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1

Integration in Banach spaces

When integrating a continuous function f : [a,b] — E, where E is a Banach
space, it usually suffices to use the Riemann integral. We shall be concerned
frequently with F-valued functions defined on some abstract measure space
(typically, a probability space), and in this context the notions of continuity
and Riemann integral make no sense. For this reason we start this first lecture
with generalising the Lebesgue integral to the E-valued setting.

1.1 Banach spaces

Throughout this lecture, F is a Banach space over the scalar field K, which
may be either R or C unless otherwise stated. The norm of an element z € £
is denoted by ||z||g, or, if no confusion can arise, by ||z||. We write

Be={zeE: |z <1}

for the closed unit ball of E.
The Banach space dual of E is the vector space E* of all continuous linear
mappings from F to K. This space is a Banach space with respect to the norm

[&* |5 := sup |(z,2")].
lel<1

Here, (z,z*) := z*(z) denotes the duality pairing of the elements z € E
and z* € E*. We shall simply write ||z*| instead of ||2*||g+ if no confusion
can arise. The elements of E* are often called (linear) functionals on E. The
Hahn-Banach separation theorem guarantees an ample supply of functionals
on E: for every convex closed set C C E and convex compact set K C F such
that C' N K = @ there exist * € E* and real numbers a < b such that

Re(z,z") < a < b < Rely,z")
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for all x € C and y € K. As is well-known, from this one derives the Hahn-
Banach extension theorem: if F is a closed subspace of F, then for all y* € F*
there exists an z* € E* such that *|p = y* and ||z*|| = ||y*||. This easily
implies that for all x € E we have

el = sup [(z,2")|.
=<1

A linear subspace F of E* is called norming for a subset S of F if for all
x € S we have
]l = sup [(z,2")[-
x” €
llz*lI<1

A subspace of E* which is norming for F is simply called norming. The
following lemma will be used frequently.

Lemma 1.1. If Ey is a separable subspace of E and F is a linear subspace of
E* which is norming for Egy, then F contains a sequence of unit vectors that
18 morming for Ey.

Proof. Choose a dense sequence (z,,)52; in Fy and choose a sequence of unit
vectors (%)%, in F such that [(z,,2%)| = (1 — e,)||a|| for all n > 1, where
the numbers 0 < &, < 1 satisfy lim,_.oc &, = 0. The sequence ()22, is
norming for Ey. To see this, fix an arbitrary x € FEy and let § > 0. Pick

no > 1 such that 0 < e,y < 6 and ||z — zp, || < 6. Then,

(I =0zl < (1 = enp)llz]l < (1 = eng)lzn, | + (1 — £ny)d
< [&ng, oo )| +0 < (2, 27,,)| + 26,

Since § > 0 was arbitrary it follows that [|z[| < sup,>; [{z,z},)]. O

A linear subspace F of E* is said to separate the points of a subset S of E if
for every pair z,y € S with x # y there exists an z* € F with (x, 2*) # (y, z*).
Clearly, norming subspaces separate points, but the converse need not be true.

Lemma 1.2. If Ey is a separable subspace of E and F is a linear subspace of
E* which separates the points of Fy, then F contains a sequence that separates
the points of Fy.

Proof. By the Hahn-Banach theorem, for each x € Fy \ {0} there exists a
vector x*(z) € F such that (x,2*(x)) # 0. Defining

Ve i={y € Eo\ {0} : (y,2"(z)) # 0}

we obtain an open cover {V. },¢c g\ {01 of Eo\ {0}. Since every open cover of a
separable metric space admits a countable subcover it follows that there exists
a sequence (x,)% 1 in Ep \ {0} such that {V,, }52 covers Ep \ {0}. Then the
sequence {z*(z,)}22, separates the points of Ey: indeed, every x € Ey \ {0}
belongs to some V, , which means that (x,x*(z,)) # 0. O
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1.2 The Pettis measurability theorem

We begin with a discussion of weak and strong measurability of E-valued
functions. The main result in this direction is the Pettis measurability the-
orem which states, roughly speaking, that an F-valued function is strongly
measurable if and only if it is weakly measurable and takes its values in a
separable subspace of E.

1.2.1 Strong measurability

Throughout this section (A, o) denotes a measurable space, that is, A is a
set and &7 is a o-algebra in A, that is, a collection of subsets of A with the
following properties:

1. Ae o
2. B € o implies (B € «7;
3. Bied, Boeo/, ... imply |, B, € &.

The first property guarantees that 27 is non-empty, the second expresses that
closedness under taking complements, and the third closedness under taking
countable unions.

Let T be a topological space. The Borel o-algebra of a topological space
T, notation H(T), is the smallest o-algebra containing all open subsets of T'.
The sets in B(T) are the Borel sets of T.

Definition 1.3. A function f : A — T is called o/-measurable if f~1(B) € o/
for all B € B(T).

The collection of all B € #(T) satisfying f~!(B) € < is easily seen to be
a o-algebra. As a consequence, f is &7-measurable if and only if f~*(U) € &
for all open sets U in T

When T7 and T3 are topological spaces, a function g : T3 — T5 is Borel
measurable if g~*(B) € Z(Ty) for all B € (1), that is, if g is B(T1)-
measurable. Note that if f : A — T} is &/-measurable and g : T} — T5 is
Borel measurable, then the composition g o f : A — Ty is &/-measurable.
By the above observation, every continuous function g : 71 — T5 is Borel
measurable.

It is a matter of experience that the notion of .&/-measurability does not
lead to a satisfactory theory from the point of view of Analysis. Indeed, the
problem is that this definition does not provide the means for approximation
arguments. It is for this reason that we shall introduce next another notion of
measurability. We shall restrict ourselves to Banach space-valued functions,
although some of the results proved below can be generalised to functions
with values in metric spaces.

