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Lecture 1

An Invitation to Positive Matrices

1.1 Motivating examples

Let us start with three different examples where positive matrices make an appearance. We
will see that various properties can be described by studying the behavior of such matrices.

The Fibonacci Sequence

Consider the following, well-known sequence: fo =0, f; =1,

fn+1 = fn + fn71~

Introducing the new sequence g, := f,_1, we obtain the following system

Jns1 = fu + Gn,
On+1 = fm

with f; = 1 and g; = 0. Hence, using vectorial notation and the well established connec-
tion between systems of linear equations and matrices, we see that the above system is

equivalent to
In+1 10 dn .

Repeating the above argument, we see that

1) Fart) _ (1 O\ (£ _ (1t O (fa . _(t 1\ (K
' Jni1 1 0/ \gn 10 Jn—1 10 an/)
Hence, the properties of the numerical sequence (f,,) are strongly related to the prop-
erties of a matrix sequence (A") with A= (1}).
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4 LECTURE 1. AN INVITATION TO POSITIVE MATRICES

Graphs and Markov chains

A graph G = (V, E) is a mathematical structure that models relations between objects.
Objects are represented by the set of wertices V' while every edge e € E corresponds
to a pairwise relation between two vertices: e = {u,v} (if the relation is symmetric) or
e = (u,v), u,v € V. In the first case we call the graph undirected and in the latter directed.
The simplest way to represent a graph is by drawing a picture, see Figure

To study properties of the graph or even some dynamical process on it, it is however
more useful to describe it in terms of matrices. Let us assume that the graph G is finite
with the set of vertices V' = {vy,...,v,}. The n X n adjacency matriz A = (a;;) of G is
defined as

a;; > 01if (v;,v;) € E and a;; = 0 otherwise.

If the nonzero elements of A all equal 1, we say that G is an unweighted graph, otherwise
G is weighted with weights a;; corresponding to the edges (v;, v;).

Example 1.1.1. The adjacency matrices of the three graphs, depicted in Figure are:

0101 0100 0O 1 0 O
T A
1110 1010 03 0 07 0
Oe=ocllo==0
N f N
1
) Nondirected graph (b) Directed graph (c) Welghted directed graph

Figure 1.1: Examples of graphs

Note that the adjacency matrix of an undirected graph is always symmetric. An inter-
esting property of the adjacency matrix of an unweighted graph is the following: computing
its k-th power, (A*);; gives the number of (directed or undirected) walks of length k from
vertex v; to vertex v; (see Exercise .

Consider now a discrete finite homogeneous Markov chain with state space V and
transition matriz P = (p;;). Its entries p;; € [0, 1] represent transition probabilities to move

from state v; to v; in one step. P is a positive and row stochastic matriz, i.e. Z?Ilpij =1
foralli=1,...,n
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P is actually an adjacency matrix of a directed weighted graph G with the set of vertices
V' and edges given by the entries of P:

(vi,vj) € E <= p;; > 0.

Note that G might have loops but does not have multiple directed edges. A Markov process
is in fact a random walk on graph G.

Now (P*);; yields the probability of reaching state v; from state v; in k steps. Moreover,
various long-term properties of such Markov processes, such as periodicity, ergodicity, the
existance of a stationary distribution, etc., can be seen by observing the entries of P* as
k — oo.

The Competitive Markets Model

Suppose n similar commodities are competing for the consumer’s money. Excess demand
(i.e. demand minus supply) f; for commodity 7 is approximately a linear function of prices
p less equilibrium prices p°, i.e

Z ai;(p; — 1Y).

Since higher prices for one commodity will increase excess demand for the others, a;; > 0
for i # j and a; < 0.

The rate of price readjustment, once disturbed from equilibrium, must be proportional
to excess demand, i.e.,

(1.2) p=KA({p—p"),

where K = diag(ky,...,k,), a diagonal matrix of positive adjustment speeds, A = (a;;)
and p = (p;). Thus future prices are given by

(1.3) p(t) = p° + K¢,

where ¢ = p(0) — p°.

If we start with a (non-equilibrium) price p(0), will prices eventually return to the
equilibrium p° or will (some) prices stay away from p°, oscillate or become unbounded?
We will see that the answers to these questions depend on the spectral properties of the
matrix KA.

One of the main topics of this course will be to analyze the behavior of matrix sequences
of the form (A") as n — 400 or the behavior of matrix exponentials of the form “e*” as
t — +o00. Special attention will be paid to matrices with nonnegative entries, the so called
positive matrices. We will apply the obtained results to various biological, economical or

mathematical problems.
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1.2 Convergence

Since the asymptotics of A* and of e is our ultimate goal, it is indispensable that we
make precise what we understand by convergence in X = C” or in £(X) = M, (C).

The most natural concept of convergence in C" is coordinatewise convergence, or con-
vergence in every coordinate, a notion which explains itself. However, the question imme-
diately arises if a change of coordinates touches this sort of convergence. Moreover, with
respect to sequences of n x n matrices, a formally different kind of convergence seems nat-
ural, namely, pointwise convergence on C". This means for a sequence (Ay)ren in M, (C)
the convergence of (Agz)ken for every z € C™.

The following proposition tells us that these concepts all amount to the same thing,
and that norms are an excellent instrument to deal with problems related to convergence.
For basic information about norms, see Appendix A, Section [A.1]

Proposition 1.2.1. (a)

max; ; || =: || Alloo
max; i |ags| = [|Allx

Mn(C) 5A= (Oéij) — {

are norms on M, (C) with

[Allee < [[Allx < 7l Al
for all A € M,(C).

(b) Let Ay := (aE?), k € N be a sequence in M,(C), Ay = (oz?) € M,(C). Then the

following statements are equivalent:

(i) Az — Apx coordinate-wise, as k — oo, for every v € X = C".

(©

(ii) agf) — O%'j) as k — oo forall1 <i,j <n.

(1) ||Ax — Aplleo — 0 as k — oc.

() ||[Ax — Aolli = 0 as k — 0.

Proof. See Exercise [

There are many possibilities other than those considered above to define norms, and
correspondingly, there exists a large variety of potentially different notions of convergence.
Proposition [1.2.1] however, indicates that the latter might always coincide. This is actu-
ally true (at least in finite dimensional vector spaces) by the following result, due to A.
Tikhonov, which will allow us to define convergence without specific reference to coordi-
nates (or entries). For a proof of this result and further discussions, see Theorem in
Appendix A.
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Theorem 1.2.2 (Tikhonov). Let X be a finite dimensional (complex) vector space, and

let || - || and ||-|| be norms on X. Then there exist constants m, M > 0 such that
(1.4) mlz]] < l=]] < M |||
forallz € X.

We call two norms ||-|| and ||-|| equivalent if holds for suitable constants m, M > 0.
Equivalent norms possess the same convergent sequences and the same Cauchy sequences.
Therefore, in finite dimensions, Tikhonov’s Theorem allows us now to define conver-
gence as follows.

Definition 1.2.3. Let X be a vector space of finite dimension and (z)ren a sequence in

X.

(a) We say that (xy) is a Cauchy sequence, if (z) is a Cauchy sequence for one, and hence
for every norm on X. Recall that a sequence is called a Cauchy sequence for a norm
|| - |I, if for every € > 0 there exists N € N such that for every k,m > N, ||z — x| < €.

(b) We say that (xy) converges, as k — oo, to an element zy € X, if ||z — zo]| — 0 as
k — oo for one, and hence for every norm on X.

We will now give a more specific description of convergence which will be the clue to
our subsequent discussions. To this end, let () be a sequence in X. If {21, 22,...,2,} is

a basis for X, there exist uniquely determined scalars §Z»(k), 1 <17 < n, such that
k
Ty = Zfz( )zz-.
i=1

We call the sequences <§§k)> s (5,3’“)) , the coordinate sequences of (zy)gen With
keN keN

respect to the basis {z1, ..., 2, }.

Theorem 1.2.4. For a sequence (xy) in X, the following are equivalent.
(a) (zr) is a Cauchy sequence.

(b) (xx) converges, as k — oo, to an element xo € X.

(c) For every basis {z1,22,...,2,} of X, the coordinate sequences of (xy) with respect to
{z1,29,...,2n} converge, as k — oo.

In this case, the element o in (b) is uniquely determined and the coordinates of xy with

respect to {z1, 2o, ..., 2z, } are the limits of the respective coordinate sequences.
Proof. The statement is an immediate consequence of the fact that for any basis {21, 29, ..., 2, }
of X,

Xo>xr max{]£¢| Cx = Z&Zi}

is a norm. 0
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We introduce yet another notion related to norms. Again, X is a vector space of finite
dimension.

Definition 1.2.5. A subset 2 C X is called bounded, if for one, hence for every norm || - ||
on X,

sup ||z]| < 0.

e

It is clear that boundedness of a sequence (x,) in X means boundedness of the set
{z, : n € N}, and that this is equivalent to boundedness of all coordinate sequences of
(x,) with respect to one, hence all, basis of X.

Although there appears to be no need to discriminate between different norms on a
finite dimensional vector space, the equivalence of all norms on such a space gives, on
the other hand, the possibility to discuss convergence of a specific sequence by using a
particularly favorable norm. This was the key point in the proof of the previous theorem.
Apart from that, we will occasionally have to distinguish, even on the finite dimensional
vector space L£(X), between norms in general and norms that come from the underlying
vector space X.

Definition 1.2.6. Let A € £(X) and let ||-|| be a norm on X. The corresponding operator
norm on L£(X), again denoted by || - ||, is defined as

[A[] := sup{[|Az|}, > € X, ||z]| < 1} = max{[[Az|,z € X, [lz]| <1}

Alternative descriptions of the operator norm coming from a norm || - || on X are the
following;:

[Al] = sup{[|Az]| : [lz|| = 1}
= sup {M tx O}

[
=min{M : ||Az|| < M||z| for all x € X}.

The relation
[Az|| < [[A[[l|z]], =€ X,

is a reformulation of the last two expressions above. In particular, for A, B € L(X),

[ABz|| = [[A(Bz)|| < Al | Bx|| < A IBI] [l]

for all x € X. Hence, ||AB]| < ||A]| ||B|| whenever || - || is an operator norm. We note in
particular that for any operator norm || - || on £(X), the identity must have norm 1. Thus,
if || - || is an operator norm, the norm

A pllAll, - p >0,

cannot be an operator norm unless = 1.

Another interesting feature of operator norms is that, for such a norm || - ||, necessarily
IA| < ||A|| for every eigenvalue A. This is obvious since for any eigenvector = belonging to
A we have ||Az|| = |A| ||z||. For later reference, we note this as a corollary.



1.3. NOTES AND REMARKS 9

Corollary 1.2.7. Let || - || be an operator norm on L(X), A € L(X) and \ an eigenvalue
of A. Then || A|| > ||

Generally, the operator norm is difficult to calculate explicitly. We give two important
examples where it can be calculated. Recall that for 1 < p < oo and x € X = C",
lzll, == oy |xi|p)1/p, is called the p-norm on X, the oo-norm is defined as ||z|| =
maxi<;<n |.Cl',’7,’

Example 1.2.8. (i) The operator norm of a matrix A = (a;;) € M,(C) corresponding
to the co— norm on C” is the row norm

n
Ao := max{||Az||o : 2 € C",||z|lsc <1} = max Z |aij].-
7j=1

1<i<n £

(ii) The operator norm on M, (C) corresponding to the 1- norm on C" is the column

norm
n

|All1 := max{[|Az|, : z € C", ||z|; < 1} = fé‘%z; Jaij-
=

Proposition 1.2.9. For a sequence (Ag)ren C L(X) the following assertions are equiva-
lent.

(a) The sequence (Axx)ken converges in X for all x € X.
(b) The sequence (Ag)ren converges in L(X).
(c) For any basis of X and the corresponding matriz representation Ay = (agf)) the entries

(k)

a;; converge in C for every pair (i,j) as k — oo.

The proof of this proposition is left as an exercise.

1.3 Notes and Remarks

For more notions and results form graph theory we refer to [1], [2] or [4]. The model
presented in Subsection is taken from [3| p.492]. We recall some necessary results from
linear algebra in Appendix A.

1.4 Exercises

1. Determine the eigenvalues and eigenvectors of the matrix A = (1}), corresponding to

the Fibonacci sequence (f,,) (see Section [1.1]). Using this find a formula for A™ and f,,.

2. An undirected graph G is depicted in the Figure [1.2
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Figure 1.2: The graph G from Exercise .

(a) Write the adjacency matrix A of the graph G and compute A% and A3.
(b) Show that (A¥);; gives the number of walks of length k from vertex v; to vertex v;.

(¢) Choose directions of the edges of G to obtain a directed graph G. Repeat (a) and
(b) for G instead of G.

(d) * Show that (b) holds for any unweighted graph.

. Let A be the adjacency matrix of a simple undirected graph G (by simple we mean

unweighted, without loops or multiple edges). Show the following spectral properties of

A.

(a) The sum of all eigenvalues of A equals 0.

(b) The sum of all squares of eigenvalues of A equals 2m where m is the number of
edges in G.

(c) The sum of all cubes of eigenvalues of A equals 6t where ¢ is the number of triangles

in G.
(Hint: use the trace and Ezercise[J(d).)

(a) Show that the formulae in Example of Appendix A define norms on C".

(b) Verify the following relations among the norms || - ||, || - ||2 and || - ||oc:

lzll2 < [lzlly < Vnllxl2,
12llo < llzll2 < v/nll2]loo,
2l < [l < nfl2 o0

(c¢) Show that lim, , ||z|/, = ||7] -
Prove the statements of Proposition [1.2.1}

Verify the equivalence of the alternative descriptions of the operator norm in Definition
and prove the statements of Example [1.2.8|



1.4. EXERCISES

7. Prove Proposition [I.2.9

8. Solve the exercises in Appendix A.

11
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Lecture 2

Functional Calculus

2.1 Polynomials

In this section we propose a method of constructing functions of a linear operator A €
L(X), where X is a finite dimensional vector space. Of special interest are, in view of
reducing subspaces (see Appendix A, Section [A.1.2)), projections commuting with A. We
will look for such projections among the polynomials in A, i.e., the linear combinations of
powers of A. Indeed, if such a projection is a polynomial, it automatically commutes with
A and hence its range is a reducing subspace.

We denote the set of all polynomials in A by Py, i.e.

(2.1) Pa = {ZaiAi oy EC,mGN} C L(X),

=0

and if p(z) = >"1", a;x" is a polynomial, we write

p(A) = Z a; A’
i=0

and say that the operator p(A) is obtained by plugging A into p. From this definition it is
clear that the mapping
O, :Clz]op—p(A) € Py

is a homomorphism from the algebra C[z] of all polynomials onto P4. For those readers
who are acquainted with the notion of the factor map, we remark that

A

(22) q)A : (C[x]/ker@A = PA

becomes an algebraic isomorphism.

Exercise 2.1.1. Let A := (0 1). Calculate dim Py4.

0 0

15
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In order to find polynomials such that p(A) = (p(A))? = p*(A), i.e., p(A) is a projection,
we have a closer look at the algebraic structure of ker ® 4.

Proposition 2.1.2. There exists a unique polynomial my € Clz| of degree > 1 and with
leading coefficient 1 such that the following holds:

A polynomial p € Clx] belongs to ker ® 4, i.e., p(A) = 0, if and only if p = my - q for
some q € Clz].

Proof. Take a nonzero polynomial m € ker &4 with minimal degree and leading coefficient
1. If p=m - q for some ¢ € C[z], then p(A) = m(A) - ¢(A) = 0, hence p € ker & 4.
On the other hand, if p € Clz] is any polynomial with p(A) = 0, then the division of p
by m gives
p=m-q+r

for polynomials ¢ and r satisfying degr < degm.
Thus
0 =p(A) =m(A) - q(A) + r(A) =r(A)

and r € ker ® 4. Since m has minimal degree in ker ®4, we conclude that » = 0. This
shows that my := m is the desired polynomial.
Uniqueness follows since the leading coefficient was supposed to be 1. O

We call this polynomial m 4 generating the kernel of ® 4 the minimal polynomial of A.
For polynomials p, ¢, 7 € C[X] we use the notation

p=q modr <= p—r=s-r for some s € Clzx].
The following is an immediate consequence of Proposition [2.1.2
Corollary 2.1.3. For p,q € Clz], we have p(A) = q(A) if and only if
p=gq mod my.
In particular, p(A) is a projection if and only if p> = p mod my.

Denoting by
Ayeos Am

the zeros of the minimal polynomial m 4, and by
VlyeonyUnm
their respective multiplicities (as zeros of m4), we see that
(2.3) ma(z) = (z =) (2= A) - (2 = Ap)"™.
Lemma 2.1.4. For p,q € Clz|, we have

(24) p=q modmy <=  The derivatives of p and q satisfy P (N\;) = ¢ (\;)

fori=1,.... mandv=0,...,v; — 1.
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Proof. Follows directly from Lemma in the Appendix A. O

We use this characterization of the equality p(A) = ¢(A) to extend the domain of ® 4
and hence to be able to define more general functions of A. Before proceeding, let us make
the following observation.

Remark 2.1.5. For the exponential function

flay=e"=)

it seems to be natural to define the exponential function of a matrix A with the formula

oo
ATL
et = E A
n!

n=0

n

| 8

!

S

This is a completely legitimate way and we will also justify this formula later on (see
Corollary 2.2.7). However, since £(X) is an n-dimensional vector space (where n =
dim X), in the above infinite series there are at most n? linearly independent terms. Hence,
e? is actually a polynomial in A, of course with rather complicated coefficients. This
observation justifies our procedure to look for the operator f(A) among the polynomials

of A.

Before going on with the abstract argument let us illustrate our last point on two
examples of simple 2 x 2 matrices where we are able to calculate the power series.

01
0 0

etA—I—FtA—(l t).

Examples 2.1.6. (i) Let A := ( > Then, using the above formula and the fact

that A% = 0, we see that
01

This is clearly a linear polynomial of A.

(ii) Let A := ((1] g) Then, using the above formula and the fact that

n_ (1" 0
we see that

¢ 1
oA — (% 6%) _ ¢ (O 8) 4 (8 ?) _ 2T — A) + P(A—T).

This is again a linear polynomial of A.

Exercise 2.1.7. Calculate e4i for

0 1 0 1
v e Ga)
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2.2 Smooth functions

Let A € L£(X) be an operator on the finite dimensional vector space X with minimal
polynomial m 4. As before, A1, ..., A, are the roots of the minimal polynomial with corre-
sponding multiplicities v, ..., v,,. We denote the set of functions, that are defined on an
open neighborhood containing all \; and are infinitely differentiable, with
(2.5)

CY ={f:D(f)cC—C:3UcCopen, UC D(f),{\,...,;\n} CU, fly € C>}.

Here D(f) denotes the domain of f. C¥ is the set of functions for which we would like to
define the functional calculus.

Definition 2.2.1 (Functional Calculus). Let f € C%. We then set
f(A) = ®alpy) = pr(A),

where py is an interpolation polynomz'alE] for f in the sense that the derivatives of f satisfy

FY00) = ()
fore=1,....mandv=0,...,1; — 1.

Again, we say that f(A) is the result of plugging A into the function f. Hence, we
extended our function ® 4, defined on C[z], to the function &, on CY with the formula

PA(f) = Palpy) = ps(A).

We now collect useful properties of ® 4 that follow directly from Definition [2.2.1] Corol-
lary and Lemma [2.1.4

Lemma 2.2.2. With the above notation the following holds.

(i) The definition of D A(f) does not depend on the particular choice of the interpolation
polynomial py.

(ii) The map ®4 is an extension of ® 4.

(iii) The map ®4 is an algebra homomorphism in the sense that

DA 4 pg) = A0A(f) + uPa(g),

Sa(f-g)=Palf) - Palg)

for A, € C and functions f,g € CF.

'For more information on interpolation polynomials see Appendix A, Section
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At first glance not much seems to be gained since the range of ® 4 is still 4. However,
the domain of ®,4 is now much larger and contains many more functions, in particular
easily identifiable, non-trivial idempotents. In fact, any characteristic function 1y of an
open set U C C such that none of the points Aq,..., \,, lies on the boundary of U is an
idempotent and belongs to the domain of ®4. As a consequence of Corollary 15(A)
must be a projection contained in P4, hence commuting with A.

We now pick a particular set of such projections. Let Uy, ..., U,, be open subsets of C
satisfying

(i) y €U; fori=1,...,m, and
(i) U;NU; =0 for i # j.
Writing 1; for the characteristic function of U;, we obtain projections
(2.6) P :=1,(A)ePyfori=1,...,m,
whose range will be denoted by
(2.7) X; :=im P,

We remark that P; is independent of the specific choice of U;, and P; # 0 for all 4.
The following is now the fundamental structure theorem for linear operators on finite
dimensional vector spaces.

Theorem 2.2.3. Let X be a finite dimensional vector space and let A € L(X) with minimal
polynomial m 4 having zeros Ay, ..., A\, with respective multiplicities vy, ..., vy,. If we take

P; and X; as in (2.6) and (2.7)), respectively, then
X=X1¢---6X,

is a direct sum decomposition into A-invariant subspaces such that the restriction of \; — A

to X; is nilpotent of order v; fori=1,...,m.
Proof. Since 1;(3_;;1;) = 0 for any 4, P(ZJ#ZP) 0 and hence X; N [P, X;] = {0}.
Moreover, since {A1, ..., An} C Ui~ U; =: U, we conclude that

ZP ch(Zl) =P,(1y) =1,

hence X1 ®---® X, = X.

We recall that a matrix B is called nilpotent of order k, if B¥ = 0 but B*! #£ 0.
Observe now that, for any fixed i, g;(A) = (A\; — A)*1;(\) is a function in the domain of
® 4 that coincides in each of the points AL, -y Am With the zero function 0, including all
relevant derivatives. By the properties of ® 4 stated in Lemma [2.2.2| we must have

(N —A)" P = ((\ — A1) (A) =0(A) =
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fort=1,...,m and A € C. On the other hand, the function
fz(>\) = (/\z — /\)1/1—111()0 s A € (C,

does not satisfy

hence
(N = A)" TR = fi(A) #0,
proving that (\; — A) is nilpotent of order v; on Xj. O]
The zeros Aq,..., A, of the minimal polynomial m, can now be identified with the

eigenvalues of A, i.e., with those A € C for which (A — A)z = 0 for some 0 # z € X.

Corollary 2.2.4. Under the above assumptions the points \y,..., A\, are ezxactly those
A € C for which A — A is not invertible.

Proof. Every \; is an eigenvalue of A with an eigenvector contained in X;. Otherwise,
Ai — A would be bijective (see Proposition |A.1.14)), hence could not be nilpotent on X;
(which is # {0} since P; # 0).

There are no other eigenvalues of A since for any p € C distinct from all Ay, ..., A\,
the function f(\) := ﬁ is the inverse of f~1(\) := p — ), thus the operator f(A) is the
inverse of f~!(A) = u — A, and hence y — A is invertible. O

After these preparations we are now able to express the operator f (A), f in the domain
of @4, by the action of (A — \;) on the subspaces X; and by the values of (the derivatives
of) fin A;.

Theorem 2.2.5. Let A € L(X) with eigenvalues Ay, ..., \,, and respective multiplicities
V1,...,Um, and define the projections P; as in (2.6)). For every function f € CY one has

m v;—1 v) A
(2.9 =3 Y N e,

v!
i=1 v=0

In particular, the following holds.

0 By = =0 e o

=1 v=0 ('u o )\>
‘s tA O Nt v
(ii) =33 S (A=A)"P, fort € R.
i=1 v=0 ’

14

. m min{v;—1,k} k . )
(iii) A¥ = Z Z ANTV(A = N)P for ke N.
i=1 -0



2.2. SMOOTH FUNCTIONS 21

Proof. The function

m v;—1 f v)
=> /\ X)L (\), AecC,
i=1 v=0
coincides with f, including all relevant derivatives, on all of the points Ay,..., \,,. By

Lemma we therefore obtain f(A) = g(A).
The special cases (i),(ii) and (iii) follow by taking f()\) as (u—\)~1, e®*, and A\, respectively.
]

The following result tells us that our functional calculus is in accordance with questions
of convergence. It will lead us to alternatives to formulas (ii) and (iii) in Theorem
involving infinite series.

Proposition 2.2.6. Let A € L(X) and let (fu)nen be a sequence of functions in CY
that converges pointwise, including the relevant deriwatives, at each of the eigenvalues
Ay -y Am, to a function f € CF. Then the operators f,(A) converge to f(A) in L(X).

Proof. By hypothesis, we have
) = F2 )

foralll<i<mand 0<v<y,—1asn— oo.
Let || - || be a norm on £(X). Then, by (2.8),

m v;—1 A . )\Z v
15a4) = ) = [ 323 (A0 - F00) %P
i=1 v=0 :
m v;—1
B P s
1<i<m

Since (fn)nen converges, including the relevant derivatives, at each of the points \; to a
function f, the right hand side tends to 0 as n — oo. [

With the help of this proposition, we can see that our construction of the functional
calculus yields the same as the power series for the exponential function.

Corollary 2.2.7. Let A€ L(X) andt € R. Then

t’fA’f - tkAk
tA _ _
= = Jm > S
k=0
Proof. Put f,(A) :==>"7_, tkk),‘k ,A € C. Since f,, converges, as n — 00, in all derivatives to
e =: f()), the assertion follows from Proposition [2.2.6] O
For later reference, let us introduce the notation r(A) := maxj<;<m, || and call this

the spectral radius of the operator A.
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Corollary 2.2.8. Let A € L(X) and |A| > maxi<;<y, |\i| = 7(A). Then

(2.9) ROLA) =Y S

k=0

Proof. Under the hypothesis on A, we have
1 1 X 2\ k 2, 2k
A—z:XZ<X> :Z/\k—l-l

k=0 k=0

for [z| < |Al. Let f,(A) :=>7_, )\‘,i—il and note that f, — 1/(\ — z) pointwise as n — oo
in all derivatives, hence the result follows again by Proposition [2.2.6] ]

The above expression (2.9)) is called the Neumann series for R(\, A).

Later on, we will frequently use the following observations which help to read the
formulas of Theorem 2.2.5

Lemma 2.2.9. (i) Tekei € {1,...,m} and 0 # z € X;. Then the set
{(A=XN)"z:v=0,...,15— 1} \ {0}

15 linearly independent in X;.

(i) The set
By = {(A—)\i)”Pi:izl,...,m; VZO,...,Vi—l}
is linearly independent in L(X).
Proof. Since A — ); is nilpotent of order v; in X, there exists, for every 0 # z € X;, an
exponent vy < v; with (A — \))" 12 # 0 and (A — \;)”z = 0 for v > 1. An equation of

the form
vo—1

0= Z ay(A—N)'z

v=0
leads, after multiplication by (A4 — X\;)*~1, to ap = 0. Subsequent multiplication with
decreasing powers of (A — \;) shows that all the other coefficients «,, must also be zero.
As in the proof of , one shows that the set
Bg) = {(A—/\i)”P,- : I/ZO,...,Vi—l}

is linearly independent in £(X) for each 1 <i < m. If

m v;—1
Z Z al’(A—=\)"P, =0,
i=1 v=0

then for fixed 1 < i < m multiplication by P; shows that the partial sum

1/7;—1
Y a4 - X)"P =0
v=0

must vanish, thus ozl(,i) =0 for v=0,...,v; — 1 by the linear independence of BS). O]
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2.3 Spectral theory

We now introduce the usual terminology in connection with the symbols appearing in
Theorem . Let \; be an eigenvalue of the matrix A. We call ker(\; — A) the eigenspace,
each 0 # x € ker(\; — A) an eigenvector, the projection P; defined in the spectral
projection, and X; := P, X the spectral subspace corresponding to A;.

The set {A1,..., Ay} of all eigenvalues of A is denoted by o(A) and called the spectrum
of A. Its complement is the resolvent set p(A) := C\o(A) and the resolvent of A is the
map

p(A) > A RO\ A) = (A — AL

Remark 2.3.1. For those readers who are familiar with elementary complex function
theory, we mention that from the formula in Theorem M(l) we see that the resolvent is
a meromorphic function with poles of order v; in A; for 2 = 1,...,m. Since the principal
part of the Laurent expansion of R(\, A) around J\; is

szl (A—=N\)” P
D= )i
v=0

we see that P; is just the residue of the resolvent R(-, A) at A;. This interpretation of
Theorem [2.2.5(1) is not essential in our studies now. However, it will become important in
the infinite dimensional situation. We will therefore adopt the corresponding terminology
right away and henceforth speak of v; as the order of the pole \; of R(-, A).

The following is a useful characterization of X; by means of A.

Lemma 2.3.2. The spectral subspace of A corresponding to the eigenvalue \; is
Xi = ker(/\i — A)Vi,
where v; is the order of the pole \; of R(-, A).

Proof. The inclusion X; C ker(\; — A)% follows since (A\; — A) is nilpotent of order v; on
X; by Theorem [2.2.3]

Suppose now that the inclusion is strict, i.e. there exists a nonzero = € ker(\; —A)"\ X.
Note that for some j # i there is a nonzero y := Pjz € X;Nker(\; — A)". Take the largest
p € N such that z := (\; — A)P’y # 0. Then z € X, and Az = \;z, thus (A — \;)"z =
(Ai — A;j)"z # 0 which is a contradiction. O

We formulate two special cases explicitly.
Corollary 2.3.3. (i) Ifv; =1, then Ajx, = \ilx,.

(i1) If all v; = 1, then A is diagonalizable.

We are now going to uncover more information on A and f(A) that is hidden in The-
orems [2.2.3| and [2.2.5] To that purpose we will frequently use the following result.




24 LECTURE 2. FUNCTIONAL CALCULUS

Theorem 2.3.4 (Spectral Mapping Theorem). Let A € M,,(C) and f € C. Then

o(f(4)) = f(o(4) = {F(N) : A € a(4)}.

Proof. 1t ¢ f(o(A)), then #(A) =:u(A\) € CF with u- (u — f) = 1 on a neighborhood

of 0(A). Hence plugging A into u - (u — f) gives

u(A) (= f(A) = (p— fF(A))u(A) =1,

hence p — f(A) is invertible and p ¢ o(f(A)).
On the other hand, if x; is an eigenvector of A belonging to \; for some 1 < i < m,
then Pjz; = 0 for all j # i by Theorem [2.2.3| and Theorem [2.2.5 gives

f(A)zi = f(Ni)zi,
hence f(\;) € a(f(A)). O
The following is a consequence of Lemma and Theorem [2.3.4]

Corollary 2.3.5. The matriz A is nilpotent (i.e., A¥ = 0 for suitable k € N) if and only
if 0(A) = {0}.

Proof. 1If AF =0, then {0} = o(A¥) = [0(A)]¥, hence o(A) = {0}. If, on the other hand,
o(A) = {0}, then the spectral projection corresponding to the only eigenvalue 0 must be
equal to the identity and A = A — 0 nilpotent on the corresponding spectral subspace
which is equal to X. O

Corollary 2.3.6. (i) \; — A is bijective on B, ; X;.
(i) o(A) = (N}, oA, ) = S(ANNY for 1< < m.

Proof. By Corollary the spectrum of A — \; restricted to X; is zero. Hence,
o(Alx,) = {\i} by the Spectral Mapping Theorem [2.3.4] Since all eigenvectors belonging
to A; are contained in X; we have \; ¢ U(Ake#‘x)' Again, by Theorem [2.3.4], we obtain

0¢o((A— )‘i)‘@j# Xj). This means that A — ; is bijective on €B;_; X;.
By above we already have o(A| ) = {\;} and U(A‘GB#'X_) C a(A)\{\:}. Since A\, €
J(A@,#‘X,) for k # i, the proof is complete. ]

The argument used in the second part of the proof of the Spectral Mapping Theorem
gives the following.

Corollary 2.3.7. The eigenspace of f(A) belonging to f(\;) contains all eigenvectors of
A that belong to the eigenvalues \; with f(X\;) = f(\).

It should be noted, however, that the eigenspace of f(A) to the eigenvalue f(\;) need
not be generated by eigenvectors of A, as the following simple example shows.
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Example 2.3.8. The matrix A = (9)) has spectrum o(A) = {0}, the corresponding
eigenspace has dimension 1. By contrast, since A2 = 0, the eigenspace of A? to 0 is
twodimensional.

The situation is much simpler for the spectral projections. First we need an auxiliary
result.

Lemma 2.3.9. Let g € C¥

- Then go f € CY and

(g0 f)(A) =g(f(A)).

Proof. The hypothesis means that g € C* on a neighborhood of o(f(A)) = f(o(A4)),
hence g o f € C* on a neighborhood of o(A). The rest is straightforward since we can
now assume that f and ¢ are polynomials. O

Theorem 2.3.10. Fiz 1 < i < m. The spectral projection of f(A) belonging to f(N;) is
the sum of the spectral projections P; of A with f(\;) = f(\i).

Proof. Let us denote by P/ = 1y, (f(A)) the spectral projection of f(A) belonging to f(\;),
where V; C C is an open set such that f();) € V;. Using this notation, we need to prove is

that
Fl= @ b
F)=F(\)

By Lemma we have P/ = (1y, o f) (A), so the statement follows, since 1y o f is
a characteristic function of a neighborhood of exactly those eigenvalues \; with f();) =

f(X). .

The question arises whether there are simple and general relations between the pole
orders of R(-, A) at A\; and R(-, f(A)) at f()\;). However, the following examples show that
both an increase or a decrease can occur.

Examples 2.3.11. (1) Let A= (99), f(A\) = A% Then 0 is a pole of order 2 of R(-, A),
but 0 = f(0) is a simple pole of R(-, f(A)) = R(-,0).

(2) Consider

2me 0 0
A=10 0 0], fO)=¢e
0 10
Then 27i is a pole of order 1 of R(-, A), but 1 = f(2xi) is a pole of order 2 of R(-, f(A))

100

~ _ oA
since f(A) = e = <8%(1J>
£A

We close this section with a result that clarifies, at least for the functions fi(\) = e'?,
t € R, the relation between eigenvectors or pole orders with respect to A and f(A).

Theorem 2.3.12. Let t # 0 and define €' as in Theorem[2.2.5 (ii).
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(i) The eigenspace of e at e is the sum of those eigenspaces of A that belong to
eigenvalues \; with e = e

(i) The pole order of e with respect to R(-, ') dominates the pole order of \; with
respect to R(-, A).
(iii) If all \; with € = i are first order poles of R(-, A), then i is a pole of order 1
of R(-, ).
Proof. () Let x be an eigenvector of ' for e"* and some fixed i. Then z € @, _ o X
by Theorem [2.3.10} Let us denote by iy,...,4, those j with " = e*i 5o

T = Zys with y, € X;,.

s=1

We will show that actually ys € ker(A — \;,) for all s. We first observe that each X;, is
invariant under e*4, hence

T T
E et)\i ys — et)\ix — etA:U — E etAyS
s=1 s=1

implies ey, = ey, for s = 1,...,r. Now, for each fixed s, either 1;, = 1 and we are
done, or v;, > 2 and we can write

Vi —1

s et)\is tl/

0 = ey, — ey, =

v=1
If (A—\;,)ys # 0, the right hand side must also be nonzero by Lemmal[2.2.9] a contradiction.
Generally speaking, for any operator B and any Ay € o(B) the pole order of X,
with respect to R(-, B) is the order of nilpotency of (B — A\g) on Xy, the spectral subspace
of B belonging to A\g. Hence, for z € X, this pole order is the maximal length of any chain

2,(B—=Xo)z,...,(B—Xy)"2#0.
Going now back to A, suppose v; > 2 and take z € X; with (A — \;)*"12 # 0. Then
yiil et)\itl/

(e — ) z = Z (A= N)'z=:21#0,

vl

v=1

hence the pole order of e with respect to R(-,e!) is at least 2. If 1; > 3, we can apply
(A — X\)"""2 to 21, and obtain a vector # 0. Moreover,

(et —e™) 2y = VZ_Q et (A—=N)" 0
1= ol i)'z # 0,
v=1

hence the pole order of e is > 3. This can be repeated (v; — 1)-times and gives the
conclusion.
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This follows easily from Theorem [2.2.5(ii) and Theorem [2.3.10 O

2.4 Notes and Remarks

There are of course many equivalent ways to define functional calculus for matrices. The
first one is an application of Jordan canonical form that is usually taught in the first
linear algebra course. We have also already mentioned the approach with power series
representation (see Remark and Corollary [2.2.7)), which has a drawback that it only
works directly for entire functions f making the analysis of spectral projections extremely
difficult. Using Cauchy formula we can also show that our definition of f(A) agrees with
the Dunford’s Integral representation. I.e., for every A € £L(X) and f € C¥ there is an
open set W D o(A) such that

(i) W is contained in the domain of f.

(ii) OW consists of a finite number of smooth closed curves.
1
(i) f(4) = = [ FOOR(, A) dx.

271 F)i%

2.5 Exercises

1. Let A be a n x n diagonalizable matrix with m distinct eigenvalues A1, ..., \,,. Prove
that in this case its spectral projections are of the form

A=

2. (a) Determine the eigenvalues \; and the corresponding multiplicities v; for the following

matrices.
1 00
A= (8 ?) and B=[(0 1 0
011

(b) Discuss further matrices you find interesting.

3. Calculate et, A" and sin(tA) where A = (

interesting.

g _21> Discuss further matrices you find

4. Show that for B = S7'AS, where S is an invertible matrix, and f € C% it follows
feC¥ and f(B) = S"'f(A)S.

5. (a) Show that Theorem does not hold in the case of real scalars (i.e., in the
situation of X = R", £L(X) = M,(R) and R|z]).
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(b) Which one of the arguments leading to Theorem does not hold in the real
case?

6. Let C € M,,(C) with ||C]| < 1. Show that

(2.10) (I-C)yt= i cr.

7. Using the result of the previous exercise, show the Neumann series representation (2.9))

8.

10.

11.

. Using the results of the previous exercises, show that for |\ — u| <

for [A] > [|Al]

Show, using the definition, the so called resolvent equations

(2.11) ARMA) = AR(MNA) -1

for A € p(A), and

(2.12) R(A, A) = R(p, A) = (= M R(A, A)R(p, A)

for A\, u € p(A).

we have

1
[B(, Al

o0

(2.13) RN A) =) (= N"R(u, A"+

n=0
Give an alternative proof of Theorem [2.3.12 , using the formula
B> Z Ja-
with g,(A) = (u — €)™t (u ¢ e?@). Can you determine the pole order in question?

* Find conditions on f such that the assertions of Theorem [2.3.12| hold for f(A) instead
of et4



Lecture 3

Powers of Matrices

3.1 The coordinate sequences

We further on assume X to be a vector space with dim X = n < co. We will employ the
formulae obtained in Lecture 2 to study the asymptotic behavior of the powers of a given
operator acting on X. In order to be consistent with the exponential function later on, we
denote here the given operator by 7" € L(X). We retain, however, the notation of Theorem
with respect to the eigenvalues Ay, ..., Ay, the multiplicities v, ..., v, (as zeroes of
the minimal polynomial of 7"), and the spectral projections Py, ..., Pp,.

Thus, by Theorem [2.2.5](iii), we have

m min{v;—1,k} (k;

(3.1) TF = Z >

Example 3.1.1. Let (f,,) be the Fibonacci sequence considered as the motivating example
in Section [l We have seen that

far1)  n (1 (11 B
(fn =A 0 for A= 10} n=20,1,2,....

It is not difficult to compute the eigenvalues of A,

1+45 1-5
2

))\f”(T — \N)'P; for k€N,

14

A

and Ay =

and the corresponding spectral projections

Vh (15 Vh (5
Plz? i _1+\/5 and sz? _21 1+\/5 .
2

By formula (3.1)) we obtain

\/g (1-{-\/5 n+1 _ (1_\/5>n+1 <1+\/5 _
A = NPN P =2 (V2 : 2
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and thus the explicit formula for the entries of the Fibonacci sequence is

VB ((1+v5\" (1-v5\
fn:?<< 5 )—( 5 >>, n=0,1,2,....

Our main interest, however, lies in the asymptotic behavior. In order to understand
what happens with 7% as k — oo, we use the linear independence of the set

Br ={(T—-X\N)"P,:i=1,...,m; v=0,...,v; — 1}

in the vector space £(X) (cf. Lemma [2.2.9). If we extend this set to a basis By of £(X),
then (3.1)) means that the (non-zero) coordinates of T with respect to By are

k
{( )Af‘“:i:L...,m; yzo,...,ui—1}
1%

(since from now on we consider k — oo, we allow ourselves to simplify the upper bound of
v from min{y; — 1, k} to v; — 1). Likewise, if we are interested in the “orbit” {T*x : k € N}
of a single element x € X under the powers T% of T, we may use a basis of X containing
the set

{(T'—=N)'Px:i=1,....,nv=0,...,v; — 1}\{0}.

