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Chapter 1
Introduction

In this chapter we provide an introduction to the field of mathematical systems theory.
Beside examples we discuss the notion of feedback and we answer the question why
feedback is useful. However, before we start with the examples we discuss the following
picture, which can be seen as the essence of systems theory. In systems theory, we

921 P éy

Figure 1.1.: A system

consider models which are in contact with their environment. In the above picture, P
denotes the to-be-studied-model which interacts with its environment via v and y. v and
y are time signals, i.e., functions of the time ¢. The function u denotes the signal which
influences P and y is the signal which we observe from P. u is called the input or control
and y is called the output. The character P is chosen, since it is short for plant, think
of chemical or power plant. To obtain a better understanding for the general setting as
depicted in Figure 1.1, we discuss several examples in which we indicate the input and
output.

Regarding these examples, we should mention that we use different notations for
derivatives. In the best tradition of mathematics, we use f, %, and fM to denote the
first derivative of the function f. Similar for higher derivatives.

1.1. Examples

Example 1.1.1 Newton’s second law states that the force applied to a body produces
a proportional acceleration; that is

F(t) = mi(t). (1.1)

Here ¢(t) denotes the position at time t of the particle with mass m, and F'(t) is the
force applied to it. Regarding the external force F'(t) as our input u(t) and choosing the
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position ¢(t) as our output y(t), we obtain the following differential equation
1
§j(t) = —u(t), t>0. 1.2
i) = —u),  t> (12)

Thus the differential equation describes the behaviour “inside the box P”, see Figure 1.1.
Further, we can influence the system via the external force u and we observe the position
y. In this simple example we clearly see that u is not the only quantity that determines
y. The output also depends on the initial position ¢(0) and the initial velocity ¢(0).
They are normally not to our disposal to choose freely, and so they are also “inside the
box”. O

Example 1.1.2 Consider the electrical network given by Figure 1.2. Here V denotes
the voltage source, L1, Lo denote the inductance of the inductors, and C' denotes the
capacitance of the capacitor.

L+l |=c |= L

Figure 1.2.: Electrical network

For the components in an electrical circuit, the following basic laws hold: the current
I;, and voltage Vi, across an inductor with inductance L is related via

dl
Vi(t) = Ld—tL(t), (1.3)
whereas the current I and voltage Vi of the capacitor with capacitance C are related

via dVC
Ie(t) = C=E (). (1.4)

The conservation of charge and energy in electrical circuits are described by Kirchhoff’s
circuit laws. Kirchhoff’s first law states that at any node in an electrical circuit, the sum
of currents flowing into the node is equal to the sum of currents flowing out of the node.
Moreover, Kirchhoff’s second law says that the directed sum of the electrical potential
differences around any closed circuit must be zero. Applying these laws to our example,
we obtain the following differential equations

Ly dgl (1) = Vi, (1) = Ve (t) + V (1), (1.5)
1M (1) = Vi, (1) = Vo), and (1.6)
OB 1) = Iet) = 10, (1) ~ T (1) (1.7)
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We assume that we can only measure the current Iy, i.e. we define
y(t) = Ir, (1)
Using (1.5), we obtain Liy™M () = Vo (t) + V/(t). Further, (1.7) then implies
LiCy P () = —y(t) — Ip,(t) + CV (). (1.8)

Differentiating this equation once more and using (1.6), we find

LiCy(e) = —y(e) ~ T (1) + V(D) =~y (1) — Velr) + V()
2
= —y0(0) - = (LM ) - V(H) + VO ), (19)
2

where we have used (1.5) as well. We regard the voltage supplied by the voltage source
as the input u. Thus we obtain the following ordinary differential equation describing
our system

LiCy® () + <1 + %) y M @) = —u(t) + Cu? (1) (1.10)
O

Example 1.1.3 Suppose we have a mass m which can move along a line, as depicted
in Figure 1.3. The mass is connected to a spring with spring constant k&, which in turn
is connected to a wall. Furthermore, the mass is connected to a damper whose (friction)
force is proportional to the velocity of the mass by the constant . The third force which
is working on the mass is given by the external force F'(t).

q(t)

k

— T —
I

r

Figure 1.3.: Mass-spring-system

Let ¢(t) be the distance of the mass to the equilibrium point. Then by Newton’s law
we have that
md(t) = total sum of the forces.

As the force of the spring equals kq(t) and the force by the damper equals r¢(t), we find

md(t) + rq(t) + kq(t) = F(t). (1.11)
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We regard the external force F(t) as our input u and we choose the position as our
output y. This choice leads to the following differential equation

my(t) + ry(t) + ky(t) = u(t). (1.12)
O

Until now we have only seen examples which can be modelled by ordinary differential
equations. The following examples are modelled via a partial differential equation.

Example 1.1.4 We consider the vibrating string as depicted in Figure 1.4. The string
\f\/_J '

Figure 1.4.: The vibrating string

is fixed at the left hand-side and may move freely at the right hand-side. We allow that
a force u may be applied at that side. The model of the (undamped) vibrating string is
given by

0w 1 0 ow

—((,t) = —=— | T(()—((,1) | . 1.13

6.0 =~ (1052 (1.13)

where ( € [a, b] is the spatial variable, w((,t) is the vertical displacement of the string at
position ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass density,
which may vary along the string. This model is a simplified version of other systems
where vibrations occur, as in the case of large structures, and it is also used in acoustics.
The partial differential equation (1.13) is also known as the wave equation.

If the mass density and the Young’s modulus are constant, then we get the partial

differential equation
O*w L, 0%w

W(C?t) =c 8—@(C7t)7 (114)

where ¢? = T'/p. This is the most familiar form of the wave equation.

In contrast to ordinary differential equations, we need boundary conditions for our
partial differential equation (1.13) or (1.14). At the left hand-side, we put the position
to zero, i.e.,

w(a,t) =0 (1.15)
and at the right hand-side, we have the balance of the forces, which gives
0
T(b)a—?(b, £) = u(t). (1.16)

There are different options for the output. One option is to measure the velocity at the

right hand-side, i.e.,
ow

y(t) = E(b’ t). (1.17)
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Another option could be to measure the velocity in a point between a and b, or to
measure the position of the wave, i.e., y(t) = w(-,t). Hence at every time instant, y is a
function of the spatial coordinate. O

We end this section with another well-known partial differential equation.

Example 1.1.5 The model of heat conduction consists of only one conservation law,
that is, the conservation of energy. It is given as

Oe 0

where e((,t) is the energy density and Jg((,t) is the heat flux. This conservation law is
completed by two closure equations. The first one expresses the calorimetric properties
of the material:

g—; = ey (T), (1.19)

where T'((, t) is the temperature distribution and ¢y is the heat capacity. The second clo-
sure equation defines the heat conduction property of the material (Fourier’s conduction
law):
oT
Jo=-\T,{)—, 1.20

Q=M. (1.20)
where A\(T, () denotes the heat conduction coefficient. Assuming that the variations of
the temperature are not too large, we may assume that the heat capacity and the heat
conduction coefficient are independent of the temperature. Thus we obtain the following
partial differential equation

oT 10 orT
560 = (MOGEn) . Cela). 20 (1.21)
As for the vibrating string, the constant coefficient case is better known. This is
or o*T
_— = —_— > .
(D =agz . @b, 120 (122

with o = A /ey

Again, we need boundary conditions for the partial differential equations (1.21) and
(1.22). If the heat conduction takes places in a perfectly insulated surrounding, then no
heat can flow in or out of the system, and we have as boundary conditions

or or
3_C(a’t) =0, and )\(b)a—C

It can also be that the temperature at the boundary is prescribed. For instance, if the
ends are lying in a bath with melting ice, then we obtain the boundary conditions

Aa) (b,t) = 0. (1.23)

T(a,t) =0, and T'(b,t) = 0. (1.24)
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As measurement we can take the temperature in a point y(t) = T'(o,t), (o € (a,b).
Another choice could be the average temperature in an interval ((p,(1). In the latter
case we find

1 G

o) = —— [ TEo.
¢t —Co Je¢

As input we could control the temperature at one end of the spatial interval, e.g. T'(b,t) =

u(t), or we could heat it in the interval ({p,(1). The latter choice leads to the partial

differential equation

oT 10 orT
E(Ci) = o ac <)\(C)a—€(@t)> +u(¢,1),
where we define u(¢,t) = 0 for ¢ & (o, (1)- O

1.2. How to control a system?

In the previous section we have seen that there are many models in which we can
distinguish an input and an output. Via the input we have the possibility to influence
the system. In particular, we aim to choose the input u such that y or all variables in
the box behave as we desire. Note that the phrase “to behave as we desire” means that
we have to make choices. These choices will be based on the type of plant we are dealing
with. If P represents a passenger airplane, and y the height, we do not want y to go from
10 kilometer to ground level in one second. However, we would like that this happens in
half an hour. On the other hand, if the plant represents a stepper, then very fast action
is essential. A stepper is a device used in the manufacture of integrated circuits (ICs)
and it has got its name from the fact that it moves or ”steps” the silicon wafer from
one shot location to another. This has to be done very quickly, and with a precision on
nano-meters, see for more information http://en.wikipedia.org/wiki/Stepper.

So generally, the control task is to find an input u such that y has a desired behaviour
and we shall rarely do it by explicitly calculating the function u. More often we design
u on basis of y. Hence instead of open loop systems described by Figure 1.1, here given
once more as Figure 1.5, we work with closed loop systems given by Figure 1.6. In order

— =

Figure 1.5.: Our system

to “read” the latter picture, it is sufficient to know some simple rules. As before, by a
rectangular block we denote a model relating the incoming signal to the outgoing signal.
This could for instance be an ordinary or partial differential equation. Mathematically
speaking one may see P and C as operators mapping the signal v to the signal y and
vice versa. At a node we assume that the incoming signals are the same as the outgoing
signals. The arrows are indicating the directions of the signals.
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C

Figure 1.6.: Feedback system

As before by P we denote the system which should be controlled, and by C we denote
our (designed) controller.

In this section we show that closed loop systems have in general better properties than
open loop systems. We explain the advantages by means of an example. We consider
the simple control problem of steering the position of the mass m to zero, see Example
1.1.1. Hence, the control problem is to design the force F' such that for every initial
position and every initial velocity of the mass the position of the mass is going to zero
for time going to infinity. To simplify the problem even more we assume that the mass
m equals one, and we assume that we measure the velocity and the position, i.e.,

o _ | a®)
d(t) =u(t) and y(t) [ ilt) ] . (1.25)
In Exercise 1.2 the case y(t) = q(t) is discussed.

In order to design the controller C for the plant described by (1.25) we proceed as
follows. First we have to specify what we mean by “to behave as we desire”, that is, we
have to decide how and how fast the position should go to zero. It is quite common to
choose an “ideal” differential equation such that the solutions have the desired behaviour.
We consider the solutions of the differential equation

FO@) +2fM @) + f(t) = 0. (1.26)

The general solution of (1.26) is given by f(t) = ae™t+ Bte~!. This is to our satisfaction,
and so we try to design a control u such that the position ¢ is equal to a solution of the
equation (1.26). If we choose

u(t) = [ =1 =2 Jy(t) = —2¢"(t) - q(t), (1.27)

then the position of the mass indeed behaves in the same way as the solutions of (1.26).
Note that for the design of this feedback law no knowledge of the initial position nor the
initial velocity is needed. If we want to obtain the same behavior of the solution by an
open loop control, i.e., if we want to construct the input as an explicit function of time,
we need to know the initial position and the initial velocity. Suppose they are given as
q(0) = —2 and ¢ (0) = 5, respectively. Calculating the position as the solution of

qP(t) +2¢V () +qt) =0, t>0, q0)=-2 ¢ (0) =5,
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we obtain
q(t) = —2e7 " + 3te™! (1.28)

Thus by (1.27) we find
u(t) = —8e™ + 3te™". (1.29)

Applying this input to the system

@)(t) = u(t) (1.30)

would give the same behavior as applying (1.27).
We simulate the open loop system, i.e., (1.30) with u(¢) given by (1.29) and the closed
loop system, i.e, (1.30) with u(t) given by (1.27). The result are shown in Figure 1.7. We

0.5¢
0 =

‘‘‘‘‘‘

Yy
I3

-1.5

o 2 4 6 8 10 12 14 16 18 20
t—

Figure 1.7.: The solution of the open loop system (1.30) and (1.29) (dashed line) and
the solution of the closed loop system (1.30) and (1.27) (solid line)

obtain that the simulation of the open loop system is worse than the one of the closed
loop system. This could be blamed to a bad numerical solver, but even mathematically,
we can show that the closed loop system behaves superior to the open loop system. We
have assumed that we know the initial data exactly, but this will never be the case. So
suppose that we have (small) errors in both initial conditions, but we are unaware of the
precise error. Thus we apply the input (1.29) to the system

g@t) =u(t), t>0, q0)=q, ¢(0)=q,

where gy and ¢ are not exactly known initial conditions. The solution of this ordinary
differential equation is given by

q(t) = —2e"+3te " + (g0 +2) + (¢1 — H)t. (1.31)

Hence any small error in ¢(0) will remain, and any error in ¢(") (0) will even increase. This
effect also occurred in the simulation. No matter how good the quality of the simulation
is, there will always be small errors, which results in the misfit of the solution.
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Apart from the initial conditions which could contain a (small) error, there is always
the question of the exact value of the physical parameters. To illustrate this, assume
that we have measured the mass with a large error, so assume that the real value of the
mass is 2. By means of a simulation, we show that the feedback law (1.27) still works.
Note, the function ¢ can also be calculated analytically. The position is still converging

150 ‘v

TOAs?N
> oM

-0.5}

0 2 4 6 8 10 12 14 16 18 20
t—

Figure 1.8.: The solution of the system 2¢(®) (t) = u(t) with feedback (1.27) (dashed line)
and the solution of the system (1.30) with the same feedback (1.27) (solid
line)

to zero, and so the design criterion is still satisfied. This shows the power of feedback.

1.3. Exercises

1.1. Consider the electrical network as given below.

Figure 1.9.: RCL network

As input we choose the voltage supplied by the voltage source, and as output we
measure the voltage over the resistor. Note that the current Ir and the voltage
VR across a resistor with resistance R is related via Vg = RIgr. Determine the
ordinary differential equation modeling the relation between u and y.
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1.2. As in Section 1.2 we study the system

i(t) = u(t). (1.32)

In this and the next exercise we investigate the properties of the feedback a little
further. First we show that the feedback as designed in Section 1.2 still works well
if we add some perturbation to the output. In the second part we study whether
the same holds for the open loop system.

a)

As output we choose
¢
vt) = [49]-
However, we assume that we cannot observe the output exactly due to some
noise. We model the noise as a small signal which changes quickly, and so we
take [Es}n(“}t) ], with € small, and w large. For simplicity we have taken both
e sin(wt)
components of the noise to be equal, but this is non essential.
So the output that we have at our disposal for controlling the system is

q(t) esin(wt)
[q(t)] - [Esin(wt):| :
We apply the same feedback law as given in (1.27), that is,
u(t) = —2(qV(t) + esin(wt)) — (q(t) + esin(wt)).

Determine the solution of the closed loop system, and conclude that the per-
turbation on the output y remains bounded. More precisely, the perturbation
on the output y is bounded by C'5, where C' > 0 is independent of € > 0 and
w > 1.

In the previous part we have seen that adding noise to the observation or con-
trol hardly effects the desired behavior when we work with feedback systems.
We now investigate if the same holds for the open loop system. We consider
the system (1.32) with initial conditions ¢(0) = —2,¢(0) = 5, as input we take

u(t) = —8e~ " + 3te™" — 3esin(wt)
and as output we choose
v =[1]
Calculate the output y and conclude that the perturbation on the output y
is unbounded.

1.3. We consider again the system described by equation (1.32), but now we assume
that we measure the position only, i.e., y(t) = q(t).

10

a)

As feedback we choose u(t) = ky(t), k € R, where y(t) = q(t).

Show that for every k € R there exists an initial condition such that the
solutions of the differential equation (1.32) with this feedback do not converge
to zero.
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b) As in the previous part we choose the output y(t) = ¢(t), but we model the
controller C again by a differential equation, that is, the input u is an output
of another system. More precisely, we choose

2(t) = —3z(t) + 8y(t), u(t) = z(t) — 3y(t). (1.33)

Show that if y, z, u satisfies

then y satisfies the equation

y (1) = 200 = 3y (1) = =3 (5P (1) + 3y(®)) + 8y(t) - 3y (0),

Conclude that y converges exponentially to zero. More precisely, we have
ly(t)| < C(t? + 1)e~t, for some constant C' > 0.

1.4. Notes and reference

The examples and results presented in this chapter can be found in many books on
systems theory. We refer to [Son98] and [KK86] for the examples described by ordinary
differential equation, and to [CZ95] for the examples described by partial differential
equations. [Son98] also provides a discussion on feedback systems.
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dimensional systems.
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Chapter 2
State Space Representation

In the previous chapter we have introduced models with an input and an output. These
models were described by an ordinary or partial differential equation. However, there
are other possibilities to model systems with inputs and outputs. In this chapter we in-
troduce the state space representation on a finite-dimensional state space. Later we will
encounter these representations on an infinite dimensional state space. State space repre-
sentations enables us to study systems with inputs and outputs in an uniform framework.
In this chapter, we show that every model described by an ordinary differential equation
possesses a state space representation on a finite-dimensional state space, and that it is
just a different way of writing down the system. However, this different representation
turns out to be very important as we will see in the following chapters. In particular, it
enables us to develop general control strategies.

2.1. State space models

In this section, we show that every linear ordinary differential equation with constant
coefficients can be written in the form

#(t) = Az(t) + Bu(t), y(t) = Cx(t) + Du(t), (2.1)

where z is a vector in R™ (or C"), and A, B,C, and D are matrices of appropriate sizes.
This is known as the state space representation, state space system or state space model.
The vector z is called the state. State space representations with a finite-dimensional
state space are also called finite-dimensional systems. The first equation of (2.1) is
named the state differential equation.

Note that most of the calculations in this section are formally, that is, we do not need
the notion of (classical) solution of linear ordinary differential equations with constant
coefficients nor of a state space representation. Further, we have no specific assumption
on the input w. One may for simplicity just assume that u is sufficiently smooth. The
aim of this section is to show that under some mild conditions state space representations
and linear ordinary differential equations with constant coefficients are equivalent. Note

13



2. State Space Representation

that under mild assumptions it can be shown that both representations possess the same
solutions. In the next section, we discuss the notion of classical and mild solutions of
the state space representation (2.1) in more details.

First of all we show that the Examples 1.1.1 and 1.1.2 have a state space representation.

Example 2.1.1 Consider Newton’s law of Example 1.1.1, with input the force and
output the position, see equation (1.2),

u(t) = my(t).

We choose the state z(t) € R? as

For this choice we see that

o- [ (23] [ s

Thus Newton’s law can be written in the standard state space formulation with

0 1 0
A:[O 0}, B:[l], C=[1 0] and D=0.

O

m

For Newton’s law we had to introduce a new state variable in order to obtain the
state space representation. However, some models appear naturally in the state space
representation. This holds for example for the electrical circuit of Example 1.1.2.

Example 2.1.2 Consider the electrical circuit of Example 1.1.2. The differential equa-
tion relating the voltage V provided by the voltage source, and the current through the
first inductor Iy, is given by the differential equation

LiCy®)(#) + <1 + %) y D (t) = —u(t) + Cu@(2).

However, to find the state space representation we use the equations (1.5)—(1.7) directly,
that is, we consider the equations

Ly CEL () = Vi, (1) = Velt) + V(1) (2.3)
L dif (8) = Vi, () = Vio(t), and (2.4)
CEL (1) = To(t) = ~ T, (1)~ T (o). (2:5)
As state vector we choose
z1(t) I, (t)
z(t) = | z2(t) | = | Ir,(2)
x3(t) Ve (t)

14



2.1. State space models

Using the equations (2.3)—(2.5) we find

Eas(t) + £V (1) 0 0 £ 771 = -
i(t) = 3(t) =1 0 0 £ za(t) |+ 0 | V(). (2.6)
—dai(t) — a(t) ¢ —v 0 ] Las) 0

If we use the (standard) notation u for the input V' and y for the output/measurement
I, , then the system of Example 1.1.2 can be written in the state space representation
with

0o 0 £ =
L1 L1
A= 0 0 £ |, B=| 0|, C=[10 0] andD=0.
_é _% 0 0 O

Our construction of the state space representation may seem rather ad-hoc. However,
next we show that every linear ordinary differential equation with constant coefficients
has a state space representation. In order to explain the main ideas we first consider an
example.

Example 2.1.3 Consider the following differential equation.
y(t) + 5y(t) + 6y(t) = Tu(t) + 8u(t). (2.7)

The standard way of deriving a state space representation from a differential equation
is to transform it into an integral equation.

In order to this we first move every term, except the highest derivative of y, to the
right-hand side of the equation. Thus we obtain,

§(t) = Tu(t) + 8u(t) — dy(t) — 6y(t).

Now we integrate this equation as often as needed to remove all the derivatives of y,
here we have to integrate twice

y(t) = /0 /0 (Ta(r) + 8u() — 5y(r) — 6y(r)) dr ds + y(0) + §O)t

= / <7u(8) —5y(s) — Tu(0) + 5y(0) + /s 8u(T) — 6y(7) dT) ds + y(0) + y(0)¢
0 0
=y(0)+
/0 <7u(8) — 5y(s) — Tu(0) + 5y(0) + y(0) —I—/O 8u(t) — 6y(7) d7'> ds. (2.8)

Note that we only have to evaluate two integrals: the integral of —6y(t) + 8u(t), and the
integral of the first integral plus 7u(t) — 5y(t) — 7u(0) + 5y(0) + ¢(0). Up to a constant,
we choose the result of these integrals as our state variables, i.e., zx(t), k = 1,2,

y(t) = /0 <7u(s) — 5y(s) —Tu(0) + 5y(0) + y(0) + /08 8u(r) — 6y(T) d7'> ds +y(0) .

z2(s)

wl(t)

15



2. State Space Representation

With this choice of variables we obtain

y(t) = x(t)
z1(t) = Tu(t) —5y(t) + x2(t)
ia(t) = Sult) - 6y(t

or equivalently

. -5 1 7

z(t) = [ 6 0 ] x(t) + [ 3 ] u(t) (2.9)

y(t)=[1 0]zt (2.10)
This is a state space representation of the differential equation (2.7). O

For a general differential equation with constant coefficients we can adopt the proce-
dure used in the previous example. In order not to drown in the notation and formulas
we omit the variable . Consider the differential equation

(n—1)

y™ 0, 1y 1y 4 poy = @™ + g1 w™ Y 4+ + gou. (2.11)

We assume that n > m. Note that without loss of generality, we may assume that
m = n, otherwise we may choose ¢n+1 = -+ = ¢, = 0. Moving every y-term, except the
highest derivative of y, to the right-hand side gives

y" = gul™ + (qn_lu(”‘l) - pn_ly(”‘1)> +o+ (qlu(” - ply(l)) + (qou — poy) -

In order to explain the main ideas we ignore the initial conditions in the following.
Integrating this equation n times and reordering the terms, we obtain

y:Qnu+/<Qn—lu_pn—1y+"'+/(q1u_p1y+/(QOu_p0y))>'

Each integral defines a state variable

Y= qnu+/<qn—1u—pn—ly-i----+/(Q1u—p1y+/(%u—poy))>-
| S ——

In

Tn—1

a1
Hence we obtain the following (differential) equations
y(t) = qnu(t) + z1(t),
#1(t) = qn-1u(t) — pn—1y(t) + z2(1),

Tp—1(t) = qu(t) — pry(t) + za(),
i (t) = qou(t) — poy(t).
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2.1. State space models

This system corresponds to the state space representation

[ —Pn—-1 1 0 T 0 [ dn—1 — Pn—14n 1
x(t) = : 1 0 x(t) + : u(t), (2.12)
-1 0 1 q1 — P1Gn
| —po 0 -+ 0 0] | 90— DPogn |
y)=[1 0 ... 0 ]z(t)+ gu(?). (2.13)

We summarize the above result in a theorem.

Theorem 2.1.4. Ifm < n, then the ordinary differential equation (2.11) can be written
as a state space system with an n-dimensional state space. One possible choice is given
by (2.12) and (2.13).

Concluding, every ordinary differential equation with constant coefficients has a space
space representation, provided the highest derivative of the input does not exceed the
highest derivative of the output.

A natural question is, if the converse holds as well. Hence given a state space repre-
sentation, can we find an ordinary differential equation relating v and y. We show next
that this holds under a mild condition.

Theorem 2.1.5. Consider the state space system as given in equation (2.1) and assume
that the output is scalar valued. If the matrix

C

CA
O = , (2.14)

C An—l
has full rank, then there exists a differential equation describing the relation of u and y.

PROOF: In order to derive the differential equation describing the relation of u and y,
we assume that the input u is (n — 1)-times differentiable. This implies that the output
y is also (n — 1)-times differentiable. As the output is scalar valued, the matrix O
is a square matrix. Thus by assumption O is invertible. Differentiating the equation
y(t) = Cz(t) + Du(t) and using the differential equation for x, we find

yV = C (Az + Bu) + Dulb).

By induction it is now easy to see that

k—1
y® = CcAkz +3 " CA'But0 4 DU, (2.15)
=0

17



2. State Space Representation

Hence we have that

y c D 0 0 u
y™ cA cB D ul®)
: 0
T CcA™! CA" 2B c¢B D | [ u"Y
D 0 0 u
cB D . u®
—Or+ ' . , . (2.16)
cA2B ... ¢B D | | u"Y

Since O is invertible, x can be expressed by u, y and its derivatives

y D o -+ 0 u
(1) . : 1)
Yy u
r=9""1 —o! ¢B b , (2.17)
: : 0 :
yy cA~2p ... ¢ D | Lu"Y
Inserting this in (2.15) with k£ = n, we find
n—1
y™ =CA"w + Y CA'Bu 0 + Du™
/=0
y D 0o --- 0 U
1) . . (1)
Yy .. : U
:CAnD—l . o CAnD_l CB D ‘
: : . 0 :
y Y cA"2B ... ¢B D | [ u"Y
n—1
+3 CA'Bu0 4 Du™. (2.18)
=0
This is a differential equation relating v and y, and thus the theorem is proved. O

We apply the above result on the example of the electrical circuit, see Example 2.1.2.

Example 2.1.6 Consider the state space representation of Example 2.1.2. Since n = 3,
the matrix O, see (2.14) is given by

1 0 0
O=1] 0 0 =
1 __1 0
L.C L.C
which is invertible with inverse
1 0 0
Ol=|-1 0 -L,C
0 L 0
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2.2. Solutions of the state space models

We calculate the other terms in equation (2.18)
T 1 1
A?»:[o 0 —tis — ko B=—, CAB= A’B=——.
C 3¢ ~ TilaC | C oo C 0, and C 7C
Substituting this in (2.18), we obtain
. . 1 0 0 Yy
y=[00 —Fe-rie || -1 0 —Lo ||y
0 Ly 0 y2)
1 0 0 0 0 O u
[0 e mhe || 0 cne |0 0 )
0 Li 0 0 £ 0] [u®
1 1
S )
+ Llu L%CU'

Evaluating all the products, we find the differential equation

oo (Lo Yo (Lt Yy, e 1,
LiC " LyC L3C ' LiLy,C L L2C

1 1 1 1
(L ) Le | 2.19
(LlC * L20> R R Y e (2.19)
This is exactly equation (1.10). O

Hence, we have shown that state space models appear naturally when modeling a
system, but they can also be obtained from an ordinary differential equation.

2.2. Solutions of the state space models

In this section, we derive the solution of equation (2.1). This equation consists of a
differential equation and an algebraic equation. If the differential equation is solved,
then the solution of the algebraic equation follows directly. Thus we concentrate here
on the differential equation

#(t) = Az(t) + Buf(t), x(0) = x. (2.20)

In our examples all our matrices and state spaces were real. However, sometimes it is
useful to work on C" instead of R”. So we assume that A € K"*" B € K"*™ and
xo € K", where K equals either R or C.

Equation (2.20) is a system of linear inhomogeneous differential equations with con-
stant coefficients. By a classical solution of (2.20) we mean a function z € C'([0, 00); K™)
satisfying (2.20).

Theorem 2.2.1. If u € C([0,00); K™), then the unique classical solution of (2.20) is
given by the variation of constant formula

t
x(t) = eAt{L‘O +/ eA(t_s)B'LL(S) ds, t 2 0 (221)
0
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2. State Space Representation

For completeness we include a proof of this theorem. However, we assume that the
reader is familiar with the fact that the (unique) solution of @(t) = Az(t),z(0) = zg is
given by eAt

PROOF: We first assume that x is a classical solution of (2.20). Then we have

& [eACa(s)

4 = ADi(s) — AAa(s)
= A9 [Ax(s) + Bu(s)] — AeA )z (s)

A3 Bu(s),

which implies

t
/eA(t_s)Bu(S)ds = /ds (€A g (s)] ds = AV a(t) — A0z (0)
0

= z(t) — eMlay.

Equivalently, equation (2.21) holds. This shows that the solution is unique provided it
exists. Thus it remains to show the existence of a classical solution.

Clearly, all we need to show is that = defined by (2.21) is an element of C'*(]0, 00); K™)
and satisfies the differential equation (2.20). It is easy to see that z € C*([0,00); K™).
Moreover, for t > 0 we have

i(t) = Aezy+ Bu(t) /Ae (t=9) Bu(s) ds

= A<eAta;0+/ Alt=9) Bu(s) ds > + Bu(t)
0
= Aux(t) + Bu(t).
This concludes the proof of the theorem. O

Thus for continuous input signals, there exists always a unique classical solution of
the differential equation (2.20). However, we would like to have the freedom to deal
with discontinuous and in particular (square) integrable inputs. Hence we choose as our
input function space the set of locally integrable functions, Li ([0, 00); K™). Under mild
conditions the existence of a classical solution implies the continuity of the input function
u, see Exercise 2.2. Thus for u € LL ([0,00); K™) we cannot expect that the differential
equation (2.20) possesses a classical solution. However, for these input functions the
integral (2.21) is well-defined, and it defines a mild solution as we show in the following.

Definition 2.2.2. A continuous function z : [0,00) — K" is called a mild solution of
(2.20) if z is continuous and satisfies the integrated version of the differential equation
(2.20), i.e., if it satisfies

x(t) =z + /Ot Az(s) + Bu(s)ds for t > 0. (2.22)
U
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2.3. Port-Hamiltonian systems

The following theorem is proved in Exercise 2.2.

Theorem 2.2.3. Let u € L{ ([0,00);K™). Then equation (2.20) possesses a unique
mild solution which is given by (2.21).

Thus for every u € Li ([0,00); K™) the state space system (2.1) has the unique (mild)
solution given by

t
z(t) = el —|—/ A=) Bu(s) ds
0

t
y(t) = CeAta:O + / CeA(t_S)Bu(s) ds + Du(t).
0

In the next session we discuss a special class of state space models.

2.3. Port-Hamiltonian systems

The state space of the state space system (2.1) is given by the Euclidean space R™ or C",
and thus it is natural to work with the standard Euclidean norm/inner product on the
state space. However, for many (physical) examples this is not the best choice. For these
systems it is preferable to take the energy as the norm. To illustrate this, we return to
Example 2.1.2.

Example 2.3.1 The model of the electrical network of Example 2.1.2 is given by, see
(2.3)—(2.5),

dly,

LB ) = v, (1) = Vo) + V), (2.23)
L2 T2 () = Vi, (1) = Ve (), (2.24)
OB 1) = 1o(t) = ~11, (1) ~ T, (1), (2.25)

As in Example 2.1.2 we choose I, I1,, and V¢ as the state space variables, and so the
natural norm on the state space seems to be

I

L1
In, ||| =1}, + 17, + V&
c

Ve

However, this is not the best choice. The preferred norm for this example is the square
root of the energy of the (physical) system. For this particular example, the energy
equals

1
E =5 (L, + LIt + CVE). (2.26)
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2. State Space Representation

Although this norm is equivalent to the Euclidean norm, the energy norm has some
advantages. To illustrate this, we differentiate the energy along solutions. Using (2.23)—
(2.25), we find that

dVeo

1) = 2201, (1) + 222 012, 0) + 0T (1o

=Ve®) + V)L, () + Vo)L, (t) + (11, (t) — 11,(t) Ve (t)
— V()11 (%). (2.27)

Thus the derivative of the energy along solutions equals the product of the input times
the output, see Example 2.1.2. Note that, if we apply no voltage to the system, then
the energy will remain constant which implies that the eigenvalues of the matrix A in
Example 2.1.2 are on the imaginary axis. O

The energy of the system does not only provide a link with physics, also system
properties become simpler to prove. The above example is a particular example of a
port-Hamiltonian system. Recall that a matrix H is positive-definite if it is self-adjoint
and if z*Hx > 0 for all vectors « # 0. Note that we always write x* even if we deal with
real vectors, and in this situation z* equals the transpose of the vector.

Definition 2.3.2. Let H be a positive-definite matrix, and let J be a skew-adjoint
matrix, i.e., J* = —J. Then the system

&(t) = JHz(t) + Bu(t) (2.28)
y(t) = B*Hx(t) (2.29)

is called a port-Hamiltonian system associated to H and J. J is called the structure
matriz and H is the Hamiltonian density. The Hamiltonian associated to H is %x*Hm.D

This definition is a special case of a much more general definition. We have restricted
ourselves here to the linear case, in which the Hamiltonian is quadratic, i.e., equals
%x*Hm, but other Hamiltonian’s are also possible. In many examples the Hamiltonian
will be equal to the energy of the system.

Since H is positive-definite, the expression %JE*H:E defines a new norm on K", see for
example (2.26). This norm is associated to the inner product (x,y)y := y*Hzx, and
is equivalent to the Euclidean norm. Port-Hamiltonian systems possess the following
properties.

Lemma 2.3.3. Let the norm | - ||3 on K" be defined as ||z||y = \/ 3z*Hz, where H is

an arbitrary positive-definite matrix, and let x be a (classical) solution of (2.28)—(2.29).
Then the following equality holds

dllz(t)]1%

2L = Re (y(t)"u(t)) (2.30)
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PROOF: As x is a classical solution, we may differentiate the squared norm, and obtain

% = S0 (1) + 3 (0) M)
- %:p(t)*H (JHz(t) + Bu(t)) + % (JHz(t) + Bu(t))* Ha(t)
= 5 () LT Ha(t) + (1) H T He(r) 4+ (1) HLBu(t) + (1) B*Har(1)
=0+ % (y() u(t) + u"()y(t)), (2.31)
where we have used that J is skew-adjoint and  is self-adjoint. =

From the equality (2.30), we can conclude several facts. If u = 0, then the Hamiltonian
is constant. Thus the solutions lie on isoclines, and the energy remains constant when
applying no control. Furthermore, we also get an idea of how to stabilize the system,
i.e., how to steer the state to zero. The input u(t) = —ky(t), k& > 0, makes the energy
non-increasing. This line of research will be further developed in Chapter 4. We end
this chapter by identifying the structure matrix and the Hamiltonian density for the
electrical network of Example 2.3.1. If we choose the state x as in Example 2.1.2, then

0 0 ﬁ Ly 0 0
1 - 0 0 C

T IT.C T I.C

However, it is possible to choose a state variable for which J is not depending on the
physical parameters, see Exercise 2.3.

2.4. Exercises

2.1. In this exercise we show that a state space representation is not uniquely deter-
mined.

a) Consider Example 2.1.1, and obtain a state space representation of Newton’s

law with state x(t) = [Zgg ]

b) Consider the state space model (2.1). Let T by an invertible n x n-matrix,
and define z(t) = Tz(t).
Show that z is also a state of a state space representation, i.e., determine
Ap, By, Cp, and Dy such that

2(t) = Apz(t) + Bru(t) y(t) = Crz(t) + Dru(t). (2.33)

¢) Under the assumption that the output function is scalar-valued and the matrix
9, see (2.14), has full rank, show that the differential equation relating u
and y determined by (2.1) equals the differential equation relating u and y
determined by (2.33).
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2. State Space Representation

2.2.

2.3.

Hence although the state is non-unique, the differential equation relating the
input and output is.

In this exercise we study the solutions of the state space representation (2.20) in
more detail.

a) Show that if = is a classical solution of (2.20) and B is injective, then w is
continuous.

b) Prove Theorem 2.2.3.

Beside the notion of a mild solution there is also the notion of a weak solution. A
function x : [0,00) — K" is said to be a weak solution of the differential equation
(2.20), if 2 is continuous and if for every ¢t > 0 and every g € C*([0,]; K") the
following holds

/0 9(r)" (Az(7) + Bu(r)) + g(7)"2(7) dr = g(t)"x(t) — 9(0)"z0.

It can be proved that for every u € L ([0, 00); K™), the function x given by (2.21)
is the unique weak solution of (2.20).

In this exercise we investigate again the port-Hamiltonian structure of the electrical
network of Example 2.1.2.

a) Show that the state space model as derived in Example 2.1.2 can be written
as a port-Hamiltonian model with the J and H given by (2.32).

b) For a port-Hamiltonian system the matrix A in the state space representation
is given by JH. However, there are many ways of writing a matrix as a
product of two other matrices, and thus the matrices J and H are not uniquely
determined. Therefore, we may add additional conditions. The standard
condition is that J may not depend on the physical parameters, which also
explains the name “structure matrix”.

Choose a state x such that the electrical network of Example 2.1.2 can be
written as a port-Hamiltonian system with

0 0 1
J = 0 0 1
-1 -1 0

Determine the Hamiltonian density in this situation and show that the Hamil-
tonian remains unchanged.

2.5. Notes and references

After the famous work of Kalman [Kal60] in the sixties, state space formulation has
become one of the most used representation of systems. We refer to [Son98] and
[KK86] for further results on state space representations. Concerning the results on
port-Hamiltonian systems we followed van der Schaft [vdS00].
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Chapter 3

Controllability of Finite-Dimensional
Systems

In this chapter we study the notion of controllability for finite-dimensional systems as
introduced in Chapter 2. For this notion we only need the state differential equation

x(t) = Ax(t) + Bu(t), x(0) = x, t>0, (3.1)

where A and B are matrices, xg is a vector and u is a locally integrable function. As
before, we denote by K the set R or C and we denote the system (3.1) by (A, B). We
recall that the unique mild solution of (3.1) is given by

¢

z(t) = etz +/ A% Bu(s) ds, t>0. (3.2)
0

Intuitively, the concept of controllability concerns the problem of steering the state of

the system from a given state into another state.

3.1. Controllability

There are different notions of controllability available in the literature, most of them are
equivalent for finite-dimensional systems. We will see later on, that this is not the case
when it comes to infinite-dimensional systems.

Definition 3.1.1. Let A € K"*" and B € K"*™. We call the system X(A, B) control-
lable, if for every zg,xz; € K" there exists a t; > 0 and a function v € L'((0,¢;); K™)
such that the mild solution x of (3.1), given by (3.2), satisfies z(t1) = ;. O

A controllable system has the property that we are able to steer from every point
to every other point in the state space. The ability to steer from the origin to every
point in the state space is known as reachability. This will be defined next. It is clear
that controllability implies reachability. In fact, for the system (3.1) these notions are
equivalent, see Theorem 3.1.6.
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3. Controllability of Finite-Dimensional Systems

Definition 3.1.2. The system X(A, B) is reachable if for every z; € K" there exists a
t; > 0 and a function v € L'((0,t1); K™) such that the unique mild solution of (3.1)
with xg = 0 satisfies z(t1) = z1. O

In order to characterize controllability of the system (A, B) we introduce the con-
trollability matrix and the controllability Gramian.

Definition 3.1.3. Let A € K"*" and B € K"*™. We define the controllability matriz
R(A, B) by
R(A,B):=[ B, AB, --- ,A"'B]. (3.3)

The controllability Gramian Wy, t > 0, is defined by
t *
Wy = / eA*BB*e?"* ds. (3.4)
0

It is clear that W; is an n x n-matrix, whereas R(A, B) is an element of K"*"™, O

For ¢ > 0 it is easy to see that the matrix W; is positive semi-definite, i.e. z*W;z > 0
for all x € K™. Moreover, W; is positive definite if and only if W; is invertible. In the
following we frequently use the Theorem of Cayley-Hamilton, which we formulate next.
For a proof we refer to standard textbooks on linear algebra.

Theorem 3.1.4 (Theorem of Cayley-Hamilton). Let A € K"*" with the charac-
teristic polynomial given by p(X) := det(AI — A). Then A satisfies p(A) = 0.

The Theorem of Cayley-Hamilton states that A™ can be expressed as a linear com-
bination of the lower matrix powers of A. We need some more standard definitions
from linear algebra. For a matrix 7" € KP*? the rank of T is denoted by rkT, and
the subspace ranT', the range of T, is defined by ranT := {y € K? | y = Tz for some
z € K7}

The range of the controllability Gramian W; is independent of ¢ and equals the range
of the controllability matrix as it is shown in the following proposition.

Proposition 3.1.5. For every t > 0 we have ran Wy = ran R(A, B). In particular, W,
is positive definite if and only if rk R(A, B) = n.

PROOF: We show that (ran W;)* = (ran R(A, B))*.
Let us first assume that = € (ran R(A, B))*. Thus *A*B =0 for k = 0,--- ,n — 1.
By the Theorem of Cayley-Hamilton we obtain

z*AFB =0, ke N,

and in particular

> *AkB
;. Z“’ 0, s>0. (3.5)
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3.1. Controllability

Let t > 0 be arbitrarily. It follows from (3.5) that
t
W, = / 2 e BB ds = 0,
0

and therefore z € (ran W;)=.
Conversely, let € (ran W;)* for some ¢ > 0. This implies

t
0=az"Wx = / | B*eA" 5 2|2 ds.
0

As the function s +— || B*e4A™*x||? is continuous and non-negative, we obtain B*e4" %z = 0
for every s € [0,t]. In particular, 2*B = 0. Moreover, we obtain

dk

0= 7 (

B sz)|  =DB*(A%)*z, keN

s=0

This implies 2*A*B = 0 for every k € N, and thus in particular = € (ran R(A, B))*+. O

We are now in the position to characterize controllability. In particular, we show that
if the system ¥ (A, B) is controllable, then it is controllable in arbitrary short time. We
note, that this result is no longer true for infinite-dimensional systems.

Theorem 3.1.6. Let A € K"*" B € K™ and t; > 0. Then the following statements
are equivalent:

1. For every t; > 0 the system Y.(A, B) is controllable in time ¢, that is, for every
xo, 71 € K" there exists a function u € L'((0,t1); K™) such that the unique mild
solution of (3.1) satisfies x(t1) = x1.

2. The system X(A, B) is controllable.
3. The system (A, B) is reachable.
4. The rank of R(A, B) equals n.

PRrOOF: Clearly part 1 implies part 2, and part 2 implies part 3.

