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LECTURE 1

Introduction: evolution equations, operator
semigroups and dispersive equations

Evolution equations govern the dynamic behavior of deterministic systems
in the sciences. This is done in a surprisingly simple way, only based on a few
fundamental assumptions.
One first requires that at time t ≥ 0 the state of the given system can uniquely

be described by an element of the state space X, where we assume that X is a
Banach space. Given an initial state u0 ∈ X at time t = 0, we denote the state
of the system at time t ≥ 0 by u(t) = u(t;u0) ∈ X if u(0) = u0.
We second suppose that the change of the state at time t uniquely depends

on the present state u(t), and that the law which links the present state to the
present change is given by a (linear or nonlinear) map F : D(F ) → X, where
D(F ) ⊆ X.
Under these assumptions, the evolution of the system is determined by the

evolution equation (more precisely, the initial value problem)

u′(t) = F (u(t)), t ≥ 0, u(0) = u0. (1.1)

We abbreviate u′ = d
dt u for the time derivative of the unknown function u :

R+ → X. Observe that here time evolves only into one direction, i.e., that
t ≥ 0. However, in many cases it makes sense to allow for t ∈ R. Moreover,
we have restricted to autonomous (of time-invariant) systems, when assuming
that the map F only depends on the state and not on the time t ≥ 0.
For a given natural phenomenon, it is a priori not clear which state space X

and map F describe the phenomenon appropriately. One cannot determine such
X and F within mathematics alone; this task of modeling clearly requires the
expertise of the relevant science. In this course, we will not be concerned with
this issue though we will discuss the physical background of certain equations.
Probably, you have already encountered systems of type (1.1) given by ordi-

nary differential equations. These arise if the state of a system can be described
by finitely many numbers so that one can choose X = Cn for some n ∈ N. This
type of equations covers for instance Newton’s theory of classical mechanics.
Below, we allow for Banach spaces X of infinite dimension in which one can
formulate and work with partial differential equations.
In our course we first investigate the case of linear maps F . By means of so–

called strongly continuous semigroups, one can establish a comprehensive and
elegant solution theory for (1.1) in the linear case. Even more importantly, this
theory provides the framework for the systematic investigation of the qualitative
properties of the solutions to (1.1). In the second half of the course we then
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treat nonlinear equations. Here one does not have such a unifying and powerful
general theory as in the linear case. Instead, we focus on certain “semilinear”
equations which we can study starting from the linear theory, and which still
give a flavor of the new challenges arising in nonlinear problems.
Within the vast realm of evolution equations, we want to focus on a specific

class called dispersive equations. The most prominent examples in this class
are the Schrödinger equation and the wave equation which will be the main
applications treated in our lectures. Before continuing with an introductory
discussion of the general problem (1.1), we describe these equations and explain
how they fit into the general framework above.

The linear Schrödinger equation is given by

i ∂
∂t
v(t, x) = (−∆ + V (x))v(t, x), x ∈ Rd, t ∈ R,

v(0, x) = v0(x), x ∈ Rd,
(1.2)

where v : R × Rd → C is the unknown. For the dimension d = 3 it describes
the evolution of the probability wave function of a single particle in a quantum
mechanical system. Here, ∆ = ∂11 + . . .+∂dd is the Laplace operator, V : Rd →
R is a given potential which is determined by the physics of the system, and
i ∈ C is the imaginary unit. One has V (x) = − c

|x| with a constant c ∈ R for the
electron in the hydrogen atom, for instance. To cast (1.2) into the form (1.1),
one chooses X := L2(R3) for the state space, requires that u(t) := v(t, · ) ∈ X
for each t ∈ R and sets F (u) := i(∆−V )u. Depending on V , the domain D(F )
of F could be a suitable Sobolev space. (These function spaces are explained
later.)
The (damped) linear wave equation with Dirichlet boundary conditions on a

bounded domain U ⊆ Rd is given by

∂2

∂t2
w(t, x) = ∆w(t, x)− b(x) ∂

∂t
w(t, x), x ∈ U, t ∈ R,

w(t, x) = 0, x ∈ ∂U, t ∈ R,

w(0, x) = w0(x), ∂

∂t
w(0, x) = w1(x), x ∈ U,

(1.3)

where b : U → R+ is the damping and w : R × U → C is the unknown. As
for ordinary differential equations, one can rewrite this equation for w (which
is second order in time) into a system of two equations of first order in time
for the unknowns (w, ∂∂tw). One chooses X := H̊1(U) × L2(U) as the state
space, where H̊1(U) is the first order Sobolev space with Dirichlet boundary
conditions, and one writes

u(t) := (u1(t), u2(t)) := (w(t, · ), ∂∂tw(t, · )) ∈ X

as above. One then obtains (1.1) by setting

F

(
u1
u2

)
:=
(

0 I
∆D −b

)(
u1
u2

)
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for the Dirichlet Laplacian ∆D on L2(U). We remark that the Dirichlet bound-
ary condition w(t, · ) = 0 on ∂U here is included in the state space X. In many
other situations boundary conditions are encoded in the domain of the map F .
The problems (1.2) and (1.3) are linear. In our lectures about nonlinear

equations we will concentrate on the semilinear wave and Schrödinger equations.
More precisely, we investigate the wave equation

∂2

∂t2
w(t, x) = ∆w(t, x)− aw(t, x)|w(t, x)|2, x ∈ U, t ∈ R,

w(t, x) = 0, x ∈ ∂U, t ∈ R,

w(0, x) = w0(x), ∂

∂t
w(0, x) = w1(x), x ∈ U,

(1.4)

with a cubic forcing term −aw|w|2, where a ∈ R and d = 3. (One can view
the nonlinearity as a truncated power series of a general nonlinear force term.)
The last part of the course is devoted to the nonlinear Schrödinger equation

i ∂
∂t
v(t, x) = −∆v(t, x) + µ|v(t, x)|α−1v(t, x), x ∈ Rd, t ∈ R,

v(0, x) = v0(x), x ∈ Rd,
(1.5)

where µ ∈ {−1, 1} and α > 1.1 This equation (and its variants) appear in
quantum field theory, e.g., in the study of so-called Bose–Einstein condensates.
A discretized version models phenomena in DNA. It is also used to describe
(approximately) the amplitudes of wave packages in nonlinear materials. The
nonlinear problems (1.4) and (1.5) can be formulated as the evolution equation
(1.1) in similar way as their linear counterparts (1.2) and (1.3).
We continue with the discussion of the general problem (1.1). To some extent

our basic strategy is guided by the theory of ordinary differential equations, but
there will be many fundamental differences when implementing this strategy.
Wellposedness is the first fundamental question one has to answer:

Given an initial state u0 ∈ X, is there a unique solution u =
u( · ;u0) of (1.1) that continuously depends on u0 ?

In the present context, by a solution u of (1.1) we understand a function u ∈
C1([0,∞), X) such that u(t) ∈ D(F ) for each t ≥ 0 and (1.1) is fulfilled. Of
course, such a solution can only exist for u0 ∈ D(F ).2 To allow for “many”
initial data, we assume that D(F ) is dense in X. The continuous dependence
on the initial state means that the map u0 7→ u(t;u0) is continuous in the norm
of X for all t ≥ 0. Actually, we will further require that this map is uniformly
continuous for t ∈ [0, t0] and every t0 > 0.
As for ordinary differential equations, in the linear case we will indeed obtain

solutions that exist for all times t > 0. However, for nonlinear F in general
one can only expect a solution on a possibly bounded time interval [0, t+(u0)),
whose length t+(u0) ∈ (0,∞] (the maximal existence time) may depend on the
initial state u0. Solutions with a finite existence time (having blow-up) already

1For the experts: We will stay in the “subcritical range” and assume that α < d+2
(d−2)+

.
2Often one can weaken the solution concept to obtain solutions in a generalized sense for

every u0 ∈ X. We will not study this point systematically.
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occur for the simple scalar equation u′ = u2. The reader is invited to compute
explicitly the solution of this equation for any initial value u0 > 0 and to derive
t+(u0) = 1

u0
< ∞. As we shall see, blow-up also occurs for (1.4) if a < 0 and

for (1.5) if µ = −1 (the so-called “focusing” case). One thus has to distinguish
between local and global wellposedness. For convenience, we still write “t ≥ 0”
or “t ∈ R” as the range for the time when posing the problem (1.1) although
some solutions may not exist for all times.
Once we have solutions, we can (and should) study their qualitative behavior

with respect to a large variety of possible properties. Still in the context of local
wellposedness one can investigate the regularity of solutions. We will instead
focus on the long-term behavior of solutions especially in the case of nonlinear
F , where we first ask:

Do we have a global solution of (1.1) for each (or some) u0 ∈
D(F ); i.e., do we have t+(u0) =∞ ?

The answer will depend heavily on the concrete structure of F . For instance,
the solutions of u′ = −u2 with u(0) > 0 exist for all t ≥ 0. If a solution u exists
for all times t > 0, we can then inquire:

What is the behavior of u(t) as t→∞ ?
Here a basic scenario is the convergence to an equilibrium, i.e., u(t) → u∗ as
t→∞ and u∗ ∈ D(F ) satisfies F (u∗) = 0.
So far, we did not discuss the concept of an operator semigroup from the title

of the Internet Seminar. To explain its central role for evolution equations,
assume that (1.1) is a linear problem, i.e., it is given by

u′(t) = Au(t), t ≥ 0, u(0) = u0, (1.6)
where A : D(A)→ X is a linear operator and its domain D(A) is a dense linear
subspace of X. Here the reader may think of an appropriate realization of the
Laplacian ∆.
We first assume that for each u0 ∈ D(A) we have a unique solution u =

u( · ;u0) of (1.6), i.e., u belongs to C1(R+, X), u(t) ∈ D(A) for all t ≥ 0 and
(1.6) holds. Thanks to uniqueness, we can then define the map

T (t) : D(A)→ D(A), T (t)u0 = u(t;u0),
for t ≥ 0. Of course, T (0) is just the identity on D(A). Note that t 7→ T (t)u0
is continuous from R+ to X by our assumption. If u0, v0 ∈ D(A) and α, β ∈ C,
then the function αu( · ;u0)+βu( · ; v0) solves (1.6) for the initial value αu0+βv0
since A is linear. Again by uniqueness, it follows T (t)(αu0 + βv0) = αT (t)u0 +
βT (t)v0 so that T (t) is a linear map on D(A) for each fixed t ≥ 0.
Let us now further assume that u(t;u0) depends continuously (with respect

to the norm of X) on u0, locally uniformly for t ≥ 0. By a standard density
argument one can then extend T (t) to a bounded linear operator on X such
that the orbit map t 7→ T (t)x is continuous from R+ to X for each x ∈ X. We
denote the resulting one parameter family of bounded linear operators on X by
(T (t))t≥0 or simply T (·).
Finally, take t, s ≥ 0 and restart the problem (1.6) with initial value u(s).

We then have the two solutions t 7→ u(t;u(s)) and t 7→ u(t+ s;u0) of (1.6) for
4



t ≥ 0, which have to coincide by uniqueness. Thus T (·) satisfies the semigroup
law

T (t+ s) = T (t)T (s) and T (0) = I.

We call such operator families T (·) strongly continuous operator semigroups
or shortly C0–semigroups. Moreover, T (·) is sometimes called the solution semi-
group for (1.6). If we can reverse time and the above properties hold for all
t, s ∈ R, then we have a C0–group. As it turns out, this will indeed be the case
for the linear Schrödinger equation (1.2) and for the linear wave equation (1.3)
(at least if b is bounded).

As we have seen above, the concept of a C0–semigroup naturally arises from
the basic assumptions

(1) existence of unique solutions,
(2) continuous dependence on the initial data,
(3) linearity

for the solutions of (1.6). Therefore, if one requires these properties, semigroups
come automatically into play. We stress that the points (1) and (2) above are
fundamental for any scientific investigation of systems evolving in time. It must
be possible to test a statement in science by an experiment, at least in principle.
For an evolutionary problem this requirement forces one to describe the states
in a unique way and to give a definite prediction about the future. We point
out that one can be very flexible in choosing the states of a system. For the
Schrödinger equation (1.2) they are given by a probability wave function in
L2(R3) as the state, for instance. This example indicates how a probabilistic
viewpoint can also be included in the above deterministic approach by choosing
an appropriate state space.
Moreover the initial states will only be known approximately in practice so

that predictions must be made with a certain error tolerance, which requires
the continuous dependence on the initial values.
The linearity of each map T (t) is a consequence of the linearity of A. Also, in

the general case (1.1) when F is nonlinear, one can define a solution semigroup
(here usually called semiflow) if the solutions satisfy (1) and (2). However,
in this case T (t) will not be linear, and one always has to keep in mind that
solutions may exists only on finite time intervals depending on the respective
initial value.

There is an astonishingly rich and elegant theory on C0–semigroups for lin-
ear evolution equations. Its foundation is the theorem of Hille-Yosida. This
result characterizes those operators A which “generate” a C0–semigroup that
solves (1.6) for A. We will also show that the linear problem (1.6) has the two
fundamental properties (1) and (2) for a densely defined linear operator A if
and only if A generates a C0–semigroup, which then solves (1.6). In this sense,
semigroup theory provides the natural framework for linear evolution equations
and the Hille-Yosida theorem closes the circle between the given linear opera-
tor A, the evolution equation (1.6) and the corresponding solution semigroup
T (·). Even more importantly, this framework serves as a suitable setting for
our further investigations of the long-term behavior of (1.1) as t→∞.
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In our applications the norm on X corresponds to the physical energy of the
system (modulo constants). The energy does not increase in time in (1.2) and
(1.3), as well as in many other systems in sciences; i.e., it holds ‖T (t)x‖ ≤ ‖x‖
for each t ≥ 0 and each x ∈ X. As a result, the corresponding operators T (t) are
contractions for each t ≥ 0. For contractions the Hille-Yosida generation result
has a particular simple form (the Lumer-Phillips theorem) whose conditions are
relatively easy to check in examples. On a Hilbert space X, the Lumer-Phillips
theorem further implies Stone’s theorem about the generation of unitary C0–
groups (which is needed for the Schrödinger equation (1.2)). In view of our
applications, we will focus on the contraction case and on Hilbert spaces at
least when more general results require significantly more effort.
Actually, one could establish the generation results rather quickly. But we

think that we should take a slower start and present the basic arguments in
detail and provide several illustrating simple examples. We hope that this
helps the beginner to become familiar with (at first linear) analysis in Banach
spaces and the functional analytic approach to evolution equations.
In the framework for linear evolution equations provided by the Hille-Yosida

theorem we treat three more topics:
(a) perturbation theory,
(b) exponential stability,
(c) inhomogeneous problems.

The equations (1.2) and (1.3) are typically solved by perturbation arguments.
The Laplacian in an L2–setting can be treated by functional analytic methods
(Fourier transform, Lemma of Lax-Milgram) in a very elegant way. The po-
tential and the damping terms in (1.2) and (1.3) can then often be handled
as “lower order” perturbations which do not affect the existence of a solution
semigroup for these evolution equations.
A C0–semigroup T (·) is called exponentially stable if ‖T (t)‖ → 0 exponen-

tially as t → ∞. As we will see, on a Hilbert space X a C0–semigroup is
exponentially stable if (and only if) the resolvent (λI − A)−1 of its generator
exists and is bounded for Reλ > 0. This powerful theorem (basically due to
Gearhart) links the spectral properties of A to the dynamic properties of the
solutions of (1.6). It is a generalization of a corresponding result for linear
ordinary differential equations due to Lyapunov, which the reader might know
from undergraduate courses.
If a given forcing or control function g : R+ → X is present in a linear system,

instead of equation (1.6), one has to investigate the inhomogeneous problem

u′(t) = Au(t) + g(t), t ≥ 0, u(0) = u0. (1.7)

It can be solved by Duhamel’s formula (or the variation of constants formula)

u(t) = T (t)u0 +
∫ t

0
T (t− s)g(s) ds, t ≥ 0, (1.8)

where T (·) is the solution semigroup to the homogeneous problem (1.6). This
formula builds the bridge to the semilinear problem

u′(t) = Au(t) + f(u(t)), t ≥ 0, u(0) = u0, (1.9)
6



for a nonlinearity f : X → X which is Lipschitz continuous on bounded sets.
Indeed, by means of (1.8) the equation (1.9) can be reformulated as the inte-
grated fixed point problem

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(u(s)) ds. (1.10)

Here the reader may recall the proof of the Picard-Lindelöf theorem for ordinary
differential equations. This setting already covers the nonlinear wave equation
(1.4) for the space dimension d = 3, as we will see later. But even more
importantly, for problem (1.9) one can establish a prototypical theory for local
wellposedness and for the asymptotic behavior, which then serves as a guideline
for much more complicated nonlinear systems when f is not defined on the whole
space X. As for the linear problems, we want to spell out the basic methods,
ideas and results for the nonlinear analysis first on the level of a more accessible
problem, namely (1.9).
The nonlinear Schrödinger equation (1.5) is a much more complicated system.

Here the nonlinearity f(u) = −iµ|u|α−1u does not mapX = L2(Rd) into L2(Rd)
(since α > 1), and thus one has to exploit the specific properties of the operator
i∆ and the nonlinearity to obtain wellposedness.
Here, finally, the dispersive character of Schrödinger and wave type problems

really comes into play. Physically, dispersion means that waves of different
frequencies propagate with different velocities. In our context therefore wave
packages smear out as time evolves, thereby improving their integrability in
some sense. We will discuss this concept in much greater detail later in the
corresponding lectures. Here we just note that mathematically this property is
most easily seen for the (free) linear Schrödinger equation

∂

∂t
v(t, x) = i∆v(t, x), x ∈ Rd, t ∈ R, v(0, x) = v0(x), x ∈ Rd.

This problem is solved by a C0–group T (·) on L2(Rd) which has the explicit
representation formula

(T (t)v0)(x) = 1
(4πit)d/2

∫
Rd

ei |x−y|
2

4t v0(y) dy,

for v0 ∈ L1(Rd) ∩ L2(Rd), x ∈ Rd and t 6= 0. The formula directly implies that

‖T (t)v0‖L∞ ≤
1

(4π|t|)d/2
‖v0‖L1 . (1.11)

Hence the states are bounded away from the initial time and tend uniformly to
zero as |t| → ∞. On the other hand, one can show that ‖T (t)v0‖L2 = ‖v0‖L2

holds for v0 ∈ L2(Rd) and t ∈ R. These two properties of T (·) imply that the
solution of any localized initial state smears out as time evolves and its “mass”
will be pressed out towards infinity.
Using methods from functional analysis, the simple estimate (1.11) can be

upgraded to the famous Strichartz’ estimates, saying that
‖T (·)v0‖Lq(R,Lp(Rd)) ≤ c‖v0‖L2(Rd),

‖T (·) ∗+ f‖Lq(R,Lp(Rd)) ≤ c‖f‖Lq′ (R,Lp′ (Rd))
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for a constant c > 0 independent of v0 ∈ L2(Rd) and f ∈ Lq
′(R, Lp′(Rd)).

Here (T (·) ∗+ f)(t) :=
∫ t

0 T (t− s)f(s) ds is the half-line convolution, the expo-
nents q, p ≥ 2 satisfy a certain relation dictated by scaling which involves the
underlying dimension d and q′, p′ are the conjugate (dual) exponents.
These estimates will be crucial for the study of the nonlinear Schrödinger

equation (1.5) which can be written as the fixed point problem

u(t) = T (t)u0 − iµ
∫ t

0
T (t− s)u(s)|u(s)|α−1 ds, (1.12)

cf. (1.10). Observe that Strichartz’s estimates deal with precisely the two terms
on the right-hand side. Based on the function spaces arising in Strichartz’ esti-
mates, we will find a fixed point of the equation (1.12) and in this way establish
the local wellposedness theory for (1.5). In certain cases we will also show global
wellposedness of (1.5) based on the fact that the “energy” of solutions of (1.5)
is constant in time. We also study the long-term behavior if µ = 1.

This course is meant as a starting point for a deeper investigation of dispersive
or wave type equations. Based on our course, we intend to treat various more
advanced topics (or other subjects for which we will not have enough time in
the lectures) in the projects of Phase 2 of the Internet Seminar.

Prerequisites. Concluding this introduction we want to explain the pre-
requisites needed for this course and the role of the appendices and the exercises.
We assume some familiarity with functional analysis. Besides basic facts and

the standard function spaces, e.g. Lp spaces, we will freely use the principle of
uniform boundedness, the open mapping theorem, the Hahn-Banach theorem,
the theorem of Banach-Alaoglu, Riesz’ representation theorem for Hilbert space
duals and their standard consequences. For this material we refer to, e.g.,
[Bre11], [Con90], [RS72], [Rud91], [TL80], [Wer07], [Yos80]. Several other
topics from functional analysis, namely closed operators, basic spectral theory,
selfadjoint operators, Sobolev spaces, the Fourier transform and the Bochner
integral, will be treated in the appendices. In the lectures we introduce briefly
the necessary concepts, state the relevant results and discuss them a bit. It
should be possible to follow the course without reading the appendices which
contain the proofs and include more background material. Of course many of
you already know (part of) this extra material. In the text we will cite from
time to time additional results from the literature. These citations are made
just for your information and are not needed later on. The exercises are mostly
meant to provide additional examples and give you an opportunity to test your
understanding. Some exercises provide variants of the results treated in the
lectures. Very rarely, we use simple facts from the exercises later on.
We gratefully thank the participants of the Internet Seminar whose comments

helped to correct mistakes and to improve the presentation.
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LECTURE 2

Strongly continuous semigroups and their generators

In the first part of the Internet Seminar we investigate the linear evolution
equation (or more precisely, the initial value or Cauchy problem)

u′(t) = Au(t), t ≥ 0, u(0) = u0, (2.1)

on a Banach space X. Here A is a given linear operator with domain D(A) and
u0 ∈ X (often u0 ∈ D(A)) is the initial value. We want to develop a systematic
theory for (2.1) which will also be the basis for our study of semilinear problems.
As explained in Lecture 1, the solution u of (2.1) will be given by u(t) = T (t)u0
for an operator semigroup (T (t))t≥0 = T (·) on X. Our analysis starts with the
study of such semigroups. For each semigroup we introduce its generator A as
the derivative of t 7→ T (t) at t = 0, roughly speaking. We next investigate some
of their basic properties, solve problem (2.1) for the generator A, and study a
simple but instructive class of examples, the translation semigroups.
In the following lectures, we will tackle the more difficult problem to charac-

terize those (given) operators A which are generators of a strongly continuous
semigroup.

A few words about our notation: Throughout we assume that (X, ‖·‖X) is a
complex Banach space withX 6= {0}, where we mostly write ‖·‖ instead of ‖·‖X ,
if no confusion is to be expected. By B(X,Y ) we denote the space of all bounded
linear operators from X into another Banach space Y , setting B(X) = B(X,X).
Mostly, the operator norm is also designated by ‖ · ‖. Further, X∗ is the dual
space of X and I is the identity map on X. We write 〈x, x∗〉 := x∗(x) for
x∗ ∈ X∗ and x ∈ X. The scalar product on a Hilbert space H is denoted by
(x|y)H , or simply (x|y), for x, y ∈ H. By 1M we designate the characteristic
function of a set M . We put R+ = [0,∞) and R− = (−∞, 0].
For M ⊆ Rd we write C(M,X) for the vector space of continuous functions

f : M → X. We use the subspaces

Cb(M,X) =
{
f ∈ C(M,X)

∣∣ f is bounded
}
,

C0(M,X) =
{
f ∈ C(M,X)

∣∣ f(s)→ 0 as |s| → ∞ or as s→ ∂M \M
}
,

Cc(M,X) =
{
f ∈ C(M,X)

∣∣ supp f ⊆M is compact
}
,

where Cb(M) := Cb(M,C) etc. Here supp f is the closure in Rd of the set{
s ∈M

∣∣ f(s) 6= 0
}
. Below we will repeat these definitions in specific cases. The

spaces Cb(M,X) and C0(M,X) are always equipped the sup–norm ‖f‖∞ :=
sups∈M ‖f(s)‖ and then become Banach spaces.
We employ analogous notations for spaces of differentiable functions. For

instance, C1
0 ([0, 1)) =

{
f ∈ C1([0, 1))

∣∣ f, f ′ ∈ C0([0, 1))
}
.
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If M is a Borel subset of Rd and p ∈ [1,∞], we write Lp(M) for the usual
Lebesgue space of complex valued functions with respect to the Lebesgue mea-
sure onM and endow it with the p–norm, given by ‖f‖pp :=

∫
M |f |p dx if p <∞

and by the essential supremum for p =∞. IfM = (a, b) ⊆ R, we write C0(a, b),
Lp(a, b) and so on.

Definition 2.1. A map T (·) : R+ → B(X) is called strongly continuous op-
erator semigroup or just C0–semigroup if the following conditions are fulfilled:

(a) T (0) = I and we have T (t+ s) = T (t)T (s) for all t, s ≥ 0.
(b) For each x ∈ X the orbit, defined as the map

T (·)x : R+ → X, t 7→ T (t)x,
is continuous.

The generator A of T (·) is given by setting
D(A) :=

{
x ∈ X

∣∣ the limit lim
t→0+

1
t (T (t)x− x) exists in X

}
and defining

Ax := lim
t→0+

1
t (T (t)x− x)

for x ∈ D(A). We also say that A generates T (·).
If one replaces throughout in this definition R+ by R and “ t→ 0+” by “ t→

0”, one obtains the concept of a C0–group with generator A.

Property (a) in Definition 2.1 is called the semigroup law and (b) is the strong
continuity. We point out that the semigoup does not need to be continuous
with respect to the operator norm, cf. Example 2.6. Observe that the above
definition directly implies that D(A) is a linear subspace of X and A is a linear
map in X which is uniquely determined by the semigroup.
Let T (·) be a C0–semigroup. The semigroup operators then commute since

T (t)T (s) = T (t+ s) = T (s+ t) = T (s)T (t) (2.2)
holds for all t, s ≥ 0. By induction, we obtain

T (nt) = T
( n∑
j=1

t
)

=
n∏
j=1

T (t) = T (t)n (2.3)

for all n ∈ N and t ≥ 0. If T (·) is even a C0–group, it satisfies
T (t)T (−t) = T (0) = I = T (−t)T (t) (2.4)

for all t ∈ R. Hence, T (t) is invertible with inverse T (−t) for every t ∈ R.
We first look at the finite dimensional situation, which is rather simple since

here one can construct the semigroup from the given operator A by a power
series. This does not work for unbounded A.

Example 2.2. Let X = Cd, A ∈ B(X) ∼= Cd×d and set

T (t) := etA :=
∞∑
n=0

tn

n!A
n

for t ∈ R. It is known from analysis courses that the series converges in B(X),
T (·) satisfies (a) in Definition 2.1 and T (·) is continuously differentiable even in
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B(X) with d
dt etA = AetA for all t ∈ R. In particular, T (·) is a C0–group with

generator A. Moreover, for any given u0 ∈ X the function u : R+ → X defined
by u(t) = etAu0 solves the linear ordinary differential equation

u′(t) = Au(t), t ∈ R, u(0) = u0.

The same results hold for any bounded linear operator A on a Banach space
X, see Exercise 2.1. ♦

The simple Definition 2.1 has many astonishing consequences. We first ob-
serve that every C0–semigroup is exponentially bounded. This fact then leads
to the subsequent basic definition.

Lemma 2.3. Let T (·) : R+ → B(X) satisfy condition (a) in Definition 2.1
as well as lim supt→0+ ‖T (t)x‖ <∞ for each x ∈ X. Then there are constants
M ≥ 1 and ω ≥ 0 such that ‖T (t)‖ ≤ Meωt for all t ≥ 0. This fact holds in
particular if T (·) is a C0–semigroup.

Proof. Suppose that ‖T (tn)‖ → ∞ as n→∞ for a null sequence (tn)n in
R+. The principle of uniform boundedness then gives a vector x ∈ X satisfying
limn→∞ ‖T (tn)x‖ =∞, contradicting the boundedness assumption. There thus
exist constants M ≥ 1 and t0 > 0 such that ‖T (τ)‖ ≤M for all τ ∈ [0, t0]. Let
t ≥ 0. Take n ∈ N0 and τ ∈ [0, t0) with t = τ + nt0. Setting ω = logM

t0
≥ 0, we

deduce from Definition 2.1 (a) and (2.3) that
‖T (t)‖ = ‖T (τ)T (nt0)‖ = ‖T (τ)T (t0)n‖ ≤M ·Mn = Ment0ω ≤Meωt.

If T (·) is a C0–semigroup, each orbit is bounded on [0, 1] by the strong conti-
nuity. So the last assertion holds. �

Definition 2.4. Let T (·) be a C0–semigroup with generator A. Then

ω0(T ) := ω0(A) := inf
{
ω ∈ R

∣∣ ∃Mω ≥ 1 : ‖T (t)‖ ≤Mωeωt for all t ≥ 0
}

is called the growth bound of T (·).

Lemma 2.3 says that ω0(T ) < ∞. It may happen that ω0(T ) = −∞, see
Example 2.6. In general the infimum in Definition 2.4 is not a minimum even
in the matrix case. For instance, for X = C2 (endowed with the 1–norm) and
A =

( 0 1
0 0
)
, we have T (t) = etA =

( 1 t
0 1
)
, so that ‖T (t)‖ = t+ 1 for t ≥ 0, while

ω0(T ) = 0. The notation ω0(A) will be justified in the next lecture where we
show that an operator A can generate at most one C0–semigroup.
The next lemma often helps to verify the strong continuity of an operator

semigroup.

Lemma 2.5. Let T (·) : R+ → B(X) be a map satisfying condition (a) in
Definition 2.1. Then the following assertions are equivalent.

(a) T (·) is strongly continuous (and thus a C0–semigroup).
(b) It holds limt→0+ T (t)x = x for all x ∈ X.
(c) There are a number t0 > 0 and a dense subspace D ⊆ X such that

sup0≤t≤t0 ‖T (t)‖ <∞ and limt→0+ T (t)x = x for all x ∈ D.
The analogous equivalences hold in the group case.

11



Proof. The implication “(a)⇒(c)” is a consequence of Lemma 2.3. Asser-
tion (b) follows from (c) by a standard approximation argument.
To conclude (a) from (b), we fix x ∈ X and t > 0. For h > 0 the semigroup

property implies

‖T (t+ h)x− T (t)x‖ = ‖T (t)(T (h)x− x)‖ ≤ ‖T (t)‖ · ‖T (h)x− x‖,

where the right-hand side of this inequality converges to 0 as h tends to 0. In
the case that h ∈ (−t, 0], we note that Lemma 2.3 yields

‖T (t+ h)‖ ≤Meω(t+h) ≤Meωt

for some constants M ≥ 1 and ω ≥ 0. As a result,

‖T (t+ h)x− T (t)x‖ = ‖T (t+ h)(x− T (−h)x)‖ ≤Meωt · ‖x− T (−h)x‖ → 0

as h→ 0−, and (a) holds. The assertions about groups are shown similarly. �

In the above lemma the implication “(c)⇒(a)” can fail if one omits the bound-
edness assumption (cf. Exercise I.5.9(4) in [EN99]). We now examine a basic
class of examples for C0–semigroups, the translation semigroups. They are
given by an explicit formula (which is a rare exception) and are thus very con-
venient to illustrate various aspects of the theory. Their generators will be
determined in the next lecture.

Example 2.6 (Left translation semigroups on R and [0, 1)).
(a) Let X= C0(R) =

{
f ∈ C(R)

∣∣ f(s)→ 0 as |s| → ∞
}
and T (·) be given by

(T (t)f)(s) := f(s+ t) for t ∈ R, f ∈ X, s ∈ R.

We claim that T (·) is a C0–group on X. Clearly, T (0) = I and T (t) is a linear
isometry on X so that ‖T (t)‖ = 1. We further obtain

T (t)T (r)f = (T (r)f)( · + t) = f( · + t+ r) = T (t+ r)f

for all f ∈ X and r, t ∈ R. Hence, T (t)T (r) = T (t+ r). We employ Lemma 2.5
to verify the strong continuity. For f ∈ Cc(R) the function T (t)f converges
uniformly to f as t tends to 0 since f is uniformly continuous. It thus remains
to check Cc(R) = C0(R). For each n ∈ N take a “cut–off” function ϕn ∈ C(R)
satisfying ϕn = 1 on [−n, n], 0 ≤ ϕn ≤ 1 and suppϕn ⊆ (−n − 1, n + 1). For
f ∈ C0(R), we then have ϕnf ∈ Cc(R) and

‖f − ϕnf‖∞ = sup
|s|≥n

|(1− ϕn(s))f(s)| ≤ sup
|s|≥n

|f(s)| −→ 0

as n→∞. We now conclude that T (·) is a C0–group by means of Lemma 2.5.
The same assertions hold for X = Lp(R) with 1 ≤ p < ∞ by similar argu-

ments, see Exercise 2.2.
In contrast to these results, T (·) is not strongly continuous on X = L∞(R).

Indeed, consider f = 1[0,1] and observe that

T (t)f(s) = 1[0,1](s+ t) =
{

1, s+ t ∈ [0, 1]
0, s+ t /∈ [0, 1]

}
= 1[−t,1−t](s)

for s, t ∈ R. Thus, ‖T (t)f − f‖∞ = 1 for every t 6= 0.
12



In addition, T (·) is not continuous as a B(X)-valued function for X being
Lp(R) (see Exercise 2.2) or C0(R). In fact, for X = C0(R) consider for each n ∈
N functions fn ∈ Cc(R) with 0 ≤ fn ≤ 1, fn(n) = 1 and supp fn ⊆ (n− 1

n , n+ 1
n).

We then have suppT ( 2
n)fn ⊆ (n− 3

n , n−
1
n) for n ∈ N, which implies

‖T ( 2
n)− I‖ ≥ ‖T ( 2

n)fn − fn‖∞ = 1 for all n ∈ N. ♦

(b) Let X = C0([0, 1)) =
{
f ∈ C([0, 1))

∣∣ lims→1 f(s) = 0
}
. For t ≥ 0 and

s ∈ [0, 1), we define

(T (t)f)(s) :=
{
f(s+ t), s+ t < 1,
0, s+ t ≥ 1.

We show that T (·) is a C0–semigroup on X. Since f(s + t) → 0 as s + t → 1,
we have T (t)f ∈ X. Clearly, T (t) is linear and ‖T (t)‖ ≤ 1. Note that T (t) = 0
whenever t ≥ 1. In this case, one says that T (·) is nilpotent. As a consequence,
ω0(T ) = −∞. Let t, r ≥ 0 and s ∈ [0, 1). We then obtain

(T (t)T (r)f)(s) =
{

(T (r)f)(s+ t), if s+ t < 1,
0, else,

=
{
f(s+ t+ r), if s+ t < 1, s+ t+ r < 1,
0, else,

= (T (t+ r)f)(s).

Hence, T (·) is a semigroup (which cannot be extended to a group since
e.g. T (1) = 0 is not bijective). As in (a) one sees that Cc([0, 1)) ={
f ∈ C([0, 1))

∣∣ ∃bf ∈ (0, 1) : supp f ⊆ [0, bf ]
}

is a dense subspace of X. For
f ∈ Cc([0, 1)) and t ∈ (0, 1− bf ), we compute

T (t)f(s)− f(s) =
{
f(s+ t)− f(s), s ∈ [0, 1− t),
0, s ∈ [1− t, 1) ⊆ [bf , 1],

and deduce limt→0 ‖T (t)f − f‖∞ = 0 using the uniform continuity of f . Ac-
cording to Lemma 2.5, T (·) is a C0–semigroup on X. ♦

We next state the solution concept for equation (2.1).

Definition 2.7. Let A be a linear operator on X with domain D(A) and let
x ∈ D(A). We say a function u : R+ → X solves the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (2.5)
if u ∈ C1(R+, X) satisfies u(t) ∈ D(A) for all t ≥ 0 and fulfills (2.5).

We next show that if A generates a C0–semigroup, then the semigroup gives
the unique solution of (2.5). Moreover, T (t) and A commute on D(A).

Proposition 2.8. Let A generate the C0–semigroup T (·) and x ∈ D(A).
Then T (t)x ∈ D(A), AT (t)x = T (t)Ax for all t ≥ 0 and the function

u : R+ → X, t 7→ T (t)x,
is the unique solution of (2.5).
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Proof. 1) Let t ≥ 0, h > 0 and x ∈ D(A). We obtain
1
h(T (t+ h)x− T (t)x) = 1

h(T (h)− I)T (t)x = T (t) 1
h(T (h)x− x) −→ T (t)Ax

as h→ 0. The very definition of A yields T (t)x ∈ D(A) and AT (t)x = T (t)Ax.
Moreover, T (·)x is differentiable from the right. Let 0 < h < t. It further holds

1
−h(T (t− h)x− T (t)x) = T (t− h) 1

h(T (h)x− x) −→ T (t)Ax
as h→ 0, where we have used Lemma 2.9 below (with S(t, h) = T (t−h)). Since
T (·)Ax is continuous, we have shown that T (·)x ∈ C1(R+, X) with derivative
d
dt T (·)x = AT (·)x; i.e., u solves (2.5).
2) Let v be another solution of (2.5) and t > 0. Set w(s) := T (t− s)v(s) for

s ∈ [0, t]. Lemma 2.9 (with S(t, s) = T (t− s) and Y = D(A)) and the first step
now imply that

d
ds w(s) = T (t− s)v′(s)− T (t− s)Av(s) = 0,

where the last equality follows from the assumption that v solves (2.5). So
for every x∗ ∈ X∗ the scalar function 〈w(·), x∗〉 is differentiable with vanishing
derivative and thus constant, which leads to

〈T (t)x, x∗〉 = 〈w(0), x∗〉 = 〈w(t), x∗〉 = 〈v(t), x∗〉
for all t ≥ 0 and x∗ ∈ X∗. The Hahn-Banach theorem now yields T (·)x = v. �

In general one really needs the extra condition that x ∈ D(A) to obtain a
solution of (2.5). For instance, if f ∈ C0(R) \ C1(R), then the orbit T (·)f of
the translation semigroup on C0(R) is not differentiable, cf. Example 2.6. We
continue with the lemma used in the previous proof.

Lemma 2.9. Let b > a be real numbers, M =
{
(t, s) ∈ [a, b]2

∣∣ t ≥ s}, S :
M → B(X) be strongly continuous and f ∈ C([a, b], X). Then the function

g : M → X, (t, s) 7→ S(t, s)f(s),
is also continuous.
Further, let Y ⊆ X be a subspace and let the map [a, t] → X, s 7→ S(t, s)y,

have the derivative ∂sS(t, s)y for each t ∈ (a, b] and y ∈ Y . Let f ∈ C1([a, b], X)
take values in Y . Then the map [a, t] 3 s 7→ g(t, s) is differentiable in X with

∂sg(t, s) = S(t, s)f ′(s) + ∂sS(t, s)f(s).

Proof. Observe that sup(t,s)∈M ‖S(t, s)x‖ < ∞ for every x ∈ X by conti-
nuity. The number c := sup(t,s)∈M ‖S(t, s)‖ is finite by the uniform boundedness
principle. For (t, s), (t′, s′) ∈M we thus obtain
‖S(t′, s′)f(s′)− S(t, s)f(s)‖ ≤ c ‖f(s′)− f(s)‖+ ‖(S(t′, s′)− S(t, s))f(s)‖,

where the right-hand side of this inequality tends to 0 as (t′, s′)→ (t, s).
To show the second assertion, fix t ∈ (a, b] and take s, s + h ∈ [a, t] for

h ∈ R \ {0}. We compute
1
h(S(t, s+ h)f(s+ h)− S(t, s)f(s))

= S(t, s+ h) 1
h(f(s+ h)− f(s)) + 1

h(S(t, s+ h)− S(t, s))f(s).
As h→ 0, the second claim follows from the first part and our assumptions. �
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In the next lecture we want to study further properties of generators. To this
aim, we will need several concepts which we now explain. Here we only recall
the basic definitions, results and examples; most proofs and more details can
be found in Appendices A and B.

Intermezzo 1: Closed operators and their spectra

Let D(A) ⊆ X be a linear subspace and A : D(A) → X be linear. The
operator A is called closed if it holds:
If (xn)n is any sequence in D(A) such that the limits limn→∞ xn = x and
limn→∞Axn = y exist in X, then x ∈ D(A) and Ax = y.
Note that any operator A ∈ B(X) is closed, where D(A) = X. In the next
example we introduce the prototype of an unbounded closed operator.

Example 2.10. Let X = C([0, 1]) and Af := f ′ with D(A) = C1([0, 1]).
Take a sequence (fn)n in D(A) such that (fn)n, respectively (f ′n)n, converge to
f , respectively g, in X. It is a well known fact that then f belongs to C1([0, 1])
and f ′ = g (see also Remark 2.11 (f) below), which means that A is closed.
Second, consider A0f := f ′ with D(A0) :=

{
f ∈ C1([0, 1])

∣∣ f ′(0) = 0
}
. If

(fn)n is a sequence in D(A) such that fn → f and f ′n → g in X as n→∞, then
we obtain f ∈ C1([0, 1]) with f ′ = g as above. Furthermore, g(0) = f ′(0) =
limn→∞ f

′
n(0) = 0. Consequently, f ∈ D(A0) and A0f = g, i.e., A0 is closed. ♦

Next, we define the Riemann integral for vector valued functions. Let a < b
be real numbers. A (tagged) partition Z of the interval [a, b] is given by finite
sequences (tk)mk=0 and (τk)mk=1 in [a, b] satisfying tk−1 < tk and τk ∈ [tk−1, tk] for
all k ∈ {1, . . . ,m}, where t0 = a and tm = b. We set δ(Z) := maxk=1,...,m(tk −
tk−1). For a function g ∈ C([a, b], X) we define the Riemann sum S(g, Z) (of g
with respect to Z) by

S(g, Z) :=
m∑
k=1

g(τk)(tk − tk−1) ∈ X.

As for continuous real valued functions, it can be shown that for every sequence
(Zn)n of (tagged) partitions with limn→∞ δ(Zn) = 0 the sequence (S(g, Zn))n
converges in X and that the limit J does not depend on the choice of such
(Zn)n. In this sense we say that S(g, Z) converges in X to J as δ(Z)→ 0. The
Riemann integral

∫ b
a g(t) dt is now defined as this limit, i.e.,∫ b

a
g(t) dt := lim

δ(Z)→0
S(g, Z).

The integral has the usual properties known from the real valued case (with
similar proofs) like linearity, additivity and validity of the standard estimate∥∥∥∥∥

∫ b

a
g(t) dt

∥∥∥∥∥ ≤ (b− a)‖g‖∞.

The same definition and results work for piecewise continuous functions.
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In the following remark we collect the properties of closed operators and the
Riemann integral we need later. We especially emphasize that the fundamental
theorem of calculus is valid also in the vector valued case (see part (e)) so that
the substitution rule extends to this setting. The simple property (g) is used
very often in these lectures.

Remark 2.11. Let A be a linear operator onX. Then the following assertions
hold.
(a) The operator A is closed if and only if the graph of A, i.e., the set

gr(A) :=
{
(x,Ax)

∣∣x ∈ D(A)
}
,

is closed in X ×X (endowed with the norm given by ‖(x, y)‖ = ‖x‖ + ‖y‖) if
and only if D(A) is a Banach space with respect to the graph norm ‖x‖A :=
‖x‖+ ‖Ax‖. We write [D(A)] for (D(A), ‖ · ‖A).
(b) If A is closed with D(A) = X, then A is even continuous (“closed graph

theorem”).
(c) Let A be injective and set D(A−1) = R(A) :=

{
Ax

∣∣x ∈ D(A)
}
. Then A

is closed if and only if A−1 is closed.
(d) Let A be closed and f ∈ C([a, b], X) with f(t) ∈ D(A) for each t ∈ [a, b]

such that Af ∈ C([a, b], X), where (Af)(t) := Af(t). We then have∫ b

a
f(t) dt ∈ D(A) and A

∫ b

a
f(t) dt =

∫ b

a
Af(t) dt.

An analogous result holds for piecewise continuous functions.
(e) For f ∈ C([a, b], X) the function

[a, b]→ X, t 7→
∫ t

a
f(τ) dτ,

is differentiable with
d
dt

∫ t

a
f(τ) dτ = f(t) for all t ∈ [a, b]. (2.6)

For g ∈ C1([a, b], X) and t ∈ [a, b] we have∫ t

a
g′(τ) dτ = g(t)− g(a). (2.7)

(f) Let (fn)n be a sequence in C1(J,X) and f, g ∈ C(J,X) for an interval J
such that fn → f and f ′n → g uniformly on J as n → ∞. Then f ∈ C1(J,X)
and f ′ = g.
(g) Let f ∈ C([a, b], X) and t ∈ [a, b). Then 1

h

∫ t+h
t f(s) ds→ f(t) as h→ 0+.

Proof. Parts (a) and (c) are proved in Lemma A.6 of the appendix. Part
(b) can be found in Theorem A.7.
(d) Let f be as in the statement. Clearly, S(f, Z) ∈ D(A) for any partition

Z of [a, b] and

AS(f, Z) =
m∑
k=1

(Af)(τk)(tk − tk−1) = S(Af,Z) −→
∫ b

a
Af(t) dt

as δ(Z) → 0 because Af is continuous. The assertion now follows from the
closedness of A.
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(e) Let t ∈ [a, b] and h 6= 0 such that t+ h ∈ [a, b]. We estimate∥∥∥∥∥1
h

(∫ t+h

a
f(τ) dτ −

∫ t

a
f(τ) dτ

)
− f(t)

∥∥∥∥∥ =
∥∥∥∥∥1
h

∫ t+h

t
(f(τ)− f(t)) dτ

∥∥∥∥∥
≤ |h||h| sup

|τ−t|≤h
‖f(τ)− f(t)‖ −→ 0

as h→ 0. So we have shown (2.6). Putting a = t, we also derive (g).
To show (2.7), set ϕ(t) =

∫ t
a g
′(τ) dτ for t ∈ [a, b]. Equation (2.6) implies that

ϕ ∈ C1([a, b], X) with ϕ′ = g′. Therefore, ϕ − g belongs to C1([a, b], X) with
vanishing derivative. In the proof of Proposition 2.8 we have seen that thus
ϕ− g is constant, and hence (2.7) is true.
(f) Formula (2.7) gives

fn(t) = fn(a) +
∫ t

a
f ′n(τ) dτ

for all t ∈ J . Letting n→ 0, we deduce that

f(t) = f(a) +
∫ t

a
g(τ) dτ

for all t ∈ J . Hence, f ∈ C1(J,X) and f ′ = g due to (2.6). �

It is a delicate mater to add or multiply closed operators. The situation is
simpler if one operator is bounded, see Proposition A.9 in Appendix A.

Remark 2.12. Let A be closed and T ∈ B(X). Then the operators B = A+T
with D(B) = D(A) and C = AT with D(C) =

{
x ∈ X

∣∣Tx ∈ D(A)
}
are closed.

This applies in particular to the operator λI −A for λ ∈ C. ♦

For a closed operator A, we define the resolvent set

ρ(A) :=
{
λ ∈ C

∣∣λI −A : D(A)→ X is bijective
}
.

We write R(λ,A) for (λI −A)−1 if λ ∈ ρ(A). This operator is called resolvent.
The spectrum of A is given by σ(A) := C\ρ(A). Since λI−A is closed, R(λ,A)
is closed with domain X and thus bounded thanks to the closed graph theorem
(see Remark 2.11(b)). It is known that ρ(A) is open in C (and so σ(A) is
closed). More precisely, for λ ∈ ρ(A) we have

B(λ, ‖R(λ,A)‖−1) ⊆ ρ(A), (2.8)

as one can see by a Neumann series. Moreover, if T ∈ B(X), then σ(T ) is even
compact and always non-empty, and the spectral radius of T is given by

r(T ) := max
{
|λ|
∣∣λ ∈ σ(T )

}
= inf

n∈N
‖Tn‖

1
n = lim

n→∞
‖Tn‖

1
n .

There are closed operators A with σ(A) = C or σ(A) = ∅ (see Example B.3 (b)
and (c)). We have the resolvent equation

R(µ,A)−R(λ,A) = (λ− µ)R(λ,A)R(µ,A) = (λ− µ)R(µ,A)R(λ,A)
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for all λ, µ ∈ ρ(A). Furthermore, the map ρ(A) → B(X), λ 7→ R(λ,A), is
infinitely often differentiable (even analytic) with( d

dλ
)n
R(λ,A) = (−1)n n!R(λ,A)n+1 (2.9)

for all λ ∈ ρ(A) and n ∈ N0. These results are shown in Theorems B.4 and B.6
of the appendix.

Exercises

Exercise 2.1. Let A ∈ B(X) and t ∈ R. Show that the series

etA :=
∞∑
k=0

tk

k!A
k

converges absolutely in B(X) uniformly for t ∈ [−r, r], for any r > 0. Further
show that

( d
dt
)netA = AnetA = etAAn for all t ∈ R and n ∈ N.

Let A,B ∈ B(X) with AB = BA. Show that eA+B = eAeB = eBeA. In
particular e(t+s)A = etAesA for t, s ∈ R and eλI+A = eλeA for λ ∈ C.

Exercise 2.2. Let p ∈ [1,∞) and X = Lp(R). Set T (t)f = f( · + t) for
t ∈ R and f ∈ Lp(R). Show that (T (t))t∈R is a C0–group of isometries on X
and that the map R→ B(X), t 7→ T (t), is not continuous.

Exercise 2.3. Let p ∈ [1,∞) and X = Lp(0, 1). For t ≥ 0, s ∈ (0, 1) and
f ∈ Lp(0, 1) set

(T (t)f)(s) :=
{
f(s+ t), s+ t < 1,
0, s+ t ≥ 1.

Show that (T (t))t≥0 is a C0–semigroup on X.

Exercise 2.4. Let ∅ 6= Ω ⊆ Rd be open, X = C0(Ω) and m ∈ C(Ω) such
that sups∈Ω Re(m(s)) < ∞. Define T (t)f = etmf for t ≥ 0 and f ∈ X. Show
that T (·) is a C0–semigroup on X generated by the operator

Af = mf with D(A) =
{
f ∈ X

∣∣mf ∈ X} .
Exercise 2.5. Let A be a closed operator, a ∈ C \ {0} and b ∈ C. Define

B = aA + b with D(B) = D(A). Show that σ(B) = aσ(A) + b and R(µ,B) =
1
aR(µ−ba , A) for µ ∈ ρ(B).

18



LECTURE 3

Characterization of generators

In this lecture we establish the fundamental Hille-Yosida generation theorem.
It characterizes those linear operators A that generate a C0–semigroup T (·) of
contractions. We recall that A should be considered as the given object and T (·)
as the unknown. Much of the linear theory and the applications of our course
will depend on this theorem and its companion, the Lumer-Phillips theorem
shown in Lecture 4. We further state the version of the Hille-Yosida theorem
for general semigroups at the end of the present lecture, without proving it.
We first derive necessary conditions for generation. These results help us

to discuss the generators of certain translation semigroups. In addition, as in
every mathematical field, there are several simple but useful facts and methods,
which are used everywhere in this field and which we present here in detail. The
first of these lemmas is concerned with an important rescaling procedure.

Lemma 3.1. Let A generate the C0–semigroup T (·), λ ∈ C, and a > 0. Then
(S(t))t≥0 := (eλtT (at))t≥0 is also a C0–semigroup with generator B = λI + aA
and D(B) = D(A).

Proof. For t, s ≥ 0 we have S(t + s) = eλtT (at)eλsT (as) = S(t)S(s),
and also S(0) = I. The strong continuity of S(·) is clear so that S(·) is a
C0–semigroup. Next, let B be the generator of S(·). Because of

1
t (S(t)x− x) = aeλt 1

at(T (at)x− x) + 1
t (e

λt − 1)x,

we have x ∈ D(B) if and only if x ∈ D(A), and in this case it holds Bx =
aAx+ λx. �

The next result is a variant of the fundamental theorem of calculus for C0–
semigroups. Observe that the first part of Lemma 3.2 allows to produce ele-
ments of D(A).

Lemma 3.2. Let A generate the C0–semigroup T (·), t > 0, and x ∈ X. Then∫ t
0 T (s)x ds belongs to D(A) and

T (t)x− x = A

∫ t

0
T (s)x ds. (3.1)

Furthermore, for x ∈ D(A) we have

T (t)x− x =
∫ t

0
T (s)Ax ds. (3.2)
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Proof. For h > 0 we compute

1
h(T (h)− I)

∫ t

0
T (s)x ds = 1

h

( ∫ t

0
T (s+ h)x ds−

∫ t

0
T (s)x ds

)
= 1
h

( ∫ t+h

h
T (r)x dr −

∫ t

0
T (s)x ds

)
= 1
h

∫ t+h

t
T (s)x ds− 1

h

∫ h

0
T (s)x ds, (3.3)

substituting r = s+h in the second line. The final difference tends to T (t)x−x
as h→ 0 due to the continuity of the orbits and Remark 2.11 (g). But this fact
precisely means that

∫ t
0 T (s)x ds is an element of D(A) and (3.1) holds.

If in addition x ∈ D(A), we have T (·)x ∈ C1(R+, X) with d
dt T (·)x = T (·)Ax

by Proposition 2.8. Hence, (2.7) implies (3.2). �

We now derive the first necessary conditions for generation and show that
the semigroup is uniquely determined by its generator.

Proposition 3.3. Let A generate a C0–semigroup T (·). Then A is closed
and densely defined. Moreover, T (·) is the only C0–semigroup generated by A.
Finally, we have T (·)x ∈ C(R+, [D(A)]) for each x ∈ D(A).

Proof. 1) To show the closedness of A, we take any sequence (xn)n from
D(A) with limit x in X such that limn→∞Axn = y for some y ∈ X. For t > 0
the equation (3.2) yields

1
t (T (t)xn − xn) = 1

t

∫ t

0
T (s)Axn ds

for all n ∈ N, which leads to

1
t (T (t)x− x) = 1

t

∫ t

0
T (s)y ds

in the limit n→∞. Remark 2.11 (g) now implies that

lim
t→0

1
t (T (t)x− x) = y.

Consequently, x ∈ D(A) and Ax = y; i.e., A is closed.
2) For x ∈ X and n ∈ N the vectors

xn = n

∫ 1
n

0
T (s)x ds

belong to D(A) by Lemma 3.2. Remark 2.11 (g) says that xn → x as n → ∞.
So we arrive at D(A) = X.
3) Let A generate another C0–semigroup S(·). Then S(·)x solves (2.5) for

every x ∈ D(A). But the uniqueness of such a solution (see Proposition 2.8)
forces T (t)x = S(t)x for all t ≥ 0 and x ∈ D(A). Since D(A) is dense in X, the
bounded operators T (t) and S(t) are equal for each t ≥ 0.
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4) For the final assertion, take x ∈ D(A) and t, s ≥ 0. Proposition 2.8 yields

‖T (t)x− T (s)x‖A = ‖T (t)x− T (s)x‖+ ‖A(T (t)x− T (s)x)‖
= ‖T (t)x− T (s)x‖+ ‖T (t)Ax− T (s)Ax‖ −→ 0

as t→ s, as asserted. �

Proposition 3.4. Let A generate the C0–semigroup T (·) and λ ∈ C. Then
the following assertions hold.

(a) If the improper integral

R(λ)x :=
∫ ∞

0
e−λsT (s)x ds := lim

t→∞

∫ t

0
e−λsT (s)x ds

exists in X for all x ∈ X, then λ ∈ ρ(A) and R(λ) = R(λ,A).
(b) The integral in (a) exists even absolutely for all x ∈ X if Reλ > ω0(A).

Hence, the spectral bound of A, defined by

s(A) := sup
{
Reλ

∣∣λ ∈ σ(A)
}
,

is less than or equal to ω0(A) <∞. (Here we put sup ∅ = −∞.)
(c) Let M ≥ 1 and ω ∈ R such that ‖T (t)‖ ≤ Meωt for all t ≥ 0. (One

can take ω > ω0(A), see Lemma 2.3.) For all n ∈ N and λ ∈ C with
Reλ > ω we then have

‖R(λ,A)n‖ ≤ M

(Reλ− ω)n . (3.4)

By Proposition 3.4 (a) the resolvent of the generator is given as the “Laplace
transform” of the semigroup. Moreover, the above propositions show that a
generator A

is closed and satisfies D(A) = X, s(A) <∞ and (3.4).
Actually, these conditions already imply that a linear operator A generates a
C0–semigroup, as we will see below in Theorem 3.11.

Proof of Proposition 3.4. (a) Let h > 0 and x ∈ X. Recall from
Lemma 3.1 that Tλ(s) := e−λsT (s) is generated by A− λI with domain D(A).
Equation (3.3) yields

1
h(Tλ(h)− I)R(λ)x = lim

t→∞
1
h(Tλ(h)− I)

∫ t

0
Tλ(s)x ds

= lim
t→∞

1
h

∫ t+h

t
Tλ(s)x ds− 1

h

∫ h

0
Tλ(s)x ds = −1

h

∫ h

0
Tλ(s)x ds,

employing the convergence of
∫∞

0 Tλ(s)x ds. By Remark 2.11 (g), we can now
let h→ 0 to obtain that R(λ)x ∈ D(A− λI) = D(A) and

(A− λI)R(λ)x = −x. (3.5)
21



If x ∈ D(A), we deduce from T (s)Ax = AT (s)x for s ≥ 0 (see Proposition 2.8),
Remark 2.11 (d) and (3.5) that

R(λ)(λI −A)x = lim
t→∞

∫ t

0
e−λsT (s)(λI −A)x ds

= lim
t→∞

(λI −A)
∫ t

0
e−λsT (s)x ds

= (λI −A) lim
t→∞

∫ t

0
e−λsT (s)x ds = (λI −A)R(λ)x = x,

using that A is closed by Proposition 3.3. Hence, λ ∈ ρ(A) and R(λ) = R(λ,A).
(b) Observe that ‖e−λsT (s)‖ ≤ Me(ω−Reλ)s for all s ≥ 0, ω ∈ (ω0(A),Reλ)

and some M ≥ 1. For x ∈ X and 0 < a < b we can thus estimate∥∥∥∫ b

0
Tλ(s)x ds−

∫ a

0
Tλ(s)x ds

∥∥∥ ≤ ∫ b

a
‖Tλ(s)x‖ds ≤M

∫ b

a
e(ω−Reλ)s ds‖x‖ → 0

as a, b→∞. Consequently,
∫ t

0 Tλ(s)x ds converges (absolutely) in X as t→∞
for each x ∈ X. Assertion (a) then implies that λ ∈ ρ(A) if Reλ > ω0(A), and
thus the second part of (b) also follows.
(c) For n = 1, as in part (b), one sees that

‖R(λ,A)x‖ ≤
∫ ∞

0
Me(ω−Reλ)t‖x‖ dt = M

Reλ− ω‖x‖

for all x ∈ X, Reλ > ω and the given M ≥ 1, ω ∈ R. The general case can be
shown employing also (2.9), see e.g. Corollary II.1.11 in [EN99]. �

For λ ∈ C and any interval J ⊆ R we set eλ(t) = eλt for t ∈ J . We next show
that the first derivative d

ds on suitable domains generates the left translation
semigroups from Example 2.6 and that there are domains on which d

ds is not a
generator (since it violates the necessary spectral conditions). Roughly speak-
ing, the domain has to include a boundary condition on the right end point of
the underlying interval J where the left translation ‘enters’ J .

Example 3.5 (The first derivative as generator).
(a) Let T (t)f = f( · + t) be the left translation group on X = C0(R) and A

be its generator. We show that Au = u′ with

D(A) = C1
0 (R) =

{
f ∈ C1(R)

∣∣ f, f ′ ∈ X}
and σ(A) = iR. In fact, for all f ∈ D(A) and s ∈ R, the limits

Af(s) = lim
t→0

1
t (T (t)f(s)− f(s)) = lim

t→0
1
t (f(s+ t)− f(s)) (3.6)

exist in C, so that f is differentiable with f ′ = Af ∈ C0(R), i.e., D(A) ⊆ C1
0 (R).

Conversely, let f ∈ C1
0 (R). For s ∈ R, we obtain∣∣∣1t (T (t)f(s)− f(s))− f ′(s)

∣∣∣ =
∣∣∣1t (f(s+ t)− f(s))− f ′(s)

∣∣∣
=
∣∣∣∣1t
∫ t

0
(f ′(s+ τ)− f ′(s)) dτ

∣∣∣∣
≤ |t||t| sup

0≤|τ |≤|t|
|f ′(s+ τ)− f ′(s)| −→ 0,
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as t → 0 uniformly in s ∈ R, since f ′ ∈ C0(R) is uniformly continuous. As a
result, f ∈ D(A) and therefore A = d

ds with D(A) = C1
0 (R).

Proposition 3.4 yields s(A) ≤ ω0(A) = 0, because of ‖T (t)‖ = 1. In the
same way as above one sees that −A generates the contraction C0–semigroup
(S(t))t≥0 = (T (−t))t≥0. Hence, s(−A) ≤ 0. Due to λI − (−A) = −(−λI −A),
we have ρ(−A) = − ρ(A) as well as R(λ,−A) = −R(−λ,A). So we have shown
that σ(A) ⊆ iR. To verify the converse inclusion, let τ ∈ R. Take functions
ϕn ∈ C1

c (R) with 0 ≤ ϕn ≤ 1, ϕn(0) = 1 and ‖ϕ′n‖∞ ≤ 1
n for n ∈ N. The

function fn = ϕneiτ ∈ D(A) then satisfies ‖fn‖∞ = 1 and iτfn−Afn = −ϕ′neiτ .
Consequently, ‖iτfn − Afn‖∞ → 0 as n → ∞ and so iτI − A cannot have a
bounded inverse. We thus obtain σ(A) = iR. ♦
(b) The nilpotent left translation semigroup on X = C0([0, 1)) is given by

(T (t)f)(s) =
{
f(s+ t), s+ t < 1,
0, s+ t ≥ 1,

for f ∈ X, t ≥ 0 and s ∈ [0, 1). We claim that Au = u′ with

D(A) = C1
0 ([0, 1)) =

{
f ∈ C1([0, 1))

∣∣ f, f ′ ∈ X}
generates T (·) and that σ(A) = ∅. Indeed, as in (3.6), one shows that Af = f ′

for f ∈ D(A) ⊆ C0([0, 1)). Note that now in (3.6) one can only consider
t → 0+. Therefore one has to use the following elementary fact, which follows
from Corollary 2.1.2 of [Paz83]: If g ∈ C([a, b)) is differentiable from the right
such that the right-hand side derivative ( d

dt)+g is continuous, then one already
has g ∈ C1([a, b)).
Conversely, let f ∈ C1

0 ([0, 1)). We set f̃(s) = f(s) for s ∈ [0, 1) and f̃(s) = 0
for s ≥ 1. Observe that f̃ ∈ C1

0 (R+) and f̃ ′|[0,1) = f ′. As in part (a), it follows

1
t (T (t)f(s)− f(s)) =

{
1
t (f(s+ t)− f(s)), 0 ≤ s < 1− t,
−1
t f(s), 1− t ≤ s < 1,

= 1
t (f̃(s+ t)− f̃(s)) −→ f̃ ′(s) = f ′(s)

as t → 0+ uniformly in s ∈ [0, 1) since f̃ ′ is uniformly continuous. Hence,
D(A) = C1

0 ([0, 1)) and Af = f ′. Here we have ω0(A) = −∞ so that σ(A) = ∅
and ρ(A) = C due to s(A) ≤ ω0(A) by Proposition 3.4. ♦
(c) The operator Af = f ′ with D(A) = C1([0, 1]) on X = C([0, 1]) has the

spectrum σ(A) = C. In fact, the function eλ belongs to D(A) with Aeλ = λeλ
for each λ ∈ C. In view of Proposition 3.4, A thus cannot be a generator. ♦
(d) Let X = C0(R−) =

{
f ∈ C((−∞, 0])

∣∣ lims→−∞ f(s) = 0
}
and A = d

ds
with D(A) = C1

0 (R−). Then A is not a generator. Indeed, for all λ with
Reλ > 0 we have eλ ∈ D(A) and Aeλ = λeλ so that λ ∈ σ(A), violating
s(A) <∞ in Proposition 3.4. ♦
(e) On the space X = C([0, 1]) the operator Af = f ′ with D(A) ={
f ∈ C1([0, 1])

∣∣ f(1) = 0
}
is not a generator since D(A) ⊆

{
f ∈ X

∣∣ f(1) = 0
}

6= X (see Proposition 3.3). Actually, it holds D(A) =
{
f ∈ X

∣∣ f(1) = 0
}
. ♦

23



Before we come to the Hille-Yosida theorem we show a few auxiliary facts.
For linear operators A,B on X we write A ⊆ B if gr(A) ⊆ gr(B), i.e., if
D(A) ⊆ D(B) and Ax = Bx for all x ∈ D(A). In this case we call B an
extension of A. The next lemma is often used to compute a generator.

Lemma 3.6. Let A and B be linear operators with A ⊆ B such that A is
surjective and B is injective. Then A = B. In particular, we have A = B
whenever A ⊆ B and ρ(A) ∩ ρ(B) 6= ∅ are satisfied.

Proof. We have to show that D(B) ⊆ D(A). Let x ∈ D(B). By the
assumptions, there is a vector y ∈ D(A) with Bx = Ay = By. The injectivity
of B then implies x = y ∈ D(A).
The addendum follows by considering λI − A and λI − B for some λ ∈

ρ(A) ∩ ρ(B). Clearly, λI − A ⊆ λI − B if A ⊆ B. The statement just shown
thus gives λI −A = λI −B, so that A = B. �

Lemma 3.7. Let A be closed and M,ω ≥ 0 such that (ω,∞) ⊆ ρ(A) and
‖R(λ,A)‖ ≤ M

λ−ω for all λ > ω. Then λR(λ,A)x → x as λ → ∞ for all
x ∈ D(A) and λAR(λ,A)y → Ay as λ→∞ for all y ∈ D(A) with Ay ∈ D(A).

Proof. Let x ∈ D(A) and λ > ω. Observe that
λR(λ,A)x− x = AR(λ,A)x = R(λ,A)Ax, (3.7)

cf. Theorem B.4. The assumed estimate thus yields
‖λR(λ,A)x− x‖ ≤ M

λ−ω‖Ax‖ −→ 0
as λ → ∞. Since ‖λR(λ,A)‖ ≤ M for λ ≥ ω + 1 by our assumption, the
first assertion follows by approximation. The second claim is an immediate
consequence of the first assertion, taking x = Ay and using (3.7). �

We now briefly describe the idea of the proof the Hille-Yosida theorem given
below, which is due to Yosida. As already explained, for a bounded operator
A we can construct the corresponding semigroup T (t) = etA by an exponential
series. For unbounded A, such a construction fails. A different approach is
suggested by the above lemma: If the resolvent of A satisfies the decay property
(3.4) for n = 1, one can approximate A pointwise on D(A) by the bounded
operators An on X, defined by

An := nAR(n,A) = n2R(n,A)− nI.
The semigroup etAn is now defined, and we will see that it converges pointwise
to a semigroup T (·) whose generator is A.
Here is the main result of this lecture. By a contraction semigroup we mean

a C0–semigroup T (·) such that each T (t) is a contraction, i.e., ‖T (t)‖ ≤ 1.
Theorem 3.8 (Hille, Yosida 1948). A linear operator A generates a contrac-

tion semigroup T (·) if and only if A is closed, densely defined, (0,∞) ⊆ ρ(A)
and the Hille-Yosida estimate

‖R(λ,A)‖ ≤ 1
λ

(3.8)

holds for all λ > 0. In this case C+ :=
{
z ∈ C

∣∣ Re z > 0
}
belongs to ρ(A) and

we have ‖R(λ,A)n‖ ≤ (Reλ)−n for all n ∈ N and λ ∈ C+.
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Proof. The necessity of the conditions and also the addendum follow from
Propositions 3.3 and 3.4 (withM = 1 and ω = 0). In order to prove sufficiency,
we take An = nAR(n,A) = n2R(n,A) − nI for n ∈ N. Lemma 3.7 and (3.8)
imply that limn→∞Any = Ay for all y ∈ D(A). Let t ≥ 0 and n ∈ N. By means
of Exercise 2.1 and (3.8), we obtain the crucial estimate

‖etAn‖ = ‖e−tnetn2R(n,A)‖ ≤ e−tn
∞∑
j=0

(tn2‖R(n,A)‖)j

j!

= e−tnetn2‖R(n,A)‖ ≤ e−tnetn = 1.
(3.9)

Next, take n,m ∈ N, t0 > 0, y ∈ D(A) and t ∈ [0, t0]. We have AnAm = AmAn
and hence

AnetAm = An

∞∑
j=0

tj

j!A
j
m =

∞∑
j=0

tj

j!A
j
mAn = etAmAn.

Recall from Exercise 2.1 that d
dt etAn = AnetAn . Using (2.7), we then compute

etAny − etAmy =
∫ t

0

d
ds(e(t−s)AmesAny) ds =

∫ t

0
e(t−s)Am(An −Am)esAny ds

=
∫ t

0
e(t−s)AmesAn(An −Am)y ds.

Estimate (3.9) now implies that

‖etAny − etAmy‖ ≤ t0 ‖Any −Amy‖ −→ 0 (3.10)
as n,m→∞. Hence, (etAny)n is Cauchy and so the limit T (t)y = limn→∞ etAny
exists in X. Since D(A) is dense in X and (3.9) holds, we obtain contractions
T (t) ∈ B(X) given by T (t)x = limn→∞ etAnx for all t ≥ 0 and x ∈ X. Clearly,
T (0) = I and1

T (t+ s)x = lim
n→∞

e(t+s)Anx = lim
n→∞

etAnesAnx = T (t)T (s)x

for all t, s ≥ 0. Letting m→∞ in (3.10), we further deduce that

‖etAny − T (t)y‖ ≤ t0 ‖Any −Ay‖
for all t ∈ [0, t0]. As a result, etAny converges to T (t)y uniformly for t ∈ [0, t0]
so that T (·)y is continuous for all y ∈ D(A). Because of the density of D(A),
T (·) is strongly continuous and thus a contraction semigroup.
Let B be the generator of T (·). We still have to establish B = A. Observe

that (0,∞) ⊆ ρ(A)∩ρ(B) due to Proposition 3.4 and the assumptions. In view
of Lemma 3.6, it thus remains to show A ⊆ B. For t > 0 and y ∈ D(A), we
conclude from (2.7) that

1
t (T (t)y − y) = lim

n→∞
1
t (e

tAny − y) = lim
n→∞

1
t

∫ t

0
esAnAny ds = 1

t

∫ t

0
T (s)Ay ds.

As t→ 0, Remark 2.11 (g) yields y ∈ D(B) and By = Ay, i.e., A ⊆ B. �

1Here we use that Tnxn → Tx as n → ∞ if Tn, T ∈ B(X), xn → x in X and Tny → Ty
for each y ∈ X as n → ∞. This fact can be shown as Lemma 2.9 and is employed below
without notice.
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We point out that the Hille-Yosida theorem reduces the task of solving the
evolution equation (2.5) to the study of the stationary problem

λu−Au = f, (3.11)

where λ > 0 and f ∈ X are given. But besides the unique solvability of (3.11),
we need the estimate ‖u‖ = ‖R(λ,A)f‖ ≤ ‖f‖λ . In the next lecture we will see
that in the context of contraction semigroups one gets this estimate for free if
one can solve (3.11) for some λ > 0 and all f ∈ X.
We continue with two illustrating examples, where the first one complements

Examples 2.6 and 3.5.

Example 3.9. Let X = C0(R−) and A = − d
ds with D(A) = C1

0 (R−). We
claim that A generates the right translation semigroup on X given by T (t)f =
f( · − t).
We first check the assumptions of the Hille-Yosida theorem. Take fn ∈ D(A)

such that fn → f and f ′n → g in X. Then f ∈ C1(R−) and f ′ = g ∈ X so that
f ∈ D(A). As a result, A is closed. Clearly, C1

c (R−) ⊆ D(A). We want to show
that C1

c (R−) is dense in X which yields the density of D(A). As in Example 2.6
one can see that Cc(R−) is dense in C0(R−). Pick f ∈ Cc(R−) with supp f ⊆
[a, 0]. Weierstraß’ approximation theorem gives a sequence of polynomials gn
converging to f uniformly on [a−1, 0]. Take a function ϕ ∈ C1

c (R−) with ϕ = 1
on [a, 0] and suppϕ ⊆ (a− 1, 0]. Then, hn = ϕgn ∈ C1

c (R−) and

‖hn − f‖∞ ≤ sup
a−1≤t<a

|ϕ(t)gn(t)− 0|+ sup
a≤t≤0

|gn(t)− f(t)| −→ 0

as n→∞, so that C1
c (R−) is dense in X. Let f ∈ X and λ > 0. We then have

u ∈ D(A) and λu−Au = f ⇐⇒ u′ = −λu+ f, u ∈ C1(R−) and u ∈ X

⇐⇒ u(s) =
∫ s

−∞
e−λ(s−τ)f(τ) dτ =: R(λ)f(s)

for s ≤ 0 and lim
s→−∞

u(s) = 0.

For any ε > 0, there is an sε ≤ 0 such that |f(τ)| ≤ ε for all τ ≤ sε. For s ≤ sε
we thus estimate

|R(λ)f(s)| ≤
∫ s

−∞
e−λ(s−τ)|f(τ)| dτ ≤ ε

∫ ∞
0

e−λr dr = ε

λ
.

As a result, R(λ)f(s) → 0 as s → −∞ so that λ ∈ ρ(A) and R(λ) = R(λ,A).
Moreover,

‖R(λ,A)f‖∞ ≤ sup
s≤0

∫ s

−∞
e−λ(s−τ)‖f‖∞ dτ = ‖f‖∞

∫ ∞
0

e−λr dr = ‖f‖∞
λ

for all f ∈ X and λ > 0, i.e., ‖R(λ,A)‖ ≤ 1
λ . Theorem 3.8 thus implies that A

generates a contraction semigroup T (·).
To compute T (t), we take f ∈ D(A) and set u(t) = T (t)f for t ≥ 0.

Proposition 2.8 says that u is the unique function satisfying u ∈ C1(R+, X),
u(t) ∈ D(A) for all t ≥ 0, u(0) = f and

u′(t) = Au(t) = − d
ds u(t), t ≥ 0. (3.12)
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We make a guess for u and put v(t) = f( · − t) for t ≥ 0. Clearly, v(t) ∈ X and
v(0) = f . We will check that v solves (3.12) and so u = v. We compute∥∥∥∥v(t′)− v(t)

t′ − t
+ f ′( · − t)

∥∥∥∥
∞

= sup
s∈R−

∣∣∣ −1
t′ − t

∫ t′

t
f ′(s− τ) dτ + f ′(s− t)

∣∣∣
≤ sup

s∈R−
sup

|τ−t|≤|t′−t|
|f ′(s− t)− f ′(s− τ)|

for t′, t ≥ 0 with t′ 6= t. Since f ′ is uniformly continuous, the right-hand side
tends to 0 as t′ → t. Hence, v : R+ → X is differentiable with d

dt v(t) =
−f ′( · − t) for t ≥ 0. As in Example 2.6, one verifies that t 7→ f ′( · − t) ∈ X
is continuous and thus v ∈ C1(R+, X). One similarly sees that v(t) ∈ C1(R−)
and d

ds v(t) = f ′( · − t) ∈ X so that v(t) ∈ D(A) for all t ≥ 0 and v solves (3.12).
Therefore T (t)f = v(t) = f( · − t) for all f ∈ D(A) and t ≥ 0. By density, this
equation holds for all f ∈ X, as required.
Finally, we prove that σ(A) =

{
z ∈ C

∣∣ Re z ≤ 0
}
. If Reλ < 0, then e−λ ∈

D(A) satisfies Ae−λ = −(e−λ)′ = λe−λ so that λ ∈ σ(A). Since s(A) ≤ ω0(A) =
0, the claim follows from the closedness of σ(A). ♦

The next example indicates that the assumptions in the Hille-Yosida theorem
are essentially optimal.

Example 3.10. Let X = C0(R)×C0(R) with ‖(f, g)‖ := max{‖f‖∞, ‖g‖∞},
let m(s) := is and

A

(
u
v

)
=
(
mu+mv

mv

)
=
(
m m
0 m

)(
u
v

)
with D(A) =

{
(u, v) ∈ X

∣∣ (mu,mv) ∈ X
}
. Since Cc(R) × Cc(R) ⊆ D(A), the

domain D(A) is dense in X. One can check that A is closed and that for
Reλ > 0 one has λ ∈ ρ(A) with

R(λ,A)
(
f
g

)
=
( 1
λ−m

m
(λ−m)2

0 1
λ−m

)(
f
g

)
=
(

f
λ−m + mg

(λ−m)2
g

λ−m

)
,

cf. Proposition B.5. For λ > 0 and ‖(f, g)‖ ≤ 1 we then estimate

∥∥R(λ,A)
(
f
g

)∥∥ ≤ max
{∥∥∥∥ f

λ−m

∥∥∥∥
∞

+
∥∥∥∥ mg

(λ−m)2

∥∥∥∥
∞
,

∥∥∥∥ g

λ−m

∥∥∥∥
∞

}

≤ sup
s∈R

1
|λ− is| + sup

s∈R

|s|
|λ− is|2 = 1

λ
+ sup

s∈R

|s|
λ2 + s2 = 3/2

λ
.

On the other hand, for a > 0 and n ∈ N we choose gn ∈ C0(R) such that
gn(n) = 1 and ‖gn‖∞ = 1. It then follows

‖R(a+ in,A)‖ ≥
∥∥∥∥R(a+ in,A)

(
0
gn

)∥∥∥∥ ≥ ∣∣∣∣ ingn(n)
(a+ in− in)2

∣∣∣∣ = n

a2 .