Again, the corresponding coordinate sequences are among the ones obtained above. Thus,
since convergence in a finite dimensional vector space is convergence in every coordinate,
no matter what basis is employed, the behavior of T (or of T*x for z € X) as k — oo is
reflected by the behavior of the sequences

(3.2) 2aw(k) = (k> MF—v

14

for A\ € o(T), v =0,...,n— 1 (observe that v; < n for each 7). In case of convergence of
all these sequences, (T")ren (or T%z for a given # € X) converges and the coordinates of
the limit are obtained as the limits of the corresponding coordinate sequences.

The advantage of this approach is that the behavior of functions in (3.2)) is easily
understood and essentially depends on the modulus of A.

o If |\ <1, then 2),(k) — 0 as k — oo for all v since limy_,o, k”\F = 0.
o If |[A| > 1, then |2, ,(k)| = oo as k — oo for all v.

o If |\| =1 and v = 0, then z) (k) = \*.

o If |\| =1and v > 1, then |2, (k)] — o0 as k — 0.

Using these facts, we will be able to describe the asymptotics of Tz for x € X; = rg P,
depending on A; and v;.
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3.1.1 The spectral radius

We begin our investigations with estimates for || T%|| related to the spectral radius
(3.3) r(T) :=max{|\ : A€ a(T)}.

Lemma 3.1.2. Let || - || be a norm on L(X), T € L(X), p > r(T). Then there exist
constants N > 0, M > 1 such that for all k € N,

N (T < T < M - i
If || - || is an operator norm, we can choose N = 1.
Proof. By the Spectral Mapping Theorem [2.3.4]
H(T%) = H(T),

hence the last part of the assertion is clear for any operator norm on £(X) by Corollary
[.2.71 Then the lower estimate
N -r(T)" < || T

(with suitable N > 0) follows by equivalence of norms for finite dimensional spaces.
Turning to the upper estimate in the assertion, we note that the coordinates of 7% with
respect to a basis of £(X) containing By are
k )\k—u
v

()=
14

K AR = 0

2w(k)

where 1 <7 <m, 0 <v <uy,. Since

and since for [\ <1

as k — oo, for all v € N, the coordinate sequences of Z—: remain bounded as k — oo. Thus,
IT*le <Cu*  (ke€N)

for a suitable constant C', where |||~ denotes the usual maximum norm with respect to co-
ordinates belonging to By. The desired estimate for || T%|| again follows by the equivalence
of norms. ]

It is immensely important to know that the spectral radius of 1" can be determined
through the sequence (||T%||)ren, regardless of the norm || - ||.

Proposition 3.1.3 (Gelfand’s formula). For any T € L(X) the following holds.
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(i) r(T) =limg_o0 | T*||% for any norm || - || on L(X).
(ii) If || - || is an operator norm on L(X), then r(T) = infys ||T%]|%.

Proof. The proof is an immediate consequence of the previous Lemma [3.1.2], which yields
the estimate
Ner(T) < |TH|F < Mép

whenever p > r(T') for suitable constants N, M. If || - || is an operator norm, then the
(admissible) choice N = 1 in these estimates forces #(T) = infzsg ||T%]|*. O

Let us now turn our attention back to estimates for |T*z|| and suppose again that the
same || - || denotes the corresponding operator norm. The special case when z € X; for
some ¢ can be treated analogously to our previous considerations.

Proposition 3.1.4. Let T € L(X) and || - || any norm on X. Then for every p > |\
(1 <i<m) there exists a number M > 1 such that

17" || < Mpt||]

for allk € N and x € X;. Further, if \; # 0, then for every 0 < p < |X\;| there exists N > 0
such that
NpMllall < IT%]| < Mu"|2|

forallk € N and x € Xj.

Proof. Since ||T*z| < |T*| - ||z||, and since o(T|x,) = {\;}, we obtain from Lemma [3.1.2]
the existence of a constant M for every u > |);| such that

IT 2|l < My«
for all k € N and z € X;.
On the other hand, if \; # 0, then T|x, has an inverse S with o(S) = {\;'}. So for
every 0 < p < ||, there exists C' > 1 such that for all z € X;, we obtain
IS% 2]l < Cp™*||]).
Choosing z := T*x for k € N we have S*z = z and hence

[l < Co~|lll,

that is .
TkEz|| = > —oflz|l.
|T%z]| = ||=|| > Rl [Ea
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3.2 Asymptotics

After this intermezzo on the spectral radius 7(7') we now describe the long-time behavior
of the sequence (T%)ren. We will consider various types of asymptotical behavior.

Definition 3.2.1. For T' € £(X) and any norm || || on £(X) we call the sequence (T%)en
. bounde if supgey | T%]] < oo;

stable', if limy, o || T%]] = 0;

e convergent, if limy_,o, T = P for some P € L(X);
e periodic with period p, if T is periodic with period p, i.e., TP = I;
e Cesiro summable (or T is mean-ergodic), if the limit limy_,o 7 Z;:ol T exists.

Remarks 3.2.2. 1. Note that boundedness of the sequence (T%).en is equivalent to
boundedness of all coordinate sequences zy , (k) with respect to Br.

2. If the sequence (T%)en converges to P then

TP =T lim T" = lim 7' = P = PT = lim 7% = P2,

k—o0 k—o0 k—o0

i.e. P is a projection commuting with 7.

3. If (o) ren is a sequence in a vector space, then a®) := % Z;:Ol oy 1s called the corre-
sponding sequence of Cesaro means. Analogously, we call
=
(k) . = l
T = ZZ;T, ke N,

appearing in the definition above, the Cesaro means of T'.

The asymptotical behavior of (T%)en will depend essentially on the size of r(T") com-
2kmi

pared to 1. By I' we denote the unit circle in C and by I'y = {e '« : k£ =0,...,¢ — 1}
the set of all g-th rootsof unity in C. We call \y > 0 a radially dominant eigenvalue, if
Ao € o(T) and |A| < Ag for all A € o(T)\{ o}

Theorem 3.2.3. For T € L(X) the following assertions hold.
(i) (T*)en is stable if and only if r(T) < 1.

(ii) (T*)pen is bounded if and only if r(T) < 1 and all eigenvalues of modulus 1 are simple
poles of R(-,T).

I'Note that working with ODEs or dynamical systems, a different terminology is also widely accepted:
what we call "bounded” is often also called ”stable”, and what we call “stable” is also often called “asymp-
totically stable”.
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(i4i) (T*)ren is periodic with period p if and only if it is bounded and o(T) \ {0} C T,.

(iv) 1 € o(T) and limy_,oo T* = P, (P, denotes the spectral projection of T belonging to

1) if and only if 1 is a radially dominant eigenvalue of T which is a simple pole of
the resolvent R(-,T).

(v) o(T)NT =0 if and only if there exist T-invariant subspaces X and X, such that

X=X, X, and

lim ||T%z|| =0 forx € X, and  lim ||T"z|| = oo for x € X,.
k—ro0 k—ro0

Proof. (i) This is a direct consequence of Lemma [3.1.2]

(i

(iii)

(iv)

(v)

Assume that (T%)gey is bounded. Lemma again yields r(7') < 1. If an eigen-
value A € o(T") with |A] = 1 would have multiplicity v > 1, then the corresponding
coordinate sequence 2, 1(k) of T* with respect to Br would not be bounded, a
contradiction.

Conversely, if (7)) < 1 and all eigenvalues of modulus 1 are simple poles of the
resolvent, then all the coordinate sequences of T* with respect to By are bounded.

Let (T*)ren be bounded and o(T) \ {0} C T',. By (ii) all nonzero eigenvalues have
multiplicity 1, thus the formula (3.1)) is simplified as

T"=> NP forkeN.
=1

Since A\ =1 for all i =1,...,m, we have TP = I.

If (T%)gen is periodic, i.e. TP = I for some p € N, it is bounded and for every A € o(T')
we have \P = 1.

Let limy 0o 7% = P;. From (i) and (ii) follows that then r(7) = 1. If there exists
an eigenvalue \ # 1 with |[\| = 1, then the corresponding coordinate sequence of T*
with respect to By contains 2y (k) = A\*, which does not converge as k — oo. Also,
if 1 is not a simple pole, then T* has coordinate zy (k) = k, which again does not
converge as k — 00.

Conversely, if 1 is a radially dominant eigenvalue and a simple pole of the resolvent,
then all coordinate sequences z) (k) with respect to By converge. Since by (i) the
coordinate sequences belonging to eigenvalues with |\| < 1 converge to 0, T% — P,
as k — oo.

Let

X,=P X, ad X,=& X,

|)\7;|<1 |/\¢‘>1
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and define the operators T := T'|x, and T, := T'|x,. Since o(T") = o(Ts) Uo(T,), the
assertion follows using (i) and (ii) for the operators Ty and T,,.
]

Summing up we see that the limit limy_,., 7% exists only in either one of the following
two situations:

o if 7(T) < 1, then T* — 0 as k — oo, and
e if 1(T) = 1 = )\ is radially dominant eigenvalue with multiplicity 1 = 1, then
TF — P, as k — oc.

3.2.1 Cesaro summability

In the remainder of this lecture we will discuss situations where a suitable subsequence of
(T*)ren converges, or where the Cesaro means of T’ converge.

Lemma 3.2.4 (Kronecker). Let \1,..., Ay € I'. There exists a sequence (Sy)nen, Sn € N,
such that

lim A" =

n—oo

forall1 <i<k.

Proof. We give the proof for the situation k£ = 2. The general case can be obtained in the
same manner.
On the torus ' x T' = {(e",e2): 0 < ;5 < 27}, we define a metric d by

d ((ei‘m,ei“’?), (ei@,ei@’)) = max {|p; — (;|(mod 27), |ps — (| (mod 27)} .

Let (A1, o) € I' x I". If there exists a k € N such that A} = 1 = A%, then taking s, := k- n
for all n € N we obtain
(A1, A2)™ o= (A", A9") = (1, 1),
and the assertion of the lemma holds.
Now assume A; = ¢/ with & € R\ Q. In this case all powers (A, \2)", k € N, are

pairwise different. Let &, := 27” and consider all “boxes” of the form fj X fk where the

sector I'; is defined as

Lj={e*: (G- Dén <€ <}
For 1 < j,k < n there are n? boxes of the form f‘j x I'y. Thus by Dirichlet’s pigeonhole
principle two of the n? 41 powers (A1, A2)! with 0 <1 < n? are in the same box. If [ and m
are the exponents with 0 < [ < m < n? such that (A, \2)! and (A1, \2)™ are in the same
box, then

d((/\17 /\2)17 (/\17 /\2)771) < STL

Observe that multiplication by a nonzero element of I' X I' is well defined and is an isometry
for the metric d. Therefore,

d((L 1)7 ()‘17 )\Q)m_l) < fn
The statement of the lemma now follows as n — 0. O
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Using the same arguments as in the proof of Theorem together with Lemma
we obtain the following result on the convergence of a subsequence of (T%),en (see Exercise

2)

Theorem 3.2.5. Let T' € L(X). Then the following assertions are equivalent.

(i) There exists a subsequence of (T*)ren which converges, as k — oo, to some limit
P#0.

(i) r(T) =1 and all eigenvalues of T with modulus 1 are simple poles of the resolvent.

Definition 3.2.6. We call ' € M,,(C) a spectral contraction if the conditions in Theorem
[3.2.5] are satisfied.

The following is an alternative characterization of the spectral contraction that explains
its name.

Theorem 3.2.7. Let T € M,,(C). Then the following assertions are equivalent.
(i) T is a spectral contraction.

(11) There exists a norm || - || on C", such that for the corresponding operator norm on

M, (C) it holds | T*|| = 1 for all k € N.

(11i) r(T) =1 and the sequence (Tk)keN is bounded.

Proof. Let [|-|| be a norm on C". If (i) holds, then ||T*|| < M,k € N, for some M < oco.
Put
lz|| := sup H‘Tkxm
keNU{0}

Then || - || is a norm on C™ such that for the corresponding operator norm || 7%|| = 1 for all
ke N.

Further, if (i) holds, then r(7T') = 1 and, by the equivalence of norms (||7%|) ren 18
bounded for any norm || - || on M,(C).

Finally, assuming (iii) Theorem [3.2.3|(ii) yields (ii) of Theorem and the implication
loop is closed. [

At the end let us briefly consider the convergence of the Cesaro means 7*) := % Z’Z;é .
We will see that the sequence (T%)pey is Cesaro summable iff it is bounded, that is either
if (7)) < 1 or T is a spectral contraction.

Theorem 3.2.8. For T € L(X) the following assertions are equivalent.
(i) (T*)ren is Cesaro summable.

(ii) limy o0 (T*/k) = 0.

(iii) (T*)gen is bounded.
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(i) r(T) < 1 and each eigenvalue of modulus 1 is a simple pole of the resolvent.

In any of these equivalent cases the sequence (T™)en of Cesaro means of T converges to
0, if 1 ¢ o(T), and to the spectral projection Py belonging to 1, if 1 € o(T).

Proof. (i) = (ii) follows since we can write TF = kT® — (k — 1)T*=Y_ (i) = (iiii) is
clear and (iii) = (iv) holds by Theorem [3.2.3|[i). It remains to show (iv) = (i) and the
assertion on the limit of the Cesaro means.

The sequence (T(’“))keN has as coordinate sequences with respect to By the Cesaro
means of the coordinate sequences of (T%)pen:

These sequences clearly converge to 0, if |A| < 1 and diverge, if |A| > 1 (see the computation
below). Furthermore, for |A| = 1 the sequence zg\kg is bounded only in the case v = 0, i.e.
A is a simple pole of the resolvent.

If XA # 1, then compute

k—1
1 l 1A —1
T g leo (0) EA—1

which tends to zero as k — oo, if |[A] < 1, A # 1. On the other hand, for A = 1 we have

z%ko) = 1 for every k € N and thus in this case T®) — P, as k — oo. O

This means that if the sequence (T%)zen converges, its limit is the same as the Cesaro
limit. On the other hand, there are Cesaro summable sequences which are not convergent,
as we will see in the Exercises.

3.3 Notes and Remarks

The question of convergence of (T%)en is immensely important for numerical methods.
Let we just briefly mention a very simple method for computing a dominant eigenpair
(A1, v1) of a diagonalizable matrix T' € M, (R) with eigenvalues

Al > Aaf = - > A

We know by Theorem that
(TN
i (r) -

where P is the spectral projection of /\21 corresponding to 1, and consequently

./ T\*
(L) s0-n
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for any z¢ € R"™. For Pjzy # 0 therefore ”;Z—ig” converges to an eigenvector associated with
A1. The iterative algorithm basing on these considerations is called power method:
Tx,
(3.4) Tyl = ——.
B (|

3.4 Exercises

1. For matrices A = (a;;) and B = (b;;) we write A < B, if a;; < b;; for all 7, j, and we
denote |A| := (|a;j|). Prove that if |A| < B then the following inequalities concerning

spectral radii holds
r(A) <r([A]) < r(B).

2. Prove Theorem [3.2.5]

3. Show that, if there exists an operator norm || - || on M, (C) such that ||T'|| < 1, then the
sequence (T%),cy is stable.

4. For the following matrices compute powers T* and evaluate limy_,o 7%, if it exists.
(1 -1 (—1/2 1)2 ~(1/2 1)2
(a) T'= (0 1)’ (b)T= ( 1/2 1/2)’ ()T = (1/4 3/4)
5. Describe the asymptotic behavior of the sequence (T*)iey for the following special
classes of matrices T € M, (R).
(i) T is idempotent (or involutary), i.e. T? = 1I.
(ii) T is nilpotent, i.e. 79 =0 for some ¢ € N.

)
(iii) 7" is unipotent, i.e. T — I is nilpotent.
(iv) T is orthogonal, i.e. T'T =TT" =1.

6. For a sequence (ay),.y in X the associated Cesaro sequence (a(k)) pen 1S defined by
(k) . Lk
A =g iy i

(i) Pr‘ovej ;hat if (ay),ey converges in X, also (a(’“))keN converges in X and the limits
coincide.

(ii) Find an example of a non-convergent sequence whose associated Cesaro sequence
converges.

7. For each of the following matrices determine whether its powers are convergent or Cesaro
summable. Evaluate the limit of each convergent matrix and the Cesaro limit of each
summable matrix.

010 010 —1/2 1/2 —1/2
Ai=110 1], A=[001|, A= 1 0 -1/2
010 100 1 -1 1/2



Lecture 4

Matrix Exponential Function

4.1 Main properties

Let X be a n-dimensional vector space. By the exponential function of a complex matrix
Ae L(X) (i.e. Ae M,(C)) we understand the mapping

R >t exp(td) = e € L(X).
Here, as explained in Section [2.2] exp(tA4) = ' stands for the matrix f;(A) with f;(\) :=
2.2.5((ii)

et*. Therefore, Theorem says that e can be written as

m vi—1 4y

tA eit” v
(4.1) M=) —(A-N)P
i=1 v=0
where A, ..., A, are the eigenvalues of A with corresponding multiplicities v, ..., v, (as
roots of the minimal polynomial) and spectral projections P, ..., P,. Alternatively, ac-
cording to Corollary [2.2.7, the matrix e/ is represented by the exponential series
Ltk Ak
tA
(4.2) e = T
k=0

Formula (4.1)) gives an easy access to the following properties of ed. Firstly, since
fo(A\) =1, we have
fo(A) = GOA =1.

By the multiplicativity of the functional calculus and the fact that
fsrt(A) = fs(A) - fr(N), A e C,
it follows that
(43) e(s+t)A — eSA A etA
for s, € R. Hence, (e'4),cg is a subgroup of the multiplicative semigroup M, (C), and the
mapping t — e is a homomorphism of the additive group (R, +) into M, (C).

39
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Remark 4.1.1. Tt is usual to refer to these properties of t — e by saying that (e')cr
is the matriz group generated by A. If we consider only ¢ > 0, we call (e');>o a matriz
semigroup generated by A

Furthermore, the function ¢ — !4 is differentiable.

Theorem 4.1.2. The matriz exponential function t — e is differentiable on R with
derivative

d ;a
Ee
Proof. Let f(\) := Ae'* and observe that

(4.4) = At = A, teR.

(M) (A) = ()\t” + oty e,
Hence applying Theorem “ 5/ for f(\) = Xe'* we obtain

m l/i—l (

A _ Z Z ()\ituet)\i + th/—let)\i) A _y‘)\l)yljl

i=1 v=0

izl[ () }(AV!A) b

=1 v=0

m I/i—l

M

T at o
i=1 v=0
d ia
A

Notice that since Ae'* = e*\, by the properties of functional calculus it follows Ae*4 =
et A. .

The following consequence of formula (4.4) motivates our interest in the behavior of
the function ¢ — e as t — oo.

Corollary 4.1.3. Let A = (a;;) € M,(C). Then for each x = (x1, ..., x,) € C" the function
ts e = (21(t), ..., 2,(1))

15 the unique solution of the system of differential equations

d
%xl( ) =anzi(t) + -+ ax,(t)
d
Ewl(t) = &21[[’1(75) + -+ aznl'n(t)
d

%mn@) = a'nlml(t) ++ annxn(t)a
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with initial condition

(21(0), ..., 2, (0)) = (21, ..., T4).

Proof. A look at the differential quotient defining the derivative < (e“z) and Theorem

412 teaches us that in fact

%(emx) = <%em) z = (Ae'Mz = A(e!z)

for all t € R. Since e’ = I, it follows that e'4z is a solution of the above initial value
problem. Now, let x(¢) be any solution and define y(t) := e~*Ax(¢). Then

d o (4 s —ad
dty(t) = <dte > z(t)+e dtx(t)
= —Ae x(t) + e M Ax(t)
= 0.

Therefore, t — y(t) = e *x(t) is constant. Since for t = 0 we have y(0) = x, we conclude
that z(t) = ez for all t € R. O

Remark 4.1.4. In short, Corollary tells us that the matrix semigroup generated by
A = (a;;) solves the initial value problem

{:t(t) = Az(t), t>0,
z(0) = xg

in the sense that the orbit {e'4z, : t € R} of the initial value 2y € C" is the unique solution
of the problem. At present, we note that Theorem remains true if ¢ is allowed to run
through C, hence

2 et

is a holomorphic function on C.

4.2 The coordinate functions

We intend to study the behavior of the function t + e (or of t + ez for a given
x € X), as t — oo, following the same pattern as we did in the previous lecture for the
matrix powers. Nevertheless, a few comments seem to be appropriate.

While in Lecture 3 we studied the sequence (T%)en and based our considerations on the
characterization of convergence of the coordinate sequences given in Section 3.1}, we will now
have to deal with a function ¢ +— e*4 of the real variable t. We will formulate, without going

into a detailed discussion, the following variation of the convergence properties discussed
in Section
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If t — y(t) is a real function with values in a finite dimensional vector space X with
a basis {y1, ...,y }, then y(t) = >0 7:(t)y; with uniquely determined values of 7;(t) for
each t € R. We call the functions t — 1;(t) the coordinate functions of y(t) with respect
to {y1,...,yn}. Convergence of y(t) as t — oo in X is equivalent to the convergence of all
coordinate functions 7;(t), no matter what basis is employed, the coordinates of the limit
being the limits of the respective coordinate functions.

In order to discuss the function ¢ — !4, in analogy to Lemma , we use a basis B4
of M, (C) containing the set

A—=N\)

v!
By formula (4.1]), the non—zero coordinate functions with respect to such a basis are
(4.5) G, (1) = t7et

fori=1,..,mandv =0,...,v; — 1. Likewise, if we wish to study e/*z for a given z € X,
we use a basis B4, of X containing the non-zero elements of

A=)\

’ vl

Again, the coordinate functions of e’z with respect to such a basis are among the functions
G, () defined in (4.5)).

The behavior of a function g, »(t) := Ve is easy to understand and essentially depends
on the real part of A. The following cases are possible.

e Re) < 0. Then, for each fixed value of v, e*” — 0 as t — oo, the decay being

exponential in the following sense:
for any 0 < 6 < — Re X there is Ms > 1 such that

‘e”t”‘ = Yt < Mse™®  for all ¢ > 0.

e Re A > 0. Then, for each fixed value of v, et’\t”‘ — 00 as t — 00, the increase being

exponential (or exponentially bounded) in the following sense:
for each w > Re A > ¢ > 0 there is M,, > 1 such that

‘e”t”‘ < M,e“t forallt>0.

e ReA=0and v =0. Then e is constant (for A = 0) or periodic of period Z* (for

A #0).

e ReA=0and v > 1. Then }e”t”‘ =t = o0 ast — 0.

After these preparations, we now look at the behavior of e*4z on the spectral subspaces
X, =im P, of X.
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Theorem 4.2.1. Let A € L(X), let |- || be a norm on X and fix ani € {1,...,m}. Then
the following assertions holds.

(i) For every p < Re\; < w there exist M > 1 and N > 0 such that
Nt < ||éta] < Mea
forallt >0 and all x € X;.

(i) If Re\; =0, then
{etAx it > 0}
is bounded for every x € X; if and only if A; is a simple pole of R(-, A), i.e., ifv; = 1.

In this case, e*x = ¢ x for every x € X; and t > 0.

Proof. By (4.1) we have for x € X; that

HetAxH: Z t)\ztz/(A Ai)” xH

v!
v=0

v;i—1
< Z

< Me“’t\le

H ] - ]

for all w > Re A\; and some M > 1.
Now, we apply to —A which has —\; as eigenvalue with the same spectral projection
P; and spectral subspace X; as before. Hence,

le™y|| < Me*|ly]

for all y € X;, t > 0, and some M > 1. Since e *4ef4 = I, we find for every z € X; an
element y € X; such that x = e~ *4y. This implies

fe4a]] =yl = 57”1

for all t > 0.

If ; = 1, then etz = etz for all z € X;. On the other hand, if ; > 2, then
ker(A — X;) & X, hence there is an z € X; with (A — A;)z # 0. The coordinate function
of (A — \;)x with respect to the basis element z € B, equals te' which is unbounded as
t — o00. [

We now put all these information together to describe the action of €4 on all of X.
To that purpose it is convenient to introduce the following constant which plays the same
role for the exponential function ¢ ~— ¢4 as the spectral radius 7(T) does for the powers

k — T* (see Section [3.1.1)).
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4.3 The spectral bound
Definition 4.3.1. For A € £(X) the number

s(A) :==sup{ReAX: A€ o(A4)}
is called the spectral bound of A.

We note that the spectral bound of A can be determined from [[e*|| in the following
way (compare with Proposition [3.1.3)).

Proposition 4.3.2. If || - || is any norm on L(X), then

. tA
(49 S(4) = Jim 3 log 4]
If || - || is an operator norm, then

'y tA
47 S(4) = nf 1 log .

Proof. By equivalence of norms on M, (C) the limit

: 1 tA
Jim = log ¢

if it exists, does not depend on the specific norm. Hence, we can use the supremum norm
Il with respect to the basis B4 above. Then, we have

|HetA|H = |t”et>‘i — $YetRe

for some i € {1,...,m} and some 0 < v <n — 1. Hence,
1 v
n log |Het‘4m =7 logt + Re \;

for all £ > 0 and ¢ and v as before. Since the function ¢ — % log? tends to zero as t — oo,
we obtain y
;long— Re\; — Re \;

as t — 00, and formula (4.6]) follows.
The proof of formula (4.7)) is left as an exercise. ]

A repeated application of Theorem yields the following Corollary.

Corollary 4.3.3. Let A € L(X) and let || - || be any norm on X. Then for every w > s(A)
there is a constant M > 1 such that

||| < Me||z|



4.4. ASYMPTOTICS 45

for allt >0 and x € X. Furthermore,
s(A) = wo
where
(4.8) wo == inf{w € R: IM > 1 such that ||| < Me** fort > 0}.

Remark 4.3.4. The number wy defined in (4.8)) is known as the growth bound of the
matrix semigroup (e');>o. Note the if X is an infinite dimensional vector space, the
equality s(A) = wp remains valid only under certain additional assumptions on A.

4.4 Asymptotics
As in Section we first define different kinds of long-time behavior of e
Definition 4.4.1. For A € £(X) and any norm || - || on X we call (e!!);50

e bounded| if sup,s ||| < oo.

o stable, if limy ., ||| = 0.

o cxponentially stable, if there exist M > 1 and € > 0 such that

o4 < M=
for all ¢ > 0.
o convergent, if lim,_,o, e = P for some P € L(X).
e periodic, if "4 = I for some t, > 0.

e hyperbolic, if there exist A-invariant subspaces X, and X, such that X = X, & X,
and

HetAxH < Me ||| for v € X,
1
tA et
> — f e X.,
ez > e || or x
for all t > 0 and some constants M > 1, ¢ > 0. The subspaces X, and X, are called
stable and unstable subspace, respectively.

Remarks 4.4.2. Since pointwise and norm convergence on M,,(C) coincide, a statement
about the long-time behavior of ||etAxH for all x € X is equivalent to the same statement
regarding ||etAH for the appropriate operator norm.

I'Note that working with ODEs or dynamical systems, a different terminology is also widely accepted:
what we call “bounded” is often also called “stable”, and what we call “stable” is also often called “asymp-
totically stable”, and what we call “hyperbolic” is often called “exponential dichotomy”.
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Note that stability of a matrix semigroup is equivalent to exponential stability, see Exercise

Bl

We now classify the asymptotic behavior of e*4 in terms of spectral properties of the
matrix A. The following theorem can be proved analogously as Theorem [3.2.3| and is left
as an exercise.

Theorem 4.4.3. Let A € L(X) and take any norm || - || on X.
(i) (e)i>0 is (exponentially) stable if and only if s(A) < 0.

(1) (€10 is bounded if and only if s(A) < 0 and all eigenvalues of A with real part
equal to 0 are simple poles of the resolvent R(-, A).

(iii) (eY)i>o is periodic if and only if it is bounded and o(A) C 2miaZ for some o € R.

(iv) limy_ e = P, (P, denotes the spectral projection of A belonging to the eigenvalue
0) if and only if s(A) = 0 is a simple pole of the resolvent R(-, A) and o(A)NiR = {0}.

(v) ()50 is hyperbolic if and only if o(A) NiR = (.
Remark 4.4.4. Theorem is Liapunov’s Stability Theorem proved in 1892.

Thus, in complete analogy to the situation in Section , convergence of e as ¢t — oo
is restricted to either one of the following situations.

e lim; ., e = 0: this is the case if and only if s(A) < 0;

o lim; .o, e = P;, where P, is the spectral projection belonging to A\; = 0: this is the
case if and only if s(A) =0, o(A) NiR = {0}, and 0 is a simple pole of the resolvent
R(-, A).

Decomposing the space we can study stability concepts more in detail. One example
of this approach is already the definition of hyperbolicity of a matrix semigroup. Let us
use this approach to obtain another asymptotic property.

Definition 4.4.5. For A € £(X) we call (e!);>o asymptotically periodic if there is a direct

sum decomposition
X=X X,

into A-invariant subspaces Xy and X; such that
(i) e'x, is stable, i.e., lim; . ez = 0 for all z € X, and

tody =y for all y € X;.

(i) e’ |y, is periodic, i.e., there exists ¢y > 0 such that e
Again, this property can be described by spectral properties of A.

Theorem 4.4.6. For A € L(X) the following assertions are equivalent.
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(a) (e)i>0 is asymptotically periodic.
(b) ()50 is bounded and o(A) NiR C 2mwiaZ for some a € R.

(c) s(A) < 0, the set o(A) NiR consists of simple poles of the resolvent R(-, A) and is
contained in 2miaZ for some a € R.

Proof. (a))=(b). The boundedness of (")~ follows directly from (a]). Let X = X, & X;
be the corresponding decomposition. Then

U(A> = U(A|X0) U U(A|X1)7

where 0(A|x,) C {\ € C:Re\ <0} by Theorem and o(A|x,) C 2miaZ for some
a € R by Theorem ().

[O)=(d) follows by Theorem ().
Finally, to show :>@ we define

X, = @ X, and X;:= QB X,

Re \;<0 Re X\;=0

and apply Theorem and (). O

We finally discuss the question under which conditions a subsequence or the Cesaro
means of (e!);>o converge. First recall the definition of the spectral contraction in Defini-
tion [3.2.0l

Theorem 4.4.7. Let A € L(X). The following assertions are equivalent.
(a) The operators et are spectral contractions for one/all t > 0.

(b) s(A) = 0 and all eigenvalues of A with real part equal to 0 are simple poles of the
resolvent R(\, A).

(c) There exists a sequence (t,)nen of the form t, := tk,, where (k,)nen is a subsequence
of (k)ren, such that (e"?),en converges to some limit P # 0 for one/all t > 0.

(d) There is an operator norm ||| on L(X) such that ||e¥**|| =1 for all k € N and one/all
t>0.

Proof. (&) <= (D)) follows by Theorem combined with the Spectral Mapping Theorem

and Theorem [2.3.12] (b)) <= (d) again by Theorem while () <= (d) holds by
Theorem B.2.7 O

Definition 4.4.8. We say that ('), is a spectral contraction semigroup, if any of the
equivalent assertions of Theorem [4.4.7] is true.

The following is the continuous analogue to the Cesaro means in Lecture 3.
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Definition 4.4.9. Let A € £(X). The matrices

1 T
C(r) = —/ e*Ads, r >0,
0

r

are called the Cesdaro means of the semigroup (e')i>o. The semigroup (e');>o is mean
ergodic (or Cesaro summable), if lim,_,., C(r) exists.

Theorem 4.4.10. Let A € L(X). The semigroup ()50 is mean ergodic if and only if
either s(A) < 0 or (e'1)>g is a spectral contraction semigroup. In the first case the Cesaro
means C(r) converge to 0 and in the second case to the spectral projection of A belonging
to 0.

Proof. First note that the coordinate functions of C'(r) with respect to B4 are of the form

1 /[ 1 [
(4.9) o= [ g os = [ eeas
o ™ Jo 0

r

Following the discussion on the page |42 we see that gir))\ converges only in two cases: either

for Re A < 0 or for Re A = 0 = v. This proves the first assertion of the theorem.
Since for Re A < 0 we have gl(,r/)\ — 0 as r — 00, in the case when s(A) < 0 we obtain
C(r) — 0. On the other hand, in the case of spectral contraction semigroup, the only

nonzero limit of the coordinate functions as r — oo is g[(f()) = 1. By (4.1), C(r) then
converges towards the spectral projection of A belonging to A = 0. [

4.5 Exercises

1. Show that if A, B € £(X) commute, then e!4+5) = ¢t4etB Find an example to show
that the commutativity assumption is necessary.

2. Let B € £(X). Under which conditions is there an A € £(X) such that e*4 = B* for
all k € N7

3. Prove formula (4.7)).
4. Prove Theorem [4.4.3] (Hint: follow the proof of Theorem and use Theorem |4.2.1).

5. Prove that for A € £(X) the matrix semigroup e/ is stable if and only if it is exponen-
tially stable.

6. Show that {e'tz : t € R} is bounded for every z € X if and only if o(A4) C iR and all
eigenvalues are simple poles of the resolvent R(-, A).

7. Show that the semigroup (e*);> is hyperbolic if and only if o (e**) N\T' =  for some/all
t > 0, where I' denotes the unit circle in C.
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a b

9. For every one of the following matrices A compute e and discuss its asymptotic be-
havior.

L R BT G BT S T G BT G
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Lecture 5

Positive Matrices

5.1 Positivity

We start by introducing the relevant notation and terminology.

The inequality x < y for vectors = = (&1,...,&,),y = (h,...,n,) € R™ means that
& < m; for all 4. Similarly, for real matrices T" = (7;;) and S = (0;;), the notation 7' < S
means 7;; < o;; for all 4,7. As usual, the symbol “<” means “less but not equal”, i.e.,
x <yif & <, for all ¢ and there is an index j such that & < n;.

Definition 5.1.1. A vector z = (&,...,&,) (a matrix T = (7;;)) is called positive, if for
all its coordinates it holds: & > 0 (for all its entries it holds: 7;; > 0). In this case, we
write x > 0 (7' > 0).

We point out that, in our terminology, a positive vector does not need to have all
coordinates > 0 and a positive matrix does not need not to have all entries > 0. Likewise,
a vector (matrix) which is > 0 may have many coordinates (entries) equal to 0, but at
least one coordinate (entry) must be > 0.

Definition 5.1.2. A vector z = (&,...,&,) (a matrix T = (7)) is called strictly positivell]
if for all its coordinates it holds: & > 0 (for all its entries it holds: 7,; > 0). In this case,
we write > 0 ("> 0).

By the absolute value of a vector x = (&,...,&,) € C" we mean the vector
|.CE’ = (lgl" R ‘€n|)
Similarly, for a matrix 7' = (7;;) € M,,(C) we call
T = (I7i;1)

the absolute value of T
The verification of the following lemma is quite straightforward, see Exercise [I]

I There is a different terminology that has its followers, calling vectors or matrices that are positive
in our sense non-negative and reserving the term positive for what we call strictly positive. This may of
course lead to misunderstandings and confusion but the coexistence of both terminologies is a fact.
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Lemma 5.1.3. Let T € M, (C). Then the following properties hold.
(i) T >0 if and only if Tx > 0 for all x > 0.
(ii) |Tx| <|T||x|, hence |Tx| < T |x| if T > 0.
In the following, we will always use the maximum norm on C",

] = llelloe = e [6i,

while on M,,(C) the corresponding operator norm (see Example [1.2.8) is used which is
given as

[l=]|<1

n
71 = Tl = o 17 = s 3 sl
]:
The reason for this special choice becomes clear from the following lemma which is also

easily verified, see Exercise [I}

Lemma 5.1.4. (i) Forx,y € C" the inequality |z| < |y| implies ||z| < ||y, in particular
[ z] | = [[z]| for all z.

(ii) For S, T € M,(C) the inequality |S| < |T'| implies ||S|| < ||T||. In particular,
T = (177
for all T, and |S| < T implies ||S]| < ||T.

(i11) If T > 0, then
17l = 1T},

where 1 := (1,1,...,1).
The following observation on the resolvent has striking consequences.
Proposition 5.1.5. Let T' be a positive matriz with spectral radius r(T) .

(i) The resolvent R(p,T) is positive whenever u > 1(T).

(11) If |u| > x(T), then
|R(1, T)| < R(|p],T).

Proof. We use the Neumann series representation

(5.1) RuT) =3 Mfﬂ

k=0

for the resolvent, which is valid for |u| > r(T") by Corollary [2.2.8]
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If 7> 0, then T* > 0 for all k, hence for p > r(T), we have

since the finite sums are positive and convergence holds in every entry.
We have for |u| > r(T) that

Tk _ Tk
|R(u, T)| = NII_IEIOOZ s < 1\}1—13%02 s
k=0 k=0
N
= ]&;H;OZ 1 |k+1 = R(|ul, T). -

The following result, known as the fundamental property of positive matrices, was
discovered by O. Perron in 1907 and can be considered as the first major result in the
theory of positive matrices.

Theorem 5.1.6. If T is a positive matriz, then r(T) is an eigenvalue of T with positive
etgenvector.

Proof. Assertion of Proposition and Lemma imply
|RG.T)| < [|R(ul. T)|  for |u] > x(T).

Recall the important formula for the resolvent proved in Theorem [2.2.5}

m v;—1

(5.2) R(u,T) = ZZ =y VHP» for ¢ {1, ..., Am}-

=1 v=0

Here \; are the eigenvalues of T" with respective multiplicities of the minimal polynomial
v; and spectral projections Py, ¢+ =1,...,m.

Let now \; € o(T) such that |A;| = r(T"). Then ||R(u,T')|| — oo whenever p approaches
Aj. This is obtained immediately from by looking at the sup-norm on M, (C) with
respect to a basis containing the set By in the sense of Lemma . Putting 1 = s\,
with s > 1 the above estimate yields

|R(s(T), T)|| > ||R(sA;, T)|| = 00 as s \(1,

hence r(7T') must be an eigenvalue of 7T'.
Finally, again by (5.2)), we have

Jim, Riu, T) (n—x(T))" = (T —x(T))" "' P,



o4 LECTURE 5. POSITIVE MATRICES

where P; denotes the spectral projection corresponding to A\; = r(7") and 14 is the pole
order of R(-,T) at r(T). Hence (T — r(T))*~'P;, > 0 by Proposition ({). Since
(T —x(T))*~' Py # 0, there must be a positive vector y; with

Ty - — (T - )\1)”1_1P1 U1 7é 0.
Any such z; is a positive eigenvector of T" belonging to (7). ]

Originally, Perron studied strictly positive matrices and thus obtained stronger results.
Under the assumption on strict positivity of 7" he proved for r = r(T") that r > 0, it is a
first order pole of the resolvent R(-,T), and the only eigenvalue of T of modulus r. The
corresponding eigenspace is one-dimensional and spanned by a strictly positive vector.

However, as already Frobenius noticed, it is not the nonexistence of zero entries in
a given matrix but the positions of them, that implies all these nice spectral properties.
Frobenius defined the term irreducibility of a matrix, which we discuss in the next section.

5.2 Irreducibility

We now turn to the question under which conditions on a positive matrix 7' (other than
strict positivity) the spectral radius r(7) is a first order pole of the resolvent, a property
with important consequences for the behavior of the powers T% as k — oo. The main
consequences we have in mind will, however, be discussed in the next lecture and concern
the situation where 7' = e'4.

The following property of T', again relatively easy to recognize from the matrix entries,

will turn out to be sufficient. From now on we assume that n > 1.

Definition 5.2.1. A matrix 7" € M, (C) is called reducible if there exists a subspace
Iy ={(&,....&):&=0forie M} CcC"

for some ) # M G {1,...,n} which is invariant under T". If T" is not reducible, it is called
wrreducible.

It is important to note that arbitrary coordinate transformations may destroy or pro-
duce irreducibility of a given matrix. However, a permutation of the canonical basis vectors
of C" does not touch it. So, 7" is reducible if and only if, after a reordering of the canonical
basis vectors of C™, there is 1 < k < n such that

(5.3) I = {(&, . &) ==& =0}

is invariant under 7.
This leads to the following characterization, which can be applied easily to concrete
matrices.
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Lemma 5.2.2. A matriz T € M,(C) is reducible if and only if there exists a permutation
matrix P such that
S :=PTp!

(1)

We will apply the notion of irreducibility mainly to positive matrices and list now the
most important examples.

has block-triangular form

for quadratic matrices A and C'.

Examples 5.2.3. (i) A matrix 7" = (7;j)nxn with all off-diagonal entries 7;; > 0 (i # j)
is irreducible (see Exercise [)).

(ii) If "> 0 is irreducible and 7" < S, then S is irreducible.

(iii) The permutation matrix

01 0 0
00 1 0
00 . 0 1
10 0 0

is irreducible (see Exercise [)).

The following result shows that every matrix can, in a certain way, be decomposed into
irreducible blocks.

Proposition 5.2.4. For every matric T € M,(C) there ezists a permutation matriz P
such that S := PTP~! has block-triangular form

T11 * *

where the (square)diagonal blocks Ty; are all irreducible.

