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LECTURE 1

Introduction: evolution equations, operator
semigroups and dispersive equations

Evolution equations govern the dynamic behavior of deterministic systems
in the sciences. This is done in a surprisingly simple way, only based on a few
fundamental assumptions.

One first requires that at time ¢ > 0 the state of the given system can uniquely
be described by an element of the state space X, where we assume that X is a
Banach space. Given an initial state ug € X at time ¢ = 0, we denote the state
of the system at time ¢ > 0 by u(t) = u(t;up) € X if u(0) = up.

We second suppose that the change of the state at time ¢ uniquely depends
on the present state u(t), and that the law which links the present state to the
present change is given by a (linear or nonlinear) map F : D(F) — X, where
D(F)C X.

Under these assumptions, the evolution of the system is determined by the
evolution equation (more precisely, the initial value problem)

W(t) = Flu(®), t>0,  u(0)=uo. (1.1)

We abbreviate v/ = % u for the time derivative of the unknown function wu :
R+ — X. Observe that here time evolves only into one direction, i.e., that
t > 0. However, in many cases it makes sense to allow for ¢ € R. Moreover,
we have restricted to autonomous (of time-invariant) systems, when assuming
that the map F' only depends on the state and not on the time ¢ > 0.

For a given natural phenomenon, it is a priori not clear which state space X
and map F describe the phenomenon appropriately. One cannot determine such
X and F' within mathematics alone; this task of modeling clearly requires the
expertise of the relevant science. In this course, we will not be concerned with
this issue though we will discuss the physical background of certain equations.

Probably, you have already encountered systems of type (1.1) given by ordi-
nary differential equations. These arise if the state of a system can be described
by finitely many numbers so that one can choose X = C" for some n € N. This
type of equations covers for instance Newton’s theory of classical mechanics.
Below, we allow for Banach spaces X of infinite dimension in which one can
formulate and work with partial differential equations.

In our course we first investigate the case of linear maps F. By means of so—
called strongly continuous semigroups, one can establish a comprehensive and
elegant solution theory for (1.1) in the linear case. Even more importantly, this
theory provides the framework for the systematic investigation of the qualitative
properties of the solutions to (1.1). In the second half of the course we then
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treat nonlinear equations. Here one does not have such a unifying and powerful
general theory as in the linear case. Instead, we focus on certain “semilinear”
equations which we can study starting from the linear theory, and which still
give a flavor of the new challenges arising in nonlinear problems.

Within the vast realm of evolution equations, we want to focus on a specific
class called dispersive equations. The most prominent examples in this class
are the Schréodinger equation and the wave equation which will be the main
applications treated in our lectures. Before continuing with an introductory
discussion of the general problem (1.1), we describe these equations and explain
how they fit into the general framework above.

The linear Schrodinger equation is given by

.0
150(75,9:) = (—A+V(x)(t,z), z€ R, teR, (1.2)

v(0,2) = vo(x), z € RY

where v : R x R? — C is the unknown. For the dimension d = 3 it describes
the evolution of the probability wave function of a single particle in a quantum
mechanical system. Here, A = 011 +. ..+ dyq is the Laplace operator, V : R4 —
R is a given potential which is determined by the physics of the system, and
i € C is the imaginary unit. One has V(z) = —ﬁ with a constant ¢ € R for the
electron in the hydrogen atom, for instance. To cast (1.2) into the form (1.1),
one chooses X := L?(R3) for the state space, requires that u(t) :== v(t, -) € X
for each t € R and sets F'(u) := i(A — V)u. Depending on V, the domain D(F')
of F' could be a suitable Sobolev space. (These function spaces are explained
later.)

The (damped) linear wave equation with Dirichlet boundary conditions on a
bounded domain U C R? is given by

82

gt 2) = Au(t, )~ ba) o

aw(t,x), relU, teR,

w(t,z) =0, redl, tekR, (1.3)
w(0,x) = wo(z), gtw(O,:r) =wi(x), zeUl,

where b : U — R, is the damping and w : R x U — C is the unknown. As
for ordinary differential equations, one can rewrite this equation for w (which
is second order in time) into a system of two equations of first order in time
for the unknowns (w, %w). One chooses X := H'(U) x L%(U) as the state

space, where H L(U) is the first order Sobolev space with Dirichlet boundary
conditions, and one writes

U(t) = (’UJ(t),Ug(t)) = (w(t7 ')7 %w(t7 )) €X
as above. One then obtains (1.1) by setting
u (0 I Uy
r (U2> o (AD —b) (U2>
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for the Dirichlet Laplacian Ap on L?(U). We remark that the Dirichlet bound-
ary condition w(t, -) = 0 on OU here is included in the state space X. In many
other situations boundary conditions are encoded in the domain of the map F.

The problems (1.2) and (1.3) are linear. In our lectures about nonlinear
equations we will concentrate on the semilinear wave and Schrodinger equations.
More precisely, we investigate the wave equation

2
@w(t, z) = Aw(t, z) — aw(t, z)|w(t,z)|?, zeU, teR,
w(t,z) =0, redl, tekR, (1.4)
w(0,2) = wo(e), w(0,2)=wi(x),  zel

with a cubic forcing term —aw|w|?, where a € R and d = 3. (One can view
the nonlinearity as a truncated power series of a general nonlinear force term.)
The last part of the course is devoted to the nonlinear Schrédinger equation

igtw,x) = —Auv(t, @) + plo(t,2)|* ot ), zeRY tER, (1.5)

’U(O,Q}) = Uo(.%'), WS Rda

where u € {—1,1} and a > 1.} This equation (and its variants) appear in
quantum field theory, e.g., in the study of so-called Bose-Einstein condensates.
A discretized version models phenomena in DNA. It is also used to describe
(approximately) the amplitudes of wave packages in nonlinear materials. The
nonlinear problems (1.4) and (1.5) can be formulated as the evolution equation
(1.1) in similar way as their linear counterparts (1.2) and (1.3).

We continue with the discussion of the general problem (1.1). To some extent
our basic strategy is guided by the theory of ordinary differential equations, but
there will be many fundamental differences when implementing this strategy.
Wellposedness is the first fundamental question one has to answer:

Given an initial state uy € X, is there a unique solution u =
u(-;up) of (1.1) that continuously depends on wg ?

In the present context, by a solution u of (1.1) we understand a function u €
C*(]0,00), X) such that u(t) € D(F) for each t > 0 and (1.1) is fulfilled. Of
course, such a solution can only exist for ug € D(F).? To allow for “many”
initial data, we assume that D(F) is dense in X. The continuous dependence
on the initial state means that the map ug — u(t; up) is continuous in the norm
of X for all £ > 0. Actually, we will further require that this map is uniformly
continuous for ¢ € [0, tp] and every ¢y > 0.

As for ordinary differential equations, in the linear case we will indeed obtain
solutions that exist for all times ¢t > 0. However, for nonlinear F' in general
one can only expect a solution on a possibly bounded time interval [0, " (ug)),
whose length t*(ug) € (0, 00] (the mazimal existence time) may depend on the
initial state ug. Solutions with a finite existence time (having blow-up) already

d+2
(d=2)4°
20ften one can weaken the solution concept to obtain solutions in a generalized sense for
every ug € X. We will not study this point systematically.

IFor the experts: We will stay in the “subcritical range” and assume that a <
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occur for the simple scalar equation v = u?. The reader is invited to compute
explicitly the solution of this equation for any initial value ug > 0 and to derive
t+(ug) = 1710 < 00. As we shall see, blow-up also occurs for (1.4) if a < 0 and
for (1.5) if p = —1 (the so-called “focusing” case). One thus has to distinguish
between local and global wellposedness. For convenience, we still write “t > 07
or “t € R” as the range for the time when posing the problem (1.1) although
some solutions may not exist for all times.

Once we have solutions, we can (and should) study their qualitative behavior
with respect to a large variety of possible properties. Still in the context of local
wellposedness one can investigate the regularity of solutions. We will instead
focus on the long-term behavior of solutions especially in the case of nonlinear
F, where we first ask:

Do we have a global solution of (1.1) for each (or some) ug €

D(F); i.e., do we have t1(ug) = 0o ?
The answer will depend heavily on the concrete structure of F'. For instance,
the solutions of v’ = —u? with u(0) > 0 exist for all ¢ > 0. If a solution u exists
for all times ¢ > 0, we can then inquire:

What is the behavior of u(t) as t — 0o ?

Here a basic scenario is the convergence to an equilibrium, i.e., u(t) — u* as
t — oo and u* € D(F) satisfies F'(u*) = 0.

So far, we did not discuss the concept of an operator semigroup from the title
of the Internet Seminar. To explain its central role for evolution equations,
assume that (1.1) is a linear problem, i.e., it is given by

u'(t) = Au(t), t>0, u(0) = wo, (1.6)

where A : D(A) — X is a linear operator and its domain D(A) is a dense linear
subspace of X. Here the reader may think of an appropriate realization of the
Laplacian A.

We first assume that for each up € D(A) we have a unique solution u =
u( - ;up) of (1.6), i.e., u belongs to C1(R,, X), u(t) € D(A) for all t > 0 and
(1.6) holds. Thanks to uniqueness, we can then define the map

T(t) : D(A) = D(A), T(t)ug = u(t;up),

for ¢ > 0. Of course, T'(0) is just the identity on D(A). Note that t — T'(¢)ug
is continuous from R to X by our assumption. If ug, vy € D(A) and o, f € C,
then the function au( - ; ug)=+Su( - ;vg) solves (1.6) for the initial value aug+SBvg
since A is linear. Again by uniqueness, it follows T'(t)(aug + Svo) = oT'(t)ug +
BT (t)vg so that T'(t) is a linear map on D(A) for each fixed ¢ > 0.

Let us now further assume that u(¢;ug) depends continuously (with respect
to the norm of X) on ug, locally uniformly for ¢ > 0. By a standard density
argument one can then extend T'(t) to a bounded linear operator on X such
that the orbit map t — T'(t)x is continuous from R to X for each x € X. We
denote the resulting one parameter family of bounded linear operators on X by
(T'(t))e>0 or simply T(-).

Finally, take ¢,s > 0 and restart the problem (1.6) with initial value wu(s).
We then have the two solutions ¢ — u(t;u(s)) and t — u(t + s;ug) of (1.6) for
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t > 0, which have to coincide by uniqueness. Thus 7'() satisfies the semigroup
law

T(t+s)=T(t)T(s) and T(0)=1.

We call such operator families T'(-) strongly continuous operator semigroups
or shortly Cy—semigroups. Moreover, T'(+) is sometimes called the solution semi-
group for (1.6). If we can reverse time and the above properties hold for all
t,s € R, then we have a Cy—group. As it turns out, this will indeed be the case
for the linear Schrodinger equation (1.2) and for the linear wave equation (1.3)
(at least if b is bounded).

As we have seen above, the concept of a Cy—semigroup naturally arises from
the basic assumptions

(1) existence of unique solutions,

(2) continuous dependence on the initial data,

(3) linearity
for the solutions of (1.6). Therefore, if one requires these properties, semigroups
come automatically into play. We stress that the points (1) and (2) above are
fundamental for any scientific investigation of systems evolving in time. It must
be possible to test a statement in science by an experiment, at least in principle.
For an evolutionary problem this requirement forces one to describe the states
in a unique way and to give a definite prediction about the future. We point
out that one can be very flexible in choosing the states of a system. For the
Schrodinger equation (1.2) they are given by a probability wave function in
L?(R?) as the state, for instance. This example indicates how a probabilistic
viewpoint can also be included in the above deterministic approach by choosing
an appropriate state space.

Moreover the initial states will only be known approximately in practice so
that predictions must be made with a certain error tolerance, which requires
the continuous dependence on the initial values.

The linearity of each map 7'(¢) is a consequence of the linearity of A. Also, in
the general case (1.1) when F is nonlinear, one can define a solution semigroup
(here usually called semiflow) if the solutions satisfy (1) and (2). However,
in this case T'(t) will not be linear, and one always has to keep in mind that
solutions may exists only on finite time intervals depending on the respective
initial value.

There is an astonishingly rich and elegant theory on Cy—semigroups for lin-
ear evolution equations. Its foundation is the theorem of Hille-Yosida. This
result characterizes those operators A which “generate” a Cy—semigroup that
solves (1.6) for A. We will also show that the linear problem (1.6) has the two
fundamental properties (1) and (2) for a densely defined linear operator A if
and only if A generates a Cp—semigroup, which then solves (1.6). In this sense,
semigroup theory provides the natural framework for linear evolution equations
and the Hille-Yosida theorem closes the circle between the given linear opera-
tor A, the evolution equation (1.6) and the corresponding solution semigroup
T(-). Even more importantly, this framework serves as a suitable setting for
our further investigations of the long-term behavior of (1.1) as t — oo.
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In our applications the norm on X corresponds to the physical energy of the
system (modulo constants). The energy does not increase in time in (1.2) and
(1.3), as well as in many other systems in sciences; i.e., it holds ||T'(¢)x| < ||z||
for each ¢t > 0 and each = € X. As a result, the corresponding operators T'(t) are
contractions for each t > 0. For contractions the Hille-Yosida generation result
has a particular simple form (the Lumer-Phillips theorem) whose conditions are
relatively easy to check in examples. On a Hilbert space X, the Lumer-Phillips
theorem further implies Stone’s theorem about the generation of unitary Cp—
groups (which is needed for the Schrodinger equation (1.2)). In view of our
applications, we will focus on the contraction case and on Hilbert spaces at
least when more general results require significantly more effort.

Actually, one could establish the generation results rather quickly. But we
think that we should take a slower start and present the basic arguments in
detail and provide several illustrating simple examples. We hope that this
helps the beginner to become familiar with (at first linear) analysis in Banach
spaces and the functional analytic approach to evolution equations.

In the framework for linear evolution equations provided by the Hille-Yosida
theorem we treat three more topics:

(a) perturbation theory,
(b) exponential stability,
(¢) inhomogeneous problems.

The equations (1.2) and (1.3) are typically solved by perturbation arguments.
The Laplacian in an L?>-setting can be treated by functional analytic methods
(Fourier transform, Lemma of Lax-Milgram) in a very elegant way. The po-
tential and the damping terms in (1.2) and (1.3) can then often be handled
as “lower order” perturbations which do not affect the existence of a solution
semigroup for these evolution equations.

A Cp—semigroup T'(-) is called exponentially stable if || T(t)|| — O exponen-
tially as ¢ — oco. As we will see, on a Hilbert space X a Cp—semigroup is
exponentially stable if (and only if) the resolvent (A — A)~! of its generator
exists and is bounded for Re A > 0. This powerful theorem (basically due to
Gearhart) links the spectral properties of A to the dynamic properties of the
solutions of (1.6). It is a generalization of a corresponding result for linear
ordinary differential equations due to Lyapunov, which the reader might know
from undergraduate courses.

If a given forcing or control function g : Ry — X is present in a linear system,
instead of equation (1.6), one has to investigate the inhomogeneous problem

u'(t) = Au(t) + g(t), t>0, u(0) = wp. (1.7)

It can be solved by Duhamel’s formula (or the variation of constants formula)
t

u(t) = T(t)uo + / T(t - s)g(s)ds, ¢ >0, (1.8)
0

where T'(+) is the solution semigroup to the homogeneous problem (1.6). This
formula builds the bridge to the semilinear problem
u'(t) = Au(t) + f(u(t), t=>0,  u(0)=uo, (1.9)
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for a nonlinearity f : X — X which is Lipschitz continuous on bounded sets.
Indeed, by means of (1.8) the equation (1.9) can be reformulated as the inte-
grated fixed point problem

w(t) = T(t)up + /OtT(t — ) f(uls)) ds. (1.10)

Here the reader may recall the proof of the Picard-Lindel6f theorem for ordinary
differential equations. This setting already covers the nonlinear wave equation
(1.4) for the space dimension d = 3, as we will see later. But even more
importantly, for problem (1.9) one can establish a prototypical theory for local
wellposedness and for the asymptotic behavior, which then serves as a guideline
for much more complicated nonlinear systems when f is not defined on the whole
space X. As for the linear problems, we want to spell out the basic methods,
ideas and results for the nonlinear analysis first on the level of a more accessible
problem, namely (1.9).

The nonlinear Schrodinger equation (1.5) is a much more complicated system.
Here the nonlinearity f(u) = —ip|u|* 'u does not map X = L*(R?) into L?(R%)
(since av > 1), and thus one has to exploit the specific properties of the operator
iA and the nonlinearity to obtain wellposedness.

Here, finally, the dispersive character of Schrodinger and wave type problems
really comes into play. Physically, dispersion means that waves of different
frequencies propagate with different velocities. In our context therefore wave
packages smear out as time evolves, thereby improving their integrability in
some sense. We will discuss this concept in much greater detail later in the
corresponding lectures. Here we just note that mathematically this property is
most easily seen for the (free) linear Schrédinger equation

Eifv(t’ z) =iAv(t,z), = €RY teR, v(0,2) = vo(z), x€R%L

This problem is solved by a Co—group T(-) on L?(R%) which has the explicit
representation formula

1 (lz=ul?
(T(O0) ) = gz [y @ ol

for vg € LY(RY) N L?(RY), 2 € R? and ¢ # 0. The formula directly implies that

1T (t)voll Lo < (1.11)

1

(47T|t|)d/2 ||U0HL1'
Hence the states are bounded away from the initial time and tend uniformly to
zero as [t| — 0o. On the other hand, one can show that ||T'(t)vol|z2 = ||vol|r2
holds for vy € L*(R?) and t € R. These two properties of T'(-) imply that the
solution of any localized initial state smears out as time evolves and its “mass”
will be pressed out towards infinity.

Using methods from functional analysis, the simple estimate (1.11) can be
upgraded to the famous Strichartz’ estimates, saying that

1T(-)voll La(r,zrmay) < cllvoll 2y,

ITC) 4 fll pagr, Lo ey < CHfHLq’(R,Lp/(Rd))
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for a constant ¢ > 0 independent of vy € L?*(R%) and f € LY (R, LV (R%)).
Here (T(-) 4 f)(t) := [y T(t — s)f(s) ds is the half-line convolution, the expo-
nents q,p > 2 satisfy a certain relation dictated by scaling which involves the
underlying dimension d and ¢/,p’ are the conjugate (dual) exponents.

These estimates will be crucial for the study of the nonlinear Schrédinger
equation (1.5) which can be written as the fixed point problem

u(t) =T (t)up — ip /Ot T(t — s)u(s)|u(s)|* 1 ds, (1.12)

cf. (1.10). Observe that Strichartz’s estimates deal with precisely the two terms
on the right-hand side. Based on the function spaces arising in Strichartz’ esti-
mates, we will find a fixed point of the equation (1.12) and in this way establish
the local wellposedness theory for (1.5). In certain cases we will also show global
wellposedness of (1.5) based on the fact that the “energy” of solutions of (1.5)
is constant in time. We also study the long-term behavior if p = 1.

This course is meant as a starting point for a deeper investigation of dispersive
or wave type equations. Based on our course, we intend to treat various more
advanced topics (or other subjects for which we will not have enough time in
the lectures) in the projects of Phase 2 of the Internet Seminar.

Prerequisites. Concluding this introduction we want to explain the pre-
requisites needed for this course and the role of the appendices and the exercises.
We assume some familiarity with functional analysis. Besides basic facts and
the standard function spaces, e.g. LP spaces, we will freely use the principle of
uniform boundedness, the open mapping theorem, the Hahn-Banach theorem,
the theorem of Banach-Alaoglu, Riesz’ representation theorem for Hilbert space
duals and their standard consequences. For this material we refer to, e.g.,
[Brell], [Con90], [RS72], [Rud91], [TL80], [Wer07], [Yos80]. Several other
topics from functional analysis, namely closed operators, basic spectral theory,
selfadjoint operators, Sobolev spaces, the Fourier transform and the Bochner
integral, will be treated in the appendices. In the lectures we introduce briefly
the necessary concepts, state the relevant results and discuss them a bit. It
should be possible to follow the course without reading the appendices which
contain the proofs and include more background material. Of course many of
you already know (part of) this extra material. In the text we will cite from
time to time additional results from the literature. These citations are made
just for your information and are not needed later on. The exercises are mostly
meant to provide additional examples and give you an opportunity to test your
understanding. Some exercises provide variants of the results treated in the
lectures. Very rarely, we use simple facts from the exercises later on.
We gratefully thank the participants of the Internet Seminar whose comments
helped to correct mistakes and to improve the presentation.



LECTURE 2

Strongly continuous semigroups and their generators

In the first part of the Internet Seminar we investigate the linear evolution
equation (or more precisely, the initial value or Cauchy problem)

u'(t) = Au(t), t>0, u(0) = uo, (2.1)

on a Banach space X. Here A is a given linear operator with domain D(A) and
up € X (often ug € D(A)) is the initial value. We want to develop a systematic
theory for (2.1) which will also be the basis for our study of semilinear problems.
As explained in Lecture 1, the solution u of (2.1) will be given by u(t) = T'(¢)ug
for an operator semigroup (7'(t)):>0 = T'(-) on X. Our analysis starts with the
study of such semigroups. For each semigroup we introduce its generator A as
the derivative of t — T'(t) at t = 0, roughly speaking. We next investigate some
of their basic properties, solve problem (2.1) for the generator A, and study a
simple but instructive class of examples, the translation semigroups.

In the following lectures, we will tackle the more difficult problem to charac-
terize those (given) operators A which are generators of a strongly continuous
semigroup.

A few words about our notation: Throughout we assume that (X, ||-||x) is a
complex Banach space with X # {0}, where we mostly write ||-|| instead of ||-|| x,
if no confusion is to be expected. By B(X,Y") we denote the space of all bounded
linear operators from X into another Banach space Y, setting B(X) = B(X, X).
Mostly, the operator norm is also designated by || - ||. Further, X* is the dual
space of X and I is the identity map on X. We write (z,z*) := z*(z) for
¥ € X* and x € X. The scalar product on a Hilbert space H is denoted by
(z|y) g, or simply (x|y), for z,y € H. By 1;; we designate the characteristic
function of a set M. We put Ry = [0,00) and R_ = (—o0, 0].

For M C R% we write C'(M, X) for the vector space of continuous functions
f: M — X. We use the subspaces

Cy(M,X)={feC(M,X)|fis bounded},
Co(M,X)={feC(M,X)|f(s) > 0as|s| >ooorass—IM\M},
Co(M,X)={feC(M,X)|supp f C M is compact},
where C’b( ) Cy(M,C) etc. Here supp f is the closure in R? of the set
{seM ] f(s) # 0}. Below we will repeat these definitions in specific cases. The
spaces Cy(M, X) and Cy(M, X) are always equipped the sup—norm || f||c =
supgeps || ()|l and then become Banach spaces.

We employ analogous notations for spaces of differentiable functions. For
instance, C§([0,1)) = {f € C*([0,1)) | f, /' € Co([0,1))}.
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If M is a Borel subset of R? and p € [, 0], we write LP(M) for the usual
Lebesgue space of complex valued functions with respect to the Lebesgue mea-
sure on M and endow it with the p-norm, given by || f||} := [y, [f[P dz if p < o0
and by the essential supremum for p = co. If M = (a,b) C R, we write Cy(a, b),
LP(a,b) and so on.

DEFINITION 2.1. A map T(-) : Ry — B(X) is called strongly continuous op-
erator semigroup or just Cop—semigroup if the following conditions are fulfilled:
(a) T(0) = I and we have T(t + s) = T(t)T(s) for all t,s > 0.
(b) For each x € X the orbit, defined as the map
T().CE : R+ — X, t— T(t)x,
s continuous.
The generator A of T'(-) is given by setting

D(A) := {x € X| the limit lir(§1+ (T (t)x — z) exists in X}
t—

and defining
Az = lim Y(T(t)x — x)

t—0+ !
for xz € D(A). We also say that A generates T'(-).
If one replaces throughout in this definition R, by R and “t — 07 7 by “t —
07, one obtains the concept of a Cy—group with generator A.

Property (a) in Definition 2.1 is called the semigroup law and (b) is the strong
continuity. We point out that the semigoup does not need to be continuous
with respect to the operator norm, cf. Example 2.6. Observe that the above
definition directly implies that D(A) is a linear subspace of X and A is a linear
map in X which is uniquely determined by the semigroup.

Let T'(-) be a Cy—semigroup. The semigroup operators then commute since

TOT(s)=T(t+s)=T(s+t)=T(s)T(t) (2.2)
holds for all £,s > 0. By induction, we obtain

Tnt)=T(Y t) = [[T(t) = T(t)" (2.3)
j=1 j=1

for allm € Nand ¢t > 0. If T(+) is even a Cy—group, it satisfies
TH)T(—t)=T(0)=1=T(—t)T(t) (2.4)

for all t € R. Hence, T'(t) is invertible with inverse T'(—t) for every t € R.

We first look at the finite dimensional situation, which is rather simple since
here one can construct the semigroup from the given operator A by a power
series. This does not work for unbounded A.

EXAMPLE 2.2. Let X = C?% A € B(X) = C™9 and set
(o] tn
T(t) := et = Z "

n!
= n!

for t € R. It is known from analysis courses that the series converges in B(X),
T(-) satisfies (a) in Definition 2.1 and T'(-) is continuously differentiable even in
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B(X) with & e = Aet4 for all t € R. In particular, T(-) is a Co-group with
generator A. Moreover, for any given ug € X the function u : Ry — X defined
by u(t) = et4uq solves the linear ordinary differential equation

u'(t) = Au(t), tER, u(0) = uo.

The same results hold for any bounded linear operator A on a Banach space
X, see Exercise 2.1. &

The simple Definition 2.1 has many astonishing consequences. We first ob-
serve that every Cp—semigroup is exponentially bounded. This fact then leads
to the subsequent basic definition.

LEMMA 2.3. Let T(-) : Ry — B(X) satisfy condition (a) in Definition 2.1
as well as limsup,_,o+ || T(t)z|| < oo for each x € X. Then there are constants
M > 1 and w > 0 such that |T(t)|| < Me*t for all t > 0. This fact holds in
particular if T(-) is a Co—semigroup.

PROOF. Suppose that ||T'(t,)|| — oo as n — oo for a null sequence (t,), in
R4. The principle of uniform boundedness then gives a vector x € X satisfying
limy, 00 ||T'(tn)z|| = 00, contradicting the boundedness assumption. There thus
exist constants M > 1 and ¢y > 0 such that | T(7)|| < M for all 7 € [0, ty]. Let
t > 0. Take n € Ny and 7 € [0,tp) with ¢t = 7 + ntg. Setting w = IO%OM >0, we
deduce from Definition 2.1 (a) and (2.3) that

1T = IT(T)T (nto)ll = [T (7)T (to)"|| < M - M™ = Me™0“ < Me".

If T(-) is a Cp—semigroup, each orbit is bounded on [0, 1] by the strong conti-
nuity. So the last assertion holds. O

DEFINITION 2.4. Let T(-) be a Cy—semigroup with generator A. Then
wo(T) :=wp(A) := inf {w ER[IM, > 1:||T®)| < Mye* for all t > 0}
is called the growth bound of T'(+).

Lemma 2.3 says that wo(7) < oco. It may happen that wo(T') = —oo, see
Example 2.6. In general the infimum in Definition 2.4 is not a minimum even
in the matrix case. For instance, for X = C? (endowed with the 1-norm) and
A= (9}), we have T(t) = &4 = (§ 1), so that ||T'(¢)|| =t + 1 for t > 0, while
wo(T) = 0. The notation wy(A) will be justified in the next lecture where we
show that an operator A can generate at most one Cp—semigroup.

The next lemma often helps to verify the strong continuity of an operator
semigroup.

LEMMA 2.5. Let T(-) : Ry — B(X) be a map satisfying condition (a) in
Definition 2.1. Then the following assertions are equivalent.

(a) T(-) is strongly continuous (and thus a Cp—semigroup).

(b) It holds lim;_,o+ T'(t)x = x for all x € X.

(c) There are a number tg > 0 and a dense subspace D C X such that
SUpg<i<y, |1 T(1)|| < 00 and limy_,o+ T(t)x = = for all x € D.

The analogous equivalences hold in the group case.

11



PRrOOF. The implication “(a)=(c)” is a consequence of Lemma 2.3. Asser-
tion (b) follows from (c) by a standard approximation argument.
To conclude (a) from (b), we fix x € X and ¢ > 0. For h > 0 the semigroup
property implies

1T+ h)z =Tz = |TE)(T(h)z —z)| <T@ - [[T(h)z — ],
where the right-hand side of this inequality converges to 0 as h tends to 0. In
the case that h € (—t, 0], we note that Lemma 2.3 yields
IT(t+ h)|| < Me*tHh) < pfet
for some constants M > 1 and w > 0. As a result,
IT(t+ h)z = T(t)z]| = [Tt + h)(z - T(=h)z)|| < Me*" - |z — T(~h)z|| - 0
as h — 07, and (a) holds. The assertions about groups are shown similarly. [

In the above lemma the implication “(c)=(a)” can fail if one omits the bound-
edness assumption (cf. Exercise 1.5.9(4) in [EN99]). We now examine a basic
class of examples for Cy—semigroups, the translation semigroups. They are
given by an explicit formula (which is a rare exception) and are thus very con-
venient to illustrate various aspects of the theory. Their generators will be
determined in the next lecture.

EXAMPLE 2.6 (Left translation semigroups on R and [0,1)).
(a) Let X = Co(R) ={f € C(R)| f(s) — 0 as |s| = oo} and T'() be given by

(T(t)f)(s):= f(s+1) for teR, feX, seR.

We claim that T'(-) is a Co—group on X. Clearly, T'(0) = I and T'(¢) is a linear
isometry on X so that ||T'(¢)|| = 1. We further obtain

TOT(r)f = (T +t)=f( +t+r)=T({+7)f
for all f € X and r,t € R. Hence, T'(t)T(r) = T(t+r). We employ Lemma 2.5
to verify the strong continuity. For f € C.(R) the function T'(¢)f converges
uniformly to f as t tends to 0 since f is uniformly continuous. It thus remains
to check C.(R) = Cyp(R). For each n € N take a “cut-off” function ¢, € C(R)
satisfying ¢, = 1 on [—-n,n], 0 < ¢, < 1 and suppp, C (—n — 1,n+ 1). For
f € Cp(R), we then have ¢, f € C.(R) and

1f = enflloe = Sup (1= @n(s))f(s)] < sup [f(s)] — O

s|>n

|s|=n

as n — oo. We now conclude that 7'(+) is a Cp—group by means of Lemma 2.5.
The same assertions hold for X = LP(R) with 1 < p < oo by similar argu-
ments, see Exercise 2.2.
In contrast to these results, 7'(-) is not strongly continuous on X = L*®(R).
Indeed, consider f = 1 ;; and observe that

T(0)f(5) = U5 + 1) = {(1) e ﬂ} =11 (9

for s,t € R. Thus, ||T(t)f — flleo =1 for every t # 0.

12



In addition, T'(-) is not continuous as a B(X)-valued function for X being
LP(R) (see Exercise 2.2) or Cp(R). In fact, for X = Cy(R) consider for each n €
N functions f, € Ce(R) with 0 < f, <1, f(n) = 1and supp f, C (n—1,n+1).
We then have suppT(2) f, € (n — 2,n — 1) for n € N, which implies

n’

||T(%) —1I| > ||T(%)fn — fallo =1 for all n € N. ¢

(b) Let X = Cy([0,1)) = {f € C([0,1))] lims—s1 f(s) =0}. For ¢ > 0 and
s €10,1), we define
fs+1t), s+t<l,
0, s+t>1.

(T@)f)(s) = {

We show that T'(-) is a Cp—semigroup on X. Since f(s+t) - 0as s+t — 1,
we have T'(t)f € X. Clearly, T'(t) is linear and ||7(¢)|| < 1. Note that T'(t) =0
whenever ¢ > 1. In this case, one says that T'(+) is nilpotent. As a consequence,
wo(T) = —oo. Let t,7 > 0 and s € [0,1). We then obtain

(T(r)f)(s+1), ifs+t<l,
0, else,

(T()T(r)f)(s) = {

_{f(s+t+r), ifs+t<1, s+t+r<l,

0, else,
= (T +7)f)(s).
Hence, T'(-) is a semigroup (which cannot be extended to a group since
e.g. T(1) = 0 is not bijective). As in (a) one sees that C.([0,1)) =
{f €C([0,1))]3b; € (0,1) : supp f C [0,bf]} is a dense subspace of X. For

fe€C(0,1)) and t € (0,1 — by), we compute

f(s+1t)—f(s), s€0,1—1),

T)f(s) = f(s) = {07 se[l—t1)C by 1],

and deduce limy_o ||T(t)f — flloo = 0 using the uniform continuity of f. Ac-
cording to Lemma 2.5, T'(+) is a Cp—semigroup on X. &
We next state the solution concept for equation (2.1).

DEFINITION 2.7. Let A be a linear operator on X with domain D(A) and let
x € D(A). We say a function u : Ry — X solves the Cauchy problem

u'(t) = Au(t), t>0, u(0) =z, (2.5)
if u € CY(Ry, X) satisfies u(t) € D(A) for allt > 0 and fulfills (2.5).

We next show that if A generates a Cy—semigroup, then the semigroup gives
the unique solution of (2.5). Moreover, T'(t) and A commute on D(A).

PROPOSITION 2.8. Let A generate the Co—semigroup T(-) and z € D(A).
Then T'(t)x € D(A), AT (t)x = T(t)Ax for all t > 0 and the function

u:Ry — X, t—T(t)x,
is the unique solution of (2.5).

13



PRrROOF. 1) Let t >0, h > 0 and z € D(A). We obtain
+(T(t+h)z —T(t)z) = +(T(h) — DT () =Tt) (T (h)x —z) — T(t)Ax
as h — 0. The very definition of A yields T'(t)z € D(A) and AT (t)x = T'(t)Ax.
Moreover, T'(-)z is differentiable from the right. Let 0 < h < ¢t. It further holds
L(T(t—h)x —Tt)x) =T(t —h)+(T(h)z —2) — T(t)Az

as h — 0, where we have used Lemma 2.9 below (with S(¢,h) = T'(t—h)). Since
T(-)Az is continuous, we have shown that T'(-)z € C*(R, X) with derivative
% T(-)x = AT(-)x; i.e., u solves (2.5).
2) Let v be another solution of (2.5) and ¢ > 0. Set w(s) := T'(t — s)v(s) for
s €[0,t]. Lemma 2.9 (with S(¢,s) =T'(t —s) and Y = D(A)) and the first step
now imply that
% w(s) =Tt —s)v'(s) — T(t — s)Av(s) = 0,

where the last equality follows from the assumption that v solves (2.5). So
for every z* € X* the scalar function (w(-),z*) is differentiable with vanishing
derivative and thus constant, which leads to

(T(t)z,2") = (w(0),2") = (w(t),2") = (v(t),z")
forallt > 0 and x* € X*. The Hahn-Banach theorem now yields T'(-)x = v. O
In general one really needs the extra condition that x € D(A) to obtain a
solution of (2.5). For instance, if f € Co(R) \ C*(R), then the orbit T(-)f of

the translation semigroup on Cy(R) is not differentiable, cf. Example 2.6. We
continue with the lemma used in the previous proof.

LEMMA 2.9. Let b > a be real numbers, M = {(t,s) € [a,b]*|t > s}, S :
M — B(X) be strongly continuous and f € C([a,b],X). Then the function

g: M — X, (t,s)— S(t,s)f(s),

is also continuous.

Further, let Y C X be a subspace and let the map [a,t] — X, s +— S(t,$)y,
have the derivative 05S(t, s)y for eacht € (a,b] andy € Y. Let f € C*([a,b], X)
take values in Y. Then the map [a,t] 3 s — g(t,s) is differentiable in X with

asg(t, 5) = S(tv S)f/(s) + ass(tv S)f(s)

PROOF. Observe that sup(, gear [|S(t, s)z|| < oo for every z € X by conti-
nuity. The number ¢ := sup; g)car [|S(Z, s)| is finite by the uniform boundedness
principle. For (t,s), (¢',s") € M we thus obtain

IS¢, ) f(s) = St s) f(s)]| < ellf£(s)) = F() + I(S(H, s") =S¢, 9) £ ()]l
where the right-hand side of this inequality tends to 0 as (¢',s") — (¢, s).

To show the second assertion, fix ¢ € (a,b] and take s,s + h € [a,t] for
h € R\ {0}. We compute

5(S(t,s+h)f(s+h) = S(t,5)f(s))
= S(t,s+h) 5 (f(s+h) = f(s)) + 5(S(t, s+ h) = S(t,5)) f(s).
As h — 0, the second claim follows from the first part and our assumptions. [
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In the next lecture we want to study further properties of generators. To this
aim, we will need several concepts which we now explain. Here we only recall
the basic definitions, results and examples; most proofs and more details can
be found in Appendices A and B.

Intermezzo 1: Closed operators and their spectra

Let D(A) € X be a linear subspace and A : D(A) — X be linear. The
operator A is called closed if it holds:

If (zn)n is any sequence in D(A) such that the limits lim, ooz, = = and
lim,, o, Az, =y exist in X, then € D(A) and Az = y.

Note that any operator A € B(X) is closed, where D(A) = X. In the next
example we introduce the prototype of an unbounded closed operator.

EXAMPLE 2.10. Let X = C([0,1]) and Af := f with D(4) = C([0,1]).
Take a sequence (fy), in D(A) such that (fy)n, respectively (f),, converge to
f, respectively g, in X. It is a well known fact that then f belongs to C([0,1])
and f" = g (see also Remark 2.11 (f) below), which means that A is closed.

Second, consider Aof := f' with D(4g) := {f € C1([0,1]) | f'(0) =0}. If
(fn)n is a sequence in D(A) such that f, — f and f], — g in X as n — oo, then
we obtain f € C!([0,1]) with f’ = g as above. Furthermore, g(0) = f’(0) =
lim,, o f} (0) = 0. Consequently, f € D(Ap) and Agf = g, i.e., Ag is closed.

Next, we define the Riemann integral for vector valued functions. Let a < b
be real numbers. A (tagged) partition Z of the interval [a,b] is given by finite
sequences (t;)iL, and (1), in [a, b] satisfying t,_1 < t; and 73, € [ty_1, 1] for
all k € {1,...,m}, where tg = a and t,,, =b. We set 6(Z) := maxg—1,__m(tx —
ti—1). For a function g € C([a, b], X) we define the Riemann sum S(g,Z) (of g
with respect to Z) by

S(g,Z) = ig(Tk)(tk — tkfl) c X.
k=1

As for continuous real valued functions, it can be shown that for every sequence
(Zp)n of (tagged) partitions with lim,_. 0(Z,) = 0 the sequence (S(g, Zn))n
converges in X and that the limit J does not depend on the choice of such
(Zp)n- In this sense we say that S(g, Z) converges in X to J as 6(Z) — 0. The
Riemann integral |, (f g(t) dt is now defined as this limit, i.e.,

b
t)dt .= 1li Z).
[ aar= tm s(0.2)

The integral has the usual properties known from the real valued case (with
similar proofs) like linearity, additivity and validity of the standard estimate

/a  o(t) dt

The same definition and results work for piecewise continuous functions.

< (b= a)llglloo-
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In the following remark we collect the properties of closed operators and the
Riemann integral we need later. We especially emphasize that the fundamental
theorem of calculus is valid also in the vector valued case (see part (e)) so that
the substitution rule extends to this setting. The simple property (g) is used
very often in these lectures.

REMARK 2.11. Let A be a linear operator on X. Then the following assertions
hold.
(a) The operator A is closed if and only if the graph of A, i.e., the set

gr(A) := {(z,Az) |z € D(A)},

is closed in X x X (endowed with the norm given by ||(x,y)| = ||=| + ||ly||) if
and only if D(A) is a Banach space with respect to the graph norm ||x| s :=
Jall + || Az We write [D(A)] for (D(A), |- |l4)

(b) If A is closed with D(A) = X, then A is even continuous (“closed graph
theorem”).

(c) Let A be injective and set D(A™1) = R(A) := {Az |z € D(A)}. Then A
is closed if and only if A" is closed.

(d) Let A be closed and f € C([a,b], X) with f(¢t) € D(A) for each t € [a, b]
such that Af € C([a,b], X), where (Af)(t) :== Af(t). We then have

/bf(t) dt € D(A) and A/bf(t)dt:/bAf(t)dt.

An analogous result holds for piecewise continuous functions.
(e) For f € C([a,b], X) the function

a,b] = X, ¢ /tf(f) dr,

is differentiable with

% / "frydr = £(t) forall t € [a,] (2.6)
For g € C'([a,b], X) and t € [a, b] we have
[ derar =gt - g(@. 2.7)

(f) Let (fn)n be a sequence in C1(J, X) and f,g € C(J, X) for an interval J
such that f, — f and f’ — g uniformly on J as n — oco. Then f € C'(J, X)
and f' =g.

(g) Let f € C([a,b], X) and t € [a,b). Then 7 tHh f(s)ds — f(t)ash — 07.

PRrROOF. Parts (a) and (c) are proved in Lemma A.6 of the appendix. Part
(b) can be found in Theorem A.7.
(d) Let f be as in the statement. Clearly, S(f,Z) € D(A) for any partition
Z of [a,b] and
m b
AS(£.2) = S (ANt — ) = S(AL.Z) — [ Af(o)ar
k=1 @
as 6(Z) — 0 because Af is continuous. The assertion now follows from the
closedness of A.
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(e) Let t € [a,b] and h # 0 such that ¢t + h € [a,b]. We estimate

i

t+h
0@ - sw)ar

S% sup |[f(m) = f()| — O
|[T—t|<h

e [ rmar) - 00

a

as h — 0. So we have shown (2.6). Putting a = ¢, we also derive (g).

To show (2.7), set ¢(t) = [ ¢/(7) dr for t € [a,b]. Equation (2.6) implies that
0 € CY([a,b], X) with ¢/ = g’. Therefore, ¢ — g belongs to C'([a,b], X) with
vanishing derivative. In the proof of Proposition 2.8 we have seen that thus
© — g is constant, and hence (2.7) is true.

(f) Formula (2.7) gives

) = fala) + [ fur)dr

for all t € J. Letting n — 0, we deduce that

t
£ = fa) + [ g(r)ar
for all t € J. Hence, f € C1(J, X) and f’ = g due to (2.6). O

It is a delicate mater to add or multiply closed operators. The situation is
simpler if one operator is bounded, see Proposition A.9 in Appendix A.

REMARK 2.12. Let A be closed and T' € B(X). Then the operators B = A+T
with D(B) = D(A) and C' = AT with D(C) = {x € X | Tz € D(A)} are closed.
This applies in particular to the operator AI — A for A € C. &

For a closed operator A, we define the resolvent set
p(A) :={A e C|A — A:D(A) — X is bijective} .

We write R(\, A) for (A\I — A)~1 if A\ € p(A). This operator is called resolvent.
The spectrum of A is given by 0(A) := C\ p(A). Since A\I — A is closed, R(\, A)
is closed with domain X and thus bounded thanks to the closed graph theorem
(see Remark 2.11(b)). It is known that p(A) is open in C (and so o(A) is
closed). More precisely, for A € p(A) we have

B\ | R(Y, A7 € p(A), (2.8)

as one can see by a Neumann series. Moreover, if T' € B(X), then o(T) is even
compact and always non-empty, and the spectral radius of T is given by

= =i nw = i n
(1) 2= max {[M | A € o(T)} = inf [T7% = Jim |77+
There are closed operators A with o(A) = C or o(A) = () (see Example B.3 (b)
and (c)). We have the resolvent equation
R(p, A) = R(A, A) = (A = ) R(A, A)R(p, A) = (A — p)R(p, A)R(A, A)
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for all A, € p(A). Furthermore, the map p(A) — B(X), A — R(\ A), is

infinitely often differentiable (even analytic) with
d\»
el — (1" n+1
(dA) RO\ A) = (=1)"nl R(), A) (2.9)
for all A € p(A) and n € Ny. These results are shown in Theorems B.4 and B.6

of the appendix.

Exercises

EXERCISE 2.1. Let A € B(X) and t € R. Show that the series

[e.9]

tA o
e = Z EA
k=0

converges absolutely in B(X) uniformly for ¢t € [—r,r], for any r > 0. Further
show that (&)"e!4 = Ane!d = !4 A" for all t € R and n € N.

Let A,B € B(X) with AB = BA. Show that et = edef = eBef. In
particular (T4 = ¢t4es4 for ¢ s € R and eM+4 = ete? for A € C.

EXERCISE 2.2. Let p € [1,00) and X = LP(R). Set T'(t)f = f(- +t) for

t € Rand f € LP(R). Show that (T(t))ier is a Co—group of isometries on X
and that the map R — B(X), ¢t — T'(¢), is not continuous.

EXERCISE 2.3. Let p € [1,00) and X = LP(0,1). For ¢t > 0, s € (0,1) and
feLr0,1) set
f(s+1t), s+t<1,
T(t =
(T(0)1)(s) {0’ ey

Show that (T'(t))s>0 is a Cp—semigroup on X.

EXERCISE 2.4. Let ) # Q C R be open, X = Cy(Q) and m € C(Q2) such
that sup,cq Re(m(s)) < co. Define T'(t)f = €™ f for t > 0 and f € X. Show
that T'(+) is a Cp—semigroup on X generated by the operator

Af =mf with D(A)={fe€ X |mfeX}.

EXERCISE 2.5. Let A be a closed operator, a € C\ {0} and b € C. Define
B = aA + b with D(B) = D(A). Show that o(B) = ac(A) + b and R(u, B) =
LR(=bA) for p € p(B).
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LECTURE 3

Characterization of generators

In this lecture we establish the fundamental Hille-Yosida generation theorem.
It characterizes those linear operators A that generate a Cp—semigroup 7'(-) of
contractions. We recall that A should be considered as the given object and 7'(-)
as the unknown. Much of the linear theory and the applications of our course
will depend on this theorem and its companion, the Lumer-Phillips theorem
shown in Lecture 4. We further state the version of the Hille-Yosida theorem
for general semigroups at the end of the present lecture, without proving it.

We first derive necessary conditions for generation. These results help us
to discuss the generators of certain translation semigroups. In addition, as in
every mathematical field, there are several simple but useful facts and methods,
which are used everywhere in this field and which we present here in detail. The
first of these lemmas is concerned with an important rescaling procedure.

LEMMA 3.1. Let A generate the Co—semigroup T'(-), A € C, and a > 0. Then
(S(t))i=0 := (eMT(at))i>o is also a Co—semigroup with generator B = M\ + aA
and D(B) = D(A).

PROOF. For t,s > 0 we have S(t + s) = eMT(at)e*T(as) = S(t)S(s),
and also S(0) = I. The strong continuity of S(-) is clear so that S(-) is a
Co—semigroup. Next, let B be the generator of S(-). Because of

1(S(t)z —z) = aeAté(T(at)J: —x)+ %(e)‘t — 1)z,

we have x € D(B) if and only if z € D(A), and in this case it holds Bz =
aAzr + Ax. O

The next result is a variant of the fundamental theorem of calculus for Cp—
semigroups. Observe that the first part of Lemma 3.2 allows to produce ele-
ments of D(A).

LEMMA 3.2. Let A generate the Cy—semigroup T'(-), t > 0, and x € X. Then
f3 T(s)zds belongs to D(A) and

t
Tt)r —x = A/ T(s)xds. (3.1)
0
Furthermore, for x € D(A) we have

T(t)x—x= [ T(s)Axds. (3.2)



Proor. For h > 0 we compute

i(T(h)—I)/OtT(S)QZdS:ill(/otT(S—i-h)l‘dS—/tT(S)l‘dS

:1( t+hT( xdr—/T xds)

t+h
h/ xds——/ T(s)xds, (3.3)

substituting » = s+ h in the second line. The final difference tends to T'(¢)z —x
as h — 0 due to the continuity of the orbits and Remark 2.11 (g). But this fact
precisely means that [j T(s)z ds is an element of D(A) and (3.1) holds.

If in addition = € D(A), we have T'(-)z € CY(Ry, X) with & T()z = T(-) Az
by Proposition 2.8. Hence, (2.7) implies (3.2). O

We now derive the first necessary conditions for generation and show that
the semigroup is uniquely determined by its generator.

PROPOSITION 3.3. Let A generate a Co-semigroup T(-). Then A is closed
and densely defined. Moreover, T(-) is the only Co—semigroup generated by A.
Finally, we have T'(-)x € C(Ry, [D(A)]) for each x € D(A).

PROOF. 1) To show the closedness of A, we take any sequence (z,,), from
D(A) with limit z in X such that lim,_,~ Az, =y for some y € X. For ¢t >0
the equation (3.2) yields

=

(T2 — ) = % /0 " 1(s) Az ds

for all n € N, which leads to

HT(t)z — z) / T(s)yds
in the limit n — oo. Remark 2.11 (g) now implies that

%g% LTtz —z) =y.
Consequently, z € D(A) and Az = y; i.e., A is closed.
2) For z € X and n € N the vectors

1
Ty = n/n T(s)xds
0

belong to D(A) by Lemma 3.2. Remark 2.11 (g) says that z, — = as n — oo.
So we arrive at D(A) = X.

3) Let A generate another Cp—semigroup S(-). Then S(-)z solves (2.5) for
every © € D(A). But the uniqueness of such a solution (see Proposition 2.8)
forces T'(t)x = S(t)x for all t > 0 and = € D(A). Since D(A) is dense in X, the
bounded operators T'(t) and S(t) are equal for each t > 0.
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4) For the final assertion, take x € D(A) and t,s > 0. Proposition 2.8 yields

IT(t)a = T(s)zlla = T@)z = T(s)z|| + [[AT()z — T(s)a)|
= |T(t)x — T(s)z| + |T(t) Az — T(s)Az|| — 0

as t — s, as asserted. O

PROPOSITION 3.4. Let A generate the Cy—semigroup T(-) and A € C. Then
the following assertions hold.

(a) If the improper integral

o0 t
RNz ::/ e MT(s)xds == lim | e T (s)xds
0 t—oo Jo
exists in X for all x € X, then X\ € p(A) and R(\) = R(\, A).
(b) The integral in (a) exists even absolutely for all x € X if Re A > wp(A).
Hence, the spectral bound of A, defined by

s(A) :=sup{ReX| A € (A},

is less than or equal to wo(A) < co. (Here we put sup ) = —o0.)

(c) Let M > 1 and w € R such that |T(t)|| < Me“t for allt > 0. (One
can take w > wo(A), see Lemma 2.5.) For alln € N and X\ € C with
Re A > w we then have

M

IR(A, A)" < Rer—w)

(3.4)

By Proposition 3.4 (a) the resolvent of the generator is given as the “Laplace
transform” of the semigroup. Moreover, the above propositions show that a
generator A

is closed and satisfies D(A) = X, s(A) < oo and (3.4).

Actually, these conditions already imply that a linear operator A generates a
Coy—semigroup, as we will see below in Theorem 3.11.

PROOF OF PROPOSITION 3.4. (a) Let h > 0 and « € X. Recall from
Lemma 3.1 that Ty (s) := e T(s) is generated by A — AI with domain D(A).
Equation (3.3) yields

t
LTh) = DR = lim K@)~ 1) [ Ty(s)o ds
1 [tth 1 rh 1 rh
= lim — T\(s)xds — —/ T(s)xds = ——/ Th(s)xds,
h Jo h Jo

t—o0 h t

employing the convergence of [°Th(s)z ds. By Remark 2.11 (g), we can now
let b — 0 to obtain that R(A\)z € D(A — AI) = D(A) and

(A= A)R(\)a = —a. (3.5)
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If z € D(A), we deduce from T'(s)Ax = AT (s)x for s > 0 (see Proposition 2.8),
Remark 2.11 (d) and (3.5) that

t
R(N(AI — A)z = lim e MT(s) (M — A)zds
> Jo

¢
— 1 _ —As
= thm (N A)/O e T(s)xds

t
= (A - A) tli}m e T (s)xds = (M — A)R(\)z = z,
> J0

using that A is closed by Proposition 3.3. Hence, A € p(A) and R(\) = R(A, A).
(b) Observe that |[e *T(s)|| < MelW=ReNs for all s > 0, w € (wo(A),Re\)
and some M > 1. For z € X and 0 < a < b we can thus estimate

b a b b
H/ T,\(s)xds—/ T (s) ds g/ ||T,\(s)des§M/ @ ReNs [l — 0
0 0 a a

as a,b — oo. Consequently, [J T)(s)z ds converges (absolutely) in X as t — 0o
for each x € X. Assertion (a) then implies that A € p(A) if Re A > wp(A), and
thus the second part of (b) also follows.

(c) For n =1, as in part (b), one sees that

oo
[R(A, Az < / Me@ RNz dt = o o1l
0 Re )\
for all x € X, Re A > w and the given M > 1, w € R. The general case can be
shown employing also (2.9), see e.g. Corollary I1.1.11 in [EN99]. O
For A € C and any interval J C R we set ey (t) = e for t € J. We next show
that the first derivative % on suitable domains generates the left translation

semigroups from Example 2.6 and that there are domains on which % is not a
generator (since it violates the necessary spectral conditions). Roughly speak-
ing, the domain has to include a boundary condition on the right end point of
the underlying interval J where the left translation ‘enters’ J.

EXAMPLE 3.5 (The first derivative as generator).
(a) Let T'(t)f = f(- +t) be the left translation group on X = Cp(R) and A
be its generator. We show that Au = v’ with

D(4) = C§(R) = {f € C'(R)| f, f' € X}
and o(A) = iR. In fact, for all f € D(A) and s € R, the limits
Af(s) =1lim $(T(t)f(s) = f(5)) = lim 3(f(s +1) — f(s)) (3.6)

exist in C, so that f is differentiable with f’ = Af € Cyp(R), i.e., D(A) C C}(R).
Conversely, let f € C&( ) For s € R, we obtain

L@@ f(5) = (5)) = F(5)| = | (F(s+8) = F(5) = F'(5)]
= [+ n-rear

<l sup | +7) - fs)] — 0,
o<|7[<]t]
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as t — 0 uniformly in s € R, since f’ € Cp(R) is uniformly continuous. As a
result, f € D(A) and therefore A = & with D(A) = C§(R).

Proposition 3.4 yields s(A) < wo(A) = 0, because of | T'(t)|| = 1. In the
same way as above one sees that —A generates the contraction Chy—semigroup
(S(t)t=0 = (T'(—t))t>0. Hence, s(—A) < 0. Due to A\ — (—A) = —(—X[ — A),
we have p(—A) = — p(A) as well as R(A\, —A) = —R(—A\, A). So we have shown
that o(A) C iR. To verify the converse inclusion, let 7 € R. Take functions
¢n € CHR) with 0 < ¢, < 1, 9n(0) = 1 and |[¢},]loc < L for n € N. The
function f,, = ¢neir € D(A) then satisfies || fu|lco = 1 and it f, — Afr, = — ), €7
Consequently, ||itf, — Afnllcoc — 0 as n — oo and so it] — A cannot have a
bounded inverse. We thus obtain o(A) = iR. &

(b) The nilpotent left translation semigroup on X = Cy([0,1)) is given by

fls+1t), s+t<l,
0, s+t>1,

(T@)f)(s) = {
for fe X, t>0and s € [0,1). We claim that Au = ' with
D(4) = C§((0,1) = {f € C*((0,1)) | f, f € X}

generates T'(-) and that o(A) = (. Indeed, as in (3.6), one shows that Af = f’
for f € D(A) € Cp([0,1)). Note that now in (3.6) one can only consider
t — 0. Therefore one has to use the following elementary fact, which follows
from Corollary 2.1.2 of [Paz83]: If g € C ([a b)) is differentiable from the right
such that the right-hand side derivative ( ) g is continuous, then one already
has g € C1([a,b)).
Conversely, let f € C’O([O 1)). We set f( )= f(s) for s € [0,1) and f(s) =

for s > 1. Observe that f € CA(R.) and f’ 0,1y = f'- As in part (a), it follows

s+t~ f(s), 0<s<1—t,
(T(t)f(S)—f(S))—{_%f(S% | ieset

=H(Fs+1) = F(5) — F(5) = F(5)

as t — 07 uniformly in s € [0,1) since f’ is uniformly continuous. Hence,
D(A) = C§([0,1)) and Af = f’. Here we have wo(A) = —oo so that o(A4) = ()
and p(A) = C due to s(A) < wp(A) by Proposition 3.4. &

(c) The operator Af = f' with D(A) = C1([0,1]) on X = C([0,1]) has the
spectrum o(A) = C. In fact, the function ey belongs to D(A) with Aey = Aey
for each A € C. In view of Proposition 3.4, A thus cannot be a generator. <

(d) Let X = Co(R-) = {f € C((—00,0]) | limy—s—oo f(s) =0} and A = &
with D(A) = C3(R_). Then A is not a generator. Indeed, for all A with
ReA > 0 we have ey € D(A) and Aey = Xey so that A € o(A), violating
s(A) < oo in Proposition 3.4. &

(e) On the space X = C([0,1]) the operator Af = f’ with D(A) =
{f € C1([0,1]) | f(1) = 0} is not a generator since D(A) C {fe X | f(1) =0}
# X (see Proposition 3.3). Actually, it holds D(A) = {f € X | f(1) =0}. <
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Before we come to the Hille-Yosida theorem we show a few auxiliary facts.
For linear operators A, B on X we write A C B if gr(A) C gr(B), i.e., if
D(A) € D(B) and Az = Bz for all x € D(A). In this case we call B an
extension of A. The next lemma is often used to compute a generator.

LEMMA 3.6. Let A and B be linear operators with A C B such that A is
surjective and B is injective. Then A = B. In particular, we have A = B
whenever A C B and p(A) N p(B) # 0 are satisfied.

PrROOF. We have to show that D(B) C D(A). Let x € D(B). By the
assumptions, there is a vector y € D(A) with Bx = Ay = By. The injectivity
of B then implies x =y € D(A).

The addendum follows by considering A\l — A and Al — B for some A €
p(A) N p(B). Clearly, A\ — A C A\ — B if A C B. The statement just shown
thus gives A\ — A = A\[ — B, so that A = B. O

LEMMA 3.7. Let A be closed and M,w > 0 such that (w,00) C p(A) and
IRAA)|| < % for all X > w. Then AR(\,A)x — x as A — oo for all

x € D(A) and NAR(N, A)y — Ay as A — oo for all y € D(A) with Ay € D(A).
PROOF. Let € D(A) and A > w. Observe that
AR\, A)x — = AR(\, A)x = R(\, A) Az, (3.7)
cf. Theorem B.4. The assumed estimate thus yields
IR, Az — ] < L Az]| —» 0

as A — oo. Since ||[AR(A, A)|| < M for A > w + 1 by our assumption, the
first assertion follows by approximation. The second claim is an immediate
consequence of the first assertion, taking x = Ay and using (3.7). U

We now briefly describe the idea of the proof the Hille-Yosida theorem given
below, which is due to Yosida. As already explained, for a bounded operator
A we can construct the corresponding semigroup T'(t) = e*4 by an exponential
series. For unbounded A, such a construction fails. A different approach is
suggested by the above lemma: If the resolvent of A satisfies the decay property
(3.4) for n = 1, one can approximate A pointwise on D(A) by the bounded
operators A, on X, defined by

Ap :=nAR(n, A) = n>R(n, A) — nl.
The semigroup e is now defined, and we will see that it converges pointwise
to a semigroup 7'(-) whose generator is A.

Here is the main result of this lecture. By a contraction semigroup we mean
a Cp—semigroup T'(-) such that each T'(¢) is a contraction, i.e., ||T(t)|| < 1.

THEOREM 3.8 (Hille, Yosida 1948). A linear operator A generates a contrac-
tion semigroup T(-) if and only if A is closed, densely defined, (0,00) C p(A)
and the Hille-Yosida estimate

1
IR A < 5 (3.5)

holds for all X > 0. In this case Cy := {z € C| Rez > 0} belongs to p(A) and
we have ||R(\, A)™|| < (ReA)™™ for alln € N and A € C,.
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PROOF. The necessity of the conditions and also the addendum follow from
Propositions 3.3 and 3.4 (with M = 1 and w = 0). In order to prove sufficiency,
we take A, = nAR(n,A) = n?R(n, A) — nI for n € N. Lemma 3.7 and (3.8)
imply that lim,, o, A,y = Ay for all y € D(A). Let ¢t > 0 and n € N. By means
of Exercise 2.1 and (3.8), we obtain the crucial estimate

||etAn” = ||e—tnetn2R(n,A)|| < etn i (tn2||R('n,A)H)j
7=0 J! (3.9)
_ eftnetn2||R(n,A)H < e~ tnetn — 1.

Next, take n,m € N, tg > 0, y € D(A) and ¢ € [0,tp]. We have A, 4,, = A, Ay
and hence

tAm ~t it tAm
Ancl = An S S AL = 30 AT A=A,
7=0 7=0
Recall from Exercise 2.1 that & et = A,e!n. Using (2.7), we then compute
tq t
elAny _ gAmy — / g(e(t—s)AmesAny) ds — / =) Am (4 _ A YetAny ds
0 ds 0

t
:/ =) AmesAn (A — A Yy ds.
0

Estimate (3.9) now implies that

le"my — etmyl| < to || Any — Ayl — 0 (3.10)

asn,m — oo. Hence, (e'47y),, is Cauchy and so the limit T'(t)y = lim,, o e*47y

exists in X. Since D(A) is dense in X and (3.9) holds, we obtain contractions
T(t) € B(X) given by T(t)z = lim,, ;o0 e®nz for all t > 0 and x € X. Clearly,
T(0) = I and!

T(t+ s)z = lim e+ g = lim etnesAng = T(H)T(s)x
n—oo n—oo

for all t, s > 0. Letting m — oo in (3.10), we further deduce that
le*y = T(t)yll < to | Any — Ay]

for all t € [0,t0]. As a result, e*4ny converges to T'(t)y uniformly for ¢ € [0, ¢o]
so that T'(-)y is continuous for all y € D(A). Because of the density of D(A),
T(-) is strongly continuous and thus a contraction semigroup.

Let B be the generator of T'(-). We still have to establish B = A. Observe
that (0,00) C p(A)Np(B) due to Proposition 3.4 and the assumptions. In view
of Lemma 3.6, it thus remains to show A C B. For ¢t > 0 and y € D(A), we
conclude from (2.7) that

1/t 1/t
HT(t)y —y) = lim %(etA”y —y) = lim = [ erd,yds = ;/0 T(s)Ayds.

n—00 n—oo t Jo

As t — 0, Remark 2.11 (g) yields y € D(B) and By = Ay, i.e., A C B. O

1Here we use that Thx, — Tz as n — oo if T, T € B(X), zn > z in X and T,y — Ty
for each y € X as n — oo. This fact can be shown as Lemma 2.9 and is employed below
without notice.

25



We point out that the Hille-Yosida theorem reduces the task of solving the
evolution equation (2.5) to the study of the stationary problem

Au— Au = f, (3.11)
where A > 0 and f € X are given. But besides the unique solvability of (3.11),
we need the estimate ||u|| = ||R(A, A)f]| < @ In the next lecture we will see

that in the context of contraction semigroups one gets this estimate for free if
one can solve (3.11) for some A\ > 0 and all f € X.

We continue with two illustrating examples, where the first one complements
Examples 2.6 and 3.5.

EXAMPLE 3.9. Let X = Cy(R_) and 4 = — & with D(4) = C(R_). We
claim that A generates the right translation semigroup on X given by T'(t)f =
(- —1).

We first check the assumptions of the Hille-Yosida theorem. Take f,, € D(A)
such that f, — f and f/, — g in X. Then f € C*(R_) and f’ = g € X so that
f € D(A). As a result, A is closed. Clearly, C}(R_) C D(A). We want to show
that C}(R_) is dense in X which yields the density of D(A). As in Example 2.6
one can see that C.(R_) is dense in Cy(R_). Pick f € C.(R_) with supp f C
[a,0]. Weierstraf}’ approximation theorem gives a sequence of polynomials g,
converging to f uniformly on [a —1,0]. Take a function ¢ € C}(R_) with ¢ =1
on [a, 0] and supp ¢ C (a — 1,0]. Then, h,, = pg, € C}(R_) and

[h = flloo < sup  [p(t)gn(t) — O] + sup [gn(t) — f(t)] — O
<t<a a<t<0

as n — 00, so that C}(R_) is dense in X. Let f € X and A > 0. We then have
ueD(A) and \u — Au=f <= u' = - u+f, uc C'(R_)and u € X

s

— us) = / e f(r) dr = ROV £(s)

—00

for s <0 and lim wu(s)=0.