As a result, R(λ,A) is unbounded on every imaginary line Reλ = a, violating
the estimate in Proposition 3.4. Thus A does not generate a C0–semigroup
though it almost satisfies the assertions of Theorem 3.8. ♦
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There are even operators A that are not generators but satisfy ‖R(λ,A)‖ ≤
c

Reλ for all λ ∈ C+ and some constant c > 1 (see Example 2 in §12.4 of [HP57]).
Of course, not all C0–semigroups are contractive, cf. Exercise 3.4. We state

below the characterization theorem for generators of general C0–semigroups
which is a cornerstone of semigroup theory. Since we focus on contraction
semigroups in our course, we omit its proof. It can be found e.g. in Theorem
II.3.8 of [EN99], where the theorem is reduced to the Hille-Yosida theorem by
a renorming and rescaling argument.

Theorem 3.11 (Feller, Miyadera, Phillips 1952). A linear operator A gen-
erates a C0–semigroup T (·) satisfying ‖T (t)‖ ≤ Meωt for all t ≥ 0 and some
M ≥ 1 and ω ∈ R if and only if A is closed, D(A) = X, (ω,∞) ⊆ ρ(A) and

‖R(λ,A)n‖ ≤ M

(λ− ω)n

holds for all λ ∈ (ω,∞) and all n ∈ N. If this is the case, we also have{
λ ∈ C

∣∣ Reλ > ω
}
⊆ ρ(A) as well as ‖R(λ,A)n‖ ≤ M

(Reλ−ω)n for all λ ∈ C
with Reλ > ω and all n ∈ N.
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Exercises

Exercise 3.1. Let A generate the C0–semigroup T (·) on a Banach space X.
Let J : X → E be an isomorphism to another Banach space E, and let Y be a
Banach space which is densely embedded into X (where we identify Y with a
subspace of X). Assume that T (t)Y ⊆ Y for all t ≥ 0 and T (·)y ∈ C(R+, Y )
for all y ∈ Y . For t ≥ 0 we define the operators

S(t) = JT (t)J−1 on E, TY (t)y = T (t)y on Y.

Show that S(·) and TY (·) are C0–semigroups on E and Y , respectively, and
compute their generators. How does the result simplify if ‖ · ‖Y is equivalent to
‖ · ‖X (and thus Y is closed in X)?

For Exercise 3.2 and 3.3 we need Sobolev spaces on open intervals J ⊆ R.
Sobolev spaces on open subsets of Rd are discussed in Lecture 5. Just for these
exercises we define them on intervals in an equivalent way by requiring that the
fundamental theorem of calculus holds. Let p ∈ [1,∞]. We set

W 1
p (J) =

{
f ∈ C(J) ∩ Lp(J)

∣∣ ∃ g ∈ Lp(J) ∀ t, s ∈ J : f(t)− f(s) =
∫ t

s
g(τ) dτ

}
.

(To be precise: By f ∈ C(J) ∩ Lp(J) we mean that f ∈ Lp(J) possesses a
continuous representative which has a continuous extension to J .) For f ∈
W 1
p (J) one sets g := f ′, where g is given by the definition of f ∈ W 1

p (J).
By Lebesgue’s differentiation theorem (see e.g. Theorem 7.7 in [Rud87]) the
“generalized derivative” f ′ is uniquely determined. The definition implies the
following useful fact (show it!).
If un ∈ W 1

p (J) and u′n converge to u and f in Lp(J), respectively, then
u ∈W 1

p (J) and u′ = f .

Exercise 3.2. Let X = Lp(R), p ∈ [1,∞) and T (t)f = f( · + t) for t ∈ R.
From Exercise 2.2 we know that T (·) is a C0–group. Show that its generator is
given by Au = u′ on D(A) = W 1

p (R). Further show that σ(A) = iR.

Exercise 3.3. Let X = Lp(0, 1) and p ∈ [1,∞). For t ≥ 0 and s ∈ (0, 1) set

T (t)f(s) =
{
f(s+ t), s+ t < 1,
0, s+ t ≥ 1.

From Exercise 2.3 we know that T (·) is a C0–semigroup. Show that its generator
is given by Au = u′ on D(A) =

{
u ∈W 1

p (0, 1)
∣∣u(1) = 0

}
.

Exercise 3.4. A C0–semigroup T (·) is called quasicontractive if there is a
number ω ∈ R such that ‖T (t)‖ ≤ eωt holds for all t ≥ 0. Characterize the gen-
erators of such C0–semigroups as in Theorem 3.8 (without using Theorem 3.11).
Find an equivalent norm on X = C0(R) such that the left translation group

is not quasicontractive for this norm.
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LECTURE 4

Dissipative operators and the Lumer-Phillips
theorem

In this lecture we first characterize the generators of C0–groups in the spirit of
Theorem 3.11. It turns out that an operator A generates a C0–group if and only
if A and −A generate C0–semigroups corresponding to forward and backward
time. Afterwards we focus again on contraction semigroups and describe their
generators by means of the Lumer-Phillips theorem (which will be extended to
the group case in the next lecture). To explain the relevance of the Lumer-
Phillips theorem, we recall the Hille-Yosida theorem from the previous lecture.

Theorem 3.8. A linear operator A generates a contraction semigroup T (·)
if and only if A is closed, densely defined, (0,∞) ⊆ ρ(A) and

‖R(λ,A)‖ ≤ 1
λ (3.8)

holds for all λ > 0. In this case C+ =
{
z ∈ C

∣∣ Re z > 0
}
belongs to ρ(A) and

we have ‖R(λ,A)n‖ ≤ (Reλ)−n for all n ∈ N and λ ∈ C+.

Often the estimate (3.8) is hard to verify in examples, in particular since
it involves the usually unknown resolvent. In the Lumer-Phillips theorem the
assumption (3.8) will be replaced by conditions on A itself, namely its “dissipa-
tivity” and a range condition. As we will see, this result is very powerful in many
important applications. For this reason we discuss the notion of dissipativity
in more detail below.
Our first lemma provides the essential step for the subsequent characteriza-

tion theorem for generators of C0–groups.

Lemma 4.1. Let T (·) be a C0–semigroup and t0 > 0 such that T (t0) is in-
vertible. Then T (·) can be extended to a C0–group (T (t))t∈R.

Proof. Take M ≥ 1 and ω ∈ R such that ‖T (t)‖ ≤ Meωt holds for all
t ≥ 0 and set c := ‖T (t0)−1‖. Let 0 ≤ t ≤ t0. We then have

T (t0) = T (t0 − t)T (t) = T (t)T (t0 − t),
I = T (t0)−1T (t0 − t)T (t) = T (t)T (t0 − t)T (t0)−1,

so that T (t) has the inverse T (t0)−1T (t0 − t) with norm less than or equal to
M1 := cMe|ω|t0 . Furthermore, let t = nt0 + τ for some n ∈ N and τ ∈ [0, t0).
In this case T (t) = T (τ)T (t0)n has the inverse T (t0)−nT (τ)−1. Consequently,
T (t) is invertible for all t ≥ 0 and we can define T (t) := T (−t)−1 for t < 0.
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This definition gives a group since for t, s ≥ 0 we can calculate
T (−t)T (−s) = T (t)−1T (s)−1 = (T (s)T (t))−1 = T (s+ t)−1 = T (−s− t),
T (−t)T (s) = (T (s)T (t− s))−1T (s) = T (t− s)−1T (s)−1T (s)

= T (t− s)−1 = T (s− t) for t ≥ s,
T (−t)T (s) = T (t)−1T (t)T (s− t) = T (s− t) for s ≥ t,

and similarly for T (s)T (−t). Let t ∈ [0, t0] and x ∈ X. We then obtain
‖T (−t)x− x‖ = ‖T (−t)(x− T (t)x)‖ ≤M1‖x− T (t)x‖ −→ 0

as t→ 0. Hence, (T (t))t∈R is a C0–group by Lemma 2.5. �

Theorem 4.2. Let A be a linear operator, M ≥ 1 and ω ≥ 0. The following
assertions are equivalent.

(a) The operator A generates a C0–group (T (t))t∈R with ‖T (t)‖ ≤ Meω|t|
for all t ∈ R.

(b) The operator A generates a C0–semigroup (T+(t))t≥0 and −A with
D(−A) := D(A) generates a C0–semigroup (T−(t))t≥0 such that
‖T±(t)‖ ≤Meωt for all t ≥ 0.

(c) The operator A is closed, densely defined and for all λ ∈ R with |λ| > ω
we have λ ∈ ρ(A) and ‖R(λ,A)n‖ ≤M(|λ| − ω)−n for all n ∈ N.

If any (and thus all) of these conditions is (are) fulfilled, then T+(t) = T (t) and
T−(t) = T (−t) for all t ≥ 0. Moreover, for all λ ∈ C with |Reλ| > ω we obtain
λ ∈ ρ(A) and ‖R(λ,A)n‖ ≤M(|Reλ| − ω)−n for all n ∈ N.

Proof. “(a)⇒(b)”: Setting T+(t) := T (t) and T−(t) := T (−t) for t ≥ 0,
one obtains C0–semigroups with generators A±. Since there exists d

dt T (0)x =
Ax for all x ∈ D(A), we have A ⊆ ±A±. To show the converse, first let
x ∈ D(A+) and t > 0. We compute

1
t (T (t)x− x) = 1

t (T+(t)x− x) −→ A+x,

−1
t (T (−t)x− x) = T (−t)1

t (T+(t)x− x) −→ A+x

as t→ 0, where we use Lemma 2.9. Hence, x ∈ D(A). Similarly, for x ∈ D(A−)
and t > 0 we derive

−1
t (T (−t)x− x) = −1

t (T−(t)x− x) −→ −A−x,
1
t (T (t)x− x) = −T (t)1

t (T−(t)x− x) −→ −A−x

as t→ 0, so that x ∈ D(A). Therefore A = ±A±.
“(b)⇒(c)”: For λ > ω, the assertion follows from Propositions 3.3 and 3.4.

For λ < −ω, we recall that ρ(A) = − ρ(−A) with R(λ,A) = −R(−λ,−A). So
we also obtain the asserted estimate for λ < −ω. In the same way one shows
the last assertion involving Reλ.
“(c)⇒(a)”: By Theorem 3.11, A and −A generate the C0–semigroups

(T+(t))t≥0 and (T−(t))t≥0, respectively (arguing for −A as in the previous step).
Let x ∈ D(A) = D(−A) and t ≥ s ≥ 0. Proposition 2.8 and Lemma 2.9 imply

d
ds(T+(s)T−(s)x) = T+(s)(−A)T−(s)x+ T+(s)AT−(s)x = 0,
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and hence T+(t)T−(t)x = x. Analogously, one obtains T−(t)T+(t)x = x. By
approximation, it follows that I = T+(t)T−(t) = T−(t)T+(t). Lemma 4.1 thus
allows to extend the C0–semigroup T+(·) to a C0–group with generator B. We
have B ⊆ A by definition and so A = B due to Lemma 3.6 and s(B) <∞. �

We note that the above proof relies on Theorem 3.11 which was only shown
for M = 1. However, we will use Theorem 4.2 just for this case.
We now change the topic and discuss the concept of dissipativity which is

crucial for the Lumer-Phillips theorem.

Definition 4.3. The duality set J(x) of x ∈ X is defined by

J(x) :=
{
x∗ ∈ X∗

∣∣ 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2
}
.

A linear operator A is called dissipative if for each x ∈ D(A) there is an x∗ ∈
J(x) such that Re〈Ax, x∗〉 ≤ 0.

The Hahn-Banach theorem ensures that J(x) 6= ∅ for every x ∈ X (see
Exercise 4.2). We often use that ‖x‖ = ‖x∗‖ if x∗ ∈ J(x). In the standard
function spaces, elements in the duality set can be computed explicitly.

Example 4.4. (a) Let X be a Hilbert space with scalar product ( · | · ) and
let x ∈ X. We show that J(x) = {( · |x)}. Clearly, y∗ = ( · |x) ∈ J(x). Let
y∗ ∈ J(x). Riesz’ representation theorem gives a unique y ∈ X such that
〈z, y∗〉 = (z|y) holds for all z ∈ X, and ‖y‖ = ‖y∗‖. From y∗ ∈ J(x) we then
deduce

‖x‖ = ‖y‖ and (x|y) = ‖x‖ ‖y‖ (4.1)
The last identity shows that x and y are linearly dependent (due to the char-
acterization of equality in the Cauchy-Schwarz inequality). In view of the first
equality in (4.1) there thus exists α ∈ C with |α| = 1 and x = αy, so that x = y
by the second part of (4.1). ♦
(b) Let E = Lp(B) for p ∈ [1,∞) and a Borel set ∅ 6= B ⊆ Rd. Further, let

f ∈ E \ {0}. We isometrically identify E∗ with Lp′(B) (via the usual duality
pairing), where p′ := p

p−1 for p > 1 and 1′ :=∞. We show that the function

g := ‖f‖2−pp f |f |p−2

belongs to J(f), where 0
0 := 0. (More precisely the functional h 7→

∫
B ghdx on

E is contained in J(f).) We set f∗ := f |f |p−2. For p = 1, we have ‖f∗‖∞ = 1.
For p > 1, it holds

‖f∗‖p′ =
(∫

B
|f |(p−1)· p

p−1 dx
) p−1

p = ‖f‖p−1
p .

In both cases it follows that ‖g‖p′ = ‖f‖p. Finally,

〈f, g〉Lp :=
∫
B
fg dx = ‖f‖2−pp

∫
B
|f |p−2 · f · f dx = ‖f‖2−pp · ‖f‖pp = ‖f‖2p

so that g ∈ J(f). We even have J(f) = {g} if p ∈ (1,∞), see Exercise 4.2. ♦
(c) Let ∅ 6= U ⊆ Rd be open and E = C0(U). For f ∈ E there is an x0 ∈ U

with |f(x0)| = ‖f‖∞. Set ϕ(g) := f(x0)g(x0) for g ∈ E. Then ϕ ∈ J(f)
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since ϕ ∈ E∗, ‖ϕ‖ = |f(x0)| = ‖f‖∞ and ϕ(f) = |f(x0)|2 = ‖f‖2∞. The same
construction works on E = C(K) for compact K ⊆ Rd. ♦

We next characterize dissipativity linking it to the Hille-Yosida estimate (3.8).

Proposition 4.5. A linear operator A is dissipative if and only if
‖λx−Ax‖ ≥ λ‖x‖

holds for all λ > 0 and x ∈ D(A). If A generates a contraction semigroup T (·),
then A is dissipative and we have Re〈Ax, x∗〉 ≤ 0 for all x ∈ D(A) and even
for all x∗ ∈ J(x).

Proof. 1) Let A generate the contraction semigroup T (·), x ∈ D(A) and
x∗ ∈ J(x). The contractivity implies

Re〈Ax, x∗〉 = lim
t→0

Re〈1t (T (t)x− x), x∗〉 = lim
t→0

1
t (Re〈T (t)x, x∗〉 − ‖x‖2)

≤ lim sup
t→0

1
t (‖x‖ · ‖x

∗‖ − ‖x‖2) = 0.

2) Let A be dissipative and x ∈ D(A). There is an x∗ ∈ J(x) such that
Re〈Ax, x∗〉 ≤ 0. So we obtain for each λ > 0 that

λ‖x‖2 ≤ Re(λ〈x, x∗〉)− Re〈Ax, x∗〉 ≤ |〈λx−Ax, x∗〉| ≤ ‖λx−Ax‖ · ‖x∗‖.
Hence, λ‖x‖ ≤ ‖λx−Ax‖ since ‖x‖ = ‖x∗‖.
3) Assume that ‖λx − Ax‖ ≥ λ‖x‖ holds for all λ > 0 and x ∈ D(A). We

first show the dissipativity of A if X is a Hilbert space since this case is very
easy to treat. Here the assumption leads to

λ2‖x‖2 ≤ ‖λx−Ax‖2 = λ2‖x‖2 − 2λRe(Ax|x) + ‖Ax‖2

which is equivalent to
Re(Ax|x) ≤ 1

2λ‖Ax‖
2.

Letting λ→∞, the dissipativity follows in view of Example 4.4.
We turn back to the case of a general Banach space X. Assume without

loss of generality that ‖x‖ = 1. Take y∗λ ∈ J(λx − Ax). Because of ‖y∗λ‖ =
‖λx − Ax‖ ≥ λ‖x‖ = λ > 0, we have y∗λ 6= 0. Set x∗λ = 1

‖y∗
λ
‖y
∗
λ for λ > 0. We

then obtain ‖x∗λ‖ = 1 as well as

λ ≤ ‖λx−Ax‖ = 1
‖y∗λ‖

〈λx−Ax, y∗λ〉 = Re〈λx−Ax, x∗λ〉

= λRe〈x, x∗λ〉 − Re〈Ax, x∗λ〉 ≤ min{λ− Re〈Ax, x∗λ〉, λRe〈x, x∗λ〉+ ‖Ax‖}.

As a result, Re〈Ax, x∗λ〉 ≤ 0 and 1− 1
λ‖Ax‖ ≤ Re〈x, x∗λ〉 for all λ > 0. We restrict

x∗λ to the two dimensional subspace E = lin{x,Ax} of X. Since ‖x∗λ‖ ≤ 1, there
are a functional y∗ ∈ E∗ and a sequence λj →∞ such that x∗λj → y∗ in E∗ as
j → ∞. Then Re〈Ax, y∗〉 ≤ 0 and Re〈x, y∗〉 ≥ 1. The Hahn-Banach theorem
now yields x∗ ∈ X∗ satisfying ‖x∗‖ ≤ 1, Re〈Ax, x∗〉 ≤ 0 and 1 ≤ Re〈x, x∗〉. It
remains to check x∗ ∈ J(x). We note that

1 ≤ Re〈x, x∗〉 ≤ |〈x, x∗〉| ≤ ‖x‖ · ‖x∗‖ = ‖x∗‖ ≤ 1.
Hence, 1 = ‖x∗‖ = ‖x‖ = 〈x, x∗〉 and so x∗ ∈ J(x). �
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We next discuss the dissipativity of certain differential operators of first order.
Example 4.6. (a) Let X = C0(R). Let b, c ∈ Cb(R) be real-valued. Define

Au = bu′ + cu with D(A) = C1
0 (R). We show that A − ‖c‖∞I is dissipative.

In fact, take u ∈ D(A) and let ϕ ∈ J(u) be given by ϕ(v) = u(s0)v(s0), where
|u(s0)| = ‖u‖∞ (see Example 4.4). We then have

Re〈Au− ‖c‖∞u, ϕ〉 = b(s0) Re(u(s0)u′(s0)) + (c(s0)− ‖c‖∞) Re(u(s0)u(s0))
≤ b(s0) Re(u(s0)u′(s0)).

We set h(s) := Re(u(s0)u(s)) for s ∈ R. Clearly, h ∈ C1
0 (R) is real-valued and

|u(s0)|2 = h(s0) ≤ ‖h‖∞ ≤ |u(s0)| · ‖u‖∞ = |u(s0)|2

so that h(s0) = max h. Hence, h′(s0) = 0 and Re〈Au− ‖c‖∞u, ϕ〉 ≤ 0. ♦
(b) Let X = L2(R) and A = d

ds with D(A) = C1
c (R). For u ∈ D(A) we have

u ∈ J(u) by Example 4.4 (b). Integration by parts yields

2 Re〈Au, u〉 = 〈Au, u〉+ 〈Au, u〉 =
∫
R
u′uds+

∫
R
u′uds = 0.

Hence, A is dissipative (but not closed as one easily checks). ♦
(c) Let X = L2(0, 1), Aj = d

ds and D(Aj) =
{
u ∈ C1([0, 1])

∣∣u(j) = 0
}
for

j ∈ {0, 1}. (D(Aj) is considered as a subspace of X.) For u ∈ D(Aj), we take
again u ∈ J(u) and obtain

2 Re〈Aju, u〉 =
∫ 1

0
u′u ds+

∫ 1

0
u′uds = uu

∣∣1
0 = |u(1)|2 − |u(0)|2.

Hence, A1 is dissipative. Moreover, A0 + ωI is not dissipative for any ω ∈ R,
since we can find a function u ∈ D(A0) (depending on ω) such that

Re〈A0u+ ωu, u〉 = 1
2 |u(1)|2 + ω‖u‖2 > 0.

(Note that here {u} can be identified with J(u) by Example 4.4.) ♦
The examples (b) and (c) can be extended to Lp with p ∈ [1,∞). In these

examples, we have encountered dissipative, but non-closed operators. To find
closed extensions of them, we will need Sobolev spaces introduced in the next
lecture, and the concepts of closability and of the closure of a linear operator
A. These concepts also play an important role in the Lumer-Phillips theorem.
We discuss them in the next intermezzo.

Intermezzo 2: Closable operators

Often one initially defines an operator on a subspace of “good vectors” to
simplify calculations. It may happen that the operator is not closed, and one
then looks for closed extensions. So we are led to the next definition.

Definition 4.7. A linear operator A is called closable if it possesses a closed
extension. Using part (c) of the next lemma, for a closable operator A we define
its closure A by

D(A) :=
{
x ∈ X

∣∣ ∃(xn)n ⊆ D(A), y ∈ X : lim
n→∞

xn = x, lim
n→∞

Axn = y
}
,

Ax := y, where y is the vector from the definition of D(A).
(4.2)
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Lemma 4.8. For a linear operator A, the following assertions are equivalent.

(a) The operator A is closable.
(b) If (xn)n ⊆ D(A) tends to 0 in X and (Axn)n converges in X to some

y in X, then y = 0 must hold.
(c) The definition (4.2) gives a closed extension of A.

If this is the case, then gr(A) = gr(A), D(A) is dense in [D(A)] and A is the
smallest closed extension of A. Moreover, the linear operator A is closed if and
only if it is closable and A = A.

Proof. “(a)⇒(b)”: Let B be a closed extension of A. If the vectors xn ∈
D(A) ⊆ D(B) tend to 0 in X and their images Axn = Bxn converge to some y
in X, the closedness of B implies that y = B(0) = 0.
“(b)⇒(c)”: Let (xn)n and (zn)n be sequences in D(A) tending to x in X such

that (Axn)n converges to y and (Azn)n converges to w in X. Then xn − zn
belongs to D(A) as well as xn−zn → 0 and A(xn−zn)→ y−w in X as n→∞.
We conclude y = w using the assumption (b). Therefore (4.2) defines a map
A. One easily verifies that A is linear with gr(A) = gr(A), which shows the
first part of the addendum. Hence, A is closed due to Remark 2.11 (a) and A
extends A.
“(c)⇒(a)”: This implication is obvious.
If B is another closed extension of A, we have gr(A) ⊆ gr(B) and thus

gr(A) = gr(A) ⊆ gr(B) because of the closedness of B, so that A ⊆ B. The
other assertions are an immediate consequence of gr(A) = gr(A), the definition
of the graph norm and the closedness of A. �

In general, it is a tricky business to compute the closure of a linear operator.
We give some basic examples for illustration. They also highlight the crucial
impact of the choice of boundary conditions for a fixed differential operator.

Example 4.9. (a) Let X = L1(0, 1) and Af = f(0)1 with D(A) = C([0, 1]).
This operator is not closable. In fact, the functions fn(s) = max{1 − ns, 0}
satisfy ‖fn‖1 = 1

2n → 0 as n → ∞, but Afn = 1 for all n ∈ N, contradicting
Lemma 4.8 (b). ♦

(b) Let X = C([0, 1]) and A0u = u′ with D(A0) = C1
c (0, 1). We claim that

A0 has the closure A := d
ds with D(A) := C1

0 (0, 1). It is clear that A is closed
and that A0 ⊆ A. Hence, A0 is closable and A0 ⊆ A. To show A ⊆ A0, we
pick f ∈ C1

0 (0, 1) and check that f ∈ D(A0). Take ϕn ∈ C1
c (0, 1) with ϕ = 1

on [ 1
n , 1 −

1
n ], 0 ≤ ϕn ≤ 1 and ‖ϕ′n‖∞ ≤ cn for some c > 0 and all n ∈ N with

n ≥ 2. Set Jn = [0, 1
n ] ∪ [1 − 1

n , 1]. Then fn := ϕnf belongs to D(A0), and we
deduce

‖fn − f‖∞ = sup
s∈Jn
|(ϕn(s)− 1)f(s)| ≤ sup

s∈Jn
|f(s)| −→ 0,

‖ϕnf ′ − f ′‖∞ ≤ sup
s∈Jn
|f ′(s)| −→ 0
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as n→∞ since f, f ′ ∈ C0(0, 1). We further obtain

‖ϕ′nf‖∞ ≤ sup
0≤s≤ 1

n

|ϕ′n(s)f(s)|+ sup
1− 1

n
≤s≤1

|ϕ′n(s)f(s)|

≤ sup
0≤s≤ 1

n

cn
∣∣∣∫ s

0
f ′(τ) dτ

∣∣∣+ sup
1− 1

n
≤s≤1

cn
∣∣∣∫ 1

s
f ′(τ) dτ

∣∣∣
≤ cn

∫ 1
n

0
|f ′(τ)|dτ + cn

∫ 1

1− 1
n

|f ′(τ)| dτ −→ 0

as n → ∞, again because of f, f ′ ∈ C0(0, 1). Hence, A0(ϕnf) = ϕ′nf + ϕnf
′

converges to Af = f ′. Consequently, f ∈ D(A0) and thus A0 = A.
There are further closed extensions of A0. By Exercise 4.3, A1 = d

ds
with D(A1) =

{
u ∈ C1([0, 1])

∣∣u′(1) = 0
}
generates a C0–semigroup on X and

σ(A1) = {0}. Moreover, A3 = d
ds with D(A3) = C1([0, 1]) has the spectrum

σ(A3) = C by Example 3.5. Clearly, A0 $ A0 = A $ A1 $ A3. We claim that
A is not a generator. In fact, Lemma 3.6 and A $ A1 yield ρ(A) ∩ ρ(A1) = ∅.
Since Au 6= 1 for all u ∈ C1

0 (0, 1), A is not surjective and so 0 ∈ σ(A). It follows
that ρ(A) = ∅, implying the claim.
On the other hand, also A2 = d

ds with D(A2) =
{
u ∈ C1([0, 1])

∣∣u(0) = 0
}

is not a generator on X (because D(A2) 6= X), and we have A $ A2 $ A3.
Moreover, A1 and A2 are not comparable.
Summing up, here the “minimal” operator A and the “maximal” operator

A3 do not generate C0–semigroups. Between them there are various, partly
noncomparable operators with differing boundary conditions (so–called “real-
izations” of d

ds) which may or may not be generators. ♦

We now use the concept of a closure in the context of generators A showing
a criterion for “cores” D of A needed later. A core is a linear subspace of D(A)
which is dense for the graph norm of A. It is easy to see that for a closable
operator A and D ⊆ D(A) one has A|D = A if and only if D is a core of A (and
then also for A). In this sense, A is determined by its restriction to a core.

Proposition 4.10. Let A generate the C0–semigroup T (·) on X. Let D ⊆
D(A) be a linear subspace which is dense in X and satisfies T (t)D ⊆ D for all
t ≥ 0. Then D is a core for A.

Proof. Let x ∈ D(A). By Proposition 3.3, the function T (·)x belongs to
C(R+, [D(A)]). For each n ∈ N we can thus fix τ = τ(n, x) ∈ (0, 1] such that∥∥∥1

τ

∫ τ

0
T (t)x dt− x

∥∥∥
A
≤ 1

2n.

Observe that the above Riemann integral coincides with the Riemann integral of
the function T (·)x : R+ → (X, ‖ · ‖) because ‖y‖ ≤ ‖y‖A holds for all y ∈ D(A)
and thus the respective Riemann sums have the same limit.
Since D is dense in X, there is a sequence (ym)m in D converging to x in X.

We define xm := 1
τ

∫ τ
0 T (t)ym dt for m ∈ N. Due to T (t)ym ∈ D ⊆ D(A) for

all t ≥ 0, the vector xm belongs to the closure DA of D in [D(A)]. We have
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supt∈[0,1] ‖T (t)‖ =: C <∞. Employing Lemma 3.2, we can now estimate

‖x− xm‖A ≤
∥∥∥x− 1

τ

∫ τ

0
T (t)x dt

∥∥∥
A

+ 1
τ

∥∥∥∫ τ

0
T (t)(x− ym) dt

∥∥∥+ 1
τ

∥∥∥A ∫ τ

0
T (t)(x− ym) dt

∥∥∥
≤ 1

2n + C‖x− ym‖+ 1
τ ‖(T (τ)− I)(x− ym)‖

≤ 1
2n + (C + 1

τ (1 + C))‖x− ym‖.

It follows that lim supm→∞ ‖x − xm‖A ≤ 1
2n . Since xm ∈ D

A, for each n ∈ N
we can now find a vector zn ∈ D such that ‖x− zn‖A ≤ 1

n . �

We now come back to the main theme of this lecture and prove several prop-
erties of dissipative operators including their closability.

Proposition 4.11. Let A be dissipative. Then the following assertions hold.
(a) For all λ > 0 the operator λI −A is injective and for y ∈ R(λI −A) =

(λI −A)(D(A)) we have ‖(λI −A)−1y‖ ≤ 1
λ‖y‖.

(b) Let λ0I −A be surjective for some λ0 > 0. Then A is closed, (0,∞) ⊆
ρ(A) and ‖R(λ,A)‖ ≤ 1

λ for all λ > 0.
(c) If D(A) is dense in X, then A is closable and A is also dissipative.

Proof. Assertion (a) immediately follows from Proposition 4.5.
(b) If the assumptions in (b) hold, then part (a) implies that λ0I −A has an

inverse with a norm less than or equal to 1
λ0
; in particular, A is closed. For any

λ ∈ (0, 2λ0), it holds |λ − λ0| < λ0 ≤ ‖R(λ0, A)‖−1 and hence λ ∈ ρ(A) due
to (2.8). This argument shows that we have (0, 2λ) ⊆ ρ(A) and thus (0, 3

2λ] ⊆
ρ(A), whenever λ ∈ ρ(A) is fulfilled. As a consequence, one inductively obtains
(0, (3

2)nλ0] ⊆ ρ(A) for all n ∈ N arriving at (0,∞) ⊆ ρ(A). The asserted
estimate for R(λ,A) is an immediate consequence of part (a).
(c) Assume that D(A) = X. We want to prove the closability of A by means

of Lemma 4.8. Let (xn)n be a sequence in D(A) such that xn → 0 and Axn → y
in X as n → ∞ for some y ∈ X. Due to the density assumption, there is a
sequence (yn)n in D(A) converging to y in X. Take any λ > 0 and n,m ∈ N.
Proposition 4.5 then implies
‖λ(λI −A)xn + (λI −A)ym‖ = ‖(λI −A)(λxn + ym)‖ ≥ λ‖λxn + ym‖

Letting n→∞, we deduce ‖ − λy + (λI −A)ym‖ ≥ λ‖ym‖, or equivalently,
‖(I − 1

λA)ym − y‖ ≥ ‖ym‖.
As λ → ∞, it follows that ‖ym − y‖ ≥ ‖ym‖. Taking the limit m → ∞,
we conclude y = 0. Lemma 4.8 then shows that the operator A is closable
and that for x ∈ D(A) there are zn ∈ D(A) such that limn→∞ zn = x and
limn→∞Azn = Ax in X. From Proposition 4.5 we can now infer the estimate

‖λx−Ax‖ = lim
n→∞

‖λzn −Azn‖ ≥ λ lim
n→∞

‖zn‖ = λ‖x‖,

and thus the dissipativity of A. �
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Propositions 4.5 and 4.11 and the Hille-Yosida theorem now imply the Lumer-
Phillips theorem. It characterizes generators of contraction semigroups by the
density of their domain, their dissipativity and a range condition. In applica-
tions one often uses part (a) for closed A, where A = A.

Theorem 4.12 (Lumer-Phillips, 1961). Let A be linear and densely defined.
Then the following assertions hold.

(a) If A is dissipative and λ0I −A has dense range for some λ0 > 0, then
A is closable and A generates a contraction semigroup.

(b) If A is dissipative and λ0I − A is surjective for some λ0 > 0, then A
generates a contraction semigroup.

(c) If A generates a contraction semigroup, then A is dissipative, C+ ⊆
ρ(A) and ‖R(λ,A)‖ ≤ 1

Reλ for all λ ∈ C+.

Proof. (a) Proposition 4.11 tells us that A possesses a dissipative closure.
Moreover, the range of λ0I−A contains that of λ0I−A and it is thus dense. For
a given y ∈ X, we can now find elements xn of D(A) such that yn := λ0xn−Axn
converge to y in X as n→∞. Since A is dissipative, we have

‖xn − xm‖ ≤ 1
λ0
‖(λ0I −A)(xn − xm)‖ = 1

λ0
‖yn − ym‖

for all n,m ∈ N thanks to Proposition 4.5. Therefore (xn)n has a limit x in X.
Hence, the vectors Axn = λ0xn − yn tend to λ0x − y as n → ∞. Due to the
closedness of A, the vector x belongs to D(A) and Ax = λ0x−y so that λ0I−A
is surjective. Proposition 4.11 and Theorem 3.8 now imply assertion (a).
(b) Proposition 4.11 says that A is closed if λ0I − A is surjective. Part (a)

now shows that A = A generates a contraction semigroup.
(c) This assertion can be deduced from Propositions 4.5 and 3.4. �

We conclude with a simple example for Theorem 4.12, namely the second
derivative with Neumann boundary conditions on C([0, 1]). More examples
and further discussions are given in the next lecture.

Example 4.13. Let X = C([0, 1]). We want to show that Au = u′′

with D(A) =
{
u ∈ C2([0, 1])

∣∣u′(0) = u′(1) = 0
}
satisfies the conditions of the

Lumer-Phillips theorem and thus generates a C0–semigroup on X.
To see D(A) = X, let f ∈ C([0, 1]). Fix a function ϕ ∈ C2([0, 1]) with

ϕ(0) = 1 and ϕ′(0) = 0 and suppϕ ⊆ [0, 1
2). Set ψ(t) = ϕ(1 − t) for t ∈ [0, 1]

and g = f −ϕf(0)−ψf(1) ∈ C0(0, 1). As in Example 3.9 one obtains functions
vn ∈ C∞c (0, 1) that converge to g uniformly. Hence, the maps un := vn +
ϕf(0) + ψf(1) ∈ D(A) tend to f in X as n→∞.
To show the dissipativity, we proceed as in Example 4.6. Let u ∈ D(A) and

fix a point s0 ∈ [0, 1] such that |u(s0)| = ‖u‖∞. Then the functional ϕ(f) =
u(s0)f(s0) belongs to J(u). Moreover, the function h = Re(u(s0)u) ∈ C2([0, 1])
attains its maximum at s0 and Re〈Au,ϕ〉 = Reu′′(s0)u(s0) = h′′(s0). Hence,
Re〈Au,ϕ〉 ≤ 0 if s0 ∈ (0, 1). If s0 = 0, then for each s > 0 Taylor’s formula
gives a number σ ∈ [0, s] such that h(s) = h(0) + s2

2 h
′′(σ) since u ∈ D(A) yields

h′(0) = 0. Thus, h′′(σ) = 2
s2 (h(s) − h(0)) ≤ 0. Letting s → 0+, we deduce

Re〈Au,ϕ〉 = h′′(0) ≤ 0. The case s0 = 1 is treated in the same way.
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For the surjectivity of I −A, take f ∈ C([0, 1]) and set

u(s) = aes + be−s + 1
2

∫ 1

0
e−|s−τ |f(τ) dτ (4.3)

for s ∈ [0, 1] and constants a, b ∈ C to be determined, depending on f . A
straightforward computation shows that u ∈ C2([0, 1]), u− u′′ = f and

u′(0) = a− b+ 1
2

∫ 1

0
e−τf(τ) dτ, u′(1) = ea− 1

e b−
1
2e

∫ 1

0
eτf(τ) dτ.

There are a, b ∈ C with u′(0) = u′(1) = 0, i.e., u ∈ D(A) and u−Au = f . ♦
A more detailed analysis of such differential operators on intervals (including

a motivation of the ansatz (4.3)) can be found in Section VI.4 of [EN99].

Exercises

Exercise 4.1. Let T (t) ∈ B(X), t ≥ 0, have locally bounded norms such
that T (0) = I and T (t+ s) = T (t)T (s) for t, s ≥ 0. We set

X0 =
{
x ∈ X

∣∣T (t)x→ x as t→ 0
}
.

Show that X0 is a closed subspace of X, that T (t)X0 ⊆ X0 for t ≥ 0 and that
the restrictions T0(t) := T (t)|X0 , t ≥ 0, form a C0–semigroup on X0.

Exercise 4.2. Let X be a Banach space and x ∈ X. Show that

J(x) =
{
x∗ ∈ X∗

∣∣ 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2
}

is not empty.
A Banach space Y is called strictly convex if for all x, y ∈ X with ‖x‖ =
‖y‖ = 1 and ‖x+ y‖ = 2 we have x = y. Show that J(x) contains exactly one
element for each x ∈ X if X∗ is strictly convex. (Remark: Lp spaces are strictly
convex for p ∈ (1,∞), see (15.5) and (15.8) in [HS65].)

Exercise 4.3. Let X = C([0, 1]). Define Au = u′ with D(A) ={
u ∈ C1([0, 1])

∣∣u′(1) = 0
}
. Show that A is dissipative, σ(A) = {0} and that A

generates a contraction semigroup. Determine this semigroup.

Exercise 4.4. Let F ∈ C1(Rd,Rd) have a bounded derivative. It is known
that there is a function ϕ ∈ C1(R× Rd,Rd) such that

∂tϕ(t, x) = F (ϕ(t, x)) for (t, x) ∈ R× Rd,
ϕ(t, ϕ(s, x)) = ϕ(t + s, x) and ϕ(0, x) = x for all s, t ∈ R and x ∈ Rd. Set
E = C0(Rd) and

(T (t)f)(x) = f(ϕ(t, x)) for (t, x) ∈ R× Rd and f ∈ E.
Show that T (·) is a contractive C0–group on E with generator A, where A is
the closure of A0 given by (A0u)(x) = F (x) · ∇u(x) and D(A0) = C1

c (Rd).
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LECTURE 5

Stone’s theorem and the Laplacian

In the previous lecture we have shown the Lumer-Phillips Theorem 4.12,
which says among other things that

if A is dissipative, D(A) = X and R(λ0I − A) = X for some
λ0 > 0, then A generates a contraction semigroup.

In this lecture we first establish several variants of this result and deduce a
characterization of generators of isometric groups. This characterization then
implies Stone’s famous theorem stating that precisely the skewadjoint operators
generate unitary C0–groups on Hilbert spaces. In the remainder of the lecture
we then discuss the Laplacian in two simple settings: in L2(Rd) and in L2(U)
with Dirichlet boundary conditions, where U ⊆ Rd is open and bounded. We
show that these “realizations” of the Laplacian are dissipative and selfadjoint
(and thus generate C0–semigroups).
These facts play a crucial role in our main applications to wave and

Schrödinger equations. Here the Hilbert space setting arises naturally in view
of the physical background. It also allows to establish the desired properties
of the Laplacian by elegant functional analytic tools. This approach relies on
Sobolev spaces and weak derivatives. Actually, we do not need many deep
results about these spaces. The relevant information is recalled below in an in-
termezzo. We also provide a rather long appendix containing the proofs and an
introduction to this large subject. We further use basic facts about the Fourier
transform and selfadjoint operators which are collected and proved in two more
appendices. Again we list the relevant results in the intermezzo.
We first come back to the Lumer-Phillips Theorem 4.12 and discuss the range

condition via duality theory. To this aim, for a linear operator A in X with
dense domain, we define its adjoint A∗ by

A∗x∗ := y∗ for all x∗ ∈ D(A∗), where y∗ is taken from
D(A∗) :=

{
x∗ ∈ X∗

∣∣ ∃ y∗ ∈ X∗ ∀x ∈ D(A) : 〈Ax, x∗〉 = 〈x, y∗〉
}
.

(5.1)

This means that 〈Ax, x∗〉 = 〈x,A∗x∗〉 for all x ∈ D(A) and all x∗ ∈ D(A∗), and
D(A∗) consists of all x∗ ∈ X∗ for which this operation works. It turns out that
this is the correct definition to develop the theory. To get some experience with
adjoints, we discuss several basic properties of adjoints in the next remark.

Remark 5.1. Let A be a densely defined linear operator in X.
(a) Since D(A) is dense, there is at most one vector y∗ = A∗x∗ as in (5.1),

so that A∗ : D(A∗) → X∗ is a map. It is clear that A∗ is linear. If A ∈ B(X),
then D(A∗) = X∗ and (5.1) coincides with the definition of A∗ usually given in
courses on functional analysis. ♦
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(b) The operator A∗ is closed in X∗ (though A does not need to be closed). In
fact, let x∗n ∈ D(A∗), x∗ ∈ X∗, and y∗ ∈ X∗ such that x∗n → x∗ and A∗x∗n → y∗

in X∗ as n→∞. For every x ∈ D(A) we then compute
〈x, y∗〉 = lim

n→∞
〈x,A∗x∗n〉 = lim

n→∞
〈Ax, x∗n〉 = 〈Ax, x∗〉.

As a result, x∗ ∈ D(A∗) and A∗x∗ = y∗. ♦
(c) If T ∈ B(X), then the sum A+ T with D(A+ T ) = D(A) has the adjoint

(A+T )∗ = A∗+T ∗ with D((A+T )∗) = D(A∗). To verify this fact, let x ∈ D(A)
and x∗ ∈ X∗. We obtain

〈(A+ T )x, x∗〉 = 〈Ax, x∗〉+ 〈x, T ∗x∗〉.
Hence, x∗ ∈ D((A + T )∗) if and only if x∗ ∈ D(A∗), and then (A + T )∗x∗ =
A∗x∗ + T ∗x∗. ♦
(d) If T ∈ B(X), then the product TA with domain D(TA) = D(A) has

the adjoint A∗T ∗ with domain D(A∗T ∗) =
{
x∗ ∈ X∗

∣∣T ∗x∗ ∈ D(A∗)
}
. This

fact can be shown analogously as part (c). From (c) and (d) it follows that
(λI −A)∗ = λI −A∗ for λ ∈ C. ♦

The next result allows to replace the range condition in the Lumer-Phillips
theorem by the injectivity of λI −A∗ for some λ > 0. If one knows the adjoint
of A, the injectivity should be much easier to check than the range condition.
However, in applications it is often very hard to compute A∗ (namely D(A∗))
directly. Nevertheless, Corollary 5.2 is used in the proof of Stone’s theorem.

Corollary 5.2. Let A be dissipative and densely defined. If λI − A∗ is in-
jective for some λ > 0, then A generates a contraction semigroup. (By Propo-
sition 4.11, λI −A∗ is injective for all λ > 0 if A∗ is dissipative.)

Proof. Due to Theorem 4.12, it suffices to show that λI − A has dense
range. Let x∗ ∈ X∗ annihilate R(λI − A); i.e., 〈(λI − A)x, x∗〉 = 0 = 〈x, 0〉
for all x ∈ D(A). This fact leads to x∗ ∈ D(A∗) and λx∗ − A∗x∗ = 0. The
injectivity assumption now yields x∗ = 0. A corollary to the Hahn-Banach
theorem then implies the density of R(λI −A). �

Usually the density of the domain of an operator is relatively easy to check.
Still it is a nice fact that one gets it for free in the context of the Hille-Yosida
theorem if X is reflexive.

Proposition 5.3. Let X be a reflexive Banach space and A be a closed
operator in X such that (ω,∞) ⊆ ρ(A) and ‖R(λ,A)‖ ≤ M

λ−ω for all λ > ω and
some constants M,ω ≥ 0. Then D(A) is dense in X. In particular, if A is a
dissipative operator on a reflexive Banach space such that λ0I −A is surjective
for some λ0 > 0, then A generates a contraction semigroup.

Proof. Let x ∈ X and n ∈ N with n > ω. Then the vectors xn =
nR(n,A)x belong to D(A) and are uniformly bounded inX. SinceX is reflexive,
the Banach-Alaoglu theorem gives a subsequence (xnj )j and a vector z ∈ X such
that xnj converges weakly to z as j → ∞. Since D(A) is closed and convex,
we obtain z ∈ D(A), see e.g. Theorem 3.7 in [Bre11]. We now show x = z

to deduce D(A) = X. We first note that the vectors yn = R(ω + 1, A)xn =
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nR(n,A)R(ω + 1, A)x also belong to D(A) and converge to R(ω + 1, A)x =: y
in X as n→∞ due to Lemma 3.7 (because of y ∈ D(A)). We thus obtain the
weak limits

ynj ⇀ y and Aynj = (1 + ω)ynj − xnj ⇀ (1 + ω)y − z =: v

as j →∞. As above, we infer that (y, v) is contained in gr(A) = gr(A) so that
Ay = v. Consequently, x = (1 + ω)y −Ay = z belongs to D(A).
If A is dissipative and R(λ0I − A) = X for some λ0 > 0, then A is closed,

(0,∞) ⊆ ρ(A) and ‖λR(λ,A)‖ ≤ 1 for all λ > 0 due to Proposition 4.11. The
first part thus yields that D(A) = X and the second assertion now follows from
the Hille-Yosida Theorem 3.8. �

We next use the Lumer-Phillips theorem to characterize the generators of
isometric C0–groups.

Corollary 5.4. Let A be linear. The following assertions are equivalent.
(a) The operator A generates an isometric C0–group T (·), i.e., ‖T (t)x‖ =
‖x‖ for all x ∈ X and t ∈ R.

(b) The operator A is closed and densely defined, A and −A are dissipative
and λI −A and λI +A are surjective for some λ > 0.

(c) The operator A is closed and densely defined, R \ {0} ⊆ ρ(A) and
‖R(λ,A)‖ ≤ 1

|λ| for all λ ∈ R \ {0}.

Proof. The Lumer-Phillips Theorem 4.12 says that (b) holds if and only
if A and −A generate contraction semigroups. Theorem 4.2 then implies the
equivalence of assertion (b) and (c), and it shows that (b) holds if and only if
A generates a C0–group of contractions T (t), t ∈ R. It remains to prove that a
contractive C0–group T (·) is already isometric. Indeed, we have

‖T (t)x‖ ≤ ‖x‖ = ‖T (−t)T (t)x‖ ≤ ‖T (−t)‖ ‖T (t)x‖ ≤ ‖T (t)x‖

for all x ∈ X and all t ∈ R, so that T (t) is isometric. �

In the Hilbert space setting, the above result leads to Stone’s theorem on
unitary groups. To this aim, we have to recall a few more concepts.

Definition 5.5. Let X be a Hilbert space with scalar product ( · | · ). A linear
operator A on X is called symmetric if

∀x, y ∈ D(A) : (Ax|y) = (x|Ay).

Let A be a densely defined linear operator on X. Then its Hilbert space adjoint
A′ is given by

A′y := z for all y ∈ D(A′), where z is taken from
D(A′) :=

{
y ∈ X

∣∣ ∃ z ∈ X ∀x ∈ D(A) : (Ax|y) = (x|z)
}
,

cf. (5.1). A densely defined linear operator A is called selfadjoint if A = A′ and
skewadjoint if A′ = −A. Finally, an operator T ∈ B(X) is called unitary if it
is invertible with T−1 = T ′ ∈ B(X).
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Besides A′ there also exists the adjoint A∗ in X∗. These two operators are
related via Riesz’ representation theorem, cf. (C.1) in Appendix C.
Observe that a densely defined linear operator A is symmetric if and only if

A ⊆ A′. Moreover, A is skewadjoint if and only if iA is selfadjoint. We point out
that selfadjointness and skewadjointness mean in particular that D(A) = D(A′).
We further remark that symmetry is relatively easy to check in many examples,
whereas selfadjointness or skewadjointness (mainly the equality D(A) = D(A′))
often is very hard to verify. On the other hand, these properties have far
reaching consequences as in Stone’s theorem below.
We collect several properties of the Hilbert space adjoints and of selfadjoint

operators in the next remark, see Appendix C for more details. Property (f) is
used below to prove the selfadjointness of the Dirichlet Laplacian.

Remark 5.6. Let A be a densely defined operator in a Hilbert space X.
Then the following assertions hold.
(a) As in Remark 5.1 one sees that A′ is closed in X. In particular, a sym-

metric, densely defined, linear operator is closable with A ⊆ A′ (since A ⊆ A′).
(b) Parts (c) and (d) of Remark 5.1 hold for A′ in a similar way. But note

that (aI)′ = aI for a ∈ C.
(c) Let A be closed. Then σ(A′) =

{
λ
∣∣λ ∈ σ(A)

}
by (C.2) in Appendix C.

(d) If A is symmetric, then also A is symmetric. In fact, for x, y ∈ D(A)
there are xn, yn ∈ D(A) with xn → x, yn → y, Axn → Ax and Ayn → Ay in X
as n→∞. It follows

(Ax|y) = lim
n→∞

(Axn|yn) = lim
n→∞

(xn|Ayn) = (x|Ay).

(e) There are symmetric closed operators which are not selfadjoint, see Ex-
ample C.10 in Appendix C.
(f) Let A be closed and symmetric. Then A is selfadjoint if and only if

σ(A) ⊆ R. Moreover, if ρ(A) ∩ R 6= ∅, then σ(A) ⊆ R. See Theorem C.9.

We can now derive Stone’s theorem from the Lumer-Phillips theorem. Al-
ternatively Stone’s theorem also follows from the spectral theorem, see Section
VII.4 in [RS72]. We will use Stone’s theorem to solve the linear Schrödinger
equation in a later lecture. In fact, this theorem is a cornerstone of the mathe-
matical foundations of quantum mechanics.

Theorem 5.7 (Stone, 1930). Let X be a Hilbert space and A be a linear
operator on X with dense domain. Then A generates a C0–group of unitary
operators if and only if A is skewadjoint.

Proof. 1) Let A′ = −A. For x ∈ D(A) = D(A′), we have J(x) = {ϕx}
where ϕx := ( · |x) (see Example 4.6). We compute

〈Ax,ϕx〉 = (Ax|x) = −(x|Ax) = −(Ax|x) = −〈Ax,ϕx〉,

so that Re〈Ax,ϕx〉 = 0. Hence, A and A′ = −A are dissipative as well as
A′′ = (−A)′ = A. We note that for a Hilbert space X, Corollary 5.2 holds with
the same proof if one replaces A∗ by A′. Hence, A and A′ generate contraction
semigroups, so that A generates a C0–group (T (t))t∈R of invertible isometric
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operators due to Corollary 5.4. A result from functional analysis then implies
that each T (t) is unitary (see Proposition C.7 in Appendix C).
2) Let A generate a unitary C0–group (T (t))t∈R. Since T (t)′ = T (t)−1 =

T (−t) for t ≥ 0, the family (T (t)′)t≥0 is a contraction semigroup with the
generator −A by Theorem 4.2. For x, y ∈ D(A) we thus obtain

(Ax|y) = lim
t→0

(1
t (T (t)x− x)|y) = lim

t→0
(x|1t (T (t)′y − y)) = (x| −Ay),

i.e., −A ⊆ A′. We further know from Theorem 4.2 that σ(A) ⊆ iR. Since
σ(A′) =

{
λ
∣∣λ ∈ σ(A)

}
⊆ iR by Remark 5.6 (c), Lemma 3.6 yields−A = A′. �

In our main applications the Laplacian in an L2–setting plays a crucial role.
To investigate this operator, we need weak derivatives, Sobolev spaces and the
Fourier transform. These topics are discussed in the next intermezzo. The
proofs and much more background material can be found in the corresponding
appendices D and E.

Intermezzo 3: Weak derivatives, Sobolev spaces and the Fourier
transform

The classical derivative does not fit well to Lp spaces since it is based on a
pointwise limit. Instead, one uses on Lp spaces the so called weak derivative.
In its definition one requires that one can integrate by parts against functions
ϕ ∈ C∞c , which is well adapted to integrable functions.
Let ∅ 6= U ⊆ Rd be open, k ∈ N and p ∈ [1,∞]. A function u ∈ Lp(U)

has a weak derivative v in Lp(U) with respect to the jth coordinate for some
j ∈ {1, . . . , d} if there is a function v ∈ Lp(U) such that∫

U
u∂jϕ dx = −

∫
U
vϕdx (5.2)

for all ϕ ∈ C∞c (U). The function v is uniquely determined (up to a null function)
due to Lemma D.5 in Appendix D, and we put ∂ju := v. The set W 1

p (U) of
all functions u in Lp(U) possessing weak derivatives in Lp(U) with respect to
all coordinates is called a Sobolev space. The linear space W 1

p (U) becomes a
Banach space when endowed with the norm

‖u‖1,p :=


(
‖u‖pp +

∑d
j=1 ‖∂ju‖pp

)1/p
, if p <∞,

maxj=1,...,d{‖u‖∞, ‖∂ju‖∞}, if p =∞,
see Proposition D.3. Here, as usual in the Lp context, we identify functions
which are equal almost everywhere. For each p ∈ [1,∞], this norm is equivalent
to the norm given by

‖u‖p +
d∑
j=1
‖∂ju‖p.

Weak derivatives of higher order and the Sobolev spaces W k
p (U) are defined

analogously. We set W 0
p (U) = Lp(U) and Hk(U) = W k

2 (U). Observe that (5.2)
leads to

〈u, ∂jϕ〉Lp =
∫
U
u∂jϕdx = −

∫
U

(∂ju)ϕ dx = −〈∂ju, ϕ〉Lp
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for all u ∈ W 1
p (U) and ϕ ∈ C∞c (U). This definition via duality already allows

to deduce various properties of weak derivatives (e.g. their linearity). Other
properties follow by approximation. (The corresponding density results are
proved via “cut-off” functions and “mollifiers”, see Appendix D.)
In the next remark we summarize the properties of weak derivatives and

Sobolev spaces needed later on. Roughly speaking, many of the simple facts
about (classical) derivatives can be extended to weak ones if properly translated
into the Lp setting. But, of course, there are several new phenomena also
discussed below.

Remark 5.8. Let U ⊆ Rd be open, k ∈ N and p ∈ [1,∞]. Then the following
assertions hold.
(a) If u ∈ Ck(U) and u and all its derivatives up to order k belong to Lp(U),

then u ∈ W k
p (U) and the classical and the weak derivatives coincide (see Re-

mark D.2).
(b) Let p < ∞. A function u ∈ Lp(U) belongs to W k

p (U) if and only if
there are un ∈ Ck(U) ∩W k

p (U) such that un → u in Lp(U) and all derivatives
of un up to order k converge in Lp(U). We then have ∂ju = limn→∞ ∂jun in
Lp(U) and analogously for higher derivatives up to order k (see Lemma D.6
and Theorem D.13).
(c) The space C∞c (Rd) is dense in W k

p (Rd) if p <∞ (see Theorem D.13).
(d) A function u ∈ Lp(a, b) (where −∞ ≤ a < b ≤ ∞) belongs to W 1

p (a, b) :=
W 1
p ((a, b)) if and only if u has a continuous representative and there is a function

v ∈ Lp(a, b) such that

u(t) = u(s) +
∫ t

s
v(τ) dτ for all t, s ∈ (a, b). (5.3)

It then holds u′ := ∂1u = v and u has a continuous extension to a (or b) if
a > −∞ (or b < ∞). See Theorem D.10. For instance, let u(t) = |t| and
v(t) = 1 for t > 0 and v(t) = −1 for t < 0. Then (5.3) holds, and thus
u ∈W 1

p (−1, 1) with u′ = v. See also Example D.4 for further explicit examples.
(e) (Product rule) If u ∈ W 1

p (U) and v ∈ W 1
p′(U) with 1

p + 1
p′ = 1, then

uv ∈W 1
1 (U) and ∂j(uv) = u∂jv + v∂ju for j = 1, . . . , d (see Proposition D.7).

Let p ∈ [1,∞) and k ∈ N. In view of Remark 5.8 (c), we define

W̊ k
p (U) = closure of C∞c (U) in W k

p (U),

where we set H̊k(U) = W̊ k
2 (U). Remark 5.8 (c) shows that W̊ k

p (Rd) = W k
p (Rd).

We say that functions u ∈ W̊ 1
p (U) have the trace 0 on ∂U . This definition is

justified by the following result: If ∂U is sufficiently smooth (e.g. ∂U is compact
and of class C1), then the restriction map u 7→ u|∂U from W 1

p (U) ∩ C(U) to
Lp(∂U, σ) can continuously be extended to the trace operator tr : W 1

p (U) →
Lp(∂U, σ), where σ is the surface measure on ∂U . Moreover, W̊ 1

p (U) is the
kernel of tr. (See Theorem D.27 in Appendix D.)
We continue with an upgraded version of (5.2) which will allow us to prove

the symmetry of the Laplacian on L2(Rd). Let p ∈ (1,∞). Let F ∈ W̊ 1
p (U)d
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and ϕ ∈ W 1
p′(U) or let F ∈ W 1

p (U)d and ϕ ∈ W̊ 1
p′(U). We then have Gauß’

formula ∫
U
ϕ divF dx = −

∫
U
F · ∇ϕ dx. (5.4)

In fact, this identity holds for, say, F ∈ C∞c (U)d and ϕ ∈W 1
p′(U) and thus (5.4)

follows by approximation. (See Theorem D.28 for a much more precise result.)
One of the most important features of Sobolev spaces is that their elements

enjoy better regularity properties than their definition directly implies. This
behavior is encoded in the embedding theorems of Sobolev and Morrey (see
Theorem D.15 and Corollary D.21). Here we only state certain basic versions:

W k
p (Rd) ↪→ Lq(Rd) if k − d

p ≥ −
d
q , q ∈ [p,∞), (5.5)

W k
p (Rd) ↪→ C0(Rd) if k − d

p > 0. (5.6)

For open sets U ⊆ Rd it further holds

W̊ k
p (U) ↪→ Lq(U) if k − d

p ≥ −
d
q , q ∈ [p,∞), (5.7)

W̊ k
p (U) ↪→ C0(U) if k − d

p > 0. (5.8)

As a byproduct, one further obtains Poincaré’s inequality∫
U
|∇u|p dx ≥ δ‖u‖pp (5.9)

for each bounded open subset U ⊆ Rd, p ∈ [1,∞), some δ > 0 and all u ∈
W̊ 1
p (U). (See Theorem D.15 and Corollary D.19 in Appendix D.)

The Sobolev spaceW k
2 (Rd) = Hk(Rd) can be treated by means of the Fourier

transform in a very efficient way. To that purpose, we recall that for a function
f ∈ L1(Rd) ∩ L2(Rd) the Fourier transform is given by

Ff(ξ) = f̂(ξ) := (2π)−
d
2

∫
Rd

e−iξ·xf(x) dx, ξ ∈ Rd, (5.10)

where ξ · x = ξ1x1 + . . .+ ξdxd. Clearly, ‖f̂‖∞ ≤ (2π)−
d
2 ‖f‖1. In fact, it holds

f̂ ∈ C0(Rd) (see Corollary E.8 in Appendix E). Plancherel’s theorem says that
one can extend F to a unitary operator on L2(Rd) which is again denoted by
F . Note that formula (5.10) does not hold with a Lebesgue integral if f is not
integrable on Rd.

Theorem 5.9. The Fourier transform extends to a unitary operator F :
L2(Rd)→ L2(Rd) satisfying (F−1g)(y) = (Fg)(−y) for g ∈ L2(Rd) and y ∈ Rd.
Let f, g ∈ L2(Rd), h ∈ L1(Rd), k ∈ N and j ∈ {1, . . . , d}. We then obtain the

following assertions.
(a) (Plancherel) (Ff |Fg)L2 = (f |g)L2,

∫
Rd fĝ dx =

∫
Rd f̂g dx.

(b) F(h ∗ f) = (2π)
d
2 ĥf̂ , F−1(ĥf̂) = (2π)−

d
2h ∗ f .

(c) Hk(Rd) =
{
u ∈ L2(Rd)

∣∣ |ξ|k2û ∈ L2(Rd)
}
.

(d) ∂ju = iF−1(ξj û) for u ∈ H1(Rd).
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This result is proved in Theorems E.11 and E.14 in Appendix E. Here the
symbols |ξ|k2 and ξj denote the functions ξ 7→ |ξ|k2 and ξ 7→ ξj , respectively. The
convolution h ∗ f ∈ L2(Rd) is given by

(h ∗ f)(x) =
∫
Rd
h(x− y)f(y) dy, x ∈ Rd,

see (E.3) in Appendix E.

Based on the Fourier transform we now treat the Laplacian ∆ on L2(Rd)
and show in particular its selfadjointness. Therefore, i∆ is skewadjoint which
is crucial for the investigation of Schrödinger equations.

Example 5.10. We set X = L2(Rd), m(ξ) = |ξ|22 for ξ ∈ Rd,

D(A) :=
{
u ∈ X

∣∣mû ∈ X} = H2(Rd),

and Au := −F−1mû = ∆u. The latter identities follow from Theorem 5.9.
Observe that ∆u is a sum of weak derivatives of second order and that ∆u =
div(∇u). We want to show that A is dissipative, selfadjoint and σ(A) = R− .
Recall that H2(Rd) = H̊2(Rd) by Remark 5.8 (c), so that (5.4) implies that∫

Rd
∆u v dx = −

∫
Rd
∇u · ∇v dx =

∫
Rd
u∆v dx,∫

Rd
∆uu dx = −

∫
Rd
|∇u|2 dx ≤ 0

for all u, v ∈ D(A). This means that A is symmetric and dissipative.
Let λ ∈ C \R−. To show the surjectivity of λI −A, we set rλ(ξ) = 1

λ+|ξ|2 for
ξ ∈ Rd. Clearly, rλ and mrλ are bounded. We define u = F−1rλf̂ for f ∈ X.
Theorem 5.9 yields u ∈ X, mû = mrλf̂ ∈ X and

λu−∆u = F−1(λ+m)û = F−1(λ+m)rλf̂ = f.

Hence, u ∈ H2(Rd) and λI − A is surjective. Proposition 5.3 now shows that
A generates a contraction semigroup, and thus A is closed, densely defined and
satisfies (0,∞) ⊆ ρ(A). Since A is symmetric, Remark 5.6 (f) then implies that
A is selfadjoint and that σ(A) ⊆ R. So we arrive at σ(A) ⊆ R−. The equality
σ(A) = R− is shown in Exercise 5.1. ♦

We state two important consequences of the above result. First, the graph
norm of the operator A of Example 5.10 is complete on H2(Rd) since A is
closed on D(A) = H2(Rd). The open mapping theorem then implies that ‖ · ‖A
is equivalent to the H2 norm. There thus exists a constant c > 0 with

‖u‖22 +
d∑

k=1
‖∂ku‖22 +

d∑
k,l=1

‖∂klu‖22 ≤ c(‖u‖22 + ‖∆u‖22) (5.11)

holds for all u ∈ H2(Rd). In other words, the graph norm of the Laplacian
dominates in the L2 sense all derivatives of second and first order. This is a
truly astonishing result in view of the possible cancellations in the sum ∆u.
Thanks to the Lumer-Phillips theorem, the operator A generates a C0–

semigroup T (·). Hence, the function u given by u(t) = T (t)u0 for t ≥ 0 and
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u0 ∈ H2(Rd) belongs to C1(R+, L
2(Rd)) ∩ C(R+, H

2(Rd)) and it is the unique
solution of the diffusion equation

u′(t) = ∆u(t), t ≥ 0, u(0) = u0,

in this function class. We will not study this or similar parabolic equations
in detail. In fact, their solutions have much better regularity properties than
provided by the theory presented here. For the relevant theory on “analytic
semigroups” we refer in particular to the monograph [Lun95].
To handle the Dirichlet Laplacian on a domain, we need another famous

result (due to Lax and Milgram) which turns Riesz’ representation theorem for
Hilbert space duals into one of the most useful tools for applied analysis. A map
T on X is called antilinear if T (αx+ y) = αTx+ Ty for α ∈ C and x, y ∈ X.

Theorem 5.11 (Lax-Milgram lemma). Let Y be a Hilbert space and a :
Y × Y → C be a sesquilinear form (i.e., x 7→ a(x, y) is linear and y 7→ a(x, y)
is antilinear for x, y ∈ Y ) such that

|a(x, y)| ≤ c‖x‖ · ‖y‖ (boundedness),
Re a(x, x) ≥ δ‖x‖2 (strict accretivity)

hold for all x, y ∈ Y and some constants c, δ > 0. Then for each ψ ∈ Y ∗ there
is a unique z ∈ Y such that a(y, z) = ψ(y) for all y ∈ Y . The map ψ 7→ z is
antilinear and bounded.

Proof. We first establish a connection between the form a and the scalar
product on Y . The map ϕy := a( · , y) belongs to Y ∗ with ‖ϕy‖ ≤ c‖y‖ for each
y ∈ Y since a is bounded. Riesz’ representation theorem gives a unique Sy ∈ Y
such that

(x|Sy) = ϕy(x) = a(x, y) for all x ∈ Y
and ‖Sy‖ = ‖ϕy‖ ≤ c‖y‖. As a result, S ∈ B(Y ). Moreover, the strict accre-
tivity yields

δ‖y‖2 ≤ Re a(y, y) = Re(y|Sy) ≤ |(y|Sy)| ≤ c‖y‖ · ‖Sy‖

for every y ∈ Y which implies δ
c‖y‖ ≤ ‖Sy‖. It is then easy to see that S

is injective and has a closed range R(S). If x ∈ Y is orthogonal to R(S), we
conclude

0 = (x|Sx) = Re(x|Sx) = Re a(x, x) ≥ δ‖x‖2,
so that x = 0. Thus, R(S) = R(S) = Y and S is invertible with ‖S−1‖ ≤ c

δ .
Let ψ ∈ Y ∗. There is a unique v ∈ Y such that ψ = ( · |v) thanks to Riesz’

theorem. Hence,
a(y, S−1v) = (y|SS−1v) = (y|v) = ψ(y)

for all y ∈ Y and the vector z := S−1v = S−1Tψ ∈ Y is the desired solution,
where T : Y ∗ → Y denotes the antilinear isomorphism from Riesz’ theorem. If
also z̃ ∈ Y satisfies a(y, z̃) = ψ(y) for all y ∈ Y , then 0 = a(z − z̃, z − z̃) ≥
δ‖z − z̃‖2 as above, and thus z = z̃. �

We now use the Lax-Milgram lemma to define the Dirichlet Laplacian on a
domain by means of a corresponding form.
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Example 5.12 (Dirichlet Laplacian).
Let ∅ 6= U ⊆ Rd be open and bounded and X = L2(U). We define the

sesquilinear form
a(u, v) =

∫
U
∇u · ∇v dx

for u, v ∈ H̊1(U) =: Y . We construct a selfadjoint, dissipative and invertible
operator A corresponding to a. Due to Hölder’s inequality and Poincaré’s esti-
mate (5.9), the form a satisfies the conditions of the Lax-Milgram lemma. We
next introduce

D(A) :=
{
u ∈ Y

∣∣ ∃ f ∈ X ∀v ∈ Y : a(u, v) = (f |v)L2
}
,

Au := −f, where f is given by D(A).
Observe that here the function f is unique since Y is dense in X. Moreover,
D(A) is dense in X since C∞c (U) ⊆ D(A). Clearly, A is linear. To show its
bijectivity, we take f ∈ L2(U). The map ϕf : v 7→ (v|f)L2 belongs to Y ∗ with

‖ϕf‖Y ∗ = sup
‖v‖1,2≤1

|(v|f)L2 | ≤ sup
‖v‖1,2≤1

‖v‖2‖f‖2 ≤ ‖f‖2.

Theorem 5.11 gives a unique u ∈ Y satisfying ‖u‖2 ≤ ‖u‖1,2 ≤ c‖ϕf‖Y ∗ ≤ c‖f‖2
and

a(u, v) = a(v, u) = ϕf (v) = (f |v)L2 , i.e., a(u, v) = (f |v)L2 ,

for all v ∈ Y . Hence, u ∈ D(A) and Au = −f so that A is bijective with a
bounded inverse. It follows that A is closed and that there is a point λ0 > 0 in
ρ(A) since ρ(A) is open. For u, v ∈ D(A) we further compute

(Au|v)L2 = −a(u, v) = −a(v, u) = (Av|u)L2 = (u|Av)L2 ,

(Au|u)L2 = −a(u, u) ≤ 0.
Consequently, A is densely defined, symmetric, dissipative and λ0I−A is surjec-
tive. Theorem 4.12 and Remark 5.6 now imply that A generates a contraction
semigroup and that it is selfadjoint. Below, we write ∆D instead of A. ♦

In the above example we have constructed a selfadjoint operator that we
call “Dirichlet Laplacian”. Let us justify this name. First, we recall that a
function u ∈ C(U) satisfies the “homogeneous Dirichlet boundary condition” if
it vanishes on ∂U . As explained after Remark 5.8 this condition is replaced by
“u ∈ H̊1(U)” in the L2 setting.
To explain the operator A itself, we set A0u = Au for u ∈ D(A0) = H2(U) ∩

H̊1(U). One may consider A0 as the “natural” Dirichlet Laplacian in L2(U).
Gauß’ formula (5.4) then yields

(−A0u|v) = −
∫
U

(∆u)v dx =
∫
U
∇u · ∇v dx = a(u, v)

for all u ∈ D(A0) and v ∈ H̊1(U) = Y . So the operator A extends A0. If we
assume more, namely ∂U ∈ C2, known results about elliptic partial differential
equations imply that I − A0 is surjective in L2(U), see Theorems 8.3 and 8.12
in [GT01]. Therefore, A = A0 if ∂U ∈ C2. In this case the graph norm of
A again controls the 2–norms of all derivatives of first and second order, cf.
(5.11).
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The above generation results can be extended to more general elliptic dif-
ferential operators with suitable boundary, acting in Lp spaces or in spaces
of continuous functions. Among the vast literature we refer to [Lun95] and
[Tan97], and to [Ouh05] for form methods.
Example 5.12 allows to solve the heat equation on the domain U with Dirich-

let boundary conditions. As in Example 5.10, we omit this result. We rather
consider an operator matrix involving the Dirichlet Laplacian which will later
be used to investigate the wave equation (cf. Lecture 1).

Example 5.13. Let U ⊆ Rd be open and bounded. We use the Dirichlet
Laplacian ∆D in L2(U) introduced in the previous example. Recall that D(∆D)
consists of those u ∈ H̊1(U) such that there is a function f ∈ L2(U) with

∀ v ∈ H̊1(U) :
∫
U
∇u · ∇v dx =

∫
U
fv dx,

and then ∆Du = −f . To treat the wave equation (1.3) (at first with b = 0),
we introduce the Hilbert space X = H̊1(U) × L2(U) endowed with the scalar
product ((

u1
u2

) ∣∣∣∣ (v1
v2

))
=
∫
U

(∇u1 · ∇v1 + u2v2) dx.

By Poincaré’s estimate (5.9) the corresponding norm is equivalent to the usual
norm on X given by (‖u1‖21,2 + ‖u2‖22)

1
2 . On X we define the operator

A =
(

0 I
∆D 0

)
with D(A) = D(∆D)× H̊1(U).

As mentioned in the introduction, the Cauchy problem for A in X should
correspond to the wave equation (1.3) with b = 0. We explain this in detail in
the next lecture. In this example we show that A is skewadjoint.
The domain D(A) is dense in X since C∞c (U) × C∞c (U) ⊆ D(A). For

(u1, u2)>, (v1, v2)> ∈ D(A) we first compute(
A

(
u1
u2

) ∣∣∣∣ (v1
v2

))
=
((

u2
∆Du1

) ∣∣∣∣ (v1
v2

))
=
∫
U

(∇u2 · ∇v1 + (∆Du1)v2) dx

=
∫
U

(∇u2 · ∇v1 −∇u1 · ∇v2) dx

= −
((

u1
u2

) ∣∣∣∣ ( v2
∆Dv1

))
= −

((
u1
u2

) ∣∣∣∣A(v1
v2

))
.

Hence, A is skewsymmetric (i.e., iA is symmetric). Moreover, Re(Aw|w) = 0
for all w ∈ D(A), so that A is dissipative. We define the bounded operator

R =
(

0 ∆−1
D

I 0

)
on X, where the inverse ∆−1

D exists by Example 5.12. It is easy to see that
RX ⊆ D(A) and AR = I, as well as RAw = w for all w ∈ D(A). As a result,
iA is invertible. Remark 5.6 (f) now yields the selfadjointness of iA and so A is
skewadjoint.

51



Exercises

Exercise 5.1. On X = L2(Rd) let Au = ∆u with D(A) = H2(Rd). Show
that R− ⊆ σ(A) (and hence σ(A) = R− by Example 5.10).

Exercise 5.2. Let X be a Hilbert space with an orthonormal basis{
un
∣∣n ∈ N

}
. Let an ∈ C be given. Define the operator A on X by

Ax =
∑∞
n=1 an(x|un)un for x ∈ D(A) =

{
x ∈ X

∣∣ (an(x|un))n ∈ `2
}
. Compute

the spectrum and the resolvent of A. Show that
(i) A generates a C0–semigroup T (·) if and only if supn∈N Re an <∞,
(ii) A generates a unitary group T (·) if and only if an ∈ iR for all n ∈ N.

How does T (·) look like?

Exercise 5.3. Let A generate a C0–semigroup T (·) on a reflexive Banach
space X. Show that A∗ generates a C0–semigroup S(·) on X∗ and that S(t) =
T (t)∗ for all t ≥ 0. What can be said if X is not reflexive?

Exercise 5.4. Let X = L2(0,∞) and Au = −u′ for u ∈ D(A) = H̊1(0,∞).
Show that A is dissipative, closed and σ(A) =

{
λ ∈ C

∣∣ Reλ ≤ 0
}
. Compute A′.

(We note that A generates a contraction semigroup T (·) by the Lumer-Phillips
theorem. As in Exercise 3.3 one can show that T (t)f(s) = f(s− t) if s− t > 0
and T (t)f(s) = 0 if s− t ≤ 0, where f ∈ X, t ≥ 0 and s > 0.)
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LECTURE 6

Wellposedness and inhomogeneous equations

In this lecture we complete the linear existence theory. In the introduction
we have explained the concept of wellposedness and stressed that only well-
posed evolution equations are truly relevant for the description of systems in
the sciences. So far we have characterized those operators that generate C0–
semigroups and solved the Cauchy problems associated with them. We now
prove that a Cauchy problem for a closed linear operator A is wellposed if and
only if A generates a C0–semigroup. In this sense, semigroup theory provides
the natural framework for linear evolution equations.
As a second main topic we treat inhomogeneous problems where one adds a

given forcing (or control) function f to the differential equation. Such equations
are solved by means of Duhamel’s (or the variation of parameters) formula that
involves the C0–semigroup solving the homogeneous problem.
We then apply these results to the linear wave equation. Here we will re-

formulate the given equation (having second order in time) as an evolution
equation of first order, which belongs to the class we have studied so far.
We first repeat our basic linear evolution equation. Let A be a closed operator

on X. For each given u0 ∈ D(A), we consider the Cauchy problem
u′(t) = Au(t), t ≥ 0, u(0) = u0. (6.1)

Recall that a solution of (6.1) is a function u ∈ C1(R+, X) such that u(t) ∈
D(A) for all t ∈ R and u satisfies (6.1). Observe that then Au ∈ C(R+, X) and
thus u ∈ C(R+, [D(A)]). We next introduce the concept of wellposedness.

Definition 6.1. Let A be closed. The Cauchy problem (6.1) is called well-
posed if

(a) D(A) is dense in X,
(b) for each u0 ∈ D(A) there is a unique solution u = u( · ;u0) of (6.1),
(c) if u0,n, u0 ∈ D(A) and the initial values u0,n tend to u0 in X as n→∞,

then the solutions u( · ;u0,n) converge to u( · ;u0) uniformly on compact
subsets of R+ (continuous dependence on initial data).

We can now establish the announced characterization of wellposedness in
terms of the given operator A.

Theorem 6.2. Let A be a closed linear operator. Then (6.1) is wellposed
if and only if A generates a C0–semigroup T (·). In this case, the function
u = T (·)u0 solves (6.1) for each given initial value u0 ∈ D(A).

Proof. If A is a generator, then T (·)u0 is the unique solution of (6.1)
according to Proposition 2.8, D(A) is dense in X by Proposition 3.3 and the
solution depends continuously on the initial data since T (·) is locally bounded.
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Conversely, let (6.1) be wellposed. We define the operator T (t) : D(A)→ X
by T (t)x = u(t;x) for x ∈ D(A) and t ≥ 0 using uniqueness. For x, y ∈ D(A)
and α, β ∈ C, the function v given by v(t) = αu(t;x) + βu(t; y) for t ≥ 0 solves
(6.1) with the initial value αx + βy since A is linear. Uniqueness now yields
v(t) = u(t;αx+ βy) = T (t)(αx+ βy), so that T (t) is linear for every t ≥ 0.
We claim that for each t0 > 0 there is a c > 0 such that ‖T (t)x‖ ≤ c‖x‖

for all x ∈ D(A) and all t ∈ [0, t0]. In fact, if this assertion were wrong, there
would exist t0 > 0, a sequence (xn)n in D(A) and a sequence (tn)n in [0, t0] such
that ‖xn‖ = 1 and ‖T (tn)xn‖ =: cn → ∞ as n → ∞. Set yn := 1

cn
xn ∈ D(A)

for every n ∈ N. The initial values yn tend to 0 as n → ∞, but the norms
‖u(tn; yn)‖ = 1

cn
‖T (tn)xn‖ = 1 do not converge to 0. This contradicts the

wellposedness of (6.1) and thus T (·) is locally bounded. So we can extend each
single operator T (t) to a continuous linear operator on D(A) = X (also denoted
by T (t)) having the same operator norm.
Clearly, T (0) = I. Since t 7→ T (t)x ∈ X is continuous on R+ for every

x ∈ D(A), D(A) = X and T (·) is locally bounded, the strong continuity of T (·)
on X follows by approximation. Furthermore, let t, s ≥ 0 and x ∈ D(A). Then
u(s;x) belongs to D(A) so that v(t) := T (t)u(s;x) = u(t;u(s;x)) for t ≥ 0
is the unique solution of (6.1) with initial value u(s;x). On the other hand,
u(t+ s;x) = T (t+ s)x for t ≥ 0 solves this problem, too. Because solutions are
unique, we obtain T (t)T (s)x = T (t + s)x which gives the semigroup property
by approximation.
Let B be the generator of T (·). By definition, we have A ⊆ B. Since D(A)

is dense in X and T (t) D(A) ⊆ D(A) for all t ≥ 0, Proposition 4.10 shows that
D(A) is a core of B. So for any x ∈ D(B), there are xn ∈ D(A) such that
xn → x and Axn = Bxn → Bx in X as n → ∞. The closedness of A now
implies x ∈ D(A) and A = B. �

One cannot drop the continuous dependence on initial data in Theorem 6.2,
as seen by the next simple example.