Proof. We prove the result by induction on n. The case n = 1 is clear. If n > 1, let us
suppose that the result holds for matrices of size < n — 1. If T is irreducible, there is
nothing to prove. If T is reducible, a reordering of the canonical basis produces the form

Ty Tio
0 Ty)’
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where T is a k X k block for suitable 1 < k£ < n. Since k < n, we can, by assumption,
rearrange the first k& basis vectors in such a way that 77; has block triangular form with
irreducible diagonal blocks. Since Ty can be treated in the same way, we obtain the
assertion. [

The following is our main result on #rreducible positive matrices and was proved by
F.G. Frobenius in 1912.

Theorem 5.2.5. Let T' € M,(C) be an irreducible and positive matriz. Then the spectral
radius r = r(T) satisfies v > 0, and r is a first order pole of the resolvent R(-,T). The
corresponding eigenspace is one-dimensional and spanned by a strictly positive vector z =

(C1y---,Cn), t.€., with ¢ > 0 for all i.

Proof. By Theorem there exists 0 < z = ((y,...,(,) such that Tz = rz. Suppose
now that z is not strictly positive. After a reordering of the coordinates we may assume
G=0fori=1,...,kand (; >0 for 2=k +1,...,n. This implies that for every y € Jy,
(see (5.3])) there is a suitable ¢ > 0 such that |y| < ¢- z holds. Thus

Tyl <Tly| <cTz=cr-z,

which shows that Ty € Jyy,, i.e., Jy, is T-invariant. Since " was supposed to be irreducible,
we must have .Jy, = {0} which is a contradiction. Therefore, z must be strictly positive.

For the next step assume r = 0, hence Tz = 0 for a strictly positive vector z. As before,
we conclude that

Ty| =0
for all y € C*. Thus T' = 0 which is not irreducible.
We now show that the eigenspace belonging to r is one-dimensional. Let

Ty=ry

for some 0 # y € C™. Since T is a positive, hence a real matrix, it follows that the real and
imaginary parts of y are eigenvectors belonging to r. Therefore, we can assume 0 # y € R™.
Since the eigenvector z found above is strictly positive, there exists a ¢ € R such that

ri=z—cy

is positive, but not strictly positive. Since Tx = rz, it follows that the subspace Jy,
corresponding to the zero-coordinates of x is invariant under 7', hence must be {0}. This
implies 2z = cy.
Finally, we determine the pole order of r. Since r > 0, we may, after rescaling, take
r =1, hence
Tz ==z

for some strictly positive z = ({1, ...,(,). Define D, := diag((y, ..., (,) and

S:=D;'TD.,.
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Then S > 0 and S1 = 1 = (1,...,1), hence ||S]| = 1 by Lemma [5.1.4ii). This implies
|S*|| < 1 and

|7} = [[D=5"D | < DIl - || D2

for all k € N, hence (T"*);ey is bounded. By Theorem is then 1 a simple pole of
the resolvent. 0

The strictly positive vector z appearing in Theorem [5.2.5|is called the Perron vector for
T and is unique up to multiplication by positive scalars (assuming ||z|| = 1, for example,
we have uniqueness). For any positive irreducible matrix 7" also its transpose T'" has these
properties and thus a strictly positive Perron eigenvector, that spans the one-dimensional
eigenspace corresponding to r(T') = r(TT) (see also Exercise [7).

We can now immediately use this result to describe the long-term behavior of the powers
of a positive irreducible matrix.

Corollary 5.2.6. Let T be a positive irreducible matriz with r(T) = 1 radially dominant.
Then

lim TF = P, > 0,

k—o0

where Py denotes the spectral projection belonging to the eigenvalue 1. Moreover Py is of
the form

Pz ={(z,y)z, xe€C"

where z > 0 and y > 0 are the Perron vectors for T and T, respectively, such that
(z,y) = 1.

Proof. The convergence of the powers T% to the spectral projection P, is an immediate
consequence of Theorems [3.2.3] and [5.2.5]

Let now 2z > 0 and y > 0 be the respective Perron vectors for T and T'" such that
(z,y) = 1 and define Pz := (z,y)z for all z € C". Tt is clear that P> = P > 0 and
rg P = ker(T — I) is one-dimensional. Since

<Tx—:v,y>z:<$,TTy>z—<$,y>z:O, xeC",

we have rg(T — I) C ker P. By above, the dimensions of both subspaces equal n — 1, hence
they are equal. This means that P is a projection to ker(7T — I') along rg(T — I), therefore
P=P. O]

We showed almost the same properties for irreducible positive matrices as Perron has
obtained for strictly positive matrices. However, we were not able to show that r = r(7T")
is the only eigenvalue of modulus r.
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5.3 Imprimitivity
The number of eigenvalues on the spectral circle has interesting impact on the asymptotic

behavior of T* for a positive irreducible matrix 7.

Definition 5.3.1. The boundary spectrum of a matrix T with spectral radius r = r(T) is
the set
op(T) :={AeC: |\ =r}nao(T).

A positive irreducible matrix T with o,(T') = {r} is called a primitive matriz.
If a positive irreducible matrix has exactly h > 1 eigenvalues in the set o,(T), it is called
imprimitive matriz and h is referred to as index of imprimitivity.

A primitive matrix can be characterized by the following asymptotic behavior.

Proposition 5.3.2. For a positive irreducible matriz T with spectral radius r = r(T') the
following assertions are equivalent.

(i) T is primitive.

(ii) limy_,o0 (T/7)*¥ = P, where P, denotes the spectral projection belonging to the eigen-
value 7.

Moreover, in case any of the above assertions holds,
Px={(z,y)z, xe€C"

where z > 0 and y > 0 are the Perron vectors for T and T, respectively, such that
(z,y) = 1.

Proof. Observe that T is primitive if and only if 7'/r is primitive, which is true if and
only if 1 = r(7'/r) is radially dominant. Now the implication from (i) to (i) follows by
Corollary and the converse by Theorems and [5.2.5] O

Next result was proved by Wielandt in 1950.

Lemma 5.3.3. Let S be any complex matriz and T a positive irreducible matriz such that
|S| <T. Let r =x(T). Then for any A € o(S) we have |\ < r. Moreover,

N =r ifand only if S=e*DTD™ !,

where €9 = \/r and D is a diagonal matriz with |D| = I. If we set dyy = 1, the matriz
D = diag(d;;) is uniquely determined.

Proof. From Exercise [3.4]l| we know that r(S5) < r(T).
Assume that |A\| = r and let = be an eigenvector of S corresponding to the eigenvalue
A, i.e. St = Ax. Then

rle| = [Mlz| = [Az| = [Sz| < S]]z < Tlz|.
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By Exercise [J] we have T'|z| = r|z|, |z| > 0, and by above also |S||z| = r|z|, therefore
(T —|S|)|z| = 0. Since T'— |S| > 0 and |z| > 0, it follows T' = |S].

Let now A = |Ae® = re® and x), = |zi|e? for some ©,0;,...,0, € R and define
D := diag(e®r ... e"). Then x = D|z| and taking V := e~ D~1SD we have

Viz| =r|z| = T|z|.

Note that |V| = |S| = T, thus we obtain (V' — |V|)|z| = 0. Taking only the real part of
this equation and noting that [V'| > Re(V) and |z| > 0 it follows that Re(V') = |V, which
further implies V = Re(V) = |V| =T, i.e. S =¢e¥DTD™ .

The converse implication obviously holds. ]

Using Wielandt’s Lemma we see that the eigenvalues on the spectral boundary of an
imprimitive matrix are exactly the Ath roots of the spectral radius. The following can be
regarded as a continuation of Perron-Frobenius theorem [5.2.5

Theorem 5.3.4. Let T be an imprimitive matriz with index of imprimitivity h and with
spectral radius v = r(T). Then the following holds.

(1) All eigenvalues of T of modulus r are simple poles of the resolvent and the corre-

sponding eigenspaces are one-dimensional.
(it) oo(T) = {r,rw,rw?, ... 1w}, where w = €2™/".

(111) The whole spectrum o(T) is invariant under rotation about the origin through an
angle 2m /h, but not through any other positive smaller angle.

(iv) There ezists a permutation matriz P such that

0 T, 0 ... 0
0 0 Tz ... 0
(5.4) PTP = | ¢ & o0 ,
0 0 e 0 Th—l,h
Tw 0 ... 0 0

where the blocks on the main diagonal are square.

Proof. (i): Let oy(T) = {A1, Aa, ..., A\p} where A\ = re®?* k= 1,..., h. Wielandt’s Lemma
0.3.3| with S =T and A = )\ yields

(5.5) T =e""DyTDY, k=1,... h,

showing that T and e**T are similar. Let T2 = rz where z > 0 is the Perron vector for
T. Then for z, := Dz we have Tz, = Az, and 2, is an eigenvector corresponding to the
simple eigenvalue A\, which is unique up to multiplication by scalars. This proves (i).
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(ii): By (b.5) we also have
T = e DleD,;1 = ek Dy, (e'k2 DkQTD,;l) D,;ll
(56) = ei(wkl k) (Dk1 Dkz) T (Dk1 Dkz)_l :

Consequently, we obtain e(¥x17%%2) € gy (T) for any pair ki, ks € {1,...,h}. Thus o3(T) is
a multiplicative abelian group of order h, yielding (ii).
(iii): Now let o(T) = {1, X2, ..., A, } and note that multilplying by w = e*™/* we have

o(WT) = {wA,whg, ..., wA, }.

As above we obtain that w1 and 7T are similar, hence o(wT') = o(7"). On the other hand
no rotation less then 27 /h keeps oy,(7") invariant, therefore the same holds for the whole
spectrum o (7).

(iv): By (ii) the eigenvalues on the boundary are of the form \y = rw* k=0,...,h—1.
For the matrices Dy, from (j5.5)) and the Perron eigenvector z of 7' it follows from that
Dy, Dy, z is an eigenvector of T' corresponding to the eigenvalue rw* %2, We may assume
that the upper left entry of each diagonal matrix Dy is 1 and are therefore uniquely
dertermined. Hence also the diagonal matrices Dj, form a multiplicative abelian group of
order h. In particular, D = I,,, so its main diagonal consists of hth roots of unity.

Let P be a permutation matrix such that

PD,P" = diag(w™I,,,w™1,,,...,w™I,.),

where I, are identity matrices of size n; x n;, 25:1 nj=mnand 0 =m; <mg <--- <
ms < h — 1. Using the same permutation matrix P we obtain the block matrix
Ty T ... Tis
PTPT — T?1 T'22 - Tst 7
Ta Te ... Tss

where each block T, is of size n, x n,. Now, equating the (p, ¢)-blocks on the both sides
of the matrix equation

PTP" =w(PD,P")(PTP")(PD;'PT)
we obtain a system of s? equations
Tyy=wtm™ T, pqg=1,...,s.
Therefore T},, # 0 if and only if
(5.7) mg=my,+1 mod h.

T is an irreducible matrix, hence for every p there is a ¢ such that my = m, +1 mod h.
Since m;, i = 1,..., s are strictly ordered numbers from the set {0,...,h — 1}, the only
possibility is that s = h and my = k — 1, k = 1,...,h. So the block matrix PTP" has
exactly h nonzero blocks: T,,, # 0 iff ¢ = p+1 mod h. ]
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We conclude with a description of asymptotic behavior of imprimitive matrices.

Definition 5.3.5. Let T € L£(X). We call (T*)en asymptotically periodic with period p if
there is a direct sum decomposition

X = XO EB X1
into T-invariant subspaces Xy and X; such that
(i) T)x, is stable, i.e., limy_o || T%z| = 0 for all z € X;, and

(ii) 7jx, is periodic with period p, i.e., TPy = y for all y € X; and p € N is the smallest
natural number with this propertyﬂ.
Corollary 5.3.6. Let T' be an imprimitive matriz with index of imprimitivity h and with
spectral radius v = r(T'). Then the sequence <(T/r)k>kEN is asymptotically periodic with
period h.

Proof. Let

onz@xi and Xlzz@Xi

IXil<r [Ail=r

and use Theorems [3.2.3| and [5.3.4] for the matrix 7'/r restricted to its invariant subspaces
XO and Xl' O

5.4 Notes and Remarks

Theorem can be found in the paper by O. Perron |2|, which was the beginning of the
general theory of positive matrices (or “matrices with non-negative entries”, as Frobenius
used to call them). Theorem [5.2.5] goes back to F.G. Frobenius [1]. Almost 40 years later,
H. Wielandt [3] proved Theorem , bringing up a connection to Tiibingen mathematical
school.

The form of an imprimitive matrix presented in Theorem |5.3.4] was originally shown by
Frobenius [1] and is known as the Frobenius Form.

5.5 Exercises
1. Prove Lemmas 5.1.3 and 5.1.4
2. For the matrix

T = L—a b where a,b > 0 and a +b =1,
a 1-0

verify that r(7) is an eigenvalue of T', and find the appropriate eigenvector.

2Note that we updated the definition of periodicity from Lecture 3: T is called periodic, if TP = I for
some p € N.
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3. Let T > 0. Prove the existence of a positive eigenvector xy belonging to the eigenvalue
r:=1(T") through the following steps:

(i) There exists y > 0 such that

|R(r+ 1, T)y|| + 00 as n— .

(ii) The sequence

Yn =

has a convergent subsequence (Y, )ken-
(iii) The sequence (r —T)yn, — 0 as k — oo.

(iv) The limit x¢ := limy_,o0 Yn, is a positive eigenvector of 1" belonging to 7.
4. Let T'> 0. Then for u € p(T)
R(u,T) >0 implies pu > 1(T).

(Hint: Let > 0 be an eigenvector of T" belonging to 1(7"). Then R(u,T)x = (u —
r(1)) ).

5. (i) A matrix T' = (7;;)nxn with all off-diagonal entries 7;; # 0 (i # j) is irreducible.

(ii) If ay,...,a, € C are all non-zero, then
0 aq 0 c. 0
0 0 as ... 0
0 O 0 a1
a, 0 0 0

is irreducible.
6. Prove that for a positive matrix 7' the following conditions are equivalent.

(i) T is irreducible.
(ii) R(p, T)x > 0 for some p > 1(7T) and all x > 0.
(iii) R(p, T)x > 0 for all > r(T') and all z > 0.

7. Show that T > 0 is irreducible if and only if the eigenspaces of T' and of T'" belonging
to r(T) = r(T") are one dimensional and spanned by a strictly positive vector.

8. If 0 < T < S and T is irreducible, then r(7T) < r(S). In other words: The spectral
radius is a strictly monotone function on the set of irreducible positive matrices.
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10.

11.

Suppose that T' is a positive irreducible matrix with » = r(7") and rx < Tx for some
nonzero x > 0. Prove that then Tx = rx and x > 0.

Let T be a positive irreducible matrix. Prove the following statements.

(i) If the trace tr T' > 0, then T is primitive.
(ii) T is primitive if and only if 7™ > 0 for some m € N.

Verify irreducibility and imprimitivity of given positive matrix 7" and discuss the asymp-

totic behavior of the sequence <(T/ r)k>
k

eN’
01 0 01 0
@ T=100 1), ® 7=[101
1 10 010
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Lecture 6

Applications of Positive Matrices

6.1 Motivating examples revisited

We start by revisiting our motivating examples from Section (apart from the Fibonacci
sequence example, that was already revisited in Lecture 3).

6.1.1 Graphs

Let G = (V, E) be a directed graph with n vertices V' = {vy,...,v,} and directed edges
e = (v;,v;) € E. First let us explain some graph theoretical notions. A directed path in
the graph G is a sequence of directed edges which connect a sequence of vertices in G. The
path length equals the number of the edges in the path. A directed cycle is a directed path
such that the start and the end vertex are the same. Graph G is called strongly connected,
if for any pair of vertices v; # v; there is a directed path in G from v; to v;.

Let A = (a;;) be the adjacency matrix of G with entries

a;; > 0iff (v;,v;) € £ and a;; = 0 otherwise.
Matrix A is clearly positive. There is a nice graph-theoretic description of its irreducibility.

Proposition 6.1.1. The adjacency matriz A is irreducible if and only if G is strongly
connected.

Proof. Let G be a strongly connected graph and suppose A is reducible. By Lemma [5.2.2
we can partition the sets of vertices V' = V] U V5 into two disjoint subsets such that after
relabeling the vertices we obtain block-triangular form for A

(A Ap
o Ae ()

where the block Ay for each k,1 € {1,2} corresponds to connections from the set of vertices
Vi to the set V;. Note that As; = 0 implies that there are no direct edges from a vertex
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in V5 to a vertex in V;. Now choose arbitrary vertices v; € V5 and v; € V5. Since G is
strongly connected, there exists a directed path in G from v; to v;, hence

@iy Qg Wiy 7 0

for some iy,...,is € {1,...,n}. Observe that in this product there must be a nonzero
entry with “mixed” indices, i.e. a;; # 0 with v;, € V2 and v;, € V;, which contradicts
(6.1). So, A must be irreducible.

The reverse implication can be proved in the same manner and is left as an exercise. []

As a corollary we obtain a nice combinatorial characterization of positive irreducible
matrices. Note that every positive matrix can be seen as an adjacency matrix of a certain
graph.

Corollary 6.1.2. A positive matriv A € M,(R), n > 2, is irreducible if and only if for
every i,7 € {1,...,n} there exists an s € N such that (A®);; > 0.

We will illustrate another property of the adjacency matrix A in terms of the structure
of the graph G. Recall from Theorem that any imprimitive matrix with index of
imprimitivity h can be written in the Frobenius form

0 Ap 0 ... 0

0 0 Ay ... 0

(6.2) PAP" = S :
0 0 . 0 Ah—l,h

Appr 0 ... 0 0

with square blocks on the main diagonal.

Lemma 6.1.3. Let A be an imprimitive matriz with index of imprimitivity h and Frobenius
form (6.2). Then AyaAss -+ Apy is a primitive matriz.

Proof. The proof is left as an exercise (see Exercise |3)). O]

Proposition 6.1.4. Let the adjacency matriz A be imprimitive with index of imprimitivity
h. Then h equals the greatest common divisor of all cycle lengths in the graph G.

Proof. Fix a vertex v; of G. Let L£; be the set of all lengths of cycles through v; and
d; = ged{l | I € L£;}. Tt is not difficult to see that d; = d, the greatest common divisor of
all cycle lengths in G (see Exercise .

The existence of a cycle in G through v; is equivalent to condition (Al)ii > () for some
[ € N and in this case [ € £;. Observe that £; is closed under addition and hence contains
all but finite numbers of positive multiples of d. Hence (A*9);; > 0 for all sufficiently large
k € N and (A®); = 0 if s is not a multiple of d.

Since A is an imprimitive matrix with index of imprimitivity h, we may assume it
is of form . Clearly, only powers of A" can have nonzero diagonal elements. Note
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that by Lemma the square diagonal blocks of A" consist of primitive matrices, hence
Amh > () for some m € N (check Exercise [10| from Lecture 5). Therefore (A™");; > 0 for
all sufficiently large m € N and (A®); = 0 if s is not a multiple of h.

All together we see that h = d. ]

6.1.2 Markov chains

Now let a positive stochastic n x n matrix P = (p;;) be the transition matrix of a discrete
finite homogeneous Markov chain with the state space V' = {vq,...,v,}. The k-th step
probability distribution vector p(k) = (p;(k)) is defined as a positive stochastic vector, i.e.

0<pi(k) <1, > pi(k) =1,
=1

where p;(k) is the probability of Markov process being in the state v; after k steps. By
the Markov property, the k-th step distribution is determined from the initial distribution
p(0) and the transition matrix:

p(k)" =p(0)"P*, keN.

Therefore the long-run (or limiting) probability distribution depends on the behavior of
P* for k — oo. Using our results from Lectures 3 and 5 we can describe it in terms of
spectral properties of P.

Let us first state some nice spectral properties of P.

Lemma 6.1.5. For the transition matrix P the following holds.
(i) r(P) =1 is an eigenvalue of P with the corresponding eigenvector 1.
(i1) All eigenvalues of P with modulus 1 are simple poles of the resolvent.

Proof. Follows easily from the fact that P is positive and row-stochastic matrix (cf. Exer-
cise [9)). O

As a consequence, P is always Cesaro summable with Cesaro means converging to the
spectral projection of P belonging to 1 (cf. Theorem . The sequence P*, however,
does not necessarily converge as k — oo. This is true only, if 1 is a radially dominant
eigenvalue (see Theorem while the limit is in this case the same as the Cesaro limit.

The Cesaro means of p(k) have a nice interpretation in the context of Markov chains.

Pick a state v; and define a sequence of random variables (X;):°, by

{1, if the chain is in the state v; after i steps,
P =

0, otherwise.
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Then L 5™ 1 X (i) represents the fraction of time that the state v; is visited in (k — 1)
steps. Since the expected value of each X; is F(X;) = p;(i), we have

1 k—1 . 1 k—1 .
“(eg0)- (i2r),

This means that the j-th component of the Cesaro limit vector represents the fraction of
time that the chain spends in the state v; in the long-run.

Assume now, that the matrix P is irreducible (i.e. all states v; are reachable from each
other in finite number of steps). In this case we have two possibilities.

e [f P is a primitive matrix, then

(6.3) lim P* = P, with Pz = (z,y)1 and lim p(k) =y,
k—o0 k—o0

where v is the stochastic Perron vector for P'.

e [f P is an imprimitive matrix, then the above limits do not exist. However, for the
corresponding Cesaro means it holds

k—
1
(6.4) lim P® = P, with Pz = (2,4)1 and lim . Zp(i) =y,

k—o0 k—o00
1=0

where again y is the stochastic Perron vector for PT.

A Markov chain with an irreducible and imprimitive transition matrix is called periodic.
In such a chain all states are visited periodically, with the period equaling the index of
imprimitivity of P.

Note that the value of the (Cesaro) limit is independent of the initial distribution p(0).
Vector y in and is called the stationary distribution vector for the Markov
chain. It is the unique stochastic vector satisfying P"y = y. Its components represent the
long-run fraction of time that the chain spends in the corresponding state. If the limiting
distribution exists, y; equals the long-run probability of the chain being in the state v;.

6.2 The Google Matrix

We shall demonstrate now that we encounter positive matrices and their Perron eigenvec-
tors on everyday basis. We will look at mathematics behind Googld'], currently the world
biggest web search engine.

Every web search engine must build its web-page repository and index the pages stored
there in the best possible way. For this purpose they use crawler software that creates
virtual robots, called spiders, that constantly travel the web. The spiders number each

'The name comes from the misspelled number googol = 10'°°.
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page, collect important data from it (such as title, key words, link names, anchors, etc.)
and create an index of all visited pages. Now the pages have to be ranked according to
their importance. When the user does an internet search it is desired that more relevant
pages arrive at the beginning of the produced list. This is actually the most important and
delicate step for a search engine. It is because of intelligent ranking that Google swept with
its competitors as it appeared on the market. The core of Google is the ranking algorithm
PageRank, that was developed in 1998 by Larry Page and Sergey Brin, then PhD students
at Stanford University, California.

6.2.1 PageRank

Assume we have n web pages W = {W, | k = 1,...,n}. For a page W, we denote by
I = {i | W; — W;} the set of indices of all inlinks to Wy, by Oy := {j | Wi — W;}
the set of indices of all outlinks of Wy, and by z; > 0 the rank of the page Wj. Now the
question is, how to define ) properly?

The answer of Page and Brin is: A page is important if it is pointed to by other
important pages. Their formula for the rank is thus recursive:

Ty
(6.5) mk:ZZF, k=1,...,n.
i€y, | l‘
Here it is assumed that a link from a page to itself does not count. The equation is recursive
and it is not clear at this point whether it admits a solution.

Internet can be viewed as a huge directed graph with n vertices (= web pages) whose
edges are hyperlinks. Let H be a weighted (transposed) adjacency matrix of this graph,
called also the hyperlink matrixz, with entries

1
H;; = W ifft W; =W, and H;; =0 otherwise.
J
We can interpret the values H;; as probabilities of accessing page W; from page W;. Col-
lecting single ranks to a ranking vector x := (xy)i1<k<n, We can now write the recursive
equation (6.5)) as a matrix equation

(6.6) r = Huz.

The solution vector, if it exists, is thus the fixed vector of the hyperlink matrix H. To assure
uniqueness, we impose from now on that the ranking vector z is stochastic, i.e. [|z||; = 1.

Note that H is a positive matrix, thus by Perron’s Theorem [5.1.6] its spectral radius
r(H) is an eigenvalue of H with positive eigenvector. Note that H is a substochastic matrix,
ie. Y H;; <1 forall j, hence r(H) < 1. Having in mind, we wish r(H) = 1.
Observe that the sum of non-zero rows actually equals 1, but H might have some zero rows
which represent the so-called dangling nodes, that is, pages without outlinks. Brin and Page
therefore suggested to adjust the matrix H: replace all zero rows with (1/n,...,1/n). The
adjusted matrix becomes stochastic and thus (6.6) with the modified matrix H has a
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solution. We can also interpret this adjustment. Imagine a random surfer traveling the
web using hyperlinks, which he chooses randomly. At some point he might find himself at
a dangling node. His way out is to randomly type an url and thus jump to any page with
probability 1/n.

In order to assure the uniqueness of the solution to (6.6]), we would like H to be irre-
ducible. By Proposition H is irreducible if and only if the web is strongly connected,
which is clearly a nonrealistic assumption. However, Brin and Page overcommed also this
problem with a new adjustment: they replaced the matrix H by the Google matrix

(6.7) G:=aH+(1—-a)S,

where S = (1/n)nxn and a € [0,1] is some fixed number. The interpretation of this
adjustment is a continuation of the one above: a random surfer sometimes decides to jump
to some other page directly by typing an url instead of following some hyperlink, even if he
is not at the dangling node. The role of the parameter « is to balance between the original
web structure given by H and fully connected web represented by S. We would of course
like to weight the original hyperlink structure heavily and take « close to 1.

For any a € [0,1), the Google matrix G is positive, irreducible and stochastic, hence
Frobenius Theorem [5.2.5|guarantees that the equation Gx = x has a unique strictly positive
stochastic solution. Thus the desired ranking vector is nothing but the Perron vector for
G!

6.2.2 Computation of the Perron vector

To compute the Perron vector for G we can use a very simple numerical method called
the power method that was already mentioned at the end of Lecture 3. It is an iterative

method defined by
g* ) = Gz ™),

From this it follows z*+Y = G*2(0) thus convergence of this process is assured by Corollary
, independent on the choice of the initial vector z(°). Here it is important that 1 is a
strictly dominant eigenvalue of the positive irreducible matrix G.

It is well known that the rate of the convergence of the power method is governed by
the magnitude of the second eigenvalue |A\;| of the matrix. For the Google matrix we have
|A2| < . This means the convergence is faster for smaller a.. Since we argued above that
a should be close to 1, one has to accept a compromise here. It is reported that Google
uses o = (.85, the value set already by Brin and Page in 1998.

6.3 Age-structured population models

Plant, animal and human population models are typical examples for positive dynamical
systems in which the state variables represent biomass, density, or the number of individ-
uals of the population. Many of these models, in particular those describing predation,
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competition and symbiosis among species, are nonlinear and therefore deemed to investi-
gations by other means. An important and still widely used exception is the well-known
Leslie Model, which describes the time evolution of population in which fertility and sur-
vival rates of individuals strongly depend on their age. For this reason, such populations
are called age-structured populations. In the Leslie model, the time is discrete and de-
notes the reproduction season (typically the year in case of mammals), while the variables
x1(t), xo(t), ..., x,(t) represent the number of females (or individuals, or couples) of age
1,2,...,n at the beginning of year ¢.

In the simplest possible case one can describe the aging process by means of the equation

$Z+1<t+1):811‘1(t), 2':1,2,...,71—1,

where s; > 0 is the survival coefficient at age 7, that is, the fraction of females of age i that
survive at least for 1 year. The first state equation takes into account the reproduction
process, and is

ZIZl(t + 1) == S()(fll'l(t) + fgl’Q(t) + ...+ fnxn(t)),

where sy > 0 is the survival coefficient during the first year of life and f; > 0 is the fertility
rate of females of age i, that is, the mean number of females born from each female of
age 1. These equations, originally proposed by Leslie, lead to a positive linear autonomous
model

x(t+1) = Ax(t),

where the matrix A, called the Leslie matriz, is given as

Sofl Sofz Sofn—1 Sofn

ss 0 ... 0 0
(6.8) A=| 0 s ... 0 0
0 0 ... $uq O

Though Leslie models appear to be crude on the first sight, they are extensively used
for making demographic projections, i.e., forecasting

z(k) = AF2(0)

given z(0).

Let us comment on the usefulness of these models first. In Leslie models, survival and
fertility rates depend exclusively on age. In reality, this is more or less true provided the
individuals in each age class are not too many. In fact, as soon as the density of the in-
dividuals increases, some phenomena show up, which may reduce fertility and/or survival
rates. For example, finding appropriate niches for reproduction becomes more difficult
if the number of fertile individuals increases; the spreading of epidemics is favoured by
high population densities; the search for food becomes more and more difficult as popu-
lation increases, and so on. This means that Leslie models are well suited for describing
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the dynamics of populations doomed to extinction, that is, characterized by small densi-
ties x;(t) for which we can suppose that survival and fertility rates are constant as time
evolves. Leslie models are also extremely effective yielding short term forecasts in growing
populations.

Investigating the properties of the Leslie matrix, we see that it is positive and, if f,, > 0,
it is also irreducible. Looking at the directed graph whose adjacency matrix is given by
and using Proposition one easily obtains that the index of imprimitivity of the
Leslie matrix equals

h=ged{ke{l,...,n}: fr >0}.

Hence, if there are two consecutive ages with strictly positive fertility age, then the Leslie
matrix is primitive.

The (normalized) Perron eigenvector of the Leslie matrix is called the stable age struc-
ture, which is roughly the asymptotic age distribution as time evolves. More precisely, we
have the following result.

Proposition 6.3.1. Consider the Leslie matriz A given in with f, > 0 and assume

that A is a primitive matriz. Denote the Perron eigenvalue with \y = r(A) and the
corresponding eigenvector with x1 > 0. Then
ANFAR — P =0

as k — oo, where Py s the projection to the one dimensional subspace spanned by x;.

Let us note that in many applications it is better to structure the population not in
age groups, but in so-called stage groups. As an example, we consider Virginias hunted
black bear populations. Deep statistical analysis, where we omit the details, leads to the
following table, which is here only reproduced to show the complexity of such problems.

Average Low High Average Low Annual  High Annual
Reproduction/  Reproduction / Reproduction / Annual Survival Survival

Age Class Year Year Year Survival

Cub 0.00 0.00 0.00 0.80 0.41 0.99
1-year-old 0.00 0.00 0.00 0.75 0.41 0.99
2-year-old 0.00 0.00 0.00 0.7 0.41 0.90
3-year-old 0.28 0.00 0.50 0.84 0.69 0.93
Adult 0.58 0.23 0.82 0.84 0.69 0.93

Figure 6.1: Input parameters for Leslie Matrix population model (based on females only)
of Virginias hunted black bear populations as estimated between 1994-1999.

In this case, as we see, it is better to investigate the so-called stage-based Leslie model.
Stage-based models are frequently used for long-lived species because data on specific ages
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are not available, demographic variables within age classes are not different, and individual
age classes for a species that lives, for example, up to 30 years (like black bear), would
result in matrices of sizes up to 30 x 30. Analysis of this table can lead to the following
Leslie matrix, where various other effects have been taken into account, and which was
used successfully in analysis done by biologists:

0 0 0 0275 0575
080 0 0 0 0
(6.9) A=| 0 075 0 0 0
0 0 071 0 0

0 0 0 084 084

Here the last row stands for the whole adult stage, the element in the lower right corner
of the matrix representing the rate of the adult population remaining alive after the year.

We now consider a second model, which is famous in the literature. The eastern wild
turkey (Meleagris gallopavo silvestris) inhabits roughly the eastern half of the United
States. Turkey hunting has a substantial economic effect in many rural communities.
It is not only important because of the actual turkey hunting, but it also takes part in the
development of the related industries of turkey-hunting clothes and equipment. Improve-
ment of the knowledge of turkey population dynamics is important to formulate hunting
regulations and other turkey management practices. A Leslie matrix model can be de-
veloped for the population dynamics of eastern wild turkeys in Iowa based on lowa wild
turkey studies. A three-stage model is chosen in order to simplify the modeling procedure.
The first category is “poults”, aged from 0 to 1, the second category is “yearlings”, aged
from 1 to 2, and the last category is “adults”, aged 2 and older. Reproduction occurs from
yearlings onwards. The time unit is one year. The Leslie-matrix obtained is

0  0.880 1.860
(6.10) A= {0445 0 0
0  0.616 0.610

This grouping makes sense for example if there are regulations allowing only the adult
population to be hunted, see Exercise

6.4 Notes and Remarks

For further reading on the topic of the search engines and PageRank algorithm we recom-
mend excellent monograph [3]. The modeling and investigation of age structured popula-
tions was initiated by Leslie in 1945 [5], and extended to stage structured populations by
Lefkovitch [4]. Virginias hunted black bear populations is discussed in the PhD disserta-
tion |2]. Much research about the rates of reproduction, mortality, and survival, and the
movement of wild turkeys has been done by Dickson [1].
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6.5 Exercises

1.
2.

10.

Show the missing implication in the proof of Proposition [6.1.1}

Let G be a strongly connected graph and let v; be a vertex of G, L; the set of all lengths
of cycles through v; and
d; =ged{l |1l € L;}.

Show that d; equals the greatest common divisor of all cycle lengths in the graph G.

. Prove Lemma [6.1.3l

. Verify that the matrix

010000
1 00010
01 00O0O
A_101000
000101
00101020

is irreducible and imprimitive using graph-theoretical interpretations. Compute also its
index of imprimitivity.

Show the statements of Lemma [6.1.5

. Argument the statements given in (6.3) and (6.4). Why is the limiting distribution

independent of p(0)?
Find the limiting distribution for the Markov chain given by the transition matrix

0 1/2 1/2
P=11/3 0 2/3
1/3 2/3 0

. Translate the PageRank algorithm into the language of Markov chains.

Compute the ranking vector for the web depicted in Figure [6.2] Choose several values
for a and observe how does this choice affect the ranking and the computation time.

Consider the Leslie matrix ((6.10)) corresponding to the turkey population in lowa. Use
an appropriate computer software if necessary.

(a) Calculate the Perron eigenvalue and the corresponding stable age structure. Is the
population growing?

(b) Assume we can change the survival rate of the adult population. How should
we change the survival rate of the adult population to ensure that the Perron
eigenvalue equals 1, meaning that the population remains balanced?
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Figure 6.2: The web graph from Exercise @

(c) Using a 1977 survey, the age structure in a region in lowa was estimated as x1(0) =
580, 25(0) = 123, z3(0) = 156. How many adults should be hunted down at the
end of the first year to ensure this decrease in the survival rate of adults?

11. What is the Perron eigenvalue and the corresponding stable age distribution of the the
Leslie matrix corresponding to the bear population? Is the population growing,
balanced or dying out? Use an appropriate computer software if necessary.

12. To connect two topics of today, google further Leslie matrix models, for example for the
annual bluegrass (poa annua) or the brown rat (rattus norvegicus) populations.
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Lecture 7

Positive Matrix Semigroups and
Applications

7.1 Positive Semigroups

In this section we combine the matrix exponential from Lecture 4 with the positivity from
Lecture 5. More precisely, we consider positive matriz semigroups ('), i.e., we assume
that each e, t > 0, is a positive matrix. As a first step, we characterize this property by
the entries of A. In particular, we show that positivity of A is sufficient, but not necessary
for this.

Let A = (ij)nxn be given. We then obtain by Theorem that

tA I
A=1lim S ,
t}0 t
which means
) etde. — e,
(7.1) aj :1gf(f)l<%,€i>,

for i,57 = 1,...,n and e; the i-th unit vector in C". If we denote the (i, j)-th entry of '/
by 7;;(t), then (7.1) means

(7.2) s — {hm% wll for i #

lim, o Tv:v:(i)__l for v = j.
If (e');>0 is positive, i.e. 7;;(t) > 0 for all ¢, i and j, this implies

a;; >0 for ¢ # j, and
CYZ'Z'GR fOI'sz

We call such matrices positive off-diagonal and have shown the necessity part of the fol-
lowing characterization.

81
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Theorem 7.1.1. A matriz A = (ij)nxn € M,(C) generates a positive semigroup if and
only if it is real and positive off-diagonal.

Proof. Tt remains to show the sufficiency of the condition.
Since A is real and positive off-diagonal, we can find p € R such that

(7.3) B,:=A+pl >0

(e.g., take p := max;<;<, |ay|). Note that then also e'P» > 0 for all ¢ > 0. Applying the
Functional Calculus introduced in Section [2.2]to the function f()\) := e*~% we obtain
tA _ JH(A+pD)—tpl]

- f(Bp)

=e . eBr >0

e

for all ¢ > 0. [l

Let us mention another terminology here. If A is a real and positive off-diagonal matrix,
—A is also called a Z-matriz.

Since from e > 0 does not necessarily follow A > 0, Perron’s Theorem is not
directly applicable and r(A) may not be an eigenvalue of A. However, observing the
positive matrix B, defined in we obtain an important property of the spectral bound
s(A) of A.

Theorem 7.1.2. If A generates a positive semigroup ()i, then s(A) is a strictly
dominant eigenvalue, i.e. s(A) € o(A) and

Re X < s(A)

for all other eigenvalues \ of A.

Proof. As already noticed in the proof of Theorem [7.1.1, B, := A+ pI > 0 for p :=
maxj<;<n |a;|. Perron’s Theorem yields 1(B,) € o(B,). Evidently, 1(B,) = s(B,
which is strictly dominant in o(B,). Since

0(By) = o(A+pl) =o(A) +p,
and thus s(B,) = s(A + pI) = s(A) + p, we obtain that s(4) € o(A) and is strictly
dominant. [

As we have seen in Theorem [4.4.3] s(A) determines the asymptotic behavior of e as
t — oo. The case s(A) < 0, yielding stability of the semigroup, is of particular importance.
In the case of positive semigroups, we thus obtain the following characterization of stability.

Corollary 7.1.3. If A generates a positive semigroup (€0, then the following assertions
are equivalent.
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(a) s(A) < 0.

(b) The characteristic polynomial of A has no real root > 0.
(c) The matriz —A™" exists and is positive.

(d) There exists x > 0 such that Ax = —1.

(e) The semigroup (e);>q is exponentially stable.

Proof. The equivalence of (E[) and @ should be clear from Theorem m The equivalence
(@) < (O) follows from Theorem [7.1.2] Since —A~! = R(0, A), see Exercise 7.7]l] for

> (). ()= (d) follows taking = := —A~'1.
We close the implications loop by showing @é@) If Ax = —1, then

t t
r>x—elr = —A/ e ds = / e’41 ds for all t > 0.
0 0

Since e is positive for all ¢+ > 0, it follows that the function ¢ — ( fot e*41 ds) is nonde-
creasing and satisfies

t
OS/ e*1 ds < x.
0

Hence, [~ e*1 ds exists and by
t
A/ 41 ds = 1 -1,
0

we have the existence of lim;_, ., e*41. This implies r(e!) < 1, since ||e!]|o0 = [[€!1]]oo-
Thus, s(A) < 0. Take now € > 0. Then, (see Exercise 7.7[1)),

0 < R(e,A)1 = —R(e, A)Azx
= r—¢cR(e, Az <.

So, we have the existence of lim._,q R(e, A)1, since the function € — R(e, A) is nonincreas-
ing. Therefore,

lim [|R(g, A) |0

e—0

exists, and hence s(A4) < 0. O

For a matrix A with above properties, —A is in literature also known as a nonsingular

M-matriz.
In the case when s(A) = 0 the following is a consequence of Theorem [4.4.3]

Corollary 7.1.4. Let A generate a positive semigroup (€1)i>o and assume s(A) = 0. Then
limy_,o € emists if and only if 0 is a first order pole of the resolvent R(-, A). In this case,
limy_,o €4 is the spectral projection of A belonging to 0, and its range is the kernel of A.
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Again, it is important to assure that s(A) is a simple pole. As shown in Theorem [5.2.5]
irreducibility can help for this purpose.

Theorem 7.1.5. Let A generate a positive semigroup (€);>0. Then any of the following

conditions implies

lim ¢4 = P,
t—o00

for Py a projection of the form
P = (x,y)z, xeC"
with strictly positive vectors y > 0 and z > 0 such that (z,y) = 1.
(1) A is irreducible with s(A) = 0.
(i’) A is irreducible, (e);sq is bounded, and 0 € o(A).
(ii) €4 is irreducible for some to > 0 and s(A) = 0.
(ii’) et is irreducible for some to > 0, (e1);>0 is bounded, and 0 € o(A).

(iii) (e)i>o is bounded, s(A) = 0, and the kernels of A and A" are 1-dimensional and
spanned by strictly positive vectors.

Proof. First observe that irreducibility of A is equivalent to irreducibility of !4 for some/all
t > 0 (see Exercise [4)) and also to the condition on the eigenspaces of A and A" belonging
to r(A) = r(AT) given in (i) (see Exercise [5.5][7).

Next, if A is irreducible, then B, = A+ pI from ([7.3) is positive and irreducible, hence
by Theorem its spectral radius r(B,) is a first order pole of the resolvent R(-, B,).
Therefore also s(A) is a first order pole of the resolvent R(-, A).