We now prove that part 3 implies part 4. Therefore, we assume that the system
Y (A, B) is reachable. Let z € K" be arbitrarily. It is sufficient to show that x €
ran R(A, B). As the system (A, B) is reachable, there exists a time ¢; > 0 and a
function v € L*((0,t1); K™) such that

t1
x:/ A =% Bu(s) ds.
0

Using Theorem 3.1.4 and the fact that ran R(A, B) is a (closed) subspace of K", we
obtain

00 _ \k
AL Bu(s) = 3 % A*Bu(s) € ran R(A, B).
k=0 -
€ran R(A,B)
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3. Controllability of Finite-Dimensional Systems

Thus

oo

A S CELIL WA AB
x = ; Z — u(s)ds € ran R(A, B),
k=0

where we have used again the fact that every subspace of a finite-dimensional space is
closed. Thus part 4 is proved.

Finally, we prove the implication from part 4 to part 1. Thus we assume that
rtk R(A,B) = n. Let x € K" and t; > 0 be arbitrarily. We have to show that there
is a function v € L'((0,%1); K™) such that

t1
x = ety —l—/ A=) By(s) ds.
0
By Proposition 3.1.5, there exists a vector y € K" such that
t1 .
x) —eMpy =W,y = / e BB* eV 5y ds. (3.6)
0

We define the function u € L((0,¢;); K™) by
u(s) == B*eA =3y 5 e [0,ty]. (3.7)
Using (3.6) and (3.7), we obtain

t1 t1 t1
xy — ey = / e BB*eA Sy ds = / e Bu(t; — s)ds = / e =3 Bu(s) ds.
0 0 0

In other words, z; = ez + fg’l eA1=%) By(s) ds and thus the theorem is proved. [

Theorem 3.1.6 shows that controllability can be checked by a simple rank condition.
Furthermore, we see that if the system is controllable, then the control can be chosen as
u(s) = B*eA*(tl_s)Wtzl(ajl — eAMig), see (3.6) and (3.7). In particular, the control can
be chosen to be smooth, whereas in the definition we only required that the control is
integrable.

We close this session with some examples.

Example 3.1.7 We consider a cart on a container bridge to which a pendulum has been
attached, see Figure 3.1. The pendulum represents the clamshell. The cart is driven by
a motor which at time ¢ exerts a force u(t) taken as control. We assume that all motion
occur in a plane, that is the cart moves along a straight line. Let M > 0 be the mass
of the cart, m > 0 be the mass of the pendulum, which we assume is concentrated at
the tip, £ > 0 be the length of the pendulum, s be the displacement of the center of the
cart with respect to some fixed point, d be the horizontal displacement of the tip of the
pendulum to the same fixed point, 6 be the angle that the pendulum forms with the
vertical, and g be the acceleration of gravity. Neglecting friction as well as the stress of
the pendulum excerting to the clamshell, this problem can be modeled by the differential
equations

M3s = u, md = —mg0.
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3.1. Controllability

Figure 3.1.: Cart with pendulum
For small angles 6 we have 0 ~ sin(6) = %, and thus we obtain the following linearized
system of differential equations

Ms = u, J:—%(d—s).

Choosing x := (s, $,d, d)T as state variable, the corresponding state space representation
is given by

01 0 0 0

. 00 0 0 L
z(t) = 00 0 1 x(t) + ]\6[ u(t).

g0 -2 0 0

:;A =:B

Thus the controllability matrix R(A, B) of the system is given by

0 & 0 0
1
= 0 0 0
_ |1
R(A, B) = 0 0 0 ﬁ
0 0 & 0
As the rank of R(A, B) is 4, the system is controllable. O

Example 3.1.8 Consider the electrical network given by Figure 3.2. Here V denotes
the voltage source, L1, Lo denote the inductance of the inductors, and C denotes the
capacitance of the capacitor. As in Example 1.1.2, using Kirchhoff’s laws and the equa-
tions Vi (t) = deLtL(t) and Ico(t) = C%(t), see (1.3) and (1.4), we obtain the system
equations

dI
Ly dil =V, =Vo -V, (3.8)

dI
Lo d? =V, =Ve—-V, and (3.9)

v,
Cd—tc —Ic=—1Ip, —1Ip,. (3.10)
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3. Controllability of Finite-Dimensional Systems

Figure 3.2.: Electrical network

Ip,

Choosing the state z = (%é) = <IL;> and the control u(t) = V(t), we receive the
Ve

following state space representation

0 0 £ -
i(t)=| 0 0 2+ t —+ | ult 3.11
i(t) = Lo z(t) + Lo u(t). (3.11)
1 _1 9 0
C C
The controllability matrix is given by
1 1 1
Ly 0 CcL? T OLI;
1 1 1
R(A, B) = I X 0 1 C—Lg + CLiLs . (3.12)
CLq + CLo 0

Since L times the first row equals Lo times the second row, we obtain rk R(A, B) = 2
and thus the system (A, B) is not controllable. The lack of controllability can also
been seen from equation (3.8) and (3.9). The voltage over the inductors is the same
independent of the input u. Hence Lixi(t) — Loxo(t) is constant, and so we cannot
choose z1(t) and zo(t) independent of each other. Their relation is determined by the
initial state. g

We have seen in Chapter 2 that the choice for the state is to some extend arbitrary.
For example, we can just interchange two state variables. However, the property of
controllability is independent of this particular choice of state variables, see Lemma
3.2.2. Thus it is desirable to choose the state such that the matrices A and B have a
special form. This question is studied in the next section.

3.2. Normal forms

In the last paragraph of the previous section we discussed the fact that the state is
non-unique. Therefore it is often useful to study systems under a change of basis in the
state space K”. Let T € K"*" be invertible. Then the basis transformation & := T2
transforms the system (3.1) into the system, see also Exercise 2.1

z(t) = TYAT#(t) + T 'Bu(t), #(0)=T"tzy, t>0. (3.13)
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This leads to the following definition.

Definition 3.2.1. Let 4, A € K™ and B,B € K"™. The systems %(A, B) and
Y (A, B) are called similar, if there exists an invertible matrix 7' € K™*" such that

(A,B) = (T7'AT,T7'B). (3.14)
O

It is easy to see that the controllability matrices of similar systems are related by
R(A,B)=T"'R(4, B), (3.15)
where (A, B) and (A, B) are as in (3.14). This immediately leads to the following result.

Lemma 3.2.2. Let (A, B) and (A,B) be as in (3.14). The system (A, B) is control-

A

lable if and only if the system (A, B) is controllable.

In particular, the statement of the lemma shows that controllability is a property of
the system, and not of the particular representation we have chosen for the system. Thus
we may try to find a matrix 1" for which (A, B) has a simple form or equivalently to find
a normal form for the system (A, B). An application of the following normal form will
be given in the next chapter.

Theorem 3.2.3. Let A € K™ and b € K"*! be such that ©(A,b) is controllable.
Then there exists an invertible matrix T € K®*" such that

0 1 0 0
0
. . 0
b:=Th= |- and A:=TAT '= . 0
0 .
1 0 0 1
__ao _al PR PEEEY _an—l_
The numbers ag, - -+ ,a,-1 € K are uniquely determined as the coefficients of the char-
acteristic polynomial of A, i.e., det(s] — A) = Z;L:_& ajst + s

PRrROOF: Let R := R(A,b). The assumption that (A, b) is controllable implies that the
matrix R is invertible. We write

R'=

*

Un

with v; € K*, i =1,--- ,n. By the definition of R and v} we have

, 0 i=0.-.n—2
v;AJb:{ I (3.16)
1 j=n-1
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3. Controllability of Finite-Dimensional Systems

Next we show that the vectors v, v A, - v: A"~ ! are linearly independent. Therefore
we assume that there exist scalars aq, - - - , a,, such that
n
> ap AT =0, (3.17)
i=1

Multiplying this equation from the right by b yields
n
Z v AT = 0.
i=1

Thus (3.16) implies o, = 0. Multiplication of (3.17) by Ab and using again (3.16), then
implies a;,_1 = 0. In general, multiplying (3.17) sequently by b, Ab, A%b,--- and using

(3.16), implies a1 = ---a, = 0, that is, the vectors v}, v:A, ---  vi A" are linearly

independent. In particular, this implies that the matrix

is invertible.
By ag, -+ ,a,_1 € K we denote the coefficients of the characteristic polynomial of the
matrix A, that is,

n—1
det(sI — A) = Zajsj + s™.
§=0
The Theorem of Cayley-Hamilton now implies that A" = — Z?:_ol a;A7 and thus
n—1 '
v A" = — Z aju, A7 (3.19)
§=0

Combining (3.19), (3.18) and (3.16), it is easy to see that

0 1 0 0
AT Lo e "
TA= : =1 : o o |7 and Tb= :
. . . O

* AN
vnA 0 0 1 1
__ao _al DY PEEEEY _an—l_
This proves the assertion of the theorem. O

The previous theorem shows that every controllable system Y (A,b) is similar to a
simple system, only containing ones, zeros, and the coefficients of the characteristic
polynomial. The following result, known as Kalman controllability decomposition, is
often useful in order to find simple proofs concerning controllability.
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Theorem 3.2.4. Let A € K™*" and B € K"*™. If the system X(A, B) is not control-
lable, that is, rk R(A, B) = r < n, then X(A, B) is similar to a system Y(A, B) of the

form
ao (1 22

with suitable matrices Ay € K'™*", Ay € K"*(n=1) A, € K(v=")*x(n=7) and By € K<™,
Moreover, the system ¥(Aq, By) is controllable.

PROOF: Let Z := ran R(A, B) = span{vi,--- ,v,} C K" Thus we can find vectors
Vps1, -+ ,Up € K" such that the vectors vy, --- , v, form a basis of K". We define
T:=[vi, -+ ,v,] €KY

Therefore, T' is invertible. We define
B:=T7'B and A:=T7'AT.

These definitions imply that the systems %(A, B) and ¥ (A, B) are similar. Asran B C Z,
we see

. B
_m—1p_ |P1
B:=T""B= [ 0 ]
with By € K"™*™,
By the Theorem of Cayley-Hamilton we have ran AR(A,B) C ranR(A,B) = Z =

span {vy,...,v,} and thus
AT =TA=T [Al Aﬂ

0 Ay

with suitable matrices A; € K'™*" Ay € K™ and A, € K"=")*(=7)  Using the
representations of A and B we obtain

By ABy --- A77'B;

R(A,B) = 0 0 0

] =T 'R(A, B).

Since the multiplication by an invertible matrix does not change the rank, the rank of
R(A, B) equals r = rk R(A, B). Furthermore, we obtain

tk [Bi, A1By,..., A7 'B] =
Since A; is an r X r matrix, the Theorem of Cayley-Hamilton implies that the rank of

[B1, A1 By, ... ,A?_IB] equal the rank of R(A1, By). Thus the rank of R(A;, By) equal
the dimension of the associated state space, and thus 3 (A1, By) is controllable. O
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3. Controllability of Finite-Dimensional Systems

3.3. Exercises

3.1.

3.2.

3.3.

36

In this exercise we obtain some additional tests for controllability of the system
Y(A, B) with A € C"*™ and B € C"*™.

a) Show that the system X (A, B) is controllable if and only if for every eigen-
vector v of A* we have v*B # 0.

b) Show that the system X(A, B) is controllable if and only if rk[s] — A, B] =n
for all s € C.

We study a variation of Example 3.1.7, see Figure 3.3. Again we consider a cart
on a container bridge, but now we attach two pendulums to the cart, see Figure
3.3. 1 > 0 and £5 > 0 are the lengths of the pendulums. As in Example 3.1.7

Figure 3.3.: Cart with two pendulums

the cart is driven by a motor which at time ¢ exerts a force u(t) taken as control.
Neglecting friction as well as the stress of the pendulum excerting to the clamshell,
we obtain the following linearized system of differential equations

Mi=u, di=-L(di—s), do=—L(dy—5).
51 £2

Show that the system is controllable if and only if ¢1 # £s.
We continue with the system discussed in Exercise 3.2.

a) Assume that ¢; = /5. Find the Kalman controllability decomposition of the
system, see Theorem 3.2.4.

b) Assume that ¢; # fo. Write the state space representation of the system in
normal form, see Theorem 3.2.3.



3.4. Notes and references

3.4. Notes and references

The results of this chapter can be found for example in [Son98] and [KK86]. The
characterization of Exercise 3.1.b is known as the Hautus test, see [Hau69].

3.5. Bibliography

[Hau69] M.L.J. Hautus. Controllability and observability conditions of linear au-
tonomous systems. P. K. Ned Akad A Math, 72(5):443-&, Jan 1969.

[KK86] H.-W. Knobloch and H. Kwakernaak. Lineare Kontrolltheorie. Akademie-
Verlag, Berlin, 1986.

[Son98] E.D. Sontag. Mathematical Control Theory, volume 6 of Texts in Applied Math-
ematics. Springer-Verlag, New York, second edition, 1998. Deterministic finite-
dimensional systems.

37



Bibliography

38



Chapter 4

Stabilizability of Finite-Dimensional
Systems

This chapter is devoted the stability and stabilizability of state differential equations.
Roughly speaking, a system is stable if all solutions converge to zero, and a system
is stabilizable if one can find a suitable control function such that the corresponding
solution tends to zero. Thus stabilizability is a weaker notion than controllability.

4.1. Stability and stabilizability

We begin by defining stability for the homogeneous state space equation and consider
the system

z(t) = Az(t), =(0) = zo, t>0. (4.1)
Here A is a n x n-matrix and zg is a n-dimensional vector. As in the previous chapters
we denote by K either R or C.

Definition 4.1.1. Let A € K"*". The differential equation (4.1) is called ezponentially
stable, if for every initial condition zy € K™ the solution of (4.1) satisfies

tll)lglo x(t) = 0. O
In Chapter 2 we have shown, that the unique solution of (4.1) is given by x(t) = e4tx,

t > 0. Using the Jordan normal form for square matrices, the exponential of A can be
calculated as e4t = VeMV~1 where V is an invertible matrix whose columns consists of
the generalized eigenvectors of the matrix A, and A is a matrix which only has non-zero
entries on the diagonal and on the superdiagonal. Moreover, the diagonal elements of
the matrix A are equal to the eigenvalues of A. Thus the differential equation (4.1) is
exponentially stable if and only if all eigenvalues of the matrix A lie in the open left half-
plane of C. A matrix with the property that all its eigenvalues lie in the left half-plane
is called a Hurwitz matriz. In the following we denote by o(A) the set of all eigenvalues
of the matrix A.

From the representation of the exponential of a matrix, the following result follows
immediately.
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4. Stabilizability of Finite-Dimensional Systems

Lemma 4.1.2. The differential equation (4.1) is exponentially stable if and only if there
exists constants M > 1 and w > 0 such that

leMaoll < Me ! |lzoll, ¢ > 0,29 € K"

Thus, if all solutions of (4.1) converge to zero for ¢ — oo, then all solutions converge
uniformly and exponentially to zero. This motivates the notion “exponentially stable”.

If the matrix A possesses eigenvalues with non-negative real part, then there are
solutions of equation (4.1) which do not tend to zero. It is thus desirable to stabilize the
system, that is, we study again a system with an input

z(t) = Az(t) + Bu(t), x(0) = xq, t>0, (4.2)

and we try to find a suitable input function u such that the corresponding solution x
converges to zero for t — oo.

Definition 4.1.3. Let A € K" and B € K"*™. We call the system (A, B) stabi-
lizable, if for every zg € K" there exists a function v € L} ((0,00);K™) such that the

loc
unique solution of (4.2) converges to zero for ¢t — oo. (]

Clearly, controllable systems (A, B) are stabilizable. We only have to steer the state

to zero in some time t; and to choose the input u to be zero on the interval [t;,c0), see
Exercise 4.1.

4.2. The pole placement problem

It is the aim of the following two sections to characterize stabilizability and to show that
the stabilizing control function u can be obtained via a feedback law u(t) = Fz(t). In
order to show the existence of such a feedback, we first have to study the more general
problem of pole placement:

Pole placement problem. Given A € K"*", B € K" and complex numbers
A1, -+, Ap it is the question whether there exists a matrix F' € K™*" such that A1,--- , A\,
are the eigenvalues of the matrix A + BF.

If the pole placement problem is solvable, then we can move the eigenvalues of closed
loop system
#(t) = Az(t) + Bu(t), u(t) = Fx(t), t >0, (4.3)
to arbitrary points in C. Note that equations (4.3) are equivalent to
z(t) = (A+ BF)x(t) t>0.

So far all results hold for real and complex valued matrices. However, the situation
is different for the pole placement problem. For example, the points A1,---, A, are
always allowed to be complex. To simplify the exposition we formulate the results for
the complex situation only. In the real situation the results hold with the obvious
modifications.

The following theorem shows that the system ¥(A, B) is controllable if the pole place-
ment problem is solvable.

40



4.2. The pole placement problem

Theorem 4.2.1. Let A € C"*™ and B € C"*™. Then 1. implies 2., and 2. implies 3.,
where

1. The pole placement problem is solvable.

2. There exists an F' € C™*" such that the eigenvalues of A + BF are all different
from the eigenvalues of A, i.e., 0(A+ BF)No(A) =0.

3. The system ¥(A, B) is controllable.
We note that the three statements of Theorem 4.2.1 are equivalent, see Corollary 4.2.6.

PRrROOF: Clearly 1. implies 2. Thus we concentrate on the implication from 2. to 3.
If ¥(A, B) is not controllable, then rk R(A,B) =: r < n. By Theorem 3.2.4 there
exists an invertible T' such that

O ()

with suitable matrices Ay € C™*", Ay € C"*(n=7) A, € C(n=")*x(n=7) and By € C™*™. If
we write an arbitrary matrix F' € C™*™ in the form F' = [Fl Fg] T—! with F; € C™*",
we obtain

A+ BF =T [Al + B1F1 Ay +B1F2] 71

0 Ay

As the eigenvalue of A, are fixed, the intersection of the eigenvalues of A + BF and A
always contains the eigenvalues of A4. Thus for every F' this intersection is non empty,
which contradicts the assertion in 2. Concluding, ¥(A, B) is controllable. (]

In the following we show, that controllability is actually equivalent to the solvability
of the pole placement problem.

Theorem 4.2.2. Let A € C"*", b € C" and Ay, --- ,\, € C. If the system 3(A,b) is
controllable, then there exists a matrix f € C'*™ such that the matrix A+ bf has the
eigenvalues A1,--- , A, counted with multiplicities.

PROOF: By Theorem 3.2.3 there exists an invertible matrix 7" € C"*™ such that

0 1 0 0
0
A ) ) 0 . . . :
b=Tb= 1. A=TAT ' = | . L (4.4)
1 0 0 1
__ao _al ... ... _an—l_

and

n—1
det(s — A) = Zajsj + s™.
§=0

41



4. Stabilizability of Finite-Dimensional Systems

We define the polynomial p by

H )=s +ij ) (4.5)

J=1

and the matrices f, f € C1*™ by

A~

f=lao—po, ++ ,an-1—pn1] and f=fT. (4.6)

Thus A+bf =T~ (A +b f )T which implies that the set of eigenvalues of A+ bf equals
the set of eigenvalues of A + bf, counted with multiplicities. Moreover, from (4.4) and
(4.6) we obtain that

[0 1 0 0 ]
o 0
0 0 1
[P0 —p1 o —Paoi)

"J;husA ‘Ehe characteristic polynomial of A+ f equals p. By (4.5) we conclude that
A+ bf and thus A + bf has exactly the eigenvalues Ay, -, \,, again counted with
multiplicities. U

Proposition 4.2.3. Let A € C"*" and B € C™*™ be such that ¥(A, B) is controllable
and let b € R™\{0}. Then there exists a matrix F € C™*" such that the system
Y (A + BF,b) is controllable.

PRrROOF: We define  :=rk R(A,b) < n. If » = n, then the system 3(A, b) is controllable
and thus we can choose F' = 0. Let r < n. By Theorem 3.2.4, we can assume without

loss of generality that
(A A by
o= ([ 3 [5])

with suitable matrices 4; € C™" Ay € C™*") A, € C="*(=7) b e C", and
(A1, b1) is controllable. Since ¥(Aq,b;) is controllable, the square matrix

(by, Arby, -+, AT b))

has rank r. Thus by the Theorem of Cayley-Hamilton

bl Apby - ATT] bl Apby - AT
r=rk 0 ... 0 =rk 0o ... 0 =1k R(A,b). (4.7)
This implies that the vectors v; := A" b, i =1,--- ,r, are linearly independent and

span{vy,- - ,v,} = ran R(A,b).
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As the system (A, B) is controllable, we have rk R(A, B) = n. Next we want to show
that there exists a vector b € ran B \ran R(A,b). We assume that this does not hold, that
is, we assume that ran B C ran R(A,b). Then the Theorem of Cayley-Hamilton implies
ran R(A, B) C ran R(A,b), which is in contradiction to rk R(A,b) = r <n =1k R(A, B).

Let b € ran B\ran R(A,b) and u € C™ with Bu = b. We define v,,; = Av, + b.
Since by (4.7) Av, € ran R(A,b) = span{vy,--- ,v,}, this choice for v,11 implies that

the vectors vy, -+ ,v,41 are linearly independent. We choose a matrix F' € C"*™ with
the property
0 i=1,---,r—1
FUZ' — { ’ ) )
u i=r
and we define
F, .= A+ BF.

Then we have '
Firlo=w;,  i=1,---,r+1,

and thus rk R(Fy,b) > r + 1. If rk R(Fy,b) = n, then the statement of the proposition
follows. Otherwise we apply this procedure again to the system X (Fp,b), until the rank
of the matrix R(F},b) equals n. O

Next we are in the position to show that controllability implies the solvability of the
pole placement problem.

Theorem 4.2.4. Let A € C"" and B € C"™ be such that the system (A, B) is
controllable and let A\1,--- ,\, € C. Then there exists a matrix F' € C"™*" such that the
matrix A+ BF has exactly the eigenvalues A1, --- , A, counted with multiplicities.

PROOF: We choose a vector b = Bu € ran B\{0}. By Proposition 4.2.3 there exists
a matrix F' € C™*" guch that the system (A + BF ,b) is controllable. Finally, by
Theorem 4.2.2 there exists a vector f such that the matrix A+ BE + bf has exactly the
eigenvalues A1, - - - , An, counted with multiplicities. Thus, by the choice of F := F + uf
the statement of the theorem is proved. O

As a consequence of the theorem, we obtain that for every controllable system (A, B)
there exists a matrix F' € R™*" such that A + BF' is a Hurwitz matrix.

Corollary 4.2.5. Let A € C™*"™ and B € C"*™. If the system X(A, B) is controllable,
then there exists a matrix F € R™*™ such that A 4+ BF is a Hurwitz matrix. O

Moreover, we have shown the equivalence of the pole placement problem and control-
lability.

Corollary 4.2.6. Let A € C"*" and B € C"*™. Then the following statements are
equivalent:

1. The pole placement problem is solvable.
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4. Stabilizability of Finite-Dimensional Systems

2. There exists an F' € C™*™ such that the eigenvalues of A + BF' are all different
from the eigenvalues of A, i.e., c(A+ BF)No(A)=10.

3. The system (A, B) is controllable. (]

If we want to place the poles arbitrarily, then we need controllability. However, if
one only wants to stabilize the system, then a weaker condition suffices as shown in the
following section.

4.3. Characterization of stabilizability

In Definition 4.1.3 we have defined stabilizability as an open loop notion, i.e., there exists
an input such that the corresponding state converges to zero. In this section we show
that if it is possible to stabilize the system via a well-chosen input, then it is also possible
via state feedback, i.e., via an input of the form u(t) = Fz(t). The following theorem
formulates this assertion.

Theorem 4.3.1. Let A € C"*™ and B € C" . Then the following statements are
equivalent:

1. The system ¥.(A, B) is stabilizable.
2. There exists a matrix F' € C™*"™ such that A+ BF is a Hurwitz matrix.

3. For every eigenvector v of A* which belongs to an eigenvalue A € C with Re A > 0
we have: v*B # 0.

PRrROOF: Clearly, part 2. implies part 1.

Next we show that part 1. implies part 3. In order to prove this implication we assume
that the system (A, B) is stabilizable and that there exists an eigenvector v of A* which
belongs to an eigenvalue A € C with Re A > 0 such that v*B = 0. It then follows that

v*A"B = (A")*0)*B = \"v*B =0, ne€N,
and thus
v'el'B=0, t>0. (4.8)

As the system X(A, B) is stabilizable, there exists a function u € L{ ((0,00); C™) such
that the function

t
z(t) := etto —I—/ A=) Bu(s)ds, t >0, (4.9)
0

converges to zero for ¢ — oco. Multiplying equation (4.9) from the left by v* we obtain
¢ i -
via(t) = vetly + / v e M%) Bu(s) ds = v*eMv 4+ 0 = eM||v]|?, t>0.
0
The left hand-side converges to zero for ¢ — 0o, whereas the right hand-side does not

converges to zero. This leads to a contradiction. Thus part 1. implies part 3.
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It remains to show, that part 3. implies part 2. If the system X(A, B) is controllable,
then the statement follows from Corollary 4.2.5. If the system (A, B) is not controllable,
then rk R(A, B) =: r < n. By Theorem 3.2.4 there exists a invertible square matrix T’
such that

(A,B) = (T"'AT, T7'B) = <T—1 ﬁ)l ﬁj 7,77} ﬁﬂ) , (4.10)

where A4 is a (n —7) X (n — r)-matrix and the system ¥ (A, B;) is controllable. Next
we show that all eigenvalues of A4 lie in the open left half plane. Let o be an eigenvalue
of A} and let vg be a corresponding eigenvector. Using (4.10) it is easy to see that
v:=T* [192] € C™ is an eigenvector of A* with respect to the eigenvalue a. This implies

that .
* 0 -1 Bl * Bl
’UB:|:U2:| TT [0}:[0 vﬂ[o}zo.

By assumption this can only happen if Rea < 0. This shows that A, is a Hurwitz
matrix. As the system 3(A;, By) is controllable, by Corollary 4.2.5 there exists a matrix
€ C™*" such that Ay + B1F; is a Hurwitz matrix. Choosing the feedback F' :=
[Fl O] T, we obtain that

A A . [B L[4+ B A
_ 1 1 2 1 1 _ 1 1 141 2
A+BF =T [o A4]T+T [O][Fl 0]T=T [ 0 AJT.

Since [Aﬁég i ﬁﬂ is a Hurwitz matrix, the matrix A + BF' is Hurwitz as well. Thus

part 3. implies part 2. O

Summarizing, we have shown that a stabilizable system can be stabilized by state
feedback. However, we still lack a simple condition which characterizes stabilizability.
This will be given next, for which we need the following concept.

Definition 4.3.2. Let A € K™*". We call a subspace Z C K" A-invariant, if AZ Cc Z.0J

Theorem 4.3.3. Let A € C"*™ and B € C"". Then the following statements are
equivalent:

1. The system ¥.(A, B) is stabilizable.
2. There exists two A-invariant subspaces X and X, of C" such that

a) C"=X,® X,.
b) The system X(A, B) is similar to

*([v Al [5])

¢) The matrix As is a Hurwitz matrix.
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4. Stabilizability of Finite-Dimensional Systems

d) The system Y(A,, B,) is controllable.

PROOF: We first prove the implication 2. = 1. Clearly, the system X(A;, By) is stabi-
lizable by a matrix F' = 0, and the system X(A4,, B,,) is stabilizable by Corollary 4.2.5.
Thus it is easy to see that the system (A, B) is stabilizable.

Next we assume that X(A, B) is stabilizable. We now define X by the span of all
generalized eigenspaces corresponding to eigenvalues of A with negative real part and X,
by the span of all generalized eigenspaces corresponding to eigenvalues of A with non-
negative real part. Thus, X, and X, are A-invariant, X;N X, = {0} and X, ® X,, = C".
If we choose our basis of C™ accordingly, it is easy to see that the system (A, B) is

similar to a system of the form
As 0 B
([ 4} [5])

By definition of the space X, the matrix Ay is a Hurwitz matrix.

It remains to show that ¥(A,, B,,) is controllable. We know that the system ¥(A,, By,)
is stabilizable and that all eigenvalues of A, lie in the closed right half plane. Thus by
Corollary 4.2.6 the system ¥(A,, B,,) is controllable. O

4.4. Stabilization of port-Hamiltonian systems

In this section we return to the class of (finite-dimensional) port-Hamiltonian systems
as introduced in Section 2.3. We show that port-Hamiltonian systems are stabilizable
if and only if they are controllable. Furthermore, if such a system is stabilizable, then
the system stabilizable by (static) output feedback, i.e., by choosing the input u = —ky,
with k£ > 0.

We consider the port-Hamiltonian system from Section 2.3 which is given by

&(t) = JHz(t) + Bu(t) (4.11)
y(t) = B*Hx(t), (4.12)
where J is skew-adjoint, i.e., J* = —J and H is a positive-definite matrix.

Theorem 4.4.1. The system (4.11)—(4.12) is stabilizable if and only if it is controllable.
Furthermore, it is controllable if and only if it is stabilizable by applying the feedback
u(t) = —ky(t) = —kB*Hz(t) with k > 0.

PROOF: We define a new norm || - || on C" by

1,
lz||% = % Hz, (4.13)

which is equivalent to the Euclidean norm, and along solutions we have

d”x;tt)”%{ = Re (u(t)*y(t)) . (4.14)
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4.4. Stabilization of port-Hamiltonian systems

For uw = 0 and for any initial condition z(0), this implies
(@)l = lz(0) - (4.15)

Thus all eigenvalues of the matrix JH lie on the imaginary axis. By Theorem 4.3.3
we conclude that the system is stabilizable if and only if it controllable. It remains to
construct a stabilizing controller.

So we assume that the system is controllable, and as a candidate for a stabilizing
controller we choose u(t) = —ky(t) = —kB*Hz(t) with k£ > 0. Using (4.14), we have

dllz(t) |1

I~ ly(). (4.16)

Applying the feedback u(t) = —kB*Hax(t), we obtain the state equation
z(t) = (JH — kBB*H) z(t). (4.17)

Equation (4.16) shows that for every initial condition the function ¢ ~— ||z(t)||% is non-
increasing, and this implies that all eigenvalues of JH — kBB*H lie in the closed left
half-plane. Hence we can conclude stability if there are no eigenvalues on the imaginary
axis.

Let A € iR be a purely imaginary eigenvalue of JH — kB B*H with eigenvector v € C",
ie.,

(JH — kEBB*H)v = \v. (4.18)
Multiplying this equation from the left by v*H gives
vV'"HJHv — kv*HBB*Hv = A*Hu. (4.19)

Multiplying the Hermitian conjugate of equation (4.18) from the right by Hv, and using
the fact that H is self-adjoint and J is skew-adjoint, we obtain

—v*"HJHv — kv"HBB*Hv = —\v*Ho.

Adding this equation to equation (4.18), we find that kv*HBB*Hv = 0. Since k > 0,
this is equivalent to
B*Huv = 0. (4.20)

Equation (4.18) now implies that
JHv = Av.

Taking the Hermitian conjugate, we find
Av* = = " =0v"H T = —v"HJ. (4.21)
Combining (4.20) and (4.21), we see that

V'HJHB = —\*v"HB = AW*"HB = 0.
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4. Stabilizability of Finite-Dimensional Systems

Similarly, we find for k € N
v'H(JH)* B =0, (4.22)

which implies
VHR(JH, B) = v*H (B, JHB, -, (JH)" B) —0.

As the system X(JH, B) is controllable, we obtain v*H = 0, or equivalently, v = 0. This
is in contradiction to the fact that v is an eigenvector.

Summarizing, if the system is controllable, then the closed loop system matrix JH —
kBB*H has no eigenvalues in the closed right half-plane, and so we have stabilized the
system. O

4.5. Exercises

4.1. Assume that the system (A, B) is controllable. Show that (A, B) is also stabi-
lizable by steering the state to zero in some time ¢; and to choose the input u to
be zero on the interval [tq, 00).

4.2. Show that the system X (A, B) is stabilizable if and only if
rk [s[ —A B] =n
for all s € C with Res > 0.

4.3. In this exercise we study the system

-2 0 3 1
zt)=10 =1 0 [x()+ [0] u(?).

3 0 =2 1

:;A :ZB

a) Show that the system (A, B) is not controllable.
b) Show that the system X (A, B) is stabilizable.

c) Find a stabilizing feedback control for this system.

4.4. Consider the following matrix

0 1 6 1
10 1 7

A= , 0 o0 4 (4.23)
0 -5 -1 0

a) Find a skew-adjoint J and a positive-definite matrix H such that A = JH.
Hint: Assume J* = J~! and calculate A*A.

b) Now we choose b=[1 0 0 0 ]T. Show that (A, b) is controllable.

c) Design a stabilizing controller.
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4.6. Notes and references

4.6. Notes and references

Since stabilizability is one of the important problem within systems theory, its solu-
tion can be found in any book on finite-dimensional systems theory. We refer to our
standard references [Son98] and [KK86]. The characterization of stabilizability for port-
Hamiltonian systems can be found in [vdS00]. The characterization of stabilizability of
Exercise 4.2 is known as the Hautus test for stabilizability, see also Exercise 3.1.b.
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Chapter 5
Strongly Continuous Semigroups

In Chapter 2 we showed that the examples of Chapter 1, which were described by
ordinary differential equations, can be written as a first order differential equation

#(t) = Az(t) + Bu(t),  y(t) = Ca(t) = Du(t), (5.1)

where z(t) is a vector in R™ or C™. In Chapters 5 and 6 we show how systems described
by partial differential equations can be written in the same form by using an infinite-
dimensional state space. The formulation of the inputs and outputs is postponed till
Chapter 10. Note that for partial differential equations the question of existence and
uniqueness of solutions is more difficult than for ordinary differential equations. Thus
we focus first on homogeneous partial differential equations. We begin by introducing
the solution operator, and only in Section 5.3 we show how to rewrite a p.d.e. as an
abstract differential equation #(t) = Ax(t).

5.1. Strongly continuous semigroups

We start with a simple example.

Example 5.1.1 Consider a metal bar of length one that is insulated at the boundary:

ox %z
GO =7a60 260 =x(),
(5.2)
ox Ox
O_C(O’t) =0= a—g(l,t).

x((,t) represents the temperature at position ¢ € [0,1] at time ¢t > 0 and x( represents
the initial temperature profile. The two boundary conditions state that there is no heat
flow at the boundary, see Example 1.1.5, and thus the bar is insulated.

In order to calculate the solution of (5.2) we try to find a solution of the form x((,t) =
f(@®)g(¢). Substituting this equation in (5.2) and using the boundary conditions we obtain

F(£)9(¢) = ane™™ ™" cos(nm(), (5.3)
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5. Strongly Continuous Semigroups

where a;,, € R or C, and n € N. This solution satisfies the p.d.e. and the boundary
conditions, but most likely not the initial condition. By the linearity of the p.d.e. (5.2)
it is easy to see that

N
zn((,t) = Z e cos(nm() (5.4)
n=0

satisfies the p.d.e. and the boundary conditions as well. The corresponding initial con-
dition zx(¢,0) = Zi:[:() ay, cos(nm() is a Fourier polynomial. Note that every function ¢
in L?(0,1) can be represented by its Fourier series, i.e.,

q(-) = Z ay, cos(nm-), (5.5)
n=0
with equality /convergence in L?(0,1), g = fol q(¢) d¢ and

1
an:2/ q(¢) cos(nm() d¢, n=12---
0

If zp € L?(0,1), then we can define a,,n € NU {0} as the corresponding Fourier
coefficients and

x(¢,t) := Z e T cos(nm(). (5.6)
n=0

Since for t > 0 we have e ™™t < 1, the function x(-,t) is an element of L?(0,1).
By construction, the initial condition is satisfied as well. However, as interchanging
differentiation and (infinite) summation is not always allowed, it is unclear if this function
satisfies the p.d.e. (5.2). Nevertheless the mapping z¢ — x(-,t) defines an operator,
which would assign to an initial condition its corresponding solution at time ¢, provided
x is the solution. O

This example motivates the necessity for generalizing the concept of “e4*” on abstract

spaces and the necessity for clarifying the concept of “solution” of differential equations
on abstract spaces. The answer is, of course, the well known semigroup theory that we
develop here for the special case of strongly continuous semigroups on a Hilbert space.

We denote by X a real or complex (separable) Hilbert space, with inner product (-, -) x
and norm | - ||x = v/(-,)x. By £(X) we denote the class of linear bounded operators
from X to X.

Definition 5.1.2. Let X be a Hilbert space. (T'(t));> is called a strongly continuous
semigroup (or short Cy-semigroup) if the following holds

1. For all t > 0, T'(t) is a bounded linear operator on X, i.e., T'(t) € L(X);
2. T(0)=1I;

3. T{t+71)=T@)T(T) for all t,7 > 0;
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4. For all zy € X, we have that ||T(t)zo — zo||x converges to zero, when t | 0, i.e.,
t — T(t) is strongly continuous at zero. O

We call X the state space, and its elements states. The easiest example of a strongly
continuous semigroup is the exponential of a matrix. That is, let A be an n X n matrix,
the matrix-valued function T'(t) = et defines a Cp-semigroup on the Hilbert space R”,
see Exercise 5.1. Another example is presented next.

Example 5.1.3 Let {¢,,, n > 1} be an orthonormal basis of the separable Hilbert space
X, and let {\,, n > 1} be a sequence of complex numbers. Then

(= ez, dn)én (5.7)

Re \nt

is a bounded, linear operator if and only if {e ,n > 1} is a bounded sequence in R,

and this is the case for ¢ > 0 if and only if

supRe A\, < oc.
n>1

Under this assumption, we have
IT()] < e’ (5.8)

with w = sup,,> Re A,. Furthermore,

o
T(t+s)z = )z, ¢,)pn
n=1

and
TOT(s)e = Zem 8)2, fn ¢n—§je*vlt<§je "™ Gy (T, ), ¢n> o
m=1

= Z eMle )\ns T, on)dp =T(t + s)z.
n=1

Clearly, T'(0) = I, and the strong continuity follows from the following calculation: For
t <1 we have

IT()z - 2|® = Z!€A7lt—1\2!<x7¢n>\2

= Z!eA” Pl e, o)+ Y e = 12z, én)?
n=N+1
< sup |eMt—1)? Z] Lo+ K Z

lsn<N n=N+1
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for K = supg<;<; > €M — 1|2, For any € > 0 there exists an N € N such that

[e.e]

2 e
Z ’<x7¢n>‘ < ﬁ

n=N-+1

and we can choose ty < 1 such that sup |e*f — 1|2 < W Thus for ¢t € [0,tp] we
1<n<N

have

which shows that (T(¢))¢>0 is strongly continuous. Thus (5.7) defines a Cy-semigroup if

and only if supRe A\, < oc. O
n>1

We show that Example 5.1.1 is a special case of the previous example.

Example 5.1.4 (Example 5.1.1 continued) We begin with the remark that in Ex-
ample 5.1.3 the enumeration started at n = 1, but that this is unimportant. We might
as well as have started at n = 0.

We define the functions ¢o(¢) = 1,6,(¢) = v2cos(nm¢). It is well-known that
{1,v/2cos(nm-),n > 1} is an orthonormal basis of L2(0,1). Hence every zo € L?(0,1)

can be written as
o

To = Z<x07 ¢n>¢n

n=0

Further, the sequence {a,,} of Example 5.1.1 satisfies oy = fol x0(¢)d¢ = (xg, ¢o) and

1
ap = 2/ 20(¢) cos(nm¢) d¢ = V2(xq, Pn), n>1.
0

Thus (5.6) can be written as

Ze—n 7r2t $07¢n>¢n( )

A comparison with (5.7) shows that the mapping xg — z(-, ) given at the end of Example
5.1.1 defines a strongly continuous semigroup. O

As mentioned before, any exponential of a matrix defines a strongly continuous semi-
group. It turns out that semigroups share many properties with these exponentials.

Theorem 5.1.5. A strongly continuous semigroup (1'(t)),~o on the Hilbert space X
has the following properties:

a. ||T(t)|| is bounded on every finite sub-interval of [0, 00);

b. The mapping t — T(t) is strongly continuous on the interval [0, 00);
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c. For all x € X we have that %fot T(s)xds — x ast | 0;
d. If wy = %g(f](% log || T°(t)]), then wp = tlim (+log [|T(1)[]) < o0;

e. For every w > wy, there exists a constant M, such that for every t > 0 we have
I7@)] < Moet.

The constant wy is called the growth bound of the semigroup.

PROOF: a. First we show that || T'(¢)|| is bounded on some neighborhood of the origin,
that is, there exist § > 0 and M > 1 depending on § such that

1T <M for ¢t € [0, 4].

If this does not hold, then there exists a sequence {t,}, t, | 0 such that |T(¢,)| > n.
Hence, by the uniform boundedness principle, there exists an element x € X such that
{IT(t,)z||,n € N} is unbounded; but this contradicts the strong continuity at the origin.
If we set t = md + 7 with 0 < 7 < §, then

TN = ITmOT(7)|| = [T(8)"™T(r)]
<|T@I™IT(r)]| < M*F™ < MMY® = Me*, (5.9)

where w = § ! log M.
b. For fixed z € X, t > 0 and s > 0, using inequality (5.9) we have

IT(t + s)z = T(t)z|| < [TOIT(s)x - ol| < Me|T(s)z — x].
Hence by the strong continuity of 7'(-) we may conclude that
lsifro1 |T(t+ s)x —T(t)z| = 0.
Moreover, for x € X, t > 0 and 7 > 0 sufficiently small, we have
[Tt —7)z = T@)z| < T —7)lllle =T ()z].