S§——00

For any € > 0, there is an s < 0 such that |f(7)| < e for all 7 < s.. For s < s,
we thus estimate

RO < [

[e.9]

e f(7) | dr < & / e dr = .

0 A
As a result, R(\)f(s) — 0 as s = —oo so that A € p(A) and R(\) = R(\, A).
Moreover,

IRO Al <sup [* e X flldr = o [~ e ar= L]
<0 J—o00 0 A
for all f € X and A > 0, i.e., |[R(A, A)|| < 5. Theorem 3.8 thus implies that A
generates a contraction semigroup 7'(-).

To compute T'(t), we take f € D(A) and set u(t) = T(t)f for t > 0.
Proposition 2.8 says that u is the unique function satisfying u € C*(R,, X),
u(t) € D(A) for all t > 0, u(0) = f and

W' (t) = Au(t) = — Lu(t), t>0. (3.12)
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We make a guess for v and put v(t) = f(- —t) for ¢t > 0. Clearly, v(¢t) € X and
v(0) = f. We will check that v solves (3.12) and so u = v. We compute

o) —v(t) H -1 v
N PN .=t — =
R A N ey

fl(s—7)dr+ f'(s —t)‘

<sup sup |f'(s—t) = f'(s—7)]
sER_ |7—t| <[t/ —t]

for t/,t > 0 with ¢’ # t. Since f’ is uniformly continuous, the right-hand side
tends to 0 as ¢ — t. Hence, v : Ry — X is differentiable with <+ v(t) =
—f'(+ —t) for t > 0. As in Example 2.6, one verifies that t — f'(- —¢) € X
is continuous and thus v € C!'(Ry, X). One similarly sees that v(t) € C1(R_)
and % v(t) = f'(- —t) € X so that v(t) € D(A) for all t > 0 and v solves (3.12).
Therefore T'(t)f = v(t) = f(- —t) for all f € D(A) and ¢t > 0. By density, this
equation holds for all f € X, as required.

Finally, we prove that 0(A) = {z € C| Rez <0}. If ReX < 0, then e_) €
D(A) satisfies Ae_y = —(e_y)" = Xe_) so that A € o(A). Since s(4) < wy(A4) =
0, the claim follows from the closedness of o(A). &

The next example indicates that the assumptions in the Hille-Yosida theorem
are essentially optimal.

EXAMPLE 3.10. Let X = Co(R) x Co(R) with [|(f, )| := max{]| fllsc, |gllc},

let m(s) :=is and
()= ()= C)

with D(A) = {(u,v) € X | (mu,mv) € X}. Since C¢(R) x C.(R) C D(A), the
domain D(A) is dense in X. One can check that A is closed and that for
Re A > 0 one has A € p(A) with

) (3 7)) (1)

A—m

cf. Proposition B.5. For A > 0 and ||(f,g)|| < 1 we then estimate

I Al < max{H miRd e M = W
< sup + sup H :l—l—sup 5 :%
T seR A — 13‘ seR A= 13‘2 A seR A% 4 52 A

On the other hand, for a > 0 and n € N we choose g, € Cy(R) such that
gn(n) =1 and ||gn|lcc = 1. It then follows
E

As a result, R(\, A) is unbounded on every imaginary line Re A = a, violating
the estimate in Proposition 3.4. Thus A does not generate a Chy—semigroup
though it almost satisfies the assertions of Theorem 3.8. &

n

a?’

ingn(n)

0
in, A)|| > in, A —_
IRa-+in )] = [Rla+ina) () )| > [ 52t

n
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There are even operators A that are not generators but satisfy |R(A, A)|| <
rey for all A € Cy and some constant ¢ > 1 (see Example 2 in §12.4 of [HP57]).

Of course, not all Cy—semigroups are contractive, cf. Exercise 3.4. We state
below the characterization theorem for generators of general Cy—semigroups
which is a cornerstone of semigroup theory. Since we focus on contraction
semigroups in our course, we omit its proof. It can be found e.g. in Theorem
11.3.8 of [EN99], where the theorem is reduced to the Hille-Yosida theorem by
a renorming and rescaling argument.

THEOREM 3.11 (Feller, Miyadera, Phillips 1952). A linear operator A gen-
erates a Co—semigroup T(-) satisfying |T(t)|| < Me“t for all t > 0 and some
M >1 and w € R if and only if A is closed, D(A) = X, (w,00) C p(A) and
M
(A—w)m
holds for all A € (w,00) and all n € N. If this is the case, we also have
{Axe C|ReA>w} C p(A4) as well as [|[R(N, A)"|| < ﬁ for all X € C
with Re A > w and all n € N.

[R(A, A)"[| <
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Exercises

EXERCISE 3.1. Let A generate the Cp—semigroup 7'(-) on a Banach space X.
Let J : X — E be an isomorphism to another Banach space F, and let Y be a
Banach space which is densely embedded into X (where we identify Y with a
subspace of X). Assume that T(¢)Y C Y forall ¢t > 0 and T(-)y € C(R,Y)
for all y € Y. For t > 0 we define the operators

S(t)=JT{t)J ' on E, Ty(t)y=T(t)y on Y.

Show that S(-) and Ty (-) are Cp—semigroups on E and Y, respectively, and
compute their generators. How does the result simplify if || - ||y is equivalent to
| - ||x (and thus Y is closed in X)?

For Exercise 3.2 and 3.3 we need Sobolev spaces on open intervals J C R.
Sobolev spaces on open subsets of R% are discussed in Lecture 5. Just for these
exercises we define them on intervals in an equivalent way by requiring that the
fundamental theorem of calculus holds. Let p € [1, 00]. We set

W) = {f € C(TNLP(J)|3ge IP(I)Vt,s €+ f(t) - f(s) = /:g(f) df}.

(To be precise: By f € C(J) N LP(J) we mean that f € LP(J) possesses a
continuous representative which has a continuous extension to J.) For f €
Wpl(J) one sets g := f’, where g is given by the definition of f € WI}(J).
By Lebesgue’s differentiation theorem (see e.g. Theorem 7.7 in [Rud87]) the
“generalized derivative” f’ is uniquely determined. The definition implies the
following useful fact (show it!).

If uw, € Wpl(J) and u,, converge to u and f in LP(J), respectively, then

ueWy(J)and v’ = f.

EXERCISE 3.2. Let X = LP(R), p € [1,00) and T'(t)f = f(- +t) for t € R.
From Exercise 2.2 we know that T'(+) is a Co—group. Show that its generator is
given by Au =’ on D(A) = W} (R). Further show that o(A) = iR.

EXERCISE 3.3. Let X = LP(0,1) and p € [1,00). For ¢t > 0 and s € (0,1) set

{f(s+t), s+t<l1,

TWHE) =1, s+i>1.

From Exercise 2.3 we know that 7'(+) is a Cp—semigroup. Show that its generator
is given by Au =’ on D(A4) = {u e WH0,1)|u(1) = 0}.

EXERCISE 3.4. A Cp—semigroup T'(-) is called quasicontractive if there is a
number w € R such that ||T(¢)|| < e“* holds for all ¢ > 0. Characterize the gen-
erators of such Cp—semigroups as in Theorem 3.8 (without using Theorem 3.11).

Find an equivalent norm on X = Cy(R) such that the left translation group
is not quasicontractive for this norm.
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LECTURE 4

Dissipative operators and the Lumer-Phillips
theorem

In this lecture we first characterize the generators of Cy—groups in the spirit of
Theorem 3.11. It turns out that an operator A generates a Cy—group if and only
if A and —A generate Cy—semigroups corresponding to forward and backward
time. Afterwards we focus again on contraction semigroups and describe their
generators by means of the Lumer-Phillips theorem (which will be extended to
the group case in the next lecture). To explain the relevance of the Lumer-
Phillips theorem, we recall the Hille-Yosida theorem from the previous lecture.

THEOREM 3.8. A linear operator A generates a contraction semigroup T'(+)
if and only if A is closed, densely defined, (0,00) C p(A) and

IR A < 5 (3.8)

holds for all X > 0. In this case Cy = {z € C| Rez > 0} belongs to p(A) and
we have [|[R(A\, A)"|| < (ReX)™™ for alln € N and )\ € C;..

Often the estimate (3.8) is hard to verify in examples, in particular since
it involves the usually unknown resolvent. In the Lumer-Phillips theorem the
assumption (3.8) will be replaced by conditions on A itself, namely its “dissipa-
tivity” and a range condition. As we will see, this result is very powerful in many
important applications. For this reason we discuss the notion of dissipativity
in more detail below.

Our first lemma provides the essential step for the subsequent characteriza-
tion theorem for generators of Cy—groups.

LEMMA 4.1. Let T(-) be a Cy—semigroup and to > 0 such that T(to) is in-
vertible. Then T(-) can be extended to a Co—group (T'(t))icr.

PROOF. Take M > 1 and w € R such that | T(¢)|| < Me“! holds for all
t >0 and set ¢ := || T(to)}|. Let 0 <t <ty. We then have
T(to) =T(to —t)T(t) =T ()T (to — 1),
I ="T(tg) " (tg —t)T(t) = T(t)T(to — t)T(to) ",
so that T'(t) has the inverse T'(to) 1T (to — t) with norm less than or equal to
M, = cMelwlto, Furthermore, let ¢ = nty + 7 for some n € N and 7 € [0, ty).

In this case T(t) = T(7)T(tp)" has the inverse T(to) "T(7)~!. Consequently,
T(t) is invertible for all ¢ > 0 and we can define T'(t) := T(—t)~! for t < 0.
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This definition gives a group since for ¢,s > 0 we can calculate
T(~0)T(=s) = T(t) " T(s)"" = (T()T(H) ™ = T(s + 1)~ = T(—s5 — 1),
T(—t)T(s) = (T(s)T(t — 5)) " 'T(s) = T(t — s)"'T(s) 1T (s)
=T(t—s) ' =T(s—1) for t > s,

T(—t)T(s) =T@t) ' TH)T(s—t)=T(s—t)  for s>t,

and similarly for T'(s)T'(—t). Let t € [0,tg] and = € X. We then obtain
IT(=t)z — x| = [|T(=t)(x = T(t)z)| < Millz = T(H)z] — 0

as t — 0. Hence, (T'(t))ter is a Co—group by Lemma 2.5. O

THEOREM 4.2. Let A be a linear operator, M > 1 and w > 0. The following
assertions are equivalent.

(a) The operator A generates a Co—group (T(t))icr with ||T(t)| < Me*

for allt € R.
(b) The operator A generates a Co-semigroup (T (t))i>0 and —A with
D(—A) := D(A) generates a Co-semigroup (T_(t))i>0 such that

| T%(t)]| < Me“t for all t > 0.
(c) The operator A is closed, densely defined and for all X\ € R with |\| > w
we have X € p(A) and |R(\, A)"|| < M|\ —w)™™ for all n € N.
If any (and thus all) of these conditions is (are) fulfilled, then T (t) = T(t) and
T_(t) = T(—t) for allt > 0. Moreover, for all A\ € C with |Re A| > w we obtain
A€ p(A) and ||R(N, A)"|| < M(|ReA| —w)™™ for all n € N.

ProoOF. “(a)=(b)”: Setting T (¢t) := T'(t) and T_(t) := T'(—t) for t > 0,
one obtains Cy—semigroups with generators Ay. Since there exists % T(0)z =
Az for all z € D(A), we have A C +A;. To show the converse, first let
x € D(A4) and ¢ > 0. We compute

LI - ) = T4 (e —2) — Ay,

as t — 0, where we use Lemma 2.9. Hence, x € D(A). Similarly, for x € D(A_)
and t > 0 we derive

—LT(~t)r—z)=—1(T-(t)z —2) — —A_x,

Ttz —2)=-THHT-(t)z—z) — —A_z

as t — 0, so that x € D(A). Therefore A = £A,.

“(b)=(c)”: For A > w, the assertion follows from Propositions 3.3 and 3.4.
For A < —w, we recall that p(A) = — p(—A) with R(\, A) = —R(—X\,—A4). So
we also obtain the asserted estimate for A < —w. In the same way one shows
the last assertion involving Re A.

“(c)=(a)”: By Theorem 3.11, A and —A generate the Cy—semigroups
(T4 (t))e>0 and (T(t))+>0, respectively (arguing for —A as in the previous step).
Let x € D(A) = D(—A) and t > s > 0. Proposition 2.8 and Lemma 2.9 imply

ST ()T (3)2) = T4 ()~ AT (s)a + T4 () AT (s) =0,
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and hence T} (t)T-(t)x = x. Analogously, one obtains T (¢)T'(t)x = x. By
approximation, it follows that I = T (¢)T-(t) = T—(t)T+(t). Lemma 4.1 thus
allows to extend the Cy—semigroup 7' () to a Co—group with generator B. We
have B C A by definition and so A = B due to Lemma 3.6 and s(B) < co. O

We note that the above proof relies on Theorem 3.11 which was only shown
for M = 1. However, we will use Theorem 4.2 just for this case.

We now change the topic and discuss the concept of dissipativity which is
crucial for the Lumer-Phillips theorem.

DEFINITION 4.3. The duality set J(z) of x € X is defined by
J@) = {a" € X*[(z,2") = |o|* = [l"|*} .

A linear operator A is called dissipative if for each x € D(A) there is an z* €
J(x) such that Re(Az,z*) < 0.

The Hahn-Banach theorem ensures that J(xz) # () for every x € X (see
Exercise 4.2). We often use that [|z| = ||z*| if 2* € J(z). In the standard
function spaces, elements in the duality set can be computed explicitly.

EXAMPLE 4.4. (a) Let X be a Hilbert space with scalar product (-|-) and
let z € X. We show that J(z) = {(-|x)}. Clearly, y* = (-|z) € J(z). Let
y* € J(x). Riesz’ representation theorem gives a unique y € X such that
(z,y*) = (z|y) holds for all z € X, and |ly|| = ||y*||. From y* € J(z) we then
deduce

el =1yl and  (2ly) = ll=[/ ]l (4.1)

The last identity shows that x and y are linearly dependent (due to the char-
acterization of equality in the Cauchy-Schwarz inequality). In view of the first
equality in (4.1) there thus exists a € C with |a| = 1 and = = ay, so that x =y
by the second part of (4.1). &
(b) Let E = LP(B) for p € [1,00) and a Borel set () # B C R Further, let
f € E\ {0}. We isometrically identify E* with L (B) (via the usual duality
pairing), where p’ := p%l for p > 1 and 1’ := co. We show that the function

9= I FIfP
belongs to J(f), where % := 0. (More precisely the functional h +— [ ghdz on
E is contained in J(f).) We set f*:= f|f|P=2. For p = 1, we have || f*||o = 1.
For p > 1, it holds

p—

1
15 = ([ o075 an) 7 =

In both cases it follows that ||g||,y = || f||p. Finally,

(o= [ fgda =S [ 12T - fda = 17127 111 = 112

so that g € J(f). We even have J(f) = {g} if p € (1, 00), see Exercise 4.2. <
(c) Let § # U C R be open and E = Co(U). For f € E there is an z9 € U
with |[f(x0)| = || fllee- Set ©(g) := f(xo)g(xo) for g € E. Then ¢ € J(f)
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since ¢ € E*, [l¢|| = |f(w0)| = [|Iflloc and o(f) = |f(20)|* = [If|%. The same
construction works on E = C(K) for compact K C R

We next characterize dissipativity linking it to the Hille-Yosida estimate (3.8).

PROPOSITION 4.5. A linear operator A is dissipative if and only if
[Az — Az > Allz]|

holds for all A > 0 and x € D(A). If A generates a contraction semigroup T'(-),
then A is dissipative and we have Re(Azx,x*) < 0 for all x € D(A) and even
for all z* € J(x).

PRrROOF. 1) Let A generate the contraction semigroup 7'(-), x € D(A) and
x* € J(x). The contractivity implies

Re(A,a*) = lim Re(H(T(t)z — 2), ") L(Re(T(t)z,2*) — ||z||?)

=1
t—0t

< limsup ¢ (||| - ||| - [|«[?*) = 0.
t—0

2) Let A be dissipative and = € D(A). There is an z* € J(x) such that
Re(Az,z*) < 0. So we obtain for each A > 0 that

)\Hx\|2 < Re(Mz,2™)) — Re(Ax, 2™) < |[(Ax — Az, 2™)| < || Az — Ax|| - ||z¥]|.

Hence, A||z|| < |[A\x — Az|| since ||z| = ||=*||.

3) Assume that |[Ax — Az|| > A||z|| holds for all A > 0 and =z € D(A). We
first show the dissipativity of A if X is a Hilbert space since this case is very
easy to treat. Here the assumption leads to

Na|? < [z — Az||? = N||z]|* — 2A Re(Az[z) + || Az||?
which is equivalent to
Re(Az|z) < 55 ||Az|%.
Letting A — oo, the dissipativity follows in view of Example 4.4.
We turn back to the case of a general Banach space X. Assume without

loss of generality that ||z|| = 1. Take y§ € J(Az — Ax). Because of ||y3]| =
|Ax — Az|| > A||z|| = A > 0, we have y} # 0. Set 2} = ”y—l*Hyj‘\ for A > 0. We
A

then obtain [|z}|| =1 as well as

1
A< |[Ax — Az|| = w()\x — Az, yy) = Re(Az — Az, z3)

= ARe(z, 2}) — Re(Az, z}) < min{\ — Re(Az, z3), ARe(z,z}) + || Az||}.

As aresult, Re(Az,2}) < 0and 1—}||Az|| < Re(z,z}) for all A > 0. We restrict
x3 to the two dimensional subspace £ = lin{z, Az} of X. Since ||z3|| < 1, there
are a functional y* € E* and a sequence A\; — oo such that a:”;\j — y*in E* as

j — oo. Then Re(Az,y*) < 0 and Re(z,y*) > 1. The Hahn-Banach theorem
now yields z* € X* satisfying [|z*|| < 1, Re(Az,z*) <0 and 1 < Re(x,z*). It
remains to check z* € J(x). We note that

1 < Re(z,2%) < [(z,2")| < [lof| - 7] = [27] < 1.
Hence, 1 = [|z*|| = ||z|| = (z,z*) and so z* € J(x). O
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We next discuss the dissipativity of certain differential operators of first order.

EXAMPLE 4.6. (a) Let X = Cy(R). Let b,c € Cy(R) be real-valued. Define
Au = by’ + cu with D(A) = C}(R). We show that A — ||c[|oo] is dissipative.
In fact, take u € D(A) and let ¢ € J(u) be given by ¢(v) = u(sg)v(so), where
|u(so0)| = ||ul|leo (see Example 4.4). We then have

Re{Au — [leloctty #) = b(50) Re(w(50)1(50)) + (€(50)  lllloe) Re(m(s0)u(50))
< b(s0) Re(ﬂ(so)u/(so)).
We set h(s) := Re(@(so)u(s)) for s € R. Clearly, h € C3(R) is real-valued and
[u(s0)[* = h(s0) < [[Allss < |u(so)l - [ulloo = |u(s0)[?
so that h(sp) = max h. Hence, h’(so) =0 and Re(Au — ||c]|cou, ) < 0. &

(b) Let X = L?(R) and A = —S with D(A) = CL(R). For u € D(A) we have
u € J(u) by Example 4.4 (b). Integration by parts yields

9 Re(Au, @) = (Au, ) + (Au, @) = / Wuds + / @uds =0,
R R

Hence, A is dissipative (but not closed as one easily checks). &

()LetX—Lz(Ol) A; = & and D(4;) = {u e CY([0,1]) |u(j) = 0} for
j €1{0,1}. (D(A;) is considered as a subspace of X.) For u € D(4;), we take
again w € J(u) and obtain

1
2Re<Aju,ﬂ>:/ uuds—l—/ uuds-uu’o u(1)> = Ju(0)[%
0

Hence, A is dissipative. Moreover, Ag + wl is not dissipative for any w € R,
since we can find a function u € D(Ap) (depending on w) such that

Re(Aou + wu, @) = 3|u(1)[* + w||ull2 > 0.
(Note that here {u} can be identified with J(u) by Example 4.4.) &

The examples (b) and (c) can be extended to LP with p € [1,00). In these
examples, we have encountered dissipative, but non-closed operators. To find
closed extensions of them, we will need Sobolev spaces introduced in the next
lecture, and the concepts of closability and of the closure of a linear operator
A. These concepts also play an important role in the Lumer-Phillips theorem.
We discuss them in the next intermezzo.

Intermezzo 2: Closable operators

Often one initially defines an operator on a subspace of “good vectors” to
simplify calculations. It may happen that the operator is not closed, and one
then looks for closed extensions. So we are led to the next definition.

DEFINITION 4.7. A linear operator A is called closable if it possesses a closed
extension. Using part (c) of the next lemma, for a closable operator A we define
its closure A by

D(A) := {1’ € X |3(zn)n CD(A),y € X : nhi& Ty = x,nlgngo Az, = y}, (42)
Az :=y, wherey is the vector from the definition of D(A).
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LEMMA 4.8. For a linear operator A, the following assertions are equivalent.

(a) The operator A is closable.

(b) If (xn)n € D(A) tends to 0 in X and (Axy), converges in X to some
y in X, then y = 0 must hold.

(¢) The definition (4.2) gives a closed extension of A.

If this is the case, then gr(A) = gr(A4), D(A) is dense in [D(A)] and A is the
smallest closed extension of A. Moreover, the linear operator A is closed if and

only if it is closable and A = A.

PRrROOF. “(a)=(b)”: Let B be a closed extension of A. If the vectors x,, €
D(A) C D(B) tend to 0 in X and their images Az, = Bx,, converge to some y
in X, the closedness of B implies that y = B(0) = 0.

“(b)=(c)”: Let (zn)n and (2zn)n be sequences in D(A) tending to  in X such
that (Ax,), converges to y and (Az,), converges to w in X. Then z, — z,
belongs to D(A) as well as z, — 2z, — 0 and A(z, —2z,) - y—w in X asn — oco.
We conclude y = w using the assumption (b). Therefore (4.2) defines a map
A. One easily verifies that A is linear with gr(A) = gr(A), which shows the
first part of the addendum. Hence, A is closed due to Remark 2.11 (a) and A
extends A.

“(c)=(a)”: This implication is obvious.

If B is another closed extension of A, we have gr(A) C gr(B) and thus

gr(A) = gr(A) C gr(B) because of the closedness of B, so that A C B. The

other assertions are an immediate consequence of gr(A4) = gr(A), the definition
of the graph norm and the closedness of A. O

In general, it is a tricky business to compute the closure of a linear operator.
We give some basic examples for illustration. They also highlight the crucial
impact of the choice of boundary conditions for a fixed differential operator.

EXAMPLE 4.9. (a) Let X = L'(0,1) and Af = f(0)1 with D(A4) = C([0, 1]).
This operator is not closable. In fact, the functions f,(s) = max{l — ns,0}
satisfy || fnl1 = % — 0asn — oo, but Af, = 1 for all n € N, contradicting
Lemma 4.8 (b). &

(b) Let X = C([0,1]) and Apu = v/ with D(Ap) = C1(0,1). We claim that
Ao has the closure A := % with D(A) := C}(0,1). Tt is clear that A is closed
and that Ay C A. Hence, Ap is closable and Ay C A. To show A C Ag, we
pick f € C}(0,1) and check that f € D(Ay). Take ¢, € C}(0,1) with ¢ = 1
on [1,1-110< ¢, <1and [|¢)]|e < cn for some ¢ > 0 and all n € N with

n>2. Set J, =[0,1]U [l — 1 1]. Then f, := ¢, f belongs to D(A), and we
deduce

[fn = flloo = sup |(¢n(s) = 1) f(s)| < sup [f(s)] — O,
s€Jn s€Jn

lonf" = flloe < sup |f'(s)] — 0
SeJn
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as n — oo since f, f' € Cy(0,1). We further obtain

lenflle < sup [@,(s)f(s)|+ sup ¢ (s)f(s)]

0<s<i 1-L<s<1
n n
1
[ rear
S

S

< sup cn’/ f/(T)dT‘—l— sup cn

0<s<i 0 —1<s<a
1

1
gcn/on|f’(7)|dr—i—cn/111 |f'(r)|dr — 0

as n — 0o, again because of f, f’ € Cy(0,1). Hence, Ag(pnf) = &L f + onf’
converges to Af = f’. Consequently, f € D(Ap) and thus Ay = A.

There are further closed extensions of Ay. By Exercise 4.3, A1 = %
with D(A1) = {u € C*([0,1]) | /(1) = 0} generates a Cy-semigroup on X and
o(A1) = {0}. Moreover, A3 = % with D(A3) = C*(]0,1]) has the spectrum
0(Az) = C by Example 3.5. Clearly, Ag & Ag = A G A1 G A3. We claim that
A is not a generator. In fact, Lemma 3.6 and A & A; yield p(A) N p(A1) = 0.
Since Au # 1 for all u € C}(0,1), A is not surjective and so 0 € (A). It follows
that p(A) = (), implying the claim.

On the other hand, also Ay = £ with D(As) = {u € C'([0,1])|u(0) = 0}
is not a generator on X (because D(Az) # X), and we have A G Ay G As.
Moreover, A1 and Ay are not comparable.

Summing up, here the “minimal” operator A and the “maximal” operator
A3z do not generate Cy—semigroups. Between them there are various, partly
noncomparable operators with differing boundary conditions (so—called “real-

izations” of %) which may or may not be generators. &

We now use the concept of a closure in the context of generators A showing
a criterion for “cores” D of A needed later. A core is a linear subspace of D(A)
which is dense for the graph norm of A. It is easy to see that for a closable

operator A and D C D(A) one has A|p = A if and only if D is a core of A (and
then also for A). In this sense, A is determined by its restriction to a core.

PROPOSITION 4.10. Let A generate the Co—semigroup T'(-) on X. Let D C
D(A) be a linear subspace which is dense in X and satisfies T'(t)D C D for all
t>0. Then D is a core for A.

PROOF. Let x € D(A). By Proposition 3.3, the function T'(-)x belongs to
C(R4,[D(A)]). For each n € N we can thus fix 7 = 7(n,x) € (0, 1] such that

1 /7 1
H;/o T(t)xdt — xHA < o
Observe that the above Riemann integral coincides with the Riemann integral of
the function T'(-)x : Ry — (X, || - ||) because ||y|| < ||ly||4 holds for all y € D(A)
and thus the respective Riemann sums have the same limit.

Since D is dense in X, there is a sequence (ym)m in D converging to z in X.
We define @, := 1 [ T(t)ym dt for m € N. Due to T(t)yn, € D C D(A) for

all ¢ > 0, the vector z,, belongs to the closure D" of D in [D(A)]. We have

37



supyepo,1 1T'(t)|| =: € < oo. Employing Lemma 3.2, we can now estimate
1 T
&~ zmlla < o~ f/ T(t)a di
T Jo A

0oy s f 70~
o+ Clle = ymll + HI(T(r) = (@ — ym)l
e+ (C+ 11+ Oz = yml-

IA A

It follows that im sup,, o |2 — Zm|la < 5. Since z, € 5'4, for each n € N
we can now find a vector z, € D such that ||z — z,[|a < L. O

We now come back to the main theme of this lecture and prove several prop-
erties of dissipative operators including their closability.

PROPOSITION 4.11. Let A be dissipative. Then the following assertions hold.

(a) For all A > 0 the operator A\I — A is injective and for y € R(A] — A) =
(M — A)(D(A)) we have [|(\ — A)~'y|| < ly]-

(b) Let \gI — A be surjective for some Ao > 0. Then A is closed, (0,00) C
p(A) and ||[R(\, A)|| < 3 for all A > 0.

(¢) If D(A) is dense in X, then A is closable and A is also dissipative.

PROOF. Assertion (a) immediately follows from Proposition 4.5.

(b) If the assumptions in (b) hold, then part (a) implies that Ao/ — A has an
inverse with a norm less than or equal to )\—10; in particular, A is closed. For any
A € (0,2X), it holds |[A — Ao| < Ao < ||[R(Ao, A)||~F and hence A € p(A) due
to (2.8). This argument shows that we have (0,2)) C p(A4) and thus (0, 3\] C
p(A), whenever A € p(A) is fulfilled. As a consequence, one inductively obtains
(0,(2)"X\o] C p(A) for all n € N arriving at (0,00) C p(A). The asserted
estimate for R(\, A) is an immediate consequence of part (a).

(c) Assume that D(A) = X. We want to prove the closability of A by means
of Lemma 4.8. Let (z,), be a sequence in D(A) such that =, — 0 and Az, — y
in X as n — oo for some y € X. Due to the density assumption, there is a
sequence (yp)n in D(A) converging to y in X. Take any A > 0 and n,m € N.
Proposition 4.5 then implies

A = Az + (M = A)ym| = [[(A = A) Az + ym) | = M[A2n + yim]|
Letting n — oo, we deduce || — Ay + (A — A)ym|| > A||ym||, or equivalently,

I = 5 A)ym = yll = [lyml-

As X — oo, it follows that ||ym — yl| > ||lym||. Taking the limit m — oo,
we conclude y = 0. Lemma 4.8 then shows that the operator A is closable

and that for x € D(A) there are z, € D(A) such that lim, . 2z, = x and
limy, 00 Az = Az in X. From Proposition 4.5 we can now infer the estimate

Az — Az| = lim [[Az, — Az,|| > X lim ||z,,]| = Al|z]|,
n—oo n—oo
and thus the dissipativity of A. O
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Propositions 4.5 and 4.11 and the Hille-Yosida theorem now imply the Lumer-
Phillips theorem. It characterizes generators of contraction semigroups by the
density of their domain, their dissipativity and a range condition. In applica-
tions one often uses part (a) for closed A, where A = A.

THEOREM 4.12 (Lumer-Phillips, 1961). Let A be linear and densely defined.
Then the following assertions hold.

(a) If A is dissipative and Aol — A has dense range for some Ao > 0, then
A is closable and A generates a contraction semigroup.

(b) If A is dissipative and N\l — A is surjective for some Ao > 0, then A
generates a contraction semigroup.

(c) If A generates a contraction semigroup, then A is dissipative, C4 C

p(A) and ||[R(\, A)|| € w1 for all X € Cs.

PROOF. (a) Proposition 4.11 tells us that A possesses a dissipative closure.
Moreover, the range of A\gI — A contains that of \gI — A and it is thus dense. For
a given y € X, we can now find elements z,, of D(A) such that y,, := Aoz, — Az,
converge to y in X as n — oo. Since A is dissipative, we have

lzn — 2l < 5510l = A)(@n — 2m) || = 55190 — ym|

for all n,m € N thanks to Proposition 4.5. Therefore (z, ), has a limit « in X.
Hence, the vectors Ax,, = Aoz, — yn tend to \ox —y as n — oo. Due to the
closedness of A, the vector z belongs to D(A) and Az = Aoz —y so that Aol — A
is surjective. Proposition 4.11 and Theorem 3.8 now imply assertion (a).

(b) Proposition 4.11 says that A is closed if A\og/ — A is surjective. Part (a)
now shows that A = A generates a contraction semigroup.

(¢) This assertion can be deduced from Propositions 4.5 and 3.4. O

We conclude with a simple example for Theorem 4.12, namely the second
derivative with Neumann boundary conditions on C([0,1]). More examples
and further discussions are given in the next lecture.

ExAMPLE 4.13. Let X = (([0,1]). We want to show that Au = u”
with D(A) = {u € C?([0,1]) | v/(0) = /(1) = 0} satisfies the conditions of the
Lumer-Phillips theorem and thus generates a Cyp—semigroup on X.

To see D(A) = X, let f € C([0,1]). Fix a function ¢ € C2([0,1]) with
©(0) = 1 and ¢/(0) = 0 and supp ¢ C [0, 3). Set ¥(t) = p(1 —t) for t € [0,1]
and g = f—@f(0) =1 f(1) € Cp(0,1). As in Example 3.9 one obtains functions
v, € C°(0,1) that converge to g uniformly. Hence, the maps w, = v, +
of(0)+1f(1) € D(A) tend to f in X as n — oo.

To show the dissipativity, we proceed as in Example 4.6. Let u € D(A) and
fix a point so € [0,1] such that |u(sp)| = ||u||ec. Then the functional ¢(f) =
u(s0) f(s0) belongs to J(u). Moreover, the function h = Re(u(so)u) € C%([0,1])
attains its maximum at so and Re(Au, p) = Reu”(s9)u(so) = h”(sp). Hence,
Re(Au,p) < 0 if sg € (0,1). If sp = 0, then for each s > 0 Taylor’s formula
gives a number o € [0, s] such that h(s) = h(0) + %h”(a) since u € D(A) yields
W(0) = 0. Thus, ’(c) = % (h(s) — h(0)) < 0. Letting s — 0", we deduce
Re(Au, p) = h”(0) < 0. The case sy = 1 is treated in the same way.
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For the surjectivity of I — A, take f € C([0,1]) and set
1 rl
u(s) = ae® +be ° + 5/ e lTlr(r) dr (4.3)
0

for s € [0,1] and constants a,b € C to be determined, depending on f. A
straightforward computation shows that u € C2([0,1]), u — u” = f and

W (0)=a—-b+ ;/1 e " f(r)dr, (1) = ea — %b— /1 e’ f(r)dr.
0 0

There are a,b € C with «/(0) = u/(1) =0, i.e., u€e D(A) and u — Au = f.
A more detailed analysis of such differential operators on intervals (including
a motivation of the ansatz (4.3)) can be found in Section VI.4 of [EN99].

Exercises

EXERCISE 4.1. Let T'(t) € B(X), t > 0, have locally bounded norms such
that T'(0) = I and T'(t + s) = T(t)T(s) for t,s > 0. We set

Xo={z e X|T({t)x —zast—0}.
Show that X is a closed subspace of X, that T'(¢) Xy C Xy for ¢ > 0 and that
the restrictions Ty(t) := T'(t)|x,, t > 0, form a Cp—semigroup on Xj.
EXERCISE 4.2. Let X be a Banach space and x € X. Show that
J@) = {a* € X*|(m,2") = ||z[* = [*|*}

is not empty:.

A Banach space Y is called strictly conver if for all x,y € X with [|z| =
lyll =1 and ||z + y|| = 2 we have x = y. Show that J(x) contains exactly one
element for each z € X if X* is strictly convex. (Remark: LP spaces are strictly
convex for p € (1,00), see (15.5) and (15.8) in [HS65].)

EXERCISE 4.3. Let X = (C([0,1]). Define Au = « with D(A) =
{u e C*([0,1]) |«/(1) = 0}. Show that A is dissipative, o(A) = {0} and that A
generates a contraction semigroup. Determine this semigroup.

EXERCISE 4.4. Let F € C*(R% R?) have a bounded derivative. It is known
that there is a function ¢ € C'(R x R? R?) such that

dp(t,z) = F(o(t,x)) for (t,z) € R x RY,

o(t,p(s,x)) = @(t + s,7) and p(0,2) = = for all 5,t € R and x € R% Set
d

E = COE]R ) an(f
(T(t)f)(x) = flo(t,z)) for (t,z) e R x R and f € E.

Show that T'(-) is a contractive Cp—group on E with generator A, where A is
the closure of Ag given by (Agu)(x) = F(z) - Vu(x) and D(Ag) = CL(RY).
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LECTURE 5

Stone’s theorem and the Laplacian

In the previous lecture we have shown the Lumer-Phillips Theorem 4.12,
which says among other things that

if A is dissipative, D(A) = X and R(M\I — A) = X for some

Ao > 0, then A generates a contraction semigroup.
In this lecture we first establish several variants of this result and deduce a
characterization of generators of isometric groups. This characterization then
implies Stone’s famous theorem stating that precisely the skewadjoint operators
generate unitary Cp—groups on Hilbert spaces. In the remainder of the lecture
we then discuss the Laplacian in two simple settings: in L?(RY) and in L?(U)
with Dirichlet boundary conditions, where U C R? is open and bounded. We
show that these “realizations” of the Laplacian are dissipative and selfadjoint
(and thus generate Cy—semigroups).

These facts play a crucial role in our main applications to wave and
Schrodinger equations. Here the Hilbert space setting arises naturally in view
of the physical background. It also allows to establish the desired properties
of the Laplacian by elegant functional analytic tools. This approach relies on
Sobolev spaces and weak derivatives. Actually, we do not need many deep
results about these spaces. The relevant information is recalled below in an in-
termezzo. We also provide a rather long appendix containing the proofs and an
introduction to this large subject. We further use basic facts about the Fourier
transform and selfadjoint operators which are collected and proved in two more
appendices. Again we list the relevant results in the intermezzo.

We first come back to the Lumer-Phillips Theorem 4.12 and discuss the range
condition via duality theory. To this aim, for a linear operator A in X with
dense domain, we define its adjoint A* by

A*z* :=y* for all ¥ € D(A"), where y* is taken from
D(A") :={z" € X" |y € X" Vz € D(A) : (Az,2™) = (z,y")}.
This means that (Az, z*) = (x, A*z*) for all z € D(A) and all 2* € D(A*), and
D(A*) consists of all * € X* for which this operation works. It turns out that

this is the correct definition to develop the theory. To get some experience with
adjoints, we discuss several basic properties of adjoints in the next remark.

(5.1)

REMARK 5.1. Let A be a densely defined linear operator in X.

(a) Since D(A) is dense, there is at most one vector y* = A*z* as in (5.1),
so that A* : D(A*) — X* is a map. It is clear that A* is linear. If A € B(X),
then D(A*) = X* and (5.1) coincides with the definition of A* usually given in
courses on functional analysis. &
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(b) The operator A* is closed in X* (though A does not need to be closed). In
fact, let 2, € D(A*), * € X*, and y* € X* such that z}, — z* and A*z}), — y*
in X* as n — oo. For every x € D(A) we then compute

(x,y") = nh_)ng()(a:,A xy) = 7}1_)ngo<Ax,a:n> = (Azx, z*).

As a result, * € D(A*) and A*z* = y*. &

(¢c) If T € B(X), then the sum A+ T with D(A+T) = D(A) has the adjoint
(A4+T)* = A*+T* with D((A+T)*) = D(A*). To verify this fact, let z € D(A)
and z* € X*. We obtain

(A+T)z,z*) = (Az, 2*) + (z, T*z*).

Hence, z* € D((A+ T)*) if and only if 2* € D(A*), and then (A + T)*z* =
2 0 A S s %

(d) If T € B(X), then the product TA with domain D(T'A) = D(A) has
the adjoint A*T™* with domain D(A*T*) = {z* € X*|T*2z* € D(A*)}. This
fact can be shown analogously as part (c). From (c) and (d) it follows that
(M — A)* =X — A* for A € C. &

The next result allows to replace the range condition in the Lumer-Phillips
theorem by the injectivity of A\I — A* for some A > 0. If one knows the adjoint
of A, the injectivity should be much easier to check than the range condition.
However, in applications it is often very hard to compute A* (namely D(A*))
directly. Nevertheless, Corollary 5.2 is used in the proof of Stone’s theorem.

COROLLARY 5.2. Let A be dissipative and densely defined. If A\I — A* is in-
jective for some X\ > 0, then A generates a contraction semigroup. (By Propo-
sition 4.11, \I — A* is injective for all X > 0 if A* is dissipative.)

PROOF. Due to Theorem 4.12, it suffices to show that AI — A has dense
range. Let z* € X* annihilate R(AI — A); i.e., (M — A)x,z*) = 0 = (z,0)
for all z € D(A). This fact leads to z* € D(A*) and Az* — A*z* = 0. The
injectivity assumption now yields z* = 0. A corollary to the Hahn-Banach
theorem then implies the density of R(AI — A). O

Usually the density of the domain of an operator is relatively easy to check.
Still it is a nice fact that one gets it for free in the context of the Hille-Yosida
theorem if X is reflexive.

PrOPOSITION 5.3. Let X be a reflexive Banach space and A be a closed
operator in X such that (w,00) C p(A) and ||R(X, A)|| < % for all X\ > w and
some constants M,w > 0. Then D(A) is dense in X. In particular, if A is a
dissipative operator on a reflexive Banach space such that A\gI — A is surjective
for some \g > 0, then A generates a contraction semigroup.

Proor. Let £ € X and n € N with n > w. Then the vectors x, =
nR(n, A)x belong to D(A) and are uniformly bounded in X. Since X is reflexive,
the Banach-Alaoglu theorem gives a subsequence (z,,,); and a vector z € X such

that z,, converges weakly to z as j — oo. Since D(A) is closed and convex,

we obtain z € D(A), see e.g. Theorem 3.7 in [Brell]. We now show z = z

to deduce D(A) = X. We first note that the vectors y, = R(w + 1, A)x,, =
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nR(n, A)R(w + 1, A)z also belong to D(A) and converge to R(w + 1, A)z =: y
in X as n — oo due to Lemma 3.7 (because of y € D(A)). We thus obtain the
weak limits

ynj —Y and Ayn] = (1 +w)ynj - xnj - (1 + w)y —zZz2=0

as j — 0o. As above, we infer that (y,v) is contained in gr(A) = gr(A) so that
Ay = v. Consequently, z = (1 + w)y — Ay = z belongs to D(A).

If A is dissipative and R(Ag/ — A) = X for some \g > 0, then A is closed,
(0,00) C p(A) and ||AR(X, A)|| <1 for all X > 0 due to Proposition 4.11. The
first part thus yields that D(A) = X and the second assertion now follows from
the Hille-Yosida Theorem 3.8. U

We next use the Lumer-Phillips theorem to characterize the generators of
isometric Cy—groups.

COROLLARY 5.4. Let A be linear. The following assertions are equivalent.

(a) The operator A generates an isometric Co—group T(-), i.e., | T(t)z| =
|z|| for allz € X and t € R.

(b) The operator A is closed and densely defined, A and —A are dissipative
and A\ — A and A + A are surjective for some A > 0.

(¢) The operator A is closed and densely defined, R\ {0} C p(A) and
|R(AA)|| < ‘—}\l for all X € R\ {0}.

PrROOF. The Lumer-Phillips Theorem 4.12 says that (b) holds if and only
if A and —A generate contraction semigroups. Theorem 4.2 then implies the
equivalence of assertion (b) and (c), and it shows that (b) holds if and only if
A generates a Cp—group of contractions T'(t), t € R. It remains to prove that a
contractive Cy—group T'(-) is already isometric. Indeed, we have

1Tz < llzl = |1T(=)T @[] < [T(=O)INT@)|| <[ TE)]
for all z € X and all ¢ € R, so that T'(t) is isometric. O

In the Hilbert space setting, the above result leads to Stone’s theorem on
unitary groups. To this aim, we have to recall a few more concepts.

DEFINITION 5.5. Let X be a Hilbert space with scalar product (-|-). A linear
operator A on X is called symmetric if

Va,y € D(A) : (Azly) = (z|Ay).
Let A be a densely defined linear operator on X. Then its Hilbert space adjoint
A’ is given by
Aly =2  forally € D(A"), where z is taken from
D(A):={ye X |3z€ XVzeD(A): (Az|y) = (z]2)},
cf. (5.1). A densely defined linear operator A is called selfadjoint if A = A’ and

skewadjoint if A’ = —A. Finally, an operator T € B(X) is called unitary if it
is invertible with T~! = T' € B(X).
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Besides A’ there also exists the adjoint A* in X*. These two operators are
related via Riesz’ representation theorem, cf. (C.1) in Appendix C.

Observe that a densely defined linear operator A is symmetric if and only if
A C A’. Moreover, A is skewadjoint if and only if iA is selfadjoint. We point out
that selfadjointness and skewadjointness mean in particular that D(A) = D(A").
We further remark that symmetry is relatively easy to check in many examples,
whereas selfadjointness or skewadjointness (mainly the equality D(A) = D(A"))
often is very hard to verify. On the other hand, these properties have far
reaching consequences as in Stone’s theorem below.

We collect several properties of the Hilbert space adjoints and of selfadjoint
operators in the next remark, see Appendix C for more details. Property (f) is
used below to prove the selfadjointness of the Dirichlet Laplacian.

REMARK 5.6. Let A be a densely defined operator in a Hilbert space X.
Then the following assertions hold.

(a) As in Remark 5.1 one sees that A’ is closed in X. In particular, a sym-
metric, densely defined, linear operator is closable with A C A’ (since A C A’).

(b) Parts (c) and (d) of Remark 5.1 hold for A’ in a similar way. But note
that (al) =@l for a € C.

(c) Let A be closed. Then o(A4’) = {\| X € 6(A)} by (C.2) in Appendix C.

(d) If A is symmetric, then also A is symmetric. In fact, for z,y € D(A)
there are x,,,y, € D(A) with x, — z, y, — vy, Ax, — Az and Ay, — Ay in X
as n — oo. It follows

(Azly) = lim (Azalys) = lim (24| Ay,) = (| y).

(e) There are symmetric closed operators which are not selfadjoint, see Ex-
ample C.10 in Appendix C.

(f) Let A be closed and symmetric. Then A is selfadjoint if and only if
o(A) C R. Moreover, if p(A) NR # ), then o(A) C R. See Theorem C.9.

We can now derive Stone’s theorem from the Lumer-Phillips theorem. Al-
ternatively Stone’s theorem also follows from the spectral theorem, see Section
VIL4 in [RS72]. We will use Stone’s theorem to solve the linear Schrédinger
equation in a later lecture. In fact, this theorem is a cornerstone of the mathe-
matical foundations of quantum mechanics.

THEOREM 5.7 (Stone, 1930). Let X be a Hilbert space and A be a linear
operator on X with dense domain. Then A generates a Cy—group of unitary
operators if and only if A is skewadjoint.

PrROOF. 1) Let A’ = —A. For € D(A) = D(A’), we have J(z) = {ps}
where @, := (- |z) (see Example 4.6). We compute

(Az, pz) = (Az|r) = —(2]Az) = —(Az|z) = —(Az, ¢z),

so that Re(Ax,p,) = 0. Hence, A and A’ = —A are dissipative as well as
A" = (—A) = A. We note that for a Hilbert space X, Corollary 5.2 holds with
the same proof if one replaces A* by A’. Hence, A and A’ generate contraction
semigroups, so that A generates a Cy—group (7T'(t))ier of invertible isometric
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operators due to Corollary 5.4. A result from functional analysis then implies
that each T'(¢) is unitary (see Proposition C.7 in Appendix C).

2) Let A generate a unitary Co—group (T'(t));er. Since T(t) = T(t)~! =
T(—t) for t > 0, the family (T'(t)")i>0 is a contraction semigroup with the
generator —A by Theorem 4.2. For z,y € D(A) we thus obtain

(Azly) = lim(3(T(t)x — )|y) = lim(2[1 (T(1)'y — y)) = (2] = Ay),

ie.,, —A C A’. We further know from Theorem 4.2 that o(A) C iR. Since
o(A) ={X|X € o(A)} CiR by Remark 5.6 (c), Lemma 3.6 yields —A = A’. [

In our main applications the Laplacian in an L% setting plays a crucial role.
To investigate this operator, we need weak derivatives, Sobolev spaces and the
Fourier transform. These topics are discussed in the next intermezzo. The
proofs and much more background material can be found in the corresponding
appendices D and E.

Intermezzo 3: Weak derivatives, Sobolev spaces and the Fourier
transform

The classical derivative does not fit well to LP spaces since it is based on a
pointwise limit. Instead, one uses on LP spaces the so called weak derivative.
In its definition one requires that one can integrate by parts against functions
p € Cg°, which is well adapted to integrable functions.

Let ) # U C R? be open, k € N and p € [1,00]. A function u € LP(U)
has a weak derivative v in LP(U) with respect to the jth coordinate for some
j€{1,...,d} if there is a function v € LP(U) such that

/uajgodx: —/ vpdx (5.2)
U U

forall ¢ € C2°(U). The function v is uniquely determined (up to a null function)
due to Lemma D.5 in Appendix D, and we put d;u := v. The set Wpl(U) of
all functions u in LP(U) possessing weak derivatives in LP(U) with respect to
all coordinates is called a Sobolev space. The linear space WPI(U ) becomes a
Banach space when endowed with the norm

/p
ullp + C‘l* dju p) ) if p < oo,
Hqu,p = {(” HP ijl | j ||p | D
maszlw,d{nu”oov HajuHoo}a if p = o0,

see Proposition D.3. Here, as usual in the LP context, we identify functions
which are equal almost everywhere. For each p € [1, 00|, this norm is equivalent
to the norm given by

d
lullp + > 10ull-
j=1
Weak derivatives of higher order and the Sobolev spaces Wf(U ) are defined
analogously. We set W3 (U) = LP(U) and H¥(U) = W¥(U). Observe that (5.2)
leads to

(u, 050) Lp = /Uu8j4p de = — /U(@ju)cpdx = —(0ju, p)r»
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for all u € W)(U) and ¢ € C®(U). This definition via duality already allows
to deduce various properties of weak derivatives (e.g. their linearity). Other
properties follow by approximation. (The corresponding density results are
proved via “cut-off” functions and “mollifiers”, see Appendix D.)

In the next remark we summarize the properties of weak derivatives and
Sobolev spaces needed later on. Roughly speaking, many of the simple facts
about (classical) derivatives can be extended to weak ones if properly translated
into the LP setting. But, of course, there are several new phenomena also
discussed below.

REMARK 5.8. Let U C R? be open, k € N and p € [1,00]. Then the following
assertions hold.

(a) If u € C*(U) and u and all its derivatives up to order k belong to LP(U),
then u € W]f (U) and the classical and the weak derivatives coincide (see Re-
mark D.2).

(b) Let p < oo. A function v € LP(U) belongs to W;f(U) if and only if
there are u,, € C*(U) N W]f(U) such that u, — u in LP(U) and all derivatives
of u, up to order k converge in LP(U). We then have 0ju = lim, o Ojuy in
LP(U) and analogously for higher derivatives up to order k (see Lemma D.6
and Theorem D.13).

(c) The space C°(R?) is dense in W}?(Rd) if p < oo (see Theorem D.13).

(d) A function u € LP(a, b) (where —oo < a < b < c0) belongs to W} (a,b) :=
W;; ((a,b)) if and only if u has a continuous representative and there is a function
v € LP(a,b) such that

¢
u(t) = u(s) +/ v(t)dr forall t,s € (a,b). (5.3)

S
It then holds «’ := dyu = v and u has a continuous extension to a (or b) if
a > —oo (or b < o00). See Theorem D.10. For instance, let u(t) = |¢| and
v(t) = 1 for t > 0 and v(t) = —1 for t < 0. Then (5.3) holds, and thus

u € Wpl(—l, 1) with ' = v. See also Example D.4 for further explicit examples.
(e) (Product rule) If u € W, (U) and v € WI},(U) with ]% + z% = 1, then
wv € WH(U) and 9;(uv) = udjv +vdju for j =1,...,d (see Proposition D.7).

Let p € [1,00) and k € N. In view of Remark 5.8 (c), we define
1k ) : k
W, (U) = closure of C2°(U) in W, (U),

where we set H¥(U) = WE(U). Remark 5.8 (c) shows that Wéf(Rd) = W;(Rd).
We say that functions u € I/T/pl(U ) have the trace 0 on OU. This definition is
justified by the following result: If QU is sufficiently smooth (e.g. OU is compact
and of class C'), then the restriction map u — ulsy from W (U) N C(U) to
LP(8U, o) can continuously be extended to the trace operator tr : W, (U) —
LP(QU, o), where o is the surface measure on OU. Moreover, Wpl(U) is the
kernel of tr. (See Theorem D.27 in Appendix D.)

We continue with an upgraded version of (5.2) which will allow us to prove
the symmetry of the Laplacian on L?(R%). Let p € (1,00). Let F € Vchl(U)d
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and ¢ € Wpl/(U) or let F e W(U)% and ¢ € WZ},(U). We then have Gaufy’
formula

/gpdidex:—/ F-Vpdz. (5.4)
U U

In fact, this identity holds for, say, F' € C>*(U)% and ¢ € W;,(U) and thus (5.4)
follows by approximation. (See Theorem D.28 for a much more precise result.)
One of the most important features of Sobolev spaces is that their elements
enjoy better regularity properties than their definition directly implies. This
behavior is encoded in the embedding theorems of Sobolev and Morrey (see
Theorem D.15 and Corollary D.21). Here we only state certain basic versions:
WF(R?) < LIY(RY) ifk—9>-4  gepoo), (5.5)

Wy (RY) < Co(RY) if k—2>0. (5.6)

For open sets U C R? it further holds

Wy (U) = L(U) ifk—§>-7 q€lpoo),  (57)
WE(U) < Co(U) if k—4>0. (5.8)

As a byproduct, one further obtains Poincaré’s 1nequality
/ Vul? dz > 6ul? (5.9)
U

for each bounded open subset U C R%, p € [1,00), some 6 > 0 and all u €
W (U). (See Theorem D.15 and Corollary D.19 in Appendix D.)

The Sobolev space Wk (R?) = H¥(R?) can be treated by means of the Fourier
transform in a very efficient way. To that purpose, we recall that for a function
f € LYR¥) N L2(RY) the Fourier transform is given by

~ d

FIQ=f©)=@nt [ @), ¢eR, (5.10)

where £ -2 = &y + ... + &grg. Clearly, ||]?HOO < (27T)_g | fll1- In fact, it holds
f € Cy(RY) (see Corollary E.8 in Appendix E). Plancherel’s theorem says that
one can extend F to a unitary operator on L?(R?) which is again denoted by
F. Note that formula (5.10) does not hold with a Lebesgue integral if f is not
integrable on RY,

THEOREM 5.9. The Fourier transform extends to a unitary operator F :
L*(RY) — L2(RY) satisfying (F~'9)(y) = (Fg)(—y) for g € L*(RY) and y € R,
Let f,g € L*(R?), h € L'Y(RY), k€ N and j € {1,...,d}. We then obtain the
following assertions.
(a) (Plancherel) (ififg),;z = (flg)r2 ded fgde = [pa fgda.
(b) F(hxf) = (2m)2hf, F'(hf) = ( m) zhx f.
(c) HF(R?) = {u € I2(RY) | [elsa € L2(RY)}.
(d) Ou =iF~1(&a) for u € HY(RY).
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This result is proved in Theorems E.11 and E.14 in Appendix E. Here the
symbols [£|5 and ¢; denote the functions ¢ — |¢|5 and & — &;, respectively. The
convolution h * f € L?(R?) is given by

(b P)@) = [ he=)f)dy, @R,
see (E.3) in Appendix E.

Based on the Fourier transform we now treat the Laplacian A on L?(R%)
and show in particular its selfadjointness. Therefore, iA is skewadjoint which
is crucial for the investigation of Schrodinger equations.

EXAMPLE 5.10. We set X = L2(R%), m(¢) = |¢|3 for &€ € R,
D(A) :={u € X |mu € X} = H*(R?),

and Au := —F 'mu = Au. The latter identities follow from Theorem 5.9.

Observe that Au is a sum of weak derivatives of second order and that Au =

div(Vu). We want to show that A is dissipative, selfadjoint and o(A) =R_.
Recall that H2(R%) = H2(R%) by Remark 5.8 (c), so that (5.4) implies that

Auvdr = — Vu-V@d:c:/ uAT dx,
d R4 R4

R
/ Auﬂdaz:—/ |Vu|2dx§0
R4 R4

for all u,v € D(A). This means that A is symmetric and dissipative.
Let A € C\R_. To show the surjectivity of A\I — A, we set r\(£) = %‘52

¢ € R Clearly, ry and mr) are bounded. We define u = .7'"717",\]? for f € X.
Theorem 5.9 yields u € X, mu = mryf € X and

A—Au=F YA+ m)a=F A +m)raf = f.

Hence, u € H?(R?) and A — A is surjective. Proposition 5.3 now shows that
A generates a contraction semigroup, and thus A is closed, densely defined and
satisfies (0,00) C p(A). Since A is symmetric, Remark 5.6 (f) then implies that
A is selfadjoint and that o(A) C R. So we arrive at o(A) C R_. The equality
0(A) = R_ is shown in Exercise 5.1. &

for

We state two important consequences of the above result. First, the graph
norm of the operator A of Example 5.10 is complete on H 2(]Rd) since A is
closed on D(A) = H?(R%). The open mapping theorem then implies that || - || 4
is equivalent to the H? norm. There thus exists a constant ¢ > 0 with

d d
lullz + > 10kullz + D 10kullz < c(llullz + | Aull3) (5.11)
k=1 k=1

holds for all v € H%(R?). In other words, the graph norm of the Laplacian
dominates in the L? sense all derivatives of second and first order. This is a
truly astonishing result in view of the possible cancellations in the sum Auw.
Thanks to the Lumer-Phillips theorem, the operator A generates a Cp—
semigroup T'(-). Hence, the function u given by u(t) = T'(t)ug for ¢ > 0 and
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ug € H?(R?) belongs to C1 (R, L2(R%)) N C(R,, H?(RY)) and it is the unique
solution of the diffusion equation

u'(t) = Au(t), t>0, u(0) = wo,

in this function class. We will not study this or similar parabolic equations
in detail. In fact, their solutions have much better regularity properties than
provided by the theory presented here. For the relevant theory on “analytic
semigroups” we refer in particular to the monograph [Lun95].

To handle the Dirichlet Laplacian on a domain, we need another famous
result (due to Lax and Milgram) which turns Riesz’ representation theorem for
Hilbert space duals into one of the most useful tools for applied analysis. A map
T on X is called antilinear if T(ax +vy) =aTx + Ty for « € C and z,y € X.

THEOREM 5.11 (Lax-Milgram lemma). Let Y be a Hilbert space and a :
Y xY — C be a sesquilinear form (i.e., x — a(x,y) is linear and y — a(x,y)
is antilinear for x,y € Y ) such that

la(z, y)| < cllz| - [yl (boundedness),
Rea(z,z) > o|jz|? (strict accretivity)

hold for all x,y € Y and some constants ¢,6 > 0. Then for each 1 € Y* there
is a unique z € Y such that a(y,z) = ¥(y) for ally € Y. The map 1p — z is
antilinear and bounded.

PRrROOF. We first establish a connection between the form a and the scalar
product on Y. The map ¢, := a(-,y) belongs to Y* with ||¢,|| < ¢|ly|| for each
y € Y since a is bounded. Riesz’ representation theorem gives a unique Sy € Y
such that

(x]|Sy) = py(x) = a(z,y) forallz ey
and ||Sy|| = |leyll < cllyll. As a result, S € B(Y'). Moreover, the strict accre-
tivity yields

5llyl* < Rea(y,y) = Re(y|Sy) < |(y[Sy)| < cllyl - ISyl

for every y € Y which implies gHyH < ||Sy||. It is then easy to see that S
is injective and has a closed range R(S). If x € Y is orthogonal to R(S), we
conclude
0 = (z|Sz) = Re(z|Sz) = Rea(x, x) > §|z|?,
so that z = 0. Thus, R(S) = R(S) =Y and S is invertible with ||S~1|| < &.
Let ¢ € Y*. There is a unique v € Y such that ¢» = (-|v) thanks to Riesz’
theorem. Hence,

a(y, ™M) = (ySS™1) = (ylv) = ¥(y)
for all y € Y and the vector z := S~tv = S~!T4 € Y is the desired solution,
where T : Y* — Y denotes the antilinear isomorphism from Riesz’ theorem. If
also z € Y satisfies a(y,2) = ¢(y) for all y € Y, then 0 = a(z — 2,2 — 2) >
§|lz — Z||? as above, and thus z = 2. O

We now use the Lax-Milgram lemma to define the Dirichlet Laplacian on a
domain by means of a corresponding form.
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EXAMPLE 5.12 (Dirichlet Laplacian).
Let ) # U C R? be open and bounded and X = L?*(U). We define the

sesquilinear form

a(u,v) :/ Vu-Vudx
U

for u,v € H L(U) =: Y. We construct a selfadjoint, dissipative and invertible
operator A corresponding to a. Due to Holder’s inequality and Poincaré’s esti-
mate (5.9), the form a satisfies the conditions of the Lax-Milgram lemma. We
next introduce

D(A):={uecY|3feXWeY :alu,v)=(flv)},
Au = —f, where f is given by D(A).
Observe that here the function f is unique since Y is dense in X. Moreover,

D(A) is dense in X since C°(U) C D(A). Clearly, A is linear. To show its
bijectivity, we take f € L?(U). The map ¢y : v — (v|f) 2 belongs to Y* with

lprlly==sup [(v|f)r2| < sup [jvll2[lfll2 < If]l2-
lvll1,2<1 lvll1,2<1

Theorem 5.11 gives a unique u € Y satisfying ||ulls < ||u
and

12 < clleplly+ <l f]2
a(u,v) = a(v,u) = @r(v) = (flv)p2, ie., alu,v) = (flv)r2,

for all v € Y. Hence, u € D(A) and Au = —f so that A is bijective with a

bounded inverse. It follows that A is closed and that there is a point A\g > 0 in

p(A) since p(A) is open. For u,v € D(A) we further compute

(Au|v)2 = —a(u,v) = —a(v,u) = (Avju) 2 = (u|Av) 2,
(Au|u) 2 = —a(u,u) < 0.

Consequently, A is densely defined, symmetric, dissipative and Agl — A is surjec-
tive. Theorem 4.12 and Remark 5.6 now imply that A generates a contraction
semigroup and that it is selfadjoint. Below, we write Ap instead of A. &

In the above example we have constructed a selfadjoint operator that we
call “Dirichlet Laplacian”. Let us justify this name. First, we recall that a
function u € C(U) satisfies the “homogeneous Dirichlet boundary condition” if
it vanishes on QU. As explained after Remark 5.8 this condition is replaced by
“u e HY(U)” in the L? setting.

To explain the operator A itself, we set Agu = Au for u € D(Ag) = H?(U) N
HY(U). One may consider Ay as the “natural” Dirichlet Laplacian in L2(U).
Gauf}’ formula (5.4) then yields

(~Agul) = - [

U

for all u € D(Ap) and v € H'(U) = Y. So the operator A extends Ag. If we
assume more, namely OU € C?, known results about elliptic partial differential
equations imply that I — Ay is surjective in L?(U), see Theorems 8.3 and 8.12
in [GTO1]. Therefore, A = Ay if U € C?. In this case the graph norm of
A again controls the 2-norms of all derivatives of first and second order, cf.
(5.11).

(Au)vdr = / Vu - Viudze = a(u,v)
U
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The above generation results can be extended to more general elliptic dif-
ferential operators with suitable boundary, acting in LP spaces or in spaces
of continuous functions. Among the vast literature we refer to [Lun95] and
[Tan97], and to [Ouh05] for form methods.

Example 5.12 allows to solve the heat equation on the domain U with Dirich-
let boundary conditions. As in Example 5.10, we omit this result. We rather
consider an operator matrix involving the Dirichlet Laplacian which will later
be used to investigate the wave equation (cf. Lecture 1).

EXAMPLE 5.13. Let U C R? be open and bounded. We use the Dirichlet
Laplacian Ap in L?(U) introduced in the previous example. Recall that D(Ap)
consists of those u € H'(U) such that there is a function f € L?(U) with

Yoe HY(U) : /Vu~V5dx:/f@d1:,
U U

and then Apu = —f. To treat the wave equation (1.3) (at first with b = 0),
we introduce the Hilbert space X = H'(U) x L?(U) endowed with the scalar

product
<<z;> ’ (2)) - /U(Wl - VT + upT3) da.

By Poincaré’s estimate (5.9) the corresponding norm is equivalent to the usual
norm on X given by ([[u1]|f 5 + Hu2||%)% On X we define the operator
(0 I . - o1
A= (AD 0) with D(A) = D(Ap) x ().

As mentioned in the introduction, the Cauchy problem for A in X should
correspond to the wave equation (1.3) with b = 0. We explain this in detail in
the next lecture. In this example we show that A is skewadjoint.