Let E be a Banach space and (A, %) a measurable space. A function
f: A — FEis called o -simple if it is of the form f = 25:1 14, x, with
A, € & and z,, € FE for all 1 < n < N. Here 1,4 denotes the indicator
function of the set A, that is, 14(§) =1if £ € Aand 14(§) =0 if £ & A.
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Definition 1.4. A function f : A — FE is strongly o/-measurable if there
exists a sequence of o7 -simple functions f, : A — E such that lim,_.o fn = f
pointwise on A.

In order to be able to characterise strong .o/-measurability of E-valued
functions we introduce some terminology. A function f : A — FE is called
separably valued if there exists a separable closed subspace Ey C E such
that f(§) € Ep for all £ € A, and weakly o/ -measurable if the functions
(f,x*): A=K, (f,z*)(&) := (f(§),x*), are &/-measurable for all 2* € E*.

Theorem 1.5 (Pettis measurability theorem, first version). Let (A, o)
be a measurable space and let F' be a norming subspace of E*. For a function
f A — E the following assertions are equivalent:

(1) f is strongly o7 -measurable;
(2) f is separably valued and (f,x*) is o -measurable for all ©* € E*;
(3) f is separably valued and (f,x*) is o/ -measurable for all z* € F.

Proof. (1)=(2): Let (f,)52; be a sequence of «-simple functions converging
to f pointwise and let Ey be the closed subspace spanned by the countably
many values taken by these functions. Then FEj is separable and f takes its
values in Ey. Furthermore, each (f, 2*) is &/-measurable, being the pointwise
limit of the 7-measurable functions (f,,,z*).

(2)=(3): This implication is trivial.

(3)=(1): Using Lemma [Tl choose a sequence ()32, of unit vectors in
F' that is norming for a separable closed subspace Ey of E where f takes its
values. By the &/-measurability of the functions (f,z}), for each x € Ey the

real-valued function

§= [£(§) — afl = sup [(f (&) — x, 27,)]|

n>1

is o/-measurable. Let (2,,)%2; be a dense sequence in Ey.
Define the functions s, : Fg — {z1,...,2,} as follows. For each y € E
let k(n,y) be the least integer 1 < k < n with the property that

ly = zill = min [l — ]

and put 5,(y) := Ty(n,y). Notice that

lim |[sn(y) —yll Vy € Ep

n—oo

since (2,,)22; is dense in Ey. Now define f,, : A — E by

For all 1 < k < n we have
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{5 €A: fn(g) = xk}
={¢eA: |If(&) -l = min /() - |}

n{geA: [If(©) -l >1g§.i£n||f(€)_$j” forl=1,....k—1}.

Note that the sets on the right hand side are in 7. Hence each f, is «7-simple,
and for all £ € A we have

Jim 1£,(6) = S = Jim_lsa(£(&) = )] =0. 0

Corollary 1.6. The pointwise limit of a sequence of strongly <7 -measurable
functions is strongly <7 -measurable.

Proof. Each function f, takes its values in a separable subspace of E. Then
f takes its values in the closed linear span of these spaces, which is separable.
The measurability of the functions (f, z*) follows by noting that each (f,z*)
is the pointwise limit of the measurable functions (f,,z*). O

Corollary 1.7. If an E-valued function f is strongly < -measurable and ¢ :
E — F is continuous, where F' is another Banach space, then ¢o f is strongly
a/ -measurable.

Proof. Choose simple functions f, converging to f pointwise. Then ¢ o f, —
¢ o f pointwise and the result follows from the previous corollary. O

Proposition 1.8. For a function f : A — E, the following assertions are
equivalent:

(1) f is strongly </ -measurable;
(2) f is separably valued and for all B € B(E) we have f~(B) € <.

Proof. (1)=(2): Let f be strongly «-measurable. Then f is separably-valued.
To prove that f~(B) € o for all B € %(E) it suffices to show that f~1(U) €
o/ for all open sets U.

Let U be open and choose a sequence of «7-simple functions f,, converging
pointwise to f. For r > 0 let U, = {x € U : d(x,CU) > r}, where CU denotes
the complement of U. Then f, 1(U,) € & for all n > 1, by the definition of
an o/-simple function. Since

foy=UUNR o)

m>21ln>1k>n

(the inclusion ‘C’ being a consequence of the fact that U is open) it follows
that also f~}(U) € .

(2)=(1): By assumption, f is &/-measurable, and therefore (f,z*) is o7-
measurable for all * € E*. The result now follows from the Pettis measura-
bility theorem. O

Thus if E is separable, then an FE-valued function f is strongly .<7-
measurable if and only if it is &7-measurable.
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1.2.2 Strong p-measurability

So far, we have considered measurability properties of E-valued functions
defined on a measurable space (A, o7). Next we consider functions defined on
a o-finite measure space (A, </, 1), that is, u is a non-negative measure on a
measurable space (A, .o7) and there exist sets AN € A®) C ... in &/ with
(A < oo foralln > 1 and A =22, AM,

A p-simple function with values in E is a function of the form

N
f = Z 1Anxnu
n=1

where z,, € F and the sets A,, € o satisfy u(4,) < co.
We say that a property holds p-almost everywhere if there exists a p-null
set N € o/ such that the property holds on the complement CN of N.

Definition 1.9. A function f : A — FE is strongly p-measurable if there
exists a sequence {fnln>1 of p-simple functions converging to f u-almost
everywhere.

Using the o-finiteness of p it is easy to see that every strongly <7-
measurable function is strongly p-measurable. Indeed, if f is strongly .o7-
measurable and lim, .., f, = f pointwise with each f, an &/-simple func-
tions, then also lim, o0 14 frn = f pointwise, where A = Uflozl A ag
before, and each 1 4 fr, is p-simple. The next proposition shows that in the
converse direction, every strongly p-measurable function is equal p-almost
everywhere to a strongly .o/-measurable function.