All assertions now follow by Corollary and Theorem . The formula for
Pz can be verified as in the proof of Corollary O

7.2 The Competitive Markets Model

As a first application let us revise the competitive markets model presented in Lecture 1.
Recall that the dynamic of the prices p(t) in this model is given by

(7.4) p(t) =p° +eF4, t>0, where c=p(0)—p°.

Here p° are equilibrium prices, p(0) initial prices, K = diag(ky, ..., k,) a diagonal matrix
of positive adjustment speeds while for the coefficients of the matrix A = (a;;) we have

a;; > 0 for ¢ # j and a; < 0.

Using theory we developed so far we are able to study the behavior of the prices depending
on spectral properties of the matrix KA.
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Let us first examine in which case the prices eventually return to the equilibrium p°.
Assuming p(0) # p°, by Theorem this happens if and only if s(K'A) < 0. Moreover,
since KA is real and positive off-diagonal, it generates a positive semigroup and s(K A)
is the largest real eigenvalue of KA (cf. Theorems |7.1.1] and [7.1.2]). Furthermore, by

Corollary we have
s(KA) <0

)71 <0

<0

s(A) <0

there exists £ > 0 such that Az = —1.

(KA
Afl

1111

Hence automatic return to the equilibrium p° can be checked by determining A= (if it
exists; one positive entry in A~! means: s(K'A) > 0), or by solving the equation Ar = —1.
If s(A) > 0, the prices will rise unboundedly. For s(A) = 0 we have more possibilities:
the prices may either converge to a new equilibrium or oscillate periodically.
Let us consider the case when A is strictly positive off-diagonal and s(A) = 0. By
Theorem (see also Exercise in this case e!®4 converges to a projection of the
form P = u ® v with u,v > 0. Hence p(t) converges, as t — oo, to p° + d where

d = lim e%4¢

Jim = (c,u)v.

This produces the strange effect that for {c,u) > 0 a new equilibrium p° = p° + d develops
with d > 0. On the other hand, (¢, u) < 0 produces a new equilibrium with d < 0.

7.3 Queueing models

Systems in which an operation is performed on individuals are frequently encountered in
applications. Such systems are generally composed of two parts, the queue line and the
service.

arrivals departures
line service

Figure 7.1: Structure of a queueing system

An airport with a queue of airplanes waiting for landing, an office where the papers for
driving licence renewal are processed, or the waiting room of a service center (telefon, gas,
electric, etc.) are typical examples characterized by a waiting time followed by a service.
Such systems can be modeled when the statistics of the arrivals, the rule for selecting the
next user, and the statistics of the service times are specified.

We will assume that the arrivals and the departures are random processes characterized
by the property that the probability of one arrival or departure during a small time At is
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proportional to At itself, meaning that they are Poisson’s processes. The proportionality
coefficients, denoted by n and u, respectively, depend on the total number of people in the
system.

To build the equations governing the system, we make the following assumption. At
time t + At there are no users in the system, if one of the following happens: either there
are no users in the system at time ¢ and no user arrives during this time interval, or there
is one user in the system at time ¢, this user leaves the system, and no other user arrives.
We arrive at the equations

Yo(t + At) = yo(t)(1 — noAt) + y1 (1) 1 At (1 — i At),

where yo(t) is the probability that no user is in the system at time ¢, and y;(¢) is the
probability that exactly one user is in the system at time t.
Taking the limit At — 0, we arrive at the equation

(7.5) Yo = —noyo(t) + pya(t),

which is the first state equation of the system. With a similar reasoning, we get for ¢ > 0
that

(7.6) Ui(t) = micayio1(t) — (0 + pa)vi(t) + pig1Yisa (1),

where y;(t) is the probability that i users are in the system at time ¢. This means that
there are four possibilities of the system to change in the state i:

e There were 7 — 1 users and someone arrived;
e There were ¢ users and someone arrived;
e There were i users and someone left;

e There were 7 + 1 users and someone left.

Such problems are naturally modeled by infinite dimensional systems. In many appli-
cations, however, we have a natural bound on the number of possible users entering the
system on the whole, hence we get a finite dimensional system, and this is the case we are
investigating now. Assuming that all the proportionality constants n; and p; are non-zero,
this all leads to a system of differential equations

(7.7) y(t) = Ay(t),

where ¥y = (Yo, y1,---,¥n)’ € R and

—o 1 0 0O ... 0 0
Mo —M — o2 0O ... 0 0
(7.8) A=1 0 ™ —ny—pi2 p3 ... O 0
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The matrix A is a so-called band matriz, has negative elements on the diagonal, positive
elements below and above the diagonal, and zeros elsewhere. It follows that the matrix
is irreducible and hence the positive and irreducible matrix B, = A 4 pI defined in
has unique strictly positive Perron eigenvector zp. Note that xp is also an eigenvector of
A with the corresponding strictly dominant eigenvalue A\; € R. Moreover, since all the
columns of A have a zero sum, A; = 0. Since all the eigenvalues of A, except A, have
negative real part, Theorem yields

et 5 P as t — oo.

Hence, the system will always converge to a stationary probability distribution given by the
Perron eigenvector xp, and the expected value of the clients in the queue (and the expected
waiting time) can be estimated using this on the long run. This asymptotic distribution
can be easily evaluated because A is almost diagonal. In fact, we easily see that

_ n _
Lit1 = — Ty,
Hi+1
where zp = (Zo,...,Z,)". Hence,
i = PiXo,
where
_ NoN M-
o=
Mg e g

Since zp should be normalized to represent a probability distribution, its coordinates

sum up to 1, hence
1

14+ Z?:1 901‘.
We may also assume that there are s servers and ¢ people can get into the queue, i.e.,
n = ¢+ s. Then the average number of people in the system is

X

n
n=y i,
=0

and we see

persons waiting in the queue.

7.4 Disease transition models

The spread and persistence of infectious diseases is a result of the complex interaction
between the behaviour of individual epidemiological units (e.g. individual, city, county,
etc.), disease characteristics and various control programmes that are aimed at halting
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disease transmission or bringing infection prevalence to as low a level as possible. The
main aim of many models is to gain insight into how diseases transmit and to identify the
most effective strategies for their prevention and control. The early work by Kermack and
McKendrick from 1927 forms the basis of differential-equation-based models which lie at
the heart of modern quantitative epidemiology. Traditionally, mathematical epidemiology
is based on differential equation models and these operate on the basis of some strong
simplifying assumptions about the behaviour of the individuals and the biology of the
disease. A key component in any disease transmission model is the population contact
structure, and in most cases, this is highly heterogeneous with strong correlations and
non-trivial large scale structure.

We will consider here a really elementary, so-called “SIS” model, where individuals can
have two possible states: susceptible (but healthy) or infected. Infected individuals can
infect susceptible ones with a certain rate, and infected individuals recover with a certain
rate, and can be infected afterward again. Usually there are natural time delays (like
incubation) and non-linear dependencies in the model, or other stages (like immunized
individuals), but we consider here a rather simple case.

Assume that there are n individuals in the model, and that there is a connection between
them describing the connections where the infection can spread. Usually the graph is huge
and some random graph models have to be used, but let us restrict ourselves to the case
where we have a rather small group of individuals with a clear social network. So the
assumptions on the model are the following:

Suppose the individuals are connected by a weighted undirected graph, with adjacency
matrix G = (w;;), where the weights 0 < w;; < 1 describe the strength of the connection.
Each individual can recover with a rate p and infect a connected person with a rate 7.
Denoting with y;(¢) the probability of the i-th individual to be infected, a possible simple
model for the change of this probability after a small time At is

yi(t + At) = (1 — pAt)y;(t) + nAt Z w;;y;(1).

Jj=1

This leads to the differential equation

(7.9) y(t) = (G — pl)y(t).

It is usual to assume that the graph is connected and has no loops. Hence, the matrix
A :=nG — pl is irreducible. Theorem is applicable if p = ns(G).

Convergence to zero here is implied by the condition s(G) < %, and means that everyone
recovers from the illness eventually, and convergence to a projection means that there is a
stationary distribution of probabilities and the system tries to achieve this.
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7.5 Discrete maximum principles

Maximum principles play an important part in many mathematical subdisciplines and it
has been known long that there is a deep connection between maximum principles and
positive semigroups. Discrete maximum principles play a prominent role in numerical
analysis: when you discretize a differential operator, you not only want to get some good
approximation result, but it is also important to preserve some qualitative properties of
the underlying differential equation. Hence, if you discretize an elliptic problem, it is good
to know whether the discretization also satisfies some kind of a maximum principle. The
literature is vast even in the matrix case and we only mention here one illustrative example.

Let A = (a;;) be a real N x N matrix and for a vector y = (yi,...,yn)" let us use
the notation N*(y) = {i € {1,..., N} : y; > 0}. We say that the matrix A satisfies the
discrete mazimum principle (DMP), if

(7.10) —Ar =y
with y > 0 implies x > 0 and

(7.11) max r; = max ;.
1<i<N iENF(y)

We present now a simple sufficient condition to ensure the discrete maximum principle.

Theorem 7.5.1. Suppose that A generates an exponentially stable positive semigroup and
that AL < 0 where L= (1,...,1)T. Then the discrete mazimum principle holds.

Proof. Let y > 0 and —Ax = y. Then x = —A~'y > 0, since —A~! exists and is positive
by Corollary . Let x; = maxj<;<y z;. By assumption we have 21111 ag = (A1) <0
and using Theorem we obtain

N
(7.12) Y = — Zakzﬂfl = —QprpTr — Z g T > —Xp, (akk + Z akl) >0,
=1

I£k I£k

hence k € N*(y). O

7.6 Notes and Remarks

For nonsingular M-matrices we refer to the monograph by A. Berman and R.J. Plemmons
[1].

For queuing systems see the excellent exposition in Feller [4, Section XVII.7].

For populations equations see the monograph by Diekmann and Heesterbeek [3], where
all the problems we omitted here are discussed. Nowadays the investigation of disease
transition on large networks is an important and active research field and we plan to come
back to it in later lectures with more realistic models.
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The investigation of discrete maximum principles was initiated in the late sixties and
early seventies, see R. S. Varga [7], Ph. Ciarlet [2]. We follow here G. Stoyan [6], where
a much more general statement is formulated. In the infinite dimensional setting, we shall
discuss the connection of maximum principles and generation of positive semigroups. Here
we recommend the paper by A. Kalauch [5] for a direct generalization to Banach lattices.

7.7 Exercises

1. If et >0 for all t > 0 and p € p(A), then R(u, A) > 0 if and only if u > s(A).
2. Let A € M, (C). If Re X > s(A), then

R(\A) :/ e el dL.
0

3. If et > 0 for all t > 0, then s(A) € o(A) with a strictly positive eigenvector.
4. Let A € M,,(C) generate a positive semigroup. Show that the following are equivalent.

a) A is irreducible.

(a)

(b) e'4 is irreducible for some ty > 0.

(c) e is irreducible for all ¢ > 0.
)

(d) The semigroup (e');> is irreducible in the following sense: For no subset Q) #MG
{1,...,n} the subspace Jys (cf. Definition [5.2.1)) is invariant under each e (¢ > 0).

(e) e >0 for all t > 0.
5. Let A be positive off-diagonal and irreducible, s(A) = 0. Show that then e converges

to a projection P of the form
P=u®wv

with u,v > 0, u € ker AT, v € ker A.

6. (a) Characterize those matrices A € M,,(C) for which e is positive for all t € R.

(b) Find all positive periodic semigroups, and all positive, periodic, irreducible semi-
groups.

7. Consider the Competitive Markets Model given by ((7.4)).

(i) List the conditions for the matrix A under which the prices will behave periodically.

(ii) The price average in given time 7" > 0 can be expressed with the Cesaro mean

L [T ika
c(T) =7 i e dt.

What can we say about the long-time behavior of the price averages depending on
the properties of matrix A?
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8.

10.

11.

Consider the queuing system and give formula for the average frequency of arrivals, the
fraction of time during which the system is not used, and the probability that a user
cannot be served on arrival.

Consider a telephone system of a large company where calls are accepted if at least one
line is free and rejected otherwise. Thus, the frequency of arrivals n is independent of
the number of busy lines if at least one is free. Each accepted call engages the line for
an average time 1/u. Hence, c =0, s =n, n, =nfori=0,1,...,n—1, 1, =0, and
i = p for e = 1,2,... n. Develop formulas for this system. Discuss some concrete
examples.

Assume that we have a group of individuals who are arranged in the vertices of a graph
and the disease can spread along the edges. Each individual can recover from he illness
with a rate of y = 1/4. Discuss the role of the parameter 7, if he graph is

a) a complete graph with 4 vertices,

(a)
(b) a cycle of length 5 (regular pentagon),
(c) a cube (8 vertices),
(d) the graph from Exercise 1.4]2
It is also possible to speak about maximum principles in connection with difference equa-

tions and boundary value problems. Let a;,b; > 0 and ¢; > a;+0b; fori =0,1,..., N+1.
Define the difference operator

Ly; = a;yi—1 — ¢iyi + biyyita

fori=1,...,N.
Let o, 8 > 0 and consider the vector 0 < f € RY. Let y € RV*2 be such that

LyZ:fZ fOI'izl,...7N, ?JO:OéayNH:B
holds, which we call a non-homogeneous boundary value problem. Show that

max  y; = max{a, £}.
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Lecture 8

Positive Linear Systems

8.1 Introduction

The main goal of this lecture is to present an elementary introduction to positive linear
systems. Our aim is twofold: on the one hand, we would like to present another application
of positivity for those who are not experts in this field. On the other hand, we would like
to make the connections also for students interested in control theory visible to see the
usefulness of the subjects also later on. For simplicity, we present here continuous time
systems, but the definitions and most results can be altered to the discrete time case in a
straightforward way.

First we would like to set the stage and present the relevant notation, terminology and
motivation. For the sake of simplicity, we will only refer to the case of time-invariant, finite
dimensional input-output systems, which are described by the state equations of the form

i(t) = Az(t) + Bu(t),
(2<A7870>) IL‘(O) = o,
y(t) = Cx(t),

where the appearing objects are the following:

e X = (C" is the state space, Y = C? is the observability space, and U = CP? is the
control space,

e The function z : RT — X is the state vector, the operator A € £L(X) is the state (or
system) operator,

e The function u : Rt — U is the control, the operator B € L(U, X) is the input (or
control) operator,

e The function y : Rt — Y is the output (or observation), the operator C' € L(X,Y)
is the output (or observation) operator,

e The vector xg € X is the initial value.

95
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The interpretation of this set of equations is the following: There is a system described
by a set of n equations and governed by the operator A. This is also referred to as the
“free system”, the system without intervention. The function u is the control we apply
from the outside, and the operator B represents the action of v on the system. Finally, the
function y is the set of parameters we are able to measure, and the measurement process
is described by the observation operator C'.

If we would like to stress the dependence of the solution x on the initial value xq, then
we shall write z(t) = x(¢; o) later on.

Before turning our attention to controllability concepts, let us make the following crucial
observation and present a representation formula. Suppose that the control u is (at least...)
locally integrable. Since x is the solution of an inhomogeneous linear differential equation,
the variation of constants formula holds, hence,

t
(8.1) z(t) = "y +/ e =94 Bu(s) ds
0
(see Exercise , yielding the formula
t
(8.2) y(t) = Ce'xg +/ Ce'"=94Buy(s) ds.
0

The function h(t) = Ce' B is sometimes called the impulse response.

Often the control u is designed depending on the observation, and such systems are
called feedback systems. If u(t) = Ky(t), then the operator K € L(Y,U) is called the
feedback operator. Note that in this case we have the representation formula

(8.3) z(t) = !ATBEC) 10

Now we list a few properties a time-invariant linear system can have, and which are
important in view of applications.

Definition 8.1.1. A linear system (A, B, C) is said to be externally positive, if the output
corresponding to the zero initial state is positive for every positive input function. In other
words, u(t) > 0 implies y(¢) > 0 if zy = 0.

Proposition 8.1.2. A linear system is externally positive if and only if its impulse response
18 positive.

Proof. By the representation formula the sufficiency is clear. Suppose now that there
is to > 0 such that h(ty) = Ce"4B is not positive. Then, by continuity, at least one entry
of h(t) would be negative on a whole interval [t1,t5]. Thus, the appropriate entry of the
output would be negative for every input function which is strictly positive in [t —to, ¢ — 4]
and zero elsewhere. Hence, the system cannot be externally positive. ]

For a simple example of an externally positive system, see Exercise
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Definition 8.1.3. A linear system 3(A, B, C) is said to be positive (or internally positive),
if the state and the output corresponding to a positive initial state is positive for every
positive input function. In other words, u(t) > 0 and xy > 0 implies x(t) > 0 and y(¢) > 0.
The system is said to be reducible, if the matrix A is reducible, and irreducible otherwise.

Proposition 8.1.4. A linear system is positive if and only if B > 0, C > 0, and A
generates a positive matrix semigroup.

Proof. Assume that the system is positive. Then, letting xy = 0 and u(t) = u, a nonnega-
tive constant, we see that

£ 1 1
0< M — —/ =948y ds = (—/ eSAdS) Bu.
t t 0 t 0

So, by letting t — 0, we obtain the positivity of B.

Since Czg = Cx(0) = y(0) > 0 for every xy > 0, the operator C' has to be positive too.
Finally, applying the zero control, we see that z(t) = e'tzy > 0 for every zg > 0.

To prove the converse implication, suppose that B > 0, C' > 0, and that A generates a
positive matrix semigroup. Taking xq > 0 and u > 0, we see that

etAl'() Z 0

and that Bu(s) > 0 for each s € [0, ], hence e""94Bu(s) > 0, implying
t
/ e®=94Bu(s) ds > 0,
0

which proves the statement by (8.1]) and (8.2]). O

Definition 8.1.5. A positive system is said to be ezcitable, if each state variable can be
made strictly positive by applying an appropriate positive input to the system initially at
rest. In other words, for each 7+ = 1,2,...,n there is a control u; and a time ¢; such that

Excitable systems do have some remarkable properties. To be able to present some of
them, we introduce some new concepts. To keep the presentation as simple as possible, we
restrict ourselves for the rest of this section to the case Y = U = C, i.e., we only consider
one dimensional control and observation spaces.

The influence graph of the positive system X(A, B,C) is a graph G with n + 2 nodes
labeled with 0,1,...,n + 1. The first (0) node is associated to the input u, and the last
(n 4+ 1) is associated with the output y. The remaining nodes (i = 1,...,n) correspond to
the state variables z1, ..., x,. The directed edges should represent somehow the influence
among the variables and are constructed as follows:

e There is a directed edge from node 0 to node j if and only if b; >0, j =1,...,n.
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e Fori,j=1,...,n,i+# j, there is a directed edge from node i to node j if and only
if Qj; > 0.
e There is a directed edge from node 7 to node n+ 1 if and only if ¢; > 0,7=1,...,n.

No other edges are present in the graph.

The corresponding graph matrices are constructed as follows: A= (@), where a;; =1
if and only if ¢ # j and a;; > 0, otherwise a;; = 0. The row- and column- matrix B and C,
respectively, are constructed in a similar manner. The following (n + 2) x (n + 2) matrix

(8.4) A=

o o o
O:l>>bj>
o O o

is thus the 0 — 1 adjacency matrix of the unweighted influence graph.

Many properties of a positive linear system X(A, B, C') can be described in terms of its
influence graph. Observe, for example, that by Proposition a system is irreducible
if and only if the subgraph of its influence graph, consisting only from nodes 1,...,n and
edges between them, is strongly connected.

We can also express excitability of the system in terms of the above graph matrices.

Proposition 8.1.6. A positive linear system is excitable if and only if there exists at least
one path from the input node 0 to each node i = 1,... ,n in the influence graph G, or,
equivalently, if

B+BA+---+BA"' > 0.

Proof. Excitability means that each state variable x; can be influenced by the input w.
This implies that there has to be at least one path from the node 0 to the node ¢ in the
influence graph G.

Note that the powers of the adjacency matrix A from have the same block form:

Ak=1 BAR-2C
A¥ A=1¢ |, keN.
0 0

0 B
AP =0
0

Recall from Exercise 1 that the i*" component of the row-vector BAF1 represents the
number of paths of length £ from node 0 to node 7, 7 = 1,...,n. Hence, there is a path to
every node, if and only if

B+BA+.-+BA" > 0.

Assume that the positive system X(A, B, C) is not excitable. Then, there exists i €
{1,...,n} such for all ¢ and all control u > 0,

() = ( /0 94 3 s) ds)i ~0.
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By taking u(t) = 1, we obtain

t
b; = lim (1 / esAdsB) =0.
t=0 \ T Jg ;
t
Zi(t) = (Bu(t) - A/ e~ Bu(s) ds) = 0.
0 i

¢
(A/ e Buy(s) ds) = 0.
0 i

As above, by taking u(t) = 1, we obtain (AB); = > 7, a;;b; = 0. Using the positivity,

we deduce that a;;b; = 0 for all j (note that by above b; = 0, so also a;b; = 0). Hence
for the graph matrices we have (BA); = 0. By repeating the same arguments we obtain
(BA*); =0 for all k = 0,...,n — 1, and this ends the proof of the proposition. ]

On the other hand,

This implies that

We consider now rather special constant inputs, u(t) = u > 0.

Theorem 8.1.7. An excitable and asymptotically stable positive linear system has a strictly
positive equilibrium state.

Proof. Since by asymptotic stability all the eigenvalues of A have negative real part, A is in-
vertible and 7 := —A~! B is the unique equilibrium of the system, which is asymptotically
stable. We only have to show that it is strictly positive.

Suppose that there are indices ¢ such that z; = 0, and collect these indices in the set
I'={ie{l,...,n} : & = 0}. Then, since

A% + Bi = 0,

we see that
Zaija_:j +bu=0 foriel.
JEl
This implies that b; = 0 and that a;; = 0 for ¢ € I and j ¢ I. Hence, there is no path from

the input node 0 to vertices ¢ € I. Hence, in this case the system is not excitable.
O

8.2 Controllability

For simplicity, we consider here systems without observation, i.e., where Y = X and C' = [.

Definition 8.2.1. The system Y(A, B) is called controllable in time 7 if for every initial
value o € X and every state x1 € X there is a control u such that for the solution x we
have x(7;x¢) = ;.
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We will shortly call a system controllable, if there exists a 7 > 0 such that it is
controllable in time 7.

Lemma 8.2.2. The system (A, B) is controllable in time T if and only if every state
x1 € X can be reached from xy =0 in time 7.

Proof. We have only to prove the converse. Let us take 1 € X and set x5 = 21 — ™.

Then, by assumption, there is a control u such that xs = z(7;0). Then
z(7;0) = /T "1 Bu(s) ds = s,
0
hence
x(T;20) = ey + /T e(T_S)ABu(S) ds = ™ xg+ 29 = 21.
0
O

To investigate the possible reachable states, we take a functional analytic point of view
and introduce an operator which maps control functions into states which are reached from
the origin by using this control.

Definition 8.2.3. Fix 7 > 0. The controllability operator B, : L'([0,7],U) — X is defined
by

B, (u) := /T e Bu(s) ds.
0
Hence, the system is controllable in time 7 if and only if B, is surjective.
Lemma 8.2.4. The operator B, has the following properties:
1. The operator B, is linear.
2. The operator B, : L'([0,7],U) — X is bounded, i.e.,

sup [ B (u)]| < oo
Jul<1

The proof is left as Exercise [3]
Fortunately there is an important characterization of the range of 5.

Theorem 8.2.5. For every T > 0 we have

im(B,) = span {x, Az, A%z,... A"z .z € im(B)} )
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Proof. Let us introduce first some shorthand notation and denote for this proof
X, := span {Jc, Az, A%z, A" 'z .z € im(B)} )
Let us introduce two further spaces,
XJ :=span {etAy 0<t<Tr,y€ im(B)} ,

t
X3 ::span{/ eAyds : 0<t <, yEim(B)}.
0

w

Since step functions are dense in L', and using that in X every subspace is automatically
closed, we can conclude by the continuity of B, that

im(B;) = X3.

Observe also that, using Theorem m Formula we see that e is a polynomial
in A of degree at most n — 1, and thus, X] = Xj.

Now let us take y € im(B). Then z(t) = fot ety ds € X7 for t < 7. Clearly, all the
derivatives of zx lie in X7, hence

z(0) =0 € X7,

#(0) =y € X3,

#(0) = Ay € X3,
etc.

Hence, X; C X7. On the other hand, if y € im(B), then e**y € X;, implying that

t
/ ety ds € Xy,
0

ie., XI C X, 0

Corollary 8.2.6 (Kélman criterion). For a control system X(A, B) the following are equiv-
alent.

(i) The system is controllable in time T for some T > 0.
(ii) The controllability operator B, is surjective for every T > 0.
(iii) The rank condition rank(B, AB, A®B, ..., A" 'B) = n holds.

In many applications it is natural to consider only positive initial values, positive con-
trols, and expect the states of the system to be in the positive cone for all times. Hence,
we restrict our investigations here to this case only.



102 LECTURE 8. POSITIVE LINEAR SYSTEMS

The reachability set of a positive system X is defined as the set of points that can be
reached from the origin by applying a positive control. In other words,

Xt = {:1: eX,z2>0:Ju>0st. o= / e(T’s)ABu(s) ds} )
0

By linearity and positivity of the operators, the set X' is a convex cone. Actually, much

more can be said.

Theorem 8.2.7. The set X is a convex cone which is non-degenerate (i.e., it contains
an open ball) if and only if the positive system (A, B) is controllable, i.e., the Kdlmdn
rank condition holds.

The proof is left as Exercise [7}

An important case is when Xt is actually the whole positive cone in X, which would
correspond to the notion of “positive controllability”, i.e., when each positive state can
be reached by applying a positive control from the origin. This is a much more delicate
question with more sophisticated results and we leave it to the project phase. See also
Exercise [§| for a simple demonstration.

8.3 Stabilization

We restrict ourselves here again to systems without observation and where the control is
given by a suitable feedback K.

Definition 8.3.1. A system X(A, B) is called stabilizable if there is a feedback K such the
the state converges to zero for every initial value, i.e.,

(8.5) lim z(t) = lim ™88z =0
t—00 t—o00

for every xy € X.

Note that by Theorem a system is stabilizable if and only if there is a feedback
K such that s(A+ BK) < 0.

There is an important connection between stabilization and controllability. To this
end, let us denote by Aq,...\, the eigenvalues of A and X; the corresponding spectral
subspaces, and

X¢ = BRen>0Xi

be the subspace corresponding to the eigenvalues with positive real part, and denote by
A, the part of A restricted to this subspace. Then B can also be decomposed into B :
U— X, and B_ : U - X © X,. The following is rather useful because stabilizability can
be checked without actually constructing the feedback.

Theorem 8.3.2. The system X(A, B) is stabilizable if and only if the subsystem (A4, By)
1s controllable.
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Proof. Assume first that there is a K’ € £(X) such that the semigroup generated by A+BK
is exponentially stable. Suppose now that the system X(A,, By) is not controllable. Let
7 > 0.Then the range of B, is not the whole space X, hence there is zg € X, such that

2o L / e B u(s) ds  for all w € L*([0,7],U).
0
Note that by the variation of constants formula (8.1)) we get

eT(AJrBK)LU _ eTALU + / e(ﬂ'*S)ABI(eS(AJrBI()‘r dS,
0

hence

P+€T(A+BK)ZE _ e'rA+l, + / e(T—s)A+B+Kes(A+BK):L, ds.
0

By the stability of the semigroup generated by A+ BK and by the choice of zy we see
that

<tlir£o P+eT(A+BK)ZE, z0> — <t1££10 eTAer’ Z0> —0.

But the eigenvalues of A, all have positive real parts, hence the last equality can only
hold for all z € X if 2y = 0.

The proof of the other direction is quite demanding and will not be presented here. We
mention only that it is a consequence of the solvability of the so-called “pole placement
problem”. [

A positive system X(A, B) is called positively stabilizable, if there is a positive feedback
operator K such that (8.5 holds for every xy > 0.

Proposition 8.3.3. A positive system is positively stabilizable if and only if it is stabilizable
with a positive feedback.

Proof. Note that for every element in X its real part and imaginary part can be represented
as the difference of two positive elements in X . Since

lim A HBK) 20 =0
t—o0
for every z is equivalent to
tliglo et(A+BK)(I1 i x2) =0

for every xq,x9 > 0, the statement follows. O
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8.4 Notes and Remarks

There are many excellent introductions to systems and control theory. We have relied
our preparations on the monograph by B. Jacob and H. Zwart [2] (which is based upon a
former Internet Seminar), on the manuscript by V. Mehrmann [3], and on the monograph
by J. Zabczyk [4].

Positivity aspects of control problems are discussed in the monograph by L. Farina
and S. Rinaldi [1]. Many further interesting topics could be studied here, and in case we
succeeded to make you curious, you can look them up in the above mentioned sources.

8.5 Exercises

1. Prove formula (8.1)).
2. Suppose that U =Y = C and X = C?, and let

A:C“ j), B:(g>, c=(0 1)

for a parameter a > 0. For which values of a will the system X(A, B, C)) be externally
positive?

3. Prove the basic properties of the controllability operator B, as stated in Lemma [8.2.4]

4. Show that a system (A, B) is controllable if and only if for every eigenvector v of AT
we have vB # 0.

5. Show that a system (A, B) is controllable if and only if rank(A — A, B) = n for all
reC.

6. Let U = C and X = C2, and consider

(12 m-()

with @ > 0. What can you say about the reachability set X of this positive linear
system? In other words, which states can be reached from the origin by applying a
positive control u in time 77

7. Show Theorem [R.2.71
8. Let U = C and X = C?, and consider

(b w0

with @ > 0. Is the system (A, B) stabilizable? Is it positively stabilizable?
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9. Show that a system X (A, B) is stabilizable if and only if rank(A — A, B) = n for all
Re X > 0.



106 LECTURE 8. POSITIVE LINEAR SYSTEMS



Bibliography

[1] Lorenzo Farina and Sergio Rinaldi, Positive linear systems, Pure and Applied Mathe-
matics (New York), Wiley-Interscience, New York, 2000, Theory and applications.

[2] Birgit Jacob and Hans J. Zwart, Linear port-Hamiltonian systems on infinite-
dimensional spaces, Operator Theory: Advances and Applications, vol. 223,
Birkhauser /Springer Basel AG, Basel, 2012, Linear Operators and Linear Systems.

[3] V. Mehrmann, Kontrolltheorie, lecture notes, 2004.

[4] J. Zabczyk, Mathematical Control Theory, Systems & Control: Foundations & Appli-
cations, Birkhauser Verlag, 1992.

107


http://www3.math.tu-berlin.de/Vorlesungen/SS11/Kontrolltheorie/KontrSS04.pdf







110



Lecture 9

Banach Lattices

In this chapter we give a brief introduction to Banach lattices. To do so, we first try to
distillate the essential ideas from finite dimensional theory.

9.1 Ordered Function Spaces

Let us first summarize the order structure of RY. The key point is that vectors in RY can
be usually identified with functions:

RY={f:{1,...,N} = R}.
Positivity of a vector is thus nothing but pointwise positivity of the representing function:
f>0if and only if f(k) >0 forall k=1,..., N.

Hence, if we have a vector space of real valued functions, it is natural to introduce an
order relation on it by pointwise ordering. Let us illustrate this with the most important
example.

If K C RP is a compact set, then we may take the set of continuous functions

X =C(K,R):={f: K —R: fis continuous},
which is a Banach space with the norm
LFIF= 11 lloo = max [ f(z)].
The pointwise ordering in this case is
f>9g < f(x)>g(x)foral z € K.

This clearly generalizes the finite dimensional case with K = {1,..., N} C R and the usual
maximuim norm.

111
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It is straightforward from the definition that the ordering is compatible with the vector
space operations in the sense that

f <gimplies f +h < g+ h for all h € C(K,R)

and
0 < fimplies0 <tfforallteR, t>0.

We can also define supremum and infimum of two functions as

(fVg)(z) :=max{f(z),g(x)} and (fAg)(z):=min{f(z),g(x)}

for all z € K. The positive and negative part and absolute value of a function can be then
given as

fr=fvo, fT=(=HVvo, [fl=FfV(=f).

An important property of the positive and negative part of a function is that they live
separate lives: if f*(z) # 0, then f~(x) = 0 and vice versa. This property is sometimes
called orthogonality.

Note that the following properties also follow from the fact that we defined the order
relation pointwise and that the order behaves nicely on the real numbers:

f = fr=r,
1l = fr+f
(9.1) f<g = [fT<grandg <[,
f—=gl = (fVvg) —(fArg),

fI<lgl = A1 <llgll

We suggest that you check these properties immediately.
Recall that for irreducibility in Lecture 5 (see Definition [5.2.1]), we needed the invariance
of a subspace of the form

Ju={(&,....&n): & =0forie M} CRY

for some () # M ; {1,...,N}. In analogy, we may define the following. Suppose that
A C K is a closed set and define

(9.2) Ja:={f € C(K,R) : f(x)=0forallxz € A}.

Because of their special properties subspaces of the above form are also called ideals,
see also Exercise [9.5]]1] It is extremely important that ideals can be characterized by order
theoretic concepts.

Proposition 9.1.1. For a closed subspace I C C(K,R) the following are equivalent:
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(a)

f €I implies |f| € I,

and
0<g< felimpliesgel.

(b) There is closed set A C K such that I = Jy.

Proof. The case I = {0} is trivial. Let us assume that I # {0}.
Clearly, if I = J4 for a closed subset A, then the listed properties in (a) hold.
For the other direction, define

A={zxe K : f(r)=0forall fel}.
With this notation, clearly I C J4. Now take a positive function

0#feJa, f=>0.

Our aim is to show that f € I. Forae > 0let B/ :={x € K : f(z) >¢e} =:[f >¢]. The
set BY is closed satisfying B/ N A = (). Thus, for every # € B/ there is 0 < g, € I such
that g,(z) > 0. Since B/ is compact, there are finitely many 1, ..., z, € B/ such that

B! C gy, > 0] U [ge, > 0] U---UJgs, > 0],

where we used the notation [g,, > 0] :={z € K : g¢,,(z) > 0}.
Now we construct an approximation of f in the set /. First observe that from (a) and
properties (9.1)) it follows that fi, fo € I implies fi1 V fo € [ and f1 A fo € 1. We define

9 =095, Ve V- VGu €1,

and take § > 0 such that g(x) > § for all x € B/. Then the function

h::f/\(@g)el

satisfies 0 < h < f and h(z) = f(x) for all z € B/. Tt follows by the definition of the set
B! that ||f — h|| < e. Hence, for every f € J4 and every € > 0 we found h € I such that
h approximates f with an error less than €. By the closedness of I we obtain the desired
conclusion. ]

A subspace I of C(K,R) is called ideal if the condition (a) in Proposition is
satisfied.
Another important observation concerning ideals is the following. Taking f > 0, we
would like to build the smallest ideal containing f, and denote it by Jy. It is then really
straightforward to check that

neN
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holds, where [f1, fo] :={g : f1 < g < fo}. We call Jy the ideal generated by f.

In some proofs (like in Corollary strictly positive vectors (or the vector 1) played
an important role. A natural observation is the fact that the ideal generated by a strictly
positive function is the whole space C(K,R). A function with this property is sometimes
also called an order unit. Unfortunately, as we shall see in the next section, not all im-
portant function spaces possess order units. We will be able to introduce a weaker notion
that will be almost as satisfactory for our proofs, see Example [9.3.8 and the considerations
before.

Finally, let us note that for statements in spectral theory we need complex vector spaces.
Note however that

C(K,C) =2 C(K,R)®i-C(K,R),

meaning that for a complex valued continuous function its real part and imaginary parts
are real valued continuous functions. Hence there will be no problems speaking about
spectrum of an operator.

9.2 Vector lattices

Now we take an abstract point of view and try to axiomatise what we have seen in the
previous section to have a terminology at hand which is applicable to many concrete situ-
ations. Our main examples, besides the finite dimensional vector spaces, are C(K) spaces,
LP(2, 1) spaces and Cy(€2) spaces (see Example later on). If you are uncomfortable
with abstract terminology, you should pick one of these spaces and have it in mind for the
rest of this lecture.

We start by ordering. A non empty set M with a relation < is said to be an ordered
set if the following conditions are satisfied.

i) x <z for every x € M,
ii) <y and y <z implies z = y, and
iii) z <y and y < z implies = < z.

First examples of ordered sets are number sets: N, Z, Q, R.

Having ordering at hand, we can consider boundedness. Let A be a subset of an ordered
set M. The element x € M (resp. z € M) is called an upper bound (resp. lower bound) of
Aify <z forally € A (resp. z <y for all y € A). Moreover, if there is an upper bound
(resp. lower bound) of A, then A is said bounded from above (resp. bounded from below).
If A is bounded from above and from below, then it is called order bounded set.

We can introduce the concept of an interval analogous to the interval on the real line.
Let z,y € M such that x <y. We denote by

[T,y ={zeM:z<z<y}

the order interval between z and y. It is obvious that a subset A is order bounded if and
only if it is contained in some order interval.
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Definition 9.2.1. A real vector space E which is ordered by some order relation < is
called a vector lattice if any two elements =,y € E have a least upper bound denoted by
xVy = sup(z,y) and a greatest lower bound denoted by z Ay = inf(x, y) and the following
properties are satisfied.

(L1) z <y impliesx + 2 <y+ z for all z,y,z € E,
(L2) 0 <z implies 0 < tx for allz € F and t € R,.

Let E be a vector lattice. We denote by Ey := {x € E : 0 < z} the positive cone of E.
For x € E, let us define

rri=2Vv0, 27 :=(-2)VvV0, and |z|:=zV (-x)

the positive part, the negative part, and the absolute value of x, respectively.

Two elements x,y € E are called orthogonal (or lattice disjoint) (denoted by = L y) if
2] A Jy| = 0.

For a vector lattice £/ we have the following properties, which we will use frequently.

Proposition 9.2.2. For all x,y,z € E the following assertions are satisfied.
(i) z+y=(xVy) +(xAy).
(i6) 5V y = —(=2) A (=y).
(iii)) (xVy)+z=(x+2)V(y+2) and (x ANy)+z=(z+2) A (y+ 2).
(w) (xVy)ANz=(xANz)V(yAz)and (zAy)Vz=(xVz)A(yVz).
(v) For all x,y,z € Ey we have (x +y) ANz < (x A z)+ (y A 2).

Proof. We shall only prove (i). The proof of the other properties is left as an exercise
(cf. Exercise . We have x Ay <y = o < x+y —x Ay. In a similar way we have
y<x+y—xAy. Hence, x Vy <z +y — x Ay, which gives

zsVy+z ANy <z+y.

For the reverse inequality we note that y < zVy = x4+ y — 2 Vy < z and similarly
r4+y—xVy<y. Thus,
r+ty—zVy<zTAy.

O

For positive, negative part, and absolute value of x € FE we have the following useful
properties (compare with properties (9.1)) of functions in C(K,R)).

Proposition 9.2.3. If z,y € E, then

(i) x=a" —a;
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(it) x| =a" +a~;
(1) x* L x= and the decomposition of x into the difference of two orthogonal positive
elements is unique;

(iv) © <y is equivalent to x+ <yt and y~ < x~;
(v) |z —yl=(xVy) —(zAy).
Proof. (i): Using (i) and (ii) of Proposition [9.2.2| we obtain

r=2+0=a2V0+z2A0
=zV0—(—z)VO=2z"—2".

(ii): Applying Proposition [9.2.2}(iii) and (i) proved above we have

zV(—x)=(2xV0)—x=2(zxV0)—x

=2 —axt 4+ =T+ 2.

(iii): Let us prove first that ™ A 2~ = 0. To this purpose we apply Proposition m(iii)
and deduce

T AT =@t -2 )AO0+2" = (xA0)+ a2~
=—[(—z) VO] +z =0.

Now, let © = y — z with y A z = 0. By (iii) and (i) of Proposition [9.2.2 we have 2™ =
(y—2)VO=yVz—z=(y+z—(yAz)—z=y. In asimilar way we get 2~ = z.

(iv): It is easy to prove and is left as an exercise.

(v): This can be proved using the identities

1

TVy = §(x+y+!$—y!)
1

TNy = §(I+y—lx—y!)'

9.3 Banach lattices

We have finally arrived to the main object of this lecture. In this section we will consider
Banach spaces which are ordered and whose norm is compatible with this ordering. First,
let us explain what we mean by compatible.

A norm on a vector lattice E is called a lattice norm if

|| < |y| implies [l«]| <[lyl| forz,y € E.
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Definition 9.3.1. A Banach lattice is a real Banach space F endowed with an ordering
< such that (F, <) is a vector lattice and the norm on E is a lattice norm.

We will see that this combination of properties of a complete normed vector space and
a compatible ordering will lead us to many fruitful results.

As already announced, apart from finite dimensional vector spaces (such as R or RY),
there are many interesting infinitely dimensional examples of Banach lattices.