The domain D(A) is dense in X since C°(U) x C*(U) C D(A). For
(ur,u2) ", (v1,v2) " € D(A) we first compute

(G G) = (e ) | G2)) = e wor s ommmyas

U

(G ) =~ (G ] ()

Hence, A is skewsymmetric (i.e., i4 is symmetric). Moreover, Re(Aw|w) = 0
for all w € D(A), so that A is dissipative. We define the bounded operator

_ (0 Ap
(i)

on X, where the inverse ABI exists by Example 5.12. It is easy to see that
RX CD(A) and AR = I, as well as RAw = w for all w € D(A). As a result,
iA is invertible. Remark 5.6 (f) now yields the selfadjointness of iA and so A is
skewadjoint.
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Exercises

EXERCISE 5.1. On X = L?(RY) let Au = Au with D(A) = H?(R?). Show
that R_ C 0(A) (and hence 0(A) = R_ by Example 5.10).

EXERCISE 5.2. Let X be a Hilbert space with an orthonormal basis
{un|neN}. Let a, € C be given. Define the operator A on X by
Az = 30 an(x|un)u, for x € D(A) = {z € X | (an(z|un))n € £2}. Compute
the spectrum and the resolvent of A. Show that

(i) A generates a Cp—semigroup 7'(-) if and only if sup,cy Reay, < o0,
(ii) A generates a unitary group 7'(-) if and only if a,, € iR for all n € N.
How does T'(+) look like?

EXERCISE 5.3. Let A generate a Cp—semigroup 7T'(-) on a reflexive Banach
space X. Show that A* generates a Cp—semigroup S(-) on X* and that S(t) =
T(t)* for all t > 0. What can be said if X is not reflexive?

EXERCISE 5.4. Let X = L2(0,00) and Au = —u/ for u € D(A) = H(0, 00).
Show that A is dissipative, closed and o(A) = {A € C| Re X < 0}. Compute A’
(We note that A generates a contraction semigroup 7'(-) by the Lumer-Phillips
theorem. As in Exercise 3.3 one can show that T'(¢)f(s) = f(s—t)if s—¢t>0
and T'(t)f(s) =01if s —t <0, where f € X, ¢t >0 and s > 0.)
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LECTURE 6

Wellposedness and inhomogeneous equations

In this lecture we complete the linear existence theory. In the introduction
we have explained the concept of wellposedness and stressed that only well-
posed evolution equations are truly relevant for the description of systems in
the sciences. So far we have characterized those operators that generate Cp—
semigroups and solved the Cauchy problems associated with them. We now
prove that a Cauchy problem for a closed linear operator A is wellposed if and
only if A generates a Cy—semigroup. In this sense, semigroup theory provides
the natural framework for linear evolution equations.

As a second main topic we treat inhomogeneous problems where one adds a
given forcing (or control) function f to the differential equation. Such equations
are solved by means of Duhamel’s (or the variation of parameters) formula that
involves the Cp—semigroup solving the homogeneous problem.

We then apply these results to the linear wave equation. Here we will re-
formulate the given equation (having second order in time) as an evolution
equation of first order, which belongs to the class we have studied so far.

We first repeat our basic linear evolution equation. Let A be a closed operator
on X. For each given uy € D(A), we consider the Cauchy problem

u'(t) = Au(t), t>0, u(0) = wp. (6.1)
Recall that a solution of (6.1) is a function u € C'(R,, X) such that u(t) €

D(A) for all t € R and u satisfies (6.1). Observe that then Au € C(Ry, X) and
thus u € C(Ry, [D(A)]). We next introduce the concept of wellposedness.

DEFINITION 6.1. Let A be closed. The Cauchy problem (6.1) is called well-
posed if
(a) D(A) is dense in X,
(b) for each ug € D(A) there is a unique solution u = u(-;up) of (6.1),
(¢c) if ugpn,uo € D(A) and the initial values ugy, tend to ug in X asn — oo,
then the solutions u( - ;ugn) converge to u( -;ug) uniformly on compact
subsets of Ry (continuous dependence on initial data).

We can now establish the announced characterization of wellposedness in
terms of the given operator A.

THEOREM 6.2. Let A be a closed linear operator. Then (6.1) is wellposed
if and only if A generates a Co—semigroup T(-). In this case, the function
u="T(-)ug solves (6.1) for each given initial value ug € D(A).

PRrROOF. If A is a generator, then T'(-)ug is the unique solution of (6.1)
according to Proposition 2.8, D(A) is dense in X by Proposition 3.3 and the
solution depends continuously on the initial data since T'(-) is locally bounded.
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Conversely, let (6.1) be wellposed. We define the operator T'(t) : D(A) — X
by T'(t)x = u(t;z) for = € D(A) and ¢t > 0 using uniqueness. For z,y € D(A)
and «a, 8 € C, the function v given by v(t) = au(t; z) + fu(t;y) for t > 0 solves
(6.1) with the initial value ax 4+ By since A is linear. Uniqueness now yields
v(t) = u(t;ax + Py) = T(t)(ax + PBy), so that T'(¢) is linear for every t > 0.

We claim that for each ¢y > 0 there is a ¢ > 0 such that || T(¢)z| < c|z||
for all z € D(A) and all t € [0,¢p]. In fact, if this assertion were wrong, there
would exist ¢y > 0, a sequence () in D(A) and a sequence (t,), in [0, o] such

that ||z,|| = 1 and ||T(tp)zy] =: ¢n — 00 as n — oo. Set y, := %xn € D(A)
for every n € N. The initial values y, tend to 0 as n — oo, but the norms
lu(tn; yn)l| = éHT(tn)an = 1 do not converge to 0. This contradicts the

wellposedness of (6.1) and thus 7'(+) is locally bounded. So we can extend each
single operator T'(t) to a continuous linear operator on D(A) = X (also denoted
by T'(t)) having the same operator norm.

Clearly, T'(0) = I. Since t — T'(t)x € X is continuous on Ry for every
z € D(A), D(A) = X and T(-) is locally bounded, the strong continuity of 7'(-)
on X follows by approximation. Furthermore, let ¢,s > 0 and « € D(A). Then
u(s;x) belongs to D(A) so that v(t) := T(t)u(s;z) = u(t;u(s;x)) for t > 0
is the unique solution of (6.1) with initial value u(s;z). On the other hand,
u(t+ s;x) = T(t+ s)x for t > 0 solves this problem, too. Because solutions are
unique, we obtain T'(¢)T'(s)z = T(t + s)z which gives the semigroup property
by approximation.

Let B be the generator of T'(-). By definition, we have A C B. Since D(A)
is dense in X and T'(t) D(A) C D(A) for all ¢ > 0, Proposition 4.10 shows that
D(A) is a core of B. So for any = € D(B), there are x,, € D(A) such that
z, — v and Ax, = Bx, — Bx in X as n — oo. The closedness of A now
implies z € D(A) and A = B. O

One cannot drop the continuous dependence on initial data in Theorem 6.2,
as seen by the next simple example.

EXAMPLE 6.3. Let B be a closed, densely defined, unbounded operator on a
Banach space Y. Set X =Y x Y and A = (J 5) with dense domain D(A) =
Y x D(B). For (z,y) € D(A) one has the unique solution u(t) = (**}5¥)
of (6.1) with u(0) = (z,y). But for ¢ > 0 the map T'(¢t) : (D(A),| - |x) —
X, (z,y) = u(t) is not continuous, since T'(t)(9) = (*B¥). We further note

y y
that AI — A is not surjective for every A € C, see Example I1.6.5 of [EN99].

Actually, it can be shown that (6.1) has a unique solution for a closed operator
A and each x € D(A) if and only if the operator A; on X; = [D(A)] given by
Az = Az with D(A4;) = {z € D(A) | Az € D(A)} generates a Cp—semigroup
on X1, see Proposition I1.6.6 in [EN99]|. Moreover, if p(A) # () and (6.1) has
a unique solution for each € D(A), then A is a generator (and in particular
densely defined), see Theorem I1.6.7 in [EN99].

For up € X one calls the orbit T'(-)up the mild solution of (6.1), see Defini-
tion 6.6. In Exercise 6.3 it is shown in which sense the function T'(-)ug solves
(6.1).
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We now come to the second main topic of this lecture. In the remainder of
this lecture, let J C R be a closed interval containing 0 and having non-empty
interior. Further, let ug € X, f € C(J, X) and A be a closed linear operator. We
study the inhomogeneous Cauchy problem or inhomogeneous evolution equation

u'(t) = Au(t) + f(t), teJ u(0) = uo. (6.2)

It is convenient to allow for finite time intervals J here since possibly f is not
given for all times. (As noted in the introduction this situation occurs when
treating nonlinear problems.) Moreover, for later use we include backward time.
Our solution concept for (6.1) directly extends to (6.2).

DEFINITION 6.4. A function u: J — X is a solution of (6.2) if u belongs to
CY(J,X), u(t) € D(A) for allt € J and (6.2) holds.

This definition implies that the initial value ug of a solution must belong
to D(A). Observe that a solution of (6.2) is contained in C(J,[D(A)]). Our
solutions are often called “classical” or “strict” solutions in the literature.

We first derive “Duhamel’s formula” for the solutions of (6.2). Since the
case f = 0 is included, it is natural to assume from the beginning that A is a
generator. The next proof is just a variant of the uniqueness part of the proof
of Proposition 2.8.

PROPOSITION 6.5. Let A generate the Co—semigroup T(-), ugp € D(A), and
feC(X). If J € Ry, we require that T(-) can be extended to a Co—group.
If u solves (6.2), then u is given by

u(t) = T(t)ug + /0 Tt - $)f(s)ds, ted (6.3)

In particular, solutions of (6.2) are unique.

ProoF. For simplicity, we concentrate on the case that J CR,. Let t € J
with ¢ > 0 and set v(s) = T(t —s)u(s) for 0 < s < ¢, where u solves (6.2). Using
Lemma 2.9, one shows that v is continuously differentiable with derivative

V'(s) =Tt —s)u'(s) — T(t — s)Au(s) = T(t — s) f(s)

for all 0 < s <t. By integration we deduce
t
/ T(t — 5)f(s) ds = v(t) — v(0) = u(t) — T(t)uo. O
0

We point out that by Duhamel’s formula (6.3) one can define a function
u € C(J,X) for any given ug € X and f € C(J,X). This leads to a weaker
solution concept, which turns out to be very useful.

DEFINITION 6.6. Let A generate the Cy—semigroup T(-), up € X and f €
C(J,X). If J € Ry, we require that T(-) can be extended to a Co—group. Then
the function u € C(J, X) given by

u(t) = T(t)uo +/0tT(t— $)f(s)ds, ted,

is called the mild solution of (6.2).
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Proposition 6.5 says that every solution of (6.2) is a mild one, whereas the
next example shows that the converse implication may fail.

EXAMPLE 6.7. Let X = Co(R), A = £ with D(4) = C}(R) and let ¢ € X
be non-differentiable. The operator A generates the Cy—group T'(-) given by
T(t)g = g(- +t), see Example 3.5. Clearly, T'(t)p ¢ D(A) for all t € R. Set
f(s) = T(s)p for s € R. The function f belongs to C(R,X) and the mild
solution of (6.2) with ug = 0 is given by

/Tt—s s)pds =tT(t)p
for t € R. Hence, u(t) ¢ D(A) for t # 0, i.e., u does not solve (6.2). &

We will derive conditions on f and ug such that the mild solution of (6.2) in
fact solves (6.2). At first, we treat the case ug = 0.

LEMMA 6.8. Let A generate the Cy—semigroup T(-) and f € C(J,X). If
J ¢ Ry, we require that T(-) can be extended to a Co—group. Define

/Tt—s ds, teJ.

Then the following assertions are equivalent.
(a) veCHJ, X).
(b) v(t) € D(A) for allt € J and Av € C(J, X).
If (a) or (b) are valid, v solves (6.2) with uy = 0.
PrOOF. We concentrate on the case that J C R,. The general case can be
treated similarly. Since f is locally bounded, the function v belongs to C'(J, X)

and v(0) = 0. To show the asserted equivalence, we need a few preparations.
We fix t € J and take h > 0 such that t = h € J. We then define

Di(h) := h(T(h)—I)v(t), Dy (h) := 2 (v(t £ h) - v(t)),

t+h
E e +n-s)p)as 1w ::E/t_hT(t—s)f(s)ds,

assuming that ¢ > 0 for D, (h) and I~ (h). (These formulas are asymmetric
since T'(+) is not assumed to be a group.) Observe that
Dy (h) = Dy (h) = I"(h), (6.4)
Dy (h) = (T (h) — I)v(t — h) + I~ (h)

I (h) =

= 1A/ T(r h)dr + I~ (h), (6.5)

where we use Lemma 3.2 in the last equality. We start by investigating 17 (h).
Employing the continuity of f and Lemma 2.9, we obtain

|MWMfum=H;l”7T@+hﬁﬂ@f@»@H

< max |T(t+ 1~ )f(s) = ()] — 0

as h — 0. Similarly, one sees that I~ (h) — f(t) as h — 0.
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First, assume that v satisfies (a). Hence, Dy (h) — v/(t) as h — 0%. Equality
(6.4) then implies that D;(h) converges to v'(t) — f(t) as h — 0". As a result,
v(t) belongs to D(A) for all t € J and Av =o' — f is continuous.

Second, let (b) hold so that Dq(h) — Av(t) as h — 0T. From (6.4) we now
infer that v is differentiable from the right and (%)+v = Av + f. Moreover,
(6.5) and (b) yield

1 h
Dy (h) = E/o T(1)Av(t — h)dr + I~ (h)
h h
= flb/o T(r)Av(t)dr + flL/o T(r)(Av(t — h) — Av(t))dr + I (h)
— Av(t) + f(t)

as h — 0T, thanks to Remark 2.10 (d) and (g) and the continuity of Av.
Summing up, v is differentiable with v' = Av+ f € C(J, X) so that (a) is true.
In both cases we have also shown that v solves (6.2) with ug = 0. O

The above lemma now implies that we obtain solutions of (6.2) if the initial
value ugy belongs to D(A) and if the inhomogeneity has either more time regu-
larity (i.e., f € C(J, X)) or more “space” regularity (i.e., f € C(J,[D(A)])).

THEOREM 6.9 (Existence result for inhomogeneous evolution equations).
Let A generate the Cy—semigroup T(-), up € D(A) and J C R be a closed
interval containing 0. If J ¢ Ry, we require that T(-) can be extended to a
Co-group. Assume either that f € CY(J, X) or that f € C(J,[D(A)]). Then
the mild solution u given by (6.3) is the unique solution of (6.2) on J.

ProOOF. Uniqueness was already shown in Proposition 6.5. By Proposi-
tion 2.8, the function T'(-)ug is contained in C(J, X) N C(J, [D(A)]) and solves
(6.2) with f = 0. It remains to show that the map t + v(t) = [3 T(t—s)f(s)ds
defined in Lemma 6.8 also belongs to C1(.J, X) N C(J,[D(A)]) and solves (6.2)
with ug = 0, since then u = T'(-)ug + v solves (6.2). In view of this lemma, we
have to verify (a) or (b) in Lemma 6.8.

Let f € C'(J,X). Since v(t) = [{ T(s)f(t —s)ds for all t € J, it follows that
v € CY(J,X) and hence (a) in Lemma 6.8 is satisfied.

Let f € C(J,[D(A)]). Since A is closed and commutes with T'(t —s) on D(A),
we obtain v(t) € D(A) and Av(t) = [{ T(t — s)Af(s)ds so that Av € C(J, X).
In this case, (b) in Lemma 6.8 is fulfilled. O

We want to apply the above results to the wave equation on a bounded open
set ) # U C R? with Dirichlet boundary conditions. This equation describes
the displacement w(t,z) of a vibrating body at a time ¢ € R and at a point
x € U. Here we consider the system

Opw(t,x) = Aw(t,x) — b(x)Oww(t,x) + g(t,z), €U, teR,
w(t,z) =0, redlU, tek, (6.6)
w(0,2) = wo(z), fw(0,x) =wi(z), zxeU,
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for the given initial displacement wy and initial velocity distribution wi. The
functions g and b > 0 are also given. Let us sketch the physical background of
this equation. (This is not meant to be an honest derivation.)

In the differential equation we assume for simplicity that the mass density
of the body is equal to 1 everywhere. The differential equation in (6.6) then
describes the balance of forces at the space point x and at the time ¢. The
acceleration dyw(t, z) is equal to the sum of the “forces” on the right-hand side,
where Aw(t,x) describes the mechanical force due to tension, —b(x)d;w(t, x)
is a damping proportional to the velocity dyw(t,z) and g(¢,z) corresponds to
an external force. The term Aw(t,x) can be justified if one assumes that the
material is perfectly elastic, homogeneous (with material constant 1) and if only
small deflections occur.

So far we have implicitly assumed that w € C?(JxU) so that (6.6) would hold
in a pointwise sense. For the analysis of the problem it is much more convenient
to reformulate (6.6) as an evolution equation (of second order in time) in the
space L2(U). To this aim, we use the Dirichlet Laplacian Ap introduced in
Example 5.12. Recall that Ap acts in L2(U), that D(Ap) € H*(U) and that

(—Apulv)re = / Vu-Vodr for u € D(Ap) and v € H'(U). (6.7)
U

Let Agu = Au with D(Ag) = H2(U)NH(U). As indicated after Example 5.10,
we have A9 C Ap and Ag = Ap if OU € C?. However, we will stick to the
case of a general bounded open U C R? and to the operator Ap given by (6.7).

Using this setup, we rewrite (6.6) as
w”(t) = Apw(t) — bw'(t) + g(t), teJ, (6.8)
w(0) = wo, w'(0) = wy, '

where w’ and w” denote the first and second derivatives of w with respect to
t. The unknown w now is a function from J to L?(U) and similarly for g. The
Dirichlet boundary conditions and the differential operator A are incorporated
in the operator Ap in a somewhat generalized form. We are looking for solutions

we CHJ,L2U)NCYJ,HY(U))  with w(t) € D(Ap) for all t € J
of (6.8), with the given initial values
wo € D(Ap) and wy, € HY(U).

For simplicity we assume that b € L (U). Moreover, we take g € C(J, L*>(U)).
We note that the time interval J is dictated by g. If g = 0, we will take J = R.
Observe that a solution w of (6.8) satisfies the integrated equation

/Uw"(t)adH/va(t)-vadﬁ/Ubw'(t)adm:/Ug(t)adt

for all t € J and each ¢ € HY(U), see (6.7). We will come back to such “weak
formulations” in later lectures.

We call the Cauchy problem (6.8) with ¢ = 0 wellposed if the following
conditions hold.
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(a) For all wy € D(Ap) and w; € HY(U) there is a unique solution w =
w( - ;wo,wy) of (6.8) with g =0.
(b) Let won,wo € D(Ap) and wy p, wy € I-OIl(U), n € N. Assume that
wo., — wo in HY(U) and that w1, — wy in L2(U) as n — co. Then
w(t; wo p, w1 y,) converge to w(t; wo,wr) in Ijll(U) and w'(t; wo p, w1 )
tend to w'(t;wg,w;) in L2(U) as n — oo, both locally uniformly in
tedJ.
Comparing the above concept with Definition 6.1 you may miss the density
condition. In fact, we already know from Example 5.13 that D(Ap) x HY(U) is
dense in H YU) x L*(U) which is the appropriate density assumption in view
of (b) above.
To solve (6.8) and to show its wellposedness, we want to use the theory
established in this lecture. As in the case of ordinary differential equations, we
thus introduce the new state

)= (1)) = (i)

X = HY(U) x L*(U)

endowed with the scalar product

(ulv) = ((Uluu2)’(vlav2)) = /U(Vul - VU1 + ugvz) da.

The state space will be

This choice fits well to condition (b) above, where solutions are required to
converge in the corresponding norm on X given by

HuH?:/vaulygdm+/Uyu2\2dm.

(As noted in Example 5.13 this norm is equivalent to the usual norm on
X.) Physically one can interpret ||u(t)||?> as the total energy of the solution
u(t) = (w(t),w'(t)) modulo constants, where [;; [Vw(t)|3 dz corresponds to the
potential energy and [;; |w’(t)|* dz to the kinetic energy. We further define the
operator
A= (AOD _Ib> with D(A) = D(Ap) x HY(U) (6.9)

in X, where —b denotes the bounded multiplication operator ¢ — —byp on
L3(U). Finally, we put ug = (wp,w1) and f = (0,g) € C(J, X). We recall from
Example 5.13 that for b = 0 the operator A is skewadjoint in X.

We next describe in which sense (6.8) is equivalent to the evolution equation
(6.2) for the operator matrix A defined in (6.9).

LEMMA 6.10. Let U C R? be open and bounded and b € L>®°(U). Let ug =
(wo,w1) € D(A) and g € C(J,L*(U)), and set f = (0,9) € C(J, X). Then the
following assertions hold.

(a) The problem (6.8) has a solution w if and only if the problem (6.2) with
A from (6.9) has a solution w. If this is the case, we have u = (w,w’).
Also the uniqueness of solutions to these two problems is equivalent.
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(b) The problem (6.8) with g = 0 is wellposed if and only if the problem
(6.1) with A from (6.9) is wellposed.

PROOF. (a) Let w € C2(J, L2(U)) N CY(J, H(U)) solve (6.8). Then u :=
(w,w’) belongs to C1(J, X), u(t) € D(A) for all t € J and

0= (30) = (i ‘o + o) = 400+

holds for all ¢ € J. Moreover, u(0) = (w(0),w'(0)) = ug. Thus, u solves (6.2).
Conversely, let u = (uj,u2) solve (6.2) for A. We set w = w; obtaining
w € CY(J, HY(U)) and w(t) € D(Ap) for all t € J. It further follows

w'(t) _ 4 ((w(t) _ us(t)
(i) =2 () 79 = (i sty + o)

for all t € J. As a consequence, w' = uy € C*(J,L*(U)) and v = (w,w’),
so that w € C%(J, L2(U)), (w(0),w'(0)) = (wp,w;) and w solves (6.8). This
equivalence also yields that the solutions to (6.2) for our A are unique if and
only if the solutions to (6.8) are unique.

(b) It follows from Example 5.13 that D(A) is dense in X. Part (a) then
easily implies the equivalence of the two wellposedness assertions. O

Combining the above lemma with Example 5.13 and the previous theorems,
we can now solve the undamped wave equation with b = 0. The damping b # 0
will be treated in the next lecture by a perturbation argument.

PROPOSITION 6.11. Let U C R? be open and bounded, J C R be a closed
interval containing 0, (wo,w1) € D(Ap) x HY(U) and either g € C*(J, L2(U))
or g € C(J,H (U)). Then the wave equation (6.8) with b = 0 has a unique
solution. Moreover, problem (6.8) with b =0 and g = 0 is wellposed.

ProoF. Thanks to Example 5.13, the operator A defined in (6.9) with b = 0
is skewadjoint on X = H'(U) x L2(U) and thus generates a (unitary) Co—group
on X by Stone’s Theorem 5.7. The assertions now follow from Theorems 6.2
and 6.9 and Lemma 6.10. g

We finally consider the “free” Schrodinger equation given by
duu(t,z) = iAu(t,z), = eR? teR,
u(0,x) = up(z), r e R%
Here we look for solutions v € C*(R, L?(R%)) N C(R, H?(R%)). To obtain such
solutions we introduce in L?(RY) the operator A given by Au = iAwu with
D(A) = H*(R?). We say that (6.10) is wellposed if the Cauchy problem (6.1) for

this operator A is wellposed in L?(R?). Since A is skewadjoint by Example 5.10,
Stone’s Theorem 5.7 and Theorem 6.2 immediately yield the next result.

(6.10)

PROPOSITION 6.12. The free Schrodinger equation (6.10) is wellposed.
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Exercises

EXERCISE 6.1. Let X = Cp(0,1), Au(s) = s(1 — s)u”(s) for s € (0,1) and
u € D(A) = {ue C?*0,1)NX|Au€ X}. Show that A is densely defined,
dissipative, invertible and generates a contraction semigroup on X.

EXERCISE 6.2. Let X be a Banach space and A generate a Cy—semigroup
T(-) on X such that T'(t) — I in B(X) as t — 0. Show that AR(A\,A) — [ in
B(X) as A — oo and deduce that A is bounded.

EXERCISE 6.3. Let X be a Banach space, A generate a Cy—semigroup 7'(+)
on X, f e C(R4+,X) and ug € X. An integrated solution u of

u'(t) = Au(t) + f(t), t>0, w(0) = uo, (6.11)
is a function u € C(R, X) such that [j u(s)ds € D(A) and

A/ ds+u0+/f ds forall t > 0.

Show that the mild solution

v(t) u0+/ (t—s)f

is the unique integrated solution of (6.11).
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LECTURE 7

Perturbation and exponential stability

So far we have introduced the basic concepts of linear semigroup theory,
characterized wellposedness and solved inhomogeneous evolution equations. We
can already handle the wave equation without damping and the free Schréodinger
equation. One can now develop the theory of linear evolution equations in
various directions. In this lecture we establish fundamental results in two major
subjects: perturbation theory and asymptotic behavior.

We first prove the main perturbation theorem for contraction semigroups. It
allows us to treat the wave equation (1.3) with damping and the Schrédinger
equation (1.2) with a potential. The bounded perturbation theorem for general
Co—semigroups will also be deduced from the contraction case.

The long-term behavior of linear evolution equations is a vast field which
could easily fill another Internet Seminar. Here, we only consider the ar-
guably simplest case. We want to find conditions on the generator A such
that [|T(t)|] — 0 as t — oo. If a Cp—semigroup 7T'(+) is “uniformly stable” in this
sense, all solutions of the Cauchy problem

u'(t) = Au(t), t>0, u(0) = =z, (7.1)

tend to 0 as ¢ — oo, uniformly for  in bounded subsets of X. In view of
Lyapunov’s theorem for ordinary differential equations, one may hope that the
above behavior can be characterized by the spectral condition s(A4) < 0. Un-
fortunately, this guess is wrong as various examples show. However, if X is a
Hilbert space, “Gearhart’s stability theorem” will tell us that uniform stability
is equivalent to s(A) < 0 plus a resolvent estimate.

We start with the perturbation problem. Let A generate a Cy—semigroup and
B be linear. We want to show that also A+ B is a generator if B is sufficiently
“small”. When writing down A + B, one first has to think about the domain of
this sum. In our course we only consider the simplest case, where D(A) C D(B).
Therefore the sum A + B will always be defined on D(A + B) := D(A).

But also in this case A + B can fail to generate a Cy—semigroup. Consider
for instance Au = Au with D(A) = H?(R?) in L?(RY) = X and B = —bA for
any b > 1. We then have A+ B = (1 — b)A and thus 0(A + B) = Ry, cf.
Example 5.10. In particular, A + B is not a generator. Clearly, for b € (0,1)
the sum A + B generates a Cy—semigroup. In the borderline case b = —1 we
obtain A+ B =0 on D(A + B) = H?(R?). This operator is not closed, but has
the closure 0 € B(X) which generates the trivial group 7'(t) = I.

To measure the “smallness” of B with respect to A, we introduce the following
concept.
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DEFINITION 7.1. Let A and B be linear operators in X with D(A) C D(B).
Then B is called A-bounded (or relatively bounded) if there are constants
a,b >0 such that

|Bz|| < a||Az|| + bllz|  for all z € D(A). (7.2)

The infimum of the numbers a > 0 for which (7.2) holds for some b =b(a) >0
is called the A-bound of B.

We remark that B is A-bounded if and only if B € B([D(A)], X). In par-
ticular, if B is A-bounded and A € p(A), then BR(\, A) is well defined and
a bounded operator on X. Observe that a bounded operator B is A-bounded
with constants a = 0 and b = || B||.

We first show that A + B inherits the closedness of A if B has an A-bound
strictly less than 1.

LEMMA 7.2. Let A be closed and B be A-bounded with A-bound strictly less
than 1. Then the graph norms of A and A+ B on D(A) are equivalent and
hence A+ B with D(A+ B) = D(A) is closed.

PROOF. By our assumption the estimate (7.2) holds for some a € [0, 1) and
b>0. Let x € D(A). We then derive

1A+ B)z|| < [[Az]| + [| Bz|| < (1 + )| Az]| + b
[Az|| < [|(A+ B)z| + [|Bz|| < [[(A+ B)z|| + al| Az|| + b]j]],

1
lAall < T I(A+ Byel + ——]al|

1—a
In particular, D(A) is a Banach space for the graph norm of A + B, so that
A+ B is closed by Remark 2.11 (a). O

We continue with a useful condition implying that B has the A-bound O.

LEMMA 7.3. Let A and B be linear operators with D(A) C D(B) and ||Bz|| <
c||Az||®||z||*=% for all x € D(A) and for some constants ¢ > 0 and o € (0,1).
Then B is A-bounded with the A-bound 0.

PRroOF. Recall Young’s elementary inequality ab < %ap + I%bp/ for all a,b >

0,p € (1,00) and p' = p%l. Using it with p = L and p’ = {1, we estimate

1 1
| Bzl| < el Az| £l < acw]|Ax] + (1 — a)eTae Ta ]
for all x € D(A) and ¢ > 0. O

Our approach to the perturbation theorem relies on the following result on
the resolvent which is proved by means of the Neumann series.

LEMMA 7.4. Let A be closed, A € p(A) and B be A-bounded with || BR(\, A)||
< 1. Then 1 € p(BR(\ A)), A+ B is closed and X\ € p(A+ B) with

[e.e]

R(A\, A+ B)=R(\A)Y (BR(A\A)" = R\, A)(I — BR(A\, A)™, (7.3)
n=0
RN A
I A+ BN = TR0, 1
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PrROOF. Let A € p(A). Since ||[BR(\ A)|| =: ¢ < 1, the operator I —
BR(\, A) is invertible and its inverse is given by the (Neumann) series in (7.3).
Moreover, the norm of the inverse is bounded by (1 — ¢)~'. Combining these
results with the identity

M —A—-B=(I—-BR(\A)N - A),
we derive the remaining assertions. O
We can now prove the dissipative perturbation theorem.

THEOREM 7.5. Let A generate the contraction semigroup T(-) on X. Let B
be an A-bounded, dissipative operator with A-bound strictly less than 1. Then
the following assertions hold.

(a) The operator A + B with D(A + B) = D(A) generates a contraction
semigroup S(-) on X.
(b) For x € D(A) and t > 0 we have the integral equations

S(t)x = T(t)e + /0 "T(t = $)BS(s)w ds, (7.4)

S(t)e = T(t)x + /0 " S(t— $)BT(s)z ds. (7.5)

(¢) In addition, let X be a Hilbert space, A be skewadjoint and —B be
dissipative. Then A+ B generates a unitary group.

PROOF. 1) Observe that D(A+ B) = D(A) is dense in X. Let z € D(A) C
D(B). Since B is dissipative, there is an 2* € J(z) such that Re(Bz,z*) < 0.
Proposition 4.5 shows that Re(Az, 2*) < 0, and hence A + B is dissipative.

2) We want to check the range condition in the Lumer-Phillips theorem.
Here we use (7.2) which holds for some constants a € [0,1) and b > 0. We
first assume that a < . Take some \g > ﬁ > 0. Inequality (7.2) and the
Hille-Yosida estimate yield

IBR(No, A)|| < all (A = Mol + XoI)R(Ao, A)|| + bl R(Ao, A) ||
< a+ao|[R(Ao, A)|| + Bl|R(Ao, A)| Ca+a+ £ <1,
Lemma 7.4 now implies that A + B is closed and Ao € p(A + B). Therefore

A+ B generates a contraction semigroup by the Lumer-Phillips Theorem 4.12.
3) Ifa> %, we fix k € N with k > % Then the operator %B with domain

D(B) is dissipative and A-bounded with the constant o’ = ¢ < 15¢ < 1. By
step 2), A+ %B thus generates a contraction semigroup. Inductively, we assume

that C; := A+%B generates a contraction semigroup for some j € {1,...,k—1}.
Let x € D(A). Inequality (7.2) yields

|Bz|| < al|Az| + bllz|| < al|Cjz[| + af | Bz|| + bl|z|,
(1 —a)||Bz|| < (1 —ag)||Bz| < al|Cjz|| + bl|z].
It follows that

1 a
Iz Bz < m\\cji’f” T

1 WHZ‘H
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for all z € D(A). Since ﬁ < 3, step 2) implies that Cj + B = Cj41
generates a contraction semigroup. By induction, we derive that A+Cy = A+B
generates a contraction semigroup S(-). So we have shown assertion (a).

4) Let z € D(A) = D(A + B). Observe that B € B([D(A + B)], X) due to
Lemma 7.2, so that the function f = BS(-)x is well defined and belongs to

C(Ry, X). The map u = S(-)x solves the problem

u'(t) = (A+ B)u(t) = Au(t) + f(t), t>0, u(0) = .
Proposition 6.5 then implies (7.4). Similarly, we set ¢ = BT (-)x € C(R4+, X)
and note that v = T'(-)z solves

V(1) = Av(t) = (A+ Blo(t) — g(t), >0,  u(0) =z

Hence, also (7.5) follows from Proposition 6.5.

5) Under the assumptions of (c), we can apply assertion (a) to —A and —B, so
that —(A + B) generates a contraction semigroup. Since also A + B generates
a contraction semigroup, as in Corollary 5.4 we can now derive that A + B
generates an isometric Cy—group, which is unitary due to Proposition C.7. [

There is a result in the borderline case a = 1 in (7.2). It can be shown that
A + B is closable and that A + B generates a contraction semigroup on X if
X is reflexive, A generates a contraction semigroup, B is dissipative and (7.2)
holds with a = 1. See e.g. Corollary I11.2.9 in [EN99].

We next deduce the bounded perturbation theorem by means of a simple
rescaling and renorming procedure.

THEOREM 7.6. Let B € B(X) and A generate the Cy—semigroup T'(-) on X.
Fiz constants M > 1 and w € R such that |T(t)|| < Me*t for allt > 0. Then
the sum A + B with D(A + B) = D(A) generates a Cy-semigroup S(-) on X
satisfying

1S@)|| < MeWTMIBIDE  for all t > 0.
Furthermore, the equations (7.4) and (7.5) hold for all x € X and t > 0.
Finally, if A generates a Cy—group, then S(-) can be extended to a Cy—group.

Proor. Let z € X. We define
||l = sup [e™*T'(s).
s>0
It is straightforward to check that ||-|| is a norm on X, that ||z|| < ||z < M||z]|,
and that [[e™“'T(t)z|| < ||z|| for all ¢ > 0 and z € X. Using Lemma 3.1,

we derive that A — wl generates the contraction semigroup (e_WtT(t))tzo on
(X, [l [II)- To relate B to || - [[, we estimate

|Bx|| < M|Bz|| < M|[B| [|z[| < M{|BI| [|]]-
Set 8 = M]||B||. Observe that
Re((B — pI)z,z*) = Re(Bx,a*) — B||z||* < || Bz|| ||| — Bll=[|* < 0

for all x € X and z* € J(x), where X* is equipped with the norm induced
by || - |- Theorem 7.5 now yields that A — wl + B — I with domain D(A)
generates a contraction semigroup S(-) on (X, || - [|), so that A + B generates
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the Cpo—semigroup given by S(t) = elwthig (t) on X. The asserted estimate
now follows from

IS@)z|| < le“ S @)z < ||| < MeH ).

If A generates a group, then the above results yield that also —(A + B)
generates a Cp—semigroup. Hence, S(-) can be extended to a Cpo—group due to
Theorem 4.2. Finally, the equations (7.4) and (7.5) can be shown for x € D(A)
as in the proof of Theorem 7.5. We can then extend them to all x € X since B
is continuous. g

The above results imply the desired generation properties for the damped
wave equation and the Schrodinger equation.

EXAMPLE 7.7 (damped wave equation).
As in Example 5.12, let U C R? be open and bounded and let Ap be the
Dirichlet Laplacian in L?(U). Consider the damping 0 < b € L>(U) and the
forcing function g € C(J, L?(U)) with a closed interval J C R containing 0.
We assume that either g € CV(J,L2(U)) or g € C(J,H (U)). Finally, let
wo € D(Ap) and w; € H'(U) be given. In Lecture 6 we have explained how
one reformulates the damped wave equation (6.6) as the second order problem

w”(t) = Apw(t) — bw'(t) + g(t), teJ, (76)
w(0) =wy,  w'(0) = wr.
We claim that this problem has a unique solution

w e C2(J,L2(U))nC (J, HY(U)) N C(J,[D(AD))]).

Moreover, if g = 0, then the problem (7.6) is wellposed and the “energy” of the
solution

[ Ivo@Bde+ [ jw'@) dz =), o' 0)]%
U U

decreases in t € J. To show these claims, we consider the Hilbert space X =
HY(U) x L*(U) with the above norm | - || x and introduce the operators

0 I . g
Ay = (AD 0) with D(4g) = D(Ap) x H'(U),
B = (8 _Ob) on X,

where —b denotes the operator v — —bv. By Example 5.13, Ag is skewadjoint.
The operator B is bounded since b € L>°(U) and dissipative since

(B(z”(%))x = —/Ubvfdx <0

for all (u,v) € X. Theorems 7.6 and 7.5 now show that Ay + B with do-
main D(Ag) generates a Chp—group T'(-) on X and that ||T'(¢)|| < 1 for ¢t > 0.
Lemma 6.10 thus yields the unique solvability of (7.6) and the wellposedness.
Moreover, the solution is given by (w(t), w'(t)) = T'(t — s)(w(s),w'(s)) for t > s
in J so that the “energy” decays due to contractivity. &
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The above result can be extended to certain unbounded b, see Exercise 7.2.
We next treat the Schrodinger equation for the hydrogen atom, cf. (1.2).

EXAMPLE 7.8 (Schrodinger equation).
Let V(z) = ‘;—f; for b € R and x € R?\ {0} and V(0) = 0. Take ug € H?(R?).
We consider the Schrédinger equation

du(t,r) = iAu(t,z) — iV (2)u(t,z), =R tcR,

u(0,x) = up(x), r € R3.
Example 5.10 implies the skewadjointness of the operator Ay given by Agu =
iAu with D(Ag) = H?(R3). We first show that the multiplication operator
u — —iVu has the Ap-bound 0. Recall that Sobolev’s embedding (5.6) yields

H?(R3) < Cp(R3) since 2 — 2 > 0. Let € € (0,1]. Using also polar coordinates
and (5.11), we estimate

(7.7)

2 2
/ |Vu|2dx:b2/ [u(@) dm+b2/ @) 4,
R3 B(e) 7[5 R3\B(0,e) |Z]3
£ T2 b2
< c/ = drful2 + = ()2 de
or €% JR3\B(0,¢)
b2 2

b
< cellulls + Zlullz < esllAoull + esllullz + Zllul3,

=2
€
for constants ¢ > 0 independent of v and €. Moreover,

Re(—iVulu) = —Rei/ Viu*dz =0
R3

for all u € D(Ag) = H?(R?). Theorem 7.5 now shows that the operator A given
by Au = iAu —iVu with D(A) = H?(R3) generates a unitary group in L?(R3).
Hence, the Schrodinger equation (7.7) is wellposed (in the same sense as for
(6.10)), where the solution satisfies ||u(t)||2 = [|ug||2 for all ¢ € R.

In quantum mechanics, if |luplls = 1 the function [, |u(t,z)|* dz describes
the probability that the electron in a hydrogen atom is contained in a Borel set
G C R? at time t € R (if b > 0 is chosen correctly). &

We now come to the asymptotic theory and start with a definition and a few
preliminary observations.

DEFINITION 7.9. A Cy—semigroup T(+) is called exponentially stable if there
exist constants M, 3 > 0 such that

1T < Me Pt for allt > 0.

Let A be the generator of T(-). We note that | T(t)|| < e for all ¢ > 0 if
and only if A+ I is dissipative, by the Lumer-Phillips theorem and rescaling.
Proposition 3.4 implies that s(A) < 0 if A generates an exponentially stable
Co—semigroup.

We first characterize exponential stability on the level of the semigroup. To
this aim, we recall the formula

. n 1 . mn 1
r(T) i=max {I\| [ A € o(T)} = i |77 = inf |77+ < T, (7.8)

68



for the spectral radius of T' € B(X), see Theorem B.6 in Appendix B.

PROPOSITION 7.10. Let T'(-) be a Co—semigroup with generator A. Then the
following assertions are equivalent.
(a) T(-) is exponentially stable.
(b) |[T(to)|]| <1  for some ty > 0.
(c) r(T(t1)) <1  for some t; > 0.
(d) wo(A) < 0.
If this is the case, then (b) is valid for all sufficiently large to > 0, assertion (c)
is true for all t; > 0 and we have s(A) < 0.
Moreover, 54 < et0(A) = r(T(t)) for all t > 0 and (with log(0) := —oc)

wo(A) = lim #log | (1) = inf { log | T(®)] (7.9)

PROOF. Since log||T(t + s)|| < log||T(t)|| + log||T(s)||, the elementary
Lemma IV.2.3 in [EN99] shows that the limit lim;_ T log || T'(¢)] exists and
is equal to w := inf;~o 1 log ||T(¢)||. Hence, e < ||T'(t)|| for all ¢ > 0, and
we obtain w < wp(A). Take any w; > w. Then there exists tg > 0 such
that ||T(t)|| < et for all t > to so that ||T(t)|| < Me“tt for all t > 0 and
M := sup {e | T(¢)|| |0 <t < tp} > 1. This estimate leads to w > wo(A),
and so (7.9) holds. Using (7.8) and (7.9), we infer

r(T(t)) = nh_{]go exp(t% log [|T'(nt)||) = eXP(tJLHgo(é log ||T'(nt)|) = otwo(A)

for each ¢ > 0. All other assertions about 7'(-) now follow. Since s(A4) < wy(A)

by Proposition 3.4, we also have ef$(4) < etwo(A) [l

If X = C% a theorem by Lyapunov says that s(A) = wo(A), and thus 7'(-)
is exponentially stable if and only if s(A) < 0. Here the spectrum of the given
operator A determines (this aspect of) the long-term behavior of the semigroup.
Unfortunately, in infinite dimensions it may happen that s(A) < wo(A) as the
following example shows.

EXAMPLE 7.11 (Greiner-Voigt-Wolff, 1981). Let X = Co(Ry)N LY (R, e* ds)
be endowed with the norm

171 = 1o+ [ 156l ds == 1 foe + 117
0
Define T'(t)f = f(- +1t) for t > 0 and f € X. Observe that

IT@F =suplfGs+ 0+ [ 17 +Dle*ds < [ Floo+e™ [ 1(]e" dr
s>0 0 t

|1,w-

< flloe +e I flhw < £l (7.10)
Hence, T'(t) is a contraction on X. It is easy to see that T'(-) is a semigroup on
X and strongly continuous on C.(R4) for || - ||, and that C,(R4) is dense in X.

As a result, T'(+) is a contraction semigroup on X. We denote its generator by
A. Givent > 0and g € (0,1), take f € X with || f|| =1 and || f||ec = |f(¢)] = ¢.
Then [T()]| = [T()f] = [T()£(0)] = |£(£)] = . Sowe obtain that | T(¢)]| = 1
and therefore wy(A) = 0.
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We want to show that s(A) = —1. Note that s(A) < wp(A) = 0. First let
Re A < —1. (Recall that ey(t) = e*.) We then have ey € X and T(t)ey = eMey,
for all ¢ > 0 so that }(T'(t)ey — ey) tends to Aey as t — 0. It follows that
ex € D(A) with Aey = Xey, Hence, {\ € C| ReX < —1} C o(A) since o(A) is
closed. Next, let ReA € (—1,0] and f € X. The estimate (7.10) shows that
IT() flliw < e Y||f|l1w for all £ > 0, so that the integrals fé’ e~ MT(t) f dt =:
J(b) converge in L'(R,,e®ds) as b — oo. Moreover, for b > b > 0 we have

H/bb e_”T(t)fdtHoo < sup /bb/ e ReM| £(5 4+ 4| dt

b'+s 00
= sup/ eRe’\Se*Re)‘T]f(T)]dT < / e’|f(r)|dr.
s>0 Jb+s b

As a consequence, J(b) also converges in Cp(R4) as b — oo. Proposition 3.4
now shows that A € p(A4), and hence s(4) = —1 < wp(4) = 0. O

We note that the above example can be modified such that s(A) = —oo
(see Exercise IV.2.13(5) in [EN99]). There are analogous examples on Hilbert
spaces using growing Jordan blocks on X = ¢2 (see [Zab75]) or a perturbed
wave equation (see [Ren94]). On the other hand, various positive results are
known in this context. One could impose additional assumptions on the semi-
group, see e.g. Corollary IV.3.12 in [EN99]. Since such results cannot be used
for, say, the damped wave equation, we rather combine spectral conditions with
resolvent estimates. Below we show the exponential stability of a Cy—semigroup
on a Hilbert space if the resolvent R(\, A) of its generator A exists and is uni-
formly bounded for Re A > 0.

In the proof we need the Fourier transform of Hilbert space-valued functions
and thus the Bochner integral, which is introduced in the next intermezzo.
More details can be found in Appendix F.

Intermezzo 4: Bochner’s integral and the Fourier transform

Let X be a Banach space and J C R be an interval. Simple functions f : J —
X and their integral are defined as in the case X = C. A function f:J — X is
called strongly measurable if there are simple functions f, : J — X converging
to f pointwise. Observe that then the function ¢ — | f(¢)| is measurable.
Hence, we can define

LP(J,X):={f:J — X | [ is strongly measurable and || f(-)||x € LP(J)},
1A llp == SOl x o)

for p € [1,00], where we identify functions that coincide almost everywhere.
It can be seen that f € L'(J,X) if and only if there are simple functions
fn converging to f pointwise such that [, ||f, — f| dt tends to 0 as n — oo,
see Lemma F.4 in Appendix F. This fact implies that the integrals [, f,(t) dt
converge in X and that their limit is independent of the choice of such a sequence
(fn)n- This limit is denoted by [, f(¢)dt and called the (Bochner) integral of
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f. The integral is linear and we have

H/detHS/JHfHdt and T/Jf(t)dt:/JTf(t)dt

for f € LY(J, X) and T € B(X,Y), where Y is another Banach space. It can be
shown that LP(J, X) is a Banach space and the analogues of Holder’s inequality
and the theorems of Riesz-Fischer, Lebesgue and Fubini hold for the Bochner
integral, see Appendix F. Moreover, if X is a Hilbert space, then L?(.J, X) is a
Hilbert space for the scalar product given by (f|g) = [;(f(t)|g(t))x dt.

For f € LY(R, X) N L?(R, X) we define the Fourier transform

f(r)y=Ff(r () dt, TER.

-5 L

If X is a Hilbert space, then F extends to a unitary operator
F:L*(R,X) — L*(R, X)

whose inverse is given by F~lg(t) = Fg(—t) for g € L?(R, X) and t € R. See
Theorem F.16 in Appendix F.

The next result is a special case of a theorem proved by Gearhart in 1978 for
contraction semigroups and independently by Herbst (1983), Howland (1984)
and Priiss (1984) for general semigroups.

Concerning the boundedness condition in Theorem 7.12 we recall that
|R(N\, A)|| < ¢5 for all A € C with ReX > wp(A) + 0 and all 6 > 0, due to
the Hille-Yosida estimate. Thus in Theorem 7.12 the behavior of ||R(A, A)|| as
Re A — 07 determines the long-term behavior of T'().

THEOREM 7.12 (Gearhart’s stability theorem). Let X be a Hilbert space.

A Co—semigroup T(-) with generator A is exponentially stable if and only if
5(A) <0 and C = supycc, [R(N, A)|| < oo, where Cy = {X € C| Re X > 0}.

PROOF. The necessity of the condition was shown in Proposition 3.4 for
a general Banach space X. Assume that the resolvent exists and is bounded
on C4. In view of Datko’s Lemma 7.13 below, we want to show that T'(-)z €
L*(R4, X) forall z € X. As we will see, this fact can be deduced from resolvent
estimates. We first relate 7'(-) and R(-, A) by means of the Fourier transform.
Set w; = max{wp(A),0} and take w > wy. Let z € X. We set T,,(t) =
e “'T(t) for t > 0 and T,(t) = 0 for t < 0. Moreover, we put r)(7) = R(A +
ir, A)z for A € Cy4 and 7 € R. Then u = T,,(-)x belongs to L*(R, X) N L*(R, X)
for all x € X. Fix @ > wy. It follows that ||Tz(-)z|l2 < col|z| for some
¢o > 0 only depending on @w and the exponential estimate for 7'(-). Using
Proposition 3.4, we compute

1  irt —wt 1 .
— Tt (P dt = —— R(w + i7, Az, 7.11
Ty ¢ Trdt = Rt Ay (7.11)

for 7 € R and w > wj. We next estimate the resolvent. Since F is unitary,
equation (7.11) implies that r, belongs to L?(R,X) if w > w;. Moreover,
lrzlle < v2meol|z||. From the resolvent equation we further deduce that

ro(T) = Rw+ir,A)z = R(@+ir, A)x + (@ — w)R(w + it, A)R(W + it, A)x
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for all w > 0 and 7 € R. The assumption thus leads to the basic estimate

lrwlle < V2mep(1 4 Clw — @l)||z]] (7.12)
for all w > 0 and z € X. From (7.11), (7.12) and the unitarity of F, we now
deduce that

175 () (1+ Clw =)= (7.13)

1
ol = =l <o

for all w > w;. Due to Fatou’s lemma, the estimate (7.13) also holds for
w = wy. Datko’s Lemma 7.13 then implies that (e “''T'(¢));>¢ is exponentially
stable which cannot be true for w; = wp(A). Hence w; = 0 and we have shown
the assertion. 0

In a general Banach space X the boundedness of the resolvent R(-,A) on
C only implies the existence of some constants M, e > 0 such that we have

IT ()]l < Me™||z]|4

for all t > 0 and = € D(A). See [WW96] for this and related results and
examples indicating their optimality.

LEMMA 7.13 (Datko, 1970). Let T(-) be a Co—semigroup on X and 1 < p <
oo. If T'(-)x € LP(R4, X) for all z € X, then T(-) is exponentially stable.

PROOF. Define the bounded operator
O,: X - PRy, X), z+— ]l[omT(-):L‘,

for each n € N. The assumption shows that sup,cy ||®n(z)| < oo for all
x € X, and hence C := sup,,cy | P»|| is finite thanks to the principle of uniform
boundedness. As a result, [} [|T(s)z||? ds < CP||z||? for all t > 0 and = € X.
Fix constants M > 1 and w > 0 such that ||T(t)]] < Me“! for all t > 0. We
then calculate

1— efpwt t
7||T(t)fﬂ\|p=/ e PEIT(s)T(t = s)x||P ds
pw 0
t
< / MPe“Pe™ WP T(t — s)z||P ds
0
t
= Mp/ [T ()z|[” dr < (CM)”|[[”
0

for all t > 0 and = € X. Therefore ||T(¢)|| < N for all ¢ > 0, where N :=
1 1
max{Me"“, (pw)rCM (1 —e ) »}. It follows that

ATl = [ 6= STl ds < N7 [ [TE)el? ds < ©N el

1
and hence || T'(t)|| < CNt ». Proposition 7.10 now implies the assertion. [

We conclude with an application to the damped wave equation.
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EXAMPLE 7.14 (damped wave equation).
Let § # U C R? be open and bounded and let b € L>®(U) satisfy b(z) > 3 for
almost every x € U and some § > 0. Example 7.7 yields that
(0 I . _ o1
A= (AD —b> with D(A) = D(Ap) x H (U)

generates a contraction Cp-semigroup T(-) on X = H'(U) x L2(U) and the
function (w(t), w'(t)) = T(t)(wo, w1 ) solves (7.6) for g = 0 and (wp, w1) € D(A).
We assert that T'(-) is exponentially stable, and thus the “energy”

IT(t) (wo, wi) % = Vw3 + [[w'(®)]3

of the solution decays as ce™2||(wp, w1)||% for some c¢,e > 0. In order to show

this fact, we use Theorem 7.12. We first note that

P\ _ (AD (be + )
m(5)=(* ). wex

defines the bounded inverse of A (Ap is invertible by Example 5.12). Next, we
show that

iR C p(A) and sup |R(ir, A)|| =: C < oc. (7.14)
iTeR

If (7.14) holds, it will follow that A € p(A) and ||R(\, A)|| < 2C whenever
|ReA| € [0, 5], due to Lemma 7.4 (with A replaced by it and B by +Re\I).
Combining this inequality with the Hille-Yosida estimate, we then deduce the
asserted exponential stability from Theorem 7.12.

We show (7.14). Because of s(A) <0, any it € o(A) would belong to do(A)
and it would thus follow that

m(7) = inf {||itu — Au| x |u € D(A4), Jul|lx =1} =0

due to Proposition C.2. Hence, if inf cg m(7) =: my > 0, then iR C p(A)
and moreover (7.14) holds with C' = m%)' Since 0 € p(A) and p(A) is
open, there exists 79 > 0 such that [—ir,irg] C p(A), and so m(r) > § =
(maxs<r, [|R(is, A))~* > 0 for all 7 € [~79,79]. Fix e € (O,g) such that

0< ﬁ?’_aga < 7p. Suppose there were |7| > 79 and u = (¢,v) € D(A) such that

lullk = IVl + 4]z =1 and [iru — Aullx <e. (7.15)
We then compute

e = |(6rr = )(3)|(7))]
= | [ Vo —v) - Vode+ [ (~Ape¥ + (i + 0)y) dx
U U
= i1Vl + 1613) - [ Vo Vide+ [ Vo Vide+ [ b ar

= i(T—l—QIm/ V@-V@dx}—{—/ blY|? da
U U
using the definition of Ap. Considering imaginary and real part, we infer that
> ‘T—I—le/ V@-V@dx‘ and 52/ blep|2 dz > B3,
U U
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The second estimate yields ||| V|||3 = 1—||v||3 > 1—5 and hence 1-2||Ve|3 <

% — 1 <0, because € < g We conclude that

2e S
| 7] (1 — 5) < |7 |1 — 2|||Vg0\|]%| = ’7’+2Im/UVgp-1TVgodm‘

< ‘T—FQIIH/ V@-V@dm’ + ‘QIm/ V- (irVe — Vi) dzn‘
U U
<e+2[IVelllz - [IIV(iTe = ¥)ll2 < e+ 2[|(it] — A)ullx < 3¢,

by means of (7.15) and the definition of A. As a result, |7| < ;’fg - < 7o which

is impossible. We have shown that m(7) > ¢ > 0 for all |7| > 79, as needed. $

We refer to Theorem VI.3.18 in [EN99] for a generalization of the above
example. For a detailed study of the asymptotic behavior of Cy—semigroups

we recommend the monograph [vIN96] as well as the relevant chapters in
[ABHN11] and [EN99].
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Exercises

EXERCISE 7.1. In the context of the bounded perturbation Theorem 7.6,
show that a strongly continuous function R(-) : Ry — B(X), which satisfies

R(t)e = T(t)z + /0 "T(t - $)BR(s)z ds

for all x € X and t > 0, already coincides with the semigroup S(-) generated
by A+ B. Further show that

S(t) = i Su(t)  with So(t) = T(t) and
n=0

Sir (D) = /0 Tt — $)BSy(s)ads

for t > 0, n € Ny and x € X, where the series converges in B(X) uniformly for
t in compact subsets of R .

EXERCISE 7.2. In Example 7.7 let d = 3 and replace the condition 0 < b €
L>*(U) by 0 < b e LYU) for any q € (3,00). Show that then the operator A
defined in Example 7.7 still generates a contraction semigroup.

EXERCISE 7.3. Let U C R? be open, X = Co(U) and m € C(U) be such that
sup,cy Rem(z) =: a < co. We set T(t)f = e™f for t > 0 and f € X. From
Exercise 2.4 we know that T'(-) is a Cp—semigroup with generator A given by

Af=mf, DA ={feX|mfeX}.
Show that T'(-) is exponentially stable if and only if s(A) = a < 0.

Let a = 0and m(U) C {\ € C| Re XA < 0}. Show that the following assertions
are equivalent for every a > 0.

(a) There is ¢; > 0 such that ||[T(t)A7Y| < et~ for all ¢ > 1.
(b) There is co > 0 such that |T(¢)f|| < cot™%||f||a for all ¢ > 1 and

feD(A).

(c) There is c3 > 0 such that ||(it] — A)7!|| < 03‘T|é for all 7 € R with
|T| > 1.

(d) There are c4,6 > 0 such that |[Im A| > c4| Re \|7* for all A € o(A) with
Re X > —6.
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LECTURE 8

Local wellposedness of semilinear evolution equations

In the remaining lectures we investigate nonlinear problems. We begin with
a relatively simple setting so that the new features and methods become more
transparent. We study semilinear equations governed by a (linear) generator A
and a (nonlinear) map F' : X — X with certain Lipschitz properties.

In the first main result of the present lecture we prove local wellposedness
of such evolution equations and give a general criterion for global existence.
This result basically relies on the contraction mapping principle. But the proof
involves several additional arguments and techniques which are typical for the
field. Actually, this result is concerned with “mild solutions” and we will con-
struct “classical solutions” in the second theorem of this lecture.

Our main application, the nonlinear wave equation (1.4), will be studied in
the next lecture. There and in many other cases nonlinear equations arise if
one replaces linear material laws (which often are valid only for “small” states)
by nonlinear ones.

Let A generate a Cy—semigroup 7'(-) on X and let F' : X — X be Lipschitz
(continuous) on bounded sets, i.e.,

Vr>03L(r)>0Va,ye BO,r): |[F(z)—F)| <Lr)|z—yl. (81)

Here we set B(zg,r) = {# € X |||z — z¢|| < r}. Throughout, let J = [0,b] for
some b € (0,00) or J = [0,b) for some b € (0,00]. For a given initial value
ug € X, we study the semilinear evolution equation

u'(t) = Au(t) + F(u(t)), teJ, u(0) = uo. (8.2)

If A generates a Cy—group, one could also consider intervals J with 0 € J and
inf J < 0. For simplicity we do not treat this case. In view of the inhomoge-
neous equations in Lecture 6, it is also reasonable to allow for nonlinearities
F:Jx X — X depending on time. To streamline the exposition, also this
generalization is not studied below (but see Exercise 8.2).

We point out that in (8.2) the time interval J is not given a priori. Below we
introduce a “maximal existence interval” of © which may depend on ug. In this
context we recall a simple example from ordinary differential equations: Let
X =C, A=0, F(u) = v? and ug > 0. Then the problem

W) =u)?, ted,  u(0) = uo,
is solved by u(t) = (ug1 —t)7lte [0,u51) = J, which “explodes” as t — uo_l.

We first extend our solution concept to the new setting in a straight forward

way. In the literature our “solutions” are often called “classical solutions”.
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DEFINITION 8.1. Let A generate the Co—semigroup T(-), ug € D(A), and
F: X — X be continuous. A solution u of (8.2) is a function u € C1(J, X)
such that u(t) € D(A) for allt € J and (8.2) holds.

Clearly, if (8.2) has a solution u, then ug must belong to D(A) and u €
C(J,[D(A)]). As for inhomogeneous linear problems, solutions are given by
Duhamel’s formula. In fact, if u solves (8.2), then the function f = Fou:J —
X is continuous provided that F' : X — X is continuous. Hence, Proposition 6.5
directly implies the next result.

PROPOSITION 8.2. Let A generate the Co—semigroup T(-) on X, let F: X —
X be continuous, and ug € D(A). If u € C1(J, X) solves (8.2), then it satisfies

u(t) = T(t)uo + /0 Tt — s)F(u(s)) ds, te (8.3)

For the development of the theory it is crucial to note that (8.3) is a fixed
point equation for any given ug € X, which makes sense for v € C(J, X). This
observation leads us to the next definition.

DEFINITION 8.3. Let A generate the Cy-semigroup T'(-) on X, ug € X, and
F: X — X be continuous. A mild solution of (8.2) is a function u € C(J, X)
satisfying (8.3).

Guided by the Picard-Lindel6f theorem for ordinary differential equations, we
will solve the problem (8.3) by means of Banach’s fixed point theorem, where we
assume that (8.1) holds. For any given ug € X, the right-hand side of (8.3) will
define the nonlinear map ® whose fixed point we want to construct. As the space
E for the fixed point problem we will choose the closed ball with center 0 and
radius 7 in C([0,b], X) for suitable b,r > 0. By choosing a set E of uniformly
bounded functions here, we achieve that F' acts globally Lipschitz on E (with
constant L(r)) due to (8.1). The operator ® becomes strictly contractive if we
take a sufficiently small b = b(ug) > 0. It turns out that one can choose a
time b which only depends on [|ug||. In view of more complicated equations, we
stress that one should be careful with the constants here. They must be under
control as b tends to 0, and one should specify how they depend on ug.

LEMMA 8.4. Let A generate the Co—semigroup T'(-) on X and let F: X — X
satisfy (8.1). Set My = supg<s<1 |[T(t)| € [1,00). Take any p > 0. Then there
is a number bo(p) > 0 (see (8.7) below) such that for each ug € B(0, p) there is
a mild solution u € C([0,bo(p)], X) of (8.2). Moreover, for every b € (0,by(p)]
the restriction uljy is the unique mild solution of (8.2) on [0,b] with the initial
value ug that satisfies ||u(t)|| <1+ Mop for all 0 <t <b.

PROOF. Let p > 0 and take ug € X with [Jup|| < p. Fix r := 1+ Myp. Take
0 < b <1 to be specified below. Define the closed ball

E(b) == {u € C([0,0], X) [ [Julloo <7}

We note that F(b) is a complete metric space for the metric induced by the
sup-norm || - ||s on C([0,b], X). We further introduce the map

[y (0)(0) = () (1) = Tlt)uo + | T s)Fu(s)ds (34)
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for t € [0,b] and u € E(b). Clearly, ®(u) € C([0,b],X). We point out that each
mild solution v € E(b) of (8.2) is a fixed point of ® on E(b) and vice versa.
Let u,v € E(b). Using (8.1) and that u(s),v(s) € B(0,r), we estimate

1@ (w) () < Mol|uol| + /Ot Mo([|F(u(s)) = FO)]| + [[F(0)]]) ds
< Mop + bMo(L(r)r + || F(0)]]).

(8.5)

Moreover,

1@ (u) () =@ (v) ()] < /Ot Mol|F(u(s)) = F(v(s))[ ds < bMoL(r)[|u—v[le (8.6)

for all 0 <t <b<1. We define
1 1

o) = min . e TRy wre € O 69
For every b € (0,bo(p)], it follows that ®(u) € E(b) and that ® is Lipschitz
on E(b) with Lipschitz constant smaller than or equal to % Banach’s fixed
point theorem then gives a unique fixed point uy = ®(up) € E(b) for each
0 < b <by(p). Hence, up is the unique mild solution of (8.2) belonging to E(b).
We set u = uy,(,) and note that uy is the restriction uljgy € £(b) of u, due to
uniqueness. O

In the following proofs we will often shift or “glue together” mild solutions.
These procedures are justified in our second lemma.

LEMMA 8.5. Let A generate the Co—semigroup T'(-) on X and let F: X — X
be continuous. Assume that u € C([0,b1],X) is a mild solution of (8.2) on
[0, b1] with the initial value ug. Then the following assertions hold.

(a) If v € C([0,be], X) is a mild solution of (8.2) on [0,be] with the initial
value u(by), then the function w € C([0,b; + be], X) given by

ut),  0<t<bi,
w(t) =
v(t —b1), by <t <by+ b,

is a mild solution of (8.2) on [0,b1 + ba] with the initial value ug.
(b) Let 5 € (0,b1). Then the function u(- + B) € C(]0,b1 — 5], X) is a
mild solution of (8.2) with the initial value u ().