Example 6.3. Let B be a closed, densely defined, unbounded operator on a
Banach space Y . Set X = Y × Y and A =

( 0 B
0 0

)
with dense domain D(A) =

Y × D(B). For (x, y) ∈ D(A) one has the unique solution u(t) =
(
x+tBy
y

)
of (6.1) with u(0) = (x, y). But for t > 0 the map T (t) : (D(A), ‖ · ‖X) →
X, (x, y) 7→ u(t) is not continuous, since T (t)

( 0
y

)
=
(
tBy
y

)
. We further note

that λI −A is not surjective for every λ ∈ C, see Example II.6.5 of [EN99]. ♦

Actually, it can be shown that (6.1) has a unique solution for a closed operator
A and each x ∈ D(A) if and only if the operator A1 on X1 = [D(A)] given by
A1x = Ax with D(A1) =

{
x ∈ D(A)

∣∣Ax ∈ D(A)
}
generates a C0–semigroup

on X1, see Proposition II.6.6 in [EN99]. Moreover, if ρ(A) 6= ∅ and (6.1) has
a unique solution for each x ∈ D(A), then A is a generator (and in particular
densely defined), see Theorem II.6.7 in [EN99].
For u0 ∈ X one calls the orbit T (·)u0 the mild solution of (6.1), see Defini-

tion 6.6. In Exercise 6.3 it is shown in which sense the function T (·)u0 solves
(6.1).
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We now come to the second main topic of this lecture. In the remainder of
this lecture, let J ⊆ R be a closed interval containing 0 and having non-empty
interior. Further, let u0 ∈ X, f ∈ C(J,X) and A be a closed linear operator. We
study the inhomogeneous Cauchy problem or inhomogeneous evolution equation

u′(t) = Au(t) + f(t), t ∈ J, u(0) = u0. (6.2)
It is convenient to allow for finite time intervals J here since possibly f is not
given for all times. (As noted in the introduction this situation occurs when
treating nonlinear problems.) Moreover, for later use we include backward time.
Our solution concept for (6.1) directly extends to (6.2).

Definition 6.4. A function u : J → X is a solution of (6.2) if u belongs to
C1(J,X), u(t) ∈ D(A) for all t ∈ J and (6.2) holds.

This definition implies that the initial value u0 of a solution must belong
to D(A). Observe that a solution of (6.2) is contained in C(J, [D(A)]). Our
solutions are often called “classical” or “strict” solutions in the literature.
We first derive “Duhamel’s formula” for the solutions of (6.2). Since the

case f = 0 is included, it is natural to assume from the beginning that A is a
generator. The next proof is just a variant of the uniqueness part of the proof
of Proposition 2.8.

Proposition 6.5. Let A generate the C0–semigroup T (·), u0 ∈ D(A), and
f ∈ C(J,X). If J * R+, we require that T (·) can be extended to a C0–group.
If u solves (6.2), then u is given by

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s) ds, t ∈ J. (6.3)

In particular, solutions of (6.2) are unique.

Proof. For simplicity, we concentrate on the case that J ⊆ R+. Let t ∈ J
with t > 0 and set v(s) = T (t−s)u(s) for 0 ≤ s ≤ t, where u solves (6.2). Using
Lemma 2.9, one shows that v is continuously differentiable with derivative

v′(s) = T (t− s)u′(s)− T (t− s)Au(s) = T (t− s)f(s)
for all 0 ≤ s ≤ t. By integration we deduce∫ t

0
T (t− s)f(s) ds = v(t)− v(0) = u(t)− T (t)u0. �

We point out that by Duhamel’s formula (6.3) one can define a function
u ∈ C(J,X) for any given u0 ∈ X and f ∈ C(J,X). This leads to a weaker
solution concept, which turns out to be very useful.

Definition 6.6. Let A generate the C0–semigroup T (·), u0 ∈ X and f ∈
C(J,X). If J * R+, we require that T (·) can be extended to a C0–group. Then
the function u ∈ C(J,X) given by

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s) ds, t ∈ J,

is called the mild solution of (6.2).
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Proposition 6.5 says that every solution of (6.2) is a mild one, whereas the
next example shows that the converse implication may fail.

Example 6.7. Let X = C0(R), A = d
ds with D(A) = C1

0 (R) and let ϕ ∈ X
be non-differentiable. The operator A generates the C0–group T (·) given by
T (t)g = g( · + t), see Example 3.5. Clearly, T (t)ϕ /∈ D(A) for all t ∈ R. Set
f(s) = T (s)ϕ for s ∈ R. The function f belongs to C(R, X) and the mild
solution of (6.2) with u0 = 0 is given by

u(t) =
∫ t

0
T (t− s)T (s)ϕ ds = tT (t)ϕ

for t ∈ R. Hence, u(t) /∈ D(A) for t 6= 0, i.e., u does not solve (6.2). ♦

We will derive conditions on f and u0 such that the mild solution of (6.2) in
fact solves (6.2). At first, we treat the case u0 = 0.

Lemma 6.8. Let A generate the C0–semigroup T (·) and f ∈ C(J,X). If
J * R+, we require that T (·) can be extended to a C0–group. Define

v(t) =
∫ t

0
T (t− s)f(s) ds, t ∈ J.

Then the following assertions are equivalent.
(a) v ∈ C1(J,X).
(b) v(t) ∈ D(A) for all t ∈ J and Av ∈ C(J,X).

If (a) or (b) are valid, v solves (6.2) with u0 = 0.

Proof. We concentrate on the case that J ⊆ R+. The general case can be
treated similarly. Since f is locally bounded, the function v belongs to C(J,X)
and v(0) = 0. To show the asserted equivalence, we need a few preparations.
We fix t ∈ J and take h > 0 such that t± h ∈ J . We then define
D1(h) := 1

h(T (h)− I)v(t), D±2 (h) := 1
±h(v(t± h)− v(t)),

I+(h) := 1
h

∫ t+h

t
T (t+ h− s)f(s) ds, I−(h) := 1

h

∫ t

t−h
T (t− s)f(s) ds,

assuming that t > 0 for D−2 (h) and I−(h). (These formulas are asymmetric
since T (·) is not assumed to be a group.) Observe that

D1(h) = D+
2 (h)− I+(h), (6.4)

D−2 (h) = 1
h(T (h)− I)v(t− h) + I−(h)

= 1
hA

∫ h

0
T (τ)v(t− h) dτ + I−(h), (6.5)

where we use Lemma 3.2 in the last equality. We start by investigating I±(h).
Employing the continuity of f and Lemma 2.9, we obtain

‖I+(h)− f(t)‖ =
∥∥∥1
h

∫ t+h

t
(T (t+ h− s)f(s)− f(t)) ds

∥∥∥
≤ max

t≤s≤t+h
‖T (t+ h− s)f(s)− f(t)‖ −→ 0

as h→ 0+. Similarly, one sees that I−(h)→ f(t) as h→ 0+.
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First, assume that v satisfies (a). Hence, D±2 (h)→ v′(t) as h→ 0+. Equality
(6.4) then implies that D1(h) converges to v′(t)− f(t) as h→ 0+. As a result,
v(t) belongs to D(A) for all t ∈ J and Av = v′ − f is continuous.
Second, let (b) hold so that D1(h) → Av(t) as h → 0+. From (6.4) we now

infer that v is differentiable from the right and ( d
dt)+v = Av + f . Moreover,

(6.5) and (b) yield

D−2 (h) = 1
h

∫ h

0
T (τ)Av(t− h) dτ + I−(h)

= 1
h

∫ h

0
T (τ)Av(t) dτ + 1

h

∫ h

0
T (τ)(Av(t− h)−Av(t)) dτ + I−(h)

→ Av(t) + f(t)

as h → 0+, thanks to Remark 2.10 (d) and (g) and the continuity of Av.
Summing up, v is differentiable with v′ = Av+ f ∈ C(J,X) so that (a) is true.
In both cases we have also shown that v solves (6.2) with u0 = 0. �

The above lemma now implies that we obtain solutions of (6.2) if the initial
value u0 belongs to D(A) and if the inhomogeneity has either more time regu-
larity (i.e., f ∈ C1(J,X)) or more “space” regularity (i.e., f ∈ C(J, [D(A)])).

Theorem 6.9 (Existence result for inhomogeneous evolution equations).
Let A generate the C0–semigroup T (·), u0 ∈ D(A) and J ⊆ R be a closed
interval containing 0. If J * R+, we require that T (·) can be extended to a
C0–group. Assume either that f ∈ C1(J,X) or that f ∈ C(J, [D(A)]). Then
the mild solution u given by (6.3) is the unique solution of (6.2) on J .

Proof. Uniqueness was already shown in Proposition 6.5. By Proposi-
tion 2.8, the function T (·)u0 is contained in C1(J,X)∩C(J, [D(A)]) and solves
(6.2) with f = 0. It remains to show that the map t 7→ v(t) =

∫ t
0 T (t−s)f(s) ds

defined in Lemma 6.8 also belongs to C1(J,X) ∩ C(J, [D(A)]) and solves (6.2)
with u0 = 0, since then u = T (·)u0 + v solves (6.2). In view of this lemma, we
have to verify (a) or (b) in Lemma 6.8.
Let f ∈ C1(J,X). Since v(t) =

∫ t
0 T (s)f(t− s) ds for all t ∈ J , it follows that

v ∈ C1(J,X) and hence (a) in Lemma 6.8 is satisfied.
Let f ∈ C(J, [D(A)]). Since A is closed and commutes with T (t−s) on D(A),

we obtain v(t) ∈ D(A) and Av(t) =
∫ t
0 T (t− s)Af(s) ds so that Av ∈ C(J,X).

In this case, (b) in Lemma 6.8 is fulfilled. �

We want to apply the above results to the wave equation on a bounded open
set ∅ 6= U ⊆ Rd with Dirichlet boundary conditions. This equation describes
the displacement w(t, x) of a vibrating body at a time t ∈ R and at a point
x ∈ U . Here we consider the system

∂ttw(t, x) = ∆w(t, x)− b(x)∂tw(t, x) + g(t, x), x ∈ U, t ∈ R,
w(t, x) = 0, x ∈ ∂U, t ∈ R,
w(0, x) = w0(x), ∂tw(0, x) = w1(x), x ∈ U,

(6.6)
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for the given initial displacement w0 and initial velocity distribution w1. The
functions g and b ≥ 0 are also given. Let us sketch the physical background of
this equation. (This is not meant to be an honest derivation.)
In the differential equation we assume for simplicity that the mass density

of the body is equal to 1 everywhere. The differential equation in (6.6) then
describes the balance of forces at the space point x and at the time t. The
acceleration ∂ttw(t, x) is equal to the sum of the “forces” on the right-hand side,
where ∆w(t, x) describes the mechanical force due to tension, −b(x)∂tw(t, x)
is a damping proportional to the velocity ∂tw(t, x) and g(t, x) corresponds to
an external force. The term ∆w(t, x) can be justified if one assumes that the
material is perfectly elastic, homogeneous (with material constant 1) and if only
small deflections occur.
So far we have implicitly assumed that w ∈ C2(J×U) so that (6.6) would hold

in a pointwise sense. For the analysis of the problem it is much more convenient
to reformulate (6.6) as an evolution equation (of second order in time) in the
space L2(U). To this aim, we use the Dirichlet Laplacian ∆D introduced in
Example 5.12. Recall that ∆D acts in L2(U), that D(∆D) ⊆ H̊1(U) and that

(−∆Du|v)L2 =
∫
U
∇u · ∇v dx for u ∈ D(∆D) and v ∈ H̊1(U). (6.7)

Let A0u = ∆u with D(A0) = H2(U)∩H̊1(U). As indicated after Example 5.10,
we have A0 ⊆ ∆D and A0 = ∆D if ∂U ∈ C2. However, we will stick to the
case of a general bounded open U ⊆ Rd and to the operator ∆D given by (6.7).
Using this setup, we rewrite (6.6) as

w′′(t) = ∆Dw(t)− bw′(t) + g(t), t ∈ J,
w(0) = w0, w′(0) = w1,

(6.8)

where w′ and w′′ denote the first and second derivatives of w with respect to
t. The unknown w now is a function from J to L2(U) and similarly for g. The
Dirichlet boundary conditions and the differential operator ∆ are incorporated
in the operator ∆D in a somewhat generalized form. We are looking for solutions

w ∈ C2(J, L2(U)) ∩ C1(J, H̊1(U)) with w(t) ∈ D(∆D) for all t ∈ J

of (6.8), with the given initial values

w0 ∈ D(∆D) and w1 ∈ H̊1(U).

For simplicity we assume that b ∈ L∞(U). Moreover, we take g ∈ C(J, L2(U)).
We note that the time interval J is dictated by g. If g = 0, we will take J = R.
Observe that a solution w of (6.8) satisfies the integrated equation∫

U
w′′(t)ϕdx+

∫
U
∇w(t) · ∇ϕdx+

∫
U
bw′(t)ϕ dx =

∫
U
g(t)ϕdt

for all t ∈ J and each ϕ ∈ H̊1(U), see (6.7). We will come back to such “weak
formulations” in later lectures.
We call the Cauchy problem (6.8) with g = 0 wellposed if the following

conditions hold.
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(a) For all w0 ∈ D(∆D) and w1 ∈ H̊1(U) there is a unique solution w =
w( · ;w0, w1) of (6.8) with g = 0.

(b) Let w0,n, w0 ∈ D(∆D) and w1,n, w1 ∈ H̊1(U), n ∈ N. Assume that
w0,n → w0 in H̊1(U) and that w1,n → w1 in L2(U) as n → ∞. Then
w(t;w0,n, w1,n) converge to w(t;w0, w1) in H̊1(U) and w′(t;w0,n, w1,n)
tend to w′(t;w0, w1) in L2(U) as n → ∞, both locally uniformly in
t ∈ J .

Comparing the above concept with Definition 6.1 you may miss the density
condition. In fact, we already know from Example 5.13 that D(∆D)× H̊1(U) is
dense in H̊1(U) × L2(U) which is the appropriate density assumption in view
of (b) above.
To solve (6.8) and to show its wellposedness, we want to use the theory

established in this lecture. As in the case of ordinary differential equations, we
thus introduce the new state

u(t) =
(
u1(t)
u2(t)

)
=
(
w(t)
w′(t)

)
.

The state space will be
X = H̊1(U)× L2(U)

endowed with the scalar product

(u|v) =
(
(u1, u2)

∣∣(v1, v2)
)

=
∫
U

(∇u1 · ∇v1 + u2v2) dx.

This choice fits well to condition (b) above, where solutions are required to
converge in the corresponding norm on X given by

‖u‖2 =
∫
U
|∇u1|22 dx+

∫
U
|u2|2 dx.

(As noted in Example 5.13 this norm is equivalent to the usual norm on
X.) Physically one can interpret ‖u(t)‖2 as the total energy of the solution
u(t) = (w(t), w′(t)) modulo constants, where

∫
U |∇w(t)|22 dx corresponds to the

potential energy and
∫
U |w′(t)|2 dx to the kinetic energy. We further define the

operator

A =
(

0 I
∆D −b

)
with D(A) = D(∆D)× H̊1(U) (6.9)

in X, where −b denotes the bounded multiplication operator ϕ 7→ −bϕ on
L2(U). Finally, we put u0 = (w0, w1) and f = (0, g) ∈ C(J,X). We recall from
Example 5.13 that for b = 0 the operator A is skewadjoint in X.
We next describe in which sense (6.8) is equivalent to the evolution equation

(6.2) for the operator matrix A defined in (6.9).

Lemma 6.10. Let U ⊆ Rd be open and bounded and b ∈ L∞(U). Let u0 =
(w0, w1) ∈ D(A) and g ∈ C(J, L2(U)), and set f = (0, g) ∈ C(J,X). Then the
following assertions hold.

(a) The problem (6.8) has a solution w if and only if the problem (6.2) with
A from (6.9) has a solution u. If this is the case, we have u = (w,w′).
Also the uniqueness of solutions to these two problems is equivalent.
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(b) The problem (6.8) with g = 0 is wellposed if and only if the problem
(6.1) with A from (6.9) is wellposed.

Proof. (a) Let w ∈ C2(J, L2(U)) ∩ C1(J, H̊1(U)) solve (6.8). Then u :=
(w,w′) belongs to C1(J,X), u(t) ∈ D(A) for all t ∈ J and

u′(t) =
(
w′(t)
w′′(t)

)
=
(

w′(t)
∆Dw(t)− bw′(t) + g(t)

)
= Au(t) + f(t)

holds for all t ∈ J . Moreover, u(0) = (w(0), w′(0)) = u0. Thus, u solves (6.2).
Conversely, let u = (u1, u2) solve (6.2) for A. We set w = u1 obtaining

w ∈ C1(J, H̊1(U)) and w(t) ∈ D(∆D) for all t ∈ J . It further follows(
w′(t)
u′2(t)

)
= A

(
w(t)
u2(t)

)
+ f(t) =

(
u2(t)

∆Dw(t)− bu2(t) + g(t)

)
for all t ∈ J . As a consequence, w′ = u2 ∈ C1(J, L2(U)) and u = (w,w′),
so that w ∈ C2(J, L2(U)), (w(0), w′(0)) = (w0, w1) and w solves (6.8). This
equivalence also yields that the solutions to (6.2) for our A are unique if and
only if the solutions to (6.8) are unique.
(b) It follows from Example 5.13 that D(A) is dense in X. Part (a) then

easily implies the equivalence of the two wellposedness assertions. �

Combining the above lemma with Example 5.13 and the previous theorems,
we can now solve the undamped wave equation with b = 0. The damping b 6= 0
will be treated in the next lecture by a perturbation argument.

Proposition 6.11. Let U ⊆ Rd be open and bounded, J ⊆ R be a closed
interval containing 0, (w0, w1) ∈ D(∆D)× H̊1(U) and either g ∈ C1(J, L2(U))
or g ∈ C(J, H̊1(U)). Then the wave equation (6.8) with b = 0 has a unique
solution. Moreover, problem (6.8) with b = 0 and g = 0 is wellposed.

Proof. Thanks to Example 5.13, the operator A defined in (6.9) with b = 0
is skewadjoint on X = H̊1(U)×L2(U) and thus generates a (unitary) C0–group
on X by Stone’s Theorem 5.7. The assertions now follow from Theorems 6.2
and 6.9 and Lemma 6.10. �

We finally consider the “free” Schrödinger equation given by
∂tu(t, x) = i∆u(t, x), x ∈ Rd, t ∈ R,

u(0, x) = u0(x), x ∈ Rd.
(6.10)

Here we look for solutions u ∈ C1(R, L2(Rd)) ∩ C(R, H2(Rd)). To obtain such
solutions we introduce in L2(Rd) the operator A given by Au = i∆u with
D(A) = H2(Rd). We say that (6.10) is wellposed if the Cauchy problem (6.1) for
this operator A is wellposed in L2(Rd). Since A is skewadjoint by Example 5.10,
Stone’s Theorem 5.7 and Theorem 6.2 immediately yield the next result.

Proposition 6.12. The free Schrödinger equation (6.10) is wellposed.
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Exercises

Exercise 6.1. Let X = C0(0, 1), Au(s) = s(1 − s)u′′(s) for s ∈ (0, 1) and
u ∈ D(A) =

{
u ∈ C2(0, 1) ∩X

∣∣Au ∈ X}. Show that A is densely defined,
dissipative, invertible and generates a contraction semigroup on X.

Exercise 6.2. Let X be a Banach space and A generate a C0–semigroup
T (·) on X such that T (t) → I in B(X) as t → 0. Show that λR(λ,A) → I in
B(X) as λ→∞ and deduce that A is bounded.

Exercise 6.3. Let X be a Banach space, A generate a C0–semigroup T (·)
on X, f ∈ C(R+, X) and u0 ∈ X. An integrated solution u of

u′(t) = Au(t) + f(t), t ≥ 0, u(0) = u0, (6.11)
is a function u ∈ C(R+, X) such that

∫ t
0 u(s) ds ∈ D(A) and

u(t) = A

∫ t

0
u(s) ds+ u0 +

∫ t

0
f(s) ds for all t ≥ 0.

Show that the mild solution

v(t) = T (t)u0 +
∫ t

0
T (t− s)f(s) ds

is the unique integrated solution of (6.11).
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LECTURE 7

Perturbation and exponential stability

So far we have introduced the basic concepts of linear semigroup theory,
characterized wellposedness and solved inhomogeneous evolution equations. We
can already handle the wave equation without damping and the free Schrödinger
equation. One can now develop the theory of linear evolution equations in
various directions. In this lecture we establish fundamental results in two major
subjects: perturbation theory and asymptotic behavior.
We first prove the main perturbation theorem for contraction semigroups. It

allows us to treat the wave equation (1.3) with damping and the Schrödinger
equation (1.2) with a potential. The bounded perturbation theorem for general
C0–semigroups will also be deduced from the contraction case.
The long-term behavior of linear evolution equations is a vast field which

could easily fill another Internet Seminar. Here, we only consider the ar-
guably simplest case. We want to find conditions on the generator A such
that ‖T (t)‖ → 0 as t→∞. If a C0–semigroup T (·) is “uniformly stable” in this
sense, all solutions of the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (7.1)

tend to 0 as t → ∞, uniformly for x in bounded subsets of X. In view of
Lyapunov’s theorem for ordinary differential equations, one may hope that the
above behavior can be characterized by the spectral condition s(A) < 0. Un-
fortunately, this guess is wrong as various examples show. However, if X is a
Hilbert space, “Gearhart’s stability theorem” will tell us that uniform stability
is equivalent to s(A) < 0 plus a resolvent estimate.
We start with the perturbation problem. Let A generate a C0–semigroup and

B be linear. We want to show that also A+B is a generator if B is sufficiently
“small”. When writing down A+B, one first has to think about the domain of
this sum. In our course we only consider the simplest case, where D(A) ⊆ D(B).
Therefore the sum A+B will always be defined on D(A+B) := D(A).
But also in this case A + B can fail to generate a C0–semigroup. Consider

for instance Au = ∆u with D(A) = H2(Rd) in L2(Rd) = X and B = −bA for
any b > 1. We then have A + B = (1 − b)A and thus σ(A + B) = R+, cf.
Example 5.10. In particular, A + B is not a generator. Clearly, for b ∈ (0, 1)
the sum A + B generates a C0–semigroup. In the borderline case b = −1 we
obtain A+B = 0 on D(A+B) = H2(R2). This operator is not closed, but has
the closure 0 ∈ B(X) which generates the trivial group T (t) = I.
To measure the “smallness” of B with respect to A, we introduce the following

concept.
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Definition 7.1. Let A and B be linear operators in X with D(A) ⊆ D(B).
Then B is called A-bounded (or relatively bounded) if there are constants
a, b ≥ 0 such that

‖Bx‖ ≤ a‖Ax‖+ b‖x‖ for all x ∈ D(A). (7.2)
The infimum of the numbers a ≥ 0 for which (7.2) holds for some b = b(a) ≥ 0
is called the A-bound of B.
We remark that B is A-bounded if and only if B ∈ B([D(A)], X). In par-

ticular, if B is A-bounded and λ ∈ ρ(A), then BR(λ,A) is well defined and
a bounded operator on X. Observe that a bounded operator B is A-bounded
with constants a = 0 and b = ‖B‖.
We first show that A + B inherits the closedness of A if B has an A-bound

strictly less than 1.
Lemma 7.2. Let A be closed and B be A-bounded with A-bound strictly less

than 1. Then the graph norms of A and A + B on D(A) are equivalent and
hence A+B with D(A+B) = D(A) is closed.

Proof. By our assumption the estimate (7.2) holds for some a ∈ [0, 1) and
b ≥ 0. Let x ∈ D(A). We then derive

‖(A+B)x‖ ≤ ‖Ax‖+ ‖Bx‖ ≤ (1 + a)‖Ax‖+ b‖x‖;
‖Ax‖ ≤ ‖(A+B)x‖+ ‖Bx‖ ≤ ‖(A+B)x‖+ a‖Ax‖+ b‖x‖,

‖Ax‖ ≤ 1
1− a‖(A+B)x‖+ b

1− a‖x‖.

In particular, D(A) is a Banach space for the graph norm of A + B, so that
A+B is closed by Remark 2.11 (a). �

We continue with a useful condition implying that B has the A-bound 0.
Lemma 7.3. Let A and B be linear operators with D(A) ⊆ D(B) and ‖Bx‖ ≤

c‖Ax‖α‖x‖1−α for all x ∈ D(A) and for some constants c ≥ 0 and α ∈ (0, 1).
Then B is A-bounded with the A-bound 0.

Proof. Recall Young’s elementary inequality ab ≤ 1
pa

p+ 1
p′ b

p′ for all a, b ≥
0, p ∈ (1,∞) and p′ = p

p−1 . Using it with p = 1
α and p′ = 1

1−α , we estimate

‖Bx‖ ≤ ε‖Ax‖α cε‖x‖
1−α ≤ αε

1
α ‖Ax‖+ (1− α)c

1
1−α ε−

1
1−α ‖x‖

for all x ∈ D(A) and ε > 0. �

Our approach to the perturbation theorem relies on the following result on
the resolvent which is proved by means of the Neumann series.

Lemma 7.4. Let A be closed, λ ∈ ρ(A) and B be A-bounded with ‖BR(λ,A)‖
< 1. Then 1 ∈ ρ(BR(λ,A)), A+B is closed and λ ∈ ρ(A+B) with

R(λ,A+B) = R(λ,A)
∞∑
n=0

(BR(λ,A))n = R(λ,A)(I −BR(λ,A))−1, (7.3)

‖R(λ,A+B)‖ ≤ ‖R(λ,A)‖
1− ‖BR(λ,A)‖ .
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Proof. Let λ ∈ ρ(A). Since ‖BR(λ,A)‖ =: q < 1, the operator I −
BR(λ,A) is invertible and its inverse is given by the (Neumann) series in (7.3).
Moreover, the norm of the inverse is bounded by (1 − q)−1. Combining these
results with the identity

λI −A−B = (I −BR(λ,A))(λI −A),

we derive the remaining assertions. �

We can now prove the dissipative perturbation theorem.

Theorem 7.5. Let A generate the contraction semigroup T (·) on X. Let B
be an A-bounded, dissipative operator with A-bound strictly less than 1. Then
the following assertions hold.

(a) The operator A + B with D(A + B) = D(A) generates a contraction
semigroup S(·) on X.

(b) For x ∈ D(A) and t ≥ 0 we have the integral equations

S(t)x = T (t)x+
∫ t

0
T (t− s)BS(s)x ds, (7.4)

S(t)x = T (t)x+
∫ t

0
S(t− s)BT (s)x ds. (7.5)

(c) In addition, let X be a Hilbert space, A be skewadjoint and −B be
dissipative. Then A+B generates a unitary group.

Proof. 1) Observe that D(A+B) = D(A) is dense in X. Let x ∈ D(A) ⊆
D(B). Since B is dissipative, there is an x∗ ∈ J(x) such that Re〈Bx, x∗〉 ≤ 0.
Proposition 4.5 shows that Re〈Ax, x∗〉 ≤ 0, and hence A+B is dissipative.
2) We want to check the range condition in the Lumer-Phillips theorem.

Here we use (7.2) which holds for some constants a ∈ [0, 1) and b ≥ 0. We
first assume that a < 1

2 . Take some λ0 >
b

1−2a ≥ 0. Inequality (7.2) and the
Hille-Yosida estimate yield

‖BR(λ0, A)‖ ≤ a‖(A− λ0I + λ0I)R(λ0, A)‖+ b‖R(λ0, A)‖
≤ a+ aλ0‖R(λ0, A)‖+ b‖R(λ0, A)‖ ≤ a+ a+ b

λ0
< 1.

Lemma 7.4 now implies that A + B is closed and λ0 ∈ ρ(A + B). Therefore
A+B generates a contraction semigroup by the Lumer-Phillips Theorem 4.12.
3) If a ≥ 1

2 , we fix k ∈ N with k > 2a
1−a . Then the operator 1

kB with domain
D(B) is dissipative and A-bounded with the constant a′ = a

k <
1−a

2 ≤ 1
2 . By

step 2), A+ 1
kB thus generates a contraction semigroup. Inductively, we assume

that Cj := A+ j
kB generates a contraction semigroup for some j ∈ {1, . . . , k−1}.

Let x ∈ D(A). Inequality (7.2) yields

‖Bx‖ ≤ a‖Ax‖+ b‖x‖ ≤ a‖Cjx‖+ a jk‖Bx‖+ b‖x‖,

(1− a)‖Bx‖ ≤ (1− a jk )‖Bx‖ ≤ a‖Cjx‖+ b‖x‖.

It follows that
‖ 1
kBx‖ ≤

a

k(1− a)‖Cjx‖+ b

k(1− a)‖x‖
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for all x ∈ D(A). Since a
k(1−a) < 1

2 , step 2) implies that Cj + 1
kB = Cj+1

generates a contraction semigroup. By induction, we derive that A+Ck = A+B
generates a contraction semigroup S(·). So we have shown assertion (a).
4) Let x ∈ D(A) = D(A + B). Observe that B ∈ B([D(A + B)], X) due to

Lemma 7.2, so that the function f = BS(·)x is well defined and belongs to
C(R+, X). The map u = S(·)x solves the problem

u′(t) = (A+B)u(t) = Au(t) + f(t), t ≥ 0, u(0) = x.

Proposition 6.5 then implies (7.4). Similarly, we set g = BT (·)x ∈ C(R+, X)
and note that v = T (·)x solves

v′(t) = Av(t) = (A+B)v(t)− g(t), t ≥ 0, u(0) = x.

Hence, also (7.5) follows from Proposition 6.5.
5) Under the assumptions of (c), we can apply assertion (a) to −A and −B, so

that −(A+B) generates a contraction semigroup. Since also A+B generates
a contraction semigroup, as in Corollary 5.4 we can now derive that A + B
generates an isometric C0–group, which is unitary due to Proposition C.7. �

There is a result in the borderline case a = 1 in (7.2). It can be shown that
A + B is closable and that A+B generates a contraction semigroup on X if
X is reflexive, A generates a contraction semigroup, B is dissipative and (7.2)
holds with a = 1. See e.g. Corollary III.2.9 in [EN99].
We next deduce the bounded perturbation theorem by means of a simple

rescaling and renorming procedure.

Theorem 7.6. Let B ∈ B(X) and A generate the C0–semigroup T (·) on X.
Fix constants M ≥ 1 and ω ∈ R such that ‖T (t)‖ ≤ Meωt for all t ≥ 0. Then
the sum A + B with D(A + B) = D(A) generates a C0–semigroup S(·) on X
satisfying

‖S(t)‖ ≤Me(ω+M‖B‖)t for all t ≥ 0.
Furthermore, the equations (7.4) and (7.5) hold for all x ∈ X and t ≥ 0.
Finally, if A generates a C0–group, then S(·) can be extended to a C0–group.

Proof. Let x ∈ X. We define
~x~ = sup

s≥0
‖e−ωsT (s)x‖.

It is straightforward to check that ~·~ is a norm onX, that ‖x‖ ≤ ~x~ ≤M‖x‖,
and that ~e−ωtT (t)x~ ≤ ~x~ for all t ≥ 0 and x ∈ X. Using Lemma 3.1,
we derive that A − ωI generates the contraction semigroup (e−ωtT (t))t≥0 on
(X,~ · ~). To relate B to ~ · ~, we estimate

~Bx~ ≤M‖Bx‖ ≤M‖B‖ ‖x‖ ≤M‖B‖~x~.

Set β = M‖B‖. Observe that
Re〈(B − βI)x, x∗〉 = Re〈Bx, x∗〉 − β~x~2 ≤ ~Bx~ ~x~− β~x~2 ≤ 0

for all x ∈ X and x∗ ∈ J(x), where X∗ is equipped with the norm induced
by ~ · ~. Theorem 7.5 now yields that A − ωI + B − βI with domain D(A)
generates a contraction semigroup S̃(·) on (X,~ · ~), so that A + B generates
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the C0–semigroup given by S(t) = e(ω+β)tS̃(t) on X. The asserted estimate
now follows from

‖S(t)x‖ ≤ ~e(ω+β)tS̃(t)x~ ≤ e(ω+β)t~x~ ≤Me(ω+β)t‖x‖.

If A generates a group, then the above results yield that also −(A + B)
generates a C0–semigroup. Hence, S(·) can be extended to a C0–group due to
Theorem 4.2. Finally, the equations (7.4) and (7.5) can be shown for x ∈ D(A)
as in the proof of Theorem 7.5. We can then extend them to all x ∈ X since B
is continuous. �

The above results imply the desired generation properties for the damped
wave equation and the Schrödinger equation.

Example 7.7 (damped wave equation).
As in Example 5.12, let U ⊆ Rd be open and bounded and let ∆D be the
Dirichlet Laplacian in L2(U). Consider the damping 0 ≤ b ∈ L∞(U) and the
forcing function g ∈ C(J, L2(U)) with a closed interval J ⊆ R containing 0.
We assume that either g ∈ C1(J, L2(U)) or g ∈ C(J, H̊1(U)). Finally, let
w0 ∈ D(∆D) and w1 ∈ H̊1(U) be given. In Lecture 6 we have explained how
one reformulates the damped wave equation (6.6) as the second order problem

w′′(t) = ∆Dw(t)− bw′(t) + g(t), t ∈ J,
w(0) = w0, w′(0) = w1.

(7.6)

We claim that this problem has a unique solution

w ∈ C2(J, L2(U)) ∩ C1(J, H̊1(U)) ∩ C(J, [D(∆D)]).

Moreover, if g = 0, then the problem (7.6) is wellposed and the “energy” of the
solution ∫

U
|∇w(t)|22 dx+

∫
U
|w′(t)|2 dx = ‖(w(t), w′(t))‖2X

decreases in t ∈ J . To show these claims, we consider the Hilbert space X =
H̊1(U)× L2(U) with the above norm ‖ · ‖X and introduce the operators

A0 =
(

0 I
∆D 0

)
with D(A0) = D(∆D)× H̊1(U),

B =
(

0 0
0 −b

)
on X,

where −b denotes the operator v 7→ −bv. By Example 5.13, A0 is skewadjoint.
The operator B is bounded since b ∈ L∞(U) and dissipative since(

B
(
u
v

)
|
(
u
v

))
X

= −
∫
U
bvv dx ≤ 0

for all (u, v) ∈ X. Theorems 7.6 and 7.5 now show that A0 + B with do-
main D(A0) generates a C0–group T (·) on X and that ‖T (t)‖ ≤ 1 for t ≥ 0.
Lemma 6.10 thus yields the unique solvability of (7.6) and the wellposedness.
Moreover, the solution is given by (w(t), w′(t)) = T (t− s)(w(s), w′(s)) for t ≥ s
in J so that the “energy” decays due to contractivity. ♦
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The above result can be extended to certain unbounded b, see Exercise 7.2.
We next treat the Schrödinger equation for the hydrogen atom, cf. (1.2).

Example 7.8 (Schrödinger equation).
Let V (x) = −b

|x|2 for b ∈ R and x ∈ R3 \ {0} and V (0) = 0. Take u0 ∈ H2(R3).
We consider the Schrödinger equation

∂tu(t, x) = i∆u(t, x)− iV (x)u(t, x), x ∈ R3, t ∈ R,
u(0, x) = u0(x), x ∈ R3.

(7.7)

Example 5.10 implies the skewadjointness of the operator A0 given by A0u =
i∆u with D(A0) = H2(R3). We first show that the multiplication operator
u 7→ −iV u has the A0-bound 0. Recall that Sobolev’s embedding (5.6) yields
H2(R3) ↪→ C0(R3) since 2− 3

2 > 0. Let ε ∈ (0, 1]. Using also polar coordinates
and (5.11), we estimate∫

R3
|V u|2 dx = b2

∫
B(0,ε)

|u(x)|2

|x|22
dx+ b2

∫
R3\B(0,ε)

|u(x)|2

|x|22
dx

≤ c
∫ ε

0

r2

r2 dr‖u‖2∞ + b2

ε2

∫
R3\B(0,ε)

|u(x)|2 dx

≤ cε‖u‖22,2 + b2

ε2 ‖u‖
2
2 ≤ cε‖A0u‖22 + cε‖u‖22 + b2

ε2 ‖u‖
2
2,

for constants c > 0 independent of u and ε. Moreover,

Re(−iV u|u) = −Re i
∫
R3
V |u|2 dx = 0

for all u ∈ D(A0) = H2(R3). Theorem 7.5 now shows that the operator A given
by Au = i∆u− iV u with D(A) = H2(R3) generates a unitary group in L2(R3).
Hence, the Schrödinger equation (7.7) is wellposed (in the same sense as for
(6.10)), where the solution satisfies ‖u(t)‖2 = ‖u0‖2 for all t ∈ R.
In quantum mechanics, if ‖u0‖2 = 1 the function

∫
G |u(t, x)|2 dx describes

the probability that the electron in a hydrogen atom is contained in a Borel set
G ⊆ R3 at time t ∈ R (if b > 0 is chosen correctly). ♦

We now come to the asymptotic theory and start with a definition and a few
preliminary observations.

Definition 7.9. A C0–semigroup T (·) is called exponentially stable if there
exist constants M,β > 0 such that

‖T (t)‖ ≤Me−βt for all t ≥ 0.

Let A be the generator of T (·). We note that ‖T (t)‖ ≤ e−βt for all t ≥ 0 if
and only if A+ βI is dissipative, by the Lumer-Phillips theorem and rescaling.
Proposition 3.4 implies that s(A) < 0 if A generates an exponentially stable
C0–semigroup.
We first characterize exponential stability on the level of the semigroup. To

this aim, we recall the formula

r(T ) := max
{
|λ|
∣∣λ ∈ σ(T )

}
= lim

n→∞
‖Tn‖

1
n = inf

n∈N
‖Tn‖

1
n ≤ ‖T‖, (7.8)
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for the spectral radius of T ∈ B(X), see Theorem B.6 in Appendix B.

Proposition 7.10. Let T (·) be a C0–semigroup with generator A. Then the
following assertions are equivalent.

(a) T (·) is exponentially stable.
(b) ‖T (t0)‖ < 1 for some t0 > 0.
(c) r(T (t1)) < 1 for some t1 > 0.
(d) ω0(A) < 0.

If this is the case, then (b) is valid for all sufficiently large t0 > 0, assertion (c)
is true for all t1 > 0 and we have s(A) < 0.
Moreover, ets(A) ≤ etω0(A) = r(T (t)) for all t > 0 and (with log(0) := −∞)

ω0(A) = lim
t→∞

1
t log ‖T (t)‖ = inf

t>0
1
t log ‖T (t)‖. (7.9)

Proof. Since log ‖T (t + s)‖ ≤ log ‖T (t)‖ + log ‖T (s)‖, the elementary
Lemma IV.2.3 in [EN99] shows that the limit limt→∞

1
t log ‖T (t)‖ exists and

is equal to ω := inft>0
1
t log ‖T (t)‖. Hence, etω ≤ ‖T (t)‖ for all t ≥ 0, and

we obtain ω ≤ ω0(A). Take any ω1 > ω. Then there exists t0 ≥ 0 such
that ‖T (t)‖ ≤ eω1t for all t ≥ t0 so that ‖T (t)‖ ≤ Meω1t for all t ≥ 0 and
M := sup

{
e−ω1t‖T (t)‖

∣∣ 0 ≤ t ≤ t0} ≥ 1. This estimate leads to ω ≥ ω0(A),
and so (7.9) holds. Using (7.8) and (7.9), we infer

r(T (t)) = lim
n→∞

exp
(
t 1
nt log ‖T (nt)‖

)
= exp(t lim

n→∞
( 1
nt log ‖T (nt)‖) = etω0(A)

for each t > 0. All other assertions about T (·) now follow. Since s(A) ≤ ω0(A)
by Proposition 3.4, we also have ets(A) ≤ etω0(A). �

If X = Cd, a theorem by Lyapunov says that s(A) = ω0(A), and thus T (·)
is exponentially stable if and only if s(A) < 0. Here the spectrum of the given
operator A determines (this aspect of) the long-term behavior of the semigroup.
Unfortunately, in infinite dimensions it may happen that s(A) < ω0(A) as the
following example shows.

Example 7.11 (Greiner-Voigt-Wolff, 1981). Let X = C0(R+)∩L1(R+, es ds)
be endowed with the norm

‖f‖ = ‖f‖∞ +
∫ ∞

0
|f(s)|es ds =: ‖f‖∞ + ‖f‖1,w.

Define T (t)f = f( · + t) for t ≥ 0 and f ∈ X. Observe that

‖T (t)f‖ = sup
s≥0
|f(s+ t)|+

∫ ∞
0
|f(s+ t)|es ds ≤ ‖f‖∞ + e−t

∫ ∞
t
|f(τ)|eτ dτ

≤ ‖f‖∞ + e−t‖f‖1,w ≤ ‖f‖. (7.10)

Hence, T (t) is a contraction on X. It is easy to see that T (·) is a semigroup on
X and strongly continuous on Cc(R+) for ‖ · ‖, and that Cc(R+) is dense in X.
As a result, T (·) is a contraction semigroup on X. We denote its generator by
A. Given t > 0 and q ∈ (0, 1), take f ∈ X with ‖f‖ = 1 and ‖f‖∞ = |f(t)| = q.
Then ‖T (t)‖ ≥ ‖T (t)f‖ ≥ |T (t)f(0)| = |f(t)| = q. So we obtain that ‖T (t)‖ = 1
and therefore ω0(A) = 0.
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We want to show that s(A) = −1. Note that s(A) ≤ ω0(A) = 0. First let
Reλ < −1. (Recall that eλ(t) = eλt.) We then have eλ ∈ X and T (t)eλ = eλteλ,
for all t ≥ 0 so that 1

t (T (t)eλ − eλ) tends to λeλ as t → 0+. It follows that
eλ ∈ D(A) with Aeλ = λeλ, Hence,

{
λ ∈ C

∣∣ Reλ ≤ −1
}
⊆ σ(A) since σ(A) is

closed. Next, let Reλ ∈ (−1, 0] and f ∈ X. The estimate (7.10) shows that
‖T (t)f‖1,w ≤ e−t‖f‖1,w for all t ≥ 0, so that the integrals

∫ b
0 e−λtT (t)f dt =:

J(b) converge in L1(R+, es ds) as b→∞. Moreover, for b′ > b ≥ 0 we have∥∥∥∫ b′

b
e−λtT (t)f dt

∥∥∥
∞
≤ sup

s≥0

∫ b′

b
e−Reλt|f(s+ t)| dt

= sup
s≥0

∫ b′+s

b+s
eReλse−Reλτ |f(τ)|dτ ≤

∫ ∞
b

eτ |f(τ)|dτ.

As a consequence, J(b) also converges in C0(R+) as b → ∞. Proposition 3.4
now shows that λ ∈ ρ(A), and hence s(A) = −1 < ω0(A) = 0. ♦

We note that the above example can be modified such that s(A) = −∞
(see Exercise IV.2.13(5) in [EN99]). There are analogous examples on Hilbert
spaces using growing Jordan blocks on X = `2 (see [Zab75]) or a perturbed
wave equation (see [Ren94]). On the other hand, various positive results are
known in this context. One could impose additional assumptions on the semi-
group, see e.g. Corollary IV.3.12 in [EN99]. Since such results cannot be used
for, say, the damped wave equation, we rather combine spectral conditions with
resolvent estimates. Below we show the exponential stability of a C0–semigroup
on a Hilbert space if the resolvent R(λ,A) of its generator A exists and is uni-
formly bounded for Reλ > 0.
In the proof we need the Fourier transform of Hilbert space-valued functions

and thus the Bochner integral, which is introduced in the next intermezzo.
More details can be found in Appendix F.

Intermezzo 4: Bochner’s integral and the Fourier transform

Let X be a Banach space and J ⊆ R be an interval. Simple functions f : J →
X and their integral are defined as in the case X = C. A function f : J → X is
called strongly measurable if there are simple functions fn : J → X converging
to f pointwise. Observe that then the function t 7→ ‖f(t)‖ is measurable.
Hence, we can define

Lp(J,X) :=
{
f : J → X

∣∣ f is strongly measurable and ‖f(·)‖X ∈ Lp(J)
}
,

‖f‖p := ‖‖f(·)‖X‖Lp(J),

for p ∈ [1,∞], where we identify functions that coincide almost everywhere.
It can be seen that f ∈ L1(J,X) if and only if there are simple functions
fn converging to f pointwise such that

∫
J ‖fn − f‖ dt tends to 0 as n → ∞,

see Lemma F.4 in Appendix F. This fact implies that the integrals
∫
J fn(t) dt

converge inX and that their limit is independent of the choice of such a sequence
(fn)n. This limit is denoted by

∫
J f(t) dt and called the (Bochner) integral of

70



f . The integral is linear and we have∥∥∥∫
J
f dt

∥∥∥ ≤ ∫
J
‖f‖dt and T

∫
J
f(t) dt =

∫
J
Tf(t) dt

for f ∈ L1(J,X) and T ∈ B(X,Y ), where Y is another Banach space. It can be
shown that Lp(J,X) is a Banach space and the analogues of Hölder’s inequality
and the theorems of Riesz-Fischer, Lebesgue and Fubini hold for the Bochner
integral, see Appendix F. Moreover, if X is a Hilbert space, then L2(J,X) is a
Hilbert space for the scalar product given by (f |g) =

∫
J(f(t)|g(t))X dt.

For f ∈ L1(R, X) ∩ L2(R, X) we define the Fourier transform

f̂(τ) = Ff(τ) = 1√
2π

∫
R

e−iτtf(t) dt, τ ∈ R.

If X is a Hilbert space, then F extends to a unitary operator
F : L2(R, X)→ L2(R, X)

whose inverse is given by F−1g(t) = Fg(−t) for g ∈ L2(R, X) and t ∈ R. See
Theorem F.16 in Appendix F.
The next result is a special case of a theorem proved by Gearhart in 1978 for

contraction semigroups and independently by Herbst (1983), Howland (1984)
and Prüss (1984) for general semigroups.
Concerning the boundedness condition in Theorem 7.12 we recall that
‖R(λ,A)‖ ≤ cδ for all λ ∈ C with Reλ > ω0(A) + δ and all δ > 0, due to
the Hille-Yosida estimate. Thus in Theorem 7.12 the behavior of ‖R(λ,A)‖ as
Reλ→ 0+ determines the long-term behavior of T (·).

Theorem 7.12 (Gearhart’s stability theorem). Let X be a Hilbert space.
A C0–semigroup T (·) with generator A is exponentially stable if and only if
s(A) < 0 and C = supλ∈C+ ‖R(λ,A)‖ <∞, where C+ =

{
λ ∈ C

∣∣ Reλ > 0
}
.

Proof. The necessity of the condition was shown in Proposition 3.4 for
a general Banach space X. Assume that the resolvent exists and is bounded
on C+. In view of Datko’s Lemma 7.13 below, we want to show that T (·)x ∈
L2(R+, X) for all x ∈ X. As we will see, this fact can be deduced from resolvent
estimates. We first relate T (·) and R( · , A) by means of the Fourier transform.
Set ω1 = max{ω0(A), 0} and take ω > ω1. Let x ∈ X. We set Tω(t) =

e−ωtT (t) for t ≥ 0 and Tω(t) = 0 for t < 0. Moreover, we put rλ(τ) = R(λ +
iτ,A)x for λ ∈ C+ and τ ∈ R. Then u = Tω(·)x belongs to L2(R, X)∩L1(R, X)
for all x ∈ X. Fix ω > w1. It follows that ‖Tω(·)x‖2 ≤ c0‖x‖ for some
c0 > 0 only depending on ω and the exponential estimate for T (·). Using
Proposition 3.4, we compute

Fu(τ) = 1√
2π

∫ ∞
0

e−iτte−ωtT (t)x dt = 1√
2π
R(ω + iτ,A)x, (7.11)

for τ ∈ R and ω > ω1. We next estimate the resolvent. Since F is unitary,
equation (7.11) implies that rω belongs to L2(R, X) if ω > ω1. Moreover,
‖rω‖2 ≤

√
2πc0‖x‖. From the resolvent equation we further deduce that

rω(τ) = R(ω + iτ,A)x = R(ω + iτ,A)x+ (ω − ω)R(ω + iτ,A)R(ω + iτ,A)x
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for all ω > 0 and τ ∈ R. The assumption thus leads to the basic estimate

‖rω‖2 ≤
√

2πc0(1 + C|ω − ω|)‖x‖ (7.12)

for all ω > 0 and x ∈ X. From (7.11), (7.12) and the unitarity of F , we now
deduce that

‖Tω(·)x‖2 = 1√
2π
‖rω‖2 ≤ c0(1 + C|ω − ω|)‖x‖ (7.13)

for all ω > ω1. Due to Fatou’s lemma, the estimate (7.13) also holds for
ω = ω1. Datko’s Lemma 7.13 then implies that (e−ω1tT (t))t≥0 is exponentially
stable which cannot be true for ω1 = ω0(A). Hence ω1 = 0 and we have shown
the assertion. �

In a general Banach space X the boundedness of the resolvent R( · , A) on
C+ only implies the existence of some constants M, ε > 0 such that we have

‖T (t)x‖ ≤Me−εt‖x‖A

for all t ≥ 0 and x ∈ D(A). See [WW96] for this and related results and
examples indicating their optimality.

Lemma 7.13 (Datko, 1970). Let T (·) be a C0–semigroup on X and 1 ≤ p <
∞. If T (·)x ∈ Lp(R+, X) for all x ∈ X, then T (·) is exponentially stable.

Proof. Define the bounded operator

Φn : X → Lp(R+, X), x 7→ 1[0,n]T (·)x,

for each n ∈ N. The assumption shows that supn∈N ‖Φn(x)‖ < ∞ for all
x ∈ X, and hence C := supn∈N ‖Φn‖ is finite thanks to the principle of uniform
boundedness. As a result,

∫ t
0 ‖T (s)x‖p ds ≤ Cp‖x‖p for all t ≥ 0 and x ∈ X.

Fix constants M ≥ 1 and ω > 0 such that ‖T (t)‖ ≤ Meωt for all t ≥ 0. We
then calculate

1− e−pωt

pω
‖T (t)x‖p =

∫ t

0
e−pωs‖T (s)T (t− s)x‖p ds

≤
∫ t

0
Mpeωspe−ωsp‖T (t− s)x‖p ds

= Mp
∫ t

0
‖T (τ)x‖p dτ ≤ (CM)p‖x‖p

for all t ≥ 0 and x ∈ X. Therefore ‖T (t)‖ ≤ N for all t ≥ 0, where N :=
max{Meω, (pω)

1
pCM(1− e−pω)−

1
p }. It follows that

t‖T (t)x‖p =
∫ t

0
‖T (t− s)T (s)x‖p ds ≤ Np

∫ t

0
‖T (s)x‖p ds ≤ (CN)p‖x‖p,

and hence ‖T (t)‖ ≤ CNt−
1
p . Proposition 7.10 now implies the assertion. �

We conclude with an application to the damped wave equation.
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Example 7.14 (damped wave equation).
Let ∅ 6= U ⊆ Rd be open and bounded and let b ∈ L∞(U) satisfy b(x) ≥ β for
almost every x ∈ U and some β > 0. Example 7.7 yields that

A =
(

0 I
∆D −b

)
with D(A) = D(∆D)× H̊1(U)

generates a contraction C0–semigroup T (·) on X = H̊1(U) × L2(U) and the
function (w(t), w′(t)) = T (t)(w0, w1) solves (7.6) for g = 0 and (w0, w1) ∈ D(A).
We assert that T (·) is exponentially stable, and thus the “energy”

‖T (t)(w0, w1)‖2X = ‖|∇w|‖22 + ‖w′(t)‖22
of the solution decays as ce−2εt‖(w0, w1)‖2X for some c, ε > 0. In order to show
this fact, we use Theorem 7.12. We first note that

R

(
ϕ
ψ

)
=
(

∆−1
D (bϕ+ ψ)

ϕ

)
, (ϕ,ψ) ∈ X,

defines the bounded inverse of A (∆D is invertible by Example 5.12). Next, we
show that

iR ⊆ ρ(A) and sup
iτ∈R
‖R(iτ,A)‖ =: C <∞. (7.14)

If (7.14) holds, it will follow that λ ∈ ρ(A) and ‖R(λ,A)‖ ≤ 2C whenever
|Reλ| ∈ [0, 1

2C ], due to Lemma 7.4 (with λ replaced by iτ and B by ±ReλI).
Combining this inequality with the Hille-Yosida estimate, we then deduce the
asserted exponential stability from Theorem 7.12.
We show (7.14). Because of s(A) ≤ 0, any iτ ∈ σ(A) would belong to ∂σ(A)

and it would thus follow that
m(τ) := inf

{
‖iτu−Au‖X

∣∣u ∈ D(A), ‖u‖X = 1
}

= 0
due to Proposition C.2. Hence, if infτ∈Rm(τ) =: m0 > 0, then iR ⊆ ρ(A)
and moreover (7.14) holds with C = 1

m0
. Since 0 ∈ ρ(A) and ρ(A) is

open, there exists τ0 > 0 such that [−iτ0, iτ0] ⊆ ρ(A), and so m(τ) ≥ δ :=
(max|s|≤τ0 ‖R(is,A)‖)−1 > 0 for all τ ∈ [−τ0, τ0]. Fix ε ∈ (0, β2 ) such that
0 < 3εβ

β−2ε < τ0. Suppose there were |τ | ≥ τ0 and u = (ϕ,ψ) ∈ D(A) such that

‖u‖2X = ‖|∇ϕ|‖22 + ‖ψ‖22 = 1 and ‖iτu−Au‖X ≤ ε. (7.15)
We then compute

ε ≥
∣∣∣((iτI −A)

(
ϕ
ψ

)∣∣∣( ϕψ ))∣∣∣
=
∣∣∣∫
U
∇(iτϕ− ψ) · ∇ϕ dx+

∫
U

(−∆Dϕψ + (iτ + b)ψψ) dx
∣∣∣

=
∣∣∣iτ(‖|∇ϕ|‖22 + ‖ψ‖22)−

∫
U
∇ϕ · ∇ψ dx+

∫
U
∇ϕ · ∇ψ dx+

∫
U
b|ψ|2 dx

∣∣∣
=
∣∣∣i(τ + 2 Im

∫
U
∇ϕ · ∇ψ dx) +

∫
U
b|ψ|2 dx

∣∣∣,
using the definition of ∆D. Considering imaginary and real part, we infer that

ε ≥
∣∣∣τ + 2 Im

∫
U
∇ϕ · ∇ψ dx

∣∣∣ and ε ≥
∫
U
b|ψ|2 dx ≥ β‖ψ‖22,
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The second estimate yields ‖|∇ϕ|‖22 = 1−‖ψ‖22 ≥ 1− ε
β and hence 1−2‖|∇ϕ|‖22 ≤

2ε
β − 1 < 0, because ε < β

2 . We conclude that

|τ |
(

1− 2ε
β

)
≤ |τ |

∣∣1− 2‖|∇ϕ|‖22
∣∣ =

∣∣∣τ + 2 Im
∫
U
∇ϕ · iτ∇ϕ dx

∣∣∣
≤
∣∣∣τ + 2 Im

∫
U
∇ϕ · ∇ψ dx

∣∣∣+ ∣∣∣2 Im
∫
U
∇ϕ ·

(
iτ∇ϕ−∇ψ

)
dx
∣∣∣

≤ ε+ 2‖|∇ϕ|‖2 · ‖|∇(iτϕ− ψ)|‖2 ≤ ε+ 2‖(iτI −A)u‖X ≤ 3ε,

by means of (7.15) and the definition of A. As a result, |τ | ≤ 3εβ
β−2ε < τ0 which

is impossible. We have shown that m(τ) ≥ ε > 0 for all |τ | ≥ τ0, as needed. ♦

We refer to Theorem VI.3.18 in [EN99] for a generalization of the above
example. For a detailed study of the asymptotic behavior of C0–semigroups
we recommend the monograph [vN96] as well as the relevant chapters in
[ABHN11] and [EN99].

74



Exercises

Exercise 7.1. In the context of the bounded perturbation Theorem 7.6,
show that a strongly continuous function R(·) : R+ → B(X), which satisfies

R(t)x = T (t)x+
∫ t

0
T (t− s)BR(s)x ds

for all x ∈ X and t ≥ 0, already coincides with the semigroup S(·) generated
by A+B. Further show that

S(t) =
∞∑
n=0

Sn(t) with S0(t) = T (t) and

Sn+1(t)x =
∫ t

0
T (t− s)BSn(s)x ds

for t ≥ 0, n ∈ N0 and x ∈ X, where the series converges in B(X) uniformly for
t in compact subsets of R+.

Exercise 7.2. In Example 7.7 let d = 3 and replace the condition 0 ≤ b ∈
L∞(U) by 0 ≤ b ∈ Lq(U) for any q ∈ (3,∞). Show that then the operator A
defined in Example 7.7 still generates a contraction semigroup.

Exercise 7.3. Let U ⊆ Rd be open, X = C0(U) and m ∈ C(U) be such that
supx∈U Rem(x) =: a < ∞. We set T (t)f = etmf for t ≥ 0 and f ∈ X. From
Exercise 2.4 we know that T (·) is a C0–semigroup with generator A given by

Af = mf, D(A) =
{
f ∈ X

∣∣mf ∈ X} .
Show that T (·) is exponentially stable if and only if s(A) = a < 0.
Let a = 0 andm(U) ⊆

{
λ ∈ C

∣∣ Reλ < 0
}
. Show that the following assertions

are equivalent for every α > 0.
(a) There is c1 > 0 such that ‖T (t)A−1‖ ≤ c1t

−α for all t ≥ 1.
(b) There is c2 > 0 such that ‖T (t)f‖ ≤ c2t

−α‖f‖A for all t ≥ 1 and
f ∈ D(A).

(c) There is c3 > 0 such that ‖(iτI − A)−1‖ ≤ c3|τ |
1
α for all τ ∈ R with

|τ | ≥ 1.
(d) There are c4, δ > 0 such that | Imλ| ≥ c4|Reλ|−α for all λ ∈ σ(A) with

Reλ ≥ −δ.
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LECTURE 8

Local wellposedness of semilinear evolution equations

In the remaining lectures we investigate nonlinear problems. We begin with
a relatively simple setting so that the new features and methods become more
transparent. We study semilinear equations governed by a (linear) generator A
and a (nonlinear) map F : X → X with certain Lipschitz properties.
In the first main result of the present lecture we prove local wellposedness

of such evolution equations and give a general criterion for global existence.
This result basically relies on the contraction mapping principle. But the proof
involves several additional arguments and techniques which are typical for the
field. Actually, this result is concerned with “mild solutions” and we will con-
struct “classical solutions” in the second theorem of this lecture.
Our main application, the nonlinear wave equation (1.4), will be studied in

the next lecture. There and in many other cases nonlinear equations arise if
one replaces linear material laws (which often are valid only for “small” states)
by nonlinear ones.
Let A generate a C0–semigroup T (·) on X and let F : X → X be Lipschitz

(continuous) on bounded sets, i.e.,

∀ r > 0 ∃L(r) > 0 ∀x, y ∈ B(0, r) : ‖F (x)− F (y)‖ ≤ L(r)‖x− y‖. (8.1)

Here we set B(x0, r) =
{
x ∈ X

∣∣ ‖x− x0‖ ≤ r
}
. Throughout, let J = [0, b] for

some b ∈ (0,∞) or J = [0, b) for some b ∈ (0,∞]. For a given initial value
u0 ∈ X, we study the semilinear evolution equation

u′(t) = Au(t) + F (u(t)), t ∈ J, u(0) = u0. (8.2)

If A generates a C0–group, one could also consider intervals J with 0 ∈ J and
inf J < 0. For simplicity we do not treat this case. In view of the inhomoge-
neous equations in Lecture 6, it is also reasonable to allow for nonlinearities
F : J × X → X depending on time. To streamline the exposition, also this
generalization is not studied below (but see Exercise 8.2).
We point out that in (8.2) the time interval J is not given a priori. Below we

introduce a “maximal existence interval” of u which may depend on u0. In this
context we recall a simple example from ordinary differential equations: Let
X = C, A = 0, F (u) = u2 and u0 > 0. Then the problem

u′(t) = u(t)2, t ∈ J, u(0) = u0,

is solved by u(t) = (u−1
0 − t)−1, t ∈ [0, u−1

0 ) = J , which “explodes” as t→ u−1
0 .

We first extend our solution concept to the new setting in a straight forward
way. In the literature our “solutions” are often called “classical solutions”.
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Definition 8.1. Let A generate the C0–semigroup T (·), u0 ∈ D(A), and
F : X → X be continuous. A solution u of (8.2) is a function u ∈ C1(J,X)
such that u(t) ∈ D(A) for all t ∈ J and (8.2) holds.
Clearly, if (8.2) has a solution u, then u0 must belong to D(A) and u ∈

C(J, [D(A)]). As for inhomogeneous linear problems, solutions are given by
Duhamel’s formula. In fact, if u solves (8.2), then the function f = F ◦u : J →
X is continuous provided that F : X → X is continuous. Hence, Proposition 6.5
directly implies the next result.

Proposition 8.2. Let A generate the C0–semigroup T (·) on X, let F : X →
X be continuous, and u0 ∈ D(A). If u ∈ C1(J,X) solves (8.2), then it satisfies

u(t) = T (t)u0 +
∫ t

0
T (t− s)F (u(s)) ds, t ∈ J. (8.3)

For the development of the theory it is crucial to note that (8.3) is a fixed
point equation for any given u0 ∈ X, which makes sense for u ∈ C(J,X). This
observation leads us to the next definition.

Definition 8.3. Let A generate the C0-semigroup T (·) on X, u0 ∈ X, and
F : X → X be continuous. A mild solution of (8.2) is a function u ∈ C(J,X)
satisfying (8.3).
Guided by the Picard-Lindelöf theorem for ordinary differential equations, we

will solve the problem (8.3) by means of Banach’s fixed point theorem, where we
assume that (8.1) holds. For any given u0 ∈ X, the right-hand side of (8.3) will
define the nonlinear map Φ whose fixed point we want to construct. As the space
E for the fixed point problem we will choose the closed ball with center 0 and
radius r in C([0, b], X) for suitable b, r > 0. By choosing a set E of uniformly
bounded functions here, we achieve that F acts globally Lipschitz on E (with
constant L(r)) due to (8.1). The operator Φ becomes strictly contractive if we
take a sufficiently small b = b(u0) > 0. It turns out that one can choose a
time b which only depends on ‖u0‖. In view of more complicated equations, we
stress that one should be careful with the constants here. They must be under
control as b tends to 0, and one should specify how they depend on u0.

Lemma 8.4. Let A generate the C0–semigroup T (·) on X and let F : X → X
satisfy (8.1). Set M0 = sup0≤t≤1 ‖T (t)‖ ∈ [1,∞). Take any ρ > 0. Then there
is a number b0(ρ) > 0 (see (8.7) below) such that for each u0 ∈ B(0, ρ) there is
a mild solution u ∈ C([0, b0(ρ)], X) of (8.2). Moreover, for every b ∈ (0, b0(ρ)]
the restriction u|[0,b] is the unique mild solution of (8.2) on [0, b] with the initial
value u0 that satisfies ‖u(t)‖ ≤ 1 +M0ρ for all 0 ≤ t ≤ b.

Proof. Let ρ > 0 and take u0 ∈ X with ‖u0‖ ≤ ρ. Fix r := 1 +M0ρ. Take
0 < b ≤ 1 to be specified below. Define the closed ball

E(b) :=
{
u ∈ C([0, b], X)

∣∣ ‖u‖∞ ≤ r} .
We note that E(b) is a complete metric space for the metric induced by the
sup-norm ‖ · ‖∞ on C([0, b], X). We further introduce the map

[Φu0(u)](t) := Φ(u)(t) := T (t)u0 +
∫ t

0
T (t− s)F (u(s)) ds (8.4)
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for t ∈ [0, b] and u ∈ E(b). Clearly, Φ(u) ∈ C([0, b], X). We point out that each
mild solution v ∈ E(b) of (8.2) is a fixed point of Φ on E(b) and vice versa.
Let u, v ∈ E(b). Using (8.1) and that u(s), v(s) ∈ B(0, r), we estimate

‖Φ(u)(t)‖ ≤M0‖u0‖+
∫ t

0
M0(‖F (u(s))− F (0)‖+ ‖F (0)‖) ds

≤M0ρ+ bM0(L(r)r + ‖F (0)‖).
(8.5)

Moreover,

‖Φ(u)(t)−Φ(v)(t)‖ ≤
∫ t

0
M0‖F (u(s))−F (v(s))‖ ds ≤ bM0L(r)‖u−v‖∞ (8.6)

for all 0 ≤ t ≤ b ≤ 1. We define

b0(ρ) = min
{

1, 1
M0(L(r)r + ‖F (0)‖) ,

1
2M0L(r)

}
∈ (0, 1]. (8.7)

For every b ∈ (0, b0(ρ)], it follows that Φ(u) ∈ E(b) and that Φ is Lipschitz
on E(b) with Lipschitz constant smaller than or equal to 1

2 . Banach’s fixed
point theorem then gives a unique fixed point ub = Φ(ub) ∈ E(b) for each
0 < b ≤ b0(ρ). Hence, ub is the unique mild solution of (8.2) belonging to E(b).
We set u = ub0(ρ) and note that ub is the restriction u|[0,b] ∈ E(b) of u, due to
uniqueness. �

In the following proofs we will often shift or “glue together” mild solutions.
These procedures are justified in our second lemma.

Lemma 8.5. Let A generate the C0–semigroup T (·) on X and let F : X → X
be continuous. Assume that u ∈ C([0, b1], X) is a mild solution of (8.2) on
[0, b1] with the initial value u0. Then the following assertions hold.

(a) If v ∈ C([0, b2], X) is a mild solution of (8.2) on [0, b2] with the initial
value u(b1), then the function w ∈ C([0, b1 + b2], X) given by

w(t) =
{
u(t), 0 ≤ t < b1,

v(t− b1), b1 ≤ t ≤ b1 + b2,

is a mild solution of (8.2) on [0, b1 + b2] with the initial value u0.
(b) Let β ∈ (0, b1). Then the function u( · + β) ∈ C([0, b1 − β], X) is a

mild solution of (8.2) with the initial value u(β).

Proof. (a) By its definition, w is continuous and it is a mild solution of
(8.2) for t ∈ [0, b1]. For t ∈ (b1, b1 + b2] we calculate

w(t) = v(t− b1) = T (t− b1)u(b1) +
∫ t−b1

0
T (t− b1 − s)F (v(s)) ds

= T (t− b1)T (b1)u0 + T (t− b1)
∫ b1

0
T (b1 − s)F (u(s)) ds

+
∫ t

b1
T (t− r)F (v(r − b1)) dr

= T (t)u0 +
∫ t

0
T (t− s)F (w(s)) ds,

where we used the representation (8.3) of v(t− b1) and u(b1).
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(b) Set ϕ(t) = u(t+ β) for t ∈ [0, b1 − β]. As above, we obtain

ϕ(t) = u(t+ β) = T (t+ β)u0 +
∫ t+β

0
T (t+ β − s)F (u(s)) ds

= T (t)
(
T (β)u0 +

∫ β

0
T (β − s)F (u(s)) ds

)
+
∫ t

0
T (t− r)F (u(r + β)) dr

= T (t)u(β) +
∫ t

0
T (t− s)F (ϕ(s)) ds. �

We next upgrade the above basic existence lemma to a full local wellposedness
theorem. To that purpose, for each initial value u0 ∈ X we define its maximal
existence time

t+(u0) = sup
{
b > 0

∣∣ ∃mild solution u ∈ C([0, b], X) of (8.2)
}
.

Lemma 8.4 implies that the above set is non-empty and that t+(u0) ∈ (0,∞].
A mild solution u ∈ C([0, t+(u0)), X) of (8.2) with initial value u0 is called
maximal solution. Note that the existence interval of this solution has to be
right-open due to Theorem 8.6 (b) below.
Our wellposedness theorem below says that the maximal solution is unique

and that it depends locally Lipschitz on u0. Moreover, we characterize the case
that t+(u0) =∞ and describe how t+(u0) depends on u0.
We point out that in all arguments one has to make sure that one uses the

solution u(t) only for t < t+(u0) (unless one knows that t+(u0) =∞). To obtain
uniform bounds, one often restricts the solution to a compact time interval [0, b]
for a fixed b ∈ (0, t+(u0)).

Theorem 8.6. Let A generate the C0–semigroup T (·) on X and let F : X →
X be Lipschitz on bounded sets. Let u0 ∈ X and let b0(‖u0‖) > 0 be defined by
(8.7). Then the following assertions hold.

(a) There is a unique maximal mild solution u=u( · ;u0)∈C([0, t+(u0)), X)
of (8.2), where t+(u0) ∈ (b0(‖u0‖),∞].

(b) If t+(u0) <∞, then limt→t+(u0)− ‖u(t)‖ =∞.
(c) Take any b ∈ (0, t+(u0)). Then there exists a radius δ > 0 such that

t+(v0) > b for all v0 ∈ B(u0, δ). Moreover, the map
B(u0, δ)→ C([0, b], X), v0 7→ u( · ; v0),

is Lipschitz continuous.
Proof. (a) Using Lemmas 8.4 and 8.5, we can extend any solution u from

[0, b0(‖u0‖)] to a larger interval, so that t+(u0) > b0(‖u0‖). Let u and v be
mild solutions of (8.2) on intervals Jv, Ju ⊆ [0, t+(u0)) containing 0. We claim
that either Ju ⊆ Jv and u = v|Ju , or vice versa. If this were not true, then
there is a time τ ∈ Ju ∩ Jv such that u(t) = v(t) for all t ∈ [0, τ ] and there are
tn ∈ Ju∩Jv converging to τ as n→∞ such that u(tn) 6= v(tn) for all n ∈ N. As
in Lemma 8.4, we set M0 = sup0≤t≤1 ‖T (t)‖ ≥ 1, ρ = ‖u(τ)‖ and r = 1 +M0ρ.
Since u(t)→ u(τ) and v(t)→ u(τ) as t→ τ+, we can find a time b ∈ (0, b0(ρ)]
such that both functions u( · + τ) and v( · + τ) are mild solutions of (8.2) on
[0, b] with the initial value u(τ) and such that

‖u(s+ τ)‖ ≤ r and ‖v(s+ τ)‖ ≤ r
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for all s ∈ [0, b]. The uniqueness part of Lemma 8.4 now yields that u(t) = v(t)
for all t ∈ [τ, τ + b] which contradicts u(tn) 6= v(tn) for sufficiently large n ∈ N.
Hence, the uniqueness assertion holds.
To define a maximal solution, we take bn → t+(u0)− with corresponding mild

solutions un ∈ C([0, bn], X) of (8.2). We then set u(t;u0) = un(t) for t ∈ [0, bn].
This function is well defined on [0, t+(u0)) by what we have just shown. It is
thus the unique mild solution of (8.2) on [0, t+(u0)).
(b) Let t+(u0) < ∞ and u = u( · ;u0). Assume that there were bn < t+(u0),

n ∈ N such that bn → t+(u0)− as n → ∞ and C := supn∈N ‖u(bn)‖ < ∞. Fix
an index n ∈ N with bn + b0(C) > t+(u0). Lemma 8.4 gives a mild solution v
of (8.2) on [0, b0(C)] the with initial value u(bn). By means of Lemma 8.5, we
thus obtain a mild solution of (8.2) on [0, bn+b0(C)], contradicting the defining
property of t+(u0). As a result, ‖u(t)‖ → ∞ as t→ t+(u0)−.
(c) Let b ∈ (0, t+(u0)) and set u = u( · ;u0). We consider the radius ρ =

1 + sup0≤t≤b ‖u(t)‖. Further let M0 ≥ 1 and Φ be defined as in (the proof of)
Lemma 8.4. This lemma then yields b0(ρ) =: b such that for every v0, w0 ∈
B(0, ρ) the maximal mild solutions v := u( · ; v0) = Φv0(v) and w = u( · ;w0) =
Φw0(w) exist at least on [0, b]. In view of (8.4), (8.6) and (8.7), we can estimate

‖v − w‖∞ ≤ ‖Φv0(v)− Φv0(w)‖∞ + ‖Φv0(w)− Φw0(w)‖∞
≤ 1

2‖v − w‖∞ + ‖T (·)(v0 − w0)‖∞
≤ 1

2‖v − w‖∞ +M0‖v0 − w0‖,

where ‖ · ‖∞ denotes the sup-norm on [0, b]. It follows
‖v − w‖∞ ≤ 2M0‖v0 − w0‖. (8.8)

For j ∈ N0 we set bj = jb. Then there exists a minimal N ∈ N with bN ≥ b. If
bN > t+(u0), we replace bN by any number in (b, t+(u0)).
We choose δ := (2M0)−N . We inductively show that for every v0 ∈ B(u0, δ)

and j ∈ {0, . . . , N − 1} the maximal mild solution v = u( · ; v0) exists at least
on [0, bj ] and that v(bj) ∈ B(0, ρ). We then infer that v even exists on [0, bj+1],
due to Lemmas 8.4 and 8.5. For j = 0 the claim holds since δ < 1. Next,
assume it also holds for all k ∈ {0, . . . , j−1}. Again from (8.8) and Lemma 8.5
we deduce
‖v(bj)‖ ≤ ‖v(bj)− u(bj)‖+ ‖u(bj)‖

≤ ‖u( · ; v(bj−1))− u( · ;u(bj−1))‖∞ + ‖u(bj)‖
≤ 2M0‖v(bj−1)− u(bj−1)‖+ ‖u(bj)‖
≤ . . . ≤ (2M0)j‖v0 − u0‖+ ‖u(bj)‖ ≤ (2M0)j−N + sup

t∈[0,b]
‖u(t)‖ < ρ.

So we have t+(v0) > bN ≥ b which is the first assertion in (c).
To show the asserted Lipschitz continuity, we note that for v0, w0 ∈ B(u0, δ)

the vectors v(bj) and w(bj) with j = 0, . . . , N − 1 stay in B(0, ρ). We can thus
apply (8.8) repeatedly and derive (c) in this way. �

We add a simple example for Theorem 8.6. In Lecture 9 we discuss a more
sophisticated application.
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Example 8.7. Let ϕ : C→ C be Lipschitz with constant L and let ϕ(0) = 0.
Observe that then |ϕ(z)| ≤ L|z| for all z ∈ C. We define the substitution
operator F by F (u) = ϕ(u) for u ∈ L2(Rd). Then F (u) ∈ L2(Rd) and

‖F (u)− F (v)‖22 =
∫
Rd
|ϕ(u(x))− ϕ(v(x))|2 dx

≤ L2
∫
Rd
|u(x)− v(x)|2 dx = L2‖u− v‖22

for all u, v ∈ L2(Rd) so that F : L2(Rd)→ L2(Rd) is Lipschitz with constant L.
We can thus apply Theorem 8.6 to the nonlinear Schrödinger equation

u′(t) = i∆u(t) + iF (u(t)), t ∈ J, u(0) = u0,

for u0 ∈ L2(Rd) and derive the local wellposedness of mild solutions in the sense
of Theorem 8.6. Since ‖F (u)‖2 ≤ L‖u‖2, we even obtain t+(u0) = ∞ for all
u0 ∈ L2(Rd), due to Exercise 8.1. We point out that the setting of this lecture
does not allow to take locally Lipschitz ϕ. For instance, for ϕ(z) = |z|2 the
operator F : u 7→ |u|2 does not map L2(Rd) into L2(Rd). ♦

If u0 ∈ D(A), we can hope that our mild solution u of (8.2) in fact solves
(8.2). In particular, the initial regularity u0 ∈ D(A) should be preserved by the
solution u( · ;u0). To show such a result, we need some preparations.

Lemma 8.8. Let A generate a C0–semigroup on X, u0 ∈ D(A), and F : X →
X be Lipschitz on bounded sets. Then the maximal mild solution u = u( · ;u0) :
[0, t+(u0))→ X of (8.2) is locally Lipschitz continuous.

Proof. Take b ∈ [0, t+(u0)) and 0 ≤ t ≤ t+h ≤ b. Equation (8.3) leads to

u(t+ h)− u(t) = T (t)(T (h)u0 − u0) +
∫ h

0
T (t+ h− s)F (u(s)) ds

+
∫ t

0
T (t− s)F (u(s+ h)) ds−

∫ t

0
T (t− s)F (u(s)) ds

=
∫ h

0
T (t+ s)Au0 ds+

∫ h

0
T (t+ h− s)F (u(s)) ds

+
∫ t

0
T (t− s)(F (u(s+ h))− F (u(s))) ds. (8.9)

Observe that the numbers r = sup0≤s≤b ‖u(s)‖, M0 = sup0≤s≤b ‖T (s)‖ and
C = sup0≤s≤b ‖F (u(s))‖ are all finite. Formula (8.9) combined with (8.1) yield

‖u(t+ h)− u(t)‖ ≤M0‖Au0‖h+M0Ch+M0L(r)
∫ t

0
‖u(s+ h)− u(s)‖ ds.