Thus li%l“T(t + s)x — T(t)z|| = 0, and the mapping ¢t — T (¢)x is continuous on the
S
interval [0, co).

c. Let z € X and € > 0. By the strong continuity of (7'(¢)),-, we can choose 7 > 0 such
that || T'(s)x — x| < e for all s € [0,7]. For t € [0, 7] we have that

I3 [ T@wds—al = 15 [ T —aas)

1t 1
< —/ IT(s)x — z||ds < —/ eds =e.
tJo tJo
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d. Let typ > 0 be a fixed number and M = sup ||T(t)||. For every ¢t > ty there exists
te[0,to]
n € N such that nty <t < (n+ 1)tg. Consequently,

log I log | T(nto)T(t — nto)| _ log |IT"(ta)T(t — nto)]|
t t t
nlog [T(to)]| | log M
- t t
_log||T(to)|] nto | log M
= =20 =4+ .
to ' '

The latter term is less than or equal to 22 ”Z;(to)” + logtM if log || T'(to)]| is positive, and

it is less than or equal to W% + @ if log ||T'(to)|| is negative. Thus

1 T(t 1 T(t
s EITON _ o IT(t)] _
t—o00 t ZL/O

and since tg is arbitrary, we have that

1 T(t 1 T(t 1 T(t
i sup CENTO g ITON _ ;o8 ITON
t—o00 t t>0 t t—00 t
Thus | - | .
13 t

t>0 t t—o0 t
e. If w > wq, then there exists a ty > 0 such that

log || T°(t

M <w for t > to;

that is, |T'(t)|| < e** for t > t;. Moreover, there exists a constant My > 1 such that
|T(t)|| < My for 0 <t < tgy. Defining

MO w > 0,
M, = =
v {e_“’tOMO w <0,

we obtain the stated result. O

5.2. Infinitesimal generators

If A is an n x n-matrix, then the semigroup (eAt) >0 1s directly linked to A via

d
A= v At
@e>

Next we associate in a similar way an operator A to a Cp-semigroup (7'(t))¢>o0.

t=0
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Definition 5.2.1. Let (T(?)),5, be a Cp-semigroup on the Hilbert space X. If the

following limit exists
T(t —
lim L(H)%0 = o (5.10)
t10 t
then we say that x( is an element of the domain of A, shortly o € D(A), and we define
Azxg as
T(t —
Az = lim L{%0 = T (5.11)
tl0 t
We call A the infinitesimal generator of the strongly continuous semigroup (7'(¢));>q.0U

We prove next that for every zg € D(A) the function ¢ — T(t)xo is differentiable.
This will enable us to link a strongly continuous semigroup (uniquely) to an abstract
differential equation.

Theorem 5.2.2. Let (T(t))t20 be a strongly continuous semigroup on a Hilbert space
X with infinitesimal generator A. Then the following results hold:

a. For xqg € D(A) and t > 0 we have T'(t)xg € D(A);

C. %(T(t)xo) = A”T(t)xo = T(t)An.Z'() for xo € D(An% t> O,

d. T(t)xg — zo = fg T(s)Azods for xy € D(A);
e. fot T(s)xds € D(A) and A fg T(s)xds = T(t)x —x for all z € X, and D(A) is dense
in X;
f. A is a closed linear operator.
PROOF: a,b,c. First we prove a and b. Let s > 0 and consider

Dt o)z = TWOT0 _ gyyy L) =Dz _ T = Ly,

S S S

If xg € D(A), the limit of the second term exists as s | 0, and hence the other limits
exist as well. In particular, T(t)xo € D(A) and the strong right derivative of T'(t)x
equals AT'(t)xo = T(t)Axo.

For ¢t > 0 and s > 0 sufficiently small, we have

T(t—s)zg— T(t)zg _T(t—s) (T'(s) — I)x().

Hence the strong left derivative exists and equals T'(t) Axy. Part ¢ follows by induction.
d. Let xyp € D(A). By part b we have that the derivative of T'(t)zo equals T'(t)Axo.

Thus . .
/ T(s)Axods = / Mds =T(t)xy — o,
0 0 ds

o7



5. Strongly Continuous Semigroups

which proves the assertion.

e. For every x € X we have

T(s)—1

t 1 t 1 t
/ T(u)xdu = — / T(s+ u)xdu — — / T (u)zdu.
0 5.Jo 5 Jo

Substituting p = s + u in the second integral, we obtain

T =1 / T(uyrdu =1 / T T (p)adp - L /0 T(u)wdu

§</tt+sT $dp+/:T(p)$dp_/:T(u):pdu—/osT(u):Edu>
:§</0 (t+u) — T(U))xdu>
1

/ T(u — Izxdu.
0

Now, as s | 0, the right-hand side tends to (T'(t) — I)x (see Theorem 5.1.5.c). Hence

/tT(u)a:du € D(A) and A/t T(uw)xdu = (T(t) — I)z.
0 0

Furthermore, by Theorem 5.1.5.c we have 1 fo u)xdu — x as t | 0. Hence for any
x € X, there exists a sequence {x,} in D(A) Such that x,, — x. This shows that
D(A)=X.

f. In order to prove that A is closed, we choose {z,, }nen as a sequence in D(A) converging
to x such that {Az,} converges to y. Then ||T(s)Ax, — T(s)y|| < Me“’|| Az, — y|| and
thus T'(s) Az, — T(s)y uniformly on [0,¢]. Now, as =, € D(A), we have

t
T(t)xy, — xp = / T(s)Ax,ds.
0

Thus we obtain .
Tt)r —x= / T(s)yds,
0

and therefore

T(t)z — 1 [t
lim M)z -z =lim— [ T(s)yds =y.
t|0 t tl0 t 0
Hence = € D(A) and Az = y, which proves that A is closed. O

Theorem 5.2.2 implies in particular that for every xy € D(A) the function z defined
by x(t) = T'(t)xzo satisfies the abstract differential equation z(t) = Ax(t).

Definition 5.2.1 implies that every strongly continuous semigroup has a unique gener-
ator. It is not hard to show that every generator belongs to a unique semigroup.

o8



5.2. Infinitesimal generators

Theorem 5.2.3. Let (T1(t))i>0 and (Ta(t))i>0 be Co-semigroups with generators Ay
and Ay, respectively. If Ay = Ay, then Ty(t) = Th(t) for every t > 0.

PROOF: Let xg € D(A;1) = D(A3) and consider for a fixed ¢t > 0 the continuous function

f(s) =Th(t — s)Ta(s)xo, for s € [0,¢]. By Theorem 5.2.2 we have that Th(s)zg € D(A1).

Thus we may differentiate f with respect to s € (0,t). Using Theorem 5.2.2.b, we find
df (s)

W = —T1 (t — s)Ang(s)xo + T(t — S)AQTQ(S)Z'O = 0,

since A; = As. Thus the continuous function f is constant on [0, ], which implies

Ti(t)zo = f(0) = f(t) = Ta(t)o.

This shows that the semigroups are equal on the dense set D(A;). The boundedness of
the operators implies that they are equal for all g € X. O

The infinitesimal generator of a Cy-semigroup is always a closed operator. The fol-
lowing proposition shows that every s whose real part is larger than the growth bound
lies in the resolvent set of this generator. In particular, this implies that the resolvent
set, denoted by p(A), is non-empty. If sI — A is invertible, then its inverse, (sI — A)~1,
is called the resolvent operator. The following proposition also shows that the resolvent
is just the Laplace transform of the semigroup.

Proposition 5.2.4. Let (T'(t));», be a Co-semigroup with infinitesimal generator A
and with growth bound wy, w > wg and ||T(t)|| < Me*t. If Re(s) > w, then s € p(A),
and for all x € X the following results hold:

a. (sI —A)yte = [[Ce T (t)xdt and ||(sI — A)7Y| < ——a= Re(s);
b. For \,u € p(A) we have the resolvent identity
(A= )M — A)~H(ul — A)~ = (T — A)~ = (AT — A), (5.12)
c. The mapping s + (sI — A)~! is analytic on p(A).
PROOF: a. Let -
Rz = /e_StT(t)xdt, x € X, Re(s) >w. (5.13)
0
This operator is well defined, since by Theorem 5.1.5
le™*tT(t)x| < M@=z, where a = Re(s)

and T'(-)z is a continuous function. Combining this estimate with (5.13) we find

M

o — W

|Roz|| < M / e~ @M dt = —— |z, (5.14)
0
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5. Strongly Continuous Semigroups

and therefore R, is bounded. It remains to show that Rs equals the resolvent operator.
For xz € X the following equalities hold

o) —Ip, 1 /OO eUT(r + ) — T()]a dt
T T Jo

_! </ eI T (w)z du —/ e ST () dt>
T T 0
_1 <e”/ e T (u)x du — eST/ e T (u)x du —/ e ST (t)x dt)
0 0 0

ST _ 1 00 sT [T
S / e ST () dt — . / e ST () dt.
0 0

T T

Since (e *'T'(t))¢>0 is a strongly continuous semigroup (see Exercise 5.3), we may use
Theorem 5.1.5.c to conclude that the second term on the right hand-side converges to z
for 7 | 0. Thus for all z € X

ARyx = li% <M> Rsx = sRgx — . (5.15)
T T

Furthermore, by Theorem 5.2.2 we find for every z € D(A) that

R;Ax = / e ' T(t) Az dt = [e *'T(t)z] :io - (—s)/ e ST (t)x dt = —x + sRgr,
0 0

where we used integration by parts. Thus we find that Rs(sI —A)x = x for all z € D(A).
Further, equation (5.15) shows (sI — A)Rsx = «x for all x € X and thus

(sI — A)~' = R,.
b. This follows easily from the following equality

AN=p) M = ANl —A) =N —A) TN — A+ A—pl)(ul — A1
=(ul — A= (A — AL

Part ¢ is proved in Example A.2.2. O

5.3. Abstract differential equations

Theorem 5.2.2.b shows that for g € D(A) the function z(t) = T'(t)zo is a solution of
the abstract differential equation

x(t) = Az(t), z(0) = xo. (5.16)

Definition 5.3.1. A differentiable function x : [0,00) — X is called a classical solution
of (5.16) if for all ¢ > 0 we have x(t) € D(A) and equation (5.16) is satisfied. O
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5.3. Abstract differential equations

Using Theorem 5.2.2 it is not hard to show that the classical solution is uniquely
determined for xy € D(A).

Lemma 5.3.2. Let A be the infinitesimal generator of the strongly continuous semi-
group (T'(t))y>o- Then for every xo € D(A), the map t — T'(t)zo is the unique classical
solution of (5.16).

PROOF: Let = be a classical solution of (5.16), and define for s € [0,¢] the function
z(s) = T(t — s)x(s). Then for s € (0,t) and h € R such that s+ h € (0,¢), we have that
z(s+h) — z(s) _ T(t—s—h)x(s) —T(t—s)x(s) T s h)az(s +h) — x(s)

h h h
We want to show that the limit exists for h — 0. The limit of the first term on the
right hand side exists, since z(s) € D(A), see Theorem 5.2.2.b. The limit of the second

term on the right hand side exists, since z is differentiable and since the semigroup is
(strongly) continuous. Thus z is differentiable, and

2(s) = —AT(t — s)z(s) + T'(t — s)Az(s) =0, s € (0,1).
In other words, z is constant on (0,¢), and since it is continuous we find
x(t) = z(t) = 2(0) = T(t)z(0) = T(t)zo,
which proves the assertion. O

Definition 5.3.3. A continuous function = : [0,00) — X is called a mild solution of
(5.16) if fgx(s) ds € D(A), z(0) =z and

x(t) — x(0) = A/Ot x(1)dr, for all ¢ > 0. (5.17)
O

Using Theorem 5.2.2, it is easy to see that ¢ — T'(t)x( is a mild solution of (5.16) for
every r9 € X. Further, in Exercise 5.6 we show that the mild solution of (5.16) is
uniquely determined.

Finally, we return to the p.d.e. of Examples 5.1.1 and 5.1.4. We constructed a Cp-
semigroup and showed that the semigroup solves an abstract differential equation. A
natural question is how this abstract differential equation is related to the p.d.e. (5.2).
The mild solution x of (5.16) takes at every time ¢ values in a Hilbert space X. For
the p.d.e. (5.2) we chose X = L?(0,1), see Example 5.1.1. Thus x(t) is a function of
¢ € [0,1]. Writing the abstract differential equation down using both two variables, we
obtain

oz
E(C? t) = A.Z'(t, C)

Comparing this with (5.2), A must equal %. Since for xy € D(A) the mild solution is
a classical solution, the boundary conditions must be a part of the domain of A. So the
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5. Strongly Continuous Semigroups

operator A associated to the p.d.e. (5.2) is given by

d*h
D(A) = {h € L?(0,1) | h, % are absolutely continuous, (5.18)

2
@h e L2(0,1) and %(0)=0= %(1)},

In the next chapter we show that the operator A generates a Cy-semigroup and that
this semigroup equals the one found in Example 5.1.4.

5.4. Exercises

5.1. Let X be a Hilbert space and A € £(X). Show that

AL i (At)"

n!

n=0
defines a strongly continuous semigroup. Calculate the infinitesimal generator of
this Cp-semigroup.

5.2. Show that in Theorem 5.1.5.e the inequality | T'(t)|] < M,e*! does not have to hold
for w = wy.

Hint: Consider the Cp-semigroup (e);>o with A = [(1) H

5.3. Suppose that (T'(t))s>0 is a Cp-semigroup on the Hilbert space X.

a. Let A € C, and show that (e T(t))
growth bound of this semigroup?

b. Prove that the infinitesimal generator of (e*7'(t)) >0 18 Al + A, where A is

>0 18 also a Cp-semigroup. What is the

the infinitesimal generator of (T'(t))¢>o.

5.4. Let (T'(t))s>0 be a Cp-semigroup on the Hilbert space X, with infinitesimal gener-
ator A and suppose that ||T'(t)|| < Me*!. Let S € £(X1, X2) be invertible, where
X5 is another Hilbert space.
a. Define Ty(t) = ST(t)S~! and show that this is a Cp-semigroup on Xo.
b. Show that the infinitesimal generator of (T5(t)); is given by Ay = SAS—!
with D(As) = {2z € X5 | S~z is an element of D(A)}.
c. Show that ||Tx(t)|| < Mae®! for all t > 0.

5.5. Let (T (t))tzo be a strongly continuous semigroup on the Hilbert space X. Assume
further that its growth bound wq is negative. Let M be defined as

= [Tr)a
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a) Show that M is finite.
b) Use Theorem 5.1.5 to show that M~ < —wy.

5.6. Let A be the infinitesimal generator of the Co-semigroup (7'(t)),>o. Show that for
every xg € X, the map t — T'(t)x is the unique mild solution of (5.16).

5.5. Notes and references

The theory of strongly continuous semigroup started with the work of Hille, Phillips,
and Yosida in the 1950’s. By now it is a well-documented theory, and the results as
formulated in this chapter can be found at many places. There is even a wiki-page on
the subject; http://en.wikipedia.org/wiki/C0-semigroup. Good text book references are
e.g. Curtain and Zwart [CZ95], Engel and Nagel [EN00] and Pazy [Paz83]. Moreover,
the original sources Yosida [Yos80] and Hille and Phillips [HP74] are still recommended.
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Chapter 6
Contraction and Unitary Semigroups

In the previous chapter we introduced Cp-semigroups and their generators. We showed
that every Cp-semigroup possesses an infinitesimal generator. In this section we study
the other implication, i.e., when is a closed densely defined operator an infinitesimal
generator of a Cp-semigroup? We remark that if A is bounded, then its exponential

M=) At (6.1)

n!
n=0

is the Cy-semigroup with A as its infinitesimal generator, see Exercise 5.1. In this chapter
we restrict ourself to infinitesimal generators of contraction semigroups on (separable)
Hilbert spaces.

6.1. Contraction semigroups

Every Cp-semigroup satisfies | T'(t)|| < Me** for some M and w, see Theorem 5.1.5.
In Example 5.1.3, the constant M equals one, see (5.8), and thus the Cp-semigroup
(€™M (t))e>0 satisfies |le”'T'(¢)|| < 1forall¢ > 0. Semigroups with this special property
are called contraction semigroups.

Definition 6.1.1. Let (7'(t)):>0 be a Cy-semigroup on the Hilbert space X. (T'(t))i>0
is called contraction semigroup, if |T'(t)|| < 1 for every ¢t > 0. O

In Proposition 5.2.4 we showed that the resolvent of any generator is bounded by
M /Re(s) for the real part of s sufficiently large. Operators with this property for s €
(0,00) and M =1 are studied next.

Lemma 6.1.2. Let A: D(A) — X be a closed linear operator with dense domain such
that (0,00) C p(A) and

l(al —A)7Y <=  a>o0. (6.2)

1
a
Then

()}LII;O aladl — Atz =2z (6.3)

for all x € X, where « is constrained to be real.
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6. Contraction and Unitary Semigroups

PROOF: Let 2 € X. Since the domain of A is dense in X, we can find z € D(A) such that

|z — z|| < ¢, for any given € > 0. Choose ag € (0,00) such that ||(al — A)7| < sz”

for all real o > a. Calculating ||a(af — A) "'z — z|| for a > aq gives
la(ad — A) e — x| = (el — Az —alal —A) 2+ alal —A) Tz — 2 42— z||
<lla(al = A) "z —2)|+
I(af — A+ A)(al = A)7 2 —2[| + |2 — |
<o - 2] +ll(ad = A Az + |12 - |
<3,

where we used (6.2). The above holds for every ¢ > 0. Thus lim a(al — A)™ 1z = =,

a—o0
where « is real. O

The following Hille-Yosida theorem on the characterization of infinitesimal generators
is very important, since it provides us with a necessary and sufficient condition for A
to be the infinitesimal generator of a contraction semigroup. Note however, that in
applications often the equivalent formulations of Theorems 6.1.7 and 6.1.8 are used.

Theorem 6.1.3 (Hille-Yosida Theorem). A necessary and sufficient condition for a
closed, densely defined, linear operator A on a Hilbert space X to be the infinitesimal
generator of a contraction semigroup is that (0,00) C p(A) and

(ol — A7) < i for all a > 0. (6.4)

PROOF: Necessity: Follows directly from Proposition 5.2.4, since wg < 0 and M = 1.
Sufficiency: Set Ay = a?(al—A)"1—al, a > 0. Then A, € £(X) and the corresponding
Co-semigroup is given by

1o} —a - Oé2t " —-n
TO(t) = efot = ¢ tz( !) (al — A",
n=0

n

see Exercises 5.1 and 5.3. We show next that the strong limit of 7%(t) exists as o — o0,
and it is the desired semigroup, T'(t). First we show that ||A,z — Az|| — 0 as o — oo
for x € D(A). Lemma 6.1.2 implies

alal —A)7lr -z as @ — oo for all x € X.

Moreover, Aqx = a(al — A)~t Az, and thus A,z — Az as a — oo for # € D(A). Note

that )
o et (@) 1
IT(#)]| < e Z o L (6.5)
n=0 ’

Thus the semigroup (T“(t))¢>0 is uniformly bounded on [0, c0). Now,

(af = A)(ul — A)™ = (uI — A) " (al — A)",

66



6.1. Contraction semigroups
and hence A, A, = A A, and A TH(t) = TH(t)Ay. For € D(A), we obtain

Ttz —THt)x = (TH(t — s)T(s)x)ds

o\éL
&~

_ /0 Tt $)(Ap — A, )T (s)ads
_ /0 Ut )T (5) (Aa — Ay )ads.
Thus for « and p greater than 0 it follows that
1T (#)x — TH(H)z| < /Ot (Ao — Ap)xllds = t]|(Aa — Ap)z|.

However, ||(Aq — Au)z|| — 0 as a, pp — o0, since Apx — Ax as a — oo. Thus T*(t)z is
a Cauchy sequence and so it converges to T'(t)x, say. Using the uniform boundedness of
T%(t)x and the fact that D(A) is dense in x we may extend this convergence to every
x € X. Clearly, T(t) € £(X). Again, using the uniform boundedness of T%(¢) and
the equation above, we see that T%(t)x converges to T(t)z uniformly on compact time
intervals. Furthermore, from (6.5) we conclude that

I7(t)x| < liminf || T%()z|| <liminf ||z| = ||z].
a— 00 a— 00

It remains to show that (T(t)),> is a strongly continuous semigroup with infinitesimal
generator A. For all x € X we have

T(t+s)r= lim Tt + s)z = lim T)T*(s)x =T (t)T(s)x.

a—00 a— 00

In addition, 7(0) = I, and the strong continuity is a consequence of the uniform conver-
gence on compact intervals. For z € D(A) we obtain

IT%(t) Aa = T(8) Az|| < [T*(@) ||| Aar — Az||+[|T* () Az — T (t) Az|
and hence T%(t) Ayx converges to T'(t) Az as o — oo, uniformly on compact intervals for
x € D(A). Thus we may apply the limit & — oo to

t
T(t)x —x = / T%(s)Aqxz ds
0

to obtain .
Tt)r —x= / T(s)Azxds for x € D(A).
0

Therefore the infinitesimal generator A of (T'(t));>0 is an extension of A, since

g — i L2 -2

= Ax for x € D(A).
t—0t+ t
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If & > 0, then
(al — A)D(A) = X,

which implies B ~
(al — A)D(A) = X.

But AD(A) = AD(A), and hence
(ol — A)D(A) = (oI — A)D(A).

Since af — A is invertible, see Proposition 5.2.4, we see that D(A) = D(A), and this
completes the proof of the theorem. O

Next we give a characterization of generators of contraction semigroups that does not
require the explicit knowledge of the resolvent. Therefore we introduce the notion of
dissipativity.

Definition 6.1.4. A linear operator A : D(A) C X — X is called dissipative, if

Re (Az,z) <0, x € D(A). (6.6)
U

We remark that a dissipative operator is in general neither closed nor densely defined.
Proposition 6.1.5. A linear operator A : D(A) C X — X is dissipative if and only if
(el — A)z|| > a||x|| for x € D(A),a > 0. (6.7)

PROOF: We first assume that the operator A is dissipative. Using the Cauchy-Schwarz
inequality, for x € D(A) and o > 0 we have

(el = A)z|l|lz]| = Re((al — A)z,x)

= alz|* ~Re (Az,z) > af«|?,

where we have used (6.6). Hence we have proved (6.7). Conversely, for z € D(A) and
a > 0, we have

[(ad — A)z||* = o?||z]|? — 20Re(Az, z) + || Az|?.
Using (6.7), for all & > 0 we conclude that
—2aRe(Azx, z) + | Az|? = ||(aI — A)z||* — o?||z||* > 0. (6.8)

Dividing by « and letting « go to infinity, we find that (6.6) must hold. Since z € D(A)
was arbitrary, we conclude that A is dissipative. O

If we additionally assume that the operator A is closed, then dissipativity implies that
the range of ool — A is closed for all « > 0.
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6.1. Contraction semigroups

Lemma 6.1.6. If A is a closed, dissipative operator, then the range of al — A is closed
for all a > 0.

PROOF: Let {z,,n € N} be a sequence in the range of ol — A such that z, — z € X for
n — oo. We write z, = (al — A)x,, with z,, € D(A). By the dissipativity, see equation
(6.7) we have

Izn = zmll = [[(ed = A)(@n — 2m) || = al|zn — 2|

Since {z,,n € N} converges, we see that {z,,,n € N} is a Cauchy sequence, and therefore
also converges. We call this limit z. So z, = (ol — A)z,, — z and x,, — x. Using the
fact that A and thus ol — A is closed, we have that z = (ol — A)x. Thus the range of
al — A is closed. O

Next we show that the generators of contraction semigroups are precisely those dissi-
pative operators for which I — A is surjective.

Theorem 6.1.7 (Lumer-Phillips Theorem). Let A be a linear operator with do-
main D(A) on a Hilbert space X. Then A is the infinitesimal generator of a contraction
semigroup (T(t)),>o on X if and only if A is dissipative and ran (I — A) = X.

PRrROOF: We first assume that A generates a contraction semigroup. Then the Hille-
Yosida Theorem implies that (0,00) C p(A) and
1 1
(ol — A7 < — for all & > 0.
«@

Thus in particular, ran (I — A) = X and
[(al — A)z|| > a||z| for x € D(A),a > 0.

Now Proposition 6.1.5 implies that A is dissipative.

Conversely, using the Hille-Yosida Theorem it is sufficient to show that A is densely
defined and closed, (0,00) C p(A) and A satisfies (6.4). We first show that A is densely
defined.

Let z be orthogonal to D(A). Since the range of (I — A) equals X, there exists an
x € D(A) such that z = (I — A)z. Since z is orthogonal to any element in D(A), we
have in particular that (z,2) = 0. Thus

0= <27x> = (([ —A)z,z) = H‘T”2 — (Az, 7).

Taking real parts, we find
0 = ||z||*> — Re(Az, x).

However, the dissipativity of A now implies ||z|| = 0 or equivalently x = 0. Thus
z = (I — A)xz =0, and therefore the domain of A is dense in X.
Using Proposition 6.1.5 we have

(I — A)x|| > ||z|| for x € D(A), (6.9)
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which implies that I — A is injective. Combining this with the surjectivity, I — A has
an (algebraic) inverse. Using (6.9) once more we see that (I — A)~! is a bounded linear
operator. The inverse of a bounded operator is closed operator. Thus I — A is closed
and therefore A is a closed operator.

It remains to show that for any o > 0, al — A is surjective. If so, we can repeat
the above argument, and conclude from (6.7) that (6.4) holds, and thus A generates a
contraction semigroup.

We first show that the range is dense. Let z be orthogonal to the range of al — A.
Since the range of I — A equals X, we can find an z € D(A) such that z = (I — A)z. In
particular, we find

0= (Za (Oé[ - A)J}> = (([ - A).’L’, (aI - A).’L’> = a”xuz - a(Ax,x> - <.’L’,AIL'> + HA‘T”2
Taking real parts,
0 = a||z||?> — aRe(Az, z) — Re(z, Az) + || Az|%.

By the dissipativity all terms on the right hand-side are positive. Thus z = 0, and
z= (I — A)z =0. In other words, the range of I — A is dense in X. By Lemma 6.1.6
we have that the range is closed, and thus the range of al — A equals X. O

The following theorem gives another simple characterization of generators of contrac-
tion semigroups.

Theorem 6.1.8. Let A be a linear, densely defined and closed operator on a Hilbert
space X. Then A is the infinitesimal generator of a contraction semigroup (T (t))t20 on
X if and only if A and A* are dissipative.

PRrROOF: We first assume that A generates a contraction semigroup. By Theorem 6.1.7,
A is dissipative. As A is densely defined, the operator A* is well-defined. By the Hille-
Yosida Theorem, we have that [(af — A)~!|| < 1. Since the norm of the adjoint equals
the norm of the operator, and since the inverse of the adjoint equals the adjoint of the
inverse, we find that
(ol — 4%) 7 = |[(af — )" <

This implies that for all x € D(A*) we have ||(af — A*)zx| >
gives that A* is dissipative.

Next assume that A and A* are dissipative. By Lemma 6.1.6, for every o > 0 the
range of al — A is closed. Assume that there exists an ag > 0 and a non-zero z such
that z is orthogonal to the range of agl — A. Then for all x € D(A), we have

0= (z,(apl — A)x) = ap(z,x) — (2, Ax). (6.10)

By the definition of A*, this implies that z € D(A*) and A*z = agz. Since A* is
dissipative, we have that

allz||?. Proposition 6.1.5

0 > Re(A*z,2) = (apz, 2) = apl|z*.

This is a contradiction to the positivity of ag. Hence for all & > 0 the range of al — A
equals X. By Theorem 6.1.7 we conclude that A generates a contraction semigroup. [
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6.1. Contraction semigroups

Remark 6.1.9. Instead of assuming that A* is dissipative it is sufficient to assume that
A* has no eigenvalues on the positive real axis. O

Next we apply the obtained results to the example of the heated bar, see Example
5.1.1.

Example 6.1.10 The abstract formulation of Example 5.1.1 lead to the following op-
erator, see (5.18),

’h .

{h € L*(0,1) | h, % are absolutely continuous, (6.11)

D(4)
@h e L2(0,1) and %(0) =0 = %(1)} ,

Next we show that A generates a contraction semigroup on L? (0,1). A is dissipative, as

1 2L 2
(h, AR + (Ah, ) = /0 h<<>fl—£<<>+fi—£<c>h<o dc

! Lan dh
0 o d¢

_ Lodh,
—0—2/0 1S Id < o (6.12)

- (h(@%(c) N j—’é(c)%)

where we have used the boundary conditions. It remains to show that the range of
I — A equals L%(0,1), i.e., for every f € L?(0,1) we have to find an h € D(A) such that
(I — A)h = f. Let f € L?(0,1) and define

¢
h(¢) = acosh(¢) — /0 sinh(¢ — 7)f(7) dr, (6.13)
where . .
a= m/g cosh(1 — 7)f(7)dr. (6.14)

It is easy to see that h is an element of L?(0, 1) and absolutely continuous. Furthermore,
its derivative is given by

dh ¢
d—g(() = asinh(() — / cosh(¢ — 7)f(r)dr
0
This function is also absolutely continuous and satisfies the boundary condition Z—}CL(O) =

0. Using (6.14) we also have that %(1) = 0. Furthermore,

d*h

¢
"0 = acosh(€) = £(0) - /0 sinh(¢ — 7)(r) dr = —£(C) + h(C),
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6. Contraction and Unitary Semigroups

where we have used (6.13). Thus h € D(A) and (I — A)h = f. This proves that for
every f € L?(0,1) there exists an h € D(A) such that (I — A)h = f. Thus the Theorem
of Lumer-Phillips implies that A generates a contraction semigroup, which by Theorem
5.2.3 is uniquely determined. It remains to show that this semigroups equals the one
found in Examples 5.1.1 and 5.1.4.

Let (T1(t));>o denote the semigroup of Example 5.1.4, and (75(t)),s, the semigroup
generated by the operator A as given in (6.11). -

Let ¢, € L%(0,1) be given as ¢,(¢) = v2cos(nm¢), n € N and ¢o(¢) = 1. It is easy
to see that ¢, € D(A). Furthermore, A¢, = —n?12¢,. Since ¢, € D(A), the abstract
differential equation

o(t) = Az(t)  x(0) = ¢n
has a unique classical solution, T5(t)¢,, see Lemma 5.3.2. By inspection, we see that
z(t) = e ™" ™’tp, satisfies this differential equation. Thus Ty(t)¢n = e ™™ t¢,. Since
the semigroup is a linear operator we find that

N
<Z an¢n> = Zan _n2ﬂ2t¢n-

n=0

Thus on span {gbn} To(t

) equals T3 (t). Since span {¢,} lies dense in L?(0, 1), we conclude
that Th(t) = T1(t) for t > 0.

O

6.2. Groups and unitary groups

By definition, semigroups are only defined on the positive time axis. However, the
simplest example of a semigroup, i.e., the exponential of a matrix is also defined for
t < 0. If the semigroup (T'(t)),~, can be extended to all t € R, then we say that
(T(t));cg is a group. We present the formal definition next.

Definition 6.2.1. Let X be a Hilbert space. (T'(t)),cg is a strongly continuous group,
or Cy-group, if the following holds

1. For all t € R, T'(t) is a bounded linear operator on X;

2. T(0) = I

3. T(t+71)=T@)T(r) for all t,7 € R.

4. For all xp € X, we have that ||T'(t)zo — zo||x converges to zero, when t — 0. [

It is easy to see that the exponential of a matrix is a group. As for semigroups, we
can define the infinitesimal generator of a group, see Definition 5.2.1.

Definition 6.2.2. Let (T'(t)),cg be a Co-group on the Hilbert space X. The infinitesi-

mal generator is defined as

T(t)l’o — X0
t

for zy € D(A). Here D(A) consists of all xg € X for which this limit exists. O

Axy = %1_13% (6.15)
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6.2. Groups and unitary groups

The following theorem characterizes generators of Cy-groups.

Theorem 6.2.3. A is the infinitesimal generator of a Cy-group if and only if A and —A
are Infinitesimal generators of Cy-semigroups.

More precisely, if (T'(t)),cp is a Co-group with infinitesimal generator A, then (T'y(t)),~
and (T_(t)),~ defined by

To(t)=T(), t>0, and T_(t)=T(—t) t>0, (6.16)

are Cy-semigroups with infinitesimal generators A and — A, respectively. Conversely, if A
and — A generate Co-semigroups (T (t)),~, and (T—(t)),~,, then A generates a Cy-group
(T'(t))yer, which is given by

1) t=o0
T = {T_(—t) t<0. (6.17)

PROOF: Let (T'(t)),cg be a Co-group. We define the semigroups (T4 (t)),>, and (T (1))~
by (6.16) It is easy to see that these are strongly continuous semigroups on X. We denote
their infinitesimal generators by A, and A_, respectively.

It is easy to see that D(A) C D(Ay), D(A) C D(A_) and

Axg = A+$0, xo € D(A) (618)

Next we show that these three domains are the same. Let zp € D(A;), and consider
the following equation for ¢ > 0

T(—t)x() — X0

—T(t
7 =+ A+.Z'() = T(—t) <‘T0f()x0 + A+.Z'()> + A+$0 — T(—t)A+$0 (619)

Since g € D(A4) and (T(t)),cg is strongly continuous, the right hand-side converges
to zero for ¢ | 0, and thus also the left-hand side converges to zero for ¢ | 0. This
implies that zp € D(A_) and also that (6.15) exists, which shows D(Ay) C D(A-)
and D(A4) € D(A). Since we already had that D(A) € D(A4), we conclude that
D(A4) = D(A). Similarly, we can show that D(A_) = D(A). Furthermore, from (6.19)
we conclude that A_xyg = —Axg. Combining this with (6.18), we have that A, = A,
and A_ = —A. Thus both A and —A are infinitesimal generators of Cy-semigroups.
Next we prove the other implication. Denote the semigroups generated by A and
—A by (T4(t));>¢ and (T-(t));~q, respectively. For o € D(A) consider the continuous
function f(t) = T (+)T_(t)zo, t > 0. By Theorem 5.2.2 this function is differentiable,

and
daf
dt
Thus f(t) = f(0) = xg. Since Ty (t)T—(t) is a bounded operator, and since the domain
of A is dense we have that

(t) = T4 (AT (t)zo + T () (— A)T- (g = 0

T.(OT-(t) =1, t>0. (6.20)
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6. Contraction and Unitary Semigroups

Similarly, we find that T_(¢)T% (t) = I. Now we define (T'(t)),cg by (6.17). It is easy
to see that (T'(t)),cp satisfies property 1, 2, and 4 of Definition 6.2.1. So it remains to
show that property 3 holds. We prove this for 7 < 0, ¢ > 0, and 7 < —t. The other
cases are shown similarly.

We have that
Tt+7)=T_(—t—7)=TLO)T-()T_(—t—7) =T () T_(—7) =T )T (1),
where we have used (6.20) and the semigroup property of (T_(t))>0. O

Definition 6.2.4. A strongly continuous group (7'(t)):cr is called a unitary group if
|T(t)x| = ||x| for every z € X and every t € R. O

We close this section with a characterization of the infinitesimal generator of a unitary
group.

Theorem 6.2.5. Let A be a linear operator on a Hilbert space X. Then A is the
infinitesimal generator of the unitary group (T(t))ier on X if and only if A and —A
generate a contraction semigroup.

PROOF: Let (T(t)),cg be the unitary group, then it is easy to see that
IT(t)zoll = [[zoll, ¢t>0, and  |T(=t)zol = [[zoll, ¢>0.

Thus by the Theorem 6.2.3 A and —A generate contraction semigroups.
Assume next that A and — A generate a contraction semigroup, then by Theorem 6.2.3
A generate a group which is given by (6.17). Let g € X and ¢ > 0, then

lzol| = |T ()T (—t)xo|| < || T(—t)z0]| since (T'(t));>( is a contraction semigroup
<o,

where we have used that (7'(—t)),~ is a contraction semigroup. From these inequalities

we obtain that ||T(—t)zg|| = ||zo||, t > 0. Similarly, we can show that ||T(t)z|| = ||zo]|.
Thus (T'(t)),cg is a unitary group. O
Remark 6.2.6. Another useful characterization of a unitary group is the following: A
is the infinitesimal generator of a unitary group if and only if A = —A* ie., A is
skew-adjoint. O

6.3. Exercises

6.1. Let Ag be a self-adjoint, non-negative operator on the Hilbert space X. Prove that
A := — Ay is the infinitesimal generator of a contraction semigroup on X.

6.2. Let A be the infinitesimal generator of the Cp-semigroup (7'(t)):>0 on the Hilbert
space X. Prove that (T'(t)):>0 is a contraction semigroup if and only if

(Az,z) + (x, Az) <0
for every x € D(A).
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6.3. Let X be the Hilbert space L%(0,1) and define for t > 0 and f € X the following

operator
ft+¢) ¢el0,1,t+¢<1
(T'@)f) (<€) = (6.21)
0 ¢Cel0,1,t+¢>1
a) Show that (T'(t)), is a contraction semigroup on X.
b) Prove that the infinitesimal generator of this semigroup is given by
df
Af == .22
F=5% (6.22)
with domain
d,
D(A)= {f€L2(O, 1) | f is absolutely cont.,d—é € L*(0,1) and f(l):O} .

Hint: In order to calculate the domain of the generator A, note that D(A) =
ran ((I — A)_l) and use Proposition 5.2.4.

6.4. Consider the following operator on X = L2(0,1).

df

Af:d_<.7

(6.23)

with domain
D(A)= {f€L2(O, 1) | f is absolutely cont., Z—‘é € L*(0,1) and f(l):f(O)} .
a) Show that this operator generates a unitary group on X.
b) Find the expression for this group.

6.5. In this exercise, we give some simple p.d.e.’s which do not generate a Cy-semigroup.
As state space we choose again X = L?(0,1)

a) Let A be defined as
df

Af:d_<-7

(6.24)
with domain
D(A)= {fELQ(O, 1) | f is absolutely cont. and Z—‘é c L*(0, 1)} .

Show that A is not an infinitesimal generator on L?(0,1).

Hint: Show that ol — A is not injective for any « > 0.
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b) Let A be defined as

_d
Af = ac (6.25)
with domain
D(A):{feL2(O, 1) | f is absolutely cont.,;l—‘é € L2(0, 1) and f(O)ZO} .

Show that A is not an infinitesimal generator on L?(0,1).

Hint: Show that the norm of (al — A)~1f for f(¢) = 1,¢ € [0,1] does not
satisfy the norm bound of Proposition 5.2.4.

6.4. Notes and references

Contraction and unitary semigroup appear often when applying semigroup theory to

partial

differential equations, see for instance Chapter 7. This implies that a char-

acterization as given in the Lumer-Phillips Theorem is widely used. This theorem
dates 50 years back, see [LP61]. Althought for the Hilbert space setting as consid-
ered in this chapter it can be found in [Phi59]. There is a wiki-page on this theorem
http://en.wikipedia.org/wiki/Lumer-Phillips_theorem, but there are also many
good references, such as Curtain and Zwart [CZ95], Engel and Nagel [EN00],
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Chapter 7
Homogeneous Port-Hamiltonian Systems

In the previous two chapters we have formulated partial differential equations as ab-
stract first order differential equations. Furthermore, we described the solutions of these
differential equations via a strongly continuous semigroup. These differential equations
were only weakly connected to the norm of the underlying state space. However, in this
chapter we consider a class of differential equations for which there is a very natural state
space norm. This natural choice enables us to show that the corresponding semigroup
is a contraction semigroup.

7.1. Port-Hamiltonian systems

We begin by introducing a standard example of the class of port-Hamiltonian systems.

Example 7.1.1 We consider the vibrating string as depicted in Figure 7.1, which we
have studied in Example 1.1.4 as well. The string is fixed at the left hand-side and may

NS

Figure 7.1.: The vibrating string

move freely at the right hand-side. We allow that a force u may be applied at the right
hand-side. The model of the (undamped) vibrating string is given by

0w 1 9 ow

—((,t) = ——=— [ T(O)—(¢,t 7.1

6.0 =~ (T 5E ). ()
where ¢ € [a,b] is the spatial variable, w((,t) is the vertical position of the string at
place ¢ and time ¢, T" is the Young’s modulus of the string, and p is the mass density,
which may vary along the string.
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7. Homogeneous Port-Hamiltonian Systems
This system has the energy/Hamiltonian

p0 =1 [ o0 (2icn) +r0 (Len) @ (7:2)

Assuming that (7.1) possesses a (classical) solution, we may differentiate this Hamilto-
nian along the solutions of the partial differential equation

b w 2
‘ﬁl—%:/ o022 T )+ <<>a<<<, >§C8t<c 1 dc
b ow
- [l (re5Een) + 105 e G
aw ow ow ow
S eOTO S 0.0 - Fa)T@ G 0.1), &

where we used integration by parts. Note that 2 ¢ is the velocity, and T is the force.
Furthermore, velocity times force is power which by definition also equals the change of
energy. Hence, (7.3) can be considered as a power balance, and the change of internal
power only happens via the boundary of the spatial domain. The string is fixed at { = a,
that is, %—‘f(a, t) = 0. Furthermore, we have assumed that we control the force at ¢ = b.
Thus the power balance (7.3) becomes

dE ow

) = S (). (7.4)

Next we apply a transformation to equation (7.1). We define z; = p%—? (momentum)

and xg = %—Zﬁ (strain). Then (7.1) can equivalently be written as

Sl ]-10 o]z (17 w0 1260 ])
=g (o 2eh ), @)

a¢
1
0 )]. The energy /Hamiltonian becomes in the new

where P = 93] and H(¢) = [ 77 .

variables, see (7.2),

bx 2
B =5 [ 2 s (@t oac
b
—3 [ [aco ann@ | 200 (7.

O

Various examples can be written in a similar form as the previous example, which is
a particular example of a port-Hamiltonian system.
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7.1. Port-Hamiltonian systems

Definition 7.1.2. Let P; € K™*" be invertible and self-adjoint, let Py € K"*" be skew-
adjoint, i.e., Pj = —Fp, and let H € L*([a, b]; K™*™) such that mI < H(¢) < M1 for
a.e. ( € [a,b] and constants m, M > 0 independent of (. We equip the Hilbert space
X := L?*([a, b]; K") with the inner product

1 b
(a)x =3 | 9O MOIC) dc (77)
Then the differential equation
TG0 = P (HO2(6.0) + Py (Rl 1) (79

is called a linear, first order port-Hamiltonian system. The associated Hamiltonian
E :[a,b] — K is given by

b
Bt =5 [ #(C M@t (79
e U

Remark 7.1.3. We make the following observations concerning this definition.

1. Hamiltonian differential equations form an important subclass within ordinary
and partial differential equations. They include linear and non-linear differential
equations, and appear in many physical models. We restrict ourselves to linear
differential equations of the type (7.8), and will normally omit the terms “linear,
first order”.

2. In Hamiltonian differential equations, the associated Hamiltonian is normally de-
noted by H instead of E. Since in our examples the Hamiltonian will always
be the energy, and since we want to have a clear distinction between H and the
Hamiltonian, we have chosen for F.

3. Since the squared norm of X equals the energy associated to the linear, first order
port-Hamiltonian system, we call X the energy space.

4. Since mI < H(¢) < MI for a.e. ¢ € [a,b], the standard L?-norm is equivalent to
the norm defined by (7.7), i.e., for all f € L*([a,b]; K")

m M
S IF1Z2 < DF15 < £

5. Real self-adjoint matrices are also called symmetric, and for complex self-adjoint
the term Hermitian is used as well. (]

We have seen that the vibrating string is a port-Hamiltonian system. Next we show
that the model of the Timoshenko beam is a port-Hamiltonian system as well.
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7. Homogeneous Port-Hamiltonian Systems

Example 7.1.4 The model of the Timoshenko beam incorporates shear and rotational
inertia effects in a vibrating beam. Its equations are given by

2
p0 5 €0 = 5 (K0 (Geen-on)). ce@. =0 .