PROOF. (a) By its definition, w is continuous and it is a mild solution of
(8.2) for t € [0,b1]. For t € (by,b1 + be] we calculate

w(t) =v(t—b1) =Tt —b)u(by) + /Otb1 T(t—by — s)F(v(s))ds

— T(t — b)) T (b )ug + T(t — by) /0 " by — s)Flu(s)) ds

+ A T(t—r)F(v(r—">by))dr

— T(t)uo + /0 Tt — ) F(w(s)) ds,

where we used the representation (8.3) of v(t — b1) and u(by).
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(b) Set ¢(t) = u(t + ) for t € [0,b; — B]. As above, we obtain

o(t) =u(t+p) =T+ Puy + Ot+/5’ T(t+p—s)F(u(s))ds

B
— 7(6)(T(B)uo + /0 T(8 — 5)F(u(s)) ds) + /Ot T(t — r)F(u(r + 8)) dr

— T()u(B) + /0 "T(t = ) F(o(s)) ds. 0

We next upgrade the above basic existence lemma to a full local wellposedness
theorem. To that purpose, for each initial value ug € X we define its mazximal
existence time

t*(up) = sup {b > 0| Imild solution u € C([0,b], X) of (8.2)}.

Lemma 8.4 implies that the above set is non-empty and that t*(ug) € (0, cc].
A mild solution u € C([0,t"(up)), X) of (8.2) with initial value wg is called
maximal solution. Note that the existence interval of this solution has to be
right-open due to Theorem 8.6 (b) below.

Our wellposedness theorem below says that the maximal solution is unique
and that it depends locally Lipschitz on ug. Moreover, we characterize the case
that t*(ug) = oo and describe how ¢ (ug) depends on uyg.

We point out that in all arguments one has to make sure that one uses the
solution u(t) only for t < t*(ug) (unless one knows that ¢*(ug) = c0). To obtain
uniform bounds, one often restricts the solution to a compact time interval [0, b]
for a fixed b € (0,t" (up)).

THEOREM 8.6. Let A generate the Co—semigroup T'(-) on X and let F: X —
X be Lipschitz on bounded sets. Let ug € X and let bo(||ug||) > 0 be defined by
(8.7). Then the following assertions hold.

(a) There is a unique mazimal mild solution u=u(-;up) € C([0,t" (up)), X)
of (8.2), where t*(up) € (bo(||luoll), 0]

(b) If t*(ug) < 0o, then limy_,yt(y0)- [Ju(t)|| = oo.

(¢) Take any b € (0,t%(ug)). Then there exists a radius § > 0 such that
tT(vg) > b for all vy € B(ug,d). Moreover, the map

B(“Oaé) _>C([07b]7X)a ’UOHU(';UO)7
is Lipschitz continuous.

PrOOF. (a) Using Lemmas 8.4 and 8.5, we can extend any solution u from
[0,b0(||uo]|)] to a larger interval, so that ¢*(ug) > bo(|lug|]). Let u and v be
mild solutions of (8.2) on intervals J,, J, C [0,¢"(ug)) containing 0. We claim
that either J, C J, and u = v|y,, or vice versa. If this were not true, then
there is a time 7 € J,, N J, such that u(t) = v(t) for all ¢ € [0, 7] and there are
t, € Ju,NJ, converging to 7 as n — oo such that u(t,) # v(t,) for alln € N. As
in Lemma 8.4, we set My = supg<i< |T(t)|| > 1, p = ||u(7)]] and r = 1 + Mypp.
Since u(t) — u(7) and v(t) — u(r) as t — 77, we can find a time b € (0, by(p)]
such that both functions u(- + 7) and v(- + 7) are mild solutions of (8.2) on
[0, b] with the initial value u(7) and such that

[u(s + ) <r and [lo(s +7)| <7
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for all s € [0,b]. The uniqueness part of Lemma 8.4 now yields that u(t) = v(¢)
for all ¢ € [7, 7 + b] which contradicts u(t,) # v(t,) for sufficiently large n € N.
Hence, the uniqueness assertion holds.

To define a maximal solution, we take b, — ¢t (ug)~ with corresponding mild
solutions u,, € C([0,by,], X) of (8.2). We then set u(t;ug) = un(t) for t € [0, by).
This function is well defined on [0,¢" (ug)) by what we have just shown. It is
thus the unique mild solution of (8.2) on [0, (up)).

(b) Let ¢t (up) < oo and u = u(-;up). Assume that there were b, < ¢t (ug),
n € N such that b, — t1(ug)™ as n — oo and C := sup,,¢ ||Ju(by)|| < co. Fix
an index n € N with b, + by(C) > t*(up). Lemma 8.4 gives a mild solution v
of (8.2) on [0,b9(C)] the with initial value u(by). By means of Lemma 8.5, we
thus obtain a mild solution of (8.2) on [0, by, +bo(C')], contradicting the defining
property of t*(ug). As a result, ||u(t)| — oo as t — ¢t (ug) ™.

(c) Let b € (0,7 (up)) and set u = u(-;up). We consider the radius p =
1 + supg<s<p ||u(t)||. Further let My > 1 and ® be defined as in (the proof of)
Lemma 8.4. This lemma then yields by(p) =: b such that for every v, wo €
B(0,p) the maximal mild solutions v := u(-;vp) = @y, (v) and w = u(-;wg) =

., (w) exist at least on [0, b]. In view of (8.4), (8.6) and (8.7), we can estimate
[0 = wlloo < | Pug (v) = Py (W) [loc + [[Pug (w) = Puy (w)]|ow
< 5llv = wlloo + 1T°(-) (v0 — wo)llos
< 3llv = wlloo + Mo|lvo — woll,
where || - ||oo denotes the sup-norm on [0, b]. It follows

[v = wlloo < 2Mp|[vo — wol| (8.8)

For j € Ng we set b; = jb. Then there exists a minimal N € N with by > b. If
by >t (ug), we replace by by any number in (b, ™ (ug)).

We choose 6 := (2Mq) ™. We inductively show that for every vy € B(uo, )
and j € {0,..., N — 1} the maximal mild solution v = u(-;vg) exists at least
on [0,b;] and that v(b;) € B(0,p). We then infer that v even exists on [0, bj11],
due to Lemmas 8.4 and 8.5. For j = 0 the claim holds since § < 1. Next,
assume it also holds for all k € {0,...,j —1}. Again from (8.8) and Lemma 8.5
we deduce

[(by)[| < [lv(bs) — u(by)] + [lu(dy)]]
< lu(-50(bj-1)) — (-5 u(bj—1))lleo + [[u(by)]]
< 2Mpllv(bj—1) — u(bj—1)[| + [[u(b;)]]

<o < (2Mo) floo = woll + [lu(b)) | < (2Mo) = + sup_|Ju(t)]| < p.
te(0,b]
So we have t*(vg) > by > b which is the first assertion in (c).
To show the asserted Lipschitz continuity, we note that for v, wg € B(ug,d)
the vectors v(b;) and w(b;) with j =0,..., N — 1 stay in B(0,p). We can thus
apply (8.8) repeatedly and derive (c) in this way. O

We add a simple example for Theorem 8.6. In Lecture 9 we discuss a more
sophisticated application.
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EXAMPLE 8.7. Let ¢ : C — C be Lipschitz with constant L and let ¢(0) = 0.
Observe that then |p(z)] < L|z| for all z € C. We define the substitution
operator F' by F(u) = ¢(u) for u € L>(R?). Then F(u) € L?(R?%) and

|1F(u) = F(v)|l5 = /Rd lp(u(z)) — (v(x))|* dz
<12 /Rd u(z) — o(@)|? dz = L2|ju — |3

for all u,v € L*(R?) so that F : L?(RY) — L?(R?) is Lipschitz with constant L.
We can thus apply Theorem 8.6 to the nonlinear Schrédinger equation
u'(t) = iAu(t) +iF (u(t)), teJ, u(0) = wo,

for up € L2(R?) and derive the local wellposedness of mild solutions in the sense
of Theorem 8.6. Since ||F(u)||2 < Lljul|2, we even obtain ¢ (ug) = oo for all
ug € L*(R%), due to Exercise 8.1. We point out that the setting of this lecture
does not allow to take locally Lipschitz ¢. For instance, for ¢(z) = |z|* the
operator I : u > |u|? does not map L%(R?) into L%(R%). &

If up € D(A), we can hope that our mild solution u of (8.2) in fact solves
(8.2). In particular, the initial regularity ug € D(A) should be preserved by the
solution u( -;ugp). To show such a result, we need some preparations.

LEMMA 8.8. Let A generate a Cy—semigroup on X, ug € D(A), and F : X —
X be Lipschitz on bounded sets. Then the mazimal mild solution u = u( -;up) :
[0,t%(ug)) — X of (8.2) is locally Lipschitz continuous.

PROOF. Take b € [0,t"(ug)) and 0 < ¢ < ¢+ h < b. Equation (8.3) leads to
h
w(t + ) — u(t) = T@)(T(h)uo — uo) + /0 T(t+ h — s)F(u(s)) ds
n /O T(t — 5)F(u(s + h)) ds — /0 T(t — 8)F(u(s)) ds
h h
_ / T(t + 5) Aug ds + / T(t + h — ) F(u(s)) ds
0 0

+ / Tt — ) (Flu(s + b)) — Flu(s))) ds. (8.9)
0

Observe that the numbers r = supg<,<; [|u(s)||, Mo = supg<s<p | T(s)|| and
C = supg<s<p || F(u(s))|| are all finite. Formula (8.9) combined with (8.1) yield

t
lu(t + h) —u(t)|| < Mp||Aug||h + MoCh + MyL(r) / |lu(s 4+ h) —u(s)]| ds.
0

Gronwall’s inequality then implies that
|lu(t+ h) —u(t)| < Mo(||Auol| + C)eMoL(r)bh7 0

In our regularity theorem we will require that F' is real continuously differ-
entiable. To that purpose, we define

Br(X,Y) := {T : X = Y |T is R-linear and ||T|g,(x,v) := sup [|Tz| < oo}7
llzll<1
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recalling that the Banach spaces X and Y are complex. As for B(X,Y) (the
space of bounded C-linear operators) one shows that Br(X,Y") is a Banach space
when endowed with || - |5, (x,y). Each T" € Br(X,Y) is Lipschitz continuous.
We clearly have B(X,Y) C Br(X,Y), but the converse inclusion is false even
for X =Y = C. As usual we write Br(X) := Br(X, X).

Let ) # D C X be open. A map F : D — Y is called real (Fréchet)
differentiable at xo € D if there is an operator S € Br(X,Y) such that the
limit

xo+h€D
exists. We then set F'(xg) := S and call F'(zg) the (Fréchet) derivative of
F at xg.We say that F' is real continuously differentiable on D if F is real
differentiable at each point of D and the function

F':D— Br(X,Y), x— F'(x),

is continuous. In this case we write F' € C%(D,Y). The usual rules of calcu-
lus (including the chain rule) hold in this setting with analogous proofs and
straightforward modifications. (See, e.g., Chapter XIII in [Lan93].) If D is
convex and F € CL(D,Y), we have

1
/ (- ))dt:/ F(z+1(z—2))(z—2) dt. (8.10)
0
In this situation we thus obtain
_ < / _ _ .
IF(z) - F@) < max |IF/(w+t(z — )| | - z] (8.11)

for all z,z € D. As a result, a function F' € C(X, X) is Lipschitz on bounded
sets provided that its derivative is bounded on bounded sets. (Observe that
a continuous function on a Banach space does not need to be bounded on a
closed ball.) We establish a final prerequisite.

LEMMA 8.9. Let u € C([a,b), X) be differentiable from the right with right-
hand side derivative v € C(la,b), X). Then u € C*([a,b), X) and v’ = v.

PRrROOF. Let z* € X*. Then ¢(t) = (u(t),xz*) satisfies the assumptions for
X = C (with right-hand side derivative * o v). Corollary 2.1.2 of [Paz83]
implies that ¢ € C%([a,b)) with ¢/ = 2* ow. Fix h € (0,b — a) and take
t € [a+ h,b). Due to the Hahn-Banach theorem, there exists a functional
xj € X* such that ||z}| = 1 and

[ u(t) — ult — 1) = v(t), 25| = | H(u(t) — u(t — b)) —v(B)] =: Da(t).

Setting cph( ) := (u(t), z}), we then compute
Du(t) = [3en(® — onlt = W)~ 0] = |5 [ () — i) ]
_ ’]11/;@(7) —o(t).xf)dr| < B max[o(r) ().

t—h<r<t

Since the right-hand side tends to 0 as h — 0, we obtain that u is differentiable
at each t € [a,b) with the (continuous) derivative v. O
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In the next proof we follow a standard strategy to prove additional regularity
of a given (mild) solution. Assume for a moment that our mild solution u were
in fact a solution of (8.2) in C'(J, X). One can then differentiate (8.2) with
respect to t and obtain a linear (non-autonomous) evolution equation for v := v/
with the initial value 4/(0) = Aug + F(ug). Assuming ug € D(A), we can now
pass to the integrated version of this equation (see (8.12) below), which is easy
to solve in our case. The resulting solution v is a candidate for the derivative
of u. To verify the differentiability of u, we then rewrite the difference quotient
of u by means of (8.3) and subtract the equation (8.12) for v. A Gronwall type
estimate finally yields the assertion.

THEOREM 8.10. Let A generate the Co—semigroup T(-) on X, ug € D(A),
F € CL(X,X) and assume that F' is bounded on bounded sets. Then the
maximal mild solution uw = u(-;up) of (8.2) in fact solves (8.2) on [0,t (up)).

PROOF. Let ug € D(A) and F € CE(X, X). Let b € (0,¢"(ug)) be arbitrary.
We have to show that u € C1([0,b), X) since then Fou € C1([0,b), X) and thus
the assertion will follow from Theorem 6.9 and (8.3). Set My = supg<s<p [|T(s)]|-

1) We first prove a preliminary result. The operators B(s) := F'(u(s)) €
Br(X) depend continuously on s € [0,b] and L := supg<,< ||B(s)|| is finite.
The (R-linear non-autonomous) problem -

v(t) =T(t)(F(ug) + Aug) + /Ot T(t — s)B(s)v(s)ds (8.12)

can be solved as in Lemma 8.4 for ¢t € [0,bg] and a sufficiently small by > 0
by a fixed point argument on C([0,bp], X) (using that each B(s) is Lipschitz
on X with Lipschitz constant less than or equal to L). Since (8.5) is not
needed here, the analogue of equation (8.6) allows to choose by = min{1, ﬁ}
independently of the initial value. As a result, we can solve (8.12) on [0, by]
with F'(ug) + Avg replaced by v(by) and thus obtain a solution of (8.12) on
[0,2bp] as in Lemma 8.5. In finitely many steps we then construct a solution
v e C(]0,b], X) of (8.12). (See also Exercise 8.2.)

2) We now show that the function v of step 1) is the derivative of u. Let
0<t<t+h <bfor some h > 0. Equations (8.3) and (8.12) imply that

wn(t) =t + b) — u(t)) — o)
= T(t) L(T(h) ~ Dy — T () Aug

4= " T(t+h—s)F(u(s))ds — T(t)F(uo)

We first observe that

||Sl(h,t)H < MOH%(T(}Z) — I)UO — AUOH =: Oél(h) — 0,



ISz 0l = [T [ (T = ) F(u(s)) — Fluo)) ds|

< Mo%oilslgh IT(h = s)F(u(s)) = F(uo)|| =: aa(h) — 0

as h — 0. Here we use up € D(A) in the first limit and Lemma 2.9 for the
second one. We then write

S3(h,t) = /Ot Tt — )5 [F(u(s + h)) = F(u(s)) = F'(u(s))(u(s + h) = u(s))] ds

4 /0 Tt — $)F(u(s))wn(s) ds —: Ss1(h, ) + Saa(h,t).

By Lemma 8.8 the function u is Lipschitz on [0, b]. Denote its Lipschitz constant
by £. Employing this fact and (8.10), we estimate ||.S31(h, t)|| by

1 L /
Mob sup. EH/O [F'(u(s) + 7(uls + h) — u(s))) = F'(u(s)))(u(s + h) — u(s)) dr|

0<s4+h<b
< Mobﬁ% sup || F'(u(s) + T(u(s + h) —u(s))) — F'(u(s))|| =: as(h).
<s<b
02§+E§b
0<7<1

Here a3(h) — 0 as h — 0% since F” is uniformly continuous on the compact set
{u(s) + 7(u(r) —u(s)) |0 <7 <1,0< 7,5 <b}.

Altogether we have shown

t
lwn ()] < a1(h) + az(h) + as(h) + MoL/O [[wn(s)]| ds.
Gronwall’s inequality thus yields

Hwh(t)H < (Cvl(h) —+ a2(h) + Oég(h))etMOL

for all t € [0,b]. Letting h — 0T, we then derive that u is differentiable from
the right and that the right-hand side derivative coincides with v. Since v is
continuous on [0, b], Lemma 8.9 implies u € C*(]0,b), X). O
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Exercises

EXERCISE 8.1. In the setting of Theorem 8.6 in addition assume that F' is
“linearly bounded”, i.e., that there exists a ¢ > 0 such that ||F(z)| < ¢(1+]z]])
for all z € X. Show that then ¢*(ug) = oo for each ug € X.

EXERCISE 8.2. Let A generate the Cp—semigroup 7'(-), J = [0,7] and F :
J x X — X be continuous. Assume that there is an L > 0 such that

IF(t,x) = F(t,y)|| < Lllz -y

forall z,y € X and t € J. Let up € X and s € J. Show that there is a unique
solution u = u( -;s,up) € C([s,T], X) of the equation

u(t) =T(t — s)ug + /:T(t —7)F(r,u(r))dr, tels,T.

In addition, let © — F(s,x) be linear for each s € [0,T]. We set U(t, s)ug =

u(t; s,up) for 0 < s <t < T and ug € X. Show that
i) U(t,s) € B(X) and supp<,<i<r |U(2, 5)|| < o0,
ii) U(t,t) =1 and U(t,r)U(r,s) =U(t,s) for 0 < s <r <t <T,
iii) the map {(¢,5)|0<s<t<T} — X,(t,s) — U(t,s)z, is continuous
for all z € X.

EXERCISE 8.3. We know from Example 4.13 that the operator A given by
Au = 82u on D(A4) = {u € C%([0,1]) | ,u(0) = dyu(1) = 0} generates a Cp—
semigroup on X = C([0,1]). Let ¢ € C}(R,R) and set F(u) := p(Reu) for all
u € X. Show the following assertions.

(a) F € C4(X,X) with derivative given by
F'(u)v = ¢ (Reu) Rew, u,v € X.
(b) The “reaction-diffusion equation”
W' (t) = Au(t) + F(u(t)), teJ, u(0) = wo,

has for all ug € D(A) a unique maximal solution v € C*([0, ¢+ (ug)), X)
with u(t) € D(A) for all ¢ € [0,¢1(up)). If ug is real valued, then also
u is real valued.

(c) Let ¢p(s) = s%. Find an initial function ug € X such that t*(ug) < oo.

(d) Let ¢(s) = s(1 —s) and ug € D(A) with 0 < up < 1. Show that
tT(up) = 0o and 0 < w(t) <1 for all ¢ > 0. [Hint: Try a contradiction
argument such as “Assume that there were ¢y > 0 and z¢ € [0, 1] with
u(to, zp) < 0 ...". But the proof requires certain tricks.]
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LECTURE 9

The nonlinear wave equation with cubic forcing term

This lecture is devoted to the investigation of the nonlinear wave equation
with Dirichlet boundary conditions and a cubic forcing term on a bounded do-
main in R3. We first show that the theory of the previous lecture can be applied
to this problem and thus derive local wellposedness and regularity of mild so-
lutions. We then focus on the qualitative behavior of the solutions. Depending
on the sign of the forcing term, we obtain either global existence or blow-up.
As another important feature we establish the finite speed of propagation of
the solutions to the wave equation. Finally, we construct a so-called “standing
wave solution” of the nonlinear wave equation.

We start with the real differentiability of the nonlinearities F' arising in this
and later lectures. As often in partial differential equations, our applications
lead to superposition operators of the form F(u) = ¢(u) for a real differen-
tiable function ¢ : C — C, where we have F(u) = iu|u|/*"! for the nonlinear
Schrédinger equation. These operators act on LP-spaces of complex-valued
functions. However, when differentiating F' it is convenient to identify C with
R? and to consider ¢ as a function from R? to R2.

To this aim, we introduce the following notations. Let z € C. For ¢ : R? =+ R
and ¢ = (¢1,¢2) : R? — R2, we define

o(z) =¢p(Rez,Imz) e R and ¢(z) = ¢1(z) +ip2(z) € C.
Moreover, for £ = (£1,&) € R? and M = (§) € R**2, we set
E-z2=6 Rez+&EImzeR and Mz=¢-z+4in-2 € C.

Our first lemma will allow us to treat the part of the “energy” arising from
the nonlinearity in our applications, whereas the second lemma is concerned
with the nonlinearity itself.

LEMMA 9.1. Let ) # U C R? be open. Let o € CH(R? R) satisfy |p(z)| <
colz|'® and |V(2)| < co|z|® for all z € C and some constants cg > 0 and
a > 1. Then the map

O LTU) - R, d(u) = / o(u)de,
U

is real continuously differentiable. Its derivative ®'(u) € Br(L'**(U),C) at
u € LY(U) is given by
&' (u)o :/ Ve(u)-vdr,  ve L") 9.1)
U

Moreover, ||®'(u)]| g, (L1+a@wy,c) < collullfyq for allu € L'**(U) and thus & is
bounded on bounded sets.
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PROOF. Let u,v € L'**(U). Set p = 2. The growth assumptions on
¢ yield ¢(u) € L*(U) so that ® maps L1+a(U) into R. Next, the map v —
Jy Veo(u) - v dz belongs to Br(L'T*(U), C) since it is R-linear and

[ Vo) - vda] < IVp@llelisa < clulfyalvliva: ©2)

due to Holder’s inequality and the growth assumption on V. To check the
asserted differentiability of ® at u, we compute

plute) () —glute) = V) ol
= [ 2 otute) + o) dr — Velula)) v(z)

= /0 (Vo(u(z) + 1o(z)) — Ve(u(n))) - v(z)dr

for a.e. x € U. Integrating over U and using Fubini’s theorem, we infer

Dy, :=®(utv)— /Vgp Ud:n—/ / Vo(u+1v)—Ve(u)) -vdedr.

As above, Holder’s inequality then implies that

1
| Dy < ||v\|1+a/0 IVo(u+70) = Vo(u)llp dT = [[v]|11al (v)-

We claim that I(v) — 0 as v — 0 in L'*®(U), which means that ® is real
differentiable at v and (9.1) holds. Moreover, the asserted estimate for ®’ then
follows from (9.2). The claim holds if for each null sequence (vy,), in L'*%(U)
there is a subsequence (vy,); such that I(v,;) — 0 as j — oo.

So let v, € L'T(U) converge to 0 in L***(U) as n — oo. By (the proof
of) the Riesz-Fischer theorem there are a subsequence (v,,); and a function
g € L'*(U) such that v,; — 0 a.e. as j — o0 and |vy,| < g a.e. for all j € N.
For 7 € [0, 1], the growth assumption on V¢ thus implies the pointwise estimate

IVo(u+ 1un;) = Vep(u)| < colul +9)* + colu|® = f € LP(U).

The theorem of dominated convergence then shows that the integrand of I(vy,)
tends to 0 as j — oo for each 7 € [0, 1]. Since this integrand is bounded by the
constant || f||,, we further derive that I(v,;) — 0 as j — oo, as asserted.

In the same way one proves that ®(w) — ®'(u) in Br(L***(U),C) asw — u
in L*(U), i.e., ® is continuous. O

LEMMA 9.2. Let ¢ = (¢1,¢2) € CHR2,R?) satisfy |p(2)] < co|z|® and
|¢'(2)] < colz|*t for all z € C and some constants co > 0 and o > 1, where
¢'(z) = ¢'(Rez,Imz). Let p € [a,00) and B # U C R? be open. Then the map

F: LP(U) — La(U), F(u) = ¢(u) = ¢1(u) + iga(u),
is real continuously differentiable and its derivative at uw € LP(U) is given by
F'(uw)v = ¢'(u)v = Vér(u) - v +iVa(u) - v, ve LP(U).

We further have || F"(u)|| g, (1o, oy < collully™", so that the derivative is bounded
on bounded sets.
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PROOF. Let u,v € LP(U). As in the previous lemma, the growth assump-
tions imply that F(u) € La(U) and that |¢/(u)| € LI(U) with ¢ = 2.

a—1
Hélder’s inequality with exponents £ = % + O‘le yields that v — ¢'(u)v be-
longs to Br(LP(U), La (U)). We further obtain the pointwise identity

1
Pluto) = Flu) = ¢'(wpo = [ (¢/(ut o) = ¢/(w)odr.

Minkowski’s inequality for integrals and Hoélder’s inequality then imply
1
1Pt v) = Plu) = /() ollz < [ (6wt 70) = $@)els dr
1
<ol |16/ +70) = ¢ W] e,

The same arguments as in the previous proof show that the above integral
converges to zero as v — 0 in LP(U), where one has to use the growth conditions

on ¢'. Therefore F : LP(U) — L« (U) is real differentiable and its derivative
F'(u) can be represented as asserted. The continuity of u — F’(u) and the
norm bound for F’(u) follow as before. O

We now apply the above lemmas to the nonlinear maps used below. To use
complex notation, for z,w € C we set z-w = RezRew + ImzImw € R and
note that Re(zw) = z - w.

COROLLARY 9.3. Let o > 1, 3 > 1, p € [a,00) and let U C R? be open.
Then the maps
1
& [P R o :7/ +hq
) =R @) = [ a

F:IPU)— La(U),  F(u) = |[ul*'u,
are real continuously differentiable, Lipschitz on bounded sets and their deriva-
tives are given by
' (u)v = /U lul’ ! Re(uv) dz for u,v € LMP(U),
F'(u)v = |[u|* v+ (@ — 1)|u|* 3uRe(uv) for u,v € LP(U).

PROOF. Set ¢(z) = ﬁ\zﬂ*ﬁ and ¢(z) = [2|% 1z for 2 € C =2 R2%. The
growth conditions for ¢ and ¢ from Lemma 9.1 and 9.2 clearly hold. Writing
r =Rez and s = Im z for z € C and identifying z and (r, s), we obtain

B+1

1 1 T
Vp(z) = m(ﬁr(ﬁ + 32)5%,85(7*2 + 32)7) = \z|ﬂ’1z,

¢'(2) = (0,((r2 + %) 7 (1)), 0s((r2 + 527 (1))

= |z]*" (a=1)r% + ]2 (a—1)rs
= |2] 3( (a— 1)rs (a_1)82+|z|2> for z # 0,

and ¢/(0) = 0. As a result, also Vi and ¢’ satisfy the growth assumptions of
the two previous lemmas. Moreover, for w € C with p = Rew and ¢ = Im w,
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we compute V(z) - w = |2|°~ Re(2w), (r,s)(rp+ so) = zRe(2w) and
¢ (2)w = |2|*Tw + (. — 1)|2|* 32 Re(2), z #0.
The assertions now follow from Lemmas 9.1 and 9.2. ]

We can now treat the nonlinear wave equation (1.4) with Dirichlet boundary
conditions on a bounded open set ) # U C R3. In the same way as for the
linear wave equation (6.6) we rewrite (1.4) as an evolution equation in L?(U)
having second order in time, where we use again the Dirichlet Laplacian from
Example 5.12. We thus obtain the problem

w” (t) = Apw(t) — aw(t)|w(t)|?, ted,

, (9.3)

w(0) = wo, w'(0) = wy,

where wo € D(Ap),w; € H'(U) and a € R are given. We look for solutions
w e C*(J, L*(U)) n C'(J, H'(U)) N C(J,[D(Ap)))

of (9.3). To solve (9.3), we proceed as in Lecture 6 and reformulate (9.3) as the
semilinear evolution equation

' (t) = Au(t) + F(u(t)), teJ, u(0) = wo, (9.4)
on the Hilbert space X = H(U) x L%(U) endowed with the norm given by
(w1, u2)||? = |||[Vua|||3 + |luz|3. Here we set ug = (wp, w1 ), and

0 I . °r1
A= th D(A) = D(Ap) x HY(U),
(s, o) with D(4) = D(ap) < H'(©),

F(u) = (0, —auy |u1]?) =: (0, Fo(u1)) for u = (uy,us) € X.

Recall that A is skewadjoint by Example 5.13. Moreover, Corollary 9.3 implies
that Fy : LS5(U) — L?(U) is real continuously differentiable and Lipschitz on
bounded sets. Since H'(U) < LS(U) by Sobolev’s embedding (5.7), we obtain
that F': X — X has the same properties. In particular, F' satisfies (8.1). We
point out that this reasoning crucially depends on the fact that U C R? and
that the nonlinearity is cubic (i.e., & = 3 in Corollary 9.3).

We can now apply Theorems 8.6 and 8.10 to (9.4) with A and F' as above.
Exactly as in Lemma 6.10, one shows that solutions of (9.3) and (9.4) are in
unique correspondence, where u = (w, w’).

To define mild solutions for (9.3), we note that we can write the unitary
group T'(-) generated by A as

_ (Tu(t) Tt
T = (Ti(t) Tii(t))

for operators Ti1(t) € B(HY(U)), Tia(t) € B(L2(U),H'(U)), Tn(t) €
B(HY(U), L2(U)) and Tsy(t) € B(L*(U)), where t € R. Duhamel’s formula
(8.3) thus leads to the integral equation

w(t) = Tn(t)wo + Tlg(t)’wl + /Ot Tlg(t - S)Fo(’w(s)) ds, teJ, (96)

on HY(U). We call a function w € C(J, HY(U)) satisfying (9.6) a mild solution
of (9.3), where wo € HY(U) and wy € L*(U) are given.
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After these preparations we can now establish a local wellposedness result for
the nonlinear wave equation (9.3).

PROPOSITION 9.4. Let U C R3 be open and bounded, and let a € R. Then
for each ug = (wo,w1) € X = HY(U) x L2(U) there is a unique mazimal mild
solution w € C([0,t(ug)), HY(U)) of (9.3). Moreover, let J* = [0, (ug)).
Then the following assertions hold.

(a) The mazimal mild solution w of (9.3) belongs to C*(J*, L*(U)) and
u = (w,w") is the mild solution of (9.4).

(b) If wo and wy are real-valued, then w is real-valued.

(¢) If (wo,w;) € D(A) = D(Ap) x HY(U), then the corresponding mild
solution w belongs to C2(JT, L2(U))NCH(J+, HY(U))NC(J*T,[D(Ap)])
and it solves (9.3).

(4) If t* (o) < oo, then limy_yy- () (1w (O] I3 + 10/ (1)]3) = oo.

(e) For any given b € (0,t"(u)) there is a radius r > 0 such that for iy =
(o, w1) € Bx(ug,r), we have tT(ip) > b and the map Bx(ug,r) —
C([0,0], X), g — (w,w"), is Lipschitz. Here, w is the mild solution of
(9.3) with the initial values (W, 1w1).

PROOF. 1) We first note that due to the above observations, Theorem 8.10
yields a unique solution u of (9.4) on J* = [0,¢*(ug)) for A and F given by (9.5)
if ug = (wo,w1) € D(A). We have u = (w,w’), where w € C*(J*,L?(U)) N
CY(Jt, HY(U)) N C(J*,[D(Ap)]) solves (9.3), so that (c) holds.

2) We next show that mild solutions of (9.3) are unique. Let w,w €
C([0,b), HX(U)) =: E be mild solutions of (9.3) for some b > 0 with the same
initial values (wp,w1) € X. Let r be larger than the norms of w and w in E.
Since ||T'(¢)|| = 1, it is easy to see that ||T12(t)HB(L2,ﬁII) <1 forall t € R. From

(9.6), (8.1) and (5.7), we then deduce
Jw(t) = a@)lhe =] [ Tia(t - 5)(Fo(w(s)) — Fola(s))) s,
< [1Fs(us)) = Fotw(s)lds < L) [ lwls) — als)lsds

for all t € [0,b]. Gronwall’s inequality thus implies that w = .

3) To obtain a mild solution for (9.3), let uy = (wg,w;) € X. We then find
Uon = (Won, W1p) € D(A) converging to ug in X as n — co. Theorem 8.6 shows
that the corresponding solutions u, = (wy,,w,,) tend in C([0, ], X) to the mild
solution u of (9.4) for the initial value ug, as n — oo, where b € (0,t" (ug))
is arbitrary. By definition, the first component w = [u]; is a mild solution of
(9.3). Since w, and w!, converge in C([0,b], L?(U)), the function w belongs to
C1([0,0], L2(U)) and u = (w,w’). This also proves (a).

4) The assertions (d) and (e) now directly follow from (a) and Theorem 8.6.
To show (b), let wy and w; be real-valued. Due to part (e), we may assume that
(wo,w1) € D(A). We set g = Rew and v = Imw. Then v € C*(J*, L?(U)) N
CY(Jt, HY(U)) nC(J*,[D(Ap)]) solves

V" (t) = Apu(t) — ag(t)?v(t) —av(t)®, teJt, v(0) =0, v'(0)=0,
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where ¢ is considered as a given function. Let b € JT. Since H HU) —
L5(U), the number ¢(b) = SUPye(0,5] |lw(t)||2 is finite. Holder’s inequality yields

la@®)?v(®ll2 < lg@®IF lv(@)lle < c®)llv(®)lle and [o)*l2 < e(B)[|lv(t)lle for
t € [0,b]. One can now estimate as in step 2)

Jot6)lhe < [ (lagls)e()la + llao(s)* ) ds < 2lalev)e [ ()12,

for ¢ € [0, b], using once more Sobolev’s embedding (5.7). Gronwall’s inequality
then shows that v = 0, and hence w is real-valued. ]

Let J* = [0,t" (wp,w)) for (wgp,w1) € X. Since the mild solution w of (9.3)
belongs to C(J*, HY(U))) N CY(J*, L3(U)), we can define its “energy”

Ey(t) = E(w(t), w'(t)) = /U(%!u/(?f)\2 + 3 Vu®)? + flw@®)H)dz  (9.7)

= L (w(t), w' )% + &llwt)]

for t € J* since HY(U) — L*(U) by Sobolev’s embedding (5.7). Moreover, the
map X — R, (wp, wy) — E(wp,w1), is continuous.

We next show that F is constant along mild solutions of (9.3) so that it is a
natural quantity for the nonlinear wave equation. Further observe that F,, (t)%
controls the H(U) x L2(U) norm of (w(t),w'(t)), provided a > 0. This fact
leads to global existence of all mild solutions in this case.

PROPOSITION 9.5. Let U C R? be open and bounded, a € R, and (wo,w) €
X. The following assertions hold for each mild solution w of (9.3).
(a) Eu(t) = Eu(0) = 5ll(wo, w15 + §llwolli fort € [0,¢F (wo, wr)).
(b) If a > 0, then t*(wy,w1) = oo for each initial value (wo,w1) € X.

PRrROOF. (a) First let (wg,w1) € D(A) and denote by w the solution of (9.3)
on J* =10,t"(ug)). Employing the regularity of w, Corollary 9.3 and the chain
rule, we infer that E, € C*(J*) and

B () = /U Re(w' (£ (8) + Vao(t) - Vo' (§) + alw(t)Pw(t)w! () de
= Re/Uw’i(t)(w”(t) — Apw(t) + aw(t)|w(t)|?) dz = 0

for t € JT. Here we used the definition of Ap, Re(2w) = Re(zw), and equation
(9.3). As a result, E,(t) = E,(0) for all t € JT. Since the map (wp,w;1) —
Ey(t) is continuous from X to R by Proposition 9.4 (e) and H'(U) — L*(U),
we obtain (a) by approximation.

(b) If a > 0, then [[(w(t),w'(t))||% < 2Ew(t) = 2E,(0) for all t € J* so that
the blow-up criterion from Proposition 9.4 (d) implies ¢* (wp, w;) = co. O

We want to repeat the main features of the above prototypical proof of global
solvability. One first shows that the time derivative of the energy vanishes along
(sufficiently smooth) solutions.! Here it is crucial that the energy fits to the
equation. By approximation, we then deduce that the energy stays constant

LOf course, the argument also works if E/, < 0.
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along all mild solutions using the continuous dependence on initial data and
the continuity of the map X — R, (wg,w1) — E(wp,w;), defined in (9.7). If
the energy dominates the norm, the energy equality combined with the blow-up
criterion in Proposition 9.4 (d) finally yield global existence.

Now, what is happening if a < 07 It is useful to neglect spatial derivatives for
a moment and to consider the corresponding ordinary differential equation ¢” =
lal¢?®, with ¢(t) € R. This equation has the blow-up solutions ¢.(t) = c(l -

-1
L;lct) for each ¢ > 0. Therefore, if we consider the cubic wave equation on U

with Neumann boundary conditions d,w(t) = 0 instead of Dirichlet conditions
on QU , then we obtain the exploding solutions w(t) = ¢.(t)1, for 0 < ¢ < %%

In the Dirichlet case one can also derive blow-up for certain initial values, but
here one has to argue in a different way. In our proof we derive a differential
inequality for the scalar function ¢(t) = |lw(t)||3 which forces ¢ to explode in
finite time. Besides the wave equation (9.3), the crucial ingredient of the proof
is the energy equality from Proposition 9.5 and the assumption that the energy
at time ¢ = 0 is negative.

PROPOSITION 9.6. Let U C R? be open and bounded, a < 0 and (wq,w;) €
D(Ap) x HY(U). We assume that

L wol|3 > L1V w13 + Sllwil3, (9.8)

i.e., the initial energy E(wo,w1) is negative (see (9.7)). We further require that

/ wowy dor > 0. (9.9)
U

Then there is a blow-up time tT > 0 such that lim;_,+ ||w(t)]|2 = .

We note that for each a < 0 there are wgy, w; € D(Ap) such that (9.8) and
(9.9) hold. In fact, take wy = Tw; for a given 0 # w; € D(Ap) and choose a
sufficiently large 7 > 0.

PROOF. We have a solution
we C(JT,[D(AD))NCHJT, H (U))nC3(JT, LA(U))

of (9.3) on the maximal existence interval J* = [0, " (wo, w1)). We set ¢(t) =
1llw(t)|3 for t € J*. Observe that ¢'(0) > 0 due to (9.9). Equation (9.7) and
the definition of Ap then imply

o) = 5 [ (W OF +wt' (®) da

- 1/ [ (£)? d — 1/ |Vw(t)|2da:+M|/ ()] da
2 U 2 U 2 U

for t € J*. Using the conservation of energy shown in Proposition 9.5 (a), we
deduce

80 = [ WP ar+ 8 [ ol a - B, w)
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Hoélder’s inequality further yields

60 = flw 1 < 2 ooy

We set C' = % Since E(wp,w1) < 0 by (9.8), we arrive at

4lal
vol(U)

for t € J*. Hence, ¢/(t) > ¢'(0) + C f5 #(s)>ds > ¢'(0) > 0 and therefore ¢
strictly increases with ¢(t) > ¢(0) + t¢’(0) for t € J*. We can now estimate

G 3@ (0))? = ¢" (1) (t) = Co(t)*¢' (1)
on JT. Integrating once more, we infer
§(07 2 (07 +20 [ $()0(6)7 ds = 607 + K o(0)* ~ Fo(0)

for t € JT. We suppose that J* = R,. Since ¢'(0) > 0, we can fix {5 > 0
such that ¢(0) + to¢/(0) > max{0, (2¢(0)® — 2¢/(0)2)3}. Let ¢ > 9. Because
of ¢(t)* > ¢(t0)® > (¢(0) + t0¢'(0))?, it follows

¢'(t)? > §o(1)° + §(8(0) + t0¢'(0))* + ¢'(0)* — 2£6(0)° > §o(t)*.

As a result,

¢"(t) > o(t)* = Co(t)®

(6) 2 /So)3, t=to, (to) >0

Observe that the solution of the equation

)= \/Su®)3, =t b(to) = d(to),

has blow-up in finite time. The comparison principle for scalar differential
equations now implies the assertion. ]

An important feature of wave equations is the finite speed of propagation of
their solutions. Roughly speaking, this means that if an initial value is com-
pactly supported, then the support of w(t) moves with finite velocity. This
behavior is in accordance with the theory of relativity, in contrast to the diffu-
sion equation v’ = Apu whose solutions u are strictly positive for each t > 0 if
u(0) > 0 is nonzero. To describe this behavior, we consider the cone

Clao,to) = {(z,8) € R® x Ry [0 <t <o, [ — z0| < to — 1}

with base B(zo,t0) C R? and vertex (xo,to) € R*, where to > 0 and z¢ € R3.
Recall the comment after Example 5.12 stating that [D(Ap)] is isomorphic to
H2(U)N HY(U) if U € C? so that Apu = Au for all u € D(Ap).

PROPOSITION 9.7. Let U C R? be open and bounded with OU € C? and let a >
0. Take xo € U and tg > 0 such that B(xo,to) C U. Let (wo,w1) € D(Ap) X

ﬁIl(U) and assume that wy = w; = 0 on B(xg,ty). Then the corresponding
solution w of (9.3) vanishes on C(xo,1o).
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PROOF. The result is proved by a local energy estimate. Let 3 > 0 and
2o € U with B(zo,to) C U. Take (wo, w1) € D(Ap) x H(U) and let w solve
(9.3). Since [D(Ap)] € HX(U), we have w € C*(R,, L*(U))NCY(Ry, HY(U))N
C(Ry, HX(U)). For 0 < t < tg, we set By = B(xo,to — t) and define

eft) = [ (3o (®F + 3Vw(t)? + §ho(t)) de.

We will show that ¢/ < 0 so that 0 < e(t) < e(0) = 0 for all t € [0,t),
and hence w = 0 on C(z,%p). (Actually, in case a = 0 one deduces w = 0
on C(xzg,tp) from dw = 0 on C(xg,ty) and w(0) = 0 on B(xzg,tp).) Using
Reynolds’ transport theorem (see Exercise 9.1), we compute

¢(t) = Re /B (@ (D) + V(1) - VO (E) + ahu(t) P do(1))

= [, Glow®? + {ITuP + o)) dor

cf. the proof of Proposition 9.5. We note that the traces on dB; exists since
Ow(t), Opw(t) € HY(U) and w(t) € H?*(U) — C(U) (see Corollary D.21 and
Theorem D.23). Because of w(t) € H?*(U), we can use Gauf’ formula from
Theorem D.28 on the ball B; leading to

Vu(t) - Vo) = — | Aw(t)dwt)de+ | dw(t) dw(t) do,
By By 0B

where 0,0 = v - tr Vo for ¢ € H?(B;) and the outer unit normal v on 9B;.
Employing equation (9.3) and Hoélder’s inequality, we thus obtain

/(1) =Re [ ow(t)om(t)do - /8 Bt(%]&gw(t)ﬁ + 1Vuw(®)? + 2lw(t)]?) do

g—/ 4| (1)]" do < 0. O
OB

It would be nice to see a wave type solution of our wave equation. We thus
construct “standing waves” w for (9.3), i.e., solutions w of (9.3) given by

Wlo(x), t>0, z€U, (9.10)

where w € R and ¢ € D(Ap). Inserting this ansatz into (9.3), we infer that w
in (9.10) solves (9.3) (with wp = ¢ and w; = iwyp) if w? > 0 and ¢ € D(Ap)
solve the “nonlinear eigenvalue problem”

w(t,x) =e

App + wio — ap|p|? = 0. (9.11)

This observation leads us to the theory of semilinear elliptic equations which
is a bit off the main track of the Internet Seminar. Here we focus on a rather
simple result.

We want to solve (9.11) via bifurcation theory. It allows to construct solutions
to (9.11) as perturbations of the maximal eigenvalue of the linearization. We
only need one of most basic results in this direction, the Crandall-Rabinowitz
theorem, see e.g. Theorem 1.5.1 in [Kie04]. To this aim, we set

(N, ) = App + Ap — aplp|®
95



for A € R and ¢ € D(Ap). Clearly, ®(\,0) = 0 for all A € R. We are looking
for 0 # ¢, € D(Ap) and w € R with ®(w?,¢,) =0, i.e., (w, p,) solve (9.11).

To check the assumptions of the Crandall-Rabinowitz theorem, let U be con-
nected and let all spaces be real. We claim that, Ap has a largest eigenvalue
—Xo < 0 with corresponding eigenfunction g, where the kernel of Ap + Ao/ is
one dimensional and its range has codimension 1.

To establish these facts, we recall a few facts about the spectrum and the
eigenfunctions of Ap. We first note that H'(U) is compactly embedded into
L2(U). In fact, one can extend each f € H'(U) by 0 to a function f € H'(V) for
an open ball V containing U. Due to Theorem D.24 in Appendix D, the space
H'(V) is compactly embedded in L?(V) which implies the claim. (See also
Remark 20 in Section 9.4 in [Brell].) Observe that [D(Ap)] is continuously
embedded into H(U) since for u € D(Ap) we have u € H'(U) and

| 1vulde= [ Apuude < [ Apulaful < blApul+ 3ulf,  (0.12)

by the definition of Ap and Holder’s inequality. In particular, [D(Ap)] is com-
pactly embedded into L?(U) and thus Ap has a compact resolvent. Therefore
o(Ap) only consists of isolated eigenvalues of finite multiplicity, see e.g. The-
orem I11.6.9 in [Kat95]. Example 5.12 tells us that oc(Ap) C (—o0,0). Hence
there is a maximal eigenvalue —Ag < 0 of Ap. It is further known that the
kernel of A\gI + Ap is one dimensional (and so the range of Aol + Ap has
codimension 1 by compactness). See e.g. Theorem 6.5.2 in [EvalO0].

Due to Corollary 9.3 and [D(Ap)] — LS(U), we obtain ® € C}R x
[D(Ap)], L2(U)) and L := 9s®(\,0) = Ap + oI, where I is the embedding of
[D(Ap)] into L2(U). One can further check that ® € C*(R x [D(Ap)], L*(U))
and A := 0129 (N\,0) = I. Finally, o9 = Apq is orthogonal to the range of L
since

(App + Aogleo) = (¢|Appo + Aowo) =0
for all ¢ € D(Ap). We have now verified the assumptions Theorem 1.5.1 in
[Kie04] which gives us 0 # ¢, € D(Ap) and w € R such that ®(w?, p,) = 0.
More precisely, here w? is close to A\g and ¢, is small in the norm of [D(Ap)].

PROPOSITION 9.8. Let a € R and U C R? be open, bounded and connected.
Then for w? close to \g there are real-valued functions 0 # ¢, € D(Ap) solving
(9.11). Hence, the standing waves given by w(t) = e“tp,,, t > 0, solve (9.3).
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Exercises

EXERCISE 9.1. Let U C R be open. Let zp € R? and ty > 0 be such
that B(zo,t9) € U. Set J = [0,to] and B; = B(zo,t9 — t). Prove for f €
CYJ, LN U)) N C(J,W{(U)) and each t € J the identity

d/ fear= [ @fenar- [ i
dt Jp, By dB;
This is a special case of Reynolds’ transport theorem.

EXERCISE 9.2. Let A generate the Cp—semigroup 7'(-) on X and that F :
X — X is Lipschitz on bounded subsets of X. Consider the semilinear problem
u'(t) = Au(t) + F(u(t)), t>0, u(0) = o,
and suppose that t*(up) = oo for all ug € X. Define ¥ : Ry x X — X by
U(t,up) = u(t;up), where u( -;up) is the unique mild solution with initial value
ug. Prove that U is a nonlinear semiflow, i.e., we have ¥ € C(Ry x X, X) and

for all ug € X and t1,t3 > 0 it holds that
\I’(O,UO) = Uup, \Il(t2+t1,u0) = \I’(tg,\lf(tl,uO)).

EXERCISE 9.3. Let A generate the Cp—semigroup 7'(-) on X. Let F\ F,, : X —
X for n € N be Lipschitz on bounded sets and suppose that F,, — F' locally
uniformly as n — co. Fix ug € X. Let u be the unique mild solution of

W' (t) = Au(t) + F(u(t)), t=>0, u(0) = uo,

with maximal existence time ¢* (ug, F'), and let u,, be the unique mild solution
of

ul (t) = Aup(t) + Fo(un(t)), t>0, un(0) = uo,
with maximal existence time t*(ug, F),). Take any 0 < b < t*(ug, F). Show
that liminf,, o t*(ug, F},) > b and that u,, — u uniformly on [0, b] as n — oo.
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LECTURE 10

The nonlinear Schrodinger equation

We now start with the last major part of the Internet Seminar which is
devoted to the basic version of the nonlinear Schrodinger equation. In this
lecture we first discuss a bit its derivation and its role in mathematical physics.
We then study several (more or less) explicit solutions of the equation and
derive two important conservation laws for sufficiently regular solutions. In
view of these results, we will then reconsider the free Schrédinger group 7'(+)
generated by iA on L?(R?) and extend these operators to a larger space. Finally,
we establish a representation formula for 7'(t) which implies that 7'(¢t) maps
L' (R N L*(R?) into L>®(R%). This property expresses the dispersive behavior
of the linear Schrédinger equation and it is a first step towards Strichartz’
estimates shown in the next lecture.

We investigate the nonlinear Schrédinger equation

i0u(t,z) = —Au(t,z) + plu(t, )| u(t,z), zeRY teJ,

u(0,x) = up(x), z € RY, (10.1)
where J is a nontrivial interval with 0 € J. Equivalently, one can write
ou(t, x) = iAu(t, z) — ip|u(t, z)|* tut,z), =eRY tel (10.2)
u(0,x) = ug(x), z € R% '
We put a; = max{a,0} for a € R. Throughout it is assumed that
we{-1,1} and l<a< _d+2 = . (10.3)
(d—2)4

Right away we point out that (10.1) or (10.2) cannot be treated with the meth-
ods of the two previous lectures. The operator iA is a generator on LQ(Rd)7 but
the nonlinearity F(u) = —iu|u|* 'u does not map L%(R?) into itself.

The case p = 1 is called defocusing, and one calls the case u = —1 focusing.
We later explain this terminology a bit and describe the differences between
the two cases. Actually, one can consider more general nonlinearities (under
appropriate growth assumptions) and one could replace —A by a more general
Schrédinger operator, e.g., of the form —A+V for a potential V. We refer to the
monograph [Caz03] for a systematic study of nonlinear Schrédinger equations.
To avoid technical difficulties, we restrict ourselves to the model nonlinearity
in (10.1) which already gives a very good insight into the field.

The borderline “critical” case o = . for d > 3 (see (10.3)) is quite demand-
ing. One could tackle the corresponding local wellposedness results at or after
the end of our course, but for this case the main theorems on global existence
are far beyond our scope. An extended and detailed survey is given in [Tao06].
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Mathematically, the nonlinear Schrédinger equation serves as a model prob-
lem for the large class of so-called dispersive partial differential equations, see
[Tao06]. It further arises in various areas of physics. We briefly describe two
of the main fields of applications.

The first one is nonlinear optics in a so-called Kerr medium. Here one consid-
ers electromagnetic waves in a material, say a glass fiber. The time evolution of
the waves is governed by Maxwell’s equations. The effects of the material enter
into the polarization P which depends on the electric field E. One expresses the
relation P = P(E) by Taylor’s formula up to third order, say. If the material
has a centrosymmetric and isotropic structure, the second order term in this
expansion vanishes. Also the third order term simplifies and involves only the
expression (E - E)E. One calls the resulting material law a Kerr nonlinearity.
Still, the nonlinear Maxwell equation is a quite demanding problem and thus
one looks for further simplifications. To this end, one writes the electric field
as a Taylor series whose leading term is a wave packet of the form

Eo(t,z) = Al(t, x)ei(go'x*wot) + A(t, x)e*i(go"“wot)

with the wave vector & € R?, the frequency wy € R and the amplitude function
A. One then inserts this ansatz into the nonlinear Maxwell equation. Af-
ter long calculations, further approximations and transformations, one ends up
with an equation for the transformed amplitude E, which only depends on the
(transformed) space variable from R3. This equation is a nonlinear Schrédinger
equation with d = 2 and a = 3, where the t-variable corresponds to the co-
ordinate of the direction of propagation of the wave (along the glass fiber).
Moreover, in the equation appear additional coefficients determined by the ma-
terial law. We refer to Chapters 2 and 3 of [MIN04]| for a detailed treatment
of this sophisticated derivation. It can also be seen that a negative coefficient
in front of |A|2A corresponds to an increased refraction index so that light is
focused here, in accordance with the above terminology.

We note that the above reasoning can also be used for other problems, and
quite often it turns out that the nonlinear Schrédinger equation (approximately)
describes envelopes of wave packets (see e.g. [SW11]).

A second source for nonlinear Schrédinger equations are Bose-FEinstein con-
densates. Such a condensate is the state of matter of a gas of N bosons which
are trapped by an external potential V and kept at an absolute temperature
very close to 0. All bosons occupy the same quantum state and can thus be
described by a single wave function u : R® — C giving the particle density |u|?
(so that ||u||3 = N). The interactions between the bosons lead to nonlinear con-
tributions to the Schrodinger equation for this quantum system. Considering
only binary collisions between the bosons, one sees that u satisfies a version of
(10.1) with a = 3, where one adds in (10.1) the term Vu on the right-hand side
and multiplies the other terms by suitable coefficients. The resulting equation
is often called Gross-Pitacvski equation.

We observe that in the above applications the exponent @ = 3 occurs na-
turally. This case is admitted in (10.3) for the space dimensions d € {1,2, 3},
whereas it is critical for d = 4. In view of the applications also o = 5 would be
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interesting. This number is allowed in (10.3) only for d € {1,2} and it is critical
for d = 3. We also consider non-integer o mainly for mathematical reasons.

We first derive several more or less explicit solutions of (10.1) to get an insight
to this equation, where (10.1) is understood in a pointwise sense.

ExAMPLE 10.1 (Plane waves).
Let ¢ € R?\ {0} and a € C. We claim that the smooth function we given by

we(t,x) = aeié'me_i‘glzte_i‘”“la_lt, teR, z e RY, (10.4)

satisfies (10.2) with we(0,7) = ael*®. In fact, consider functions of the form
v(t,z) = ¢(t)e'® for some ¢ € C*(R) and for t € R and 2 € RY. We then
have dwv(t,z) = ¢'(t)e!€” and Av(t,z) = —[¢|?v(t,x) for (t,x) € R, Since
|v| = |¢|, the function v satisfies (10.2) if

¢'(t) = =i + ulo()[*He(t), teR.
For an initial value ¢(0) = a € C, this scalar differential equation has the
solution ¢(t) = aexp(—i(|£]? + pla|*1)t). &

One calls functions as we in (10.4) plane waves. Here a is the amplitude, &
is the wave vector and w = [¢]? + u|a]®*~! is the frequency. Observe that the
summand |¢|? in w comes from —A whereas u|a|*~! is the contribution of the
nonlinear part which depends on the absolute value of w¢. For = 1 these two
terms add up and so the nonlinearity increases the frequency and thus the time
oscillation, whereas for u = —1 the oscillations partly cancel.

The wave we equals the amplitude a on the plane given by

1 a—1
e x = ||£| )t =:v(&)t.
1

This plane moves along its unit normal vector E& with the phase velocity v(§)
which depends on the length of the wave vector. This behavior is called disper-
sion. Dispersion causes plane waves with different wave vectors §; (say, having
the same direction ﬁgj = 1) to spread out in space as time evolves. This effect

la

(1gl+

will be stronger in the defocusing case u = 1, since again the nonlinear effect
adds to the linear one. In the case p = —1 the waves exhibit less dispersion,
they longer stay focused.

We next consider standing waves which are solutions of (10.1) where a time
independent profile ¢, oscillates in time due to a factor e“?.

EXAMPLE 10.2 (Standing waves in the focusing case).
For = —1 and each w > 0 and 1 < a < a, there is a function ¢, € H?(R%)
such that the function u, € C®(R, H2(R%)) given by u,(t) = ey, t € R,
satisfies (10.1). In fact, we first note that wu,, satisfies (10.1) if ¢, € H?(R%)
solves the semilinear elliptic equation
- A‘Pw T Wy = ’SOw‘a_l(Pw (10-5)

on R For d =1 and w = 1 one finds an explicit solution, namely

o1(z) = (%) reR,
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V2

cosh *
can solve (10.5) by means of the calculus of variations.! This is done in Section

8.1 of [Caz03]. The combination of several theorems in this section even gives
a strictly positive solution ¢, € H2(R?) N C?(R%) of (10.5). Moreover, ¢, is
spherically symmetric and ¢, |V, | decay exponentially as |z| — oc. &

where we set ¢ = C“T_l For o = 3, one has ¢ =1 and ¢ = In general, one

The cases = 1 and g = —1 in (10.1) with 1 < a < a, crucially differ
with respect to global existence. For the defocusing case we will show global
existence in Lecture 13. In the focusing case one has blow-up if 1 +% <a<ag,
see Corollary 6.5.14 in [Caz03]. For the case a« = 1+§ one can find an exploding
solution based on Example 10.2. We stress that the blow-up occurs in H!(R?),
whereas the norm in L?(RY) stays constant.

ExAMPLE 10.3 (Blow-up solution).
Let = —1, @ = 1+ 2 and w > 0. Take the standing wave solution wu,(t) =
e“lp,, t € R, from Example 10.2, where 0 < ¢, € H%(R?) N C%(R?) solves
(10.5). We define

. x|2 )
u(t,z) = (i(t — 1))*gel4<i*1)e_lﬁcpw(t%lx), teR\ {1}, z € R,

(If you wonder how one can guess such a formula, you may look at p. 115/116
of [Tao06].) A direct, but somewhat tedious computation shows that u satisfies
(10.1) for t #1 with p = -l and a =1+ %. Moreover, for t # 1 we have

(@) = [ 16 = 1 () P de = e,
. 2
9@l = [ |1t =1 sy (Fro)a + 2 Veu(ro)| do
—d— 2 _
> [ = U2 () de = = 11720 Ve 13

As a result, this solution explodes as t — 1~ in H'(R%) though it stays bounded
in L2(R?). Observe that the initial value u(0) belongs to H?(R?) since ¢, €
H2(RY) and @, |Vip,| decay exponentially as |z| — oo, see Example 10.2. <

To understand the different behavior of the L?~ and H'-norm in the above
example, we next discuss preliminary versions of the two fundamental conser-
vation laws for the L?-norm and for the energy. To that purpose, we recall that
Sobolev’s embedding (5.5) yields H'(RY) — LY*%(R?) for 1 < a < a, since
1-— % > —Hia.z As a result, on H'(RY) the “energy”

1 %

Ew) =< Vol? dx 7/ o[ dz = L||Vul|13 + L5 |vlliT® (10.6
) =5 [ [P dr+ L [ HIVoll3 + s lelliEs (10.6)
is defined, and E : H'(R?) — R is real continuously differentiable by Corol-
lary 9.3. If 4 = 1, we have Hv||%2 < 2E(v) + ||v||3 so that the H'-norm is

controlled by the energy and the L?-norm in the defocusing case.
LWe note that the corresponding result proved in Proposition 9.8 is much easier because

of the existence of an isolated simple eigenvalue for the (Dirichlet) Laplacian.

2Here one can also allow for o = a. if d # 2. Since the critical case a = a. is not treated
below, mostly we will not mention such facts further on.
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REMARK 10.4 (Conservation of the L?>-norm). Let u € C'(J,L*(R%)) N
C(J, H*(RY)) satisfy (10.1). Integration by parts then yields

Lu@))2 = & /Rd w(t)yu(t) dz = 2Re /Rd o (Y ult) da
_ 2Rei/Rd (Au(t) — plu(®)|* u(t))u(®) de

— 2Tm /Rd(\vu(m? + plu(®)*Y) de = 0

for t € J. As a result, ||u(t)|l2 = ||uoll2 for all t € J.
Recall that in the linear case u = 0 one has the same conservation property,
which extends to (10.1) due to the structure of the nonlinearity. &

REMARK 10.5 (Conservation of energy). Let u € C(J,H'(RY) N
C(J, H*(R%)) satisfy (10.1). The chain rule, Corollary 9.3 and an integration
by parts then imply

L Bu(t)) = /[R Re(Vu(t) - Vul(D)) dz + p /R Re(Ju(t)|* "u(t)w' (1)) du
— Re /]R (= Aut) + ()| () (7) da

= Re/ v/ (t)u/(t)de = 0
R4
for t € J. Therefore E(u(t)) = E(ug) for all ¢t € J. O

The above results indicate that there is some hope to control the H' norm
of solutions at least in the defocusing case. Aiming at global existence, we are
thus looking for a framework for the nonlinear Schrodinger equation (10.2) in
which we can derive a blow-up condition involving only the H'-norm. Looking
at the proof of Theorem 8.6, one sees that the norm for the blow-up condition
is closely tied to the required regularity for the initial value. So one would like
to take ug € H'(R%) and thus looks for solutions u in C(J, H!(R?)).

But how to extend the Laplacian to H'(R%)? Actually, there are several ways
to do this, where we use an approach motivated by the Lax-Milgram theorem.
To this aim, we define the Sobolev spaces of negative order by duality, i.e.,

W, *(RY) = WE(R?Y)* forkeN, 1<p< oo,
endowed with the norm

loll—kp = sup |e(v)|= sup (v, @),
vl pr <1 vllg, 7 <1 P

where p’ = -2 and (-, - )y« denotes the duality pairing between W;f, (R%) and
p/
W, F(R%). As before, we set
H_k(Rd) — Hk(Rd)*

for p = 2. Observe that the space Wp_k(Rd) is reflexive and that its dual can
be identified with W;“, (R9).
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We focus on H~'(R?) and first discuss its relation to the LP spaces. The
inclusion map J : H'(R?) — L%(R?) is injective and has dense range. We
identify L?(R%) with L?(R?)*. Standard results from functional analysis then
imply that also J* : L2(R%) — H~Y(R?) is injective and has dense range. (See
the proof of Theorem C.5 and note that one can identify J** with J.) We thus
obtain the dense embeddings

HY(RY) < L2(RY) = L2(RY)* — H~Y(RY). (10.7)

Here a function f € L?(R?%) induces the continuous linear functional pf = J* f
on HY(R?) given by

or(v) = (v, 0p) g = /Rd vfdaz, ve HY(RY). (10.8)

Sobolev’s embedding (5.5) further shows that

d+2
H'®Y < LH*RY  forl<a< —12 —q,. (10.9)
(d—2)4

As above we deduce that
LHoRY* = [55%(RY) — HY(RY), (10.10)

where the embedding is given as in (10.8). We thus identify LI(R?) with a
subspace of H~1(R%) for 1+ a% < ¢ < 2 and write f instead of ¢ in (10.8). We
stress that the duality between H'(R?%) and H~!(R?) extends that of L7 (R%)
and L(R%) for these q.

REMARK 10.6. (a) Corollary 9.3 shows that the nonlinearity F(u) =
—ipful*"tu is real continuously differentiable and Lipschitz on bounded sets
as a map F : L't*(R?) — LHTQ(Rd), and it satisfies ||[F'(u)|| < c||u]|}ig‘ In
view of the embeddings (10.9) and (10.10), the analogous results hold if we
consider F' as a map F : H'(RY) — H~1(R?). O

(b) Sobolev’s embedding (5.5) further yields that H?(R?) < L2*(R9) since

- %l > —% by (10.3). From Corollary 9.3 we thus deduce that F : H?(R%) —
L?(RY) is real continuously differentiable and Lipschitz on bounded sets. <

We next extend the weak partial derivative 9, : H'(RY) — L?(RY) to a
bounded linear map from L?(RY) to H~!(R?), again denoted by d. For u €
L*(R?) we define Oyu by

(v, Opu) g1 = — /Rd((?kv)u dz, ve HY(RY). (10.11)

Clearly, |(v, Opu) 1| < |Jull2||v]/1,2 so that Oju belongs to H~(RY). As a conse-
quence, we can extend the second derivatives 0g; and the Laplacian A to maps
in B(H'(R?), H~'(R?)), which we also denote by dj; and A, respectively. By
(10.11), for u € H'(R?) the functional Au acts on H'(R?) as

v, Au) g1 = — Vu - Voudz, v e HYRY). 10.12
H Rd

One often calls this operator weak Laplacian.
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We will need a scalar product on H~*(R?). To this aim, we first claim that
I—A:HY(RY — HY(R?) is an invertible isometry. In fact, for u € H'(R%)
the definitions (10.8) and (10.12) imply

lu—Aul|—12= sup [(T,u—Au)yi| = sup ‘/ @udx—i—/ VU-Vud:U‘
Rd Rd

[vll1,2=1 llvll,2=1
= sup |(ulv)pr| = [lufle- (10.13)
llvllr,2=1
Applying the Lax-Milgram Theorem 5.11 to the bounded and strictly accretive
sesquilinear form given by a(v,w) = (v|w)y: on H'(RY), we further see that
I —A: HY(RY) — H~1(RY) is bijective, as claimed. We then introduce

(l) g1 = (I = A)o|(I = A) ') for o, ¢p € HTH(RY).  (10.14)

It is clear that (10.14) defines a scalar product on H~!'(R?). Setting u — Au =
¢ € H~1(R9) in (10.13), we see that this scalar product induces the norm ||-||_1 2
on H~1(R?). We stress that one should not identify the Hilbert space H~!(RY)
with its dual H'(RY) in the present context and that the scalar product in
(10.14) does not coincide with that of L2(R?) if ¢, € L*(R%). We can now
establish the relevant properties of A on H~!(R%).

