and go back to J. L. Lions and his school in the 1950s
and 1960s. Lions’ representation theorem, Theorem [14.12] is first proved in [Lio57].
The existence and uniqueness result Theorem is contained in Lions’ book ([Lio61}
Théoréme 1.1, p.46]), with a slightly different formulation. Lions quotes I. M. Vishik
[Vis56] and J. L. Lions [Liob9] for the first proof of existence. Uniqueness is due to J.
L. Lions [Lio59]; this had been an open problem for a while. It is also possible to prove
Theorem by the Galerkin method; see [DL92]. This is of great interest for the
numerical treatment but less elegant than via the representation theorem.

A revival of the subject is due to the interest in maximal regularity. We refer to the
recent thesis [Diel4] by D. Dier and to [ADLO14] for further information, in particular
for the discussion of maximal regularity in H.
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Exercises

14.1 Let V, H be separable Hilbert spaces such that V' <i> H, dim H = co. Assume that
the injection of V' into H is compact. Let a: V x V — K be continuous, coercive and
symmetric.

(a) Show that there exist an orthonormal basis (e,).eny of H and an increasing se-
quence (A, )nen in (0, 00) satisfying lim,, ., A, = 0o such that

V= {ue Y Mllulen)yf* < oo}
n=1

and a(u,v) =Y 2 A, (u]en) g (en|v)y for all u,v € V.

n=1

Hint: Use Theorem and Corollary [6.18]

(b) Show that V* can be identified with the space {(y,) € KN; 3% A1y, |* < oo},
with the canonical mapping H — V* given by u — ((u|e,) 5 )nen-

(c¢) Show that the operator A € L(V,V*) from Section considered as an operator
in V* is given by

dom(A) ={y € V*; (A\¥n)nen € V'},
Ay = ()‘nyn>n€N (y € dOHl(.A))

Show that —A generates a Cy-semigroup on V*, given by

—tAn

€ Y= (e yn)neN‘

14.2 Prove Lemma [14.4]

14.3 Let (a,b) C R be an interval.
(a) Let H be a separable Hilbert space, u € Ly(a,b; H) with the property that

/b e(t)u(t)dt =0

for all ¢ € C(a,b). Show that u =0 a.e.
Deduce the uniqueness of the weak derivative defined in Section [14.3]
(b) Find a (non-separable) Hilbert space H and a function u: (a,b) — H with ||u(t)|| =1

for all ¢t € (a,b) and (u(-) |v) = 0 a.e. for all v € H. (Then fabgp(t)u(t) dt = 0 for all
¢ € C(a,b), if the integral would be defined as in Lemma [14.4])

14.4 Prove Theorem in the case where the form a is not necessarily coercive but
H-elliptic, i.e.,

Rea(t,u,u) +wHuH§I > aHuH%/ (tel0,7], ueV)

holds for some w > 0, o > 0.
Hint: Solve v/ + (A+w)v =e " f.
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