Example 9.3.2. The following Banach spaces are Banach lattices for the pointwise (almost
everywhere) ordering (see Exercise [0.5][]).

o [P(Q,u), 1 <p<ooendowed with the norm

£l = (/ |f(1‘)|”du>p, 1< p < oo,

and
|flleo =f{M :|f(z)| <M p—aezeQ} ifp=oco,

and with the order
f>0 < f(x) >0 for y-a.e. x €,
where p is o-finite measure on a set €2,

o Cy(2), the space of all real-valued continuous functions vanishing at infinity, endowed
with the supremum norm

[flloo = sup [ f ()],
€]
and with the natural order
f>0 < f(z)>0foral z e,
where € is locally compact,

e C(K), the space of real-valued continuous functions on a compact set K, endowed
with the supremum norm and with the order defined above were already investigated

in Section [0.11

Note that there are many naturally ordered function spaces which are not Banach
lattices, see for example Exercise [9.5][7]
Let us now list some further nice properties of a Banach lattice.

Proposition 9.3.3. For a Banach lattice E the following holds.
(a) The lattice operations are continuous.

(b) The positive cone E, is closed, and



118 LECTURE 9. BANACH LATTICES

(c¢) order intervals are closed and bounded.

Proof. The proof is left as an exercise (see Exercise |5)). ]

The following nice property of Banach lattices is a consequence of the Hahn-Banach
theorem (see Appendix B).

Proposition 9.3.4. In a Banach lattice E every weakly convergent increasing sequence
(x,) is norm-convergent.

Proof. Let A :={>"""  ax; :n € N,a; > 0,a; +--- + a, = 1} be the convex hull of the set
{z,, : n € N}. By the Hahn-Banach theorem, the norm-closure of A coincides with the
weak closure. This implies that € A, where z := weak — lim,,_,o z,,. Thus, for ¢ > 0,
there exist y € A, i.e.

y=axy + -+ apxr,, withay,...,a, >0and a; +---+a, =1,

such that ||y — z|| < e. Since y < xp < z, it follows that ||z — zx|| < ||z — y|| < € for all
k> n. O]

Here we state a result we shall need later on.

Lemma 9.3.5. Let E be a totally ordered (this means x € E = 0 < x or x < 0) real
Banach lattice. Then dimE < 1.

Proof. Let e € E and x € E. We consider the closed subsets Cy := {a € R: ae > z}
and C_ := {a € R : ae < z} of R. It is obvious that Cy and C_ are non empty and
C, UC_ =R. Since R is connected, it follows that C, N C_ # &. Hence there is a € R
such that z = ce. O

9.3.1 Sublattices and ideals

A vector subspace F of a vector lattice E is a vector sublattice if and only if the following
are satisfied.

(1) |z| € Fforall z € F,

(2) v € Fora™ € Fforallz € F.
A subspace I of a Banach lattice FE is called ideal if
x €[ implies |z| €] and 0 <y <z €I implies y € I

(compare with Proposition [9.1.1]).

Consequently, a vector sublattice F' is an ideal in F if x € ' and 0 < y < x implies
y € F. Since the notions of sublattice and ideal are invariant under the formation of
arbitrary intersections, there exists, for any subset M of E, a uniquely determined smallest
sublattice (resp. ideal) of E containing M. This will be called the sublattice (resp. the ideal)
generated by M.

We summarize all important properties of sublattices and ideals which we will need in
the sequel.
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Proposition 9.3.6. If E is a Banach lattice, then the following properties hold.
(i) The closure of every sublattice of E is a sublattice.
(ii) The closure of every ideal of E is an ideal.

(iii) For every x € E., the ideal generated by {x} is
E, = U{n[—x,m] :n € N}

Proof. The first two assertion follows from the continuity of the lattice operations, see
Proposition [0.3.3] For the last assertion one can see easily that I = |J{n[—z,z] : n € N}
is an ideal while any ideal included in I and containing x equals I. This means that
I=F,. O

For examples of closed ideals we again pay a visit to our function spaces, see also
Exercise Q510

Example 9.3.7. (1) If £ = L?(Q, ), 1 < p < oo, where p is a o—finite measure, then
the closed ideals in E are characterized as follows: A subspace I of F is a closed ideal
if and only if there exists a measurable subset Y of €2 such that

I={YeE:Y(x)=0ae zeY}

(2) If E = Co(Q2), where Q is a locally compact topological space, then a subspace J of E
is a closed ideal if and only if there is a closed subset A of €2 such that

J={peE:p(x)=0 forall x € A}.

Sometimes the Banach lattice £ is generated by a single positive element. If £, = E
holds for some e € E, then e is called an order unit. If E, = E, then e € E is called a
quasi interior point of E .

It follows that e is an order unit of £ if and only if e is an interior point of F,. Quasi
interior points of the positive cone exist, for example, in every separable Banach lattice.

Example 9.3.8. (1) If £ = C(K), where K is a compact set, then the function constant
1, 1(x) = 1, is an order unit. In fact, for every f € E, there is n € N such that
| flloe < n. Hence, |f(s)] < nl(s) for all s € K. This implies f € n[—1,1].

(2) If E = LP(u) with o—finite measure p and 1 < p < oo, then the quasi interior points
of E coincide with the py—a.e. strictly positive functions, while £, does not contain
any interior point. Here measure spaces with atoms are excluded (see Exercise ..
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9.3.2 Complexification of real Banach lattices

It is often necessary to consider complex vector spaces (for instance in spectral theory).
Therefore, we introduce the concept of a complex Banach lattice.

The complexification of a real Banach lattice F is the complex Banach space E¢ whose
elements are pairs (z,y) € E x E, with addition and scalar multiplication defined by
(0,%0) + (z1,y1) = (xo + 21,90 + ¥1) and (a + ib)(z,y) := (ax — by, ay + bx), and norm

1z, )l = (@ )l

where
|(z,y)| == sup (xsinf + ycosh)
0<f<2nm
is the natural extension of the modulus |- | in E. One can show that the above supremum
exists in F (cf. [4], p. 134). By identifying (z,0) € E¢ with x € E, E is isometrically
isomorphic to a real linear subspace of Ec. We write 0 < x € Eg if and only if x € E,.

A complex Banach lattice is an ordered complex Banach space (E¢, <) that arises as
the complexification of a real Banach lattice E. The underlying real Banach lattice £
is called the real part of E¢ and is uniquely determined as the closed linear span of all
T € (E@)+.

Instead of the notation (z,y) for elements of E¢, we usually write z 4 iy. The complex
conjugate of an element z = x + 1y € E¢ is the element 7 = x — iy. We use also the
notation Re(z) := = for z = x + iy € E¢. All concepts first introduced for real Banach
lattices have a natural extension to complex Banach lattices.

9.4 Notes and Remarks

The investigation of ordered algebraic structures is a classical subject and of great interest
in the literature, we mention here the classical monograph by L. Fuchs [2]. Most results of
this Lecture can be found for example in the monographs by Schaefer [4], Meyer-Nieberg [3]
or Aliprantis and Burkinshaw [1]. For Proposition see [3, Propositions 1.1.5, 1.2.3,
and 1.2.5]).

9.5 Exercises

1. Let K C R? be a bounded, closed set. Show that a subspace J C C(K,R) is an algebraic
ideal in the Banach algebra C(K) if and only if J = J4 defined in (9.2)) for a closed set
ACK.

2. Prove the properties (ii)-(v) in Proposition and (iv) in Proposition [9.2.3
3. Let E be a vector lattice and x, y, 2 € E. Prove

(a) eVy=i(z+y+lr—y|),andzAy=3(z+y— |z —y|).
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10.

11.

(b) |z| V |y| = 3(|z + y| + |= — y|) and deduce that
1
el Ayl =5 Nl +yl = o —yll.

(c) Deduce that z L y is equivalent to |z — y| = |z + y|.
(d) The triangle inequality: ||z| — |y|| < |z + y| < |z| + |y|.

(e) Deduce that = L y is equivalent to |z| V |y| = |z| + |y| and in this case ||| — |y|| =
|z +y| = |2 + [y-
(f) Birkhoff’s inequalities: |tV z—yVz| <|z—y|land [t Az—yAz| < |z —y|

Check that the examples in Example 9.3.2] are Banach lattices.

. Prove Proposition [9.3.3) (Hint: use Birkhoff’s inequalities from Exercise [9.5]3) .

. Prove that a subspace I of a Banach lattice is an ideal if and only if

(zel, lyl<la]) = yel.

Let us consider the Banach space C'[0, 1] of continuous differentiable functions on [0, 1]
with the norm

I/l = max | f(s)] + max |f(s)]

s€[0,1] 5€[0,1]

and the natural order f > 0 if f(s) > 0 for all s € [0, 1]. Prove that the above norm is
not a lattice norm.

Consider C'[0, 1] equipped with the norm

1711 = mas ()] + 1 £(0)

and the order f > 0 whenever f(0) >0 and f’ > 0. Show that £ := (C'[0,1],>,] -
is a Banach lattice.

. Let E be a Banach lattice. Use the Hahn-Banach theorem to prove that

(a) 0 <z is equivalent to (z,2*) > 0 for all 2* € E%;
(b) for each 0 S x € E there exists 2* € E7 such that ||2*|| =1 and (z,2*) = [|z]|.

Show the characterization of ideals in the spaces LP(Q, u) and Cy(2) as stated in Ex-
ample [9.3.7]

Prove the characterization of quasi-order units in Example [0.3.8] (2).
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Lecture 10

Positive Operators

10.1 Basic properties

This section is concerned with positive operators on Banach lattices. Let E, F be two
complex Banach lattices. A linear operator T from E into F' is called positive (notation:
T >0)if TE, C Fy, which is equivalent to

(10.1) |Tx| < T|z| forallx € E,
see Exercise [10.5][I] All positive operators are bounded as the following theorem shows.

Theorem 10.1.1. Fvery positive linear operator T : E — F' is continuous.

Proof. Assume that 7" is not bounded. Then there is (z,,) C E such that ||z,| = 1 and
|Tz,|| > n" for each n € N and some v > 2. Since |Tx,| < T'|z,|, one can assume that
2, >0 for all n € N. From 5%, Izl < o it follows that $°°°, -2 is norm convergent

n=1 nr—1 n=1 nv—1

in £. Set x =) | —or. Then,

0< " <z, VneN,

ny—1
So,
n < HT( n )H <||Tz| < oo, VneN,

ny—1

which is a contradiction. Thus, T € L(E, F). O

As a consequence we obtain the following corollary.

Corollary 10.1.2. Let || - |1, || - ||2 be two norms on a Banach space E. If Ey = (E, |- ||1)
and Ey = (E, || - ||2) are both Banach lattices, then || - |1 and || - ||2 are equivalent.

Proof. This follows from the positivity of the identity operators I : Fy — Es and [ : Fy —
E;. O

121
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We denote by L(E, F'), the set of all positive linear operators from a Banach lattice £
into a Banach lattice F'. For positive operators one can prove the following properties.

Proposition 10.1.3. Let T € L(E, F),. Then the following properties hold.
(i) (Tx)" < Tat and (Tz)” < Tz~ for all x € Eg.
(ii) ||T|| = sup{||Tz|| : v € B, [|lz]| < 1}.

(iii) If S € L(E,F) such that 0 < S < T (this means that 0 < Sz < Tz for allz € E, ),
then ||S[| < [[T1].

Proof. (i): Since for x € E, Tx = Tat — Tx~ < Tat and (Tx)t = Tx V 0 we obtain
(Tx)* < Tax". The second property follows from Txt — (Tx)t =Tz~ — (Tz)".

(ii): Holds by (10.1)).

(iii): Since 0 < S < T we have |Sz| < S|z| < T'|x| for all z € E. The assertion now follows
by (ii). O

Another nice property of positive operators is, that they have positive resolvent. The
converse in not always true, see also Proposition [10.3.1

Proposition 10.1.4. Let T' € L(E) be a positive operator with spectral radius r(T') .
(i) The resolvent R(u,T') is positive whenever > 1(T').

(i1) If |p| > x(T), then
R, T)e| < R(ul.T)lal, = e E.

Proof. We use the Neumann series representation

o0 Tn
R(HJ’T) - Z IunJrl

n=0

for the resolvent, which is valid for |u| > r(7") by Proposition [B.1.10
If T"> 0, then 7™ > 0 for all n, hence for p > r(7T), we have

N n

R(u,T) = lim >0

+1 =
N—o0 p— nur
since the finite sums are positive and convergence holds in every entry.
We have for |u| > r(T) and = € E that
N

. T
Jim 37

n+1
n=0 K

N
Trx

unJrl

< lim
N—o0
n=0

|R(,u,T)a:‘ =

R
< lim ZW|;C|:R(|M|,T)|Q;|. O
n=0

N—oo
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The following is an easy version of Perron’s Theorem for the infinite dimensional
case.

Theorem 10.1.5. If A € L(E) is positive, then r(T) € o(T).

Proof. Assertion of Proposition implies
|RGu.T)| < [RAul 7Y for |u] > x(D).

Let now A € o(7T) such that |A| = r(T"). Then, it follows from Corollary that
|R(p, T)|| — oo whenever p approaches A. Putting u = s\ with s > 1 the above estimate
yields

|R(sx(T), T)|| > [|[R(sA, T)|| = 00 as s \(1,

hence, by Corollary [B.1.12} r(7") must be in the spectrum of 7. ]

Note that in general we cannot say more because points of the spectrum may not
be isolated or eigenvalues. It will be possible to generalize the statements concerning
irreducibility under additional assumptions. We will do it in a later lecture when we
generalize the concept of spectral projections.

10.1.1 Lattice homomorphism and signum operators

Let us first consider the Banach lattice of continuous functions on a compact set K. Positive
operators on C'(K) with 71 = 1 are nothing but contraction operators.

Lemma 10.1.6. Suppose that K is compact and T : C(K) — C(K) is a linear operator
satisfying T1 = 1. Then 0 < T if and only if | T|| < 1.

Proof. 1f 0 < T, then
T <T[fI <T([[flloc) = | fll o1

Hence ||T]| < 1.
To prove the converse, we first observe that

(10.2) —1<f<1&|f—irlllew < pr:=V1+7r2foral reR.

Let 0 < f € C(K). Then there is n € N such that with 0 < f < nl. Set g = %f. Then,
0<g<2landso, -1<g—1<1. By we have ||g — 1 — irl||lw < p, for all r € R.
Since T1 =1 and ||T]| < 1, ||Tg — 1 —irl||x < p, for all » € R. So by we obtain
—1 <Tg—1 <1. This implies 0 < T¢g < 21 and hence T'f > 0. O

The following result, due to Kakutani, shows that for every e € F, the generated
ideal satisfies E, = C(K) for some compact K. Here, FE, is equipped with the norm
|z]|e == inf{\ > 0: x € AN—e, €]}, v € E.. We recall that T € L(FE, F) is called lattice
homomorphism if |Tx| = T'|z| for every x € E, where E, F' are Banach lattices.
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Theorem 10.1.7. Let e € E, and take E. the ideal generated by {e}. Let B := {z* €
(E.)% : (e, x*) =1} and K the set of all extreme points of B. Then K is o(E*, E)-compact
and the mapping

U :E. sz~ f, e C(K), f[f(z")=(z,z"),z" €K,
18 an isometric lattice 1somorphism.

If |h] is a quasi interior point of E., then Ej, is a dense subspace of E isomorphic
to a space C(K). Let Uy be the lattice isomorphism from Kakutani’s theorem and let

h= Ujpjh. Then Ih| = Upn|h| = 1. Consider the operator

So: C(K) = C(K); f > (signh)f := %f = hf,

and put Sy, := U|;|1§0U|h|. Then S), is a linear mapping from £y, into itself satisfying
(i) Suh = |nl,
(ii) |Spx| < |z| for every x € Ejp.

Since (ii) implies the continuity of Sj, for the norm induced by E and Ej,| = E, Sj, can be
uniquely extended to E. This extension will be also denoted by S, and is called signum
operator with respect to h.

We now give the following auxiliary result which we will need later on.

Lemma 10.1.8. Let T, R € L(E) and assume that |h| is a quasi interior point of E..
Suppose we have Rh = h, T|h| = |h|, and |Rx| < T|x| for all x € E. Then T = S; 'RS},.

Proof. 1t follows from |Rz| < T'|z|, z € E that T is a positive operator. Since T'|h| = |h|,
Ejy) is T-and R-invariant. Consider the operators T' := U|h‘TU|;|1, R .= U|h|RU‘;‘1, and put
b= Ujpih. We then have

(10.3) Rh=h, T1 =1, |Rf| < T|f] for all f € C(K).

Define T} := §0’ 1]§§0, where §U is the multiplication operator by honC (K') defined above.

By (10.3) we have

711 = 1 and

(10.4) == - o _
Tufl =[Sy RSof| = [RSof| <T|Sof| =TI|f|

for all f € C(K). Hence ||T1|| < ||T| = ||T1]|s = 1. So by Lemma [10.1.6, T is a positive
operator and (10.4) implies that 0 < Ty < T. Therefore, ||T — T1|| = (T — T1)1|s = 0.
Thus, Ty = T and hence, T = S, ' RS},. [
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10.2 Exponential functions

We review in this section basic facts about exponential functions of bounded linear oper-
ators. Many results are quite analogous to the matrix case, and it is actually possible to
prove them by using the same functional calculus argument. However, since building up
the functional calculus would need different arguments, we leave that line aside. For the
followings, let X be a Banach space and A € L(X).

Definition 10.2.1. For A € £(X) we define

etA _ i tn,rj'ln

n=0

for each t > 0.

That this definition is well-formulated is the content of Exercise [I0.0l2l Note that this
also implies a bound

(10.5) et < et Al
for ¢t > 0.

Proposition 10.2.2. For A € L(X), the following properties hold for its exponential
function:

(i) The functional equation
(10.6) (A — (A sA A
holds.

(ii) The function Ry >t e is continuous.

(i) The function Ry > t w &4 =: T(t) is differentiable and satisfies the differential
equation

d
ZT(t) = AT()

7(0) = 1.

Proof. The proof is essentially to show that the standard manipulations with power series,
as we are used to them in the scalar case, are justified. To show the functional equation,
note that using the formula for the Cauchy product of infinite series we obtain

> tkAk: > SkAk . n tn—kAn—k SkAk o0 n M n! ok
22T :ZZ (n—k)! &l :Zﬁz(n—k)!k!t °
k=0 k=0 n=0 k=0 n=0 k=0

L (t+s)"A”

N n! ’
n=0
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where we used the binomial theorem in the last step.
To show continuity, note that

e(t+h)A _ etA _ etA(ehA . I),

which shows that it is enough to prove that

lime4 = 1.
h—0

This follows from

2. hkAF
hA o
|e** —I]| = Z—k!

k=1

R TAL g
k=1

Finally, differentiability follows by a similar argument as

L pa e pr AR — [h[Ft ]| A]F
et =T=hal =3 == <2 =5
= k=2
1
and the statement follows from the scalar case. O

The functional equation in ((10.6|) plays a crucial role and hence we give it a name.

Definition 10.2.3. A map R, >t — T(t) € L(X) is called a one-parameter operator
semigroup (oroperator semigroup or just semigroup for short), if

and

holds for all ¢, s > 0.

The most important property of continuous semigroups is that they are exponential
functions.

Proposition 10.2.4. Let (T'(t))i>0 be a semigroup which is continuous. Then there is an
operator A € L(X) such that T(t) = €.

Proof. Since the function t — T'(t) is continuous and T'(0) = I, the operators

Vito) = /0 " (s)ds
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are invertible for sufficiently small ¢, > 0 (see Exercise . For properties of vector val-
ued Riemann integrals of continuous functions see the Appendix B, especially Proposition
B.1.8 Tt follows that

to t+to

T(t+ s)ds = V(to)_l/ T(s)ds

t

T(t) = Vto) "V (t)T(t) = V(to)™" /

= V(to)_l(‘ﬁ(t +t9) — V(1))

holds for all ¢ > 0. Since V is the integral function of a continuous function, it is differen-
tiable and so is T'(+). Let us denote £7'(0) =: A. Then A € £(X) and it follows from the
functional equation that

d T(t+h)—T(t)

a0 = lim h = jm

T =Ty = ar

for all t > 0. Hence T satisfies a linear differential equation of the form

d
ZT(t) = AT(1)

with 7(0) = I. But S(t) = e also satisfies the same differential equation, and by linearity
we obtain the equality T'(t) = S(t), see Exercise [10.5][3] O

We end this subsection by defining the growth bound
wo(A) = inf {w € R : M, such that ||e"| < Me", vVt >0}

for a given A € £(X). Some useful properties of wy(A) are listed in Exercise [

10.3 Positive exponential functions

In the following, let E be a Banach lattice and A € L(E). We would like to investigate
the positivity and asymptotic properties of the exponential function of A. We start with
a characterization through the resolvent of A, see Definition in Appendix.

A is positive if and only if

Proposition 10.3.1. The semigroup T(t) = e
RAMA) =A—-A)""1>0
for all X > wy(A).

Proof. Taking A > wy(A), notice that since the function ¢ — e/~ is continuously differ-
entiable, the fundamental theorem of calculus holds and

(10.7) AN T =(A-)) /t e T (s)ds = /t e MT(s)ds(A — \)



128 LECTURE 10. POSITIVE OPERATORS

holds. Hence, for A > wy(A), the equality

—I=(A-)) /00 e MT(s)ds = /OO e MT(s)ds(A — \)

holds where we used the definition of wy(A) and the fact that A > wy(A). This means that
the resolvent of A is represented by

(10.8) R(\A) = / N e T (s)ds

for A > wy(A) proving the direction that when 7'() is a positive semigroup, then R(\, A)
is positive for A > wy(A).
For the other direction notice that by Exercise [10.5]4] the Euler formula

t —n
lim (1 - —A> = 4
n—oo n

holds for ¢ > 0. Since (I — ( ) > 0 for n sufficiently large by assumption,
the positivity of the operators T( ) follows O

For A € L(E) we define its spectral bound as
(10.9) s(A) :=sup{Re X : A€ g(A4)}.

It follows from the spectral mapping theorem for bounded linear operators, see Theorem

[B.1.13] and Exercise that
s(A) = wo(A)

for A € L(X). So, as a Corollary we obtain the following result which will be improved in
a more general situation (without using the spectral mapping theorem) in a forthcoming
lecture.

Proposition 10.3.2. For a positive exponential function T(t) = ¢4 we have

R(NA) = /OO e MT(s)ds

for all X > s(A). Hence, for all X\ > s(A) we have 0 < R(\, A).

4 we have

Corollary 10.3.3. For a positive exponential function T(t) =
s(A) € o(A).
Proof. The positivity of the operators T'(t) means that

() f1 < T f
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holds for all f € F and t > 0. We obtain therefore that
RO < [ (o) flds
0

for all Re A > s(A) and f € E. Hence,
IR(A, Al < [R(Re A, A)].

Note that there is A, € p(A) such that Re A\, = s(A), Re A > s(A) and ||R(\,, A)|| —
oo. This implies ||R(Re A, A)|| — oo and hence s(A) € o(A) (see Corollary [B.1.12)). [

Compare the following with Corollary from Lecture 7.

Corollary 10.3.4. Let K be compact and E = C(K). If A € L(FE) is such that it generates
a positive semigroup (€)i>o, then the following assertions are equivalent.

(a) s(A) < 0.
(b) The operator —A~1 exists and is positive.
(¢) There ezists 0 < f € E such that Af = —1.

Proof. The equivalence @ — (]ED follows from Proposition . Since —A™! =
R(0, A), (B)=(d follows taking f := —A~'1.

We close the proof loop by showing :>@. Assume that Af = —1 for some 0 < f €
E. Then for A > max{s(A),0} we have

0 < R(\AL=—AR\A)f
= [ ARWA)f < .

Hence,

sup [|R(A, A < [ f]]oo-
A>max{s(A),0}

Since by Corollary [10.3.3} s(A) € (A), it follows from Corollary [B.1.12|that s(4) < 0. O

10.4 Notes and Remarks

For more details on Kakutani’s Theorem see e.g. [1]. Concerning Lemma [10.1.8and signum
operators we refer to |2, B-1I1].
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10.5 Exercises

1.

Show that an operator is positive, i.e., TE, C Fl, if and only if |Tz| < T|z| holds
for all x € X.

(a) Show that in a Banach space every absolutely convergent series is convergent.

(b) Use the previous result to show that e is a well-defined bounded linear operator
on X.

Let A € £(X). Show that the Cauchy problem

d

—F(t) = AF(t

LR = AF()
F(0) = B € L(X)

has a unique solution F : R, — L£(X).

For A € L(X) prove Euler’s formulas:

t n
lim (1 + —A) = ¢4

n—o00 n
and
t —n
lim (1 — —A) =4
n—o00 n
for ¢t > 0.

Let A € £(X). Show that V (ty) = fgo es4ds is invertible for sufficiently small ¢, > 0.

For A € L(X) prove that the spectrum o(A) of A is compact and nonempty. Deduce
that the spectral radius r(A) := sup{|A| : A € 0(A)} is finite and satisfies r(A) < ||A]|.

Let A € £(X). Prove the following assertions:

“) = ).

(a) wo(A) =limy ;o t log|le inf;~qt !log ||e

(b) 7(ett) = et for all ¢t > 0.

. Consider the Banach lattice C'[0, 1] equipped with the norm

1711 = max |7/(s)| +1/(0)

and the order f > 0 whenever f(0) > 0 and f’ > 0. Let us define the operator

@mwzémwww

with a given g € C[0,1]. Calculate ||T"||. For which g is T" positive?
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Lecture 11

Operator Semigroups

11.1 Motivation

We first recall the following important facts from the previous lecture, see Propositions
[10.2.2 and [10.2.4, Let (7'(t))i>0 be a semigroup which is continuous. Then there is an
operator A € £(X) such that T'(¢) = ¢4, and u(t) = T(t) f solves the differential equation

(11.1)

for all f € X. It turns out, however, that there are important semigroups which do not
satisfy this continuity property but a weaker one. We will also see that there are important
differential equations of the form where the operator A is no longer bounded. As a
motivation, we work out an important example, the shift (semi)group.

Example 11.1.1. Take
X =Cyp(R) := { f:R —= R : fisuniformly continuous and bounded},

which is a Banach space with the supremum norm
[flloe := sup [f(s)].
seR

The additive (semi)group structure of R naturally induces a semigroup on this Banach
space by setting
(SO f)(s)=f(t+s), for feX seR t>0.

One readily sees that S(t) is a bounded linear operator on X, in fact a linear isometry. The
semigroup property follows immediately from the definition. From the uniform continuity
of f € X we conclude that the mapping

t— S(t)f

133
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is continuous on X = Cy,(R), i.e., that (S(t));>0 is a “strongly continuous semigroup”
called the left shift semigroup. Note that S(-) is not continuous in the operator norm,
because if

15(t) = 1| = sup [|S()f = fIl = sup sup |f(s +1) — f(s)]

IfFl1<1 I£11<1 seR

would converge to zero as t — 0, then every function in the unit ball of C,(R) would be
uniformly equicontinuous, which is impossible (and, as a side remark, which would imply
by the Arzela-Ascoli Theorem that the unit ball of C,(R) would be compact).

Let us investigate whether this semigroup (S(t))¢>0 solves some initial value problem
such as . The heuristics of exponential functions helps again: Given e4 for a matrix
A € R™4 we can “calculate” the exponent by differentiating this exponential function at
0: d

tA
A= A’ le=o
What happens in the case of the shift semigroup (S(t)):>0? The semigroup (S(t)):>o is not
even continuous for the operator norm. So let us look at differentiability of the orbit map

t — S(t)f for some given f € X, which is called strong differentiability. The limit

1 flh+) = ()
lim —(S(h)f — f) = lim h

must exist in the sup-norm of X. We 1mmed1ately find a suitable candidate for the limit:
Since the limit must exist pointwise on R, it cannot be anything else but f’. Hence, the
function f must be at least differentiable so that the limit can exist. For f differentiable
with f’ being uniformly continuous we have

ﬂh+2—f@)iﬂﬂ %As(f@yiﬂgﬂrﬁe

for all h with |h| < 0, where § > 0 is sufficiently small, chosen for the arbitrarily given
€ > 0 from the uniform continuity of f’. This shows that if f, f' € X, then we have

fh+) - “ f(h+s) = f(s)

sup
seR

= sup
seR

)

lim

= lim su
h—0 P

h—0 seR

. L (s)] =0

Note that for the derivative of S(t)f at arbitrary ¢ € R we obtain by the same argument

d ,
S(Sf) =S

This means that for f, f’ € X the orbit function w(t) = S(t)f solves the differential
equation

{u@y:Au@L teR,
u(0) = f € D(A),

where (Af)(s) = f'(s) with domain
A) = {f ff e Cub(R)}.

Clearly, A is not everywhere defined and cannot be extended to a bounded operator.
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Definition 11.1.2. Let T : [0,00) — L£(X) be a mapping.
1. We say that T has the semigroup property if for all t, s € [0,00) the identities

T(t+s)=T(t)T(s) and
T(0) =1 (i.e. the identity operator on X)

hold.
2. Suppose Y C X is a linear subspace and for all f € Y the mapping
t—Tt)feX

is continuous. Then T is called strongly continuous on Y. If Y = X we just say
strongly continuous.

3. If a strongly continuous mapping 7" possess the semigroup property, then (7'(t)):>o is
called a strongly continuous one-parameter semigroup of bounded linear operators on
the Banach space X. Often we shall abbreviate this terminology to Co-semigroupf]

11.2 Basic properties

Let us observe some elementary consequences of the semigroup property and the strong
continuity, respectively. The first result we mention here reflects again the exponential
function: Semigroups can grow at most exponentially.

Proposition 11.2.1. (i) Let T : [0,00) — L(X) be a strongly continuous function.
Then for all t > 0 we have

sup [|T(s)]| < oo,
s€[0,¢]

that is to say, T is locally bounded.
(ii) Let (T(t))i>o0 be a Cy-semigroup. Then there are M > 1 and w € R such that

|IT#)|| < Me**  holds for all t > 0.

We call the semigroup (7T'(t))¢>0 of type (M,w) if it satisfies the exponential estimate
above with the particular constants M and w. Note already here that the type of a
semigroup may change if we pass to an equivalent norm on X.

1Cy or (C,0) abbreviates Cesaro summable of order zero, which means the continuity property
limy_o T(t)f = f for all f € X.
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Proof. (i): For a fixed f € X, the mapping T'(+)f is continuous on [0, c0), hence bounded
on compact intervals [0, ], i.e.,

sup [|T'(s) f[| < oc.
s€[0,¢]

The uniform boundedness principle, see Appendix, Theorem implies the assertion.
(ii): By part (i) we have

M = sup [|T(s)| < oc.
s€[0,1]

Taking an arbitrary ¢ > 0 we write ¢t = n 4+ r with n € N and r € [0,1). From this
representation and the semigroup property it follows that

TN = 1T )T )"} < MIT )" < MITD)["
< M(|T)+1)" < M(IT(D)] +1)" = Me
with w = log(||T(1)]| + 1). O

Hence, orbits of Cy-semigroups are exponentially bounded. The greatest lower bound of
these exponential bounds plays a special role in the theory.

Definition 11.2.2. For a Cy-semigroup (7'(t)):>o its growth bound is defined by
wo(T) :=inf{w € R : there is M = M, > 1 with ||T(¢t)|| < Me“" for all ¢ > 0}.

Remark 11.2.3. 1. A Cy-semigroup (7'(t)):>0 is of type (M,w) for all w > wy(7T") and
for some M = M,,. In general, however, it is not of type (M,wo(T)) for any M. A
simple example is the following. Let X = C? and let the matrix semigroup given by

T(t) = (é i) .

Here wy = 0, but clearly T is not bounded, i.e., not of type (M, 0) for any M.

2. For a matrix A € R¥™? we define T'(t) = e, This semigroup (T(t))s>o is of type
(1,]|A]|) as the trivial norm estimate

||etA|| < et Al

shows. In contrast to this, in infinite dimensional situation it can happen that a
semigroup is not of type (1,w) for any w, even though wy(7T) = —oo. This is an
extremely important fact, which causes major difficulties in many arguments. See
Example below for a simple demonstration.

The definition of a semigroup above comprises of the algebraic semigroup property,
and the analytic property of strong continuity. We will see next that these two properties
combine well, and we provide some means for verifying strong continuity:.
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Proposition 11.2.4. (i) Let T : [0,00) — L(X) be a locally bounded mapping with the
semigroup property, and let f € X. If the mapping T(-)f is right continuous at 0,
i.e., T(h)f — f for h | 0, then it is continuous everywhere.

(i1) A mapping T with the semigroup property is strongly continuous on X if and only
iof it is locally bounded and there is a dense subset D C X on which T is strongly
continuous.

Proof. (i): Fix f € X and t > 0, and set M; := supyy 4 [|T(s)|. Then

TE+h)f=T@)f=TAT(h)f-Ff), if0<h,
T(t+h)f —T()f =T(t+h)(f —T(=h)f), if —t<h<0.

Summarizing, for |h| <t we obtain
1T+ h)f =T@)f| < Mllf = T([RD S,

which converges to 0 for |h| — 0 by the assumption.

(ii): In view of Proposition one implication is straightforward. So we turn to the
other one, and suppose that T is locally bounded and strongly continuous on a dense
subspace D. Take an arbitrary f € X and f,, € D such that f, — f. Then, by local
boundedness, for fixed ¢y > 0 we get that the functions T'(-)f,, converge uniformly to the
function 7'(-) f on [0,%p]. Since uniform limits of continuous functions is continuous, the
statement follows. [

Example 11.2.5. For f € L?(R) we define
(S f)(s):=f(t+s) forseR, t>0.

Then S(t) is a linear isometry on LP(R). Moreover, S has the semigroup property. We
call (S(t))i>o0 the left shift semigroup on LP(R). Furthermore, for p € [1,00) the left shift
semigroup (S(t))>o is strongly continuous on LP(R).

In fact, recall that the shift semigroup is strongly continuous on the space of bounded
uniformly continuous functions and that the set of continuous functions with compact
support is dense in L”(R). Taking f € C.(R) and «, 5 € R such that supp f C [«, 5], we
see that

Hf(-)—f(-+t)|\§=/R\f(s)—f(s+t)\Pdsg(5—a) sup |f(s) = f(s +1)[",

s€la,B]

which goes to zero as t — 0 by the uniform continuity of f, where || f||, :== [5 |f(s)[Pds, f €
LP(R).
Since ||S(t)]| < 1, the statement follows by Proposition [11.2.4]
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We have seen in Proposition [11.2.1] that a semigroup (7'(t)):>o is always exponentially
bounded, meaning that an estimate of the type

IT@)] < Me*!

holds. Let us give here an example to show that in the infinite dimensional case it is quite
possible to have M > 1. The example will be a slight modification of the shift semigroup.

Example 11.2.6 (A bounded semigroup which is not a contraction). Let us consider the
Hilbert space L*((0, 1), 1), where u denotes the measure defined by

H(A) = 2X(AN (0,4) + MAN (3,1))

for all Lebesgue measurable sets A where ) is the Lebesgue-measure. Furthermore, let
(S(t))e>0 be the nilpotent left shift semigroup defined by

f(s+t), fors+t<1,
0 fors—+t>1.

(S(E)f)(s) = {

Obviously, S satisfies the semigroup property and, since the norm || - ||, is equivalent to

the norm || - ||, the semigroup (S(t)):>o is strongly continuous by similar arguments as in

the previous example. Clearly, ||S(¢)|| < 2. In addition we see that S(¢) = 0 for all £ > 1.
Finally, consider the function

fi=

§|| -
S~
<
N
I
+
o~
&

for t € (0, 3). It holds that || f;]|, = 1 and

1S @) fill o = 2.
Hence, [|S(t)|| =2 for t € (0,1).

11.3 The infinitesimal generator

One main message what we would like to transmit is that if we have a semigroup, then
there is a differential equation so that the semigroup provides the solutions. Looking for
the equation, we now consider the differentiability of orbit maps as in Example [11.1.1}]

Lemma 11.3.1. Take a semigroup (T'(t))i>0 and an element f € X. For the orbit map
u:t—T(t)f, the following properties are equivalent:

(1) w is differentiable on [0, 00),

(i1) w is right differentiable at 0.
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If u 1s differentiable, then
u(t) = T(t)u(0).

Proof. We only have to show that (ii) implies (i). We proceed analogously to the proof of
Proposition [11.2.4] First, we have

1}%1% (ut +h) —u(t) = 1}%1% (T +h)f=T@)f)=T() 1}3{;% (T(h)f = 1)

= T(®)lim § (u(h) ~ u(0)) = T(1) ),

by the continuity of 7'(¢). Hence w is right differentiable on [0, c0).
On the other hand, for —t < h < 0, we write

L(T(t + h)f = T(t)f) — T()i(0)
= T(t+ 1) (& (f = T(=h)f) — @(0)) +T(t + hyis(0) — T(£)i(0).

As h 1 0, the first term on the right-hand side converges to zero by the first part and by
the boundedness of | T'(t + h)|| for h € [—t,t]. The other term converges to zero by the
strong continuity of 7. Hence w is also left differentiable, and its derivative is

for all t > 0. O

We thus see that the derivative u(0) of the orbit map u(t) = T'(t)f at t = 0 determines
the derivative at each point ¢ € [0, 00). We give a name to the operator f + @(0).

Definition 11.3.2. The infinitesimal generator, or simply generator A of a Cy-semigroup
(T'(t))+>0 is defined as follows. Its domain of definition is given by

D(A):={f € X :T(-)f is differentiable in [0, 00)},
and for f € D(A) we set

L) fleo =t 2 (T0)f - 7).

Af = —
/ dt £10

As we hoped for, a semigroup yields solutions to some linear initial value problem in
the Banach space X.

Proposition 11.3.3. The generator A of a Cy-semigroup (T'(t));>0 has the following prop-
erties.

(i) A: D(A) C X — X is a linear operator.
(i) If f € D(A), then T(t)f € D(A) and

%T(t)f — T(H)Af = AT(t)f for all t > 0.
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(i1i) For a given f € D(A), the semigroup (T'(t));>0 provides the solutions to the initial
value problem

via u(t) :=T(t)f.

Proof. (i): Linearity follows immediately from the definition because we take the limit of
linear objects as h | 0.

(ii): Take f € D(A) and t > 0. We have to show that T'(-)T(t)f is right differentiable at
0 with derivative T'(¢)Af. From the strong continuity of 7'(¢) we obtain

. T(h
T(t)Af = T(t) lim == —= = lin -

By the definition of A this further equals AT'(¢)f.
Part (iii) is just a reformulation of (ii). O

We now investigate infinitesimal generators further.

Proposition 11.3.4. The generator A of a Cy-semigroup (T(t))i>o has the following prop-
erties.

(i) For allt >0 and f € X, one has

/0 "T(s)fds € D(A).

where the integral has to be understood as the Riemann integral of the continuous
function s — T(s)f, see Appendiz B.

(i1) For allt > 0, one has
T(t)f—f:A/OtT(s)fds if feX,

:/O T(s)Afds if f € D(A).

Proof. (i): For g := fg T'(s)fds we calculate the difference quotient

I0s =9 _ Lz /OtT(s)fds—/OtT(s)fds> - %(/OtT(h—ks)fds—/otT(s)fds)
1
h

(/hHhT(s)fds—/otT(s)fds) - %(/tHhT(s)fds—/OhT(s)fds>,
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Since the integrands here are continuous, we can take limits as h | 0 and obtain

T _
lim (h)g—yg

hl0 h =T -1

This yields g € D(A) and Ag=T(t)f — f.

(ii): Taking f € D(A), by Proposition (ii) we see that the identity AT(¢)f = T(t)Af
holds, hence v(t) := AT(t) f defines a continuous function. For h > 0 define the continuous
functions v, (t) := §(T(t + h)f — T(t)f). Then we have the estimate

Jontt) — o0l < 1T 37~ 1) - A7

From this and the definition of A we conclude (by using the exponential boundedness of
T') that v, converges to v uniformly on every compact interval. This yields

t t
/ vp(s)ds —)/ v(s)ds ash 0.
0 0
Fortunately we have already calculated the limit of the left-hand side in part (i): It equals
T(t)f — f. Hence,
t
T()f - 1 = [ AT(5)fs
0
which completes the proof. O

Before turning our attention to the most fundamental result of this section, let us
introduce a new notation and define what a closed operator is. For a linear operator A
defined on a linear subspace D(A) of a Banach space X, we define the graph norm of A by

[flla:=[fIl + A for f e D(A).

Then, indeed, || - |4 is a norm on D(AJP] The operator A is called closed if D(A) is
complete with respect to this graph norm, i.e., if D(A) is a Banach space with this graph
norm || - || 4.

The following proposition yields simple yet useful reformulations of the closedness of a
linear operator, we leave out the proof as Exercise

Proposition 11.3.5. Let A be a linear operator with domain D(A) in X. The following
assertions are equivalent.

(i) A is a closed operator.