Gronwall’s inequality then implies that

‖u(t+ h)− u(t)‖ ≤M0(‖Au0‖+ C)eM0L(r)bh, �

In our regularity theorem we will require that F is real continuously differ-
entiable. To that purpose, we define

BR(X,Y ) :=
{
T : X → Y

∣∣T is R-linear and ‖T‖BR(X,Y ) := sup
‖x‖≤1

‖Tx‖ <∞
}
,
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recalling that the Banach spaces X and Y are complex. As for B(X,Y ) (the
space of bounded C-linear operators) one shows that BR(X,Y ) is a Banach space
when endowed with ‖ · ‖BR(X,Y ). Each T ∈ BR(X,Y ) is Lipschitz continuous.
We clearly have B(X,Y ) ⊂ BR(X,Y ), but the converse inclusion is false even
for X = Y = C. As usual we write BR(X) := BR(X,X).
Let ∅ 6= D ⊆ X be open. A map F : D → Y is called real (Fréchet)

differentiable at x0 ∈ D if there is an operator S ∈ BR(X,Y ) such that the
limit

lim
h→0, h 6=0,
x0+h∈D

1
‖h‖
‖F (x0 + h)− F (x0)− Sh‖ = 0

exists. We then set F ′(x0) := S and call F ′(x0) the (Fréchet) derivative of
F at x0.We say that F is real continuously differentiable on D if F is real
differentiable at each point of D and the function

F ′ : D → BR(X,Y ), x 7→ F ′(x),
is continuous. In this case we write F ∈ C1

R(D,Y ). The usual rules of calcu-
lus (including the chain rule) hold in this setting with analogous proofs and
straightforward modifications. (See, e.g., Chapter XIII in [Lan93].) If D is
convex and F ∈ C1

R(D,Y ), we have

F (z)−F (x) =
∫ 1

0

d
dt F (x+ t(z−x)) dt =

∫ 1

0
F ′(x+ t(z−x))(z−x) dt. (8.10)

In this situation we thus obtain
‖F (z)− F (x)‖ ≤ max

0≤t≤1
‖F ′(x+ t(z − x))‖ ‖z − x‖ (8.11)

for all z, x ∈ D. As a result, a function F ∈ C1
R(X,X) is Lipschitz on bounded

sets provided that its derivative is bounded on bounded sets. (Observe that
a continuous function on a Banach space does not need to be bounded on a
closed ball.) We establish a final prerequisite.

Lemma 8.9. Let u ∈ C([a, b), X) be differentiable from the right with right-
hand side derivative v ∈ C([a, b), X). Then u ∈ C1([a, b), X) and u′ = v.

Proof. Let x∗ ∈ X∗. Then ϕ(t) = 〈u(t), x∗〉 satisfies the assumptions for
X = C (with right-hand side derivative x∗ ◦ v). Corollary 2.1.2 of [Paz83]
implies that ϕ ∈ C1([a, b)) with ϕ′ = x∗ ◦ v. Fix h ∈ (0, b − a) and take
t ∈ [a + h, b). Due to the Hahn-Banach theorem, there exists a functional
x∗h ∈ X∗ such that ‖x∗h‖ = 1 and∣∣〈 1

h(u(t)− u(t− h))− v(t), x∗h
〉∣∣ =

∥∥ 1
h(u(t)− u(t− h))− v(t)

∥∥ =: Dh(t).
Setting ϕh(t) := 〈u(t), x∗h〉, we then compute

Dh(t) =
∣∣ 1
h(ϕh(t)− ϕh(t− h))− ϕ′h(t)

∣∣ =
∣∣∣1
h

∫ t

t−h
(ϕ′h(τ)− ϕ′h(t)) dτ

∣∣∣
=
∣∣∣1
h

∫ t

t−h
〈v(τ)− v(t), x∗h〉 dτ

∣∣∣ ≤ h
h max
t−h≤τ≤t

‖v(τ)− v(t)‖.

Since the right-hand side tends to 0 as h→ 0, we obtain that u is differentiable
at each t ∈ [a, b) with the (continuous) derivative v. �
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In the next proof we follow a standard strategy to prove additional regularity
of a given (mild) solution. Assume for a moment that our mild solution u were
in fact a solution of (8.2) in C1(J,X). One can then differentiate (8.2) with
respect to t and obtain a linear (non-autonomous) evolution equation for v := u′

with the initial value u′(0) = Au0 + F (u0). Assuming u0 ∈ D(A), we can now
pass to the integrated version of this equation (see (8.12) below), which is easy
to solve in our case. The resulting solution v is a candidate for the derivative
of u. To verify the differentiability of u, we then rewrite the difference quotient
of u by means of (8.3) and subtract the equation (8.12) for v. A Gronwall type
estimate finally yields the assertion.

Theorem 8.10. Let A generate the C0–semigroup T (·) on X, u0 ∈ D(A),
F ∈ C1

R(X,X) and assume that F ′ is bounded on bounded sets. Then the
maximal mild solution u = u( · ;u0) of (8.2) in fact solves (8.2) on [0, t+(u0)).

Proof. Let u0 ∈ D(A) and F ∈ C1
R(X,X). Let b ∈ (0, t+(u0)) be arbitrary.

We have to show that u ∈ C1([0, b), X) since then F ◦u ∈ C1([0, b), X) and thus
the assertion will follow from Theorem 6.9 and (8.3). SetM0 = sup0≤s≤b ‖T (s)‖.
1) We first prove a preliminary result. The operators B(s) := F ′(u(s)) ∈
BR(X) depend continuously on s ∈ [0, b] and L := sup0≤s≤b ‖B(s)‖ is finite.
The (R-linear non-autonomous) problem

v(t) = T (t)(F (u0) +Au0) +
∫ t

0
T (t− s)B(s)v(s) ds (8.12)

can be solved as in Lemma 8.4 for t ∈ [0, b0] and a sufficiently small b0 > 0
by a fixed point argument on C([0, b0], X) (using that each B(s) is Lipschitz
on X with Lipschitz constant less than or equal to L). Since (8.5) is not
needed here, the analogue of equation (8.6) allows to choose b0 = min{1, 1

2M0L
}

independently of the initial value. As a result, we can solve (8.12) on [0, b0]
with F (u0) + Av0 replaced by v(b0) and thus obtain a solution of (8.12) on
[0, 2b0] as in Lemma 8.5. In finitely many steps we then construct a solution
v ∈ C([0, b], X) of (8.12). (See also Exercise 8.2.)
2) We now show that the function v of step 1) is the derivative of u. Let

0 ≤ t ≤ t+ h ≤ b for some h > 0. Equations (8.3) and (8.12) imply that

wh(t) := 1
h(u(t+ h)− u(t))− v(t)

= T (t) 1
h(T (h)− I)u0 − T (t)Au0

+ 1
h

∫ h

0
T (t+ h− s)F (u(s)) ds− T (t)F (u0)

+
∫ t

0
T (t− s)

[ 1
h(F (u(s+ h))− F (u(s)))− F ′(u(s))v(s)

]
ds

=: S1(h, t) + S2(h, t) + S3(h, t).

We first observe that

‖S1(h, t)‖ ≤M0
∥∥ 1
h(T (h)− I)u0 −Au0

∥∥ =: α1(h) −→ 0,
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‖S2(h, t)‖ =
∥∥∥T (t) 1

h

∫ h

0
(T (h− s)F (u(s))− F (u0)) ds

∥∥∥
≤M0

h
h sup

0≤s≤h
‖T (h− s)F (u(s))− F (u0)‖ =: α2(h) −→ 0

as h → 0+. Here we use u0 ∈ D(A) in the first limit and Lemma 2.9 for the
second one. We then write

S3(h, t) =
∫ t

0
T (t− s) 1

h [F (u(s+ h))− F (u(s))− F ′(u(s))(u(s+ h)− u(s))] ds

+
∫ t

0
T (t− s)F ′(u(s))wh(s) ds =: S3,1(h, t) + S3,2(h, t).

By Lemma 8.8 the function u is Lipschitz on [0, b]. Denote its Lipschitz constant
by `. Employing this fact and (8.10), we estimate ‖S3,1(h, t)‖ by

M0b sup
0≤s≤b

0≤s+h≤b

1
h

∥∥∥∫ 1

0
[F ′(u(s) + τ(u(s+ h)− u(s)))− F ′(u(s))](u(s+ h)− u(s)) dτ

∥∥∥
≤M0b `

h
h sup

0≤s≤b
0≤s+h≤b

0≤τ≤1

‖F ′(u(s) + τ(u(s+ h)− u(s)))− F ′(u(s))‖ =: α3(h).

Here α3(h)→ 0 as h→ 0+ since F ′ is uniformly continuous on the compact set{
u(s) + τ(u(r)− u(s))

∣∣ 0 ≤ τ ≤ 1, 0 ≤ r, s ≤ b
}
.

Altogether we have shown

‖wh(t)‖ ≤ α1(h) + α2(h) + α3(h) +M0L

∫ t

0
‖wh(s)‖ds.

Gronwall’s inequality thus yields
‖wh(t)‖ ≤ (α1(h) + α2(h) + α3(h))etM0L

for all t ∈ [0, b]. Letting h → 0+, we then derive that u is differentiable from
the right and that the right-hand side derivative coincides with v. Since v is
continuous on [0, b], Lemma 8.9 implies u ∈ C1([0, b), X). �
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Exercises

Exercise 8.1. In the setting of Theorem 8.6 in addition assume that F is
“linearly bounded”, i.e., that there exists a c > 0 such that ‖F (x)‖ ≤ c(1+‖x‖)
for all x ∈ X. Show that then t+(u0) =∞ for each u0 ∈ X.

Exercise 8.2. Let A generate the C0–semigroup T (·), J = [0, T ] and F :
J ×X → X be continuous. Assume that there is an L > 0 such that

‖F (t, x)− F (t, y)‖ ≤ L‖x− y‖
for all x, y ∈ X and t ∈ J . Let u0 ∈ X and s ∈ J . Show that there is a unique
solution u = u( · ; s, u0) ∈ C([s, T ], X) of the equation

u(t) = T (t− s)u0 +
∫ t

s
T (t− τ)F (τ, u(τ)) dτ, t ∈ [s, T ].

In addition, let x 7→ F (s, x) be linear for each s ∈ [0, T ]. We set U(t, s)u0 =
u(t; s, u0) for 0 ≤ s ≤ t ≤ T and u0 ∈ X. Show that

i) U(t, s) ∈ B(X) and sup0≤s≤t≤T ‖U(t, s)‖ <∞,
ii) U(t, t) = I and U(t, r)U(r, s) = U(t, s) for 0 ≤ s ≤ r ≤ t ≤ T ,
iii) the map

{
(t, s)

∣∣ 0 ≤ s ≤ t ≤ T} → X, (t, s) 7→ U(t, s)x, is continuous
for all x ∈ X.

Exercise 8.3. We know from Example 4.13 that the operator A given by
Au = ∂2

xu on D(A) =
{
u ∈ C2([0, 1])

∣∣ ∂xu(0) = ∂xu(1) = 0
}
generates a C0–

semigroup on X = C([0, 1]). Let ϕ ∈ C1(R,R) and set F (u) := ϕ(Reu) for all
u ∈ X. Show the following assertions.

(a) F ∈ C1
R(X,X) with derivative given by

F ′(u)v = ϕ′(Reu) Re v, u, v ∈ X.
(b) The “reaction-diffusion equation”

u′(t) = Au(t) + F (u(t)), t ∈ J, u(0) = u0,

has for all u0 ∈ D(A) a unique maximal solution u ∈ C1([0, t+(u0)), X)
with u(t) ∈ D(A) for all t ∈ [0, t+(u0)). If u0 is real valued, then also
u is real valued.

(c) Let ϕ(s) = s2. Find an initial function u0 ∈ X such that t+(u0) <∞.
(d) Let ϕ(s) = s(1 − s) and u0 ∈ D(A) with 0 ≤ u0 ≤ 1. Show that

t+(u0) =∞ and 0 ≤ u(t) ≤ 1 for all t ≥ 0. [Hint: Try a contradiction
argument such as “Assume that there were t0 > 0 and x0 ∈ [0, 1] with
u(t0, x0) < 0 . . . ”. But the proof requires certain tricks.]
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LECTURE 9

The nonlinear wave equation with cubic forcing term

This lecture is devoted to the investigation of the nonlinear wave equation
with Dirichlet boundary conditions and a cubic forcing term on a bounded do-
main in R3. We first show that the theory of the previous lecture can be applied
to this problem and thus derive local wellposedness and regularity of mild so-
lutions. We then focus on the qualitative behavior of the solutions. Depending
on the sign of the forcing term, we obtain either global existence or blow-up.
As another important feature we establish the finite speed of propagation of
the solutions to the wave equation. Finally, we construct a so-called “standing
wave solution” of the nonlinear wave equation.
We start with the real differentiability of the nonlinearities F arising in this

and later lectures. As often in partial differential equations, our applications
lead to superposition operators of the form F (u) = φ(u) for a real differen-
tiable function φ : C → C, where we have F (u) = iu|u|α−1 for the nonlinear
Schrödinger equation. These operators act on Lp-spaces of complex-valued
functions. However, when differentiating F it is convenient to identify C with
R2 and to consider φ as a function from R2 to R2.
To this aim, we introduce the following notations. Let z ∈ C. For ϕ : R2 → R

and φ = (φ1, φ2) : R2 → R2, we define
ϕ(z) = ϕ(Re z, Im z) ∈ R and φ(z) = φ1(z) + iφ2(z) ∈ C.

Moreover, for ξ = (ξ1, ξ2) ∈ R2 and M =
(
ξ
η

)
∈ R2×2, we set

ξ · z = ξ1 Re z + ξ2 Im z ∈ R and Mz = ξ · z + iη · z ∈ C.
Our first lemma will allow us to treat the part of the “energy” arising from

the nonlinearity in our applications, whereas the second lemma is concerned
with the nonlinearity itself.

Lemma 9.1. Let ∅ 6= U ⊆ Rd be open. Let ϕ ∈ C1(R2,R) satisfy |ϕ(z)| ≤
c0|z|1+α and |∇ϕ(z)| ≤ c0|z|α for all z ∈ C and some constants c0 > 0 and
α ≥ 1. Then the map

Φ : L1+α(U)→ R, Φ(u) =
∫
U
ϕ(u) dx,

is real continuously differentiable. Its derivative Φ′(u) ∈ BR(L1+α(U),C) at
u ∈ L1+α(U) is given by

Φ′(u)v =
∫
U
∇ϕ(u) · v dx, v ∈ L1+α(U). (9.1)

Moreover, ‖Φ′(u)‖BR(L1+α(U),C) ≤ c0‖u‖α1+α for all u ∈ L1+α(U) and thus Φ′ is
bounded on bounded sets.
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Proof. Let u, v ∈ L1+α(U). Set p = 1+α
α . The growth assumptions on

ϕ yield ϕ(u) ∈ L1(U) so that Φ maps L1+α(U) into R. Next, the map v 7→∫
U ∇ϕ(u) · v dx belongs to BR(L1+α(U),C) since it is R-linear and∣∣∣∫

U
∇ϕ(u) · v dx

∣∣∣ ≤ ‖∇ϕ(u)‖p‖v‖1+α ≤ c0‖u‖α1+α‖v‖1+α, (9.2)

due to Hölder’s inequality and the growth assumption on ∇ϕ. To check the
asserted differentiability of Φ at u, we compute

ϕ(u(x) + v(x))− ϕ(u(x))−∇ϕ(u(x)) · v(x)

=
∫ 1

0

d
dτ ϕ(u(x) + τv(x)) dτ −∇ϕ(u(x)) · v(x)

=
∫ 1

0
(∇ϕ(u(x) + τv(x))−∇ϕ(u(x))) · v(x) dτ

for a.e. x ∈ U . Integrating over U and using Fubini’s theorem, we infer

Dv := Φ(u+v)−Φ(u)−
∫
U
∇ϕ(u) ·v dx =

∫ 1

0

∫
U

(∇ϕ(u+τv)−∇ϕ(u)) ·v dx dτ.

As above, Hölder’s inequality then implies that

|Dv| ≤ ‖v‖1+α

∫ 1

0
‖∇ϕ(u+ τv)−∇ϕ(u)‖p dτ =: ‖v‖1+αI(v).

We claim that I(v) → 0 as v → 0 in L1+α(U), which means that Φ is real
differentiable at u and (9.1) holds. Moreover, the asserted estimate for Φ′ then
follows from (9.2). The claim holds if for each null sequence (vn)n in L1+α(U)
there is a subsequence (vnj )j such that I(vnj )→ 0 as j →∞.
So let vn ∈ L1+α(U) converge to 0 in L1+α(U) as n → ∞. By (the proof

of) the Riesz-Fischer theorem there are a subsequence (vnj )j and a function
g ∈ L1+α(U) such that vnj → 0 a.e. as j → ∞ and |vnj | ≤ g a.e. for all j ∈ N.
For τ ∈ [0, 1], the growth assumption on ∇ϕ thus implies the pointwise estimate

|∇ϕ(u+ τvnj )−∇ϕ(u)| ≤ c0(|u|+ g)α + c0|u|α =: f ∈ Lp(U).
The theorem of dominated convergence then shows that the integrand of I(vnj )
tends to 0 as j →∞ for each τ ∈ [0, 1]. Since this integrand is bounded by the
constant ‖f‖p, we further derive that I(vnj )→ 0 as j →∞, as asserted.
In the same way one proves that Φ′(w)→ Φ′(u) in BR(L1+α(U),C) as w → u

in L1+α(U), i.e., Φ′ is continuous. �

Lemma 9.2. Let φ = (φ1, φ2) ∈ C1(R2,R2) satisfy |φ(z)| ≤ c0|z|α and
|φ′(z)| ≤ c0|z|α−1 for all z ∈ C and some constants c0 > 0 and α > 1, where
φ′(z) = φ′(Re z, Im z). Let p ∈ [α,∞) and ∅ 6= U ⊆ Rd be open. Then the map

F : Lp(U)→ L
p
α (U), F (u) = φ(u) = φ1(u) + iφ2(u),

is real continuously differentiable and its derivative at u ∈ Lp(U) is given by
F ′(u)v = φ′(u)v = ∇φ1(u) · v + i∇φ2(u) · v, v ∈ Lp(U).

We further have ‖F ′(u)‖BR(Lp,Lp/α) ≤ c0‖u‖α−1
p , so that the derivative is bounded

on bounded sets.
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Proof. Let u, v ∈ Lp(U). As in the previous lemma, the growth assump-
tions imply that F (u) ∈ L

p
α (U) and that |φ′(u)| ∈ Lq(U) with q = p

α−1 .
Hölder’s inequality with exponents α

p = 1
p + α−1

p yields that v 7→ φ′(u)v be-
longs to BR(Lp(U), L

p
α (U)). We further obtain the pointwise identity

F (u+ v)− F (u)− φ′(u)v =
∫ 1

0
(φ′(u+ τv)− φ′(u))v dτ.

Minkowski’s inequality for integrals and Hölder’s inequality then imply

‖F (u+ v)− F (u)− φ′(u) · v‖ p
α
≤
∫ 1

0
‖(φ′(u+ τv)− φ′(u))v‖ p

α
dτ

≤ ‖v‖p
∫ 1

0
‖φ′(u+ τv)− φ′(u)‖ p

α−1
dτ.

The same arguments as in the previous proof show that the above integral
converges to zero as v → 0 in Lp(U), where one has to use the growth conditions
on φ′. Therefore F : Lp(U) → L

p
α (U) is real differentiable and its derivative

F ′(u) can be represented as asserted. The continuity of u 7→ F ′(u) and the
norm bound for F ′(u) follow as before. �

We now apply the above lemmas to the nonlinear maps used below. To use
complex notation, for z, w ∈ C we set z · w = Re zRew + Im z Imw ∈ R and
note that Re(zw) = z · w.

Corollary 9.3. Let α > 1, β ≥ 1, p ∈ [α,∞) and let U ⊆ Rd be open.
Then the maps

Φ : L1+β(U)→ R, Φ(u) = 1
1 + β

∫
U
|u|1+β dx,

F : Lp(U)→ L
p
α (U), F (u) = |u|α−1u,

are real continuously differentiable, Lipschitz on bounded sets and their deriva-
tives are given by

Φ′(u)v =
∫
U
|u|β−1 Re(uv) dx for u, v ∈ L1+β(U),

F ′(u)v = |u|α−1v + (α− 1)|u|α−3uRe(uv) for u, v ∈ Lp(U).

Proof. Set ϕ(z) = 1
1+β |z|

1+β and φ(z) = |z|α−1z for z ∈ C ∼= R2. The
growth conditions for ϕ and φ from Lemma 9.1 and 9.2 clearly hold. Writing
r = Re z and s = Im z for z ∈ C and identifying z and (r, s), we obtain

∇ϕ(z) = 1
1 + β

(
∂r(r2 + s2)

β+1
2 , ∂s(r2 + s2)

β+1
2
)>

= |z|β−1z,

φ′(z) =
(
∂r
(
(r2 + s2)

α−1
2
(
r
s

))
, ∂s
(
(r2 + s2)

α−1
2
(
r
s

)))
= |z|α−3

(
(α− 1)r2 + |z|2 (α− 1)rs

(α− 1)rs (α− 1)s2 + |z|2
)

for z 6= 0,

and φ′(0) = 0. As a result, also ∇ϕ and φ′ satisfy the growth assumptions of
the two previous lemmas. Moreover, for w ∈ C with ρ = Rew and σ = Imw,
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we compute ∇ϕ(z) · w = |z|β−1 Re(zw), (r, s)(rρ+ sσ) = zRe(zw) and
φ′(z)w = |z|α−1w + (α− 1)|z|α−3zRe(zw), z 6= 0.

The assertions now follow from Lemmas 9.1 and 9.2. �

We can now treat the nonlinear wave equation (1.4) with Dirichlet boundary
conditions on a bounded open set ∅ 6= U ⊆ R3. In the same way as for the
linear wave equation (6.6) we rewrite (1.4) as an evolution equation in L2(U)
having second order in time, where we use again the Dirichlet Laplacian from
Example 5.12. We thus obtain the problem

w′′(t) = ∆Dw(t)− aw(t)|w(t)|2, t ∈ J,
w(0) = w0, w′(0) = w1,

(9.3)

where w0 ∈ D(∆D), w1 ∈ H̊1(U) and a ∈ R are given. We look for solutions
w ∈ C2(J, L2(U)) ∩ C1(J, H̊1(U)) ∩ C(J, [D(∆D)])

of (9.3). To solve (9.3), we proceed as in Lecture 6 and reformulate (9.3) as the
semilinear evolution equation

u′(t) = Au(t) + F (u(t)), t ∈ J, u(0) = u0, (9.4)
on the Hilbert space X = H̊1(U) × L2(U) endowed with the norm given by
‖(u1, u2)‖2 = ‖|∇u1|‖22 + ‖u2‖22. Here we set u0 = (w0, w1), and

A =
(

0 I
∆D 0

)
with D(A) = D(∆D)× H̊1(U),

F (u) = (0,−au1|u1|2) =: (0, F0(u1)) for u = (u1, u2) ∈ X.
(9.5)

Recall that A is skewadjoint by Example 5.13. Moreover, Corollary 9.3 implies
that F0 : L6(U) → L2(U) is real continuously differentiable and Lipschitz on
bounded sets. Since H̊1(U) ↪→ L6(U) by Sobolev’s embedding (5.7), we obtain
that F : X → X has the same properties. In particular, F satisfies (8.1). We
point out that this reasoning crucially depends on the fact that U ⊆ R3 and
that the nonlinearity is cubic (i.e., α = 3 in Corollary 9.3).
We can now apply Theorems 8.6 and 8.10 to (9.4) with A and F as above.

Exactly as in Lemma 6.10, one shows that solutions of (9.3) and (9.4) are in
unique correspondence, where u = (w,w′).
To define mild solutions for (9.3), we note that we can write the unitary

group T (·) generated by A as

T (t) =
(
T11(t) T12(t)
T21(t) T22(t)

)
for operators T11(t) ∈ B(H̊1(U)), T12(t) ∈ B(L2(U), H̊1(U)), T21(t) ∈
B(H̊1(U), L2(U)) and T22(t) ∈ B(L2(U)), where t ∈ R. Duhamel’s formula
(8.3) thus leads to the integral equation

w(t) = T11(t)w0 + T12(t)w1 +
∫ t

0
T12(t− s)F0(w(s)) ds, t ∈ J, (9.6)

on H̊1(U). We call a function w ∈ C(J, H̊1(U)) satisfying (9.6) a mild solution
of (9.3), where w0 ∈ H̊1(U) and w1 ∈ L2(U) are given.
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After these preparations we can now establish a local wellposedness result for
the nonlinear wave equation (9.3).

Proposition 9.4. Let U ⊆ R3 be open and bounded, and let a ∈ R. Then
for each u0 = (w0, w1) ∈ X = H̊1(U) × L2(U) there is a unique maximal mild
solution w ∈ C([0, t+(u0)), H̊1(U)) of (9.3). Moreover, let J+ = [0, t+(u0)).
Then the following assertions hold.

(a) The maximal mild solution w of (9.3) belongs to C1(J+, L2(U)) and
u = (w,w′) is the mild solution of (9.4).

(b) If w0 and w1 are real-valued, then w is real-valued.
(c) If (w0, w1) ∈ D(A) = D(∆D) × H̊1(U), then the corresponding mild

solution w belongs to C2(J+, L2(U))∩C1(J+, H̊1(U))∩C(J+, [D(∆D)])
and it solves (9.3).

(d) If t+(u0) <∞, then limt→t+(u0)
(
‖|∇w(t)|‖22 + ‖w′(t)‖22

)
=∞.

(e) For any given b ∈ (0, t+(u0)) there is a radius r > 0 such that for ũ0 =
(w̃0, w̃1) ∈ BX(u0, r), we have t+(ũ0) > b and the map BX(u0, r) →
C([0, b], X), ũ0 7→ (w̃, w̃′), is Lipschitz. Here, w̃ is the mild solution of
(9.3) with the initial values (w̃0, w̃1).

Proof. 1) We first note that due to the above observations, Theorem 8.10
yields a unique solution u of (9.4) on J+ = [0, t+(u0)) for A and F given by (9.5)
if u0 = (w0, w1) ∈ D(A). We have u = (w,w′), where w ∈ C2(J+, L2(U)) ∩
C1(J+, H̊1(U)) ∩ C(J+, [D(∆D)]) solves (9.3), so that (c) holds.
2) We next show that mild solutions of (9.3) are unique. Let w, w̃ ∈

C([0, b], H̊1(U)) =: E be mild solutions of (9.3) for some b > 0 with the same
initial values (w0, w1) ∈ X. Let r be larger than the norms of w and w̃ in E.
Since ‖T (t)‖ = 1, it is easy to see that ‖T12(t)‖B(L2,H̊1) ≤ 1 for all t ∈ R. From
(9.6), (8.1) and (5.7), we then deduce

‖w(t)− w̃(t)‖1,2 =
∥∥∥∫ t

0
T12(t− s)(F0(w(s))− F0(w̃(s))) ds

∥∥∥
1,2

≤
∫ t

0
‖F0(w(s))− F0(w̃(s))‖2 ds ≤ cL(r)

∫ t

0
‖w(s)− w̃(s)‖1,2 ds

for all t ∈ [0, b]. Gronwall’s inequality thus implies that w = w̃.
3) To obtain a mild solution for (9.3), let u0 = (w0, w1) ∈ X. We then find

u0n = (w0n, w1n) ∈ D(A) converging to u0 in X as n→∞. Theorem 8.6 shows
that the corresponding solutions un = (wn, w′n) tend in C([0, b], X) to the mild
solution u of (9.4) for the initial value u0, as n → ∞, where b ∈ (0, t+(u0))
is arbitrary. By definition, the first component w = [u]1 is a mild solution of
(9.3). Since wn and w′n converge in C([0, b], L2(U)), the function w belongs to
C1([0, b], L2(U)) and u = (w,w′). This also proves (a).
4) The assertions (d) and (e) now directly follow from (a) and Theorem 8.6.

To show (b), let w0 and w1 be real-valued. Due to part (e), we may assume that
(w0, w1) ∈ D(A). We set g = Rew and v = Imw. Then v ∈ C2(J+, L2(U)) ∩
C1(J+, H̊1(U)) ∩ C(J+, [D(∆D)]) solves

v′′(t) = ∆Dv(t)− ag(t)2v(t)− av(t)3, t ∈ J+, v(0) = 0, v′(0) = 0,
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where g is considered as a given function. Let b ∈ J+. Since H̊1(U) ↪→
L6(U), the number c(b) = supt∈[0,b] ‖w(t)‖26 is finite. Hölder’s inequality yields
‖g(t)2v(t)‖2 ≤ ‖g(t)‖26 ‖v(t)‖6 ≤ c(b)‖v(t)‖6 and ‖v(t)3‖2 ≤ c(b)‖v(t)‖6 for
t ∈ [0, b]. One can now estimate as in step 2)

‖v(t)‖1,2 ≤
∫ t

0
(‖ag(s)2v(s)‖2 + ‖av(s)3‖2) ds ≤ 2|a|c(b)c

∫ t

0
‖v(s)‖1,2 ds,

for t ∈ [0, b], using once more Sobolev’s embedding (5.7). Gronwall’s inequality
then shows that v = 0, and hence w is real-valued. �

Let J+ = [0, t+(w0, w1)) for (w0, w1) ∈ X. Since the mild solution w of (9.3)
belongs to C(J+, H̊1(U))) ∩ C1(J+, L2(U)), we can define its “energy”

Ew(t) = E(w(t), w′(t)) =
∫
U

(1
2 |w
′(t)|2 + 1

2 |∇w(t)|2 + a
4 |w(t)|4) dx (9.7)

= 1
2‖(w(t), w′(t))‖2X + a

4‖w(t)‖44
for t ∈ J+ since H̊1(U) ↪→ L4(U) by Sobolev’s embedding (5.7). Moreover, the
map X → R, (w0, w1) 7→ E(w0, w1), is continuous.
We next show that E is constant along mild solutions of (9.3) so that it is a

natural quantity for the nonlinear wave equation. Further observe that Ew(t)
1
2

controls the H̊1(U) × L2(U) norm of (w(t), w′(t)), provided a ≥ 0. This fact
leads to global existence of all mild solutions in this case.

Proposition 9.5. Let U ⊆ R3 be open and bounded, a ∈ R, and (w0, w1) ∈
X. The following assertions hold for each mild solution w of (9.3).

(a) Ew(t) = Ew(0) = 1
2‖(w0, w1)‖2X + a

4‖w0‖44 for t ∈ [0, t+(w0, w1)).
(b) If a ≥ 0, then t+(w0, w1) =∞ for each initial value (w0, w1) ∈ X.

Proof. (a) First let (w0, w1) ∈ D(A) and denote by w the solution of (9.3)
on J+ = [0, t+(u0)). Employing the regularity of w, Corollary 9.3 and the chain
rule, we infer that Ew ∈ C1(J+) and

E′w(t) =
∫
U

Re
(
w′(t)w′′(t) +∇w(t) · ∇w′(t) + a|w(t)|2w(t)w′(t)

)
dx

= Re
∫
U
w′(t)

(
w′′(t)−∆Dw(t) + aw(t)|w(t)|2

)
dx = 0

for t ∈ J+. Here we used the definition of ∆D, Re(zw) = Re(zw), and equation
(9.3). As a result, Ew(t) = Ew(0) for all t ∈ J+. Since the map (w0, w1) 7→
Ew(t) is continuous from X to R by Proposition 9.4 (e) and H̊1(U) ↪→ L4(U),
we obtain (a) by approximation.
(b) If a ≥ 0, then ‖(w(t), w′(t))‖2X ≤ 2Ew(t) = 2Ew(0) for all t ∈ J+ so that

the blow-up criterion from Proposition 9.4 (d) implies t+(w0, w1) =∞. �

We want to repeat the main features of the above prototypical proof of global
solvability. One first shows that the time derivative of the energy vanishes along
(sufficiently smooth) solutions.1 Here it is crucial that the energy fits to the
equation. By approximation, we then deduce that the energy stays constant

1Of course, the argument also works if E′w ≤ 0.
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along all mild solutions using the continuous dependence on initial data and
the continuity of the map X → R, (w0, w1) 7→ E(w0, w1), defined in (9.7). If
the energy dominates the norm, the energy equality combined with the blow-up
criterion in Proposition 9.4 (d) finally yield global existence.
Now, what is happening if a < 0? It is useful to neglect spatial derivatives for

a moment and to consider the corresponding ordinary differential equation φ′′ =
|a|φ3, with φ(t) ∈ R. This equation has the blow-up solutions φc(t) = c

(
1 −√

|a|
2 ct

)−1
for each c > 0. Therefore, if we consider the cubic wave equation on U

with Neumann boundary conditions ∂νw(t) = 0 instead of Dirichlet conditions
on ∂U , then we obtain the exploding solutions w(t) = φc(t)1, for 0 ≤ t <

√
2
|a|

1
c .

In the Dirichlet case one can also derive blow-up for certain initial values, but
here one has to argue in a different way. In our proof we derive a differential
inequality for the scalar function φ(t) = ‖w(t)‖22 which forces φ to explode in
finite time. Besides the wave equation (9.3), the crucial ingredient of the proof
is the energy equality from Proposition 9.5 and the assumption that the energy
at time t = 0 is negative.

Proposition 9.6. Let U ⊆ R3 be open and bounded, a < 0 and (w0, w1) ∈
D(∆D)× H̊1(U). We assume that

|a|
4 ‖w0‖44 ≥ 1

2‖|∇w0|‖22 + 1
2‖w1‖22, (9.8)

i.e., the initial energy E(w0, w1) is negative (see (9.7)). We further require that∫
U
w0w1 dx > 0. (9.9)

Then there is a blow-up time t+ > 0 such that limt→t+ ‖w(t)‖2 =∞.

We note that for each a < 0 there are w0, w1 ∈ D(∆D) such that (9.8) and
(9.9) hold. In fact, take w0 = τw1 for a given 0 6= w1 ∈ D(∆D) and choose a
sufficiently large τ > 0.

Proof. We have a solution

w ∈ C(J+, [D(∆D)]) ∩ C1(J+, H̊1(U)) ∩ C2(J+, L2(U))

of (9.3) on the maximal existence interval J+ = [0, t+(w0, w1)). We set φ(t) =
1
4‖w(t)‖22 for t ∈ J+. Observe that φ′(0) > 0 due to (9.9). Equation (9.7) and
the definition of ∆D then imply

φ′′(t) = 1
2

∫
U

(|w′(t)|2 + w(t)w′′(t)) dx

= 1
2

∫
U
|w′(t)|2 dx− 1

2

∫
U
|∇w(t)|2 dx+ |a|2

∫
U
|w(t)|4 dx

for t ∈ J+. Using the conservation of energy shown in Proposition 9.5 (a), we
deduce

φ′′(t) =
∫
U
|w′(t)|2 dx+ |a|4

∫
U
|w(t)|4 dx− E(w0, w1)
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Hölder’s inequality further yields

φ(t)2 = 1
16‖w(t)‖42 ≤

vol(U)
16 ‖w(t)‖44.

We set C = 4|a|
vol(U) . Since E(w0, w1) ≤ 0 by (9.8), we arrive at

φ′′(t) ≥ 4|a|
vol(U)φ(t)2 = Cφ(t)2

for t ∈ J+. Hence, φ′(t) ≥ φ′(0) + C
∫ t

0 φ(s)2 ds ≥ φ′(0) > 0 and therefore φ
strictly increases with φ(t) ≥ φ(0) + tφ′(0) for t ∈ J+. We can now estimate

d
dt

1
2(φ′(t))2 = φ′′(t)φ′(t) ≥ Cφ(t)2φ′(t)

on J+. Integrating once more, we infer

φ′(t)2 ≥ φ′(0)2 + 2C
∫ t

0
φ′(s)φ(s)2 ds = φ′(0)2 + 2C

3 φ(t)3 − 2C
3 φ(0)3

for t ∈ J+. We suppose that J+ = R+. Since φ′(0) > 0, we can fix t0 ≥ 0
such that φ(0) + t0φ

′(0) ≥ max{0, (2φ(0)3 − 3
Cφ
′(0)2)

1
3 }. Let t ≥ t0. Because

of φ(t)3 ≥ φ(t0)3 ≥ (φ(0) + t0φ
′(0))3, it follows

φ′(t)2 ≥ C
3 φ(t)3 + C

3 (φ(0) + t0φ
′(0))3 + φ′(0)2 − 2C

3 φ(0)3 ≥ C
3 φ(t)3.

As a result,
φ′(t) ≥

√
C
3 φ(t)

3
2 , t ≥ t0, φ(t0) > 0.

Observe that the solution of the equation

ψ′(t) =
√

C
3 ψ(t)

3
2 , t ≥ t0, ψ(t0) = φ(t0),

has blow-up in finite time. The comparison principle for scalar differential
equations now implies the assertion. �

An important feature of wave equations is the finite speed of propagation of
their solutions. Roughly speaking, this means that if an initial value is com-
pactly supported, then the support of w(t) moves with finite velocity. This
behavior is in accordance with the theory of relativity, in contrast to the diffu-
sion equation u′ = ∆Du whose solutions u are strictly positive for each t > 0 if
u(0) ≥ 0 is nonzero. To describe this behavior, we consider the cone

C(x0, t0) =
{

(x, t) ∈ R3 × R+
∣∣ 0 ≤ t ≤ t0, |x− x0| ≤ t0 − t

}
with base B(x0, t0) ⊆ R3 and vertex (x0, t0) ∈ R4, where t0 > 0 and x0 ∈ R3.
Recall the comment after Example 5.12 stating that [D(∆D)] is isomorphic to
H2(U) ∩ H̊1(U) if ∂U ∈ C2 so that ∆Du = ∆u for all u ∈ D(∆D).

Proposition 9.7. Let U ⊆ R3 be open and bounded with ∂U ∈ C2 and let a ≥
0. Take x0 ∈ U and t0 > 0 such that B(x0, t0) ⊆ U . Let (w0, w1) ∈ D(∆D) ×
H̊1(U) and assume that w0 = w1 = 0 on B(x0, t0). Then the corresponding
solution w of (9.3) vanishes on C(x0, t0).
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Proof. The result is proved by a local energy estimate. Let t0 > 0 and
x0 ∈ U with B(x0, t0) ⊆ U . Take (w0, w1) ∈ D(∆D) × H̊1(U) and let w solve
(9.3). Since [D(∆D)] ⊆ H2(U), we have w ∈ C2(R+, L

2(U))∩C1(R+, H
1(U))∩

C(R+, H
2(U)). For 0 ≤ t < t0, we set Bt = B(x0, t0 − t) and define

e(t) =
∫
Bt

(1
2 |∂tw(t)|2 + 1

2 |∇w(t)|2 + a
4 |w(t)|4) dx.

We will show that e′ ≤ 0 so that 0 ≤ e(t) ≤ e(0) = 0 for all t ∈ [0, t0),
and hence w = 0 on C(x0, t0). (Actually, in case a = 0 one deduces w = 0
on C(x0, t0) from ∂tw = 0 on C(x0, t0) and w(0) = 0 on B(x0, t0).) Using
Reynolds’ transport theorem (see Exercise 9.1), we compute

e′(t) = Re
∫
Bt

(∂ttw(t)∂tw(t) +∇w(t) · ∇∂tw(t) + a|w(t)|2w(t)∂tw(t)) dx

−
∫
∂Bt

(1
2 |∂tw(t)|2 + 1

2 |∇w(t)|2 + a
4 |w(t)|4) dσ,

cf. the proof of Proposition 9.5. We note that the traces on ∂Bt exists since
∂tw(t), ∂kw(t) ∈ H1(U) and w(t) ∈ H2(U) ↪→ C(U) (see Corollary D.21 and
Theorem D.23). Because of w(t) ∈ H2(U), we can use Gauß’ formula from
Theorem D.28 on the ball Bt leading to∫

Bt
∇w(t) · ∇∂tw(t) = −

∫
Bt

∆w(t) ∂tw(t) dx+
∫
∂Bt

∂νw(t) ∂tw(t) dσ,

where ∂νϕ = ν · tr∇ϕ for ϕ ∈ H2(Bt) and the outer unit normal ν on ∂Bt.
Employing equation (9.3) and Hölder’s inequality, we thus obtain

e′(t) = Re
∫
∂Bt

∂νw(t)∂tw(t) dσ −
∫
∂Bt

(1
2 |∂tw(t)|2 + 1

2 |∇w(t)|2 + a
4 |w(t)|4) dσ

≤ −
∫
∂Bt

a
4 |w(t)|4 dσ ≤ 0. �

It would be nice to see a wave type solution of our wave equation. We thus
construct “standing waves” w for (9.3), i.e., solutions w of (9.3) given by

w(t, x) = eiωtϕ(x), t ≥ 0, x ∈ U, (9.10)

where ω ∈ R and ϕ ∈ D(∆D). Inserting this ansatz into (9.3), we infer that w
in (9.10) solves (9.3) (with w0 = ϕ and w1 = iωϕ) if ω2 ≥ 0 and ϕ ∈ D(∆D)
solve the “nonlinear eigenvalue problem”

∆Dϕ+ ω2ϕ− aϕ|ϕ|2 = 0. (9.11)

This observation leads us to the theory of semilinear elliptic equations which
is a bit off the main track of the Internet Seminar. Here we focus on a rather
simple result.
We want to solve (9.11) via bifurcation theory. It allows to construct solutions

to (9.11) as perturbations of the maximal eigenvalue of the linearization. We
only need one of most basic results in this direction, the Crandall-Rabinowitz
theorem, see e.g. Theorem I.5.1 in [Kie04]. To this aim, we set

Φ(λ, ϕ) = ∆Dϕ+ λϕ− aϕ|ϕ|2
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for λ ∈ R and ϕ ∈ D(∆D). Clearly, Φ(λ, 0) = 0 for all λ ∈ R. We are looking
for 0 6= ϕω ∈ D(∆D) and ω ∈ R with Φ(ω2, ϕω) = 0, i.e., (ω, ϕω) solve (9.11).
To check the assumptions of the Crandall-Rabinowitz theorem, let U be con-

nected and let all spaces be real. We claim that, ∆D has a largest eigenvalue
−λ0 < 0 with corresponding eigenfunction ϕ0, where the kernel of ∆D + λ0I is
one dimensional and its range has codimension 1.
To establish these facts, we recall a few facts about the spectrum and the

eigenfunctions of ∆D. We first note that H̊1(U) is compactly embedded into
L2(U). In fact, one can extend each f ∈ H̊1(U) by 0 to a function f̃ ∈ H1(V ) for
an open ball V containing U . Due to Theorem D.24 in Appendix D, the space
H1(V ) is compactly embedded in L2(V ) which implies the claim. (See also
Remark 20 in Section 9.4 in [Bre11].) Observe that [D(∆D)] is continuously
embedded into H̊1(U) since for u ∈ D(∆D) we have u ∈ H̊1(U) and∫

U
|∇u|2 dx =

∫
U

∆Duudx ≤ ‖∆Du‖2‖u‖2 ≤ 1
2‖∆Du‖22 + 1

2‖u‖
2
2, (9.12)

by the definition of ∆D and Hölder’s inequality. In particular, [D(∆D)] is com-
pactly embedded into L2(U) and thus ∆D has a compact resolvent. Therefore
σ(∆D) only consists of isolated eigenvalues of finite multiplicity, see e.g. The-
orem III.6.9 in [Kat95]. Example 5.12 tells us that σ(∆D) ⊆ (−∞, 0). Hence
there is a maximal eigenvalue −λ0 < 0 of ∆D. It is further known that the
kernel of λ0I + ∆D is one dimensional (and so the range of λ0I + ∆D has
codimension 1 by compactness). See e.g. Theorem 6.5.2 in [Eva10].
Due to Corollary 9.3 and [D(∆D)] ↪→ L6(U), we obtain Φ ∈ C1(R ×

[D(∆D)], L2(U)) and L := ∂2Φ(λ0, 0) = ∆D +λ0I, where I is the embedding of
[D(∆D)] into L2(U). One can further check that Φ ∈ C2(R× [D(∆D)], L2(U))
and Λ := ∂12Φ(λ0, 0) = I. Finally, ϕ0 = Λϕ0 is orthogonal to the range of L
since

(∆Dϕ+ λ0ϕ|ϕ0) = (ϕ|∆Dϕ0 + λ0ϕ0) = 0
for all ϕ ∈ D(∆D). We have now verified the assumptions Theorem I.5.1 in
[Kie04] which gives us 0 6= ϕω ∈ D(∆D) and ω ∈ R such that Φ(ω2, ϕω) = 0.
More precisely, here ω2 is close to λ0 and ϕω is small in the norm of [D(∆D)].

Proposition 9.8. Let a ∈ R and U ⊆ R3 be open, bounded and connected.
Then for ω2 close to λ0 there are real-valued functions 0 6= ϕω ∈ D(∆D) solving
(9.11). Hence, the standing waves given by w(t) = eiωtϕω, t ≥ 0, solve (9.3).
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Exercises

Exercise 9.1. Let U ⊆ Rd be open. Let x0 ∈ Rd and t0 > 0 be such
that B(x0, t0) ⊆ U . Set J = [0, t0] and Bt = B(x0, t0 − t). Prove for f ∈
C1(J, L1(U)) ∩ C(J,W 1

1 (U)) and each t ∈ J the identity
d
dt

∫
Bt
f(x, t) dx =

∫
Bt

(∂tf)(x, t) dx−
∫
∂Bt

f(x, t) dσ.

This is a special case of Reynolds’ transport theorem.

Exercise 9.2. Let A generate the C0–semigroup T (·) on X and that F :
X → X is Lipschitz on bounded subsets of X. Consider the semilinear problem

u′(t) = Au(t) + F (u(t)), t ≥ 0, u(0) = u0,

and suppose that t+(u0) = ∞ for all u0 ∈ X. Define Ψ : R+ × X → X by
Ψ(t, u0) = u(t;u0), where u( · ;u0) is the unique mild solution with initial value
u0. Prove that Ψ is a nonlinear semiflow, i.e., we have Ψ ∈ C(R+ ×X,X) and
for all u0 ∈ X and t1, t2 ≥ 0 it holds that

Ψ(0, u0) = u0, Ψ(t2 + t1, u0) = Ψ(t2,Ψ(t1, u0)).

Exercise 9.3. Let A generate the C0–semigroup T (·) on X. Let F, Fn : X →
X for n ∈ N be Lipschitz on bounded sets and suppose that Fn → F locally
uniformly as n→∞. Fix u0 ∈ X. Let u be the unique mild solution of

u′(t) = Au(t) + F (u(t)), t ≥ 0, u(0) = u0,

with maximal existence time t+(u0, F ), and let un be the unique mild solution
of

u′n(t) = Aun(t) + Fn(un(t)), t ≥ 0, un(0) = u0,

with maximal existence time t+(u0, Fn). Take any 0 < b < t+(u0, F ). Show
that lim infn→∞ t+(u0, Fn) > b and that un → u uniformly on [0, b] as n→∞.
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LECTURE 10

The nonlinear Schrödinger equation

We now start with the last major part of the Internet Seminar which is
devoted to the basic version of the nonlinear Schrödinger equation. In this
lecture we first discuss a bit its derivation and its role in mathematical physics.
We then study several (more or less) explicit solutions of the equation and
derive two important conservation laws for sufficiently regular solutions. In
view of these results, we will then reconsider the free Schrödinger group T (·)
generated by i∆ on L2(Rd) and extend these operators to a larger space. Finally,
we establish a representation formula for T (t) which implies that T (t) maps
L1(Rd)∩L2(Rd) into L∞(Rd). This property expresses the dispersive behavior
of the linear Schrödinger equation and it is a first step towards Strichartz’
estimates shown in the next lecture.
We investigate the nonlinear Schrödinger equation

i∂tu(t, x) = −∆u(t, x) + µ|u(t, x)|α−1u(t, x), x ∈ Rd, t ∈ J,

u(0, x) = u0(x), x ∈ Rd,
(10.1)

where J is a nontrivial interval with 0 ∈ J . Equivalently, one can write
∂tu(t, x) = i∆u(t, x)− iµ|u(t, x)|α−1u(t, x), x ∈ Rd, t ∈ J,

u(0, x) = u0(x), x ∈ Rd.
(10.2)

We put a+ = max{a, 0} for a ∈ R. Throughout it is assumed that

µ ∈ {−1, 1} and 1 < α <
d+ 2

(d− 2)+
=: αc. (10.3)

Right away we point out that (10.1) or (10.2) cannot be treated with the meth-
ods of the two previous lectures. The operator i∆ is a generator on L2(Rd), but
the nonlinearity F (u) = −iµ|u|α−1u does not map L2(Rd) into itself.
The case µ = 1 is called defocusing, and one calls the case µ = −1 focusing.

We later explain this terminology a bit and describe the differences between
the two cases. Actually, one can consider more general nonlinearities (under
appropriate growth assumptions) and one could replace −∆ by a more general
Schrödinger operator, e.g., of the form −∆+V for a potential V . We refer to the
monograph [Caz03] for a systematic study of nonlinear Schrödinger equations.
To avoid technical difficulties, we restrict ourselves to the model nonlinearity
in (10.1) which already gives a very good insight into the field.
The borderline “critical” case α = αc for d ≥ 3 (see (10.3)) is quite demand-

ing. One could tackle the corresponding local wellposedness results at or after
the end of our course, but for this case the main theorems on global existence
are far beyond our scope. An extended and detailed survey is given in [Tao06].
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Mathematically, the nonlinear Schrödinger equation serves as a model prob-
lem for the large class of so-called dispersive partial differential equations, see
[Tao06]. It further arises in various areas of physics. We briefly describe two
of the main fields of applications.
The first one is nonlinear optics in a so-called Kerr medium. Here one consid-

ers electromagnetic waves in a material, say a glass fiber. The time evolution of
the waves is governed by Maxwell’s equations. The effects of the material enter
into the polarization P which depends on the electric field E. One expresses the
relation P = P (E) by Taylor’s formula up to third order, say. If the material
has a centrosymmetric and isotropic structure, the second order term in this
expansion vanishes. Also the third order term simplifies and involves only the
expression (E · E)E. One calls the resulting material law a Kerr nonlinearity.
Still, the nonlinear Maxwell equation is a quite demanding problem and thus
one looks for further simplifications. To this end, one writes the electric field
as a Taylor series whose leading term is a wave packet of the form

E0(t, x) = A(t, x)ei(ξ0·x−ω0t) +A(t, x)e−i(ξ0·x−ω0t)

with the wave vector ξ0 ∈ R3, the frequency ω0 ∈ R and the amplitude function
A. One then inserts this ansatz into the nonlinear Maxwell equation. Af-
ter long calculations, further approximations and transformations, one ends up
with an equation for the transformed amplitude Ã, which only depends on the
(transformed) space variable from R3. This equation is a nonlinear Schrödinger
equation with d = 2 and α = 3, where the t-variable corresponds to the co-
ordinate of the direction of propagation of the wave (along the glass fiber).
Moreover, in the equation appear additional coefficients determined by the ma-
terial law. We refer to Chapters 2 and 3 of [MN04] for a detailed treatment
of this sophisticated derivation. It can also be seen that a negative coefficient
in front of |Ã|2Ã corresponds to an increased refraction index so that light is
focused here, in accordance with the above terminology.
We note that the above reasoning can also be used for other problems, and

quite often it turns out that the nonlinear Schrödinger equation (approximately)
describes envelopes of wave packets (see e.g. [SW11]).
A second source for nonlinear Schrödinger equations are Bose-Einstein con-

densates. Such a condensate is the state of matter of a gas of N bosons which
are trapped by an external potential V and kept at an absolute temperature
very close to 0. All bosons occupy the same quantum state and can thus be
described by a single wave function u : R3 → C giving the particle density |u|2
(so that ‖u‖22 = N). The interactions between the bosons lead to nonlinear con-
tributions to the Schrödinger equation for this quantum system. Considering
only binary collisions between the bosons, one sees that u satisfies a version of
(10.1) with α = 3, where one adds in (10.1) the term V u on the right-hand side
and multiplies the other terms by suitable coefficients. The resulting equation
is often called Gross-Pitaevski equation.
We observe that in the above applications the exponent α = 3 occurs na-

turally. This case is admitted in (10.3) for the space dimensions d ∈ {1, 2, 3},
whereas it is critical for d = 4. In view of the applications also α = 5 would be
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interesting. This number is allowed in (10.3) only for d ∈ {1, 2} and it is critical
for d = 3. We also consider non-integer α mainly for mathematical reasons.
We first derive several more or less explicit solutions of (10.1) to get an insight

to this equation, where (10.1) is understood in a pointwise sense.

Example 10.1 (Plane waves).
Let ξ ∈ Rd \ {0} and a ∈ C. We claim that the smooth function wξ given by

wξ(t, x) = aeiξ·xe−i|ξ|2te−iµ|a|α−1t, t ∈ R, x ∈ Rd, (10.4)
satisfies (10.2) with wξ(0, x) = aeiξ·x. In fact, consider functions of the form
v(t, x) = φ(t)eiξ·x for some φ ∈ C1(R) and for t ∈ R and x ∈ Rd. We then
have ∂tv(t, x) = φ′(t)eiξ·x and ∆v(t, x) = −|ξ|2v(t, x) for (t, x) ∈ Rd+1. Since
|v| = |φ|, the function v satisfies (10.2) if

φ′(t) = −i(|ξ|2 + µ|φ(t)|α−1)φ(t), t ∈ R.
For an initial value φ(0) = a ∈ C, this scalar differential equation has the
solution φ(t) = a exp(−i(|ξ|2 + µ|a|α−1)t). ♦

One calls functions as wξ in (10.4) plane waves. Here a is the amplitude, ξ
is the wave vector and ω = |ξ|2 + µ|a|α−1 is the frequency. Observe that the
summand |ξ|2 in ω comes from −∆ whereas µ|a|α−1 is the contribution of the
nonlinear part which depends on the absolute value of wξ. For µ = 1 these two
terms add up and so the nonlinearity increases the frequency and thus the time
oscillation, whereas for µ = −1 the oscillations partly cancel.
The wave wξ equals the amplitude a on the plane given by

1
|ξ|
ξ · x =

(
|ξ|+ µ

|a|α−1

|ξ|

)
t =: v(ξ)t.

This plane moves along its unit normal vector 1
|ξ|ξ with the phase velocity v(ξ)

which depends on the length of the wave vector. This behavior is called disper-
sion. Dispersion causes plane waves with different wave vectors ξj (say, having
the same direction 1

|ξj |ξj = η) to spread out in space as time evolves. This effect
will be stronger in the defocusing case µ = 1, since again the nonlinear effect
adds to the linear one. In the case µ = −1 the waves exhibit less dispersion,
they longer stay focused.
We next consider standing waves which are solutions of (10.1) where a time

independent profile ϕω oscillates in time due to a factor eiωt.

Example 10.2 (Standing waves in the focusing case).
For µ = −1 and each ω > 0 and 1 < α < αc there is a function ϕω ∈ H2(Rd)
such that the function uω ∈ C∞(R, H2(Rd)) given by uω(t) = eiωtϕω, t ∈ R,
satisfies (10.1). In fact, we first note that uω satisfies (10.1) if ϕω ∈ H2(Rd)
solves the semilinear elliptic equation

−∆ϕω + ωϕω = |ϕω|α−1ϕω (10.5)
on Rd. For d = 1 and ω = 1 one finds an explicit solution, namely

ϕ1(x) =
( √

q + 1
cosh(qx)

)1
q

, x ∈ R,
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where we set q = α−1
2 . For α = 3, one has q = 1 and ϕ1 =

√
2

cosh . In general, one
can solve (10.5) by means of the calculus of variations.1 This is done in Section
8.1 of [Caz03]. The combination of several theorems in this section even gives
a strictly positive solution ϕω ∈ H2(Rd) ∩ C2(Rd) of (10.5). Moreover, ϕω is
spherically symmetric and ϕω, |∇ϕω| decay exponentially as |x| → ∞. ♦
The cases µ = 1 and µ = −1 in (10.1) with 1 < α < αc crucially differ

with respect to global existence. For the defocusing case we will show global
existence in Lecture 13. In the focusing case one has blow-up if 1+ 4

d ≤ α < αc,
see Corollary 6.5.14 in [Caz03]. For the case α = 1+ 4

d one can find an exploding
solution based on Example 10.2. We stress that the blow-up occurs in H1(Rd),
whereas the norm in L2(Rd) stays constant.

Example 10.3 (Blow-up solution).
Let µ = −1, α = 1 + 4

d and ω > 0. Take the standing wave solution uω(t) =
eiωtϕω, t ∈ R, from Example 10.2, where 0 < ϕω ∈ H2(Rd) ∩ C2(Rd) solves
(10.5). We define

u(t, x) = (i(t− 1))−
d
2 ei |x|

2
4(t−1) e−i ω

(t−1)ϕω
( 1
t−1x

)
, t ∈ R \ {1}, x ∈ Rd.

(If you wonder how one can guess such a formula, you may look at p. 115/116
of [Tao06].) A direct, but somewhat tedious computation shows that u satisfies
(10.1) for t 6= 1 with µ = −1 and α = 1 + 4

d . Moreover, for t 6= 1 we have

‖u(t)‖22 =
∫
Rd
|t− 1|−d|ϕω

( 1
t−1x

)
|2 dx = ‖ϕω‖22,

‖|∇u(t)|‖22 =
∫
Rd
|t− 1|−d

∣∣∣ i
2(t−1)ϕω

( 1
t−1x

)
x+ 1

t−1∇ϕω
( 1
t−1x

)∣∣∣2 dx

≥
∫
Rd
|t− 1|−d−2∣∣∇ϕω( 1

t−1x
)∣∣2 dx = |t− 1|−2‖|∇ϕω|‖22.

As a result, this solution explodes as t→ 1− in H1(Rd) though it stays bounded
in L2(Rd). Observe that the initial value u(0) belongs to H2(Rd) since ϕω ∈
H2(Rd) and ϕω, |∇ϕω| decay exponentially as |x| → ∞, see Example 10.2. ♦
To understand the different behavior of the L2– and H1–norm in the above

example, we next discuss preliminary versions of the two fundamental conser-
vation laws for the L2-norm and for the energy. To that purpose, we recall that
Sobolev’s embedding (5.5) yields H1(Rd) ↪→ L1+α(Rd) for 1 < α < αc since
1− d

2 > −
d

1+α .
2 As a result, on H1(Rd) the “energy”

E(v) = 1
2

∫
Rd
|∇v|2 dx+ µ

α+ 1

∫
Rd
|v|α+1 dx = 1

2‖|∇v|‖
2
2 + µ

α+1‖v‖
1+α
1+α (10.6)

is defined, and E : H1(Rd) → R is real continuously differentiable by Corol-
lary 9.3. If µ = 1, we have ‖v‖21,2 ≤ 2E(v) + ‖v‖22 so that the H1–norm is
controlled by the energy and the L2–norm in the defocusing case.

1We note that the corresponding result proved in Proposition 9.8 is much easier because
of the existence of an isolated simple eigenvalue for the (Dirichlet) Laplacian.

2Here one can also allow for α = αc if d 6= 2. Since the critical case α = αc is not treated
below, mostly we will not mention such facts further on.
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Remark 10.4 (Conservation of the L2–norm). Let u ∈ C1(J, L2(Rd)) ∩
C(J,H2(Rd)) satisfy (10.1). Integration by parts then yields

d
dt ‖u(t)‖22 = d

dt

∫
Rd
u(t)u(t) dx = 2 Re

∫
Rd
u′(t)u(t) dx

= 2 Re i
∫
Rd

(
∆u(t)− µ|u(t)|α−1u(t)

)
u(t) dx

= 2 Im
∫
Rd

(|∇u(t)|2 + µ|u(t)|α+1) dx = 0

for t ∈ J . As a result, ‖u(t)‖2 = ‖u0‖2 for all t ∈ J .
Recall that in the linear case µ = 0 one has the same conservation property,

which extends to (10.1) due to the structure of the nonlinearity. ♦

Remark 10.5 (Conservation of energy). Let u ∈ C1(J,H1(Rd)) ∩
C(J,H2(Rd)) satisfy (10.1). The chain rule, Corollary 9.3 and an integration
by parts then imply

d
dt E(u(t)) =

∫
Rd

Re
(
∇u(t) · ∇u′(t)

)
dx+ µ

∫
Rd

Re
(
|u(t)|α−1u(t)u′(t)

)
dx

= Re
∫
Rd

(−∆u(t) + µ|u(t)|α−1u(t))u′(t) dx

= Re
∫
Rd

iu′(t)u′(t) dx = 0

for t ∈ J . Therefore E(u(t)) = E(u0) for all t ∈ J . ♦

The above results indicate that there is some hope to control the H1–norm
of solutions at least in the defocusing case. Aiming at global existence, we are
thus looking for a framework for the nonlinear Schrödinger equation (10.2) in
which we can derive a blow-up condition involving only the H1–norm. Looking
at the proof of Theorem 8.6, one sees that the norm for the blow-up condition
is closely tied to the required regularity for the initial value. So one would like
to take u0 ∈ H1(Rd) and thus looks for solutions u in C(J,H1(Rd)).
But how to extend the Laplacian to H1(Rd)? Actually, there are several ways

to do this, where we use an approach motivated by the Lax-Milgram theorem.
To this aim, we define the Sobolev spaces of negative order by duality, i.e.,

W−kp (Rd) = W k
p′(Rd)∗ for k ∈ N, 1 < p <∞,

endowed with the norm

‖ϕ‖−k,p = sup
‖v‖k,p′≤1

|ϕ(v)| = sup
‖v‖k,p′≤1

〈v, ϕ〉Wk
p′
,

where p′ = p
p−1 and 〈 · , · 〉Wk

p′
denotes the duality pairing between W k

p′(Rd) and
W−kp (Rd). As before, we set

H−k(Rd) = Hk(Rd)∗

for p = 2. Observe that the space W−kp (Rd) is reflexive and that its dual can
be identified with W k

p′(Rd).
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We focus on H−1(Rd) and first discuss its relation to the Lp spaces. The
inclusion map J : H1(Rd) → L2(Rd) is injective and has dense range. We
identify L2(Rd) with L2(Rd)∗. Standard results from functional analysis then
imply that also J∗ : L2(Rd)→ H−1(Rd) is injective and has dense range. (See
the proof of Theorem C.5 and note that one can identify J∗∗ with J .) We thus
obtain the dense embeddings

H1(Rd) ↪→ L2(Rd) ∼= L2(Rd)∗ ↪→ H−1(Rd). (10.7)

Here a function f ∈ L2(Rd) induces the continuous linear functional ϕf = J∗f

on H1(Rd) given by

ϕf (v) = 〈v, ϕf 〉H1 =
∫
Rd
vf dx, v ∈ H1(Rd). (10.8)

Sobolev’s embedding (5.5) further shows that

H1(Rd) ↪→ L1+α(Rd) for 1 < α <
d+ 2

(d− 2)+
= αc. (10.9)

As above we deduce that

L1+α(Rd)∗ ∼= L
1+α
α (Rd) ↪→ H−1(Rd), (10.10)

where the embedding is given as in (10.8). We thus identify Lq(Rd) with a
subspace of H−1(Rd) for 1+ 1

αc
< q ≤ 2 and write f instead of ϕf in (10.8). We

stress that the duality between H1(Rd) and H−1(Rd) extends that of Lq′(Rd)
and Lq(Rd) for these q.

Remark 10.6. (a) Corollary 9.3 shows that the nonlinearity F (u) =
−iµ|u|α−1u is real continuously differentiable and Lipschitz on bounded sets
as a map F : L1+α(Rd) → L

1+α
α (Rd), and it satisfies ‖F ′(u)‖ ≤ c‖u‖1+α

1+α. In
view of the embeddings (10.9) and (10.10), the analogous results hold if we
consider F as a map F : H1(Rd)→ H−1(Rd). ♦
(b) Sobolev’s embedding (5.5) further yields that H2(Rd) ↪→ L2α(Rd) since

2− d
2 ≥ −

d
2α by (10.3). From Corollary 9.3 we thus deduce that F : H2(Rd)→

L2(Rd) is real continuously differentiable and Lipschitz on bounded sets. ♦

We next extend the weak partial derivative ∂k : H1(Rd) → L2(Rd) to a
bounded linear map from L2(Rd) to H−1(Rd), again denoted by ∂k. For u ∈
L2(Rd) we define ∂ku by

〈v, ∂ku〉H1 = −
∫
Rd

(∂kv)udx, v ∈ H1(Rd). (10.11)

Clearly, |〈v, ∂ku〉H1 | ≤ ‖u‖2‖v‖1,2 so that ∂ku belongs to H−1(Rd). As a conse-
quence, we can extend the second derivatives ∂kl and the Laplacian ∆ to maps
in B(H1(Rd), H−1(Rd)), which we also denote by ∂kl and ∆, respectively. By
(10.11), for u ∈ H1(Rd) the functional ∆u acts on H1(Rd) as

〈v,∆u〉H1 = −
∫
Rd
∇u · ∇v dx, v ∈ H1(Rd). (10.12)

One often calls this operator weak Laplacian.
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We will need a scalar product on H−1(Rd). To this aim, we first claim that
I −∆ : H1(Rd) → H−1(Rd) is an invertible isometry. In fact, for u ∈ H1(Rd)
the definitions (10.8) and (10.12) imply

‖u−∆u‖−1,2 = sup
‖v‖1,2=1

|〈v, u−∆u〉H1 | = sup
‖v‖1,2=1

∣∣∣∫
Rd
vudx+

∫
Rd
∇v · ∇udx

∣∣∣
= sup
‖v‖1,2=1

|(u|v)H1 | = ‖u‖1,2. (10.13)

Applying the Lax-Milgram Theorem 5.11 to the bounded and strictly accretive
sesquilinear form given by a(v, w) = (v|w)H1 on H1(Rd), we further see that
I −∆ : H1(Rd)→ H−1(Rd) is bijective, as claimed. We then introduce

(ϕ|ψ)H−1 := ((I −∆)−1ϕ|(I −∆)−1ψ)H1 for ϕ,ψ ∈ H−1(Rd). (10.14)

It is clear that (10.14) defines a scalar product on H−1(Rd). Setting u−∆u =
ϕ ∈ H−1(Rd) in (10.13), we see that this scalar product induces the norm ‖·‖−1,2
on H−1(Rd). We stress that one should not identify the Hilbert space H−1(Rd)
with its dual H1(Rd) in the present context and that the scalar product in
(10.14) does not coincide with that of L2(Rd) if φ, ψ ∈ L2(Rd). We can now
establish the relevant properties of ∆ on H−1(Rd).

Lemma 10.7. The operator I −∆ is an invertible isometry from H1(Rd) to
H−1(Rd), and ∆ with domain H1(Rd) is selfadjoint and dissipative in H−1(Rd).
Thus i∆ with domain H1(Rd) generates a unitary C0–group on H−1(Rd) which
extends the unitary C0–group in L2(Rd) generated by i∆ with domain H2(Rd).

Proof. We start with preparations. In this proof, we distinguish between
the Laplacian ∆−1 in H−1(Rd) with domain H1(Rd) and the Laplacian ∆1 in
H1(Rd) with domain H3(Rd). The operator I − ∆1 is invertible in H1(Rd),
which can be seen as the corresponding result in L2(Rd), cf. Example 5.10. It
is straight forward to check that ∆1 is symmetric. Moreover, (I − ∆1)−1 is
the restriction of (I − ∆−1)−1 to H1(Rd). In fact, for f ∈ H1(Rd) we have
u = (I − ∆−1)−1f ∈ H1(Rd) and v = (I − ∆1)−1f ∈ H3(Rd). Hence, (I −
∆−1)u = (I −∆1)v = (I −∆−1)v and so u = v.
The first assertion was shown above. To verify the symmetry of ∆−1, we take

u, v ∈ H1(Rd) and compute

(∆−1u | v)H−1 = ((I −∆−1)−1∆−1u | (I −∆−1)−1v)H1

= (∆−1(I −∆−1)−1u | (I −∆−1)−1v)H1

= (∆1(I −∆1)−1u | (I −∆1)−1v)H1

= ((I −∆1)−1u |∆1(I −∆1)−1v)H1

= (u |∆−1v)H−1 .

Similarly, one sees that ∆−1 is dissipative. Remark 5.6 (f) now implies the
selfadjointness of ∆−1 since I −∆−1 is invertible.
By Stone’s Theorem 5.7, i∆−1 generates a unitary C0–group on H−1(Rd).

For u0 ∈ H2(Rd) the corresponding Cauchy problem is also solved by the group
generated by i∆ on L2(Rd) (because ∆−1 extends ∆ with domain H2(Rd) and
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L2(Rd) ↪→ H−1(Rd)). Since H2(Rd) is dense in L2(Rd), it is densely embedded
into H−1(Rd). The uniqueness of the solutions to the Cauchy problem then
yields the last assertion. �

By T (·) we denote both the unitary C0–group in H−1(Rd) constructed in
Lemma 10.7 and the unitary C0–group generated by i∆ on L2(Rd), which is
the restriction of the first one. These groups are called free Schrödinger groups.
Using the above observations, we rewrite the Schrödinger equation (10.2) as

the evolution equation
u′(t) = i∆u(t)− iµ|u(t)|α−1u(t), t ∈ J, u(0) = u0, (10.15)

in H−1(Rd) or L2(Rd) =: H0(Rd). We next introduce our solution concepts.

Definition 10.8. Let 1 < α < d+2
(d−2)+

= αc, µ ∈ {−1, 1} and k ∈ {1, 2}.
Let u0 ∈ Hk(Rd). An Hk–solution of (10.15) is a function u ∈ C(J,Hk(Rd))∩
C1(J,Hk−2(Rd)) that satisfies (10.15).

If u is an H1-solution of (10.15), then F ◦ u : J → H−1(Rd) is continuous by
Remark 10.6. By Proposition 6.5, u thus satisfies the integral equation

u(t) = T (t)u0 +
∫ t

0
T (t− s)F (u(s)) ds, t ∈ J, (10.16)

in H−1(Rd), where u0 ∈ H1(Rd) and the integral exists in the space H−1(Rd).
As in Lecture 8, we will establish the local wellposedness theory for the

nonlinear Schrödinger equation by solving the fixed point problem (10.16). But
one sees right away that this is a much harder task than before since F only
maps L1+α(Rd) into L

1+α
α (Rd) and thus loses integrability. At first glance, the

convolution with T (·) does not help since T (t) is unitary on H−1(Rd) or L2(Rd)
and hence does not map into a “better” space. However, if one leaves the L2

framework, one can show that T (t) in fact improves integrability to some extent.
This property is encoded in Strichartz’ estimates proved in the next lecture.
As a first step in this direction, we derive a representation formula for T (t)

on L2(Rd) ∩ L1(Rd). It says that on this space T (t) looks like the diffusion
semigroup with “imaginary time” it. The formula implies that T (t)v ∈ C∞(Rd)
if v ∈ L2(Rd) has compact support.

Lemma 10.9. The free Schrödinger group is given by

T (t)v(x) = 1
(4πit)

d
2

∫
Rd

ei |x−y|
2

4t v(y) dy (10.17)

for all v ∈ L1(Rd) ∩ L2(Rd), t ∈ R \ {0}, and a.e. x ∈ Rd.

Proof. 1) Observe that the right-hand side of (10.17) defines a bounded
map from L1(Rd) to L∞(Rd) for t 6= 0. Moreover, C∞c (Rd) is dense in L1(Rd)∩
L2(Rd) with respect to the sum norm ‖ · ‖1 + ‖ · ‖2. (This fact can be seen by
an inspection of part 1) in the proof of Theorem D.13.) It thus suffices to show
(10.17) for v ∈ C∞c (Rd).
2) To derive (10.17), we will use the Fourier transform F : ϕ 7→ ϕ̂. We

recall that F is a unitary operator on L2(Rd) and that for ϕ ∈ H2(Rd) we
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have F(∆ϕ) = −|ξ|2Fϕ, see Theorem 5.9 or Appendix E. For v ∈ C∞c (Rd),
the function u = T (·)v belongs to C(R, H2(Rd)) ∩ C1(R, L2(Rd)) and satisfies
u′(t) = i∆u(t) for t ∈ R. Since

1
t′−t

(
Fu(t′)−Fu(t)

)
= F

( 1
t′−t(u(t′)− u(t))

)
tends to Fu′(t) in L2(Rd) as t′ → t, it follows that û ∈ C1(R, L2(Rd)) and
û′(t) = Fu′(t). We thus obtain

d
dt û(t) = F(i∆u(t)) = −i|ξ|2û(t), t ∈ R, û(0) = v̂.

Solving this ordinary differential equation for fixed ξ ∈ Rd, we arrive at

û(t, ξ) = e−it|ξ|2 v̂(ξ) = γit(ξ)v̂(ξ)

for all t ∈ R and ξ ∈ Rd, where γz(ξ) := e−z|ξ|2 for ξ ∈ Rd and z ∈ C,
γit ∈ Cb(Rd) and v̂ ∈ L2(Rd) ∩ L1(Rd). As a result, u(t) = F−1(γitv̂). Since
γit is not the Fourier transform of an L1-function, we cannot directly apply the
convolution formula in Theorem 5.9 (b). Instead we consider the regularization
mε(t) = γit+ε ∈ L1(Rd) ∩ L2(Rd) for ε > 0. We compute below F−1mε and
obtain F−1mε ∈ L1(Rd). Hence, we can apply Theorem 5.9 (b) to mεv̂.
Since |mε| ≤ 1 and mε(t) converges pointwise to γit, Lebesgue’s theorem and

Theorem 5.9 thus imply that

u(t) = F−1(γitv̂) = lim
ε→0
F−1(mε(t)v̂) = lim

ε→0
(2π)−

d
2 (F−1mε(t)) ∗ v

for all t ∈ R. Usingmε ∈ L1(Rd)∩L2(Rd) and Theorem 5.9, we further compute

[F−1mε(t)](x) = (2π)−
d
2

∫
Rd

eix·ξe−it|ξ|2e−ε|ξ|2 dξ =
d∏

k=1

1√
2π

∫
R

eixkξk−(it+ε)ξ2
k dξk

for all t 6= 0 and x ∈ Rd. By means of complex contour integrals we show in
step 3) that ∫

R
e−(it+ε)s2eixks ds =

√
π

it+ ε
e
−x2

k
4(it+ε) . (10.18)

Hence, F−1mε ∈ L1(Rd) as needed above, and we arrive at

u(t, x) = 1
(4π)

d
2

lim
ε→0

∫
Rd

1
(it+ ε)

d
2

e−
|x−y|2
4(it+ε) v(y) dy.

For fixed t 6= 0 and x ∈ Rd, Lebesgue’s theorem allows to let ε → 0 in the
integral since v ∈ C∞c (Rd), and hence (10.9) holds.
3) It remains to check (10.18), where x := xk ∈ R, t ∈ R and ε > 0 are fixed.

We set ζ = ix
2(it+ε) and compute∫

R
e−(it+ε)s2eixs ds = e−

x2
4(it+ε)

∫
R

e−(it+ε)(s−ζ)2 ds = e−
x2

4(it+ε)

∫
R−ζ

e−(it+ε)z2 dz.
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We set f(z) = e−(it+ε)z2 and I =
∫
R−ζ f dz. We have to show that I =

√
π

it+ε .
To this purpose, we consider the contour Γn = Γb

n ∪ Γr
n ∪ Γt

n ∪ Γl
n, where

Γb
n = [−n, n], Γr

n =
{
z = n+ τζ

∣∣ − 1 ≤ τ ≤ 0
}
,

Γt
n =

{
z = τn− ζ

∣∣ − 1 ≤ τ ≤ 1
}
, Γl

n =
{
z = −n+ τζ

∣∣ − 1 ≤ τ ≤ 0
}

for n ∈ N, where Γn is oriented counterclockwise. Cauchy’s theorem yields∫
Γn f dz = 0. We can find a constant c > 0 such that

sup
z∈Γr

n∪Γl
n

|e−(it+ε)z2 | ≤ e−εn2ecn

for all n ∈ N, and hence
∫

Γjn
f dz → 0 as n → ∞, for j = l, r. By a similar

estimate one sees that
∫

Γt
n
f dz tends to I as n→∞. Letting n→∞, we thus

deduce that I = 2
∫∞

0 f(s) ds.
Let t > 0 and set β = 1

2 arg(it+ ε) ∈ (0, π4 ). Since |
√

it+ ε| eiβ =
√

it+ ε, we
have

I = 2√
it+ ε

∫
eiβR+

e−z2 dz.

To evaluate this integral, we use the contour Γn = eiβ[0, n]∪
{
neiσ ∣∣ 0 ≤ σ ≤ β}∪

[0, n] (with positive orientation). Since |e−n2e2iσ | ≤ e−n2 cos 2β for σ ∈ [0, β],
Cauchy’s theorem now yields

I = 2√
it+ ε

∫ ∞
0

e−s2 ds =
√
π√

it+ ε
,

as asserted. The case t ≤ 0 is treated in the same way. �

This representation formula allows to establish the dispersive behavior of
T (t). Indeed, the next corollary says that T (t) flattens initial data in L1(Rd)∩
L2(Rd), in the sense that they become immediately bounded and then tend to
0 in all Lq–norms for q > 2 as t → ∞. Since the L2–norm is preserved, local
concentrations of T (t)v must be pushed towards infinity in Rd.

Corollary 10.10. The operators T (t) from Lemma 10.9 extend from
L1(Rd) ∩ L2(Rd) to operators in B(Lp′(Rd), Lp(Rd)) for all p ∈ [2,∞] and
t ∈ R \ {0}, with norm bounded by (4π|t|)d( 1

p
− 1

2 ).