Let us call two functions which agree p-almost everywhere p-versions of
each other.

Proposition 1.10. For a function f : A — E the following assertions are
equivalent:

(1) f is strongly p-measurable;
(2) f has a p-version which is strongly <f -measurable.

Proof. (1)=(2): Suppose that f, — f outside the null set N € &7, with each
fn p-simple. Then we have lim,,_, o 1gn fn = 1oy f pointwise on A, and since
the functions 1py frn are of-simple, 1y f is strongly o/-measurable. It follows
that 1p f is a strongly o7/-measurable p-version of f.

(2)=(1): Let fbe a strongly «/-measurable u-version of f and let N € o
be a null set such that f = f on CN. If (f,)22, is a sequence of «/-simple
functions converging pointwise to f, then lim,,_, o fn = f on CN, which means
that lim,, o fr = f p-almost everywhere.

Write A = (07, A™ with A C A®) C ... € o and p(A™) < oo for all
n = 1. The functions f, := 1A<n)ffn are u-simple and we have limy, o f, = f
p-almost everywhere. O
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We say that f is p-separably valued if there exists a closed separable sub-
space Ey of E such that f(§) € Ep for p-almost all £ € A, and weakly -
measurable if (f, z*) is p-measurable for all z* € E*.

Theorem 1.11 (Pettis measurability theorem, second version). Let
(A, o, 1) be a o-finite measure space and let F' be a norming subspace of E*.
For a function f : A — E the following assertions are equivalent:

(1) f is strongly p-measurable;
(2) f is p-separably valued and (f,x*) is u-measurable for all x* € E*;
(3) f is p-separably valued and (f,x*) is pu-measurable for all x* € F.

Proof. The implication (1)=(2) follows the corresponding implication in The-
orem [[CH combined with Proposition [C10, and (2)=-(3) is trivial. The impli-
cation (3)=-(1) is proved in the same way as the corresponding implication
in Theorem [CA observing that this time the functions f,, have u-versions 3‘;
that are /-simple. If we write A = J°°, A" as before with each A(™) of fi-

nite y-measure, the functions 1 A(u)ﬁ: are p-simple and converge to f p-almost
everywhere. a

By combining Proposition [LT0 with Corollaries [CH and [ we obtain:

Corollary 1.12. The p-almost everywhere limit of a sequence of strongly p-
measurable E-valued functions is strongly p-measurable.

Corollary 1.13. If an E-valued function f is strongly p-measurable and ¢ :
E — F is continuous, where F' is another Banach space, then ¢o f is strongly
w-measurable.

The following result will be applied frequently.

Corollary 1.14. If f and g are strongly p-measurable E-valued functions
which satisfy (f,x*) = (g, z*) p-almost everywhere for every z* € F, where F
1s subspace of E* separating the points of E. Then f = g u-almost everywhere.

Proof. Both f and g take values in a separable closed subspace Ey p-almost
everywhere, say outside the p-null set N. Since Ejy is separable, by Lemma
some countable family of elements (z%)°, in F separates the points of

Ey. Since (f,z%) = (g,x%) outside a p-null set N,,, we conclude that f and g
agree outside the p-null set N U(J - | N,. 0

1.3 The Bochner integral

The Bochner integral is the natural generalisation of the familiar Lebesgue
integral to the vector-valued setting.
Throughout this section, (A, <7, ) is a o-finite measure space.
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1.3.1 The Bochner integral

Definition 1.15. A function f : A — FE is pu-Bochner integrable if there
exists a sequence of p-simple functions fn, : A — E such that the following
two conditions are met:

(1) limy— o0 frn = f p-almost everywhere;

<mlm1/nn—fww:u

n—oo A

Note that f is strongly p-measurable. The functions || f,,— f]| are u-measurable
by Corollary

It follows trivially from the definitions that every p-simple function is p-
Bochner integrable. For f = 25:1 1a,xn we put

N
/ fdyp:= Z w(Ap) sy,
A n=1

It is routine to check that this definition is independent of the representation
of f. If f is y-Bochner integrable, the limit

/fdu:: lim/fndu
A n—o0 fq

exists in F and is called the Bochner integral of f with respect to u. It is routine
to check that this definition is independent of the approximating sequence
(fa) 2o

If f is p-Bochner integrable and g is a p-version of f, then g is p-Bochner
integrable and the Bochner integrals of f and g agree. In particular, in the
definition of the Bochner integral the function f need not be everywhere
defined; it suffices that f be p-almost everywhere defined.

If f is pu-Bochner integrable, then for all * € E* we have the identity

</Afdu,w*>=/A<f,w*>du.

For p-simple functions this is trivial, and the general case follows by approx-
imating f with u-simple functions.

Proposition 1.16. A strongly p-measurable function f : A — E is u-
Bochner integrable if and only if

/Wﬂwu<m,
A

H/AfduH </A||f||du.

and in this case we have
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Proof. First assume that f is y-Bochner integrable. If the u-simple functions
fn satisfy the two assumptions of Definition [LTH then for large enough n we

obtain
/WMW</W#%MW+/WNW<%
A A A

Conversely let f be a strongly p-measurable function satisfying [ Alfldp <
oo. Let g, be u-simple functions such that lim, .. g» = f p-almost every-
where and define

fr = Ligali<2li£11y 9n-

Then f, is u-simple, and clearly we have lim,, . fn = f p-almost everywhere.
Since we have || f,,|| < 2||f|| pointwise, the dominated convergence theorem can
be applied and we obtain

i [ 1152 = flld =0
n—oo A

The final inequality is trivial for p-simple functions, and the general case
follows by approximation. a

As a simple application, note that if f : A — F is uy-Bochner integrable,
then for all B € & the truncated function 1pf : A — FE is y-Bochner inte-
grable, the restricted function f|p : B — F is u|p-Bochner integrable, and

we have
[ 1etdu= [ fladuls.
A B

Henceforth, both integrals will be denoted by || g fdu.
In the following result, conv(V') denotes the convex hull of a subset V' C E,

i.e., the set of all finite sums Zle Ajx; with A; > 0 satisfying Zle Aj=1
and z; € V for j =1,...,k. The closure of this set is denoted by conv(V).