(ii) For every sequence (f,) C D(A) with f, — f and Af, — g in X for some f,g € X
one has f € D(A) and Af = g.

If X is a Hilbert space, it is customary to define the graph norm as ||f||4 := || f||*> + ||Af]|?, which
makes D(A) a pre-Hilbert space. Clearly, the two definitions yield equivalent norms.
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If A is injective the properties above are further equivalent to the following:
(iii) The inverse A~' (defined on the range of A) of A is a closed operator.
The main result of this section summarises the basic properties of the generator.

Theorem 11.3.6. The generator of a Cy-semigroup is a closed and densely defined linear
operator that determines the semigroup uniquely.

Proof. To show the closedness of A, let (f,,) € D(A) be a sequence and f,g € X such that
fo— fand Af, — g.

We have to show that f € D(A) and Af = g.
For t > 0 we have

T()f, — f = /0 T(s)Afds

using Proposition [11.3.4, If we set u,(s) := T(s)Af, and u(s) := T'(s)g, then u, — u
uniformly on [0, ¢] because T is locally bounded. So we can pass to the limit in the identity

above, and obtain
f - f = / )gds.

From this we deduce that the function t — T'(t)f is differentiable at 0 with derivative
u(0) = g. This means precisely that f € D(A) and Af = g and implies therefore that A

is a closed operator.

We now show that D(A) is dense in X. Let f € X be arbitrary and define

o(t) = %/0 T(s)fds (t > 0).

By Proposition we obtain that v(t) € D(A). Since the function s — T(s)f is
continuous, we have v(t) — T'(0)f = f for ¢t | 0.

Suppose (S(t))e>o is a Cp-semigroup with the same generator A as (7'(t)):>o. Let f € D(A)
and t > 0 be fixed, and consider the function u : [0,¢] — X given by u(s) := T'(t—s)S(s)f.
Then u is differentiable and its derivative is given by the product rule, see Appendix,

Theorem [B.1.4]

d
T U(s) = (Tt = 9))S(s)f + Tt = 9)5;(5(5)f)
= —AT(t —s)S(s)f +T(t —s)AS(s)f.
Recall that the semigroup and its generator commute on D(A), see Proposition [11.3.3](2),
we obtain that the right-hand term is 0, so v must be constant. This implies

S = u(t) = u(0) =T(t)f,

i.e., the bounded linear operators S(t) and T'(t) coincide on the dense subspace D(A),
hence they must be equal everywhere. ]
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11.4 Notes and Remarks

Operator semigroups has been widely studied during the last decades and there are many
monographs dealing with them. We mention here the excellent graduate texts by Engel
and Nagel [1,2], which motivated many parts of this manuscript. The first milestone in
the theory was the opus of Hille and Phillips [4]. An important later reference is the dense
book of Pazy [5], which was written from a PDE perspective and Goldstein [3], which
contains lots of other applications as well.

11.5 Exercises

1.
2.

Show the properties of closed operators as listed in Proposition [11.3.5

Let X = (P for p € [1,00), and the operator A be given as
A(zy,) = (anzy)

where (a,,) C C is a given sequence and with D(A) := {(z,) € 7 : (a,z,) € *}. Show
that:

Rea, <w for all n € N. In this case,
T(t) () = (") .

(e) Let a, = —n? Then (T(t))s>o is continuous in the operator norm on (0, co), but
not right continuous at ¢ = 0.

. Let X = Cy(R) and ¢ € C(R). Consider the operator (Af)(s) := q(s)f(s) with D(A) :=

{f € X : qf € X} and make analogous statements as in the previous exercise. Prove
these statements.

. For a Cy-semigroup (7T'(t))i>0 and a boundedly invertible transformation R € L£(X)

define S(t) := R™'T(t)R. Prove that (S(t))i0 is a Cp-semigroup as well. Determine its
growth bound and its generator.

. For a Cy-semigroup (T'(t));>o and z € C define S(¢) := e'*T(t). Prove that (S(¢))s>o is

a Cy-semigroup, determine its growth bound and its generator.

. For a Cy-semigroup (7'(t)):>0 and o > 0 define S(t) := T'(at). Prove that (S(¢)):>o is a

Cy-semigroup, determine its growth bound and its generator.
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7. Consider the closed subspace

10.

11.

12.

13.

Co([0,1)) := {f € C([0,1]) : f(1) =0}

of the Banach space C([0,1]) of continuous functions on [0, 1]. Define the nilpotent left
shift semigroup on it and determine its generator.

. Let F,(R) denote the linear space of all bounded R — R functions. Define

(S)f)(s) = f(t+s) for feF,(R),seR, t>0.

Prove that each of the following spaces is a Banach space with the supremum norm
| - |l and invariant under S(t) for all ¢ > 0. Is (S(t))i>0 a Co-semigroup on these
spaces?

(a) Fp(R).

(b) Cp(R) = the space bounded and continuous functions.

(¢) Co(R) = the space bounded and continuous functions vanishing at infinity.

. Determine the set of those f € Cy,(R) for which ¢ — S(¢)f is differentiable (S(¢)):>0

denotes the left shift semigroup).

Determine whether the following operators are closed or not:

(a) X :=C0,1], Af(s) := ﬁf(s), D(A) ={feX: Af € X}

(b) X :=C[0,1], Bf(s) := f'(s), D(B) :={f € C'[0,1] : f'(1) = 0}

(c) X :=C0,1), Cf(s) = f'(s), D(C) == {f € C'[0,1] : f(0) = f(1)}

(d) X :=C0,1], Df(s) := f"(s), D(D) := C?0,1]

(e) X :=Cl0,1), Ef(s) := f"(s), D(E) :={f € C*[0,1], f(0) = f(1) = 0}
(f) X = Cl0,1], Ff(s) = f"(s), D(F) := {f € C*[0,1], f"(0) = 0}

T(t)f(s) = et 0D £(5—¢).
Show that (T'(t)):>0 is a Co-semigroup and identify its generator.

Let X := LP[1,00), 1 < p < oo and (T'(t)f)(s) := f(se'). Show that (T'(t));>o is a
Co-semigroup and that wo(T") = —i. Can you identify its generator?

Consider some semigroup examples appearing in this lecture and write down the corre-
sponding abstract initial value problems. Can you associate partial differential equations
to these initial value problems?
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Lecture 12

Generation Properties

This week we investigate spectral properties of generators and characterize semigroup gen-
erators. Before doing so, however, let us analyze one fundamental example.

12.1 The Gaussian semigroup

Consider the heat equation on the entire line R:

Ow(t,x) =0 w(t,z), t>0,x€R,

(12.1) w(0,2) =wy(x), 2z €R.

Here wy is a function on R providing the initial heat profile. We seek the solution to this
problem as an orbit map of some semigroup. To find a candidate for this semigroup we
first make some formal computations by using the Fourier transform, which is given for
f € LY(R) by the Fourier integral

€)= F(N(©) = o= / e £ (z)

Recall that the operator F maps differentiation to multiplication by the Fourier variable
i€, e, F(O.f(x))(&) = i€F(f)(&). If we take the Fourier transform of equation ((12.1)
with respect to  and interchange the actions of F and 0;, we obtain

Gﬂb(t,f) = _£2w<t7€> t >0, S €eR
’UNJ(O, 5) = UNJO(S)7 §eR.

This is an ordinary differential equation for w, which is easy to solve:

W(t, &) = e aw(¢).

To get w back we take the inverse Fourier transform of this solution:

() = 7 @l09) = o F N o 5 )

147
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where we used that F~! maps products to convolutions. At this point we only have to

remember that ] )
F e ) (2) = ——e 5
€ =

So if we set ,
E

e (t>0),

()= =
x) =

9 4mt
then the candidate for the solution to ((12.1)) is of the form

w(t) = gy xwy for t > 0.
Let us collect some fundamental properties of the function g;.

Remark 12.1.1. 1. Consider the standard Gaussian function

|
e 7.

Then g > 0, ||g|[y = 1 and the function g belongs to L”(R) for all p € [1, o0].

2. We have ¢;(x) = \[g( ) hence g > 0, ||g:/l1 = 1 and

lim gi(s) ds =0 for all » > 0 fixed.

ti0 || >r

The function
G(t,z,y) =gz —y) (t>0,r€eR, yeR)

is called the heat or Gaussian kernel on R and gives rise to a semigroup, called the heat
or Gaussian semigroup.

Proposition 12.1.2. Let p € [1,00). For f € L’(R) and t > 0 define

(T f)(@) = (g0 * )z m / fl) ey = / F)G(t. x.9)dy. and set
T0)f := f.

Then T'(t) is a linear contraction on LP(R), and (T(t))>o is a strongly continuous semi-
group.
Proof. Let f € LP(R). By Young’s inequality and since g, € L'(R), we obtain that the

convolution g, * f exists and

lge * fllp < Ngelly - [1fllp = 1 1lp-

In particular, g; * f belongs to L”(R). Since linearity of f + ¢; x f follows immediately
from the definition, we obtain that 7'(¢) is a linear contraction.
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To prove the semigroup property, we employ the Fourier transform. Fixing f € L'(R) N
LP(R), we can take the Fourier transform of g; * (gs * f) to obtain

Flge* (gs* ) = V2rF(g,) - Flgs * f) = 2m)F (1) - F(gs) - F(f).

Recall from above that

Fla)(©) = =, therefore, F(a)(€) - Flg.)) = 5o ¥ = —=Flann.)(©).
This yields
F(ge# (g5 % ) = V21 F (gews) - F(f) = FlGews * f),

hence g; * (gs * f) = gsss * f. Therefore, the equality T(¢t)T(s)f = T(t + s)f holds for
f € LY(R)NLP(R). By the continuity of the semigroup operators and by the denseness of
this subspace in L”(R), we obtain the equality everywhere.

From the properties of the function g; listed in Remark [12.1.1].2, it follows that g, * f — f
in LP(R) if ¢ | 0. Hence the semigroup (7'(¢)):>¢ is strongly continuous. O

12.2 Resolvent of a generator

We have seen in previous lectures that spectral analysis of matrices, more precisely, the
determination of eigenvalues and eigenvectors, led to a construction of the semigroup gener-
ated by them. We investigate now some basic spectral properties of semigroup generators.
Let us begin with the following fundamental spectral theoretic notions.

Definition 12.2.1. Let A be a closed linear operator defined on a linear subspace D(A)
of a Banach space X.

1. The spectrum of A is the set
o(A):={AeC:A—A:D(A) — X is not bijective}.

2. The resolvent set of A is p(A) := C\ o(A4), i.e.,
p(A):={AeC:X—A:D(A) — X is bijective}.
3. If X € p(A) then A — A is bijective, hence has an algebraic inverse (A — A)~!. We call
this operator the resolvent of A at point A and denote it by

RO\ A) = (A — A)".

It is important to note that if A € p(A), then its algebraic inverse
A=A X = D(A)

is defined on the entire X. Since A is closed so are A — A and its inverse. As consequence
of the closed graph theorem, see Appendix, Theorem [B.1.5] we immediately obtain that
the operator (A — A)~! is bounded.
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Proposition 12.2.2. For a closed linear operator A and for A\ € p(A) we have
(A=At =R\ A) € L(X).
Let us summarise also some fundamental properties of spectrum and the resolvent.

Proposition 12.2.3. Let X be a Banach space and let A be a closed linear operator with
domain D(A) C X. Then the following assertions are true:

(1) The resolvent set p(A) is open, hence its complement, the spectrum o(A), is closed.

(ii) The mapping
p(A) 2 A= R\ A) € L(X)
1s complex differentiable. Moreover, for n € N we have
dn
dAn

RO\ A) = (—1)"nlR(\, A)"+L,

Proof. Statement (i) follows from the following Neumann series representation of the re-
solvent: For u € p(A) we have

A=A= (- (p=NRp A) k- A).

Hence, for |\ — p| < Wlfl)\\’ we obtain
RO\ A) = (A= p)*R(p, A
k=0

Assertion (ii) follows from the power series representation in (i) and from the fact that a
power series is always a Taylor series. [

The following result known as the spectral mapping theorem for the resolvent will be useful
later on.

Proposition 12.2.4. Let A be a closed linear operator with p(A) # 0. Then for any
A€ p(A),

o(R(OL AN\ {0} = {ﬁ pe U(A)} |

Proof. For 0 # a € C and A € p(A), we have

(0= RO\ Az = a [()\ - é) - A] RO\, A)z, Vr € X,

— R\ A) {()\ I A] v, Vo e D(A).

«

Thus, a € o(R(A, A)) if and only if A — £ € o(A). O



12.2. RESOLVENT OF A GENERATOR 151

As a corollary one determines the spectral radius of R(\, A).

Corollary 12.2.5. For A € p(A) one has
1 S 1
r(R(AA)) ~ IR A
Proof. Let A € p(A). Then, By Proposition we have
dist(\,0(A)) = inf{|\—pu|:p € o

(R })

= (max{lal 0 € 0ROV AN
1
F(ROVA) © ||R<A,A)||

dist(\, o(A)) =

O

Our next aim is to prove that the resolvent set of a generator A is non-empty, and to
relate the resolvent of A to the semigroup (7'(t));>0. The first step is provided by the next
lemma.

Lemma 12.2.6. Let (T'(t))i>0 be a Co-semigroup with generator A. Then for all X € C
and t > 0 the following identities hold:

eMT)f—f=(A-N) /t e T (s)f ds if feX,
0
= /t e MT(s)(A— N f ds if f € D(A).
0

Proof. Observe that S(t) = e MT'(t) is also a strongly continuous semigroup with generator
B = A — )\, see Exercise _I Hence, we can apply Proposition |11.3.4](ii). UJ

With the help of this lemma we obtain the following important relations between the
resolvent of the generator and the semigroup.

Proposition 12.2.7. Let (T'(t))i>0 be a Co-semigroup of type (M,w) with generator A.
Then the following assertions are true:

(i) For all f € X and X\ € C with Re A > w we have

00 N
(12.2) RNA)f = / e MT(s)fds = lim e MT(s)fds.
0

N—oo 0

(i1) For all f € X, A € C with Re X\ > w and n € N we have

" i 0] /0 s"Le™MT(s) fds.

R\ A f =
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(111) For all X € C with Re A > w we have

M

(12.3) [R(A, A)"| < Rer—wy

Proof. From Lemma [12.2.6 closedness of A (see Theorem 11.3.6), and by taking limit as
t — oo we conclude that for Re A\ > w we have

—f:(A—)\)/OOe_’\ST(s)de if fe X,
0
_ / eNT(s)(A—Nfds if f € D(A).
0

Since this expression gives a bounded operator, (i) is proved. To show (ii) notice that

_1 n—1 dn_l 1
((n —) 11 et HA A =

RN A" f = I /OOO §" e ™M T(s) fds.

(n—1

Finally, to see (iii) we make a norm estimate and obtain

1 * a1 ML [ et e
R\ A" < n—1 Re)\sM ws ds < / n—1_(w Re/\)sd
IROAY S| < oty [ st nses s < o [ et
M
—m“f\’,
which finishes the proof. O

An important property of positive semigroups now follows immediately.

Corollary 12.2.8. Let E be a Banach lattice and (T(t))i>0 a positive semigroup. Then
R(AA) >0 for A > wo(T).

Proof. The statement is immediate from the Laplace transform representation of the re-

solvent (|12.2]). O

Let us summarise the above as follows:

If A is the generator of an operator semigroup (7'(t)):>o, then it is closed, densely
defined, and a suitable right half plane belongs to its resolvent set, where the estimate
holds. The resolvent operators are given by the Laplace transform of the
semigroup.
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12.3 Generation theorems

In the previous section some quite nice properties of semigroups generators ant their re-
solvents were collected. It turns out that some of these properties actually characterise

semigroup generators.

Theorem 12.3.1 (Hille-Yosida). Let (A, D(A)) be a linear operator on a Banach space
X. Then the following properties are equivalent.

(1) (A, D(A)) generates a Cy-semigroup (T'(t))i>0-

(ii) (A, D(A)) is closed, densely defined, and there exist M > 1 and w € R such that for
every A € C with Re A > w one has X € p(A) and

M

(12.4) IRA AN s mex—ay

for all n € N.

(i1i) The Abstract Cauchy Problem

u(t) = Au(t) fort >0,
(ACP) { -

is well-posed in the following sense: The domain D(A) is dense and for each f € D(A)
there exists a unique classical solution u = w(-, f) depending continuously on the
initial value f. More precisely, u(-, f) : Ry — X is continuously differentiable,
u(t, f) € D(A) for allt > 0, (ACP) holds, and for every sequence (fn)nen C D(A)
converging to 0 one has lim,,_, u(t, f,) = 0 uniformly for t in compact intervals of
R,.

We will not prove this theorem here in its full generality but only follow through the
main idea of its proof. As a first step we need the following approximation result.

Lemma 12.3.2. Let A be a closed, densely defined operator. Assume that there are M > 1
and w € R such that for all A > w, we have X € p(A) and ||AR(\, A)|| < M. Then

(i) AR(X\,A)g — g for all g € X as X — oo, and
(ii)) NARN, A)f — Af for all f € D(A) as A — 0.
Proof. Taking g € D(A), we see that AR(\, A)g = R(\, A)Ag + g. By assumption,
M
IR(A, A)Agll < || Agl,
and hence AR(\, A)g — g as A — oco. By the denseness of D(A) and the boundedness, the

convergence follows for all ¢ € X. The second statement is an immediate consequence of
the first one, inserting g = Af, and the fact that A and R(\, A) commute. ]
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The operators AAR(\, A), A > w, are called Yosida approzimants.

Proof of Hille-Yosida Theorem, special case. The core of the proof is the case M = 1,
w = 0. The general situation can be reduced to this case by some scaling and renorming
techniques, which we omit here (see Exercises [12.6]3] and [4)).

Let

A, :=nAR(n,A) = n*R(n, A) — nl

which are bounded operators for each n € N and commute with each other. Consider the
uniformly continuous semigroups given by

Since A, converges to A pointwise on D(A), we anticipate that the following properties
hold.

o T(t)f :=lim, o T),(t)f exists for each f € X.
o (T'(t))t0 is a Cy-semigroup of contractions on X.

e This generator of this semigroup is (A, D(A)).

By establishing these statements we will complete the proof.
First of all, each T),(¢) is a contraction semigroup, since

[T ()] < e~ mtellm* R A[t < gmntgnt — for t > 0.

So, again, it suffices to prove convergence just on D(A). By the vector-valued version of
the fundamental theorem of calculus applied to the functions

s Tp(t —8)To(s)f

for 0 < s <t, f € D(A), and m,n € N, and using the mutual commutativity of the
semigroups T, (¢) for all n € N, one has

To(t) — f/ n(t = $)T(s)) ds
:/OT@_S) W(8)(Auf — Anf) ds

Accordingly,

Recall that (A, f)nen is a Cauchy sequence for each f € D(A). Therefore, (T,(t)f),cn
converges uniformly on each interval [0, ¢o).
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As a next step, the pointwise convergence of (T),(t)f), oy implies that the limit family
(T'(t))s>0 satisfies the semigroup property and consists of contractions. Moreover, for each
f € D(A), the corresponding orbit map

:t=>T()f, 0<t<t,

is the uniform limit of continuous functions, and so is continuous itself. This suffices to
obtain strong continuity via Proposition [11.2.4]

To finish the proof, denote by B the generator of (7()):>o and fix f € D(A). On each
compact interval [0, ty], the functions

Enit=> T, f

converge uniformly to £(+), while the differentiated functions

ot = To()ALS

converge uniformly to
n:t— T(t)Af.

This implies differentiability of & with £(0) = 7(0), i.e., D(A) € D(B) and Af = Bf for
f € D(A).

Now choose A > 0. Then A\ — A is a bijection from D(A) onto X, since A € p(A) by
assumption. On the other hand, B generates a contraction semigroup, and so A € p(B).
Hence, A — B is also a bijection from D(B) onto X. But we have seen that A — B coincides
with A — A on D(A). This is possible only if D(A) = D(B) and A = B. O

From this construction we immediately obtain a characterization of positive semigroups.

Corollary 12.3.3. Let E be a Banach lattice, (T(t))i>0 a Cy-semigroup of contractions
with generator A and suppose that R(\, A) > 0 for X sufficiently large. Then T(t) is
positive for all t > 0.

Proof. Observe that for n sufficiently large, R(n, A) > 0, and hence
T (t) = e e A > g,

The statement then follows from the approximation argument in the proof of the Hille-
Yosida theorem. ]

12.4 Bounded perturbations

As an application of the generation theorem, let us mention one basic perturbation result.
The idea behind perturbation theorems is always the same: We start with a generator A
and assume that the operator B is “nice enough”. Then A 4+ B generates a semigroup.
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Theorem 12.4.1. If A generates a semigroup (T(t))i>0 of type (M,w) and B € L(X),
then A+ B with D(A+ B) = D(A) generates a semigroup (S(t))i>o0 of type (M,w + || B||).

Proof. First we change to the operator to A — w and then use the renorming procedure
mentioned in the proof of the Hille-Yosida theorem and only consider without the loss
of generality the case when A generates a semigroup of type (1,0), i.e., a contraction
semigroup.

As a next step, we show that the operator A + B has non-empty resolvent set. More
precisely, if A > 0, we can use the identity

(12.5) A—A—B=(I-BR(\A)\—A),

showing that if ||[BR(\, A)|| < 1, then A € p(A + B) and
(12.6) R\ A+B) = A)> (BR(X A))
n=0

By assumption, A is a generator of a contraction semigroup, and hence A||R(A, A)|| < 1.
Hence, if A > || B||, then A € p(A + B) and (12.6)) holds.
For the norm of this resolvent we see by crudely estimating the series term-by-term

that

1 <= /IB]\" 1 1 1
12. MNA+B) =) — . _ ,
(12.7) | R( + B)|| = X 2 ( TN 1Bl T = B

X

By the Hille-Yosida theorem, this means that the operator A + B — ||B]| generates a
contraction semigroup, and hence A generates a semigroup (S(t)):>o satisfying

IS@)] < M7,

which proves the statement. O]

12.5 Notes and Remarks

For most parts of this lecture we refer again to the texts by Engel and Nagel [1,2], the
notes by Pazy [4], and Goldstein [3].

12.6 Exercises

1. Consider the operators from Exercise [I1.5[10} Which of them are generators?
2. Prove that the generator of the Gaussian semigroup defined in Section is given by

Af =f" feD(A) ={f € LP(R): " (in the sense of distribution) is in L?(R)}.
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3. Let A be an operator satisfying the estimates (12.4)). Without loss of generality (by
considering A — w instead of A) one can take w = 0 in (12.4)). For every p > 0, define a
new norm on X by

[, == sup [[n" R(p, A)"x]]
n>0
Show that:
(a) [lz| < [lzf[, < M ||z[], i.e., they are all equivalent to [|-|.
(b) [lpR(p, A, < 1.
(¢) INR(A, A)|[, < Lforall 0 <\ < p.
(d) [A"ROA, Az < [IA"R(A, A)mzl|, < |lz|, for all 0 < A < pand n € N.
() [lzlly < [l for 0 <A < p.

4. Continuing and using the notation of the previous exercise, show that for the norm
]| = sup [|l]],
u>0
we have

(a) flzll < llzll < M (||
(b) [AR(N, A)| < 1 for all A > 0.

5. Let F': R — R be continuously differentiable with sup, g |F'(z)| < co. Define the flow
® : R xR — R as the solution of the nonlinear ODE

Syt = Fy(0)
y(0) =,
ie., ®(t,s) :=y(t). Take X := Cy(R) and define
(T(@)f)(s) = f(2(t.9))
fort >0, s € R.

(a) Show that (7(t)):>0 is a contraction semigroup (i.e., of type (1,0)) and identify its
generator.

(b) What is the corresponding abstract Cauchy problem? Which partial differential
equation can we associate with it? Relate the semigroup (7()):>o to the method
of characteristics.

6. Let (7'(t))i>0 be a semigroup on the Banach space X with generator A. Prove that for
all f € D(A?) we have the Taylor formula

T@t)f=f+tAf+ /Ot(t — 5)T(s)A*fds.

Find a general Taylor formula for f € D(A™).
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7. Let (T'(t))i>0 be a contraction semigroup on the Banach space X with generator A.
Prove that

IAFI® < A[LAZFI - [L£]
holds for all f € D(A?).
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Lecture 13

Spectral Theory for Positive
Semigroups I

This week we are concerned with the remarkable spectral properties of positive semigroups
on Banach lattices. Some beautiful facts we have observed in final dimensional case will
reappear in infinite-diemnsional setting.

Throughout this chapter we suppose that E is a complex Banach lattice and denote by X
a Banach space.

13.1 Stability of Cy-semigroups

We are interested in the asymptotic behaviour of the solution of the abstract Cauchy

problem
a(t) = Au(t), t>0,
(ACP) { u(0) = f e X,

where A is the generator of a Cy—semigroup (7(t)):>0 on X. Recall from Proposition
11.3.3| that the solution to this Cauchy problem is given by w(t) := T'(¢)f. In Lecture 11
we have also already defined the growth bound of the semigroup (7'(t)):>0 as

wo(T) := inf{w € R: thereis M = M,, > 1 with ||T(¢)|| < Me** for all t > 0}.

There is an important connection between the growth bound and the spectral radius of
the semigroup operators.

Proposition 13.1.1. Let (T'(t));>0 be a Cy-semigroup on X. Then
(i) wo(T) = limy 0t~ log | T'(t)[| = infeso t ™" log | T(2)].
(ii) For everyt >0, the spectral radius v(T(t)) of the operator T(t) equals e®0T).
Proof. (i): By Exercise [L3.4][1] we have lim; ., t "' log |T'(¢)| = infi=o ¢~ log | T(2)]]. Set
wi=inf = log [T(0)] = lim ¢ log | T(1)].

161
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Then, ™ < ||T'(t)]| for all ¢ > 0. So, by the definition of wy(7") we deduce that n < wy(T).
Take now w > n. Then there is a 7 > 0 such that

log [[T'(#)]l

, <w, forallt>rT.

Hence, ||T'(t)]] < e** for all t > 7. Since t — T(t) is bounded on [0, 7], it follows that
IT(t)]] < Me“* for all t > 0 and some constant M > 1. This implies that wo(T) > n and
therefore wy(T) = 7. O

In the same way as in finite dimensions (cf. Definition [4.3.1) we define the spectral
bound of A by
s(A) :=sup{ReA: A€ g(A4)}.

Motivated by the finite dimensional case, see Corollary [£.3.3] one may ask whether for a
generator A of a Cy-semigroup (7'(¢))t>0 on X we have: wy(T) = s(A). We will, however,
see later on that this equality is in general not true even for positive Cyp-semigroups on a
Banach lattice F.

We introduce now different stability concepts.

Definition 13.1.2. A Cy—semigroup (7'(t));>0 with generator A on X is called
(i) uniformly exponentially stable if wy(A) < 0;
(ii) strongly stable if lim; o [|7(¢) f|| = O for every f € X.

It is clear that (i) implies (iz). The converse in general does not hold, as the following
example shows.

Example 13.1.3. Let us consider the shift semigroup on LP(R), 1 < p < oo defined by
(T)f)(s):=f(t+s), t>0, ae seR.

Then (T'(t)):>0 is a Cy-semigroup on LP(R) satisfying lim, o, T'(¢) f = 0 for any f € LP(R),
since

1T = / Fs)Pds, ¢ 0, f e I/(R),

On the other hand, by considering the function

1, if se(t,t+1),
0, othewise,

fils) = Liarny(s) = {

we have ||T(¢) fi||, = 1 and hence || T'(t)|| = 1.

The definition of the growth bound and Proposition [13.1.1] yield the following char-
acterization of uniform exponential stability. Compare with Theorem in the finite
dimensional case.
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Proposition 13.1.4. For the generator A of a Co—semigroup (T'(t))i>0 on X, the following
assertions are equivalent.

(1) wo(T) <0, i.e., (T(t))e>0 is uniformly exponentially stable.
(i) Timg oo |T(E)] = 0.
(iii) | T (to)]| < 1 for some ty > 0.

(i) r(T(t1)) <1 for some t; > 0.

Proof. The implications (i) = (ii) = (i17) = (iv) are straightforward.

(iv) = (idi) : Since r(T(t1)) = limy_o0 | T(t1k)||F < 1, it follows that there is ko € N with
1T (kot1)|| < 1.

(4ii) = (i) : For a := || T(to)|| < 1, M := supgc,, [|T(s)]| > 1 and ¢t = ko + s with
s € [0,%p), we have

IT@)l < IT() T (k)| < Mok = Mekiose.

—loga

2% > 0 (because a < 1), then
0

If we set ¢ :=

|T(t)|| < MeFlee™ < Me™.

It is clear that if wy(7") < 0, then there are constants € > 0 and M > 1 such that
I T(t) |[< Me™, t>0.

Hence, for every p € [1,00), fooo |T(t)f||Pdt < oo for all f € X. The following result due
to Datko shows that the converse is also true.

Theorem 13.1.5. A Cy—semigroup (T(t))i>0 on X is uniformly exponentially stable if
and only if for some (and hence for every) p € [1,00),

/0 IT () fPdt < oo

forall f € X.

Proof. We only have to prove the converse. By Proposition [13.1.4] it suffices to prove that
limy,o0 || 7(¢)|| = 0. We note first that the set

{T.f:neN} C LP(R;, X)

is bounded for each f € X, where T, f := 1jo»(-)T(-) f. Thus, by the uniform boundedness
principle (see Theorem [B.1.1]),

t
[T as < crfle, torall e X, tx0
0
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Since there are M, w € R, with | T(¢)|| < Me**, t > 0, we obtain

1%ﬂ%ﬂm P = /OtemrT(s)T(t—s)fH”dS
< MP T(t— "d
< /0” (t - )/|I" ds
< MrCr|f|P

for all f € X and ¢t > 0. Hence,

pw

1T°(t )f||p< Mp0p||f||pf0rf€Xandt>1

Thus, there exists a constant L > 0 with || 7°(¢)|| < L for all ¢ > 0. Therefore,

Ao = [ e - e

% / IT() |17 ds

Lrer| e

IN

IN

for all f € X and ¢t > 0. Thus,
IT(t)|| < LCt ™, >0,
which implies limy_, ||T'(t)]| = 0. O

In Hilbert spaces uniform exponential stability of a semigroup can be characterized
nicely in terms of its generator as the following Gearhart-Priiff theorem shows.

Theorem 13.1.6. Let (T'(t))i>0 be a Co—semigroup on a Hilbert space H with generator
A. Then (T'(t))i>o0 is uniformly exponentially stable if and only if

{AeC:ReA>0} Cp(A) and M := sup ||[R(\A)| < oc.

ReA>0

Proof. Assume that wo(T) < 0. Then [°eMT(t)dt exists for all ReA > 0. So by
Proposition [12.2.7, {\ € C: Re A > 0} C p(A) and R(\, A) = [~ e MT(t)dt. Therefore

sup [[R(A, A)|| < oo.

ReA>0
We now prove the converse. From Corollary [12.2.5( we know that

1

_—_ZM1 for all Re X\ > 0.
[R(A, A

dist(\, o(A))
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Thus, iR C p(A) and supg, s [[R(A, A)|| < 0o. Let w > |wo(T)| + 1 and consider the
Co—semigroup (T_,(t));>o0 defined by T_,(t) := e “'T'(t), t > 0. By Proposition [12.2.7| we
have

R(w+is,A)f = R(is,A—w)f
= / e ST, (t) f dt
= F(T-u()f)(s),

where
oo

Fh(s) = /_ e F (1) dt

o0

denotes the Fourier transform from L*(R, H) into L*(R, H). Here we extend T, () to R
by taking 7", (t) = 0 for t < 0. Since T_,(+) is uniformly exponentially stable, we obtain
T .,(-)x € L*(R, H). Then by applying Plancherel’s Theorem [B.1.14] we obtain

| MR is AR ds = 2n [T i< L

[e.9]

for some constant L > 0 and all f € H. The resolvent identity gives
R(is,A) = R(w +1is,A) + wR(is, A)R(w +is,A), forall s € R.
Hence, ||R(is, A)f]] < (1 + Mw)||R(w + is, A) f|| for s € R and f € H. This implies

| R aids < rod)? [ IR+ is AP ds
< (1+wM) LIS
On the other hand, by the inverse Laplace transform formula, Theorem [B.1.15 we know

that .
1 w4in

Tt)f = — lim RN, A fdN, t>0,fe D(A?),

2imt n—=oo J i

where D(A?) :={f € D(A) : Az € D(A)}. Then, by Cauchy’s integral theorem,

(TOflg) = 5= [ T (R +is. AP o) s

[e.9]

/_OO e (R(is, A)*flg)ds

[e.9]

= — /_OO e (R(is, A) f|R(—is, A*)g)ds

¢ 00

- 5151
3 3

[\~

3

for all f € D(A?) and g € H. As above one can see that

/ |R(is, A%)glP ds < (1 + Mw)L|ig|’, g € H.

oo
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Here we denote by (-|-) the scalar productfl] in H. By applying the Cauchy-Schwarz in-
equality we obtain

Tl < - ( /ZHR@S,A)szdS)%( /Z — A*)gHst)é

or

(1+ Mw)?L
< THMHQH

for all f € D(A?) and g € H. Since D(A?%) = H (see Exercise , it follows that

Tl = sup {|(tT(t)flg); z.y € DA%, [If] = llgll = 1}
< (1+ Mw)2L
- 27 '
Hence, lim;_, ||7'(¢)|| = 0 and therefore, wy(T") < 0. O

13.2 Spectral bounds for positive semigroups

In this section we characterize the spectral bound s(A) of the generator A of a positive
Co—semigroup (7T'(t))s>0 on a complex Banach lattice E. We will see that s(A) is always
contained in o(A) provided that o(A) # (. Compare this result with Perron’s Theorem
for positive matrices!

To this end we first improve the integral representation formula for the resolvent for
the case of positive semigroups (see Proposition .

Theorem 13.2.1. Let A be the generator of a positive Co—semigroup (T'(t))i>o on E. For
Re A > s(A) we have

t
R\ A)f = lim e T (s)fds, feEE.

0

Moreover, f[f e T (s) ds converges to R(\, A) with respect to the operator norm ast — .

Proof. Let Ao > wo(T') be fixed. We recall from Proposition [12.2.7] that R(\g, A)f =
JS e M () f dt, and

1 x
R(do, A)* iz = — / e (1) £ dt
n! Jo

"We implemented here the suggestion of U. Groh from the discussion board to follow Bourbaki and
denote scalar products by (-|-).
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forn € Nand f € E. Let u € (s(A), o), f € E} and f* € E%. By Corollary [12.2.5] one
has 5= > 7(R(Xo, A)) and hence,

(Riu A)f, ) = i_o%(/\o ) (RO, AP )
_ f; /0 " 00— W e T (), 1) ds

_ /OOO (i %[(AO _ M)s]”) e T () f, [7) ds
- /ooo Q0T MNT(s) ], [7) ds

_ /0 e (T (s) £, ) ds

t
— —ps *
= Jm([ T s )
where (-, -) denotes the duality pairin of E'and E*. Hence, for f € E,, (f(f e T (s)f ds)
converges weakly to R(u, A)f as t — oo. Since f € E,, and by the positivity of the
semigroup (T'(t))eo, it follows that ( fg e " T(s) f ds) 1> 18 monotone increasing and so,
by Proposition [0.3.4] we have strong convergence. Thus,

t

lim [ e™*T(s)fds= R(u,A)f

t—o00 0

for all f € F, and hence for all f € E. If A = p+ v with u,v € R and p > s(A), then for
any f € E and f* € E*, we have

‘</TteAsT<S)fds, Pl < [ et as

Hence,

Y

/t e MT(s)f ds /t e T (s)|f|ds

S ‘

which implies that
t

lim | e T(s)fds exists for all f € E.

t—o00 0

Then, using Lemma [12.2.6] one sees that

A€ p(A) and RN A)f = /OO e MT(t)fdt forall f € E.
0

2In other words, for a vector f € E and a linear functional g* € E*, we have (f, g*) = g*(f).
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It remains to prove that ( fooo e T (s) ds) converges in the operator norm as t — co. We
fix € (s(A),Re ). As we have seen above, the function

Vrpe s e "(T(s)f, f*) belongs to L'(Ry) for all f € E, f* € E*.
It follows from the closed graph theorem that the bilinear form
b: Ex E*— L' Ry); (f, f*) = vy

is separately continuous and hence continuous. Thus, there exists a constant M > 0 such
that

/0 (T (s)f. f) ds < MIFNFNL f e B, f* e B

For 0 <t <r and € := Re A —  we have

\ | e

S/t ~(ReX=)se=hs|(T(s) £, £ ds

/ (T (s)f, 1) ds
< e M

Hence, || [ e™*T(s) ds|| < Me™*" and this implies that the function ¢ — (fo e T (s)ds)
satisfies the Cauchy condition in L£(E) as t — co. Thus, ([, e *T(s)ds) converges in
the operator norm. ]

IN

As an immediate consequence we obtain the following corollary.

Corollary 13.2.2. Let A be the generator of a positive Co—semigroup (T'(t))i>o on E. If
Re A > s(A), then

|IR(A AV f| < R(Re X, A)|f| forall feE.
Another important corollary is the following previously announced result.

Corollary 13.2.3. If A is the generator of a positive Co—semigroup (T'(t))i>o on E, and
s(A) > —o0, then s(A) € o(A).

Proof. Assume that s(A) € p(A). It follows from Corollary that
IR\, A)f] < R(Re A, A)|f] < R(s(A),A)|f| forall ReA > s(A), f€E.
Hence the set {R(\, A) : Re A > s(A)} is uniformly bounded in £L(FE). Let

M= swp RO A
ReA>s(A)

Since
1

|R(A, A > Tt o (A)
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for X € p(A) (see Corollary [12.2.5), it follows that
{AeC:Red=5s(A)} Cp(A) and ||R(\ A)| < M for all A with Re A = s(A).
Thus, since p(A) is open,
{IAeC:|ReX—s(A)| < M '} Cp(A).
This contradicts the definition of s(A). O
We also obtain a relation between s(A) and the positivity of the resolvent.

Corollary 13.2.4. Suppose that A generates a positive Cy-semigroup (T'(t))i>0 on E and
Xo € p(A). Then the following assertions hold.

(i) R(\o, A) is positive if and only if Ao > s(A).
(i) If A > s(A), then r(R(\, A)) = ﬁ(fl)'

Proof. (ii): This is a simple consequence of Corollary [13.2.3| and Proposition [12.2.4
(i): Assume first that R(\g, A) > 0. So, one has

R()\Q, A)ER C ER,

where

ER = {Ref . f € E}
Let f € Eg \ {0}. Then g = R(\o,A)f € Er and N\gg — Ag = f. So, \og € Er and
hence Ay € R. On the other hand, Theorem [13.2.1] implies that R(A,A) > 0 for all
A > max(Ag, $(A)) and hence

R(Xo, A) = R A)+ (A= Xo)R(A, A)R(No, A)
> R(A\A) >0

for all A > max(Ag, s(A)). Therefore,
(A= s(A))™" = r(R(AA) < [[RX A < [R(Mo. A)]|

for all A > max(Ag, s(A4)). But this is only true if Ay > s(A).
The converse follows from Theorem [13.2.1] O

Remark 13.2.5. (a) It can be proved that the statement in Corollary remains
valid if one assumes only that A is a resolvent positive operator. So, one obtains as
a corollary that if R(Ag, A) > 0 for some Ay € p(A) then A\g € R and Ay > s(A),
whenever A is a resolvent positive operator. Here we say that A is a resolvent positive
operator if there is u € R such that (u,00) C p(A) and R(A, A) > 0 for all A > p,
see Exercise [[3.4][7] Recall that if A generates a positive Cy-semigroup, then A is a
resolvent positive operator, see Corollary [12.2.§
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(b) As an immediate consequence of Corollary [13.2.4] we obtain
s(A) =1inf{\ € p(A) : R(\, A) > 0}
for the generator A of a positive Cy—semigroup on a Banach lattice F.

(¢) If B = C(K), where K is a compact set, then s(A) > —oc.
In fact, we know from Lemma [12.3.2| that limy oo AR(N\, A)f = f for all f € E. In
particular we can find \g € R sufficiently large such that

AoR(Ag, A)1 > =1.

1
-2
Since R(Ag, A) > 0, it follows that

1
R()\o, A)nl Z Kl for all n € N.

0

Thus,
1

— >0
220

r(R(Mo, A)) = lim |[R(A, A)"[|* >
and hence o(A) # ().

The spectrum of a generator of a positive Cy—semigroup can be empty as the following
examples show.

Example 13.2.6. (a) On E := Cy[0,1) := {f € C[0,1] : f(1) = 0} we consider the
nilpotent Cp—semigroup (7(t));>o given by

aone={ J¢ T

fort >0,z €[0,1] and f € E. Then, T(t) = 0 for t > 1 and hence o(T'(t)) = {0}.
So by the spectral inclusion theorem (see Exercise [13.4[3)), o(A) = 0.