Proof. By Lemma 10.9, T (t) maps (L1(Rd) ∩ L2(Rd), ‖ · ‖1) into L∞(Rd)
with norm bounded by (4π|t|)−

d
2 . Moreover, it has norm 1 as an operator on

L2(Rd). Let p ∈ [2,∞]. The Riesz-Thorin interpolation theorem now shows
that we can extend T (t) to an operator from Lp

′(Rd) to Lp(Rd) with norm less
or equal (4π|t|)

d
p
− d2 , see e.g. Theorem IX.17 in [RS75] and use t = 2

p there. �
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LECTURE 11

Strichartz’ estimates

In this lecture we establish Strichartz’ estimates for the linear Schrödinger
equation u′ = i∆u in the subcritical case. These estimates will be the crucial
ingredient for our further analysis of the nonlinear Schrödinger equation. For
the proof of these estimates we need Corollary 10.10 of the previous lecture, the
Hardy-Littlewood-Sobolev inequality and a few other preparations. We state,
discuss and show Strichartz’ estimates at the end of this lecture.
To motivate the need for Strichartz’ estimates, we sketch the way to solve

the nonlinear Schrödinger equation
u′(t) = i∆u(t)− iµ|u(t)|α−1u(t), t ∈ J, u(0) = u0. (11.1)

Here one cannot apply the results of Lecture 8 since the nonlinearity does not
map L2(Rd) into L2(Rd). We still want to use the methods of Lecture 8. In this
spirit we look at the integrated version of (11.1),

u(t) = T (t)u0 − iµ
∫ t

0
T (t− s)u(s)|u(s)|α−1 ds, t ∈ J, (11.2)

see (10.16), where T (·) is the unitary C0–group generated by i∆. The right-
hand side of (11.2) defines an operator Φ whose fixed point will solve (11.1).
To apply the contraction mapping principle, we need a function space which
is mapped into itself by Φ. Because of α > 1, we lose integrability in the
nonlinearity. However, the one-sided convolution with T (·), given by

T ∗+ f(t) =
∫ t

0
T (t− s)f(s) ds, t ∈ J,

could regain some integrability. There is hope for such a result since we have
seen in Corollary 10.10 that T (t) defined on L1(Rd) ∩ L2(Rd) has a bounded
extension T (t) : Lp′(Rd)→ Lp(Rd) with norm

‖T (t)‖B(Lp′ ,Lp) ≤ (4π|t|)
d
p
− d2 (11.3)

for all p ∈ [2,∞] and t ∈ R \ {0}. One calls (11.3) a dispersive estimate since
it says that initial values in L1(Rd)∩L2(Rd) are mapped to bounded functions
by the free Schrödinger group T (·). Because the L2–norm is preserved, the
solution must spread out in space.
To treat the fixed point problem (11.2), we have to bound T ∗+ f and the

orbit T (·)u0. The needed inequalities will follow from (11.3), but this derivation
fills the entire lecture. The resulting estimates are named after R. Strichartz
who proved such estimates for the wave equation in 1977 (see [Str77]). Various
versions were then shown in the following years, see Section 2.3 in [Caz03]. The
development culminated in the paper [KT98] from 1998 by M. Keel and T. Tao
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who established the result in a certain borderline case (described below) which
is needed for the critical case α = αc in (11.1), cf. (10.3). By now, Strichartz
type estimates are known for a wide range of dispersive equations.
We will show a basic version of Strichartz’ estimates in the subcritical case

for the free Schrödinger group. This result fits to our problem (11.1) with
1 < α < αc. To exploit the dispersive estimate (11.3), one needs the Hardy-
Littlewood-Sobolev inequality for the space dimension n = 1, see (11.4), which
is of independent interest.
To derive this inequality, we first represent the Lp–norm of a function f :

Rn → C in terms of its distribution function df defined by

df (s) =
∫
Rn

1{|f |>s}(x) dx, s ≥ 0.

Here we use the notation {|f | > s} =
{
ξ ∈ Rn

∣∣ |f(ξ)| > s
}
.

Lemma 11.1. For all p ∈ [1,∞) and f ∈ Lp(Rn) we have

‖f‖pp = p

∫ ∞
0

sp−1df (s) ds.

Proof. Using Fubini’s theorem, we compute

‖f‖pp =
∫
Rn
|f(x)|p dx =

∫
Rn

(∫ |f(x)|

0
psp−1 ds

)
dx

= p

∫ ∞
0

sp−1
(∫

Rn
1(0,|f(x)|)(s) dx

)
ds.

The assertion now follows from the fact that 1(0,|f(x)|)(s) = 1{|f |>s}(x). �

We next show the Hardy-Littlewood-Sobolev inequality. Its proof is elemen-
tary and laborious, but quite entertaining.

Theorem 11.2 (Hardy-Littlewood-Sobolev inequality). Let β, γ ∈ (1,∞)
and 0 < λ < n satisfy 1

β + λ
n + 1

γ = 2. Then there is a constant C > 0 such that∫
Rn
|f(x)|

∫
Rn

|g(y)|
|x− y|λ

dy dx ≤ C‖f‖β‖g‖γ (11.4)

for all f ∈ Lβ(Rn) and all g ∈ Lγ(Rn). As a result,(∫
Rn

[∫
Rn

|g(y)|
|x− y|λ

dy
]β′

dx
) 1
β′ ≤ C‖g‖γ . (11.5)

The inequality (11.5) resembles Young’s convolution estimate. (See Theorem
1.2.12 in [Gra08].) To see this relation, let ϕλ(x) = |x|−λ for x ∈ Rn \ {0} and
ϕλ(0) = 0, where λ ∈ (0, n). If we had ϕλ ∈ Lr(Rn) with 1

r = 1 + 1
β′ −

1
γ and

r, β, γ ∈ [1,∞], then Young’s inequality would give

‖ϕλ ∗ g‖β′ ≤ ‖ϕλ‖r‖g‖γ for all g ∈ Lγ(Rn). (11.6)

To show (11.5), we would need here λ = n(2 − 1
β −

1
γ ), i.e., λr = n. So

ϕλ ∈ Lr(Rn) would require that
∫
Rn |x|−n dx < ∞ which is not quite true. In

(11.5) we have shown (11.6) (at least for positive g) with ‖ϕλ‖r replaced by C.
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Proof. 1) Assertion (11.5) follows from (11.4) by a duality argument. For
(11.4) it suffices to prove the inequality

I(f, g) :=
∫
Rn

∫
Rn

f(x)g(y)
|x− y|λ

dx dy ≤ C (11.7)

under the assumption that f, g ≥ 0 and ‖f‖β = ‖g‖γ = 1. The derivation of
(11.7) is based on Lemma 11.1 and the distribution functions df and dg. As in
the proof of Lemma 11.1, for x ∈ Rn we have

f(x) =
∫ ∞

0
1(0,f(x))(r) dr =

∫ ∞
0

1{f>r}(x) dr,

and in the same way g(y) =
∫∞

0 1{g>s}(y) ds for y ∈ Rn. Moreover,

|x|−λ = λ

∫ ∞
|x|

t−λ−1 dt = λ

∫ ∞
0

t−λ−1
1(|x|,∞)(t) dt = λ

∫ ∞
0

t−λ−1
1B(0,t)(x) dt.

These facts and Fubini’s theorem yield

I(f, g) = λ

∫ ∞
0

∫ ∞
0

∫ ∞
0

t−λ−1J(r, s, t) dt dsdr, (11.8)

where we have set

J(r, s, t) :=
∫
Rn

∫
Rn

1{f>r}(x)1{g>s}(y)1B(0,t)(x− y) dx dy.

2) Let r, s, t > 0. We estimate J(r, s, t) in three ways. We first derive

J(r, s, t) ≤
∫
Rn

∫
Rn

1{g>s}(y)1B(0,t)(x− y) dx dy

=
∫
Rn

1{g>s}(y)
∫
B(y,t)

1 dx dy = C1dg(s)tn, (11.9)

where C1 = vol(B(0, 1)). Similarly, one obtains

J(r, s, t) ≤ C1df (r)tn, J(r, s, t) ≤ df (r) dg(s). (11.10)

3) We fix r, s > 0 and estimate the inner integral in (11.8) in two ways. We
first split the integral at t = df (r)

1
n and use (11.9) for the first summand and

the second part of (11.10) for the second summand, arriving at∫ ∞
0

t−λ−1J(r, s, t) dt ≤ C1

∫ df (r)
1
n

0
dg(s)t−λ−1+n dt+

∫ ∞
df (r)

1
n

df (r)dg(s)t−λ−1 dt

= C1
n− λ

dg(s)df (r)
n−λ
n + 1

λ
df (r)dg(s)df (r)−

λ
n

= λC1 + n− λ
λ(n− λ) df (r)1−λ

ndg(s).

Second, splitting at t = dg(s)
1
n and applying both parts of (11.10), we deduce∫ ∞

0
t−λ−1J(r, s, t) dt ≤ λC1 + n− λ

λ(n− λ) df (r)dg(s)1−λ
n .
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Inserting these inequalities into (11.8), we conclude

I(f, g) ≤ n(C1 + 1)
n− λ

∫ ∞
0

∫ ∞
0

min
{
df (r)1−λ

ndg(s), df (r)dg(s)1−λ
n
}

ds dr.
(11.11)

4) We next split the inner integral in (11.11) at s = r
β
γ and obtain

I(f, g) ≤ n(C1 + 1)
n− λ

∫ ∞
0
df (r)

(∫ r
β/γ

0
dg(s)1−λ

n ds
)

dr

+ n(C1 + 1)
n− λ

∫ ∞
0
df (r)1−λ

n

(∫ ∞
rβ/γ

dg(s) ds
)

dr. (11.12)

In the first summand we apply Hölder’s inequality with the exponents (1 −
λ
n)−1 > 1 and n

λ > 1. Lemma 11.1 and ‖g‖γ = 1 then imply∫ r
β/γ

0
dg(s)1−λ

n ds =
∫ r

β/γ

0

(
dg(s)1−λ

n s(γ−1)(1−λ
n

))s−(γ−1)(1−λ
n

) ds

≤
(∫ r

β/γ

0
dg(s)sγ−1 ds

)1−λ
n
(∫ r

β/γ

0
s−(γ−1)(n

λ
−1) ds

)λ
n

≤
( 1
γ ‖g‖

γ
γ

)1−λ
n

(∫ r
β/γ

0
s−(γ−1)(n

λ
−1) ds

)λ
n ≤ C2r

β−1

for a constant C2 only depending on β, λ and n, where the assumption 1
β + λ

n +
1
γ = 2 yields (γ − 1)(nλ − 1) < 1 as well as β

γ (1 − (γ − 1)(nλ − 1))λn = β − 1.
Employing again Lemma 11.1, we infer∫ ∞

0
df (r)

(∫ r
β/γ

0
dg(s)1−λ

n ds
)

dr ≤ C2

∫ ∞
0

df (r)rβ−1 dr = C2
β ‖f‖

β
β = C2

β .

The second double integral in (11.12) can be rewritten as∫ ∞
0

df (r)1−λ
n

(∫ ∞
rβ/γ

dg(s) ds
)

dr =
∫ ∞

0

∫ ∞
0

1(rβ/γ ,∞)(s)df (r)1−λ
ndg(s) ds dr

=
∫ ∞

0

∫ ∞
0

1(0,sγ/β)(r)df (r)1−λ
ndg(s) dr ds

=
∫ ∞

0
dg(s)

( ∫ s
γ/β

0
df (r)1−λ

n dr
)

ds,

due to Fubini’s theorem. This term can be bounded in the same way as above
by a constant C3. We have thus shown (11.7). �

In the proof of Strichartz’ estimates we have to commute partial derivatives
with the free Schrödinger group T (·), which is justified by the next lemma.

Lemma 11.3. For each k ∈ N, the free Schrödinger group T (·) leaves Hk(Rd)
invariant and induces a unitary C0–group on Hk(Rd). Moreover, ∂jT (t)v =
T (t)∂jv for all t ∈ R, j ∈ {1, . . . , d} and v ∈ H1(Rd). An analogous result
holds for higher derivatives.
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Proof. Let t ∈ R \ {0} and k = 1. We first show T (t)v ∈ H1(Rd) for
v ∈ C∞c (Rd). Due to Lemma 10.9, there is a kernel Kt ∈ Cb(Rd) such that

T (t)v(x) = (Kt ∗ v)(x) =
∫
Rd
Kt(y)v(x− y) dy

for x ∈ Rd. Thus T (t)v ∈ C1(Rd) and

∂jT (t)v =
∫
Rd
Kt(y)(∂jv)( · − y) dy = T (t)(∂jv)

on Rd. Next, let v ∈ H1(Rd). By Remark 5.8 (c), there are functions vn ∈
C∞c (Rd) that converge to v in H1(Rd) as n→∞. Hence, ∂jT (t)vn = T (t)∂jvn
tend to T (t)∂jv in L2(Rd). Remark 5.8 (b) thus yields that T (t)v ∈ H1(Rd)
and ∂jT (t)v = T (t)∂jv for j ∈ {1, . . . , d}. It follows that T (t), t ∈ R, can be
restricted to an isometry on H1(Rd). Clearly, the restriction still satisfies the
group property. Since ‖∂j(T (t)v − v)‖2 = ‖T (t)∂jv − ∂jv‖2 → 0 as t → 0, the
group T (·) is strongly continuous on H1(Rd). By the group law the operators
T (t) : H1(Rd)→ H1(Rd) are bijective and hence unitary due to Theorem C.7.
The case k ≥ 2 is treated similarly. �

Strichartz’ estimate will be formulated in the Banach space-valued Lebesgue
space Lq(J,W k

p (Rd)) with p, q ∈ [1,∞], k ∈ N0 and an interval J ⊆ R, where we
recall our notations W 0

p = Lp and H0 = L2. In Appendix F we have collected
the definitions and some of the basic properties of these spaces. We further
need the following results.

Remark 11.4. (a) Let X be reflexive and 1 ≤ q < ∞. Then Lq(J,X)∗ is
isometrically isomorphic to Lq′(J,X∗), where g ∈ Lq′(J,X∗) acts via

〈f, g〉Lq(J,X) =
∫
J
〈f(t), g(t)〉X dt

on f ∈ Lq(J,X). Moreover, Lq(J,X) is reflexive if 1 < q <∞. (See Theorems
8.20.3 and 8.20.5 in [Edw65].) ♦
(b) Let X be separable and 1 ≤ q <∞. Then the space Lq(J,X) is separable.

In fact, in Lemma F.13 we have seen that the set of X-valued simple functions
is dense in Lq(J,X) if 1 ≤ q <∞. Standard properties of the Lebesgue measure
allow to approximate a simple function by sums of functions of the form 1Qx
for x ∈ X and an interval Q ⊆ R with rational vertices. Inserting here a dense
sequence (xn)n in X, we obtain a dense countable subset of Lq(J,X). ♦

In some of our arguments we have to approximate a function in Lq(J,W k
p (Rd))

by smoother ones. In the next lemma we show a corresponding density result.

Lemma 11.5. Let J ⊆ R be an open interval, k ∈ N0 and 1 ≤ p, q <∞. For
each f ∈ Lq(J,W k

p (Rd)) =: E there are ϕn ∈
⋂
m∈N0,r∈[1,∞]C

∞
c (J,Wm

r (Rd))
converging to f in E as n→∞.

Proof. Let f ∈ E, m ∈ N0 and r ∈ [1,∞]. Let ε > 0. We proceed in four
steps involving cutoff and mollification in space and time, cf. Appendix D.
1) Let φ ∈ C∞c (Rd) be equal to 1 on B(0, 1) and have support in B(0, 2). Set

φn(x) = φ( 1
nx). Then φn = 1 on B(0, n), suppφn ⊆ B(0, 2n) and all derivatives
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of φn of order k ∈ N0 are uniformly bounded by n−k‖φ‖Ck . As a result, φnf(t)
belongs to W k

p (Rd) and has support in B(0, 2n) for each n ∈ N and a.e. t ∈ J .
Moreover, the functions φnf(t) tend to f(t) inW k

p (Rd) as n→∞, for a.e. t ∈ J .
(See part 1) of the proof of Theorem D.13.) Lebesgue’s theorem (with majorant
ck‖f(t)‖k,p) thus shows that φnf → f in E. We can now fix N such that
g = φNf ∈ E satisfies ‖f − g‖E ≤ ε and supp g(t) ⊆ B(0, 2N) for a.e. t ∈ J .
2) We next use the mollifiers Gn on W k

p (Rd) given by Gnv = ρn ∗ v, where
ρn(x) = nd‖χ‖−1

1 χ(nx) for n ∈ N and x ∈ R as well as χ(x) = exp 1
|x|2−1

for |x| < 1 and χ(x) = 0 for |x| ≥ 1, see (D.3). Let m ∈ N0 and
r ∈ [1,∞]. If v ∈ L1(Rd) has support in B(0, R), one easily checks that
suppGnv ⊆ B(0, R + 1), Gnv ∈ C∞(Rd) and ‖Gnv‖m,r ≤ C(m, r,R)‖v‖1
for all n ∈ N and a constant only depending on m, r,R and χ. Hence,
Gng ∈ Lq(J,Wm

r (Rd)). The standard properties of Gn stated in (D.6) – (D.7)
and Lemma D.6 (a) imply that ‖Gng(t)‖k,p ≤ ‖g(t)‖k,p for all n ∈ N and
Gng(t) → g(t) in W k

p (Rd) as n → ∞ for a.e. t ∈ J . As in step 1), we can find
an index N such that h = GNg ∈ Lq(J,Wm

r (Rd)) ∩ E satisfies ‖g − h‖E ≤ ε.
3) Let Jn ⊆ Jn ⊆ Jn+1 ⊆ J be open bounded intervals with

⋃
n∈N Jn =

J . There are functions φn ∈ Cc(J) with 0 ≤ φn ≤ 1, φn = 1 on Jn and
suppφn ⊆ Jn+1. Lebesgue’s theorem gives an index N such that ψ = φNh ∈
Lq(J,Wm

r (Rd)) ∩ E, ‖ψ − h‖E ≤ ε and ψ has compact support in J .
4) Finally, we apply the mollifier G1

nψ = ρ1
n ∗ ψ̃ from step 2) with d = 1,

where ψ̃ is the 0-extension of ψ to R and we restrict G1
nψ to J . It is straight

forward to check that G1
nψ ∈ C∞c (J,Wm

r (Rd)) ∩ E. The usual properties of
mollifiers also work in the Banach space-valued case and we obtain an index N
and ϕ = ρ1

N ∗ ψ ∈ C∞c (J,Wm
r (Rd)) such that ‖ψ − ϕ‖E ≤ ε. �

Strichartz’ estimates involve the spaces Lq(J,W k
p (Rd)) for certain pairs of

admissible exponents (q, p). This means that

2
q

+ d

p
= d

2 , where 2 ≤ q ≤ ∞ and
{

1 ≤ p <∞, d ≥ 2,
1 ≤ p ≤ ∞, d = 1.

(11.13)

We see in Remark 11.7 that this relation between p and q is determined by scal-
ing properties of the linear Schrödinger equation. For other dispersive equations
(e.g. the wave equation) one obtains a different concept of admissibility (see e.g.
Section 2.3 in [Tao06]).
We can visualize the reciprocals (1

q ,
1
p) of an admissible pair as the line

segment between the reciprocals of (∞, 2) and (2, 2d
d−2) if d ≥ 2, where

(2,∞) = (2, 2d
d−2) is excluded for d = 2. In the case d = 1 one has the line

between the inverses of (∞, 2) and (4,∞).
We remark that for admissible (q, p) we have H1(Rd) ↪→ Lp(Rd) and thus

Lp
′(Rd) ↪→ H−1(Rd), since 1 − d

2 ≥
2
q −

d
2 = −d

p , see Sobolev’s embedding
(5.5). As a result, for admissible (q, p) and f ∈ Lq′(J, Lp′(Rd)) the one-sided
convolution

T ∗+ f(t) =
∫ t

0
T (t− s)f(s) ds, t ∈ J,
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is defined as a Bochner integral in H−1(Rd). Recall that the free Schrödinger
group T (·) is strongly continuous on H−1(Rd) by Lemma 10.7.
We now state our main theorem. Part (a) is called the homogeneous and (b)

the inhomogeneous Strichartz’ estimate.

Theorem 11.6 (Strichartz’ estimates for i∆). Let (q, p) and (q, p) be ad-
missible, k ∈ N0, ϕ ∈ Hk(Rd), J ⊆ R be an interval with 0 ∈ J , and
f ∈ Lq′(J,W k

p′(R
d)). Then T ∗+ f(t) exists in W k

p (Rd) for a.e. t ∈ J , T (·)ϕ and
T ∗+ f belong to Lq(J,W k

p (Rd)) and
(a) ‖T (·)ϕ‖Lq(J,Wk

p (Rd)) ≤ c ‖ϕ‖k,2 ,
(b) ‖T ∗+ f‖Lq(J,Wk

p (Rd)) ≤ c ‖f‖Lq′ (J,Wk
p′

(Rd))

for a constant c > 0 (independent of ϕ, f and J). If q =∞ and p = 2, we can
replace L∞ by Cb in (a) and (b).

Compared to the L2–setting, in the above estimates one gains space integra-
bility from p = 2 to p > 2, but one loses time integrability from q = ∞ to
q <∞. Similarly, in (b) the exponents on the right–hand side are smaller than
2, whereas they are larger than 2 on the left–hand side. We point out that (q, p)
can be chosen independently of (q, p) in Theorem 11.6 (b).
We will prove Theorem 11.6 only for q, q > 2 and either for (q, p) = (q, p)

or for (q, p) = (∞, 2) and any admissible (q, p), since we only work with these
cases later on. Exponents (q, p) 6= (q, p) are needed for certain more general
nonlinearities in (11.1). This case requires another tool, the Christ-Kiselev
lemma, see Section 2.3 in [Tao06]. The endpoint case (2, 2d

d−2) for d ≥ 3 is
much more difficult, see [KT98]. It is needed to study (11.1) for the critical
case α = αc.

Proof of 11.6 (for q, q > 2 and either (q, p) = (q, p) or (q, p) = (∞, 2)).
We first consider J = R and k = 0. The other cases and the final assertion are
treated afterwards.
1) Let (q, p) = (q, p) be admissible, 2 < q < ∞, ϕ ∈ L2(Rd) and f ∈

Lq
′(R, Lp′(Rd)) =: E′. Set E = Lq(R, Lp(Rd)). We first prove (b). Inequality

(11.3) and Theorem 11.2 (with λ = d
2 −

d
p , n = 1, β = γ = q′) imply the crucial

estimate

I1 :=
[∫

R

[∫ t

0
‖T (t− s)f(s)‖p ds

]q
dt
] 1
q ≤

[∫
R

[∫
R

(4π|t− s|)
d
p
− d2 ‖f(s)‖p′ ds

]q
dt
] 1
q

≤ C0
[∫

R
‖f(s)‖q

′

p′ ds
] 1
q′ (11.14)

where C0 only depends on d, p and q. The conditions of Theorem 11.2 hold
since (q, p) is admissible and 2 < q < ∞. (The measurability of the integrand
of I1 is verified below.)
From this estimate assertion (b) will follow by means of Fubini’s theorem, but

the details concerning integrability are a bit tricky. To this aim, take m ∈ N
with m ≥ d

2 −
d
p so that Hm(Rd) ↪→ Lp(Rd) by Sobolev’s embedding (5.5).

Lemma 11.5 yields gn ∈ Cc(R, Hm(Rd) ∩ Lp′(Rd)) that converge to f in E′.
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(Observe that Hm(Rd) ∩ Lp′(Rd) is a Banach space when endowed with the
norm given by ‖v‖m,2 + ‖v‖p′ .) The function

R2 → Lp(Rd), (t, s) 7→ T (t− s)gn(s),
is continuous for each n ∈ N since it is continuous in Hm(Rd) by Lemma 11.3.
There is a subsequence such that the functions gnj (s) converge in Lp

′(Rd) to
f(s) as j → ∞ for a.e. s ∈ R. Moreover, T (t − s) maps Lp′(Rd) continuously
into Lp(Rd) for t 6= s, see (11.3). Therefore (t, s) 7→ T (t − s)f(s) is strongly
measurable with values in Lp(Rd), outside a set of measure 0. In particular the
integral I1 is defined. Similarly, one sees that T (·)ϕ : R → Lp(Rd) is strongly
measurable if ϕ ∈ L2(Rd) ∩ Lp′(Rd).
It now follows from Fubini’s theorem and (11.14) that the integral (T ∗+ f)(t)

exists in Lp(Rd) for a.e. t ∈ R and that T ∗+ f : R → Lp(Rd) is strongly
measurable. Since ‖T ∗+ f‖E ≤ I1, assertion (b) holds. In the same way one
derives ‖T ∗ f‖E ≤ C0‖f‖E′ for the usual convolution.
2) We show (a) by a duality argument in the framework of step 1). We first

consider g ∈ Cc(R, L2(Rd) ∩ Lp′(Rd)). Remark 11.4 and step 1) imply

I2 :=
∫
R

∫
Rd

(∫
R
T (t− s)g(s) ds

)
g(t) dx dt = 〈T ∗ g, g〉Lq(R,Lp),

|I2| ≤ ‖T ∗ g‖Lq(R,Lp) ‖g‖Lq′ (R,Lp′ ) ≤ C0 ‖g‖2Lq′ (R,Lp′ ).

From Fubini’s theorem we further deduce

I2 =
∫
R

∫
R

(T (t− s)g(s)|g(t))L2 dsdt =
∫
R

∫
R

(T (−s)g(s)|T (−t)g(t))L2 ds dt

=
(∫

R
T (−s)g(s) ds

∣∣∣∣ ∫
R
T (−s)g(s) ds

)
L2

=
∥∥∥∫

R
T (−s)g(s) ds

∥∥∥2

2
,

where all integrals are C– or L2–valued Riemann integrals. We have thus shown∥∥∥∫
R
T (−t)g(t) dt

∥∥∥
2
≤
√
C0 ‖g‖Lq′ (R,Lp′ ) (11.15)

for g ∈ Cc(R, L2(Rd) ∩ Lp′(Rd)). Let ϕ ∈ Cc(Rd). Observe that the scalar
function 〈T (·)ϕ, g〉Lp = (T (·)ϕ|g)L2 is measurable. Estimate (11.15) leads to∣∣∣∫

R
〈T (t)ϕ, g(t)〉Lp dt

∣∣∣ =
∣∣∣∫

R
(T (t)ϕ|g(t))L2 dt

∣∣∣ =
∣∣∣∫

R
(ϕ|T (−t)g(t))L2 dt

∣∣∣
=
∣∣∣(ϕ∣∣∣∣ ∫

R
T (−t)g(t) dt

)
L2

∣∣∣ ≤ √C0 ‖ϕ‖2 ‖g‖Lq′ (R,Lp′ ).

Since Cc(R, L2(Rd) ∩ Lp′(Rd)) is dense in Lq′(R, Lp′(Rd)) by Lemma 11.5, Re-
mark 11.4 yields that T (·)ϕ ∈ Lq(R, Lp(Rd)) and

‖T (·)ϕ‖Lq(R,Lp) = sup
‖g‖E′≤1

|〈T (·)ϕ, g〉Lq(R,Lp)| ≤
√
C0 ‖ϕ‖2.

By approximation, we derive (a) for ϕ ∈ L2(Rd) and q ∈ (2,∞).
3) Let k = 0, (q, p) = (∞, 2) and (q, p) be admissible with q > 2. Then (a)

holds with Cb instead of L∞ since T (·) is a unitary C0-group on L2(Rd). To
prove (b), we set ft = 1[0,t]f for t > 0 and ft = 1[t,0]f for t < 0. We write (q, p)
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instead of (q, p). First let f ∈ Cc(R, L2(Rd) ∩ Lp′(Rd)). Using also (11.15), we
obtain T ∗+ f ∈ Cb(R, L2(Rd)) and

‖T ∗+ f‖Cb(R,L2) = sup
t∈R

∥∥∥∫ t

0
T (t)T (−s)ft(s) ds

∥∥∥
2

= sup
t∈R

∥∥∥∫
R
T (−s)ft(s) ds

∥∥∥
2

≤ sup
t∈R

√
C0 ‖ft‖Lq′ (R,Lp′ ) =

√
C0 ‖f‖Lq′ (R,Lp′ ) .

If we approximate the given f in Lq
′(R, Lp′(Rd)) by fn ∈ Cc(R, L2(Rd) ∩

Lp
′(Rd)), then the above estimate shows that (T ∗+fn)n converges to a function

u in Cb(R, L2(Rd)). On the other hand, step 1) implies that for a subsequence
the functions (T ∗+ fnj )(t) tend to (T ∗+ f)(t) in Lp(Rd) for a.e. t ∈ R. Hence,
T ∗+ f = u belongs to Cb(R, L2(Rd)) and (b) is true in the present case.
4) Let k = 1. By Lemma 11.3 the spatial derivatives ∂j (j = 1, . . . , d)

commute with T (t) on H1(Rd). This fact easily implies that (a) holds with
k = 1 and that T (·)ϕ ∈ Cb(R, H1(Rd)) if ϕ ∈ H1(Rd).
For (b), take f ∈ Lq

′(R,W 1
p′(Rd)). As in step 1) we approximate f in

Lq
′(R,W 1

p′(Rd)) by gn ∈ Cc(R, Hm(Rd) ∩ Lp′(Rd)), where m > 1 + d
2 −

d
p so

that Hm(Rd) ↪→ W 1
p (Rd) by Corollary D.16. Step 1) shows that the functions

∂jT ∗+ gn = T ∗+∂jgn tend to T ∗+∂jf in Lq(R, Lp(Rd)) as n→∞. As a result,
T ∗+ f belongs to Lq(R,W 1

p (Rd)) and (b) holds for k = 1. The case k ≥ 2 is
treated similarly.
Let J ⊆ R be an interval with 0 ∈ J . Part (a) for J then follows from the

assertion for J = R. To derive (b), we extend f ∈ Lq(J,W k
p (Rd)) by 0 to

f̃ ∈ Lq(R,W k
p (Rd)). Then T∗+f = T∗+f̃ on J and so (b) is also true for J . �

Part (a) of Theorem 11.6 is wrong for non–admissible (q, p) as we see in the
next remark, whereas part (b) is true for some non–admissible exponents, see
§2.4 of [Caz03] and Exercise 11.3. Strichartz’ estimates fail for (2,∞) if d = 2,
see [MS98].

Remark 11.7. A scaling argument shows that Theorem 11.6 (a) can only be
valid for admissible exponents. In fact, let ϕ ∈ H2(Rd) \ {0} and u = T (·)ϕ.
For λ > 0, we define ϕλ(x) = ϕ(λx), x ∈ Rd. Clearly ϕλ ∈ H2(Rd) and the
solution uλ = T (·)ϕλ of iu′ = −∆u with initial value ϕλ is given by (uλ(t))(x) =
u(λ2t, λx). Let E = Lq(R, Lp(Rd)) for some 1 ≤ p, q <∞. Observe that

‖ϕλ‖2 =
(∫

Rd
|ϕ(λx)|2 dx

) 1
2 =

(∫
Rd
λ−d|ϕ(y)|2 dy

) 1
2 = λ−

d
2 ‖ϕ‖2 ,

‖uλ‖E =
(∫

R

(∫
Rd
|u(λ2t, λx)|p dx

) q
p dt

) 1
q

=
(∫

R

(∫
Rd
|u(s, y)|pλ−d dy

) q
p
λ−2 ds

) 1
q = λ

− d
pλ
− 2
q ‖u‖E .

Suppose that Theorem 11.6 (a) holds for (q, p). Then

λ
− d
p
− 2
q ‖u‖E = ‖uλ‖E ≤ c‖ϕλ‖2 = λ−

d
2 c‖ϕ‖2
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for a constant c > 0 and all λ > 0. Hence, λ
d
2−

d
p
− 2
q is uniformly bounded for

λ > 0 and thus d
2 = d

p + 2
q . ♦

Exercises

Exercise 11.1 (Scaling). Let ϕ ∈ H2(Rd) and let u be an H2–solution
of (11.1) on J with u(0) = ϕ. For λ > 0 and κ ∈ R define the function
(uλ(t))(x) = λκ(u(λ2t))(λx), t ∈ J , x ∈ Rd. For which exponent κ = κ(α) does
the map uλ solve (11.1) for the initial value ϕλ given by ϕλ(x) = λκϕ(λx)?
Fix this exponent κ(α) = κ in the definition of uλ. For which α > 1 we
then have ‖uλ(t)‖2 = ‖u(λ2t)‖2 or ‖∂kuλ(t)‖2 = ‖∂ku(λ2t)‖2 for all t ∈ J and
k ∈ {1, . . . , d}?

Exercise 11.2 (Symmetries). Let u be an H2–solution of (11.1) on J = R
(see Definition 10.8). For h ∈ Rd, Q ∈ Rd×d and ϕ : Rd → C we set (Shϕ)(x) =
ϕ(x− h) and (RQϕ)(x) = ϕ(Qx), x ∈ Rd. We define

w1(t) = eiθSx0u(t− t0) for fixed t0 ∈ R, x0 ∈ Rd and θ ∈ R,

w2(t) = u(−t),
w3(t) = RQu(t) for a fixed orthogonal Q ∈ Rd×d,

w4(t) = eive−i|v|2tS2vtu(t) for a fixed v ∈ Rd,

where t ∈ R and eiv(x) = eiv·x. Show that the functions wj (j = 1, 2, 3, 4) satisfy
(11.1) for the appropriate initial values. Further show that u(t) is spherically
symmetric for all t ∈ R if u(0) is spherically symmetric.

Exercise 11.3. Let p ∈ (2, 2d
d−2) and r, s ∈ (1,∞) such that
1
r

+ 1
s

= d

2 −
d

p
.

Let f ∈ Ls′(R, Lp′(Rd)). Show that T ∗+f ∈ Lr(R, Lp(Rd)) and ‖T ∗+f‖Lr(R,Lp)
≤ c‖f‖Ls′ (R,Lp′ ) for a constant c ≥ 0.
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LECTURE 12

Local wellposedness of the nonlinear Schrödinger
equation

In this lecture we establish the local wellposedness theory for the nonlinear
Schrödinger equation

u′(t) = i∆u(t)− iµ|u(t)|α−1u(t), t ∈ J, u(0) = u0, (12.1)

where u0 ∈ H1(Rd), µ ∈ {−1, 1} and α ∈ (1, αc) with αc = d+2
(d−2)+

. We will
follow the strategy of the proofs in Lecture 8. This approach will be combined
with the properties of the nonlinearity

F (u) = −iµ|u|α−1u

shown in Lecture 9 and with Strichartz’ estimates for the free Schrödinger group
T (·) generated by i∆ that we derived in Theorem 11.6. In particular, we prove
existence and uniqueness of a maximal H1–solution u ∈ C(J(u0), H1(Rd)) ∩
C1(J(u0), H−1(Rd)) of (12.1), a blow-up condition in terms of the norm of
H1(Rd) and the continuous dependence on initial data.
Next week we will show that for an initial value u0 ∈ H2(Rd) the H1–solution

u of (12.1) is in fact an H2–solution on its full existence interval J(u0). At the
end of this lecture, we discuss a few results on Banach space valued Sobolev
spaces which are needed for this regularity theorem.
As in Lecture 8 we reformulate (12.1) as the integrated fixed point problem

u(t) = T (t)u0 +
∫ t

0
T (t− s)F (u(s)) ds =: Φu0(u)(t) = Φu(t), t ∈ J, (12.2)

for u0 ∈ H1(Rd) and u ∈ C(J,H1(Rd)). In contrast to Lecture 8, now F
does not map from, say, L2(Rd) into itself. As stated in Remark 10.6, this
nonlinearity is real continuously differentiable from H1(Rd) to H−1(Rd) and
from Lp(Rd) to Lp′(Rd). Here and throughout, we set

p = 1 + α ∈ (2, 1 + αc), p′ = 1 + α

α
,

2
q

= d

2 −
d

p
, (12.3)

so that q ∈ (2,∞) and (q, p) is admissible in the sense of (11.13). Sobolev’s
embedding (5.5) yields that

‖v‖p ≤ CSo‖v‖1,2 (12.4)

for all v ∈ H1(Rd) and the Sobolev constant CSo. A uniform bound on the
H1–norm of u(s) in (12.2) thus allows to control the nonlinearity F : Lp(Rd)→
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Lp
′(Rd). But then F (u(s)) only belongs to Lp′(Rd). Here Strichartz’ estimates

from Theorem 11.6 come into play. They yield

~T (·)ϕ~k,J ≤ CSt‖ϕ‖k,2, (12.5)
~T ∗+ f~k,J ≤ CSt‖f‖Lq′ (J,Wk

p′ (R
d)), (12.6)

for every ϕ ∈ Hk(Rd), f ∈ Lq
′(J,W k

p′(Rd)), k ∈ {0, 1}, every interval J ⊆
R with 0 ∈ J and a constant CSt ≥ 1 (independent of ϕ, f, J). Moreover,
the functions T (·)ϕ and T ∗+ f are continuous with values in Hk(Rd), see
Theorem 11.6. Here and throughout, we set

Ek(J) = Lq(J,W k
p (Rd)), E′k(J) = Lq

′(J,W k
p′(Rd)), Gk(J) = L∞(J,Hk(Rd))

Ek(J) = L∞(J,Hk(Rd)) ∩ Lq(J,W k
p (Rd)) = Gk(J) ∩ Ek(J),

~u~k,J = max{‖u‖Gk(J), ‖u‖Ek(J)} for u ∈ Ek(J),

for k ∈ N0. If J = [−b, b] we replace J by b in the above notation. We point
out that in (12.6) both parts of the Ek(J)–norm are controlled by the norm in
E′k (where we note that E′k is not the dual of Ek if k ≥ 1). We next consider
the mapping properties of F on these spaces.

Lemma 12.1. Let J = [−b, b], u, v ∈ G1(b) ↪→ E0(b), w ∈ E1(b), ϕ,ψ ∈
Lp(Rd) and χ ∈W 1

p (Rd). Set r = ess sup
{
‖u(t)‖1,2, ‖v(t)‖1,2, ‖w(t)‖1,2

∣∣ t ∈ J}.
Then F (ϕ) ∈ Lp′(Rd), F (χ) ∈ W 1

p′(Rd), F (u) ∈ E′0(J), F (w) ∈ E′1(J) and the
inequalities

‖F (ϕ)− F (ψ)‖p′ ≤ c
(
‖ϕ‖α−1

p + ‖ψ‖α−1
p

)
‖ϕ− ψ‖p, (12.7)

‖F (u)− F (v)‖Lq′ (J,Lp′ ) ≤ cr
α−1b

1
q′−

1
q ‖u− v‖Lq(J,Lp), (12.8)

‖∇F (χ)‖p′ ≤ c‖χ‖α−1
p ‖|∇χ|‖p, (12.9)

‖∇F (w)‖Lq′ (J,Lp′ ) ≤ cr
α−1b

1
q′−

1
q ‖|∇w|‖Lq(J,Lp), (12.10)

‖F (w)‖Lq′ (J,W 1
p′ )
≤ crα−1b

1
q′−

1
q ‖w‖Lq(J,W 1

p ) (12.11)

hold for a constant c only depending on α ∈ (1, αc) and d.

Proof. Since p > α and p′ = p
α , Lemma 9.2 and Corollary 9.3 yield

‖F (ϕ)− F (ψ)‖p′ =
∥∥∥∫ 1

0
F ′(ϕ+ τ(ψ − ϕ))(ψ − ϕ) dτ

∥∥∥
p
α

≤ α sup
τ∈[0,1]

‖(1− τ)ϕ+ τψ‖α−1
p ‖ϕ− ψ‖p

≤ c1
(
‖ϕ‖α−1

p + ‖ψ‖α−1
p

)
‖ϕ− ψ‖p.

Here and below cj denote constants which only depend on α and d. In this
estimate we insert u(t) and v(t) and take the q–norm in time. Using Sobolev’s
embedding (12.4) and ‖u(t)‖1,2, ‖v(t)‖1,2 ≤ r, we arrive at

‖F (u)− F (v)‖Lq(J,Lp′ ) ≤ 2c1C
α−1
So rα−1‖u− v‖Lq(J,Lp). (12.12)
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Since q′ < 2 < q, Hölder’s inequality then yields

‖F (u)− F (v)‖Lq′ (J,Lp′ ) ≤ c2r
α−1b

1
q′−

1
q ‖u− v‖Lq(J,Lp).

It remains to check (12.9) – (12.11). Let φ(z) = −iµ|z|α−1z for z ∈ R2 and
j ∈ {1, . . . , d}. As in Lemma 9.2 and Corollary 9.3, we derive
‖∂jF (χ)‖p′ = ‖φ′(χ)∂jχ‖p′ ≤ α‖|χ|α−1∂jχ‖p′ ≤ α‖χ‖α−1

p ‖∂jχ‖p (12.13)

from Hölder’s inequality with exponents 1
p′ = 1

p + α−1
p . The estimates (12.9) –

(12.11) then follow as above (using also (12.8) with v = 0 for (12.11)). �

If we combine the above result with Strichartz’ estimates (12.5) and (12.6), we
see that Φ from (12.2) maps E1(b) into itself and that it is Lipschitz on bounded
sets of E1(b), but only with respect to the metric of E0(b). Fortunately, these
properties still allow to apply Banach’s fixed point theorem, thanks to the next
lemma. It relies on the Banach-Alaoglu theorem.

Lemma 12.2. Let r > 0 and J ⊆ R be an interval. Then the ball
Σ(r, J) =

{
u ∈ E1(J)

∣∣~u~1,J ≤ r
}
is a complete metric space when endowed

with the metric induced by ~ · ~0,J .

Proof. Let (un)n be a Cauchy sequence in Σ(r, J) for ~ · ~0,J . Since
E0(b) is a Banach space, (un)n converges in E0(J) to a function u ∈ E0(J)
as n → ∞. We have to show that u ∈ Σ(r, J). As indicated in Re-
mark 11.4 the space L∞(J,H1(Rd)) = G1(J) is the dual of L1(J,H−1(Rd))
and Lq(J,W 1

p (Rd)) = E1(J) is reflexive with dual Lq′(J,W−1
p′ (Rd)). Observe

that H−1(Rd) is separable since its dual H1(Rd) is separable. Remark 11.4
thus yields the separability of L1(J,H−1(Rd)). The Banach-Alaoglu theorem
then gives a subsequence (unj )j which converges weakly in E1(J) to some v with
‖v‖E1(J) ≤ r and (unj )j converges weak* in G1(J) to some w with ‖w‖G1(J) ≤ r
as j → ∞. Since E0(J)∗ ↪→ E1(J)∗ and L1(J, L2(Rd)) ↪→ L1(J,H−1(Rd)), the
functions unj also tend weakly in E0(J) to v and weak* in G0(J) to w. On the
other hand, (unj )j converges to u in E0(J) and G0(J) so that u = v and u = w
by the uniqueness of weak and weak* limits, i.e., u ∈ Σ(r, J). �

We further note how one can concatenate Hk–solutions.

Lemma 12.3. Let k ∈ {1, 2} and let u and v be Hk–solutions of (12.1) on [a, b]
and [b, c], respectively. Assume that u(b) = v(b). Then the function w given
by w(t) = u(t) for t ∈ [a, b] and w(t) = v(t) for t ∈ (b, c] is an Hk–solution of
(12.1) with w(a) = u(a).

Proof. It is clear that w ∈ C([a, c], Hk(Rd)). Because of( d
dt
)−
w(b) = u′(b) = i∆u(b) + F (u(b)) = i∆v(b) + F (v(b))

= v′(b) =
( d

dt
)+
w(b),

it further follows that w ∈ C1([a, c], Hk−2(Rd)) solves (12.1) on [a, c]. �

As a first part of the local wellposedness result, we establish the uniqueness
of H1–solutions.
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Lemma 12.4. Let u0 ∈ H1(Rd). Let u and v be H1–solutions of (12.1) on
intervals Ju and Jv containing 0, respectively. Then u = v on Ju ∩ Jv.

Proof. If the assumption were not true, there would exist τ ∈ Ju ∩ Jv
such that u = v on [−τ, τ ] and u(tn) 6= v(tn) for certain tn ∈ Ju ∩ Jv with,
say, tn → τ+ as n → ∞. The case that tn → (−τ)− is treated similarly. Take
δ0 > 0 such that J0 := [τ, τ + δ0] ⊆ Ju ∩ Jv. We may assume that all tn belong
to J0. Let r = max

{
‖u(t)‖1,2, ‖v(t)‖1,2

∣∣ t ∈ J0
}
. Since u, v are H1–solutions of

(12.1), Remark 10.6 yields F (u), F (v) ∈ C(J0, H
−1(Rd)). Proposition 6.5 thus

implies that

u(t+ τ) = T (t)u(τ) +
∫ t

0
T (t− s)F (u(s+ τ)) ds,

v(t+ τ) = T (t)u(τ) +
∫ t

0
T (t− s)F (v(s+ τ)) ds

for all t ∈ [0, δ0], see (10.10). Take J := [τ, τ + δ] ⊆ J0. Strichartz’ inequality
(12.6) and the estimate (12.8) then yield

~u− v~E0(J) ≤ cCStr
α−1δ

1
q′−

1
q ~u− v~E0(J) .

Choosing a sufficiently small δ ∈ (0, δ0), we deduce that u = v on [τ, τ + δ]
which contradicts tn → τ+. �

As in Lecture 8 we state the core existence result as a separate lemma.

Lemma 12.5. Let ρ > 0. Then there is a number b0(ρ) > 0 (see (12.16) below)
such that for each u0 ∈ BH1(0, ρ) there is a unique H1–solution u ∈ E1(b0(ρ))
of (12.1) on the time interval [−b0(ρ), b0(ρ)] =: J0. Moreover, ~u~1,b ≤ r :=
1 + CStρ, where CSt ≥ 1 is taken from (12.5) and (12.6). It further holds
u = Φu0u on J0, cf. (12.2).

Proof. Let ρ > 0 and take u0 ∈ H1(Rd) with ‖u0‖1,2 ≤ ρ. Take b > 0 to
be specified below. Fix r = 1+CStρ. Lemma 12.2 provides us with the complete
metric space Σ(r, b) where the metric is given by ~u− v~0,b. Let Φu = Φu0u be
defined by (12.2) for u ∈ Σ(r, b). Combining (12.5), (12.6), (12.11) and (12.8),
we estimate

~Φu~1,b ≤ CSt(‖u0‖1,2 + ‖F (u)‖E′1(b)) ≤ CStρ+ cCStr
αb

1
q′−

1
q , (12.14)

~Φu− Φv~0,b ≤ CSt‖F (u)− F (v)‖E′0(b) ≤ cCStr
α−1b

1
q′−

1
q ‖u− v‖E0(b) (12.15)

for u, v ∈ Σ(r, b), where c is a constant only depending on α and d. We now set

b0(ρ) := min
{(
cCStr

α) q′q
q′−q ,

(
2cCStr

α−1) q′q
q′−q

}
. (12.16)

Let J0 = [−b0(ρ), b0(ρ)]. It follows that Φu ∈ Σ(r, b0(ρ)) and ~Φu− Φv~0,J0 ≤
1
2~u − v~0,J0 . The contraction mapping principle then yields a unique fixed
point u = Φu in Σ(r, b0(ρ)).
Theorem 11.6 further shows that u belongs to C(J0, H

1(Rd)), and hence
f := F (u) ∈ C(J0, H

−1(Rd)) by Remark 10.6. Since u is a mild solution of
u′ = i∆u + f in H−1(Rd) with u(0) = u0, Lemma 6.8 implies that u is an
H1–solution of (12.1) on J0. Uniqueness follows from Lemma 12.4. �
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Before coming to the local wellposedness theorem, we define the maximal
existence times

t+(u0) = sup
{
b > 0

∣∣ ∃H1–solution u ∈ C([0, b], H1(Rd)) of (12.1)
}
,

t−(u0) = inf
{
b < 0

∣∣ ∃H1–solution u ∈ C([b, 0], H1(Rd)) of (12.1)
}
.

Lemma 12.5 implies that the above sets are non-empty and that
−t−(u0), t+(u0) ∈ (0,∞]. We set J(u0) = (t−(u0), t+(u0)) and call an H1–
solution u of (12.1) on J(u0) maximal. (In view of Theorem 12.6 (c), we have
to take an open time interval here.)
Our local wellposedness theorem follows the pattern of Theorem 8.6 though

the underlying function spaces are adapted to Strichartz’ estimates. Moreover,
we only show the continuity of the solution map u0 7→ u( · ;u0) and not its Lip-
schitz continuity as in Theorem 8.6. One obtains the Lipschitz continuity only
under stronger conditions, see Exercise 12.2, or in weaker norms, cf. (12.18).
There is an analogous result for the critical case α = d+2

d−2 for d ≥ 3, see e.g.
Theorem 4.5.1 in [Caz03]. Here one obtains a much less convenient blow-up
condition and one needs the endpoint Strichartz estimates.

Theorem 12.6. Let 1 < α < αc = d+2
(d−2)+

, µ ∈ {−1, 1}. Let u0 ∈ H1(Rd)
and b0(‖u0‖1,2) be defined by (12.16). Set p = 1 + α and 2

q = d
2 −

d
p . Then the

following assertions hold.
(a) There is a unique maximal H1–solution u = u( · ;u0) of (12.1) on

J(u0) = (t−(u0), t+(u0)) where −t−(u0), t+(u0) ∈ (b0(‖u0‖1,2),∞].
(b) For every compact interval J ⊆ J(u0) we have u ∈ Lq(J,W 1

p (Rd)).
(c) If t±(u0) <∞, then limt→t±(u0) ‖u(t)‖1,2 =∞.
(d) Let J ⊆ J(u0) be a compact interval with 0 ∈ J . Then there is a radius

δ > 0 such that for v0 ∈ BH1(u0, δ) we have J ⊆ J(v0) and the map

BH1(u0, δ)→ C(J,H1) ∩ Lq(J,W 1
p ), v0 7→ u( · ; v0),

is continuous.

Proof. (a) Let u0 ∈ H1(Rd). Lemma 12.5 gives an H1–solution u of (12.1)
on [−b0(‖u0‖1,2), b0(‖u0‖1,2)]. Using Lemmas 12.3 and 12.5, we can extend u
to a solution on a larger time interval, so that −t−(u0), t+(u0) > b0(‖u0‖1,2).
Next, we take b±n → t±(u0) as n → ∞ with corresponding H1–solutions un

of (12.1) on [b−n , b+n ]. Lemma 12.4 allows to introduce a unique maximal H1–
solution u = u( · ;u0) on J(u0) by setting u(t) = un(t) for t ∈ J(u0) and n ∈ N
with t ∈ [b−n , b+n ].
(b) Let τ ∈ J(u0). Applying Lemma 12.5 to the initial value u(τ) ∈ H1(Rd),

we find a time β(τ) > 0 and an H1–solution v of (12.1) with v(0) = u(τ)
belonging to E1(β(τ)). By the uniqueness Lemma 12.4, v is a restriction of
u(τ+ · ) and thus u ∈ Lq([τ−β(τ), τ+β(τ)],W 1

p (Rd)). A compactness argument
then yields assertion (b).
(c) Let u = u( · ;u0) and t+(u0) <∞. Suppose there were bn → t+(u0)− such

that supn ‖u(bn)‖1,2 =: C <∞. Take a time bn with bn+b0(C) > t+(u0). Using
Lemmas 12.3 and 12.5 we can extend the given H1–solution to [0, bn+b0(C)] by
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considering (12.1) with initial value u(bn). This fact contradicts the definition
of t+(u0). One treats t−(u0) in the same way. Hence, (c) holds.
(d) Fix J = [a, b] ⊆ J(u0) with 0 ∈ J . We show that every sequence (ϕn)n

converging in H1(Rd) to u0 as n→∞ has a subsequence (ϕnj )j such that J ⊆
J(ϕnj ) for all j and the solutions unj = u( · ;ϕnj ) tend to u in E1(J) as j →∞.
This fact implies assertion (d) by a straight forward contradiction argument.
Observe that for H1–solutions v one has ~v~1,J = max{‖v‖C(J,H1), ‖v‖E1(J)}.
So let (ϕn)n converge to u0 in H1(Rd) and set un = u( · ;ϕn). Set ρ :=

1 + maxt∈J ‖u(t)‖1,2 < ∞. There is an index n0 ∈ N such that ‖ϕn‖1,2 ≤ ρ
for all n ≥ n0. Lemma 12.5 thus yields −t−(ϕn), t+(ϕn) > b0(ρ) =: b0 for all
n ≥ n0. Lemma 12.4 shows that the restrictions of u and un to J0 := [−b0, b0]
coincide with the solutions obtained in Lemma 12.5 for the initial value u0
and ϕn, respectively. From Lemma 12.5 we then deduce that u = Φu0(u) and
un = Φϕn(un) on J0 and that

~u~1,b0 ,~un~1,b0 ≤ r := 1 + CStρ. (12.17)

Due to (12.15) and the choice of b0 in (12.16), the operator Φu0 is Lipschitz
on Σ(r, b0) = BE1(b0)(0, r) for the metric induced by ~ · ~0,b0 with a constant
bounded by 1

2 . Combining this fact with Strichartz’ estimate (12.5), we conclude

~u− un~0,b0 ≤ ~Φu0(u)− Φu0(un)~0,b0 + ~Φu0(un)− Φϕn(un)~0,b0

≤ 1
2~u− un~0,b0 + ~T (·)(u0 − ϕn)~0,b0

≤ 1
2~u− un~0,b0 + CSt‖u0 − ϕn‖2,

~u− un~0,b0 ≤ 2CSt‖u0 − ϕn‖2 (12.18)

for all n ≥ n0. Unfortunately, this argument does not give the desired continuity
of v0 7→ u( · ; v0) from H1(Rd) to E1(b0). Also in this sense the situation is much
more difficult than in Theorem 8.6 and requires a more sophisticated analysis.
The estimate (12.18) shows that, after passing to a subsequence (um)m, the

functions um(t) tend to u(t) in Lp(Rd) as m→∞, for a.e. t ∈ J . Recall that

um − u = T (·)(ϕm − u0) + T ∗+ (F (um)− F (u)) on J0.

Let b ∈ (0, b0]. Strichartz’ estimates (12.5) and (12.6) now yield

~um − u~1,b ≤ CSt
(
‖ϕm − u0‖1,2 + ‖F (um)− F (u)‖Lq′ ([−b,b],W 1

p′ )
)

(12.19)

for m ∈ N. (Observe that we may assume m ≥ n0 and that F (um) and F (u)
belong to E′1(b) = Lq

′([−b, b],W 1
p′(Rd)) by Lemma 12.1.) Let φ(z) = −iµ|z|α−1z

for z ∈ R2 and j ∈ {1, . . . , d}. As in (12.13) we compute

‖∂jF (um(t))− ∂jF (u(t))‖p′
≤ ‖φ′(um(t))[∂jum(t)− ∂ju(t)]‖p′ + ‖[φ′(um(t))− φ′(u(t))]∂ju(t)‖p′
≤ α‖um(t)‖α−1

p ‖∂jum(t)− ∂ju(t)‖p + ‖[φ′(um(t))− φ′(u(t))]∂ju(t)‖p′
≤ αCα−1

So rα−1‖um(t)− u(t)‖1,p + ‖[φ′(um(t))− φ′(u(t))]∂ju(t)‖p′ ,

for t ∈ J0, where we use Sobolev’s embedding (12.4) and inequality (12.17).
We next take the norm in Lq

′([−b, b]). Employing also (12.8) and Hölder’s
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inequality, it follows

‖F (um)− F (u)‖E′1(b) ≤ c1r
α−1b

1
q′−

1
q ‖um − u‖E1(b)

+ c2‖(φ′(um)− φ′(u))|∇u|‖Lq′ ([−b,b],Lp′ ).

Here and below, cj is a constant only depending on d and α. We fix

b = min
{
b0,
(
2c1CStr

α−1) q′q
q′−q

}
and insert the above inequality into (12.19), arriving at

~um − u~1,b ≤ CSt‖ϕm − u0‖1,2 + 1
2‖um − u‖E1(b)

+ c2CSt‖(φ′(um)− φ′(u))|∇u|‖E′0(b),

~um − u~1,b ≤ 2CSt‖ϕm − u0‖1,2 + 2c2CSt‖(φ′(um)− φ′(u))|∇u|‖E′0(b).

(12.20)

Corollary 9.3 implies that the functions φ′(um(t))|∇u(t)| tend to φ′(u(t))|∇u(t)|
in Lp

′(Rd) as m → ∞ for a.e. t ∈ [−b, b], since um(t) → u(t) in Lp(Rd).
Combining Corollary 9.3 with (12.17) and (12.4), we further estimate

‖(φ′(um(t))− φ′(u(t)))|∇u(t)|‖p′ ≤ c3(‖um(t)‖α−1
p + ‖u(t)‖α−1

p )‖|∇u(t)|‖p
≤ 2c3C

α−1
So rα−1‖u(t)‖1,p.

Since q′ < q, the function u belongs to Lq′([−b, b],W 1
p (Rd)). Due to dominated

convergence, the second term on the right-hand side in (12.20) thus tends to 0
as m→∞. As a result, um → u in E1(b) and we can fix an index m1 such that
‖um(±b)‖1,2 ≤ ρ for all m ≥ m1.
We repeat the above argument on the intervals [−2b, 0] and [0, 2b], passing to

further subsequences. In finitely many steps, we thus construct a subsequence
(ϕnj )j with J ⊆ J(ϕnj ) for all j ∈ N and unj → u in E1(J) as j →∞. �

Our derivation of the conservation laws in Lecture 10 was valid only for
H2–solutions. Of course, such solutions can only exist if u0 ∈ H2(Rd). By a
refinement of the above proof we show in the next lecture that the solution of
(12.1) preserves this initial regularity on its full existence interval J(u0).
To this aim, we will employ the X-valued Sobolev space W 1

r (J,X) for r ∈
[1,∞], an open interval J ⊆ R and a Banach space X (see Appendix F). One
says that u ∈W 1

r (J,X) if u ∈ Lr(J,X) and there exists v ∈ Lr(J,X) such that

u(t) = u(a) +
∫ t

a
v(s) ds

for all t, a ∈ J (where Proposition F.15 allows to choose a representative of u
belonging to C(J,X)). We set u′ = v (see Definition F.14).
We discuss a few properties of these spaces needed later on. The space

W 1
r (J,X) is a Banach space when equipped with the norm given by

‖u‖1,r =


(
‖u‖rr + ‖u′‖rr

) 1
r , if 1 ≤ r <∞,

max{‖u‖∞, ‖u′‖∞}, if r =∞,
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where ‖·‖r is the norm on Lr(J,X). MoreoverW 1
r (J,X) is isometrically isomor-

phic to a closed subspace of Lr(J,X)2 via the map u 7→ (u, u′). The observations
in Remark 11.4 then lead to the following properties.

Remark 12.7. (a) If 1 ≤ r < ∞ and X is separable, then W 1
r (J,X) is

separable.
(b) If 1 < r <∞ and X is reflexive, then W 1

r (J,X) is reflexive.
(c) Let X be reflexive. Then W 1

∞(J,X) is isometrically isomorphic to the
space of bounded Lipschitz functions u : J → X. (See §1.2 in [ABHN11].)
(d) Let a < b < c and r ∈ [1,∞). Let u ∈W 1

r ((a, b), X) and v ∈W 1
r ((b, c), X)

satisfy u(b) = v(b). Define w(t) = u(t) for t ∈ (a, b), w(b) = u(b) and w(t) =
v(t) for t ∈ (b, c). Set g(t) = u′(t) for t ∈ (a, b) and g(t) = v′(t) for t ∈ (b, c). It
is then straight forward to check that g ∈ Lr((a, c), X) is the derivative of w.
The concatenation w thus belongs to W 1

r ((a, c), X). ♦

We further need a simple density and embedding result for W 1
p (J,X).

Lemma 12.8. Let J ⊆ R be an open and bounded interval. Then the following
assertions hold.

(a) If 1 ≤ r <∞ then C1(J,X) is dense in W 1
r (J,X).

(b) If 1 ≤ r ≤ ∞, then W 1
r (J,X) ↪→ C(J,X).

Proof. Let u ∈W 1
r (J,X). We choose a representative of u which belongs

to C(J,X), see Proposition F.15.
(a) Let 1 ≤ r < ∞ and J = [a, b]. We can approximate u′ in Lr(J,X) by

vn ∈ Cc(J,X), n ∈ N, see steps 3) and 4) of the proof of Lemma 11.5. Setting

un(t) = u(a) +
∫ t

a
vn(s) ds, t ∈ J, n ∈ N,

we obtain functions un ∈ C1(J,X) with u′n = vn → u′ in Lr(J,X). Hölder’s
inequality further yields

‖un(t)− u(t)‖rX ≤
(∫ t

a
‖vn(s)− u′(s)‖X ds

)r
≤ |J |

r
r′

∫
J
‖vn(s)− u′(s)‖rX ds,

‖un − u‖r ≤ |J |‖vn − u′‖r −→ 0

as n→∞, where |J | is the length of J . Thus, (a) is true.
(b) First let J = (0, 1). We set ũ(t) = u(t) for t ∈ [0, 1) and ũ(t) = u(−t) for

t ∈ (−1, 0). The function ũ belongs to W 1
r ((−1, 1), X) with derivative given by

ũ′(t) = u′(t) for t ∈ (0, 1) and ũ′(t) = −u′(−t) for t ∈ (−1, 0), since

u(−t) = u(0)−
∫ t

0
u′(−s) ds

for t ∈ (−1, 0). Let J̃ = (−1, 1). Take a function φ ∈ C1(J̃) with φ = 1 on
[0, 1) and φ = 0 on (−1,−1

2). Set v = φũ. We claim that v ∈ W 1
r (J̃ , X) with

v′ = φũ′ + φ′ũ. In fact, take ũn ∈ C1(J̃ , X) converging to ũ in W 1
r (J̃ , X).

Passing to a subsequence, we may assume that ũn(t) → ũ(t) as n → ∞ for
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t ∈ J̃ \N and a set N of measure 0. Taking t, a ∈ J̃ \N , we thus obtain

v(t)− v(a) = lim
n→∞

(φ(t)ũn(t)− φ(a)ũn(a)) = lim
n→∞

∫ t

a
(φ(s)ũ′n(s) + φ′(s)ũn(s) ds

=
∫ t

a
(φ(s)ũ′(s) + φ′(s)ũ(s)) ds.

Since v is continuous, this equation holds for all t, a ∈ J̃ and the claim is shown.
For t ∈ [0, 1] we thus derive

u(t) = v(t) =
∫ t

−1
v′(s) ds, ‖u(t)‖ ≤ ‖v′‖1 ≤ c‖u‖W 1

r ((0,1),X),

where c only depends on φ. Hence, (b) holds in this case.
The assertion for a general interval J = (a, b) follows by means of the trans-

formation t 7→ t−a
b−a from J to (0, 1). �

Exercises

Exercise 12.1. Let d = 3 and φ = (φ1, φ2) ∈ C3(R2,R2). For u : R3 → C
set F (u) = φ1(Reu, Im u) + iφ2(Reu, Im u) =: φ(u). Show that F : H2(R3) →
H2(R3) is Lipschitz on bounded subsets of X = H2(R3). Show that one can
apply Theorem 8.6 to the nonlinear Schrödinger equation

u′(t) = i∆u(t) + iF (u(t)), t ≥ 0, u(0) = u0,

on X. What is the difference between this result and Theorem 12.6?

Exercise 12.2. Let d ≤ 5 and α ∈ (2, αc). Set φ(z) = z|z|α−1 for z ∈ R2.
(a) Show that φ ∈ C2(R2,R2) with |φ′′(z)| ≤ c0|z|α−2 for all z ∈ R2 and some

constant c0 > 0.
(b) We use the notations of Lecture 12. Let b > 0 and u, v ∈ E1(b) with

~u~1,b,~v~1,b ≤ r for some r > 0. Let p = 1 + α and 2
q + d

p = d
2 . Show that

‖F (u)− F (v)‖Lq′ (J,W 1
p′ )
≤ crα−1b

1
q′−

1
q ~u− v~1,b

for some constant c > 0 only depending on c0, α and d.
(c) Let u0 ∈ H1(Rd). Show that there is a radius δ > 0 and a time b0 > 0

such that [−b0, b0] ⊆ J(v0) and
BH1(u0, δ)→ E1(b0), v0 7→ u( · ; v0),

is Lipschitz continuous.

Exercise 12.3. Let V,Γ ∈ W 1
∞(Rd) be real valued. Set F1(u) = −iV u and

F2(u) = −iΓu|u|α−1 for u ∈ H1(Rd), as well as F = F1 + F2. Let ρ > 0 and
u0 ∈ H1(Rd) with ‖u0‖1,2 ≤ ρ. Show that there is a time b0 > 0 such that the
nonlinear Schrödinger equation

u′(t) = i∆u(t) + F (u(t)), t ∈ [−b0, b0], u(0) = u0,

has an H1–solution. (Hint: One can use Theorem 11.6 with (q, p) = (∞, 2).)
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LECTURE 13

Regularity and global existence for the nonlinear
Schrödinger equation

In Theorem 12.6 we have constructedH1–solutions u ∈ C1(J(u0), H−1(Rd))∩
C(J(u0), H1(Rd)) of the nonlinear Schrödinger equation

u′(t) = i∆u(t)− iµ|u(t)|α−1u(t), t ∈ J(u0), u(0) = u0, (13.1)

for u0 ∈ H1(Rd), the maximal existence interval J(u0), µ ∈ {−1, 1} and 1 <
α < αc = d+2

(d−2)+
. As we saw in Example 10.3, there is a blow-up solution in the

focusing case µ = −1 for α = 1 + 4
d . In this lecture we present three positive

results on global existence for (13.1), namely:
(a) Defocusing case: If µ = 1, then J(u0) = R for all u0 ∈ H1(Rd) and

α ∈ (1, αc).
(b) Small α: If α ∈ (1, 1 + 4

d), then J(u0) = R for all u0 ∈ H1(Rd).
(c) Small u0: There is a radius ρ > 0 such that J(u0) = R for all u0 ∈

H1(Rd) with ‖u0‖1,2 ≤ ρ, where α ∈ (1, αc).
In all three cases the nonlinearity is relatively tame so that it does not destroy
the global existence that we have in the linear case: In (a) we have the right
sign µ = 1. In (b) the nonlinearity does not grow too much. In (c) the solution
u is small initially which leads to an even smaller nonlinearity |u|α−1u. These
results are shown in Theorem 13.3. Moreover, the proof of (c) leads to the
Lyapunov stability of the solution u∗ = 0 of (13.1), see Corollary 13.4.
The basic criteria (a) – (c) for global existence rely on the conservation laws

for the energy and for the L2–norm of H1–solutions. In Remarks 10.4 and 10.5
we derived them only for u ∈ C1(J(u0), H1(Rd))∩C(J(u0), H2(Rd)). We show
the conservation laws for H1–solutions in Theorem 13.2 by various approxima-
tion arguments. In this proof we work with H2–solutions. For our reasoning
it is crucial to know that the maximal H1–solution of (13.1) is even an H2–
solution on its full existence interval J(u0) provided that u0 ∈ H2(Rd). Thus,
the solution u(t) preserves the initial regularity u0 ∈ H2(Rd) for all t ∈ J(u0),
which is of independent interest.
To prove this fact, as in Theorem 12.6 we look for a fixed point v satisfying

v = T (·)u0 + T ∗+ F (v) =: Φu0(v),

where F (v) = −iµ|v|α−1v and T (·) is the free Schrödinger group. In contrast
to Lemma 12.5 we now consider Φ on a space involving differentiability of v
in time. The resulting fixed point then turns out to be an H2–solution and it
coincides with the known H1–solution u from Theorem 12.6.
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At the end of the lecture we briefly discuss further results on blow-up and
global existence.

We now come to the announced regularity theorem. As in the previous
lectures, we set p = 1 + α ∈ (2, 1 + αc) and 2

q = d
2 −

d
p . It follows that

p, q ∈ (2,∞), p′ = p
α and that (q, p) is admissible in the sense of (11.13). In the

next proof we use properties of Banach space valued Sobolev spaces stated in
Remark 12.7 and Lemma 12.8.

Theorem 13.1. Let 1 < α < d+2
(d−2)+

, µ ∈ {−1, 1}, and u0 ∈ H2(Rd). Then
the maximal H1–solution of (13.1) is even an H2–solution on J(u0), i.e., u ∈
C1(J(u0), L2(Rd)) ∩ C(J(u0), H2(Rd)). It further satisfies u ∈ W 1

q (I, Lp(Rd))
for all open bounded intervals I with I ⊆ J(u0).

Proof. Let u0 ∈ H2(Rd) and let u be the maximal H1–solution of (13.1)
obtained in Theorem 12.6. Take any compact interval J0 ⊆ J(u0) containing
0. We have to show that u is an H2–solution on J0 with u ∈ W 1

q (J̊0, L
p(Rd)).

By a refinement of the fixed point argument in the proof of Theorem 12.6, we
first prove this claim on an interval J1 = [−b1, b1]. It turns out that this time
b1 > 0 only depends on α, d and

ρ := max
t∈J0
‖u(t)‖1,2,

and in particular not on ‖u0‖2,2. We can thus repeat the argument for the
initial values u(±b1) with the same time step size b1 and deduce the assertion
in finitely many iterations. Throughout we use the setting and the notation of
the proof of Theorem 12.6.
1) We fix r = 1 + CStρ. Let b > 0. We set J = (−b, b) and use the spaces

Ek(b) = L∞(J,Hk(Rd)) ∩ Lq(J,W k
p (Rd)),

endowed with the norms given by

~v~k,b = max{‖v‖L∞(J,Hk), ‖v‖Lq(J,Wk
p )},

where k ∈ {0, 1}. Lemma 12.5 says that the H1–solution u is a fixed point
of the operator Φ (see (13.2)) in the set Σ(r, b) = BE1(b)(0, r), where 0 < b ≤
b0(‖u0‖1,2). We will show that it is also a fixed point in a subset of more regular
functions, using that u0 ∈ H2(Rd). To this aim, for R ≥ CSt‖∆u0‖2 =: R0 (to
be fixed below) we define the spaces

F(b) = E1(b) ∩W 1
q (J, Lp(Rd)) ∩W 1

∞(J, L2(Rd)),
Θ = Θ(R, b) =

{
v ∈ F(b)

∣∣ v(0) = u0,~v~1,b ≤ r,~v′~0,b ≤ R
}
.

Strichartz’ estimate (12.5) yields that ~T (·)u0~1,b ≤ CStρ ≤ r and
~ d

dt T (·)u0~0,b = ~T (·)∆u0~0,b ≤ CSt‖∆u0‖2 ≤ R. Hence, Θ(R, b) 6= ∅.
We endow Θ with the metric given by ~v−w~0,b. We recall from Remark 12.7

(c) thatW 1
∞(J, L2(Rd)) is isomorphic to the space of Lipschitz functions f : J →

L2(Rd). Moreover, for v in these isomorphic spaces the Lipschitz constant of v
coincides with ‖v′‖L∞(J,L2). We first claim that Θ is complete.

130



In fact, take a Cauchy sequence (vn)n in Θ. In Lemma 12.2 we have seen
that (vn)n converges in E0(b) to a function v ∈ E1(b) with ~v~1,b ≤ r as
n → ∞. Since the maps vn : J → L2(Rd) converge in L∞(J, L2(Rd)) to v
and are uniformly Lipschitz with bound R, we conclude that (vn)n tends to v
in C(J, L2(Rd)) as n→∞, that v(0) = u0 and that v : J → L2(Rd) is Lipschitz
with bound R. Using again Remark 12.7 (c), we see that the function v belongs
to W 1

∞(J, L2(Rd)) with ‖v′‖L∞(J,L2) ≤ R. Further, after passing to a subse-
quence, (vnj )j tends weakly in W 1

q (J, Lp(Rd)) to a function w ∈W 1
q (J, Lp(Rd))

as j →∞ with ‖w′‖Lq(J,Lp) ≤ R. Since Lq(J, Lp(Rd))∗ ↪→ W 1
q (J, Lp(Rd))∗ and

d
dt : W 1

q (J, Lp(Rd)) → Lq(J, Lp(Rd)) is linear and bounded, vnj and v′nj con-
verge weakly in Lq(J, Lp(Rd)) to w and w′, respectively. We thus obtain v = w,
v ∈ F(b) and ~v′~0,b ≤ R. Summing up, v ∈ Θ and Θ is complete.
2) Let v, w ∈ Θ(R, b) for R ≥ R0 and b ∈ (0, b0(ρ)], see (12.16). We define

again

Φ(v)(t) = T (t)u0 +
∫ t

0
T (t− s)F (v(s)) ds = T (t)u0 +

∫ t

0
T (s)F (v(t− s)) ds

(13.2)
for t ∈ J = [−b, b]. We fix below R and b so that Φ : Θ(R, b) → Θ(R, b) is
a strict contraction. In the proof of Lemma 12.5 we have already shown that
Φ(v) ∈ E1(b) ∩ C(J,H1(Rd)),

~Φ(v)− Φ(w)~0,b ≤
1
2~v − w~0,b and ~Φ(v)~1,b ≤ r, (13.3)

see (12.14) – (12.16).
3) We next prove that d

dt Φ(v) ∈ E0(b) with ~ d
dt Φ(v)~0,b ≤ R for all v ∈

Θ(R, b). To this aim, we first differentiate the integral in (13.2) with respect
to t. This is done via an approximation argument. Corollary 9.3 shows that
F : Lp(Rd) → Lp

′(Rd) is real continuously differentiable with derivative given
by F ′(ϕ)ψ = φ′(ϕ)ψ for ϕ,ψ ∈ Lp(Rd) and φ(z) = −iµ|z|α−1z for z ∈ R2.
Moreover,

‖F ′(ϕ)ψ‖p′ ≤ c1‖ϕ‖α−1
p ‖ψ‖p. (13.4)

Here and below cj is a constant only depending on α and d. Lemma 12.8 (a)
allows to approximate v in W 1

q (J, Lp(Rd)) by wn ∈ C1(J, Lp(Rd)). Passing
to a subsequence if necessary, we may further assume that w′n(t) converges in
Lp(Rd) as n→∞ and ‖w′n(t)‖p ≤ h(t) for all n ∈ N, a.e. t ∈ J and a function
h ∈ Lq(J) ↪→ Lq

′(J), where we note that q′ < 2 < q. Finally, taking a = 0 and
J = (−b, b) in the proof of Lemma 12.8 (b), we see that wn(0) = v(0) = u0.
Due to Lemma 12.8 (b), the sequence (wn)n converges to v in C(J, Lp(Rd)). It
is thus bounded by a constant c in this space. The properties of F yield that
the functions F ′(wn(t))w′n(t) tend to F ′(v(t))v′(t) in Lp′(Rd) as n→∞ for a.e.
t ∈ J and that

sup
n∈N
‖F ′(wn(t))w′n(t)‖p′ ≤ sup

s∈J,n∈N
c1‖wn(s)‖α−1

p ‖w′n(t)‖p ≤ c1c
α−1h(t)

for a.e. t ∈ J . From dominated convergence we deduce that F ′(wn)w′n →
F ′(v)v′ in Lq′(J, Lp′(Rd)) as n→∞.
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Since Lp′(Rd) ↪→ H−1(Rd), we have F (wn) ∈ C1(J,H−1(Rd)) and so the
derivative
d
dt

∫ t

0
T (s)F (wn(t− s)) ds = T (t)F (wn(0)) +

∫ t

0
T (s)F ′(wn(t− s))w′n(t− s) ds

= T (t)F (u0) +
∫ t

0
T (t− s)F ′(wn(s))w′n(s) ds

exists in H−1(Rd). (In this calculation we identify C with R2.) Due to
Strichartz’ estimate (12.6), the right-hand side of the above identity is con-
tinuous in L2(Rd) and converges to

T (t)F (u0) +
∫ t

0
T (t− s)F ′(v(s))v′(s) ds

in L2(Rd) uniformly in t as n→∞. Similarly, the integral on the left-hand side
tends to T ∗+ F (v)(t) in L2(Rd) uniformly in t. We can thus differentiate the
integral in (13.2) in L2(Rd) and obtain

d
dt

∫ t

0
T (s)F (v(t− s)) ds = T (t)F (u0) +

∫ t

0
T (t− s)F ′(v(s))v′(s) ds,

d
dt Φ(v)(t) = T (t)(i∆u0 + F (u0)) +

∫ t

0
T (t− s)F ′(v(s))v′(s) ds (13.5)

for all t ∈ J .
4) In this step we establish that d

dt Φ(v) ∈ E0(b) and estimate its norm. It
is crucial that R will enter only linearly. Using inequality (13.4), Sobolev’s
embedding (12.4) and ‖v(s)‖1,2 ≤ r, we derive

‖F ′(v(s))v′(s)‖p′ ≤ c1C
α−1
So rα−1‖v′(s)‖p

for all s ∈ J . Strichartz’ estimate (12.6) and Hölder’s inequality now allow to
bound the E0(b)–norm of the integral term in (13.5) by

CSt‖F ′(v)v′‖Lq′ (J,Lp′ ) ≤ CStc1C
α−1
So rα−1‖v′‖Lq′ (J,Lp) ≤ c2r

α−1b
1
q′−

1
q ‖v′‖Lq(J,Lp)

≤ c2r
α−1b

1
q′−

1
qR (13.6)

with c2 := 2
1
q′−

1
q c1CStC

α−1
So , using v ∈ Θ(R, b). We further recall that

H2(Rd) ↪→ L2α(Rd) by Sobolev’s embedding (5.5) since α < d
(d−4)+

. Hence,
‖F (u0)‖2 = ‖u0‖α2α ≤ c3‖u0‖α2,2. Strichartz’ estimates, (13.5) and (13.6) thus
yield that

~ d
dt Φ(v)~0,b ≤ CSt(‖∆u0‖2 + c3‖u0‖α2,2) + c2r

α−1b
1
q′−

1
qR (13.7)

and that d
dt Φ(v) belongs to C(J, L2(Rd)). We fix R1 = 2CSt(‖∆u0‖2 +

c3‖u0‖α2,2) ≥ R0 and choose

b1 = min
{
b0(ρ), (2c2r

α−1)
q′−q
q′q
}
.