LEMMA 10.7. The operator I — A is an invertible isometry from H*(RY) to
H~YRY), and A with domain H*(R?) is selfadjoint and dissipative in H~1(RY).
Thus iA with domain H'(R?) generates a unitary Co—group on H~1(R%) which
extends the unitary Co—group in L?(RY) generated by iA with domain H?(R?).

PROOF. We start with preparations. In this proof, we distinguish between
the Laplacian A_; in H~!(RY) with domain H'(R?%) and the Laplacian A; in
H'(R?) with domain H?(R?). The operator I — A; is invertible in H'(R?),
which can be seen as the corresponding result in L?(RY), cf. Example 5.10. It
is straight forward to check that Aj is symmetric. Moreover, (I — Ap)~! is
the restriction of (I — A_1)~! to H'(RY). In fact, for f € H'(RY) we have

=T —-A_ )7 'fe H(RY and v = (I — Ay)~Lf € H3(R?). Hence, (I —
A Ju=T—-A1)v=(I—-A_1)vand so u=n.

The first assertion was shown above. To verify the symmetry of A_1, we take
u,v € H'(R?) and compute

(A yulv)gor = (I —A_ > Bl - 2y

=(A(I-A ) ul(I—A
= (A1 - ) wl (I - 1) 1U)H1
(1 = A) 7| Ay(I = Ar) o)
= (

u| A1) -1

Similarly, one sees that A_; is dissipative. Remark 5.6 (f) now implies the
selfadjointness of A_q since I — A_4 is invertible.

By Stone’s Theorem 5.7, iA_; generates a unitary Co-group on H~'(R%).
For ug € H%(R?) the corresponding Cauchy problem is also solved by the group
generated by iA on L%(R%) (because A_; extends A with domain H?(R%) and
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L*(RY) — H~Y(RY)). Since H?(R?) is dense in L2(R?), it is densely embedded
into H~!'(R?). The uniqueness of the solutions to the Cauchy problem then
yields the last assertion. O

By T(-) we denote both the unitary Cy—group in H~'(R?%) constructed in
Lemma 10.7 and the unitary Cp-group generated by iA on L?(R?), which is
the restriction of the first one. These groups are called free Schridinger groups.

Using the above observations, we rewrite the Schrodinger equation (10.2) as
the evolution equation

W (t) = iAu(t) — iplu(t)|* tu(t), teJ, u(0) = o, (10.15)

in H~Y(R?) or L?(R?) =: H°(R?). We next introduce our solution concepts.

DEFINITION 10.8. Let 1 < a < (d{g§+ = o, p € {-1,1} and k € {1,2}.
Let ug € H¥(RY). An H*-solution of (10.15) is a function u € C(J, H*(R%)) N

CY(J, H*=2(R%)) that satisfies (10.15).

If u is an H'-solution of (10.15), then Fow: J — H~'(R?) is continuous by
Remark 10.6. By Proposition 6.5, v thus satisfies the integral equation

u(t) = T(t)up + /OtT(t —s)F(u(s))ds, teJ, (10.16)

in H~Y(R?), where up € H'(R%) and the integral exists in the space H~!(R?).

As in Lecture 8, we will establish the local wellposedness theory for the
nonlinear Schrédinger equation by solving the fixed point problem (10.16). But
one sees right away that this is a much harder task than before since F' only
maps L'T%(R?) into LITTQ(Rd) and thus loses integrability. At first glance, the
convolution with 7'(-) does not help since T'(t) is unitary on H~1(R%) or L?(R%)
and hence does not map into a “better” space. However, if one leaves the L?
framework, one can show that 7'(¢) in fact improves integrability to some extent.
This property is encoded in Strichartz’ estimates proved in the next lecture.

As a first step in this direction, we derive a representation formula for 7'(¢)
on L2(R%) N LY(RY). Tt says that on this space T'(t) looks like the diffusion
semigroup with “imaginary time” it. The formula implies that T'(t)v € C>(R)
ifve LQ(Rd) has compact support.

LEMMA 10.9. The free Schridinger group is given by

1 1‘123'20
T(t)v(z) = g /R K (y)dy (10.17)

for allv € LY(RY) N L2(RY), t € R\ {0}, and a.e. x € R%.

PROOF. 1) Observe that the right-hand side of (10.17) defines a bounded
map from L'(R?) to L>(R?) for t # 0. Moreover, C2°(R?) is dense in L'(R?)N
L?(RY) with respect to the sum norm || - ||y + || - [|2. (This fact can be seen by
an inspection of part 1) in the proof of Theorem D.13.) It thus suffices to show
(10.17) for v € C°(RY).

2) To derive (10.17), we will use the Fourier transform F : ¢ — @. We
recall that F is a unitary operator on L?(R?%) and that for ¢ € H?(R?) we
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have F(Ap) = —|¢[2Fp, see Theorem 5.9 or Appendix E. For v € C°(R?),
the function u = T(-)v belongs to C(R, H*(R?)) N C*(R, L?(R%)) and satisfies
u'(t) = iAu(t) for t € R. Since

e (Fu(t) — Fu(t)) = F (g (u(t) — u(1)))

tends to Fu'(t) in L*(RY) as t' — t, it follows that @ € C'(R, L?(R%)) and
u'(t) = Fu/(t). We thus obtain

% a(t) = F(iAu(t)) = —il¢*a(t), teR, u(0) =v.
Solving this ordinary differential equation for fixed ¢ € R¢, we arrive at

a(t, €) = e UEFH(E) = 7 (€)0(€)

for all t € R and ¢ € R? where 7,(¢) := el for £ € RYand 2z € C,
Yt € Cp(RY) and © € L2(RY) N LY(RY). As a result, u(t) = F~!(y40). Since
it is not the Fourier transform of an L!'-function, we cannot directly apply the
convolution formula in Theorem 5.9 (b). Instead we consider the regularization
me(t) = Yiere € LY(RY) N L2(R?) for ¢ > 0. We compute below F~'m. and
obtain F~tm. € L*(R?). Hence, we can apply Theorem 5.9 (b) to m.d.

Since |m.| < 1 and m.(t) converges pointwise to vit, Lebesgue’s theorem and
Theorem 5.9 thus imply that
d
2

u(t) = F 1 (yud) = ;13% F Y m(t)D) = lim (27)~

e—0

(Flmg(t)) v

for all t € R. Using m. € L*(R*)NL?(RY) and Theorem 5.9, we further compute

d
Flme]@) = (2m)7F [ eirtetePeslel qe = [] ——
m T T /Rde e e kl;[l\/%

for all t # 0 and 2 € R?. By means of complex contour integrals we show in

step 3) that
a2
[erteatdneas — [T e, (10.18)
R lt + g

Hence, F~'m. € L'(R%) as needed above, and we arrive at

/ itk —(it+e)€} dg;,
R

LI 1 bl (y)d
(4m)f =0 Jre (it 1 )8 g

u(t,z) =

For fixed t # 0 and = € R?, Lebesgue’s theorem allows to let ¢ — 0 in the
integral since v € C2°(R?), and hence (10.9) holds.
3) It remains to check (10.18), where z := z;, € R, t € R and € > 0 are fixed.

We set ( = 2(559-1 B) and compute

1/'2 . -’132 .
/ ef(itJrs)szeims ds = e TtFe) / ef(1t+5)(57<)2 ds — e~ 76T / e*(ltJrE)zz da.
R R R—¢
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We set f(z) = e (@+9)2" and [ = [, ¢ [ dz. We have to show that I = /5.

To this purpose, we consider the contour I',, = T2 UTY UT! UT!, where
r® =[—n,n], I ={z=n+7¢| —1<7<0},
F:L:{z:rn—ﬂ—lgrgl}, FL:{z:—n—l—Tﬂ—lSTgO}

for n € N, where I'), is oriented counterclockwise. Cauchy’s theorem yields
Jr,, fdz=0. We can find a constant ¢ > 0 such that

sup |e—(it+€)z2| < e—an2ecn
zel'r urh
for all n € N, and hence fF{l fdz — 0asn — oo, for j = L,r. By a similar
estimate one sees that [, fdz tends to I as n — oco. Letting n — oo, we thus
deduce that I =2 [ f( Sds

Let t > 0 and set 8 = Sarg(it + ) € (0,%). Since [/it +¢|e = /it +¢, we
have

2 / .2 d
= — e Z.
\V4 1t+€ eiﬁ]R_‘_

To evaluate this integral, we use the contour Fn = ¢f[0,n]u{ne” |0 < o < B}U
[0,n] (with positive orientation). Since |e_n e | < e M eos2B for 5 ¢ [0, 5],
Cauchy’s theorem now yields

NZs
-k A

as asserted. The case t < 0 is treated in the same way. O

This representation formula allows to establish the dispersive behavior of
T(t). Indeed, the next corollary says that 7(¢) flattens initial data in L'(R%) N
L?*(R%), in the sense that they become immediately bounded and then tend to
0 in all LY norms for ¢ > 2 as t — oco. Since the L?> norm is preserved, local
concentrations of T'(t)v must be pushed towards infinity in RY,

COROLLARY 10.10. The operators T(t) from Lemma 10.9 extend from
LY(RY N L2(RY) to operators in B(LY (RY), LP(RY)) for all p € [2,00] and
1_1
t € R\ {0}, with norm bounded by (47r]t])d(5_5).
ProOOF. By Lemma 10.9, T( ) maps (LY(R?) N L2(RY), || - ||1) into L>®(R?)

with norm bounded by (4x|t|)”2. Moreover, it has norm 1 as an operator on
L*(RY). Let p € [2,00]. The Rlesz Thorin interpolation theorem now shows
that we can extend T'(t) to an operator from L? (R%) to LP(R%) with norm less

d_d
or equal (47|t|)» 2, see e.g. Theorem IX.17 in [RS75] and use t = % there. O
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LECTURE 11

Strichartz’ estimates

In this lecture we establish Strichartz’ estimates for the linear Schrodinger
equation v/ = iAwu in the subcritical case. These estimates will be the crucial
ingredient for our further analysis of the nonlinear Schrédinger equation. For
the proof of these estimates we need Corollary 10.10 of the previous lecture, the
Hardy-Littlewood-Sobolev inequality and a few other preparations. We state,
discuss and show Strichartz’ estimates at the end of this lecture.

To motivate the need for Strichartz’ estimates, we sketch the way to solve
the nonlinear Schrédinger equation

o' (t) = iAu(t) — iplu(t)|* Tu(t), teJ, u(0) = up. (11.1)

Here one cannot apply the results of Lecture 8 since the nonlinearity does not
map L?(R9) into L?(R?). We still want to use the methods of Lecture 8. In this
spirit we look at the integrated version of (11.1),

w(t) = T(tuo — ip /0 T sus)uls)elds, ted  (112)

see (10.16), where T'(-) is the unitary Cy—group generated by iA. The right-
hand side of (11.2) defines an operator ® whose fixed point will solve (11.1).
To apply the contraction mapping principle, we need a function space which
is mapped into itself by ®. Because of o > 1, we lose integrability in the
nonlinearity. However, the one-sided convolution with 7'(+), given by

T g0 = [ T -9)()ds, te

could regain some integrability. There is hope for such a result since we have
seen in Corollary 10.10 that T(¢) defined on L*(R?) N L2(R?) has a bounded
extension T'(t) : L” (R%) — LP(R?) with norm

1T )10t oy < (d]t]) (11.3)

for all p € [2,00] and ¢t € R\ {0}. One calls (11.3) a dispersive estimate since
it says that initial values in L'(R%) N L2(R?) are mapped to bounded functions
by the free Schrodinger group T'(-). Because the L?-morm is preserved, the
solution must spread out in space.

To treat the fixed point problem (11.2), we have to bound T *; f and the
orbit T'(-)ug. The needed inequalities will follow from (11.3), but this derivation
fills the entire lecture. The resulting estimates are named after R. Strichartz
who proved such estimates for the wave equation in 1977 (see [Str77]). Various
versions were then shown in the following years, see Section 2.3 in [Caz03]. The
development culminated in the paper [KT98] from 1998 by M. Keel and T. Tao
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who established the result in a certain borderline case (described below) which
is needed for the critical case @ = a. in (11.1), cf. (10.3). By now, Strichartz
type estimates are known for a wide range of dispersive equations.

We will show a basic version of Strichartz’ estimates in the subcritical case
for the free Schrodinger group. This result fits to our problem (11.1) with
1 < a < ac. To exploit the dispersive estimate (11.3), one needs the Hardy-
Littlewood-Sobolev inequality for the space dimension n = 1, see (11.4), which
is of independent interest.

To derive this inequality, we first represent the LP-norm of a function f :
R™ — C in terms of its distribution function d; defined by

df(S) = /Rn ]1{|f‘>5}($) dx, s> 0.
Here we use the notation {|f| > s} = {€ e R"||f(£)] > s}.
LEMMA 11.1. For allp € [1,00) and f € LP(R™) we have

171 =p [ & ds(s) ds.

Proor. Using Fubini’s theorem, we compute

1 = [ 1spas= [ ([ oo as) ao

— > p—1
= p/o s ( - Lo, £())(5) dx) ds.
The assertion now follows from the fact that 1o () (s) = Lqjf>s3 () O

We next show the Hardy-Littlewood-Sobolev inequality. Its proof is elemen-
tary and laborious, but quite entertaining.

THEOREM 11.2 (Hardy-Littlewood-Sobolev inequality). Let 5,7 € (1,00)
and 0 < X < n satisfy % + % —I—% = 2. Then there is a constant C > 0 such that

/Rn |f(‘”)‘/R ) dydz < C|f|sllglly (11.4)

n |z =yt
for all f € LP(R™) and all g € LY(R™). As a result,

(/J/Rn ,:lgﬁygix dy}ﬂ/ dfﬂ)ﬁ < Clglly- (11.5)

The inequality (11.5) resembles Young’s convolution estimate. (See Theorem
1.2.12 in [Gra08].) To see this relation, let py(z) = |z|~* for € R™\ {0} and
©x(0) = 0, where A € (0,n). If we had ) € L"(R") with 1 =1+ é - % and
r, 3,7 € [1,00], then Young’s inequality would give

lea*gllg < lleallrllglly  forall g € L7(R™). (11.6)

To show (11.5), we would need here A = n(2 — % — %), ie, A\r = n. So

) € L"(R™) would require that [p, |z|7" dz < oo which is not quite true. In
(11.5) we have shown (11.6) (at least for positive g) with ||¢x || replaced by C.
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PROOF. 1) Assertion (11.5) follows from (11.4) by a duality argument. For
(11.4) it suffices to prove the inequality

/nlw|x_yP(Mdy<CY (11.7)

under the assumption that f,g > 0 and ||f||3 = ||g|/[y = 1. The derivation of
(11.7) is based on Lemma 11.1 and the distribution functions d; and d4. As in
the proof of Lemma 11.1, for z € R™ we have

:/0 L0, () (T) dT:/O L sy () dr,

and in the same way g(y) = [~ 14> (y) ds for y € R". Moreover,

= [l = A/ A L (4] 00 () dE = A/ g () dt.

|z

These facts and Fubini’s theorem yield

g) = )\/ / / t AL (r, s,t) dt dsdr, (11.8)
o Jo Jo
where we have set

J(r,s,t) = /n - Liporm () Ligssy (W) Lo (¢ — y) dz dy.

2) Let 7, s,t > 0. We estimate J(r, s,t) in three ways. We first derive

J(r,s,t) /Rn/ Ligss3 (¥) g (7 — y) dody

= Tross / ldxdy = Cidgy(s)t", 11.9
/Rn {g>s3 (%) sy, T =4 4(5) (11.9)
where C; = vol(B(0,1)). Similarly, one obtains

J(r,s,t) < Crdg(r)t", J(r,s,t) < dp(r)dy(s). (11.10)

3) We fix r, s > 0 and estimate the inner integral in (11.8) in two ways. We

first split the integral at t = d f(r)% and use (11.9) for the first summand and
the second part of (11.10) for the second summand, arriving at

S df(r)% 0o
/ AN (ry s, t) dt < Cl/ dg(s)t™ A1 dt 4 L dy(r)dy(s)t>"tdt
0 0 dy(r)m
Cq noa 1 A
= dg(s)ds(r) = + dy(r)dg(s)dy(r)n
ACi+n—X, , qx
= nd .
)\(n _ )\) f(?’) g(S)
Second, splitting at ¢t = dg(s)% and applying both parts of (11.10), we deduce
ooy MO +n—A A
AT (r s, ) dt < e Cd(r)dg(s) .
/ (r.31)dt < TS (1) )
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Inserting these inequalities into (11.8), we conclude

n(C1+1)
I(f.g) < ——~ + / / min{d;(r) " dy(s), d;(r)dg(s) "7 } ds dr.
(11.11)
8
4) We next split the inner integral in (11.11) at s = 7 and obtain

P

I(f,g) < n(fl_—;l)/ooodf(r) / dg(s)l_% ds) dr
+(fl_+1/ dy( 1*A( ., (s )ds)dr. (11.12)

In the first summand we apply Hoélder’s inequality with the exponents (1 —
%)_1 >1and § > 1. Lemma 11.1 and [|g|, = 1 then imply

h A o A A A
/ dg(s)' " ds :/ (dy(s)1~% sO~DA=D))s~0-D(1-2) g
0 0
B/~

' T A
ry_ n /y LA
< (/0 dg(s)s ds) (/0 ds)
LAl n 2
< (%Hgm) —z(/o s~ (=D(X-1) d3> ey

for a constant Cy only depending on 3, A and n, where the assumption % + % +
1 =2yields (y—1)(} —1) < laswellas 2(1 — (y - 1)(} —1)2 = 8 - 1.
Employing again Lemma 11.1, we infer

/ g / r%dg@)l*% ds) dr < C / Tt ar = G115 = 4.
The second double integral in (11.12) can be rewritten as
/ ds(r)' = ( Md 5)ds) dr _/ / L7, o0 (8)dg (1)1 "7 dg(s) ds dr
- [ Losin(elst Py (s) dr ds

:/0 dg(s)(/o df(r)l_% dr) ds,

due to Fubini’s theorem. This term can be bounded in the same way as above
by a constant Cs. We have thus shown (11.7). O

3>

In the proof of Strichartz’ estimates we have to commute partial derivatives
with the free Schrédinger group T'(-), which is justified by the next lemma.

LEMMA 11.3. For each k € N, the free Schrodinger group T(-) leaves H*(R?)
invariant and induces a unitary Co—group on H¥(R?). Moreover, 9;T(t)v =
T(t)0v for allt € R, j € {1,...,d} and v € HY(R?). An analogous result
holds for higher derivatives.

112



ProoF. Let t € R\ {0} and k = 1. We first show T(t)v € H'(R?) for
v e CP(RY). Due to Lemma 10.9, there is a kernel K; € Cy(R9) such that

Tt)v(@) = (Kixv)(@) = | Ki(y)o(z —y)dy

for € R%. Thus T(t)v € C*(RY) and
07w = [ Kiw)@)(- =9 dy = T()@yv)

on R% Next, let v € H'(RY). By Remark 5.8 (c), there are functions v, €
C>(R?) that converge to v in H(R?) as n — oo. Hence, 9;T(t)v, = T(t)0;v,,
tend to T(t)0;v in L*(RY). Remark 5.8 (b) thus yields that T'(t)v € H'(R?)
and 0;T(t)v = T(t)0jv for j € {1,...,d}. It follows that T'(t), t € R, can be
restricted to an isometry on H'(R%). Clearly, the restriction still satisfies the
group property. Since ||0;(T'(t)v — v)|l2 = ||T(t)0jv — O;v|l2 — 0 as t — 0, the
group T(+) is strongly continuous on H'(R?). By the group law the operators
T(t) : HY(R?) — H'(R?) are bijective and hence unitary due to Theorem C.7.
The case k > 2 is treated similarly. O

Strichartz’ estimate will be formulated in the Banach space-valued Lebesgue
space Li(J, W;(Rd)) with p,q € [1,00], k € Ny and an interval J C R, where we
recall our notations W;? = L? and H® = L?. In Appendix F we have collected
the definitions and some of the basic properties of these spaces. We further
need the following results.

REMARK 11.4. (a) Let X be reflexive and 1 < ¢ < co. Then LI(J, X)* is
isometrically isomorphic to L9 (J, X*), where g € Lq/(J, X*) acts via

(i) = [ (F0.9(O)x o

on f € LY(J, X). Moreover, L1(J, X) is reflexive if 1 < g < oo. (See Theorems
8.20.3 and 8.20.5 in [Edw65].) O

(b) Let X be separable and 1 < g < oo. Then the space L4(J, X) is separable.
In fact, in Lemma F.13 we have seen that the set of X-valued simple functions
is dense in L4(J, X) if 1 < ¢ < co. Standard properties of the Lebesgue measure
allow to approximate a simple function by sums of functions of the form 1gz
for x € X and an interval () C R with rational vertices. Inserting here a dense
sequence (zp), in X, we obtain a dense countable subset of L4(J, X). &

In some of our arguments we have to approximate a function in L4(J, W;f (RY))
by smoother ones. In the next lemma we show a corresponding density result.

LEMMA 11.5. Let J C R be an open interval, k € Ng and 1 < p,q < oo. For
each f € LI(J,WE(R?)) =: E there are ¢, € NineNoref,00] Coo (Vs Wm(RY))
converging to f in E as n — oo.

PROOF. Let f € E, m € Ny and r € [1,00]. Let € > 0. We proceed in four
steps involving cutoff and mollification in space and time, cf. Appendix D.

1) Let ¢ € C°(RY) be equal to 1 on B(0,1) and have support in B(0,2). Set

o) = d)(%x) Then ¢, = 1 on B(0,n), supp ¢, C B(0,2n) and all derivatives
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of ¢, of order k € Ny are uniformly bounded by n=%||¢||cx. As a result, ¢, f(t)
belongs to W;(Rd) and has support in B(0,2n) for each n € N and a.e. t € J.
Moreover, the functions ¢, f(t) tend to f(t) in W} (R%) as n — oo, for a.e. t € J.
(See part 1) of the proof of Theorem D.13.) Lebesgue’s theorem (with majorant
cil| f(t)||k,p) thus shows that ¢,f — f in E. We can now fix N such that
g = onf € E satisfies ||f — g||g < e and supp g(t) C B(0,2N) for a.e. t € J.

2) We next use the mollifiers G, on Wlf (RY) given by Gn,v = p, * v, where
pn(x) = n?|x||T x(nz) for n € N and = € R as well as x(z) = expmg#_1
for |z] < 1 and x(x) = 0 for |z|] > 1, see (D.3). Let m € Ny and
r € [1,00]. If v € L'(R?) has support in B(0,R), one easily checks that
suppGnv € B(0,R + 1), Gpv € C®(RY) and ||Gpvllm, < C(m,r, R)||v|1
for all n € N and a constant only depending on m,r, R and x. Hence,
Gng € LI(J, W (R?)). The standard properties of Gy, stated in (D.6) — (D.7)
and Lemma D.6 (a) imply that ||Gng(t)|rp < [lg(t)||kp for all n € N and
Gng(t) — g(t) in WF(R?) as n — oo for a.e. t € J. As in step 1), we can find
an index N such that h = Gyg € LI(J, W/ (R?)) N E satisfies ||g — h||g < ¢.

3) Let J, C J, C Jut1 € J be open bounded intervals with ey Jn =
J. There are functions ¢, € C.(J) with 0 < ¢, < 1, ¢, = 1 on J,, and
supp ¢n C Jp4+1. Lebesgue’s theorem gives an index N such that v = ¢yh €
Li(J,W(RY)) N E, |1 — h||p < € and 1 has compact support in .J.

4) Finally, we apply the mollifier GLy = pl * ¥ from step 2) with d = 1,
where @Z is the 0-extension of 9 to R and we restrict G to J. It is straight
forward to check that Gly € C°(J, W/ (R%)) N E. The usual properties of
mollifiers also work in the Banach space-valued case and we obtain an index N
and o = pk *x ¢ € C2(J, W/ (RY)) such that [|[v — ¢||g < €. O

Strichartz’ estimates involve the spaces L9(.J, W}f (R%)) for certain pairs of
admissible exponents (g, p). This means that

2 d

d 1< d>2
== Where2§q§ooand{ =P oo =7

(11.13)
1<p<oo, d=1.

g p 2
We see in Remark 11.7 that this relation between p and ¢ is determined by scal-
ing properties of the linear Schrodinger equation. For other dispersive equations
(e.g. the wave equation) one obtains a different concept of admissibility (see e.g.
Section 2.3 in [Tao06]).

We can visualize the reciprocals (1,2

QP
segment between the reciprocals of (00,2) and (2,%) if d > 2, where
(2,00) = (2, d2TCl2) is excluded for d = 2. In the case d = 1 one has the line
between the inverses of (c0,2) and (4, c0).

We remark that for admissible (q,p) we have H'(R?) <« LP(R) and thus
LY (RY) — H~Y(RY), since 1 — % > % - % = —%, see Sobolev’s embedding
(5.5). As a result, for admissible (q,p) and f € L7 (J, L¥ (R%)) the one-sided
convolution

) of an admissible pair as the line

t
Tx, f(t):/o T(t—s)f(s)ds, te€J,
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is defined as a Bochner integral in H~!(RY). Recall that the free Schrodinger
group T(-) is strongly continuous on H~'(R?) by Lemma 10.7.

We now state our main theorem. Part (a) is called the homogeneous and (b)
the inhomogeneous Strichartz’ estimate.

THEOREM 11.6 (Strichartz’ estimates for iA). Let (¢,p) and (g,p) be ad-
missible, k € Ny, ¢ € HF(R?Y), J C R be an interval with 0 € J, and
feLi(] W%‘;,(Rd)). Then T x4 f(t) exists in Wﬁ(Rd) fora.e. t € J, T(-)p and
T x4 f belong to LI(J,W}(R?)) and

(@) ITC)ell Lawpmay < cllellre
(b) [T fHLq(J,Wg(Rd)) <c ||f”La’(J,Wf,(Rd))
P

for a constant ¢ > 0 (independent of ¢, f and J). If g = 0o and p = 2, we can
replace L™ by Cy in (a) and (b).

Compared to the L?-setting, in the above estimates one gains space integra-
bility from p = 2 to p > 2, but one loses time integrability from ¢ = co to
q < oo. Similarly, in (b) the exponents on the right—-hand side are smaller than
2, whereas they are larger than 2 on the left—-hand side. We point out that (g, D)
can be chosen independently of (g,p) in Theorem 11.6 (b).

We will prove Theorem 11.6 only for ¢,g > 2 and either for (¢,p) = (¢,D)
or for (¢,p) = (00,2) and any admissible (g, D), since we only work with these
cases later on. Exponents (¢,p) # (,p) are needed for certain more general
nonlinearities in (11.1). This case requires another tool, the Christ-Kiselev
lemma, see Section 2.3 in [Tao06]. The endpoint case (2, d%dz) for d > 3 is
much more difficult, see [KT98]. It is needed to study (11.1) for the critical
case o = Q.

PROOF OF 11.6 (FOR ¢,q > 2 AND EITHER (q,p) = (¢,P) OR (q,p) = (00,2)).
We first consider J = R and k& = 0. The other cases and the final assertion are
treated afterwards.

1) Let (¢,p) = (g,p) be admissible, 2 < ¢ < o0, » € L*(R?) and f €
LY (R, L¥ (RY)) =: E'. Set E = LR, LP(R%)). We first prove (b). Inequality
(11.3) and Theorem 11.2 (with A = % — %, n =1, 8 =~ =¢') imply the crucial
estimate

ne= [[[[ire—sselpas)a]” < [ [[ @ spEEisl, aal

<ol [ W as] " (1119

where Cy only depends on d, p and q. The conditions of Theorem 11.2 hold
since (g, p) is admissible and 2 < g < co. (The measurability of the integrand
of I is verified below.)

From this estimate assertion (b) will follow by means of Fubini’s theorem, but
the details concerning integrability are a bit tricky. To this aim, take m € N
with m > % - % so that H™(R?) «— LP(R?) by Sobolev’s embedding (5.5).
Lemma 11.5 yields g, € C.(R, H™(R?) N L (R%)) that converge to f in E.
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(Observe that H™(R%) N L¥ (R%) is a Banach space when endowed with the
norm given by [|v||m 2 + ||v||.) The function

R? — LP(RY), (t,s) — T(t — s)gn(s),

is continuous for each n € N since it is continuous in H™(RY) by Lemma 11.3.
There is a subsequence such that the functions gn,(s) converge in LY (RY) to
f(s) as j — oo for a.e. s € R. Moreover, T(t — s) maps L* (R%) continuously
into LP(R?) for t # s, see (11.3). Therefore (t,s) + T(t — s)f(s) is strongly
measurable with values in LP(R?), outside a set of measure 0. In particular the
integral I is defined. Similarly, one sees that T'(-)¢ : R — LP(RY) is strongly
measurable if ¢ € L?(R%) N LY (RY).

It now follows from Fubini’s theorem and (11.14) that the integral (T f)(t)
exists in LP(R?) for a.e. t € R and that T %, f : R — LP(R?) is strongly
measurable. Since ||T x4 f||g < I, assertion (b) holds. In the same way one
derives || T * f||g < Col| f|| g for the usual convolution.

2) We show (a) by a duality argument in the framework of step 1). We first
consider g € C.(R, L>(R%) N L¥ (R?)). Remark 11.4 and step 1) imply

L2 _// /Tt_s )@dxdt:@*ga?)Lq(R,LP),
Rd

Lo < |IT *QHLCI(R,LP) ”gHLQ’(RLp’) < Co HgHiq’(R,Lp’)'

From Fubini’s theorem we further deduce

12_// (t — $)g(s)]g(¢) desdt_// IT(=1)g(t)) 2 ds dt
:(/ ds/T ds>L2—H/T

where all integrals are C— or L?-valued Riemann integrals. We have thus shown

7

H/ T(—t)g(t) dtH2 < VCollgl o .10 (11.15)
for g € C.(R, L2(]Rd N Lp (RY). Let ¢ € C.(R?). Observe that the scalar
function (T'(:)¢,g)rr = (T'(-)plg) 2 is measurable. Estimate (11.15) leads to

)/R<T(t )Lp dt‘ = ‘/ t)elg(t)) e dt‘ = ‘/ (@|T(—=t)g(t)) 2 dt‘
=|(¢| [T-notrat) < Vol ol iy

Since C.(R, L*(R?Y) N L¥ (R%)) is dense in LY (R, L” (R%)) by Lemma 11.5, Re-
mark 11.4 yields that T(-)¢ € LI(R, LP(R%)) and

1Tl ar,ry = | Tiup (T()e, @) par,zry| < VCo llell2-
9llgr <

By approximation, we derive (a) for ¢ € L?(R%) and ¢ € (2, 00).

3) Let £k =0, (¢,p) = (00,2) and (g,p) be admissible with § > 2. Then (a)
holds with Cj, instead of L™ since T'(-) is a unitary Cp-group on L?(R%). To
prove (b), we set f; = 1jgy f for t > 0 and f; = 1y g f for t < 0. We write (¢,p)
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instead of (,p). First let f € C.(R, L*(R%) N L (R%)). Using also (11.15), we
obtain T %, f € Cy(R, L2(R%)) and

IT %+ Fllcye,z2) = sup] / T(T(=3)fu(s) ds]], = sup| [ T(=s)5(s) s

teR

< 21611%{3 v Co Hft||Lq,(R7LP/) =VCo HfHLq’(RLP’) .

If we approximate the given f in L7 (R, L (R%)) by f, € C.(R,L*(R%) N
L (R%)), then the above estimate shows that (T f,), converges to a function
u in Cy(R, L2(R?)). On the other hand, step 1) implies that for a subsequence
the functions (T %4 f,,,;)(t) tend to (T'+ f)(t) in LP(RY) for a.e. t € R. Hence,
T %, f = u belongs to Cy(R, L?(R%)) and (b) is true in the present case.

4) Let k = 1. By Lemma 11.3 the spatial derivatives 8; (j = 1,...,d)
commute with 7'(t) on H'(R?). This fact easily implies that (a) holds with
k=1 and that T(-)p € Cy(R, H'(R?)) if ¢ € H'(RY).

For (b), take f € L7 (R, Wpl,(Rd)). As in step 1) we approximate f in
LY (R, W), (RY) by gn € Co(R, H™(RY) N LV (R?)), where m > 1+ § — 4 so
that H™(R?) — w, (R%) by Corollary D.16. Step 1) shows that the functions
0;T 4 gn = T*4 0jgy tend to T+ 9, f in LI(R, LP(R?)) as n — co. As a result,
T %4 f belongs to LI(R, Wpl(Rd)) and (b) holds for k = 1. The case k > 2 is
treated similarly.

Let J C R be an interval with 0 € J. Part (a) for J then follows from the
assertion for J = R. To derive (b), we extend f € L9(J, W;(Rd)) by 0 to

fe LR, ij(]Rd)). Then T, f = T4 f on J and so (b) is also true for J. O

Part (a) of Theorem 11.6 is wrong for non—admissible (g, p) as we see in the
next remark, whereas part (b) is true for some non—-admissible exponents, see
§2.4 of [Caz03] and Exercise 11.3. Strichartz’ estimates fail for (2, 00) if d = 2,
see [MS98|.

REMARK 11.7. A scaling argument shows that Theorem 11.6 (a) can only be
valid for admissible exponents. In fact, let ¢ € H2(R%) \ {0} and u = T(-)¢.
For A > 0, we define y(z) = ¢(\z), z € R%. Clearly oy € H*(R?) and the
solution uy = T'(-)py of iu = —Aw with initial value @) is given by (ux(t))(z) =
uw(\%t, Az). Let E = LI(R, Lp(Rd)) for some 1 < p,q < co. Observe that

leal = ([l az)® = ([ 3ot as)* =3l

lurlle = (/R(/Rd lu(A%t, \z)|P dx)p dt)%
= (L[, s a-tag) 2 as) = xEx-dul

Suppose that Theorem 11.6 (a) holds for (q,p). Then

_d_2 _d
A v a|lullg = [Jualle < clloalla = A 2clloll2
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Exercises

EXERCISE 11.1 (Scaling). Let ¢ € H?(R?) and let u be an H?2-solution
of (11.1) on J with u(0) = ¢. For A > 0 and x € R define the function
(ur(t))(z) = N*(u(N\?t))(A\x), t € J, z € RL For which exponent k = r(a) does
the map wy solve (11.1) for the initial value ¢y given by py(z) = A p(Az)?
Fix this exponent k(a) = K in the definition of uwy. For which @ > 1 we
then have [Juy(t)|2 = ||u(A%t)]]2 or ||Okux(t)||]2 = [|Oxu(A2t)||2 for all ¢ € J and
ke{l,...,d}?

EXERCISE 11.2 (Symmetries). Let u be an H?-solution of (11.1) on J = R
(see Definition 10.8). For h € R, Q € R¥*9 and ¢ : R — C we set (Spo)(x) =
o(x — h) and (Rgp)(z) = ¢(Qx), © € RY. We define

wy (t) = €S, u(t — to) for fixed tg € R,z € R and 0 € R,
wa(t) = u(~t),

ws(t) = Rou(t) for a fixed orthogonal Q@ € R¥*?,
wy(t) = eive_1|”| b Souiu(t) for a fixed v € R,

where ¢ € R and ey, (z) = €!¥®. Show that the functions w; (j = 1,2, 3,4) satisfy
(11.1) for the appropriate initial values. Further show that u(t) is spherically
symmetric for all ¢ € R if «(0) is spherically symmetric.

EXERCISE 11.3. Let p € (2, 2%) and r, s € (1, 00) such that

1 1 d d

r s 2 p

Let f € L¥/(R, LV (R")). Show that T's f € L (R, LP(R")) and | Tt flr(a.00)
< CHfHLs/(R ') for a constant ¢ > 0.
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LECTURE 12

Local wellposedness of the nonlinear Schrodinger
equation

In this lecture we establish the local wellposedness theory for the nonlinear
Schrédinger equation

o' (t) = iAu(t) — iplu(t)|*tu(t), teJ, u(0) = wo, (12.1)

where ug € H'Y(RY), € {~1,1} and a € (1,.) with a, = (dci"'22)+. We will
follow the strategy of the proofs in Lecture 8. This approach will be combined

with the properties of the nonlinearity
F(u) = —iplu|*tu

shown in Lecture 9 and with Strichartz’ estimates for the free Schrédinger group
T(-) generated by iA that we derived in Theorem 11.6. In particular, we prove
existence and uniqueness of a maximal H'-solution u € C(J(ug), H'(R?)) N
CY(J(uo), H~1(RY)) of (12.1), a blow-up condition in terms of the norm of
H'(RY) and the continuous dependence on initial data.

Next week we will show that for an initial value ug € H?(RY) the H'-solution
u of (12.1) is in fact an H2-solution on its full existence interval J(ug). At the
end of this lecture, we discuss a few results on Banach space valued Sobolev
spaces which are needed for this regularity theorem.

As in Lecture 8 we reformulate (12.1) as the integrated fixed point problem

u(t) =T (t)ug + /OtT(t —8)F(u(s))ds =: @y, (u)(t) = Pu(t), teJ, (12.2)

for ug € H'(R?) and u € C(J, H'(RY)). In contrast to Lecture 8, now F
does not map from, say, L?(R?%) into itself. As stated in Remark 10.6, this
nonlinearity is real continuously differentiable from H'(R%) to H~'(R%) and
from LP(R%) to L' (RY). Here and throughout, we set
1+« 2 d d
=1 € (2,1 , = , -—=— = 12.3
p=lrac@ira) p=ri% 200 g
so that ¢ € (2,00) and (¢,p) is admissible in the sense of (11.13). Sobolev’s
embedding (5.5) yields that

[o]lp < Csollv]l,2 (12.4)

for all v € H'(RY) and the Sobolev constant Cg,. A uniform bound on the
H'-norm of u(s) in (12.2) thus allows to control the nonlinearity F : LP(R%) —
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L' (R%). But then F(u(s)) only belongs to L” (R?). Here Strichartz’ estimates
from Theorem 11.6 come into play. They yield

NTellk,s < Csellellk,2s (12.5)

1T st fll,s < CStHfHLq’(J,W;,(Rd))a (12.6)

for every ¢ € HFR?), f e LI(J, W;}(Rd)), k € {0,1}, every interval J C
R with 0 € J and a constant Cg; > 1 (independent of ¢, f,J). Moreover,
the functions T'(-)p and T . f are continuous with values in H*(R?), see
Theorem 11.6. Here and throughout, we set

Ep(J) = LY, WERY),  Ep(J) = LY (J,WERY), Gu(J) = L=(J, H*(R))
E(J) = L*°(J, H*(R) N LI(J, Wy (RY)) = Gi(J) N Ex(J),

llle,r = max{llullc, ), lullgyn}  for u e E(J),

for k € Nyg. If J = [—b,b] we replace J by b in the above notation. We point
out that in (12.6) both parts of the £ (J)-—norm are controlled by the norm in
E}. (where we note that Ej is not the dual of Ej, if & > 1). We next consider
the mapping properties of F' on these spaces.

LEMMA 12.1. Let J = [=b,b], u,v € G1(b) — Ey(b), w € &1(b), ¢, ¢ €
LP(R?) and x € W (R?). Set r = esssup {[[u(t)||12, [[0(t)]1,2, lw(t) 12|t € T}
Then F(y) € LV (RY), F(x) € Wpl,(]Rd), F(u) € E{(J), F(w) € E{(J) and the
inequalities

17(o) = F@)lly < c(llls™ + 115 e = iy, (12.7)
|F(u) = F) gy < er® 07 i =l parimys (128)
IVEQ) < elxle IV . (12.9)
IV E@) | g oy < e 67 0 |1V0] | o0, (12.10)
1)y < 67 ol agaary) (12.11)

hold for a constant ¢ only depending on o € (1, ) and d.

PROOF. Since p > a and p’ = £, Lemma 9.2 and Corollary 9.3 yield

1
1F() = Fs)lly = || [ Flo+rw - o) —¢)ar
<a sup [[(1=7)p+7oll5 e — ¢l
T€[0,1]
< c(llelly™ + 1215 lle — .
Here and below c¢; denote constants which only depend on « and d. In this

estimate we insert u(t) and v(¢) and take the ¢g-norm in time. Using Sobolev’s
embedding (12.4) and [Ju(t)||1,2, [|[v(t)]]1,2 < r, we arrive at

ya
«

1E (1) = F)ll a1y < 200685 10 = vl| o, 10)- (12.12)
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Since ¢’ < 2 < ¢, Holder’s inequality then yields
1_1
”F(u) - F(”)HL(J’(Jpr’) < CZTQ_lbq, a ”u - 'U”Lq(J7Lp)~

It remains to check (12.9) — (12.11). Let ¢(z) = —iu|z|* !z for z € R? and
j€{l,...,d}. Asin Lemma 9.2 and Corollary 9.3, we derive

10; F )l = 16/ 000ixlly < allIx|*T'0xlly < allxllp " 195xll,  (12.13)

from Holder’s inequality with exponents z% =14 o=l The estimates (12.9) -
(12.11) then follow as above (using also (12.8) with v = 0 for (12.11)). O

If we combine the above result with Strichartz’ estimates (12.5) and (12.6), we
see that ® from (12.2) maps &£ (b) into itself and that it is Lipschitz on bounded
sets of £1(b), but only with respect to the metric of & (b). Fortunately, these
properties still allow to apply Banach’s fixed point theorem, thanks to the next
lemma. It relies on the Banach-Alaoglu theorem.

LEMMA 12.2. Let » > 0 and J C R be an interval. Then the ball
X(r,J) = {ue&(J)|||ull1s <7} is a complete metric space when endowed
with the metric induced by || - o,

PRrROOF. Let (uy), be a Cauchy sequence in X(r,J) for || - [|o,s. Since
&o(b) is a Banach space, (uy), converges in &(J) to a function u € Ey(J)
as n — oo. We have to show that v € ¥(r,J). As indicated in Re-
mark 11.4 the space L=(J, H'(RY)) = G1(J) is the dual of L'(J, H~'(R?))
and LI(J,W}(RY)) = Ey(J) is reflexive with dual LY(J, Wp_,l(]Rd)). Observe
that H~'(R9) is separable since its dual H'(R?) is separable. Remark 11.4
thus yields the separability of L'(.J, H~!(R%)). The Banach-Alaoglu theorem
then gives a subsequence (uy); which converges weakly in E1(.J) to some v with
]|y () < 7 and (un;); converges weak™ in G'1(J) to some w with |lwl|g, 5y <7
as j — oo. Since Eo(J)* < Ey(J)* and L'(J, L?(R?)) — L'(J, H1(R%)), the
functions u,; also tend weakly in Fy(J) to v and weak® in Go(J) to w. On the
other hand, (uy,); converges to u in Eo(J) and Go(J) so that v = v and u = w
by the uniqueness of weak and weak* limits, i.e., u € X(r, J). O

We further note how one can concatenate H¥—solutions.

LEMMA 12.3. Let k € {1,2} and let u and v be H* —solutions of (12.1) on [a, b]
and [b, c], respectively. Assume that u(b) = v(b). Then the function w given
by w(t) = u(t) fort € [a,b] and w(t) = v(t) for t € (b,c] is an H*-solution of
(12.1) with w(a) = u(a).

PROOF. It is clear that w € C([a, ¢], H*(R?)). Because of

(L) w(b) = ' (b) = iAu(b) + F(u(b)) = iAv(b) + F(v(b))

+

= ') = (&) wb),
it further follows that w € C1([a, ¢], H*~2(R%)) solves (12.1) on [a, c]. O

As a first part of the local wellposedness result, we establish the uniqueness
of H'-solutions.
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LEMMA 12.4. Let ug € H'(R?). Let u and v be H'-solutions of (12.1) on
intervals J,, and J, containing 0, respectively. Then u =v on Jy, N Jy.

Proor. If the assumption were not true, there would exist 7 € J, N J,
such that v = v on [—7, 7] and u(t,) # v(t,) for certain ¢, € J, N J, with,
say, t, — 7T as n — oco. The case that t, — (—7)~ is treated similarly. Take
dp > 0 such that Jy := [r,7 + do] C J, N J,. We may assume that all ¢,, belong
to Jo. Let r = max {||u(t)||1.2, [v(t)|l12|t € Jo}. Since u,v are H'-solutions of
(12.1), Remark 10.6 yields F(u), F(v) € C(Jy, H~(R?)). Proposition 6.5 thus
implies that

u(t +7) = T(t)u(r) + /0 Tt — $)F(u(s + 7)) ds,

ot +7) = T(t)u(r) + /0 Tt — ) F(u(s + 1)) ds

for all ¢ € [0, dp], see (10.10). Take J := [1,7 + ] C Jy. Strichartz’ inequality
(12.6) and the estimate (12.8) then yield

1_1
llu = olllgy(r) < eCoer® 167 ™ [lu — vllgy) -

Choosing a sufficiently small § € (0,dp), we deduce that v = v on [1,7 + {]
which contradicts ¢, — 7. O

As in Lecture 8 we state the core existence result as a separate lemma.

LEMMA 12.5. Let p > 0. Then there is a number by(p) > 0 (see (12.16) below)
such that for each ug € By (0, p) there is a unique H'—solution u € £1(bo(p))
of (12.1) on the time interval [—bo(p),bo(p)] =: Jo. Moreover, ||lul|ip < 7 =
1 + Cstp, where Csy > 1 is taken from (12.5) and (12.6). It further holds
u = ®y,u on Jy, cf. (12.2).

PROOF. Let p > 0 and take ug € H*(R?) with |jug|l1.2 < p. Take b > 0 to
be specified below. Fix r = 14+ Cgtp. Lemma 12.2 provides us with the complete
metric space X(r, b) where the metric is given by [|u—v||op. Let Pu = @y u be
defined by (12.2) for u € 3(r,b). Combining (12.5), (12.6), (12.11) and (12.8),
we estimate

|| ®ul

1

1 _
12+ [ F(u)ll g ) < Csip+ cCsyr®bd s, (12.14)

1,6 < Csi(||uo

11
0 < C’gtHF(u) — F(U)HE(’)(I)) < CCStTaflbq’ q Hu — UHEO(b) (12.15)

[|[Pu — Po|

for u,v € ¥(r,b), where ¢ is a constant only depending on « and d. We now set
bo(p) = min{ (cCsyr®) 7, (2cCsr® )70 }. (12.16)

Let Jo = [—bo(p), bo(p)]. It follows that ®u € X(r,bo(p)) and ||Pu — Dv|o,z, <
%\Hu — v||o,7,- The contraction mapping principle then yields a unique fixed
point u = ®u in X(r, bo(p)).

Theorem 11.6 further shows that u belongs to C(Jo, H'(R?)), and hence
f = F(u) € C(Jy, H *(R?)) by Remark 10.6. Since u is a mild solution of
' = iAu+ f in H7'(RY) with u(0) = up, Lemma 6.8 implies that u is an
H'-solution of (12.1) on Jy. Uniqueness follows from Lemma 12.4. t
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Before coming to the local wellposedness theorem, we define the maximal
existence times

t*(up) = sup{b > 0| IH" -solution u € C([0,b], H*(R?)) of (12.1)},
t™ (up) = inf{b < 0| IH -solution u € C([b,0], H'(R?)) of (12.1)}.

Lemma 12.5 implies that the above sets are non-empty and that
—t~(ug),t " (up) € (0,00]. We set J(ug) = (¢~ (ug),t"(up)) and call an H'-
solution u of (12.1) on J(ug) mazimal. (In view of Theorem 12.6 (c), we have
to take an open time interval here.)

Our local wellposedness theorem follows the pattern of Theorem 8.6 though
the underlying function spaces are adapted to Strichartz’ estimates. Moreover,
we only show the continuity of the solution map ug — u(-;ug) and not its Lip-
schitz continuity as in Theorem 8.6. One obtains the Lipschitz continuity only
under stronger conditions, see Exercise 12.2, or in weaker norms, cf. (12.18).

There is an analogous result for the critical case a = % for d > 3, see e.g.
Theorem 4.5.1 in [Caz03]. Here one obtains a much less convenient blow-up
condition and one needs the endpoint Strichartz estimates.

THEOREM 12.6. Let 1 < o < ac = 72—, p € {~1,1}. Let up € H'(RY)
and bo(||uoll1,2) be defined by (12.16). Setp=1+a and 2 =9 — 9. Then the

2 p
following assertions hold.

(a) There is a unique mazimal H'-solution u = u(-;ug) of (12.1) on
J(uo) = (t™ (o), t* (uo)) where =t~ (uo),t™ (uo) € (bo([|uoll1,2), o).

(b) For every compact interval J C J(ug) we have u € Li(J, Wpl(Rd)).

(¢) If t*(ug) < oo, then limy () [[u(t)||1,2 = oo.

(d) Let J C J(ug) be a compact interval with 0 € J. Then there is a radius
§ > 0 such that for vo € B (ug,d) we have J C J(vg) and the map

By (uo,8) = C(J,H'Y N LI(J,W,),  wvo > u(-;vp),
s continuous.

PRrOOF. (a) Let ug € H'(R?). Lemma 12.5 gives an H'-solution u of (12.1)
on [—bo(||uol1,2), bo(||uoll1,2)]. Using Lemmas 12.3 and 12.5, we can extend u
to a solution on a larger time interval, so that —t~ (ug), ¢+ (ug) > bo(||uol|1,2)-

Next, we take b — t*(ug) as n — oo with corresponding H'-solutions u,,
of (12.1) on [b,,,b}]. Lemma 12.4 allows to introduce a unique maximal H'-
solution u = u(-;ug) on J(ug) by setting u(t) = wu,(t) for t € J(ug) and n € N
with ¢ € [b,, b ].

(b) Let 7 € J(up). Applying Lemma 12.5 to the initial value u(7) € H*(R?),
we find a time 3(7) > 0 and an H'-solution v of (12.1) with v(0) = u(7)
belonging to & (5(7)). By the uniqueness Lemma 12.4, v is a restriction of
u(t+ ) and thus w € LI([7—pB(7), 7+5(7)], WI} (RY)). A compactness argument
then yields assertion (b).

(c) Let u = u(-;up) and ¢t (ugy) < co. Suppose there were b, — t*(ug)~ such
that sup,, ||u(b,)]]12 =: C' < co. Take a time by, with b, +bo(C) > tT(ug). Using
Lemmas 12.3 and 12.5 we can extend the given H'-solution to [0, b, +bo(C)] by
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considering (12.1) with initial value u(b,). This fact contradicts the definition
of tT(ug). One treats t~(up) in the same way. Hence, (c) holds.

(d) Fix J = [a,b] C J(up) with 0 € J. We show that every sequence (¢p)n
converging in H'(R?) to ug as n — oo has a subsequence (on;); such that J C
J(n,) for all j and the solutions u,; = u(- ;¢y,;) tend to u in & (J) as j — oo.
This fact implies assertion (d) by a straight forward contradiction argument.
Observe that for H!-solutions v one has ||v|[1,; = max{||v||c(sm), V]l ) }-

So let (o), converge to ug in H'(RY) and set u, = u(- ;¢,). Set p :=
1 + maxye ||u(t)|[1,2 < co. There is an index ng € N such that ||¢,|li2 < P
for all n > ng. Lemma 12.5 thus yields —t~ (), t" (pn) > bo(p) =: by for all
n > ng. Lemma 12.4 shows that the restrictions of v and u,, to Jy := [—by, bo]
coincide with the solutions obtained in Lemma 12.5 for the initial value ug
and ¢y, respectively. From Lemma 12.5 we then deduce that u = ®,,(u) and
up = Py, (uy) on Jy and that

leellos lunllie, <7:=1+ Csip. (12.17)
Due to (12.15) and the choice of by in (12.16), the operator @, is Lipschitz
on X(7,bo) = Bg, (1,)(0,7) for the metric induced by || - [|op, With a constant

bounded by 1. Combining this fact with Strichartz’ estimate (12.5), we conclude
0.0 < [[Pug (1) = Pug (un)llo.pg + [|Pug (un) = P, (un) 0.5
0,bp + I7(-)(uo — Spn)m(),bo

0,bo T CStHUO - SOnHQv
00 < 2Cs¢[[uo — @nll2 (12.18)

e =

< 5llu —

< 5llu —

e =

for all n > ng. Unfortunately, this argument does not give the desired continuity
of vg > u(-;vp) from H(R?) to & (by). Also in this sense the situation is much
more difficult than in Theorem 8.6 and requires a more sophisticated analysis.
The estimate (12.18) shows that, after passing to a subsequence (um,)m, the
functions wu,,(t) tend to u(t) in LP(R?) as m — oo, for a.e. t € J. Recall that
U — U =T()(om —w) + T x4 (F(um) — F(u)) on Jy.
Let b € (0,bg]. Strichartz’ estimates (12.5) and (12.6) now yield

16 < Cse(llem — uollr2 + 1 F(um) — F(U)HLq'([_b,b],W;,)) (12.19)

lm —
for m € N. (Observe that we may assume m > ng and that F(u,,) and F(u)
belong to Ef(b) = L7 ([~b,b], W) (R?)) by Lemma 12.1.) Let ¢(z) = —ip|z|*"'2
for € R? and j € {1,...,d}. Asin (12.13) we compute
105 F' (i (t)) — 05 F (u(t)) [l

< 16" (m (£)[05um (t) = O5u(®)]llpr + 11 (um (t)) — &' (u(t)]05u(t)l|y

< aflum ()15 105 () — Oju®)llp + 16 (um (1)) — &' (u())]0ju(t)lly

< aC T um(t) = u(®)|1p + 16 (um(£)) — & (u(t))Ou(t) [,

for t € Jp, where we use Sobolev’s embedding (12.4) and inequality (12.17).
We next take the norm in L9 ([—b,b]). Employing also (12.8) and Hélder’s
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inequality, it follows

1_1
I (um) = F(u) || g @y < e 107 7 |[ugn, — ul| g, )
+ c2[|( (um) — ¢I(u))‘vu’”Lq’([_@b],Lp’)-
Here and below, c; is a constant only depending on d and . We fix
b = min{b, (2c1Cs7® )74}

and insert the above inequality into (12.19), arriving at

llem = wull1p < Csillom — uolliz + 5llum — ullz,
+ c2Cst | (¢ (wm) = &' ()| V| 1,
16 < 2Csc]lom — uoll1 2 + 2655t | (& (wm) — &' ()| V| 5 -
(12.20)

Corollary 9.3 implies that the functions ¢/ (u,, (t))|Vu(t)| tend to ¢ (u(t))|Vu(t)]|
in LP (R%) as m — oo for a.e. t € [—b,b], since u,(t) — wu(t) in LP(RY).
Combining Corollary 9.3 with (12.17) and (12.4), we further estimate
106 (um (2)) — &' (@) IVu®)ly < eslum @™+ @)l HIIVut)]ll
< 2305, T u(®) |-

lm —

Since ¢ < ¢, the function u belongs to LY ([—b, b], VVp1 (R%)). Due to dominated
convergence, the second term on the right-hand side in (12.20) thus tends to 0
as m — 00. As a result, u,, — u in £ (b) and we can fix an index m; such that
l|um (£0)[]1,2 < p for all m > m.

We repeat the above argument on the intervals [—2b, 0] and [0, 2b], passing to
further subsequences. In finitely many steps, we thus construct a subsequence
(n;)j with J C J(¢p;) for all j € N and uy,, — u in &(J) as j — oo. O

Our derivation of the conservation laws in Lecture 10 was valid only for
H?-solutions. Of course, such solutions can only exist if uy € H?(R?). By a
refinement of the above proof we show in the next lecture that the solution of
(12.1) preserves this initial regularity on its full existence interval J(ug).

To this aim, we will employ the X-valued Sobolev space W} (J, X) for r €
[1,00], an open interval J C R and a Banach space X (see Appendix F). One
says that u € W}(J, X) if u € L"(J, X) and there exists v € L"(J, X) such that

u(t) = u(a) + /at v(s)ds

for all t,a € J (where Proposition F.15 allows to choose a representative of u
belonging to C(J, X)). We set u’ = v (see Definition F.14).

We discuss a few properties of these spaces needed later on. The space
W}(J,X) is a Banach space when equipped with the norm given by

1 .
= [l + )7, e <o,
" \maxllulloe: 10/ llsc}, i 7= oo,
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where ||-||,- is the norm on L"(.J, X). Moreover W,!(.J, X) is isometrically isomor-
phic to a closed subspace of L"(J, X)? via the map u — (u, ). The observations
in Remark 11.4 then lead to the following properties.

REMARK 12.7. (a) If 1 < r < oo and X is separable, then W}(J, X) is
separable.

(b) If 1 <7 < oo and X is reflexive, then Wl (J, X) is reflexive.

(c) Let X be reflexive. Then WL (J,X) is isometrically isomorphic to the
space of bounded Lipschitz functions u : J — X. (See §1.2 in [ABHN11].)

(d)Leta < b<candr € [1,00). Let u € W}((a,b), X) and v € W} ((b,¢c), X)
satisfy u(b) = v(b). Define w(t) = u(t) for ¢t € (a,b), w(b) = u(b) and w(t) =
v(t) for t € (b,c). Set g(t) = u'(t) for ¢t € (a,b) and g(t) = v/(¢t) for t € (b,c). It
is then straight forward to check that g € L"((a,c), X) is the derivative of w.
The concatenation w thus belongs to W,!((a, c), X). &

We further need a simple density and embedding result for W;(J, X).

LEMMA 12.8. Let J C R be an open and bounded interval. Then the following
assertions hold.
(a) If 1 <r < oo then C*(J, X) is dense in W, (J, X).
(b) If 1 <r < oo, then W}H(J, X) — C(J, X).

PRrROOF. Let u € W!(J, X). We choose a representative of u which belongs

to C(J, X), see Proposition F.15.
(a) Let 1 <7 < oo and J = [a,b]. We can approximate v’ in L"(J, X) by
vp € Ce(J, X), n € N, see steps 3) and 4) of the proof of Lemma 11.5. Setting

t
up (t) :u(a)+/ vn(s)ds, tedJ, neN,

we obtain functions u, € C*(J,X) with u/, = v, — «/ in L"(J, X). Holder’s
inequality further yields

t r r
Jua(®) = w5 < ([ ouls) = '(3) 1 ds) < 17 [ floas) = /()] d.
it — ully < |Tllfon — o]} — 0

as n — oo, where |J| is the length of J. Thus, (a) is true.

(b) First let J = (0,1). We set u(t) = u(t) for t € [0,1) and u(t) = u(—t) for
t € (=1,0). The function u belongs to W, ((—1,1), X) with derivative given by
' (t) =u/(¢t) for t € (0,1) and @' (t) = —u/(—t) for t € (—1,0), since

for t € (—1,0). Let J = (=1,1). Take a function ¢ € C'(J) with ¢ = 1 on
[0,1) and ¢ = 0 on (—1,—1). Set v = ¢i. We claim that v € W(J, X) with
v = ¢t + ¢'u. In fact, take @, € C'(J,X) converging to @ in W}(J,X).
Passing to a subsequence, we may assume that u,(t) — u(t) as n — oo for
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te j\ N and a set N of measure 0. Taking ¢,a € j\ N, we thus obtain
t

v(t) —v(a) = lim (¢(t)tn(t) — ¢(a)tin(a)) = lim [ ($(s)u,(s) + ¢'(s)tin(s)ds

n—00 n—0o0 a

= [ @6)it(s) + o' (syits)) ds.

Since v is continuous, this equation holds for all £, a € J and the claim is shown.
For t € [0, 1] we thus derive

t
u(t) = o(t) = [1v’(8) ds,  Jlu@®l < [Vl < cllullw;o,1),%);

where ¢ only depends on ¢. Hence, (b) holds in this case.
The assertion for a general interval J = (a, b) follows by means of the trans-
formation ¢ — =% from J to (0, 1). O

Exercises

EXERCISE 12.1. Let d = 3 and ¢ = (¢1,¢2) € C3(R?,R?). For u : R3 — C
set F(u) = ¢1(Reu, Imu) + iga(Reu, Imu) =: ¢(u). Show that F : H?(R3) —
H?(R3) is Lipschitz on bounded subsets of X = H?(R3). Show that one can
apply Theorem 8.6 to the nonlinear Schrédinger equation

u'(t) = iAu(t) +iF(u(t)), ¢t=0,  u(0)=up,
on X. What is the difference between this result and Theorem 12.67

EXERCISE 12.2. Let d < 5 and a € (2,a.). Set ¢(z) = z|z|*~! for z € R

(a) Show that ¢ € C*(R?, R?) with |¢”(2)| < co|2|*"2 for all z € R? and some
constant cg > 0.

(b) We use the notations of Lecture 12. Let b > 0 and u,v € & (b) with
llwll1,p, [Jlv]l1p < 7 for some r > 0. Let p=1+ «a and % + % = 4. Show that

1_1
| F'(u) — F(v)||Lq/(J7W;,) < er® T T lu— o)1y

for some constant ¢ > 0 only depending on ¢y, o and d.
(c) Let up € H'(RY). Show that there is a radius 6 > 0 and a time by > 0
such that [—bg, bo] C J(vp) and

B (uo,8) = E1(bo), vo = u(-;v0),
is Lipschitz continuous.

EXERCISE 12.3. Let V,T' € WL (R?) be real valued. Set Fj(u) = —iVu and
Fy(u) = —ilu|u|® ! for u € H'(R?), as well as F = F| + F,. Let p > 0 and
ug € HY(R?) with |Jugl12 < p. Show that there is a time by > 0 such that the
nonlinear Schrédinger equation

u'(t) = iAu(t) + F(u(t)), t € [—bg,bol, u(0) = o,

has an H'-solution. (Hint: One can use Theorem 11.6 with (g,p) = (o0, 2).)
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LECTURE 13

Regularity and global existence for the nonlinear
Schrodinger equation

In Theorem 12.6 we have constructed H'-solutions u € C*(J (ug), H~*(R%))N
C(J(up), H*(R?)) of the nonlinear Schrédinger equation

u'(t) = iAu(t) — iplu(t)|*Tu(t), te J(uo), u(0) = wo, (13.1)

for ug € H'(R?), the maximal existence interval J(ug), u € {—1,1} and 1 <

a< o= (d{%. As we saw in Example 10.3, there is a blow-up solution in the

focusing case p = —1 for « = 1 + %. In this lecture we present three positive
results on global existence for (13.1), namely:

(a) Defocusing case: If u = 1, then J(up) = R for all ug € H'(R?) and
a € (1, ac).

(b) Small a: If a € (1,1+ %), then J(ug) = R for all ug € H'(R?).

(c) Small ug: There is a radius p > 0 such that J(ug) = R for all ug €
HY(R?) with |lug|l12 < p, where a € (1, ).

In all three cases the nonlinearity is relatively tame so that it does not destroy
the global existence that we have in the linear case: In (a) we have the right
sign = 1. In (b) the nonlinearity does not grow too much. In (c¢) the solution
u is small initially which leads to an even smaller nonlinearity |u|* 'u. These
results are shown in Theorem 13.3. Moreover, the proof of (c) leads to the
Lyapunov stability of the solution u, = 0 of (13.1), see Corollary 13.4.