2
OG0 = 3¢ (EHO5260) + K (Gecn - oc.n).

where w((, t) is the transverse displacement of the beam and ¢((,t) is the rotation angle
of a filament of the beam. The coefficients p((), 1,(¢), EI(¢), and K({) are the mass
per unit length, the rotary moment of inertia of a cross section, the product of Young’s
modulus of elasticity and the moment of inertia of a cross section, and the shear modulus,
respectively. The energy/Hamiltonian for this system is given by

B -5 | b <K<<> (S0 - ¢<<,t>)2 £ o(0) (%—f(m))z ;

51(6) (5216 t>) +1,00 (50 ) . (r.11)

In order to show that the model of the Timoshenko beam is a port-Hamiltonian system,
we introduce the following (physical) notation.

x1((,t) = g—?((, t) — ¢(¢,t) shear displacement
B = pO(CH  momentum
x3((,t) = g—?(( ,1) angular displacement
x4(C,t) = Ip(C)%(C,t) angular momentum.
Calculating the time derivative of the variables x1, ..., x4, we find by using (7.10),
0 wQ(Cvt)) _ {E4(C,t)
21(C, 1) N 7,0
9| xa(¢t) | | ge (K(Qz1(C,1)) (7.12)
ot | xz3(¢,t) | 8% w;((@‘él)f)) )
Ny ’
7a(G:1) 2 (BI(C)zs(¢, 1) + K1 (G, )
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7.1. Port-Hamiltonian systems

Dropping for readability the coordinates ¢ and ¢, we obtain
0

x 0100 0 0 x1
dlam| (10000 []0 5 0 0]
ot | zs | |0 00 1] 0 0 EI O x3
T4 0010 00 0 ¢ ||
0 00 -1 K (1) 0 0 x
000 O 0o 5 0 0 x2
p
Tlooo o]0 0 B 0] a (7.13)
1
100 O 00 0 4 x4
Formulating the energy /Hamiltonian in the variables 1, ..., x4 is easier, see (7.11)
I 1
E(t) =5 / K(Qa1(C,1)* + —=a2(C, 1)* + BI(()ws(¢,1)* + w4(C, t)%d¢
2 Ja p(C) 1,(€)

, z1(¢,t) 17| K(Q) (1) 0 0 21(C, 1)

_1 72(¢, 1) 0 200 0 0 22(C, 1)
2/a z3(C, 1) 0 0 EIC) 0 e | [ (71D

z4(C, 1) 0 0 0 g | L7

This shows that the Timoshenko beam can be written as a port-Hamiltonian system
on X = L%([a,b];R?). Next we calculate the power. Using the above notation and the
model (7.10), we find that the power equals

dE . xZ(Ca t) 1’4((, t) ’
0 = [KQncn =+ B o5 (7.15)
Again, the power goes via the boundary of the spatial domain. O

As we have seen in the examples, the change of energy (power) of these systems was
only possible via the boundary of its spatial domain. In the following theorem we show
that this is a general property for any system which is of the form (7.8) with Hamiltonian
(7.9).

Theorem 7.1.5. Let = be a classical solution of the port-Hamiltonian system (7.8).
Then the following balance equation holds

== () = 5 [(H(Qx(¢, 1) PrH(Q)x(C, 1), (7.16)

PRrROOF: By using the partial differential equation, we obtain

b T b -
T0=3 j O HIC(C ) + / (1) IO TG 1)
b *
:% / <P 1(%(7{(0%(@’5)) +PoH(<)x(<,t)> H(CO)x(C, )dC

b
#g [ #0070 (R g 011a(6 ) + Rir)o(c) )
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7. Homogeneous Port-Hamiltonian Systems

Using now the fact that P; and H(() are self-adjoint, and Py is skew-adjoint, we write
the last expression as

1 b o * 0
3 | (0O PG 0+ (102l 0) (P ((Qatc.0))

b
. / (H(Q)2(C, 1) PeH(Q2(C, 1) + (H(O)(C, 1) PH(C)(C, £)dC
/ 5 [(HO)2(¢, )" PrH(C)alc )] d¢
= S LH(Q(¢. )" P1H<<>w<c,t>1i1.
Hence we have proved the theorem. O

The balance equation (7.16) is very important, and guides us in many problems. It
explains the name port-Hamiltonian system. The system has a Hamiltonian (most times
energy) and changes of this quantity can only occur via the boundary, i.e., the ports to
the outside world. Note that (7.8) with Py = 0 is the infinite-dimensional counterpart
of the finite-dimensional port-Hamiltonian system of Section 2.3. The J is replaced
by Pla%a which is a skew-symmetric operator, and H is replaced by the multiplication
operator H(-).

As we showed in the previous two chapters, a partial differential equation needs bound-
ary conditions in order to possess a unique solution. In the next section we characterize
those boundary condition for which the port-Hamiltonian system generates a contraction
semigroup.

7.2. Generation of contraction semigroups

In this section, we apply the general results presented in Chapters 5 and 6 to port-
Hamiltonian systems i.e., we consider partial differential equations of the form

LT ai( (©a(¢. ) + PeHQ(C, ). (7.17)

and we aim to characterize (homogeneous) boundary conditions such that (7.17) pos-
sesses a unique solution. The balance equation (7.16) shows that the boundary flow is
not determined by x, but by Hx. Therefore, we formulate the boundary condition in
this variable. So we consider the boundary conditions

i | HO)z01) |
Ws [ H(a)z(a. 1) ] =0, t>0. (7.18)

In order to write (7.17) as an abstract differential equation with an operator A, we
“forget” the spatial dependence, and we write the p.d.e. as the (abstract) ordinary

differential equation
dx

THO = Prg (Ha(t) + Py (Ha(t). (7.19)
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Hence we consider the operator

Az = Pld% (Ha) + Py (Hz) (7.20)
on the state space
X = L*([a,b]; K™) (7.21)
with inner product
1 /b
(alx =5 | 9O MOIC) dc (7.2

and domain

D(A) = {a; € X | Ha € H(ja,B]; K™), Wi [ Egi))gz)) } _ o} .

Here H'([a,b]; K") is the vector space of all functions from [a, b] to K", which are square
integrable, absolutely continuous, and the derivative is again square integrable, that is,

H'([a,b]; K") = {f € L*([a,b]; K") | f is absolutely continuous and Z—Jé e L?([a,b]; K™)}.

It turns out that formulating the boundary conditions directly in x or Hx at ( = a and
¢ = b is not the best choice for characterizing generators of contraction semigroups. It
is better to formulate them in the boundary effort and boundary flow, which are defined
as

1 1

0="p ((Hz)(b) + (Hz)(a)) and fy= NG

respectively. Next, we show some properties of this transformation.

(P (Hz)(b) — Pr(Hx)(a)),  (7.23)

Lemma 7.2.1. Let P; be self-adjoint and invertible in K"*", then the matrix Ry €
K27%2" defined as

1 |p —-P
L[ -
is invertible, and satisfies
P 0 s
[ 0 P ] = RyX Ry, (7.25)
where
0 I
s=[0 1] -

All possible matrices R which satisfy (7.25) are given by the formula R = URy, with U
satisfying U*XU = X.
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PRrROOF: We have that
L P T 0 I P —P L | A 0
NOR R s I 0 I I V2 S0 =P |

Thus using the fact that P; is self-adjoint, we obtain that Ry := % [};1 _f 1] satisfies

(7.25). Since P is invertible, the invertibility of Ry follows from equation (7.25).
Let R be another solution of (7.25). Hence

P 0

RER:[ 0 _p,

] = RiSR,.

This can be written in the equivalent form
Ry*R*SRR;' =%.
Calling RRy L' — U, we obtain U*XU = ¥ and R = URy, which proves the assertion. O

Combining (7.23) and (7.24) we see that

[ fg } = fo [ ((gj)) ((2; } : (7.27)

Since the matrix Ry is invertible, we can write any condition which is formulated in
(Hz)(b) and (Hz)(a) into an equivalent condition which is formulated in fy and e.
Furthermore, we see from (7.23) that the following holds

((Hz) (0))"P1 (Ha) (b) — (Hz) (a))" P1 (Hz) (a) = faea + €5 (7.28)

Using (7.27), we write the boundary condition (7.18) (equivalently) as

Wp [ fggg } =0, (7.29)

where Wg = WBRa 1 So A equals

Az = Pld% (Ha) + Py (Hz) (7.30)

and the domain of A is given by
D(A) = {z € L*([a,b}; K") | Hz € H'([a,b; K"), Wp [{2] = 0}. (7.31)
In Theorem 7.2.3 we characterize the boundary conditions for which the operator

(7.30) with domain (7.31) generates a contraction semigroup. The following technical
lemma is useful.
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Lemma 7.2.2. Let Z be a Hilbert space with inner product (-,-), and let P € L(Z) be
a coercive operator on Z, i.e., P is self-adjoint and P > eI, for some € > Q.

We define Zp as the Hilbert space Z with the inner product (-,-)p := (-, P-). Then
the operator A with domain D(A) generates a contraction semigroup on Z if and only
if AP with domain D(AP) = {z € Z | Pz € D(A)} generates a contraction semigroup
on Zp.

PrROOF: By the coercivity of P it is easy to see that Zp is a Hilbert space.

Since the inverse of P is also coercive, we only have to prove one implication. We
assume that A with domain D(A) generates a contraction semigroup.

We first show that Re{x, APx)p <0 for x € D(AP). For x € D(AP), we have that

Re(x, APx)p = Re(x, PAPz) = Re(Pz, APx) <0,

where we have used that P is self-adjoint and A is dissipative. Clearly, AP is a linear,
densely defined and closed operator on Zp. Using Theorem 6.1.8 it remains to show
that the adjoint of AP is dissipative as well. z € Zp is in the domain of the adjoint of
AP if and only if there exists a w € Zp such that

(Za A,P‘T>7D = <w7 $>p (732)
for all x € D(AP). Equation (7.32) is equivalent to
(Pz, APx) = (w, Pz). (7.33)

x € D(AP) if and only if Pz € D(A), which implies that (7.33) holds for all x € D(AP)
if and only if
(Pz, AZ) = (w, ©) (7.34)

holds for all Z € D(A). Equation (7.34) is equivalent to the fact that Pz € D(A*) and
w= A*"Pz.
Summarizing, z € D((AP)*) if and only if Pz € D(A*) and furthermore,

(AP)" 2 = A*Pz, z€ D((AP)Y). (7.35)

It remains to show that the adjoint as defined in (7.35) is dissipative. This is straight-
forward by using (7.35)

Re(z, (AP)*z)p = Re(x, PA*Pz) = Re(Pz, A*Px) <0,
where we used the fact that A* is dissipative. O

The following theorem characterizes the matrices Wp for which the operator A with
domain (7.31) generates a contraction semigroup. The matrix ¥ is defined in (7.26). For
the proof of this theorem we need some results concerning matrices, which can be found
in Section 7.3.

85



7. Homogeneous Port-Hamiltonian Systems

Theorem 7.2.3. Consider the operator A defined in (7.30) and (7.31) associated to
a port-Hamiltonian system, that is, the assumptions of Definition 7.1.2 are satisfied.
Furthermore, Wg, or equivalently Wpg, is an n x 2n matrix of rank n. Then A is the
infinitesimal generator of a contraction semigroup on X if and only if WpXWp > 0.

PrOOF: Sufficiency: The proof is divided in several steps. Using Lemma 7.3.1, we write
the matrix W as Wg =S [I—I—V I—V].

Step 1. Using (7.30), (7.28), and (7.31) we write Az = A;Hx, where Aj is defined by
(7.30) and (7.31) with H = I. Furthermore, the inner product of the state space X,
see (7.7), equals (f,Hg)r, where (-,-)s is the inner product (7.7) with H = I, i.e., the
standard inner product on L?([a,b]; K™). Since H is a coercive multiplication operator
on L?([a, b]; K™), we may apply Lemma 7.2.2 to conclude that A generates a contraction
semigroup on X if and only if A; generates a contraction semigroup on L?([a, b]; K™).
Hence, it is sufficient to prove the theorem for H = I.

Step 2. Let H = I and « € D(A). For the differential operator (7.30) we have

b Ox

(o) + oAy = [ a0 (RGEO + Ruote)) de

a

or b (P2 0+ Rt@)) w0

Using the fact that P is self-adjoint, and Py is skew-adjoint, we find

b
(A, ) + (z, Az)x = 1 / (O Pre(()) de

2/, d¢
= 5 @ O)Pia(h) — o (a) Prr(a)

Combining this equality with (7.28), we obtain
1 * *
<A$7 $>X + <l‘, Aaj>X = 5 (f@eﬁ + e@f@) . (736)

By assumption, the vector [gﬁg] lies in the kernel of Wg. Using Lemma 7.3.2, [gg] equals
[ _II__VV] ¢ for some ¢ € K". Thus we get

(Az,x)x + (z, Ax)x = % (faea +€5fa)
- % (1 = V*Y (=1 = V) + £ (=] = V(I = V)0)
_ (T + VTV <0, (7.37)

where we used again Lemma 7.3.1. This implies the dissipativity of A.

Step 3. By the Lumer-Phillips Theorem (Theorem 6.1.7) it remains to show that the
range of I — A equals X.
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7.2. Generation of contraction semigroups

The equation (I — A)z = y is equivalent to the differential equation

z(¢) — P1z(¢) — Poz(¢) =y((), (€ a,b]. (7.38)
Thanks to the invertibility of the matrix P;, the solution of (7.38) is given by

¢
2(C) = P =P R C=a) 5 g / ePT =PT PCT) prly () . (7.39)
x € D(A) if and only if, see (7.27) and (7.29),
_ z(b) | _ Ex(a) + ¢
0= WgRo [ () } — WsRo [ AT (7.40)
where B = ePi' =Py P)-0) apg ¢ = —fab e(Pfl—Pflpo)(b—T)Pl_ly(T)dT, see (7.39).
Equation (7.40) can be equivalently written as
b q
WgRy [ 7 } z(a) = —WgRyg [ 0 } : (7.41)

Next we prove that the square matrix Wg Ry [?] is invertible. A square matrix is
invertible if and only if it is injective. Therefore, we assume that there exists a vector
ro # 0 such that

WBR() |: ? :| ro = 0. (7.42)

Now we solve equation (7.38) for z(a) = rp and y = 0. The corresponding solution lies in
D(A) by (7.39) and (7.40). Thus (I — A)z = 0 has a non-zero solution. In other words,
x, being the solution of (7.38) with x(a) = r¢p and y = 0, is an eigenfunction of A with
eigenvalue one. However, by (7.37), A possesses no eigenvalues in the right half-plane,
which leads to a contradiction, implying that W Ry [? ] is invertible, and so (7.40) has
a unique solution in the domain of A. The function y was arbitrary, and so we have
proved that the range of I — A equals X. Using the Lumer-Phillips Theorem 6.1.7, we
conclude that A generates a contraction semigroup.

Necessity: The Lumer-Phillips theorem implies that A is dissipative, and thus for every
z € D(A) we have fies + €}fs < 0 and Wp [[2] = 0. Furthermore, it is casy to see
that for any pair [gg] € ker Wp, there exists a function x € D(A) with boundary effort
es and boundary flow fj.

We write W as Wg = [ W1 Ws ] If y lies in the kernel of Wy +Wo, then Wg [] =
0, and thus y*y + y*y < 0, which implies y = 0. This shows that the matrix W + W is
injective, and hence invertible. Defining V := (W; + W3)~1(W; — Ws), we have

[Wl Wg]:%(W1+W2)[I+V I—V].
Let [gg] € ker Wpg be arbitrarily. Using Lemma 7.3.2, there exists a vector £ such that
[gg] = [_II__VV] £. This implies

0> fies +ehfy = 0 (—21 + 2V* V)L, (7.43)
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This inequality holds for any [f 3] € ker Wg. Since the n x 2n matrix Wp has rank n,
its kernel has dimension n, and so the set of vectors ¢ satisfying [ff’] = [ K I_—Vv] ¢ for

some [ a] € ker Wp equals the whole space K".
Thus (7.43) implies that V*V < I. Finally Lemma 7.3.1 implies WpXW}j > 0. O

We apply this theorem to our vibrating string example, see Example 7.1.1.

Example 7.2.4 Consider the vibrating string on the spatial domain [a, b], see Example
7.1.1. The string is fixed at the left hand-side and we apply no force at the right hand-
side, which gives the boundary conditions

ow ow

F@N=0 TO)Z(00)= (7.44)

1
We have P = [{}], Py =0, and H(() = [@ T?C)}’ see (7.5). Using this and equation

(7.23) the boundary variables are given by

L[ TO20) -T@2@) ] 1 e+l
[ Bt — (o) ]’66—5[T(b>%<b)+ﬁ(a)6_?(a)]- (7.45)

The boundary condition (7.44) becomes in these variables

-y
0 8—12’((1,75)
S el 4] e

with Wp = % [6 % 98] Since W is a 2x4 matrix with rank 2, and since WpEW} = 0,
we conclude from Theorem 7.2.3 that the operator associated to the p.d.e. generates a
contraction semigroup on L?([a, b]; R?). O

7.3. Technical lemma’s

This section contains two technical lemma’s on matrix representations. They are impor-
tant for the proof of Theorem 7.2.3, but not for the understanding of the examples.

Lemma 7.3.1. Let W be a n x 2n matrix and let ¥ = [? é] Then W has rank n
and WYXW* > 0 if and only if there exist a matrix V € K"*" and an invertible matrix
S € K™*™ such that

W:S[I+V I—V] (7.47)

with VV* < I, or equivalently V*V < [.
PRrROOF: Sufficiency: If W is of the form (7.47), then we find

I+ve

WEW*=S[I+V I—V]E[I_V*

] S* = S(2I — 2VV*)S*, (7.48)
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which is non-negative, since VV* < I. Assuming rkW < n, there exists x # 0 such
that 2*W = 0, or equivalently (S*x)* [ I+V 1-V ] = 0. This implies for 7 := S*z,
Z(I+V) =0and (I — V) = 0, and thus Z = 0, which leads to a contradiction.
Therefore, rk W = n.

Necessity: Writing W as W = [ Wy Wy ], we see that WXW™* > 0 is equivalent to
WiWy + WeW7i > 0. Hence

(W1 + Wa)(Wr + Wa)* > (Wy — Wa) (W1 — Wa)* > 0. (7.49)

If © € ker((W; + W5)*), then the above inequality implies that x € ker((W; — Wa)*).
Thus = € ker(W;) Nker(W5). Since W has full rank, this implies that z = 0. Hence
Wi + Wy is invertible. Using (7.49) once more, we see that

(W1 + Wa) "Wy — W) (Wy — Wa)*(Wy + Wa)* < T

and thus V := (W + Wa) (W) — W) satisfies VV* < I. Summarizing, we have
(W Wy ] = %[ Wi+ Wodt Wy —Wa Wi+ Wo— Wi+ Wy |
= MWy [ T4V T-V ]
Defining S := $(W; + W5), we have shown the representation (7.47). O

Lemma 7.3.2. Suppose that the n X 2n matrix W can be written in the format of
equation (7.47), ie, W = S[I +V I — V]| with S and V square matrices, and S
invertible. Then the kerne] of W equals the range of [ o V]

PROOF: Let [71] be in the range of [_II__VV]. By the equality (7.47), we have that

W[:”l} — S[I+V I—V][ﬁ;]

T2

1-V
— S[1+V T-V] [ _I_V}z_o.
Hence the range of [_II__VV] lies in the kernel of W. Lemma 7.3.1 implies that tk W = n,
and so the kernel of W has dimension n. It is sufficient to show that the 2n x n-matrix
[ ! I_—VV] has full rank. If this is not the case, then there is a non-trivial element in its
kernel. It is easy to see that the kernel consists of zero only, and thus we have proved
the lemma. O

7.4. Exercises

7.1. Consider the transmission line on the spatial interval [a, b]

Q 3 9(¢, t)
5 (G =~ 700 (7.50)
¢ Q(C t)
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7. Homogeneous Port-Hamiltonian Systems

Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((,t) is the
(magnetic) flux at position ¢ and time ¢t. C' is the (distributed) capacity and L is
the (distributed) inductance.

V(o) ( ( V(b)
I{a) ; 1(b)

a

Figure 7.2.: Transmission line

The voltage and current are given by V = Q/C and I = ¢/L, respectively. The
energy of this system is given by

1 PG QG
E(t)_§L AR dc. (7.51)

Formulate the transmission line as depicted in Figure 7.2 as a port-Hamiltonian
system, see Definition 7.1.2.

7.2. Consider the operator A defined by (7.30) and (7.31) associated to a port-Hamiltonian
system, that is, the assumptions of Definition 7.1.2 are satisfied. Furthermore, as-
sume that Wg is a full rank n X 2n matrix.

Show that A is the infinitesimal generator of a unitary group on X if and only if
WeEWE = 0.
7.3. Let L%([a,b]; K") be the standard Lebesgue space with its standard inner product.

Consider the operator A defined by (7.30) and (7.31) with Wp a full rank n x
2n matrix satisfying WpXWj; > 0. Further we assume that the assumptions
of Definition 7.1.2 are satisfied. Show that A generates a strongly continuous
semigroup on L?([a,b]; K™). Is this semigroup a contraction semigroup?

7.4. Consider coupled vibrating strings as given in the figure below. We assume that

II

111

Figure 7.3.: Coupled vibrating strings

the length of all strings are equal. The model for every vibrating string is given by
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(1.13) with physical parameters, pr, 11, pr1, etc. Furthermore, we assume that the
three strings are connected via a (mass-less) bar, as shown in Figure 7.3. This bar
can only move in the vertical direction. This implies that the velocity of string I
at its right-hand side equals those of the other two strings at their left-hand side.
Furthermore, the force of string I at its right-end side equals the sum of the forces
of the other two at their left-hand side, i.e.,

ownn

¢

) = Tu(e) %52 (@) + Tu(a)

O
o

T1(b) (a).

As depictured, the strings are attached to a wall.

a) Identify the boundary conditions for the system given in Figure 7.3.

b) Formulate the coupled strings as depictured in Figure 7.3 as a port-Hamiltonian
system (7.17) and (7.18). Furthermore, determine the energy space X.

c) Show that the differential operator associated to the above system generates
a contraction semigroup on the energy space X.

7.5. Notes and References

In this chapter we closely follow the article [GZMO5] by Le Gorrec, Zwart, and Maschke,
although we present a new proof of Theorem 7.2.3. Strangely enough the class of linear,
first order port-Hamiltonian systems has not been studied before within the infinite-
dimensional system theory community. This class was introduced using the language
of differential forms in van der Schaft and Maschke [vdSMO02]. Although the class of
linear, first order port-Hamiltonian systems was not studied within systems theory, one
may find results on a strongly related class of operators in the literature, for instance
in [GGI1]. In [GGI1], the authors are mainly interested in self-adjoint extensions of
symmetric operators, that is, the question is to determine those boundary conditions for
which an operator is self-adjoint. Note that the multiplication of a self-adjoint operator
by ¢ is a skew-adjoint operator. Skew-adjoint operators are the infinitesimal generators
of unitary semigroups, see Remark 6.2.6. In order to apply results from [GG91] we have
to multiply the operators by i.
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Chapter 8
Stability

This chapter is devoted to stability of abstract differential equations as well as to spec-
tral projections and invariant subspaces. One of the most important aspects of systems
theory is stability, which is closely connected to the design of feedback controls. For
infinite-dimensional systems there are different notions of stability such as strong stabil-
ity, polynomial stability, and exponential stability. In this chapter, we restrict ourselves
to exponential stability. Strong stability will be defined in an exercise, where it is also
shown that strong stability is weaker than exponential stability. The concept of invariant
subspaces, which we discuss in the second part of this chapter will play a key role in the
study of stabilizability in Chapter 10.

8.1. Exponential stability

We start with the definition of exponential stability.

Definition 8.1.1. The Cyp-semigroup (7'(t)),~, on the Hilbert space X is ezponentially
stable if there exist positive constants M and « such that

IT(t)] < Me™®t for t > 0. (8.1)

The constant « is called the decay rate, and the supremum over all possible values of « is
the stability margin of (T'(t))¢>0; this is minus its growth bound (see Theorem 5.1.5). O

If (T'(t))s>0 is exponentially stable, then the solution to the abstract Cauchy problem
&(t) = Az(t), t >0, x(0) = zo, (8.2)

tends to zero exponentially fast as ¢ — co. Datko’s lemma is an important criterion for
exponential stability.

Lemma 8.1.2 (Datko’s lemma). The Co-semigroup (T'(t)),>, on the Hilbert space
X is exponentially stable if and only if for every x € X there holds

/OOO T ()| dt < oo. (8.3)
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8. Stability

PROOF: The necessity is obvious, so suppose that (8.3) holds. Now Theorem 5.1.5

implies that there exist numbers M > 0 and w > 0 such that
IT#)|| < Me*t  fort > 0.
Thus for every n € N the operator @Q),,, defined by

(Qn)(t) := Lpom) ()T (1),

(8.4)

is a bounded linear operator from X to L?([0,00); X). (8.3) implies that for every
x € X the family {@Q,z,n € N} is uniformly bounded in n, and thus by the Uniform

Boundedness Theorem, it follows that

1Qnll <~

for some v independent of n.
For 0 <t < 1, we have that ||T(t)|] < Me“t < Me“. For t > 1, we calculate

1— e—2wt

t
TllT(f)ﬂJll2 = /0 e 2| T (1) ds
t
< [ AT Pz - s)ols
0
¢
<M? / |T(t — s)x||*ds using (8.4)
0
t
M2 [Tl ds < 2ol
0
where we used (8.5). Thus for some K > 0 and all ¢ > 0, we obtain
[T < K
and, moreover,
2 ! 2
direl? = [ Irwlas

t
é/ IT(S)PIT(t — s)a|®ds < K*||z[|*  using (8.5).
0

Hence K
~y
ITe < =7,

which implies that [|7'(7)|| < 1 for a sufficiently large 7. Consequently, log([|7(7)]|)
and thus by Theorem 5.1.5 there exist M, a > 0 such that

|T(t)] < Me™ for all ¢ > 0.
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8.1. Exponential stability
Lemma 8.1.2 can be used to prove a Lyapunov-type result, which will be of use in
establishing stability of the abstract differential equation.

Theorem 8.1.3. Suppose that A is the infinitesimal generator of the Cy-semigroup
(T'(t))4>¢ on the Hilbert space X. Then the following are equivalent

1. (T'(t));>0 is exponentially stable;
2. There exists a positive operator P € L(X) such that

(Az, Px) + (Px, Az) = —(x,x) for all x € D(A). (8.6)

3. There exists a positive operator P € L(X) such that

(Az, Pz) + (Pz, Az) < —(x,x) for all x € D(A). (8.7)

Equation (8.6) is called a Lyapunov equation.

PRrROOF: 1 = 2: Since (T'(t)),~, is exponentially stable, the following operator is well
defined B

<LE1,P£2> = /OOO<T(t)J}1,T(t)$2> dt. (88)

Since

o1 Pa) < [ TOlIT @l < [ e ool = el
P is bounded. Furthermore,
(2, Px) = /OOO T (s)z||%ds > 0
and (xz, Pz) = 0 implies that ||T'(¢)z|| = 0 on [0,00) almost everywhere. The strong

continuity of (7°(t));>o implies that z = 0. Thus P > 0. It remains to show that P
satisfies (8.6). Using (8.8), we have for x € D(A)

(Ax, Px) 4+ (Px, Ax) = /(]OO(T(t)Ax,T(t)x> + (T'(t)z, T(t)Az) dt

_ /OO d(T(t)x, T(t)x)
) dt

dt = 0 — (x,z),

where we have used the exponential stability of (7'(t)),>,. Thus P defined by (8.8) is a
solution of (8.6).

2. = 3. is trivial, and thus it remains to prove 3. = 1.: Suppose that there exists
a bounded P > 0 such that (8.7) is satisfied. We introduce the following Lyapunov
functional:

V(t,x) = (PT(t)x,T(t)x).
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Since P is positive, V(t,x) > 0 for all ¢ > 0. For x € D(A), we may differentiate to
obtain by (8.7)

Z—Z(t,x) = (PAT(t)z, T (t)z) + (PT(t)x, AT (t)z) < —||T(t)z|*.

Integration yields
t
0<V(t,z) <V(0,z)— / T (s)2|2ds
0

and hence
t
/ |T(s)z||?ds < V(0,z) = (Px,x) forall t > 0 and x € D(A).
0

This inequality can be extended to all z € X, since D(A) is dense in X. In other words,
for every x € X we have that

/ IT(s)z|2ds < (P, z) < 0o
0

and Datko’s Lemma 8.1.2 completes the proof. O

In finite dimensions, one usually examines exponential stability via the spectrum of
the operator. However, this is not feasible in infinite dimensions. While the inequality

sup Re(A) < lim ———"— = wy (8.9)
AEa(A) t—oo t

always holds (Proposition 5.2.4), one need not necessarily have equality. For an example
we refer the reader to [Zab75] or [CZ95, Example 5.1.4]. Although the location of the
spectrum is not sufficient to determine the stability, the uniform boundedness of the
resolvent operator is sufficient.

Theorem 8.1.4. Let A be the infinitesimal generator of the Co-semigroup (T'(t)),>q on
the Hilbert space X. Then (T(t)),~, is exponentially stable if and only if (-I — A)~! €
H>(L£(X)). )

The definition and properties of the spaces H*®(£(X)) and H?(X) can be found in
Appendix A.2.

PROOF: Necessity. By assumption, we know that the Cyp-semigroup satisfies ||T'(t)|| <

Me“t for some w < 0. Proposition 5.2.4 implies that CJ := {s € C | Re(s) > 0},
the closed right-half plane, is contained in the resolvent set of A and, furthermore, for
s € (Ca'

M M
- <=
Re(s) —w = —w

Combining this with Proposition 5.2.4.c, we conclude that (- — A)~! € H*®(L(X)).

I(s1 = A)7H) <
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Sufficiency. Suppose that the Co-semigroup satisfies | T'(t)|| < Me“~2) for some positive
constants M, w and . It is easy to see that e~ T(-)x is an element of L?([0,00); X)
for every € X. Furthermore, the Laplace transform of ¢ — e “!T(t)x equals s —
((s +w)I — A)~'x (see Proposition 5.2.4). The Paley-Wiener Theorem A.2.9 implies

((- +w) — A)~ 'z € HY(X).
Now, by assumption, (- — A)~t € H*®(L(X)), and by Theorem A.2.10.b it follows that
(I —A) (4wl - A" r e HY(X).
Using the resolvent equation, we conclude that (-1 — A)~'z € H?(X), since
(IT-A)e=((4+)-A) e +w(-l—A)(+w)l—A) " . (8.10)

However, the Laplace transform of ¢ +— T'(t)x is s — (sI — A) "'z and thus by the Paley-
Wiener Theorem A.2.9, we have that T'(-)z € L?([0,00); X). Finally, Lemma 8.1.2 shows
that (T'(t)),>( is exponentially stable. O

8.2. Spectral projection and invariant subspaces

In this section, we discuss various invariance concepts and study the relationships be-
tween them. First we define T'(¢)-invariance.

Definition 8.2.1. Let V' be a subspace of the Hilbert space X and let (T'(t)),>, be a
Co-semigroup on X. We say that V is T'(t)-invariant if for all ¢ > 0

T()V CV. O

Since x(t) = T(t)xo is the solution of (8.2) we see that T'(¢)-invariance is equivalent
to the fact that the solution stays in V when the initial condition lies in V.

Definition 8.2.2. Let V be a subspace of the Hilbert space X and let A be an infinites-
imal generator of a Cy-semigroup on X. We say that V is A-invariant if

A(VND(A) cCV. O

For finite-dimensional systems, it is well known that a (closed) subspace is T'(t)-
invariant if and only if it is A-invariant, where A is the infinitesimal generator of
T(t) = e, t > 0. This result generalizes to bounded generators A, see Exercise
8.4. However, this results does in general not hold for infinite-dimensional systems,
see [Zwa89]. However, we do have the following partial result.

Lemma 8.2.3. Let V be a closed subspace of X and let A be the infinitesimal generator
of the Cy-semigroup (T'(t))i>0. If V is T(t)-invariant, then V is A-invariant.
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8. Stability

PROOF: Let v be an arbitrary element in V' N D(A). Then Definition 5.2.1 implies

.1
ltllrél Z(T(t) — v = Av.

By assumption, 2(T'(t) — I)v is an element of V' for every ¢ > 0. Thus, since V is closed,

the limit is also an element of V' and therefore Av € V. O

Whether or not a Cp-semigroup has a nontrivial T'(¢)-invariant subspace is a funda-
mental question. If the spectrum of A consists of two or more regions, then this question
can be answered positively, as shown in the following theorem.

!

Figure 8.1.: spectral decomposition

Theorem 8.2.4. Let A be a closed densely defined operator on X. Assume that the
spectrum of A is the union of two parts, o+ and o~, such that a rectifiable, closed,
simple curve I' can be drawn so as to enclose an open set containing o in its interior
and o~ in its exterior. The operator, Pr, defined by

_1 -1

where T is traversed once in the positive direction (counterclockwise), is a projection.
We call this projection the spectral projection on 0. This projection induces a decom-
position of the state space

X=X"® X", where XT = PrX, and X~ = (I — Pr)X. (8.12)
Moreover, the following properties hold:

a. For x € D(A) we have PrAx = APrx. Furthermore, for all s € p(A) we have
(SI — A)_lpp = PF(SI — A)_l.

b. The spaces X+ and X~ are A-invariant, and for all s € p(A) there holds that
(s —A)7'X+t Cc Xt and (s — A)~'X~ C X—;
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8.2. Spectral projection and invariant subspaces

c. PrX C D(A), and the restriction of A to X+, AT, is a bounded operator on X ;

d. 0(AT) = 0% and 0(A™) = 0~, where A~ is the restriction of A to X~. Further-
more, for A € p(A) we have that (\[ — AT)™L = (A\[ - A)7Yx+ and M- A7)71 =
(M = A) Y| x—;

e. If o consists of only finitely many eigenvalues with finite order, then Pr projects
onto the space of generalized eigenvectors of the enclosed eigenvalues. Thus we
have that

ranPr= % ker(A = A)" = 37 ker(A, ] — AT,
An€at An€ot

where v(n) is the order of \,;

f. If ot = {\,} with )\, an eigenvalue of multiplicity one, then

Prz = <27¢n>¢n7

where ¢,, is the eigenvector of A corresponding to A\, and v, is an eigenvector of
A* corresponding to \, with (¢n, ) = 1.

The order of an isolated eigenvalue A is defined as follows. We say that Ay has order
v if for every x € X limy_x, (A — Ao)"® (M — A)~ L1z exists, but there exists an zy such
that the limit limy_,(A — Ag)"* "1 (M — A) "1z does not exist. If for every v € N there
exists an x, € X such that the limit limy_,(A — Ag)” (A — A) "1z, does not exist, then
the order of Ag is infinity.

An eigenvalue A has multiplicity 1, if the order is one, and if dimker(A] — A) = 1.

PROOF: Since the mapping A +— (A — A)~! is uniformly bounded on I, Pr is a bounded
linear operator on X. For s € p(A) we have that

@I—AYU%ng% (sI — A)"YM — A tzd\ = Pr(sI — A)"ta. (8.13)
™ Jr

Using the resolvent identity for the middle term we find for s € p(A) and outside T’

_ 1 —(sI —A)~te (M- A)"lz
— 1 — -
(sI —A)” Prx 27Ti/r P + P X
1 (A — A)~ 2
2mi Jr §—A

d, (8.14)

by Cauchy’s residue theorem.

Using this relation we show that Pr is a projection. Let I be another rectifiable,
simple, closed curve enclosing o™ counterclockwise that encircles I' as well. Then by
standard complex analysis and the fact that (sI —A)~! is holomorphic between the two
curves we have that Pr is also given by

1

Proz = — A — A) " lzd.
F‘T 27TZ I ( ) t
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Hence, with (8.14) we obtain

1
PrPrz = — [ (sI —A)"'Prads
211 I
1 1 (M — A~z
= o o 2m’/F w———
1 1 1 . .
= — | =— ds( A — A)™ " zd\ by Fubini’s theorem
2wt Jp 27 Jpro s — A
1
= — [ (M —A)"'zd\ = Prz,
211 T

where we used Cauchy’s theorem. Thus Pr is a projection. This immediately implies
that X := PrX and X~ := (I — Pr)X are closed linear subspaces and X = X+ ¢ X ™.
Now we prove part a to f.

a and b. By (8.13) it follows that Pr commutes with the resolvent operator, and hence
also APpr = PrA on the domain of A. So X+ = ran Pr and X~ = ran(I — Pr) are A-
and (sI — A)~Linvariant, i.e, (sI — A)7' X+t Cc X+, (s - A)7'X~ c X~

c. We show that PrX C D(A). For \,s € p(A) it holds that (sI — A)(A — A)~!
= (s — A\)(M — A)~! + I. Therefore, for x € X we obtain

(sI — A)—li, /(s — A (M — A) " zdA
r

™

(s — A)! (i, /F(sI—A)(AI—A)_lxd/\—% Fa:d/\>

211 !
1

=— [ (sI —A)7Y(sI — AN — A)"zd\ = Pra. (8.15)
2mi Jp
(8.15) holds for any = € X, and so X+ = PrX C D(A). Since X is A-invariant, A|x+
is well-defined. A|x+ is closed, since A is closed. Now A7 is defined on the whole space
X, and thus by the closed graph theorem A* is bounded on X .

d. Let s be an element of C that does not lie on I'. We define

Qur = L (M — A)_la:

= dA.
211 T s— A

It is easy to see that this operator commutes with the resolvent operator, and similar as
in part a and b we find that

QsPr = PrQ, and AQs = QsA on D(A). (8.16)

From the first relation, we conclude that X and X~ are Qs-invariant.
For s # A we have that

——(sI = A=A = (M = A) T+ —.
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8.2. Spectral projection and invariant subspaces

Thus for x € D(A) and s ¢ T’

1 [ (sT— A)(A — A)L 1 1

For s outside I' and € X, we get
(sI — AN)Qsz = (sI — A)Qsx = Prx = x,

where in the first equality we have used that Qs maps X into X . Since ), commutes
with A, we find
(s — AN)Qs = Qs(sI — AT) = Ix+. (8.18)

Similar, we find for s inside I"
(sI —A7)Qs =Ix- and Qs(s — A7 )x =2 forze D(A™)=DA)NX". (8.19)

Thus any s outside I' lies in the resolvent set of A", and any s inside I' lies in the
resolvent set of A™.

On the other hand, the A- and (sI — A)~!-invariance of X* and X, see part a and
b, gives that

p(A) = p(AT) N p(A7), and (equivalently) o(A) = o(AT)Ua(A7). (8.20)

Indeed if A € p(A) then by part b (A\I —A)~! maps Xt into X . Thus (AIx+ —AT)(M —
A)~Yx+ is well defined and

Myt — AT = A) 7y = (A — A)YN — A) 7Y yh = Iy
On the other hand, on X+ we have that

M — Ay M x+ — A7) = (M = A) 7+ (M — A)| x+
= (M —A)' (A —A4)[x+ (by part b)
— IX+'

(AT) and (\I — A)7Yx+ = (Mx+ — AT)7L. Similarly, we can show that

So p(A) C p(A
) and (M — A)7Yx- = (A\Ix- — A7)~L. Thus we deduce that p(A) C
)
)

p
p(A) C p(A-
P(AT) 1 p(A-
If s € p(AT) N p(A7), then by using the decomposition for x € D(A)

(sI — A)x = (sI — A")Pra+ (s — A7)(I — Pr)x (8.21)
it is easy to see that (sI — AT)"'Pp + (sI — A~)~!'(I — Pr) is the inverse of (sI — A).
Thus (8.20) is proved.

By definition, we have that o(A) = o"Uo ™. Furthermore, we showed that o C p(A7)
and 0~ C p(AT). Combining this with (8.20) we find 6(AT) =¢T and 0(A™) =0
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8. Stability

e. We may write o = {1, \2,...,An}. By standard complex integration theory we
have that
1 -1
Prz = - | (M — A)" zdA
2mi Jr

N 1 N
= — I—A)tzdh=) P
;W /Fn“ )~Lad) g -

where I',, is a rectifiable, closed, simple curve enclosing only A,,. Thus it suffices to prove
the assertion for the case that ot = {\,}, where )\, is an eigenvalue with finite order
v(n). We do this for the generic case v(n) = 1; the general case can be found in [CZ95].
Let I' denote the rectifiable, simple, closed curve that encloses counterclockwise only one
point A, in the spectrum of A.
First we prove that ran Pr C ker(\,I — A). For 2 € X and s € p(A) we have
1

(A, — s)Prz = 5 F(An — 8)(A — A) " tzd). (8.22)

Multiplying (8.15) from the left by (sI — A) and adding (8.22) yields
1
Ol — A)Pra = —— / O — MM — A)~Lzd.
2mi Jr

This last expression is zero, since (\, — -)(-I — A)~!x is holomorphic inside T'. This
proves ran Pr C ker(\,I — A); to prove the other inclusion note that (A,I — A)zg = 0

implies that (A — A) lzy = )\_l)m 2. This implies

1
A=

1 1
PF:EO = 2— (AI - A)_lxod)\ = 2—m/ Ill‘od)\ = Xy.
r

™ Jr
f- In part e we showed that Pr maps onto the span of ¢,,. Hence Prz = h(z)¢,, where
h is a function from X to C. Since Pr is a bounded linear operator, it follows that

h is an element of £(X,C). From the Riesz Representation Theorem it follows that
h(z) = (z,1,) for some 1, € X. Consider now for z € D(A)

= APrx= A<x>wn>¢n = <xa>\_n¢n>¢n

Since this holds for every x € D(A), we conclude that A*i), = A\,1b,. Furthermore,
using the fact that Pr¢, = ¢, it follows easily that (¢, ¥,) = 1. O

Theorem 8.2.5. Let A be the infinitesimal generator of the Co-semigroup (T(t)),~q
on X. Assume that the spectrum of A is the union of two parts, o+ and o~ as in
Theorem 8.2.4. Then X' and X~ are T(t)-invariant and (T (t)),~q, (T7(t));>o with
TH(t) = T(t)|x+, T~ (t) = T(t)|x- define Cy-semigroups on X+ and X ~, respectively.
The infinitesimal generator of (T (t)),, is AT, whereas A~ is the infinitesimal generator
of (T~ (£)) 159,
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PROOF: Since (A\I—A)"1T(t) = T(t)(M—A)~! for all A € p(A) and t > 0, it follows that
Pr commutes with T'(t). Then it is easily proved that X' and X~ are T'(t)-invariant.
Consequently, (T (t));5q and (T7(t)),5o With TH(t) = T(t)|x+, T~ (t) = T(t)|x- are
Co-semigroups on X and X, respectively.