Since r = 1+CStρ, the number b1 only depends on ρ, α and d. The inequalities
(13.3) and (13.7) now show that Φ : Θ(R1, b1) → Θ(R1, b1) is a strict con-
traction. We thus obtain a fixed point v∗ = Φ(v∗) ∈ Θ(R1, b1) ⊆ F(b1) with
v∗ ∈ C(J1, H

1(Rd)) ∩ C1(J1, L
2(Rd)) ∩W 1

q (J̊1, L
p(Rd)), where J1 := [−b1, b1].
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By Lemma 12.5, the H1–solution u is the only fixed point of Φ in Σ(r, b1) ⊇
Θ(R1, b1). Hence, u = v∗ ∈ C1(J1, L

2(Rd)) ∩ C(J1, H
1(Rd)) ∩W 1

q (J̊1, L
p(Rd)).

5) We still have to show that u ∈ C(J1, H
2(Rd)). To prove this, we use a

“boot-strapping” argument based on the following fact, see Theorems 4.3.8 (ii)
and 4.3.10 (ii) in [Kry08].

Let r, s ∈ (1,∞). Then the operator I−∆ : W 2
r (Rd)→ Lr(Rd)

is invertible with bounded inverse Rr. If g ∈ Lr(Rd)∩Ls(Rd),
then Rrg = Rsg. We thus write (I −∆)−1 instead of Rr.

As a starting point we note that (13.1) yields

u−∆u = u+ iu′ − iF (u) = f + g,

where f := u + iu′ ∈ C(J1, L
2(Rd)) and g := −iF (u) ∈ C(J1, L

p
α (Rd)) since

u ∈ C1(J1, L
2(Rd)) ∩ C(J1, L

p(Rd)) and p′ = p
α . Note that p

α ∈ (1, 2). The
above stated regularity result for ∆ shows that (I − ∆)−1f ∈ C(J1, H

2(Rd))
and (I −∆)−1g ∈ C(J1,W

2
p
α

(Rd)). Sobolev’s embedding (5.5) thus yields

u = (I −∆)−1(f + g) ∈ C(J1, L
r1(Rd))

for r1 = d
dα−2pp =: γp > 2 if dα > 2p and for any r1 ∈ (2,∞) otherwise. Note

that γ > 1 if dα > 2p since p = α+ 1 and α < d+2
(d−2)+

.
This extra integrability of u implies that g ∈ C(J1, L

r1
α (Rd)). If r1 ≥ 2α, we

obtain that g belongs to C(J1, L
2(Rd)) since then L

p
α (Rd)∩L

r1
α (Rd) ↪→ L2(Rd)

by (D.13). As a result, u = (I −∆)−1(f + g) ∈ C(J1, H
2(Rd)).

If r1 < 2α, as above we infer that u ∈ C(J1, L
r2(Rd)) for r2 = dr1

dα−2r1
≥ γr1 =

γ2p if dα > 2r1 and for any r2 ∈ (2,∞) if dα ≤ 2r1. Since γ > 1, in finitely
many steps we arrive at rm ≥ γmp ≥ 2α, and hence u ∈ C(J1, H

2(Rd)).
6) We can now finish the proof. If J0 ⊆ J1 we are done. If not, assume that

max J0 > b1. Since u(b1) ∈ H2(Rd), we can repeat steps 2) – 5) with initial value
u(b1) and the same time step b1. We then obtain an H2–solution u1 of (13.1)
on [b1, 2b1] with u1(b1) = u(b1). By Lemma 12.3, we can glue together these
functions to an H2–solution v on [−b1, 2b1] with v ∈ W 1

q ((−b1, 2b1), Lp(Rd)).
The uniqueness of H1–solutions yields that v = u on [−b1, 2b1]. We can iterate
this procedure and derive in finitely many steps that u is an H2–solution of
(12.1) on J0 with u ∈W 1

q (J̊0, L
p(Rd)), where we use Remark 12.7 (d). �

Before discussing global existence, we next derive the conservation laws for
the L2–norm and the energy of H1–solutions u. We had shown these laws in
Remarks 10.4 and 10.5 for more regular solutions. Theorems 12.6 and 13.1 now
allow to extend these results to H1–solutions by approximation. We recall that

E(v) = 1
2‖∇v‖

2
2 + µ

α+1‖v‖
α+1
α+1 =

∫
Rd

(1
2 |∇v|

2 + µ
α+1 |v|

α+1) dx (13.8)

for v ∈ H1(Rd) is the energy and that H1(Rd) ↪→ L1+α(Rd) because of 1 < α <
αc, see (12.4). In particular, E : H1(Rd)→ R is real continuously differentiable
by Corollary 9.3.
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Theorem 13.2. Let 1 < α < αc, µ ∈ {−1, 1}, u0 ∈ H1(Rd) and let u be the
corresponding maximal H1–solution of (13.1) on J(u0). We then have

‖u(t)‖2 = ‖u0‖2 and E(u(t)) = E(u0) for all t ∈ J(u0).

Proof. 1) Take u0,n ∈ H2(Rd) that converge to u0 in H1(Rd). Let un be
the H2–solution of (13.1) with the initial value u0,n, see Theorem 13.1. Fix a
compact interval J ⊆ J(u0) with 0 ∈ J . Theorem 12.6 yields that J ⊆ J(u0,n)
for all n larger than some n0 and that un(t)→ u(t) in H1(Rd) as n→∞ for all
t ∈ J . Remark 10.4 now says that ‖un(t)‖2 = ‖u0,n‖2 for all t ∈ J and n ≥ n0.
Letting n→∞, we derive the first assertion.
2) Since the energy E is continuous on H1(Rd), the second assertion

will follow as the first one if we can show that E(u(t)) = E(u0) for all
t ∈ J(u0) and u0 ∈ H2(Rd). Unfortunately, in Remark 10.5 we needed
u ∈ C1(J(u0), H1(Rd)) ∩ C(J(u0), H2(Rd)) instead of the available regular-
ity u ∈ C1(J(u0), L2(Rd)) ∩ C(J(u0), H2(Rd)). We handle the two terms of
the energy in different ways, assuming that u0 ∈ H2(Rd) with corresponding
H2–solution u J(u0).
i) We show directly that the function t 7→ 1

2‖|∇u(t)|‖22 is continuously differ-
entiable on J(u0) with derivative −Re(∆u|u′)L2 . In fact, let t, t + h ∈ [a, b] ⊆
J(u0). Integrating by parts, we compute

Dh := 1
2‖|∇u(t+ h)|‖22 − 1

2‖|∇u(t)|‖22 + Re(∆u(t)|u′(t))L2h = ReDh

= −1
2 Re

∫
Rd

∆u(t+ h)u(t+ h) dx+ 1
2 Re

∫
Rd

∆u(t)u(t) dx

+ Re
∫
Rd

∆u(t)u′(t)hdx

= −1
2 Re

∫
Rd

(∆u(t+ h)−∆u(t))(u(t+ h)− u(t)) dx

− Re
∫
Rd

∆u(t)(u(t+ h)− u(t)− u′(t)h) dx

using also the symmetry of ∆ on H2(Rd) and Re z = Re z for z ∈ C. Observe
that u : [a, b] → L2(Rd) is Lipschitz with constant c := supa≤τ≤b ‖u′(τ)‖2. For
h 6= 0 we thus derive

| 1hDh| ≤ c
2‖∆u(t+ h)−∆u(t)‖2 + ‖∆u(t)‖2‖ 1

h(u(t+ h)− u(t))− u′(t)‖2
−→ 0 as h→ 0.

ii) The second summand in the energy is differentiated by means of an ap-
proximation of the nonlinearity. To this aim, we fix a function ψ ∈ C1

b (R)
such that ψ(r) = 1

1+αr
1+α for 0 ≤ r ≤ 1 as well as 0 ≤ ψ(r) ≤ 1

1+αr
1+α

and 0 ≤ ψ′(r) ≤ rα for all r ≥ 1. We then set φn(z) = n1+αψ( 1
n |z|) for

z ∈ R2 and Gn(v) = µ
∫
Rd φn(v) dx for v ∈ L2(Rd). Lemma 9.1 shows that

Gn : L2(Rd)→ R is real continuously differentiable with

G′n(v)w = µ

∫
Rd
∇φn(v) · w dx
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for v, w ∈ L2(Rd). As a result,
d
dt Gn(u(t)) = µ

∫
Rd
∇φn(u(t)) · u′(t) dx

for t ∈ J(u0). We next note that φn(u(t)) tends to 1
1+α |u(t)|α+1 and ∇φn(u(t))·

u′(t) tends to |u(t)|α−1 Re(u(t)u′(t)), pointwise as n→∞. Moreover,

|φn(z)| ≤ 1
1 + α

n1+α

n1+α |z|
1+α = 1

1 + α
|z|1+α, |∇φn(z)| ≤ n1+α

nα
|z|
n|z|
|z|α = |z|α

for z ∈ R2. Recall that u(t) ∈ H2(Rd) ↪→ L1+α(Rd) ∩ L2α(Rd) by Sobolev’s
embedding (5.5) and that u′(t) ∈ L2(Rd). With the majorants 1

1+α |u(t)|α+1

and |u(t)|α|u′(t)|, dominated convergence yields

Gn(u(t)) −→ µ

1 + α

∫
Rd
|u(t)|α+1 dx,

d
dt Gn(u(t)) = µ

∫
Rd
∇φn(u(t)) · u′(t) dx −→ µRe

∫
Rd
|u(t)|α−1u(t)u′(t) dx

as n → ∞ for each t ∈ R. Moreover, Gn(u(t)) and d
dt Gn(u(t)) are uniformly

bounded for n ∈ N and t in compact subsets of J(u0).
iii) We next define the “approximative energy”

En(v) = 1
2‖|∇v|‖

2
2 +Gn(v)

for n ∈ N and v ∈ H1(Rd). The results in i) and ii) then show that
En(u(t)) −→ E(u(t)),

d
dt En(u(t)) −→ Re

∫
Rd

(−∆u(t) + µ|u(t)|α−1u(t))u′(t) dx

= Re
∫
Rd

iu′(t)u′(t) dx = 0

as n→∞ for all t ∈ J(u0), because u solves (13.1). Since En(u) and d
dt En(u)

are locally bounded, the above limits also hold in L1(J) for each open bounded
interval with J ⊆ J(u0). Hence, E(u) ∈ W 1

1 (J) with vanishing derivative and
E(u) is constant. �

In several cases the above conservation laws allow to bound the H1–norm of
a solution. Theorem 12.6 shows that this norm must explode in finite time if we
do not have global existence. This line of arguments leads to our final theorem.
In assertion (a) we only use that in the defocusing case the energy plus the L2–
norm dominate the norm in H1(Rd). In the focusing case the second summand
of E(u(t)) is negative and has to be controlled by the first part of E(u(t)) and
‖u(t)‖22. This can be done if either α or u0 is small.

Theorem 13.3. Let µ ∈ {−1, 1}, 1 < α < d+2
(d−2)+

= αc, u0 ∈ H1(Rd) and
let u be the corresponding maximal H1–solution of (13.1) on J(u0). Then the
following assertions hold.

(a) If µ = 1, then J(u0) = R for all u0 ∈ H1(Rd).
(b) If µ = −1 and 1 < α < 1 + 4

d , then J(u0) = R for all u0 ∈ H1(Rd).
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(c) There are numbers ρ, κ > 0 such that J(u0) = R and supt∈R ‖u(t)‖1,2 ≤
κ if ‖u0‖1,2 ≤ ρ.

Proof. (a) If µ = 1, Theorem 13.2 yields that
‖u(t)‖21,2 = ‖u(t)‖22 + ‖|∇u(t)|‖22 ≤ ‖u(t)‖22 + 2E(u(t)) = ‖u0‖22 + 2E(u0)

for all t ∈ J(u0). From the blow-up criterion in Theorem 12.6 (c) we thus
deduce J(u0) = R.
(b) Let 1 < α < 1 + 4

d and µ = −1. We consider d ≥ 3, the proof for d = 1, 2
is similar. The proof of Sobolev’s embedding even yields that

‖v‖ 2d
d−2
≤ cd‖|∇v|‖2 (13.9)

for v ∈ H1(Rd) and a constant cd only depending on d, see (D.15) in Appen-
dix D. To use this extra integrability of u(t), we note that

1
α+ 1 = 1− θ

2 + θ
2d
d−2

for θ = d

2 −
d

α+ 1 ∈ (0, 1).

The interpolation inequality (D.13) and (13.9) then imply1

‖v‖α+1
α+1 ≤ ‖v‖

(1−θ)(α+1)
2 ‖v‖θ(α+1)

2d
d−2

≤ cθ(α+1)
d ‖v‖α+1−dα−1

2
2 ‖|∇v|‖d

α−1
2

2

for all v ∈ H1(Rd). We have β := 4
d(α−1) > 1 by the assumption on α. Young’s

inequality with exponents β and β′ now leads to
1

α+1‖v‖
α+1
α+1 ≤ 1

4‖|∇v|‖
2
2 + c‖v‖β

′(α+1−dα−1
2 )

2

for a constant c only depending on α and d. Denoting the last summand by
k(‖v‖2), we infer from Theorem 13.2 that ‖u(t)‖22 = ‖u0‖22 and

E(u0) = E(u(t)) = 1
2‖|∇u(t)|‖22 − 1

α+1‖u(t)‖α+1
α+1

≥ 1
4‖|∇u(t)|‖22 − k(‖u(t)‖2) = 1

4‖|∇u(t)|‖22 − k(‖u0‖2)

for all t ∈ J(u0). Therefore, ‖u(t)‖21,2 ≤ 4E(u0) + 4k(‖u0‖2) + ‖u0‖22 for all
t ∈ J(u0), and as before it follows that J(u0) = R.
(c) Let µ ∈ {−1, 1}. This part relies on the observation that by Sobolev’s

embedding the “nonlinear” part of the energy can be bounded by
1

1+α‖u(t)‖α+1
α+1 ≤ c‖u(t)‖α−1

1,2 ‖u(t)‖21,2.

So if ‖u0‖1,2 is small, one can absorb this term by the other part of the energy
and ‖u(t)‖22 as long as ‖u(t)‖1,2 stays under a certain constant γ. Choosing a
suitable γ > ‖u0‖1,2, one then sees by a contradiction argument that actually
‖u(t)‖1,2 ≤ γ for all t and the assertion will follow.
To make this precise, we note that the conservation laws and Sobolev’s em-

bedding yield
1
2‖u(t)‖21,2 = 1

2‖u0‖22 + E(u(t))− µ
α+1‖u(t)‖α+1

α+1

≤ 1
2‖u0‖22 + E(u0) + c0‖u(t)‖α−1

1,2 ‖u(t)‖21,2, (13.10)

1Such estimates are called Gagliardo-Nirenberg inequalities.
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where c0 = Cα+1
So

1
1+α with Sobolev’s constant CSo from (12.4). We set γ =

(4c0)
1

1−α and take any ρ ∈ (0, γ). Let ‖u0‖1,2 ≤ ρ. We now define

t0 = sup
{
t ∈ (0, t+(u0))

∣∣ ‖u(s)‖1,2 ≤ γ for all s ∈ [0, t]
}
. (13.11)

Observe that t0 ∈ (0, t+(u0)]. Let 0 ≤ t < t0. The estimate (13.10), the choice
of γ and Sobolev’s embedding (12.4) next imply that

1
2‖u(t)‖21,2 ≤ 1

2‖u0‖22 + E(u0) + 1
4‖u(t)‖21,2,

‖u(t)‖21,2 ≤ 2‖u0‖22 + 2‖|∇u0|‖22 + 4
α+1‖u0‖α+1

α+1 ≤ c1(ρ2 + ρα+1), (13.12)

where c1 = max{2, 4
1+αC

1+α
So }. We now fix ρ ∈ (0, γ) such that c1(ρ2 + ρα+1) ≤

γ2

4 . If t0 < t+(u0), then u(t) → u(t0) in H1(Rd) as t → t−0 so that (13.11)
yields ‖u(t0)‖1,2 = γ, but (13.12) leads to the contradiction ‖u(t0)‖1,2 ≤ γ

2 .
Hence, t0 = t+(u0) and from (13.12) we derive that ‖u(t)‖1,2 ≤ γ

2 =: κ for
all t ∈ [0, t+(u0)). Theorem 12.6 (c) now implies t+(u0) = ∞, as asserted.
Similarly one treats negative times. �

The proof of Theorem 13.3 (c) leads to a corollary concerning stability.

Corollary 13.4. Let µ ∈ {−1, 1} and 1 < α < αc. Then the solution u∗ = 0
of (13.3) is Lyapunov stable in H1(Rd), i.e.:
∀ ε > 0 ∃ δ > 0 ∀u0 ∈ BH1(0, δ) : J(u0) = R and ‖u(t;u0)‖1,2 ≤ ε for all t ∈ R.

Proof. Let c0 and c1 be given as in the proof of Theorem 13.3 (c). Set
ε0 = 1

2(4c0)
1

1−α and take any ε ∈ (0, ε0]. Choose δ ∈ (0, 2ε) such that c1(δ2 +
δρ+1) ≤ ε2. Take u0 ∈ BH1(0, δ). Define t0 as in (13.11) with γ replaced by 2ε.
The estimate (13.12) still holds and implies the assertion. �

We conclude this lecture with a few remarks about further results on global
existence and blow-up.
Global existence holds in the defocusing case µ = 1 also if α = d+2

d−2 and d ≥ 3.
This result is far beyond the scope of these lectures, see Chapter 5 of [Tao06]
for an extended survey.
For α ∈ [1 + 4

d , αc) and µ = −1, Theorem 6.5.4 in [Caz03] establishes blow-
up in (13.1) if E(u0) < 0 and |x|u0 ∈ L2(Rd).2 (This additional integrability is
not needed if u0 is spherically symmetric by Theorem 6.5.10 in [Caz03].) One
could guess that a negative initial energy is necessary for blow-up. This is not
the case as Remark 6.5.8 in [Caz03] gives a blow-up solution with E(u0) > 0.
In Example 10.3 we have seen a blow-up solution for α = 1 + 4

d and µ = −1.
Denote its initial value by ϕ and consider (13.1) with µ = −1 and α = 1 + 4

d .
If ‖u0‖2 < ‖ϕ‖2, then J(u0) = R by Theorem 6.6.1 in [Caz03]. So in the
borderline case α = 1 + 4

d , where global existence starts to fail for µ = −1, one
has a precise threshold for the occurrence of blow-up solutions.
Let µ = −1 and max{1, α0} < α < αc, where α0 > 0 satisfies dα2

0+(d−2)α0 =
4. Let u0 ∈ H1(Rd) with |x|u0 ∈ L2(Rd). Set ϕb(x) = eib|x|2u0(x) for b > 0 and

2Recall that in Proposition 9.6 we showed blow-up for a certain nonlinear wave equation
if the initial energy is negative and another condition holds.
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x ∈ Rd. Then ϕb ∈ H1(Rd) and there is a number b0 > 0 such that t+(ϕb) =∞
for all b ≥ b0. (See Theorem 6.3.4 of [Caz03].) Hence, one has global existence
(to the right) if the initial value is rapidly oscillating.

Exercises

Exercise 13.1. Let u0 ∈ H1(Rd) and u be the corresponding H1–solution
of (13.1). Define its “momentum” by

pj(t) = Im
∫
Rd
u(t)∂ju(t) dx, t ∈ J(u0), j ∈ {1, . . . , d}.

Show that pj(t) = pj(0) for all t ∈ J(u0). (Hint: Consider first u0 ∈ H2(Rd).)

Exercise 13.2. Let u be an H2–solution of (13.1) on J = [0, b), where
b ∈ (0,∞] and α = 1 + 4

d . Let γ ≥
1
b and set

uγ(t, x) = (1 + γt)−
d
2 ei γ|x|2

4(1+γt)u
(

t
1+γt ,

1
1+γtx

)
for t ∈ R+ and x ∈ Rd. Show that uγ satisfies (13.1) with uγ(0) = ei γ4 | · |

2
u(0).

Further show that
(i) ‖uγ(t)‖2 = ‖u(s)‖2, ‖uγ(t)‖1+α = (1 + γt)−

2
1+α ‖u(s)‖1+α,

(ii) ‖|∇uγ(t)|‖2 = 1
2+2γt‖|(iγx+ 2∇)u(s)|‖2

for all t ≥ 0, where s = s(t) = t(1 +γt)−1 and we assume that |x|u(s) ∈ L2(Rd)
in (ii).

Exercise 13.3. Let d ≥ 3, α = d+2
d−2 and µ ∈ {−1, 1}. Show that there is a

radius ρ > 0 such that (13.1) has anH1–solution in E1(R) for all u0 ∈ BH1(0, ρ).
(Hint: Use Strichartz’ estimates for the endpoint case (q, p) = (2, 2d

d−2).)
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LECTURE 14

The asymptotic behavior in the defocusing case

In the previous lecture we have seen that the defocusing nonlinear Schrödinger
equation

u′(t) = i∆u(t)− i|u(t)|α−1u(t), t ∈ J, u(0) = u0, (14.1)

is globally solvable in the subcritical case 1 < α < d+2
(d−2)+

= αc. So for each
u0 ∈ H1(Rd) there is a unique solution u ∈ C1(R, H−1(Rd)) ∩C(R, H1(Rd)) of
(14.1). We next inquire how u(t) behaves as t tends to ±∞.
It turns out that the problem (14.1) has a similar long-term behavior as the

free linear Schrödinger equation v′ = i∆v. From Corollary 10.10 we know that
the free Schrödinger group T (·) satisfies

‖T (t)v0‖r ≤ c|t|
d
r
− d2 ‖v0‖r′

for all r ∈ (2,∞], t 6= 0 and v0 ∈ Lr
′(Rd)∩L2(Rd). In our main Theorem 14.4 we

show that the solution of (14.1) decays in a similar way as t→∞ if u0 ∈ H1(Rd)
satisfies |x|u0 ∈ L2(Rd) and r > 2 is not too large.
Recall that for r = 2 there is no decay since ‖u(t)‖2 = ‖u0‖2 for all t ∈ R

by Theorem 13.2. In view of this conservation law in L2(Rd) and the decay
in Lr(Rd) for r > 2, the solution of (14.1) should spread out in space as time
evolves. This behavior is in accordance with the dispersive phenomena we
discussed a bit in Lecture 10.
Actually, for r = 2 one can show an even closer relationship between (14.1)

and the free linear Schrödinger equation. In scattering theory one constructs
u± ∈ H1(Rd) such that u(t)− T (t)u± → 0 in H1(Rd) as t→ ±∞. We mention
a few scattering results at the end of the lecture, where we also talk a bit about
the long-term behavior in the focusing case.
The proof of the convergence result in Lr depends on explicit formulas for

the first and second derivatives of the quantity ‖|x|u(t)‖22 for an H1–solution
u of (13.1) whose initial value u0 ∈ H1(Rd) satisfies |x|u0 ∈ L2(Rd). We
note that these formulas hold in the focusing case, too. They are established
in Proposition 14.1. We remark that they are also crucial for the blow-up
results stated at the end of the last lecture. The proof of Proposition 14.1
depends on lengthy calculations and delicate approximation arguments. As
shown in Corollary 14.3, these formulas imply an expression for the energy of
the functions v(t) = e−

i|·|2
4t u(t) for t 6= 0. In the defocusing case this expression

leads to the desired decay estimate when combined with the conservation laws,
the Gagliardo-Nirenberg inequality and the Gronwall lemma, see Theorem 14.4.
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The results of this lecture were established by J. Ginibre and G. Velo in e.g.
[GV79] for more general nonlinearities. Our presentation follows (parts of)
Sections 6.5, 7.2 and 7.3 of [Caz03].
Throughout we use the spaces

L2
` (Rd) =

{
ϕ ∈ L2(Rd)

∣∣ |`|ϕ ∈ L2(Rd)
}

and H1
` (Rd) = L2

` (Rd) ∩H1(Rd)

where we set `(x) = x for x ∈ Rd. They are Hilbert spaces when endowed with
the norms given by

‖ϕ‖22,` = ‖|`|ϕ‖22 + ‖ϕ‖22 and ‖ϕ‖21,2,` = ‖ϕ‖22,` + ‖ϕ‖21,2 ,

respectively. Observe that H1(Rd) is not contained in L2
` (Rd).

In our first proposition we show that for u0 ∈ H1
` (Rd) the solution u of (13.1)

is continuous in L2
` (Rd) and we calculate the derivatives of t 7→ ‖u(t)‖22,`.

Proposition 14.1. Let u0 ∈ H1
` (Rd), α ∈ (1, αc) and µ ∈ {−1, 1}. Then the

maximal H1–solution u of the nonlinear Schrödinger equation (13.1) belongs
to C(J(u0), L2

` (Rd)). Moreover, the function φu given by φu(t) = ‖|`|u(t)‖22,
t ∈ J(u0), is twice continuously differentiable and satisfies

φ′u(t) = 4 Im
∫
Rd
u(t)` · ∇u(t) dx, (14.2)

φ′′u(t) = 16E(u0) +
(
4d− 8 d+2

α+1
)
µ‖u(t)‖α+1

α+1 (14.3)

for all t ∈ J(u0) and the initial energy E(u0) = 1
2‖|∇u0|‖22 + µ

α+1‖u0‖α+1
α+1.

Observe that the expression for φ′′u is rather simple and depends on u(t) con-
tinuously with respect to the H1–norm. If the solution u is sufficiently smooth
and decays rapidly enough, one can deduce the assertions of Proposition 14.1
in a direct but tedious way, using (13.1) and integration by parts. To perform
such computations in a rigorous way, we need several approximation arguments.
Already the weight |`| leads to integrability problems at infinity. To overcome
them, we use the function γε(x) = e−ε|x|2 for x ∈ Rd and ε > 0.

Proof of Proposition 14.1. 1) We first show that u ∈ C(J(u0),
L2
` (Rd)), φu ∈ C1(J(u0)) and that (14.2) holds. We consider any time in-

terval J = [0, b] ⊆ J(u0). Negative times are treated in the same way. For
ε > 0 we define

φu,ε(t) = ‖γε|`|u(t)‖22 =
∫
Rd
γ2
ε |`|2|u(t)|2 dx, t ∈ J.

We first consider u0 ∈ H2(Rd) so that u ∈ C1(J, L2(Rd)) ∩ C(J,H2(Rd)) by
Theorem 13.1. It is then clear that φu,ε ∈ C1(J). Using (13.1) and integrating

140



by parts, we derive

φ′u,ε(t) = 2 Re
∫
Rd
γ2
ε |`|2u(t)u′(t) dx = 2 Re i

∫
Rd
γ2
ε |`|2u(t)(∆u(t)− µ|u(t)|α−1u(t)) dx

= −2 Re i
∫
Rd

(
∇
(
γ2
ε |`|2u(t)

)
· ∇u(t) + µγ2

ε |`|2|u(t)|α+1
)

dx

= −2 Re i
∫
Rd

(
−4ε` · ∇u(t)γ2

ε |`|2u(t) + 2` · ∇u(t)γ2
εu(t) + γ2

ε |`|2|∇u(t)|2
)

dx

= 4 Im
∫
Rd
γ2
ε (1− 2ε|`|2)u(t)` · ∇u(t) dx

for t ∈ J . By integration it follows

φu,ε(t) = ‖γε|`|u0‖22 + 4 Im
∫ t

0

∫
Rd
γε(1− 2ε|`|2)γεu(s)` · ∇u(s) dx ds. (14.4)

Consider now u0 ∈ H1
` (Rd) and approximate it by u0,n ∈ H2(Rd) in H1(Rd)

with corresponding solutions un. Theorem 12.6 shows that J(u0,n) ⊆ J for all
sufficiently large n and that un → u in C(J,H1(Rd)) as n→∞. Hence, (14.4)
holds for u0 ∈ H1

` (Rd) by approximation. Observe that |γε(1− 2ε|`|2)| ≤ 1 for
all ε > 0 and x ∈ Rd. Due to Hölder’s and Young’s inequalities, (14.4) leads to

φu,ε(t) ≤ ‖|`|u0‖22 + 4
∫ t

0
φu,ε(s)

1
2 ‖|∇u(s)|‖2 ds

≤ ‖|`|u0‖22 + 2
∫ t

0
‖|∇u(s)|‖22 ds+ 2

∫ t

0
φu,ε(s) ds

for t ∈ J . From u ∈ C(J,H1(Rd)) and Gronwall’s lemma we deduce that
supε>0 ‖φu,ε‖∞ =: C < ∞. As ε → 0, Fatou’s lemma yields φu(t) =
‖|`|u(t)‖22 ≤ C for all t ∈ J . For later use we note that C only depends on
‖u0‖2,`, ‖|∇u|‖C(J,L2) and b. By means of the majorants |`u(t)|2 and 4|`u||∇u|
we can now let ε→ 0 in (14.4) to obtain

φu(t) = ‖|`|u(t)‖22 = ‖|`|u0‖22 + 4 Im
∫ t

0

∫
Rd
u(s)` · ∇u(s) dx ds (14.5)

for t ∈ J and u0 ∈ H1
` (Rd). Using again the second majorant, one sees that

the right-hand side of (14.5) depends continuously on t, so that the norms
‖|`|u(t)‖2 converge to ‖|`|u(t0)‖2 as t→ t0 in J . Moreover, the functions |`|u(t)
tend pointwise a.e. on Rd to |`|u(t0) as t→ t0. Hence, a result by Riesz implies
that the map t 7→ |`|u(t) ∈ L2(Rd) is continuous, see Lemma 1.32 in [Kal02].
We can thus differentiate (14.5) with respect to t ∈ J and deduce (14.2). This
formula implies the continuity of φ′u.
2) We still have to show that φu ∈ C2(J(u0)) and (14.3) holds. As a first

step, we consider functions v ∈ C(J,H1(Rd)) ∩ C1(J, L2(Rd)) and define

ψv,ε(t) = Im
∫
Rd
γεv(t)` · ∇v(t) dx (14.6)

for ε > 0 and t ∈ J , where J ⊆ R is a compact interval containing 0. Later,
the functions 4ψu,ε shall approximate φ′u as ε→ 0. We want to show that

ψv,ε(t) = ψv,ε(0)−Im
∫ t

0

∫
Rd
v′(s)

[
2γε`·∇v(s)+(dγε+`·∇γε)v(s)

]
dx ds (14.7)
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for t ∈ J and each fixed ε > 0. We see in Lemma 14.2 below that the space
C1(J,H1(Rd)) is dense in C(J,H1(Rd)) ∩ C1(J, L2(Rd)) with respect to the
norm given by max{‖v‖C(J,H1), ‖v‖C1(J,L2)}. By continuity, it thus suffices to
show (14.7) for v ∈ C1(J,H1(Rd)). For such functions, ψv,ε is continuously
differentiable and

ψ′v,ε(t) = Im
∫
Rd

(
γεv
′(t)` · ∇v(t) + γεv(t)` · ∇v′(t)

)
dx

= − Im
∫
Rd
v′(t)

[
γε` · ∇v(t) + div(v(t)γε`)

]
dx

= − Im
∫
Rd
v′(t)

[
2γε` · ∇v(t) + (dγε + ` · ∇γε)v(t)

]
dx, (14.8)

where we used Im z = − Im z for z ∈ C and Gauß’ formula (5.4). By integration
we arrive at (14.7).
3) Temporarily we assume that u0 ∈ H2(Rd) ∩ L2

` (Rd). The solution u then
belongs to C1(J(u0), L2(Rd)) ∩ C(J(u0), H2(Rd)) by Theorem 13.1. We define
ψu,ε by (14.6). Equation (14.7) yields that ψu,ε ∈ C1(J(u0)) and that ψ′u,ε is
given by (14.8) with v replaced by u. Inserting (13.1) into (14.8) for u, we infer

ψ′u,ε(t) = −Re
∫
Rd

(∆u(t)−µ|u(t)|α−1u(t))
[
2γε` ·∇u(t)+(dγε+` ·∇γε)u(t)

]
dx.

(14.9)
We first consider the term in (14.9) involving ∆u. Integrating by parts twice,
we compute

− Re
∫
Rd

∆u(t)
[
2γε` · ∇u(t) + (dγε + ` · ∇γε)u(t)

]
dx

= Re
∫
Rd

2(∇u(t) · ∇γε)(` · ∇u(t)) dx

+
∫
Rd

(2γε|∇u(t)|2 + γε` · ∇|∇u(t)|2) dx

+ Re
∫
Rd

(
d∇u(t) · ∇γε +∇u(t) · ∇γε +∇u(t) · (D2γε)`

)
u(t) dx

+
∫
Rd

(dγε + ` · ∇γε)|∇u(t)|2 dx

= Re 2
∫
Rd

(∇u(t) · ∇γε)(` · ∇u(t)) dx+ 2
∫
Rd
γε|∇u(t)|2 dx (14.10)

+ (d+ 1) Re
∫
Rd
u(t)∇u(t) · ∇γε dx+ Re

∫
Rd
u(t)∇u(t) · (D2γε)` dx,

where D2γε is the Hessian matrix. The other terms in (14.9) can be written as

Re
∫
Rd
µ|u(t)|α−1u(t)

[
2γε` · ∇u(t) + (dγε + ` · ∇γε)u(t)

]
dx

= 2µ
∫
Rd
|u(t)|α−1γε Re(` · ∇u(t)u(t)) dx+ µ

∫
Rd
|u(t)|α+1(dγε + ` · ∇γε) dx.

= 2µ
α+ 1

∫
Rd
γε` · ∇|u(t)|α+1 dx+ µ

∫
Rd
|u(t)|α+1(dγε + ` · ∇γε) dx.
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= − 2µ
α+ 1

∫
Rd

(` · ∇γε + dγε)|u(t)|α+1 dx+ µ

∫
Rd
|u(t)|α+1(dγε + ` · ∇γε) dx.

= α− 1
α+ 1µ

∫
Rd

(` · ∇γε + dγε)|u(t)|α+1 dx, (14.11)

where we integrated by parts. Equations (14.9), (14.10) and (14.11) now imply

ψ′u,ε(t) =
∫
Rd
γε(2|∇u(t)|2 + µdα−1

α+1 |u(t)|α+1) dx

+ Re
∫
Rd

((d+ 1)u(t) + 2` · ∇u(t))∇u(t) · ∇γε dx

+ Re
∫
Rd
u(t)∇u(t) · (D2γε)`dx

+ α− 1
α+ 1µ

∫
Rd
|u(t)|α+1` · ∇γε dx

=: S1,ε(t) + S2,ε(t) + S3,ε(t) + S4,ε(t), t ∈ J(u0). (14.12)

4) We next take the limit ε→ 0 in (14.12). Dominated convergence yields

S1,ε(t) −→ 2
∫
Rd
|∇u(t)|2 dx+ d(α− 1)

α+ 1 µ

∫
Rd
|u(t)|α+1 dx

= 4E(u(t)) + d(α− 1)− 4
α+ 1 µ

∫
Rd
|u(t)|α+1 dx

= 4E(u0) +
(
d− 2d+ 4

α+ 1
)
µ

∫
Rd
|u(t)|α+1 dx =: χu(t) (14.13)

as ε → 0, where we use that E(u(t)) = E(u0) by Theorem 13.2. Since 4ψ′u,ε
should tend to φ′′u, we expect that (14.3) follows from (14.12) and (14.13) if we
can show that S2,ε, S3,ε and S4,ε tend to 0 as ε→ 0. To this aim, observe that

∇γε(x) = −2εe−ε|x|2x, |D2γε(x)| ≤ c(ε+ ε2|x|2)e−ε|x|2 ≤ c(1 + e−1)ε ≤ 2cε
for ε > 0, x ∈ Rd and a constant c. Hölder’s inequality now implies that

|S2,ε(t)| ≤ 2(d+ 1)ε‖|`|u(t)‖2‖|∇u(t)|‖2 + 4
∫
Rd
ε|x|2e−ε|x|2 |∇u(t)|2 dx,

|S3,ε(t)| ≤ 2cε‖|`|u(t)‖2‖|∇u(t)|‖2,

|S4,ε(t)| ≤ 2
∫
Rd
ε|x|2e−ε|x|2 |u(t)|α+1 dx. (14.14)

All terms tend to 0 as ε → 0, by dominated convergence with majorants
4|∇u(t)|2 and 2|u(t)|α+1. If we integrate the terms Sj,ε over bounded open inter-
vals J with J ⊆ J(u0), we obtain the convergence in (14.13) and (14.14) in L1(J)
(and not only pointwise) since u ∈ C(J, L2

` (Rd)) and u ∈ C(J,H1(Rd)) ↪→
C(J, L1+α(Rd)). Similarly, one sees that 4ψu,ε tends to φ′u in L1(J) as ε → 0
(recall (14.6)). As a result, φ′u ∈ W 1

1 (J) and φ′′u = 4χu. Since χu is continu-
ous, it follows that φu ∈ C2(J(u0)) and φ′′u is given by (14.3), provided that
u0 ∈ H2(Rd) ∩ L2

` (Rd).
5) It remains to extend the results from step 4) from u0 ∈ H2(Rd) ∩ L2

` (Rd)
to u0 ∈ H1

` (Rd). Let u0 ∈ H1
` (Rd). We first approximate u0 in H1

` (Rd) by
ϕn ∈ C∞c (Rd).
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To this aim, as in step 1) of the proof of Theorem D.13, we choose functions
φn ∈ C∞c (Rd) with 0 ≤ φn ≤ 1 and ‖∂jφn‖∞ ≤ c

n for all n ∈ N and φn → 1
pointwise on Rd as n → ∞. Hence, φnu0 ∈ H1

` (Rd) has compact support and
φnu0 → u0 in H1

` (Rd) by dominated convergence. Let ε > 0. We can thus
find a function v ∈ H1

` (Rd) with compact support such that ‖u0 − v‖1,2,` ≤ ε
2 .

We next set vn = ψ 1
n
∗ v for the mollifiers ψ 1

n
from formulas (D.2) – (D.7)

with n ∈ N. From (D.7) and Lemma D.6 we deduce that vn tends to v in
H1(Rd) as n→∞. Since supp vn ⊆ supp v + B(0, 1), this fact also yields that
|`|vn → |`|v in L2(Rd). As a result, we find a function w ∈ C∞c (Rd) such that
‖u0 − w‖1,2,` ≤ ε.
So there exist initial values ϕn ∈ C∞c (Rd) converging to u0 in H1

` (Rd) as
n→∞. Let J ⊆ J(u0) be a compact interval with 0 ∈ J . Due to Theorem 12.6
(d), there is an index n0 ∈ N such that J ⊆ J(ϕn) for all n ≥ n0 and the
solutions un = u( · ;ϕn) tend to u in C(J,H1(Rd)) as n → ∞. Sobolev’s
embedding (5.5) then yields that ‖un(t)‖α+1

α+1 → ‖u(t)‖α+1
α+1 as n→∞, uniformly

for t ∈ J . Due to step 4), φ′′un is given by (14.3) and hence

φ′′un(t)→ 16E(u0) + (4d− 8 d+2
α+1)µ‖u(t)‖α+1

α+1

as n → ∞, uniformly for t ∈ J . It remains to show that for a subsequence
φ′unj

(t) → φ′u(t) for each t ∈ J as j → ∞, where these derivatives are given
by (14.2) due to step 1). Fix t ∈ J . We know that un(t) → u(t) in L2(Rd)
and ∇un(t)→ ∇u(t) in L2(Rd)d as n→∞. As we have seen before (14.5), the
functions `un(t), n ∈ N, are uniformly bounded in L2(Rd)d. Hence they posses a
weakly converging subsequence (`unj (t))j . On the other hand, for v ∈ Cc(Rd)d
we know that (`unj (t)|v)L2 → (`u(t)|v)L2 as j →∞. As a result, `unj (t) tends
weakly to `u(t) and hence

φ′unj
(t) = 4 Im(∇unj (t)|`unj (t))L2 → 4 Im(∇u(t)|`u(t))L2

as j →∞, as needed. �

In the above proof we used the following density result to approximate a given
function in two norms simultaneously. These norms involve differentiability in
time and in space, respectively.

Lemma 14.2. Let J = [a, b] be a compact interval and let G(J) =
C1(J, L2(Rd)) ∩ C(J,H1(Rd)) be endowed with the norm given by ‖u‖G =
max{‖u‖C1(J,L2), ‖u‖C(J,H1)}. Then the space C1(J,H1(Rd)) is dense in G(J).

Proof. Let u ∈ G(J). There are functions ϕ1 ∈ C1([a − 1, a]) and ϕ2 ∈
C1([b, b+ 1]) such that the extension ũ of u given by

ũ(t) =


ϕ1(t)u(a), t ∈ [a− 1, a),
u(t), t ∈ [a, b],
ϕ2(t)u(b), t ∈ (b, b+ 1],

belongs to G([a− 1, b+ 1]) and has compact support in (a− 1, b+ 1). Extend
ũ by zero to R. Let ψ 1

n
, n ∈ N, be a one dimensional mollifier as in formula

144



(D.2). For f ∈ C(R, L2(Rd)) we define

ψ 1
n
∗ f(t) =

∫
R
ψ 1
n

(t− s)f(s) ds =
∫
R
ψ 1
n

(s)f(t− s) ds, t ∈ R.

It is straight forward to show that ψ 1
n
∗ f(t) → f(t) in L2(Rd) as n → ∞,

locally uniformly for t ∈ R. We set un = ψ 1
n
∗ ũ. One easily sees that un ∈

C1(R, H1(Rd)), ∇un = ψ 1
n
∗ ∇ũ and u′n = ψ 1

n
∗ ũ′. These facts imply that

un → u in C([a, b], H1(Rd)) and C1([a, b], L2(Rd)). �

In our main result we will need a somewhat differently formulated version
of the above proposition which is stated in the next corollary. We set θt(x) =
e−

i|x|2
4t for x ∈ Rd and t 6= 0. We recall that E(ϕ) = 1

2‖|∇ϕ|‖
2
2 + µ

α+1‖ϕ‖
α+1
α+1 is

the energy of ϕ ∈ H1(Rd).

Corollary 14.3. Let u0 ∈ H1
` (Rd), µ ∈ {−1, 1}, α ∈ (1, αc) and let u ∈

C1(J(u0), H−1(Rd)) ∩ C(J(u0), H1
` (Rd)) be the solution of (13.1). Set v(t) =

θtu(t) = e−
i|·|2
4t u(t) for t ∈ J(u0) \ {0}. We then have

hu(t) := ‖|(`+ 2it∇)u(t)|‖22 + 8t2

α+ 1µ‖u(t)‖α+1
α+1

= ‖|`|u0‖22 +
∫ t

0
s
(
8 d+2
α+1 − 4d

)
µ‖u(s)‖α+1

α+1 ds, (14.15)

8t2E(v(t)) = ‖|`|u0‖22 +
∫ t

0
s
(
8 d+2
α+1 − 4d

)
µ‖u(s)‖α+1

α+1 ds (14.16)

for all t ∈ J(u0), where t 6= 0 in (14.16).

Proof. Since E(u(t)) = E(u0) by Theorem 13.2, we can compute

hu(t) = ‖|`|u(t)‖22 + 4t2‖|∇u(t)|‖22 + 4tRe i
∫
Rd
u(t)` · ∇u(t) dx

+ 8t2

α+ 1µ‖u(t)‖α+1
α+1

= ‖|`|u(t)‖22 + 8t2E(u0)− 4t Im
∫
Rd
u(t)` · ∇u(t) dx

for t ∈ J(u0). In view of Proposition 14.1, each term of the right-hand side is
continuously differentiable in time so that hu ∈ C1(J(u0)). Moreover, (14.2)
and (14.3) yield

h′u(t) = 4 Im
∫
Rd
u(t)` · ∇u(t) dx+ 16tE(u0)− 4 Im

∫
Rd
u(t)` · ∇u(s) dx

− 16tE(u0)− t
(
4d− 8 d+2

α+1
)
µ‖u(t)‖α+1

α+1,

= t
(
8 d+2
α+1 − 4d

)
µ‖u(t)‖α+1

α+1.

Equation (14.15) follows by integration. To derive (14.16), we note that

(`+ 2it∇)u(t) = 2itθ−t∇v(t), t ∈ J(u0) \ {0}.
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This identity and (14.15) lead to

8t2E(v(t)) = ‖2t|∇v(t)|‖22 + 8t2

α+ 1µ
∫
Rd
|v(t)|α+1 dx

= ‖(`+ 2it∇)u(t)‖22 + 8t2

α+ 1µ
∫
Rd
|u(t)|α+1 dx

= ‖|`|u0‖22 +
∫ t

0
s
(
8 d+2
α+1 − 4d)µ‖u(s)‖α+1

α+1 ds

for t ∈ J(u0) \ {0}. �

We can finally establish the announced convergence result in the defocusing
case µ = 1. Recall from Theorem 13.3 that in this case we have J(u0) = R for
each u0 ∈ H1(Rd). For simplicity we restrict ourselves to the case d ≥ 3, cf.
Theorem 7.3.1 in [Caz03].

Theorem 14.4. Let u0 ∈ H1
` (Rd) and let u be the solution of the defocusing

nonlinear Schrödinger equation (14.1) with 1 < α < αc = d+2
d−2 and d ≥ 3. Then

there is a constant c only depending on α, d, r and ‖u0‖1,2,` such that
(a) if 1 + 4

d ≤ α < αc and 2 < r ≤ αc, then ‖u(t)‖r ≤ c|t|−d( 1
2−

1
r

);
(b) if 1 < α < 1 + 4

d and 2 < r ≤ α+ 1, then ‖u(t)‖r ≤ c|t|−d( 1
2−

1
r

);
(c) if 1 < α < 1+ 4

d and α+1 < r ≤ αc, then ‖u(t)‖r ≤ c|t|−d( 1
2−

1
r

)(1−θ(r));

where θ(r) = (r − α− 1)(4 + d− dα)
(r − 2)(2 + d− α(d− 2)) ∈ (0, 1) and |t| ≥ 1 in (b) and (c).

Proof. We set v(t) = θtu(t) as in Corollary 14.3. Observe that ‖v(t)‖p =
‖u(t)‖p for all p ∈ [1,∞].
1) Let α ∈ [1 + 4

d , αc). Since α ≥ 1 + 4
d , the integral in (14.16) is non positive

so that
2|t|‖∇v(t)‖2 ≤ (8t2E(v(t)))

1
2 ≤ ‖|`|u0‖2. (14.17)

As in the proof of Theorem 13.3 (b), we obtain the Gagliardo-Nirenberg in-
equality

‖ϕ‖r ≤ cd‖ϕ‖
1−d( 1

2−
1
r

)
2 ‖|∇ϕ|‖d( 1

2−
1
r

)
2 (14.18)

for ϕ ∈ H1(Rd) and a constant cd only depending on d. Estimates (14.18) and
(14.17) yield

‖u(t)‖r = ‖v(t)‖r ≤ cd‖v(t)‖1−d( 1
2−

1
r

)
2

( 1
2|t|‖|`|u0‖2

)d( 1
2−

1
r

)

= cd(2|t|)
d
r
− d2 ‖u(t)‖1−

d
2 + d

r
2 ‖|`|u0‖

d
2−

d
r

2

≤ 2
d
r
− d2 cd|t|

d
r
− d2 ‖u0‖2,` (14.19)

for t 6= 0, because of ‖u(t)‖2 = ‖u0‖2 by Theorem 13.2. So (a) holds.
2) Let 1 < α < 1 + 4

d . We consider the case t ≥ 1. Negative times are treated
in the same way. We first establish the decay of ‖v(t)‖α+1 and ‖|∇v(t)|‖2.
Formula (14.16) implies that

8t2E(v(t)) = 8E(v(1)) +
(
8 d+2
α+1 − 4d

) ∫ t

1
s‖u(s)‖α+1

α+1 ds
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for t ≥ 1. We set gu(t) = t2‖u(t)‖α+1
α+1 = t2‖v(t)‖α+1

α+1 for t ∈ R. It follows

gu(t) ≤ t2(1 + α)E(v(t)) = (1 + α)E(v(1)) + 1
2(d+ 4− dα)

∫ t

1
1
sgu(s) ds.

Since E(u(s)) = E(u0) by Theorem 13.2, equation (14.16) leads to

8E(v(1)) ≤ ‖u0‖22,` + c sup
0≤s≤1

‖u(s)‖α+1
α+1 ≤ ‖u0‖22,` + c sup

0≤s≤1
E(u(s))

= ‖u0‖22,` + cE(u0) ≤ ‖u0‖22,` + c(‖u0‖21,2 + ‖u0‖α+1
1,2 ).

We thus arrive at

gu(t) ≤ c+ 1
2(d+ 4− dα)

∫ t

1
1
sgu(s) ds, t ≥ 1.

Here and below c denotes differing constants only depending on α, d, r and
‖u0‖1,2,`. Set β = 1

2(d+ 4− dα) > 0. Gronwall’s inequality then yields

gu(t) ≤ c exp
∫ t

1
β
s ds = ctβ, (14.20)

‖v(t)‖α+1 =
(
t−2gu(t)

) 1
α+1 ≤ ct

β−2
α+1 = ct

d
α+1−

d
2 . (14.21)

for t ≥ 1. Combining (14.16) and (14.20) we further infer

4t2
∫
Rd
|∇v(t)|2 dx ≤ c+ c

∫ t

0

1
s
gu(s) ds

≤ c+ c

∫ t

0
sβ−1 ds = c(1 + t2t

d
2−

dα
2 ),

‖|∇v(t)|‖2 ≤ c(t−1 + t
d
4−

dα
4 ) ≤ ct

d
4−

dα
4 , t ≥ 1. (14.22)

3) We can now show the assertions (b) and (c). We start with r ∈ (2, α+ 1].
Using the interpolation inequality (D.13), estimate (14.21) and ‖u(t)‖2 = ‖u0‖2,
we conclude

‖u(t)‖r = ‖v(t)‖r ≤ ‖v(t)‖θα+1‖v(t)‖1−θ2 ≤ ctθ(
d

1+α−
d
2 )‖u(t)‖1−θ2 = ct

d
r
− d2

for t ≥ 1, where θ = (1
2 −

1
r )(1

2 −
1

1+α)−1 ∈ (0, 1]. Hence, (b) is valid.
To prove (c), we take r ∈ (α + 1, αc]. We now employ the interpolation

inequality (D.13), Sobolev’s inequality (13.9) and the estimates (14.21) and
(14.22). These results lead to

‖u(t)‖r = ‖v(t)‖r ≤ ‖v(t)‖ϑ2d
d−2
‖v(t)‖1−ϑα+1 ≤ c‖|∇v(t)|‖ϑ2 t

(1−ϑ)( d
1+α−

d
2 )

≤ ctϑ( d4−
dα
4 )t(1−ϑ)( d

1+α−
d
2 ) = ct−d( 1

2−
1
r

)(1−θ(r))

for ϑ = ( 1
1+α −

1
r )( 1

1+α −
d−2
2d )−1 ∈ (0, 1] and t ≥ 1. �

We note that there are (weaker) decay results for u0 ∈ H1(Rd), see Theorem
7.7.1 of [Caz03]. The above convergence Theorem 14.4 concerns the norm
in Lr(Rd) for r > 2. What happens for r = 2? Here the behavior of the
defocusing nonlinear Schrödinger equation (14.1) is even closer to the free linear
Schrödinger equation. It is described by the following scattering results:
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Let d ≥ 3, α ∈ (1 + 4
d , αc) and u0 ∈ H1(Rd). Then there are unique u± ∈

H1(Rd) such that
‖u(t)− T (t)u±‖1,2 = ‖T (−t)u(t)− u±‖1,2 −→ 0 as t→ ±∞.

Moreover, ‖u±‖2 = ‖u0‖2 and ‖|∇u±|‖22 = 2E(u0). Finally, the maps
U± : H1(Rd)→ H1(Rd), u0 7→ u±,

are continuous, bijective and have continuous inverses Ω± : H1(Rd)→ H1(Rd)
which are called “wave operators”. We refer to Section 7.8 of [Caz03] for
these and related results and for references to the original papers. See also
Exercise 14.3. There is an analogous scattering theory in the space H1

` (Rd), see
Section 7.4 in [Caz03].
In the focusing case µ = −1, the asymptotic behavior of solutions is com-

pletely different. We have noted before that blow-up occurs if α ≥ 1 + 4
d . (See

Example 10.3 and Sections 6.5 and 6.6 of [Caz03].) Moreover, for 1 < α < αc
and ω > 0 there are functions 0 6= ϕω ∈ H2(Rd) such that

−∆ϕω + ωϕω = |ϕω|α−1ϕω, (14.23)
see Section 8.1 of [Caz03] and Example 10.2. As a result, (13.1) with µ = −1
admits a standing wave solution uω given by uω(t) = eiωtϕω for t ∈ R. Actually,
also the functions given by

uθ,yω (t) = eiωteiθϕω( · − y), θ ∈ R, y ∈ Rd,
solve (13.1). Due to Section 8.1 of [Caz03], there also exist solutions of (14.23)
minimizing the functional v 7→ E(v) + ω

2 ‖v‖
2
2 among all solutions of (14.23).

Fix such a minimizing solution ϕω of (14.23). If 1 < α < 1 + 4
d , then the

corresponding standing wave uω is orbitally stable, i.e.,
∀ ε > 0 ∃ δ > 0 ∀u0 ∈ BH1(ϕω, δ) : dist(u(t;u0), S) ≤ ε for all t ∈ R,

where S =
{

eiθϕω( · − y)
∣∣ θ ∈ R, y ∈ Rd

}
. See Theorem 8.3.1 in [Caz03]. If

1 + 4
d ≤ α < αc, then there are ϕn ∈ H1(Rd) converging to ϕω in H1(Rd) as

n→∞ which have a bounded existence interval J(ϕn). We refer to Section 8.2
of [Caz03] for this and related instability results.
Recently, the description of the blow-up case α ≥ 1 + 4

d and µ = −1 was
much refined by W. Schlag and M. Beceanu for the model case α = d = 3. In
somewhat differing settings, they constructed a manifold of finite codimension
consisting of solutions of (13.1) which converge to a variant of the manifold S
above, see [Bec12], [Sch09].

148



Exercises

Exercise 14.1. Let 1 + 4
d ≤ α < αc. Let u0 ∈ H1(Rd) satisfy |x|u0 ∈ L2(Rd)

and E(u0) < 0. Let u be the solution of the focusing nonlinear Schrödinger
equation (13.1) with µ = −1. Show that the maximal existence interval J(u0)
is bounded.

Exercise 14.2. Let α0 > 0 satisfy dα2
0−(d+2)α0−2 = 0, max{α0, 1} < α <

αc and d ≥ 3. Let u0 ∈ H1(Rd) with |x|u0 ∈ L2(Rd) and let u be the solution
of the defocusing nonlinear Schrödinger equation (14.1) on R. Let p = 1 + α
and q with 2

q + d
p = d

2 . Show that u ∈ Lq(R,W 1
q (Rd)).

Exercise 14.3. In the setting of Exercise 14.2 set v(t) = T (−t)u(t) for
t ∈ R, where T (·) is the free Schrödinger group. Show that v(t) converges
in H1(Rd) as t → +∞ and as t → −∞. (Hint: You may use the equation
v(t)− v(τ) =

∫ t
τ v
′(s) ds as a starting point.)
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APPENDIX A

Closed operators

There are important unbounded linear operators in analysis. Fortunately
they often have certain weaker continuity properties. We start with a basic
example.

Example A.1. Let X = C([0, 1]) be endowed with the supremum norm
and let Af = f ′ with D(A) = C1([0, 1]). Then A is linear, but not bounded.
Indeed, consider the functions un ∈ D(A) given by un(x) = ( 1√

n
) sin(nx) for

n ∈ N, which satisfy ‖un‖∞ → 0 and

‖Aun‖∞ ≥ |u′n(0)| =
√
n→∞

as n→∞. However, if (fn)n ⊆ D(A) satisfies fn → f and Afn → g in C([0, 1])
as n → ∞, then f ∈ C1([0, 1]) = D(A) and g = f ′ = Af (which is shown in
introductory courses in analysis). ♦

The above example motivates the next definition.

Definition A.2. Let A be a linear operator from X to Y , where X and Y
are Banach spaces. The operator A is called closed if for all xn ∈ D(A), n ∈ N,
such that there exists x = limn→∞ xn in X and y = limn→∞Axn in Y it holds
that x ∈ D(A) and Ax = y.
Hence, limn→∞Axn = A(limn→∞ xn) if both (xn)n and (Axn)n converge.

Remark A.3. It is clear that every operator A ∈ B(X,Y ) is closed (where
D(A) = X). The operator A from Example A.1 is closed.

Example A.4. (a) Let X = C([0, 1]) and Af = f ′ with

D(A) =
{
f ∈ C1([0, 1])

∣∣ f(0) = 0
}
.

Let (fn)n ⊆ D(A) and f, g ∈ X be such that fn → f and Afn = f ′n → g in
X as n → ∞. As observed above it follows f ∈ C1([0, 1]) and f ′ = g. Since
0 = fn(0)→ f(0) as n→∞, we obtain f ∈ D(A). This means that A is closed
on X. In the same way we see that A1f = f ′ with

D(A1) =
{
f ∈ C1([0, 1])

∣∣ f(0) = f ′(1) = 0
}

is closed. There are many more variants of this result. ♦
(b) Let X = C([0, 1]) and Af = f ′ with D(A) = C1

c ((0, 1]). This operator is
not closed. In fact, consider the functions fn ∈ D(A) given by

fn(t) =
{

0, 0 ≤ t < 1
n ,

(t− 1
n)2, 1

n ≤ t ≤ 1,
I



for every n ∈ N. Then, fn → f and f ′n → f ′ in X as n→∞, where f(t) = t2.
However, supp f = [0, 1] and so f /∈ D(A). ♦
(c) Let X = Lp(Rd), 1 ≤ p ≤ ∞, and m : Rd → C be measurable. Define

Af = mf with its maximal domain

D(A) =
{
f ∈ X

∣∣mf ∈ X} .
Then A is closed. Indeed, let fn → f and Afn = mfn → g in X as n →
∞. Then there is a subsequence (nj)j ⊆ N such that fnj (x) → f(x) and
m(x)fnj (x) → g(x) for a.e. x ∈ Rd, as j → ∞. Hence, mf = g in Lp(Rd) and
we thus obtain f ∈ D(A) and Af = g. ♦
(d) Let X = L1([0, 1]), Y = C, and Af = f(0) with D(A) = C([0, 1]). Then

A is not closed. In fact, consider the functions fn ∈ D(A) given by

fn(t) =
{

1− nt, 0 ≤ t ≤ 1
n ,

0, 1
n < t ≤ 1,

for every n ∈ N. Then ‖fn‖1 = 1
2n → 0 as n→∞, but Afn = fn(0) = 1. ♦

Definition A.5. Let A be a linear operator from X to Y . The graph of A
is given by

gr(A) =
{
(x,Ax) ∈ X × Y

∣∣x ∈ D(A)
}
.

The graph norm of A is defined by ‖x‖A = ‖x‖X + ‖Ax‖Y . We write [D(A)] if
we equip D(A) with ‖ · ‖A.

Of course, ‖ · ‖A is equivalent to ‖ · ‖X if A ∈ B(X,Y ). We endow X × Y
with the norm ‖(x, y)‖X×Y = ‖x‖X + ‖y‖Y .

Lemma A.6. For a linear operator A from X to Y the following assertions
hold.

(a) gr(A) ⊆ X × Y is a linear subspace.
(b) [D(A)] is a normed vector space and A ∈ B([D(A)], Y ).
(c) A is closed if and only if gr(A) is closed in X×Y if and only if [D(A)]

is a Banach space.
(d) Let A be injective and put D(A−1) := R(A). Then, A is closed from X

to Y if and only if A−1 is closed from Y to X.

Proof. Assertions (a) and (b) are straightforward to check.
(c) The operator A is closed if and only if for all xn ∈ D(A), n ∈ N,

and (x, y) ∈ X × Y with (xn, Axn) → (x, y) in X × Y as n → ∞, we have
(x, y) ∈ gr(A). This property is equivalent to the closedness of gr(A). Since
‖(x,Ax)‖X×Y = ‖x‖X+‖Ax‖Y , a Cauchy sequence or a converging sequence in
gr(A) corresponds to a Cauchy or a converging sequence in [D(A)], respectively.
Hence, [D(A)] is complete if and only if (gr(A), ‖·‖X×Y ) is complete if and only
if gr(A) ⊆ X × Y is closed.
(d) Assertion (d) follows from (c) since

gr(A−1) =
{
(y,A−1y)

∣∣ y ∈ R(A)
}

=
{
(Ax, x)

∣∣x ∈ D(A)
}

is closed in Y ×X if and only if gr(A) is closed in X × Y . �
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Theorem A.7 (Closed Graph Theorem). Let X and Y be Banach spaces and
A be a closed operator from X to Y . Then A is bounded (i.e., ‖Ax‖ ≤ c‖x‖
for some c ≥ 0 and all x ∈ D(A)) if and only if D(A) is closed in X.
In particular, a closed operator with D(A) = X already belongs to B(X,Y ).

Proof. “⇐”: Let D(A) be closed in X. Then D(A) is a Banach space for
‖·‖X and ‖·‖A. Since ‖x‖X ≤ ‖x‖A for all x ∈ D(A), the open mapping theorem
gives a constant c > 0 such that ‖Ax‖Y ≤ ‖x‖A ≤ c‖x‖X for all x ∈ D(A).
“⇒”: Let A be bounded and let (xn)n∈N ⊆ D(A) converge to x ∈ X with

respect to ‖ · ‖X . Then ‖Axn − Axm‖Y ≤ c ‖xn − xm‖X , and so the sequence
(Axn)n∈N is Cauchy in Y . There thus exists y := limn→∞Axn in Y . The
closedness of A shows that x ∈ D(A); i.e., D(A) is closed in X. �

Remark A.8. (a) Theorem A.7 is wrong without completeness. Consider
for instance the operator T given by (Tf)(t) = tf(t), t ∈ R, on Cc(R) with
supremum norm. This linear operator is everywhere defined, unbounded and
closed. To check the closedness, take fn, f, g ∈ Cc(R) such that fn(t) → f(t)
and (Tfn)(t) = tfn(t)→ g(t) uniformly for t ∈ R as n→∞. Then g(t) = tf(t)
for all t ∈ R and so g = Tf . ♦
(b) On an infinite dimensional Banach space X there are non-closed op-

erators. In fact, let B be an algebraic basis of X (i.e., for each x ∈ X
there exist n ∈ N and unique α1, . . . , αn ∈ C, b1, . . . , bn ∈ B such that
x = α1b1 + . . . + αnbn). We may assume that ‖b‖ = 1 for all b ∈ B. Choose a
countable subset B0 =

{
bk
∣∣ k ∈ N

}
of B and set

Tbk = kbk for bk ∈ B0 and Tb = 0 for b ∈ B \ B0.

Then T can be extended to a linear operator on X which is unbounded, since
‖Tbk‖ = k and ‖bk‖ = 1. Thus T is not closed. ♦

It is a delicate mater to add or multiply closed operators. The situation is
simpler if one operator is bounded.

Proposition A.9. Let A be closed from X to Y , T ∈ B(X,Y ), and S ∈
B(Z,X). Then the following operators are closed.

(a) B = A+ T with D(B) = D(A),
(b) C = AS with D(C) =

{
z ∈ Z

∣∣Sz ∈ D(A)
}
.

In particular for λ ∈ C the operator λI −A with domain D(A) is closed in X.

Proof. (a) Let xn ∈ D(B), n ∈ N, and x ∈ X, y ∈ Y such that xn → x
in X and Bxn = Axn + Txn → y in Y as n → ∞. Since T is bounded, there
exists Tx = limn→∞ Txn and so Axn → y − Tx as n → ∞. The closedness of
A implies that x ∈ D(A) = D(B) and Ax = y − Tx; i.e., Bx = Ax+ Tx = y.
(b) Let zn ∈ D(C), n ∈ N, and z ∈ Z, y ∈ Y such that zn → z in Z and

ASzn → y in Y as n → ∞. Since S is bounded, xn := Szn converges to
Sz. Moreover, Axn → y. We thus deduce Sz ∈ D(A) and ASz = y from the
closedness of A; i.e., z ∈ D(C) and Cz = y. �

Corollary A.10. Let A be a linear operator on X and λ ∈ C. Then the
following assertions hold.

(a) If λI −A (or λI +A) is closed, then A is closed.
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(b) If λI −A is bijective with (λI −A)−1 ∈ B(X), then A is closed.

Proof. Assertion (a) is a consequence of Proposition A.9 since A =
±((λI ± A) − λI). For (b), Lemma A.6 shows that λI − A is closed, and
then assertion (a) yields (b). �

The following basic examples show that closedness can be lost when taking
sums or products of closed operators.

Example A.11. (a) Let E = Cb(R2) and Ak = ∂k with
D(Ak) =

{
f ∈ E

∣∣ the partial derivative ∂kf exists and belongs to E
}
,

for k = 1, 2. Set B = ∂1 + ∂2 on

D(B) := D(A1) ∩D(A2) = C1
b (R2) =

{
f ∈ C1(R2)

∣∣ f, ∂1f, ∂2f ∈ E
}
.

It is an exercise to show that A1 and A2 are closed.
However, B is not closed. Take φn ∈ C1

b (R) converging uniformly to some
φ ∈ Cb(R)\C1(R). Set fn(x, y) = φn(x−y) and f(x, y) = φ(x−y) for (x, y) ∈ R2

and n ∈ N. We then obtain f ∈ E, fn ∈ D(B), ‖fn − f‖∞ = ‖φn − φ‖∞ → 0
and Bfn = φ′n − φ′n = 0→ 0 as n→∞, but f /∈ D(B). ♦
(b) Let X = C([0, 1]), Af = f ′ with D(A) = C1([0, 1]), and m ∈ C([0, 1])

such that m = 0 on [0, 1
2 ]. Define T ∈ B(X) by Tf = mf for all f ∈ X. Then

the operator TA with D(TA) = D(A) is not closed.
To see this, take functions fn ∈ D(A) such that fn = 1 on [1

2 , 1] and fn
converges in X to some f /∈ C1([0, 1]). Then, TAfn = mf ′n = 0 converges to 0,
but f /∈ D(A). ♦

IV



APPENDIX B

The spectrum

The spectrum and the resolvent of a closed operator A are used in many
parts of analysis to study A.

Definition B.1. Let A be a closed operator on X. The resolvent set of A is
given by

ρ(A) =
{
λ ∈ C

∣∣λI −A : D(A)→ X is bijective
}
,

and its spectrum by
σ(A) = C \ ρ(A).

We further define the point spectrum of A by
σp(A) =

{
λ ∈ C

∣∣ there exists some v ∈ D(A) \ {0} with λv = Av
}
⊆ σ(A),

where we call λ ∈ σp(A) an eigenvalue of A and the corresponding v an eigen-
vector or eigenfunction of A. For λ ∈ ρ(A) the operator

R(λ,A) := (λI −A)−1 : X → X

is called the resolvent (of A at λ).
We will introduce further subdivisions of σ(A) in Appendix C.
Remark B.2. (a) Let A be closed in X and λ ∈ ρ(A). The resolvent R(λ,A)

has the range D(A). Proposition A.9 and Lemma A.6 further show that R(λ,A)
is closed and thus it belongs to B(X) by Theorem A.7. ♦
(b) Let A be a linear operator such that λI −A : D(A)→ X has a bounded

inverse for some λ ∈ C. Then A is closed by Corollary A.10. In this case, the
closedness assumption in Definition B.1 is redundant. ♦
We set eλ(t) = eλt for λ ∈ C, t ∈ J , and any interval J ⊆ R.

Example B.3. (a) Let X = Cd and T ∈ B(X). Then σ(T ) only consists of
the eigenvalues λ1, . . . , λm of T , where m ≤ d. ♦
(b) Let X = C([0, 1]), and Au = u′ with D(A) = C1([0, 1]). Then eλ ∈ D(A)

and Aeλ = λeλ for each λ ∈ C. Hence, λ ∈ σp(A) and so σ(A) = σp(A) = C. ♦
(c) Let X = C([0, 1]), and Au = u′ with D(A) =

{
u ∈ C1([0, 1])

∣∣u(0) = 0
}
.

Let λ ∈ C and f ∈ X. We then have u ∈ D(A) and (λI − A)u = f if and only
if u ∈ C1([0, 1]), u′(t) = λu(t) − f(t) for all t ∈ [0, 1], and u(0) = 0, which is
equivalent to

u(t) = −
∫ t

0
eλ(t−s)f(s) ds,

for all 0 ≤ t ≤ 1. Hence, σ(A) = ∅ and the resolvent is given by

R(λ,A)f(t) = −
∫ t

0
eλ(t−s)f(s) ds,
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for all 0 ≤ t ≤ 1, f ∈ X, and λ ∈ C. ♦

Let U ⊆ C be open. The derivative of a map f : U → Y at λ ∈ U is given by

f ′(λ) = lim
µ→λ

1
µ− λ

(f(µ)− f(λ)) ∈ Y,

if the limit exists in Y .
The next theorem collects the basic properties of the resolvent and the spec-

trum of a closed operator.

Theorem B.4. Let A be a closed operator on X and let λ ∈ ρ(A). Then the
following assertions hold.

(a) AR(λ,A) = λR(λ,A)− I, AR(λ,A)x = R(λ,A)Ax for all x ∈ D(A),
1

µ− λ
(R(λ,A)−R(µ,A)) = R(λ,A)R(µ,A) = R(µ,A)R(λ,A)

if µ ∈ ρ(A) \ {λ}. The latter identity is called the resolvent equation.
(b) The spectrum σ(A) is closed, where B(λ, 1

‖R(λ,A)‖) ⊆ ρ(A) and

R(µ,A) =
∞∑
n=0

(λ− µ)nR(λ,A)n+1 =: Rµ,

if |λ− µ| < 1
‖R(λ,A)‖ . The series converges absolutely in B(X, [D(A)]),

uniformly on B(λ, δ
‖R(λ,A)‖) for each δ ∈ (0, 1). Moreover,

‖R(µ,A)‖B(X,[D(A)]) ≤
c(λ)
1− δ

for all µ ∈ B(λ, δ
‖R(λ,A)‖) and a constant c(λ) depending only on λ.

(c) The function ρ(A) → B(X, [D(A)]), λ 7→ R(λ,A), is infinitely often
differentiable with( d

dλ
)n
R(λ,A) = (−1)n n!R(λ,A)n+1 for every n ∈ N.

(d) ‖R(λ,A)‖ ≥ dist(λ, σ(A))−1.

Proof. (a) The first assertions are a consequence of
x = (λI −A)R(λ,A)x = R(λ,A)(λI −A)x,

where x ∈ X in the first equality and x ∈ D(A) in the second one. For µ ∈ ρ(A)
we further have

(λR(λ,A)−AR(λ,A))R(µ,A) = R(µ,A),
R(λ,A)(µR(µ,A)−AR(µ,A)) = R(λ,A).

The resolvent equation then follows by subtraction and interchanging λ and µ.
(b) Let |µ−λ| ≤ δ

‖R(λ,A)‖ for some δ ∈ (0, 1) and x ∈ X with ‖x‖ ≤ 1. Then,

‖(λ− µ)nR(λ,A)n+1x‖A ≤ δn

‖R(λ,A)‖n (‖AR(λ,A)R(λ,A)nx‖+ ‖R(λ,A)n+1x‖)
≤ δn(‖λR(λ,A)‖+ 1 + ‖R(λ,A)‖) =: δnc(λ),
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where we used (a). So the series in (b) converges absolutely in B(X, [D(A)])
uniformly on B(λ, δ

‖R(λ,A)‖), and it can be estimated in norm by c(λ)(1− δ)−1.
Using also (µI −A)R(λ,A) = (µ− λ)R(λ,A) + I, we obtain

(µI −A)Rµ = −
∞∑
n=0

(λ− µ)n+1R(λ,A)n+1 +
∞∑
n=0

(λ− µ)nR(λ,A)n = I,

and similarly Rµ(µI − A)x = x for each x ∈ D(A). Hence, µ ∈ ρ(A) and
Rµ = R(µ,A). Assertion (d) follows from (b).
(c) Since λ 7→ R(λ,A) ∈ B(X, [D(A)]) is locally bounded, due to the estimate

in (b), the resolvent equation implies that the map λ 7→ R(λ,A) ∈ B(X, [D(A)])
is continuous. Assertion (c) for n = 1 thus follows from the resolvent equation.
Assume that (c) holds for some n ∈ N. We then obtain( d

dλ
)n+1

R(λ,A) = (−1)n n! d
dλ
(
R(λ,A)n+1).

Using the formula

R(µ,A)n+1 −R(λ,A)n+1 =
n∑
j=0

R(µ,A)n−j(R(µ,A)−R(λ,A))R(λ,A)j ,

the continuity of R(·, A) and the assertion for n = 1, we then conclude that (c)
holds for n+ 1. �

Proposition B.5. Let Ω ⊆ Rd, m ∈ C(Ω), X = Cb(Ω), and Af = mf with
D(A) =

{
f ∈ X

∣∣mf ∈ X}. Then A is closed,

σ(A) = m(Ω),

and R(λ,A)f = 1
λ−mf for all λ ∈ ρ(A) and f ∈ X.

In particular, for every closed subset S ⊆ C there is a closed operator B on
a Banach space with σ(B) = S. If S 6= ∅ is compact, then B can be chosen to
be bounded.

Proof. The closedness of A can be shown as in Remark A.8. Let λ /∈ m(Ω)
and g ∈ Cb(Ω). The function f := 1

λ−mg then belongs to Cb(Ω) and λf−mf = g

so that mf = λf − g ∈ Cb(Ω). As a result, f ∈ D(A) and f is the unique
solution in D(A) of the equation λf − Af = g. This means that λ ∈ ρ(A) and
R(λ,A)g = 1

λ−mg. In the case that λ = m(z) for some z ∈ Ω, we obtain

((λI −A)f)(z) = λf(z)−m(z)f(z) = 0

for every f ∈ D(A). Consequently, λI − A is not surjective and so λ ∈ σ(A).
We now conclude that σ(A) = m(Ω) since the spectrum is closed.
The final assertion follows from Example B.3 if S = ∅. Otherwise, consider

Ω = S and m(z) = z. Define A and X as above. Then, σ(A) = S and A is
bounded if S is compact (where Cb(S) = C(S)). �

A similar result holds on Lp-spaces, see e.g. Example IX.2.6 in [Con90]. The
next theorem gives additional properties of the spectrum of bounded operators.
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Theorem B.6. Let T ∈ B(X). Then σ(T ) is a non-empty compact set. The
spectral radius r(T ) := max

{
|λ|
∣∣λ ∈ σ(T )

}
is given by

r(T ) = lim
n→∞

‖Tn‖
1
n = inf

n∈N
‖Tn‖

1
n ≤ ‖T‖,

and for λ ∈ C with |λ| > r(T ) we have

R(λ, T ) =
∞∑
n=0

λ−n−1Tn =: Rλ.

Proof. 1) Since ‖Tn+m‖ ≤ ‖Tn‖ ‖Tm‖ for all n,m ∈ N, an elementary
lemma (see Lemma VI.1.4 in [Wer07]) yields that there exists

lim
n→∞

‖Tn‖
1
n = inf

n∈N
‖Tn‖

1
n =: r ≤ ‖T‖.

If |λ| > r, then

lim sup
n→∞

‖λ−nTn‖
1
n = 1

|λ|
lim
n→∞

‖Tn‖
1
n = r

|λ|
< 1.

Therefore the series Rλ converges absolutely in B(X), and uniformly for λ in all
compact subsets of C\B(0, r) (proof as in the one dimensional case). Moreover,

(λI − T )Rλ =
∞∑
n=0

λ−nTn −
∞∑
n=0

λ−n−1Tn+1 = I,

and similarly Rλ(λI − T ) = I. Hence, λ ∈ ρ(T ) and Rλ = R(λ, T ). Due to its
closedness, the spectrum σ(T ) ⊆ B(0, r) is compact. Therefore, r(T ) exists as
the maximum of a compact subset of R, and r(T ) ≤ r.
2) Take s > r(T ), Φ ∈ B(X)∗, and m ∈ N. We define fΦ(λ) = Φ(R(λ, T )) for

λ ∈ ρ(T ). Note that fΦ : ρ(T )→ C is complex differentiable. We set

Cm(Φ) = 1
2πi

∫
|λ|=s

λmΦ(R(λ, T )) dλ.

Since fΦ is holomorphic, this integral does not depend on s > r(T ) due to
complex analysis. So we may choose for a moment s > r and use the uniformly
convergent series of step 1) to deduce

Cm(Φ) =
∞∑
n=0

1
2πi

∫
|λ|=s

λm−n−1 dλ Φ(Tn)

=
∞∑
n=0

1
2πi

∫ 2π

0
(seit)m−n−1iseit dt Φ(Tn) = Φ(Tm).

The Hahn-Banach theorem yields a functional Φm ∈ B(X)∗ with ‖Φm‖ = 1 and
Φm(Tm) = ‖Tm‖. Again for any s > r(T ), we can then estimate

‖Tm‖ = Φm(Tm) = Cm(Φm) ≤ 1
2π

∫ 2π

0
|seit|m ‖Φm‖ ‖R(seit, T )‖|seit| dt

≤ sms max
|λ|=s

‖R(λ, T )‖ =: c(s)sm.

Thus, ‖Tm‖
1
m ≤ sc(s)

1
m and so r ≤ s. This means that r(T ) = r.
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Finally, suppose that σ(T ) = ∅. Then the functions fΦ are entire for every
Φ ∈ B(X)∗. Moreover, step 1) yields

|fΦ(λ)| ≤ ‖Φ‖|λ|−1
∞∑
n=0

‖T‖n

|λ|n
≤ 2‖Φ‖
|λ|

,

for all λ ∈ C with |λ| ≥ 2‖T‖. Hence, fΦ is bounded and thus constant by
Liouville’s theorem from complex analysis. The above estimate then shows
that Φ(R(λ, T )) = 0 for all λ ∈ C and Φ ∈ B(X)∗. Using again the Hahn-
Banach theorem, we obtain R(λ, T ) = 0, which is impossible since R(λ, T ) is
injective and X 6= {0}. �

It can happen that r(T ) < ‖T‖. Take for instance a Jordan block T =
( 0 1

0 0
)

on X = C2, where r(T ) = 0 and ‖T‖ = 1.
In finite dimensions we have σ(T ) = σp(T ). The following examples indicate

that in infinite dimensions σp(T ) can be empty or much smaller than σ(T ).