(b) Let E := (Cy[0,00) := {f € C(R;) : limy f(t) = 0}. On E we define the
Co—semigroup (T'(t))¢>0 by

+2
(TH)f)(x)=e 2" f(x+t), x,t>0and f € E.
Then, one can see that the generator A of (7'(t));>0 on E is given by

(Af)(x) = f(z)—2f(z), x>0, and
feDA) = {feE:fecCY(Ry)andAf € E}.

One proves that o(A) = 0, see Exercise [13.4
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However, for generators of positive Cy—groups the spectrum is always nonempty. This
is given by the following corollary.

Corollary 13.2.7. If A generates a positive Coy—group on a Banach lattice E, then
o(A) #0.

Proof. Assume that o(A) = (). By Theorem we have R(A\, A) > 0 for all A € R.
Again, one can apply the same theorem to —A and obtains R(\, —A) > 0 for all A € R.
But R(A\,—A) = —R(—\,A) <0 for all A € R, and hence, R(A\,—A) = 0 for all A € R.
This contradicts the fact that £ # {0}. O

We end this chapter by proving the existence of positive eigenfunction. We will see
in Chapter 14 that such eigenfunction is unique (up to a scalar factor) if A generates an
irreducible positive Cy-semigroup. Compare with Theorem |[5.1.6|in the finite dimensional
case.

Theorem 13.2.8. Let A be a resolvent positive operator on E with compact resolvent such
that s(A) > —oo. Then there ezists 0 S u € D(A) such that Au = s(A)u.

Proof. Replacing A with A—s(A) one can assume without loss of generality that s(A) = 0.

Since, by Exercise [13.4][7]
s(A) € o(A),

it follows from Corollary [12.2.5| that ||R(\,, A)|| — oo as n — oo for some A, > 0 with
lim,, 00 Ay = s(A) = 0. By the uniform boundedness principle (see Theorem [B.1.1)) there
is f € E such that

lim ||R(\,, A) f]| = oc.
n—oQ
Since |R(An, A) f| < R(An, A)|f| one can assume that f = 0. Take

— R(/\na A)f
~IROW, AV

Unp

Then 0 < u,, € D(A) with [ju,|| =1 and

lim A\,u, — Au, = lim [|R(\,, A)fH_lf =0.
n—oo

n—o0

Thus, (u,) is bounded in the graph norm. Using the compactness of the resolvent of A we
have that the embedding D(A) < E is compact and so we can assume that lim,, . u, = u
exists in F, considering a subsequence otherwise. Then |ju|| = 1, v > 0, and by the
closedness of A we obtain u € D(A) and Au = 0. O
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13.3 Notes and Remarks

The spectral theory and stability theory of semigroups is a broad subject and well docu-
mented in the literature. We refer to the monographs by Engel and Nagel (3], [4], by van
Neerven [7], or Arendt, Batty, Hieber and Neubrander [1].

Datko’s Theorem appeared in [2]. The Gearhart-PriifTheorem was first
proved by L. Gearhart [5] for contraction semigroups in Hilbert spaces using the functional
calculus developed by Székefalvi-Nagy and Foiag. The general case was then proved by J.
Priifl [8]. There were many other proofs in the literature shortly thereafter available.

Theorem is a variation of the famous Krein-Rutman theorem, see [6].

13.4 Exercises

1. Let ¢ : [0,00) — R be bounded on compact intervals and subadditive, i.e., ((t + s) <
C(t)¢(s) for all ¢, s > 0. Prove that

inf @ = lim @
t>0 ¢ t—oo

2. Let A be the generator of a Cy-semigroup on a Banach space X. Show that D(A") is
dense in X for any n € N.

3. Let A be the generator of a Cy-semigroup in a Banach space X. Prove the spectral

inclusion
"W c o(T(t)), forall t>0.

4. On E := ([0, 00) let us consider the family of operators

(T)f)(x) = e’é’mtf(x +t), z,t>0and f € FE.

(a) Show that (7(t)):>o define a positive Cy-semigroup on E.
(b) Prove that its generator is given by

(Af)(z) = f(z)—=zf(x), 2 =0, and
feDA) = {feE:feCY(R,)andAf € E}.
(b) Prove that o(A) = 0.

5. Let 1 <p < g<ooand FE:= LP[1,00) N LI[1,00) the Banach lattice endowed with the
norm

A= WAl + 1l f € B

Define the family of operators

T@t)f(s) = f(se') s>1,t>0.
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(a) Show that (7'(t)):>o define a positive Cy-semigroup on E with generator

(Af)(s) = sf'(s),s>1, and
feD(A) = {f e E: f absolutely continuous and Af € E}.

(b) Prove that s(A) = —% < —% = wo(T).

6. Let A be the generator of a Cy-semigroup (7°(¢)):>o on a Banach space X. Let us denote
by (T'(t)*)i>0 the adjoint semigroup on E*.

(a) Prove that the restriction S(t) =T (t)TD(T*) defines a Cy-semigroup on D(A*).

(b) Prove that the generator B of (S(t))i>0 is given by

D(B) = {f* € D(A*) : A*f* € D(A)} and Bf* = A*f* for f* € D(B).

(¢) Prove that o(B) = o(A*).

7. Let A be a resolvent positive operator on a Banach lattice E' with s(A) > —oo. Show
that s(A) € o(A).
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Lecture 14

Spectral Theory for Positive
Semigroups 11

In this lecture we continue our investigations of spectral properties of positive Cjy-semigroups
on Banach lattices and show how the Perron-Frobenius theory can be generalized to the
infinite dimensional setting.

14.1 The problem wy(T) = s(A) for positive semigroups

We proved in the finite dimensional setting that s(A) = wy(T'), see Corollary [4.3.3] On
the other hand, it follows from Proposition that s(A) < wo(T) holds, whenever A
generates a Cyp-semigroup (7'(t)):>o on a Banach space X. But, in the infinite dimensional
case, s(A) = wp(T) is in general not true, even for positive Cy-semigroups.

Example 14.1.1. Consider the Banach lattice E := Cy(Ry) N L' (R, e°ds) endowed with
the norm

I = supl7(s)l+ [ 1f)et ds = 1 Fl Ul £ € P
On FE we define the translation semigroup
(T(t)f)(s) = f(s+1t), t,s>0.
Then (T'(t))i>0 is a positive Cy—semigroup. Its generator is given by
Af = fforfe D(A)={f € E: fec C'(R,)and f' € E}.

Note that [|T'(¢)|| = 1 for all ¢ > 0. Then wy(7) = 0. On the other hand, the function
ex(s) := ¥ is an eigenfunction for A associated with A provided that Re A < —1. Hence,

{AeC:ReX < —1} Ca(A).

177
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Moreover, for A € C with Re A > —1 one sees that

N N
|-l — 1im/ M) fds + | - | — lim/ T (s)f ds
N—o0 0 N—oo 0

exists, because | T(s)f|ly < e | f|l1 for all s > 0, and [;~ e*|f(s)|ds < co. Therefore

J,S e T (s)f ds exists in E for all f € E. Thus, by Proposition m, A € p(A). There-
fore,

g(A) ={N € C:ReA < —1}, whence s(A) = —1.

An other example of such situation is given by Exercise [13.4][f]
In this section we look for sufficient conditions implying the equality wo(7T) = s(A)
when A generates a positive Cy-semigroup (7°(t))¢>o on E.

By applying Theorem [13.1.6] and Theorem [13.1.5| we obtain wy(7) = s(A) in the fol-

lowing cases.

Theorem 14.1.2. Let A be the generator of a positive Co—semigroup (T'(t))i>o on a Ba-
nach lattice E. Then wo(A) = s(A) holds in the following cases.

(i) E is a Hilbert space.
(i) E is an AL-space, i.e. the norm satisfies: || f + g|| = ||f|| + ||g|| for all f, g € E,.
(iti)) E = Cy(Q) or E = C(K), where Q is locally compact and K is compact set.

Proof. (i): Fix pu > s(A). It follows by Corollary [13.2.2| that A := {\A € C: ReX > 0} C
p(A — p) and

IR, A — )| < [R(Re A, A — )| < [|R(u, A)|| for all € A.
So, by Theorem [13.1.6] we have wo(A) — p < 0 and hence,
WO(A> < S(A)

(ii): For A > s(A) and f € E; we obtain from Theorem [13.2.1] that

IR AV = H / " T (s)  ds

- / e |T(s) ]| ds.

where the second equality follows from the fact that the norm is additive on the positive
cone. Hence,

/ (e T(s))f|| ds < o0 for all f € E.
0
So, by Theorem [13.1.5, we have wy(A) — A < 0 and thus

WO(A) < S(A)
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(iii): Is is easy to see that || f V g|| = ||f|| V ||g|| for all f,g € E,. Then, for v,v € E%, we
have

(fVg V)
|y +vIIf Vgl
Iy + IV gl),  f.g € By

Hence, (f,7) + (g,v) < ||y +v| for all f,¢g € E, with ||f|| = ||g|]| = 1. It follows from the
Hahn-Banach theorem that ||v|| + ||v| < |7 + v|| and hence,

(fs7) +4g,v)

<
<

I+ 1l =My + vl vv e By

This implies that E* is an AL-space. If we set F' := D(A*), then it follows from Exercise
[14.41] that F is a closed ideal and hence also an AL-space. On F we consider the positive
Co—semigroup (S(t));>0 given by

S(t):=T({t) fort>0,
and we denote by B its generator. Then B is the part of A* in F', i.e.,
D(B)={v e D(A"): A'v € F} and Bv = A*vforv € D(B).

Moreover, one can show that

o(B) = o(A") = o(4),

see Exercise [13.41[6l
Consequently, s(B) = s(A) holds. Since B is the generator of the positive Cy—semigroup

S(-) on the AL-space F', it follows from (i7) that s(B) = wo(B). Now, it suffices to prove
that wo(B) = wp(A). The inequality wo(B) < wo(A) is trivial. Let w > wo(B), f € E and
v € F'. Then we have

(T @) f,v) = [{f, SEw)| < M| flle|lv]

for t > 0 and some constant M > 1. On the other hand, since f = limy o AR()\, A)f for
all f € E, we have ¢ := limsup,_,. A||R()\, A)|| < co. Therefore,

(TOF. = lim [ARO, AT, )]
= Jim [(T(t)f, AR(\, A)3)]
< M|fe limsup A RO )5
< Mee|flInll,  ve B

Consequently, || T'(t)|] < Mce** for all t > 0 and hence wy(A) < w for all w > wy(B). Thus,
we have shown that

wO(B) = WQ(A).
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14.2 Asymptotic behaviour of irreducible semigroups

In many concrete examples it can be shown that semigroups (7(¢))¢>o which is not expo-
nentially stable can possesses an asynchronous exponential growth. This means that there
is a rank one projection P and constants € > 0, M > 1 such that

e *WtT(t) — P|| < Me™=t for allt > 0,

where A denotes the generator of (T'(t))¢>o.
In order to study such kind of behaviour we introduce the concept of irreducibility for
positive Cy—semigroups.

Definition 14.2.1. A positive Cp—semigroup (7'(t)):>o on a Banach lattice £ with gen-
erator A is called irreducible if there is no T'(t)—invariant closed ideal other than {0} and
E for all t > 0.

The following result gives a more concrete definition of irreducibility.

Proposition 14.2.2. Let (T'(t))i>0 be positive Co—semigroup on a Banach lattice E with
generator A. The following assertion are equivalent:

(i) (T'(t))i>0 is irreducible.

(ii) For some (and then for every) X > s(A), there is no R(\, A)—invariant closed ideal
except {0} and E.

(i1i) For some (and then for every) X > s(A), R(\, A)f is a quasi-interior point of E.
for every f = 0.

Proof. Let us prove first that if for some \g > s(A), there is no R(\g, A)—invariant closed
ideal except {0} and F, then for every A > s(A), there is no R(\, A)—invariant closed ideal
except {0} and E.

Let I be a closed ideal of E such that R(p, A)I C I for pn > s(A). It follows from

0< ROVA) < R(u, A), VA >,

and the definition of ideals, that R(\, A)I C I for every A > p.

On the other hand, for p — m <A<, RN\ A C 1, since

R\ A) = R(p, A)Y - [(n— N R(u, A)]"

n=0

and R(u, A)I C I. Tteration of the argument establishes that R(\, A)I C I for every
s(A) < A < p. This proves the above claim.
(1) = (i1): Let I # {0} be a closed ideal of E such that R(\, A)I C I for some (and then
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for every) A > s(A). By the approximation formula (see the proof of Theorem [12.3.1| and

Exercise [12.6][4)
T(t)f = lim e f  feE,
n—oo

where A, = nAR(n,A) € L(E) the Yosida approximant, we deduce that 7'(t)I C I for all
t>0.So, I =FE.

(44) = (i): This follows from Theorem [13.2.1]

(43) = (i11): Let X > s(A), 0 # f € E; and consider Eg(y ayr = U, en[—1R(N, A) f,nR(A, A) f]
the ideal generated by R(A, A)f. For g € Erp as, it follows from the resolvent equation

that
n

= A
for 1 > X. Hence, R(p, A)g € Egrpayy for any g € Egp ayy and g > X, Thus, {0} #
ERrp,ayp is an R(u, A)-invariant closed ideal and hence Egr(y 4y = E which means that
R(\, A)f is a quasi-interior point of F,.

(13i) = (17): Let {0} # I be an R(u, A)-invariant closed ideal for some p > s(A). Let
0# feE.NnI So,forany g € Egy,a)s we have |g| < nR(u, A)f for some n € N and

hence g € I. This implies that Er(, 4y C I. Therefore, £ = Ep(, 4y = 1. ]

|R(p, A)g| < R(p, A)lgl < nR(p, A)R(N, A) f < RN A)f

Applying the characterization of closed ideals given in Example m (see Exercise

we obtain

Example 14.2.3. (a) Let £ = LP(Q,u), 1 < p < oo and (T(t))i>0 be a positive
Co—semigroup on F with generator A. Then, (7'(t));>o is irreducible if and only
if

0SS feE= (R(A\A)f)(s) > 0for a.e.s € Qand some A > s(A).

(b) If E = Cy(R2), where Q is locally compact Hausdorff, and (7°(t));>0 a positive
Co—semigroup on E with generator A, then (7'(t)):>o is irreducible if and only if

0SS feE= (R(NA)f)(s) >0 for alls € Qand some A > s(A).

We now state some consequences of irreducibility.

Proposition 14.2.4. Assume that A is the generator of an irreducible Cy—semigroup
(T'(t))e>0 on a Banach lattice E. Then the following assertions hold.

(a) Every positive eigenvector of A is a quasi-interior point.
(b) Every positive eigenvector of A* is strictly positive.
(¢) If ker(s(A) — A*) contains a positive element, then dimker(s(A) — A) < 1.

(d) If s(A) is a pole of the resolvent, then it has algebraic (and geometric) multiplicity
equal to 1. The corresponding residue has the form Pyay = u* ® f, where f € E is a
positive eigenvector of A, u* € E* is a positive eigenvector of A* and (f,u*) = 1.
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Proof. (a) Let f be a positive eigenvector of A and Ey := U,enn|[—f, f] the ideal generated
by f. If Xis such that Af = Af, then A € R. This follows from

1
f>0and Af = im —(T(t)f — f).
t—0+
Hence, T'(t)f = e f for t > 0. Thus, for g € Ey,

IT(t)g| < T(t)|g| <nT(t)f =neMf, t>0.

Consequently, T'(t)Ey C Ey holds for all ¢ > 0. Since 0 # f € E; and (T'(t))i>0 is
irreducible, it follows that E_f =F.

(b) Let f* be a positive eigenvector of A* and A its corresponding eigenvalue. By the
same argument we have A € R and T'(¢)* f* = e f* for t > 0. Hence,

(T(ul, £7) <(TO)lul, ) = (Jul,e*f"), uwe B,t>0.

Thus, I := {u € E : (|u|, f*) = 0} is a T'(t)—invariant closed ideal for all ¢ > 0. Since
f*# 0 we have I C E and so by the irreducibility we obtain I = {0}. Therefore, f* > 0.

() Let 0 S f* € ker(s(A) — A*). It follows from (b) that f* is strictly positive. Assume
that ker(s(A)—A) # {0}. Then for f € ker(s(A)—A) we have e *WIT(t) f = T_4)(t) f =
f and hence,

|fl = Ty () f] < T-sy(@)|f], t>0.
Thus, for t > 0,

L) < (Tosa®If] )
= (L)

This implies that (T_s4) ()| f| —|f], f*) = 0, and since f* > 0, we obtain T_4)(t)|f| = | f]|
for ¢t > 0. Therefore
|f| € ker(s(A) — A).

Since (T_ga)(t)f)" < T_ga)(t)f* (see Proposition , one can see by the same ar-
guments as above that ft € ker(s(A) — A) and f~ € ker(s(A) — A). This implies that
F := Eg Nker(s(A) — A) is a real sublattice of E. For f € F' we consider the ideal E+
(resp. Ey-) generated by f* (resp. f~). Then, Ep+ and Ey- are T_y(4)(t)—invariant for
all t > 0. Since Ey+ and Ey- are orthogonal, see Proposition [9.2.3) it follows from the
irreducibility of (T4(4)(t))i>0 that f* =0 or f~ = 0. Consequently, F' is totally ordered.
So by Lemma [9.3.5| we have

dim F = dimker(s(A) — A) = 1.

(d) We claim that if s(A) is a pole of the resolvent, then there is an eigenvector 0 <
f € E of A corresponding to s(A). Indeed, let k be the order of the pole s(A) and
R_i = limy_5a+ (A — s(A))*R(X, A) the corresponding residue. Then, R_; # 0 and
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R_(;+1) = 0. Moreover, by Corollary lm and m, we have R_; > 0. Hence, there is
0 <ge Ewith f:= R_g 2 0. By the relation R_(;41) = (A — s(A))R_; = 0 we obtain
(A —s(A))f = 0. This proves the claim.

We can now use (a) to obtain E_f = FE. By taking the adjoint R*_(Hl) of R_(141) and

by the same computation as before one has, if s(A) is a pole of the resolvent, then there is
0 f*€ker(s(A) — A*). So by (c¢) we have dimker(s(4) — A) = 1.
Now, assume that £ > 2. Then we have

(£, = (Beg, [7)
= (9, RZ 1) (A" = s(A)) )
= 0.

Since E; = E, it follows that (g, f*) = 0 for all g € E,. This contradicts the assertion (b).
Hence k = 1. From the inequality m, + k — 1 < m, < myk (see Proposition we
obtain

mg = my = dim Py 4)E = dimker(s(4) — A) =1,

where we recall that Py4) = R_1. Since Pya)E C ker(s(A) — A), it follows that
PS(A)E = ker(s(A) — A)

We now show the last part of Assertion (d). To this purpose, let 0 S f € ker(s(A) — A).
Without loss of generality, we suppose that ||f|| = 1. Then Py E = Span{f}, i.e.
Pyayg = \f for some A € C and every g € E. By the Hahn-Banach theorem (see Exercise
9.519) there exists 0 < g* € (ker(s(A) — A))* with [lg*|| = 1 and (f,¢*) = || f|| = 1. Hence
(Ps)9,9%) = X = (g, PS*(A)g*>. If we put u* := P, g" > 0, then Py4) = v* ® f and
(f,u*) = (Pyayf.g") = (f.g*) = 1. This implies that 0 S u* € P} 4 E* C ker(s(A4) — A).
So u* > 0 by (b). This ends the proof of the proposition. O

The following result describes the eigenvalues of an irreducible semigroup which are
contained in the boundary spectrum o,(A) = {\ € 0(A) : Re XA = s(A)}, where A is the
corresponding generator.

Theorem 14.2.5. Let (T(t))i>0 be an irreducible Co—semigroup with generator A on a
Banach lattice E. Assume that s(A) = 0 and there is 0 < f* € D(A*) with A*f* = 0. If
o,(A) NiR # 0, then the following assertions hold.

(a) For 0 # h € D(A) and o € R with Ah = iah, |h| is a quasi-interior point and
Sn(D(A)) = D(A) and S, 'AS, = A+ i«
hold, where Sy, is the signum operator defined in Section [10.1.1]
(b) dimker(A — A) =1 for every A € g,(A) NiR.
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(¢) 0,(A) NiR is an additive subgroup of iR.
(d) 0 is the only eigenvalue of A admitting a positive eigenvector.

Proof. We first remark that by Proposition [14.2.4/(b) we have f* > 0 and f* = T(¢)*f*
for all t > 0.

(a) Assume that Ah = iah for 0 # h € D(A) and a € R. Then T(t)h = e°*h and
hence |h| = |T'(t)h| < T'(t)|h|. This implies that

T(t)|h| — |h| >0 for allt > 0.
On the other hand,

(TR =, [ = (AT f) —(|n], f*)
= 0 forallt>0.

Since f* > 0, we obtain T'(t)|h| = |h| for all ¢ > 0, which implies that A|h| = 0. So, by
Proposition [14.2.4](a), |h| is a quasi-interior point. If we set T, (¢) := e " T(t), t > 0, then
T'(t) and T,(t) satisfy the assumptions of Lemma [10.1.8 and hence

T(t) =S, 'Ty(t)Sy, t>0.

Therefore, Sj,(D(A)) = D(A) and A = S; '(A — ia)S), and (a) is proved.

(b) It follows from (a) that S, : ker(ia + A) — ker A for i € 0,(A) NiR. On the
other hand, the proof of (a) implies that ker A # {0}. So, by Proposition [14.2.4(c),
dimker A = 1 and hence dimker(iocv — A) = 1.

(c) Let 0 # h,g € D(A), a, f € R such that Ah = iah and Ag = ig. By (a) we have

Sg_lASg = A+if and S,AS, ' = A —ia.

Thus A+i(8—a) = Sp(A+iB)S, ' = 5,5, AS,S, " which implies that ker(A+i(f—a)) =
SpSy "t ker A # {0}. Therefore
i(B—a) € g,(A).
(d) If Af = \f, where 0 < f € D(A), then

M f5) = (Af ) = (f, A f*) = 0.
Since f* > 0, it follows that (f, f*) > 0. Hence, A = 0. ]

For irreducible semigroups we obtain the following description of the boundary spec-
trum.

Theorem 14.2.6. Let (T(t))i>0 be an irreducible Co—semigroup with generator A on a
Banach lattice E and assume that s(A) is a pole of the resolvent. Then there is o > 0 such
that

op(A) = s(A) + iaZ.

Moreover, a,(A) contains only algebraically simple poles.
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Proof. Without loss of generality we suppose that s(A) = 0. It can be shown that o,(A) C

o,(A), see Lemma [B.1.15] Hence, 0,(A4) = 0,(A) NiR. By Proposition [14.2.41(d) we

obtain the existence of a positive eigenvector f* € D(A*) corresponding to the eigenvalue
s(A) = 0. It follows from Theorem [14.2.5/(c) that o,(A) is a subgroup of (iR, +). Since
op(A) is closed and s(A) = 0 is an isolated point, we have

op(A) = iaZ for some o > 0.

Proposition [14.2.4}(d) implies that 0 is a simple pole and by Theorem [14.2.5(a) we have,
for A € p(A),
R\ +ika, A) = SFR(N\, A)S,*  for allk € Z.

Therefore, tka is a simple pole for each k € Z. This ends the proof of the theorem. O

We now give sufficient conditions for a Cy—semigroup to possess an asynchronous ex-
ponential growth. This result will be very useful for many applications.

Theorem 14.2.7. Let (T(t))t>0 be an irreducible Co—semigroup with generator A on a
Banach lattice E. If wess(T) < wo(T), then there exists a quasi-interior point 0 < f € E,
0 < f*e€ E* with (f, f*) =1 such that

e > T(t) — f* @ f|| < Me™ forallt >0,
and appropriate constants M > 1 and € > 0.
Proof. Since wess(T') < wo(T), it follows from Proposition that
s(A) = wo(T).

On the other hand, wes(T) < wo(T) implies that 7..(7(1)) < r(T(1)). Hence, by
Proposition B.1.17, r(T(1)) is a pole of the resolvent of T'(1). Hence wy(T") = s(A) is
a pole of R(-, A). Thus, by Theorem , it follows that there exists a > 0 such that
op(A) = s(A) + iaZ and therefore o,(A_,,) = iaZ, where A_,, denotes the generator of
the semigroup T, (t) := e T (1), ¢ > 0. Since wees(T_wy) < 0 and wo(T_,,) = 0, we
have, by Theorem [B.1.19] that

{Aeo(A_y) ReA>0}={ €o(A_s,) :ReA=0} =0,(A_,)
is finite. Therefore o,(A_,,) = {0}. The theorem is now proved by applying Theorem

B.1.19 and Proposition [14.2.4] to the rescaled semigroup (7, (t))>o0- O

14.3 Notes and Remarks

The content of Theorem is due to Greiner and Nagel (Hilbert space case) [3] and
Derdinger (the other cases) [2]. It is true also in L? spaces due to a result by Weis [5]. For
an elegant proof of Weis’ Theorem see Arendt et al. |1, Theorem 5.3.6].

For the spectral theory of irreducible semigroups we refer to the classic monograph
by W. Arendt, A. Grabosch, G. Greiner, U. Groh, H. Lotz, U. Moustakas, R. Nagel, F.
Neubrander, and U. Schlotterbeck [4, Section B-IIIL.3].
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14.4 Exercises

1. We say that a Banach lattice £ has order continuous norm if every monotone order
bounded sequence of E is convergent.

(a) Prove that every AL-space has order continuous norm.

(b) Let A be a resolvent positive operator on a Banach lattice with order continuous

norm E. Prove that D(A) is an ideal in FE.
2. On E := Cy(R?) we consider the d-dimensional heat semigroup defined by

—y|?

(T f)(x) = (g * [)(z) == W /Rd e~ f(y)dy for t > 0and
TO)f:=f€ek,

(a) Prove that its generator in F is given by
D(A) = {feCo(RY): Af € Co(RY)}
Af = Af, [e€D(A),
where the equality Af = Af for f € D(A) is in the sense of distributions.
(b) Prove that lim;_,., T'(t)f = 0 for all f € FE.

(c) Prove that A is injective but not surjective.

3. Let (T(t))>0 be a Cy-semigroup on a Banach space X. Prove that the following assertion
are equivalent:

(a) wess(T) < 0.
(b) [|T'(to) — K| <1 for some ty > 0 and K € L(X) compact.

4. On the Banach space C(K) with K = [—00, 0] we consider the operator

Af = f'+mf
D(A) = {f € C(K): fis differentiable, f' € C(K) and f'(0) = Lf},

where m € C(K) is real-valued and L : C(K) — R a continuous linear form.

(i) Show that A generates a Cy-semigroup (7'(t))s>0 on C'(K).
(ii) Prove that (7'(t)):>0 is given by

oJdm(r) dr (e(ert)m(O)f(())

T(8) f(s) = + [ emO LT (s 4t — 1) f dT) for s+1> 0,
el m() I f(t+ s) for s+t <0.
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(iii) By using Exercise [14.4]3] prove that wes(T") < 0 provided that m(—oo) < 0.

5. Let us consider the transport operator

D(A) = {feLl(IxV):v%ELl(IXV)and{ ﬁ?ﬁ;igﬁﬁig }
0
(ANEr) = ()

where [ = [0,1] and V = {v € R: 1 < || < 2}. Prove that A generates an irreducible
Co-semigroup on L'(I x V).

6. On the Banach lattice C|0, 1] we consider the Laplace operator with Neumann boundary
conditions

(AN)(z) = [(x), =e€]01],
feD(A) = {feC?0,1]: f(0) = f(1) = 0}.

Prove that A generates an irreducible Cy-semigroup on C10, 1].

7. Let E = L'[—1,0] and for 0 < g € L>°[—1,0] define the operator

Af = f', D(A)={f € E: f € E and f(0) :/_lf(s)g(s)ds}.

(a) Show that A generates a positive Cy-semigroup (7'(¢)):>o on E.

(b) Prove that (7°(t)):>o is not irreducible if and only if there exists ¢ > 0 such g
vanishes a.e. on [—-1,—1+¢].
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Lecture 15

An application to linear transport
equations

In our final lecture we apply the Perron-Frobenius theory developed in Chapter 14 to a
concrete example. We study the asymptotic behaviour of a one-dimensional linear trans-
port equation. Before introducing the model we however need to state a formula for the
perturbed semigroup.

15.1 Dyson-Phillips expansion

We know from Theorem that A + B with domain D(A) generates a Cyp-semigroup
(S(t))i>0 on a Banach space X whenever A generates a Cy-semigroup (7());>o and B €
L(X). The perturbed semigroup (S(t)):>0 can be given by a series called Dyson-Phillips
expansion as the following result shows.

Proposition 15.1.1. Let A with domain D(A) be the generator of a Cy-semigroup (T'(t))i>o
on a Banach space X. Let B € L(X). Then the semigroup (S(t))t>0 generated by A+ B
with domain D(A) is given by the Dyson-Phillips expansion

(15.1) S(t) = f: Ua(t), t>0,

where

Uo(t) =T(t) and Upy1(t) = /Ot Un(t—s)BT(s)ds, t>0,n¢€N.

Moreover, the following variantion of constant formulas are satisfied :
t
St f = T f +/ S(t—s)BT(s)f ds
0
t

= T(t)f+/0T(t—s)BS(s)fds, feX, t>0.

191
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Proof. Since Uy(t) = T(t), we have ||Up(t)|| < Me** for t > 0 and some constants M > 1
and w € R. Thus,

t
Uil < Mt [ e BT(s) s
0

< M?*|B|te** for all t > 0.

By induction one can see that

10.(0)] <

Mem for all £ > 0.

Therefore the series Y>> U, (t) converges in £(X) uniformly on compact intervals of R;.
Moreover,

| Z U, ()] < Me@MIBIDE for all ¢ > 0.

Set U(t) := > o Un(t) for t > 0. Since t — U,(t)f is continuous and the convergence is
uniform on compact subsets of R, we deduce that the function ¢ — U(t)f is continuous
for any f € X.

Let us prove now that (U(t));>0 is a Cy-semigroup which coincides with the perturbed
semigroup (S(¢))¢>o. For this purpose we let f € X, ¢, s > 0, and first verify that

Z Ur(8)Un-1(t)f = Un(t + 5)f.
This is obviously true for n = O. Assuming it is satisfied for some n € N we compute
n+1
Z U(8)Un1-x(t) f

= ZUk /Un x(t —r)BT(r fdr—i—/ Un(s —7)BT(r+t)fdr
k=0
t t+s
= /Un(s+t—r)BT(r)fd7"+/ Un(s+t—r)BT(r)fdr
0 ¢

= /t Up(s+t—r)BT(r)fdr =U,1(t+s)f, t,s>0, feX.
0

Hence,

UDU(s)f = D Unt)> Unls)f

n=0 m=0
= D UUjr(s)f
7=0 k=0
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So, (U(t))¢>0 is a Cy-semigroup on X. Let us denote its generator by C' with domain D(C).
Using the definition of U(t) we obtain

Ut) = T(t)+§:UnH(t)
- T(t)+§: / t U,(t — s)BT(s)ds

= T(t)+ /t (i Un(t — S)BT(S)) ds
= T(t)—I—/tU(t—s)BT(s)ds7 for all ¢ > 0.

Hence, for f € D(A), we have

—_
g‘
~+

U(t—s)BT(s)fds—Bf)

t—0

Ut — s)B(T(s)f — f) ds+%/0 (U(t — s)Bf — Bf) ds)

t—0

S+ | = = | =
o~

S— — —

I
g

I
=
e i R

t—0

s 1 t
Ut — S)B/ T(r)Af drds + ;/ (U(s)Bf — Bf)ds) =0.
0 0
Thus, f € D(C) and Cf = Af+ Bf. So, the assertion follows since C' and A 4+ B are both
generators. O
The above Dyson-Phillips expansion gives us the following positivity result.

Corollary 15.1.2. If A generates a positive Cy-semigroup on a Banach lattice E and
B € L(E) is a positive operator, then the semigroup generated by A + B is positive.

15.2 Positive semigroups for linear transport equa-
tions
We would like to model the time evolution of the motion of neutrons in an absorbing and

scattering homogeneous medium. This problem is known as the reactor problem and is
given by the following integrodifferential equation.

) .9
1 2 —_— = — R _ / !/ /
(15.2) atu(t,w,v) ;:1 vjaxju(t,a:,w o(sv,v)U(t,:c,vH/Vé(x,v,v)U(t,m,v)dv,

where u(t, z,v) represents the density distribution of the neutrons in terms of the space
variable x € D C R3, velocity v € V := {v € R® : v < |v| < VUpae} at time ¢ for
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some minimal speed v,,;,, > 0 and maximal speed v,,,, < oo. Here D denotes the set
describing the interior of the vessel in which neutron transport takes place. The medium
D is surrounded by a total absorber (or by a vacuum if D is convex), and neutrons migrate
in this volume, are scattered and absorbed by this material. We suppose that neutrons do
not interact with each other.

The free streaming term — Zj’:l Uj%
ticles between collisions with the background material. The second term of the right-hand
side of corresponds to collisions including absorption ¢, and the third term to scatter-
ing of neutrons: particles at the position z with the incoming speed v’ generate particles at
x with the outgoing speed v and the transition is governed by a scattering kernel {(z, v, v’).
The fact that u(t,-,-) should describe a density suggests to require that wu(t,-,-) is an el-
ement of L'(D x V) for all ¢ > 0. Following this line and introducing the vector-valued
function u(t) := u(t,-,-), (15.2)) is equivalent to the following abstract Cauchy problem

w in (|15.2)) is responsible for the motion of the par-

u(t) = (A+ Ko)u(t) == (Ag — M,y)u(t) + Kcu(t), t>0,
Here u(t) € L'(D x V) and Ay denotes the free streaming operator —Zi’:l v on
a suitable domain. Moreover M, is the multiplication operator by ¢ and is called the
absorption operator. The scattering operator K. is defined by

(Kef)(x,v) := /‘/C(x,v,v')f(x,v') dv', (x,v) e DxV,fe L"(DxV).

The one-dimensional reactor problem

In order to simplify our exposition we study here only the one-dimensional case. The
one-dimensional reactor problem is given by the following transport equation

%(t,l’,l}) - —v%(t,x,v) - O'(l’,’l})'LL(t,"L’7U) + fV C(IE,U,U/)U(t,ZL‘,U/) dvlv
t>0,(x,v) € DXV,

u(t,0,v) =0ifv >0 andu(t,1,v) =0ifv <0, ¢t>0,

u(0,z,v) = f(x,v), (x,v) € DXV,

(TE)

where 0 < o € LD xV),0< (€ LD xVxV), D:=10,1], and V := {v € R :
Umin < V] < Upae } for given constants 0 < vpin < Vpaz < 00.
Supposing that the scattering kernel ( satisfies

(15.3) C(z,v,0") >0  forall (z,v,0") € DxV xV,

one can apply Theorem and deduce the asymptotic behaviour of the semigroup
solution to (TE).
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Let us first rewrite (TE) as an abstract Cauchy problem on the Banach lattice L'(D x
V). So, we define the free streaming operator Ay by

0
(Aof)(z,v) == —Ua—i(x, v) with

) o
D(Ay) == {feLl(DxV):va—ieLl(DxV), ;E(l)z;:g ﬁig }

the absorption operator
(Mo f)(x,v) == o(z,v) f(z,v), (z,v)€DxV,feL(DxV),

and the scattering operator
(K¢ f)(z,v) := / C(x,v,0) f(z,0)dv', (z,v) € DxV,feLY(DxV).
v

We note that M,, K. € L(L'(D x V)) since 0 € L®(D x V) and ¢ € L*(D x V x V).
Let us study first the free streaming operator. By an easy computation one can see
that (0,00) C p(Ap) and

1r e~ ) f (o ) da ifv >0
15.4 R\, A )y =4 vdo ASE )
(15.4) (R, Ao)f)(@,v) { A ) f(a',v) da’ ifv <0,

v JT

for (z,v) € D x V and f € L'(D x V). Hence,

(0,00) C p(Ap) and ||R(A, Ag)|| < for all A > 0.

> =

Therefore, by Theorem[12.3.1, Ay with domain D(A) generates a Co—semigroup (7p()):>o0
of contractions on L'(D x V). Moreover, (Ty(t))s>o is positive since R(\, Ag) > 0 for all
A > 0. On the other hand, it follows from (15.4) that

(R(\, Ap) f)(z,v) = /000 e Mip(x — vt) f(z — vt) dt

1 ifzx e D,
0 ifx ¢ D.
So, by the uniqueness of the Laplace transform, we obtain

for (z,v) € DxV, f € LY(D x V), where 1p(x) = {

(15.5) (To(t) f)(w,v) = 1p(x — tv) f(z — tv,v), (z,v) €D xV,feLY(DxV).
Moreover, since the absorption operator M, is bounded, it follows that

A= AQ - MO- with D(A) = D(AQ)
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generates the positive Cp—semigroup (7(t)):>o given by
(15.6) (T, v) = e o= (Ty (1) f)(z, v),

for (z,v) € D xV, f € LY(D x V). The boundedness and the positivity of the scattering
operator K implies that the transport operator A+ K with domain D(Aj) generates the
positive Cy—semigroup (S5(t))i>o given by the Dyson-Phillips expansion ([15.1)), see Propo-
sition and Corollary This semigroup will be called the transport semigroup
and it satisfies the following properties:

Proposition 15.2.1. For the streaming semigroup (T'(t))i>o and the transport semigroup
(S(t))i0 the following hold

0<T(t) <S(t) for all t > 0 and

(15.7) wo(A+ K¢) = s(A+ K¢).

Proof. The first assertion follows from the positivity of K and the Dyson-Phillips expan-
sion (|15.1)). The second is a consequence of Theorem [14.1.2,(ii). O

We will see that the the transport semigroup (S(t)):>o is irreducibile. First we show
the following.

Lemma 15.2.2. Let I be a closed ideal of L*(D x V). If I is S(-)-invariant, then I is
invariant both under Ty(-) and K.

Proof. Assume that I is S(-)-invariant. Since 0 < T'(t) < S(t), t > 0, we deduce that [ is
T'(-)-invariant. Thus, by (15.6)), it follows that I is Ty(-)-invariant. By Proposition [15.1.1

we have ,

lim +(S()f — T(0)f) =lim+ | T(t — )KcS(s)f ds = K f

tlo t to t J
for f € LY(D x V). Since I is closed and invariant both under S(-) and 7'(-), we obtain
that I is K —invariant. O

Lemma 15.2.3. For the transport semigroup (S(t))i>0 defined above the following proper-
ties hold.

(i) The remainder Ro(t) := Yo, Su(t), t > 0, of the Dyson-Phillips expansion (15.1)
is a weakly compact operator on L'(D x V).

(it) If the scattering kernel ¢ satisfies (15.3), then the transport semigroup (S(t))iso is
irreducible.

Proof. For 0 < f € LY(D x V) and t > 0 we have
(KT K Sf)(x,0) < (K To(H) K f)(x,v)
1¢IIA //JLD (x —t") f(x — t"0") dv" du'

-1 2 o .
Cl [ [ e

IN

IN
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Hence,

IICH2

(15.8) KTHK: < —=(1®1),

where 1 ® 1 is the bounded linear operator defined by

(1e1)f:= (/D/Vf(x,v)dvd:v)]l, feLY(DxV).

By using the definition of the terms U, (t) in the Dyson-Phillips series (15.1)) one can see
that

Rygi(t) Z Uit / T(t — s)KcRy(s)ds, t>0,n¢€N.
k=n+1
In particular, Ra(t fo fg T (s1)KcT(s9)KeS(t — 51 — s9)dsydsg for t > 0. Take

t>e>0and COIlSldel"

RQE / / 81 Kc (SQ)KC)S(t — 51 — 82) dSl ng.

Then it is easy to verify that

liH(l] |Ra2c(t) — Ro(t)|| =0 for allt > 0.
e—

On the other hand, it follows from (|15.8)) that

R (t) < IICII3 / / DA @1)S(t — 51 — s2) ds dss.
From the definition of (Ty(t));>0 and since 0 < T'(¢ o(t), one can see that T({)1 ® 1 <

) < T
1 ® 1 for the order in L(L'(D x V)). Now, for 0 < f € L'(D x V), and s; + s5 < t, we
obtain

(1@ 1)S(t— 51— so)f = (//(S(t—31—52)f)(:p,v)dvdx>]l

< tsl”(//fa:vdvdx)

= Me'™")(1®1)f

where M > 1 and w € R are such that ||S(¢)|| < Me** for all ¢ > 0. Consequently,

t 1 t—so
RQ,Ea)gMHcHzo( [ / ew<t-51-82>dsld32)<n®ﬂ>

M 2 t _w(t—s2) _ 1
w € S9
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where M > 1 and w € R are such that [|S(t)|| < Me** for all ¢ > 0. This implies that
Ry .(t) is dominated by a one-dimensional operator. So, by Proposition we obtain
that Ry .(t) is weakly compact and therefore Ry(t) is weakly compact for all ¢ > 0. This
proves (i).