We shall only prove that A~ is the infinitesimal generator of (T~ (¢))¢>0, as the proof

for (T (t))¢>0 is very similar. Suppose that lim+ w exists for x € X~. Since
- t—0

T~ (t)z = T(t)z we conclude that x € D(A) and hence z is an element of D(A™). By
definition, the limit equals Az = A~xz. On the other hand, if z € D(A™), then x €
D(A) and so the limit exists and equals A~ z. Combining these results the infinitesimal
generator of (T (t))i>0 is A™. O

We combine the above theorem with Theorem 8.1.4 to find a sufficient condition
guaranteeing that (7 (t)),> is exponentially stable.

Lemma 8.2.6. Let A be the infinitesimal generator of the Cy-semigroup (T'(t)),~, on
X. Assume that the spectrum of A is the union of two parts, ot and o~, such that
ot CCl={seC|Re(s) >0}, 0~ CCy ={s€C|Re(s) <0}, and that a rectifiable,
closed, simple curve I' can be drawn so as to enclose an open set containing o™ in its
interior and o~ in its exterior. Assume further that

sup (s — A)7| < oo (8.23)

SECS,S outside I

Then the semigroup (T~ (t));5q = (T'(t)|x-);>¢ is exponentially stable, where X~ is the
subspace of X associated to o, see (8.12).

PrOOF: By Theorem 8.2.5 the infinitesimal generator of (T'(t)|x-);>( equals A~. The
spectrum of A~ lies outside I', see Theorem 8.2.4.d. Since the interior of I' is a bounded
set, and since the resolvent operator is holomorphic on the resolvent set, we find that

sup ||(sI — A7) < . (8.24)

S inside I'

Furthermore, for = € X~ and s € (Car outside I', we have that
(sI — A7) te™ = (sI — A) "tz

Combining this with (8.23) and (8.24) gives that the resolvent operator of A~ is uniformly
bounded on C7, and by Theorem 8.1.4 we conclude that (T (t)),», is exponentially
stable. - 0

8.3. Exercises

8.1. In this exercise we introduce a different concept of stability, and show that it is
weaker than exponential stability.
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8. Stability

8.2.

Definition 8.3.1. The Cy-semigroup (7'(t)):>0 on the Hilbert space X is strongly
stable if for every x € X, T'(t)x converges to zero as t tends to oo. O

Let X be the Hilbert space L%(0,00) and let the operators T'(t) : X — X, t > 0,
be defined by
(T(t)f)(C) = f(t+ Q).
a. Show that (T'(t))i>0 is a Cp-semigroup on X.
b. Prove that (7'(t)):>0 is strongly stable, but not exponentially stable.

A natural question is whether the following condition is sufficient for strong or
exponential stability,

(Az,z) + (x, Az) <0, for all x € D(A) \ {0}. (8.25)

In this exercise we show that this does not hold in general.

Let X be the Hilbert space L?(0,00) equipped with the inner product

() i= [ 1O+ 1.
and let the operators T'(t) : X — X, ¢t > 0, be defined by

f(¢—=1) (>t

TONE) = {0 bec<rt

Show that (T'(t))i>0 is a Cp-semigroup on X.

Prove that (T'(t)):>0 is not strongly stable.

Prove ||T'(t2)x| < ||T(t1)x| for all x € X \ {0} and t3 > t; > 0.
Show that the infinitesimal generator of (T7'(t)):>0 is given by

df
dC

/e Top

Af =
with domain
: . i
D(A) = {f € X | f is absolutely continuous, & € X, and f(0) = 0}.

Hint: See Exercise 6.3.b.
e. Use the previous item to prove that (8.25) holds.

8.3. Let @ be a bounded, self-adjoint operator on the Hilbert space X which satisfies
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Q@ > ml, for some m > 0. Let A be the infinitesimal generator of a strongly
continuous semigroup on X which satisfies the Lyapunov inequality

(Az,Qz) + (Qx, Ax) <0, x € D(A).

Show that there exists an equivalent norm on X such that A generates a contraction
semigroup with respect to this new norm.



8.4. Notes and references

8.4. Let A be a bounded operator on the Hilbert space X, and let V' be a closed linear
subspace of X. Show that V is T'(t)-invariant if and only if V' is A-invariant.

8.5. Let A be the infinitesimal generator of the Co-semigroup (7'(t)),~, and let V' be a
one dimensional linear subspace of X. Show that V' is T'(t)-invariant if and only if
V = span{¢} with ¢ an eigenvector of A.

Hint: You may use the following fact: If a continuous scalar function f satisfies
f(t+s)= f(t)f(s) for t,s € (0,00), then f(t) = e for some .

8.4. Notes and references

Exponential stability is one of the most studied properties of semigroups, and therefore
the results in the first section can be found in many books, we refer to chapter 5 of Cur-
tain and Zwart [CZ95] or chapter V of Engel and Nagel [EN00]. The characterization as
presented in Theorem 8.1.4 originates from Huang [Hua85]. The relation between 7'(t)-
and A-invariance is studied in [Paz83], [Zwa89], see also [CZ95]. Spectral projections
play an important role in many subfields of functional analysis, and thus the results as
formulated in Theorem 8.2.4 can be found at many places, see [CZ95, Lemma 2.5.7] or
[GGK90, Theorem XV.2.1].
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Chapter 9
Stability of Port-Hamiltonian systems

In this chapter we return to the class of port-Hamiltonian partial differential equations
which we introduced in Chapter 7. If a port-Hamiltonian system possesses n (linearly in-
dependent) boundary conditions and if the energy is non-increasing, then the associated
abstract differential operator generates a contraction semigroup on the energy space.
This chapter is devoted to exponential stability of port-Hamiltonian systems. Exercise
8.2 implies that the condition

(Az,z) + (z,Azx) <0, 2z € D(A),xz #0, (9.1)

is in general not sufficient for strong stability of the semigroup generated by A. However,
in this chapter we show that if a weaker but more structured condition than (9.1) holds
with respect to the energy inner product for a port-Hamiltonian system, then the port-
Hamiltonian system is even exponentially stable, see Theorem 9.1.3.

9.1. Exponential stability of port-Hamiltonian systems

We start with a repetition of the definition of homogeneous port-Hamiltonian systems
as introduced in Section 7.1. Moreover, we equip the port-Hamiltonian system with
boundary conditions, that is we study differential equations of the form

S8 = Prge (HIO2(6.0) + R (HOa(6.1) (92
with the boundary condition
fo(t) | _
Wi [ o } — 0, (9.3)

where

R ] »

We assume that the following conditions hold, see Definition 7.1.2 and Theorem 7.2.3.
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ASSUMPTION 9.1.1:
e P € K™ is invertible and self-adjoint;
e Py € K"*™ ig skew-adjoint;

o H € C'([a,b]; K™™), H(¢) is self-adjoint for all ¢ € [a,b] and mI < H() < MI
for all ¢ € [a,b] and some M, m > 0 independent of (;

o Wy € K™*?" has full rank;
o WpYXWg >0, where ¥ = [I 0] O

We note that Assumption 9.1.1 is slightly stronger than the assumptions used in Chap-
ter 7 as we did not assume that H is continuous differentiable in Chapter 7. However,
we would like to remark that our main theorem (Theorem 9.1.3) also holds if Py satisfies
Py + Py < 0. Throughout this section we assume that Assumption 9.1.1 is satisfied.
Theorem 7.2.3 implies that the operator A given by

Az = P1 dC (H:E) + P(] (H:E) (9.5)

with domain
D(A) = {z € L*([a,b; K") | Hz € H'([a,b]; K"), Wg [gg] =0} (9.6)

generates a contraction semigroup on the state space

X = L*([a, b;K") (9.7)
equipped with the inner product
1 /b
(Fa)x =5 | 9@ HEQ O 99)
The associated norm is denoted by || - || x.

In the following lemma, we show that the norm/energy of a state trajectory can be
bounded by the energy at one of the boundaries. This result is essential for the proof
of exponential stability of port-Hamiltonian systems. The proof is based on an idea of
Cox and Zuazua in [CZ95].

Lemma 9.1.2. Let A be defined by (9.5) and (9.6), and let (T'(t)),», be the contraction
semigroup generated by A. Then there exists constants 7 > 0 and ¢ > 0 such that for
every xo € D(A) the state trajectory x(t) := T(t)xo satisfies

lz(r \|X<c/ IHO)e b, O)|2dt and (9.9)

le()% < e / IH(a)z(a, )| dt. (9.10)
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9.1. Exponential stability of port-Hamiltonian systems

PROOF: Let 29 € D(A) be arbitrarily and let x(t) := T'(t)zg, t > 0. zp € D(A) implies
that z(t) € D(A) for all t. Furthermore, x is the classical solution of (9.2). In the
following we write (¢, t) instead of (x(¢))(¢).

For this trajectory, we define the function F' : [a,b] — R by

T—y(b—¢)
F(O) = / P CGOHQO(C 1) dt, ¢ € [ab] (9.11)
v(—-¢)

where we assume that v > 0 and 7 > 27(b — a). The second condition implies in
particular 7 — y(b — ¢) > (b — (), that is, we are not integrating over a negative time
interval. Differentiating the function F' gives

dF —(b=0) . b
Zo=[ e <<,t>—C<H<<>x<<,t>>dt

T—y(b=0)
g (eren) moscoa
+ vz (¢, v (b — O)H(Oz(¢,v(b — ()
+ 72 (¢, 7 = v(b— O)H(z((, 7 = 7(b = Q).

Since P; is invertible and since z satisfies (9.2), we obtain (for simplicity we omit the
dependence on ¢ and t)

—A(5-0)
A / " Pyl <8_x —Pon> dt
g

d¢ (b-C) ot
T—y(b—=¢) or dH *
+ Pl s PP Hx) xdt
L(b—o ( ot act Tt

+ 2" (¢, 7 = (b — O)H(C)z(¢, 7 — (b —())
+v2* (¢, v (b — O)H(Oz(¢,v(b — ()

T=(b=() T=(0—¢) 4
:/ P118x+3at; P xdt—/ x*—Ha;dt
v

(b-0) o 0o ¥(b—C) d¢
T—7(b—=C)
- / a* (HP; P+ PL Y PyH) adt
7(—-¢)

+ 2" ((, 7 = (b — O)H()z(¢, 7 — v(b—())
+ 72" (¢, (b — O))H(O)x(¢,v(b - ¢))

where we have used that P = Py, H* = H. The first integral can be calculated, and so
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we find
dF . _ t=r—yb—¢) [T dH
_C =X C7tP1xC7t _ _ - x—xdt
dC( ) ( ) 1 ( )t_»y(b C) »Y(b_c) dC
T—y(b—¢) . L
- / o «* (HPy Py + Py PoH) adt
~(b—

+ 2" ((, 7 = (b — O)H(O)z(¢, 7 — (b —())
+ 2" (7 (b = O)H(O)x (¢, (b — ()
T—y(b—C) i o B dH
T /wb—c) ’ (HPOPI IR d_C> o
+a (T = (b= Q) (P +yH(Q) 2(C, 7 — (b= ()
+ 2,y (b= Q) (=P + yH(C)) z(¢, (b — Q).

We now choose «y large enough, such that P, L4 ~H and —-P L4 ~H are coercive (positive
definite). Note that 7 > 2v(b — a), and thus a large constant + implies that 7 must be
large as well. Using the coercivity of P1_1 + vH and _P1_1 + vH, we find that

dF

T—y(b—¢) d
d—<<<> > —/ z* <HP0*P1‘1 + P PyH + —H> xdt.
ol

(=) d¢

Since P; and P, are constant matrices and, by assumption, %(C) is bounded, there
exists a constant k£ > 0 such that for all { € [a,b] we have

HC) PP + P By H(C) + % < WH(C).

Thus, for all ¢ € [a,b] we obtain

0z [ oo d = nr0, 012

where we used (9.11). For simplicity, we denote the derivative of F' by F’. Inequality
(9.12) implies for all ¢; € [a, b]

b F/(C) b
d — d .
Rz e (9.13)
or equivalently
In(F(b)) — In(F(¢) > —# (b— ). (9.14)
Thus we obtain
F(b) > F(G)e "W > F(¢) e for (i € [a,b]. (9.15)
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9.1. Exponential stability of port-Hamiltonian systems
On the other hand, since ||z(t2)||x < ||z(t1)||x for any to > t; (by the contraction
property of the semigroup), we deduce that
T—(b—a) ) ) T—(b—a)
[ el de = Jar — 2 -anif [ v
v(b—a) v(b—a)
= (1= 29(b —a)|z(r — (b — a))| -

Using the definition of F and |lz(t)|%, see (9.11) and (9.8), together with the equation
above, the estimate (9.15), and the coercivity of H we obtain

2 — b —a)e) k< 2r— 290 — a)lle(r (b —a))lk
2 | T el dt
; X

(b—a)

T—y(b—a) rb
= z((,t)d¢d
L / (G AYH(O)(Co 1) d dt

(b—a)

_ /bLb ab " e (CHMO(C. 1) dr g

(by Fubini’s theorem)
b pr—y(b— C
/ COPH(C)r(G. 1) dt g
(b

(smce the integration interval increases)
b
= [ Q< b= aF@) et
— (b—aq)er ) / (b, £YH () (b, £) dt

< mlb—a)e b“/||H (b, 1)|2 dt.

IN

IN

Hence for our choice of 7 we have that
le@)l < [ PO(b.0]? (9.16)

(b—a)e” (b—a)
2(t—2v(b—a))m
The second estimate follows in a similar manner by replacing the function F' in the

calculations above by

where ¢ = . This proves estimate (9.9).

P T=y(C-a) " p
©O=] . wComaucoa _

Using this technical lemma the proof of exponential stability is easy.
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9. Stability of Port-Hamiltonian systems

Theorem 9.1.3. Let A be defined by (9.5) and (9.6). If for some positive constant k
one of the following conditions is satisfied for all zog € D(A)

(Axg, o) x + (x0, Azg)x < —k|H(b)zo(D)]? (9.17)
(Azg, z0)x + (z0, Azo)x < —k||H(a)zo(a)|?, (9.18)

then A generates an exponentially stable Cy-semigroup.

PROOF: Without loss of generality we assume that the first inequality (9.17) holds. By
Lemma 9.1.2 there exist positive constants 7 and ¢ such that (9.9) holds. Let xg € D(A)
and by (T'(t))+>0 we denote the Cy-semigroup generated by A. We define z(t) := T'(t)xo,
t > 0. z9g € D(A) implies z(t) € D(A) and @(t) = Axz(t), t > 0. Using this differential
equation, we obtain

dlz@®lf _ d(z(t), z(t)x _

dat 7t (Ax(t), 2(t))x + (x(t)Az(t))x. (9.19)

Equations (9.17) and (9.19) now imply that

T T 2
le@% — O3 = / dlz®Ol 44

0

IN

dt
[, 0)P e
0
Combining this with (9.9), we find that

()~ IO < ()

Thus [|z(7)]|3 < CJ%ka(O)H?X, which implies that the semigroup (7'(t));», generated
by A satisfies |T'(7)|| < 1, and therefore (T'(t)),~, is exponentially stable by Theorem
5.1.5. - O

Estimate (9.17) provides a simple test for exponential stability of port-Hamiltonian
systems. We note that equations (7.28) and (7.36) imply

(Az,z)x + (z, Ar)x = 5 (H(b)z(b))" PrH(b)z(b) — (H(a)x(a))" PH(a)z(a))

(faea +e5fo) - (9.20)

N — N =

This equality can be used to establish (9.17) or (9.18). An even simpler sufficient con-
dition is provided by the following lemma.

Lemma 9.1.4. Consider the port-Hamiltonian system (9.2)-(9.3). If WgEW}; > 0,
then the port-Hamiltonian system is exponentially stable.
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9.1. Exponential stability of port-Hamiltonian systems

PROOF: Lemma 7.3.1 implies that W can be written as W = § [I +V I- V], where
S,V e K", S is invertible and VV* < I.
We define We = [I +V* I+ V*]. It is easy to see that with this choice, W¢ is a

n X 2n matrix with rank n. Next we prove that the matrix [ Ilj“/{k _II;‘(/] is invertible.

Assuming [ III% _Iljr“//*] is not invertible, there exists a vector [m y] # (0 such that

[:E y] [III‘Y; _Iljr“/,] = 0, or equivalently (I +V)x + (I +V*)y =0 and (I — V)x +
(=1 + V*)y = 0. These equation together with VV* < I imply x = y = 0, and thus the

matrix [ II_:"‘,C _II:_“/,*} is invertible. This implies the invertibility of the matrix [%V/g ]

Let z € D(A) be arbitrarily. The definition of the domain of A implies [gg} € ker Wp.
Lemma 7.3.2 implies that

fol | I-V
[ea = e (9.21)
for some ¢ € K™. Thus with (9.20) we find
(Az,z)x + (x, Az)x = (=1 + V*V)L. (9.22)
Furthermore, we have the equality
o fé) — * * I-v _ /¥
y.—WC[ea =[I+V*—I+V*] oy |e=2 V*V)L. (9.23)
Combining equations (9.22) and (9.23) we obtain
1
(Az, 2)x + (2, Az)x = 2y [=T+ V'V ly < —my |y (9.24)

for some my > 0. Here we have used that VV* < I, or equivalently V*V — I < 0.
Using (9.4), the boundary condition, and the definition of y the relation between y
and x is given by

2l - )

y | V2| We I I H(a)z(a)

Since P; and {%g] are invertible, it follows that the matrix W is invertible and, in

particular, ||[W w||? > mal|jw||? for every w € K" and some mgy > 0. Taking norms on
both sides yields
2

Z M2

2

lyl* = > ma||H(b)x(b)]|*. (9.25)

W ioet) | = et

Combining the estimates (9.24) and (9.25) we obtain
(Az,z)x + (2, Az)x < —mully|® < —mima|(Hz) ()|

Thus (9.17) holds, and therefore Theorem 9.1.3 implies the exponential stability of the
port-Hamiltonian system. O

Unfortunately, the sufficient condition of the previous lemma cannot be applied often,
as the condition implies that the system possesses as many dampers as boundary controls.
In practice less dampers are necessary as it is shown in the example of the following
section.
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9. Stability of Port-Hamiltonian systems

9.2. An example

In this section we show how to apply the results of the previous section to the vibrating
string.

Example 9.2.1 Consider the vibrating string on the spatial interval [a, b]. In Example
7.1.1 we saw that the model is given by
O*w 1 0
(,t — < ¢ ¢, t> 9.26
GG =~ (TOF 6 (9.26)

where ¢ € [a,b] is the spatial variable, w((,t) is the vertical position of the string at
position ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass density.
This system has the energy/Hamiltonian

50 =1 [0 (20) 1o (2ien) « (9.27

As depicted in Figure 9.1, the string is fixed at the left hand-side and at the right

Figure 9.1.: The vibrating string with a damper

hand-side we attach a damper, that is, the force at this tip equals a (negative) constant
times the velocity of the tip, i.e,

T(b) (?9 1) = k;%t (b,t), k>0 (9.28)

For this example the boundary effort and boundary flow are given by, see Example 7.2.4,

1 [T(b) g(b)—T(a)a—?(a)]7 ey = L (b) + 57 (a)

fo= 7| Bbg)_ te(a) ‘E[T(b) (b) + <><<>]' (9.29)
ow

The boundary conditions 57 (a) = 0 and (9.28) can be equivalently written as

[ 0 ] _ [ T(b)52(b) + kG2 (D) }

Q?Q)
Q’IS’%’IE

0 8% (a)
AR w]] e
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9.3. Exercises

with W = = [§ & ¥ 1]. Wg is a 2 x 4-matrix with rank 2, and
« | 260
WpEWpg = [ 0 0 ] .

Since the matrix WX W7 is non-negative, the infinitesimal generator associated to this
p.d.e., generates a contractions semigroup. However, WgXW} is not positive definite,
and so we cannot used Lemma 9.1.4 to conclude that the corresponding semigroup is
exponentially stable. We will show that (9.17) holds.

ow 1
As state variables we have chosen x = [pa?,f ] and H is given by H(() = [P(OO T?C) }
a¢
By equation (9.20) we have that
ow ow ow ow

(Az,2)x + (@, Az)x = ZrOT0) 57 0) = Zr(@T(@) 5= ()

i (%—f(b)y, (9.31)

where we have used the boundary conditions. Moreover, we calculate

oo = (220) + (16:22m) = 62+ (22m) (9.32)
TN = ot ac - ot ' ‘
Combining the two previous equations, we find that

k
(Az,z)x + (x, Ar)x < ———=5|H(D)z(0)[*. (9.33)
1+k
O
Hence using Theorem 9.1.3 we may conclude that attaching a damper at one end of the
transmission line stabilizes the system exponentially.
We remark that if the damper is not connected, i.e., £ = 0, then the corresponding
semigroup is a unitary group, and the solution cannot be exponentially stable.

0.3. Exercises

9.1. Consider the transmission line on the spatial interval [a, b] as discussed in Exercise

7.1
oQ _ 091
a2t O = "5 Lo (9.34)
9¢ _ 001

Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((,t) is the
(magnetic) flux at position ¢ and time ¢. C' is the (distributed) capacity and L is
the (distributed) inductance.
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9. Stability of Port-Hamiltonian systems

9.2.

9.3.

116

i V(b)
7 10)
Figure 9.2.: Transmission line

The voltage and current are given by V = Q/C and I = ¢/L, respectively.

We set the voltage at ( = a to zero, and put a resistor at the other end. This
implies that we have the p.d.e. (9.34) with boundary conditions

V(a,t) =0, V(b,t) = RI(b,t), (9.35)
with R > 0.

a) Show that the differential operator associated to the p.d.e. (9.34) with bound-
ary conditions (9.35) generates a contraction semigroup on the energy space,
see (7.51).

b) Prove that the semigroup as defined in the previous item is exponentially
stable.

Consider a flexible beam modeled by the Timoshenko beam equations, see Example
7.1.4. We assume that the beam is clamped at the left hand-side, i.e., at ( = a,
and at the right hand-side we apply a damping force proportional to the velocity.
Thus the boundary conditions are

%—f(a, t) =0, %(a, t) =0, E[(b)g—‘é’(b, t) = —al%(b, ) (9.36)
and 5 5
K(b) <a—?(b,t) - ¢(b,t)> - —aga—t’(b,t). (9.37)

a) Assume that aj,as € [0,00). Show that under these conditions the Timo-
shenko beam associated with boundary conditions (9.36) and (9.37) generates
a contraction semigroup on its energy space.

b) Prove that the semigroup as defined in the previous item is exponentially
stable if a1 and a9 are positive.

c) Show that the semigroup as defined in the first item is not exponentially
stable if a; = 0 and a = 0.

Consider coupled vibrating strings as given in the figure below. We assume that
the length of all strings are equal. The model for every vibrating string is given
by (9.26) with physical parameters, pr, 11, p11, etc. Furthermore, we assume that
the three strings are connected via a (mass-less) bar, as shown in Figure 9.3. This
bar can only move in the vertical direction. This implies that the velocity of string
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B

SR

Figure 9.3.: Coupled vibrating strings with dampers

[

I,%, at its right-hand side equals those of the other two strings at their left-hand

side. Furthermore, the force of string I at its right-end side equals the sum of the
forces of the other two at their left-hand side. We assume that for all three waves,
the connecting point is at coordinate ¢ = a. Thus the balance of forces in the
middle is given by

Owr _ owry Owr
_TI(G)O—Q(G) = Ti1(a) ac (a) + Tirr(a) ac (a). (9.38)
As depicted, at the outer points dampers are attached. Thus
owy, ,\ Oowy, B
T’“(b)a_g(b) = —aqy T (b), k=111, and IIL (9.39)

a) Assume that the constants oy, ay; and oy are non-negative. Show that then
the coupled wave equation of Figure 9.3 generates a contraction semigroup
on its energy space.

b) Prove that the semigroup as defined in the previous item is exponentially
stable if ag, a1, and agpp are positive.

9.4. Notes and references

Exponential stability of a system described by a partial differential equation is a well-
studied topic. There are numerous papers on this subject, using different techniques.
In the appendix of Cox and Zuazua [CZ95], a simple proof is presented showing that
the wave equation with damping at one boundary as in Example 9.2.1 is exponentially
stable. It is shown in [VZGMO09] that this idea can be applied to all (first order) port-
Hamiltonian systems. The result as presented here follows [VZGMO09].
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Chapter 10

Inhomogeneous Abstract Differential
Equations and Stabilization

In the previous five chapters we considered the homogeneous (abstract) differential equa-
tion
z(t) = Ax(t), x(0) = x. (10.1)

However, for control theoretical questions it is essential to add an input to the differ-
ential equation, see e.g. Chapter 3 and 4. Section 10.1 is devoted to infinite-dimensional
inhomogeneous differential equations. The obtained formulas will be very similar to
those found in Chapter 2. However, Cy-semigroups are in general not differential on an
infinite-dimensional state space and thus the proofs are more involved.

As a control application we study in Section 10.3 the stabilization of an infinite-
dimensional system by a finite-dimensional feedback. This results generalizes Theorem
4.3.3 to an infinite-dimensional state space. Since for stabilization of a finite-dimensional
system we chose to work on C™, we assume throughout this chapter that our state space
X is a Hilbert space over the complex numbers.

10.1. The abstract inhomogeneous Cauchy problem

If A is the infinitesimal generator of a Cop-semigroup (7'(t)),, then the classical solution
of the abstract homogeneous Cauchy initial value problem

z(t) = Ax(t), t >0, z(0) =x9 € D(A)

is given by x(t) = T(t)zo, see Lemma 5.3.2. In this section we consider the abstract
inhomogeneous Cauchy problem

#(t) = Az(t) + f(t), t >0,  2(0) = xo, (10.2)

where for the moment we assume that f € C([0,7]; X). (10.2) is also called an abstract
evolution equation or abstract differential equation. First we define what we mean by
a solution of (10.2), and we begin with the notion of a classical solution. C*([0,7]; X)

119



10. Inhomogeneous Abstract Differential Equations and Stabilization

denotes the class of continuous functions on [0, 7] whose derivative is again continuous
on [0, 7].

Definition 10.1.1. Consider equation (10.2) on the Hilbert space X and let 7 > 0.
The function x : [0,7] — X is a classical solution of (10.2) on [0,7] if z € C*(]0,7]; X),
x(t) € D(A) for all ¢t € [0, 7] and x(t) satisfies (10.2) for all ¢ € [0,7]. The function x is
a classical solution on [0,00) if x is a classical solution on [0, 7] for every 7 > 0. O

In the following we extend the finite-dimensional results of Section 2.2 to the infinite-
dimensional situation.

Lemma 10.1.2. Assume that f € C([0,7]; X) and that = : [0,7] — X is a classical
solution of (10.2) on [0,7]. Then Ax(-) is an element of C([0,7]; X ), and we have

2(t) = T(t)z0 + /0 T(t—s)f(s)ds,  t€0,7]. (10.3)

PRrROOF: From (10.2), we may conclude Az(t) = &(t) — f(t) and & € C([0, 7]; X') implies
Az(-) € C([0,7]; X).

Next we prove (10.3). Let ¢ be an arbitrary, but fixed, element of [0,7] and consider
the function s — T'(t — s)x(s). We show that this function is differentiable on [0,¢). Let
h be sufficiently small and consider

T(t—s—h)x(s+h)—T(t—s)x(s) _ T(t—s—h)x(s+h)—T(t—s—h)x(s)
h h
+T(t —s— h)x(s})l —T(t— s)x(s).

If h converges to zero, then the second term on the right hand side converges to —AT'(t—
s)x(s), since x(s) € D(A). Thus it remains to show that the first term on the right hand
side converges. We have the following equality

T(t—s—h)x(s+h)=T(t—s—h)z(s)
h

—T(t—s—h) (x(s * h})b —2(s) _ :t(s)) ST — 5 — R)i(s) — T(t — 8)i(s).

—T(t—s)i(s)

The uniform boundedness of (7'()),>, on any compact interval, the differentiability of
z and the strong continuity of (7'(t)),», implies that the above expression converges to

zero. Thus
xz(s+h) —xz(s)

}l&no T(t—s—h) . =T(t— s)z(s).
Thus the function s — T'(t — s)x(s) is differentiable on [0,¢), and

%(T(t —s)a(s)) = —AT(t — s)a(s) + T(t — s)(Ax(s) + f(s)) = T(t — 5)f(s),

where we used the equation #(s) = Ax(s) + f(s). Thus a classical solution to (10.2)
necessarily has the form (10.3). O
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10.1. The abstract inhomogeneous Cauchy problem

Equation (10.3) is reminiscent of the variation of constants formula for ordinary dif-
ferential equations, see (2.21). If x is a classical solution, then x is necessarily given
by (10.3). Next we show that under suitable conditions (10.3) is already the (unique)
classical solution of (10.2).

Theorem 10.1.3. If A is the infinitesimal generator of a Co-semigroup (T'(t)),~, on a
Hilbert space X, f € C*([0,7]; X) and x¢g € D(A), then the function = : [0,7] — X
defined by (10.3) is continuously differentiable on [0,7] and it is the unique classical
solution of (10.2).

PROOF: Uniqueness: If x; and x9 are two different classical solutions of (10.2), then
their difference A(t) = x1(t) — z2(t) satisfies the differential equation

dA

dt
and so we need to show that its only solution is A(¢) = 0. However, this follows directly
from Lemma 5.3.2.

— AN, A(0)=0

Ezistence: Clearly, all we need to show now is that ¢ — v(¢ fo (t — s)f(s)ds is an
element of C1([0,7]; X), v(t) € D(A) for every t € [0, 7] and v satisfies the differential
equation (10.2) with ¢ = 0. Now

o(t) = /OtT(t—s) <f(0)+/8f(a)da> ds
:/ T(t— s)f ds+// (t — )f(a)dsda, (10.4)

where we have used Fubini’s Theorem. From Theorem 5.2.2.e, it followg that the first
term on the right hand side lies in the domain of A and that fi T(t—s)f(a)ds € D(A)
for all « € [0,t]. Furthermore, Theorem 5.2.2.e implies

t . . .
A / Tt — 8)f(a)ds = Tt — a) f(a) — f(a). (10.5)
Since A is a closed operator, for every g € C([0,7], X) with values in D(A) and Ag €
C([0,7], X), we have [ Ag(s)ds = A [g(s)ds. Combining this fact with (10.4) and
(10.5), we obtain that v(t) € D(A), and
t .
Avlt) = (T()=Df©)+ [ (T(t=0) = Df(e)da
t .
= TWIO)+ [ T(t-a)f(a)da— )

Using the fact that the convolution product is commutative, i.e., fgg(t — $)h(s)ds =
fo h(t — s)ds, we obtain

Av(t) = T(t)f(0) + /0 T(a)f(t — a)do — f(t).
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10. Inhomogeneous Abstract Differential Equations and Stabilization

Moreover, we have

100+ [ 7))o~ )= ([ Tt~ aaa) - st
=o(t) — f(1),
and thus we may conclude that v(t) = Av(t) + f(t). O

The assumptions of Theorem 10.1.3 are too strong for control applications, where in
general we do not wish to assume that f € C'([0,7]; X). Therefore we introduce the
following weaker concept of a solution of (10.2).

Definition 10.1.4. If f € L'([0,7]; X) and 29 € X, then we call the function x :
[0,7] — X defined by (10.3) a mild solution of (10.2) on [0, 7]. O

We note that (10.3) is a well defined integral in the sense of Bochner or Pettis, (see
Lemma A.1.6 and Example A.1.13). Of course, if f € LP([0,7]; X) for some p > 1, then
necessarily f € L'([0,7]; X). In applications, we usually find f € L?([0,7]; X).
Lemma 10.1.5. Assume that f € L'([0,7];X) and g € X. The mild solution x
defined by (10.3) is continuous on [0, T].

PROOF: Since T'(-)xo continuous, we can assume without loss of generality that zo = 0.
For 6 > 0, consider

t t+4
z(t+9) —x(t) = /0 (Tt+06—s)—T(t—s))f(s)ds + /t T(t+d—s)f(s)ds

t+0
= (T'(0) — I)z(t) + /t T(t+0d—s)f(s)ds.

Then we estimate

t+4
[t +6) = z(@)]] < [(T(6) = Da(®)]| + sup 1T (ex II/ 1f(s)llds

a€l0,6

and the right-hand side converges to 0 as é | 0 by the strong continuity of the semigroup
and Theorem 5.1.5.a. Now consider

t—0 t
:E(t—é)—x(t):/o (T(t—é—s)—T(t—s))f(s)ds—/t T(t — 5)f(s)ds,

-5
noting that (T'(t — 3§ — s) — T'(t — s)) f(s) is integrable, since f € L'([0,7]; X) and using
the properties of (7'(t)),>q from Theorem 5.1.5.a and Example A.1.13. An estimation of
the integral above yields
t

t—o
la(t — 6) — (1)) < /0 I(T(t— 6 — ) T(t — 5))£(s)lds + /M 1Tt — 5)f(s)|ds.

Now (T'(t—0—s)—T(t—s))f(s) — 0asd | 0, and by Theorem 5.1.5 there exists a constant
M; > 0, depending only on ¢, such that ||[(T(t —0 —s) = T(t —s))f(s)]| < M¢]|f(s)]. So
the first term converges to zero § | 0 by the Lebesgue Dominated Convergence Theorem,
and the second term also tends to zero by similar arguments. O
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10.1. The abstract inhomogeneous Cauchy problem

In the following chapters, whenever we refer to the abstract evolution equation (10.2),
we mean the mild solution (10.3).

Example 10.1.6 In this example, we shall again consider the heat equation of Example
5.1.1. The model of the heated bar was given by

oz foRtts
a(g t) = Pl (¢, t) +u(l,t), x(¢,0) =xz0(C),

ox ox

We showed in Section 5.3 that if u = 0, then this partial differential equation can be
formulated as an abstract differential equation on X = L?(0,1) of the form

x(t) = Ax(t), t >0, x(0) = xo,

where

d*h

2 dh .
D(A) =<h e L*(0,1) | h, ac are absolutely continuous,
d*h dh dh
€ L*(0,1 — =—(1)¢. 10.
T € L0.1) and T0) —0= 0} (107)

We can include the control term in this formulation as follows:
x(t) = Az(t) +u(t), t >0, z(0) = wo,

provided that u(¢,t) € L'([0,7]; L?(0,1)). The solution is given by (10.3), which can be
written as, see Example 5.1.4,

2(,1) = Zekn (0> Bn) (¢ / Ze*nt u(-, ), 60 ()6 (C)ds
1 1

= /zo dy+z2e_"7rt/ 20(y) cos(nmy)dy cos(nw() +
0

1
// u(y, s dy+/ Ze_"2”2(t_8)2/0 u(y, s) cos(nmy)dy cos(nm()ds
=1

since A\, = —n%72,n >0, ¢,(¢) = V2cos(nm¢),n > 1 and ¢o(¢) = 1. O
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10. Inhomogeneous Abstract Differential Equations and Stabilization

10.2. Bounded perturbations of C)-semigroups

In applications to control problems, the inhomogeneous term f in (10.2) is often deter-
mined by a control input of feedback type, namely,

ft) = Dx(t),
where D € £(X). This leads to the new Cauchy problem
B(t) = (A+ D)a(t), t>0,  2(0) = m, (10.8)

or in its integrated form
t
(t) = T(t)z0 + / T(t — 5)Da(s)ds. (10.9)
0

We expect that the perturbed system operator, A + D, is the infinitesimal generator
of another Cy-semigroup (Tp(t)),~q, such that the solution of (10.8) is given by z(t) =
Tp(t)zg. This result is proved in Exercise 10.1 for the case that A generates a contraction
semigroup. For the general case, we refer to [CZ95, Section 3.2] or [EN00, page 158].

Theorem 10.2.1. Suppose that A is the infinitesimal generator of a Cy-semigroup
(T'(t));>q on a Hilbert space X and that D € L(X). Then A+ D is the infinitesimal
generator of a Co-semigroup (Tp(t)),so on X. Moreover, if || T'(t)|| < Me“*, then

ITp(t)|] < MelHMIPI (10.10)

and for every xg € X the following equations are satisfied
¢
TD(t)wQ = T(t)wo + / T(t — S)DTD(S)xodS (10.11)
0

and
To(#)o = T(H)zo + /O Tp(t — 5)DT(s)aods. (10.12)

10.3. Exponential stabilizability

We follow Chapter 2 and write the function f in the inhomogeneous abstract differential
equation (10.2) as Bu(-), where B is a bounded linear operator from an input space U to
the state space X. We assume that U is also a Hilbert space. Thus the equation (10.2)
becomes

#(t) = Az(t) + Bu(t), x(0) = x. (10.13)

Again we assume that A is the infinitesimal generator of the Co-semigroup (7'());>q-

The state is = and the input is given by u. We denote the system (10.13) by X(A, B).
The concept of stabilizability generalize naturally to an infinite-dimensional setting.
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10.3. Exponential stabilizability

Definition 10.3.1. Suppose that A is the infinitesimal generator of the Cy-semigroup
(T'(t));>o on the Hilbert space X and that B € L(U, X), where U is a Hilbert space.
If there exists an F' € £(X,U) such that A + BF generates an exponentially stable Cy
-semigroup, (TBr(t));>o, then we say that ¥(A, B) is exponentially stabilizable.

Such an operator F' € £L(X,U) will be called a feedback operator. O

Remark 10.3.2. This definition differs from our definition of exponential stabilizabil-
ity for finite-dimensional systems, see Definition 4.1.3. By Theorem 4.3.1, for finite-
dimensional systems Definitions 4.1.3 and 10.3.1 are equivalent. For infinite-dimensional
systems this does not longer hold, see also the Notes and References. (]

As for finite-dimensional state spaces, we aim to characterize operators A and B’s
such that (A, B) is stabilizable. Unfortunately, such a characterization is not known.
However, if the input space is finite-dimensional, or a little bit more general if the range
of B is finite-dimensional, then a complete characterization of all systems (A, B) which
are exponentially stabilizable can be given. In this section we present this result. Hence
we assume that B € £(C™, X), and that A is the infinitesimal generator of the Cp-
semigroup (7°(t)),~, on the Hilbert space X.

For the proof of the main theorem we need the following lemma. Note that the order
vy of the isolated eigenvalue )¢ is defined as follows. For every z € X, limy_ ,(A —
Ao)"0 (A — A)~Lx exists, but there exists an 29 € X such that limy_,y, (A — Ag)** (AT —
A)~1zy does not exist, see also page 99. For the eigenvalue g of the operator Q with
order vy < oo the multiplicity is defined as dim ker (Aol — Q)™°).

Lemma 10.3.3. Consider the system ¥.(A, B) with B € L(C™, X ) and let F € L(X,C™).
For s € p(A+ BF') we have the following properties

1. =1 € o(BF(sI — A— BF)™!) if and only if -1 € o(F(sI — A — BF)™!B) if and
only if det(I + F(sI — A— BF)™'B) = 0.

If =1 € o(BF(sI — A— BF)™!), then —1 lies in the point spectrum. The same
assertion holds for F(sI — A — BF)~'B.

2. The order and the multiplicity of the eigenvalue —1 of BF(sI — A — BF)~! and
F(sI — A — BF)~!B are finite and equal.

3. s € p(A) if and only if —1 € p(F(sI — A— BF)™'B). If s € p(A), then (sI — A)~!
satisfies

(sI — Ayt =(sI—-A—BF)™' —(sI—A— BF)™'B-
(I+F(sI—A—BF)"'B) 'F(sT—A—BF)"\.  (10.14)

4. If the holomorphic function s — det(I + F(sI — A— BF)™'B), s € p(A+ BF), is
zero for s = sg, but not identically zero in a neighbourhood of sy, then sg € o(A)
and it is an eigenvalue with finite order and finite multiplicity.
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10. Inhomogeneous Abstract Differential Equations and Stabilization

PRrROOF: 1. The proof is based on the following equalities;

(BF(sI—A—DBF)'"YB=B(F(sI - A— BF)"'B) and (10.15)

F(sI - A—BF)' (BF(sI - A—- BF)™)
(F(sI —A—BF)'B)F(sI — A— BF)™.. (10.16)

Since F(sI — A — BF)™!'B is an m x m-matrix all its spectral points are eigenvalues.
Furthermore, since the range of the bounded linear operator BF(sI — A — BF)~! is
contained in C™, it is a compact operator, and so every non-zero point in the spectrum
is an isolated eigenvalue. This proves the second part of the first assertion. Let —1 be
an eigenvalue of F(sI — A— BF)™'B and let v € C™ be the corresponding eigenvector,
ie,

F(sI —A—BF)"'Bv = —uv.

Thus in particular Bv # 0, and by multiplying this equation with B from the left and
using (10.15) it follows that Bv is an eigenvector of BF(sI — A— BF)~! with eigenvalue
—1. The other implication can be proved in a similar manner.

2. From the previous part follows that the dimension of the kernel of I + BF(sI — A —
BF)~! equals the dimension of the kernel of I + F(sI — A — BF)~'B. Similarly the
dimensions of the kernel of (I + BF(s] — A— BF)™")" and (I + F(sI — A— BF)"'B)"
are the same. Furthermore, since F(sI — A — BF)™'B is an m x m and BF(sI —
A — BF)™!'B is a compact operator the eigenvalue —1 is for both operators of finite
order. Combining these two facts, we conclude that they have equal (finite) order and
multiplicity.

3. We have the following simple equality
sl —A=(I+BF(sl — A— BF)™") (sl — A— BF). (10.17)

Since sI — A — BF is boundedly invertible, the operator sI — A is injective if and only if
I + BF(sI — A — BF)~!is injective. Using the same argument, we obtain that sl — A
is surjective if and only if I + BF(sI — A — BF)™! is surjective. Using the fact that
BF(sI — A— BF)~! is a compact operator, I + BF(sI — A — BF)~! is injective if and
only if it is surjective if and only if —1 € p(BF(sI — A — BF)~'). In particular, this
implies that s € p(A) if an only if —1 € p(F(sI — A— BF)™1B). Hence we have proved
the first part. It is easy to see that the following equalities hold for s € p(A + BF)

I=(sI—A)(sI —A— BF)™' —BF(sI — A— BF)™!, (10.18)
B=(sI —A)(sI —A— BF)™'B—-BF(sI - A— BF)™'B, (10.19)

and hence
B(I+F(sI—A—-BF)"'B)=(s] — A)(s] - A— BF)"'B. (10.20)
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Thus for s € p(A) N p(A + BF') we have

1

(sI-A)'B=(sI-A—BF)'B(I+F(sI—A—-BF)'B) . (10.21)

Multiplying (10.18) from the left by (sI — A)~! and using (10.21) we find that

(sI — AP =(sI —A—BF)™' — (s —A)"'BF(s - A— BF)™!
—(sI—A—BF)™' — (s - A— BF)"'B.
(I+F(sI—A—BF)"'B) ' F(sI — A— BF)™".

Thus we have shown (10.14).