Proposition 1.17. Let f : A — E be a p-Bochner integrable function. If
w(A) =1, then

lAfdueﬁﬁﬂf@):éeA}

Proof. Let us say that an element € E is strictly separated from a set V C E
by a functional z* € E* if there exists a number § > 0 such that

|[Re(z, z*) — Re(v,z*)| 2§ YveV.

The Hahn-Banach separation theorem asserts that if V' is convex and z ¢ V,
then there exists a functional z* € E* which strictly separates « from V.
For x* € E*, let

m(z*) = inf{Re(f(&),2") : £ € A},
M (z") := sup{Re(f(§),2") : § € A},
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allowing these values to be —oco and oo, respectively. Then, since pu(A) = 1,

Re</Afdu,x*>:/ARe<f,x*>due [m(z*), M(z")].

This shows that [ 4 fdp cannot be strictly separated from the convex set
conv{f(&): & € A} by functionals in E*. Therefore the conclusion follows by
another application of the Hahn-Banach separation theorem. a

As a rule of thumb, results from the theory of Lebesgue integration carry
over to the Bochner integral as long as there are no non-negativity assumptions
involved. For example, there are no analogues of the Fatou lemma and the
monotone convergence theorem, but we do have the following analogue of the
dominated convergence theorem:

Proposition 1.18 (Dominated convergence theorem). Let f, : A — E
be a sequence of functions, each of which is u-Bochner integrable. Assume
that there exist a function f : A — E and a pu-Bochner integrable function
g: A — K such that:

(1) limy— o0 frn = f p-almost everywhere;
(2) | fnll < lg| p-almost everywhere.

Then f is p-Bochner integrable and we have

lim [ [ fn = fll dp=0.
A

n—oo

In particular we have
lim fndu = / fdu.

Proof. We have || f, — f]| < 2|g| p-almost everywhere, and therefore the result
follows from the scalar dominated convergence theorem. O

It is immediate from the definition of the Bochner integral that if f: A —
FE is p-Bochner integrable and T is a bounded linear operator from E into
another Banach space F, then T'f : A — F is u-Bochner integrable and

T/Afdu:/Adeu.

This identity has a useful extension to a suitable class of unbounded oper-
ators. A linear operator T', defined on a linear subspace Z(T') of E and taking
values in another Banach space F, is said to be closed if its graph

G(T) :={(z,Tz): € 2(T)}

is a closed subspace of E x F. If T is closed, then 2(T) is a Banach space
with respect to the graph norm
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@/l (zy = [l]| + | T]]

and T is a bounded operator from Z(T) to E.
The closed graph theorem asserts that if T : E — F is a closed operator
with domain 2(T') = E, then T is bounded.

Theorem 1.19 (Hille). Let f : A — E be u-Bochner integrable and let T
be a closed linear operator with domain P(T) in E taking values in a Banach
space F. Assume that f takes its values in P(T) p-almost everywhere and the
u-almost everywhere defined function Tf : A — F is u-Bochner integrable.

Then [, fdu e 2(T) and
T/Afd,u:/Adeu.

Proof. We begin with a simple observation which is a consequence of Propo-
sition [LT0 and the fact that the coordinate mappings commute with Bochner
integrals: if £ and Es are Banach spaces and f1 : A — Fp and fo : A — Fs
are p-Bochner integrable, then f = (f1,f2) : A — E; x E5 is p-Bochner

integrable and
[ tan=([ nau. | odu).
A A A

Turning to the proof of the proposition, by the preceding observation the
function g : A — E x F, g(§) := (f(£),Tf(€)), is u-Bochner integrable.
Moreover, since g takes its values in the graph ¢(T'), we have [, g(&) du(¢) €
4 (T). On the other hand,

[ a@ane) = ([ r@auo. [ rroaue).

The result follows by combining these facts. O

We finish this section with a result on integration of E-valued functions
which may fail to be Bochner integrable.

Theorem 1.20 (Pettis). Let (A, <7, ) be a finite measure space and let 1 <
p < oo be fizred. If f: A — E is strongly u-measurable and satisfies {f,x*) €
LP(A) for all x* € E*, then there exists a unique xy € E satisfying

(wg,7%) = /A (f,2") du.

Proof. We may assume that f is strongly <7/-measurable.

It is easy to see that the linear mapping S : E* — LP(A), Sz* := (f,a*)
is closed. Hence S is bounded by the closed graph theorem.

Put A, := {||f|| < n}. Then A, € & and by Proposition [[TH the integral
fAn fdu exists as a Bochner integral in E. For all z* € E* and n > m, by
Holder’s inequality we have
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([, rimne)] < @anan) ([ 1000 duw)’

< ((ANAR)) IS 1.
Taking the supremum over all * € E* with ||2*|| < 1 we see that

hmsupH/A y fduH lim  (ji(An\Ap))*[[S] = 0.

m,n—oo m,n—00

Hence the limit x¢ := lim, o fA fdu exists in E. Clearly,

wpa') = Jim [ (faydn= [ ()
A, A

n—oo
for all * € E*. Uniqueness is obvious by the Hahn-Banach theorem. a
The element x is called the Pettis integral of f with respect to p.

1.3.2 The Lebesgue-Bochner spaces LP(A; E)

Let (A, 7, 1) be a o-finite measure space. For 1 < p < oo we define LP(A; E)
as the linear space of all (equivalence classes of) strongly p-measurable func-
tions f : A — F for which

J 1P d < o,
A

identifying functions which are equal p-almost everywhere. Endowed with the
norm

1o cass) = /Hfl\pdu ,

the space LP(A; E) is a Banach space; the proof for the scalar case carries
over verbatim. Repeating the second part of the proof of Proposition [CTH we
see that the p-simple functions are dense in LP(A; E).