Example B.7. (a) Let X = C([0, 1]) and define the Volterra operator V by

(V f)(t) =
∫ t

0
f(s) ds

for t ∈ [0, 1] and f ∈ X. Then V ∈ B(X) and

|V nf(t)| ≤
∫ t

0

∫ s1

0
. . .

∫ sn−1

0
‖f‖∞ dsn . . . ds1 ≤

1
n!‖f‖∞,

for all n ∈ N, t ∈ [0, 1], and f ∈ X. Hence, ‖V n‖ ≤ 1
n! . For f = 1 we obtain

‖V n‖ ≥ ‖V n
1‖∞ = 1

n! and so ‖V n‖ = 1
n! . This gives

r(V ) = lim
n→∞

( 1
n!)

1
n = 0 and σ(V ) = {0}.

Observe that σp(V ) = ∅ since V f = 0 implies that f = (V f)′ = 0. ♦
(b) The right shift R given by R(xn)n = (0, x1, x2, . . . ) on X ∈{
c0, `

p
∣∣ p ∈ [1,∞]

}
has the spectrum and point spectrum

σ(R) = B(0, 1) and σp(R) = ∅.

In fact, R ∈ B(X) has norm 1 and so σ(R) ⊆ B(0, 1). If there are x ∈ X and
µ ∈ C such that µx = Rx, then µx1 = 0, µx2 = x1, µx3 = x2, . . . . Hence,
x = 0 and we conclude that σp(R) = ∅. Let λ ∈ B(0, 1) \ {0} and assume
that λI − A is surjective. Then there would exist a vector x ∈ X such that
λx − Rx = e1, i.e., λx1 = 1, λx2 = x1, λx3 = x2, . . . . It follows that x is
equal to (λ−n)n which does not belong to X. This means that λI − A is not
surjective and therefore B(0, 1) \ {0} ⊆ σ(R). The closedness of the spectrum
thus implies σ(R) = B(0, 1). ♦
(c) The left shift L given by L(xn)n = (xn+1)n on X ∈

{
c0, `

p
∣∣ p ∈ [1,∞]

}
has the spectrum σ(L) = B(0, 1). In fact, L ∈ B(X) has norm 1, and so
σ(L) ⊂ B(0, 1). Moreover, L(1, 0, · · · ) = 0, and for |λ| < 1 the sequence
v = (λn)n∈N belongs toX and satisfies λv = Lv so that B(0, 1) ⊆ σp(L) ⊆ σ(L).
The closedness of σ(L) then yields σ(L) = B(0, 1). Note that σp(L) = B(0, 1)
if X = `∞, but σp(L) = B(0, 1) in the other cases. ♦
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APPENDIX C

More spectral theory and selfadjoint operators

In courses on linear algebra it is shown that Hermitian matrices can be di-
agonalized, which makes their analysis rather simple. Selfadjoint operators are
the natural extension of the concept of Hermitian matrices to infinite dimen-
sional Hilbert spaces. We will not discuss the generalization of the diagonal-
ization theorem to infinite dimensions, the so–called spectral theorem. Instead
we establish several strong spectral theoretic properties of selfadjoint operators
needed in the lectures. To this aim, we need a bit more general spectral theory
on Banach spaces which is presented first.

1. Subdivisions of the spectrum and adjoint operators

We recall that a number λ ∈ C belongs to the spectrum of a closed operator A
if λI−A is not bijective. This can happen in various ways which leads to several
possibilities to subdivide the spectrum. We use one that links the spectrum to
eigenvectors as far as possible. We start with the relevant definition.

Definition C.1. Let A be a closed operator on X. Then we call

σap(A) = {λ ∈ C
∣∣ there exist xn ∈ D(A) with ‖xn‖ = 1 for all n ∈ N
and λxn −Axn → 0 as n→∞}

the approximate point spectrum of A and

σr(A) =
{
λ ∈ C

∣∣ (λI −A) D(A) is not dense in X
}

the residual spectrum of A.

Proposition C.2. For a closed operator A the following assertions hold.
(a) σap(A) = σp(A) ∪

{
λ ∈ C

∣∣ (λI −A) D(A) is not closed in X
}
.

(b) σ(A) = σap(A) ∪ σr(A).
(c) ∂σ(A) ⊂ σap(A).

(Note that the unions need not be disjoint.)

Proof. (a) We have λ /∈ σap(A) if and only if there is a constant c > 0 such
that ‖(λI − A)x‖ ≥ c‖x‖ for all x ∈ D(A). This lower estimate implies that
λ /∈ σp(A). Moreover, if yn := λxn − Axn → y in X as n → ∞ for a sequence
(xn)n in D(A), then the lower estimate shows that (xn)n is Cauchy in X, and
thus xn converges to some x ∈ X. Hence, Axn = λxn − yn → λx − y and the
closedness of A yields x ∈ D(A) and λx−Ax = y. Consequently, (λI−A) D(A)
is closed.
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Conversely, if (λI −A) D(A) is closed and λ /∈ σp(A), then the inverse (λI −
A)−1 exists and is closed on its closed domain (λI−A) D(A). The closed graph
theorem A.7 then yields the boundedness of (λI −A)−1. Thus,

‖x‖ = ‖(λI −A)−1(λI −A)x‖ ≤ C‖(λI −A)x‖

for all x ∈ D(A) and a constant C > 0. This means that λ /∈ σap(A).
(b) Assertion (b) follows from (a).
(c) Let λ ∈ ∂σ(A). Then there exist λn ∈ ρ(A) with λn → λ as n → ∞.

Theorem B.4 yields ‖R(λn, A)‖ → ∞ as n → ∞, and thus there are yn ∈ X
such that ‖yn‖ = 1 for all n ∈ N and an := ‖R(λn, A)yn‖ → ∞ as n → ∞,
where we can assume that an > 0 for all n ∈ N. Set xn = 1

an
R(λn, A)yn ∈ D(A).

We then have ‖xn‖ = 1 for all n ∈ N and λxn −Axn = (λ− λn)xn + 1
an
yn → 0

as n→∞. As a result, λ ∈ σap(A). �

We already used the above proposition implicitly in Example 3.5 (a). To
describe the residual spectrum , we will use the adjoint of A.

Definition C.3. Let X and Y be Banach spaces. Let A be a linear operator
from X to Y with dense domain. We define its adjoint A∗ on Y ∗ by setting

D(A∗) =
{
y∗ ∈ Y ∗

∣∣ ∃ z∗ ∈ X∗ ∀x ∈ D(A) : 〈Ax, y∗〉 = 〈x, z∗〉
}
,

A∗y∗ = z∗.

Observe that 〈Ax, y∗〉 = 〈x,A∗y∗〉 holds for all x ∈ D(A) and y∗ ∈ D(A∗).
Several properties of the adjoint are collected in the next remark.

Remark C.4. Let A be a densely defined linear operator from X to Y .
(a) Since D(A) is dense, there is at most one vector z∗ as in the definition

of D(A∗), so that A∗ : D(A∗) → X∗ is a map. It is clear that A∗ is linear. If
A ∈ B(X,Y ), then D(A∗) = Y ∗ and Definition C.3 coincides with the definition
of the adjoint usually given in courses of functional analysis. ♦
(b) The operator A∗ is closed from Y ∗ to X∗. In fact, let y∗n ∈ D(A∗),

y∗ ∈ Y ∗, and z∗ ∈ X∗ such that y∗n → y∗ in Y ∗ and z∗n := A∗y∗n → z∗ in X∗ as
n→∞. Then for every x ∈ D(A) the equation,

〈x, z∗〉 = lim
n→∞

〈x, z∗n〉 = lim
n→∞

〈Ax, y∗n〉 = 〈Ax, y∗〉

hold. As a result, y∗ ∈ D(A∗) and A∗y∗ = z∗. ♦
(c) Let X = Y for simplicity. If T ∈ B(X), then the sum A + T and

the product TA with domains D(A + T ) = D(A) and D(TA) = D(A) have
the adjoints (A + T )∗ = A∗ + T ∗ and A∗T ∗ with D(A∗ + T ∗) = D(A∗) and
D(A∗T ∗) =

{
x∗ ∈ X∗

∣∣T ∗x∗ ∈ D(A∗)
}
, respectively. To verify the first claim,

let x ∈ D(A) and x∗ ∈ X∗. We calculate

〈(A+ T )x, x∗〉 = 〈Ax, x∗〉+ 〈x, T ∗x∗〉.

Hence, x∗ ∈ D((A + T )∗) if and only if x∗ ∈ D(A∗), and then (A + T )∗x∗ =
A∗x∗ + T ∗x∗. The second fact can be shown analogously. ♦

The next result shows in particular that the eigenvalues of A∗ give the residual
spectrum of A, cf. the proof of Corollary 5.2.
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Theorem C.5. Let A be a closed operator on X with dense domain. Then
the following assertions hold.

(a) σr(A) = σp(A∗).
(b) σ(A) = σ(A∗) and R(λ,A)∗ = R(λ,A∗) for every λ ∈ ρ(A).

Proof. (a) Due to a corollary of the Hahn-Banach theorem, the set (λI −
A) D(A) is not dense in X if and only if there is a vector y∗ ∈ X∗ \ {0} such
that 〈λx − Ax, y∗〉 = 0 = 〈x, 0〉 for every x ∈ D(A). This fact is equivalent to
y∗ ∈ D(A∗) \ {0} and λy∗ −A∗y∗ = 0, i.e., λ ∈ σp(A∗).
(b) Let λ ∈ ρ(A). Take x∗ ∈ X∗, and set y∗ = R(λ,A)∗x∗. We then obtain

〈(λI −A)x, y∗〉 = 〈R(λ,A)(λI −A)x, x∗〉 = 〈x, x∗〉,
for all x ∈ D(A). Thus, y∗ ∈ D(A∗) and x∗ = (λI − A)∗y∗ = (λI − A∗)y∗,
where we use Remark C.4. This means that λI −A∗ is surjective. Further, let
x∗ ∈ D(A∗) and x ∈ X. We compute

〈x,R(λ,A)∗(λI −A∗)x∗〉 = 〈R(λ,A)x, (λI −A∗)x∗〉
= 〈(λI −A)R(λ,A)x, x∗〉 = 〈x, x∗〉,

using Definition C.3 and that R(λ,A)x belongs to D(A). Hence, R(λ,A)∗(λI−
A∗)x∗ = x∗, so that λI−A∗ is also injective. It thus exists R(λ,A∗) = R(λ,A)∗.
Conversely, let λ ∈ ρ(A∗). Take x ∈ D(A). For every x∗ ∈ X∗, we calculate

as above
〈(λI −A)x,R(λ,A∗)x∗〉 = 〈x, (λI −A∗)R(λ,A∗)x∗〉 = 〈x, x∗〉.

Due to a corollary of the Hahn-Banach theorem, there is a functional y∗ ∈ X∗
such that ‖y∗‖ = 1 and 〈x, y∗〉 = ‖x‖. Hence,

‖x‖ = 〈(λI −A)x,R(λ,A∗)y∗〉 ≤ ‖R(λ,A∗)‖‖λx−Ax‖.
This estimate implies that λ /∈ σap(A). Further, λ /∈ σp(A∗) = σr(A) by part
(a), and so Proposition C.2 shows that λ /∈ σ(A). �

Example C.6. Let X = `p, 1 ≤ p <∞, or X = c0. Let Rx = (0, x1, x2, . . . )
be the right shift on X. Then R∗ = L, where the left shift L acts on `1 if X = c0
and on `p′ otherwise. Since σ(L) = B(0, 1) by Example B.7 (c), Theorem C.5
yields

σ(R) = σ(L) = B(0, 1).
In this way we obtain a faster proof of a part of Example B.7 (b). Moreover,
σr(R) = σp(L) = B(0, 1) if X = c0 or X = `p with 1 < p < ∞ and σr(R) =
σp(L) = B(0, 1) if X = `1.
If X = `∞, then we consider L on `1 and R on `∞ = (`1)∗. Since R = L∗, we

again deduce σ(R) = B(0, 1).

2. Selfadjoint operators and their spectra

Let X and Y be Hilbert spaces with scalar product ( · | · )X and ( · | · )Y . Let
A be a linear densely defined operator from X to Y . We define the Hilbert space
adjoint A′ as in the Banach space case by

D(A′) =
{
y ∈ Y

∣∣ ∃ z ∈ X ∀x ∈ D(A) : (Ax|y)Y = (x|z)X
}
, A′y := z.

XIII



As in Remark C.4 one sees that A′ is well-defined, linear and closed. Also
Remark C.4 (c) holds analogously.
We say that T ∈ B(X,Y ) is unitary if T is invertible with T−1 = T ′. A

densely defined linear operator A is called selfadjoint if A = A′ and skewadjoint
if A = −A′ (in particular, D(A) = D(A′) and A must be closed). Finally, A is
normal if AA′ = A′A. Note that if A is selfadjoint or skewadjoint, then λI −A
is normal for λ ∈ C.
A linear operator A on X is called symmetric if we have (Ax|y) = (x|Ay) for

all x, y ∈ D(A). We note that a densely defined linear operator is symmetric if
and only if A ⊆ A′.
Let Φ : X → X∗ be the antilinear Riesz isomorphism given by (Φ(x))(z) =

(z|x) for all x, z ∈ X. For λ ∈ C and X = Y , we then obtain

λIX∗ −A∗ = Φ(λIX −A′)Φ−1, (C.1)

with D(A∗) = Φ D(A′). So Theorem C.5 implies that

σ(A) = σ(A∗) = σ(A′) and σr(A) = σp(A∗) = σp(A′), (C.2)

where the bars mean complex conjugation. Moreover,

R(λ,A′) = Φ−1R(λ,A∗)Φ = Φ−1R(λ,A)∗Φ = R(λ,A)′,

for all λ ∈ ρ(A).
Recall from functional analysis that ‖T ′‖ = ‖T‖ for every T ∈ B(X,Y ),

T ′′ = T and (ST )′ = T ′S′ for S ∈ B(Y,Z) where Z is another Hilbert space.
We first establish an important characterization of unitary operators, used e.g.
in Lecture 5.

Proposition C.7. Let X and Y be Hilbert spaces and T ∈ B(X,Y ). Then
the following assertions hold.

(a) T is a isometry if and only if we have (Tx|Tz)Y = (x|z)X for all
x, z ∈ X.

(b) T is unitary if and only if T is bijective and isometric if and only if T
is bijective and preserves the scalar product.

Proof. (a) The implication “⇐” is shown by setting x = z. To verify “⇒”,
take α ∈ C and x, z ∈ X. Using that T is isometric, we calculate

(T (x+ αz)|T (x+ αz)) = ‖Tx‖2 + 2 Re(Tx|αTz) + ‖αTz‖2

= ‖x‖2 + 2 Re(α(Tx|Tz)) + |α|2‖z‖2,
‖T (x+ αz)‖2 = (x+ αz|x+ αz) = ‖x‖2 + 2 Re(α(x|z)) + |α|2‖z‖2.

Since (T (x + αz)|T (x + αz)) = ‖T (x + αz)‖2, it follows Re(α(Tx|Tz)) =
Re(α(x|z)). Choosing α = 1 and α = i, we deduce assertion (a).
(b) The second equivalence is a consequence of part (a). To show the first

equivalence, take x, z ∈ X. If T is unitary, we obtain (Tx|Tz) = (x|T−1Tz) =
(x|z), so that T is isometric by (a). If T is isometric, (a) yields (T ′Tx|z) =
(Tx|Tz) = (x|z). Since z ∈ X is arbitrary, we conclude that T ′Tx = x for all
x ∈ X and hence T ′T = I. Now, the bijectivity of T implies that T ′ = T−1. �
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The next lemma gives the crucial estimates for the proof of the announced
spectral properties of selfadjoint operators stated below.

Lemma C.8. Let A be symmetric. Set λ = α + iβ for any α, β ∈ R. Let
x ∈ D(A). It then holds (Ax|x) ∈ R and

‖λx−Ax‖2 = ‖αx−Ax‖2 + |β|2‖x‖2 ≥ |β|2‖x‖2.
Let A also be closed. Then σap(A) ⊆ R. If λ ∈ ρ(A)\R, then ‖R(λ,A)‖ ≤ 1

| Imλ| .

Proof. For x ∈ D(A) we have (Ax|x) = (x|Ax) = (Ax|x) so that (Ax|x) =
(x|Ax) is real. From this fact we deduce that

‖λx−Ax‖2 = (αx−Ax+ iβx|αx−Ax+ iβx)
= ‖αx−Ax‖2 + 2 Re(iβx|αx−Ax) + ‖iβx‖2

= ‖αx−Ax‖2 + 2 Re
(
iβα‖x‖2 − iβ(x|Ax)

)
+ |β|2‖x‖2

= ‖αx−Ax‖2 + |β|2‖x‖2 ≥ |β|2‖x‖2.
In particular, λ /∈ σap(A) if Imλ = β 6= 0.
If λ ∈ ρ(A) \ R and y ∈ X, write x = R(λ,A)y ∈ D(A). We then calculate

‖y‖2 = ‖λx−Ax‖2 ≥ | Imλ|2‖x‖2 = | Imλ|2‖R(λ,A)y‖2

which yields the final inequality in the lemma. �

Theorem C.9. Let X be a Hilbert space and A be densely defined, closed and
symmetric. Then the following assertions hold.

(a) The spectrum σ(A) of A is either a subset of R or σ(A) = C or σ(A) ={
λ ∈ C

∣∣ Imλ ≥ 0
}
or σ(A) =

{
λ ∈ C

∣∣ Imλ ≤ 0
}
.

(b) The following assertions are equivalent.
(1) A = A′,
(2) σ(A) ⊆ R,
(3) iI −A′ and iI +A′ are injective,
(4) (iI −A) D(A) and (iI +A) D(A) are dense.

(c) Let A be selfadjoint. Then we have

‖R(λ,A)‖ ≤ 1
| Imλ|

for λ /∈ R. Further, σ(A) = σap(A) and A has no selfadjoint extension
B 6= A.

Proof. (a) Suppose that there would exists λ ∈ σ(A) and µ ∈ ρ(A) with
Imλ · Imµ > 0. The line segment from λ to µ must contain a point γ ∈
∂σ(A). Then, Im γ 6= 0 and γ ∈ σap(A) by Proposition C.2, which contradicts
Lemma C.8 since A is symmetric. Assertion (a) thus follows from the closedness
of the spectrum.
(b) Let A be selfadjoint. Lemma C.8 yields σp(A) ⊆ σap(A) ⊆ R. Due to

(C.2) we also have σr(A) = σp(A′) = σp(A) = σp(A) ⊆ R. From Proposi-
tion C.2 we thus deduce σ(A) ⊆ R, i.e., (1) implies (2). The implication “(2)
⇒ (3)” is obvious. Equation (C.2) also shows that ±i ∈ σp(A′) if and only if
∓i ∈ σr(A) so that (3) and (4) are equivalent. Let (4) (and thus (3)) hold. Due
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to Lemma C.8 and Proposition C.2, the range of iI ± A is closed. In view of
(4), iI ±A is then surjective. Due to (3), iI ±A′ is injective, and hence A = A′

thanks to A ⊆ A′ and Lemma 3.6. So the implication “(4) ⇒ (1)” holds.
(c) Let A = A′. Then σ(A) = σ(A′) ⊆ R so that assertion (c) follows from

Lemma C.8, Proposition C.2 (c) and Lemma 3.6. �

We illustrate the above result by a simple example. For the Sobolev spaces
we refer to Intermezzo 3 in Lecture 5 or Appendix D.

Example C.10. (a) Let X = L2(0,∞) and Au = iu′ for u ∈ D(A) =
W̊ 1

2 (0,∞). We first show that A is closed. Let un ∈ D(A) such that un → u
and iu′n → v in X. Lemma 3.6 (c) then yields that u ∈ W 1

2 (0,∞) and iu′ = v.
Since W̊ 1

2 (0,∞) is closed in W 1
2 (0,∞), we also have u ∈ D(A).

To see the symmetry, take u ∈ D(A) and v ∈ C∞c (0,∞). We have

(Au|v) = i
∫ ∞

0
u′v dx = −i

∫ ∞
0

uv′ dx =
∫ ∞

0
uiv′ dx = (u|Av).

For v ∈ D(A) there are vn ∈ C∞c (0,∞) converging to v in W 1
2 (0,∞), so that

vn → v and Avn → Av in X as n → ∞. Hence, (Au|v) = (u|Av) for all
u, v ∈ D(A), i.e., A is symmetric. By Exercise 5.4, σ(iA) =

{
λ ∈ C

∣∣ Reλ ≤ 0
}

so that σ(A) = −iσ(iA) =
{
λ ∈ C

∣∣ Imλ ≥ 0
}
(use Exercise 2.5). Consequently,

A is not selfadjoint. ♦
(b) Let X = L2(R) and Au = iu′ for u ∈ D(A) = W 1

2 (R). As in part (a) one
shows that A is symmetric. Exercises 2.5 and 3.2 imply that σ(A) = iσ(−iA) =
i2R = R. Hence, A is selfadjoint. ♦
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APPENDIX D

Sobolev spaces and weak derivatives

Throughout, U ⊆ Rd is open and non-empty.

1. Basic properties

We are looking for properties of C1 function and their derivatives which
can be generalized to a concept of derivatives suited to Lp spaces, which is in
particular not based on pointwise limits. To that purpose, take f ∈ C1(U) and
ϕ ∈ C∞c (U). There is an open set V in Rd such that

suppϕ ⊆ V ⊆ V ⊆ U.

We write x ∈ V as x = (x1, y) for x1 ∈ Vy :=
{
t ∈ R

∣∣ (t, y) ∈ V
}
and y ∈ Rd−1

with Vy 6= ∅. Observe that Vy ⊆ R is open and thus a disjoint union of open
intervals. Integrating by parts, we deduce∫
U

(∂1f)ϕdx =
∫
y:Vy 6=∅

∫
Vy
∂1f(x1, y)ϕ(x1, y) dx1 dy

=
∫
y:Vy 6=∅

(
−
∫
Vy
f(x1, y)∂1ϕ(x1, y) dx1 + [f(x1, y)ϕ(x1, y)]|x1∈∂Vy

)
dy

= −
∫
y:Vy 6=∅

∫
Vy
f(x1, y)∂1ϕ(x1, y) dx1 dy = −

∫
U
f∂1ϕdx,

since ϕ = 0 on ∂Vy for each y ∈ Rd−1 with Vy 6= ∅. Inductively one shows that∫
U

(∂αf)ϕdx = (−1)|α|
∫
U
f∂αϕdx, (D.1)

for all f ∈ Ck(U), ϕ ∈ C∞c (U) and α ∈ Nd0 with |α| ≤ k.
Here and below we use the multi index notation: Let α = (α1, . . . , αd) ∈ Nd0

and x = (x1, . . . , xd) ∈ Rd. We then set

|α| := α1 + . . .+αd, xα := xα1
1 · . . . ·x

αd
d , ∂α := ∂α1

1 · · · ∂
αd
d = ∂|α|

∂xα1
1 · · · ∂x

αd
d

.

For any f mapping Rd to C we further denote the function Rd → C, x 7→ xαf(x),
by xαf . We set

L1
loc(U) =

{
f : U → C

∣∣ f is measurable, f |K ∈ L1(K) for all compact K ⊆ U
}
.

We extend f ∈ L1
loc(U) by 0 to a measurable function f : Rd → C without

notice. Convergence in L1
loc(U) means that (fn|K)n converges in L1(K) for

each compact subset K of U . Observe that Lp(U) ⊆ L1
loc(U) for all 1 ≤ p ≤ ∞.

XVII



Definition D.1. Let f ∈ L1
loc(U) and α ∈ Nd0. If there is a function g ∈

L1
loc(U) such that ∫

U
gϕdx = (−1)|α|

∫
U
f∂αϕdx

for all ϕ ∈ C∞c (U), then g is called weak derivative of f . We then use the
symbol ∂αf := g. Let W k(U) be the space of all f ∈ L1

loc(U) which possess weak
derivatives for all α ∈ Nd0 with |α| ≤ k. Moreover, one defines the Sobolev
spaces by

W k
p (U) =

{
f ∈ Lp(U) ∩W k(U)

∣∣ ∂αf ∈ Lp(U) for all |α| ≤ k
}

for k ∈ N and 1 ≤ p ≤ ∞ and endows them with

‖f‖k,p =


( ∑

0≤|α|≤k

‖∂αf‖pp
)1/p

, 1 ≤ p <∞,

max0≤|α|≤k ‖∂αf‖∞, p =∞,

where ∂0f := f . We write W 0
p (U) = Lp(U) and Hk(U) = W k

2 (U).

As usual, the spaces L1
loc(U), W k(U) and W k

p (U) are spaces of equivalence
classes modulo the subspace N =

{
f : U → R

∣∣ f is measurable, f = 0 a.e.
}
of

null functions. We note that most of the following calculations and results
become much simpler if one restricts to functions in Lp(U) or even in Lp(Rd).
But the present generality is needed in many applications.

Remark D.2. (a) We will see in Lemma D.5 that ∂αf is uniquely defined.
It is then also clear that for |α| ≤ k the map

∂α : W k(U)→ L1
loc(U)

is linear.
(b) Formula (D.1) implies that Ck(U) + N ⊆ W k(U) and that weak and

classical derivatives coincide for f ∈ Ck(U).
(c) Let 1 ≤ p ≤ ∞ and k ∈ N. Clearly, (W k

p (U), ‖ · ‖k,p) is a normed vector
space and

J : W k
p (U)→ Lp(U)m, f 7→ (∂αf)|α|≤k,

is an isometry, wherem is the number of all multiindices α with |α| ≤ k. We will
see in the proof of the next proposition that W k

p (U) is isometrically isomorphic
to a closed subspace of Lp(U)m.
(d) Let 1 ≤ p ≤ ∞ and k ∈ N. Since the p–norm and the 1–norm on Rm are

equivalent, there are constants Ck, ck > 0 such that

ck
∑

0≤|α|≤k
‖∂αf‖p ≤ ‖f‖k,p ≤ Ck

∑
0≤|α|≤k

‖∂αf‖p

for all f ∈W k
p (U).

(e) Observe that ‖f‖p1,p = ‖f‖pp + ‖|∇f |p‖pp for all 1 ≤ p < ∞, where | · |p is
the p–norm on Cd.
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Proposition D.3. For all 1 ≤ p ≤ ∞ and k ∈ N, W k
p (U) is a Banach space.

It is separable if p < ∞ and reflexive if 1 < p < ∞. Moreover, W k
2 (U) is a

Hilbert space endowed with the scalar product

(f |g)Wk
2

=
∑
|α|≤k

∫
U

(∂αf)∂αg dx.

Proof. Let (fn)n be a Cauchy sequence in W k
p (U). Then (∂αfn)n is a

Cauchy sequence in Lp(U) for every α ∈ Nd0 with |α| ≤ k. Thus ∂αfn → gα in
Lp(U) for some gα ∈ Lp(U) as n → ∞. We set f := g0. Let ϕ ∈ C∞c (U) and
|α| ≤ k. Since fn ∈W k

p (U), we deduce∫
U
f∂αϕ dx = lim

n→∞

∫
U
fn∂

αϕdx = lim
n→∞

(−1)|α|
∫
U

(∂αfn)ϕ dx

= (−1)|α|
∫
U
gαϕ dx.

This means that gα is the weak derivative ∂αf so that f ∈W k
p (U) and fn → f

inW k
p (U). Hence,W k

p (U) is a Banach space. We then deduce from Remark D.2
(c) that W k

p (U) is isometrically isomorphic to a closed subspace of Lp(U). The
remaining assertions now follow by isomorphy from known results of functional
analysis. �

Example D.4. (a) Let f ∈ Cc(R) be such that f± := f |R± belong to C1(R±).
We then have f ∈W 1(R) with

f ′ := ∂1f =
{
f ′+ on [0,∞)
f ′− on (−∞, 0)

}
=: g.

For f(x) = |x|, we thus obtain f ′ = 1R+ − 1(−∞,0).
Proof. For every ϕ ∈ C∞c (R), we compute∫

R
fϕ′ dt =

∫ 0

−∞
f−ϕ

′ dt+
∫ ∞

0
f+ϕ

′ dt

= −
∫ 0

−∞
f ′−ϕ dt+ f−ϕ|0−∞ −

∫ ∞
0

f ′+ϕ dt+ f+ϕ|∞0

= −
∫
R
gϕdt,

since f+(0) = f−(0) by the continuity of f . �
(b) The function f = 1R+ does not belong to W 1(R). Assume there would

exist a function g = f ′ ∈ L1
loc(R). Let ϕ ∈ C∞c (R). We compute∫

R
gϕdt = −

∫
R
1R+ϕ

′ dt = −
∫ ∞

0
ϕ′(t) dt = ϕ(0).

Taking ϕ with suppϕ ⊆ (0,∞), we deduce from Lemma D.5 below that g = 0
on (0,∞). Similarly, it follows that g = 0 on (−∞, 0). Hence, g = 0 and so
ϕ(0) = 0 for all ϕ ∈ C∞c (R), which is false. ♦
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(c) Let d ≥ 2, U = BRd(0, 1), 1 ≤ p < d, and f(x) = log |x|2 for x ∈ U \ {0}.
Then we have f ∈W 1

p (U) with

∂jf(x) = xj
|x|22

=: gj(x), u ∈ U \ {0}.

Observe that f is unbounded and has no continuous extension at x = 0.
Proof. Using polar coordinates, we obtain

‖f‖pp = c

∫ 1

0
| log r|prd−1 dr <∞,

for all p ∈ [1,∞). Estimating |xj | ≤ r, we further compute

‖gj‖pp ≤ c
∫ 1

0

rp

r2p r
d−1 dr = c

∫ 1

0
rd−p−1 dr <∞,

and thus gj ∈ Lp(U), for all p ∈ [1, d) and j ∈ {1, . . . , d}. Take j = 1, ε ∈ (0, 1)
and ϕ ∈ C∞c (U). We set Jε = (−1,−ε] ∪ [ε, 1) and write y = (x2, . . . , xd). We
then obtain∫
U
f∂1ϕdx =

∫
[−1,1]d

f(x1, y)∂1ϕ(x1, y) dx1 dy

= lim
ε→0

∫
[−1,1]d−1

∫
Jε

(
log

√
x2

1 + |y|22
)
∂1ϕ(x1, y) dx1 dy

= lim
ε→0

∫
(−1,1)d−1

[
−
∫
Jε

x1
x2

1 + |y|22
ϕ(x1, y) dx1 −

(
log

√
ε2 + |y|22

)
ϕ(ε, y)

+
(

log
√
ε2 + |y|22

)
ϕ(−ε, y)

]
dy

= −
∫
U
g1ϕdx.

Here we used the theorem of dominated convergence with majorants ‖∂1ϕ‖∞|f |
and ‖ϕ‖∞|g1| and that∣∣∣∣(log

√
ε2 + |y|22

)
(ϕ(ε, y)− ϕ(−ε, y))

∣∣∣∣ ≤ 2ε
(
| log ε|+ log

√
d
)
‖∂1ϕ‖∞

converges to 0 as ε → 0 uniformly in y ∈ (−1, 1)d−1. One similarly sees that
∂jf = gj for j = 2, . . . , d. �

We next investigate the properties of mollifiers. Besides duality, they are the
basic tool in the study of Sobolev spaces. Set χ(x) = exp −1

1−|x|22
for |x|2 < 1

and χ(x) = 0 for |x|2 ≥ 1, where x ∈ Rd. Observe that χ ∈ C∞(Rd). We define

χ0(x) = 1
‖χ‖1

χ(x) and ψε(x) = ε−dχ0(1
εx), (D.2)

for x ∈ Rd and ε > 0. We then have 0 ≤ ψε ∈ C∞(Rd), ψε(x) > 0 if and only
if |x|2 < ε, ψε = 0 on Rd \ B(0, ε) and ‖ψε‖1 = 1. For f ∈ L1

loc(U) and ε > 0,
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we now introduce the mollifier Gε by

Gεf(x) = (ψε ∗ f)(x) =
∫
B(x,ε)

ψε(x− y)f(y) dy (D.3)

=
∫
B(0,ε)

ψε(z)f(x− z) dz,

for x ∈ Rd. We will consider Gεf as a function on Rd, U or U depending on
our needs. From e.g. §4.4 of [Bre11], we recall that

Gεf ∈ C∞(Rd), (D.4)

suppGεf ⊆ Sε := S +B(0, ε), if supp f = S, (D.5)
‖Gεf‖Lp(U) ≤ ‖Gεf‖Lp(Rd) ≤ ‖ψε‖1 ‖f‖p = ‖f‖p, if f ∈ Lp(U), 1 ≤ p ≤ ∞,

(D.6)
Gεf → f in Lp(U) as ε→ 0, if f ∈ Lp(U) and 1 ≤ p <∞, (D.7)

Gεf → f as ε→ 0 uniformly on compact subsets of Rd if f ∈ C(Rd). (D.8)

Observe that Sε is compact if S is compact. In the following two core lemmas
we improve the above properties of mollifiers and we apply them to the study
of weak derivatives.

Lemma D.5. Let K ⊆ U be compact. Then there is a function ϕ ∈ C∞c (U)
such that 0 ≤ ϕ ≤ 1 on U and ϕ = 1 on K. Let f ∈ L1

loc(U) satisfy∫
U
fψ dx = 0

for all ψ ∈ C∞c (U). Then f = 0 a.e.. In particular, weak derivatives are
uniquely defined.

Proof. Assume that f 6= 0 on a Borel set B ⊆ U with λ(B) > 0. Because
of the regularity of the Lebesgue measure, there is a compact set K ⊆ B ⊆ U
with λ(K) > 0. Fix 0 < δ < 1

2 dist(∂K, ∂U). Thus K2δ ⊆ U . The function
ϕ := Gδ1Kδ belongs to C∞c (U) by (D.4) and (D.5), where suppϕ ⊂ K2δ.
Moreover, (D.6) and (D.3) yield that 0 ≤ ϕ(x) ≤ ‖ϕ‖∞ ≤ ‖1Kδ‖∞ = 1 for all
x ∈ U and that

ϕ(x) =
∫
B(x,δ)

ψδ(x− y)1Kδ(y) dy = ‖ψδ‖1 = 1

for all x ∈ K. This construction shows the first claim.
Since ϕf ∈ L1(U), the functions Gε(ϕf) converge to ϕf in L1(U) as ε → 0,

due to (D.7). Hence, there is a nullset N and a subsequence εj → 0 with εj ≤ δ,
such that (Gεj (ϕf))(x) → f(x) 6= 0 as j → ∞ for each x ∈ K \ N . For every
x ∈ K \N and j ∈ N, we also deduce

(Gεj (ϕf))(x) =
∫
U
ψεj (x− y)ϕ(y)f(y) dy = 0

from the assumption, since the function y 7→ ψεj (x−y)ϕ(y) belongs to C∞c (U).
This is a contradiction. �
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Recall that Hölder’s inequality implies that the map

Lp(B)× Lp′(B)→ C, (f, g) 7→
∫
B
fg dx, (D.9)

is continuous for all 1 ≤ p ≤ ∞ and Borel sets B ⊆ Rd, where 1
p + 1

p′ = 1.

Lemma D.6. (Approximation lemma)
(a) Let f ∈ Lploc(U) possess the weak derivative ∂αf ∈ Lploc(U) for some

α ∈ Nd0 and p ∈ [1,∞). Then the functions Gεf ∈ C∞(U) converge to f and
∂α(Gεf) converge to ∂αf in Lploc(U) as ε→ 0. We further have ∂α(Gεf)(x) =
Gε(∂αf)(x) for all x ∈ U and ε < dist(x, ∂U).
(b) Let f be given as in (a). Then there is a null sequence (εn)n such that

Gεnf → f and ∂α(Gεnf) → ∂αf a.e. on U as n → ∞. If f ∈ W k(U), we can
take the same fn for all |α| ≤ k.
(c) If f, g ∈ L1

loc(U) and there are fn ∈ W |α|(U) such that fn → f and
∂αfn → g in L1

loc(U) as n → ∞, then g is the weak derivative ∂αf . If this
convergence holds in Lp(U) for some p ∈ [1,∞] and all α with |α| ≤ k, then
f ∈W k

p (U).

Proof. (a) Let ε > 0 and x ∈ U . If ε < dist(x, ∂U), then the function
y 7→ ϕε,x(y) := ψε(x − y) belongs to C∞c (U). Using a corollary to Lebesgue’s
theorem and Definition D.1, we can thus deduce(

∂αGεf
)
(x) =

∫
U
∂αxψε(x− y)f(y) dy = (−1)|α|

∫
U

(∂αϕε,x)(y)f(y) dy

=
∫
U
ϕε,x(y)(∂αf)(y) dy = (Gε∂αf)(x).

Choose a compact subset K ⊆ U and fix δ > 0 with Kδ ⊆ U . Take ε ∈ (0, δ].
Note that the integrand of (Gεg)(x) is then supported in Kδ for every x ∈ K
and g ∈ L1

loc(U), see (D.3). Due to (D.7), the functions
1K∂

α(Gεf) = 1KGε(∂αf) = 1KGε(1Kδ∂
αf)

converge in Lp(K) to 1K1Kδ∂
αf = 1K∂

αf as ε → 0. So we have shown the
asserted convergence in Lploc(U).
(b) To derive (b) from (a) we note that the sets

Km =
{
x ∈ U

∣∣ dist(x, ∂U) ≥ 1
m and |x|2 ≤ m

}
are compact and

⋃
m∈NKm = U . Let εk → 0. Then, for each m ∈ N there is a

null set Nm ⊆ Km and a subsequence νm(j) such that ∂αGενm(j)f(x) converges
to ∂αf(x) and Gενm(j)f(x) converges to f(x) for all x ∈ Km \ Nm as j → ∞.
By means of a diagonal sequence, one obtains a null sequence (εn)n such that
∂αGεnf(x)→ ∂αf(x) and Gεnf(x)→ f(x) for x ∈ U \ (

⋃
m∈NNm), as n→∞,

where
⋃
m∈NNm is a null set. This procedure can also be done for finitely many

∂αf at the same time.
(c) Let fn ∈W |α|(U) be given such that fn → f and ∂αfn → g in L1

loc(U) as
n→∞. From (D.9) on suppϕ we deduce that∫
U
f∂αϕdx = lim

n→∞

∫
U
fn∂

αϕ dx = (−1)α lim
n→∞

∫
U

(∂αfn)ϕdx = (−1)α
∫
U
gϕdx
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for all ϕ ∈ C∞c (U). Hence, g = ∂αf . In the setting of the last assertion we thus
obtain ∂αf ∈ Lp(U) for all |α| ≤ k, and hence f ∈W k

p (U). �

Proposition D.7. (Product rules)
(a) Let f, g ∈W 1(U) ∩ L∞(U). Then, fg ∈W 1(U) ∩ L∞(U) and

∂j(fg) = (∂jf)g + f(∂jg) (D.10)

for all j ∈ {1, . . . , d}.
(b) Let 1 ≤ p ≤ ∞, f ∈ W 1

p (U) and g ∈ W 1
p′(U). Then, fg ∈ W 1

1 (U) and
(D.10) holds.

Proof. 1) Let f, g ∈ W 1(U). Set fn = Gεnf ∈ C∞(U) and gn = Gεng ∈
C∞(U) with εn → 0 as in Lemma D.6 (b). Fix m ∈ N and take ϕ ∈ C∞c (U)
and j ∈ {1, . . . , d}. Choose an open and bounded set V such that suppϕ ⊆
V ⊆ V ⊆ U . Since fn → f and ∂jfn → ∂jf on L1(V ) by Lemma D.6 (b), the
formulas (D.9) and (D.1) yield∫
U
fgm∂jϕ dx = lim

n→∞

∫
V
fngm∂jϕ dx = − lim

n→∞

∫
V

((∂jfn)gm + fn(∂jgm))ϕ dx

= −
∫
U

((∂jf)gm + f(∂jgm))ϕ dx

so that the weak derivative ∂j(fgm) = (∂jf)gm + f(∂jgm) ∈ L1
loc(U) exists.

2) Let f, g ∈ W 1(U) ∩ L∞(U) and gm as in 1). Note that gm → g and
∂jgm → ∂jg in L1

loc(U) as m→∞. Since f is bounded, we obtain∫
U
fg∂jϕ dx = lim

m→∞

∫
U
fgm∂jϕ dx = lim

m→∞
−
[∫
U

(∂jf)gmϕdx+
∫
U
f(∂jgm)ϕ dx

]
,

using step 1). On the right-hand side, the second integral converges to∫
U f(∂jg)ϕ dx, again because of f ∈ L∞(U). For the first integral we use
that gm → g a.e. by Lemma D.6 (b) and that ‖gm‖∞ ≤ ‖g‖∞ by (D.6). The
theorem of dominated convergence (with the majorant |∂jf |‖g‖∞‖ϕ‖∞1suppϕ)
now yields ∫

U
fg∂jϕ dx = −

∫
U

((∂jf)g + f(∂jg))ϕ dx.

Hence, (a) holds since also (∂jf)g + f(∂jg) ∈ L1
loc(U) by our assumptions.

3) Let f ∈ W 1
p (U) and g ∈ W 1

p′(U). If p ∈ (1,∞], we show (D.10) as in step
2), using (D.9) and that gm, ∂jgm converge in Lp′(U) by (D.7) (a). If p = 1,
we replace the roles of f and g to derive (D.10). Hölder’s inequality and (D.10)
finally yield ∂j(fg) ∈ L1(U). As a result, (b) is true. �

Proposition D.8. (Chain rules)
(a) Let f ∈ W 1(U) be real valued and h ∈ C1(R) with h′ ∈ Cb(R). We then

have h ◦ f ∈W 1(U) and

∂j(h ◦ f) = (h′ ◦ f)∂jf

for all j ∈ {1, . . . , d}.
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(b) Let f ∈ W 1(U), V ⊆ Rd be open and Φ : V → U be a diffeomorphism
such that Φ′ and (Φ−1)′ are bounded. We then have f ◦ Φ ∈W 1(V ) and

∂j(f ◦ Φ) =
d∑

m=1
((∂mf) ◦ Φ)∂jΦm

for all j = 1, . . . , d.
In both results we can replace W 1(U) by W 1

p (U) for 1 ≤ p ≤ ∞, if in (a) also
h(0) = 0 holds in the case that λ(U) =∞ and p <∞.

Proof. (a) By Lemma D.6, there are fn ∈ C∞(U) such that fn → f and
∂jfn → ∂jf in L1

loc(U) and a.e. as n→∞, for every j ∈ {1, . . . , d}. Since
|h(f(x))| ≤ |h(f(x))− h(0)|+ |h(0)| ≤ ‖h′‖∞|f(x)|+ |h(0)|

for all x ∈ U , the function h ◦ f belongs to L1
loc(U) (and to Lp(U) if f ∈ Lp(U)

and if h(0) = 0 in the case that λ(U) =∞ and p 6=∞). Let K ⊆ U be compact.
We obtain that∫
K
|h(fn(x))− h(f(x))|dx ≤ ‖h′‖∞

∫
K
|fn(x)− f(x)| dx −→ 0,∫

K
|h′(fn(x))∂jfn(x)− h′(f(x))∂jf(x)|dx

≤ ‖h′‖∞
∫
K
|∂jfn(x)− ∂jf(x)| dx+

∫
K
|h′(fn(x))− h′(f(x))||∂jf(x)| dx→ 0

as n→∞ where we also used Lebesgue’s theorem and the majorant 2‖h′‖∞|∂jf |
in the last integral. Since h ◦ fn ∈ C1(U), (h′ ◦ f)∂jf ∈ L1

loc(U) and ∂j(h ◦
fn) = (h′ ◦ fn)∂jfn, Lemma D.6 (c) yields assertion (a). If f ∈ W 1

p (U) then
(h′ ◦ f)∂jf ∈ Lp(U) and so h ◦ f ∈W 1

p (U).
Assertion (b) can similarly be shown using the transformation rule. �

Corollary D.9. Let f ∈ W 1(U) be real valued. Then f+, f−, |f | belong to
W 1(U) with derivatives

∂jf± = ±1{f≷0}∂jf and ∂j |f | = (1{f>0} − 1{f<0})∂jf

for all j ∈ {1, . . . , d}. Here one can replace W 1 by W 1
p for all 1 ≤ p ≤ ∞.

Proof. We use the function hε ∈ C1(R) given by hε(t) :=
√
t2 + ε2− ε for

t ≥ 0 and hε(t) := 0 for t < 0, where ε > 0. Observe that ‖h′ε‖∞ = 1, hε(t) ≤ t
for t ≥ 0 as well as hε(t) → t for t > 0 and hε(t) → 0 for t ≤ 0, as ε → 0.
Proposition D.8 shows that hε ◦ f ∈W 1(U) and∫

U
hε(f)∂jϕdx = −

∫
U
h′ε(f)(∂jf)ϕ dx = −

∫
{f>0}

f√
f2 + ε2 (∂jf)ϕdx

for each ϕ ∈ C∞c (U). Thanks to the majorants ‖∂jϕ‖∞1B|f | and ‖ϕ‖∞|∂jf |1B
with B = suppϕ, Lebesgue’s convergence theorem shows that∫

U
f+∂jϕdx = −

∫
{f>0}

f

|f |
(∂jf)ϕdx = −

∫
U
1{f>0}(∂jf)ϕ dx.

There thus exists ∂jf+ = 1{f>0}∂jf ∈ L1
loc(U). The other assertions follow

from f− = (−f)+ and |f | = f+ + f−. �
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We describe Sobolev spaces for the simpler cases d = 1 and p =∞.

Theorem D.10. Let J ⊆ R be an open interval and f ∈ L1
loc(J). We then

have f ∈ W 1(J) if and only if f has a continuous representative (also denoted
by f) and there is a function g ∈ L1

loc(J) such that

f(t) = f(s) +
∫ t

s
g(τ) dτ (D.11)

holds for all s, t ∈ J . In this case, g = f ′ a.e.. (Compare the Exercises of
Lecture 3.)

Proof. 1) Let f ∈ W 1(J). Take fn = Gεnf ∈ C∞(J) from Lemma D.6
(b). Then for a.e. t ∈ J and for a.e. t0 ∈ J we have

f(t)− f(t0) = lim
n→∞

(fn(t)− fn(t0)) = lim
n→∞

∫ t

t0
f ′n(τ) dτ =

∫ t

t0
f ′(τ) dτ.

Fixing one such t0 and noting that t 7→
∫ t
t0
f ′(τ) dτ is continuous, we obtain

a continuous representative of f which satisfies (D.11) for s = t0 and g = f ′.
Subtracting two such equations for any given t, s ∈ J and the fixed t0, we
deduce (D.11) with g = f ′ for all t, s ∈ J .
2) If (D.11) holds for some f ∈ C(J) and g ∈ L1

loc(J), take gn ∈ C∞(J) such
that gn → g in L1

loc(J) as n → ∞. For any s ∈ J and n ∈ N, the function
fn(t) := f(s) +

∫ t
s gn(τ) dτ , t ∈ J , belongs to C∞(J) with f ′n = gn. Moreover,

for [a, b] ⊆ J with s ∈ [a, b], we estimate

‖fn − f‖L1([a,b]) ≤
∫ b

a

∫ t

s
|gn(τ)− g(τ)|dτ dt ≤ (b− a)‖gn − g‖L1([a,b]),

using (D.11), so that fn → f in L1
loc(J) as n→∞. Lemma D.6 (b) then yields

f ∈W 1(J) and f ′ = g. �

Proposition D.11. Let U ⊆ Rd be open and convex. Then W 1
∞(U) is iso-

morphic to
C1−
b (U) :=

{
f ∈ Cb(U)

∣∣ f is Lipschitz
}
,

and the norm of W 1
∞(U) is equivalent to

‖f‖C1−
b

= ‖f‖∞ + [f ]Lip,

where [f ]Lip is the Lipschitz constant of f .

Proof. Let f ∈ W 1
∞(U). Take the null sequence (εn)n from Lemma D.6

(b). Let K ⊆ U be compact. For sufficiently large n ∈ N, Lemma D.6 and
(D.6) yield

|∂jGεnf(z)| = |Gεn∂jf(z)| ≤ ‖∂jf‖∞ ≤ ‖f‖1,∞,
for all j ∈ {1, . . . , d} and z ∈ K. Using that Gεnf(x)→ f(x) as n→∞ for all
x ∈ U \N and a null set N , we then estimate
|f(x)− f(y)| = lim

n→∞
|Gεnf(x)−Gεnf(y)| (D.12)

= lim
n→∞

∣∣∣∫ 1

0
∇Gεnf(y + τ(x− y)) · (x− y) dτ

∣∣∣ ≤ √d‖f‖1,∞ |x− y|2
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for all x, y ∈ U \N . By continuous extension we obtain a Lipschitz continuous
representative of f with Lipschitz constant

√
d‖f‖1,∞.

Let f ∈ C1−
b (U). Take ϕ ∈ C∞c (U), j ∈ {1, . . . , d}, and δ > 0 such that

(suppϕ)δ ⊆ U . For ε ∈ (0, δ] the difference quotient 1
ε (ϕ(x + εej) − ϕ(x))

converges uniformly on suppϕ as ε→ 0, and hence∣∣∣∫
U
f∂jϕ dx

∣∣∣ = lim
ε→0

∣∣∣∫
suppϕ

f(x)1
ε (ϕ(x+ εej)− ϕ(x)) dx

∣∣∣
≤ lim sup

ε→0

∫
Rd

1
ε |f(y − εej)− f(y)| |ϕ(y)| dy

≤ [f ]Lip‖ϕ‖1.

Taking into account that C∞c (U) is dense in L1(U), we see that the map ϕ 7→
−
∫
U f∂jϕ dx has a continuous linear extension Fj : L1(U) → C. Therefore

there is a function gj ∈ L∞(U) = L1(U)∗ with ‖gj‖∞ = ‖Fj‖ ≤ [f ]Lip such that

−
∫
U
f∂jϕdx = Fj(ϕ) =

∫
U
gjϕ dx

for all ϕ ∈ C∞c (U). This means that f has the weak derivative ∂jf = gj ∈
L∞(U). As a result, f ∈W 1

∞(U) and ‖f‖W 1
∞(U) ≤ ‖f‖∞ + [f ]Lip. �

Without convexity of U , the above proof still gives C1−
b (U) ↪→ W 1

∞(U) and
that f ∈ W 1

∞(U) has a locally Lipschitz representative. If U is bounded and
∂U ∈ C1, then Proposition D.11 still holds, see Theorem 5.8.4 in [Eva10]. The
proof given there is based on an extension argument, cf. Theorem D.23.

2. Density and embedding theorems

In this section we prove some of the most important theorems on Sobolev
spaces. We now restrict ourselves to the case p < ∞ since one partly has
different results for p =∞ and since this case is essentially settled by Proposi-
tion D.11.

Definition D.12. For k ∈ N and 1 ≤ p < ∞, the closure of C∞c (U) in
W k
p (U) is denoted by W̊ k

p (U). We set H̊k(U) = W̊ k
2 (U).

Theorem D.13. Let k ∈ N and p ∈ [1,∞). We then have

W̊ k
p (Rd) = W k

p (Rd).

Moreover, the set C∞(U) ∩W k
p (U) is dense in W k

p (U).

Proof. We prove the theorem only for k = 1, the general case can be
treated similarly.
1) Let f ∈ W 1

p (Rd). Take any φ ∈ C∞(R+) such that 0 ≤ φ ≤ 1, φ = 1 on
[0, 1] and φ = 0 on [2,∞). Set

ϕn(x) = φ( 1
n |x|2) (“cut-off function”)

for n ∈ N and x ∈ Rd. We then have ϕn ∈ C∞c (Rd), 0 ≤ ϕn ≤ 1 and
‖∂jϕn‖∞ ≤ ‖φ′‖∞ 1

n for all n ∈ N, as well as ϕn(x) → 1 for all x ∈ Rd as
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n→∞. Hence, ‖ϕnf−f‖p → 0 as n→∞ by Lebesgue’s convergence theorem.
Moreover, Proposition D.7 implies that

‖∂j(ϕnf − f)‖p = ‖(ϕn∂jf − ∂jf) + (∂jϕn)f‖p
≤ ‖ϕn∂jf − ∂jf‖p + 1

n‖φ
′‖∞‖f‖p ,

and the right-hand side tends to 0 as n → ∞ for each j ∈ {1, . . . , d}. Given
ε > 0, we can thus fix m ∈ N such that ‖ϕmf − f‖1,p ≤ ε. Due to (D.4) and
(D.5), the functions G 1

n
(ϕmf) belong to C∞c (Rd) for all n ∈ N. Equation (D.7)

and Lemma D.6 further yield that

G 1
n

(ϕmf)→ ϕmf and ∂jG 1
n

(ϕmf) = G 1
n
∂j(ϕmf)→ ∂j(ϕmf)

in Lp(Rd) as n→∞, for each j ∈ {1, . . . , d}. So there is an n ∈ N such that

‖G 1
n

(ϕmf)− ϕmf‖1,p ≤ ε,

and thus
‖G 1

n
(ϕmf)− f‖1,p ≤ 2ε.

2) For the second assertion, we can assume that ∂U 6= ∅. Let f ∈ W 1
p (U).

Define the open sets

Un =
{
x ∈ U

∣∣ |x|2 < n and dist(x, ∂U) > 1
n

}
for each n ∈ N. Then Un ⊆ Un ⊆ Un+1 ⊂ U , Un is compact and

⋃∞
n=1 Un = U .

Observe that U =
⋃∞
n=1 Un+1 \Un−1, where U0, U−1 := ∅. As shown in analysis

courses, there are functions ϕn ∈ C∞c (U) such that suppϕn ⊆ Un+1 \ Un−1,
ϕn ≥ 0, and

∑∞
n=1 ϕn(x) = 1 for all x ∈ U .

Fix ε > 0. As in Step 1), for each n ∈ N there is a δn > 0 such that
gn := Gδn(ϕnf) ∈ C∞c (U), supp gn ⊆ (suppϕnf)δn ⊆ Un+1 \ Un−1 and ‖gn −
ϕnf‖1,p ≤ 2−nε. Define g(x) =

∑∞
n=1 gn(x) for all x ∈ U . Observe that on each

ball B(x, r) ⊆ U this sum is finite. Hence, g ∈ C∞(U). Since f =
∑∞
n=1 ϕnf ,

we further have

g(x)− f(x) =
∞∑
n=1

(gn(x)− ϕn(x)f(x)),

for all x ∈ U and n ∈ N. Due to ‖gn − ϕnf‖1,p ≤ 2−nε, this series converges
absolutely in W 1

p (U), and

‖f − g‖1,p ≤
∞∑
n=1
‖gn − ϕnf‖1,p ≤ ε. �

Remark D.14. (a) If U is bounded, then W̊ k
p (U) 6= W k

p (U), see Lemma 6.67
in [RR04]. ♦
(b) For “good” ∂U one can replace in C∞(U) by C∞(U) in Theorem D.13,

see Corollary D.21 below. ♦

We now want to study embeddings of Sobolev spaces. We clearly have

W k
p (U) ↪→W j

p (U) if k ≥ j ≥ 0
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and
W k
p (U) ↪→W j

q (U) if k ≥ j ≥ 0, 1 ≤ q ≤ p ≤ ∞ and λ(U) <∞.

(Here we put W 0
p (U) = Lp(U) for 1 ≤ p ≤ ∞.) The embedding X ↪→ Y means

that there is an injective map J ∈ B(X,Y ). Above it holds Jf = f , and below
we also use Jf = f+N . Writing c = ‖J‖, one obtains ‖f‖Y ≤ c‖f‖X if X ↪→ Y
and one identifies Jf with f .

Theorem D.15 (Sobolev, Morrey). Let k ∈ N and 1 ≤ p <∞. We have the
following embeddings.
(a) If kp < d, then

p∗ := pd

d− kp
∈ (p,∞) and W k

p (Rd) ↪→ Lq(Rd)

for all q ∈ [p, p∗].
(b) If kp = d, then

W k
p (Rd) ↪→ Lq(Rd)

for all q ∈ [p,∞).
(c) If kp > d, then there are either j ∈ N0 and β ∈ (0, 1) such that k − d

p =
j + β or k − d

p ∈ N. In the latter case we set j := k − d
p − 1 ∈ N0 and take any

β ∈ (0, 1). Then

W k
p (Rd) ↪→ Cj0(Rd) and |∂αf(x)− ∂αf(y)| ≤ c|x− y|β2

for all x, y ∈ Rd, |α| ≤ j, f ∈ W k
p (Rd) and a constant c > 0, where we take a

representative f ∈ Cj0(Rd) of f and

Cj0(Rd) =
{
u ∈ Cj(Rd)

∣∣ ∂αu(x)→ 0 as |x|2 →∞ for all 0 ≤ |α| ≤ j
}
.

Corollary D.16. Let k ∈ N and p ∈ [1,∞). If there are j ∈ N0 and
q ∈ [p,∞) with k − d

p = j − d
q , then

W k
p (Rd) ↪→W j

q (Rd).

Proof of Corollary D.16. By assumption, we have (k−j)p = d− dp
q ∈

[0, d). Theorem D.15 (a) thus yields

W k−j
p (Rd) ↪→ Lq(Rd) since q = pd

d− kp+ jp
.

Applying this embedding to ∂αf ∈ W k−j
p (Rd) for all |α| ≤ j and f ∈ W k

p (Rd),
we deduce that

‖∂αf‖q ≤ c‖∂αf‖k−j,p ≤ c‖f‖k,p,
as asserted. �

Example D.17. There is an unbounded function f ∈ W 1
d (Rd) for d ≥ 2,

showing that Theorem D.15 (b) is sharp. In fact, for any α ∈ (0, 1 − 1
d) and

ϕ ∈ C∞c (Rd) with suppϕ ⊆ B(0, 3
4) and ϕ = 1 on B(0, 1

2), we define

f(x) :=
{
ϕ(x)(− log |x|2)α, 0 < |x|2 ≤ 3

4 ,

0, |x|2 > 3
4 or x = 0.
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Arguing as in Example D.4 (c), one sees that f ∈ Lp(Rd) for all p ∈ [1,∞),
f /∈ L∞(Rd) and that, for all j ∈ {1, . . . , d}, we have

∂jf(x) = (∂jϕ(x))(− log |x|2)α − αϕ(x)(− log |x|2)α−1 xj
|x|22

for 0 < |x|2 < 3
4 and ∂jf(x) = 0 otherwise. Using polar coordinates, we further

estimate (∫
Rd
|∂jf |d dx

)1/d
≤ c‖∂jϕ‖∞

(∫ 3
4

0
| log r|αdrd−1 dr

)1/d

+ c‖ϕ‖∞
(∫ 3

4

0

| log r|(α−1)d

rd
rd−1 dr

)1/d

≤ c+ c
(∫ 3

4

0

1
r| log r|(1−α)d dr

)1/d
<∞

for some constants c > 0, since (1− α)d > 1. Hence, f ∈W 1
d (Rd) \ L∞(Rd). ♦

For the proof of Theorem D.15 we set x̂j = (x1, . . . , xj−1, xj+1, . . . , xd) ∈ Rd−1

for all x ∈ Rd, j ∈ {1, . . . , d} and d ≥ 2. We start with a lemma.
Lemma D.18. Let d ≥ 2 and f1, . . . , fd ∈ Ld−1(Rd−1)∩C(Rd−1). Set f(x) =

f1(x̂1) · . . . · fd(x̂d) for x ∈ Rd. We then have f ∈ L1(Rd) and
‖f‖L1(Rd) ≤ ‖f1‖Ld−1(Rd−1) · . . . · ‖fd‖Ld−1(Rd−1).

Proof. If d = 2, then Fubini’s theorem shows that∫
R2
|f(x)| dx =

∫
R

∫
R
|f1(x2)||f2(x1)|dx1 dx2 = ‖f1‖1‖f2‖1,

as asserted.
Assume that the assertion holds for some d ∈ N with d ≥ 2. Take

f1, . . . , fd+1 ∈ Ld(Rd)∩C(Rd). Write y = (x1, . . . , xd) ∈ Rd and x = (y, xd+1) ∈
Rd+1. For a.e. xd+1 ∈ R, the maps ŷj 7→ |fj(ŷj , xd+1)|d are integrable on Rd−1

for every j ∈ {1, . . . , d} due to Fubini’s theorem. Fix such an xd+1 ∈ R and
write

f̃(y, xd+1) :=
d∏
j=1

fj(x̂j).

Using Hölder’s inequality and d′ = d
d−1 , we obtain∫

Rd
|f(y, xd+1)| dy =

∫
Rd
|f̃(y, xd+1)||fd+1(y)|dy

≤ ‖fd+1‖Ld(Rd)

(∫
Rd
|f̃(y, xd+1)|d′ dy

)1/d′

.

We set gj(ŷj) = |fj(ŷj , xd+1)|d′ for j ∈ {1, . . . , d} and x ∈ Rd+1. Since d′(d −
1) = d, we have gj ∈ Ld−1(Rd−1), and the induction hypothesis yields∫

Rd
|f̃(y, xd+1)|d′ dy =

∫
Rd
g1(ŷ1) · . . . · gd(ŷd) dy ≤ ‖g1‖d−1 · . . . · ‖gd‖d−1

=
d∏
j=1

(∫
Rd−1

|fj(ŷj , xd+1)|d dy
) 1
d−1

.
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Integrating over xd+1 ∈ R, we thus arrive at∫
Rd+1
|f |dx ≤ ‖fd+1‖d

∫
R

d∏
j=1

(∫
Rd−1

|fj(x̂j)|d dy
) 1
d−1

d−1
d dxd+1.

Applying the d-fold Hölder inequality to the xd+1-integral, we conclude that∫
Rd+1
|f |dx ≤ ‖fd+1‖d

d∏
j=1

(∫
R

(∫
Rd−1

|fj(x̂j)|d dy
) 1
d
d

dxd+1

) 1
d

= ‖f1‖d · . . . · ‖fd+1‖d. �

Recall from integration theory that for f ∈ Lp(U)∩Lq(U) and r ∈ [p, q] with
1 ≤ p < q ≤ ∞, we have

‖f‖r ≤ ‖f‖θp‖f‖1−θq ≤ θ‖f‖p + (1− θ)‖f‖q, (D.13)

where θ ∈ [0, 1] is given by 1
r = θ

p + 1−θ
q and we also used Young’s inequality

from undergraduate courses.

Proof of Theorem D.15. We only prove the case k = 1, the rest can
be done by induction, see e.g. §5.6.3 in [Eva10]. Since W 1

p (Rd) ↪→ Lp(Rd),
estimate (D.13) implies that for assertion (a) it suffices to show

W 1
p (Rd) ↪→ Lp

∗(Rd).

1) Let f ∈ C1
c (Rd). Let first p = 1 < d, whence p∗ = d

d−1 . For x ∈ Rd and
j ∈ {1, . . . , d}, we then obtain

|f(x)| =
∣∣∣∫ xj

−∞
∂jf(x1, . . . , xj−1, t, xj+1, . . . , xd) dt

∣∣∣ ≤ ∫
R
|∂jf(x)| dxj ,

|f(x)|d ≤
d∏
j=1

∫
R
|∂jf(x)| dxj .

Setting gj(x̂j) = (
∫
R |∂jf(x)| dxj)

1
d−1 , we deduce

|f(x)|
d
d−1 ≤

d∏
j=1

gj(x̂j).

After integration over x ∈ Rd, Lemma D.18 yields

‖f‖
d
d−1

L
d
d−1 (Rd)

≤
∫
Rd
g1(x̂1) · . . . · gd(x̂d) dx ≤

d∏
j=1
‖gj‖Ld−1(Rd−1)

=
d∏
j=1

(∫
Rd−1

∫
R
|∂jf(x)| dxj dx̂j

) 1
d−1

,

‖f‖
L

d
d−1 (Rd)

≤
d∏
j=1
‖∂jf‖

1
d

L1(Rd) ≤ ‖|∇f |1‖1 ≤ ‖f‖1,1. (D.14)
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2) Next, let p ∈ (1, d) and p∗ = pd
d−p . Set t∗ := d−1

d p∗ = d−1
d−pp > 1. An

elementary calculation shows that (t∗ − 1)p′ = p∗ = t∗
d
d−1 . Set

g = f |f |t−1 = f(ff)
t−1

2

for t > 1. We compute

∂jg = |f |t−1∂jf + f t−1
2 (ff)

t−1
2 −1((∂jf)f + f(∂jf))

= |f |t−1∂jf + (t− 1)f |f |t−3 Re(f∂jf),
|g| = |f |t, |∂jg| ≤ t|∂jf ||f |t−1.

Applying (D.14) to g, we estimate

‖f‖t td
d−1

=
(∫

Rd
|f |t

d
d−1 dx

) d−1
d =

(∫
Rd
|g|

d
d−1 dx

) d−1
d

≤
d∏
j=1
‖∂jg‖

1
d
1 ≤

d∏
j=1

t
1
d

(∫
Rd
|∂jf ||f |t−1 dx

) 1
d

≤ t
d∏
j=1

(∫
Rd
|∂jf |p dx

) 1
dp
(∫

Rd
|f |(t−1)p′ dx

) 1
p′d

= t
d∏
j=1
‖|∇f |p‖

1
d
p ‖f‖

t−1
d

(t−1)p′ = t‖|∇f |p‖p ‖f‖t−1
(t−1)p′ ,

where we used Hölder’s inequality. For t = t∗, we use the properties of t stated
above and obtain

‖f‖p∗ ≤ p
d− 1
d− p

‖|∇f |p‖p ≤ p
d− 1
d− p

‖f‖1,p. (D.15)

By density (see Theorem D.13), this estimate can be extended to all f ∈
W 1
p (Rd). Then the identity map on W 1

p (Rd) is the required embedding in (a).
3) Let f ∈ C1

c (Rd), p = d, and t > 1. Then p′ = d
d−1 , and Step 2) yields

‖f‖t d
d−1
≤ t

1
t ‖f‖1−

1
t

(t−1) d
d−1
‖|∇f |p‖

1
t
d ≤ c

(
‖f‖(t−1) d

d−1
+ ‖|∇f |p‖d

)
(D.16)

using Young’s inequality from undergraduate courses. For t = d, this estimate
gives f ∈ L

d2
d−1 (Rd) and

‖f‖ d2
d−1
≤ c‖f‖1,d.

Here and below the constant c > 0 does not depend on f . For q ∈ (d, d d
d−1),

inequality (D.13) further yields

‖f‖q ≤ c(‖f‖d + ‖f‖ d2
d−1

) ≤ c‖f‖1,d.

Now, we can apply (D.16) with t = d+ 1 and obtain

‖f‖ d2+d
d−1
≤ c(‖f‖ d2

d−1
+ ‖|∇f |p‖d) ≤ c‖f‖1,d.
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As above, we see that f ∈ Lq(Rd) for d ≤ q ≤ dd+1
d−1 . We can now iterate this

procedure with tn = d+ n and obtain
‖f‖q ≤ c(q)‖f‖1,p

for all q <∞. Assertion (b) then follows by density.
4) Let f ∈ C1

c (Rd), p > d, Q(r) = [− r
2 ,

r
2 ]d for r > 0, and x0 ∈ Q(r). Set

M(r) = r−d
∫
Q(r) f dx. We further put β := 1− d

p ∈ (0, 1). Using |x−x0|∞ ≤ r
for x ∈ Q(r), the transformation y = t(x − x0) and Hölder’s inequality, we
compute

|f(x0)−M(r)| =
∣∣∣r−d ∫

Q(r)
(f(x0)− f(x)) dx

∣∣∣
= r−d

∣∣∣∫
Q(r)

∫ 0

1

d
dt f(x0 + t(x− x0)) dt dx

∣∣∣
≤ r−d

∫
Q(r)

∫ 1

0
|∇f(x0 + t(x− x0)) · (x− x0)| dt dx

≤ r1−d
∫ 1

0

∫
Q(r)
|∇f(x0 + t(x− x0))|1 dx dt

= r1−d
∫ 1

0

∫
t(Q(r)−x0)

|∇f(x0 + y)|1 dy t−d dt

≤ r1−d
∫ 1

0

(∫
t(Q(r)−x0)

|∇f(x0 + y)|p1 dy
) 1
p vol(t(Q(r)− x0))

1
p′ t−d dt

≤ cr1−d‖|∇f |p‖Lp(Rd)

∫ 1

0
r
d
p′ t

d
p′−d dt

= Cr
1− d

p ‖|∇f |p‖Lp(Rd)

for constants C, c > 0 only depending on d and p, using also that d
p′ − d > −1

due to p > d. A translation then gives∣∣∣f(x0 + z)− r−d
∫
z+Q(r)

f(y) dy
∣∣∣ ≤ Crβ‖|∇f |p‖Lp(Rd) (D.17)

for all z ∈ Rd. Taking x = z, x0 = 0, r = 1, and using Hölder’s inequality, we
thus obtain

|f(x)| ≤
∣∣∣f(x)−

∫
x+Q(1)

f dy
∣∣∣+ ∣∣∣∫

x+Q(1)
f dy

∣∣∣
≤ C‖|∇f |p‖p + ‖f‖p ≤ c‖f‖1,p

(D.18)

for all x ∈ Rd, where c only depends on d and p. Given x, y ∈ Rd, we find a
closed cube Q of side length |x− y|∞ =: r such that x, y ∈ Q and Q is parallel
to the axes. Estimate (D.17) now yields

|f(x)− f(y)| ≤
∣∣∣f(x)− r−d

∫
Q
f dy

∣∣∣+ ∣∣∣r−d ∫
Q
f dy − f(y)

∣∣∣
≤ 2C‖|∇f |p‖p |x− y|β∞ ≤ 2C‖|∇f |p‖p |x− y|β2 .

If f ∈ W 1
p (Rd), then there are fn ∈ C1

c (Rd) converging to f in W 1
p (Rd). By

(D.18), fn is a Cauchy sequence in C0(Rd). Hence, f has a representative
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f̃ ∈ C0(Rd) such that fn → f̃ uniformly as n → ∞. So the above estimates
imply that

‖f̃‖∞ + sup
x 6=y

|f̃(x)− f̃(y)|
|x− y|β2

≤ c‖f‖1,p.

The map f 7→ f̃ is the required embedding. �

Applying Theorem D.15 and (D.15) to the 0-extension of a function in
C∞c (U), we obtain the following result by approximation.

Corollary D.19. Let U ⊆ R be open. Then the assertion of Theorem D.15
holds for all u ∈ W̊ k

p (U) instead of W k
p (U), where one replaces Rd by U . If U

is also bounded, we have Poincare’s inequality∫
U
|∇u|pp dx ≥ δ

∫
U
|u|p dx (D.19)

for some δ > 0 and all u ∈ W̊ 1
p (U) and p ∈ [1,∞).

Proof. We only have to show (D.19). For p ∈ [1, d), the estimate (D.19)
follows from (D.15) since Lp∗(U) ↪→ Lp(U). Let p ∈ [d,∞). The case p = d = 1
is easy to check. For the other cases, fix r ∈ (p,∞) and u ∈ W̊ 1

p (U). Then
(D.13), (D.14) and W̊ 1

p (U) ↪→ Lr(U) imply

‖u‖p ≤ cε‖u‖1+ε‖u‖r ≤ cε‖|∇u|1‖1+cε‖u‖1,p ≤ cε‖|∇u|p‖p+cε‖u‖p+cε‖|∇u|p‖p
for all ε > 0 and some constants cε, c > 0 independent of u, where c does not
depend on ε > 0. Choosing a small ε, we derive (D.19). �

Next we want to extend the Sobolev embedding to W k
p (U) (although this is

not really needed in the lectures). This can easily be done for “nice” domains
in the following sense.

Definition D.20. Let k ∈ N. The open set U ⊆ Rd has the k-extension
property if for all m ∈ {0, 1, . . . , k} and p ∈ [1,∞), there is an operator

Em,p ∈ B(Wm
p (U),Wm

p (Rd))

with Em,pf = f on U and Em,pf = El,qf for all f ∈ Wm
p (U) ∩W l

q(U), 1 ≤ m,
l ≤ k and 1 ≤ p, q <∞. We write EU instead of Em,p.

Observe that E0f(x) = f(x) for x ∈ U and E0f(x) = 0 for x ∈ Rd \U defines
an isometry E0 : Lp(U)→ Lp(Rd). Moreover, RUf = f |U defines a contractive
map in all spaces B(W k

p (Rd),W k
p (U)).

Corollary D.21. If U has the m-extension property for some m ∈ N, then
Theorem D.15 and Corollary D.16 hold for k ∈ {1, . . . ,m} with Rd replaced by
U and Cj0(Rd) replaced by

Cj0(U) = {f ∈ Cj(U) | ∂αf has a continuous extension to ∂U
and ∂αf(x)→ 0 as |x|2 →∞ if U is unbounded, for all 0 ≤ |α| ≤ j}.
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Proof. Consider e.g. Theorem D.15 (a). We have the embedding

J : W k
p (Rd) ↪→ Lp

∗(Rd)

given by the identity. Then,

RUJEU : W k
p (U)→ Lp

∗(U)

is continuous and injective. The other assertions are proved in the same way. �

Corollary D.22. Let U possess the k-extension property for some k ∈ N.
Then W k

p (U) ∩ C∞(U) is dense in W k
p (U) for all 1 ≤ p <∞. Here C∞(U) :={

f |U
∣∣ f ∈ C∞(Rd)

}
.

Proof. If f ∈ W k
p (U), then EUf ∈ W k

p (Rd). By Theorem D.13, there are
gn ∈ C∞c (Rd) converging to EUf in W k

p (Rd). Hence, RUgn ∈W k
p (U) ∩ C∞(U)

converges to f = RUEUf in W k
p (U) as n→∞. �

We now give a sufficient condition for the k-extension property, see e.g.
[AF03] for improvements and more details. The definition of ∂U ∈ C1 can
be found in the proof.

Theorem D.23. Let U ⊆ Rd be bounded and open with ∂U ∈ Ck. Then U
has the k-extension property.

Sketch of the proof for k = 1. (See also Theorem 5.22 in [AF03].)
1) Let

H± =
{

(y, t) ∈ Rd
∣∣ y ∈ Rd−1, t ≷ 0

}
and f ∈W 1

p (H−) ∩ C1(H−). Define

E−f(y, r) =
{
f(y, t), (y, t) ∈ H−,
4f(y,− t

2)− 3f(y,−t), (y, t) ∈ H+.

Note that E−f ∈ C1(Rd). One can check that ‖E−f‖W 1
p (Rd) ≤ c‖f‖W 1

p (H−) for
a constant c > 0.
2) We show that W 1

p (H−) ∩ C1(H−) is dense in W 1
p (H−), so that E− can

be extended to a 1-extension operator on W 1
p (H−). In fact, let f ∈ W 1

p (H−)
and ε > 0. By Theorem D.13, there is a function g ∈ C∞(H−)∩W 1

p (H−) with
‖f − g‖1,p ≤ ε. Setting gn(y, t) = g(y, t− 1

n) for t ≤ 0, y ∈ Rd−1 and n ∈ N, we
define the functions gn ∈ C1(H−) ∩W 1

p (H−). Observe that

∂αgn = RH−TnE0∂
αg

for 0 ≤ |α| ≤ 1, where Tn ∈ B(Lp(Rd)) is given by Tnh(y, t) = h(y, t − 1
n) for

h ∈ Lp(Rd). One can see that Tnh → h in Lp(Rd) as in Example 2.6. Hence,
gn converges to g in W 1

p (H−) implying the claim.
3) Since ∂U ∈ C1, there are bounded open sets U0, U1, . . . , Um ⊆ Rd such that

U ⊆ U0∪· · ·∪Um, U0 ⊆ U and ∂U ⊆ U1∪· · ·∪Um, as well as a diffeomorphism
Ψj : Uj → Vj such that Ψ′j and (Ψ−1

j )′ are bounded and Ψj(Uj ∩ U) ⊆ H−
and Ψ′j(Uj ∩ ∂U) ⊆ Rd−1 × {0}, for each j ∈ {1, . . . ,m}. Moreover, there are
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functions 0 ≤ ϕj ∈ C∞c (Rd) with suppϕj ⊆ Uj for all j = 0, 1, . . . ,m and∑m
j=0 ϕj(x) = 1 for all x ∈ U .
Let j ∈ {1, . . . ,m}. Set Sjg(y) = g(Ψ−1

j (y)) for y ∈ H− ∩ Vj and Sjg(y) = 0
for y ∈ H−\Vj , where g ∈W 1

p (Uj∩U). For h ∈W 1
p (Rd), set Ŝjh(x) = h(Ψj(x))

for x ∈ Uj and Ŝjh(x) = 0 for x ∈ Rd \ Uj . Take any ϕ̃j ∈ C∞c (Rd) with
supp ϕ̃j ⊆ Uj and ϕ̃j = 1 on suppϕj (see Lemma D.5). For f ∈ W 1

p (U), we
define

EUf = E0ϕ0f +
m∑
j=1

ϕ̃jŜjE−Sj
(
R(Uj∩U)(ϕjf)

)
.

Note that suppEUf ⊆ U0 ∪ U1 ∪ · · · ∪ Um. Using part 2) and Proposition D.7
and D.8, we see that EU ∈ B(W 1

p (U),W 1
p (Rd)). Let x ∈ U . If x ∈ Uk for some

k ∈ {1, . . . ,m}, we have Ψk(x) ∈ H−. If x /∈ Uj , then ϕ̃j(x) = 0. Thus

EUf(x) = ϕ0(x)f(x) +
∑

j=1,...,m
x∈Uj

ϕ̃j(x)(ϕjf)(Ψ−1
j (Ψj(x)))

=
m∑
j=0

ϕj(x)f(x) = f(x).