The basic criteria (a) — (c) for global existence rely on the conservation laws
for the energy and for the L?-norm of H'-solutions. In Remarks 10.4 and 10.5
we derived them only for u € C1(J(ug), H'(R%)) N C(J (uo), H*(R?)). We show
the conservation laws for H'-solutions in Theorem 13.2 by various approxima-
tion arguments. In this proof we work with H?-solutions. For our reasoning
it is crucial to know that the maximal H!'-solution of (13.1) is even an H?-
solution on its full existence interval J(ug) provided that ug € H?(R%). Thus,
the solution u(t) preserves the initial regularity ug € H?(R?) for all ¢t € J(uo),
which is of independent interest.

To prove this fact, as in Theorem 12.6 we look for a fixed point v satisfying

0= T(Juo+T x4 F(v) = @y (v),

where F(v) = —ip|v|* 1v and T(:) is the free Schrédinger group. In contrast
to Lemma 12.5 we now consider ® on a space involving differentiability of v
in time. The resulting fixed point then turns out to be an H?-solution and it
coincides with the known H!'-solution u from Theorem 12.6.
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At the end of the lecture we briefly discuss further results on blow-up and
global existence.

We now come to the announced regularity theorem. As in the previous
lectures, we set p = 1+ a € (2,1 4+ ) and % = % — %. It follows that
p,q € (2,00), p' = £ and that (g, p) is admissible in the sense of (11.13). In the
next proof we use properties of Banach space valued Sobolev spaces stated in
Remark 12.7 and Lemma 12.8.

THEOREM 13.1. Let 1 < a < (dd_%ir, w e {—1,1}, and ugp € H*(R?). Then

the mazimal H'-solution of (13.1) is even an H?-solution on J(ug), i.e., u €
CH(J(ug), LA(R?)) N C(J (uo), H*(RY)). It further satisfies u € W}(I,LP(R?))
for all open bounded intervals I with T C J(up).

PROOF. Let ug € H2(R?) and let u be the maximal H'-solution of (13.1)
obtained in Theorem 12.6. Take any compact interval Jy C J(up) containing
0. We have to show that u is an H?-solution on Jy with u € qu(jo,Lp(Rd)).
By a refinement of the fixed point argument in the proof of Theorem 12.6, we
first prove this claim on an interval J; = [—b1,b;1]. It turns out that this time
b1 > 0 only depends on «, d and

D= t
p g%%g(llu{ M2,

and in particular not on ||ugl[22. We can thus repeat the argument for the
initial values u(+b;) with the same time step size b; and deduce the assertion
in finitely many iterations. Throughout we use the setting and the notation of
the proof of Theorem 12.6.

1) We fix r =14 Cgp. Let b > 0. We set J = (—b,b) and use the spaces

Ex(b) = L>(J, HE(R)) N LI(J, Wy (RY)),
endowed with the norms given by
vllles = maX{HUHLw(J,Hk)a ”UHLq(J,W;)}a

where k € {0,1}. Lemma 12.5 says that the H'-solution v is a fixed point
of the operator ® (see (13.2)) in the set X(r,b) = Bg, (;)(0,7), where 0 < b <
bo(||uoll1,2). We will show that it is also a fixed point in a subset of more regular
functions, using that ug € H2(R%). To this aim, for R > Cg;||Augll2 =: Ro (to
be fixed below) we define the spaces

F(b) = E1(b) N W, (J, LP(RY) N WL (J, L*(RY)),
© = O(R,b) = {v e F(b)[v(0) = uo, [v]l1p <7 lv"llop < R}

Strichartz’ estimate (12.5) yields that |[|T(-)ugl1ip < Csip < r and
I & Tuolloy = II1T() Augllop < CstllAugll2 < R. Hence, O(R, b) # 0.

We endow © with the metric given by [|v—w/||os. We recall from Remark 12.7
(c) that WL (J, L?(R%)) is isomorphic to the space of Lipschitz functions f : J —
L?*(R%). Moreover, for v in these isomorphic spaces the Lipschitz constant of v
coincides with |[v'||feo( r2). We first claim that © is complete.

130



In fact, take a Cauchy sequence (vy,), in ©. In Lemma 12.2 we have seen
that (vy), converges in &y(b) to a function v € &;(b) with [[v]|1p < 7 as
n — oo. Since the maps v, : J — L?*(R?) converge in L>®(J, L?(R%)) to v
and are uniformly Lipschitz with bound R, we conclude that (vy,), tends to v
in O(J, L?>(R%)) as n — oo, that v(0) = ug and that v : J — L?(R?) is Lipschitz
with bound R. Using again Remark 12.7 (c¢), we see that the function v belongs
to WL (J, L?(R%)) with [v'| o (s,22) < R. Further, after passing to a subse-
quence, (vn,); tends weakly in W}(J, LP(R%)) to a function w € W (J, LP(R?))
as j — oo with |[w'||pe(,rry < R. Since LI(J, LP(R?))* < W}(J, LP(R?))* and
4. W2(J, LP(RY)) — L4(J, LP(R?)) is linear and bounded, vy, and Up, CON-
verge weakly in LI(.J, LP(R%)) to w and w’, respectively. We thus obtain v = w,
v € F(b) and [|v'||o,, < R. Summing up, v € © and O is complete.

2) Let v,w € O(R,b) for R > Ry and b € (0,bp(p)], see (12.16). We define

again

¢ ¢
B(0)(t) = T(t)uo + / T(t — 5)F(u(s)) ds = T(t)uo + / T(s)F(v(t — 5)) ds
0 0
(13.2)
for t € J = [~b,b]. We fix below R and b so that ® : O(R,b) — O(R,b) is
a strict contraction. In the proof of Lemma 12.5 we have already shown that
®(v) € &1(b) N C(J, HY(RY)),

1@ (v) — ®(w)]

1
0p < Sllv—wllop and [[@()[ls <, (13.3)

see (12.14) - (12.16).

3) We next prove that % ®(v) € &(b) with || % O (v)[fop < R for all v €
©(R,b). To this aim, we first differentiate the integral in (13.2) with respect
to t. This is done via an approximation argument. Corollary 9.3 shows that
F : LP(R%) — L¥(RY) is real continuously differentiable with derivative given
by F'(¢)y = ¢'(p) for ¢,¢p € LP(RY) and ¢(2) = —iplz|* 1z for z € R2.
Moreover,

IE" ()0l < ellelly ™ 191, (13.4)

Here and below c¢; is a constant only depending on o and d. Lemma 12.8 (a)
allows to approximate v in W] (J, LP(RY) by w, € CY(J,LP(R?)). Passing
to a subsequence if necessary, we may further assume that w/, (¢) converges in
LP(RY) as n — oo and ||w),(t)||, < h(t) for all n € N, a.e. t € J and a function
h e Li(J) < LY (J), where we note that ¢’ < 2 < ¢. Finally, taking a = 0 and
J = (=b,b) in the proof of Lemma 12.8 (b), we see that w,(0) = v(0) = up.
Due to Lemma 12.8 (b), the sequence (w,), converges to v in C(J, LP(R%)). It
is thus bounded by a constant ¢ in this space. The properties of F' yield that
the functions F'(wy, (t))w’,(t) tend to F'(v(t))v'(t) in L (R%) as n — oo for a.e.
t € J and that

sup | ()l ()ly < supealfun() 5l ()] < 2 h)

neN s€J,neN
for a.e. t € J. From dominated convergence we deduce that F'(w,)w, —
F'(v)v' in L (J, L (R%)) as n — co.
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Since LV (R%) — H~Y(RY), we have F(w,) € C*(J, H'(R%) and so the
derivative

% /OtT(S)F(wn(t —5))ds = T(t)F(w,(0)) + /OtT(s)F’(wn(t — )l (t — s)ds

— T(t)F(uo) + /0 Tt — $)F (wa(s))wl. () ds

exists in H™1(RY). (In this calculation we identify C with R2.) Due to
Strichartz’ estimate (12.6), the right-hand side of the above identity is con-
tinuous in L2(R?) and converges to

T(£) F(uo) + /0 Tt — )P (0(s)0/(s) s

in L?(R?) uniformly in ¢ as n — oco. Similarly, the integral on the left-hand side
tends to T *, F(v)(t) in L?(R?) uniformly in . We can thus differentiate the
integral in (13.2) in L2(R?) and obtain

& [T - 9)ds = TWFu) + [ 76 9 (s)0(5)ds,
d

dt
for all t € J.
4) In this step we establish that & ®(v) € &(b) and estimate its norm. It
is crucial that R will enter only linearly. Using inequality (13.4), Sobolev’s
embedding (12.4) and |[v(s)|[1,2 < r, we derive

1E (0())0/ (5) | < 1G85 [V (5)llp

for all s € J. Strichartz’ estimate (12.6) and Holder’s inequality now allow to
bound the & (b)-norm of the integral term in (13.5) by

— ®(v)(t) =T(t)({Aug + F(up)) + /Ot T(t—s)F'(v(s))v'(s)ds (13.5)

11
CS‘D”F/(U)UIHLG’(J,LP’) < CStClcg(;lTa_l||U,||Lq’(J,Lp) AT ||U,||Lq(J,LP)
11
< C2ra_1bq’ a R (136)
1 1

with ca = 27 4¢1C5C ", using v € O(R,b). We further recall that
H2(RY) — L?*(RY) by Sobolev’s embedding (5.5) since o < (d—%)y Hence,
[F'(uo)ll2 = lluoll$, < cslluolls . Strichartz’ estimates, (13.5) and (13.6) thus
yield that

1_1
I & ®@llop < CselllAuollz + eslluollg 2) + car®™ 63 " R (13.7)

and that & ®(v) belongs to C(J,L*(R%). We fix Ry = 20s(||Augl2 +
cslluoll$2) = Ro and choose

b1 = min{by(p), (2627‘0471)% }.

Since r = 1+ Cstp, the number by only depends on p, a and d. The inequalities
(13.3) and (13.7) now show that ® : ©(Ry,b1) — O(Ry,b1) is a strict con-
traction. We thus obtain a fixed point v, = ®(vi) € O(Ry,b1) C F(by) with
Vs € C(Jl,Hl(Rd)) N Cl(Jl,LQ(Rd)) N qu(jl,Lp(Rd)), where J; := [—bl,bl].
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By Lemma 12.5, the H'-solution u is the only fixed point of ® in X(r,b1) D
O(Ry,b1). Hence, u = v, € C*(Jy, L2(RY)) N C(Jy, H'(RY) N WE(Jy, LP(RY)).
5) We still have to show that u € C(J1, H*(R%)). To prove this, we use a

“boot-strapping” argument based on the following fact, see Theorems 4.3.8 (ii)
and 4.3.10 (ii) in [Kry08|.

Let r, s € (1,00). Then the operator I —A : W2(R?) — L"(R%)

is invertible with bounded inverse R,. If g € L"(R?) N L*(RY),

then R.g = Rsg. We thus write (I — A)~! instead of R,.

As a starting point we note that (13.1) yields
u—Au=u+iu —iF(u) = f + g,

where f = u+iv’ € C(Ji,L2(RY)) and g := —iF(u) € C(Jy, La(R%)) since
u e C(Jy, LA(RY) N C(Jy, LP(RY)) and p’ = Z. Note that 2 € (1,2). The
above stated regularity result for A shows that (I — A)™'f € C(Jy, H*(R?))
and (I — A)~lg € C(J;, W2 (R?)). Sobolev’s embedding (5.5) thus yields

u=(I-A)"Y(f+g) € CJ, L (RY)

for r; = ﬁp =:7p > 2 if da > 2p and for any 1 € (2,00) otherwise. Note
that v > 1 if da > 2p since p=a + 1 and a < (dd_%zh.

This extra integrability of u implies that g € C(Jq, L%(Rd)). If ry > 2a, we
obtain that g belongs to C(J;, L2(R%)) since then La (R%) N L (RY) — L2(R%)
by (D.13). As a result, u = (I — A)~Y(f + g) € C(Jy, H*(R?)).

If 11 < 2a, as above we infer that u € C(Jy, L (R%)) for 7y = -1 >y =

da—2r1 =
v2p if da > 271 and for any 75 € (2,00) if da < 2ry. Since v > 1, in finitely
many steps we arrive at r,, > 7"p > 2a, and hence u € C(J;, H*(R?)).

6) We can now finish the proof. If Jy C J; we are done. If not, assume that
max Jo > by. Since u(by) € H?(R?), we can repeat steps 2) — 5) with initial value
u(by) and the same time step b;. We then obtain an H?-solution u; of (13.1)
on [b1,2b1] with wi(b1) = u(b1). By Lemma 12.3, we can glue together these
functions to an H?-solution v on [—by,2b1] with v € W] ((—by,2b1), LP(R?)).
The uniqueness of H'-solutions yields that v = u on [—b1,2b1]. We can iterate
this procedure and derive in finitely many steps that w is an H?solution of
(12.1) on Jp with u € qu(jo, LP(R%)), where we use Remark 12.7 (d). O

Before discussing global existence, we next derive the conservation laws for
the L?-norm and the energy of H'-solutions u. We had shown these laws in
Remarks 10.4 and 10.5 for more regular solutions. Theorems 12.6 and 13.1 now
allow to extend these results to H'-solutions by approximation. We recall that

E(v) = 5|Vl + Zrllvllat = /Rd(%\W!Q + Gl do (13.8)

for v € H'(RY) is the energy and that H'(RY) < L'T%(R%) because of 1 < o <
e, see (12.4). In particular, E : H'(R%) — R is real continuously differentiable
by Corollary 9.3.
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THEOREM 13.2. Let 1 < a < o, pn € {—1,1}, ugp € HY(R?) and let u be the
corresponding mazimal H'—solution of (13.1) on J(ug). We then have

lu(t)|l2 = ||uoll2 and E(u(t)) = E(ug) for allt € J(up).

PrOOF. 1) Take ug, € H?(R?) that converge to ug in H*(R?). Let u, be
the H2-solution of (13.1) with the initial value ug,,, see Theorem 13.1. Fix a
compact interval J C J(up) with 0 € J. Theorem 12.6 yields that J C J(uo )
for all n larger than some ng and that u, (t) — u(t) in H'(RY) as n — oo for all
t € J. Remark 10.4 now says that |luy(t)||2 = ||uo |2 for all ¢ € J and n > ng.
Letting n — oo, we derive the first assertion.

2) Since the energy E is continuous on H'(R?), the second assertion
will follow as the first one if we can show that E(u(t)) = E(up) for all
t € J(up) and ug € H?(RY). Unfortunately, in Remark 10.5 we needed
u € CYJ(ug), HY(RY)) N C(J(up), H*(R?)) instead of the available regular-
ity u € CY(J(uop), L2(R%)) N C(J(ug), H*(R%)). We handle the two terms of
the energy in different ways, assuming that ug € H?(R?) with corresponding
H?2-solution u J(up).

i) We show directly that the function ¢ — 1|||Vu(t)||3 is continuously differ-
entiable on J(ug) with derivative — Re(Au[w’) 2. In fact, let ¢,¢ + h € [a,b] C
J(up). Integrating by parts, we compute

Dy = $l[Vu(t + h)|[13 — [Vu(®)|l|5 + Re(Au(t)[@ (1)) 2h = Re Dy,
_ —1 Re / Ault + hya(t + h) dz + % Re /R Au(tyu(t) de
+Re/ Au(t)d (t)hdz
_ - Re / (Ault + ) — Au(®) @t + h) —a(t)) de

—Re/ Au(t)(@(t + h) — a(t) — @ ()h) de

using also the symmetry of A on H?(R?%) and Rez = ReZ for z € C. Observe
that @ : [a,b] — L?(R?) is Lipschitz with constant ¢ := sup,<,< [[t/(7)||2. For
h # 0 we thus derive

|5 Dnl < §llAu(t + k) — Au(t)|l2 + [|Au(t) |2l (w(t + h) —u(t)) — o' (t)]|2
— 0 ash—0.

ii) The second summand in the energy is differentiated by means of an ap-
proximation of the nonlinearity. To this aim, we fix a function ¢ € CL(R)

such that ¢(r) = l}r Hafor 0 < r < 1aswellas 0 < 9(r) < 1J1ra o

and 0 < ¢/(r) < r® for all ¥ > 1. We then set ¢n(2) = n'to(L[z|) for

z € R? and G,,(v) = p Jga ¢n(v) dx for v € L2(R?). Lemma 9.1 shows that
Gn : L2(R%) — R is real continuously differentiable with

G (v)w = ,u/Rd Von(v) - wdz
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for v,w € L?(RY). As a result,
d
55 Galul®) = 1 [ Von(u(t) /(1) do
Rd
for t € J(up). We next note that ¢, (u(t)) tends to h%a\u(tﬂo‘“ and Vo (u(t))-
u/(t) tends to |u(t)|* ! Re(u(t)@ (t)), pointwise as n — co. Moreover,

1 nl-i—a 1

80| < e e A =

for z € R2. Recall that u(t) € H?(RY) — LY*(R?) N L2*(R%) by Sobolev’s
embedding (5.5) and that «/(t) € L2(RY). With the majorants lj%a\u(tﬂa“
and |u(t)|*|v'(t)|, dominated convergence yields

H a+1
Galult) — T [ Ju)* da,
d
dt
as n — oo for each t € R. Moreover, Gy, (u(t)) and & Gy, (u(t)) are uniformly

bounded for n € N and ¢ in compact subsets of J(up).
iii) We next define the “approximative energy”

En(v) = 3[[[Voll3 + Gn(v)
for n € N and v € H'(R?). The results in i) and ii) then show that
En(u(t)) — E(u(?)),

14+«
S
n® nlz|

277, V()] <

Gau(®) = 4 [ Véu(u(t) -w/()de — pRe [ (@ u(v7(0) do

d

T Balu®) — Re [ (=Au(®) + plu(®)]" w7 (0) do

— Re /R (1) (1) dz = 0

as n — oo for all t € J(ug), because u solves (13.1). Since E,(u) and % E,(u)
are locally bounded, the above limits also hold in L'(.J) for each open bounded
interval with J C J(ug). Hence, E(u) € Wi (J) with vanishing derivative and
E(u) is constant. O

In several cases the above conservation laws allow to bound the H'-norm of
a solution. Theorem 12.6 shows that this norm must explode in finite time if we
do not have global existence. This line of arguments leads to our final theorem.
In assertion (a) we only use that in the defocusing case the energy plus the L2
norm dominate the norm in H'(R?). In the focusing case the second summand
of E(u(t)) is negative and has to be controlled by the first part of F(u(t)) and
lu(t)||3. This can be done if either o or ug is small.

THEOREM 13.3. Let p € {—1,1}, 1 < a < (dd_+2§+ = ap, ugp € HY(R?) and

let u be the corresponding mazimal H'-solution of (13.1) on J(ug). Then the
following assertions hold.

(a) If = 1, then J(ug) =R for all ug € H'(R?).

(b) Ifp=-1land 1 <a<1+3, then J(up) =R for all ug € H'(R?).
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(¢) There are numbers p, k > 0 such that J(up) = R and sup,eg ||u(t)]1,2 <
ko if fluollz < p.

ProOF. (a) If p =1, Theorem 13.2 yields that
lu()IIf 2 = [lu@)lI3 + [[Vu@)lI3 < w3 + 2E(u(t) = [[uoll3 + 2E(uo)

for all t € J(up). From the blow-up criterion in Theorem 12.6 (c) we thus
deduce J(up) = R.

(b)Let I <a<1 —1—3 and p = —1. We consider d > 3, the proof for d = 1,2
is similar. The proof of Sobolev’s embedding even yields that

1]l 20 < eall[Volll2 (13.9)

for v € H'(R?) and a constant cq only depending on d, see (D.15) in Appen-
dix D. To use this extra integrability of u(¢), we note that

110,06 . d_d

o + 2d
atl 2 2 2 a+l1

€ (0,1).

The interpolation inequality (D.13) and (13.9) then imply1

(1-6)(a+1) +1) +1), yatl-do5t
lollath < olls =2 o) za A T - IIvollly =

for all v € H'(R?). We have 3 := ( 5 > 1 by the assumption on a. Young’s

inequality with exponents 3 and ' now leads to

"(a+1—de—= )
arrllvlets < z1Ivolll3 + el [

for a constant ¢ only depending on « and d. Denoting the last summand by
k(||v||2), we infer from Theorem 13.2 that |[u(t)||3 = ||uo||3 and

E(up) = B(u(t)) = 3l[Vu@®)l[l} - Zxlu®)llah
> 3 IIVu®ll3 = k(lu)ll2) = FIIVu@)IE — k(luoll2)
for all ¢ € J(up). Therefore, Hu(t)”%Q < 4E(ug) + 4k(||uol|2) + |luo||? for all
t € J(up), and as before it follows that J(ug) = R.

(c) Let u € {—1,1}. This part relies on the observation that by Sobolev’s
embedding the “nonlinear” part of the energy can be bounded by

1 —1 2

e lu®5y < cllu@®lfz lu(t)
So if [Jugll1,2 is small, one can absorb this term by the other part of the energy
and ||u(t)||3 as long as ||u(t)||12 stays under a certain constant 7. Choosing a
suitable v > |Jug||1,2, one then sees by a contradiction argument that actually
|lu(t)|l1,2 <~y for all ¢ and the assertion will follow.

To make this precise, we note that the conservation laws and Sobolev’s em-
bedding yield

slu®li 2 = slluoll + E(u(t)) - g llu®)llof:

3lluoll3 + E(uo) + collu@®)[I72 [u(®)]1F 2, (13.10)

IN

1Such estimates are called Gagliardo-Nirenberg inequalities.
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where ¢g = C&F llJ%a with Sobolev’s constant Cg, from (12.4). We set v =

(400)ﬁ and take any p € (0,7). Let [Jug|l1,2 < p. We now define
to = sup {t € (0,4 (uo)) | [u(s)||1,2 < for all s € [0,4]}. (13.11)

Observe that tg € (0,¢7 (ug)]. Let 0 <t < to. The estimate (13.10), the choice
of v and Sobolev’s embedding (12.4) next imply that

slu®Ii 2 < 3lluoll3 + E(uo) + )] 5.
lu(®)]17 2 < 2lluoll3 + 2/l Vuol I3 + iz luollafy < cr(p® +p°Fh),  (13.12)

where ¢; = max{2, I_%CSISFQ}. We now fix p € (0,7) such that ¢ (p2 + p*t1) <

Tf ty < tT(ug), then u(t) — ulte) in H'(RY) as t — 5 so that (13.11)
yields ||u(to)|l1,2 = 7, but (13.12) leads to the contradiction [lu(to)|[12 < 3.

Hence, to = t*(up) and from (13.12) we derive that [[u(t)|12 < § =: & for
all t € [0,t7(ug)). Theorem 12.6 (c) now implies t*(up) = oo, as asserted.

Similarly one treats negative times. g
The proof of Theorem 13.3 (c) leads to a corollary concerning stability.

COROLLARY 13.4. Let p € {—1,1} and 1 < o < ae. Then the solution u, =0
of (13.3) is Lyapunov stable in H'(R?), i.e.:

Ve>038>0Vug € Byi(0,6): J(ug) =R and ||u(t;uo)|l12 < e for allt € R.

PROOF. Let ¢y and ¢; be given as in the proof of Theorem 13.3 (c). Set

1
g0 = 3(4co) ™= and take any € € (0,0]. Choose § € (0,2¢) such that ¢;(6% +
6P < 2. Take ug € By1(0,6). Define ty as in (13.11) with v replaced by 2.
The estimate (13.12) still holds and implies the assertion. O

We conclude this lecture with a few remarks about further results on global
existence and blow-up.

Global existence holds in the defocusing case p = 1 also if a = % and d > 3.
This result is far beyond the scope of these lectures, see Chapter 5 of [Tao06]
for an extended survey.

For a € [1+ 2, a.) and o = —1, Theorem 6.5.4 in [Caz03] establishes blow-
up in (13.1) if E(ug) < 0 and |z|up € L?*(R%).? (This additional integrability is
not needed if ug is spherically symmetric by Theorem 6.5.10 in [Caz03].) One
could guess that a negative initial energy is necessary for blow-up. This is not
the case as Remark 6.5.8 in [Caz03] gives a blow-up solution with E(ug) > 0.

In Example 10.3 we have seen a blow-up solution for o = 1 + % and p = —1.
Denote its initial value by ¢ and consider (13.1) with 4 = —1 and a« = 1 + %.
If JJupll2 < [l¢|l2, then J(ug) = R by Theorem 6.6.1 in [Caz03]. So in the
borderline case a =1+ %, where global existence starts to fail for u = —1, one
has a precise threshold for the occurrence of blow-up solutions.

Let 4t = —1 and max{1l, g} < @ < @, where ag > 0 satisfies dod+(d—2)ag =
4. Let ug € HY(R) with |z|ug € L2(RY). Set pp(x) = e’ ug(x) for b > 0 and

2Recall that in Proposition 9.6 we showed blow-up for a certain nonlinear wave equation
if the initial energy is negative and another condition holds.
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x € R% Then ¢, € H(R?) and there is a number by > 0 such that t* () = oo
for all b > by. (See Theorem 6.3.4 of [Caz03].) Hence, one has global existence
(to the right) if the initial value is rapidly oscillating.

Exercises

EXERCISE 13.1. Let ug € H'(R?) and u be the corresponding H'-solution
of (13.1). Define its “momentum” by

p; (1) :Im/dﬂ(t)(‘?ju(t) dz, te€ J(u), j€{1,....d)}.
R
Show that p;(t) = p;(0) for all t € J(up). (Hint: Consider first ug € H?(R?).)
EXERCISE 13.2. Let u be an H?-solution of (13.1) on J = [0,b), where
be (0,00 and a =1+ 2. Let v > + and set
i ozl

_d j =
uy(t,x) = (1 +t) 2614(1+7t>u(ﬁ, ﬁx)

for t € Ry and = € R%. Show that u, satisfies (13.1) with u,(0) = ei%HQu(O).
Further show that
: 2

() o ()2 = ) [ (010 = (L4 78) 75 () .

(i) [IVuy()lll2 = gl (v + 2V)u(s)] 2
for all t > 0, where s = s(t) = t(1+~t)~! and we assume that |z|u(s) € L?(R%)
in (ii).

EXERCISE 13.3. Let d > 3, a = % and p € {—1,1}. Show that there is a

radius p > 0 such that (13.1) has an H'-solution in & (R) for all ug € By1(0, p).
(Hint: Use Strichartz’ estimates for the endpoint case (q,p) = (2, %).)
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LECTURE 14

The asymptotic behavior in the defocusing case

In the previous lecture we have seen that the defocusing nonlinear Schréodinger
equation

W (1) = iAu(t) — ilu(®)*Tult), ted,  u(0) = u, (14.1)

is globally solvable in the subcritical case 1 < a < 22— = a.. So for each
(d—2)+

ug € H'(R?) there is a unique solution u € C*(R, H~*(R?)) N C(R, H'(R%)) of
(14.1). We next inquire how u(t) behaves as t tends to £oo.

It turns out that the problem (14.1) has a similar long-term behavior as the
free linear Schrodinger equation v = iAv. From Corollary 10.10 we know that
the free Schrodinger group 7'(+) satisfies

d_d
1T (#)vollr < clt]™2]|vol|

for all 7 € (2,00], t # 0and vy € L™ (RY)NL?(R?). In our main Theorem 14.4 we
show that the solution of (14.1) decays in a similar way as t — oo if ug € H'(R%)
satisfies |z|ug € L?(R?) and r > 2 is not too large.

Recall that for » = 2 there is no decay since [|u(t)||2 = ||uo||2 for all ¢ € R
by Theorem 13.2. In view of this conservation law in L?(R%) and the decay
in L"(RY) for r > 2, the solution of (14.1) should spread out in space as time
evolves. This behavior is in accordance with the dispersive phenomena we
discussed a bit in Lecture 10.

Actually, for 7 = 2 one can show an even closer relationship between (14.1)
and the free linear Schrédinger equation. In scattering theory one constructs
ut € HY(RY) such that u(t) — T(t)usx — 0 in H'(R?) as t — +o00. We mention
a few scattering results at the end of the lecture, where we also talk a bit about
the long-term behavior in the focusing case.

The proof of the convergence result in L™ depends on explicit formulas for
the first and second derivatives of the quantity |||z|u(t)||2 for an H!'-solution
u of (13.1) whose initial value vy € H'(R?) satisfies |z|ug € L?*(R%). We
note that these formulas hold in the focusing case, too. They are established
in Proposition 14.1. We remark that they are also crucial for the blow-up
results stated at the end of the last lecture. The proof of Proposition 14.1
depends on lengthy calculations and delicate approximation arguments. As

shown in Corollary 14.3, these formulas imply an expression for the energy of
|2

the functions v(t) = e~ 4 w(t) for ¢t # 0. In the defocusing case this expression

leads to the desired decay estimate when combined with the conservation laws,

the Gagliardo-Nirenberg inequality and the Gronwall lemma, see Theorem 14.4.
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The results of this lecture were established by J. Ginibre and G. Velo in e.g.
[GV79] for more general nonlinearities. Our presentation follows (parts of)
Sections 6.5, 7.2 and 7.3 of [Caz03].

Throughout we use the spaces

L(RY) = {p € LR ||ty € LR} and  H}(RY) = L}(RY) 0 H'(R?)

where we set £(z) = z for x € R%. They are Hilbert spaces when endowed with
the norms given by

t20=lell3e + el

lll3.¢ = [ll€lell3 + [l and

respectively. Observe that H!(R?) is not contained in LZ(R%).
In our first proposition we show that for ug € H}(R?) the solution u of (13.1)
is continuous in L?(RY) and we calculate the derivatives of t |\u(7§)||%Z

PROPOSITION 14.1. Let ug € H}(RY), o € (1,a.) and p € {—1,1}. Then the
maximal H'-solution u of the nonlinear Schrédinger equation (13.1) belongs
to C(J(uo), L2(R)). Moreover, the function ¢, given by ¢,(t) = |||f|u(t)|3,
t € J(ug), is twice continuously differentiable and satisfies

o, (t) = 4Im/ t)l - Vu(t) dz, (14.2)
Gu(t) = 16B(ug) + (4d — 8T ) ullu(t) 511 (14.3)
a+1

for all t € J(ug) and the initial energy E(uo) = |||Vuo||3 + rlluollats-

Observe that the expression for ¢! is rather simple and depends on wu(t) con-
tinuously with respect to the H'-norm. If the solution u is sufficiently smooth
and decays rapidly enough, one can deduce the assertions of Proposition 14.1
in a direct but tedious way, using (13.1) and integration by parts. To perform
such computations in a rigorous way, we need several approximation arguments.
Already the weight |¢| leads to integrability problems at infinity. To overcome

them, we use the function ~.(z) = e<1*I" for € R% and ¢ > 0.

PROOF OF PROPOSITION 14.1. 1) We first show that u € C(J(ug),
LZ(RY)), ¢, € CY(J(ug)) and that (14.2) holds. We consider any time in-
terval J = [0,b] C J(up). Negative times are treated in the same way. For
€ > 0 we define

Sue®) = Inelllu®IF = [ A2ePlu(® dn, te .
We first consider ug € H2(R?) so that u € C*(J, L*(R%)) N C(J, H?(RY)) by

Theorem 13.1. It is then clear that ¢, . € C1(J). Using (13.1) and integrating
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by parts, we derive
Soelt) = 2Re [ 2P0 (1) de = 2Rei | 2P0 Ault) — plu(®)]* u(t)) do
= —2Rei [ (VOAPA(0) - Vult) + 2Pl ) da
— —2Rei /R (et Vu(r210Pa() + 20 - Vu(t)yZatt) + 12102 Vu(t)?) de
— 4Tm /Rd V2(1 = 2e0)ya(t)e - Vu(t) de
for t € J. By integration it follows
uclt) = Inelthuo B+ 41m [ [ (1 = 2P ()0 Vuls) deds. (144

Consider now uy € H}(R?) and approximate it by ug, € H*(R?) in H'(R?)
with corresponding solutions wu,,. Theorem 12.6 shows that J(ug,) C J for all
sufficiently large n and that u, — u in C(J, H'(RY)) as n — co. Hence, (14.4)
holds for ug € H} (R?%) by approximation. Observe that |y-(1 — 2¢[¢|?)| < 1 for
all e > 0 and = € R, Due to Hélder’s and Young’s inequalities, (14.4) leads to

t 1
ue(t) < [[1€]uoll3 +4/0 Pue(s)?[[|Vuls)lll2ds

t t
< Mol +2 [ NIVu(s)lI3ds +2 [ gue(s)ds

for t € J. From v € C(J,H'(R%) and Gronwall’s lemma we deduce that
SUP,~0 [|[Puclloo =0 C < o00. As € — 0, Fatou’s lemma yields ¢,(t) =
|1€)u(t)||3 < C for all t € J. For later use we note that C' only depends on
[uoll2,e, I Vulll¢(s,z2) and b. By means of the majorants [0u(t)|? and 4|¢u||Vul
we can now let ¢ — 0 in (14.4) to obtain

6ult) = N1l = Netwol} +41m [ [ a(s)e-Vuls)drds (149

for t € J and ug € Hgl (Rd). Using again the second majorant, one sees that
the right-hand side of (14.5) depends continuously on ¢, so that the norms
I|€|u(t)]|2 converge to |||€|u(to)||2 as t — to in J. Moreover, the functions |¢|u(t)
tend pointwise a.e. on R to |[¢|u(tg) as t — to. Hence, a result by Riesz implies
that the map ¢ +— |f|u(t) € L?(RY) is continuous, see Lemma 1.32 in [Kal02].
We can thus differentiate (14.5) with respect to ¢ € J and deduce (14.2). This
formula implies the continuity of ¢!,.

2) We still have to show that ¢, € C?(J(ug)) and (14.3) holds. As a first
step, we consider functions v € C(J, H*(R%)) N C'(J, L?(R%)) and define

Yoe(t) = Im /R () Vo(t) de (14.6)

for e > 0 and t € J, where J C R is a compact interval containing 0. Later,
the functions 44, . shall approximate ¢, as e — 0. We want to show that

Yu,e(t) = Yu(0)—Im /Ot /Rd v'(s) [2’7€£'VU(5)+(d7€+€'v’7€)5(3)} dzds (14.7)
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for t € J and each fixed € > 0. We see in Lemma 14.2 below that the space
CY(J, H'(RY)) is dense in C(J, H'(RY)) n C'(J, L?(R%)) with respect to the
norm given by max{||v|lc(sa1), [[vllc1(sr2)}. By continuity, it thus suffices to
show (14.7) for v € C1(J, H'(R%)). For such functions, v, is continuously
differentiable and

¥ (1) = Im /R (300 V() + () V(1)) da
= —1Im /Rd v'(t) [%E -Vo(t) + div(@(t)’ysf)} dz

=T | /() (2020 VB(t) + (e + £+ VAe)o(t) | da, (14.8)

where we used ImzZ = —Im z for z € C and Gauf}’ formula (5.4). By integration
we arrive at (14.7).

3) Temporarily we assume that ug € H2(R?) N LZ(R9). The solution u then
belongs to C*(J(uo), L2(R%)) N C(J(ug), H*(R?)) by Theorem 13.1. We define
Yue by (14.6). Equation (14.7) yields that ¢, € C(J(uo)) and that 1], _ is
given by (14.8) with v replaced by u. Inserting (13.1) into (14.8) for u, we infer

Uelt) = —Re [ (Au(t)=hu(®)] u(t)) [20:0-TT(0) + (dre +0-97)7(0)] da.
(14.9)

We first consider the term in (14.9) involving Au. Integrating by parts twice,
we compute

- Re/ Au(t) {2756 -Vu(t) + (dye + £ V%)ﬂ(t)} dz
Rd

= Re » 2(Vu(t) - Vo) (£ - Vu(t)) dz
+ [ @ulTuOR + 926 VITu(®)) da
+ Re /R (aVu(t) - Ve + Vu(t) - Ve + Vu(t) - (D) 0)a(t) da
+ [ (et £ T Vu(n) da

_ ReQ/Rd(Vu(t) V)0 Va(t)) de + Q/Rd IV u(t)? dz (14.10)
+(d+1)Re /R (1) Vu(t) - Ve dr + Re /R () Vu(t) - (D) d,

where D21, is the Hessian matrix. The other terms in (14.9) can be written as
Re [ ulu(®)" " u(t) [29:- Va(0) + (v + £ Tyt do
=2 [ )"y Re(¢ - Vutyu) e+ p [ u(t) " e+ £- V) da-

o 2“ a+1 a+1
= 2 [ et VIO ot [ (@) (@ 4 € V) do
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2
— 0V 4 dy)u() T e+ M/ a(8)]* T (dr. + £ - V) da
a+1 Jra Rd
a—1 o
_ a+1u/Rd(£.vfyg+d%)yu(t)| 1 dg, (14.11)

where we integrated by parts. Equations (14.9), (14.10) and (14.11) now imply
Q’Z)Lﬁ(t) = /Rd Y (2| Vu(t)? +“d%\u(t)|a+1)dx

+ Re /R (d+ 1)a(t) + 2 VA1) Vu(t) - Ve da

+ Re /R () Vult) - (D)0 da

a—1
£)[** - Ve d
+ S [ @) Ve do

= 8178(75) + 5275(75) + 5375(75) + 5475(75), t e J(UO) (14.12)

4) We next take the limit ¢ — 0 in (14.12). Dominated convergence yields

d(a - 1)/~’4-/Rd ’u(t)|a+1 dr

2
S (1) —>2/Rd|Vu(t)] dr + =5

= 1) + T D= [ ) e
= 4B (uo) + (d - f:f)ﬂ/ﬂw ()] * T de = xu(t)  (14.13)

as ¢ — 0, where we use that E(u(t)) = E(ug) by Theorem 13.2. Since 4y, .
should tend to ¢!/, we expect that (14.3) follows from (14.12) and (14.13) if we
can show that Sz ., S3. and Sy, tend to 0 as € — 0. To this aim, observe that

Ve(z) = —2ee | Dy ()] < c(e + 62|x|2)e_5|5’3|2 <c(l+e e < 2

for e > 0, x € R? and a constant ¢. Holder’s inequality now implies that
[S2.(8)] < 2(d + Del[[€lu@) 2]l Vu(®)]]l2 + 4/11@ ela e | Vu(t)* e,
93,2 ()] < 2ce]|[€lu(®)]2]|[Vu(@)]]2,
1S4(t)] < 2/Rd5|3:|2e_5‘$|2|u(t)|a+1 dz. (14.14)

All terms tend to 0 as ¢ — 0, by dominated convergence with majorants
4|Vu(t)|* and 2|u(t)|*T!. If we integrate the terms S; . over bounded open inter-
vals J with J C J(ug), we obtain the convergence in (14.13) and (14.14) in L' (.J)
(and not only pointwise) since v € C(J,L}(R?)) and u € C(J, H'(R?)) —
C(J, L*T*(R9)). Similarly, one sees that 41, . tends to ¢}, in L'(J) as e — 0
(recall (14.6)). As a result, ¢!, € W{(J) and ¢! = 4x,. Since Y, is continu-
ous, it follows that ¢, € C%(J(ug)) and ¢! is given by (14.3), provided that
uo € H2(RY) N L2(RY).

5) It remains to extend the results from step 4) from uy € H%(R?) N L2(R%)
to ug € H}(RY). Let ugp € H}(R?). We first approximate ug in H}(R?) by
¥n € Cgo(Rd)-
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To this aim, as in step 1) of the proof of Theorem D.13, we choose functions
¢n € CP(RY) with 0 < ¢, < 1 and [|0j¢pllec < £ for all n € N and ¢, — 1
pointwise on R% as n — oco. Hence, ¢ppug € H gl (RY) has compact support and
Pnug — Uug in H}(Rd) by dominated convergence. Let ¢ > 0. We can thus
find a function v € H}(R?) with compact support such that |ug — v|12, < 5.
We next set v, = 11 % v for the mollifiers 1 from formulas (D.2) — (D.7)

n

with n € N. From (D.7) and Lemma D.6 we deduce that v, tends to v in
H'(RY) as n — o0o. Since supp v, C suppv + B(0, 1), this fact also yields that
[ljv, — [€Jv in L2(R?). As a result, we find a function w € C°(R%) such that
[uo — w120 < e.

So there exist initial values ¢, € C°(R?) converging to ug in H}(RY) as
n — oo. Let J C J(up) be a compact interval with 0 € J. Due to Theorem 12.6
(d), there is an index ng € N such that J C J(p,) for all n > ng and the
solutions u, = u(-;p,) tend to u in C(J, H'(RY) as n — oco. Sobolev’s
embedding (5.5) then yields that ||u,(t)] gﬂ — ||u(t)] gﬁ as n — 00, uniformly
for t € J. Due to step 4), ¢!, is given by (14.3) and hence

Un

S, (t) = 16B(uo) + (4d — 8T ullu(t)lIo 1

as n — oo, uniformly for t € J. It remains to show that for a subsequence

;nj (t) — ¢.,(t) for each t € J as j — oo, where these derivatives are given
by (14.2) due to step 1). Fix t € J. We know that u,(t) — u(t) in L?(R%)
and Vu,(t) — Vu(t) in L?(R%)? as n — co. As we have seen before (14.5), the
functions fu, (t), n € N, are uniformly bounded in L?(R%)?. Hence they posses a
weakly converging subsequence ({uy; (t));. On the other hand, for v € C.(R%)?
we know that (fun,(t)|v)p2 — (Cu(t)|v)r2 as j — co. As a result, fu,, () tends
weakly to fu(t) and hence

& " (t) = 4Im(Vup, (t)[lun, (1)) 2 — 4Im(Vu(t)|lu(t)) 2

U

as j — 00, as needed. O

In the above proof we used the following density result to approximate a given
function in two norms simultaneously. These norms involve differentiability in
time and in space, respectively.

LEMMA 14.2. Let J = |[a,b] be a compact interval and let G(J) =
CY(J, L2(RY)) n C(J, H'(RY)) be endowed with the norm given by |jullg =
max{||ullc1 (s r2)s [[ulloermry - Then the space CY(J, HY(RY)) is dense in G(J)

PROOF. Let u € G(J). There are functions ¢; € C'([a — 1,a]) and ¢y €
C*([b, b+ 1]) such that the extension % of u given by

v1(t)u(a), tela—1,a),
u(t) = ¢ u(t), t € [a,bl,
w2(t)u(b), te (bb+1],

belongs to G([a — 1,b + 1]) and has compact support in (a —1,b+ 1). Extend
u by zero to R. Let ©¥1, n € N, be a one dimensional mollifier as in formula

144



(D.2). For f € C(R, L?(R%)) we define
¢1*f /1/1 (t—s)f ds-/d) flt—s9)d teR.

It is straight forward to show that Qp% x f(t) — f(t) in L2(R%) as n — oo,
locally uniformly for t € R. We set u, = 11 * u. One easily sees that u, €
CHR, HY(R?)), Vu, = 11 * Vu and u/, = T;ﬂl * @'. These facts imply that
tn — u in C([a,b], H'(RD)) and C([a, b], L2(RY)). O

In our main result we will need a somewhat differently formulated version
of the above proposition which is stated in the next corollary. We set 6,(x) =

i|z|2
e for z € RY and ¢t # 0. We recall that E(yp) = 3[|[Vel[3 + rllel ot is
the energy of p € H'(RY).

COROLLARY 14.3. Let ug € H}(RY), u € {-1,1}, a € (1,a.) and let u €
CY(J(uwo), HY(RY) N C(J(uo), H} (RY)) be the solution of (13.1). Set v(t) =
i|-|2
Oru(t) = e_‘TLu(t) fort € J(up) \ {0}. We then have

2

ha(t) = [[[(€ + 20tV )u(®)|[3 + pllu(®)15

a+1
t
= Hlﬁ\uoH%Jr/ s(8H2 — 4d)pllu(s) |21 ds (14.15)
SCE) = |[fuwlf + [ 653 —adululids (1410

for allt € J(ug), where t # 0 in (14.16).

PROOF. Since E(u(t)) = E(ug) by Theorem 13.2, we can compute

ha(t) = [[[€Ju(t)||3 + 42| Vu(t)| |15 + 4t Rei/}Rd a(t)l - Vu(t) dz
§ 1
parnr2 LLO] s

— [1€u(®)|2 + 882E (ug) — 4tIm/ e - Vu(t) de

for t € J(up). In view of Proposition 14.1, each term of the right-hand side is
continuously differentiable in time so that h, € C1(J(ug)). Moreover, (14.2)
and (14.3) yield
Rl (t) = 4Im/ t)¢ - Vu(t)de + 16t E(ug) — 4Im ) u(t)l - Vu(s) dx
R
— 16tE(uo) — ¢(4d — 855 ullu()lI3 11,
= 1(85%F — Ad)ulu(t)|311-

Equation (14.15) follows by integration. To derive (14.16), we note that

(0 + 2itV)u(t) = 2itd_Vo(t), t € J(up) \ {0}.
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This identity and (14.15) lead to

8t E(v(t)) = [|2t| Vo )]3 Iv(lt)lo‘+1 dz

+1

— || + 21tV )u(t) (#)**! dz

o+ 1
= liefuoll3 + / (3223 — 4 u(s >Hzﬂ ds
for t € J(uo) \ {0}. O

We can finally establish the announced convergence result in the defocusing
case it = 1. Recall from Theorem 13.3 that in this case we have J(up) = R for
each uy € H'(RY). For simplicity we restrict ourselves to the case d > 3, cf.
Theorem 7.3.1 in [Caz03].

THEOREM 14.4. Let ug € H}(R?Y) and let u be the solution of the defocusing
nonlinear Schrodinger equation (14.1) with 1 < o < o, = % and d > 3. Then
there is a constant ¢ only depending on o, d,r and ||ug||1 2,0 such that

(a) if 1+ 3 <a<acand?2 <r <o, then |lu(t), < clt|” —d(3 ’71 ),1
(b) if1<a<1—|—§ and 2 <r < a+1, then |u(t)], < clt|” d(z—7),
(c) ifl<a<l+dandat+1<r<ae, then |u(t)|, < cft|Xz=1-00),
(r—a—-1)4+d-da)
here 0(r) =
where 00r) = 4 =@+ d—a(d— 2))
Proor. We set v(t) = 6yu(t) as in Corollary 14.3. Observe that [[v(t)||, =
|lu(t)]|, for all p € [1, o).

1) Let a € [1+ %, a.). Since a > 1+ 2, the integral in (14.16) is non positive

so that

ﬁ

€ (0,1) and [t| > 1 in (b) and (c).

1
2t[[|Vo(t) ]2 < BEE(t))Z < ||[€luoll2- (14.17)
As in the proof of Theorem 13.3 (b), we obtain the Gagliardo-Nirenberg in-
equality

1-d(}-1) a(i-1)
lellr < callelly, 2 T lIVelllo (14.18)

for o € H'(R?) and a constant cq only depending on d. Estimates (14.18) and
(14.17) yield

[u@)lr = llo@®] < Cde(t)H;_d

d d_
= a2l lu()lly 2 el *
d_d d_d
< 275 gt 7 gl |20 (14.19)
for t # 0, because of ||u(t)|l2 = ||uo|l2 by Theorem 13.2. So (a) holds.
2)Letl<a <1+ %. We consider the case ¢ > 1. Negative times are treated

in the same way. We first establish the decay of ||v(t)||a+1 and [[|Vv(?)|||2-
Formula (14.16) implies that

(1 1

1_1 l 1
: ’")(%IIIEIUOH) )

d
2

8t2E(v(t)) = 8E(v(1)) + (8% — 4d) /1t sllu(s)] gjﬁ ds
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for t > 1. We set g, (t) = t2||u(t)| gﬁ = t2|jv(t)] gﬂ for t € R. It follows

t
gu(t) < t2(1 +a)E(v(t) =1+ a)E(v(l)) + %(d +4 —da) / %gu(s) ds.
1
Since E(u(s)) = E(up) by Theorem 13.2, equation (14.16) leads to
8E(v(1)) < Jluoll3 ¢ e sup HU(S)Hgﬁ < Jluoll3 ¢ + ¢ S Blu(s))

= lluoll3; + cE(uo) < \“H)-

(lluoll? 2T ”UO‘

We thus arrive at
t
gu(t) <c+3(d+4— da)/ 1gu(s)ds, t=>1.
1

Here and below ¢ denotes differing constants only depending on «,d,r and
luoll1,2,6. Set B = %(d +4 — da) > 0. Gronwall’s inequality then yields

¢
gu(t) < cexp/ gds = ct?, (14.20)
1

Nl

_9 _1_ B=2 _d _d
[o@llast = (t2u(6) 77 < @5 = aztis, (14.21)
for t > 1. Combining (14.16) and (14.20) we further infer

t1
4t2/ IVo(t)]? dz < c+c/ —gu(s)ds
R4 0 S

t
<c+ c/ sP71ds = ¢(1 + t2t%_d7),
Vo)l < ct™ + i~ F) < cti™ %, t>1. (14.22)
3) We can now show the assertions (b) and (c). We start with r € (2, a + 1].
Using the interpolation inequality (D.13), estimate (14.21) and ||u(t)||2 = |luol|2,
we conclude
da

lu®)lr = 0@l < oI llo@I3° < et Fa =D u() 370 = ct7 =5

for t > 1, where 0 = (§ — 1)(5 — 14%04)_ € (0,1]. Hence, (b) is valid.
To prove (c), we take r € (a + 1,a.]. We now employ the interpolation
inequality (D.13), Sobolev’s inequality (13.9) and the estimates (14.21) and

(14.22). These results lead to

_d _d
lu@®)llr = o)l < o2 01357 < el Vo)1 £ (a8
< PG5 0= =9 _ d(G-1)1-6(r)

for ¥ = (H—a—l)(ﬁ—%—d)le(01]andt>l O

We note that there are (weaker) decay results for ug € H'(R?), see Theorem
7.7.1 of [Caz03]. The above convergence Theorem 14.4 concerns the norm
in L"(R%) for » > 2. What happens for » = 2?7 Here the behavior of the
defocusing nonlinear Schrédinger equation (14.1) is even closer to the free linear
Schrédinger equation. It is described by the following scattering results:
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Let d >3, € (1+ %,ac) and ug € H'(R?). Then there are unique uy €

H'(R?) such that

lu(t) — T(t)utl|12 = |T(—t)u(t) — uslr2 — 0 ast— £oo.
Moreover, [lu+|2 = [[uoll2 and [[[Vu||[§ = 2E(u). Finally, the maps

UL :Hl(Rd) —)Hl(Rd), up — U4,

are continuous, bijective and have continuous inverses Q4 : H'(R%) — H!(RY)
which are called “wave operators”. We refer to Section 7.8 of [Caz03] for
these and related results and for references to the original papers. See also
Exercise 14.3. There is an analogous scattering theory in the space H 81 (RY), see
Section 7.4 in [Caz03].

In the focusing case u = —1, the asymptotic behavior of solutions is com-
pletely different. We have noted before that blow-up occurs if « > 1 + %. (See
Example 10.3 and Sections 6.5 and 6.6 of [Caz03].) Moreover, for 1 < o <
and w > 0 there are functions 0 # ¢, € H2(R?) such that

— Ay + wp, = el Loy, (14.23)
see Section 8.1 of [Caz03] and Example 10.2. As a result, (13.1) with g = —1

admits a standing wave solution u,, given by u(t) = e, for t € R. Actually,
also the functions given by

u(t) = el (- —y),  OER, yeR’
solve (13.1). Due to Section 8.1 of [Caz03], there also exist solutions of (14.23)
minimizing the functional v — E(v) + %||v||3 among all solutions of (14.23).

Fix such a minimizing solution ¢, of (14.23). If 1 < a < 1+ %, then the
corresponding standing wave u,, is orbitally stable, i.e.,

Ve>036>0VYuy € Byi(pw,d): dist(u(t;ug),S) < e for all t € R,

where S = {ewgow(- —y)|0eR,y € Rd}. See Theorem 8.3.1 in [Caz03]. If

1+ % < a < ag, then there are ¢, € H'(R?) converging to ¢, in H'(R?) as
n — oo which have a bounded existence interval J(¢,,). We refer to Section 8.2
of [Caz03] for this and related instability results.

Recently, the description of the blow-up case a > 1 + % and y = —1 was
much refined by W. Schlag and M. Beceanu for the model case « = d = 3. In
somewhat differing settings, they constructed a manifold of finite codimension
consisting of solutions of (13.1) which converge to a variant of the manifold S
above, see [Bec12], [Sch09].
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Exercises

EXERCISE 14.1. Let 14+ 4 < o < a.. Let up € HY(R?) satisfy |z|up € L2(R?)
and E(up) < 0. Let u be the solution of the focusing nonlinear Schrédinger
equation (13.1) with g = —1. Show that the maximal existence interval J(ug)
is bounded.

EXERCISE 14.2. Let ag > 0 satisfy da — (d+2)ap—2 = 0, max{ag, 1} < a <
ac and d > 3. Let ug € H'(R?) with |z|ug € L?>(R?) and let u be the solution
of the defocusing nonlinear Schrédinger equation (14.1) on R. Let p = 1 4+ «
and ¢ with % + % = g. Show that u € LI(R, qu(Rd)).

EXERCISE 14.3. In the setting of Exercise 14.2 set v(t) = T'(—t)u(t) for
t € R, where T() is the free Schrodinger group. Show that v(t) converges
in H'(RY) as t — 400 and as t — —oo. (Hint: You may use the equation
v(t) —v(r) = [T0'(s) ds as a starting point.)

T
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APPENDIX A

Closed operators

There are important unbounded linear operators in analysis. Fortunately
they often have certain weaker continuity properties. We start with a basic
example.

ExaMPLE A.l. Let X = C([0,1]) be endowed with the supremum norm
and let Af = f’ with D(A) = C'(]0,1]). Then A is linear, but not bounded.
Indeed, consider the functions u, € D(A) given by u,(z) = (ﬁ)sin(nx} for

n € N, which satisfy ||un|/cc — 0 and
[ Aun oo > [uy, (0)] = v/ — o0

as n — oo. However, if (f,), C D(A) satisfies f,, — f and Af, — ¢g in C([0,1])
as n — oo, then f € C1([0,1]) = D(A) and g = f’ = Af (which is shown in
introductory courses in analysis). &

The above example motivates the next definition.

DEFINITION A.2. Let A be a linear operator from X toY, where X and Y
are Banach spaces. The operator A is called closed if for all z, € D(A), n € N,

such that there exists x = limy,_ o0 Tn tn X and y = lim,,_ oo Az, in' Y it holds
that x € D(A) and Ax = y.
Hence, limy,_, o0 Axy, = A(limy, 00 @) if both (z,,)n and (Axy,), converge.

REMARK A.3. It is clear that every operator A € B(X,Y) is closed (where
D(A) = X). The operator A from Example A.1 is closed.

EXAMPLE A.4. (a) Let X = C([0,1]) and Af = f’ with

D(4) = {f € C1([0,1))| f(0) = 0},

Let (fn)n € D(A) and f,g € X be such that f, — f and Af, = f,, — ¢ in
X as n — co. As observed above it follows f € C*(]0,1]) and f’ = g. Since
0= fn(0) = f(0) as n — oo, we obtain f € D(A). This means that A is closed
on X. In the same way we see that Ay f = f’ with

D(41) = {f € C([0,1)) | £(0) = f'(1) = 0}

is closed. There are many more variants of this result. &
(b) Let X = C([0,1]) and Af = f’ with D(A) = CL((0,1]). This operator is
not closed. In fact, consider the functions f, € D(A) given by



for every n € N. Then, f, — f and f, — f"in X as n — oo, where f(t) = t2.
However, supp f = [0,1] and so f ¢ D(A). &

(c) Let X = LP(R%), 1 < p < o0, and m : R? — C be measurable. Define
Af = mf with its mazimal domain

DA ={feX|mfeX}.

Then A is closed. Indeed, let f, — f and Af, = mf, — g in X as n —
oo. Then there is a subsequence (nj); € N such that f, (r) — f(z) and
m(z) fn, (x) — g(x) for a.e. v € RY, as j — oo. Hence, mf = g in LP(RY) and
we thus obtain f € D(A) and Af = g. &

(d) Let X = LY([0,1]), Y = C, and Af = f(0) with D(A) = C([0,1]). Then
A is not closed. In fact, consider the functions f, € D(A) given by

l-nt, 0<t<i
0, Lot<,

fn(t) = {

for every n € N. Then || f,|li = 5= — 0 as n — oo, but Af, = f,(0) = 1. &

DEFINITION A.5. Let A be a linear operator from X to Y. The graph of A
s given by
gr(A) = {(z,Az) e X xY |z € D(A4)}.

The graph norm of A is defined by ||x||a = ||z||x + ||Az||y. We write [D(A)] if
we equip D(A) with || - ||a.

Of course, || - ||4 is equivalent to || - ||x if A € B(X,Y). We endow X x Y
with the norm [|(z, y) |l xxy = [lzllx + lylly-

LEMMA A.6. For a linear operator A from X to Y the following assertions
hold.

(a) gr(A) C X x Y is a linear subspace.

(b) [D(A)] is a normed vector space and A € B([D(A)],Y).

(c) A is closed if and only if gr(A) is closed in X XY if and only if [D(A)]
is a Banach space.

(d) Let A be injective and put D(A™1) := R(A). Then, A is closed from X
to Y if and only if A~' is closed from'Y to X.

PROOF. Assertions (a) and (b) are straightforward to check.

(c) The operator A is closed if and only if for all z, € D(A), n € N,
and (z,y) € X x Y with (x,, Az,) — (2,y) in X XY as n — oo, we have
(z,y) € gr(A). This property is equivalent to the closedness of gr(A). Since
|(z, Az)||xxvy = ||z||x +||Az|ly, a Cauchy sequence or a converging sequence in
gr(A) corresponds to a Cauchy or a converging sequence in [D(A)], respectively.
Hence, [D(A)] is complete if and only if (gr(A), |- ||xxy) is complete if and only
if gr(A) C X x Y is closed.

(d) Assertion (d) follows from (c) since

gr(A™) ={(y, A 'y) |y e R(A)} = {(Az,z) |z € D(A)}
is closed in Y x X if and only if gr(A) is closed in X x Y. O
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THEOREM A.7 (Closed Graph Theorem). Let X and Y be Banach spaces and
A be a closed operator from X toY. Then A is bounded (i.e., ||Az| < c||z||
for some ¢ >0 and all x € D(A)) if and only if D(A) is closed in X.

In particular, a closed operator with D(A) = X already belongs to B(X,Y).

PROOF. “«<=": Let D(A) be closed in X. Then D(A) is a Banach space for
|-l x and [|-]|4. Since ||z||x < |z| 4 for all z € D(A), the open mapping theorem
gives a constant ¢ > 0 such that ||Az|ly < ||z]a < c||z|x for all z € D(A).

“=": Let A be bounded and let (z,)neny € D(A) converge to x € X with

respect to || - ||x. Then ||Az, — Azp|ly < ¢|ln — zm|x, and so the sequence
(Azp)nen is Cauchy in Y. There thus exists y := limy, o0 Az, in Y. The
closedness of A shows that x € D(A); i.e., D(A) is closed in X. O

REMARK A.8. (a) Theorem A.7 is wrong without completeness. Consider
for instance the operator T given by (T'f)(t) = tf(t), t € R, on C.(R) with
supremum norm. This linear operator is everywhere defined, unbounded and
closed. To check the closedness, take f,, f,g € C.(R) such that f,(t) — f(t)
and (T'f,)(t) = tfn(t) — g(t) uniformly for t € R as n — oco. Then g(t) = tf(t)
forallt € Rand so g=Tf. &

(b) On an infinite dimensional Banach space X there are non-closed op-
erators. In fact, let B be an algebraic basis of X (i.e., for each z € X
there exist n € N and unique a1,...,a, € C, b1,...,b, € B such that
x = a1by + ...+ apb,). We may assume that ||| = 1 for all b € B. Choose a
countable subset By = {b; | k € N} of B and set

Tby, = kby for by, € By and Tb=0 for b € B\ By.

Then T can be extended to a linear operator on X which is unbounded, since
|ITbk|| = k and ||bg|| = 1. Thus T is not closed. O

It is a delicate mater to add or multiply closed operators. The situation is
simpler if one operator is bounded.

PROPOSITION A.9. Let A be closed from X toY, T € B(X,Y), and S €
B(Z,X). Then the following operators are closed.
(a) B=A+T with D(B) = D(A),
(b) C = AS withD(C)={z€ Z|Sz € D(A)}.
In particular for X € C the operator \I — A with domain D(A) is closed in X.

PRrROOF. (a) Let z, € D(B), n € N, and z € X, y € Y such that z,, — =
in X and Bz, = Az, +Tx, — y in Y as n — oo. Since T is bounded, there
exists Tx = limy,_,o Tx, and so Ax, — y — Tx as n — oco. The closedness of
A implies that x € D(A) = D(B) and Ax =y — Tx; i.e., Bt = Av + Tz = y.

(b) Let z, € D(C), n € N, and z € Z, y € Y such that z, — z in Z and

ASz, - yin Y as n — oo. Since S is bounded, x, := Sz, converges to
Sz. Moreover, Az, — y. We thus deduce Sz € D(A) and ASz = y from the
closedness of A; i.e., z € D(C) and Cz = y. O

COROLLARY A.10. Let A be a linear operator on X and A € C. Then the
following assertions hold.

(a) If \I — A (or X + A) is closed, then A is closed.
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(b) If \XI — A is bijective with (A — A)~ € B(X), then A is closed.

PROOF. Assertion (a) is a consequence of Proposition A.9 since A =
+((M £ A) — XI). For (b), Lemma A.6 shows that A\ — A is closed, and

then assertion (a) yields (b). O

The following basic examples show that closedness can be lost when taking
sums or products of closed operators.

EXAMPLE A.11. (a) Let E = Cy(R?) and Ay, = 0 with
D(Ag) = {f € E | the partial derivative 0 f exists and belongs to E},
for k=1,2. Set B =01 + 0y on

D(B) := D(41) N D(4) = C}(R?) = {f € C'(R?)| f,01f,0f € E}.

It is an exercise to show that A; and As are closed.

However, B is not closed. Take ¢, € C}(R) converging uniformly to some
b € CyRNCL(R). Set fu(z,y) = én(z—y) and f(z,y) = $(z—y) for (z,y) € R?
and n € N. We then obtain f € E, f, € D(B), ||fn — flloo = [[#n — ¢|lcc = 0
and Bf, = ¢, — ¢, =0 — 0 as n — oo, but f ¢ D(B). &

(b) Let X = C([0,1]), Af = f’ with D(4) = C([0,1]), and m € C([0,1])
such that m = 0 on [0, 1]. Define 7' € B(X) by Tf = mf for all f € X. Then
the operator TA with D(T'A) = D(A) is not closed.

To see this, take functions f, € D(A) such that f, = 1 on [$,1] and f,
converges in X to some f ¢ C1([0,1]). Then, TAf, = mf,, = 0 converges to 0,
but f ¢ D(A). &
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APPENDIX B

The spectrum

The spectrum and the resolvent of a closed operator A are used in many
parts of analysis to study A.

DEFINITION B.1. Let A be a closed operator on X. The resolvent set of A is
given by
A)={NeC|X - A:D(A) — X is bijective},
and its spectrum by
o(A) = C\ p(A).
We further define the point spectrum of A by

op(A) = {\ € C| there exists some v € D(A) \ {0} with \v = Av} C o(A)

where we call X € op(A) an eigenvalue of A and the corresponding v an eigen-
vector or eigenfunction of A. For A € p(A) the operator

RMA) =M -A)"1: XX
is called the resolvent (of A at ).
We will introduce further subdivisions of o(A) in Appendix C.