Note that the elements of L'(A; E) are precisely the equivalence classes of
u-Bochner integrable functions.

We define L°°(A; E) as the linear space of all (equivalence classes of)
strongly p-measurable functions f : A — E for which there exists a number
r > 0 such that u{| f|| > r} = 0. Endowed with the norm

£ lscasm) =it {r >0 p{|lf]l >} =0},
the space L*°(A; E) is a Banach space.

Ezxample 1.21. For each 1 < p < 0o, the Fubini theorem establishes a canonical
isometric isomorphism

Lp(Al;Lp(AQ,E)) ~ Lp(Al X AQ,E),

which is uniquely defined by the mapping 14, ® (14, ® ) — 14,x4, ® x and
linearity. Here 14 ® y € LP(A, F') is defined by (14 ® ¥)(§) := 14(§)y.
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1.4 Exercises

1. (')H Let E be a separable Banach space and let C' be a closed convex subset
of E. Prove that there exists a sequence (z7 )22 ; of norm one elements in
E* and a sequence (F,, )52, of closed sets in K such that

C= ﬁ {z e E:(x,a}) e F,}.

n=1

Hint: Separate C' from the elements of a dense sequence in its complement
CC using the Hahn-Banach separation theorem.

2. Prove that the function f : (0,1) — L>(0,1) defined by f(t) = 1(oy) is
weakly measurable, but not strongly measurable.
Hint: In the real case, elements in the dual of L>°(0, 1) can be decomposed
into a positive and negative part. The complex case, consider real and
imaginary parts separately.

3. Let E be a Banach space and f : [0,1] — E a continuous function. Show
that f is Bochner integrable, and that its Bochner integral coincides with
its Riemann integral.

4. A familiar theorem of calculus asserts that

d 1 1 af
dx/o f(z,y)dy /0 8I(ﬂc,y) y

for suitable functions f : [0,1] x [0, 1] — K. Show that this is a special case
of Hille’s theorem and deduce a set of rigorous conditions for this result.

5. Let (A, o, ) be a o-finite measure space and let 1 < p,¢ < oo satisfy
% + % = 1. Let E be a Banach space and let F' be a norming subspace
of E*. Prove that LY(A; F') is a norming subspace of (LP(A; E))* with
respect to the duality pairing

(f.9) = /A (). 9(€)) du(e), feIP(AE), g€ LI(AE").

Hint: First find simple functions in L?(A; F') which norm simple functions
in LP(A; E).

Notes. The material in this lecture is standard and can be found in many
textbooks. More complete discussions of measurability in Banach spaces can
be found in the monographs by BoGACHEV [8] and VAKHANIA, TARIELADZE,
CHOBANYAN [I05]. Systematic expositions of the Bochner integral are pre-
sented in ARENDT, BATTY, HIEBER, NEUBRANDER [3], DIESTEL and UHL
[B6], DUNFORD and SCHWARTZ [37] and LANG [G6].

! Results proved in the exercises marked with (!) are needed in the main text



14 1 Integration in Banach spaces

The Pettis measurability theorems and [LTT] as well as Theorem
are due to PETTIS [90]. Both versions of the Pettis measurability theorem
remain correct if we only assume f to be weakly measurable with respect to
the functionals from a subspace F' of E* which separates the points of F, but
the proof is more involved. For more details we refer to [36] and [T05].
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Random variables in Banach spaces

In this lecture we take up the study of random variables with values in a Ba-
nach space E. The main result is the It6-Nisio theorem (Theorem ZTT), which
asserts that various modes of convergence of sums of independent symmetric
FE-valued random variables are equivalent. This result gives us a powerful tool
to check the almost sure convergence of sums of independent symmetric ran-
dom variables and will play an important role in the forthcoming lectures. The
proof of the It6-Nisio theorem is based on a uniqueness property of Fourier
transforms (Theorem ZH).

From this lecture onwards, we shall always assume that all spaces are real.
This assumption is convenient when dealing with Fourier transforms and, in
later lectures, when using the Riesz representation theorem to identify Hilbert
spaces and their duals. However, much of the theory also works for complex
scalars and can in fact be deduced from the real case. For some results it
suffices to note that every complex vector space is a real space (by restricting
the scalar multiplication to the reals); in others one proceeds by considering
real and imaginary parts separately. We leave it to the interested reader to
verify this in particular instances.

2.1 Random variables

A probability space is a triple (§2,.%,P), where P is a probability measure on
a measurable space (£2,.%), that is, P is a non-negative measure on ({2, %)
satisfying P(§2) = 1.

Definition 2.1. An FE-valued random variable is an E-valued strongly P-
measurable function X defined on some probability space (2, % ,P).

We think of X as a ‘random’ element = of F, which explains the choice of
the letter ‘X’.

The underlying probability space (£2,.%,P) will always be considered as
fixed, and the prefix ‘P-’ will be omitted from our terminology unless confusion
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may arise. For instance, ‘strongly measurable’ means ‘strongly P-measurable’
and ‘almost surely’ means ‘P-almost surely’, which is used synonymously with
‘P-almost everywhere’. All integrals of E-valued random variables will be
Bochner integrals unless stated otherwise, and the prefix ‘Bochner’ will usually
be omitted.

The integral of an integrable random variable X is called its mean value
or expectation and is denoted by

EX ::/ X dP.
2

If X is an E-valued random variable, then by Proposition [LTO X has a
strongly .%-measurable version X and by Proposition the event

{XeB}y:={weR: X(w)e B}

belongs to .Z for all B € %(E). The probability P{X € B} does not depend
on the particular choice of the .#-measurable version X, a fact which justifies

the notation _
P{X € B} :=P{X € B}

which will be used in the sequel without further notice.