4. Since det(I + F(sI — A — BF)~'B) is not identically zero in a neighbourhood of
S0, part 1 implies that sg is an isolated eigenvalue of A. It remains to show that the

order and multiplicity of sg € o(A) are finite. Let 1y be the order of sy as a zero of
det(I + F(sI — A — BF)~!B). Using (10.14) we find that

lim (s — s9)"°(sI — A) "'z = lim (s — 50)"°(s] — A — BF) 'a—
5—50

5—50
lim (s — s9)"°(s] — A — BF)™'B-

s— S0

(I+F(sI—A—BF)"'B)"' F(sI — A— BF) 'x.

By the definition of 1y and the fact that (sI — A — BF)~! is holomorphic on a neigh-
bourhood of sy, the limit on the right hand side exists. Hence the order of sy as an

eigenvalue of A cannot be larger than vy. That the multiplicity is finite follows from
(10.17), see also part 1. O

Lemma 10.3.3 implies that if s € p(A + BF)No(A), then s is an eigenvalues of A.
In fact, we show that if ¥(A, B) is stabilizable then A can have at most finitely many
eigenvalues in (Ca' . Such a separation of the spectrum is an important property of the
generator. We introduce the following notation

o = o(A)NCE; CF = {r e C|Re(N) > 0}, (10.22)
o =0(A)NC;; C; ={A e C|Re(N) <0}. (10.23)

Definition 10.3.4. A satisfies the spectrum decomposition assumption at zero if o™ is
bounded and separated from o~ in such a way that a rectifiable, simple, closed curve,
I', can be drawn so as to enclose an open set containing o™ in its interior and ¢~ in its
exterior. O

From Theorem 8.2.4 follows that if the spectral decomposition assumption at zero
holds, then we have a corresponding decomposition of the state space X and of the
operator, A. More precisely, the spectral projection Pr defined by

1

Prz=— [ (M — A) " txd) 10.24

127



10. Inhomogeneous Abstract Differential Equations and Stabilization

where T' is traversed once in the positive direction (counterclockwise), induces the fol-
lowing decomposition:

X=XTex", where X := PrX and X~ := (I — Pr)X. (10.25)

In view of this decomposition, it is convenient to use the notation

A= ﬁ; j_] L T() = [Tz(t) T_O(t)} . B= [gf} , (10.26)

where BT = PrB € L(U,X"), and B~ = (I — Pr)B € L(U,X~). In fact, we have
decomposed our system (A, B) as the vector sum of the two subsystems: (AT, BT)
on X* and X(A7,B7) on X

The following theorem shows that if the system (A, B) is stabilizable, then X% is
finite-dimensional, and (T~ (t)),s is exponentially stable.

Theorem 10.3.5. Consider the system ¥(A, B) on the state space X and input space
C™. The following assertions are equivalent:

1. X(A, B) is exponentially stabilizable;

2. Y(A, B) satisfies the spectrum decomposition assumption at zero, X is finite-
dimensional, (T~ (t)),~ is exponentially stable, and the finite-dimensional system
Y (AT, BT) is controllable, where we have used the notation introduced in equations
(10.25) and (10.26).

If ¥(A, B) is exponentially stabilizable, then a stabilizing feedback operator is given by
F = F*Pr, where F* is a stabilizing feedback operator for X(A™, BT).

PROOF: 2 = 1. Since the finite-dimensional system X(A™, BT) is controllable, there
exists a feedback operator F* € £(X*,C™) such that the spectrum of AT+ BT F* lies in
C, - Choose the feedback operator F' = [FT 0] € £(X,C™) for the system X(4, B). The

perturbed operator A + BF = [AEQB; +F - A‘l] generates a Cy-semigroup by Theorem

10.2.1. Furthermore, for s € (C_(J)r we have that, see Exercise 10.2,

1 (s] — At — BTF+)~! 0

(sI—A-BF)™ = [ (s — A7) 'B=F*(sI — At — BtFH)=1 (sI — A7)~!
Since the semigroups generated by AT + BTFT and A~ are exponentially stable, The-
orem 8.1.4 implies that the corresponding resolvent operators are uniformly bounded in
the right half-plane. Thus (sI — A — BF)~! is uniformly bounded in C{, and thus by
Theorem 8.1.4 its corresponding semigroup is exponentially stable.
1 = 2. By assumption there exists an operator F' € £(X,C™) such that A + BF gen-
erates an exponentially stable Cy-semigroup. By Definition 8.1.1, there exist constants
M > 0 and v < 0, such that

| Tr(t)| < Me. (10.27)
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10.3. Exponential stabilizability

From Lemma 10.3.3, for every s € {s € C | Re(s) > v} we have s € ¢(A) if and only if
det(I + F(sI — A— BF)~'B) = 0. Now the determinant det(I + F(-I — A— BF)~'B)
is holomorphic on {s € C | Re(s) > v} and therefore there cannot be an accumulation
point of zeros in {s € C | Re(s) > v+ ¢}, € > 0, unless the determinant is identically
Zero.

From (10.27), it follows that for all € > 0

/ YN FTgp(t)B|2dt < oo
0

and by the Paley-Wiener Theorem A.2.9, we deduce that
F((-+~v+¢) - A—BF)™'B ¢ H*(C™™), (10.28)
By Lemma A.2.6 this implies that
lim sup ||F(sI —A— BF)"'B||=0.

P70 sect

«,+57‘5|ZP

Consequently, det(I+F(-I—A—BF)~! B) cannot be identically zero in (C_(J)r, and the func-
tion has no finite accumulation point there. Moreover, we can always find a sufficiently
large p such that

1 JE—
|F(-I —A—-BF)™'B|| < 5 in C\D(p), (10.29)

where D(p) = {s € C§ | |s| < p}. Thus I + F(sI — A — BF)"'B is invertible for all
s € C§ \ D(p). Inside the compact set D(p) a holomorphic function has at most finitely
many zeros, and applying Lemma 10.3.3 we see that o1 comprises at most finitely many
points with finite multiplicity. Hence the spectrum decomposition assumption holds at
zero. From Theorem 8.2.4.d and e follows that X = ran P is finite-dimensional and
o(AT) = o% C CJ. Thus it remains to show that (T (t)),s is exponentially stable and
that (AT, BT) is controllable. -
By Lemma 10.3.3 we have that

(sI — AP =(sI—A—BF)™' —(sI—A—BF)"'B.
(I+F(sI—A—BF)"'B) ' F(sI — A— BF)™". (10.30)
Since A+ BF generates an exponentially stable semigroup, by Theorem 8.1.4 we obtain
that (-/ —A— BF)~! is uniformly bounded in C{. Combining this with (10.29), equation
(10.30) implies that

sup (s - 47 < oo,
SE(C(J{\]D)(p)

From Lemma 8.2.6 we conclude that (7 (?)), is exponentially stable.
Finally, we prove that the system X(A™, BT) is controllable. By Theorem 10.2.1 we
obtain that

t
PFTBF(t)x() = PrT(t)x() + / PrT(t — S)BFTBF(S)x()dS.
0
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10. Inhomogeneous Abstract Differential Equations and Stabilization

For zg € X this equation reads

t
PFTBF(t)a:O = T+(t)$() + / T+(t — S)B+FTBF(S)$()CZS.
0
Since (Tpr(t));so is exponentially stable, for any zo € X there exists an input u €
Ll ([0,00);C™), i.e., u(t) = FTpp(t)zo, such that the solution of the finite-dimensional

system
i(t) = ATx(t) + Btu(t), z(0) = zo

is exponentially decaying. By Definition 4.1.3, the system Y(A™, BT) is stabilizable.

Since all eigenvalues of the matrix AT lie in (C(J)r , using Theorem 4.3.3 we may conclude
that X(A™, BT) is controllable. O

We apply the above result to the system of Example 10.1.6.

Example 10.3.6 Here we consider again the heat equation of Example 10.1.6, but we
choose a different input operator.

i 2
%(C’ t) = ggz (Gt + T g (Qult), (C,0) = wo(Q), (10.31)
ox or
ac0t)=0= a_c( t). (10.32)

As in Example 10.1.6 we can write this partial differential equation as an abstract dif-
ferential equation on X = L?(0,1)

x(t) = Ax(t) + Bu(t), t >0, x(0) = xo,
where A is given by (10.6) and (10.7) and B € £(C, X) is given by
(Bu) () = 13 y(Ou.

Since o(A) N (C_ar = {0}, the system is not exponentially stable. Using the fact that A
possesses an orthonormal basis of eigenvectors, see Example 5.1.4, it is easy to see that

Prx = (x, ¢o)po

and thus X* = span{¢g}, X~ = 5pan,>1{¢,}. Furthermore, the semigroup (T (t)):>0

is given by
o0

:c—Ze—” 2, 6n)bn

and therefore the semigroup (7~ (t))tzo is exponentially stable. If we can show that
(AT, BT) is controllable, then Theorem 10.3.5 implies that the system (10.31)—(10.32)
is exponentially stabilizable. We have that AT = 0 and BT = PrB = ( L Nl =

%. Using Theorem 3.1.6 it is easy to see that the one-dimensional system (0, %) is

controllable, and therefore the controlled heat equation is exponentially stabilizable. [J
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10.4. Exercises

10.1. In this exercise we prove Theorem 10.2.1 in the case that A generates a contraction
semigroup. Hence throughout this exercise we assume that A is the infinitesimal
generator of the contraction semigroup (7'(t));», on the Hilbert space X.

a) Show that the operator A+ D — 2||D||I with domain D(A) generates a con-
traction semigroup on X.
Use Exercise 5.3 to conclude that A + D with domain D(A) generates a Cy-
semigroup on X.

b) Denote by (Tp(t)),~, the Cp-semigroup generated by A + D.
Let g € D(A). Use Theorem 10.1.3 and show that x(t) :=Tp(t)zo—T(t)xo—
fg T(t — s)DTp(s)zods is a classical solution of

#(t) = Ax(t),  =(0) = 0.

Use Lemma 5.3.2 to conclude that z(t) = 0 for ¢ > 0.

c) Let 29 € D(A). Show that z(t) = T(t)zo + fo Tp(t — s)DT(s)xpds is a
classical solution of

x(t) = (A+ D)x(t), z(0) = xo.
d) Prove that (10.11) and (10.12) hold.

10.2. Let Ay and A be two closed, densely defined operators on X7 and X5, respectively.
Let @ be bounded operator from X; to Xo. Show that if A; and A are (boundedly)
invertible, then the following operator

D(Aext) = D(A1) & D(Ay),

140)(1::|:141 0 :|

Q A

is invertible as well, and the inverse is given by

AL =

ext

[ ATt 0
_A2—1QA1—1 A2—1

10.3. Consider the partial differential equation

2
G0 = T30+ 10060 + Ty y(Quld), 2(0) = m0(0). (1039
8 Ox
8—C(0,t) =0= a_g(l’t)' (10.34)

a) Formulate the partial differential equation (10.33)—(10.34) as a system of the
form (10.13) on the state X = L?(0,1).

b) Is the system exponentially stabilizable?
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10.5. Notes and references

The results as formulated in Section 10.1 and 10.2 are well-documented in the literature
and can be found in any standard text on Cp-semigroups, such as [HP74], [Yos80], and
[ENO0O]. However, since these results are of eminent importance for the applications, text
books more aimed on applications of semigroup theory contain these results as well, see
[CZ95] or [Paz83].

In our definition of exponential stabilizability, Definition 10.3.1, we have chosen the
control as u(t) = Fxz(t). For the finite-dimensional case we could equivalently allow
for locally L'-functions. This equivalence does not longer hold for infinite-dimensional
systems, see Example 2.13 of [RZ98]|. However, if the (stabilizing) input u is chosen as
an L?([0, 00); U)-function, then there exists a bounded F such that A+ BF generates an
exponentially stable semigroup. The proof uses optimal control theory, see e.g. Chapter
6 of [CZ95].

The implication 2 to 1 in Theorem 10.3.5 was known since the mid seventies of the
last century. However, the reserve implication stayed open for at least ten years. Then
it was proved independently of each other by Desch and Schappacher [DS85], Jacobson
and Nett [JN88], and Nefedov and Sholokhovich [NS86].
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Chapter 11
Boundary Control Systems

In this chapter we are in particularly interested in systems with a control at the boundary
of their spatial domain. We show that these systems have well-defined solutions provided
the input is sufficiently smooth. The most simplest boundary control system is most
likely the controlled transport equation, which is given by

oz oz
E(Cﬂf):a_g(gat)a <€ [071]7 t>0
x(1,t) = u(t), t>0,

where u denotes the control function. In Exercise 6.3 we have solved this partial differ-
ential equation for the specific choice u = 0. In this chapter we show that the solution
of (11.1) is given by

5(C,8) = xo(C+1) (+t<1
T lulCHt—1) (Ht>1

11.1. Boundary control systems

Boundary control problems like (11.1) occur frequently in applications, but unfortunately
they do not fit into our standard formulation

&(t) = Az(t) + Bu(t), z(0)= xo. (11.2)

However, for sufficiently smooth inputs it is possible to reformulate these problems in
such a way that they lead to an associated system in the standard form (11.2).

First we explain the idea behind this reformulation for the system (11.1). Assume
that x is a classical solution of the p.d.e. (11.1) and that w is continuously differentiable.
Defining

U(C>t) = ﬂi‘(C,t) - ’LL(t),
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11. Boundary Control Systems

we obtain the following partial differential equation for v

D=2 -, e, >0

v(1,t) =0, t>0.
This partial differential equation for v can be written in the standard form as
0(t) = Av(t) + Ba(t)

for 4 = @. Hence via a simple trick, we can reformulate this p.d.e. with boundary control
into a p.d.e. with internal control. The price we have to pay is that » has to be smooth.
The trick applied to (11.1) can be extended to abstract control systems of the form

z(t) = Ax(t), x(0) = xo,

11.3
Br(t) = wul(t), (1L3)

where 2 : D() C X — X is linear, the control function u takes values in the Hilbert
space U, and the boundary operator B : D(B) C X — U is linear and satisfies D(2() C
D(%B).

In order to reformulate equation (11.3) into an abstract form (11.2), we need to impose
extra conditions on the system.

Definition 11.1.1. The control system (11.3) is a boundary control system if the fol-
lowing hold:

1. The operator A : D(A) — X with D(A) = D(2) Nker(B) and
Az =z for x € D(A) (11.4)

is the infinitesimal generator of a Cp-semigroup (7'(t))¢>0 on X;

2. There exists an operator B € L(U, X) such that for all u € U we have Bu € D(2),
AB € L(U,X) and

BBu = u, ueU. (11.5)

O

Part 2 of the definition implies in particular that the range of the operator 28 equals U.
Note that part 1 of the definition guarantees that the system (11.3) possesses a unique
solution for the choice u = 0, i.e., the homogeneous equation is well-posed. Part 2 allows
us to choose every value in U for the input u(t) at time ¢ > 0. In other words, the values
of an input are not restricted, which is a plausible condition.

We say that the function = : [0,7] — X is a classical solution of the boundary
control system of Definition 11.1.1 on [0, 7] if x is a continuously differentiable function,
x(t) € D) for all t € [0,7], and z(t) satisfies (11.3) for all ¢ € [0,7]. The function
x:[0,00) — X is classical solution on [0, 00) if z is a classical solution on [0, 7] for every
7> 0.
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11.1. Boundary control systems

For a boundary control system, we can apply a similar trick as the one applied to
the transport equation. This is the subject of the following theorem. It turns out that
v(t) = z(t) — Bu(t) is the solution of the abstract differential equation

o(t) = Av(t) — Ba(t) + ABu(t),  v(0) = v (11.6)

Since A is the infinitesimal generator of a Cpy-semigroup and B and 2B are bounded
linear operators, Theorem 10.1.3 implies that equation (11.6) has a unique classical
solution for vg € D(A) and v € C?([0,7];U). Furthermore, we can prove the following
relation between the (classical) solutions of (11.3) and (11.6).

Theorem 11.1.2. Consider the boundary control system (11.3) and the abstract dif-
ferential equation (11.6). Assume that u € C?([0,7];U). If vg = z9 — Bu(0) € D(A),
then the classical solutions of (11.3) and (11.6) on [0, 7] are related by

v(t) = z(t) — Bu(t). (11.7)
Furthermore, the classical solution of (11.3) is unique.

PROOF: Suppose that v is a classical solution of (11.6). Then for ¢ € [0,7] we get
v(t) € D(A) C D() € D(B), Bu(t) € D(B), and

Bx(t) = B(v(t) + Bu(t)) = Bu(t) + BBu(t) = u(t),

where we have used that v(t) € D(A) C ker B and that equation (11.5) holds. Further-
more, equation (11.7) implies

z(t) = o(t)+ Bu(t)
= Av(t) — Bu(t) + 2ABu(t) + Bu(t) by (11.6)
= Av(t) + ABu(t)
= A(v(t) + Bu(t)) by (11.4)
= Az(t) by (11.7).

Thus, if v is a classical solution of (11.6), then x defined by (11.7) is a classical solution
of (11.3).

The other implication is proved similarly. The uniqueness of the classical solutions
of (11.3) follows from the uniqueness of the classical solutions of (11.6), see Theorem
10.1.3. O

The (mild) solution of (11.6) is given by
t
o(t) = T(t)o + / T(t — 5) (UBu(s) — Ba(s)) ds (11.8)
0
for every vg € X and every u € H([0,7];U), 7 > 0. Therefore, the function

x(t) = T(t)(xg — Bu(0)) + /0 T(t — s) (ABu(s) — Bu(s)) ds + Bu(t) (11.9)
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11. Boundary Control Systems

is called the mild solution of the abstract boundary control system (11.3) for every
zo € X and every u € H'([0,7];U) 7 > 0.
As an example we study again the controlled transport equation of equation (11.1).

Example 11.1.3 We consider the following system

Ox ox

E(C7t):8_c(<-’t)7 CE [071]7 tEO
x(Ca 0) = xO(C)? C S [07 1]
x(1,t) = u(t), t>0.

for an input u € H'(0,7). In order to write this example in the form (11.3) we choose
X =L%*0,1) and

_dx
=3
Bzr = x(1), D(B) = D).

Az D) = HY(0,1),

These two operators satisfy the assumption of a boundary control system. More pre-
cisely: the operators 2 and B are linear, 2 restricted to the domain D(2() N ker B
generates a Cy-semigroup, see Exercise 6.3. Furthermore, the range of 9% is C = U and
the choice B = 1y ) implies BBu = u. Using the fact that 2B = 0, we conclude from
equation (11.9) that the mild solution is given by

xz(t) = T(t)(zo — Bu(0)) + /0 T(t — s)(ABu(s) — Bu(s)) ds + Bu(t)

— 7)o — u(0)) — /0 Tt — 5)1jg.i(s) ds + uft).

Using the precise representation of the shift-semigroup, see Exercise 6.3, we can write
the solution of the boundary controlled partial differential equation as

(¢ 1) = (20(C 4 ) — u(0)) Loy (¢ + 1) — /Ot Loy (C +t — s)i(s) ds + uf).
I ¢+ > 1, we have
2(C,t) = —u(T)|eqpoq +u(t) = u(C +t - 1),
and if ¢ + £ < 1, then
2(¢,t) = xo(¢ + 1) — w(0) — u(T)[g + u(t) = xo(¢ +1).

Or equivalently,

x@J):{de+w (rtsl (11.10)

wC+t—1) (+t>1
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11.2. Port-Hamiltonian systems as boundary control systems

which proves our claim made in the introduction of this chapter.
It is easy to show that this example cannot be written as an abstract control system

#(t) = Az(t) + Bu(t), (11.11)

with B a bounded operator.

If the controlled transport equation were of the form (11.11), then Theorem 10.1.3
would imply that z(t) € D(A), whenever 2(0) € D(A) and u € C*([0,7]; X). Choosing
290 =0,t= %, and u = 1, (11.10) implies that x((,%) =0if ( < % and x((,%) = 1if
¢ > %, which is in contradiction to z(3) € D(A) C D() = H'(0,1). Summarizing, the
boundary controlled transport equation of this example cannot be written in the form
(11.11). O

The controlled transport equation is a simple example of our general class of port-
Hamiltonian systems. This example could be written as a boundary control system. In
the following section, we show that this holds in general for a port-Hamiltonian system.

11.2. Port-Hamiltonian systems as boundary control systems

In this section we add a boundary control to a port-Hamiltonian system and we show
that the assumptions of a boundary control system are satisfied. The port-Hamiltonian
system with control is given by

GG = P Q) + B(H(a(C.0) (11.12)
u(t) = Waa [iggﬂ (11.13)
0 = Wpo [fggﬂ (11.14)

We assume that the following assumptions holds. Thus, in particular, P, and H satisfy
the assumptions of Definition 7.1.2.

ASSUMPTION 11.2.1:
e P € K"*™ ig invertible and self-adjoint;

o H e L*®([a,b]; K"*™), H(() is self-adjoint for a.e. { € [a,b] and there exist M, m >
0 such that mI < H(¢) < MI for a.e. ¢ € [a,b];

o Wp:= [%ﬁﬂ € K™*2" has full rank. O

We recall that the boundary effort and boundary flow are given by, see (7.27)

) = 7o ool
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11. Boundary Control Systems

where Ry is the invertible n x n-matrix defined in (7.24).
We can write the port-Hamiltonian system (11.12)—(11.14) as a boundary control

System
z(t) = Ax(t), x(0) = xo,

Bax(t) = u(t),
by defining
Ar = Pl(%(Hx)—FPo(Ha;), (11.15)
D) = {:ceL2([a,b];K")|erH1([a,b];K"),WB,2 [fg]zo} (11.16)
Br = W, [gg] (11.17)
D(B) = D). (11.18)

Following Chapter 7, we choose the Hilbert space X = L?([a, b]; K") equipped with the
inner product

LA
(i =5 [ 1O MQalc)dc (11.19)

as the state space. The input space U equals K™, where m is the number of rows of
Wpg,1. We are now in the position to show that the controlled port-Hamiltonian system
is indeed a boundary control system.

Theorem 11.2.2. If the operator

Az = Plgg(Ha:) + Py(Hz) (11.20)
with the domain
D(A) = {g; € X | Hz € H'([a,b];K™), [fﬂ e ker {WBJ} } (11.21)
) Wgo

generates a Cy-semigroup on X, then the system (11.12)—(11.14) is a boundary control
system on X.

PRrROOF: Equations (11.16) and (11.17) imply that D(A) = D(A) N ker B, and hence
part 1 of Definition 11.1.1 is satisfied.

The n x 2n-matrix Wp has full rank n and Ry is an invertible matrix. Thus there
exists a 2n X n-matrix S such that

| WgBa MmO
watas = [0 ms = ly 0. e

where I,,, is the identity matrix on K™. We write S = [gg g;z }, where S1; and S3; are

n X m-matrices, and we define the operator B € L(K™, X) by

(Bu)(©) = H(O) ™ (Sn3=2 + Snj— ) u.
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11.2. Port-Hamiltonian systems as boundary control systems

The definition of B implies that Bu is a square integrable function and that HBu €
H*([a,b]; K™). Furthermore, from (11.22) it follows that W 2Ry [‘Sq;} = 0. Combining
this with the definition of the boundary effort and boundary flow, we obtain that Bu €

D(2l). Furthermore, B and 2B are linear bounded operators from K™ to X and using
(11.22) once more, we obtain

%Bu:Wquiju:w

Thus the port-Hamiltonian system is indeed a boundary control system. O

Remark 11.2.3. An essential condition in the above theorem is that A given by (11.20)
with domain (11.21) generates a Cy-semigroup. Theorem 7.2.3 and Assumption 11.2.1
imply that this holds in particular when Fj = —F and Wp [(} é] Wg > 0.

Since the term PyH can be seen as is a bounded perturbation of (11.15) with Py = 0,
Theorem 7.2.3 and Theorem 10.2.1 show that A given by (11.20) with domain (11.21)
generates a Cy-semigroup when Wy [(I] 6] W5 > 0. O

As an example we once more study the controlled transport equation.
Example 11.2.4 We consider the system

ox ox

- t) = —

(=5

x(Ca 0) = xO(C)7 C € [07 1]

This system can be written as a port-Hamiltonian system (11.12) by choosing n = 1,
Py =0, P, =1 and ‘H = 1. Therefore, we have

L1 N vl R R e

=7
Since n = 1, we have the choice of either applying one control or no control at all.
Adding a boundary control, the control can be written as, see (11.13),

€1, C¢€[0,1],t=0 (11.23)

1 {z(1,t) —=(0 t)} 1
u(t) = |la bl — ’ ’ =—|(a+b)x(l,t) + (b—a)x(0,t)]. 11.24
0=la 85 |y 0 e = T @+ Dato) + (- ae.0]. (1120
Note that W = [a b] has full rank if and only if a® 4 % # 0. We assume this from now
on.

By Theorem 11.2.2 we only have to check whether the homogeneous partial differential
equation generates a Cy-semigroup. Using Remark 11.2.3 this holds if 2ab > 0. Thus
possible boundary controls for the transport equation are

V2

u(t) = z(1,1), (a=b= 7),

u(t) = 3z(1,t) — x(0,1), (a=V2,b=2V2).
However, this remark does not provide an answer for the control u(t) = —z(1,t) +
3x(0,t). By using other techniques it can be shown that (11.23) with this control is also
a boundary control system. O
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11.3. Outputs

In the previous sections we added a control function to abstract differential equations as
well as to port-Hamiltonian systems. In this section additionally an output is added to
the systems. We start by assuming that the output equation can be represented via a
bounded operator. Since this is normally not the case for observations at the boundary,
we have to consider boundary observation as well.

We start with the control system (11.2) to which we add an output equation.

(t) = Ax(t)+ Bu(t), z(0) = xo, (11.25)
y(t) = Cux(t)+ Du(t), (11.26)

where A generates a Cp-semigroup (7'(t)):>0 on the state space X, B is a linear bounded

operator from the input space U to X, C is a linear bounded operator from X to the

output space Y, and D is a linear operator from U to Y. All spaces U, X and Y are

supposed to be Hilbert spaces. We denote the system (11.25)-(11.26) by ¥(A, B,C, D).
In Section 10.1 we showed that the mild solution of (11.25) is given by

z(t) =T(t)zo + /0 T(t — s)Bu(s)ds.

This function is well-defined for every 2o € X and every u € L'([0,7];U), 7 > 0. The
output equation (11.26) only contains bounded operators. Hence there is no difficulty
in “solving” this equation. We summarize the answer in the following theorem.

Theorem 11.3.1. Consider the abstract equation (11.25)—(11.26), with A the infinitesi-
mal generator of the Co-semigroup (1'(t)),~, and B, C, and D bounded linear operators.

The mild solution of (11.25)—(11.26) is given by the variation of constant formula
(10.3)

xz(t) = T(t)xo+ /0 T(t — s)Bu(s) ds,
y(t) = CT({t)zo+C /Ot T(t — s)Bu(s)ds + Du(t)

for every xog € X and every u € L'([0,7];U).

Next we focus on boundary observation for port-Hamiltonian systems. We develop
conditions on the boundary observation guaranteeing that a certain balance equation is
satisfied, which is important in Chapters 12 and 13. The standard Hamiltonian system
with boundary control and boundary observation is given by

z(t) = Plgg(HZE(t))—FPQ(HJE(t)), (11.27)
u(t) = Wg Eggg] (11.28)
yt) = We Ezgﬂ (11.29)
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It is assumed that P;, H and Wp satisfy the conditions of Assumption 11.2.1. Note that
we have taken Wp = Wp 1 or equivalently Wg o = 0. In other words, we are using the
maximal number of control.

The output equation is formulated very similar to the control equation. As for the
control we assume that we use full measurements, i.e., W be a full rank matrix of size
n X 2n. Since we do not want to measure quantities that we already have chosen as
input, see (11.28), we assume that the matrix [%g] has full rank, or equivalently that
the matrix is invertible.

Combining this assumption with the fact that ¥ = [(} (I]] is invertible, we obtain that

the product [%g} Y [Wg W] is invertible as well. Its inverse is defined as

1

-1 _
_([ws o o) [WEWE WEEWE
Pwp,we -—<[WC]E[WB Wd) _[WCEWE Weswa| (11.30)

We choose the same state space as in Section 11.2, i.e, X = L?([a,b]; K") with inner
product (11.19).

Theorem 11.3.2. Consider the system (11.27)—(11.29), satisfying Assumption 11.2.1,
We € K"*?" having full rank, and {%ﬁ } being invertible.

Assume that the operator A defined by (11.20) and (11.21) generates a Cy-semigroup

on X. Then for every u € C?([0,00); K"), Hz(0) € H([a,b]; K*), and u(0) = Wp [iggg”,

the system (11.27)—(11.29) has a unique (classical) solution, with Hx(t) € H!([a, b]; K"),
t > 0, and the output y is continuous.

Furthermore, if additionally Py = —F,, then the following balance equation is satisfied
for every t > 0

d 1

% = 5[0 v 0] Pgve 1)) (11.31)

PROOF: Theorem 11.2.2 implies that the system (11.27)—(11.28) is a boundary control
system on X, where the operators 2 and B are given by

Ar = Pla%(Hx) + Py(Hz), Bx=Wp Eﬂ ,
D) = D(B)={ze L*([a,b];K") | Hx € HY([a, b; K™)} .

Let A and B be the corresponding operators satisfying the properties of Definition
11.1.1. By assumption we have u € C?([0, 00); K"), 2(0) — Bu(0) € D(), and B(z(0) —
Bu(0)) = u(0) — u(0) = 0. This implies, in particular, x(0) — Bu(0) € D(A). Thus
Theorem 11.1.2 shows that (11.27)—(11.28) possesses a unique classical solution with
Hax(t) € H([a,b]; K™). For a classical solution the output (11.29) is well-defined and in
particular continuous. Using Theorem 7.1.5 and equation (7.28), the classical solution
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x satisfies
LB = SUs(ealt) + 31 fol0)
= 3l )= | P
1 ¥ * * * 17 w. - u(t)
= 5[“ t) v O] Wi We] 1E[Wﬂ [y(t)]
1, . u(t)
= 3 [u (t) Yy (t)] Py, we |:y(t):| )
which completes the proof. =

As an example we consider the vibrating string.

Example 11.3.3 We consider the vibrating string on the spatial interval [a, b] for which

MUI

Figure 11.1.: The vibrating string with two controls

the forces at both ends are the control variables, and the velocities at these ends are the
outputs. In Example 7.1.1 we saw that the model is given by

0*w 1 0 ow
SR =2 (TO5en), (1.32)

where ¢ € [a,b] is the spatial variable, w((,t) is the vertical position of the string at
position ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass density.
This system has the energy/Hamiltonian

B(t) = 1/b O (2¢0) + 10 (L) a (11.39)
—a ) PS> ac >’ ‘ ‘
ow
Furthermore, it is a port-Hamiltonian system with state z = [pa?,f ] . Pr=[03%], Py=0,
ac
and H(() = [@ T?C)] . The boundary effort and boundary flow for the vibrating string
are given by, see Example 7.2.4,
1 [ T(0)%2(b) — T(a)3(a) } 1 [ 80 (b) + 92 (a) ]
_ 1 ¢ oc\W) | o= = 7 o\ | (113
=5 % (5) — 22 (a) =7 | T80 + T |- Y

As depicted in Figure 11.1, the forces at the ends are the inputs and the velocity at both
ends are the outputs, i.e.,

| T)%E (b, 1) ()
u(t) = T<a>§—§<a,t>]’ y(t)‘[%<a,t>]' (11.35
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Using (11.34) we find that W and W¢ are given as

Wp =

1 [ 1 00 1 (11.36)

1[0 1 10
Alhoea] we-gl |

V2|0 -1 10

Wp and W are 2 x 4-matrices of full rank and [%g} is invertible. Furthermore,

0 0
WeXWpg = .
i [0 o]
By Theorem 7.2.3 we conclude that the associated A generates a contraction semigroup
on the energy space. In fact, it generates a unitary group, see Exercise 7.2. Hence the
our system satisfies the conditions of Theorem 11.3.2. In particular, it is a boundary
control system, and since Py = 0 the balance equation (11.31) holds. Since

., oo ., [1 0
WCEWC—[O 0}, and WCEWB—[O _1},
we find that
d 1 * * * *
Zle®I% = 5 @iy () — us()ya(t) + yi Bu (1) = y3 (Hua(t)) (11.37)
Note that this equals equation (7.3). O

11.4. Exercises

11.1. Consider the transmission line of Exercise 7.1 for any of the following boundary
condition:

a) At the left-end the voltage equal u;(t) and at the right-end the voltage equals
the input ug(t).

b) At the left-end we put the voltage equal to zero and at the right-end the
voltage equals the input wu(t).

c) At the left-end we put the voltage equal to u(t) and at the right-end the
voltage equals R times the current, for some R > 0.

Show that these systems can be written as a boundary control system.

11.2. Consider the vibrating string of Example 7.1.1 with the boundary conditions

aa—lf(aat) =0 and T(b)g—?(b, t)=u(t) t>0.

a) Reformulate this system as a boundary control system.

b) Prove that we have a well-defined input-output system, if we measure the
velocity at the right-hand side, y(t) = %(b, t).
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c¢) Does a balance equation like (11.31) hold?

11.3. In the formulation of port-Hamiltonian systems as boundary control systems, we
have the possibility that some boundary conditions are set to zero, see (11.14).
However, when we add an output, this possibility was excluded, see (11.27)—(11.29).
Furthermore, we assumed that we had n outputs. In this exercise we show that
this did not pose a restriction to the theory.

a) Show that if Wpo = 0, i.e., Wp = Wp 1, and WpEW} > 0, then (11.12)
with control (11.13) is a well-defined boundary control system. What is the
domain of the infinitesimal generator A?

b) Let Wg be anx2n matrix of full rank satisfying WpXWj > 0. We decompose

u=Wg [gg] as
Uz Wgo e |

Show that the choice uy = 0 is allowed. Furthermore, show that it leads to
the same boundary control system as in (11.12)—(11.14).

Consider the following system

%(C, t) = Plgg“ [Hx(t)] + Po[Hx(t)]
u(t) = Waa [gggﬂ
fa(t)
0 = WB,2 [ez(t)}
o = we ]

where we assume that Wp = {%ﬁ ;] is a full rank matrix of size n x 2n satisfying

WeXWg > 0. Furthermore, W¢ is a full-rank matrix of size k£ x 2n satisfying

W |
rank [WC ] =n+k.

¢) Explain why the above rank conditions are plausible.

d) Show that the above system is well-defined. In particular show that for
smooth inputs and initial conditions, we have a unique solution, with con-
tinuous state and output trajectories.

11.4. Consider the coupled strings of Exercise 7.4. Now we apply a force u(t), to the bar
in the middle, see Figure 11.2. This implies that the force balance in the middle

reads
owr owrg owrp

TI(b)a—g(b) = Tn(a) ac (a) + T (a) ac (a) + u(t).
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iu(t) 11

[HH

111

Figure 11.2.: Coupled vibrating strings with external force

a) Formulate the coupled vibrating strings with external force as a boundary
control system.

b) Additionally, we measure the velocity of the bar in the middle. Reformulate
the system with this choice for the output as a system of form (11.27)—(11.29).

c¢) For the input and output defined above, determine the power balance in terms
of the input and output, see (11.31).

11.5. Notes and references

The boundary control systems as presented in this chapter was introduced by Fattorini
[Fat68], and has become a standard way of reformulating partial differential equations
with boundary control as an abstract system. The application to port-Hamiltonian
systems of Sections 11.2 and 11.3 can be found in [GZMO05]. For more results on the
state space system X (A, B,C, D) we refer to [CZ95].
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Chapter 12
Transfer Functions

In this chapter we introduce the concept of transfer functions. In the system and control
literature a transfer function is usually defined via the Laplace transform. However, in
this chapter we use a different approach. Nevertheless, we explain the Laplace transform-
approach by means of an example, that is, we consider the ordinary differential equation

g(t) + 3y(t) — Ty(t) = —u(t) + 2u(t), (12.1)

where the dot denotes the derivative with respect to time.
Let £ denote the Laplace transform, and let F' be the Laplace transform of the function
f,ie., (£(f)) (s) = F(s). Recall that the following rules hold for the Laplace transform

(2(h) (5) = sF(s) = £(0)
(2()) () = $*F(s) = s£(0) = £(0).

Assuming that y(0) = ¢(0) = «w(0) = 0 and applying the Laplace transform to the
differential equation (12.1), we obtain the algebraic equation

s%Y (s) + 3sY (s) — 7Y (s) = —sU(s) + 2U(s). (12.2)
Thus we get the following relation between the Laplace transform of u and y

. —s+2
243517

Y(s) U(s). (12.3)

The rational function ;1}%537 is called the transfer function associated to the differential
equation (12.1).

This is the standard approach to transfer functions. However, this approach faces
some difficulties especially when we want to extend the concept to partial differential
equations. One of the difficulties is that the functions u and y have to be Laplace
transformable. Considering u as input or control and y as output, the assumption that
u is Laplace transformable is not very restrictive. However, once v is chosen, y is given by
the differential equation, and it is a priory not known whether y Laplace transformable.
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Another difficulty is that the Laplace transform of a function only exists in some right
half-plane of the complex plane, which implies that equality (12.3) only holds for those
s in the right-half plane for which the Laplace transform of w and y both exist. The
right-half plane in which the Laplace transform of a function exists is named the region
of convergence. Even for the simple differential equation (12.1) equality (12.3) does
not hold everywhere. Taking into account the region of convergence of both w and y,
equation (12.3) can only hold for those s which lie right of the zeros of the polynomial
s> 4+ 3s — 7. However, for applications it is important to know the transfer function
on a larger domain in the complex plane. For the finite-dimensional system (12.1) the
transfer function G is given by G(s) = ﬁ*i? for all s € C, where s not a zero of
52435 —1T.

To overcome all these difficulties and to justify G(s) = 52155237 on a larger domain
in the complex plane, we define the transfer function in a different way. We try to find
solutions of the differential equation which are given as exponential functions. Again
we illustrate this approach for the simple differential equation (12.1). Given s € C, we
try to find a solution pair of the form (u,y) = (e, yse®!);>o. If for an s such a solution
exists, and it is unique, then we call y, the transfer function of (12.1) in the point s.
Substituting this solution pair into the differential equation, we obtain

s2yse’t 4 3syse’t — Tyse™t = —sest + 2%, t>0. (12.4)

We recognize the common term e*! which is never zero, and hence (12.4) is equivalent
to

$2ys + 3sys — Tys = —5 + 2. (12.5)

This is uniquely solvable for y, if and only if s2 + 3s — 7 # 0. Furthermore, y, is given
by s = 3555

Hence it is possible to define the transfer function without running into mathematical
difficulties. The same approach works well for p.d.e.’s and abstract differential equations
as the concept of a solution is well-defined.

12.1. Basic definition and properties

In this section we start with a very general definition of a transfer function, which even
applies to systems not described by a p.d.e, but via e.g. a difference differential equation
or an integral equation. Therefore, we first introduce the notion of a general system.
Let T := [0,00) be the time axis. Furthermore, we distinguish three spaces, U, Y, and
R. U and Y are the input- and output space, respectively, whereas R contains the
remaining variables. In our examples, R will become the state space X. Since s € C,
the exponential solutions will be complex valued. Therefore we assume that U, R and Y
are complex Hilbert spaces. A system & is a subset of L%OC([O, o0);U X RxY), ie., a
subset of all locally integrable functions from the time axis T to U x R x Y. Note that
two functions f and g are equal in L] ([0,00);U x Rx Y) if f(t) = g(t) for almost every
t>0.
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12.1. Basic definition and properties

Definition 12.1.1. Let G be a system, s be an element of C, and ug € U. We say that
(upe®t, r(t),y(t))e>0 is an exponential solution in & if there exist 1o € R, yp € Y, such
that (ugest, roest, yoet) = (ugest, r(t),y(t)) for a.e. t > 0.

Let s € C. If for every uyg € U there exists an exponential solution, and the corre-
sponding output trajectory yoes!,t € [0, 00) is unique, then we call the mapping ug — 4o
the transfer function at s. We denote this mapping by G(s). Let Q C C be the set con-
sisting of all s for which the transfer function at s exists. The mapping s € Q — G(s) is
defined as the transfer function of the system &. (]

In our applications r will usually be the state . We begin by showing that the transfer
function for the system

(t) = Ax(t) + Bu(t) (12.6)
y(t) = Cxz(t)+ Du(t), (12.7)

see (11.25) and (11.26), where B, C' and D are bounded operators and A generates
a strongly continuous semigroup, exists and is given by the formula G(s) = C(sI —
A)~'B + D, for s in the resolvent set, p(A), of A.

Theorem 12.1.2. Consider the linear system (12.6)—(12.7), with B, C, and D bounded
operators. The solution of the system is given by the mild solution, see Theorem 11.3.1.

If (u(t), z(t),y(t))i>0 is an exponential solution of (12.6)—(12.7), then x is a classical
solution of (12.6). Furthermore, for s € p(A), the transfer function exists and is given

by
G(s)=C(sI — A)'B+ D. (12.8)

PRrROOF: The mild solution of (12.6) with initial condition x(0) = z is uniquely deter-
mined and given by

(t) = T(t)z0 + /0 "T(t - 7)Bu(r)dr. (12.9)

For an exponential solution this equation should equal
zoe®t = T(t)zo + /Ot T(t — 7)Buge® dr. (12.10)
Taking ¢ = (sI — A)~!Bug the right hand-side of this equation can be written as
T(t)zo + /Ot T(t —7)(sI — A)xoe® dr =
T(t)x + /Ot T(t— T)e_s(t_T)(sI — A)xodr.

By Exercise 5.3 the infinitesimal generator of the Cy-semigroup (T(t)e‘“) />0 1S given
by A — sI. Applying Theorem 5.2.2.d. to the above equation we find that

t
T(t)zo + e / T(t —7)e s (sI — A)zodr
0

=T (t)xo — e (T(t)e *'zo — mg) = €*zo. (12.11)
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12. Transfer Functions

Thus by choosing 29 = (sI — A)~!Bug, we obtain an exponential solution. We show
next that this solution is unique. If there are two exponential solutions, then by (12.10)
we see that their difference satisfies

Foe™ = T(t)Zo, t >0, (12.12)

for some o € X. Thus Zg is an eigenvector of T'(¢) for all ¢ > 0. Since the left hand-side
is differentiable so is the right hand-side. Thus Zg € D(A) and AZy = sZo, see also
Exercise 8.5. Since s € p(A), this implies that o = 0. Thus the exponential solution is
unique.

The output equation of the system yields

yoe®t = y(t) = Cz(t) + Du(t) = Cxpe®t + Duge® = C(sI — A) "' Buge®® + Duge®’.