REMARK B.2. (a) Let A be closed in X and A € p(A). The resolvent R(A, A)
has the range D(A). Proposition A.9 and Lemma A.6 further show that R(\, A)
is closed and thus it belongs to B(X) by Theorem A.7. &

(b) Let A be a linear operator such that A\l — A : D(A) — X has a bounded
inverse for some A € C. Then A is closed by Corollary A.10. In this case, the
closedness assumption in Definition B.1 is redundant. &

We set ey(t) = e for A € C, t € J, and any interval J C R.

ExaMPLE B.3. (a) Let X = C% and T € B(X). Then o(T) only consists of
the eigenvalues Aq,..., Ay, of T', where m < d. O

(b) Let X = C([0,1]), and Au = v’ with D(A) = C1([0,1]). Then ey € D(A)
and Aey = e for each A\ € C. Hence, A € g,,(4 ) and so o(A) = O'p( )=C. &

(c) Let X = C([0,1]), and Au = v’ with D(A4) = {u € C'([0,1]) | u(0) = 0}.
Let A € C and f € X. We then have u € D(A) and (M — A)u = f if and only
if u € CH([0,1]), v/ (t) = Au(t) — f(t) for all t € [0,1], and u(0) = 0, which is
equivalent to

u(t) =~ [ f(s)as,

0
for all 0 < ¢ < 1. Hence, 0(A) = () and the resolvent is given by

ROAI(0) = = [ 0 1(s) s,

0
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forall0 <t <1, fe X,and A € C. &

Let U C C be open. The derivative of a map f: U — Y at A € U is given by
1
'(\) = lim —— - Y,
P = lim = S () = f) ey,

if the limit exists in Y.
The next theorem collects the basic properties of the resolvent and the spec-
trum of a closed operator.

THEOREM B.4. Let A be a closed operator on X and let A € p(A). Then the
following assertions hold.

(a) AR\, A) = AR\, A) — I, AR\, A)x = R(\, A)Ax for all x € D(A),
1
D)
if w € p(A)\ {\}. The latter identity is called the resolvent equation.
(b) The spectrum o(A) is closed, where B(\, WW) C p(A) and

(R(A, A) — R(p, A)) = R(A, A)R(p, A) = R(p, A)R(A, A)

o0

R(u, A) =Y (A= p)"R(A, A" =: Ry,
n=0

if |AN—pl < WlA)H' The series converges absolutely in B(X,[D(A)]),
1) for each § € (0,1). Moreover,

c(N)
1—

uniformly on B(\, TROA)

[ R (1, Al x,pay) <

for all u € B(\, WS,A)H) and a constant c(\) depending only on .
(¢) The function p(A) — B(X,[D(A)]), A — R(X\, A), is infinitely often
differentiable with

(dd)\) R(\A) = (—1)"n! R(\, A)"H for every n € N.

(d) R\, A)|| = dist(X, o(A)) 7"
PROOF. (a) The first assertions are a consequence of
=AM —A)R\, A)x = RN\, A) (M — A)z,

where x € X in the first equality and z € D(A) in the second one. For u € p(A)
we further have

(AR(A, 4) — AR(\, A)) R, A) = R, A),
R\, A)(uR(p, A) — AR(p, A)) = R(A, A).

The resolvent equation then follows by subtraction and interchanging A and p.
(b) Let |u— | < m for some 6 € (0,1) and x € X with ||z|| < 1. Then,

I = )" RO, A el < i (AR(Y, AR, A)"]| 4+ RO, A)™al])
< (AR A + 1+ [ RO A) ) =: 7e(N),

VI



where we used (a). So the series in (b) converges absolutely in B(X,[D(A )])

uniformly on B(), m% and it can be estimated in norm by c¢(\)(1 —§)~!
Using also (ul — A)R(\, A) = (u — AN)R(A, A) + I, we obtain
(1] — AR, = — 3" (0 — )" RO, AY™ S (A = )" R(A, A)" =
n=0 n=0

and similarly R, (4l — A)x = x for each € D(A). Hence, p € p(A) and
R, = R(p, A). Assertion (d) follows from (b).
(c) Since A — R(A, A) € B(X, [D(A)]) is locally bounded, due to the estimate
n (b), the resolvent equation implies that the map A — R(X\, A) € B(X,[D(4)])
is continuous. Assertion (c¢) for n = 1 thus follows from the resolvent equation.
Assume that (c) holds for some n € N. We then obtain
d

(%)RHR(/\ A) = (=1)"nt = (RO, 4.

Using the formula

n

R(Ma A)n+1 )‘ A = Z (M: A) - R()V A))R()‘v A)jv

the continuity of R(-, A) and the assertion for n = 1, we then conclude that (c)
holds for n + 1. O

PROPOSITION B.5. Let Q CR?Y, m € C(Q), X = Cy(Q), and Af = mf with
D(A) ={f e X|mf e X}. Then A is closed,

o(A) =m(),
and RN\, A)f = ﬁf for all X € p(A) and f € X.

In particular, for every closed subset S C C there is a closed operator B on
a Banach space with o(B) = S. If S # 0 is compact, then B can be chosen to
be bounded.

PROOF. The closedness of A can be shown as in Remark A.8. Let A\ ¢ m(Q)
and g € Cy(2). The function f := ﬁg then belongs to Cp(Q) and A\f—mf = g
so that mf = Af —g € Cp(Q). As a result, f € D(A) and f is the unique
solution in D(A) of the equation A\f — Af = g. This means that A € p(A4) and
R(X\, A)g = +2—g. In the case that A = m(z) for some z € , we obtain

(M = A)f)(2) = Af(z) = m(=)f(z) = 0

for every f € D(A). Consequently, Al — A is not surjective and so A € o(A).
We now conclude that o(A) = m(2) since the spectrum is closed.

The final assertion follows from Example B.3 if S = (). Otherwise, consider
2 = S and m(z) = z. Define A and X as above. Then, o(A) = S and A is
bounded if S is compact (where Cy(S) = C(S)). O

A similar result holds on LP-spaces, see e.g. Example IX.2.6 in [Con90]. The
next theorem gives additional properties of the spectrum of bounded operators.
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THEOREM B.6. Let T' € B(X). Then o(T') is a non-empty compact set. The
spectral radius r(T) := max {|A\| | X € o(T)} is given by

r(T) = lim |T"|* = inf ||+ < [T,
neN

n—oo

and for A € C with || > r(T") we have
R\T) =Y A"'T" = Ry,

n=0
PROOF. 1) Since |[|[T™™| < ||T"|| |T™ for all n,m € N, an elementary
lemma (see Lemma VI.1.4 in [Wer07]) yields that there exists

lim [T = inf [T"% = < |IT.

If [A\| > 7, then

1 1 r

= fim T = - < 1
] i, T = 57 <

Therefore the series Ry converges absolutely in B(X ), and uniformly for A in all
compact subsets of C\ B(0,r) (proof as in the one dimensional case). Moreover,

lim sup [[A\""T" ||~ =
n—oo

(AI=T)Ry=> X "T" =Y X" =1,
n=0 n=0

and similarly Ry(AI —T) = I. Hence, A € p(T') and Ry = R(A,T'). Due to its
closedness, the spectrum o(T') C B(0,r) is compact. Therefore, r(T) exists as
the maximum of a compact subset of R, and r(T") < r.

2) Take s > r(T), ® € B(X)*, and m € N. We define fo(\) = ®(R(\,T)) for
A € p(T). Note that fo : p(T) — C is complex differentiable. We set

1 m
/W:s A"B(R(A, T)) dA.

" 2mi

Cm(®)

Since fg is holomorphic, this integral does not depend on s > r(T') due to
complex analysis. So we may choose for a moment s > r and use the uniformly
convergent series of step 1) to deduce

> 1
- P) = - m—n—1 d(T™
Con(®) ;OW./M_SA dA & (™)

| 27 ) )
=S / (56" Lise®t df B(T™) = B(T™).
n—0 Tt Jo

The Hahn-Banach theorem yields a functional ®,, € B(X)* with ||®,,|| = 1 and
®,,(T™) = ||T™||. Again for any s > r(7"), we can then estimate

1 27 . ) )
|7 = @, (T™) = Cpp(Pr) < 2 Jo |se™ ™ || @, || || R(s€™, T)|||se™| dt
<s™s |I§\1|ax IR\, T)|| =: c(s)s™.
=S

Thus, HTmH% < sc(s)% and so r < s. This means that r(T") = r.
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Finally, suppose that o(7T) = (). Then the functions fe are entire for every
¢ € B(X)*. Moreover, step 1) yields

o I _ 212

for all A\ € C with |A] > 2||T||. Hence, fq> is bounded and thus constant by
Liouville’s theorem from complex analysis. The above estimate then shows

that ®(R(A\,T)) = 0 for all A € C and ® € B(X)*. Using again the Hahn-
Banach theorem, we obtain R(\,7") = 0, which is impossible since R(\,T) is
injective and X # {0}. O

It can happen that r(T) < ||T'||. Take for instance a Jordan block T'= (§})
on X = C?, where r(T) = 0 and ||T|| = 1.

In finite dimensions we have o(7T") = 0,,(T"). The following examples indicate
that in infinite dimensions 0, (7") can be empty or much smaller than o (7).

ExaMPLE B.7. (a) Let X = C([0,1]) and define the Volterra operator V' by

:/Otf(s)ds

for t € [0,1] and f € X. Then V € B(X) and

t psy Sn—1 1
veswis [ ufuoodsn...dsls—,|rfuoo,

forallm € N, ¢t € [0,1], and f € X. Hence [V*|| < 5. For f = 1 we obtain

[V > [Vl = & and so [|[V"|| = 4. This gives
r(V) = nh_}rgo(i )rlL =0 and o(V)={0}.
Observe that 0,,(V) = 0 since V f = 0 implies that f = (V f) = 0. O
(b) The right shift R given by R(z,), = (0,z1,22,...) on X €

{co, 0P |p € [1,00]} has the spectrum and point spectrum
o(R)=B(0,1) and o,(R)=0.

In fact, R € B(X) has norm 1 and so o¢(R) C B(0,1). If there are z € X and
u € C such that pr = Rz, then px; = 0, pxrs = x1, prs = x9, .... Hence,
z = 0 and we conclude that o,(R) = (. Let A € B(0,1) \ {0} and assume
that A\l — A is surjective. Then there would exist a vector € X such that
A — R = ey, ie, Ax1 = 1, Axg = x1, Ax3 = 9, .... It follows that = is
equal to (A™"),, which does not belong to X. This means that AT — A is not
surjective and therefore B(0,1) \ {0} C o(R). The closedness of the spectrum
thus implies o(R) = B(0,1). &

(c) The left shift L given by L(zy)n = (Zp41)n on X € {co, 7 |p € [1,00]}
has the spectrum o(L) = B(0,1). In fact, L € B(X) has norm 1, and so
o(L) ¢ B(0,1). Moreover, L(1,0,---) = 0, and for |A\|] < 1 the sequence
v = (A")nen belongs to X and satisfies A\v = Lv so that B(0,1) C 0,(L) C o(L).
The closedness of o(L) then yields o(L) = B(0,1). Note that o,(L) = B(0,1)
if X =£°°, but 0,(L) = B(0,1) in the other cases. &
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APPENDIX C

More spectral theory and selfadjoint operators

In courses on linear algebra it is shown that Hermitian matrices can be di-
agonalized, which makes their analysis rather simple. Selfadjoint operators are
the natural extension of the concept of Hermitian matrices to infinite dimen-
sional Hilbert spaces. We will not discuss the generalization of the diagonal-
ization theorem to infinite dimensions, the so—called spectral theorem. Instead
we establish several strong spectral theoretic properties of selfadjoint operators
needed in the lectures. To this aim, we need a bit more general spectral theory
on Banach spaces which is presented first.

1. Subdivisions of the spectrum and adjoint operators

We recall that a number A € C belongs to the spectrum of a closed operator A
if A\I — A is not bijective. This can happen in various ways which leads to several
possibilities to subdivide the spectrum. We use one that links the spectrum to
eigenvectors as far as possible. We start with the relevant definition.

DEFINITION C.1. Let A be a closed operator on X. Then we call

oap(A) = {\ € C| there exist z,, € D(A) with ||zy|| =1 for alln € N
and Az, — Az, — 0 as n — oo}

the approximate point spectrum of A and
or(A) = {A e C|(M\ — A)D(A) is not dense in X}
the residual spectrum of A.

ProrosITION C.2. For a closed operator A the following assertions hold.
(a) oap(A) = 0p(A)U{X € C| (A — A)D(A) is not closed in X }.
(b) 0(A) = 04p(A) U0y (A).
(¢) Oo(A) C ogp(A).

(Note that the unions need not be disjoint.)

PRrROOF. (a) We have X ¢ 0,,(A) if and only if there is a constant ¢ > 0 such
that ||(A — A)z|| > ¢||z|| for all z € D(A). This lower estimate implies that
X ¢ op(A). Moreover, if y, := Az, — Az,, = y in X as n — oo for a sequence
(zn)n in D(A), then the lower estimate shows that (z), is Cauchy in X, and
thus z,, converges to some x € X. Hence, Ax,, = Az, — yn — Az — y and the
closedness of A yields z € D(A) and Az — Az = y. Consequently, (A\] —A)D(A)
is closed.
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Conversely, if (Al — A)D(A) is closed and A ¢ 0,(A), then the inverse (A —
A)~! exists and is closed on its closed domain (A — A) D(A). The closed graph
theorem A.7 then yields the boundedness of (Al — A)~!. Thus,

lz]l = [|[(AL = A)~HAL = A)z| < (AT = A

for all € D(A) and a constant C' > 0. This means that A ¢ o,,(A).

(b) Assertion (b) follows from (a).

(c) Let A € 0o(A). Then there exist A\, € p(A) with A\, = A as n — oo.
Theorem B.4 yields ||[R(An, A)|| — oo as n — oo, and thus there are y,, € X
such that ||y,|| = 1 for all n € N and a,, := ||R(An, A)yn| — 00 as n — oo,
where we can assume that a, > 0 for alln € N. Set z,, = éR(An, A)y, € D(A).

We then have ||z, || =1 for all n € N and Az, — Az, = (A — A\p)zp + éyn —0
as n — 00. As a result, A € oup(A). O

We already used the above proposition implicitly in Example 3.5 (a). To
describe the residual spectrum , we will use the adjoint of A.

DEFINITION C.3. Let X and Y be Banach spaces. Let A be a linear operator
from X toY with dense domain. We define its adjoint A* on Y™ by setting

D(A") ={y* eY*|32* € X* Vo € D(A) : (Az,y*) = (z,2%)},
A*y* = 2",

Observe that (Az,y*) = (z, A*y*) holds for all x € D(A) and y* € D(A*).
Several properties of the adjoint are collected in the next remark.

REMARK C.4. Let A be a densely defined linear operator from X to Y.

(a) Since D(A) is dense, there is at most one vector z* as in the definition
of D(A*), so that A* : D(A*) — X* is a map. It is clear that A* is linear. If
A€ B(X,Y), then D(A*) = Y* and Definition C.3 coincides with the definition
of the adjoint usually given in courses of functional analysis. &

(b) The operator A* is closed from Y* to X*. In fact, let y; € D(A*¥),
y* € Y* and z* € X* such that y} — y* in Y* and 2} := A%y’ — 2* in X* as
n — oo. Then for every z € D(A) the equation,

(z,2") = JL%(x’Zn> = nlggo<A$7yn> = (Az,y")

hold. As a result, y* € D(A*) and A*y* = 2*. &

(c) Let X =Y for simplicity. If 7' € B(X), then the sum A + T and
the product T'A with domains D(A + T') = D(A) and D(T'A) = D(A) have
the adjoints (A + T)* = A* + T* and A*T* with D(A* + T*) = D(A*) and
D(A*T*) = {z* € X*|T*z* € D(A*)}, respectively. To verify the first claim,
let € D(A) and z* € X*. We calculate

(A+ Tz, 2*) = (Ax, x2*) + (x, T*z").

Hence, z* € D((A + T7)*) if and only if z* € D(A*), and then (A + T)*z* =
A*x* + T*x*. The second fact can be shown analogously. &

The next result shows in particular that the eigenvalues of A* give the residual
spectrum of A, cf. the proof of Corollary 5.2.
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THEOREM C.5. Let A be a closed operator on X with dense domain. Then
the following assertions hold.
(a) 0r(A) = op(A7).
(b) o(A) =0c(A*) and R(\, A)* = R(\, A*) for every X € p(A).

PROOF. (a) Due to a corollary of the Hahn-Banach theorem, the set (Al —
A)D(A) is not dense in X if and only if there is a vector y* € X*\ {0} such
that (A\x — Az, y*) = 0 = (z,0) for every x € D(A). This fact is equivalent to
y* € D(A*)\ {0} and A\y* — A*y* =0, i.e,, X € g,(A").

(b) Let A € p(A). Take z* € X*, and set y* = R(\, A)*z*. We then obtain
(M = Az, y*) = (RO, AN — A)z, o) = (z,27),
for all x € D(A). Thus, y* € D(A*) and z* = (A — A)*y* = (A — A*)y*,
where we use Remark C.4. This means that A\ — A* is surjective. Further, let
x* € D(A*) and x € X. We compute
= (M — AR\, Az, x™) = (z,z"),
using Definition C.3 and that R(\, A)x belongs to D(A). Hence, R(A, A)*(\ —
A*)x* = x*, so that AT — A* is also injective. It thus exists R(A, A*) = R(\, A)*.
Conversely, let A € p(A*). Take x € D(A). For every x* € X*, we calculate
as above
(ML = Az, R\, A")x™) = (z, (A\] — A")R(\, A)x™) = (z, x™).
Due to a corollary of the Hahn-Banach theorem, there is a functional y* € X*
such that ||y*|| = 1 and (x,y*) = ||=||. Hence,
2]l = (M = A)z, R(A, A")y") < [|R(A, AT ||| Az — Ax]].
This estimate implies that A ¢ 0ap(A). Further, A ¢ 0,(A*) = 0,(A) by part
(a), and so Proposition C.2 shows that A\ ¢ o(A). O
EXAMPLE C.6. Let X =P 1 <p < o0, or X = ¢y. Let Rx = (0,21, 22,...)
be the right shift on X. Then R* = L, where the left shift L acts on ¢! if X = ¢y

and on /7 otherwise. Since o(L) = B(0,1) by Example B.7 (c), Theorem C.5
yields

o(R) =0(L) = B(0,1).
In this way we obtain a faster proof of a part of Example B.7 (b). Moreover,
or(R) = 0p(L) = B(0,1) if X = ¢g or X = 7 with 1 < p < o0 and o,(R) =

op(L) = B(0,1) if X = ¢%.
If X = ¢°°, then we consider L on ¢! and R on ¢ = (})*. Since R = L*, we

again deduce o(R) = B(0,1).

2. Selfadjoint operators and their spectra

Let X and Y be Hilbert spaces with scalar product (-|-)x and (-|-)y. Let
A be a linear densely defined operator from X to Y. We define the Hilbert space
adjoint A" as in the Banach space case by

DA)={yeY|Ize X Ve eD(A): (Azly)y = (z|2)x}, Ay:==z
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As in Remark C.4 one sees that A’ is well-defined, linear and closed. Also
Remark C.4 (c) holds analogously.

We say that T € B(X,Y) is unitary if T is invertible with T-1 = T’. A
densely defined linear operator A is called selfadjoint if A = A’ and skewadjoint
if A= —A’ (in particular, D(A) = D(A’) and A must be closed). Finally, A is
normal if AA’ = A’A. Note that if A is selfadjoint or skewadjoint, then A\ — A
is normal for A € C.

A linear operator A on X is called symmetric if we have (Az|y) = (z|Ay) for
all z,y € D(A). We note that a densely defined linear operator is symmetric if
and only if A C A’

Let ® : X — X* be the antilinear Riesz isomorphism given by (®(x))(z) =
(z]z) for all z,z € X. For A € C and X =Y, we then obtain

My« — A* = d(Nx — ANd 1, (C.1)
with D(A*) = ®D(A’). So Theorem C.5 implies that
o(A) =0(A") =7(A") and o0,(A) =0,(A") =7,(A"), (C.2)

where the bars mean complex conjugation. Moreover,
RO\ A) =@ IR\, A")® = &7 1R(\, A)*® = R()\, A,

for all A € p(A).

Recall from functional analysis that ||T7| = ||| for every T € B(X,Y),
T" =T and (ST) = T'S’ for S € B(Y,Z) where Z is another Hilbert space.
We first establish an important characterization of unitary operators, used e.g.
in Lecture 5.

PROPOSITION C.7. Let X and Y be Hilbert spaces and T € B(X,Y). Then
the following assertions hold.
(a) T is a isometry if and only if we have (Tx|Tz)y = (z|z)x for all
r,z € X.
(b) T is unitary if and only if T is bijective and isometric if and only if T
is bijective and preserves the scalar product.

PROOF. (a) The implication “<” is shown by setting x = z. To verify “=-",
take o € C and x,z € X. Using that T is isometric, we calculate

(T(x + az)|T(x + az)) = ||Tz|* + 2Re(Tx|aT2) + ||[aTz|?
= [lz|” + 2Re(@(Tz|T2)) + |af?||2],
|T(z + a2)||? = (z + az|z + az) = ||z||* + 2Re(@(z|2)) + |||
Since (T(x + az)|T(x + az)) = ||T(z + az)|?, it follows Re(@(Tx|Tz)) =
Re(@(x|z)). Choosing aw = 1 and « = i, we deduce assertion (a).

(b) The second equivalence is a consequence of part (a). To show the first
equivalence, take x,z € X. If T is unitary, we obtain (Tx|Tz) = (z|T~'Tz) =
(z]z), so that T is isometric by (a). If T is isometric, (a) yields (T'Tz|z) =
(Tz|Tz) = (x|z). Since z € X is arbitrary, we conclude that T'T'z = z for all
x € X and hence T'T = I. Now, the bijectivity of T implies that 7/ = T~!. O
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The next lemma gives the crucial estimates for the proof of the announced
spectral properties of selfadjoint operators stated below.

LEMMA C.8. Let A be symmetric. Set A = a + 18 for any o, 8 € R. Let
x € D(A). It then holds (Azx|z) € R and

N — Az||* = |laz — Az||* + |81 |l2]* > |81 |l].
Let A also be closed. Then o,p(A) CR. If A € p(A)\R, then [|[R(A, A)|| < |11111A|'

PRrOOF. For z € D(A) we have (Az|z) = (z|Az) = (Az|x) so that (Az|z) =
(z|Az) is real. From this fact we deduce that

Az — Az||> = (ax — Az + ifz|ax — Az +iBz)
= ||lax — Az||* + 2Re(iBz|ax — Az) + ||ifz]?
= [lax — Az|® + 2Re(iBallz|® — ip(z|Ax)) + B«
= [laz — Az|® + |8 |l«|* > |61,

In particular, A ¢ o4p(A) if ImA = 3 # 0.
IfAep(A)\Rand y € X, write z = R(\, A)y € D(A). We then calculate

lyl1? = Az — Az[* > [Im A?||z||* = [Im A*| R(X, A)y]|?
which yields the final inequality in the lemma. O

THEOREM C.9. Let X be a Hilbert space and A be densely defined, closed and
symmetric. Then the following assertions hold.

(a) The spectrum o(A) of A is either a subset of R or 0(A) =C oro(A) =
{AeC|ImA >0} oro(A) ={AeC|ImA<0}.
(b) The following assertions are equivalent.
(1) A=A,
(2) o(A) CR
(3) il — A" and il + A’ are injective,
(4) (I — A)D(A) and (il + A)D(A) are dense.
(c) Let A be selfadjoint. Then we have
1
[Im 2|

for X ¢ R. Further, 0(A) = o4p(A) and A has no selfadjoint extension
B+ A.

PROOF. (a) Suppose that there would exists A € o(A) and p € p(A) with
ImA-Imp > 0. The line segment from A to p must contain a point v €
0o (A). Then, Im~v # 0 and 7 € o,y,(A) by Proposition C.2, which contradicts
Lemma C.8 since A is symmetric. Assertion (a) thus follows from the closedness
of the spectrum.

(b) Let A be selfadjoint. Lemma C.8 yields 0,(A4) C oqp (A) C R. Due to
(C.2) we also have 0,(A) = 7,(A") = 7,(4) = 0p(A) € R. From Proposi-
tion C.2 we thus deduce o(A) C R, i.e., (1) implies (2). The implication “(2)
= (3)” is obvious. Equation (C.2) also shows that +i € ¢,(A4’) if and only if
Fi € 0,(A) so that (3) and (4) are equivalent. Let (4) (and thus (3)) hold. Due
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to Lemma C.8 and Proposition C.2, the range of il + A is closed. In view of
(4), iI + A is then surjective. Due to (3), il + A’ is injective, and hence A = A’
thanks to A C A" and Lemma 3.6. So the implication “(4) = (1)” holds.

(c) Let A= A’". Then o(A) = 0(A’) C R so that assertion (c¢) follows from
Lemma C.8, Proposition C.2 (¢) and Lemma 3.6. O

We illustrate the above result by a simple example. For the Sobolev spaces
we refer to Intermezzo 3 in Lecture 5 or Appendix D.

ExamPLE C.10. (a) Let X = L2?(0,00) and Au = iu’ for u € D(A4) =
W(0,00). We first show that A is closed. Let u, € D(A) such that u, — u
and iu), — v in X. Lemma 3.6 (c) then yields that u € W(0,00) and iu’' = v.
Since W4 (0, 00) is closed in W4 (0, 00), we also have u € D(A).

To see the symmetry, take u € D(A) and v € C2°(0, 00). We have

(Aulv) = i/ Wvdr = —i/ wv’ do = / uiv’ dz = (u|Av).
0 0 0

For v € D(A) there are v, € C2°(0,00) converging to v in W4 (0, 00), so that
v, — v and Av, — Av in X as n — oo. Hence, (Aulv) = (u|Av) for all
u,v € D(A), i.e., A is symmetric. By Exercise 5.4, o(i4) = {A € C| Re X < 0}
so that o(A) = —io(iA) = {A € C| Im A > 0} (use Exercise 2.5). Consequently,
A is not selfadjoint. &

(b) Let X = L?(R) and Au = iv’ for u € D(A) = W4(R). As in part (a) one
shows that A is symmetric. Exercises 2.5 and 3.2 imply that 0(A) = io(—iA4) =
i’R = R. Hence, A is selfadjoint. &
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APPENDIX D

Sobolev spaces and weak derivatives

Throughout, U C R? is open and non-empty.

1. Basic properties

We are looking for properties of C' function and their derivatives which
can be generalized to a concept of derivatives suited to LP spaces, which is in
particular not based on pointwise limits. To that purpose, take f € C*(U) and
¢ € C®°(U). There is an open set V in R? such that

suppgogVQVQU.

We write z € V as z = (z1,y) for 21 € V, := {t e R| (t,y) € V} and y € RI"?
with V;, # 0. Observe that V,, C R is open and thus a disjoint union of open
intervals. Integrating by parts, we deduce

/(31f)90d$:/ O1f(z1,y)p(z1,y) dzy dy
U y:Vy#0 JV,
= [ (= [ fanmopleny) don + [Fanpeon e, ) dy
y:Vy #0 Vy

_— / / F(a1, ), y) day dy = — / forpds,
y:Vy#0 JV, U

since ¢ = 0 on 9V, for each y € R?~! with Vy # 0. Inductively one shows that

[ @ ped= (-1l [ fopdr, (D.1)
U U
for all f € CK(U), p € CX(U) and o € N¢ with |a| < k.

Here and below we use the multi index notation: Let a = (ay,...,aq) € Nd

and = = (x1,...,74) € RY. We then set

olal
al=a1+...+ag, =z .25 0= 00 = .
o] ai d 1 d 1 d xSt 8x3d
For any f mapping R? to C we further denote the function RY — C, z +— 2% f(z),
by z¢f. We set

Ll (U) = {f : U — C| f is measurable, f|x € L'(K) for all compact K C U}.

We extend f € LL _(U) by 0 to a measurable function f : R? — C without

loc

notice. Convergence in Ll _(U) means that (f,|x), converges in L'(K) for

each compact subset K of U. Observe that LP(U) C L. (U) for all 1 < p < oo.
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DEFINITION D.1. Let f € L} (U) and a € N&. If there is a function g €

loc
L} (U) such that

loc
/gsod:E:(—l)'“'/ fo%pdz
U U

for all ¢ € CX(U), then g is called weak derivative of f. We then use the
symbol 0°f := g. Let W*(U) be the space of all f € L} (U) which possess weak
derivatives for all a € Nd with |a| < k. Moreover, one defines the Sobolev
spaces by

WEU) ={f e P(O)NWHU)|8°f € LP(U) for all |a] < k}

for ke N and 1 < p < oo and endows them with

1/p
Ha“fH”) L 1<p<o,
HfHk,p = ( Z P

0< || <k
maXo< o<k [[0%flloo, P =00,

where O°f := f. We write W(U) = LP(U) and H*(U) = W5 (U).

As usual, the spaces Li _(U), W*(U) and Wf(U) are spaces of equivalence
classes modulo the subspace N' = {f : U — R/ f is measurable, f =0 a.e.} of
null functions. We note that most of the following calculations and results
become much simpler if one restricts to functions in LP(U) or even in LP(R?).
But the present generality is needed in many applications.

REMARK D.2. (a) We will see in Lemma D.5 that 0%f is uniquely defined.
It is then also clear that for |a| < k the map

9% WkU) — L (U)

is linear.
(b) Formula (D.1) implies that C*(U) + N C W¥(U) and that weak and
classical derivatives coincide for f € C*(U).
(c) Let 1 < p < oo and k € N. Clearly, (Wf(U), | - |l&,p) is a normed vector
space and
J W) = LPU)™, - f = (0 Pjalzs

is an isometry, where m is the number of all multiindices o with || < k. We will
see in the proof of the next proposition that W;(U ) is isometrically isomorphic
to a closed subspace of LP(U)™.

(d) Let 1 <p < oo and k € N. Since the p-norm and the 1-norm on R™ are
equivalent, there are constants C}, ¢ > 0 such that

Y N0%Fllp < 1 fllkp < Ce D2 110%fllp
0<|a|<k 0< || <k
for all f € WF(U).
(e) Observe that || fI[7,, = [IflI5 + [V flpllh for all 1 < p < oo, where |- |, is
the p-norm on C¢.
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PROPOSITION D.3. Foralll <p<oo andk € N, Wﬁ(U) is a Banach space.

It is separable if p < oo and reflexive if 1 < p < co. Moreover, WE(U) is a
Hilbert space endowed with the scalar product

(ows = 3 [ (@15 da.
|o|<k
PROOF. Let (f,)n be a Cauchy sequence in W;(U). Then (0%f,)n is a
Cauchy sequence in LP(U) for every o € N¢ with |a| < k. Thus 0%f,, — g in
LP(U) for some g, € LP(U) as n — co. We set f := gg. Let ¢ € C°(U) and
la| < k. Since f, € WF(U), we deduce

/f(?acpdznz lim / fn0%pdr = lim (—1)'“'/(8afn)<pdx
= (-1 [ gapd.
U

This means that g, is the weak derivative 9% f so that f € W}f(U) and f, = f
in W;“(U). Hence, Wf(U ) is a Banach space. We then deduce from Remark D.2

(c) that W;(U ) is isometrically isomorphic to a closed subspace of LP(U). The
remaining assertions now follow by isomorphy from known results of functional
analysis. 0

ExAMPLE D.4. (a) Let f € C.(R) be such that fi. := f|g, belong to C(Ry).
We then have f € W!(R) with

;o B fi on [0, 00) o
ff=01f= {f’ on (_0070)} =:g.

For f(z) = ||, we thus obtain f' = 1g, — 1(_q0)-
PROOF. For every ¢ € C2°(R), we compute

0 [e'e)
/IR fidt = / £ dt + / oo dt
—00 0

0 %)
= —/_ frodt+ foo® o —/0 frodt+ frols

= —/ gy dt,
R

since f4(0) = f-(0) by the continuity of f. O
(b) The function f = Lg, does not belong to W!(R). Assume there would
exist a function g = f' € LL .(R). Let p € C°(R). We compute

/ggodt:—/]lR+<p’dt:—/ ¢/ (t) dt = ¢(0).
R R 0

Taking ¢ with supp ¢ C (0,00), we deduce from Lemma D.5 below that g = 0
on (0,00). Similarly, it follows that ¢ = 0 on (—o0,0). Hence, ¢ = 0 and so
©(0) =0 for all ¢ € C°(R), which is false. &
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(c) Let d > 2, U = Bpa(0,1), 1 <p < d, and f(z) =log|z|s for z € U \ {0}.
Then we have f € W, (U) with

0if(x) = = gj(x), weU\{0}.

Observe that f is unbounded and has no continuous extension at = = 0.
Proor. Using polar coordinates, we obtain

1
1711k = c/ | log r[Pr® dr < oo,
0

for all p € [1,00). Estimating |z;| < r, we further compute
1 ,p 1
b < c/ —rd_ldr:c/ rd Pl dr < oo,
sl <e [ o O

and thus g; € LP(U), for all p € [1,d) and j € {1,...,d}. Take j =1,¢ € (0,1)
and ¢ € CX(U). We set J. = (=1, —¢] U [e,1) and write y = (x2,...,24). We
then obtain

/famdw:/ f(w1,y)010(21,y) doy dy
U (—1,1)¢

— 1 2 2
= lim [_1,1}(11/ (10g\/fv1+\y!2)81<p(fc1,y)dx1dy

£

. X1
=1 - - dz; — (logy/e? + 2)
sl—>H(1) (—1,1)d-1 { /Js a:% ‘y|2¢($1’ y)dam (Og © Iylz ) (&,9)

2

+ (log M)w(—& y)] dy

= —/ gipdz.
U

Here we used the theorem of dominated convergence with majorants ||01¢||co| f]
and ||¢]lso|g1| and that

(108 /=2 + 0B ) (olev) — (2.0 | < 22(logel +10g V) |01

converges to 0 as ¢ — 0 uniformly in y € (—1,1)"!. One similarly sees that
ajf:gijTjIZ,...,d. ]

We next investigate the properties of mollifiers. Besides duality, they are the
basic tool in the study of Sobolev spaces. Set x(x) = exp ﬁ for |z]2 < 1
2

and y(z) = 0 for |z|]y > 1, where € R%. Observe that y € C°(R?). We define

Xo(z) = LX(:(:) and . (x) = a_dXO(%x), (D.2)
X1l

for z € R? and & > 0. We then have 0 < 9. € C®°(RY), 1.(z) > 0 if and only
if |22 < &, 1. = 0 on R4\ B(0,¢) and ||¢c||1 = 1. For f € L{ (U) and & > 0,

loc
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we now introduce the mollifier G, by

Gef @) = (e @) = [ wnla—y) () dy (D.3)

B(z,e)

= we(z)f(x_z) dz,

B(0,e)

for x € R%. We will consider G- f as a function on R¢, U or U depending on
our needs. From e.g. §4.4 of [Brell], we recall that

G.f € C®(RY), (D.4)

suppG.f C S. := S+ B(0,e), if suppf =25, (D.5)

1Gefllzrw) S NGefllpemay < [Yelle 1fllp = [[fllp, i f € LP(U), 1 <p < oo,
(D.6)

Gef = fin LP(U) ase — 0, if f € LP(U) and 1 < p < o0, (D.7)

G.f — f as € — 0 uniformly on compact subsets of R? if f € C(R%). (D.8)

Observe that S. is compact if S is compact. In the following two core lemmas
we improve the above properties of mollifiers and we apply them to the study
of weak derivatives.

LEMMA D.5. Let K C U be compact. Then there is a function ¢ € C°(U)
such that 0 < ¢ <1 onU and ¢ =1 on K. Let f € L} (U) satisfy

loc
/U fibdr =0

for all v € CX(U). Then f = 0 a.e.. In particular, weak derivatives are
uniquely defined.

PROOF. Assume that f # 0 on a Borel set B C U with A\(B) > 0. Because
of the regularity of the Lebesgue measure, there is a compact set K C B C U
with A(K) > 0. Fix 0 < § < 3dist(0K,0U). Thus Kos C U. The function
¢ = G5l belongs to CX(U) by (D.4) and (D.5), where suppy C Kas.
Moreover, (D.6) and (D.3) yield that 0 < ¢(z) < ||¢]loc < ||1k;lloc = 1 for all
z € U and that

@)= [ s~ p)Lic () dy = sl = 1
B(z,0)

for all x € K. This construction shows the first claim.

Since pf € LY(U), the functions G.(pf) converge to of in LY(U) as ¢ — 0,
due to (D.7). Hence, there is a nullset N and a subsequence £; — 0 with ; < 4,
such that (G¢,(¢of))(x) — f(z) # 0 as j — oo for each x € K\ N. For every
x € K\ N and j € N, we also deduce

(Ge, (0))(z) = /U Ve, (5 — y)e(y) F(y) dy = 0

from the assumption, since the function y — .. (z —y)@(y) belongs to C°(U).
This is a contradiction. ([l
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Recall that Holder’s inequality implies that the map
(B)x IP(B) =+ C, (f.9) [ fodn, (D-9)
B
is continuous for all 1 < p < oo and Borel sets B C Rd, where % + ]% =1.

LEMMA D.6. (Approzimation lemma)

(a) Let f € LY (U) possess the weak derivative 0*f € L% (U) for some
a € N¢ and p € [1,00). Then the functions G.f € C®(U) converge to f and
0%(G. f) converge to 0°f in LY (U) as e — 0. We further have 0*(G.f)(z) =
Ge(0%f)(x) for all z € U and ¢ < dist(z,0U).

(b) Let f be given as in (a). Then there is a null sequence (ey)n such that
G., f— f and 0*(G., f) = 0%f a.e. on U asn — oo. If f € WK(U), we can
take the same f, for all |o| < k.

(c) If f,g € Lloc(U) and there are f, € WIe(U) such that f, — f and
O%fn — g in L (U) as n — oo, then g is the weak derivative O*f. If this
convergence holds in LP(U) for some p € [1,00] and all o with |o| < k, then
fewku).

PROOF. (a) Let ¢ > 0 and = € U. If ¢ < dist(x,0U), then the function
Y = Yeu(y) := Ye(z — y) belongs to C°(U). Using a corollary to Lebesgue’s
theorem and Definition D.1, we can thus deduce

(0°G.f) (= /az,z)sx— fly)dy = (- 'a'/ e 2) () f () dy

- /U e (y)(0°F)(y) dy = (G=0°f)(x).

Choose a compact subset K C U and fix 6 > 0 with K5 C U. Take € € (0, J].
Note that the integrand of (G.g)(z) is then supported in K for every x € K
and g € LL _(U), see (D.3). Due to (D.7), the functions

]lKaa(Gsf) = ]lKGs(aaf) = ]lKGs(]lKgaaf)

converge in LP(K) to 1glg,0°f = 1g0*f as € — 0. So we have shown the
asserted convergence in L] (U).
(b) To derive (b) from (a) we note that the sets

K,, = {x € U] dist(z, 0U) > % and |z|y < m}

are compact and (J,,,cy Km = U. Let g, — 0. Then, for each m € N there is a
null set N, C Ky, and a subsequence vy, (j) such that 0°Ge, . f(x) converges
to 0%f(z) and G, f(x) converges to f(z) for all z € Ky, \ Ny, as j — oo.
By means of a diagonal sequence, one obtains a null sequence (g,), such that
0°Ge, f(x) = 0“f(x) and G, f(z) — f(x) for x € U\ (Uppeny Nm), as n — 00,
where (J,,,en Nm is a null set. This procedure can also be done for finitely many
0% f at the same time.

(c) Let f, € Wlel(U) be given such that f,, — f and d*f,, — g in LL (U) as
n — oo. From (D.9) on supp ¢ we deduce that

/ f0%dx = lim / fn0%dr = (—=1)* lim | (0%fn)pdz = (—1)a/ gpdz
U n—oo Ju U U

n—oo
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for all ¢ € C°(U). Hence, g = 0“f. In the setting of the last assertion we thus
obtain 0% f € LP(U) for all |a| < k, and hence f € WI?(U). O

PROPOSITION D.7. (Product rules)
(a) Let f,g € WHU) N L>®(U). Then, fg € WHU) N L>®(U) and

9;(fg) = (0;f)g + f(9;9) (D.10)
forall j € {1,...,d}.

(b) Let 1 < p < oo, f € Wy(U) and g € WZ},(U). Then, fg € WL(U) and
(D.10) holds.

PrOOF. 1) Let f,g € WY(U). Set f, = G., f € C>®(U) and g, = G.,g €
C>*(U) with €, — 0 as in Lemma D.6 (b). Fix m € N and take ¢ € C°(U)
and j € {1,...,d}. Choose an open and bounded set V' such that supp¢ C
V CV CU. Since f, — f and 9jf, — 0;f on LY(V) by Lemma D.6 (b), the
formulas (D.9) and (D.1) yield

/U fgmOjpdx = lim. /angmajw dz = — lim /V((ajfn)gm + fn(0jgm))p dx
=~ [ (@ + $(Os9m))0do

so that the weak derivative 9;(fgm) = (9;f)gm + f(jgm) € LL.(U) exists.

2) Let f,g € WY(U) N L*(U) and g, as in 1). Note that g, — g and
djgm — 0;9 in Li (U) as m — oo. Since f is bounded, we obtain

/fgajsodxz lim /fgmajcpdwz lim — U (9jf)gms0d:r+/ f(ajgm)sodm},

using step 1). On the right-hand side, the second integral converges to
Ji f(0;9)¢p dz, again because of f € L*(U). For the first integral we use
that g, — g a.e. by Lemma D.6 (b) and that ||gm|c < ||9]lec by (D.6). The
theorem of dominated convergence (with the majorant |0; f(|glsc||#lloo Lsupp o)
now yields

/Ufgaj(pdx - /U(@jf)g + f(0j9))pdx.

Hence, (a) holds since also (9;f)g + f(9;9) € Li..(U) by our assumptions.

loc

3) Let f e W}(U) and g € Wpl/(U). If p € (1, 0], we show (D.10) as in step
2), using (D.9) and that g, d;gm converge in LP (U) by (D.7) (a). If p =1,
we replace the roles of f and g to derive (D.10). Holder’s inequality and (D.10)
finally yield 9;(fg) € L*(U). As a result, (b) is true. O

PRrROPOSITION D.8. (Chain rules)
(a) Let f € WL(U) be real valued and h € C1(R) with ' € Cy(R). We then
have ho f € WYU) and

0j(ho f)=(h'of)0;f
forallje{l,...,d}.

XXIII



(b) Let f € WHU), V C R? be open and ® : V — U be a diffeomorphism
such that ® and (=) are bounded. We then have fo® € WY(V) and

d

m:l
forallj=1,...,d.
In both results we can replace W(U) by Wi(U) for 1 < p < oo, if in (a) also
h(0) = 0 holds in the case that A(U) = oo and p < oo.

PRrOOF. (a) By Lemma D.6, there are f, € C°°(U) such that f, — f and
djfn — 0jf in L (U) and a.e. as n — oo, for every j € {1,...,d}. Since
[h(f(@))] < |h(f(2)) — R(0)] + [1(0)] < [[I]|oc| f ()] + [R(0)]
for all x € U, the function ho f belongs to Li. (U) (and to LP(U) if f € LP(U)

and if A(0) = 0 in the case that A(U) = oo and p # o0). Let K C U be compact.
We obtain that

[ hfata)) = B @)l de < W [ Vfala) = @) dz — o,

K K
Aﬂﬂh@»@h@%Jﬂﬂwﬁﬁwﬂw
SHM@A@%@%ﬁM@WM+AMWMW—HU@M@ﬂ@Mwﬁo

as n — oo where we also used Lebesgue’s theorem and the majorant 2||h’||o|0; f
in the last integral. Since ho f, € CL(U), (k' o f)9;f € LL . (U) and 9;(h o
fn) = (W © )0} fn, Lemma D.6 (c) yields assertion (a). If f € Wy (U) then
(Wo f)o;f € LP(U) and so ho f € Wy (U).

Assertion (b) can similarly be shown using the transformation rule. O

COROLLARY D.9. Let f € WY(U) be real valued. Then fy,f_,|f| belong to
WYU) with derivatives

0jf+ = 2010 f  and  05|f| = (Liy>0p — Ly<0})0;f

for all j € {1,...,d}. Here one can replace W' by I/Vp1 forall 1 <p < 0.

PROOF. We use the function h. € C1(R) given by h.(t) := V2 + 2 —¢ for
t > 0 and h.(t) := 0 for ¢ < 0, where ¢ > 0. Observe that ||hL|cc =1, he(t) <t
for t > 0 as well as ho(t) — t for t > 0 and ho(t) — 0 for t < 0, as ¢ — 0.
Proposition D.8 shows that h. o f € W!(U) and

X f .
/h )0jpdr = — /h )0 flpdx = /{f>0}\/m(ayf)<ﬂd$

for each ¢ € C2°(U). Thanks to the majorants ||0j¢|1g|f| and ||¢||«|0;f|1p
with B = supp ¢, Lebesgue’s convergence theorem shows that

f
fio;pdxr = — / 0;f)pdr = /]1 0 f)pdx.

/U + ](P {f> } ‘f|( )QP U {f>0}( J )80
There thus exists ;f; = ly5010;f € Ljoo(U). The other assertions follow

from f_ = (= )4 and [f| = f4 + f-. 0
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We describe Sobolev spaces for the simpler cases d = 1 and p = cc.

THEOREM D.10. Let J C R be an open interval and f € L},.(J). We then

have f € WY(J) if and only if f has a continuous representative (also denoted
by f) and there is a function g € L}, .(J) such that

£ =5 + [ a(ryar (D.11)

holds for all s,t € J. In this case, g = f' a.e.. (Compare the Ezercises of
Lecture 3.)

PrOOF. 1) Let f € W(J). Take f, = G., f € C*(J) from Lemma D.6
(b). Then for a.e. t € J and for a.e. ty € J we have

(6 Ftto) = Jim (fa®) — fulto)) = Jim_ [ frimar = [ fryar

Fixing one such ty and noting that ¢ — ftf) f/(t)dr is continuous, we obtain
a continuous representative of f which satisfies (D.11) for s = ¢y and g = f'.
Subtracting two such equations for any given ¢,s € J and the fixed ty, we
deduce (D.11) with g = f/ for all t,s € J.

2) If (D.11) holds for some f € C(J) and g € L (J), take g, € C*(J) such
that g, — ¢ in L{.(J) as n — oo. For any s € J and n € N, the function
fat) := £(s) + [Lgu(r)dr, t € J, belongs to C=°(J) with f! = g,. Moreover,
for [a,b] C J with s € [a, b], we estimate

bt
= Flison < [ [ 19a(r) = 9(r)drdt < 6 = @llgn = 12 a1

using (D.11), so that f, — f in L (J) as n — oo. Lemma D.6 (b) then yields
fewl(J)and f =g. O

PROPOSITION D.11. Let U C R? be open and convexr. Then WL (U) is iso-
morphic to
CL=(U) := {f € Cy(U)| f is Lipschitz},

and the norm of WL (U) is equivalent to
£l == lloo + [] 2ips
where [f]Lip is the Lipschitz constant of f.

PROOF. Let f € WL (U). Take the null sequence (g,), from Lemma D.6
(b). Let K C U be compact. For sufficiently large n € N, Lemma D.6 and
(D.6) yield

10iGe, f(2)] =[G, 05 f(2)| < 1105 flloo < IIf
forall j € {1,...,d} and z € K. Using that G, f(xz) — f(z) as n — oo for all
x € U\ N and a null set N, we then estimate

|1,ooa

(@) ~ ()] = i |Ge, f(2) — Ge, f(0)] (D.12)
1
= Jlim | [ VG, 1y + (0 =) - (2 = ) dr| < Vil e o = vl
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for all z,y € U\ N. By continuous extension we obtain a Lipschitz continuous

Let f € C/(U). Take p € CX(U), j € {1,...,d}, and § > 0 such that
(suppp)s € U. For e € (0,6] the difference quotient 1(p(z + ce;) — ()
converges uniformly on supp ¢ as € — 0, and hence

/ fajcpdx = hm / f(x)%(gp(:qusej) — cp(x))d:v’
supp ¢
<timsup [ 11y —ee;) = Fw)] o) dy

e—0

< [f]LipHSOHL

Taking into account that C2°(U) is dense in L'(U), we see that the map ¢ —
— [y fOjdz has a continuous linear extension F; : L'(U) — C. Therefore
there is a function g; € L>(U) = LY(U)* with ||g;|lc = || F5]| < [f]Lip such that

—/ fajsod’x:Fj(@):/ gjpdx
U U

for all ¢ € C°(U). This means that f has the weak derivative 0;f = g; €
L®(U). As a result, f € WL(U) and |Flw ) < |flloe + i 0

Without convexity of U, the above proof still gives Cf ~(U) — WL (U) and
that f € WL (U) has a locally Lipschitz representative. If U is bounded and
OU € C*, then Proposition D.11 still holds, see Theorem 5.8.4 in [Eval0]. The
proof given there is based on an extension argument, cf. Theorem D.23.

2. Density and embedding theorems

In this section we prove some of the most important theorems on Sobolev
spaces. We now restrict ourselves to the case p < oo since one partly has
different results for p = co and since this case is essentially settled by Proposi-
tion D.11.

DEFINITION D.12. For k € N and 1 < p < oo, the closure of C*(U) in
WEU) is denoted by sz(U). We set Hk( WEU).

) =
THEOREM D.13. Let k € N and p € [1,00). We then have
Wy (R?) = Wy (RY).
Moreover, the set C*°(U) N Wf(U) is dense in WIf(U).

PRrROOF. We prove the theorem only for k = 1, the general case can be
treated similarly.
1) Let f € W, (R?). Take any ¢ € C*°(Ry) such that 0 < ¢ <1, ¢ =1 on
[0,1] and ¢ = 0 on [2,00). Set

en() = ¢(2|]2) (“cut-off function”)

for n € N and z € R% We then have ¢, € Cgo(Rd), 0 < ¢, <1 and
10j¢nlloc < [|¢llsoz for all n € N, as well as ¢, (z) — 1 for all z € R? as

XXVI



n — oo. Hence, ||onf— fll, = 0 as n — oo by Lebesgue’s convergence theorem.
Moreover, Proposition D.7 implies that

10j(entf = Pllp = [I(endif — ;) + (Djon) flIp
< llendsf = 03 fllp + 5 ll¢'loo I £l

and the right-hand side tends to 0 as n — oo for each j € {1,...,d}. Given
e > 0, we can thus fix m € N such that ||¢,f — f]l1p, < e. Due to (D.4) and

(D.5), the functions G'1 (¢, f) belong to C°(R%) for all n € N. Equation (D.7)
and Lemma D.6 further yield that

G%((me) — omf and GJG%((me) = Giaj(@mf) — aj(‘/)mf)
in LP(R?) as n — oo, for each j € {1,...,d}. So there is an n € N such that

||G%(90mf) - ‘meHl,p <e¢,

and thus
IG 1 (pmf) — Fllnp < 2.

2) For the second assertion, we can assume that OU # 0. Let f € W, (U).
Define the open sets

Up, = {m € Ul|z]2 < n and dist(z,0U) > %}

for each n € N. Then U, C U, C U,41 C U, U, is compact and U, U, =U.
Observe that U = |22 Up+1 \Upn—1, where Uy, U_1 := ). As shown in analysis
courses, there are functions ¢, € C°(U) such that supp ¢, C Upiq \ Up—1,
on >0, and Y 02 pp(x) =1forall z € U.

Fix ¢ > 0. As in Step 1), for each n € N there is a §, > 0 such that
gn = Gs,(enf) € CZ(U), suppgn C (suppnf)s, € Un+1 \ Un—1 and [|gn —
onfllip <27". Define g(z) = Y72, gn(z) for all x € U. Observe that on each
ball B(x,r) C U this sum is finite. Hence, g € C*°(U). Since f = >,° ¢nf,
we further have

[e.9]

9(z) = f(2) =D (gnlx) — pnla) f(2)),

n=1

for all z € U and n € N. Due to ||gn — @nfll1p < 27", this series converges
absolutely in W} (U), and

o0
1f = gllip < D llgn — @aflip <e. O

n=1
REMARK D.14. (a) If U is bounded, then Wf(U) # W]f;(U), see Lemma 6.67
in [RRO4]. B o
(b) For “good” QU one can replace in C*>°(U) by C*°(U) in Theorem D.13,
see Corollary D.21 below. &

We now want to study embeddings of Sobolev spaces. We clearly have
WHU) = Wi(U) ifk>j>0
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and
Wy(U) = WjU) ifk>3j>0,1<g<p<ocand A\(U) < oo.

(Here we put W(U) = LP(U) for 1 < p < c0.) The embedding X < ¥ means
that there is an injective map J € B(X,Y’). Above it holds Jf = f, and below
we also use J f = f+N. Writing ¢ = ||J||, one obtains || f|ly < ¢||f||x f X — Y
and one identifies J f with f.

THEOREM D.15 (Sobolev, Morrey). Let k € N and 1 < p < co. We have the
following embeddings.
(a) If kp < d, then

d
p* = P2 ¢ (p,00) and Wf(Rd) — LY(RY)

d—kp
for all q € [p, p*].
(b) If kp = d, then

kmpd d
WHRY) — LI(RY)
for all q € [p, 00).

(c) If kp > d, then there are either j € Ng and 5 € (0,1) such that k — % =
i+ B 07“/{:—% € N. In the latter case we set j ::k—%—l € Ny and take any
B €(0,1). Then

Wy(RY) < CJ(RY) and [0°f(x) = 0*f(y)| < clz — yl;
for all z,y € R, |a| < 4, f € W;(Rd) and a constant ¢ > 0, where we take a
representative f € C’j(Rd) of f and

CJ(RY) = {u € CIRY) | 9%u(x) — 0 as |z|a — oo for all 0 < |a <]}

COROLLARY D.16. Let k E N and p € [1,00). If there are j € Ny and
q € [p,o0) wzthk‘—f: — 2 then
W,’f(Rd) = W (R).
PROOF OF COROLLARY D.16. By assumption, we have (k—j)p = d— %p €
[0,d). Theorem D.15 (a) thus yields
_pd
d—kp+jp

Applying this embedding to 9*f € W}~ (R?) for all || < j and f € WF(R?),
we deduce that

WEI(RY) — LYR?)  since ¢ =

10% fllg < ell0* Flle—jip < el fllkps

as asserted. OJ

EXAMPLE D.17. There is an unbounded function f € W}(RY) for d > 2,
showing that Theorem D.15 (b) is sharp. In fact, for any o€ (0,1 —1) and
¢ € C2(R?) with supp ¢ C B(0,3) and ¢ =1 on B(0, 3), we define

fla) == {@(x)(—log]x\z) L 0<fzp < 8,

0, 2|2 > 2 or z = 0.
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Arguing as in Example D.4 (c), one sees that f € LP(R?) for all p € [1,00),
f ¢ L®(R?) and that, for all j € {1,...,d}, we have

9if(@) = () (= log [a12)" ~ ap(a) (~ log |el2)"

for 0 < |z|]2 < 2 and 9, f(z) = 0 otherwise. Using polar coordinates, we further

estimate
a f d d l/d i 1/d
</Rd ‘ 7 ’ CC) < C||(9j(0||c: (/0 ‘ logr|ad,r,d—1 d )

3
1 |logr|la=bd 1/d
+ellplo ([ HE— 1 ar)

rd
i 1 1/a
< -
< c+c(/0 rTlog |- dr) < o0
for some constants ¢ > 0, since (1 — a)d > 1. Hence, f € W}(R?)\ L>®(R?). &
For the proof of Theorem D.15 we set 2/ = (z1, . .. S L1, Tl e, Xg) € RA-1
for all z € R%, j € {1,...,d} and d > 2. We start with a lemma.
LEMMA D.18. Letd > 2 and fi1,..., fs € LY (R NCRIY). Set f(x) =

f@EY - fa(@Y) for z € RY. We then have f € LY(R?) and

£l ey < ([ fill pa-r(ma-1y - - - - | fall pa-1(ma-1y-
Proor. If d = 2, then Fubini’s theorem shows that

L f@ldz = [ [ 1fi@)lfaten)] e das = [l el

as asserted.

Assume that the assertion holds for some d € N with d > 2. Take
fiy-o o far1 € LARYHNC(RY). Write y = (21,...,24) € R?and z = (y, 2411) €
R4*L. For a.e. 441 € R, the maps ¢/ +— |f;(97,2411)|¢ are integrable on RI~?
for every j € {1,...,d} due to Fubini’s theorem. Fix such an z4.; € R and
write

y7xd+1 H fJ

Using Holder’s inequality and d’ = we obtain

17

| aan)ldy = [ |f<y,xd+1>||fd+1<y>|dy
R4 R4

- , 1/a’
< Mol ([ 1F@ sl dy) ™

We set g;(97) = |£; (97, z411)|¢ for j € {1,...,d} and & € R*1. Since d'(d —
1) = d, we have g; € LY }(R?¢"!), and the induction hypothesis yields

/Rd f(y, za31)|? dy :/ g (@) - 92 dy < Nlgilla—1 - - - - |galla—

1

—H(/ 5@ i)l dy) T
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Integrating over 411 € R, we thus arrive at

L. |f|dx<ufd+1ud/n/ @)™ T deasn.

Applying the d-fold Holder inequality to the x441-integral, we conclude that

d N 3
Lo lde < Hfdﬂudjgl( LCL 1501 an)* o
= |fulla - [ fasalla- O

Recall from integration theory that for f € LP(U)NL4(U) and r € [p, q] with
1 <p<qg< oo, we have

11l < IFIRNF G < Ol Fllp + (L= O)] flas (D.13)

where 6 € [0,1] is given by % = % + %9 and we also used Young’s inequality
from undergraduate courses.

PrROOF OF THEOREM D.15. We only prove the case £ = 1, the rest can
be done by induction, see e.g. §5.6.3 in [Eval0]. Since VVp1 (RY) — LP(RY),
estimate (D.13) implies that for assertion (a) it suffices to show

W, (RY) — LP" (RY).

1) Let f € C}(RY). Let first p = 1 < d, whence p* = %. For z € R% and
je{l,...,d}, we then obtain

T)| = ‘/ ! ij(a:1,...,xj_l,t,xj+1,...,xd)dt‘ S/Rlajf(xﬂdxj,
d

)l < 1 [ 1035 da.
j=1"R

Setting g;(i7) = (f |0;£(2)| dz;)7T, we deduce

After integration over z € R%, Lemma D.18 yields

d d
a1 ~1 ~d ,
178 0 S L@ i o < 1_1 oyl e
d
— J
_1;[ /Rdl/\af |dx]dx) :
d
171, < LU0y < IVl < (D.14)
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2) Next, let p € (1,d) and p* dpd . Set t, := d%‘llp* =421y > 1. An
elementary calculation shows that (t, — 1)p = p* = t,7%. Set
_t-1
g= A" =rhH =
for t > 1. We compute
 t—1 _ _
0ig = /110, + I5HUT) = 1O NT + £(9;])
= [FI"7'0;f + (¢t = DFIFI" Re(£0; ),
gl = 171% 19591 < O fIIfF1
Applying (D.14) to g, we estimate

d—1

Il = (19155 aw) ™ = ([t aa) T

d 1 d L
oot < TT#4( [ 10,8151 dz)

</Rd ) ([ 17 )

t—1
|||Vf|p||p £y = IV Flollo 111G,

IN
=

.

IN
=

1

<.
Il

||
z&

<.
Il

where we used Holder’s inequality. For ¢ = t*, we use the properties of ¢ stated
above and obtain

d—1 d—1
- <p—|IV Spo——
1l = pg— 11V Fllp — Il

> (D.15)

By density (see Theorem D.13), this estimate can be extended to all f €
W, (RY). Then the identity map on W (R?) is the required embedding in (a).
3) Let f € C}(R?), p=d, and t > 1. Then p’ = %, and Step 2) yields

1 1-1
1/lle < et 11, g)d||Wf|p||dSc(||f||“) 4V Slplla)  (D16)

using Young s inequality from undergraduate courses. For ¢ = d, this estimate
gives f € Ld I(R%) and
[fI a2 < el fllva-
d—1

Here and below the constant ¢ > 0 does not depend on f. For ¢ € (d, di),

inequality (D.13) further yields !
1l < e(llflla + 171 2 ) < el flla:
Now, we can apply (D.16) with t = d + 1 and obtain
1 2a < ellfll 2+ UV Flplla) <
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As above, we see that f € LI(R?) for d < ¢ < d%. We can now iterate this
procedure with ¢, = d + n and obtain

1fllg < (DI Fllp
for all ¢ < co. Assertion (b) then follows by density.

4) Let f € CYR?), p > d, Q(r) = [-5,5]¢ for r >0, and zg € Q(r). Set
M(r) =r—4 Jo@ fdx. We further put §:=1— 5 € (0,1). Using |x — xgloo < 7
for z € Q(r), the transformation y = t(x — xo) and Holder’s inequality, we
compute

1ao) =M = [ (1) — (@) ]

_ —d‘/ /—fxo+tx—a:0))dtdx‘
Q)

—d/Q(r)/o IV f (20 + t(x — 20)) - (2 — wo)| dt dar

IN

IN

Tl—d/l /Q(T |V f(xo + t(xz — z0))|1 dx dt

=l d/ / |Vf xo+y)1dy t” dqt
t(Q(r
1

<[] (/t@(r)_m) V(o + ) dy)” Vol (H(QUr) — 20) 7 ¢

—d

@\‘Q‘

1-d 1 a
cr H’vf|p||LP(Rd)/(; rr't dt

_d
= Cr' 2 IV flpl Lo gy

for constants C,c > 0 only depending on d and p, using also that }% —d> -1
due to p > d. A translation then gives

f@o+2) =7 [ 1) dy] < OV Slpline (D.17)

for all z € R%. Taking = z, 29 = 0, r = 1, and using Holder’s inequality, we

thus obtain
D<@ - [ rayl+
z+Q(1)

< ClIVFlplly +11fllp < cllf

for all z € R%, where ¢ only depends on d and p. Given z,y € R%, we find a
closed cube @ of side length |z — y|oo =: r such that x,y € Q and Q is parallel
to the axes. Estimate (D.17) now yields

5@) = $)1 < [s@) =~ [ pan]+ = | ray— s

<201V flpllp |2 =yl < 2C|V flpllp |2 — 5.

If fe W[}(Rd), then there are f, € C}(R?) converging to f in w, (RY). By
(D.18), fn is a Cauchy sequence in Co(R%). Hence, f has a representative

fdy
z+Q(1)

1p

(D.18)
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fe Co(RY) such that f, — f uniformly as n — oo. So the above estimates
imply that
; flz) = Jly
oo + sup LE =IO o oy,
vty T =yl

The map f — f is the required embedding. O

Applying Theorem D.15 and (D.15) to the O-extension of a function in
C2°(U), we obtain the following result by approximation.

COROLLARY D.19. Let U C R be open. Then the assertion of Theorem D.15
holds for all u € WE(U) instead of WF(U), where one replaces R? by U. If U
1s also bounded, we have Poincare’s inequality

/ \Vulgdmzd/ |ulP dx (D.19)
U U

for some § > 0 and all u € W;(U) and p € [1,00).

PRrROOF. We only have to show (D.19). For p € [1,d), the estimate (D.19)
follows from (D.15) since LP" (U) «— LP(U). Let p € [d,00). The case p = d = 1
is easy to check. For the other cases, fix r € (p,00) and u € WI}(U) Then
(D.13), (D.14) and W} (U) < L"(U) imply

[ullp < cellullitellullr < cll[Vulilliteellullip < ccll[Vulpllpt+celullp+cel|[Vulpll,

for all € > 0 and some constants c.,c > 0 independent of u, where ¢ does not
depend on £ > 0. Choosing a small ¢, we derive (D.19). O

Next we want to extend the Sobolev embedding to Wlﬂ‘;(U ) (although this is
not really needed in the lectures). This can easily be done for “nice” domains
in the following sense.

DEFINITION D.20. Let k € N. The open set U C R? has the k-extension
property if for all m € {0,1,...,k} and p € [1,00), there is an operator
Enp € BW,;"(U), W, (RY))
with Eppf = f on U and Eppf = Eyof for all f € W(U) N Wé(U), 1 <m,
I <k andl<p,q<oo. Wewrite Ey instead of Ep, .