We recall that every closed ideal in L'(D x V') has the form

I={feL'(DxV): f vanish a.e. on Q}

for some measurable subset Q2 C D x V. We suppose that [ is S(t)—invariant for all £ > 0.
Then, by Lemma [15.2.2 I is K —invariant. Assume that  # ). Since Lpxy\o € I, we
obtain

(KC]]-DXV\Q)(':Eav) = / C(l’,U,U/)]]_DX‘/\Q(.T,UI) dv'
\%4

— / C(z,v,0)dv' =0
V\ Qs

for (z,v) € Qand Q, ;= {v € V : (z,v) € Q}. Since ( is strictly positive, it follows that
Q, =V. Hence, 2 =Y x V for some measurable subset Y of D.

On the other hand, again by Lemma I is To(t)—invariant for all ¢ > 0. Thus, [ is
R(X, Ag)—invariant for all A > 0. Hence, (R(X, Ag)Lpx\o)(x,v) = 0 for a.e. (z,v) € Q.
So, by using , one can see that

T 1
/ Ip\y(s)ds =0 and / Ip\y(s)ds = 0.
0 T

Therefore, fol Ip\y(s)ds = 0 and this implies that Y = D. Consequently, I = {0} or
I=LYD x V) and (ii) is proved. O

We can now apply Theorem to describe the asymptotic behaviour of the transport
semigroup.

Theorem 15.2.4. Assume that { satisfies . Then the transport semigroup (S(t))i>o
has balanced exponential growth. More precisely, there are two strictly positive functions
e e L' (D x V) andp € L™(D x V) satisfying [, ., o(z,v)(x,v)dvdes =1 such that

le™ RIS (M) —p @ | < Me™™
for allt > 0 and some constants M > 0 and € > 0.

Proof. Since vy, > 0, it follows that (7'(t)):>0 is a nilpotent semigroup, i.e., there is ¢y > 0
such that

(15.9) T(t) =0 for allt > t,.
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Here one can take tg = . Hence, r(T'(t)) = ress(T'(t)) = 0 for all ¢ > 0. So, by Lemma,
15.2.3}(i) and Theorem BT 23 we have
Wess(S) = —o0.

On the other hand, it follows from ((15.9) that
t
Ui(t) = / T(s)K:T(t —s)ds =0 for allt > 2t
0

and therefore
Ry(t) = S(t) for allt > 2t,.

So, by Lemma [15.2.3|(ii), we obtain that Ry() is irreducible for all t > 2¢,. Now, one can

apply Lemma[15.2.3/(i), Proposition [B.1.20| and Theorem [B.1.22| to obtain that 7(S(t)) =
r(Ry(t)) > 0 for all ¢ > 2ty. Therefore,

—00 = Wess(S) < wp(9).

Applying Theorem to the transport semigroup (5(t)):>o we obtain the assertions. [

15.3 Notes and Remarks

The transport equation has been studied by many authors. Our presentation is based on
the approach used in the papers [4,|7H9]. For more information see one of the monographs
[1,:2,/5,(6].

As another nice application of our theory we mention the study of the asymptotic
behavior of the solutions to the age-dependent population equation whose abstract form is
given in Exercise [15.4]3] For a detailed study of this model we refer to 3, Sec. VI1.4] and
references therein.

15.4 Exercises

1. Let (T'(t))i>0 be a Cy-semigroup with generator A. Moreover, assume that the mapping
t — T'(t) is norm continuous for ¢ > ¢, and some point ¢, > 0 and that R(\, A)T (o) is
compact for some (and hence all) A € p(A). Prove that the operators T'(t) are compact
for all ¢t > t,.

2. Let us consider the operator defined on L*(R,) by

Af = —f'—uf, f € D(A) = {f € [\R,): [ € L'(R,) and f(0 / B(a) f(a) da},

where u, 5 € L>®(R,) are two nonnegative functions.
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(a) Prove that A generates a positive Cy-semigroup (7'(t))¢>o.
(b) Prove that (7T'(t))¢>o is irreducible if and only if there is no 7 > 0 such that
B (r,00) = 0 almost everywhere.

3. On E := L'a/2, 1] we consider the operators defined by

Aof = —f — (u+b)f with
D(Ay) = {f€E:f ek, fa/2) =0},

Bf(s) = {‘“’f)%)f@s) fof2 <21/

for f € E, where 0 < pu € Cla/2,1] and b continuous with b(s) > 0 for s € (a, 1) and
b(s) = 0 otherwise.

(a) Prove that Ay generates a positive semigroup (7(t));>o given by

— 2 (ulr) b)) dr g _
T<t>f<3>={e " Fs—1) ifs—t>a/2

0 otherwise.

(b) Deduce that A := Ay + B with domain D(A) = D(Ay) generates a positive Cp-
semigroup (S(t))t>0 on E.

(¢) Prove that S(t) is compact for all ¢ > 1 — /2 (use Exercise [15.4][1).
(d) Prove that (S(t))>o is irreducible on E.

(e) Deduce that (S(t))i>0 possess an asynchronous exponential growth. (Use Theorem

B.1.22| and Theorem [14.2.7)
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Appendix A

A.1 Linear algebra

We collect here the necessary notations and results from linear algebra. The set of n x n
complex matrices will be denoted by M,,(C). We denote with X := C" the usual euclidian
vector space and use the identification M, (C) = L£(X). Here £(X) denotes the set of
(continuous) linear transformations defined on X and mapping into X. Hence, we will
view at matrices always as linear transformations or operators. This means especially that
we will speak about the action of a matrix, or about the kernel or image of a matrix. These
latter objects will be denoted by ker A and im A, respectively, for a matrix A € M, (C).

A.1.1 Norms

To be able to define convergence of vectors, there is a need for the notion of the length of a
vector. A natural way to define the length of a vector in R™ is to use geometric intuition and
for a vector x = (x1, 9, -+ ,x,) set its length as ||z||2 = \/2? + 23 + ... + 22, the Euclidian
length of a vector. However, it turns out that for different mathematical purposes different
notions would serve more useful. This is crystallized in the abstract notion of the norm of
a vector.

Definition A.1.1. A norm on X is a function || -||: X — R with the following properties.
(i) ||l=|]| > 0 for every z € X and |jz|| =0 <= =z = 0;
(ii) [[Az| = |A|||z] for all z € X and A € C;
(iii) [z +yll < [lz]| + lly[| for all z,y € X.
There are many norms on the space X = C". Here we list some of them.

Example A.1.2. For z = (z1,29, -+ ,2,) € C" the following formulae define norms on
Ccn.

(a) |lzll2 := v/]z1|? + |22|® + - - - + |2,]? (the Euclidian or the 2-norm);

(b) [|z|lx == |z1| + |z2| + - - - + |xn| (the taxicab or the 1-norm);

13
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(¢) ||z]loo := max{|z1|, |22l ..., |zn|} (the maximum or the co-norm);
1
(d) [|z|l, = (|z1]? + |z2fP + - - - + |2, |P)? for p € R, p > 1 (the p-norm).

The p-norm is obviously a generalization of the Euclidian and taxicab norms. It is also

not difficult to show that lim, , |||, = ||#||cc. The Euclidian norm is induced by the
scalar product:

2]z = v/ {z, z).
Here (-,-) denotes the usual scalar product on C", i.e. for = (z1,29, - ,2,) and y =

(y1,y2, -+ ,yn) We have
(2,y) == 2171 + Too + - + TuTn.

The following Holder’s inequality regarding scalar product and p-norm is very useful. For
the case p = ¢ = 2 it is actually the well known Cauchy-Schwarz inequality.

Lemma A.1.3 (Holder’s inequality). Let % + % =1and z,y € C". Then

[z o) < llzllpllyll,

Any norm defines a metric dj.|(x,y) := || —y|| on a vector space and hence the notions
of convergence, continuity, etc. may depend on the specific norm we use. Therefore it is
important to be able to compare different norms.

Definition A.1.4. The norms || - || and ||-|| on X are equivalent, if there exist constants
m, M > 0 such that

(A1) m||z]l < ||lzf| < M |||
for all z € X.

One can easily see that the norms from Example [A.1.2] are all equivalent. In fact, this
is true for all the norms on a finite dimensional vector space, as Tikhonov proved in [3].

Theorem A.1.5 (Tikhonov). Any two norms on a finite dimensional (real or complex)
vector space are equivalent.

Proof. Clearly, it is enough to prove the statement of the theorem in the case where X = C"
and ||z] = ||z||cc = max{|xi|, |z2|,...|z,|}. We will make use of the fact that the || - ||oo-
norm is complete and that the Bolzano-Weierstrass theorem holds, meaning that closed
bounded sets are compact.

Let us introduce the constant

C = max {[lex[], [[eal], - -, llenl]}
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where the vectors

1 0
8 ; 0
€1 = . , €9 = . N & :
. . 0
0 0 1

are the canonical basis vectors of X. We see one side of the required inequality immediately
from the estimate
|lz|| = [|z1e1 + 2262 + ... xpen]] < C(|za] + |22 + ... + |20]) < Cnllz||so-

Considering the set
K:={reX : ||z||w=1},

and the function
f:K—=R,  f(z)==z|,

we see that f is Lipschitz continuous since using the estimate before, we obtain that

[F () = F @)l = MMzl = Iyl < lle =yl < Cnllz = yllo.

Hence, using that the set K is compact, by Extreme Value Theorem we obtain that
there are vectors z,w € K such that for all x € K, we obtain

12l = f(2) < f(2) = |l=]] < fw) = [[w]].

Finally to conclude our proof, take x € X such that z # 0. Then x = ||z||w2’ with
x = Tz € K. By the previous inequality, and using the notation m := |z]|, M := [Jw]],
we obtain
m < ') < M,

and hence, multiplying this inequality with ||z||,
mzflee < [z]] < M|z
O]

It is important to note however that Tikhonov’s Theorem does not hold in spaces of
infinite dimension:

Exercise A.1.6. Let Z := ([0, 1] be the vector space of continuous C-valued functions
defined on the interval [0, 1] and put, for f € Z,

[F]:= max [£(£)],

t€[0,1]

1
= dt.
171 / o

Then || f]l; < ||f]| for every f, but || -||; and || - || are not equivalent.
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A.1.2 Reducing subspaces and projections

We recall now some important notions which might be missing from some of the introduc-
tory linear algebra course. Let A € £(X). A subspace Y C X is called invariant under A,
if

AY ={Ay :yeY} CY.

A subspace Y C X is called reducing, if there is a subspace Z C X such that X =Y & Z
and both Y and Z are invariant under A. Here the symbol “@®” denotes the direct sum of
two subspaces, meaning that for every x € X there exists exactly one y € Y and one z € Z
such that = y + z. In this case we also say that Z complements Y. It is important to
note that, if the subspace Y reduces A, there will, in general, be infinitely many subspaces
complementing Y which are not invariant under A. So some care is needed when choosing
the subspace Z. It follows readily from the definition that if a subspace Y reduces A, then
the corresponding complementing subspace reduces A as well.

Let us illustrate the notion of a reducing subspace on a pair of examples.

10

Examples A.1.7. (i) Consider X := C? and the matrix A := (0 5

() 1<
() 1<

are invariant and that X =Y & Z. Hence, these subspaces reduce the matrix A.

). It is easily seen
that the subspaces

11
01

SRR

is invariant. However, there is no other one-dimensional invariant subspace for A.
Hence, Y is not a reducing subspace.

(ii) Consider X := C? and the matrix A := ( ) It is easily seen that the subspace

The existence of reducing subspaces is really convenient because it allows us to in-
vestigate the matrix on smaller subspaces. This is due to the fact that the matrix acts
independently on each of its reducing subspaces. Reducing subspaces are of course closely
related to projections.

Definition A.1.8. An operator P € £L(X) is called a projection, if P> = P.

Proposition A.1.9. An operator P € L(X) is a projection if and only if X = ker P®im P
and Plimp = 1.
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Proof. First note that Pli, p = I implies P(Pz) = Px, i.e. P? = P.

Conversely, let z € X be chosen. Take y € im P such that y := Pz and let z := x —y.
Then obviously, x = y+z, y € im P and Pz = Pz — Py = Pz — P?z = 0. Hence, z € ker P.
We can also deduce immediately from this line that if y € im P, then Py = y.

Finally, we only have to show that the obtained decomposition is unique. But if z =
y + 2 with ¢/ € im P, 2’ € ker P, it follows that Px = Py’ + Pz’ =y’ = y. Hence, ¢y =y
and 2z’ = z. O

Exercise A.1.10. Consider the following matrices: P; := é 8) and P = % <:; Z)
Show that they are projections. Can you find im P; and ker P; (i = 1,2)? Can you give a

geometric interpretation of the action of the matrices P;?

Proposition A.1.11. If P € M,(C) is a projection, then Q := I — P is also a projection.
Further, ker P = im () and im P = ker ().

Proof. Clearly, using that P is a projection, we see that Q* = (I—P)(I—P) = [-2P+P? =
I — P = (. Hence, @ is also a projection. We also see that

PQ=P(I—-P)=P—P>=0,
QP=(I-P)P=P—P*=0.
Hence, im @) C ker P and im P C ker (). To show that here actually equality takes place,

take z € ker P. Then QQz = z — Pz = z, which implies z € im ). Similarly, if y € ker @,
then Py =y — Qy = y implying y € im P. [

It is important to know that for every direct sum decomposition there is a corresponding
projection.

Proposition A.1.12. Assume that Y,Z C X are subspaces such that X =Y & Z. Then
there is a unique projection P € M, (C) such that im P =Y and ker P = Z.

Proof. Let us start from the decomposition X = Y & Z. We define, in the spirit of
Proposition[A.1.9] Px := y where x = y+ z is the unique decomposition with the property
y €Y and z € Z. Then for y € Y, we obtain Py = y, for 2 € Z we see that Pz = 0.
Hence, P2x = Py = y = Pz meaning that P is really a projection. ]

Finally, we close this summary with a connection between reducing subspaces and
operators.

Proposition A.1.13. Let A € L(X) be given. The following are equivalent.
(1) A subspace Y C X reduces A with complementing reducing subspace Z C X.

(i) The projection P € L(X) with Y =im P, Z = ker P, commutes with A, i.e., PA =
AP.
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Proof. (i) = (ii): If X =Y & Z with A-invariant subspaces Y and Z, then the projection
P with range Y and kernel Z commutes with A. In fact, if x € X and x = y + 2z is the
unique decomposition of x into components y € Y and z € Z, then

APx = Ay = PAy = PAy+ PAz = PAx.

Here we used that for y € Y, Ay € Y and hence PAy = Ay. Further, we also used that
for z € Z, Az € Z, and hence PAz = 0.
(i1) = (i): If PA= AP and im P = PX =:Y, then

AY = APX = PAX C PX =Y

and

A(I = P)X = (I = P)AX C (I — P)X = kerP.
u

Let us recall here also a well-known property of linear mappings on finite dimensional
spaces.

Proposition A.1.14. For an operator A € L(X) the following is equivalent

A is injective <= A is surjective <= A is bijective.

A.2 Complex functions and interpolation polynomi-
als

We recall here some basic facts on the derivatives of polynomials, or, more generally,
complex functions. We remind the reader that C is usually topologically identified with
R2, hence, C 3 z, — z € C if and only if Rez, — Rez and Im 2, — Im 2. This means
that we can define neighborhoods and open sets just as we are used to it from multi-valued
calculus. Let U C C be an open set, f : U — C, 2y € U. We call f differentiable at zg, if

the limit
o 1) = 1)

z—20 Z— 2

=: f'(z0)
exists. With the same proofs from elementary calculus we see that:

e If f, g are differentiable at zy, then for «, 8 € C we have (af + 59) (z0) = af'(z0) +
B9 (2).

o If f(z) = 2™, then f is differentiable and f/(z) = mz™"1.

e If f, g are differentiable, then (fg) = f'g + f¢'.
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Exercise A.2.1. Assume that the functions are at least m-times differentiable at a point
2. Show that fg is also m-times differentiable and that

(A2) (Fa)™(z0) = 3 (m) F (20)g z0).

i
i=0
Lemma A.2.2. Let z; € C be fized. A polynomial p has the form p(z) = (z — z1)™q(z) for
some m € N and q € Clz], if and only if
PP (z) =0 foralli=0,1,...,m— 1.

Proof. We can proceed by induction. For m = 1, the statement is well-known from elemen-
tary algebra. Assume now that we know the desired identity up to some number m = k

and want to know what happens for m = k + 1. From the induction assumption we see
that p(z2) = (z — 21)¥q1(2) for some ¢; € C[x]. From Equation (A.2)) we see that

w0 =3 (V) S a0 = - )+ hG)

7
i=0
where p; is a suitable chosen polynomial, more precisely,

k

p =3 (5) He o),

i=1

From Equation (A.3]) we see that p*)(z,) = 0 if and only if ¢;(z;) = 0. Hence, using again
the well-known fact from elementary algebra, we see that this last is equivalent to the fact
that

Q(2) = (2 — 21)q(2)

for some polynomial ¢ € C[z] proving the assertion. O

Now we collect some information on interpolation polynomials. Given m distinct com-

plex numbers zq, ..., z, and another m complex numbers wy,...,w,,, one easily finds a
polynomial p of degree m — 1 with p(z;) =w;, i=1,...,m:
“ z—z
—~J
z) = w
p( ) Z k H o —Zj’
k=1 1<j<m
i7k

known as the Langrange polynomial. The problem becomes more difficult if we would also
like to prescribe the values of the derivatives of p at points 21, ..., z,,. We obviously need
higher order polynomials to fulfill this task. If for any z; the value of p and its first v; — 1
derivatives are given, ¢ = 1, ..., m, then the minimal degree of the appropriate interpolation
polynomial is v; 4+ - - - + 14, — 1 and can be achieved using Hermite interpolation. For more
information we refer to [1, Section 5.2] and |2, Example 7.9.4].
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Exercise A.2.3. Find some polynomials p with the following properties.

(i) p(1) =1,p(2) =1

(ii) p(1) =1, p'(1) = 2.
(iii) p(1) =1, p'(1) =3, p(-1) = -1
(iv) p(1) =1, p'(1) =3, p(-1) = -1, p'(-1) = 3
(v) p(1) =1, p'(1) =3, p(-1) = —1, p'(~1) =2
(vi) p(1) =1,p'(1) =2,p"(1) =3
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Appendix B

B.1 Functional analysis

This manuscript is written in a functional-analytic spirit. Its main objects are operators
on Banach spaces, and from now on we use many results and techniques from functional
analysis and operator theory. There are many excellent sources and we refer to textbooks
like 5], 6], [11], [12], [13], [14], or |16]. However, for convenience we add this appendix,
where we introduce our notation and list some results.

To start with, we introduce the following classical sequence and function spaces. Here,
J is a real interval; K denotes R or C; and ), depending on the context, is a domain in
R", a locally compact metric space, or a measure space. The symbol X always stands for
a Banach space. The canonical sequence spaces are the following:

£o(X) = (N, X) = { (@n)nen € X ; sup [, < o0 b ()l = sup 2

ne neN

c(X)=c(N,X) := {(xn)neN C X: lim z, exists} C (X)),

co(X) = co(N, X) i= {(xn)neN C X lim 7, = 0} C ¢(X),
> = (*(N) = (*(N, C),
c¢=c¢(N):=¢(N,C),
co = co(N) := (N, C),
= (N) i= (N, C) o= { (wa)ners € C: Y [l < 00, wa)all i= (3 lzal?)”
neN neN

(p € [1,00)).
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Spaces of continuous functions are:

C(K):={f:Q— K| fis continuous}, ||f|l« :=sup|f(s)| (if K is compact),
seK

Co(2) :={f € C(Q) : f vanishes at infinity},
Cp(Q) :={f € C() : f is bounded},
Ce(Q) :={f € C(2) : f has compact support},
Cup(Q) :={f € C(Q) : f is bounded and uniformly continuous},
AC(J) :={f:J — K| f is absolutely continuous},
CH(J):={f € C(J) : f is k-times continuously differentiable},
C*(J) :={f € C(J): fis Holder continuous of order o},
C*(J) :={f € C(J) : f is infinitely many times differentiable},
Lip,(J) :=={f € Cw(Q2) : f is Lipschitz continuous},
1y 2= 10)] + sup | L=

Spaces of integrable functions are:

L(@up) = {192 K | £ is pintegrable on 2, 171, = ([ 177(5) duts

L, p) :={f: Q2 — K| f is measurable and p-essentially bounded}, ||f||Oo := essup| f|;
WEP(Q) = {f € LP(Q) : f is k-times distributionally differentiable
with D*f € L?(Q) for all |a| < k}.

The strong operator topology

At this point, we do not want to give the definition of the strong operator topology, but
just point out what convergence and boundedness mean in this setting.

Let X,Y be Banach spaces and let (7,,) € L(X,Y) be a sequence of bounded linear
operators between X and Y. We say that the sequence (7},) converges strongly to T €
L(X,Y), if

T,xr — Tx holdsinY asn — oo for all z € X.
For the purposes of this course, this is the correct notion of convergence, being, as a matter
of fact, nothing else than pointwise convergence.

A subset K C L(X,Y) is called strongly bounded (or bounded poinwise) if for all x € X
we have
sup{||Tz| : T € K} < oc.

Next, we list some classical functional analysis results concerning these two notions.
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Theorem B.1.1 (Uniform Boundedness Principle). Let XY be Banach spaces and sup-
pose K C L(X,Y) is strongly bounded, i.e., for all x € X we have

sup{||Tz|| : T € K} < oo.
Then K is uniformly bounded, that is
sup{||T|| : T € K} < oc.
This theorem has the following important consequence:

Theorem B.1.2. Let X,Y be Banach spaces, and let (T,,)) C L(X,Y) be a sequence such
that (T,z) CY converges for all x € X. Then

Tx = lim T,x
n—oo

defines a bounded linear operator on X.

Theorem B.1.3. Let X,Y be Banach spaces, let T € L(X,Y) and let (T,,)) C L(X,Y) be
a norm bounded sequence. Then the following assertions are equivalent:

1. For every x € X we have T,x — Tz in X.
2. There is a dense subspace D C X such that for all x € D we have T,x — Tx in X.
3. For every compact set K C X we have T,x — Tz in X uniformly for x € K.

By adapting the classical proof of the product rule of differentiation and by making use
of the theorem above one can easily prove the next result.

Theorem B.1.4 (Product rule). Let u : [a,b] — X be differentiable, and let F : [a,b] —
L(X,Y) be strongly continuous such that for every t € [a,b] the mapping

Fu:sw— F(s)u(t) €Y
is differentiable. Then s — F(s)u(s) € Y is differentiable, and we have
(Fu)'(t) = F'(t) - u(t) + F(t) - u'(¢).

An other important result we wish to recall from functional analysis is the closed graph
theorem.

Theorem B.1.5 (Closed Graph Theorem). Let X be a Banach space, and let A: X —Y
be a linear operator such that its graph is a closed subspace of X x X with dense domain
D(A) in X. Then A is bounded if and only if D(A) = X.
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The Hahn—Banach Theorem

Let X be a Banach space. A linear functional ¢ : X — C is called bounded if there is a
constant M > 0 such that

le(HI < MI[f]| for all f e X.

The set
X' :={¢ : ¢ is a bounded linear functional on X }

of all bounded linear functionals is a linear space, and becomes a Banach space with the
functional norm

[oll == sup [p(f)| = sup [{f, )]
fex fex
[[flI<1 [IfII<1

Here we used the convenient notation ¢(f) = (f, ¢). If ¢ € X’ then

[(foo)l < llell - I1£1]

holds for all f € X. The space X' is called the dual space of X. That X' is large enough
for every Banach space is highly non-trivial, and is actually the statement of the Hahn—
Banach theorem (see [9] and [4]). Note however that in specific examples the dual space
can be determined.

Theorem B.1.6 (Hahn-Banach). Let X be a Banach space, and let X' be its dual space.
Then the following assertions are true:

(i) For f € X, f #0, there is p € X" with o(f) = || f|| and ||¢|| = 1. Or, which is the
same, for every 0 # f € X there is o € X' with o(f) = || f||* = |||

(ii) For f,g € X one has f = g if and only if (f,p) = (g,p) for all p € X'.

(111) A subspace Y is dense in X if and only the zero functional is the only bounded linear
functional that vanishes on Y .

The Banach—Alaoglu Theorem
Let ©,, o € X'. We call ¢, weak*-convergent to ¢ if for all f € X
(f,on — ) — 0 holds as n — oc.

The functional ¢ is called the weak*-limit of the sequence, and if exists, then it is obviously
unique. We call ¢ a weak*-accumulation point of the sequence (¢p,,) if for all f € X and
e > 0 there is a subsequence (¢, ) with

[(f,pn, — )| <e  forall keN.

Obviously, if (¢,) has a weak*-convergent subsequence ¢, then ¢ is an accumulation point
of the sequence. The converse implication is in general not true. The next rather weak
formulation of a central result from functional analysis suffices for our purposes.
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Theorem B.1.7 (Banach-Alaoglu, [1]). Let X be a Banach space and consider its dual
space. Let
B ={peX :|p| <1} CX

be the unit ball in X'. Then every sequence (p,) C B’ has a weak*-accumulation point in
B'. If X is reflexive or separable, then every sequence (v,) C B’ has a weak*-convergent
subsequence with limit in B'.

The Riemann integral

Denote by C([a, b]; X) the space of continuous X-valued functions on [a, b], which becomes
a Banach space with the supremum norm. For a continuous function u € C([a, b]; X) we
define its Riemann integral by approximation through Riemann sums. Let us briefly sketch
the idea how to do this. For P ={a =1t <ty <--- <t, =b} C [a,b] we set

(5(P):max{tj+1—tj : j:(),...,n—l},

and call P a partition of |a,b] and 6(P) the mesh of P. We define the Riemann sum of u
corresponding to the partition P by

I
—

n

S(Pyu) = > ult;)(tj1 —t;),

<.
Il
o

where n is the number of elements in P. From the uniform continuity of v on the compact
interval [a,b] it follows that there exists zp € X such that S(P,u) converges to zg if
d(P) — 0. More precisely, for all € > 0 there is 6 > 0 such that

|S(P,u) — x| < e

whenever 0(P) < §. We call this zy € X the Riemann integral of f an denote it by

/a bu(s) ds.

The Riemann integral enjoys all the usual properties known for scalar valued functions.
Some of them are collected in the next proposition.

Proposition B.1.8. 1. There is a sequence of Riemann sums S(P,,u) with 6(P,) — 0
converging to the Riemann integral of u.

2. The Riemann integral is a bounded linear operator on the space C([a,b]; X) with

values in X.
3. If T € L(X,Y), then
b b
T/ u(s) ds = / Tu(s) ds.
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4. If u:[a,b] — X is continuous, then

1s differentiable with deriwative .

5. If u: [a,b] = X is continuously differentiable, then

b
u(b) —u(a) = / u'(s) ds
holds.
For the proof of these assertions one can take the standard route valid for scalar-valued

functions.

Spectrum and resolvent

Definition B.1.9. Let A be (not necessarily bounded) linear operator defined on a linear
subspace D(A) of a Banach space X.

(i) The spectrum of A is the set

o(A):={AeC:A—A: D(A) — X is not bijective or the inverse is not continuous}.
(ii) The resolvent set of A is p(A) := C\ o(A), i.e.,
p(A) :={AeC:X—A:D(A) — X is bijective with continuous inverse}.

(iii) If A € p(A) then the operator A — A is injective, hence has an algebraic inverse
(A — A)~1. We call this operator the resolvent of A at point A and denote it by

R(MA) = (A — AL

Note that if A € p(A), the operator A — A is both injective and surjective, i.e., its algebraic
inverse

(A= A)"': X — D(A)

is defined on the entire X.
Let us recall also the next fundamental properties of spectrum and the resolvent.

Proposition B.1.10. Let X be a Banach space and let A be a linear operator with domain
D(A) C X. Then the following assertions are true:

(a) The resolvent set p(A) is open, hence its complement, the spectrum o(A) is closed.



B.1. FUNCTIONAL ANALYSIS 129

(b) The mapping
p(A) 2 A= RN A) € L(X)
is complex differentiable. Moreover, for n € N we have
dTL

THROA) = (<1)"mIR(L, 4)™.

(c) If A€ L(X), then for every A € C with |\| > r(A) we have X € p(A).
(d) Let \, € p(A) with lim,, o A\, = Xg. Then Ao € o(A) if and only if
lim [[R(A,, A)|| =

n—oo

Proof. Statement (a) follows from the following Neumann series representation of the re-

solvent: For € p(A) and A € C with |\ — p] < m, we have A\ € p(A) and

=) (= N R(u, A

Assertion (b) follows from the above power series representation and from the fact that a
power series is always a Taylor series.

Assertion (c) follows by similar Neumann series arguments as (a) since

aa(i-4),

formally

)\n+1 ?

and the series converges if [A| > limsup || A"||Y/" =: 7(A).

To show (d) first assume that Ay € p(A). The resolvent map is continuous and remains
bounded on the compact set {\, : n > 0}, which contradicts the assertion on the limit of
| R(\n, A)|, hence \g € o(A). For the converse implication observe that our considerations
at the beginning of the proof yield ||R(u,A)|| > W for all p € p(A) (see also

Corollary [B.1.12]). ]

The following result is known as the spectral mapping theorem for the resolvent.

Proposition B.1.11. Let X be a Banach space and let A be a linear operator with domain
D(A) C X such that p(A) # (0. Then, for any A € p(A),

o(BO A\ 10} = {2 s aa |



130 APPENDIX B.
Proof. For 0 # a € C and A € p(A), we have
(o — RN Az = {()\——) 1 (A, Az, VrelX,
= aR(\A) [( — é) — A] z, Vx e D(A).

This implies that a € o(R(A, A)) if and only if A — L € o(A). O
As a corollary we obtain

Corollary B.1.12. For any A € p(A) the following holds:

11
r(R(A, A)) — 1RO\ A) |

dist(\, o(A)) =

Proof. For \ € p(A), it follows from the above proposition that
dist(A\,0(A)) = inf{|A—p|:pu € o(A)

(N })

= (ol s € (RN ADY
1
FROVA) © ||R<A,A>||

O

Let us now recall the following spectral mapping theorems (see |6, Theorem VII.3.11]
and [7, Theorem IV.3.7]).

Theorem B.1.13. For A € L(X) one has
o(et) = e = {* . X € o(A)}.

Theorem B.1.14. Let (T'(t))i>0 be a Cy-semigroup with generator A on Banach space X .

Then
op(T (1) \ {0} = e*@ ¢ > 0.

Here 0,(A) := {A € C: (A — A) is not injective } denotes the point spectrum of A.
We end this subsection by characterizing the boundary spectrum

op(A) :={A€0(A):Red=s(A)}

of the generator A of an irreducible Cy-semigroup (7°(t));>0 on a Banach lattice E. For the
proof see |7, p. 315].

Lemma B.1.15. Let A be the generator of an irreducible Cy-semigroup (T'(t))i>0 on a
Banach lattice E. If s(A) is a pole of R(-, A) then o,(A) C o,(A).
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Isolated singularities

Let A be a closed linear operator on a Banach space X. Assume that p is isolated in o(A).
Then the complex differentiable function A — R(\, A) can be expanded as a Laurent series

RO\A) = > (A=p)"R, for 0<|\—p|<n

n=—oo

with a sufficiently small > 0, where

1 [ R(\A)
B.1 R, = — [ 22 gy 7.
(B-1) 2772/7()\—@"“ ne

Here + is the positively oriented boundary of the disc centered at p and radius /2. The
coefficient R_; is the spectral projection P, corresponding to the decomposition o(A) =

{n} U (c(A)\ {u}) and is called the residue of R(-, A) at n. It follows from (B.1)) that
R*(nJrl) = (A - lu)nP/M n € N.

If there is & € N such that R_; # 0 and R_(;41) = 0, then 4 is called a pole of R(-, A) of

order k. In this case one obtains
(B.2) R = lim (A — p)FR(\, A).
A—=pt
We call m,, := dimrg P, the algebraic multiplicity and my := dim ker(p — A) the geometric

multiplicity of p. If m, =1 we call p an algebraically simple (or first order) pole of R(-, A).
It can be proved that if u is a pole of order k € N then

Proposition B.1.16. (i) m,+k —1 < m, < km,, and
(ii) € o,(A) and rg P, = ker (u — A)*.
For proofs of these properties we refer to [8, Chap. II], [10, IIL.5], or |14, V.10].

The essential spectrum

We start with some definitions. A bounded operator S € L(FE) is called a Fredholm operator
if there is T' € L(E) such that I —T'S and I — ST are compact. We denote by

0ess(S) = C\ pp(S)
the essential spectrum of S, where
pr(S) :={A e C: (A—Y9) is a Fredholm operator}.
The Calkin algebra C(E) := L(F)/K(F) equipped with the quotient norm
[Slless := 115+ K(E)|| = dist(S, £(E)) = nf{||5 — K] : K € K(E)}
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is a Banach algebra with unit. The essential spectrum of S € L(FE) can also be defined as
the spectrum of S + KC(E) in the Banach algebra C(FE). This implies that, for S € L(E),
Oess(S) is non-empty and compact.

For S € L(E) we define the essential spectral radius by

Tess(S) :=1(S + K(E)) = max{|\| : X\ € 0.55(5)}.

Since (S + K(E))" = S™ + K(E) for n € N, we have r..(S) = lir11n_>oo||5’”||e%SS and
consequently,
Tess(S + K) = 1ess(S),  for every K € KC(E).

If we denote by
Pol(S) :={A € C: X\ isapole of finite algebraic multiplicity of R(-, S)},

then one can prove that Pol(S) C pp(S) and an element of the unbounded connected
component of pr(S) either is in p(S) or a pole of finite algebraic multiplicity. For details
concerning the essential spectrum we refer to [10, IV.5.6], [8, Chap. XVII]. Thus we obtain
the following characterization.

Proposition B.1.17. For S € L(FE) the essential spectral radius is given by
Tess(S) = 1nf{r > 0: X € a(9),|A\| >r and X € Pol(5)}.
Proof. 1f we set
a:=inf{r >0: X € d(S5),|\| >rand\ € Pol(5)},
then for all € > 0 there is r. > 0 such that
{Ae€a(S): |\ >r} C Pol(S)

and r. —e < a. On the other hand, we know that there is A\g € 0.55(S) With 7¢s(S) = |Ao]-
If we suppose that r..(S) > r., then A\g € Pol(S). This implies that A\g € pp(S), which is
a contradiction. Hence, rqs(S) < 1. < a+e. Thus, res(S) < a.

To show the other inequality first note that

{Aea(S): Al > res(S)} € pr(S).

Therefore,
{N€a(S) 1 |A| > ress(S)} C Pol(S).

Consequently, a < r.4(S) and the proposition in proved. O

We define the essential growth bound w.ss(T') of a Co—semigroup (7(t)):>o with gener-
ator A ad the growth bound of the quotient semigroup 7'(-) + K(E) on C(E), i.e.,

Wess(T) := inf{w € R : IM > Osuch that ||T(t)]|css < Me“*,Vt > 0}.
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Then, for all £y > 0, one can see that

(B.3) Wess(T) = logress(T(to)) _ o

to t—o0

log HT(t)”ess
—

The following result gives the relationship between w,ss(7") and wq (7).

Proposition B.1.18. Let (T'(t))i>0 be a Co—semigroup with generator A on a Banach
space E. Then one has
wo(T) = max{s(A),wess(T)}.

Proof. If wess(T) < wo(T'), then ress(T(1)) < r(T'(1)). Let A € o(T'(1)) such that |\ =
r(T(1)). So by Proposition[B.1.17 X is an eigenvalue of 7°(1) and by the spectral mapping
theorem for the point spectrum, Theorem , there is A\; € 0,(A) with e = .
Therefore, Re A\; = wy(T") and thus wo(7) = s(A). O

By using the essential growth bound one can deduce important consequences for the
asymptotic behaviour, cf. [7, Theorem V.3.7].

Theorem B.1.19. Let A be the generator of a Co—semigroup (T'(t))i>0 on a Banach space
X such that wess(T) < 0. Then the following assertions hold.

(a) The set {\ € o(A): Re\ > 0} is finite (or empty) and consists of poles of R(-, A) of
finite algebraic multiplicity.
Denoting these poles by A1, ..., A\, the corresponding spectral projections Py, ..., Py,
and the order of the poles ki, ..., k,, we have

(b) T(t) =Ti(t) + ...+ T,(t) + R(t), where

kn—1

To(t) :=e™" Y

J=0

tI :
—(A=X\)'P,, n=1,...,m,

and
|R®)|| < Me™"  for somee > 0,M >1 and all t > 0.

We end this subsection by recalling a perturbation theorem for the essential spectral
radius of Cy-semigroups due to J. Voigt |[15]. To this purpose let us recall some definitions.
An operator B € L(F) is called strictly power compact if there is n € N such that (BT)" is
compact for all T' € L(FE). An operator T' € L(F) is said to be weakly compact if for every
norm bounded sequence (f,,) of E the sequence (7'f,) has a weakly convergent subsequence
in E.

Proposition B.1.20. If E is an L'-space then the product of two weakly compact operators
15 compact. In particular, every weakly compact operator is strictly power compact.

See [6, Corollary VI.8.13]. For the following result we refer for example to |2, Theorem
5.25 and Theorem 5.31].
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Proposition B.1.21. Let (2, X, u) be a o— finite, positive measure space and S, T be two
bounded linear operators on L*(Q, ). Then the following assertions hold.

(a) The set of all weakly compact operators is a norm-closed subset of L(L'(Q, u)).
(b) If T is weakly compact and 0 < S < T, then S is also weakly compact.
The following theorem is due to B. de Pagter.

Theorem B.1.22. Let E be a Banach lattice. If 0 < T € L(E) is an irreducible compact
operator, then r(T) > 0.

The following theorem gives the relationship between the essential spectrum of the
perturbed and the unperturbed semigroups (see [15]).

Theorem B.1.23. Let A be the generator of a Cy—semigroup (T'(t))i>0 on a Banach
space E and B € L(E). Let (S(t))i>o the Co—semigroup generated by A+ B. Assume
that there exists n € N and a sequence (t,) C Ry, ty — 00, such that the remainder
Ry (ty) = >_,_, Sp(tx) of the Dyson-Phillips expansz’on at ty is strictly power compact
for all k € N. Then

Tess(S(1)) < 1ess(T(t)), t>0.

Vector valued Laplace and Fourier transforms

The general reference for the following facts is the monograph by Arendt, Batty, Hieber,
Neubrander [3].

Let X be a (complex) Banach space and I C R an interval. A function F': [ — X
is said to be a step function, if there is n € N and I; C I Lebesgue measurable sets and
x; € X forall i =1,...,n such that

F(t) =) fili,.
=1

A function F' : I — X is called measurable, if there is a sequence F,, : I — X of step
functions such that

F(t) = lim F,(t)

n—o0

for almost every t € I. Here “almost every” is to be understood in the sense on Lebesgue

measure in /.
We say that F' € LP(I,X), if F : I — X is measurable and ||F(-)|| € L?(I,R) for

p € [1,00), and define
\F], = ( [iFor dt) .

Then, using more or less straightforward arguments, one can show that L”(/, X) enjoys
similar properties to the scalar valued Lebesgue spaces.
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Especially, if H is a Hilbert space, then L*(I, H) becomes a Hilbert space with the
scalar product

(FI6) = [(FIG() dr

The integral of a step function F' is defined as

/1 oy iFiA(Ii).

A function F' : I — X is said to be Bochner integrable, if there is a sequence of step
functions F, : I — X such that [, ||F(t) — F,(t)|| dt — 0 as n — oo. The integral of a
Bochner integrable function can be defined then as

/F = lim [ F,.
I n—oo [

It can be shown that the integral is well-defined and that if F' is Bochner integrable,

then F € L'(I, X) and
[ < furna
I

The Fourier transform of a function F € L'(R, X) can be defined as

FF(s):= /00 e SUE(t) dt

oo

and it can be shown (for example, by taking scalar products and reducing to the scalar
case) that if H is a Hilbert space, then for F' € L'(R, H) N L'(R, H), we have

[ hEE@F @t =2r [ IF@F e
R R
yielding to the vector valued version of Plancherel’s Theorem.

Theorem B.1.24. The Fourier thansform extends uniquely to a bounded linear operator
on [*(R, H), and the operator \/%7]-" is unitary.

If F: R, — X is measurable and exponentially bounded (meaning that there is M > 0
and w € R such that |F(¢)] < Me“"), then we can define its Laplace transform analogously
to the scalar case as

LIF)(N) = /O T e MP() di

for Re A > w.
We have seen in Proposition that if (7°(t)):>0 is a Co-semigroup of type (M, w)
with generator A, then
R\ A)f = LT A
for Re A > w.
It can be shown by applying the theory of Laplace transforms that the following inver-
sion formula hold, see Engel and Nagel |7, Corollary I11.5.16].
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Theorem B.1.25. Let A generate a strongly continuous semigroup (T(t))i>o. Then for
all w > wo(T') the representation formula
1 w+in

Tt)f = — lim MR(N, A fdN, t>0,f € D(A%)

2imt n—oo J_in

holds.
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