Definition 2.2. The distribution of an E-valued random variable X is the
Borel probability measure ux on E defined by

ux(B):=P{X € B}, BeBE).

Random variables having the same distribution are said to be identically dis-
tributed.

In the second part of this definition we allow the random variables to be
defined on different probability spaces. If X and Y are identically distributed
E-valued random variables and f : E — F'is a Borel function, then f(X) and
f(Y) are identically distributed. For example, for 1 < p < oo it follows that

E[[X||P = E[[Y][?

if at least one (and then both) of these expectations are finite.
The next proposition shows that every E-valued random variable is tight:

Proposition 2.3. If X is a random variable in E, then for every e > 0 there
exists a compact set K in E such that P{X ¢ K} < e.

Proof. Since X is separably valued outside some null set, we may assume that
E is separable. Let ()52, be a dense sequence in E and fix € > 0. For each
integer k > 1 the closed balls B(z,, %) cover E, and therefore there exists an
index Ng > 1 such that
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WV 1 5
P{X e |JB@ng)}>1- 5

The set K := (), Ugﬁl B(zn, 1) is closed and totally bounded. Since E is
complete, K is compact. Moreover,

> 3
P{X¢K}<22—k:a. 0
k=1

This result motivates the following definition.

Definition 2.4. A family & of random wvariables in E is uniformly tight if
for every € > 0 there exists a compact set K in E such that

P{X¢gdK}<e vX e Z.
The following lemma will be useful in the proof of the It6-Nisio theorem.

Lemma 2.5. If 2 is uniformly tight, then ' — 2 ={X1 — X3: X1, X5 €
Z'} is uniformly tight.

Proof. Let € > 0 be arbitrary and fixed. Choose a compact set K in E such
tht P{X e K} >1—cforall X € 2. Theset L={x—-y: z,y € K}
is compact, being the image of the compact set K x K under the continuous
map (x,y) — x —y. Since X;(w), X2(w) € K implies X;(w) — Xa2(w) € L,

]P){Xl—ngL}g]P{Xl gK}+P{X2¢K}<28 O

2.2 Fourier transforms

We begin with a definition.

Definition 2.6. The Fourier transform of a Borel probability measure yu on
E is the function i : E* — C defined by

A®) = /E exp(—i{z, 2*)) dpu(z).

The Fourier transform of a random variable X : {2 — E is the Fourier trans-
form of its distribution ux.
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Note that the above integral converges absolutely, as | exp(—i{z,z*))| =1
for all z € FE since we are assuming that F is a real Banach space. By a change
of variable, the Fourier transform of a random variable X on E is given by

(') i= EBexp(~i(X.a") = [ exp(-ife. ") dux (o).
E
The proof of the next theorem is based upon a uniqueness result known as
Dynkin’s lemma. It states that two probability measures agree if they agree
on a sufficiently rich family of sets.

Lemma 2.7 (Dynkin). Let u1 and ps be two probability measures defined
on a measurable space (£2,F). Let o C .F be a collection of sets with the
following properties:

(1) o is closed under finite intersections;
(2) o(), the o-algebra generated by <7, equals F.

If 11 (A) = pa(A) for all A € o, then u1 = us.

Proof. Let & denote the collection of all sets D € .F with ui(D) = pa(D).
Then &7 C 2 and 2 is a Dynkin system, that is,

o (e g,
e if D; C Dy with D17D2€@, then also Dg\Dl E@;
e if D CDyC... withall D, € 2, then also Un>1 D, € 9.

By assumption we have 2 C .% = o(«/); we will show that o(&/) C 2. To
this end let 2 denote the smallest Dynkin system in .% containing .o/. We
will show that o(&7) C 2. In view of 2y C 2, this will prove the lemma.

Let € = {Do € Zo: DoNAE€E Py for all A € o/}. Then € is a Dynkin
system and &/ C ¥ since &/ is closed under taking finite intersections. It
follows that %y C €, since % is the smallest Dynkin system containing <7
But obviously, € C %, and therefore € = %j.

Now let €' = {Dg € 2o : DoND € 9 for all D € Zy}. Then ¢’
is a Dynkin system and the fact that € = %, implies that &/ C ¢’. Hence
9o C €', since 9 is the smallest Dynkin system containing <. But obviously,
€' C 9y, and therefore €' = 2.

It follows that % is closed under taking finite intersections. But a Dynkin
system with this property is a o-algebra. Thus, %, is a o-algebra, and now
o/ C Py implies that also o(«) C %. m|

Theorem 2.8 (Uniqueness of the Fourier transform). Let X; and Xo
be E-valued random variables whose Fourier transforms are equal:

X1 (%) = Xa(z*)  Va* € E*

Then X1 and X9 are identically distributed.
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Proof. Since X; and Xo are u-separably valued there is no loss of generality
in assuming that F is separable.

Step 1 - First we prove: if A\; and Ay are Borel probability measures on
R? with the property that A;(t) = Aa(t) for all ¢ € R?, then A\; = A. By
Dynkin’s lemma, for the latter it suffices to prove that A\ (K) = Aa(K) for
all compact subsets K of R%. By the dominated convergence theorem, for the
latter suffices to prove that

/ T RO ) = / T HOde©)  VieC®Y,  (21)

where C.(R?) denote the space of all compactly supported continuous func-
tions on R

Let ¢ > 0 be arbitrary and fix an f € C.(RY). We may assume that
|fllcc < 1. Let r > 0 be so large that the support of f is contained in [, r]¢
and such that \; (E[—r, r]d) < e for j = 1,2. By the Stone-Weierstrass theorem
there exists a trigonometric polynomial p : R* — C of period 2r such that

SUPte(—r,pa | f(t) = p(t)] < e. Then,
[ 1@~ [ s )
Rd Rd

<ter21+9e+] [ pOME© - [ 2O
=4e+2(1 +¢e)e,

where the terms 2(1 + €)e come from the estimate ||p|lcc < 1 + € and the
last equality follows from the equality of the Fourier transforms of A; and Ag.
Since € > 0 was arbitrary, this proves Z1I).