Observe that Eof(x) = f(z) for z € U and Eyf(z) = 0 for x € R\ U defines
an isometry Ep : LP(U) — LP(R?). Moreover, Ry f = f|y defines a contractive
map in all spaces B(W}F(R?), WF(U)).

COROLLARY D.21. If U has the m-extension property for some m € N, then
Theorem D.15 and Corollary D.16 hold for k € {1,...,m} with R? replaced by
U and C3(RY) replaced by

Cg (U) ={f € C/(U)|0*f has a continuous extension to OU
and 0% f(x) — 0 as |z|a — oo if U is unbounded, for all 0 < |a| < j}.
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ProOF. Consider e.g. Theorem D.15 (a). We have the embedding
J : WFRY) < L (RY)
given by the identity. Then,
RyJEy : Wy (U) — L (U)
is continuous and injective. The other assertions are proved in the same way. [

COROLLARY D.22. Let U possess the k-extension property for some k € N.
Then W;(U) NC*(U) is dense in W;,“(U) for alll <p < oo. Here C*(U) :=
{flg| f € C=(RY)}.

PROOF. If f € WF(U), then Ey f € WF(RY). By Theorem D.13, there are
gn € C(R?) converging to Ey f in W} (R?). Hence, Ryg, € WF(U) N C>(U)
converges to f = RyEy f in WIf(U) as n — oo. O

We now give a sufficient condition for the k-extension property, see e.g.

[AF03] for improvements and more details. The definition of U € C! can
be found in the proof.

THEOREM D.23. Let U C R be bounded and open with OU € Ck. Then U
has the k-extension property.

SKETCH OF THE PROOF FOR k = 1. (See also Theorem 5.22 in [AF03].)
1) Let

He={(yt) eR!|y e R, 2 0}
and f e W, (H-) NCY(H_). Define

f(yat)v (y,t) S F_,
4f(y7 _%) - 3f(y7 _t)? (yvt) € H+'

Note that E_f € C*(R?%). One can check that HE,fHWI}(Rd) <l fllwymy for
a constant ¢ > 0.

2) We show that W]}(H_) N CY(H_) is dense in Wpl(H_), so that E_ can
be extended to a l-extension operator on W (H_). In fact, let f € W, (H_)
and € > 0. By Theorem D.13, there is a function g € C*°(H_) N W, (H_) with
|f —gllip <e. Setting g,(y,t) = g(y,t — %) for t <0,y € R and n € N, we
define the functions g, € C'(H_) N W, (H_). Observe that

0%gn = Ry T,Eq0%g

E_f(y,r) = {

for 0 < |a| < 1, where T;, € B(LP(R?)) is given by T,,h(y,t) = h(y,t — L) for
h € LP(R%). One can see that T,h — h in LP(R?%) as in Example 2.6. Hence,
gn converges to g in Wpl(H,) implying the claim.

3) Since OU € C*, there are bounded open sets Up, Uy, . . ., Uy, € R? such that
UCUyU---UU,,, Uy CU and OU C Uy U---UU,y,, as well as a diffecomorphism
W; : Uj — Vj such that ¥ and (\Ifj_l)’ are bounded and ¥;(U; NU) C H_
and W (U; N OU) C RI=1 x {0}, for each j € {1,...,m}. Moreover, there are
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functions 0 < ¢; € CX(R?) with suppy; C Uj for all j = 0,1,...,m and
Yo pj(x) =1forall z € U.

Let j € {1,...,m}. Set Sjg(y) = g(\Ifj_l(y)) fory € H- NV, and S;g(y) =0
for y € H_\Vj}, where g € W} (U;NU). For h € WI}(]R{d), set Sjh(z) = h(¥;(z))
for x € U; and S;h(z) = 0 for 2 € R?\ U;. Take any ¢; € C2(R?) with
suppp; C U; and ¢; = 1 on suppy; (see Lemma D.5). For f € V[/pl(U)7 we
define .

Euf = Eopof + Y 3;SiE-S;(Rw,cr (@i f))-
j=1
Note that supp Eyf C UpU Uy U ---UU,,. Using part 2) and Proposition D.7
and D.8, we see that Fy € B(W]}(U),W;(Rd)). Let z € U. If x € Uy, for some
ke {l,...,m}, we have Wy(x) € H_. If z ¢ Uj, then ¢;j(x) = 0. Thus

Eyf(x) =po(z)f(x)+ > &i(@)(ei /)07 (¥;(2)))

Jj=1,....m
LL’EU]'

=S oy (@)f(x) = fa).
=0

IfxeUp\ (U U---UUpy), we also have Ey f(x) = ¢o(z) f(x) = f(x). O

We add three more important results which are used in the lectures only to
give additional information.

THEOREM D.24 (Rellich-Kondrachov). Let U C R? be bounded and open with
U € C*, k€N, and 1 < p < co. Then the following assertions hold.
(a) If kp < d and 1 < g < p* = df—ip € (p, <], then the embedding

J :WHU) < LYU)

is compact. (For instance, ¢ = p.)
(b) If k— 9 > j € No, then the embedding

R R
T WEU) < ¢i(D)
is compact.

Note that a compact embedding J : Y < X means that any bounded se-
quence (yn)n in Y has a subsequence such that (Jyy;); converges in X. In
Theorem D.24 (a), J is given by the identity, in (b) it is given by choosing the
representative in C7.

PROOF OF THEOREM D.24. We prove the result only for £k = 1 (and thus

j = 0). Part (b) follows from the Arzela-Ascoli theorem since Corollary D.21

and Theorem D.15 (c) give constants 3, ¢ > 0 such that |f(z) — f(y)| < c|z—y|?
and |f(x)| < cfor all 2,y € U and f € Wy (U) with || f||1, <1, where p > d.

In the case p < d, take f,, € W[}(U) with ||fullip < M for all n € N.

Set gn = Eufn € W, (R%). From the proof of Theorem D.23 we know that

the support of g, belongs to a fixed open bounded set U CRY containing U.
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Moreover, ||gnll1p < |Ev||M =: M; for alln € N. Take ¢ € [1,p*) and 6 € (0, 1]
with % =2 (D.13) and Theorem D.15 yield that

1—- 0
[ fn — meLq ) < lgn — gmHLq o) = <llgn — gm”L1(U)Hgn gmH @)

< llgn — gml’, U)(HgnHl,p + llgmlli5))
< 2]\411 0”971 - gmHLl(fj)

for all n,m € N. So it suffices to construct a subsequence of g, which converges
in LY(U). For z € U, n € N and € > 0, we compute

90(2) = Gegal@)] = | [ 2@ = 1)(9:(@) — 9u(0)) )
<ot | m)xOg( )ga(®) = 9u(v)] dy
= [ oy X0on(@) — n(z 2] 02
:/ —gn(x—tz)dt‘dz
B(0

</ / [Vgn(x —tz) - z|dtdz
// ) Vgn(a — t2)|2 dz dt
= [ [, 0t =)Vl v

= [ s Vaalallrdt < e sup 1] ]19g0
0 0<t<e
< [ 9gallly < cMie,

where we have used the transformations z = %(m —y) and y = x — tz, as well
as Fubini’s theorem, Young’s inequality (E.4), (D.6) and LP(U) < L*(U). We
thus obtain

llgn — sgn||L1 < C)‘(U)Mlg =:Ce (D.20)

for all n € N and € > 0, where C Only depends on A(U), ||Ey|, M and d. On
the other hand, the definition of G.g, yields

Gegn(@)] < [Yellocllonll gy and [VGaga(@)] < [Veelocllonll,:

for all z € U and n € N and each fixed € > 0. The Arzela-Ascoli theorem now
implies that the set F. := {G.g, |n € N} is relatively compact in C(U ) for

each e > 0, and thus in L'(U) since C(ﬁ) < LY(U). Let 6 > 0 be given and

fix e = %. Then there are nq,...,n; € N such that

l l
F. C U BLl(ﬁ)(Gégnw g) = U Bj.

J=1 J=1
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Hence, given n € N, there is an index n; such that G.g, € B;. The estimates
(D.20) and (D.6) then yield

g — Gegn; ”Ll(fj) < llgn — ngnHU([}) + [[Ge(gn — gnj)”Ll(ﬁ) <Ce+ % = 0.

We have shown that for each § > 0, the set I' := {g, ] n € N} is covered by
finitely many open balls B; of radius g, i.e., I' is totally bounded in Ll(ﬁ).
Thus I' contains a subsequence converging in Ll(ﬁ ). In the case p = d one
simply replaces p* by any r € (g, 00). O

REMARK D.25. (a) Theorem D.24 is wrong for unbounded domains. In fact,
let d =1,k €N, p € [1,00) and define f,, = f(- —n) in W}(R) for any function

0 # f € C®°(R) with supp f C (—%,%) Then ||fullkp and ||fr — fmllq > 0
do not depend on n # m in N so that (f,)y is bounded in WI’f (R) and has no
subsequence which converges in LY with 1 < ¢ < p*.

(b) The embedding W, (U) < LP"(U) is never compact, see Example 6.12 in
[AF03].

PROPOSITION D.26. Let 1 < p < oo and either f € Wp2(U) or U be bounded
with OU € C? and f € WZ(U). Then there are constants C,eq > 0 such that

l/p

(f i) <=3 1)+ <0t

ij=1
foralle >0 if f € WPQ(U) and for all0 <e <eyif f € Wp2(U).

PrOOF. Let f € C%(U) and extend it to R by 0. Take j = 1. Write
r=(t,y) € Rx R for z € RY. Fix y € R! and set g(t) = f(t,y) for t E R.
Let e > 0and a,b € R with b—a =¢. Take any r € (a,a+5) and t € (b— §,b).
There there is a § = 5(r,t) € (a,b) such that

) = 19720 <

< 2(lg@® +lg(r).
For every s € (a,b) we thus obtain

/) =66+ [ ") ar] < 2o + gt + [ lg" ] a
Integrating first over r and then over ¢, we conclude
o 3 [ots e b,
slg ()l =< lg(r)ldr +lg®)l + 3 | lg"(r)ldr,
a

2fei< [ |dr+/ i+ S gl ar

9 b
/) < [Clgtrar+ [ W
b 1 b 1
<7 5 r<T>|PdT) Tt ([erar)”
=1 ;1 p // e
<525 ((5) [lowrars [igonar)
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where we used Holder’s inequality first for the integrals and then in R?. We
take now the p-th power and then integrate over s arriving at

b / 1 1 9P b b "
[l oras <tz (5 Mgepans [Cg'mpar).

Now choose a = ay = ke and b = by, = (k+1)e for k € Z. Summing the integrals
on [ke, (k + 1)¢) for k € Z and then integrating over y € R4~! it follows that

gp
[lg@par<err (S5 [g@pars [1g'mPar),
R € R R

/U D1 fP de < (26)P égp /U P da. (D.21)

By approximation, (D.21) can be established for all f € WPQ(U ). The same
result holds for 0; f and 9;; f with j € {2,...,d}. We now replace 2¢ by ¢, sum
over j and take the p-th root to arrive at

d p d .,
(S10:012) " < (=23 o+ 22 0112)
=1 =1

(D.22)
a p r s

<310 £12) T+ Ll £y,
j=1

for all f € Wﬁ(U), as asserted. If u € W7 (U) and U is bounded with 0U € C?,
we use the extension operator Eyy € B(W2(U), Wg(Rd)) from Theorem D.23 to
deduce from (D.22) with U = R? that

(Z 10, £180)) (Z X

p
(Z 1055 B0 Flpzay)  + 1B £l ey

< 5HEUf||Wg(Rd) + 3| Ey f |l o ray
< ez fllwz ) + £l
d 1p d 1/p
<coe( Y 10 f15) "+ ere (D10, F15) T + <N £
i,j=1 j=1

where we assume that € € (0,1]. The constants ¢, ¢y, c; do not depend on € or
f. Choosing ¢ = min{%, 1} we arrive at

1, Yp d Yoo o
5 (X 10315) ™ < coe (D2 9 15) " + €11l
j=1 ij=1
if 0 < ¢ < ;. This inequality implies the assertion for U with OU € C2. O

To study boundary values of functions in WI} (U), we need the following result.
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THEOREM D.27 (Trace theorem). Let U C RY be bounded and open with
dU € C', and letp € [1,00). Then the trace map f — flou from Wy (U)NC(U)
to LP(QU, o) has a bounded linear extension tr : Wy (U) — LP(OU, o) whose

kernel s Wpl(U) Here o is the surface measure on OU.

PROOF. 1) Let u € CY(U). By the definition of the surface integral, there
are finitely many diffeomorphisms ¥; U — V and ¢; € C! (U ) with 0 <
¢; <1 such that Hu||Lp(aU o) 18 dommated by

m
CZ/ gojo\I/j_l luo\I!j_llpdy'
j=1"Vi

where (~Jj and l~/j are open subsets of R%, the sets (~Jj cover QU, the functions
¢; form a partition of unity subordinated to ﬁj, Vj = {(y’, Yd) € 17; | ya = 0},
Vit = {(y’ayd) € Vjlya> 0}, U;(U;NOU) = Vj, and U;(U; NU) = Viy. We
set v =wo \I';1 and 9 = ;o \IJ;1 € C’g(f/J) and drop the indices j below.

By means of Fubini’s theorem and the fundamental theorem of calculus, we
compute

[ elo)ray == [ outwlor)ydy =~ | [@a) 1o+ pulo = Re(@dun)] dy
1% Vi Vi

< 0/ [lo” + [oP~H oqvl] dy < e [lollf + cllvllE™ |0avll,
+
c(llolp + 10avlp) < cllvliys,y < cllulliyw)

for constants ¢ independent of v. Here we also used Holder’s and Young’s
inequality, Proposition D.8 and the transformation rule. As a result, the map
S (CHU), | ]lp) = LP(OU, o), tru = u|gy, is continuous. Corollary D.22 and
Theorem D.23 allow to extend tr to an operator in B(W, (U), LP(0U, 0)). If we
start with u € Wpl(U) N C(U), then we can define an approximating sequence
of u, € C'(U) which converge to u in W, (U) and in C(U), see the proof of
Theorem 5.3.3 in [EvalO]. Hence, tru, = uy|oy tends to u|sy uniformly on
OU and to tru in LP(0U, o), so that tru = u|sy.
2a) We next observe that the inclusion Vl/}}(U ) € N(tr) is a consequence
of the continuity of tr since tr vanishes on C°(U) and this space is dense in
WI}(U) by definition. To prove the converse, we start with the model case that
v € Wpl(v+> has a compact support in V4 and trv = 0. Our density results
yield v, € C*(V}) converging to v in W, (V4.), and hence trv, = v,y — 0 in
LP(V), as n — oo. Observe that

Yd
0as0)| < [0a 0. 0)1 + [ J0wvaly/ )] ds.
0
Yd p
a3l < 2[onw O +2( [ 0wvn o/ 5) )
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for y' € V and y4 > 0. Integrating over 3’ and employing Holder’s inequality,
we obtain

B Yd
J 1ot vl ay <2 [ a0 dy 207 [ [T 0wl s dsay
We can now let n — oo and arrive at
Yd
/ (s ya) P dy’ < 247" / / 10a0(y/, )P ds dy/, (D.23)
174 v Jo

for a.e. yg > 0. We next use a cutoff argument to obtain a support in the
interior of V4. Choose a function x € C*°(R) such that x = 0 on [0, 1] and
X =1 on [2,00). Set xn(s) = x(ns) for s > 0 and n € N, and define w, = x,v
on V4. Observe that w, — v in LP(V,) as n — oo. It holds 0w, = x,0;v for
j=1,...,d—1and 4w, = xndqv+nx'(n-)v. Estimate (D.23) further implies

2 2
/ |V, — Volh dy < c/n/ 11— xnlP[Volb dy' ds + cnp/n/ lv(y, s)|P dy’ ds
Vi 0o Jv 0o Jv

2 2 s
< c/n/ [Volpdy' ds + cnp/nspfl// |0qv(y’, 7)[P dy' d7 ds
0o Jv 0 0Jv

2 2
< C/n/ [Volp dy' ds + c/n/ |0qv(y/, )P dy A7’
0 Jv 0 Jv

for some constants ¢ > 0. Because of v € WI}(V+), the above integrals tend
to 0 as n — oo, and so w, — v in W, (Vi) as n — oco. Since w, = 0 for
ya € (0, %], we can mollify w, to obtain a function w, € C°(V,) such that
| Wr, — wpll1,p < % This means that @, — v in Wpl(v_l,_) as n — oo.

2b) We come back to u € W, (U) and consider the sets U; and V; and the
functions ¥; and ¢; from step 1). Let v; = (pju) o (\1/]—1) First, observe
that the trace of v; to the set Vj is given by (tr¢;tru) o \Ifj_l if w e C(U), in
addition. By continuity one can extend this identity to all u € W]}(U ). Let

tru = 0. Then we can apply part 2a) to v; and obtain @} € C}(V;.) converging
to v; in W (Vj4). The function

m
iy =@, 0 (V)
j=1

thus belongs to C1(U) and converges to u in W, (U) as n — co. Since @, has
compact support, we can mollify @, to a function w, € C°(U) with ||a, —
unl1p < . This means that u, — u in W3 (U) as n — oo, and hence u €
WiU). O

We can thus say that v € WPI(U ) is 0 at the boundary in the “sense of trace”.
Observe that for a Borel set I' € OU we can define the trace of u € Wpl(U )
on I' by trru = Rptru, where Ry : LP(9U,0) — LP(T',0) is the contractive
restriction map. Finally, for p > d we have Wpl(U ) = C(U) by Theorem D.23
and Corollary D.21 so that Theorem D.27 is trivial in this case. Theorem D.10
further implies that Wi (a,b) — C([a,b]) for d = 1.
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THEOREM D.28 (GauB’ formula). Let U C R be bounded and open with
oU € C?. Letpe[l,00], F € W;(U)d and ¢ € Wpl,(U). We then have

/div(F)godx:—/F-thdx—i—/ v-Fodo (D.24)
U U ou

where v is the outer unit normal of OU. If u € WI?(U) and v € Wp%(U), with
F = YVu we deduce Green’s formula

/(Au)vdm:/ uAvda:+/ (ﬁyu)vda—/ udyvdo. (D.25)
U U ou ou

Here we omit the trace map in the boundary integrals and set Oyu =

Z;l:l vjtr Oju.

PrOOF. Gau’ formula (D.24) holds for F € CY(U)? and ¢ € CYU),
as shown in analysis courses. For F € W (U )4 and ¢ € WI},(U) there are
F, € C*(U)* and ¢, € C*(U) converging to F and ¢ in W} (U)? and Wpl,(U) re-
spectively, as long as p, p’ < 0o, due to Corollary D.22 and Theorem D.23. If say

p’ = 00, then we observe that ¢ € C(U) by Corollary D.21 and Theorem D.23.
Hence ¢ can be extended to a function ¢ € C.(R%). Set ¢, = G1p € C(RY).

Properties (D.6) and (D.8) and Lemma D.6 then imply that ¢, — ¢ in C(U),
IVenlloo < ||IVelloo and Vi, — Vo pointwise a.e., as n — oo, where we pos-
sibly pass to a subsequence also denoted by (y,),. The case p = oo is treated
similarly.

First, let p € (1,00) and hence also p’ € (1,00). Theorem D.27 yields that
Fuloy — trF in LP(U,0)% and ooy — tre in Lp/(U,o) as n — oo. Since
95 : Wa(U) — LI(U) is continuous for q € {p,p'}, we further obtain that the
terms with derivatives converge in LP, respectively in L¥'. Formula (D.24) now
follows by approximation.

For the other cases, let p = 1, say. Then div F}, and F}, converge to div F' and
F in LY(U) and L' (U)?, respectively, as well as Fj,|sy — tr F in L'(0U, o).
Due to the above listed properties of ¢,, for p’ = co, the assertion now follows,
where we use

’/UFn'v@ndx_/UF'v@dx’ < ||Fn_F”1||v80n||oo+/U|F||v<Pn_v‘10|dx

and Lebesgue’s theorem for the integral on the right-hand side.
Green’s formula (D.25) is a straightforward consequence of (D.24). O
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APPENDIX E

The Fourier transform

The Fourier transform is a fundamental tool in many branches of mathematics
and its applications. We treat its basic properties in an L? context and then
establish the important links between the Fourier transform and the Sobolev
spaces W§(R?).

DEFINITION E.1. Let f € LY(R?) and ¢ € R%. Then
FO=Fn©:=ent [ @ de (E.1)

is the Fourier transform of f, where € - & := Y4_, &y for € = (&4)r € C? and
x = (x1)r € RY, hence |z|3 =2 -z for x € RY.

We set o(z,£) = e 8% f(x). Observe that |p(z, )| = |f(x)| is integrable in
x € R? for every € € R? and that R? 5 ¢ — ¢(&, x) is continuous for a.e. 2 € RY,
Using a corollary of the theorem of dominated convergence, we thus conclude
that f is continuous on R? and

£ lso < (27r)_5||f||1 for each f € L*(RY). (E.2)

ExaMPLE E.2. (a) Let d =1 and f = 1,;. We then have 7(0) = ?/%) and

~

1 b i(efibg _ efiag)
— —igx _
— [ e = ¢ ) 0.
flo=—= e 67
(b) Let v(z) = exp(—3|z[3) for € R? be the standard Gaussian. We show

that ~ is a fixed point of the Fourier transform, i.e., ¥ = 7. Let £ € R?. Observe
that 3(z +1i€) - (z +1&) = 3|2|3 +i& - 2 — 1[£[3. We then obtain

%

F(&) = (271)*%/ e~ (& +3 |213) g — (27-‘-)*%/ o~ 3163 o3 (@+HE)-(2+iE) g,
R’i Rd

1.2

1 2 2
— o 3l€l3 / — 1 (wp+igy)? _ o 3lEl3 / —5%
e 32 || dx e 2 || e 27 dz
\/27r b \/27r £L+R

_ sy L —18 gy =
—o Hm/ﬁ dt = ~(£),

using the formula [ "3 dt = v/ 27 from undergraduate courses. In the penul-
timate equality we shifted the path of integration in the complex plane. To
justify this shift, we fix £ € R\ {0} and use the rectangular path I';, with ver-

tices —n, n, n+i& and —n +i€. Cauchy’s theorem yields an e 27 dz = 0. The

XLIIT



two vertical lines Si in T',, have length ||, and on S it holds

_l,2

‘e 3 —e 2Re(in+17) <ef§n eQ|§\2

where 0 < |7| < [{|. Hence, [¢+ e~2%" dz tends to 0 as n — 0o, and the above
used equality is true. &

Let f € LP(RY), r € R% and 1 < p < co. For any t € R?, we introduce
the translation operator Ty by (Tif)(x) = f(x +t). As in Exercise 2.2 (cf.
Example 2.6) one sees that Ty : LP(R?) — LP(RY) is an isometric isomorphism
with inverse T_;. For a > 0 we further define the dilation operator D, by
(Daf)(x) = f(ax). Observe that Dy, D, = DyDy/, = I and that the substitu-
tion y = ax yields

1Duflly = [ e = [ a™|f @I dy = a| 1]}

As a result, D, : LP(R%) — LP(R?) is isomorphic with || D,|| = a” 7. We further
set ei(x) = e*® for all t,x € RY,
Let p € [1,00]. For f € L'(R?%) and g € LP(RY) we define the convolution

Fogle / fle—y)g(y)dy, =eR% (E.3)

In Theorem 4.15 of [Brell] it is shown that f * g(z) indeed exists for a.e.
r € R% and belongs to LP(RY) satisfying Young’s inequality

17> gllp < 1 fllllgllp- (E.4)
In the proof of Theorem 4.15 in [Brell] it is also seen that the map R?? >
(z,y) — f(z —y)g(y) is integrable if p = 1.

PROPOSITION E.3. Let f,g € L'(R?), t € R? and a > 0. The following
formulas hold.

(a) F(Tif) = etf,

(b) Fleef)=T-+f, R
(¢) F(Daf) = a™*Dy.f.
(d) F(f xg) = (27)2 fg.

PROOF. Let f,g € L'(R?), t € R?, a > 0, and & € R?. Using the sub-
stitutions y = = 4+ ¢ and z = ax, we check the assertions (a), (b), (c) by the
calculations

d d

F(Tif)(€) = (2m) 2 /R Lo et t)de = (2m) 72 /R e () dy
=1 f(e),
Fleh©) = m4 [ et (@) da = fle o)
F(Daf)(€) = (2m) 2 /R 76 f(az) da = (2m) " /R A (ORE
=a"f(Le).
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To prove (d), we first recall that f * g € L'(R?) and that the map R?? >
(z,y) — f(y — x)g(x) is integrable. Hence, the function mapping (z,y) to
e €Y f(y — 2)g(x) belongs to L'(R??). Fubini’s theorem thus yields

Firrg)©) =emf [ [ ey —ag) dedy

— 0 [ [ ey~ ae g (@) dy do
Rd JRA
d iz —iéx 42
—emt [ ([ e e s )e o) o = 2o FO36)
where we also employed the substitution z = y — . O

The following example indicates the usefulness of the above basic properties
of the Fourier transform.

EXAMPLE E.4. We set f(z) = exp(—%|z —v|?) for all z € R? and some a > 0
and v € R?. The Fourier transform of this Gaussian function is given by f(g) =
a=? exp(—iv - §) exp(—%|§|§) for all ¢ € R?. In fact, we have f = T_uD s
with v from Example E.2. Proposition E.3 and Example E.2 thus yield

-~ d ~ _d
[= e—vf(D\/E’Y) - e—vaizDﬁﬁy =a ZG_UDﬁ’Y,
as asserted. &

One of the main properties of the Fourier transform is that it transforms
derivatives into multiplication by polynomials, and vice versa. To formulate
this fact concisely, we use the multi index notation: Let a = (aq,...,qq) € Ng
and z = (x1,...,14) € RY. We then set

olal
= ot =22, 9 =M 0 =
loaf := o1 +... 4+ aq, 1 d 1 d Az x5
We further denote the function R? 3 x — 2 f(x) by z®f. Observe that
Ot| —

2] = |21 |0 - gl < el <1+ ey (E.5)

for x € R? and |a| < m.

To relate the Fourier transform with derivatives we need a space of smooth
functions. Unfortunately, the space C°(R?) is not invariant under the Fourier
transform. Instead one uses the (somewhat less convenient) “Schwartz space”
on which F becomes a bijection, as seen below.

DEFINITION E.5. For f € C®(RY), m € Ny and o € N&, we set

Pmalf) = sup |z[3™0% f(x)].
z€ER4

We define the Schwartz space Sy by
Sy = {f € C®°R?Y) | pmalf) < 0o for allm € Ny, o € Ng}.
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Notice that Sy is a vector space and that all derivatives of f € Sy decay
faster than |z|;*™ for any m € N, as |z|y — oo. One thus calls f € Sy rapidly

decreasing. 1t is straightforward to check that the function v = e 3lf3 belongs
to Sy.

REMARK E.6. (a) Let f € Sy, m € Ny and a € N¢. It then holds
m Qv — m 2(d+m fe%

2|3 (0% f ()] = (1 + |23~ (J2[3™ + 3™ 167 f ()]
<1+ 23D 7 Omalf) + Patma(f))

for all z € R Since the function z + (1 + |z|3%)~! is integrable on R%, we
deduce |z|2m0%f € LY(R?) N Co(R?), and hence |z|2m0%f € LP(R?) for all

p € [1,00] by (D.13). O
(b) Because C°(RY) C Sy C LP(R?) the space Sy is dense in LP(R?) for every
p € [1,00). ¢

(c) Observe that p, o is a seminorm on Sy for all m € Ny and o € Ng, where
Po,0 is the supnorm. We order these seminorms as a sequence (p;)jen. It can
be seen that Sy has the metric

i2j p]f g)

and that d(fy, f) = 0 as n — oo if and only if pp, o(f — fn) = 0 as n — oo for
all m € Ny and « € Ng. One can verify that Sy is complete for this metric.

Below we use the Laplace operator given by A = 92 +.. .+ 83. We now come
to the announced relation between Fourier transform and derivatives.

LEMMA E.7. Let f,g € Sq and o € Nd. Then the following assertions hold.
(a) f € C®RY), 9°f = (i)l F@f), F@f) =ile],
(b) FAf =FOif+...+ FOIf =%+ ... &) Ff =—[E3Ff.
(¢) The mappings f — fg, f+— x*f and f — 0“f are continuous from
Sy to Sy

(d) The Fourier transform is continuous from Sq to Sq.

PROOF. Let £,z € RY, f,g€ Sy, a € Ng and m € Np.
We show (a) for o = ey, the assertion then follows by induction. We have
9
&},

and RY 3 x + |pp(€,2)| = |z f(2)] is integrable by Remark E.6. A corollary
of the theorem of dominated convergence thus shows that there exists

e*ié'xf(:c) = —il‘keiig'wf(l') = @k(f; x)v

7O = (em)F [ e (@) do = —iF(nf)(©)

For the second part of (a) we write [~n,n]* = CF and x = (2, z3,) with 2/ =
(21, .. 1, Ths1s - -, 2q) € RI7L Using that Opf € L'(R?) and integrating
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by parts in xp, we compute

Fouf)© = mdam [ [ om0l 0 de e
= (27)" % Jim [/cg igpe I f(2) dz + /Cg1 e T (2!, ap) :k:_n dx’]

= i€, £(€).

Here the second integral J, in the second line tends to 0 as n — oo since
Tl <2 [ @ @ m) B ) da’ < 20T o),

Assertion (b) is a consequence of (a). In (c¢) and (d) we do not show the con-
tinuity of the maps since this is not needed below, see Theorem 7.4 in [Rud91].
Thanks to Leibniz’ rule, the function |z]|3"9%(fg) is a linear combination of
terms |z|3™ (0% £)07g which are all bounded since f,g € Sg. Thus, fg € Sy.
Similarly, one sees that z®f,0%f € S4. Hence, assertion (c) holds. Using (a)
and (b), we further compute

€m0 F = (=D& + .+ ) F (2 f) = (—D) N (=)PF (A" (@ f)).
Due to (c), the function A™(zf) belongs to Sy C L'(RY) so that its Fourier
transform is bounded. As a result, f is contained in Sg. g

COROLLARY E.8 (Riemann-Lebesgue lemma). If f € L'(RY), then f €
Co(RY). Hence, F € B(LY(RY), Co(R?)).

ProOF. Let f € L'(RY). Due to Remark E.6, there are f,, € Sy converging
to f in L'(R?). Lemma E.7 yields f, € S5 C Co(R%). By (E.2) the functions

fn converge to f in supnorm, so that f € Co(R%). The second assertion then
follows from (E.2). O

For f € LP(R?) and 1 < p < oo, we define the reflection operator R by
(Rf)(z) = f(—z), € R% Clearly, R?> = I and R is an isometric isomorphism
on LP(R%). The next lemma is the crucial step towards the main results of this
appendix.

LEMMA E.9. The following assertions hold.

(a) [pa fgdx = Jga fgdx for all f,g € Sqy.
(b) F2 =R, i.e., (FFf)(x) = f(—x) for all f € Sg and x € R%.

PROOF. Let f,g € S;. Since the map (z,y) — e ¥ f(z)g(y) is integrable
on R?? Fubini’s theorem yields

L fweway= [ ent [ e @) deay

/f )(2r) %/d ¢TIy (y dydm—/f

In the second assertion one is led to the integrand e~€¥e=¥% f(x) which is not
integrable for (z,y) € R??. So Fubini’s theorem does not apply directly, and
one has to use a regularization. To that purpose, fix ¢ € R? and let a > 0.

&.
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Set h = e_¢Dyy € Sy, i-e., h(y) = 7€V exp(—“—;|y|%) for y € R Due to the
theorem of dominated convergence with the majorant |f|, the integral

Joi= [ F@m@)de= [ foe ey dy

~

converges to (2%)3(}']‘)(5) as a — 0. On the other hand, part (a), Proposi-
tion E.3 and Example E.2 imply that

Ja= /Rd f(@)F(e-¢Do7)(w) do = /Rd f(@)a= (TeDy,y) () dz

= [ t@a e+ €)de = [ flaz— (=) d
R R

where we also use the substitution z = %(z + &). We can now apply the
theorem of dominated convergence with the majorant || f|/s7y to conclude that

Jo = f(=|Ih = (QW)%f(—f) as a — 0, which shows assertion (b). O

ProrosiTION E.10. The Fourier transform F : Sq — Sy is bijective with
Fr=1. Forall f,g € Sq and x € R%, we have

Flg(w) = (2m)f [ (6 de, (E.6)
R

(FIFgrz = (flg)re, (E.7)
and fxg € Sy.

PrOOF. Lemma E.9 shows that I = R? = F* = FF3 = F3F on S, so that
F has the inverse 2 = RF on S;. This fact already gives (E.6). Let f,g € Sy
and z € R%. Equation (E.6) further yields

FED@) = @n)f [ g de = 2m [ enegle) de
~ FF9) @) = (o)

So we can deduce from Lemma E.9 (a) that

(FilFge = [ Fade= [ 1FFg)de= [ fgde = (Flg)e

d
2

Finally, Proposition E.3 and Lemma E.7 imply that F(f * g) = (27) Aﬁ =
belongs to S;. Hence, fxg= F Ly € Sy. O

The equality (E.7) shows that || F f|l2 = || f||2 for all f € S;. Since Sy is dense
in L?(R%) by Remark E.6, we can extend F to an isometry Fo : L2(R?) —
L*(R%) which is also called Fourier transform. Let f € L?>(R%) N L*(R%). By
Theorem D.13 in Appendix D (and it’s poof) there are functions f,, € C°(R9) C
S; which converge to f both in L?(R%) and in L'(R%). Since Ff, — Faof in
L?(R%), there is a subsequence F [n,; converging to Faof a.e. as j — oo due to
the theorem of Riesz-Fischer. On the other hand, Ff,, converges uniformly
to Ff by (E.2). Thus, Fof = Ff a.e.. We now write F : L>(R?) — L?(R%)
instead of Fy, and also Fof = f
Warning: Ff is not given by the formula (E.1) if f € L?(R?) \ L'(R?).
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THEOREM E.11. The Fourier transform on Sy extends to a unitary operator
F : L2(RY) — L*(RY) which is given by (E.1) on L>(RY) N LY (RY). Let f,g €
L*RY), h € LYRY), t € R? and a > 0. We then have F?> = R, F* =
F'=RF, and

(a) (FfIFg)r2 = (flg)r2  (Plancherel),

(b) Jea fgdo = fpa fgdr,

(¢) f(z) = (2m) "2 [ra €S f(€ )d§ for a.e. x € RYif f € LNRY),
(d) F(Tif) = ef, Fleef) =Tof, F(D af) =a~'Dy,f,

(¢) F(hx f) = (2m)3hf, F7U(h]) = (2m)"2hx f,

PROOF. Recall that F is an isometry on L?(R?). The equations F? = R,
F4 = I, and those in (d) hold on the dense subspace S; as shown in Propo-
sition E.3, Lemma E.9 and Proposition E.10. Since the maps F, R, T3, D,
and f + e;f are continuous on L?(R?), these identities can be extended to
L*(R%) by approximation. Similarly, (a) and (b) hold since the real and com-
plex scalar products are continuous on L?(R?) x L?(R%). The equation F* = I
yields I = FF? = F3F so that F has the inverse F~! = F2 = RF. Propo-
sition C.7 in Appendix C says that a bijective isometry on a Hilbert space is
unitary. Hence, F is unitary. From F~! = RF we infer assertion (c). For (e),
note that f — h* f is continuous on L?(R%) by Young’s inequality (E.4), using
h € LY(R?%). The first part of (e) can thus be deduced from Proposition E.3 by
approximation. Since R is bounded by (E.2), the function D f belongs to L?(R%).
The second part of (e) then follows from the first one by applying F 1. O

REMARK E.12. Let f € L*(R?). Set f, = 1 f € L'(R?Y) N L*(RY) for
n € N. Since |f,| < |f| € L*(R?), we have fn— [fin L?*(R%) as n — oo by the
theorem of dominated convergence. Hence, fn — f in L2(R%) as n — 0o, where

R@=ent [ o f@de ¢y
B(0,n)
is the truncated Fourier transform. &
ExamMpLE E.13. We consider the diffusion equation
duu(t,z) = Au(t,z), t>0, zeR?, (E£3)
u(0,z) = uo(z), z e RY, .

for a given initial value uy € S;. Let us assume for moment that we have a
function u : Ry x R% = C such that the function u(t) : 2 +— u(t, ) belongs to
S, for each t > 0, u € CY(Ry, L*(R?)) and u satisfies (E.8). We set u(t, &) =
(Fu(t))(€) for all t > 0 and & € R Since F is continuous on L2(RY), we have

Fouu(t) = f11m pu(t+h) —u(t)) = hn}) (u(t+h) —u(t))
for all t > 0, so that u € CY(R,, L?(R%)) and 0;u = Fosu. Applying F to
(E.8), we then deduce from Lemma E.7 that
Oyu(t) = Fowu(t) = FAu(t) = —[¢[3a(t).
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For each fixed ¢ € R? we thus arrive at the ordinary differential equation
d¢i(t, €) = —[¢l3u(t,€), t>0, £ €RY,

’ZL\(O,f) = aO(’E): § € Rda
which has the solution

at, €) = e "B Gy (&) = (D7) (€)T0 (€).

Using the properties of F, we compute
~ _d _
u(t) = F(FF'D sgpy)tio) = (2m) "2 (F'D sz77) % ug

— (4t) "2 (Dyyyary) * ug
d

for all t > 0. We define v; = (47t) ™2 (D 5y). This gives

2
d \x—yb

u(t,z) = (1 *xuo)(x) = /Rd(47rt)_5e_Tuo(x) dz

for all t > 0 and # € R?. Define v by this equation. Since v; € Sy, we can
reverse the above arguments (or check directly) that this function u solves (E.8)
and has the asserted regularity. Moreover, ||u(t)|| = ||a(t)|]2 < ||doll2 = |luoll2
since the Fourier transform is an isometry and |D \/ﬁfy] <1

In the above example we have restricted ourselves to initial values ug in Sy.
We now want to solve the diffusion equation on R? for ug € L?(RY) still using
the Fourier transform. To that purpose, we extend the differentiation formulas
in Lemma E.7 (a) to the Sobolev spaces and describe the space W§(R?) via
the Fourier transform in a very convenient way. Recall that ||ull2 = ||u||2 for
u € L?(RY) by Theorem E.11.

THEOREM E.14. Let k € N and o € N¢ with |a| < k. We then have
Wi (®RY) = {u e LR |¢l5a € LX(R?) } = H
and the norm of WE(R?) is equivalent to (||ul|3 + |||§|§27H%)% For u € W§(R?)

it further holds
F(0%u) = il*levq, (E.9)

PROOF. Due to Lemma E.7, the equations (E.9) and 9%% = (—i)!*l F(2%u)
holds for u € S;. We thus obtain

lullfe = > 10%ull3 = > [IFo%ul3 = > ll€*all3 (E.10)
lal <k lal <k ] <k
{s c1 ([[ull3 + 111€15 @ll3),
> e ([[ull3 + 1115 @l3)

for u € Sq and constants ¢; > 0 using (E.9) and (E.5).

Now, let u € W§(R?). Theorem D.13 in Appendix D gives u, € C®(R?) C
S, which converge to u in W§(R?) as n — co. Since F is continuous on
L?(R%), the functions @, tend to @ in L?(R?) and (possibly after passing to a
subsequence) pointwise a.e., as n — oo. Hence, the functions £“u, converge
pointwise a.e. to £*u. On the other hand, equation (E.10) yields that (£%4y,),
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is Cauchy in L2(R?) for each |a| < k, and thus £%4,, converge to &4 in L?(R%)
as n — oo. This fact implies that (E.10) also holds for every u € W& (R?) and
that W (RY) C H*.

Conversely, take u € H. Let ¢ € C°(R%) and |a| < k. From Theorem E.11
and Lemma E.7 we deduce

[ utredo = (079) = (FulFop) = @|i°¢"B) = (—) € alF)
— (Pl alp) = (-1 [ e F e d) da
R

Therefore u has the weak derivative 9%u = F~1(il*l ¢2 1) € L?(R?), and hence
u € WFR?), ie., W§(R?) = H*. Applying F to the equation in the previous
sentence, we also derive (E.9) for all u € W§(RY). O

ExAMPLE E.15. We consider the diffusion equation
duu(t,z) = Au(t,z), t>0, z e R,

u(0,z) = up(z), z e R4, (E-11)

for a given initial value ug € L%*(R?). We look for a solution u €
C([0,00), L2(R%)) N C((0, 00), L2(R%)) such that u(t) € WZ(RY) for all ¢ > 0
and (E.11) holds as equations in L*(R?) for every t > 0. To that purpose, we
define
u(t) = F Y mytip), where my(€) = e el
for t > 0 and ¢ € R? as in Example E.13. Since [£]5(t) = [£|5 myto belongs
to L?(R%), Theorem E.14 implies that u(t) € W§(R?) for all k € N and ¢ > 0.
From (E.9) we then infer
FAu(t) = —[¢l3a(t) = ~[€Fmedo,  Au(t) = —F(|€[3 meto).
Let v(t) = mylp for t > 0. Then 3(v(t + h) — v(t)) converges pointwise
to —|€]3mutip as b — 0 and |f(v(t + h) — v(t))| < |€3me|to| € L2(RY).
Dominated convergence then implies that v has the (continuous) derivative
V'(t) = —|€]3 metp in L2(R?) for t > 0. The continuity of 7' on L2(R?) thus
yields that v € C'((0, 00), L2(R%)) and
u'(t) = —=F (€3 matio) = Au(t)

for t > 0. Finally, m;@o tends to g in L?(R%) as t — 0 by Lebesgue’s theorem
with majorant |ig|. Hence, u € C([0, 00), L?(R%)) with u(0) = up.
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APPENDIX F

The Bochner integral and vector-valued LP-spaces

In this appendix we introduce the integral of Banach space valued functions,
the so-called Bochner integral, define the corresponding Lebesgue and Sobolev
spaces and consider the Fourier transform on a Hilbert space valued L?-space.
The construction of the integral is analogous to the scalar-valued case. However,
at certain points one has to be more careful with separability issues.

It is assumed that the reader is familiar with the Lebesgue integral and its
properties. To prove the corresponding properties of the Bochner integral, we
mostly reduce to the scalar situation.

1. The Bochner integral

The presented construction of the Bochner integral follows lecture notes by
R. Denk (Konstanz).

If Y is a normed vector space and M C Y, then the Borel o-algebra B(M)
over M is the o-algebra generated by the system of relatively open subsets of
M. We write By := B(R?) for the Borel o-algebra over R%. The d-dimensional
Lebesgue measure is denoted by dz. In one dimension we often write dt. The
Lebesgue measure of A € By is denoted by |A|. We define

Nd::{NGBd||N|=0}

as the set of Borel measurable sets of measure zero. For A € By, a function
f: A=Y is called (Borel-)measurable if f~'(B) € B(A) for all B € B(Y).
If f: A— Y is measurable, then | f|| is measurable as well, where || f]|(x) :=
|| f(x)|| for z € A.

Throughout, let E be a complex Banach space. A function f : R* — E is
called simple if there are N € N, A, € Bgand x,, € F forn=1,..., N with

N
f = Z ]lAnxn'
n=1

Observe that simple functions are measurable. We start with the integral
over simple functions.

DEFINITION F.1. Let f = YN 14, 2, be a simple function with |A,| < oo
form=1,...,N. Then f is called Bochner integrable and the Bochner integral
of f is defined by

N

/Rdfd$:/Rdf(x)d$::Z’An|93n€E.

n=1
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We note that the above integral is independent of the representation of the
simple function f. It is further clear that the Bochner integral is linear on the
vector space of simple functions whose support has finite measure. Moreover,
as a consequence of the triangle inequality, for each simple function f we have

the estimate
H/Rdfda:H < /R £ de, (F.1)

where the integral on the right-hand side is now the usual scalar-valued
Lebesgue integral.

As in the scalar case, we extend the Bochner integral to a larger class of func-
tion by taking limits of simple functions. As it turns out, besides measurability
for this procedure a separability condition is necessary.

LEMMA F.2. For f :R? = E the following assertions are equivalent.
(a) There is a sequence (fx)ren of simple functions fy : R? — E such that
fe(w) = f(z) as k — oo for all z € R4,
(b) f is measurable and f(RY) C E is separable.

If one of the assertions is true, then in (a) one can choose (fi)ren such that
1fe(@)| < 2(1f (@)|| for all = € RY.

PROOF. Assume that (a) holds. Then f is measurable as a pointwise limit
of measurable functions. Write f = Ef:[il 14, , Tnk- Then the rational linear
hull of {z, 4|k € N,n=1,...,N,} is countable and dense in f(R?). Hence
f(R?) is separable and (b) follows.

Now suppose that (b) is true. Let {yx |k € N} be a dense subset of f(R).
Enlarging this set by an at most countable number of vectors if necessary, we
may assume that y; # 0 for all k. For k, N € N define

A = {z e R | (@)l = 1/N, |If () =yl < 1/N}.

As an intersection of Borel sets the flév are Borel sets as well. Fixing N, we
obtain a disjoint decomposition (A )gen of Upey AN by setting

k—1
AV =47, A=A\ 4), keN
j=1

Indeed, we have x € A{g\g for some x € Upey fl{c\’ if and only if kg is the smallest

number such that x € fl{c\g. Since {yx, | k € N} is dense in f(R%), for each N we
have

U At = U AL = {z e RY| | f(=)| = 1/N}. (F.2)
keN keN
Now we can define the desired sequence (fn)yen of simple functions. For N € N
we set

N N
fn(z) =0 ifxé¢ U A%, fn(x) = Yky, IfT€ U Aﬂ/f,
M.k=1 M.k=1
where the number ky, € {1,..., N} is determined as follows. Take the largest
integer My, < N such that x € Uszl AQ/[N . Employing the disjointness of
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this union, ky, is defined as the unique number such that x € A%VN : Note
that this implies ky, < N. Hence fy takes only values in {0,y1,...,yn}.

. My
Moreover, if z € AkNN " then

N = Nkn o < Yk = FEIHIF @) < /Mo + 1 F (@) < 2[[f ()],

so that || fn[l < 2 f].

Let us check that fy is measurable. First we have f{,l({O}) = R?\
Uf\VJ7k:1 AM ¢ B, Next, let k. € {1,...,N}. Then fy(x) = y, if either
T € A,];i or if, for some [ € {1,..., N — 1}, we have that = belongs to A,iv;_l but

not to Up_, AY "™ for all m € {1,...,1}. In other words,
({yk*} UU(‘ANZ\U UAN H—m)eBd
m=1k=1

Therefore, each fy is a simple function.

We show that fy — f pointwise as N — oo. Let z € R% First suppose
that f(z) # 0. Given € > 0, we choose a natural number Ny such that Nio <
min{||f(z)||,e}. Using (F.2) and that the sets Ay°, k € N, are disjoint, we
find a unique kg such that x € Aﬁc\g 0. Now consider an arbitrary number N >
max{No, ko}. Then we have z € U%k:l AM " since A{C\g 0 appears in this union.
Further Ng < My, < N, since My, is defined as the largest number smaller
than N such that z € JY_, A MNx MNx
it follows that

1f(x) = In (@)l = [If(z) — ysz | <1/Mygp <1/No <e.

Finally, for € R? with f(x) = 0 we have z ¢ AY for all k and N. Therefore
In(z) =0and || f(z) — fn(z)| < e is trivially satisfied. We thus conclude the
pointwise convergence of fy as N — oo, and (a) follows. O

and Ny has this property. Since xz € A,

The lemma suggest the following notion.

DEFINITION F.3. A map f : R? — E is called strongly measurable if there
is a sequence (fr)ren of simple functions fi, : R — E such that fy(x) — f(z)
as k — oo for all x € R?,

Another characterization of strong measurability involving continuous func-
tionals is given in Lemma F.9 below.

For a strongly measurable f one would like to define the Bochner integral as
a limit of Bochner integrals of simple functions. Fortunately, there is a simple
criterion when this is possible.

LEMMA FA4. Let f : R — E be strongly measurable. Then the following
assertions are equivalent.

(a) There is a sequence of simple integrable functions (fx)ren such that
fu(x) = f(z) as k — oo for each x € R? and

li - = 0.
dim [ = flde =0

LV



(b) It holds that [ga || f(2)| dz < oco.

If one of the assertions is true, then the limit limy_,o0 [ga fr do exists in E and
is independent of the sequence of simple functions (fx)ken as in (a).

PROOF. Assume that (a) is true. First note that | fx — f|, || f]| : R — Ry
are measurable as compositions of measurable maps. Hence [ga || fr — f|| dz and
Jga || f|l dz are well-defined numbers, the second one possibly equal to co. But
it indeed is finite since

Lt [ = silde+ [ Al de < oc

for all k such that e.g. [ga ||f — fxl| dz < 1.

Conversely, suppose that [pa | f]|dz < co. Lemma F.2 gives a sequence of
simple functions (fx)ren converging pointwise to f and || fx] < 2| f||. Now
gk = ||fx — f|| defines a sequence of measurable functions converging pointwise
to zero as k — 0o, dominated by the (Lebesgue-)integrable function 3|| f||. Thus
limy_yo0 Jga g dz = 0 by the (scalar) dominated convergence theorem, which
shows (a).

Finally, take a sequence (f;)ren of simple functions as in (a). Using linearity
and (F.1), for k,l € N we obtain

H/Rdfkdx—/Rdfld$H S/Rdka—fl”dx
S/W ka—fde‘F/RHf—szdx,

which shows that ([ga fxdz),., is a Cauchy sequence in E. Hence [pa fi, dx

converges in F as k — oo. Let (gr)ren be another sequence of simple functions
as in (a). If one replaces f; by g in the above estimates and takes the limit
k — oo, then one obtains that limy_,o [pa fr dz = limg_ o [pa gk d. d

Now we can define integrability and the Bochner integral for a large class of
functions.

DEFINITION F.5. A function f : R? — E is called Bochner integrable if it is
strongly measurable and if [ga || f|| dz < co. In this case one sets

fdx = lim/ frdzx,
R4 k—o0 JRd

where (fr)ken s any sequence of simple functions as in Lemma F.J (a). Fur-
thermore, for A € By a function f: A — E is called Bochner integrable if its
extension fo by zero to R is Bochner integrable, and in this case one defines

/Afd:): = /Rd fodzx.

L(AE):={f:A— E|[is integrable} .

For A € By one finally sets
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Given A € By, it follows from an approximation argument and the corre-
sponding properties of simple functions that £(A, F) is a vector space, that the
Bochner integral is linear and that

for all f € L(A,E).

2. Properties of the Bochner integral

We collect some further basic properties of the Bochner integral that are
analogous to the Lebesgue integral. Essentially, there are two strategies for the
proofs. The first is to reduce to the case of simple functions by approximation,
and the second is to reduce to the scalar case.

LEMMA F.6. Let A, A1, Ay € By such that A = A1UAy and suppose that
fe€L(AE). Then f|A1 € L(A1,E), fla, € L(A2,F) and

/fdm—/ f|A1dx+/ fla, dz.

Moreover, if N € By is such that [N| = 0, then [y fdz =0 forall f € L(N, E).

PROOF. Let fo, f1, fo € L(R?, E) be the trivial extensions of f, f|4, and
fla, to R?. Take a sequence of measurable simple functions such that fi — fo
pointwise as k — oo. Then 14, fr and 14, fi are sequences of simple functions
converging pointwise to 14, fo = fi1 and 1a,fo = fo, respectively. We thus
obtain

/ fodz = lim/ fodz = lim (/ ]lAlfkdm—l—/ 14, fi da)
R4 k—oo JRd k—oo \ JRd R4

=/ fldm+/ fodz,
Rd ]Rd

from which the first assertion follows. Now let |[N| = 0 and f € L(N, E). Let
fo be the trivial extension of f to R? and let (fx)ren be simple functions such
that [ga || fo— fi|| dz — 0 as k — oco. Since || fo — fi|| = || fx|| almost everywhere
on R%, we have that [z ||fx]|dz — 0 as k — oo, and thus

f() d:L'H = lim

k—>ooH Rd

fkdac‘ < lim dkaHdJJZO,

H Rd k—oc0

where we used (F.1). O

LEMMA F.7. Let f € L(A,E) and let T € B(E,Y') for another Banach space
Y. Then Tf, defined by (T'f)(x) := T f(x) for x € A, belongs to L(A,Y) and

we have
T/ fdx:/dex.
A A

PROOF. Take simple functions f}, converging to f pointwise on R? as k — oo
such that limy_,o0 [ga || f— f| dz = 0. Then T f}, is simple for each k, T fi, — T'f
pointwise as k — oo and

L Ts = Thdias < I [ 1f = fullde 0, ko ox.
R4 R4
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Moreover, [, T fi,dz =T [, fi dz in view of Definition F.1. The assertions now
follow from the Lemmas F.2 and F.4. O

PRrROPOSITION F.8 (Dominated convergence theorem). Let fi € L(A, E) for
k€ Nandlet f: A — E be strongly measurable such that fr — [ pointwise
almost everywhere on A as k — co. Suppose there is g € L(A, C) with || fr]] < g
for all k. Then f € L(A,E) and

lim/fkdx:/fdx.
k—o0 J A A

PrOOF. It suffices to consider the case A = R?. There is N € N; such that
g := || fr — fIl = 0 pointwise on RY\ N as k — co. Since ||f|| < g on R*\ N,
we have f € L(R?, E) and ||gx|| < 2||g|| on R?\ N. Thus, using (F.3) and the
scalar dominated convergence theorem, we get

H/dfkd:c—/dfdeg/dgkda:—>0
R R R

as k — oo. O

We finish this section with Fubini’s theorem for Bochner integrals. To this
end we need another characterization of strong measurability.

LEMMA F.9 (Pettis). For f : R? — E, the following assertions are equivalent.

(a) f is strongly measurable.
(b) For each z* € E* the map (f,x*) : RY — C is measurable, and f(R?) C
FE is separable.

PROOF. If f is strongly measurable, then (f,x*) is measurable for each
x* € E* since x* is continuous. The separability of f(R?) holds by definition.
Let us prove that (b) implies (a). Define Ej := span f(R9) and let {z}, |k € N}
be dense in Ey. Given N € N, define sy : By — {71,...,2n} by sn(y) = iy,
where k4, is the smallest number 1 < k£ < N such that

ly = el = minfly — .

By density we have mini<j<n ||y — x| = 0 as N — oo, hence sy(y) — y for
each y € Ey as N — oo. Now define the function fy : A — F by

In(§) = sn(f(§), £€A

Then fy — f poinwise on A as N — co. Moreover, for 1 <k < N,

fyt(ae) = {€ € A|||f(&) — zll = min [|f(€) — =z}

1<j<N
NS e ALIFE) =l > min [IF(€) = ajl| for b =1, k= 1}.

To conclude the strong measurability of f, we have to show that the sets on the

right-hand side are measurable. To this end we prove that for each x € Ej the

functions & — || f(§) — z|| are measurable. Then (a) follows and we are finished.
We claim that there is a sequence (z})ren of unit vectors in E* such that

|yl = sup [(y, %)/, y € Ey.
keN
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To see this, we note that for each x; the Hahn-Banach theorem gives a unit
vector x, € E* such that (zy,z}) = ||zgl|. Given y € Ep and € > 0, take zy,
such that ||y — z,|| < e. Then

Iyl < &+ (o, 2 )| < 2 + sup |{y, 23)]
S

Since € is arbitrary, the claim follows.

Now we can write || f(§) — z|| = suppen [(f(§) — z,2%)| for £ € A and = € Ep.
By assumption in (b), § — [(f(§) — x,z})| is measurable for each k. Hence
& ||f(€) — x| is measurable, which finishes the proof. O

For d = m + n with m,n € N we write 2 = (y,2) € R? with y € R™ and
z € R® For f : R — E, y. € R™ and z, € R™ we define the functions
f¥ :R" — E and f* :R™ — E by

fy*(z) = f(y*,z), ZEan fz* :f(yaz*)u yERm-

PROPOSITION F.10 (Fubini’s theorem). Let f € L(R? E). Then there are
M € N,, and N € N, such that f¥Y € LIR",E) for all y € R™\ M and
f?e LR™ E) for all z € R"\ N. Moreover, define the maps F : R™ — E and
G:R" > E by
F)= [ fU2)de, yeR™\M, G(z)=[ F)dy, zeR"\N,

R" R

and equal to zero otherwise, respectively. Then F € L(R™ E) and G €
L(R"™ E), and further

/ fda= / Fly)dy= | G(2)de (F.4)
R R™ R™

As usual, with abuse of notation, one writes equation (F.4) as

[rae= [ ([ fw)ay)da= [ ([ f.2)dz) .

PRrROOF. We show that f¥ € L(R™, E) for all y € R™ \ M, where M € N,,.
Let #* € E* be arbitrary. Then (f,2*) : R? — C is measurable by Lemma F.9.
Thus for each y € R™ the scalar function (f¥, z*) is measurable. Since the image
of fY is separable, the strong measurability of fY follows from Lemma F.9. By
Tonelli’s theorem, we further have that

/Rm(/Rn Hf(’y,z)Hdz) dy:/Rd If]| dz < .

Hence [g. || fY(2)]|dz < oo for almost all y. We conclude f¥ € L(R", E) for
y € R™\ M with M € N,, from Lemma F 4.

We prove that F' € L(R™, E). Take simple functions fj converging pointwise
to fas k — oo. For y € R™\ M, each [z, f/(z)dz is simple as well, and
limy o0 Jgn fL(2)dz = Jgn fY(2)dz by dominated convergence. Hence F is
strongly measurable. Since

LRIy < [ 17 < o0
R™ R4
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by (F.3) and Tonelli’s theorem, we obtain F' € L(R™, E). Finally, the equality
(F.4) follows from the application of continuous functionals, Lemma F.7, Fu-
bini’s theorem in the scalar case and the Hahn-Banach theorem. The assertions
for G are shown in the same way. O

3. Vector-valued LP and Sobolev spaces

The definition of the vector-valued Lebesgue spaces is analogous to the scalar
case.
DEeFINITION F.11. Let E be a Banach space and A € By.

(a) Forp € [1,00) we define LP(A, E) as the set of all f : A — E such that
fla\n is strongly measurable for some N € Ny and fA\N | fIIPdz < oco.
Moreover, for f € LP(A, E) we set

l/p
lleriasy = (f, 1P aw) ™

(b) For p =00, L>®(A, E) is defined as the set of all f : A — E such that
flavw is strongly measurable for some N € Ny and

[fllzoe(a,) == mf{c € [0, 00 | [{[If (2)[| > c}| = 0} < oo.

We observe that || f||zr(a,r) is independent of N € Ny as above. In the same
way as for E = C one can prove the following facts. Part (c) below is the
vector-valued version of the Fischer-Riesz theorem.

PROPOSITION F.12. For p € [1, 0] the following holds true.

(a) For f,g € LP(A, E) we have Minkowski’s inequality
If +9llcrae) < 1flleeae) + gl zeia,z)-
(b) For f € LP(A,C) and g € LP (A, E), where p' := % forp #1 and

p' := 0o for p =1, we have Holder’s inequality

1f9llcramy < fllvcacyllgller a,m)-

(c) LP(A,E) endowed with || - || zp(a,5) becomes a complete semi-normed
vector space under pointwise addition and scalar multiplication.

(d) If f = f in LP(A, E), then there is a subsequence (fy,)ien such that
fr, — [ pointwise almost everywhere on A.

In the usual way one obtains from L£P(A, E) a normed space by considering
the factor space
LP(A,E) = LP(AE)/{f:A— E| f(z) =0 for dz-almost every z € A},

i.e., by identifying functions that are equal outside a set of measure zero. Setting

I N zecae) = 1fllcrcam

for an equivalence class [f] € LP(A, E) and any f € [f], we get that || - || 1»(4,r)
is a norm on LP(A, E). It is clear that ||[f]||zr(4,z) is independent of the chosen
f € [f]. The completeness of LP(A, E) carries over from LP(A, E), so that
LP(A, E) is a Banach space with respect to || - ||r(4,z)- As usual, with a slight
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abuse of notation, in the sequel we drop the equivalence brackets [-] and just
write f € LP(A, E).

We finish our considerations on LP-spaces by observing a density result.

LEMMA F.13. Let p € [1,00). Then the set of simple functions is dense in
LP(A, E). In particular, for any p,q € [1,00) we have that LP(A, E)N L1(A, E)
is dense in LP(A, E).

ProOOF. Let f € LP(A, E). Since f is measurable and we may assume that

its image is separable, it follows from Lemma F.2 that there is a sequence of
simple functions (fx)ren converging pointwise to f which satisfies || fx|| < 2| f||

for all k. Using the dominated convergence theorem, it follows as in the proof
of Lemma F.4 that fi — f in LP(A, E). O

We continue with vector-valued Sobolev spaces over open intervals (a,b) C R,
which is sufficient for our purposes in the course.

DEFINITION F.14. Let J = (a,b) for —oo < a < b < 400, let E be a Banach
space and let p € [1,00]. Then the Sobolev space Wpl(J, E) is defined as the set
of all f € LP(J, E) such that there is g € LP(J, E) satisfying

y
fly)— flx) = / g(t)dt for almost every x,y € J.

In this case we call g the weak derivative of f and write f' := g. For f €
W) (J, E) we further set

o i LU + 171 m) 7 i p € [100),
o max{ || fll zoo (.2, |.f ooy} if p = oo,

We observe that a weak derivative is uniquely determined in LP(J, E), so
that f’ is well-defined. It is clear that | - |]W;(J7E) is a norm on W) (J, E). As

in the scalar case one shows that WI}(J, E) is a Banach space with respect to

Il - HW1 7By The weak derivative is a bounded linear map from W, (J, E) to
°(J, E)

PROPOSITION F.15. Let p € [1,00]. Then each f € W, (J, E) has a represen-
tative belonging to C(J, E).

PROOF. There is xg € J such that f(y) = g(y) := f(xo) + [5 f'(t)dt for

almost every y € J. This defines a representative g : J — E of f. By the
dominated convergence theorem, g is continuous. O

We remark that for f € Wpl(J, E) the above result in particular allows to
give a meaning to f(z) € E for all z € J.

4. The Fourier transform on a Hilbert space valued L?-space

Let E be a Hilbert space with scalar product (-|-)g. For f € L'(R%, E) one
defines the Fourier transform as in the scalar case by

Fo=Fne=ent [ ¥ i@, err,
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We extend the Fourier transform to an isometric isomorphism on L?(RY, E).
Note here that L?(R? E) is a Hilbert space with respect to the scalar product
(o) = [ (S@)lg@)pde,

d

THEOREM F.16. Let E be a Hilbert space. Then F extends to an isometric
isomorphism on L*(R%, E), which is denoted by F again, with inverse F~!
given by (F~19)(y) = (Fg)(—y) for y € RL. Moreover, for f,g € L>(R%, E) we
have Plancherel’s formula

(ﬂg)L?(Rd,E) = (f|9)L2(Rd,E)~

Proor. Let f =3, 14,2, and g = >, 15, yx be simple functions. Using
Plancherel’s theorem for the scalar-valued case, we obtain

-~

(f|§)L2(Rd,E) = Z(iAn:En|j]'\Bk yk)L?(Rd,E)

n,k
= Z(iAn’in)LQ(Rd)(xnwk)
n,k
= Z(]lAn’]lBk>L2(Rd)(xn‘yk) = (f\g)m(Rd,E)-
n,k
In particular, ||f] r2®d,5) = [fllz2(a gy for simple functions f. By density

(see Lemma F.13), F extends continuously to an isometry on L2(R%, E), and
Plancherel’s formula continues to hold for the extension. Similarly, using the
inversion formula in the scalar case, we obtain that (F2f)(y) = f(—y) for a
simple function f and y € R%, and this equation continues to hold on L? (]Rd, E).

0
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