If x ∈ U0 \ (U1 ∪ · · · ∪ Um), we also have EUf(x) = ϕ0(x)f(x) = f(x). �

We add three more important results which are used in the lectures only to
give additional information.

Theorem D.24 (Rellich-Kondrachov). Let U ⊆ Rd be bounded and open with
∂U ∈ Ck, k ∈ N, and 1 ≤ p <∞. Then the following assertions hold.

(a) If kp ≤ d and 1 ≤ q < p∗ = dp
d−kp ∈ (p,∞], then the embedding

J : W k
p (U) ↪→ Lq(U)

is compact. (For instance, q = p.)
(b) If k − d

p > j ∈ N0, then the embedding

J : W k
p (U) ↪→ Cj(U)

is compact.

Note that a compact embedding J : Y ↪→ X means that any bounded se-
quence (yn)n in Y has a subsequence such that (Jynj )j converges in X. In
Theorem D.24 (a), J is given by the identity, in (b) it is given by choosing the
representative in Cj .

Proof of Theorem D.24. We prove the result only for k = 1 (and thus
j = 0). Part (b) follows from the Arzelà-Ascoli theorem since Corollary D.21
and Theorem D.15 (c) give constants β, c > 0 such that |f(x)−f(y)| ≤ c|x−y|β
and |f(x)| ≤ c for all x, y ∈ U and f ∈W 1

p (U) with ‖f‖1,p ≤ 1, where p > d.
In the case p < d, take fn ∈ W 1

p (U) with ‖fn‖1,p ≤ M for all n ∈ N.
Set gn = EUfn ∈ W 1

p (Rd). From the proof of Theorem D.23 we know that
the support of gn belongs to a fixed open bounded set Ũ ⊆ Rd containing U .
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Moreover, ‖gn‖1,p ≤ ‖EU‖M =: M1 for all n ∈ N. Take q ∈ [1, p∗) and θ ∈ (0, 1]
with 1

q = θ
1 + 1−θ

p∗ . Inequality (D.13) and Theorem D.15 yield that

‖fn − fm‖Lq(U) ≤ ‖gn − gm‖Lq(Ũ) ≤ ‖gn − gm‖
θ
L1(Ũ)‖gn − gm‖

1−θ
Lp∗ (Ũ)

≤ ‖gn − gm‖θL1(Ũ)(‖gn‖
1−θ
1,p + ‖gm‖1−θ1,p )

≤ 2M1−θ
1 ‖gn − gm‖θL1(Ũ)

for all n,m ∈ N. So it suffices to construct a subsequence of gn which converges
in L1(Ũ). For x ∈ Ũ , n ∈ N and ε > 0, we compute

|gn(x)−Gεgn(x)| =
∣∣∣∫

Rd
ψε(x− y)(gn(x)− gn(y)) dy

∣∣∣
≤ ε−d

∫
B(x,ε)

χ0(1
ε (x− y))|gn(x)− gn(y)| dy

=
∫
B(0,1)

χ0(z)|gn(x)− gn(x− εz)| dz

=
∫
B(0,1)

χ0(z)
∣∣∣∫ 0

ε

d
dt gn(x− tz) dt

∣∣∣ dz
≤
∫
B(0,1)

χ0(z)
∫ ε

0
|∇gn(x− tz) · z|dtdz

≤
∫ ε

0

∫
B(0,1)

χ0(z)|∇gn(x− tz)|2 dz dt

=
∫ ε

0

∫
B(x,t)

χ0(1
t (x− y))|∇gn(y)|2t−d dy dt

=
∫ ε

0
‖ψt ∗ |∇gn|2‖1 dt ≤ ε sup

0≤t≤ε
‖ψt‖1‖|∇gn|2‖1

≤ cε‖|∇gn|p‖p ≤ cM1ε,

where we have used the transformations z = 1
ε (x − y) and y = x − tz, as well

as Fubini’s theorem, Young’s inequality (E.4), (D.6) and Lp(Ũ) ↪→ L1(Ũ). We
thus obtain

‖gn −Gεgn‖L1(Ũ) ≤ cλ(Ũ)M1ε =: Cε (D.20)

for all n ∈ N and ε > 0, where C only depends on λ(Ũ), ‖EU‖, M and d. On
the other hand, the definition of Gεgn yields

|Gεgn(x)| ≤ ‖ψε‖∞‖gn‖L1(Ũ) and |∇Gεgn(x)| ≤ ‖∇ψε‖∞‖gn‖L1(Ũ)

for all x ∈ Ũ and n ∈ N and each fixed ε > 0. The Arzelà-Ascoli theorem now
implies that the set Fε :=

{
Gεgn

∣∣n ∈ N
}
is relatively compact in C

(
Ũ
)
for

each ε > 0, and thus in L1(Ũ) since C
(
Ũ
)
↪→ L1(Ũ). Let δ > 0 be given and

fix ε = δ
2C . Then there are n1, . . . , nl ∈ N such that

Fε ⊆
l⋃

j=1
B
L1(Ũ)(Gεgnj ,

δ
2) =:

l⋃
j=1

Bj .
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Hence, given n ∈ N, there is an index nj such that Gεgn ∈ Bj . The estimates
(D.20) and (D.6) then yield
‖gn −Gεgnj‖L1(Ũ) ≤ ‖gn −Gεgn‖L1(Ũ) + ‖Gε(gn − gnj )‖L1(Ũ) ≤ Cε+ δ

2 = δ.

We have shown that for each δ > 0, the set Γ :=
{
gn
∣∣n ∈ N

}
is covered by

finitely many open balls Bj of radius δ
2 , i.e., Γ is totally bounded in L1(Ũ).

Thus Γ contains a subsequence converging in L1(Ũ). In the case p = d one
simply replaces p∗ by any r ∈ (q,∞). �

Remark D.25. (a) Theorem D.24 is wrong for unbounded domains. In fact,
let d = 1, k ∈ N, p ∈ [1,∞) and define fn = f( · −n) inW k

p (R) for any function
0 6= f ∈ C∞(R) with supp f ⊆ (−1

2 ,
1
2). Then ‖fn‖k,p and ‖fn − fm‖q > 0

do not depend on n 6= m in N so that (fn)n is bounded in W k
p (R) and has no

subsequence which converges in Lq with 1 ≤ q < p∗.
(b) The embedding W 1

p (U) ↪→ Lp
∗(U) is never compact, see Example 6.12 in

[AF03].
Proposition D.26. Let 1 ≤ p <∞ and either f ∈ W̊ 2

p (U) or U be bounded
with ∂U ∈ C2 and f ∈W 2

p (U). Then there are constants C, ε0 > 0 such that( d∑
j=1
‖∂jf‖pp

)1/p

≤ ε
( d∑
i,j=1
‖∂ijf‖pp

)1/p

+ C
ε ‖f‖p,

for all ε > 0 if f ∈ W̊ 2
p (U) and for all 0 < ε ≤ ε0 if f ∈W 2

p (U).

Proof. Let f ∈ C2
c (U) and extend it to Rd by 0. Take j = 1. Write

x = (t, y) ∈ R×Rd−1 for x ∈ Rd. Fix y ∈ Rd−1 and set g(t) = f(t, y) for t ∈ R.
Let ε > 0 and a, b ∈ R with b−a = ε. Take any r ∈ (a, a+ ε

3) and t ∈ (b− ε
3 , b).

There there is a s = s(r, t) ∈ (a, b) such that

|g′(s)| =
∣∣∣∣g(t)− g(r)

t− r

∣∣∣∣ ≤ 3
ε (|g(t)|+ |g(r)|).

For every s ∈ (a, b) we thus obtain

|g′(s)| =
∣∣∣g′(s) +

∫ s

s
g′′(τ) dτ

∣∣∣ ≤ 3
ε (|g(r)|+ |g(t)|) +

∫ b

a
|g′′(τ)| dτ.

Integrating first over r and then over t, we conclude

ε
3 |g
′(s)| ≤ 3

ε

∫ a+ ε
3

a
|g(r)|dr + |g(t)|+ ε

3

∫ b

a
|g′′(τ)| dτ,

ε2

9 |g
′(s)| ≤

∫ a+ ε
3

a
|g(r)|dr +

∫ b

b− ε3
|g(t)|dt+ ε2

9

∫ b

a
|g′′(τ)|dτ,

|g′(s)| ≤ 9
ε2

∫ b

a
|g(τ)|dτ +

∫ b

a
|g′′(τ)|dτ

≤ ε
1
p′

9
ε2

(∫ b

a
|g(τ)|p dτ

)1/p
+ ε

1
p′
(∫ b

a
|g′′(τ)|p dτ

)1/p

≤ ε
p−1
p 2

p−1
p

(( 9
ε2

)p ∫ b

a
|g(τ)|p dτ +

∫ b

a
|g′′(τ)| dτ

)1/p

,
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where we used Hölder’s inequality first for the integrals and then in R2. We
take now the p-th power and then integrate over s arriving at∫ b

a
|g′(s)|p ds ≤ εεp−12p−1

( 9p

ε2p

∫ b

a
|g(τ)|p dτ +

∫ b

a
|g′′(τ)|p dτ

)
.

Now choose a = ak = kε and b = bk = (k+1)ε for k ∈ Z. Summing the integrals
on [kε, (k + 1)ε) for k ∈ Z and then integrating over y ∈ Rd−1, it follows that∫

R
|g′(τ)|p dτ ≤ εp2p−1

( 9p

ε2p

∫
R
|g(τ)|p dτ +

∫
R
|g′′(τ)|p dτ

)
,∫

U
|∂1f |p dx ≤ (2ε)p

∫
U
|∂11f |p dx+ 36p

(2ε)p
∫
U
|f |p dx. (D.21)

By approximation, (D.21) can be established for all f ∈ W̊ 2
p (U). The same

result holds for ∂jf and ∂jjf with j ∈ {2, . . . , d}. We now replace 2ε by ε, sum
over j and take the p-th root to arrive at( d∑

j=1
‖∂jf‖pp

)1/p
≤
(
εp

d∑
j=1
‖∂jjf‖pp + 36p

εp ‖f‖
p
p

)1/p

≤ ε
( d∑
j=1
‖∂jjf‖pp

)1/p
+ 36

ε ‖f‖p,
(D.22)

for all f ∈ W̊ 2
p (U), as asserted. If u ∈W 2

p (U) and U is bounded with ∂U ∈ C2,
we use the extension operator EU ∈ B(W 2

p (U),W 2
p (Rd)) from Theorem D.23 to

deduce from (D.22) with U = Rd that

( d∑
j=1
‖∂jf‖pLp(U)

)1/p
≤
( d∑
j=1
‖∂jEUf‖pLp(Rd)

)1/p

≤ ε
( d∑
j=1
‖∂jjEUf‖pLp(Rd)

)1/p
+ 36

ε ‖EUf‖Lp(Rd)

≤ ε‖EUf‖W 2
p (Rd) + 36

ε ‖EUf‖Lp(Rd)

≤ cε‖f‖W 2
p (U) + c

ε‖f‖Lp(U)

≤ c0ε
( d∑
i,j=1
‖∂ijf‖pp

)1/p
+ c1ε

( d∑
j=1
‖∂jf‖pp

)1/p
+ c

ε‖f‖p

where we assume that ε ∈ (0, 1]. The constants c, c0, c1 do not depend on ε or
f . Choosing ε1 = min{ 1

2c1
, 1} we arrive at

1
2
( d∑
j=1
‖∂jf‖pp

)1/p
≤ c0ε

( d∑
i,j=1
‖∂ijf‖pp

)1/p
+ c

ε‖f‖p

if 0 < ε ≤ ε1. This inequality implies the assertion for U with ∂U ∈ C2. �

To study boundary values of functions inW 1
p (U), we need the following result.
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Theorem D.27 (Trace theorem). Let U ⊆ Rd be bounded and open with
∂U ∈ C1, and let p ∈ [1,∞). Then the trace map f 7→ f |∂U from W 1

p (U)∩C(U)
to Lp(∂U, σ) has a bounded linear extension tr : W 1

p (U) → Lp(∂U, σ) whose
kernel is W̊ 1

p (U). Here σ is the surface measure on ∂U .

Proof. 1) Let u ∈ C1(U). By the definition of the surface integral, there
are finitely many diffeomorphisms Ψj : Ũj → Ṽj and ϕj ∈ C1

c (Ũj) with 0 ≤
ϕj ≤ 1 such that ‖u‖pLp(∂U,σ) is dominated by

c
m∑
j=1

∫
Vj

ϕj ◦Ψ−1
j |u ◦Ψ−1

j |
p dy′

where Ũj and Ṽj are open subsets of Rd, the sets Ũj cover ∂U , the functions
ϕj form a partition of unity subordinated to Ũj , Vj :=

{
(y′, yd) ∈ Ṽj

∣∣ yd = 0
}
,

Vj+ :=
{

(y′, yd) ∈ Ṽj
∣∣ yd > 0

}
, Ψj(Ũj ∩ ∂U) = Vj , and Ψj(Ũj ∩ U) = Vj+. We

set v = u ◦ Ψ−1
j and ψ = ϕj ◦ Ψ−1

j ∈ C1
c (Ṽj) and drop the indices j below.

By means of Fubini’s theorem and the fundamental theorem of calculus, we
compute∫
V
ψ |v(y′)|p dy′ = −

∫
V+
∂d(ψ |v|p) dy = −

∫
V+

[(∂dψ) |v|p + pψ|v|p−2 Re(v∂dv)] dy

≤ c
∫
V+

[|v|p + |v|p−1 |∂dv|] dy ≤ c ‖v‖pp + c ‖v‖p−1
p ‖∂dv‖p

≤ c (‖v‖pp + ‖∂dv‖pp) ≤ c ‖v‖
p
W 1
p (V+) ≤ c ‖u‖

p
W 1
p (U)

for constants c independent of v. Here we also used Hölder’s and Young’s
inequality, Proposition D.8 and the transformation rule. As a result, the map
tr : (C1(U), ‖·‖1,p)→ Lp(∂U, σ), tru = u|∂U , is continuous. Corollary D.22 and
Theorem D.23 allow to extend tr to an operator in B(W 1

p (U), Lp(∂U, σ)). If we
start with u ∈ W 1

p (U) ∩ C(U), then we can define an approximating sequence
of un ∈ C1(U) which converge to u in W 1

p (U) and in C(U), see the proof of
Theorem 5.3.3 in [Eva10]. Hence, trun = un|∂U tends to u|∂U uniformly on
∂U and to tru in Lp(∂U, σ), so that tru = u|∂U .
2a) We next observe that the inclusion W̊ 1

p (U) ⊆ N(tr) is a consequence
of the continuity of tr since tr vanishes on C∞c (U) and this space is dense in
W̊ 1
p (U) by definition. To prove the converse, we start with the model case that

v ∈ W 1
p (V+) has a compact support in V+ and tr v = 0. Our density results

yield vn ∈ C1(V+) converging to v in W 1
p (V+), and hence tr vn = vn|V → 0 in

Lp(V ), as n→∞. Observe that

|vn(y′, yd)| ≤ |vn(y′, 0)|+
∫ yd

0
|∂dvn(y′, s)| ds,

|vn(y′, yd)|p ≤ 2 |vn(y′, 0)|p + 2
(∫ yd

0
|∂dvn(y′, s)| ds

)p
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for y′ ∈ V and yd ≥ 0. Integrating over y′ and employing Hölder’s inequality,
we obtain∫

V
|vn(y′, yd)|p dy′ ≤ 2

∫
V
|vn(y′, 0)|p dy′ + 2yp−1

d

∫
V

∫ yd

0
|∂dvn(y′, s)|p ds dy′.

We can now let n→∞ and arrive at∫
V
|v(y′, yd)|p dy′ ≤ 2yp−1

d

∫
V

∫ yd

0
|∂dv(y′, s)|p dsdy′, (D.23)

for a.e. yd > 0. We next use a cutoff argument to obtain a support in the
interior of V+. Choose a function χ ∈ C∞(R+) such that χ = 0 on [0, 1] and
χ = 1 on [2,∞). Set χn(s) = χ(ns) for s ≥ 0 and n ∈ N, and define wn = χnv
on V+. Observe that wn → v in Lp(V+) as n→∞. It holds ∂jwn = χn∂jv for
j = 1, . . . , d−1 and ∂dwn = χn∂dv+nχ′(n · )v. Estimate (D.23) further implies∫
V+
|∇wn −∇v|pp dy ≤ c

∫ 2
n

0

∫
V
|1− χn|p|∇v|pp dy′ ds+ cnp

∫ 2
n

0

∫
V
|v(y′, s)|p dy′ ds

≤ c
∫ 2

n

0

∫
V
|∇v|pp dy′ ds+ cnp

∫ 2
n

0
sp−1

∫ s

0

∫
V
|∂dv(y′, τ)|p dy′ dτ ds

≤ c
∫ 2

n

0

∫
V
|∇v|pp dy′ ds+ c

∫ 2
n

0

∫
V
|∂dv(y′, τ)|p dy′ dτ ′

for some constants c > 0. Because of v ∈ W 1
p (V+), the above integrals tend

to 0 as n → ∞, and so wn → v in W 1
p (V+) as n → ∞. Since wn = 0 for

yd ∈ (0, 1
n ], we can mollify wn to obtain a function ŵn ∈ C∞c (V+) such that

‖ŵn − wn‖1,p ≤ 1
n . This means that ŵn → v in W 1

p (V+) as n→∞.
2b) We come back to u ∈ W 1

p (U) and consider the sets Ũj and Ṽj and the
functions Ψj and ϕj from step 1). Let vj = (ϕju) ◦ (Ψ−1

j ). First, observe
that the trace of vj to the set Vj is given by (trϕj tru) ◦ Ψ−1

j if u ∈ C(U), in
addition. By continuity one can extend this identity to all u ∈ W 1

p (U). Let
tru = 0. Then we can apply part 2a) to vj and obtain ŵjn ∈ C1

c (Vj+) converging
to vj in W 1

p (Vj+). The function

ûn =
m∑
j=1

ŵjn ◦ (Ψj |U∩Ũj )

thus belongs to C1
c (U) and converges to u in W 1

p (U) as n → ∞. Since ûn has
compact support, we can mollify ûn to a function un ∈ C∞c (U) with ‖ûn −
un‖1,p ≤ 1

n . This means that un → u in W 1
p (U) as n → ∞, and hence u ∈

W̊ 1
p (U). �

We can thus say that u ∈ W̊ 1
p (U) is 0 at the boundary in the “sense of trace”.

Observe that for a Borel set Γ ∈ ∂U we can define the trace of u ∈ W 1
p (U)

on Γ by trΓ u = RΓ tru, where RΓ : Lp(∂U, σ) → Lp(Γ, σ) is the contractive
restriction map. Finally, for p > d we have W 1

p (U) ↪→ C(U) by Theorem D.23
and Corollary D.21 so that Theorem D.27 is trivial in this case. Theorem D.10
further implies that W 1

1 (a, b) ↪→ C([a, b]) for d = 1.
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Theorem D.28 (Gauß’ formula). Let U ⊆ Rd be bounded and open with
∂U ∈ C2. Let p ∈ [1,∞], F ∈W 1

p (U)d and ϕ ∈W 1
p′(U). We then have∫

U
div(F )ϕ dx = −

∫
U
F · ∇ϕ dx+

∫
∂U
ν · Fϕdσ (D.24)

where ν is the outer unit normal of ∂U . If u ∈ W 2
p (U) and v ∈ W 2

p′(U), with
F = ∇u we deduce Green’s formula∫

U
(∆u)v dx =

∫
U
u∆v dx+

∫
∂U

(∂νu)v dσ −
∫
∂U
u∂νv dσ. (D.25)

Here we omit the trace map in the boundary integrals and set ∂νu =∑d
j=1 νj tr ∂ju.

Proof. Gauß’ formula (D.24) holds for F ∈ C1(U)d and ϕ ∈ C1(U),
as shown in analysis courses. For F ∈ W 1

p (U)d and ϕ ∈ W 1
p′(U) there are

Fn ∈ C1(U)d and ϕn ∈ C1(U) converging to F and ϕ inW 1
p (U)d andW 1

p′(U) re-
spectively, as long as p, p′ <∞, due to Corollary D.22 and Theorem D.23. If say
p′ =∞, then we observe that ϕ ∈ C(U) by Corollary D.21 and Theorem D.23.
Hence ϕ can be extended to a function ϕ ∈ Cc(Rd). Set ϕn = G 1

n
ϕ ∈ C∞c (Rd).

Properties (D.6) and (D.8) and Lemma D.6 then imply that ϕn → ϕ in C(U),
‖∇ϕn‖∞ ≤ ‖∇ϕ‖∞ and ∇ϕn → ∇ϕ pointwise a.e., as n → ∞, where we pos-
sibly pass to a subsequence also denoted by (ϕn)n. The case p = ∞ is treated
similarly.
First, let p ∈ (1,∞) and hence also p′ ∈ (1,∞). Theorem D.27 yields that

Fn|∂U → trF in Lp(U, σ)d and ϕn|∂U → trϕ in Lp
′(U, σ) as n → ∞. Since

∂j : W 1
q (U) → Lq(U) is continuous for q ∈ {p, p′}, we further obtain that the

terms with derivatives converge in Lp, respectively in Lp′ . Formula (D.24) now
follows by approximation.
For the other cases, let p = 1, say. Then divFn and Fn converge to divF and

F in L1(U) and L1(U)d, respectively, as well as Fn|∂U → trF in L1(∂U, σ)d.
Due to the above listed properties of ϕn for p′ =∞, the assertion now follows,
where we use∣∣∣∫
U
Fn · ∇ϕn dx−

∫
U
F · ∇ϕdx

∣∣∣ ≤ ‖Fn − F‖1‖∇ϕn‖∞ +
∫
U
|F ||∇ϕn −∇ϕ| dx

and Lebesgue’s theorem for the integral on the right-hand side.
Green’s formula (D.25) is a straightforward consequence of (D.24). �
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APPENDIX E

The Fourier transform

The Fourier transform is a fundamental tool in many branches of mathematics
and its applications. We treat its basic properties in an L2 context and then
establish the important links between the Fourier transform and the Sobolev
spaces W k

2 (Rd).

Definition E.1. Let f ∈ L1(Rd) and ξ ∈ Rd. Then

f̂(ξ) = (Ff)(ξ) := (2π)−
d
2

∫
Rd

e−i ξ·xf(x) dx (E.1)

is the Fourier transform of f , where ξ · x :=
∑d
k=1 ξkxk for ξ = (ξk)k ∈ Cd and

x = (xk)k ∈ Rd, hence |x|22 = x · x for x ∈ Rd.

We set ϕ(x, ξ) = e−i ξ·xf(x). Observe that |ϕ(x, ξ)| = |f(x)| is integrable in
x ∈ Rd for every ξ ∈ Rd and that Rd 3 ξ 7→ ϕ(ξ, x) is continuous for a.e. x ∈ Rd.
Using a corollary of the theorem of dominated convergence, we thus conclude
that f̂ is continuous on Rd and

‖f̂‖∞ ≤ (2π)−
d
2 ‖f‖1 for each f ∈ L1(Rd). (E.2)

Example E.2. (a) Let d = 1 and f = 1[a,b]. We then have f̂(0) = (b−a)√
2π and

f̂(ξ) = 1√
2π

∫ b

a
e−iξx dx = i(e−ibξ − e−iaξ)√

2πξ
, ξ 6= 0. ♦

(b) Let γ(x) = exp(−1
2 |x|

2
2) for x ∈ Rd be the standard Gaussian. We show

that γ is a fixed point of the Fourier transform, i.e., γ̂ = γ. Let ξ ∈ Rd. Observe
that 1

2(x+ iξ) · (x+ iξ) = 1
2 |x|

2
2 + iξ · x− 1

2 |ξ|
2
2. We then obtain

γ̂(ξ) = (2π)−
d
2

∫
Rd

e−(iξ·x+ 1
2 |x|

2
2) dx = (2π)−

d
2

∫
Rd

e−
1
2 |ξ|

2
2e−

1
2 (x+iξ)·(x+iξ) dx

= e−
1
2 |ξ|

2
2

d∏
k=1

1√
2π

∫
R

e−
1
2 (xk+iξk)2 dxk = e−

1
2 |ξ|

2
2

d∏
k=1

1√
2π

∫
iξk+R

e−
1
2 z

2 dz

= e−
1
2 |ξ|

2
2

d∏
k=1

1√
2π

∫
R

e−
1
2 t

2 dt = γ(ξ),

using the formula
∫
R e−

1
2 t

2 dt =
√

2π from undergraduate courses. In the penul-
timate equality we shifted the path of integration in the complex plane. To
justify this shift, we fix ξ ∈ R \ {0} and use the rectangular path Γn with ver-
tices −n, n, n+ iξ and −n+ iξ. Cauchy’s theorem yields

∫
Γn e−

1
2 z

2 dz = 0. The
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two vertical lines S±n in Γn have length |ξ|, and on S±n it holds∣∣e− 1
2 z

2∣∣ = e−
1
2 Re(±n+iτ)2 ≤ e−

1
2n

2e
1
2 |ξ|

2
,

where 0 ≤ |τ | ≤ |ξ|. Hence,
∫
S±n

e−
1
2 z

2 dz tends to 0 as n → ∞, and the above
used equality is true. ♦

Let f ∈ Lp(Rd), x ∈ Rd, and 1 ≤ p < ∞. For any t ∈ Rd, we introduce
the translation operator Tt by (Ttf)(x) = f(x + t). As in Exercise 2.2 (cf.
Example 2.6) one sees that Tt : Lp(Rd)→ Lp(Rd) is an isometric isomorphism
with inverse T−t. For a > 0 we further define the dilation operator Da by
(Daf)(x) = f(ax). Observe that D1/aDa = DaD1/a = I and that the substitu-
tion y = ax yields

‖Daf‖pp =
∫
Rd
|f(ax)|p dx =

∫
Rd
a−d|f(y)|p dy = a−d‖f‖pp .

As a result, Da : Lp(Rd)→ Lp(Rd) is isomorphic with ‖Da‖ = a
− d
p . We further

set et(x) = eit·x for all t, x ∈ Rd.
Let p ∈ [1,∞]. For f ∈ L1(Rd) and g ∈ Lp(Rd) we define the convolution

f ∗ g(x) =
∫
Rd
f(x− y)g(y) dy, x ∈ Rd. (E.3)

In Theorem 4.15 of [Bre11] it is shown that f ∗ g(x) indeed exists for a.e.
x ∈ Rd and belongs to Lp(Rd) satisfying Young’s inequality

‖f ∗ g‖p ≤ ‖f‖1‖g‖p. (E.4)

In the proof of Theorem 4.15 in [Bre11] it is also seen that the map R2d 3
(x, y) 7→ f(x− y)g(y) is integrable if p = 1.

Proposition E.3. Let f, g ∈ L1(Rd), t ∈ Rd and a > 0. The following
formulas hold.

(a) F(Ttf) = etf̂ ,
(b) F(etf) = T−tf̂ ,
(c) F(Daf) = a−dD1/af̂ ,
(d) F(f ∗ g) = (2π)

d
2 f̂ ĝ.

Proof. Let f, g ∈ L1(Rd), t ∈ Rd, a > 0, and ξ ∈ Rd. Using the sub-
stitutions y = x + t and z = ax, we check the assertions (a), (b), (c) by the
calculations

F(Ttf)(ξ) = (2π)−
d
2

∫
Rd

e−iξ·xf(x+ t) dx = (2π)−
d
2

∫
Rd

e−iξ·(y−t)f(y) dy

= eiξ·tf̂(ξ),

F(etf)(ξ) = (2π)−
d
2

∫
Rd

e−iξ·xeit·xf(x) dx = f̂(ξ − t),

F(Daf)(ξ) = (2π)−
d
2

∫
Rd

e−iξ·xf(ax) dx = (2π)−
d
2

∫
Rd
a−de−i 1

a
ξ·zf(z) dz

= a−df̂( 1
aξ).
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To prove (d), we first recall that f ∗ g ∈ L1(Rd) and that the map R2d 3
(x, y) 7→ f(y − x)g(x) is integrable. Hence, the function mapping (x, y) to
e−iξ·yf(y − x)g(x) belongs to L1(R2d). Fubini’s theorem thus yields

F(f ∗ g)(ξ) = (2π)−
d
2

∫
Rd

∫
Rd

e−iξ·yf(y − x)g(x) dx dy

= (2π)−
d
2

∫
Rd

∫
Rd

e−iξ·(y−x)f(y − x)e−iξ·xg(x) dy dx

= (2π)−
d
2

∫
Rd

(∫
Rd

e−iξ·zf(z) dz
)

e−iξ·xg(x) dx = (2π)
d
2 f̂(ξ)ĝ(ξ),

where we also employed the substitution z = y − x. �

The following example indicates the usefulness of the above basic properties
of the Fourier transform.

Example E.4. We set f(x) = exp(−a
2 |x−v|

2) for all x ∈ Rd and some a > 0
and v ∈ Rd. The Fourier transform of this Gaussian function is given by f̂(ξ) =
a−

d
2 exp(−iv · ξ) exp(− 1

2a |ξ|
2
2) for all ξ ∈ Rd. In fact, we have f = T−vD√aγ

with γ from Example E.2. Proposition E.3 and Example E.2 thus yield

f̂ = e−vF(D√aγ) = e−va−
d
2D 1√

a
γ̂ = a−

d
2 e−vD 1√

a
γ,

as asserted. ♦

One of the main properties of the Fourier transform is that it transforms
derivatives into multiplication by polynomials, and vice versa. To formulate
this fact concisely, we use the multi index notation: Let α = (α1, . . . , αd) ∈ Nd0
and x = (x1, . . . , xd) ∈ Rd. We then set

|α| := α1 + . . .+αd, xα := xα1
1 · . . . ·x

αd
d , ∂α := ∂α1

1 · · · ∂
αd
d = ∂|α|

∂xα1
1 · · · ∂x

αd
d

.

We further denote the function Rd 3 x→ xαf(x) by xαf . Observe that

|xα| = |x1|α1 · . . . · |xd|αd ≤ |x|
|α|
2 ≤ 1 + |x|m2 (E.5)

for x ∈ Rd and |α| ≤ m.
To relate the Fourier transform with derivatives we need a space of smooth

functions. Unfortunately, the space C∞c (Rd) is not invariant under the Fourier
transform. Instead one uses the (somewhat less convenient) “Schwartz space”
on which F becomes a bijection, as seen below.

Definition E.5. For f ∈ C∞(Rd), m ∈ N0 and α ∈ Nd0, we set

pm,α(f) = sup
x∈Rd

|x|2m2 |∂αf(x)|.

We define the Schwartz space Sd by

Sd =
{
f ∈ C∞(Rd)

∣∣ pm,α(f) <∞ for all m ∈ N0, α ∈ Nd0
}
.
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Notice that Sd is a vector space and that all derivatives of f ∈ Sd decay
faster than |x|−2m

2 for any m ∈ N, as |x|2 → ∞. One thus calls f ∈ Sd rapidly
decreasing. It is straightforward to check that the function γ = e−

1
2 |·|

2
2 belongs

to Sd.

Remark E.6. (a) Let f ∈ Sd, m ∈ N0 and α ∈ Nd0. It then holds

|x|2m2 |∂αf(x)| = (1 + |x|2d2 )−1 (|x|2m2 + |x|2(d+m)
2 ) |∂αf(x)|

≤ (1 + |x|2d2 )−1 (pm,α(f) + pd+m,α(f))

for all x ∈ Rd. Since the function x 7→ (1 + |x|2d2 )−1 is integrable on Rd, we
deduce |x|2m2 ∂αf ∈ L1(Rd) ∩ C0(Rd), and hence |x|2m2 ∂αf ∈ Lp(Rd) for all
p ∈ [1,∞] by (D.13). ♦
(b) Because C∞c (Rd) ⊆ Sd ⊆ Lp(Rd) the space Sd is dense in Lp(Rd) for every

p ∈ [1,∞). ♦
(c) Observe that pm,α is a seminorm on Sd for all m ∈ N0 and α ∈ Nd0, where

p0,0 is the supnorm. We order these seminorms as a sequence (pj)j∈N. It can
be seen that Sd has the metric

d(f, g) =
∞∑
j=1

2−j pj(f − g)
1 + pj(f − g) ,

and that d(fn, f)→ 0 as n→∞ if and only if pm,α(f − fn)→ 0 as n→∞ for
all m ∈ N0 and α ∈ Nd0. One can verify that Sd is complete for this metric. ♦

Below we use the Laplace operator given by ∆ = ∂2
1 + . . .+∂2

d . We now come
to the announced relation between Fourier transform and derivatives.

Lemma E.7. Let f, g ∈ Sd and α ∈ Nd0. Then the following assertions hold.
(a) f̂ ∈ C∞(Rd), ∂αf̂ = (−i)|α|F(xαf), F(∂αf) = i|α|ξαf̂ .
(b) F∆f = F∂2

1f + . . .+ F∂2
df = i2(ξ2

1 + . . . ξ2
d)Ff = −|ξ|22Ff.

(c) The mappings f 7→ fg, f 7→ xαf and f 7→ ∂αf are continuous from
Sd to Sd.

(d) The Fourier transform is continuous from Sd to Sd.

Proof. Let ξ, x ∈ Rd, f, g ∈ Sd, α ∈ Nd0 and m ∈ N0.
We show (a) for α = ek, the assertion then follows by induction. We have

∂

∂ξk
e−iξ·xf(x) = −ixke−iξ·xf(x) =: ϕk(ξ, x),

and Rd 3 x 7→ |ϕk(ξ, x)| = |xkf(x)| is integrable by Remark E.6. A corollary
of the theorem of dominated convergence thus shows that there exists

∂

∂ξk
f̂(ξ) = (2π)−

d
2

∫
Rd
−ixke−iξ·xf(x) dx = −iF(xkf)(ξ).

For the second part of (a) we write [−n, n]k = Ckn and x = (x′, xk) with x′ =
(x1, . . . , xk−1, xk+1, . . . , xd) ∈ Rd−1. Using that ∂kf ∈ L1(Rd) and integrating
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by parts in xk, we compute

F(∂kf)(ξ) = (2π)−
d
2 lim
n→∞

∫
Cd−1
n

∫ n

−n
e−iξ·(x′,xk)∂kf(x′, xk) dxk dx′

= (2π)−
d
2 lim
n→∞

[∫
Cdn

iξke−iξ·xf(x) dx+
∫
Cd−1
n

e−iξ·xf(x′, xk)
∣∣∣n
xk=−n

dx′
]

= iξkf̂(ξ).
Here the second integral Jn in the second line tends to 0 as n→∞ since

|Jn| ≤ 2
∫
Cd−1
n

|(x′, n)|−2d
2 |(x′, n)|2d2 |f(x′, n)| dx′ ≤ 2dnd−1n−2dp0,d(f).

Assertion (b) is a consequence of (a). In (c) and (d) we do not show the con-
tinuity of the maps since this is not needed below, see Theorem 7.4 in [Rud91].
Thanks to Leibniz’ rule, the function |x|2m2 ∂α(fg) is a linear combination of
terms |x|2m2 (∂βf)∂γg which are all bounded since f, g ∈ Sd. Thus, fg ∈ Sd.
Similarly, one sees that xαf, ∂αf ∈ Sd. Hence, assertion (c) holds. Using (a)
and (b), we further compute

|ξ|2m2 ∂αf̂ = (−i)|α|(ξ2
1 + . . .+ ξ2

d)mF(xαf) = (−i)|α|(−i)2mF(∆m(xαf)).
Due to (c), the function ∆m(xαf) belongs to Sd ⊆ L1(Rd) so that its Fourier
transform is bounded. As a result, f̂ is contained in Sd. �

Corollary E.8 (Riemann-Lebesgue lemma). If f ∈ L1(Rd), then f̂ ∈
C0(Rd). Hence, F ∈ B(L1(Rd), C0(Rd)).

Proof. Let f ∈ L1(Rd). Due to Remark E.6, there are fn ∈ Sd converging
to f in L1(Rd). Lemma E.7 yields f̂n ∈ Sd ⊆ C0(Rd). By (E.2) the functions
f̂n converge to f̂ in supnorm, so that f̂ ∈ C0(Rd). The second assertion then
follows from (E.2). �

For f ∈ Lp(Rd) and 1 ≤ p ≤ ∞, we define the reflection operator R by
(Rf)(x) = f(−x), x ∈ Rd. Clearly, R2 = I and R is an isometric isomorphism
on Lp(Rd). The next lemma is the crucial step towards the main results of this
appendix.

Lemma E.9. The following assertions hold.
(a)

∫
Rd f̂g dx =

∫
Rd fĝ dx for all f, g ∈ Sd.

(b) F2 = R, i.e., (FFf)(x) = f(−x) for all f ∈ Sd and x ∈ Rd.

Proof. Let f, g ∈ Sd. Since the map (x, y) 7→ e−iy·xf(x)g(y) is integrable
on R2d, Fubini’s theorem yields∫

Rd
f̂(y)g(y) dy =

∫
Rd

(2π)−
d
2

∫
Rd

e−iy·xf(x)g(y) dx dy

=
∫
Rd
f(x)(2π)−

d
2

∫
Rd

e−iy·xg(y) dy dx =
∫
Rd
f(x)ĝ(x) dx.

In the second assertion one is led to the integrand e−iξ·ye−iy·xf(x) which is not
integrable for (x, y) ∈ R2d. So Fubini’s theorem does not apply directly, and
one has to use a regularization. To that purpose, fix ξ ∈ Rd and let a > 0.
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Set h = e−ξDaγ ∈ Sd, i.e., h(y) = e−iξ·y exp(−a2

2 |y|
2
2) for y ∈ Rd. Due to the

theorem of dominated convergence with the majorant |f̂ |, the integral

Ja :=
∫
Rd
f̂(x)h(x) dx =

∫
Rd
f̂(y)e−iξ·yγ(ay) dy

converges to (2π)
d
2 (F f̂)(ξ) as a → 0. On the other hand, part (a), Proposi-

tion E.3 and Example E.2 imply that

Ja =
∫
Rd
f(x)F(e−ξDaγ)(x) dx =

∫
Rd
f(x)a−d(TξD1/aγ)(x) dx

=
∫
Rd
f(x)a−dγ( 1

a(x+ ξ)) dx =
∫
Rd
f(az − ξ)γ(z) dz,

where we also use the substitution z = 1
a(x + ξ). We can now apply the

theorem of dominated convergence with the majorant ‖f‖∞γ to conclude that
Ja → f(−ξ)‖γ‖1 = (2π)

d
2 f(−ξ) as a→ 0, which shows assertion (b). �

Proposition E.10. The Fourier transform F : Sd → Sd is bijective with
F4 = I. For all f, g ∈ Sd and x ∈ Rd, we have

F−1g(x) = (2π)−
d
2

∫
Rd

eix·ξg(ξ) dξ, (E.6)

(Ff |Fg)L2 = (f |g)L2 , (E.7)
and f ∗ g ∈ Sd.

Proof. Lemma E.9 shows that I = R2 = F4 = FF3 = F3F on Sd so that
F has the inverse F3 = RF on Sd. This fact already gives (E.6). Let f, g ∈ Sd
and x ∈ Rd. Equation (E.6) further yields

F(Fg)(x) = (2π)−
d
2

∫
Rd

e−ix·ξ ĝ(ξ) dξ = (2π)−
d
2

∫
Rd

eix·ξ ĝ(ξ) dξ

= (F−1Fg)(x) = g(x).

So we can deduce from Lemma E.9 (a) that

(Ff |Fg)L2 =
∫
Rd
f̂ ĝ dξ =

∫
Rd
fF(Fg) dx =

∫
Rd
fg dx = (f |g)L2 .

Finally, Proposition E.3 and Lemma E.7 imply that F(f ∗ g) = (2π)
d
2 f̂ ĝ =: ϕ

belongs to Sd. Hence, f ∗ g = F−1ϕ ∈ Sd. �

The equality (E.7) shows that ‖Ff‖2 = ‖f‖2 for all f ∈ Sd. Since Sd is dense
in L2(Rd) by Remark E.6, we can extend F to an isometry F2 : L2(Rd) →
L2(Rd) which is also called Fourier transform. Let f ∈ L2(Rd) ∩ L1(Rd). By
Theorem D.13 in Appendix D (and it’s poof) there are functions fn ∈ C∞c (Rd) ⊆
Sd which converge to f both in L2(Rd) and in L1(Rd). Since Ffn → F2f in
L2(Rd), there is a subsequence Ffnj converging to F2f a.e. as j → ∞ due to
the theorem of Riesz-Fischer. On the other hand, Ffnj converges uniformly
to Ff by (E.2). Thus, F2f = Ff a.e.. We now write F : L2(Rd) → L2(Rd)
instead of F2, and also F2f = f̂ .
Warning: Ff is not given by the formula (E.1) if f ∈ L2(Rd) \ L1(Rd).
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Theorem E.11. The Fourier transform on Sd extends to a unitary operator
F : L2(Rd) → L2(Rd) which is given by (E.1) on L2(Rd) ∩ L1(Rd). Let f, g ∈
L2(Rd), h ∈ L1(Rd), t ∈ Rd and a > 0. We then have F2 = R, F4 = I,
F−1 = RF , and

(a) (Ff |Fg)L2 = (f |g)L2 (Plancherel),
(b)

∫
Rd f̂g dx =

∫
Rd fĝ dx,

(c) f(x) = (2π)−
d
2
∫
Rd eix·ξ f̂(ξ) dξ for a.e. x ∈ Rd if f̂ ∈ L1(Rd),

(d) F(Ttf) = etf̂ , F(etf) = T−tf̂ , F(Daf) = a−dD1/af̂ ,
(e) F(h ∗ f) = (2π)

d
2 ĥf̂ , F−1(ĥf̂) = (2π)−

d
2h ∗ f ,

Proof. Recall that F is an isometry on L2(Rd). The equations F2 = R,
F4 = I, and those in (d) hold on the dense subspace Sd as shown in Propo-
sition E.3, Lemma E.9 and Proposition E.10. Since the maps F , R, Tt, Da

and f 7→ etf are continuous on L2(Rd), these identities can be extended to
L2(Rd) by approximation. Similarly, (a) and (b) hold since the real and com-
plex scalar products are continuous on L2(Rd)×L2(Rd). The equation F4 = I
yields I = FF3 = F3F so that F has the inverse F−1 = F3 = RF . Propo-
sition C.7 in Appendix C says that a bijective isometry on a Hilbert space is
unitary. Hence, F is unitary. From F−1 = RF we infer assertion (c). For (e),
note that f 7→ h ∗ f is continuous on L2(Rd) by Young’s inequality (E.4), using
h ∈ L1(Rd). The first part of (e) can thus be deduced from Proposition E.3 by
approximation. Since ĥ is bounded by (E.2), the function ĥf̂ belongs to L2(Rd).
The second part of (e) then follows from the first one by applying F−1. �

Remark E.12. Let f ∈ L2(Rd). Set fn = 1B(0,n)f ∈ L1(Rd) ∩ L2(Rd) for
n ∈ N. Since |fn| ≤ |f | ∈ L2(Rd), we have fn → f in L2(Rd) as n→∞ by the
theorem of dominated convergence. Hence, f̂n → f̂ in L2(Rd) as n→∞, where

f̂n(ξ) = (2π)−
d
2

∫
B(0,n)

e−iξ·xf(x) dx, ξ ∈ Rd,

is the truncated Fourier transform. ♦

Example E.13. We consider the diffusion equation

∂tu(t, x) = ∆u(t, x), t ≥ 0, x ∈ Rd,

u(0, x) = u0(x), x ∈ Rd,
(E.8)

for a given initial value u0 ∈ Sd. Let us assume for moment that we have a
function u : R+ × Rd 7→ C such that the function u(t) : x 7→ u(t, x) belongs to
Sd for each t ≥ 0, u ∈ C1(R+, L

2(Rd)) and u satisfies (E.8). We set û(t, ξ) =
(Fu(t))(ξ) for all t ≥ 0 and ξ ∈ Rd. Since F is continuous on L2(Rd), we have

F∂tu(t) = F lim
h→0

1
h(u(t+ h)− u(t)) = lim

h→0
1
h(û(t+ h)− û(t))

for all t ≥ 0, so that û ∈ C1(R+, L
2(Rd)) and ∂tû = F∂tu. Applying F to

(E.8), we then deduce from Lemma E.7 that

∂tû(t) = F∂tu(t) = F∆u(t) = −|ξ|22 û(t).
XLIX



For each fixed ξ ∈ Rd we thus arrive at the ordinary differential equation
∂tû(t, ξ) = −|ξ|22 û(t, ξ), t ≥ 0, ξ ∈ Rd,

û(0, ξ) = û0(ξ), ξ ∈ Rd,
which has the solution

û(t, ξ) = e−t|ξ|22 û0(ξ) = (D√2tγ)(ξ)û0(ξ).
Using the properties of F , we compute

u(t) = F−1[(FF−1D√2tγ)û0] = (2π)−
d
2 (F−1D√2tγ) ∗ u0

= (4πt)−
d
2 (D1/

√
2tγ) ∗ u0

for all t > 0. We define γt = (4πt)−
d
2 (D1/

√
2tγ). This gives

u(t, x) = (γt ∗ u0)(x) =
∫
Rd

(4πt)−
d
2 e−

|x−y|22
4t u0(x) dx

for all t > 0 and x ∈ Rd. Define u by this equation. Since γt ∈ Sd, we can
reverse the above arguments (or check directly) that this function u solves (E.8)
and has the asserted regularity. Moreover, ‖u(t)‖ = ‖û(t)‖2 ≤ ‖û0‖2 = ‖u0‖2
since the Fourier transform is an isometry and |D√2tγ| ≤ 1. ♦

In the above example we have restricted ourselves to initial values u0 in Sd.
We now want to solve the diffusion equation on Rd for u0 ∈ L2(Rd) still using
the Fourier transform. To that purpose, we extend the differentiation formulas
in Lemma E.7 (a) to the Sobolev spaces and describe the space W k

2 (Rd) via
the Fourier transform in a very convenient way. Recall that ‖u‖2 = ‖û‖2 for
u ∈ L2(Rd) by Theorem E.11.

Theorem E.14. Let k ∈ N and α ∈ Nd0 with |α| ≤ k. We then have

W k
2 (Rd) =

{
u ∈ L2(Rd)

∣∣ |ξ|k2û ∈ L2(Rd)
}

=: Hk

and the norm of W k
2 (Rd) is equivalent to (‖u‖22 + ‖|ξ|k2û‖22)

1
2 . For u ∈W k

2 (Rd)
it further holds

F(∂αu) = i|α|ξαû. (E.9)

Proof. Due to Lemma E.7, the equations (E.9) and ∂αû = (−i)|α|F(xαu)
holds for u ∈ Sd. We thus obtain

‖u‖2k,2 =
∑
|α|≤k

‖∂αu‖22 =
∑
|α|≤k

‖F∂αu‖22 =
∑
|α|≤k

‖ξαû‖22 (E.10)

{
≤ c1 (‖u‖22 + ‖|ξ|k2 û‖22),
≥ c2 (‖u‖22 + ‖|ξ|k2 û‖22)

for u ∈ Sd and constants cj > 0 using (E.9) and (E.5).
Now, let u ∈ W k

2 (Rd). Theorem D.13 in Appendix D gives un ∈ C∞c (Rd) ⊆
Sd which converge to u in W k

2 (Rd) as n → ∞. Since F is continuous on
L2(Rd), the functions ûn tend to û in L2(Rd) and (possibly after passing to a
subsequence) pointwise a.e., as n → ∞. Hence, the functions ξαûn converge
pointwise a.e. to ξαû. On the other hand, equation (E.10) yields that (ξαûn)n
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is Cauchy in L2(Rd) for each |α| ≤ k, and thus ξαûn converge to ξαû in L2(Rd)
as n → ∞. This fact implies that (E.10) also holds for every u ∈ W k

2 (Rd) and
that W k

2 (Rd) ⊆ Hk.
Conversely, take u ∈ Hk. Let ϕ ∈ C∞c (Rd) and |α| ≤ k. From Theorem E.11

and Lemma E.7 we deduce∫
Rd
u∂αϕdx = (u|∂αϕ) = (Fu|F∂αϕ) = (û | i|α| ξα ϕ̂) = ((−i)|α| ξα û|Fϕ)

= (F ′((−i)|α| ξα û)|ϕ) = (−1)|α|
∫
Rd
ϕF−1(i|α| ξα û) dx.

Therefore u has the weak derivative ∂αu = F−1(i|α| ξα û) ∈ L2(Rd), and hence
u ∈ W k

2 (Rd), i.e., W k
2 (Rd) = Hk. Applying F to the equation in the previous

sentence, we also derive (E.9) for all u ∈W k
2 (Rd). �

Example E.15. We consider the diffusion equation
∂tu(t, x) = ∆u(t, x), t ≥ 0, x ∈ Rd,

u(0, x) = u0(x), x ∈ Rd,
(E.11)

for a given initial value u0 ∈ L2(Rd). We look for a solution u ∈
C([0,∞), L2(Rd)) ∩ C1((0,∞), L2(Rd)) such that u(t) ∈ W 2

2 (Rd) for all t > 0
and (E.11) holds as equations in L2(Rd) for every t ≥ 0. To that purpose, we
define

u(t) = F−1(mtû0), where mt(ξ) = e−t|ξ|22
for t > 0 and ξ ∈ Rd as in Example E.13. Since |ξ|k2 û(t) = |ξ|k2 mtû0 belongs
to L2(Rd), Theorem E.14 implies that u(t) ∈ W k

2 (Rd) for all k ∈ N and t > 0.
From (E.9) we then infer

F∆u(t) = −|ξ|22 û(t) = −|ξ|22mtû0, ∆u(t) = −F−1(|ξ|22mtû0).
Let v(t) = mtû0 for t > 0. Then 1

h(v(t + h) − v(t)) converges pointwise
to −|ξ|22mtû0 as h → 0 and | 1h(v(t + h) − v(t))| ≤ |ξ|22mt|û0| ∈ L2(Rd).
Dominated convergence then implies that v has the (continuous) derivative
v′(t) = −|ξ|22mtû0 in L2(Rd) for t > 0. The continuity of F−1 on L2(Rd) thus
yields that u ∈ C1((0,∞), L2(Rd)) and

u′(t) = −F−1(|ξ|22mtû0) = ∆u(t)
for t > 0. Finally, mtû0 tends to û0 in L2(Rd) as t→ 0 by Lebesgue’s theorem
with majorant |û0|. Hence, u ∈ C([0,∞), L2(Rd)) with u(0) = u0.
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APPENDIX F

The Bochner integral and vector-valued Lp-spaces

In this appendix we introduce the integral of Banach space valued functions,
the so-called Bochner integral, define the corresponding Lebesgue and Sobolev
spaces and consider the Fourier transform on a Hilbert space valued L2–space.
The construction of the integral is analogous to the scalar-valued case. However,
at certain points one has to be more careful with separability issues.
It is assumed that the reader is familiar with the Lebesgue integral and its

properties. To prove the corresponding properties of the Bochner integral, we
mostly reduce to the scalar situation.

1. The Bochner integral

The presented construction of the Bochner integral follows lecture notes by
R. Denk (Konstanz).
If Y is a normed vector space and M ⊆ Y , then the Borel σ-algebra B(M)

over M is the σ-algebra generated by the system of relatively open subsets of
M . We write Bd := B(Rd) for the Borel σ-algebra over Rd. The d-dimensional
Lebesgue measure is denoted by dx. In one dimension we often write dt. The
Lebesgue measure of A ∈ Bd is denoted by |A|. We define

Nd :=
{
N ∈ Bd

∣∣ |N | = 0
}

as the set of Borel measurable sets of measure zero. For A ∈ Bd, a function
f : A → Y is called (Borel-)measurable if f−1(B) ∈ B(A) for all B ∈ B(Y ).
If f : A → Y is measurable, then ‖f‖ is measurable as well, where ‖f‖(x) :=
‖f(x)‖ for x ∈ A.
Throughout, let E be a complex Banach space. A function f : Rd → E is

called simple if there are N ∈ N, An ∈ Bd and xn ∈ E for n = 1, . . . , N with

f =
N∑
n=1

1Anxn.

Observe that simple functions are measurable. We start with the integral
over simple functions.

Definition F.1. Let f =
∑N
n=1 1Anxn be a simple function with |An| < ∞

for n = 1, . . . , N . Then f is called Bochner integrable and the Bochner integral
of f is defined by ∫

Rd
f dx =

∫
Rd
f(x) dx :=

N∑
n=1
|An|xn ∈ E.
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We note that the above integral is independent of the representation of the
simple function f . It is further clear that the Bochner integral is linear on the
vector space of simple functions whose support has finite measure. Moreover,
as a consequence of the triangle inequality, for each simple function f we have
the estimate ∥∥∥∫

Rd
f dx

∥∥∥ ≤ ∫
Rd
‖f‖dx, (F.1)

where the integral on the right-hand side is now the usual scalar-valued
Lebesgue integral.
As in the scalar case, we extend the Bochner integral to a larger class of func-

tion by taking limits of simple functions. As it turns out, besides measurability
for this procedure a separability condition is necessary.

Lemma F.2. For f : Rd → E the following assertions are equivalent.
(a) There is a sequence (fk)k∈N of simple functions fk : Rd → E such that

fk(x)→ f(x) as k →∞ for all x ∈ Rd.
(b) f is measurable and f(Rd) ⊆ E is separable.

If one of the assertions is true, then in (a) one can choose (fk)k∈N such that
‖fk(x)‖ ≤ 2‖f(x)‖ for all x ∈ Rd.

Proof. Assume that (a) holds. Then f is measurable as a pointwise limit
of measurable functions. Write fk =

∑Nk
n=1 1An,k xn,k. Then the rational linear

hull of
{
xn,k

∣∣ k ∈ N, n = 1, . . . , Nk

}
is countable and dense in f(Rd). Hence

f(Rd) is separable and (b) follows.
Now suppose that (b) is true. Let {yk | k ∈ N} be a dense subset of f(Rd).

Enlarging this set by an at most countable number of vectors if necessary, we
may assume that yk 6= 0 for all k. For k,N ∈ N define

ÃNk := {x ∈ Rd
∣∣ ‖f(x)‖ ≥ 1/N, ‖f(x)− yk‖ < 1/N}.

As an intersection of Borel sets the ÃNk are Borel sets as well. Fixing N , we
obtain a disjoint decomposition (ANk )k∈N of

⋃
k∈N Ã

N
k by setting

AN1 := ÃN1 , ANk := ÃNk \
k−1⋃
j=1

ANj , k ∈ N.

Indeed, we have x ∈ ANk0
for some x ∈

⋃
k∈N Ã

N
k if and only if k0 is the smallest

number such that x ∈ ÃNk0
. Since {yk | k ∈ N} is dense in f(Rd), for each N we

have ⋃
k∈N

ANk =
⋃
k∈N

ÃNk = {x ∈ Rd | ‖f(x)‖ ≥ 1/N}. (F.2)

Now we can define the desired sequence (fN )N∈N of simple functions. ForN ∈ N
we set

fN (x) := 0 if x /∈
N⋃

M,k=1
AMk , fN (x) := ykN,x if x ∈

N⋃
M,k=1

AMk ,

where the number kN,x ∈ {1, . . . , N} is determined as follows. Take the largest
integer MN,x ≤ N such that x ∈

⋃N
k=1A

MN,x

k . Employing the disjointness of
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this union, kN,x is defined as the unique number such that x ∈ AMN,x

kN,x
. Note

that this implies kN,x ≤ N . Hence fN takes only values in {0, y1, . . . , yN}.
Moreover, if x ∈ AMN,x

kN,x
then

‖fN (x)‖ = ‖ykN,x‖ ≤ ‖ykN,x − f(x)‖+ ‖f(x)‖ ≤ 1/MN,x + ‖f(x)‖ ≤ 2‖f(x)‖,
so that ‖fN‖ ≤ 2‖f‖.
Let us check that fN is measurable. First we have f−1

N ({0}) = Rd \⋃N
M,k=1A

M
k ∈ Bd. Next, let k∗ ∈ {1, . . . , N}. Then fN (x) = yk∗ if either

x ∈ ANk∗ or if, for some l ∈ {1, . . . , N − 1}, we have that x belongs to AN−lk∗
but

not to
⋃N
k=1A

N−l+m
k for all m ∈ {1, . . . , l}. In other words,

f−1
N ({yk∗}) = ANk∗ ∪

N−1⋃
l=1

(
AN−lk∗

\
l⋃

m=1

N⋃
k=1

AN−l+mk

)
∈ Bd.

Therefore, each fN is a simple function.
We show that fN → f pointwise as N → ∞. Let x ∈ Rd. First suppose

that f(x) 6= 0. Given ε > 0, we choose a natural number N0 such that 1
N0

<

min{‖f(x)‖, ε}. Using (F.2) and that the sets AN0
k , k ∈ N, are disjoint, we

find a unique k0 such that x ∈ AN0
k0

. Now consider an arbitrary number N ≥
max{N0, k0}. Then we have x ∈

⋃N
M,k=1A

M
k , since AN0

k0
appears in this union.

Further N0 ≤ MN,x ≤ N , since MN,x is defined as the largest number smaller
than N such that x ∈

⋃N
k=1A

MN,x

k and N0 has this property. Since x ∈ AMN,x

kN,x
,

it follows that
‖f(x)− fN (x)‖ = ‖f(x)− yMN,x

kN,x
‖ ≤ 1/MN,x ≤ 1/N0 ≤ ε.

Finally, for x ∈ Rd with f(x) = 0 we have x /∈ ANk for all k and N . Therefore
fN (x) = 0 and ‖f(x)− fN (x)‖ ≤ ε is trivially satisfied. We thus conclude the
pointwise convergence of fN as N →∞, and (a) follows. �

The lemma suggest the following notion.

Definition F.3. A map f : Rd → E is called strongly measurable if there
is a sequence (fk)k∈N of simple functions fk : Rd → E such that fk(x) → f(x)
as k →∞ for all x ∈ Rd.

Another characterization of strong measurability involving continuous func-
tionals is given in Lemma F.9 below.
For a strongly measurable f one would like to define the Bochner integral as

a limit of Bochner integrals of simple functions. Fortunately, there is a simple
criterion when this is possible.

Lemma F.4. Let f : Rd → E be strongly measurable. Then the following
assertions are equivalent.

(a) There is a sequence of simple integrable functions (fk)k∈N such that
fk(x)→ f(x) as k →∞ for each x ∈ Rd and

lim
k→∞

∫
Rd
‖fk − f‖ dx = 0.
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(b) It holds that
∫
Rd ‖f(x)‖ dx <∞.

If one of the assertions is true, then the limit limk→∞
∫
Rd fk dx exists in E and

is independent of the sequence of simple functions (fk)k∈N as in (a).

Proof. Assume that (a) is true. First note that ‖fk − f‖, ‖f‖ : Rd → R+
are measurable as compositions of measurable maps. Hence

∫
Rd ‖fk−f‖ dx and∫

Rd ‖f‖ dx are well-defined numbers, the second one possibly equal to ∞. But
it indeed is finite since∫

Rd
‖f‖ dx ≤

∫
Rd
‖f − fk‖ dx+

∫
Rd
‖fk‖dx <∞

for all k such that e.g.
∫
Rd ‖f − fk‖dx ≤ 1.

Conversely, suppose that
∫
Rd ‖f‖ dx < ∞. Lemma F.2 gives a sequence of

simple functions (fk)k∈N converging pointwise to f and ‖fk‖ ≤ 2‖f‖. Now
gk = ‖fk − f‖ defines a sequence of measurable functions converging pointwise
to zero as k →∞, dominated by the (Lebesgue-)integrable function 3‖f‖. Thus
limk→∞

∫
Rd gk dx = 0 by the (scalar) dominated convergence theorem, which

shows (a).
Finally, take a sequence (fk)k∈N of simple functions as in (a). Using linearity

and (F.1), for k, l ∈ N we obtain∥∥∥∫
Rd
fk dx−

∫
Rd
fl dx

∥∥∥ ≤ ∫
Rd
‖fk − fl‖dx

≤
∫
Rd
‖fk − f‖dx+

∫
R
‖f − fl‖dx,

which shows that
(∫

Rd fk dx
)
k≥0 is a Cauchy sequence in E. Hence

∫
Rd fk dx

converges in E as k →∞. Let (gk)k∈N be another sequence of simple functions
as in (a). If one replaces fl by gk in the above estimates and takes the limit
k →∞, then one obtains that limk→∞

∫
Rd fk dx = limk→∞

∫
Rd gk dx. �

Now we can define integrability and the Bochner integral for a large class of
functions.

Definition F.5. A function f : Rd → E is called Bochner integrable if it is
strongly measurable and if

∫
Rd ‖f‖ dx <∞. In this case one sets∫
Rd
f dx := lim

k→∞

∫
Rd
fk dx,

where (fk)k∈N is any sequence of simple functions as in Lemma F.4 (a). Fur-
thermore, for A ∈ Bd a function f : A → E is called Bochner integrable if its
extension f0 by zero to Rd is Bochner integrable, and in this case one defines∫

A
fdx :=

∫
Rd
f0dx.

For A ∈ Bd one finally sets

L(A,E) :=
{
f : A→ E

∣∣ f is integrable
}
.
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Given A ∈ Bd, it follows from an approximation argument and the corre-
sponding properties of simple functions that L(A,E) is a vector space, that the
Bochner integral is linear and that∥∥∥∫

A
f dx

∥∥∥ ≤ ∫
A
‖f‖ dx (F.3)

for all f ∈ L(A,E).

2. Properties of the Bochner integral

We collect some further basic properties of the Bochner integral that are
analogous to the Lebesgue integral. Essentially, there are two strategies for the
proofs. The first is to reduce to the case of simple functions by approximation,
and the second is to reduce to the scalar case.

Lemma F.6. Let A,A1, A2 ∈ Bd such that A = A1∪̇A2 and suppose that
f ∈ L(A,E). Then f |A1 ∈ L(A1, E), f |A2 ∈ L(A2, E) and∫

A
f dx =

∫
A1
f |A1 dx+

∫
A2
f |A2 dx.

Moreover, if N ∈ Bd is such that |N | = 0, then
∫
N f dx = 0 for all f ∈ L(N,E).

Proof. Let f0, f1, f2 ∈ L(Rd, E) be the trivial extensions of f , f |A1 and
f |A2 to Rd. Take a sequence of measurable simple functions such that fk → f0
pointwise as k →∞. Then 1A1fk and 1A2fk are sequences of simple functions
converging pointwise to 1A1f0 = f1 and 1A2f0 = f2, respectively. We thus
obtain ∫

Rd
f0 dx = lim

k→∞

∫
Rd
fk dx = lim

k→∞

(∫
Rd
1A1fk dx+

∫
Rd
1A2fk dx

)
=
∫
Rd
f1 dx+

∫
Rd
f2 dx,

from which the first assertion follows. Now let |N | = 0 and f ∈ L(N,E). Let
f0 be the trivial extension of f to Rd and let (fk)k∈N be simple functions such
that

∫
Rd ‖f0−fk‖dx→ 0 as k →∞. Since ‖f0−fk‖ = ‖fk‖ almost everywhere

on Rd, we have that
∫
Rd ‖fk‖ dx→ 0 as k →∞, and thus∥∥∥∫

Rd
f0 dx

∥∥∥ = lim
k→∞

∥∥∥∫
Rd
fk dx

∥∥∥ ≤ lim
k→∞

∫
Rd
‖fk‖dx = 0,

where we used (F.1). �

Lemma F.7. Let f ∈ L(A,E) and let T ∈ B(E, Y ) for another Banach space
Y . Then Tf , defined by (Tf)(x) := Tf(x) for x ∈ A, belongs to L(A, Y ) and
we have

T

∫
A
f dx =

∫
A
Tf dx.

Proof. Take simple functions fk converging to f pointwise on Rd as k →∞
such that limk→∞

∫
Rd ‖f−fk‖ dx = 0. Then Tfk is simple for each k, Tfk → Tf

pointwise as k →∞ and∫
Rd
‖Tf − Tfk‖ dx ≤ ‖T‖

∫
Rd
‖f − fk‖ dx→ 0, k →∞.
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Moreover,
∫
A Tfk dx = T

∫
A fk dx in view of Definition F.1. The assertions now

follow from the Lemmas F.2 and F.4. �

Proposition F.8 (Dominated convergence theorem). Let fk ∈ L(A,E) for
k ∈ N and let f : A → E be strongly measurable such that fk → f pointwise
almost everywhere on A as k →∞. Suppose there is g ∈ L(A,C) with ‖fk‖ ≤ g
for all k. Then f ∈ L(A,E) and

lim
k→∞

∫
A
fk dx =

∫
A
f dx.

Proof. It suffices to consider the case A = Rd. There is N ∈ Nd such that
gk := ‖fk − f‖ → 0 pointwise on Rd \N as k →∞. Since ‖f‖ ≤ g on Rd \N ,
we have f ∈ L(Rd, E) and ‖gk‖ ≤ 2‖g‖ on Rd \N . Thus, using (F.3) and the
scalar dominated convergence theorem, we get∥∥∥∫

Rd
fk dx−

∫
Rd
f dx

∥∥∥ ≤ ∫
Rd
gk dx→ 0

as k →∞. �

We finish this section with Fubini’s theorem for Bochner integrals. To this
end we need another characterization of strong measurability.

Lemma F.9 (Pettis). For f : Rd → E, the following assertions are equivalent.
(a) f is strongly measurable.
(b) For each x∗ ∈ E∗ the map 〈f, x∗〉 : Rd → C is measurable, and f(Rd) ⊆

E is separable.

Proof. If f is strongly measurable, then 〈f, x∗〉 is measurable for each
x∗ ∈ E∗ since x∗ is continuous. The separability of f(Rd) holds by definition.
Let us prove that (b) implies (a). Define E0 := span f(Rd) and let

{
xk
∣∣ k ∈ N

}
be dense in E0. Given N ∈ N, define sN : E0 → {x1, . . . , xN} by sN (y) = xkN,y ,
where kN,y is the smallest number 1 ≤ k ≤ N such that

‖y − xk‖ = min
1≤j≤N

‖y − xj‖.

By density we have min1≤j≤N ‖y − xj‖ → 0 as N → ∞, hence sN (y) → y for
each y ∈ E0 as N →∞. Now define the function fN : A→ E by

fN (ξ) = sN (f(ξ)), ξ ∈ A.
Then fN → f poinwise on A as N →∞. Moreover, for 1 ≤ k ≤ N ,

f−1
N (xk) = {ξ ∈ A | ‖f(ξ)− xk‖ = min

1≤j≤N
‖f(ξ)− xj‖}

∩ {ξ ∈ A | ‖f(ξ)− xl‖ > min
1≤j≤N

‖f(ξ)− xj‖ for l = 1, . . . , k − 1}.

To conclude the strong measurability of f , we have to show that the sets on the
right-hand side are measurable. To this end we prove that for each x ∈ E0 the
functions ξ 7→ ‖f(ξ)−x‖ are measurable. Then (a) follows and we are finished.
We claim that there is a sequence (x∗k)k∈N of unit vectors in E∗ such that

‖y‖ = sup
k∈N
|〈y, x∗k〉|, y ∈ E0.
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To see this, we note that for each xk the Hahn-Banach theorem gives a unit
vector x∗k ∈ E∗ such that 〈xk, x∗k〉 = ‖xk‖. Given y ∈ E0 and ε > 0, take xk0
such that ‖y − xk0‖ ≤ ε. Then

‖y‖ ≤ ε+ |〈xk0 , x
∗
k0〉| ≤ 2ε+ sup

k∈N
|〈y, x∗k〉|.

Since ε is arbitrary, the claim follows.
Now we can write ‖f(ξ)− x‖ = supk∈N |〈f(ξ)− x, x∗k〉| for ξ ∈ A and x ∈ E0.

By assumption in (b), ξ 7→ |〈f(ξ) − x, x∗k〉| is measurable for each k. Hence
ξ 7→ ‖f(ξ)− x‖ is measurable, which finishes the proof. �

For d = m + n with m,n ∈ N we write x = (y, z) ∈ Rd with y ∈ Rm and
z ∈ Rn. For f : Rd → E, y∗ ∈ Rm and z∗ ∈ Rn we define the functions
fy∗ : Rn → E and fz∗ : Rm → E by

fy∗(z) := f(y∗, z), z ∈ Rn, fz∗ = f(y, z∗), y ∈ Rm.

Proposition F.10 (Fubini’s theorem). Let f ∈ L(Rd, E). Then there are
M ∈ Nm and N ∈ Nn such that fy ∈ L(Rn, E) for all y ∈ Rm \ M and
fz ∈ L(Rm, E) for all z ∈ Rn \N . Moreover, define the maps F : Rm → E and
G : Rn → E by

F (y) :=
∫
Rn
fy(z) dz, y ∈ Rm \M, G(z) :=

∫
Rm

fz(y) dy, z ∈ Rn \N,

and equal to zero otherwise, respectively. Then F ∈ L(Rm, E) and G ∈
L(Rn, E), and further∫

Rd
f dx =

∫
Rm

F (y) dy =
∫
Rn
G(z) dz. (F.4)

As usual, with abuse of notation, one writes equation (F.4) as∫
Rd
f dx =

∫
Rn

(∫
Rm

f(y, z) dy
)

dz =
∫
Rm

(∫
Rn
f(y, z) dz

)
dy.

Proof. We show that fy ∈ L(Rn, E) for all y ∈ Rm \M , where M ∈ Nm.
Let x∗ ∈ E∗ be arbitrary. Then 〈f, x∗〉 : Rd → C is measurable by Lemma F.9.
Thus for each y ∈ Rm the scalar function 〈fy, x∗〉 is measurable. Since the image
of fy is separable, the strong measurability of fy follows from Lemma F.9. By
Tonelli’s theorem, we further have that∫

Rm

(∫
Rn
‖f(y, z)‖dz

)
dy =

∫
Rd
‖f‖dx <∞.

Hence
∫
Rn ‖fy(z)‖ dz < ∞ for almost all y. We conclude fy ∈ L(Rn, E) for

y ∈ Rm \M with M ∈ Nm from Lemma F.4.
We prove that F ∈ L(Rm, E). Take simple functions fk converging pointwise

to f as k → ∞. For y ∈ Rm \ M , each
∫
Rn f

y
k (z) dz is simple as well, and

limk→∞
∫
Rn f

y
k (z) dz =

∫
Rn f

y(z) dz by dominated convergence. Hence F is
strongly measurable. Since∫

Rm
‖F‖ dy ≤

∫
Rd
‖f‖ dx <∞
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by (F.3) and Tonelli’s theorem, we obtain F ∈ L(Rm, E). Finally, the equality
(F.4) follows from the application of continuous functionals, Lemma F.7, Fu-
bini’s theorem in the scalar case and the Hahn-Banach theorem. The assertions
for G are shown in the same way. �

3. Vector-valued Lp and Sobolev spaces

The definition of the vector-valued Lebesgue spaces is analogous to the scalar
case.

Definition F.11. Let E be a Banach space and A ∈ Bd.
(a) For p ∈ [1,∞) we define Lp(A,E) as the set of all f : A→ E such that

f |A\N is strongly measurable for some N ∈ Nd and
∫
A\N ‖f‖p dx <∞.

Moreover, for f ∈ Lp(A,E) we set

‖f‖Lp(A,E) :=
(∫

A\N
‖f‖p dx

)1/p
.

(b) For p =∞, L∞(A,E) is defined as the set of all f : A→ E such that
f |A\N is strongly measurable for some N ∈ Nd and
‖f‖L∞(A,E) := inf{c ∈ [0,∞] | |{‖f(x)‖ > c}| = 0} <∞.

We observe that ‖f‖Lp(A,E) is independent of N ∈ Nd as above. In the same
way as for E = C one can prove the following facts. Part (c) below is the
vector-valued version of the Fischer-Riesz theorem.

Proposition F.12. For p ∈ [1,∞] the following holds true.
(a) For f, g ∈ Lp(A,E) we have Minkowski’s inequality

‖f + g‖Lp(A,E) ≤ ‖f‖Lp(A,E) + ‖g‖Lp(A,E).

(b) For f ∈ Lp(A,C) and g ∈ Lp′(A,E), where p′ := p
p−1 for p 6= 1 and

p′ :=∞ for p = 1, we have Hölder’s inequality
‖fg‖L1(A,E) ≤ ‖f‖Lp(A,C)‖g‖Lp′ (A,E).

(c) Lp(A,E) endowed with ‖ · ‖Lp(A,E) becomes a complete semi-normed
vector space under pointwise addition and scalar multiplication.

(d) If fk → f in Lp(A,E), then there is a subsequence (fkl)l∈N such that
fkl → f pointwise almost everywhere on A.

In the usual way one obtains from Lp(A,E) a normed space by considering
the factor space
Lp(A,E) := Lp(A,E)/

{
f : A→ E

∣∣ f(x) = 0 for dx-almost every x ∈ A
}
,

i.e., by identifying functions that are equal outside a set of measure zero. Setting
‖[f ]‖Lp(A,E) := ‖f‖Lp(A,E)

for an equivalence class [f ] ∈ Lp(A,E) and any f ∈ [f ], we get that ‖ · ‖Lp(A,E)
is a norm on Lp(A,E). It is clear that ‖[f ]‖Lp(A,E) is independent of the chosen
f ∈ [f ]. The completeness of Lp(A,E) carries over from Lp(A,E), so that
Lp(A,E) is a Banach space with respect to ‖ · ‖Lp(A,E). As usual, with a slight
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abuse of notation, in the sequel we drop the equivalence brackets [·] and just
write f ∈ Lp(A,E).
We finish our considerations on Lp-spaces by observing a density result.

Lemma F.13. Let p ∈ [1,∞). Then the set of simple functions is dense in
Lp(A,E). In particular, for any p, q ∈ [1,∞) we have that Lp(A,E)∩Lq(A,E)
is dense in Lp(A,E).

Proof. Let f ∈ Lp(A,E). Since f is measurable and we may assume that
its image is separable, it follows from Lemma F.2 that there is a sequence of
simple functions (fk)k∈N converging pointwise to f which satisfies ‖fk‖ ≤ 2‖f‖
for all k. Using the dominated convergence theorem, it follows as in the proof
of Lemma F.4 that fk → f in Lp(A,E). �

We continue with vector-valued Sobolev spaces over open intervals (a, b) ⊆ R,
which is sufficient for our purposes in the course.

Definition F.14. Let J = (a, b) for −∞ ≤ a < b ≤ +∞, let E be a Banach
space and let p ∈ [1,∞]. Then the Sobolev space W 1

p (J,E) is defined as the set
of all f ∈ Lp(J,E) such that there is g ∈ Lp(J,E) satisfying

f(y)− f(x) =
∫ y

x
g(t)dt for almost every x, y ∈ J.

In this case we call g the weak derivative of f and write f ′ := g. For f ∈
W 1
p (J,E) we further set

‖f‖W 1
p (J,E) :=


(
‖f‖pLp(J,E) + ‖f ′‖pLp(J,E)

)1/p if p ∈ [1,∞),
max{‖f‖L∞(J,E), ‖f ′‖L∞(J,E)} if p =∞.

We observe that a weak derivative is uniquely determined in Lp(J,E), so
that f ′ is well-defined. It is clear that ‖ · ‖W 1

p (J,E) is a norm on W 1
p (J,E). As

in the scalar case one shows that W 1
p (J,E) is a Banach space with respect to

‖ · ‖W 1
p (J,E). The weak derivative is a bounded linear map from W 1

p (J,E) to
Lp(J,E).

Proposition F.15. Let p ∈ [1,∞]. Then each f ∈W 1
p (J,E) has a represen-

tative belonging to C(J,E).

Proof. There is x0 ∈ J such that f(y) = g(y) := f(x0) +
∫ y
x0
f ′(t) dt for

almost every y ∈ J . This defines a representative g : J → E of f . By the
dominated convergence theorem, g is continuous. �

We remark that for f ∈ W 1
p (J,E) the above result in particular allows to

give a meaning to f(x) ∈ E for all x ∈ J .

4. The Fourier transform on a Hilbert space valued L2-space

Let E be a Hilbert space with scalar product ( · | · )E . For f ∈ L1(Rd, E) one
defines the Fourier transform as in the scalar case by

f̂(ξ) = (Ff)(ξ) := (2π)−
d
2

∫
Rd

e−iξ·xf(x) dx, ξ ∈ Rd.
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We extend the Fourier transform to an isometric isomorphism on L2(Rd, E).
Note here that L2(Rd, E) is a Hilbert space with respect to the scalar product

(f |g)L2(Rd,E) :=
∫
Rd

(f(x)|g(x))E dx.

Theorem F.16. Let E be a Hilbert space. Then F extends to an isometric
isomorphism on L2(Rd, E), which is denoted by F again, with inverse F−1

given by (F−1g)(y) = (Fg)(−y) for y ∈ Rd. Moreover, for f, g ∈ L2(Rd, E) we
have Plancherel’s formula

(f̂ |ĝ)L2(Rd,E) = (f |g)L2(Rd,E).

Proof. Let f =
∑
n 1Anxn and g =

∑
k 1Bkyk be simple functions. Using

Plancherel’s theorem for the scalar-valued case, we obtain
(f̂ |ĝ)L2(Rd,E) =

∑
n,k

(1̂Anxn|1̂Bkyk)L2(Rd,E)

=
∑
n,k

(1̂An |1̂Bk)L2(Rd)(xn|yk)

=
∑
n,k

(1An |1Bk)L2(Rd)(xn|yk) = (f |g)L2(Rd,E).

In particular, ‖f̂‖L2(Rd,E) = ‖f‖L2(Rd,E) for simple functions f . By density
(see Lemma F.13), F extends continuously to an isometry on L2(Rd, E), and
Plancherel’s formula continues to hold for the extension. Similarly, using the
inversion formula in the scalar case, we obtain that (F2f)(y) = f(−y) for a
simple function f and y ∈ Rd, and this equation continues to hold on L2(Rd, E).

�
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