Step 2 - If u is any Borel probability measure on E, then for all d > 1 and
allt = (t1,...,ta) € RY and 2%,..., 25 € E* we have

d
~ * —iyd x,tixt —4 g
“(thwj):/; Rim 0t dp(x) = / e~ U8 d(Tp)(€) = Tu(t),
j=1

Rd

where T denotes Borel probability measure on R? obtained as the image
measure of 4 under the map T: E — R, o — ((x,27),..., (x,23)), that is,

TwB) =p{z e E: ((x,2}), ..., (x,2})) € B}.

Step 8 - Applying Step 2 to the measures ux, and px, it follows that
Tux, (t) = Tux,(t) for all t € R%. By Step 1, Tux, = Tux,. Hence ux, and
Lx, agree on the collection € (F) consisting of all Borel sets in F of the form

{zeE: ((z,27), ..., (x,2})) € B}

with d > 1, ,...,2% € E* and B € #(R?). Since F is separable, every
closed ball {x € E: ||z — xo|| < r} can be written as a countable intersection
of sets in € (F) (see Exercise [lll). Thus the family € (F) generates the Borel
o-algebra #(F) and px, = px, by Dynkin’s Lemma. O
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2.3 Convergence in probability

In the absence of integrability conditions the following definition for conver-
gence of random variables is often very useful.

Definition 2.9. A sequence (X)), of E-valued random variables converges
in probability to an E-valued random variable X if for all r > 0 we have

lim P{|| X, — X| >r}=0.

If lim, 0o X = X in LP($2; E) for some 1 < p < oo, then lim, 0 X,, =
X in probability. This follows from Chebyshev’s inequality, which states that
if £ € LP(12), then for all r > 0 we have

P{le] > r} < Elep.

The proof is simple:

1 1 1
Pl >r) = [ wdp<o 6P dP < SELP.
{lelo>rr} “’

D ’4
r ™ J{lglp=rr}

Our first aim is to show that if (X,)52; converges in probability, then
some subsequence converges almost surely. For this we need a lemma which
is known as the Borel-Cantelli lemma.

Lemma 2.10 (Borel-Cantelli). If (A, o7, u) is a measure space and (An)S2 4
is a sequence in & satisfying Y .o, p(An) < oo, then

u(ﬂ UAn>:O.

k>1n>k
Proof. Let ky > 1. Then,
k>1n>k n>ko n=ko
and the right hand side tends to 0 as kg — oo. a

Note that w € (N5, U, >, An if and only if w € A, for infinitely many
indices n.

Proposition 2.11. If a sequence (X,,)22, of E-valued random variables con-
verges in probability, then it has an almost surely convergent subsequence

(Xnk)zozl ‘
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Proof. Let lim,,_,oc X;, = X in probability. Choose an increasing sequence of
indices n1 < ng < ... satisfying

11
B{]|X,, - X|| > E} <5 Vk>L

By the Borel-Cantelli lemma,
1
P{HXW - X > z for infinitely many k > 1} =0.

Outside this null set we have limg_.o, X,,, = X pointwise. O

2.4 Independence

Next we recall the notion of independence. The reader who is already familiar
with it may safely skip this section.

Definition 2.12. A family of random variables (X;);cr, where I is some in-
dex set and each X; takes values in a Banach space F;, is independent if for

all choices of distinct indices i1,...,in € I and all Borel sets By,...,By in
E;, ..., B we have
N
P{X;, € B1, ..., Xiy € By} = [[ P{Xi, € B.}.
n=1

Note that (X;);es is independent if and only if every finite subfamily of
(X)ier is independent. Thus, in order to check independence of a given family
of random variables it suffices to consider its finite subfamilies.

We assume that the reader is familiar with the elementary properties of
independent real-valued random variables such as covered in a standard course
on probability. Here we content ourselves recalling that if n and £ are real-
valued random variables which are integrable and independent, then their
product n¢ is integrable and E(n¢) = En EE.

In the next two propositions, X1, ..., Xy are random variables with values
in the Banach spaces E1,..., Ey, respectively. If vy, ..., v, are probability
measures, we denote by v X --- X v, their product measure. The distribution
of the EN-valued random variable (X1, ..., Xy) is denoted by (X1, X )

Proposition 2.13. The random variables X1, ..., XN are independent if and
only if
Xy, . Xn) = HXy X X Xy

Proof. By definition, the random variables X;,..., Xy are independent if
and only if px, . xy) and px, X -+ X px, agree on all Borel rectangles
By x-+-x By in Ey X - -+ X Ey. By Dynkin’s lemma this happens if and only
if Xy, Xn) = HXy X X Xy o
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We record two corollaries.

Proposition 2.14. If lim, . X,, = X and lim, . Y,, = Y in probability
and each X, is independent of Yy, then X and Y are independent.

Proof. By passing to a subsequence we may assume that lim, .., X, = X
and lim, .. Y, = Y almost surely. We consider the E x F-valued random
variables Z, = (X,,Y,) and Z = (X,Y). Identifying the dual of E x E with
E* x E*, by dominated convergence we obtain

fiz(x,y") = Eexp(—i({(X,z") + (Y, y7)))
= lim Eexp(—i((Xn,z") + (Yn,y7)))
= nlLrI;o Eexp(—i{X,,2"))Eexp(—i(Yn,y™))
= Eexp(—i(X, 2))Eexp(—i(Y,y"))
= ix (z")iv (y*) = px X py (2", y").