Thus for every s € p(A) the output trajectory corresponding to an exponential solution
is uniquely determined, and yo = C(sI — A)~!Bug + Dug. This implies that the system
possesses a transfer function on = p(A4) and the transfer function is given by (12.8).00

Theorem 12.1.2 shows that for linear systems of the form (12.6)—(12.7) the transfer
function exists, and is given by G(s) = C(sI — A)~'B + D. Unfortunately, port-
Hamiltonian systems can in general not be written in the form (12.6)—(12.7) with
bounded operators B, C' and D. However, by Theorem 11.2.2 every port-Hamiltonian
system is a boundary control system. In order to calculate the transfer function of port-
Hamiltonian systems, we first focus on transfer functions of boundary control systems.
Again we show that every exponential solution is a classical solution.

Theorem 12.1.3. Consider the system

w(t) = Ax(t),  2(0) =z

u(t) = Bx(t) (12.13)

yt) = <ux(t)
where (2, B) satisfies the conditions of a boundary control system, see Definition 11.1.1
and € is a linear operator from D(2l) to Y, where Y is a Hilbert space. The solution is
given by the mild solution, see equation (11.9).

Every exponential solution of (12.13) is also a classical solution. Furthermore, for
s € p(A), the transfer function exists and is given by

G(s)=¢(sI — A~ (AB — sB) + ¢B. (12.14)

For s € p(A) and ug € U, G(s)up can also be calculated as the (unique) solution of

sxg = Axg
uyg = %l‘o (12.15)
G(S)’LL(] = Q:II}‘O,

with xg € D(2).
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12.1. Basic definition and properties

PROOF: By (11.9) the mild solution of (12.13) is given by
z(t) = T(t)(xo — Bu(0)) + /Ot T(t — 1) (ABu(r) — Bu(r)) dr + Bu(t).
Assuming that (u(t), z(t), y(t))r>0 is an exponential solution, the above equation becomes
eStxg = T(t)(zo — Bug) + /Ot T(t —7) (ABe*ug — Bse*Tug) dr + Betlug.  (12.16)

Applying the Laplace transform, for A\ € C with Re(\) > max{Re(s),wp}, where wy is
the growth bound of the semigroup (7'(t));>(, we obtain

Zo
A— s

— (M — A Yzg— B I— A1 (ap Yo _ g St B0
(O = ) o~ Bun) + (O - ) (A5 - 5T ) 4 5t

or equivalently,

:E(]—B’LL(]
A—s

This implies that 9 — Bug € D(A), and
(M — A)(xo — Bug) = (xo — Bug)(A — s) + ABug — Bsuo.

o _ 1 _ _ 1 _ SUQ
— (A — A) Mo — Bug) + (AT — A) (QLB)\_S B)\_S>.

Subtracting the term A(xg — Bug) from both sides, we obtain

(sI — A)(xg — Bug) = ABugy — Bsuy, (12.17)
or equivalently, for s € p(A), x¢ is uniquely determined as

zo = (sI — A)"Y (AB — sB) ug + Buy. (12.18)

Hence this show that if we have for s € p(A) an exponential solution (u(t),z(t))>0 =
(upe®’, zoe™)i>0, then the x( is uniquely determined by ug. Starting with zo defined by
(12.18) and reading backwards, we see from equation (12.16) that x(t) = zge®’ is the
solution for u(t) = upe®.

By (12.18) we have that xo— Bug € D(A) and since u € C?([0, 00); U), Theorem 11.1.2
implies that x is a classical solution of (12.13). In particular, for all ¢ > 0, x(¢) € D(2).
By assumption the domain of € contains the domain of 2. Hence yoe*! = y(t) = €x(t),
holds point-wise in ¢t. The choice ¢t = 0 implies yg = €xy. Combining this equality with
(12.18), we obtain that the transfer function is well-defined and is given by (12.14).

Since z(t) = zoe® is the classical solution corresponding to the input u(t) = uges and
the initial condition x(0) = ¢, the differential equation (12.13) reads

szoe’t = Axgest
upe®t = Brge
yOeSt = Q:‘TO eSt7

which is equivalent to equation (12.15). The uniqueness of yq follows from the uniqueness
of xg, see (12.18). O
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12. Transfer Functions

We close this section by calculating the transfer function of a controlled transport
equation.

Example 12.1.4 Consider the system

FEO=50CD. celo) 120 (12.19
$(<7 0) = $0(<)7 < € [07 1]
u(t) = z(1,t), t>0.
y(t) = x(0,¢), t>0.

If we define €z = z(0), then it is easy to see that all assumptions of Theorem 12.1.3
are satisfied, see Theorem 11.2.2. Hence we can calculate the transfer function using
equation (12.15). For the system (12.19), equation (12.15) reads

szo(¢) = C;—”?«)
up = zo(1)

G(s)ug = x0(0).

The solution of this differential equation is given by zo(¢) = ae*. Using the other two
equations, we see that G(s) = e™*. O

12.2. Transfer functions for port-Hamiltonian systems

In this section we apply the results of the previous section to the class of port-Hamiltonian
systems. Due to the fact that every port-Hamiltonian system is a boundary control sys-
tem, it is a direct application of Theorem 12.1.3. Recall that a port-Hamiltonian system
with boundary control and boundary observation is given by

i(t) = Pla%(H:c(t))JrPO(Hx(t)) (12.20)
u(t) = Wp Eggg (12.21)
y(t) = Wo Ezm (12.22)

see (11.27)—(11.29). It is assumed that (12.20)—(12.21) satisfy the assumption of a port-
Hamiltonian system, see Section 11.2. Further we assume that WBEW§ > 0, where
Y = [(} 6] This guarantees that (12.20)—(12.21) is a boundary control system, see
Remark 11.2.3.

We assume that we use full measurements, i.e., that W is a full rank matrix of size

n X 2n and {%ﬁ] is of full rank, or equivalently that this matrix is invertible.
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12.2. Transfer functions for port-Hamiltonian systems

Theorem 12.2.1. The transfer function G(s) of the system (12.20)—(12.22) is uniquely
determined by

STy = P1%(H$0)+P0(H:E0) (12.23)
ug = Wg [ggﬂ (12.24)
G(s)ug = We Ezg] (12.25)

where

Egﬂ = flo [((gj(?)) EZ))] : (12.26)

Furthermore, the transfer function satisfies the following equality

Rl = 5[5 w36 Fwpre |, |- (12.27)

where Py, w,, the inverse of H‘V/g] T [wg wgl.

PRrROOF: The proof is a direct combination of Theorems 11.3.2 and 12.1.3. The first
theorem implies that the system (12.20)—(12.22) is a well-defined boundary control sys-
tem and that the output equation is well-defined in the domain of the system operator
2. Hence all conditions of Theorem 12.1.3 are satisfied, and equation (12.15) for the
port-Hamiltonian system reads (12.23)—(12.25).

The transfer function is by definition related to the exponential solution (ugest, zge,
G(s)upe®t)i>o. Substituting this solution in (11.31) gives (12.27). O

By (12.23)—(12.25), the calculation of the transfer function is equivalent to solving an
ordinary differential equation. If H is constant, i.e., independent of (, this is relatively
easy. However, in general it can be very hard to solve this ordinary differential equation
analytically, see Exercise 12.2.

In Theorem 12.2.1 we assumed that there are exactly n controls and n measurements.
However, this does in general not hold and the transfer function can also be calcu-
lated if some of the boundary conditions are set to zero and/or if there are less than
n measurements. There are two possibilities to calculate the transfer function in this
more general situation. Exercise 11.3 shows that this more general system satisfies all
the conditions of Theorem 12.1.3, and hence Theorem 12.1.3 can be used to obtain the
differential equation determining the transfer function. Another approach is to regard
the zero boundary conditions as additional inputs, and to add extra measurements such
that we have n controls and n measurements. The requested transfer function is now a
sub-block of the n x n-transfer function. We explain this in more detail by means of an
example, see Example 12.2.3. Note that (12.27) equals the balance equation (7.16).
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12. Transfer Functions

Example 12.2.2 Consider the following partial differential equation

0oy _ O
E(gvt)_ aC (gvt)v CG [a7b]7 t>0
(¢, 0) = (), ¢ € [a, ] (12.28)
u(t) = b(b)x(b,t), t > 0.
y(t) = h(a)w(a,t), t>0,
where b : [a,b] — R is a (strictly) positive continuous function. It is easy to see that

this is a port-Hamiltonian system with P, =1, Py = 0, and H = §. The energy balance
equation (7.16) becomes

d b
pr / (¢, )"h(C)w(C, ) d¢ = [h(B)x (b, ) = [b(a)z(a, )] (12:29)

We derive the transfer function by applying Theorem 12.2.1 to the partial differential
equation (12.28). Thus we obtain the following ordinary differential equation

s0(0) =220, cefad
o =h(b)o(0) (12.30

G(s)uo =h(a)zo(a).

The solution of this differential equation is given by

= C—OGX S
zo(¢) = b0 p(p(¢)s),

where ¢g is a constant not depending on (, and

¢
p(¢) = / b(a) " da.

The second equation of (12.30) can be used to calculate ¢p. Using the third equation of
(12.30) we obtain
G(s) = e PO, (12.31)

The strict positivity of h on [a,b] implies that |G(s)| < 1 for all s with non-negative real
part. This result also follows from the balance equation (12.29) without calculating the
transfer function. As every exponential solution is a classical solution, for the exponential
solution (uge®, zoest, G(s)upe’)i>o we obtain

b
%/ 220 (€)*B(¢)z0(C) dC = |uge™ |* — |G (s)uge™|?. (12.32)

Using the fact that |e%|? = e2R¢(5)! equation (12.29) implies that for all ug and all s € C
with Re(s) > 0 we have that |G(s)ug|> < |uo|?. Since ug is a scalar, we conclude that
the absolute value of G(s) is bounded by one for Re(s) > 0. O
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12.2. Transfer functions for port-Hamiltonian systems

MUI

Figure 12.1.: The vibrating string with two controls

Example 12.2.3 Consider the vibrating string of Example 11.3.3, as depicted in Figure
12.1. Again we assume that we control the forces at both ends, and measure the velocities
at the same points. However, now we assume that the Young’s modulus 7" and the mass
density p are constant and that our spatial interval is [0, 1]. Hence the model becomes

0w 10 ow
() =-— (T=—(¢,1)), € 0,1 12.33
=22 (152¢n), el (12:39)
T2w(1,t)
uty=| .85 7|, 12.34
( ) T%—(O,t) ] ( )
Ge(1,t)
yty=| g 7" |. (12.35)
[ 82(0,1)
Here w((,t) is the vertical position of the string at position ¢ and time t. We write this
dw
system using the state variable z = [paauf } , and find
aC

Pty = 2 (@aa(c 1)), a“(g,t):ﬁ(M) (12.36)

ot aC ot ¢ 0
o T$2(1,t)
u(t) = [T:Eg(O,t)} (12.37)
ll‘l (1, t)
y(t) = gxl 0. t)] . (12.38)

In order to calculate the transfer function we have to solve the ordinary differential
equation

sen(©) = TR, sew(€) = 200 (12.39)
w = L] =20 (2.0
o = ][5 =
It is easy to see that the solution of (12.39) is given by
210(C) = e + Be™ ¢, z20(C) = O%\e’\sc — %e"\sc, (12.42)
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12. Transfer Functions

where A = /£, and o, 3 are complex constants.
Using equation (12.40) we can relate the constants « and 3 to uy,
Q@ A 1 —e

Combining this with (12.41), gives

B A e 4 oA —2
W= | 2 e ] o
Thus the transfer function is given by
A\ 1 1
G(S) _ 2 [tanhl()\s) B smhl()\s)] ) (1244)
P sinh(As) tanh(As)

Using now the balance equation (11.37), we find

2Re (s)|lzo]> = Re (ujoyi0) — Re (u3gy20)
= Re (UTOGH(S)UH] + UTOG12(S)U20) —
Re (UZOG21(S)U10 + u;oGQQ(S)UQ(]). (12.45)

Choosing ugy = 0, we conclude that the real part of G11(s) is positive for Re(s) > 0.

An analytic function f on CJ := {s € C | Re(s) > 0} which satisfies Ref(s) > 0

for Re(s) > 0, is called positive real. Using the fact that Gq; is analytic on s € (Ca' ,

implies that Gy is positive real. This can also be checked by direct calculation on
_ A

GH(S) " ptanh(As)”

Next we consider the system defined by the p.d.e. (12.33) with input u(t) = T%—?(O, t),
output y(t) = %ﬁ’ (1,t) and boundary condition T%—lg(l, t) = 0. We could proceed like we
did above. However, we can easily obtain the transfer function by choosing u19 = 0 in
(12.40) and only considering y1p in (12.41). Hence the transfer function of this system

: A
18 = psinh(As) - 0

12.3. Exercises

12.1. Consider the vibrating string of Example 7.1.1. Thus in particular, we choose
%’f(a t) = 0. We control this system by applying a force at the right hand-
side u(t) T(b)%—lé’(b,t) and we measure the velocity at the same position, i.e.,

y(t) = F2(b,1).

a) Show that the transfer function is positive real.
Hint: See Exercise 11.2

b) Determine the transfer function for the case that the functions p and T' are
constant.
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12.3.

12.3. Exercises

¢) Next choose T'(¢) = €S, and p(¢) = 1, and determine the transfer function for
this case.

Hint: You may use a computer package like Maple or Mathematica.

Consider the system of the transmission line of Exercise 7.1. As input we take
the voltage at the right hand-side, and as output we take the current at the left
hand-side. Furthermore, the voltage at the left hand-side is set to zero.

Determine the transfer function under the assumption that the capacity C' and the
inductance L are constant.

Hint: See also Exercise 11.1.

In this exercise we prove some well-known property of transfer functions. Let
G; and & be two systems, ie, &; C Li ([0,00);U; x Ry x Y7) and Gy C
Ll ([0,00); Uz x Ry x Y3). Assume that for a given s € C both systems have
a transfer function. Furthermore, we assume that for both systems the output is
determined by the input and the state, that is, if (uge®,r0e®t,y(t))i>0 € &, then

y(t) = yoes! for some yo and for almost every ¢t > 0.
a) Show that for boundary control systems the output is determined by the input
and the state, see Theorem 12.1.3
b) Assume that Y; = Us. The series connection Sgeries C Li, . ([0,00); Ur x (R x
Rsy) x Y3) of &1 and &, is defined as follows, see Figure 12.2,

(u1, (r1,72),Y2) € Ggeries if there exists a y; such that
(u1,71,91) € 61 and (y1,72,2) € Ga.

Show that the series connection Ggeries has the transfer function G(s) =

Ga(s)G1(s) at s.

Uy
— 6

Y2

Y1 U9 62

Figure 12.2.: Series connection

c) Assume that U; = Uy and Y7 = Ya. The parallel connection Sparaliel C
L ([0,00); Uy x (R x Ry) x Y2) of &1 and &g is defined as follows

(w1, (11,72),Y) € Gparallel if there exists a y; € Y and ya € Y5 such that
(u1,71,91) € 61, (u1,72,92) € &z,and y = y1 + 2.

Show that the parallel connection Gparariel has the transfer function Gi(s) +
Ga(s) at s.
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Ui Sy Y1

U2 S Y2

Figure 12.3.: Parallel connection

d) Assume that Uy = Yy and Y7 = Us. The feedback connection Sgeedback C
Ll ([0,00); Uy x (Ry X R3) X Y1) of &1 and &3 is defined as follows

(u, (r1,72),Y1) € Gteedback if there exists a u; and yy such that
(Ulﬂ"layl) € 617 (y17r27y2) € 627 and Uy =u—yYa2.

Show that the feedback connection Gyeedback has the transfer function G (s) -
(I + Ga(s)G1(s))" " at s, provided I + Ga(s)G4(s) is invertible.

u Uq Sy Y1 Yy
Y2 u2

CP)

Figure 12.4.: Feedback connection

12.4. Notes and references

The ideas for defining the transfer function via exponentially solutions is old, but has
hardly been investigated for distributed parameter system. [Zwa04] was the first paper
where this approach has been used for infinite-dimensional systems. We note that in
this paper a transfer function is called a characteristic function. One may find the
exponential solution in Polderman and Willems [PW98], where all solutions of this type
are called the exponential behavior.

The formula for the transfer function, G(s) = C(sI — A)™'B + D can also easily
be derived using the Laplace transform, see e.g. [CZ95]. However, via the Laplace
transform approach the function is only defined in some right half-plane and not on the
whole resolvent set of A. In finite-dimensional spaces the transfer function is rational,
and there are no mathematical difficulties. Therefore, the transfer function can easily
extended to p(A). The situation is different for infinite-dimensional spaces, since transfer
functions can contain terms like /s, and for these functions it is less clear how to expand
them.
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12.5. Bibliography

Positive realness is a well-studied property of transfer functions, see e.g. [And67].
It first appeared in the study of electrical networks. Any (ideal) electrical network
consisting of inductors, capacitors, and gyrators has a positive real transfer function,
and even the converse holds, i.e., every (rational) positive real transfer function can be
realized by such a network, see e.g. [AV73]. You may find more (historical) remarks on
the wiki-page en.wikipedia.org/wiki/Positive-real function. Our examples show
that this property appear quite often and that positive realness is closely related to the
energy balance.
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Chapter 13
Well-posedness: Part 1

The concept of well-posedness can easily be explained by means of the abstract linear
system X(A, B,C, D) introduced in Section 11.3, that is, for the set of equations

8-
—
o~
N—
I

Ax(t) + Bu(t), z(0) = xo (13.1)
y(t) = Cz(t) + Du(t), (13.2)

where z is a X-valued function, u is an U-valued function and y is a Y-valued function.
U, X and Y are assumed to be Hilbert space. Further, the operator A is assumed to
be the infinitesimal generator of a Cy-semigroup, and B,C, and D are bounded linear
operators. Under these assumptions the abstract differential equation (13.1)—(13.2) pos-
sesses for every u € L'([0,7];U) a unique (mild) solution, see Theorem 11.3.1. Since
L2([0,7);U) € LY([0,7];U) for T < oo, the same assertion holds for u € L%([0,7];U).
Existence of solutions for an arbitrary initial condition zg € X and an arbitrary input
u € L%([0,7];U), such that x is continuous and y € L*([0,7];Y) is called well-posedness.
Under the assumption that B, C, and D are bounded linear operators, the system (13.1)—
(13.2) is well-posed if and only if A is the infinitesimal generator of a Cy-semigroup. The
aim of Chapters 13 and 14 is to extend this result to our class of port-Hamiltonian
systems.

13.1. Well-posedness for port-Hamiltonian systems

In this section we turn to the definition of well-posedness. Although well-posedness
can be defined in a quite general setup, see the notes and reference section, we restrict
ourselves to the class of port-Hamiltonian systems as introduced in Chapter 11. We
showed that port-Hamiltonian systems in general cannot be written in the form (13.1)—
(13.2) with B, C, and D bounded. However, we know that for every initial condition and
every smooth input function there exists a (unique) mild solution of the state differential
equation, see Theorem 11.2.2. Furthermore, from Theorem 11.3.2 we have for smooth
initial conditions and smooth inputs a well-defined output equation. In order to prove
this result we assumed that the operator A associated to the homogeneous p.d.e. is the

163



13. Well-posedness: Part 1
infinitesimal generator of a Cp-semigroup. In the following example we explain the main
ideas of this section.

Example 13.1.1 Consider the controlled transport equation on the interval [0, 1] with
scalar control and observation on the boundary

Ox 8_

FCN =560, G0 =m(0),  Ce1] (133)
u(t) = x(1,t), (13.4)
y(t) ==(0,1). (13.5)

From Example 11.1.3 follows that the mild solution of (13.3)—(13.4) is given by
t t<1
w(G ity = { Ol CHEs (13.6)
u(l+t—1) (+t>1

For every t > 0 the function (-, t) is an element of X = L?(0, 1), whenever u € L%(0, 1)
and zog € X. Furthermore, x(-,t) is a continuous function in ¢, i.e., ||x(-,t) — z(-,t + h)||
converges to zero when h converges to zero, see Exercise 6.3. Hence the mild solution
(13.6) can be extended from controls in H'(0,7) to L%(0,7). If 29 and u are smooth,
then we clearly see that y(t) is well-defined for every ¢ > 0 and it is given by

Cfxet)  0<t<1
y(t) = {u(t —1) t>1. 13.7)

However, if g € L%(0,1) and u € L?(0,7), then the expression (13.7) still implies that
y is well-defined as an L?-function.

Summarizing, we can define a (mild) solution for (13.3)—(13.5) for all zyp € X and
all w € L%(0,7). This solution defines a state trajectory in the state space which is
continuous, and an output trajectory which is square integrable on every compact time
interval. Hence this system is well-posed. O

We now turn our attention to the class of port-Hamiltonian systems with boundary
control and boundary observation as introduced in Sections 11.2 and 11.3, that is, to
systems of the form

GG = P Q) + B(H(Oa(C,0) (138)
u(t) = Wga [28} (13.9)

0 = Wpo [fzgﬂ (13.10)

y(t) = Wo Ezgﬂ (13.11)
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13.1. Well-posedness for port-Hamiltonian systems

We assume that P;, H and Wp := [%ﬁ ;} satisfy Assumption 11.2.1. Thus in particular,
for a.e. ¢ € [a,b], H(C) is a self-adjoint n x n matrix satisfying 0 < mI < H({) < M.

Furthermore, Wg := [%ﬁ;] is a full rank matrix of size n x 2n. We assume that

Wpg1is am x 2n matrix!. Recall that the state space is given by the Hilbert space

X = L?([a,b]; K") with the inner product

I LA
o =5 [ HQ Qa0 (13.12)

The following lemma follows easily from Theorems 11.2.2 and 11.3.2, see Exercise 11.3.

Lemma 13.1.2. Let 7 be a positive real number. Assume that the operator A :=
P a%H + PyH with domain

o 1 LT fao | —
D(A) = {@0 € X | Hag € H ([a,b; K"), Wi | £29] = 0}
is the infinitesimal generator of a Cy-semigroup on X. Then the system (13.8)—(13.10)
is a boundary control system.
In particular, for every Hxo € H'([a, b]; K") and every u € C%([0, 7]; K™) with u(0) =

Wga Zg’g ,and 0 = Wpgo ngg , there exists a unique classical solution of (13.8)—

(13.10) on [0, 7]. Furthermore, the output (13.11) is well-defined and y is continuous on
[0, 7].

By Lemma 13.1.2, if A generates a Cpy-semigroup on X, then the system possesses
classical solutions for smooth inputs and initial conditions. The concept of well-posedness
implies that we have solutions for every initial condition and every square integrable
input.

Definition 13.1.3. Consider the system (13.8)—(13.11) with input and output space
K™ and K, respectively. We call this system well-posed if there exist a 7 > 0 and
m, > 0 such that the following hold:

1. The operator A := P, (%H + PyH with domain

D(A) = {xo € X | Hxo € H'(Ja,b]; K"), Wg [ffw} - o} (13.13)

€39,0
is the infinitesimal generator of a Cp-semigroup on X.

€5,0

2. For all Hzg € H'([a,b]; K") and u € C%([0, 7]; K™) with u(0) = Wp, [fa’o] and

€5,0

0=Wgya [fa,o] we have

nam&+£ﬁmw%mm%@mﬁ+AWmm%Q. (13.14)
O

!Note that m has two meanings: It is used as a lower-bound for H and as the dimensional of our input
space.
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13. Well-posedness: Part 1

If the system is well-posed, then we can define a (mild) solution of (13.8)—(13.11) for
all zp € X and u € L%(]0,7]; K™) such that ¢ — x(t) is a continuous function in X and
y is square integrable. To prove this statement we need the following fact for classical
solutions of the system (13.8)—(13.11).

Lemma 13.1.4. Let t; > 0, mg € D(A), and let u € C?([0,t;];K™) with u(0) = 0.
Denote the corresponding classical solution of (13.8)—(13.11) by x(t; xo, u) and y(t; zo, u),
respectively. Furthermore, for functions f and g, we define

) f@) t<T
(f?g)(t)—{g(t_ﬂ o (13.15)

Then we have
z(t;zo, u) = x(t;20,0) + (;0,u) and  y(t;zo,u) = y(t;0,u) + y(t;20,0).  (13.16)

Moreover, the functions x(t, zg,u) and y(t, xo,u) depend linearly on the initial condition
and on the input, i.e., for all xg,z1 € D(A) and u,uy,us € C?([0,t1]; K™) with u(0) =
u1(0) = u2(0) = 0 and «, 8 € K there holds

z(t; o + Bx1,0) = ax(t; x0,0) + Sz(t; x1,0) (13.17)
x(t;0, quy + Pug) = ax(t; 0,u1) + Sz (t; 0, uz) (13.18)

and similar properties for y(t; xo,u). Further, we have

x(t;0 0<>u) =z(t —71;0,u) t>rT (13.19)
y(t;0 0<>u) =y(t—7;0,u) t>7 (13.20)
(11 4 712;0,u1) =T (72)x(11;0,u1) + 2(72; 0, u1 (- + 71)) (13.21)
y(m1 + 72;0,u1) =y(72;2(11;0,21),0) + y(72; 0, u1 (- + 71)) (13.22)
y(m1 + T2;20,0) =y(72; x(71; 20, 0),0), (13.23)

where t,7,71,72 > 0 with 71 + 75 < t1 and t < t1, zo € D(A) and u,u; € C*([0,t];K™)
with u(0) = 4(0) = u1(0) = u1(r1) = 0.

The proof is left as an exercise to the reader, see Exercise 13.2. The following theorem
shows that if (13.14) holds for some 7 > 0, then (13.14) holds for all 7 > 0.

Theorem 13.1.5. If the system (13.8)—(13.11) is well-posed, then (13.14) holds for all
7> 0.

PrOOF: Step 1. Using Lemma 13.1.4 we can define for every ¢ > 0 the linear operator
S(t) : D(S(t)) € X & L*([0,#; K™) — X & L%([0,t];K*) by

S(t) [wo] = [z(t; xo’“)] , (13.24)

U (ta xo,U)
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13.1. Well-posedness for port-Hamiltonian systems

with

D(S(t) = {[%] € X & L*([0,];K™) |z € D(A), (13.25)
u € C?([0,t]; K™) and u(0) = 0}.

Furthermore, by (13.16) this operator can be decomposed as

_[Su(t) Sia(t)
S(t) = [821(0 822(t)]. (13.26)

Note that (S11(t))¢>0 equals the Cp-semigroup generated by A. This implies that the
operators Sy (t), t > 0, are linear bounded operators on X. For [7] € X & L?([0,t1]; 2)
with Z a Hilbert space, we define the norm as

2 th
T
5] =t [T isnza
f X,Lz 0
Equation (13.14) implies that
x 2 x(T; 20, 0) 2 x 2
sor |2 = I s e ]
U X,L2 y(Tv‘TOuu) X,L2 U X,L2

Since S(7) is densely defined, there exists a unique bounded extension of S(7) with norm
less or equal to /m.

Step 2. Next we show that if S(7) is a bounded operator for 7 > 0, then S(¢1) is
bounded for t; € (0,7). Let S(7) be bounded and let ¢t; < 7 be arbitrary. We have
already shown that Sy1(¢1) is a linear bounded operator on X. Moreover, it is easy to
see that (Sa1(t1)x0)(s) = (S21(7)z0)(s) a.e. for s < t1, which implies that So1(t1) is a
linear bounded operator from X to L2([0,#;]; K*).

Let u; € C?([0,t1]; K™) with u1(0) = 11 (0) = ii1(0) = 0, then 0 ¢ wuy € C%([0, 7]; K™).

T—11

Using equations (13.19) and (13.20), the following relations hold

812(7') <0 ’T£>t1 U1> 2812 (tl)ul (13.27)
822(7') <0 T£>t1 U1> 2822 (tl)ul, (13.28)

which imply

ISi2(t)ur ][k = [S12(1)(0_O w)lk < m-(|(0_O wr)[* = me[Jua?,

and

S22 (t)wllk = 1822()(0_O wi)lx <mr|(0 O wn)]* = mrfjun]?,
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13. Well-posedness: Part 1

where we have used (13.14). Thus Sy2(t1) is bounded from L%([0,#;];K™) to X, and
Soz(t1) is bounded from L2([0,#;];K™) to L%(]0,t1];K¥). This shows that S(t;) is a
bounded linear operator.

Step 3. Next we show that if S(7) is a bounded operator for 7 > 0, then S(¢;) is
bounded for ¢t; > 7 as well. Let t; > 0 be arbitrary. The boundedness of Sy1(t1) follows
immediately. Using equations (13.21)-(13.23), the following relations hold for smooth
initial conditions and smooth input functions

S12(t1)u =811(7)S12(t1 — T)u + Sio(T)u(- + t1 — 7) (13.29)
Soa(t1)u = S21(7)S12(t1 — T)u + Sao(T)u(- + t1 — 7) (13.30)
Sa21(t1)xo = S21(7)S11(t1 — T) 0. (13.31)

If t; € (,27), then Step 2 implies that equations (13.29)—(13.31) hold for every initial
condition in X and every L2-input function. Thus the operator S12(t1) is bounded
from L2([0,%1];K™) to X, Sa1(t1) is bounded from X to L2([0,t1]; K¥), and Saa(t1) is
bounded form L2([0,1]; K™) to L?([0,#1]; K¥). Therefore, we may conclude that S(t;)
is a bounded linear operator. The general case t; > 7 follows by induction. O

Definition 13.1.6. Let (13.8)—(13.11) be a well-posed system with input space K™ and

output space K¥. By Theorem 13.1.5 for every ¢t > 0 we obtain that S(t) = [gigg gggg}

is a linear bounded operator from X @ L2([0,t];K™) to X @ L2([0,t];K*). For x € X
and u € L*([0,7]; K™) the mild solution of (13.8)—(13.11) is given by

l‘(t) = 511(75)2170 + S92 (t)’LL, te [0, T], (13.32)
Yy = 521 (7’)3}0 + SQQ(T)’LL.

Remark 13.1.7. For a fixed 7 > 0 it follows from the proof of Theorem 13.1.5 that
there exists a m., such that for all ¢ € (0, 7) there holds ||Si2(¢)u|| < m||u|. Combining
this observation with the fact that the classical solutions are continuous, it is not hard
to show that the state trajectory x of a mild solution of (13.8)—(13.11) is continuous.
Note that the output is only square integrable. O

There is a special class of port-Hamiltonian systems for which well-posedness can be

easily proved. This result is proved next.

Proposition 13.1.8. Consider the system (13.8)—(13.11) satisfying Assumption 11.2.1
and assume that the operator A = Pla%H + PyH with domain

D(A) = {azo e X | Hao € HY([a,b; K"), W5 [ffw] - o}

€9,0

is the infinitesimal generator of a Cy-semigroup on X. If every classical solution of the

system satisfies
d 2 2 2
@17 = lle@®1” = ly@I7, (13.33)

then the system is well-posed.
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13.1. Well-posedness for port-Hamiltonian systems

PRrOOF: By assumption, part 1 of Definition 13.1.3 is satisfied. If we integrate equation
(13.33) from 0 to 7, we find that

lx(r)II* = [l=(0)]I* = /0 lu(t)] dt —/0 ly ()1 dt,
which implies (13.14) with m, = 1. O

In Chapter 12 we showed that the system (13.8)—(13.11) has a transfer function.
Using Theorem 12.1.3 we conclude that this function exists in the resolvent set of A.
Since A generates a Cpy-semigroup, the resolvent set contains a right half-plane, see
Proposition 5.2.4, which implies that the transfer function exists on some right-half
plane. Furthermore, the transfer function is bounded for Re(s) — oo.

Lemma 13.1.9. If G is the transfer function of a well-posed system, then

limsup ||G(s)]| < v/mr, (13.34)

Re(s)—o0
where m, is the constant of equation (13.14).

PROOF: If (13.34) does not hold, then we can find an s € C such that [*7| > m,
and ||G(s)| > (1 4 €)y/m, for some € > 0. Next choose ug € U such that |ug] = 1
and ||G(s)uo|| > (1 +¢)7!|G(s)||. The exponential solution (uget, zoe®t, G(s)upe™) >0
satisfies

()% + /0 Cly@lPae = ek + /0 "G (s uge|Pdt

]
> 12 ok + (1 + ) 2|G(s) /0 leuo 2t

> m, (u:co||_%<+ /0 uu<t>u2dt).

This contradicts (13.14), and so (13.34) must hold. O

Although the transfer function is bounded on some right half-plane, this does not
imply that it will converge along the real axis. If this happens, we call the transfer
function regular.

Definition 13.1.10. Let G be the transfer function of (13.8)—(13.11). The system
(13.8)—(13.11) is called regular when limgsep 500 G(s) exists. If the system (13.8)-(13.11)
is regular, then the feed-through term D is defined as D = limseRr s—o0 G(5). (]

Now we are in the position to formulate our main result.

Theorem 13.1.11. Consider the port-Hamiltonian system (13.8)—(13.11) and assume
that the conditions of Assumption 11.2.1 are satisfied. Furthermore, we assume that
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13. Well-posedness: Part 1

1. The multiplication operator Pi’H can be written as

PIH(¢) = STHOASK), ¢ €lab, (13.35)

where A is a diagonal matrix-valued function, S is a matrix-valued function and
both A and S are continuously differentiable on [a, b],
Wg1
2. rank |:WB,2:| = n + rank (We).
We
Let X be the Hilbert space L%([a,b]; K") with inner product (13.12). If the operator A
corresponding to the homogeneous p.d.e., i.e., u = 0, generates a Cy-semigroup on X,
then the system (13.8)—(13.11) is well-posed, and the corresponding transfer function G
is regular. Furthermore, we have that imge(s) oo G(8) = lims 00 ser G(5)-

The proof of Theorem 13.1.11 will be given in Sections 14.1 and 14.2.

Assumption 11.2.1 and the assumptions 1 and 2 in the theorem can be easily checked.
Hence the only condition which needs maybe some more work is to check that A generates
a Cp-semigroup. Note that this is the same A as defined in Lemma 13.1.2. From Chapter
7 we know that if WpXWy; > 0 and Py = —F;, then A generates a (contraction)
semigroup, and thus in this situation the system is well-posed. In particular, we obtain
a mild solution for all square integrable inputs.

Remark 13.1.12.

e Assumption 11.2.1 is very standard, and is assumed to be satisfied for all our
port-Hamiltonian systems until now.

e Note that we do not have any assumption on Fy. In fact the term Py’H may be
replaced by any bounded operator on X. This result will be proved in Section
14.2.

e Assumption 1 of Theorem 13.1.11 concerning the multiplication operator P;H is
not very strong, and will almost always be satisfied if H is continuously differen-
tiable. Note that A contains the eigenvalues of P;H, whereas S~! contains the
eigenvectors.

e The last condition implies that we are not measuring quantities that are set to
zero, or chosen to be an input. This condition is not important for the proof, and
will normally follow from correct modeling. O

As mentioned above, the assumption 1 of Theorem 13.1.11 is quite weak. We illustrate
this by means of an example, the wave equation studied in Example 7.1.1.

Example 13.1.13 From Example 7.1.1 together with equation (7.5) follows that the
model of the wave equation written in the port-Hamiltonian form is given by

alacnl- [V ]R (V7 ol [28]). oo
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13.1. Well-posedness for port-Hamiltonian systems

where 1 = p%—é{/J is the momentum and z9 = %—Zﬁ is the strain.

Hence we have that

Pl:[(l) (1)] H(O:[@ T?o}

Being physical constants, the Young’s modulus 7" and the mass density p are positive.
Hence P; and ‘H satisfy the first two conditions of Assumption 11.2.1. Under the as-

sumption that T" and p are continuously differentiable, we show that (13.35) holds. The
eigenvalues of

0 T
p(¢)
are given by +v(¢) with v(¢) = %. The corresponding eigenvectors are given by
[ 10 ] and [ —78) ] . (13.38)
p(¢) p()
Hence 1
_ = p
PlH:S_lAS:[Z l’YHg 0 H_zl §]7 (13.39)
p P v 2y 2

where we have omitted the dependence on (. This shows that the assumptions of The-
orem 13.1.11 are satisfied. O

In Example 13.1.13 the matrix P;’H possesses only real eigenvalues and the number
of positive and negative is independent of . This can be shown to hold in general.

Lemma 13.1.14. Let P, and ‘H satisfy the conditions of Theorem 13.1.11. Then A can
be written as

A O
A= 13.4
0 el (13.40)
where A is a diagonal real matrix-valued function, with (strictly) positive functions on
the diagonal, and © is a diagonal real matrix-valued function, with (strictly) negative
functions on the diagonal.

PROOF: Since H({) > ml for every ¢ € [a,b], the square root of H(() exists for every
¢ € [a,b]. By the Sylvester’s law of inertia, the inertia of H(C)%PlH(C)% equals the
inertia of P;. This implies that the inertia of H(¢ )%PlH(C )% is independent of ¢. Thus,
since P; is invertible, zero is not an eigenvalue of H(¢ )%PlH(C)% and the number of
negative eigenvalues of H (¢ )%PlH(C )% equals the number of negative eigenvalues of P;.
A similar statement holds for the positive eigenvalues. ) )

A simple calculation shows that the eigenvalues of H({)2 Py H(()2 are equal to the
eigenvalues of PyH(¢). Concluding, for every ¢ € [a,b] zero is not an eigenvalue of
PiH({), and the number of negative and positive eigenvalues of P;H(() is independent
of ¢. By regrouping the eigenvalues, we obtain the requested representation (13.40). O
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13. Well-posedness: Part 1

The proof of Theorem 13.1.11 will be given in Sections 14.1 and 14.2. As can be
guessed from the condition (13.35) we will diagonalize Py’H. Therefore it is essential to
know the systems properties for a diagonal P;H. Being diagonal it suffices to understand
the systems behavior for a positive and a negative element. This is the subject of the
following two lemmas.

Lemma 13.1.15. Let A\ be a positive continuous function on the interval [a,b]. Then
the system

T = ZOQuE),  wG)=uw(@)  Celal (1341
u(t) = Ab)w(b,t) (13.42)
y(t) = Ma)w(a,t) (13.43)

is a well-posed system on the state space L?(a,b) and the corresponding transfer function
G satisfies
li G(s) =0. 13.44
Rl (s) (13.44)
PROOF: It is easy to see that the system (13.41)—(13.43) is a very simple version of the
general Port-Hamiltonian system (13.8)-(13.11) with P, = 1, H = A\, Wp = [@ @]
and Weo = [—@ g] Since WpXWj; = 1 > 0, we conclude that the operator A
corresponding to the homogeneous p.d.e., i.e., u = 0, generates a Cy-semigroup on
L*(a,b). Thus Theorem 11.3.2 implies that (13.41)—(13.43) has a well-defined solution
provided the initial condition and the input are smooth. For this class, the following
balance equation holds, see (12.29)

d [° —
= [u(t)]* — ly(®)]*.
By Proposition 13.1.8 we conclude that the system is well-posed on the energy space.
Since \ is strictly positive, we have that the energy norm ff lw(¢, t)[2A(¢)dC is equivalent
to the L?(a,b)-norm, and so the system is also well-posed on L?(a, b).

Example 12.2.2 shows that the transfer function of (13.41)—(13.43) is given by G(s) =
e P with p(b) > 0. Thus property (13.44) follows immediately. O

For a p.d.e. with negative coefficient, we obtain a similar result.

Lemma 13.1.16. Let 6 be a negative continuous function on the interval [a,b]. We
consider the following system

%—?(Ci) = a% B(Qw(c, 1)), w(¢,0) =wo(¢) ¢ € [a,b)]. (13.45)

The value at a we choose as input

u(t) = 0(a)w(a,t) (13.46)
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and as output we choose the value on the other end
y(t) = 0(b)w(b,t). (13.47)

The system (13.45)-(13.47) is a well-posed system on the state space L*(a,b). Its transfer
function is given by

G(s) = e"®)s, (13.48)
where ;
nQ) = [0 el (13.49)
The transfer function satisfies
lim G(s)=0. 13.50
Re(s)—o0 () ( )

Lemma 13.1.16 will be proved in Exercise 13.4.

13.2. Exercises

13.1. Let X be L?([a,b]; K") with norm, || - ||x, induced by the inner product (13.12).
Let || - ||, be an equivalent norm, i.e., there exists «, 5 > 0 such that for all z € X
there holds o|z||x < ||z|., < Bz x-

Show that if system (13.8)—(13.11) is well-posed with respect to the state space
norm | - ||x, then the system is also well-posed with respect to the state space
norm || - |-

13.2. Use equation (11.9) to prove Lemma 13.1.4.

13.3. In this exercise we prove some further results concerning the system (13.41)—
(13.43).

a) Show that the system (13.41)—(13.43) is a port-Hamiltonian system of the
form (13.8)—(13.11).

b) Show that the solution of (13.41)-(13.42) is given by

w(C 1) = f(p(Q) + Q) (13.51)
where
¢
p(¢) = / Mz)"ldz ¢ € [a,b)] (13.52)
f(0(€)) = AQwo(C), ¢ € [a,b] (13.53)
f(p(b) +t) = u(t), t > 0. (13.54)

13.4. In this exercise we prove Lemma 13.1.16.
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a) Show that the solution of (13.45)—(13.46) is given as
w(G,t) = f(n(Q) + 1)), (13.55)

where

¢
n(¢) = / 0(2)"Ldz (13.56)

C)wo(Q), z € [a,b] (13.57)
t), t>0. (13.58)

b) Use Part a to prove Lemma 13.1.16.

13.3. Notes and references

We have defined well-posedness only for our class of port-Hamiltonian systems. However,
one can easily extend this notion to a larger class of partial differential equations. As
can be seen from part 2 of Definition 13.1.3 well-posedness can be defined whenever the
partial differential equation possesses for a dense set of initial conditions and a dense set
of input functions a classical solution.

Alternatively, well-posedness can be defined starting with a bounded linear operator

valued function (S(t));50 = <[§;Eg gggg])»o’ satisfying properties (13.27)-(13.31)

and (S11(t)) >, is a Co-semigroup, see the book of Staffans [Sta05].

Our class of port-Hamiltonian system is most likely the only class of p.d.e.’s which
allows for a such simple characterization of well-posedness. For a general p.d.e. it is
usually very hard to prove well-posedness. The result was obtained by Zwart et al
[ZGMV10].

The first condition of Theorem 13.1.11 implies that P;H is diagonalizable via a contin-
uously differentiable basis transformation. Since S({) in equation (13.35) contains the
eigenvectors, we need that the eigenvectors are continuously differentiable. In Exam-
ple I1.5.3 of Kato [Kat66] gives a symmetric matrix-valued function which is infinitely
continuously differentiable, but the eigenvectors are not even once continuously differ-
entiable. If Py’H is a C'-function such that for all ¢ € [a, ], the eigenvalues P;H(() are
simple, then the eigenvalues and eigenvectors can be chosen continuously differentiable,
see Kato [Kat66, Theorem I1.5.4].

In our proof of Theorem 13.1.11 we only use that A is continuous. However, when
PyH is continuously differentiable, tlhen 50 are its eigenvalues. This follows from the fact
that the eigenvalues of P/’H and H2 P’H2 are the same, and Theorem I1.6.8 of [Kat66].
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Chapter 14
Well-posedness: Part 2

In Theorem 13.1.11 we asserted that under some weak conditions every port-Hamiltonian
system is well-posed provided the corresponding homogeneous equation generates a
strongly continuous semigroup. In this chapter we prove this assertion. The proof
will be given in Sections 14.1 and 14.2. However, we like to explain the main ideas of
the proof by means of an example. We choose the wave equation of Example 13.1.13.
Since S is invertible, well-posedness will not change if we perform a basis transformation,
Z = Sz, see Exercise 14.2. After this basis transformation, the p.d.e. (13.36) reads
9 ds—' ()

0 - ;
316 =3¢ (AD) (6,0) + 5O =2 MG, 1)

9 [ v(Qz1(C, 1) } dS~(¢) ~

=— - + S(()————2A ,t). 14.1
3 | e | HSOTg a0 —
Thus via a basis transformation we obtain a set of simple p.d.e.’s, just two simple

-1
transport equations, but they are corrupted by the term S(() dst(C)A(g)i(C,t). We
first assume that this term is not present, and so we study the well-posedness of the
collection of transport equations

O 1 (Gt | _ 9 Q5 1)
[ 72(,1) } ~ { Q) ] - (14.2)

ot

Although it seems that these two p.d.e.’s are uncoupled, they are coupled via the bound-
ary conditions. Ignoring the coupling via the boundary condition, we can apply Lemmas
13.1.15 and 13.1.16 directly. In Section 14.1 we investigate when the p.d.e. (14.2) with
control and observation at the boundary is well-posed. In Section 14.2 we return to the
original p.d.e., and show that ignoring bounded terms, like we did in (14.2) does not
influence the well-posedness of the system. Since a basis transformation does not effect
it either, we have proved Theorem 13.1.11 for the wave equation.

14.1. P/’H diagonal

In this section, we prove Theorem 13.1.11 in the situation that P,’H is diagonal, i.e.,
when S = 1.
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14. Well-posedness: Part 2

For the proof of Theorem 13.1.11 we will use the following result, which has been
proved by G. Weiss in [Wei94]. The proof of this result lies outside the scope of this
chapter.

F

Figure 14.1.: The closed loop system

Theorem 14.1.1. Assume that the port-Hamiltonian system

% = P1%<H<<>x<<,t>>+P0<H<<>:s<<,t>> (14.3)
u(t) = Wpa [fggﬂ (14.4)

0 = Wgs [gggﬂ (14.5)

yt) = We [gggg}, (14.6)

denoted by &, is well-posed. We denote the corresponding transfer function by G. Let
F be am x p-matrix such that I + G(s)F is invertible for some complex s. If the inverse
exists and is bounded in some right half-plane, then the closed loop system as depicted
in Figure 14.1 is again well-posed, that is, the port-Hamiltonian system

TGO = PO ) + B(H(On(C.0) (14.7)
v(t) = (WB71—|—FWC) |:£222:| (14.8)

0 = Wga [gggﬂ (14.9)

y(t) = We [gggﬂ (14.10)

is well-posed. If the system (14.3)—(14.6) is regular, then so is the closed loop system.
The operator F' is called a feedback operator.

Remark 14.1.2. A feedback operator can be used to stabilize a system. More precisely,
a feedback operator changes the matrix Wg, that is, if we start with an unstable system,
then via a clever choice of the feedback operator F' we may stabilize the system. For
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14.1. Py'H diagonal

instance, in Example 9.2.1 the boundary condition (9.28) can be interpreted as a feedback
relation. Namely, the input (force at the right hand-side) is equal to the feedback, —k,
times the output (velocity at the right hand-side). (]

We now consider the following diagonal port-Hamiltonian system

ot | z-(¢,1) a¢ 0 ©©) | =(t) )’ '
where for every ¢ € [a,b], A(() is a diagonal (real) matrix, with positive numbers on
the diagonal, and ©(() is a diagonal (real) matrix, with negative numbers on the diag-
onal. Furthermore, we assume that A and © are continuously differentiable and that

[Aé{) 9?()] is an n x n-matrix. We note that (14.11) is a port-Hamiltonian system with

Hi= [§ %) and Pro= [§ ).
The following boundary control and observation are of interest

us(t) = [ é((z))if 22’7’?) } : (14.12)
ys(t) == [ g((‘;))”;t((zg ] . (14.13)

Theorem 14.1.3. Consider the p.d.e. (14.11) with boundarx control us and boundary
observation y, as defined in (14.12) and (14.13), respectively.

e The system defined by (14.11)—(14.13) is well-posed and regular. Furthermore, the
corresponding transfer function G converges to zero for Re(s) — oo.

e We equip the port-Hamiltonian system (14.11) with a new set of inputs and out-
puts. The new input u(t) is of the form

u(t) = Kus(t) + Qys(t), (14.14)

where K and @) are two square n X n-matrices with [K Q] of rank n. The new
output is of the form
y(t) = Olus(t) + O2ys(t)' (14'15)

where O and Oy are k x n-matrices. Concerning system (14.11) with input u and
output y, we have the following results:

1. If K is invertible, then the system (14.11), (14.14), and (14.15) is well-posed
and regular. Furthermore, the corresponding transfer function converges to
O1K ™! for Re(s) — oo

2. If K is not invertible, then the operator Ax defined as
9+(0) } _ 0 <[ AC) 0 } [9+(C) ])
a0 ] =5 ([0 o0 ] 570 (14:16)
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14. Well-posedness: Part 2

with domain

D(Ag) = {[ gjgg ] € H'([a,b],K") |

<l ot | +el et | =op 0arm

does not generate a Co-semigroup on L?([a, b]; K™).

Note that Part 2 implies that the homogeneous p.d.e. does not have a well-defined
solution, when K is not invertible.

PrROOF: The first part is a direct consequence of Lemma 13.1.15 and 13.1.16 by noticing
that the system (14.11)—(14.13) is built out of copies of the system (13.41)—(13.43) and
the system (13.45)—(13.47). Furthermore, these sub-systems do not interact with each
other. Thus in particular, the corresponding transfer function Gg(s) is diagonal.

For the proof of the first part of the second assertion, with K invertible, we rewrite
the new input, as us(t) = K tu(t) — K~1Qys(t), t > 0. This can be seen as a feedback
interconnection on the system (14.11)—(14.13), as is depicted in Figure 14.2. Note that
the system (14.11)—(14.13) is denoted by &s. The system contains one feedback loop

01 Y

Us

K-1'Q

Figure 14.2.: The system (14.11) with input (14.14) and output (14.15)

with feedback K ~'Q. By Theorem 14.1.1, we have that if I+G(s)K ~1Q is invertible for
some complex s and if this inverse exists and is bounded on a right-half plane, then the
closed loop system is well-posed. Since limge(s)—oo G's(s) = 0, this holds for every K -1
and Q. Thus under the assumption that K is invertible, the system (14.11) with input
and output given by (14.14) and (14.15) is well-posed. The regularity follows easily. By
regarding the loops in Figure 14.2, we see that the feed-though term is given by O; K 1.

It remains to show that Ax does not generate a Cy-semigroup if K is not invertible.
Since K is singular, there exists a non-zero v € K" such that v*K = 0. Since [K Q]
has full rank, we obtain that ¢* := v*@Q # 0. This implies that at least one of the
components of the vector ¢ is unequal to zero. For the sake of the argument, we assume
that this holds for the first component.

Assume that Ag is the infinitesimal generator of a Cy-semigroup. This implies that
for every xg € D(Af) the abstract differential equation

z(t) = Agx(t), x(0) = xo (14.18)
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14.1. Py'H diagonal

has a classical solution, i.e., for every zp € D(Ak) there exists a function z((,t) :=

63
x_(C,t
xg, and satisfies for all ¢ > 0 the boundary condition

K [ 38??2% } ) [ A(a):ur(a,;) } o

] which is a classical solution to the p.d.e. (14.11) with initial condition z(-,0) =

Using the vectors v and ¢, the function z satisfies

0=q" [ g((‘ggit((zg } , >0 (14.19)

Now we construct an initial condition in D(Af), for which this equality does not hold.
Note that we have chosen the first component of ¢ unequal to zero.

The initial condition x( is chosen to have all components zero except for the first one.
For this first component we choose an arbitrary function in H'(a,b) which is zero at a
and b, but nonzero everywhere else on the open set (a,b). Clearly this initial condition
is an element of the domain of Ax. Now we solve (14.11).

Standard p.d.e. theory implies that the solution of (14.11) can be written as

Ty m(C,t) = frm@m(C) + HAm ()7, (14.20)
2 0(C,t) = f-o(ne(€) +)0:(¢) 7, (14.21)

where A, and 6, are the m-th and the ¢-th diagonal element of A and O, respectively.
Furthermore, p,,(¢) = f[f A (O)7EC, ng(C) = ff 0,(¢)~1d¢, see also Exercises 13.3 and
13.4. In particular, we have p,,(a) = ng(a) = 0. The functions f ,,f_, need to be
determined from the boundary and initial conditions.

Using the initial condition, we obtain fi ,(Pm(C)) = Am(C)zo +m(¢) and f_ ¢(ne(¢))
= 04(¢)xo,— ¢(¢). Since py, > 0, and ny < 0, the initial condition determines f ,, on
a (small) positive interval, and f_ , on a small negative interval. By our choice of the
initial condition, we find that

F+a(6) = M (O)zo+1(p1 () ¢ € [0,p1 (1)),
fem(Q) =10 C€1[0,pm (b)), m =2, (14.22)
f-u(€)=0 ¢ € [ng(h),0), €>1.
The solution x((,t) must also satisfy (14.19), thus for every ¢t > 0 we have
f+a(t)
0=g" ‘ . (14.23)

f-1(ni(b) +1t)

Combining this with (14.22), we find

0=q1f+1(r1(¢)) = qrwo,+,1(C)A1(C)
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14. Well-posedness: Part 2

on some interval [a,3]. Since ¢; and A; are unequal to zero, we find that zo 4 ; must
be zero on some interval. This is in contradiction to our choice of the initial condition.
Thus Agx cannot be the infinitesimal generator of a Cy-semigroup. O

14.2. Proof of Theorem 13.1.11

In this section we use the results of the previous section to prove Theorem 13.1.11. We
begin with a useful perturbation result. For the proof we refer the reader to [Sta05].

Lemma 14.2.1. The system (13 8)—(13.11) is well-posed if and only if the system
0
14.24
G0 = P (o) (o) (14.24)

with inputs and outputs given by (13.9)—(13.11) is well-posed.
Let G(s) denote the transfer function of (13.8)—(13.11) and G(s) the transfer function
of (14.24) with (13.9)—(13.11). Then

lim G(s) = lim Gy(s), (14.25)

and
lim G(s lim G 14.26
Re(s)—o0 ( ) Re(s)—o0 0( ) ( )

Lemma 14.2.1 shows that for well-posedness we may ignore a term of the form Py(Hzx).
Now we are in the position to prove Theorem 13.1.11.
By Assumption 1 of Theorem 13.1.11, the matrices P; and H satisfy the equation
(13.35):
PrH(¢) = STHOAOS(Q)-

We introduce the new state vector
z(¢,t) = S(¢)x(¢,t), ¢ € la,b] (14.27)

Under this basis transformation, the p.d.e. (13.8) becomes

9 S0 A (1
_a_g(m)(g,tws@) i A(Q)z(¢, 1)

+8(QR(OSQ)TIE(C ), To(¢) = 2(C,0) = S(Q)xo(¢).  (14.28)

The equations (13.9)*(13;11) imply the existence of matrices M1y, M2, Ma1, Maz, M,
Mlg, Mgl, MQQ, 01, 02, 01 and 02 such that

0 =My PCES™YB)AD)E(b, t) + MisP; S~ (a)Aa)(a, t)

0z

= M A(b)E(b, 1) + MiaA(a)E(a,t) (14.29)
u(t) = Moy P ESTH(B)A(D)Z (b, t) + Moo Py HS ™ (a)A(a)#(a, t)

= M1 A(D)Z(b, t) + Moo A(a)i(a, t) (14.30)
y(t) =C1P ST D)AD ) (b,t) + Co P 'S (@) A(a)E(a, t)

=C1AD)E(b, t) + CoA(a)i(a,t). (14.31)
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14.2. Proof of Theorem 13.1.11

We introduce M = [1@“ 1\2[12} and C = [ C, Oy ] We have

Ma1 Ma2
- P—ls b -1 0
[ Mﬂ MJ2 ] = [ Mj Mﬂ ] [ ! 0( ) Pl—ls(a)—l } ;o J=12
and , )
= = = Pr2S(b)” 0
c=la al=la al [ A0 g

PriS(b) T 0
0 Pr1S(a)t
13.1.11 imply similar rank conditions for M and C.
Using Lemma 14.2.1, we only have to prove the result for the p.d.e.

o0z 0 .-
E(C’t) = ac (AZ) (¢, 1). (14.32)

Since the matrix [ ] has full rank, the rank conditions in Theorem

with boundary conditions, inputs, and outputs as described in (14.29)—(14.31).

If condition (14.29) is not present, then Theorem 14.1.3 implies that the above system
is well-posed and regular if and only if the homogeneous p.d.e. generates a Cp-semigroup
on L?([a,b]; K™). Since the state transformation (14.27) defines a bounded mapping on
L*([a, b]; K™), we have proved Theorem 13.1.11 provided there is no condition of the
form (13.10).

Thus it remains to prove Theorem 13.1.11 in the case that we have set part of the
boundary conditions to zero. Or equivalently, to prove that the system (14.29)—(14.32) is
well-posed and regular if and only if the homogeneous p.d.e. generates a Cy-semigroup.

We replace (14.29) by

v(t) = My A(b)E(b, t) + Mg Ala)E(a,t), (14.33)

where we regard v as a new input. Hence we have the system (14.32) with the new
extended input

[ v(?) ] _ [ ]]‘\21 } AB)i(Eb) + [ %Z ]A(a)fc(t, a). (14.34)
and the output (14.31). Thus we obtain a system without a condition of the form
(14.29). For the new system we know that it is well-posed and regular if and only if the
homogeneous equation generates a Cp-semigroup.

Assume that the system (14.32), (14.34) and (14.31) is well-posed, then we may choose
any (locally) square input. In particular, we may choose v = 0. Thus the system (14.29)—
(14.32) is well-posed and regular as well.

Assume next that the p.d.e. with the extended input in (14.34) set to zero, does
not generate a Cp-semigroup. Since this gives the same homogeneous p.d.e. as (14.32)
with (14.29) and w in (14.30) set to zero, we know that this p.d.e. does not generate a
Cy-semigroup either. This finally proves Theorem 13.1.11.
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14. Well-posedness: Part 2

14.3. Well-posedness of the vibrating string

In this section we illustrate the usefulness of Theorem 13.1.11 by applying it to the
vibrating string of Example 7.1.1.
By Example 13.1.13 for the vibrating string we have

A-[22) o[ 2]

We want to illustrate the theory and proofs derived in the previous sections, and there-
fore we do not directly check if for a (to-be-given) set of boundary conditions that the
semigroup condition is satisfied. Instead of that, we rewrite the system in its diagonal
form, and check the conditions using Theorem 14.1.3. As we have seen in Section 14.2,
the proof of Theorem 13.1.11 follows after a basis transformation directly from Theo-
rem 14.1.3. Hence we first diagonalize Py’H. Although all the results hardly change, we
assume for simplicity of notation that Young’s modulus 71" and the mass density p are
constant. Being physical constants, they are naturally positive.
From equation (13.39) we know that the operator PyH is diagonalizable:

— L
Ples—lAsz[Z JH’Y 0 H &
p

(14.35)
P 0 = 2y

NI NI
1

where v is positive and satisfies 72 = L.

Hence the state transformation under which the p.d.e. becomes diagonal is

Since we assumed that v > 0, the functions Z; and Z2 correspond to x4+ and z_ in
equation (14.11), respectively and A, © to v and —, respectively. Hence the input and
output ug and y, defined for the diagonal system (14.11) by the equations (14.12)—(14.13)
are expressed in the original coordinates by

_ L[ 21(b,t) + ypxa(b, t)

US(t) - 2 |: xl(a,t) 7p$2(a,t) :| (1436)
_ 1| xi(a,t) + ypza(a,t)

v =5 [ z1(b,t) — ypx2(b, 1) } (14.37)

This pair of boundary input and output variables consists in complementary linear com-
binations of the momentum x; and the strain x5 at the boundaries: however they lack
an obvious physical interpretation. One could consider another choice of boundary input
and outputs, for instance the velocity and the strain at the boundary points and choose
as input

(14.38)

un(t) = [ o (0:) ]

xa(a,t)
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14.3. Well-posedness of the vibrating string

and as output

() = [ zizg } . (14.39)

We may apply Theorem 14.1.3 to check whether this system is well-posed, and to find
the feed-through. Expressing the input-output pair (u1,y1) in (us,ys) gives

1 0 0 1
w(t) = [ - ] )+ | 2 ] ys(t), (14.40)
VTp VTp
o 1 10
yl(t) = [ 1 6 ] us(t) + 6 -1 ] ys(t). (14.41)
VTp VTp
Hence
1 1
I 9 o 1L
e[5 2] o] 58] e
VTp VTp
o 1 10
OlzlL 6], 02:[6 __1] (14.43)
VTp VTp
Since K is invertible, the system with the input-output pair (ui,y;) is well-posed and
0 —

regular, and the feed-through term is given by O; K ! = [ 1

Since the states are defined as z1 = p%—ﬁ’ and x9 = %—lg, the control and observation are
24 (t,a)

ow
easily formulated using w. Namely, uq(t) = [ o (t’b)] and y1(t) = [ B (1 1)
o¢ \?

dw
7("’7“)
¢
Hence we observe the velocity and strain at opposite ends.
Next we show that if we control the velocity and strain at the same end, this does not
give a well-posed system. The control and observation are given by

} , respectively.

b, ] T (bt
us(t) = [ g_?(b, ) } = [ :Lf)g(b,t } (14.44)
and as output . [ %_?(mt) ] i [ %(%t) ] o
0= 80 | 7| dar | .
It is easy to see that
1 1
ug(t) = [ i 8 ] us(t) + 8 s ] ys(t). (14.46)
vp vp

Clearly the matrix in front of us is not invertible, and hence we conclude by Theorem
14.1.3 that the wave equation with the homogeneous boundary conditions us = 0 does
not generate a Cy-semigroup. Hence this system is not well-posed.
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14. Well-posedness: Part 2

14.4. Exercises

14.1. In this exercise we show that a homogeneous port-Hamiltonian system needs not
to generate a contraction semigroup. Consider the transport equation

Len=20, sC0=rn@, Cela] (a4

x(1,t) = 2x(0,t). (14.48)

a) Show that for an initial condition z¢ which is continuously differentiable and
satisfies xo(1) = 22(0) the (classical) solution of (14.47)-(14.48) is given by

z(¢,t) = 2" o (1), (14.49)

where ( +t=n+7,7€[0,1], n € N.

b) Show that the mapping xo +— z(-,t) with x((,t) given by (14.49) defines a
Co-semigroup on L%(0,1).

c) Conclude that (14.49) is the mild solution of (14.47)—(14.48) for any initial
condition z¢ € L?(0,1).

14.2. Assume that the port-Hamiltonian system

GG = P Q) + B(H©Oa(C, 1)
) = W |10
folt)
0 = o [0
v = we [P0,

is well-posed on the state space L%([a,b]; K") and let S € C'([a, b]; K™*™) such that
S(¢) is invertible for every ¢ € [a,b]. We now perform the basis transformation
(¢, 1) = S(Q)x(C, 1)

Show that the transformed port-Hamiltonian system is again well-posed. Further,
prove that both systems have the same transfer function.

14.3. Assume again that the port-Hamiltonian system

%(C,t) = Pl(%(H(C)x(C,t))—i—Po(H(C)x(C,t)) (14.50)
u(t) = Way Ezgﬂ (14.51)

0 = Wpo [g:gﬂ (14.52)

yt) = We Ezgg] (14.53)
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is well-posed and define
Ynew = Oru(t) + Ogy(t), (14.54)

where O and Oy are matrices. Show the port-Hamiltonian systems remains well-
posed if we replace (14.53) by (14.54).

14.5. Notes and references

From the proof of Theorem 13.1.11 follows that the operator A corresponding to the
homogeneous equation generates a Cy-semigroup if and only if the matrix K is invertible,
see Theorem 14.1.3. Since the matrix K is obtained after a basis transformation, and
depends on the negative and positive eigenvalues of PyH, it is not easy to rewrite this
condition in terms of the matrix Wg.

A semigroup can be extended to a Cy-group, if the homogeneous p.d.e. has for every
initial condition a solution for negative time. Using once more the proof of Theorem
14.1.3, the operator A of Theorem 13.1.11 generates a Cy-group if and only if K and Q)
are invertible matrices.

Theorem 14.1.1 was first proved by Weiss [Wei94]. Moreover, we note that Chapters
13 and 14 are completely based on the paper by Zwart et al., [ZGMV10].
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Appendix A
Integration and Hardy spaces

A.1. Integration theory

In this section, we wish to extend the ideas of Lebesgue integration of complex-valued
functions to vector-valued and operator-valued functions, which take their values in a
separable Hilbert space X or in the Banach space £(X7, X3), where X7, Xo are separable
Hilbert spaces. By £(X1, X2) we denote the class of all bounded, linear operators from
X1 to Xo. As main references, we have used Arendt, Batty, Hieber and Neubrander
[ABHNO1], Diestel and Uhl [DU77], Dunford and Schwartz [DS88], and Hille and Phillips
[HPT74].

Throughout this section, we use the notation 2 for a closed subset of R, and (€2, B, \)
for the measure space with the Lebesgue measure A and (Lebesgue) measurable subsets
B. It is possible to develop a Lebesgue integration theory based on various measurability
concepts.

Definition A.1.1. Let W be a Banach space. A function f : Q — W is called simple
if there exist wi,ws,...,w, € W and Ej, Es,...,E, € B such that f = > " , w;1p,,
where 1g,(t) =1 if t € E; and 0 otherwise.

Let X1, X5 be two separable Hilbert spaces, and let F:Q— £(X7, X2) and f:Q — X.

a. F is uniformly (Lebesgue) measurable if there exists a sequence of simple functions
F, : Q — L(X1, X5) such that

lim F,(t) = F(t) for almost all t € Q.

n—~o0

b. f is strongly (Lebesgue) measurable if there exists a sequence of simple functions
fn 1 Q — X7 such that

lim f,(¢t) = f(t) for almost all t € Q.

n—oo

F is strongly measurable if F'xy is strongly measurable for every z1 € X7.
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c. fis weakly (Lebesgue) measurable if (f,x1) is measurable for every 1 € Xj.

F is weakly measurable if Fxq is weakly measurable for every z1 € X7. O

It is easy to see that uniform measurability implies strong measurability, which implies
weak measurability. For our separable Hilbert spaces X; and X3, the concepts weak and
strong measurability coalesce.

Lemma A.1.2. For the case that X and Xy are separable Hilbert spaces the concepts
of weak and strong measurability in Definition A.1.1 coincide.

PROOF: See Hille and Phillips [HP74, theorem 3.5.3] or Yosida [Yos80, theorem in Sec-
tion V.4]. 0

We often consider the inner product of two weakly measurable functions.

Lemma A.1.3. Let X be a separable Hilbert space, and let fi,fs : Q@ — X be two
weakly measurable functions. The complex-valued function (f1(-), f2(+)) defined by the
inner product of these functions is a measurable function.

PrOOF: This follows directly from Lemma A.1.2 and Definition A.1.1. O

Lemma A.1.4. Let f : Q — X and F : Q — L(X;, X2) be weakly measurable, then
|lf|l and ||F|| are measurable, scalar valued functions.

PROOF: The first assertion follows directly from the previous lemma, since |f| =
V{f(), f(+)). Since X; and Xy are separable, there exist countable dense subsets Z;
and Zs of X7 and X5, respectively. Since these sets are dense, we obtain

1)) = sup [E )21, 22)|

te Q.
21€721,217#0,20€ Z2,227#0 HZ1H||Z2H

[(F(t)21,20)]
7 Tzl )
mum of measurable functions is measurable, we conclude that ||F(-)|| is measurable. [

By assumption the functions are measurable, and since a (countable) supre-

The notion of the Lebesgue integral follows naturally from the measurability concepts
given in Definition A.1.1.

Definition A.1.5. Suppose that (€2, B, \) is the Lebesgue measure space and that E €
B.

a. Let W be a Banach space and let f : 0 — W be a simple function given by f =
o wilg,, where the E; are disjoint. We define f to be Lebesgue integrable over
E if || f]| is Lebesgue integrable over E, that is, Y . [|w;||A(E; N E) < oo, where
A(+) denotes the Lebesgue measure of the set and we follow the usual convention
that 0-co = 0. The Lebesgue integral of f over E is given by > 7" | w;\(E; N E)
and will be denoted by |5, f(t)dt.
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b. Let X7 and X5 be two separable Hilbert spaces. The uniformly measurable function
F :Q — L(X1,X5) is Lebesgue integrable over E if there exists a sequence of simple
integrable functions F;, converging almost everywhere to F' and such that

lim . 1E () = Fn()llcx,,x2)dt = 0.

We define the Lebesgue integral by

/ F(t)dt = lim [ F,(t)dt.
E

n—oo E

c. Let X be a separable Hilbert space. The strongly measurable function f : Q — X is
Lebesque integrable over E if there exists a sequence of simple integrable functions
fn converging almost everywhere to f and such that

lim i 1£(#) = fu(®)llxdt = 0.

n—oo

We define the Lebesgue integral by
/ FOdt = tim [ fa()dt.
E n—oo /@ O

The integrals in the above definition are also called Bochner integrals in the literature.
If f: Q — X is Lebesgue integrable over E, then || g f(t)dt is an element of X. Similarly,
if f:Q — L(X1,X3) is Lebesgue integrable over E, then [, F(t)dt € L(X1,X;). For
functions from R to a separable Hilbert space X, there is a simple criterion to test
whether a function is Lebesgue integrable.

Lemma A.1.6. Let f: Q — X, where X is a separable Hilbert space. f is Lebesgue
integrable over E € B if and only if the function (z, f(-)) is measurable for every x € X
and [, || f()]ldt < .

PROOF: See Arendt, Batty, Hieber and Neubrander [ABHNO1, Theorem 1.1.4], or Hille
and Phillips [HP74, theorem 3.7.4], noting that weak and strong measurability are the
same for separable Hilbert spaces (Lemma A.1.2). O

Proposition A.1.7. Let X be a separable Hilbert space, let f : [a,b] — X be Lebesgue
integrable and F(t) := fat f(s)ds for t € [a,b]. Then F is differentiable a.e. and F' = f
a.e., that is, for almost all t € [a,b] we have limj,_,q w = f(t).

PROOF: See Arendt, Batty, Hieber and Neubrander [ABHNO1, Theorem 1.2.2]. O

In the case of operator-valued functions F' : Q — £(X7, X2), where X; and X, are sep-
arable Hilbert spaces, we need to distinguish between the Lebesgue integral | p F(t) dt for
the case that F'is uniformly (Lebesgue) measurable and the Lebesgue integral [, F(t)x dt
for the case that F' is only strongly (Lebesgue) measurable.
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Example A.1.8 Let (T'(t)),, be a Cop-semigroup on a separable Hilbert space X. Since
(T(t)),>, is strongly continuous, it is strongly measurable. In fact, Hille and Phillips
[HP74, theorem 10.2.1] show that the Cp-semigroup is uniformly measurable if and
only if it is uniformly continuous. Now the only uniformly continuous semigroups are
those whose infinitesimal generator (see Definition 5.2.1) is a bounded operator, Hille
and Phillips [HP74, theorem 9.4.2], and so (T(t)),~, will only be strongly measurable

in general. Thus fol T(t)xdt is a well defined Lebesgue integral for any x € X, but
fol T'(t)dt is in general not well defined. O

Next we study whether [ T(7 — s)F(s)ds has a meaning.

Example A.1.9 Let (T'(t)),~, be a Cp-semigroup on a separable Hilbert space X, and
let F': [0,00) — L(U, X) be weakly measurable, U is a Hilbert space, and ||F|| € L*(0, 7).
Since (T™(t)),~¢ is also a Cp-semigroup, T*(-)z is continuous, see [CZ95, Theorem 2.2.6],
and so strongly measurable. Furthermore, by definition, we have that F(-)u is weakly
measurable. Hence Lemma A.1.3 shows that (x,T(1 — -)F(-)u) = (T*(17 — -)x, F(-)u) is
measurable for all z € X, v € U. So from Lemma A.1.6 we have that for each u € U
Jo T(t — s)F(s)uds is a well defined Lebesgue integral. However, [; T(r — s)F(s)ds
need not be a well defined Lebesgue integral, since the integrand will not to be uniformly
measurable in general. O

If an operator-valued function is not uniformly measurable, but only weakly measur-
able, there is still the possibility to define the so called Pettis integral.

Definition A.1.10. Let X; and X5 be separable Hilbert spaces and let F' : Q —
L(X1,Xs). Ifforall 1 € X; and 29 € X5 we have that the function (zo, F\(-)x1) € L'(Q),
then we say that F'is Pettis integrable. Furthermore, for all E € B, we call [ F(t)dt
defined by

<LE2,/ F(t)dta;1> = / <$2,F(t)$1>dt. (Al)
E E
the Pettis integral of F over E and [ F(t)x1dt the Pettis integral of F(-)x1 over E. [

As for the Lebesgue integral we have that the Pettis integral | g F(t)dt is an element
of £(X1,X3). It also has the usual properties such as linearity

/ (aFy (1) + BFy(t)) dt = a / Fu(t)dt + B / Fy(t)dt. (A2)
E E E

From the definition of the Pettis integral, we see that a weakly measurable function
F :Q — L£(X1, X3) is Pettis integrable if and only if

/ (9, F(t)a)dt < 0. (A3)
E

In particular, if this weakly measurable function satisfies [ ||F(t)[|dt < oo, then the
condition (A.3) is satisfied and so it is Pettis integrable. Furthermore, it is easy to see
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that if F' is an integrable simple function, then the Pettis integral equals the Lebesgue in-
tegral. From the definition of the Lebesgue integral, it follows easily that if the Lebesgue
integral of a function exists, then the Pettis integral also exists, and they are equal.

In the following examples, we re-examine Examples A.1.8 and A.1.9, which we con-
sidered as Lebesgue integrals.

Example A.1.11 We recall from Example A.1.8 that the Cp-semigroup (T(t))t>0 on the
separable Hilbert space X is in general only strongly measurable and so while fo t)xdt
exists as a Lebesgue integral fo t)dt does in general not. We show next that 1t does
exist as a Pettis integral. Since (T (t))tzo is strongly continuous, we have that (z1,T(t)z2)
is measurable for every x1,z2 € X. From Theorem 5.1.5 we have that fol |T(t)]|dt < 0.
Thus by Definition A.1.10 the Pettis integral fo t)dt is well defined. If the infinitesimal
generator A of (T'(t));>o is invertible, then us1ng Theorem 5.2.2 we can even calculate
this Pettis integral to obtain

1

/T 1) - AL
0 ([

Example A.1.12 From Example A.1.9 we recall that [ T'(7 — s)F(s)ds is in general
not a well defined Lebesgue integral. We already showed that (z,T(7 — -)F(-)u) is
Lebesgue measurable for all x € X, u € U. Furthermore, we see that

/HTT_S )Hds<Me°”/ I (s)lds < oo.

So by Definition A.1.10 the integrals [ T(7 — s)F(s)ds and [j T(7 — s)F(s)uds are
well defined as Pettis integrals, where only the later one is well defined as a Lebesgue
integral. O

Most of the integrals we use in this lecture notes satisfy the conditions in Lemma
A.l.6.

Example A.1.13 Consider [ T(7 — s)Bu(s)ds, where (T'(t));>0 is a Cp-semigroup on
a separable Hilbert space X, B € L(U,X), U is a separable Hilbert space and u €
LY([0,7];U) (see Definition A.1.14). Then, as in Example A.1.12, (z, (1 — -)Bu(-)) is
measurable for all z € X and [ ||T(7 — s)Bu(s)||ds < Me“T||B]| [y [lu(s)||ds < co. So
by Lemma A.1.6, the integral is well defined as a Pettis or as a Lebesgue integral. [

To avoid confusion between the Pettis and Lebesgue integrals we introduce the fol-
lowing notation.
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Definition A.1.14. Let X7, X5, and X be separable Hilbert spaces, and let €} be a
closed subset of R. We define the following spaces:

P(Q;ﬁ(Xl,Xg)) = {F Q) — ﬁ(Xl,Xg) ‘ <x2,F(-)x1> is mea-
surable for every x; € X; and x4 € Xs}.
Pp(Q;ﬁ(Xl,Xg)) = {F S P(Qﬁ(Xl,Xg)) ‘ ”F”p =
1/p
([ 1P ptt) <ok 1<p <o
PP(Q; L(X1, X2)) = {F € P(QL(X1,X2)) | [[Flec :=

esssupq || F'(t) [l cex,,x.) < 00}

LX) = {f:Q— X |(z, f(-)) is measurable for all z € X}.
1/p
P@:X) = (7€ L@x) 1l = [ 1olkar) < oo
1 <p<oo.
L% X) = {f € LX) | ||f]l = esssupg | £ (1)1 x < oo} o

The reason for using the ”L” notation is that these integrals are also defined in the
Lebesgue sense. For example, if (T'(t));>0 is a strongly continuous semigroup, then
T(-)z € LP([0,7]; X) for all z € X, but we only have that T'(-) € PP([0,7]; £L(X)) instead
of the Lebesgue space LP([0,7]; £L(X)) (see Example A.1.11).

We remark that if X7 and X5 are finite-dimensional, then £(X7, X2) is also finite

dimensional, and so L*>°(Q; £(X1, X2)) is well defined as a Lebesgue space (see Lemma
A.1.6) and equals P>°(Q; L( X7, X2)).
Lemma A.1.15. If we do not distinguish between two functions that differ on a set
of measure zero, then the spaces PP(Q; L(X1, X2)), P> (Q; L(X1, X2)), LP(Q; X), and
L>(Q; X) are Banach spaces.

Furthermore, L?(§); X) is a Hilbert space with inner product

(h. f) = /Q (1), () xt. (A4)

PROOF: See Thomas [Tho97] or [Tho76]. The completeness property of L? is also shown
in theorem II1.6.6 of Dunford and Schwartz [DS88]. In Section 3.5 of Balakrishnan
[Bal76] it is shown that L?(€2, X) is a Hilbert space. O

A.2. The Hardy spaces

In this section, we consider some special classes of functions that are holomorphic on
the open half-plane CJ := {s € C | Re(s) > 0}.

Good general references for this section are Kawata [Kaw72] and Helson [Hel83] for
the scalar case and Thomas [Tho97] and Rosenblum and Rovnyak [RR85] for the vector-
valued case.
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As in finite dimensions, we define holomorphicity of a complex-valued function as
differentiability.

Definition A.2.1. Let X; and X, be Hilbert spaces, and let F' : T — £(X7, X2), where
T is a domain in C. Then F' is holomorphic on Y if F is weakly differentiable on T, i.e.,
for all z1,x9 € X, the function (F(-)z1,z2) is differentiable. O

Example A.2.2 Let A be a closed linear operator on the Hilbert space X. Define
F:p(A) — L(X) by F(A) = (A — A)~!. We shall prove that F is holomorphic on p(A).
The resolvent equation (5.12) implies

(N + R — A oy, a) — (M — A) Loy, o)
= (=hM = A)7Y (N +h) T — Aoy, x0).

Since F' is continuous, this implies that F' is weakly differentiable with Ccll—f(/\) =—(\ —
A)~2. Thus the resolvent operator is holomorphic. O

Our definition can be seen as “weak holomorphic”. We remark that uniform and weak
holomorphicity are equivalent. Next we define special classes of holomorphic functions.

Definition A.2.3. For a Banach space W and a separable Hilbert space X we define
the following Hardy spaces:

H>(W) = {G : C§ — W | G is holomorphic and SUPRe(s)>0 [|G(8)]| < oo} ;
H%(X) = { f:C§ — X | f is holomorphic and
1 [ )
113 = suply- [ 15+ iw)lPd) < oo} @)
¢>0 T J -0 O

When the Banach space W or the Hilbert space X equals C, we shall use the notation
H> and H? for H*(C) and H?(C), respectively. In most of the literature, Hardy spaces
on the disc are usually treated; see, for example, Rosenblum and Rovnyak [RR85].

Lemma A.2.4. IfW is a Banach space, then H*(W) from Definition A.2.3 is a Banach
space under the H*°-norm

1Glloo := sup [G(s)lw- (A.6)
Re(s)>0
PRrROOF: See Theorem D of Rosenblum and Rovnyak [RR85, section 4.7]. g

We now collect several important results in the following lemma.

Lemma A.2.5. The following are important properties of H*(L(U,Y)), where U,Y
are separable Hilbert spaces:
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a. For every F € H®(L(U,Y)) there exists a unique function F € P> ((—ioc,i00);
L(U,Y)) such that

lilrr01 F(z +iw)u = F(iw)u for all uw € U and almost all w € R

(i.e., F € H®(L(U,Y)) has a well defined extension to the boundary);
b. The mapping F — F is linear, injective and norm preserving, i.e.,

sup ||F(s)l| cyy = esssupyep |1 F(iw)| 2y
Re(s)>0

(consequently, we can identify F € H®(L(U,Y)) with its boundary function F €
P ((—io0,i00); L(U,Y)) and we can regard H>*(L(U,Y)) as a closed subspace of
the Banach space P> ((—ioco,i00); L(U,Y)));

c. Identifying F with F, the following holds:

Sup ”F(S)HL(U,Y) = €SSSUp,,cr ”F(W)HL(U,Y) < 0.
Re(s)>0

PROOF: See theorems A of sections 4.6 and 4.7 of Rosenblum and Rovnyak [RR85]. O

We remark that Rosenblum and Rovnyak [RR85] use the notation L for P*°. In
general, the boundary function F' will not have the property that F is uniformly measur-
able in the L(U,Y) topology; see Rosenblum and Rovnyak [RR85, exercise 1 of chapter
4] or Thomas [Tho97].

Lemma A.2.6. H*(X) is a Banach space under the H?-norm defined by (A.5), and
the following important properties hold:

a. For each f € H2(X) there exists a unique function f € L?((—ioo,io0); X) such
that B
h?(} flz+iw) = f(iw) for almost all w € R

and

lglnol lf(x+-)— JE(‘)HB((—ioo,iOO);X) =0;

b. The mapping f — f is linear, injective, and ||f||3 = = [ | £ (iw)||?dw, i.e., it is
norm preserving.

(consequently, we identify the function f € H?(X) with its boundary function fe
L?((—io0,i00);X) and regard H2(X) as a closed subspace of L?((—ico,i00);X));

c. Denote by C} the subset {s € C | Re(s) > a}. For any f € H*(X) and any o > 0
we have that

lim sup  [[f(s)]l | =0 (A7)

p—00 —
sECT; |s|>p

(sometimes the terminology f(s) — 0 as |s| — oo in CY is used).
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PROOF: a and b. The proof for the scalar case as given by Kawata [Kaw72, theorem
6.5.1]. Since this theorem holds for vector-valued function as well, the proof of parts a
and b is similar to that for the scalar case.

c. See Hille and Phillips [HP74, theorem 6.4.2]. O

We remark that in general part c is not true for « = 0. From this lemma we deduce
the following result.

Corollary A.2.7. If X is a separable Hilbert space, then H?(X) is a Hilbert space
under the inner product

(f,9) = x /(f(iw),g(iw))dw.

™
—00 U

H?(X) is a very special Hilbert space, as is apparent from the following lemma and
the Paley-Wiener theorem.

Lemma A.2.8. Let X be a separable Hilbert space and let f € H?(X) be different
from the zero function. Then f is nonzero almost everywhere on the imaginary axis.

PROOF: Suppose that there is a subset V' of the imaginary axis with positive measure
such that f is zero on this set. Then for every x € X, we have that (f,z) € H? and it
is zero on V. This implies that

[ iy, _,
oo 1+ w? '

By Theorem 6.6.1 of Kawata [Kaw72] this can only happen if (f, z) is the zero function.
Since x € X was arbitrary, this would imply that f = 0. This is in contradiction to our
assumption, and so the set V' cannot have positive measure. O

Theorem A.2.9. Paley-Wiener Theorem. If X is a separable Hilbert space, then
under the Laplace transform L*([0,00); X) is isomorphic to H?(X) and it preserves the
inner products.

PROOF: See Thomas [Tho97]. O

The following theorem gives a characterization of bounded operators between frequency-
domain spaces.

Theorem A.2.10. Suppose that U and Y are separable Hilbert spaces.

a. If F € P®((—ioco,ioc0); L(U,Y)) and u € L?((—ioo,ic0); U), then Fu € L*((—ioo,
100);Y'). Moreover, the multiplication map Ap : u+— Fu defines a bounded linear
operator from L?((—ioco,i00);U) to L?((—ico,i00);Y), and

A Full 2 ((iooioe)iy) < IE lloollull L2 ((~iso,ic0)strys
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where || - ||oc denotes the norm on P> ((—ico,i00); L(U,Y)). In fact,

HAFU’”L2 —400,i00);Y
IAF| = sup (C0dY) || F).
u#0 HUHLZ((—ioo,ioo);U)

b. If F € H®(L(U,Y)) and u € H2(U), then Fu € H%(Y)). Moreover, the multipli-
cation map Ap : u + Fu defines a bounded linear operator from H?(U) to H?(Y),
and

[AFullazpy) < [ Flloollullazw),
where || - ||oo denotes the norm on Hy (L(U,Y)). In fact,
||AFUHH2(Y)

[AF[l = sup

= [ Floo-
w0 ||ullE2 @)

c. F € P®((—ico,ic0); L(U,Y)) is in H®(L(U,Y)) if and only if ApH?(U) C H2(Y).

PROOF: a. See Thomas [Tho97].

b. It is easy to show that for F' € H®(L(U,Y)) the first inequality holds. So [|[Ar| <
|F|loo- To prove the other inequality, let A\ € (Ca' , Yo €Y and f € H?(U). Consider

+ Yo Yo
P S A
< R H2(U) A m2y)

_ % B <F(z‘w) Fliw), Z,wyi A>de
= o [ )y e

= (FONfA),v0)y by Cauchy’s Theorem

—00
using Cauchy’s Theorem again

T+ Y0
= (f,F(\) .Jr—/\>H2(U)-
Since the above equality holds for every f € H?(U), we have that

x Y0 T+ YO
Ap—— =F(\)"——.
Py T VTS

This implies that [|[AL]] > |[|[F*|cc. Now the general property that |[F*|ec = ||F|oo,
concludes the proof.

c. See Thomas [Tho97]. O

The proof of part b was communicated by George Weiss.
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