From Theorem we conclude that uz = ux X py. Now the result follows
from Proposition O

Definition 2.15. An E-valued random variable X is called symmetric if X
and —X are identically distributed.

Proposition 2.16. If X is symmetric and independent of Y, then for all
1 < p < oo we have
ElX|” < E[l X + Y|*.

Proof. The symmetry of X and the independence of X and Y imply that
X +Y and —X +Y are identically distributed, and therefore

(E[(X +Y)+ (X = Y)|?)*
(EBIX +Y[?)7 + L(E)X - Y[?)* = (B|X +Y[|?)". O

(E|X[7)? =

(ST

<

2.5 The It6-Nisio theorem

In this section we prove a celebrated result, due to ITO and Nis10, which

states that a sum of symmetric and independent F-valued random variables

converges (weakly) almost surely if and only if it converges in probability.
Here is the precise statement of the theorem:

Theorem 2.17 (It6-Nisio). Let X, : 2 — E, n > 1, be independent sym-
metric random variables, put S, := Z?:l Xj, andlet S : {2 — E be a random
variable. The following assertions are equivalent:
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(1) for all x* € E* we have lim,_,o0 (S, *) = (S, 2*) almost surely;
(2) for all x* € E* we have lim,_,o (S, *) = (S, x*) in probability;
(3) we have lim, oo S;, = S almost surely;
(4) we have lim,_,o S, = S in probability.

If these equivalent conditions hold and E||S||P < co for some 1 < p < 00, then

lim E|S, — S||” = 0.

We begin with a tail estimate known as Lévy’s inequality.

Lemma 2.18. Let X1,..., X, be independent symmetric FE-valued random
variables, and put Sy = Z?Zl X for k =1,...,n. Then for all r > 0 we
have

]P{ max || S| > r} < 2P{[1Sn]l > 7}

1<k<n
Proof. Put
A= { max [|Sk| > T},
1<k<n
A= (IS < r e ISkl < ISkl > 1) k=1.m.

The sets Ay, ..., Ay are disjoint and (J;_; Ay = {maxlgkgn ISkl > r}.
The identity S, = 3(S, + (2Sk — S,,)) implies that

{ISkll > r} € {lISnll > r} U{[|25k = Sull > 7}

We also note (X1,...,X,) and (X1, ..., X, —Xk+t1,..., —Xy,) are identically
distributed (see Exercise ), which, in view of the identities

Sp =8k +Xpt1+- -+ Xy, 25, = Sp =5k — Xp1 — - — X,

implies that (X1,..., Xy, Sn) and (X1,..., Xk, 25, — Sp,) are identically dis-
tributed. Hence,

P(A) < P(Ag 0 (ISl > r}) +P(Ax 0 {[[25k = Sall > 7})
= 2P(A N {||Snl| > r}).

Summing over k we obtain

P(A) =) P(Ar) <2) PA N {[[Sall > r}) = 2P{[|Su] > 7). O

k=1 k=1

n
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Proof (Proof of Theorem [Z.I7). We prove the implications (2)=-(4)=-(3), the
implications (3)=(1)=-(2) being clear.

(2)=-(4): We split this proof into two steps.

Step 1—In this step we prove that the sequence (S, )n>1 is uniformly tight.

For all m > n and z* € E* the random variables (S, — S,,2*) and
+(S,,x*) are independent. Hence by Proposition ZT4 (S — S,,x*) and
+(Sy, z*) are independent. Next we claim that S and S — 25, are identi-
cally distributed. Indeed, denote their distributions by p and A,,, respectively.
By the independence of (S — S, 2*) and (S, z*) and the symmetry of S,,,
for all * € E* we have

A" =E (e7"7) =

By Theorem 28 this shows that u = A, and the claim is proved.

Given ¢ > 0 we can find a compact set K C F with u(K) =P{S € K} >
1—¢. The set L := %(K — K) is compact as well, and arguing as in the proof
of Lemma we have

P{S, ¢ L} <P{S¢ K} +P{S—25, ¢ K} =2P{S ¢ K} < 2.

It follows that P{S, € L} > 1 — 2¢ for all n > 1, and therefore the sequence
(Sn)22; is uniformly tight.

Step 2 — By Lemma 21 the sequence (S,, — S),>1 is uniformly tight. Let
vy, denote the distribution of S,, — 5. We need to prove that for all £ > 0 and
r > 0 there exists an index N > 1 such that

P{||S, — S| = 7} = vn(CB(0,7)) < ¢ Vn > N.

Suppose, for a contradiction, that such an N does not exist for some ¢ > 0
and 7 > 0. Then there exists a subsequence (S, )k>1 such that

vn, (CB(0,7)) > ¢, k>1.

On the other hand, by uniform tightness we find a compact set K such that
Vn,(K) 21— 3e for all k > 1. It follows that

Vn (K NCB(0,7)) > 3¢, k>1.

By covering the compact set K N CB(0,r) with open balls of radius %r and
passing to a subsequence, we find a ball B not containing 0 and a number
& > 0 such that

unkj(KmB):P{Snkj—SeKﬂB})&, j=1.
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By the Hahn-Banach separation theorem, there is a functional z* € E* such
that (z,z*) > 1 for all € B. For all w € {S,, —S € K N B} it follows
that (Snkj (w) = S(w),z*) > 1. Thus, (S,,,z*) fails to converge to (S, z*) in
probability. This contradiction concludes the proof.

(4)=-(3): Assume that lim, .o S, = S in probability for some random
variable S. By Proposition EZTT] there is a subsequence (S, )7, converging
almost surely to S. Fix k and let m > ng. Then by Lévy’s inequality,

P{ sup S = Su.ll >} < 2P — Sl > 7)

nE<JIm

<2P{]|S = SI| > 7} + 2P{|IS - Su,| >

3

N3

Letting m — oo we find

Pl sup [15; — Sl = b < 2B{JI5 - 50> 7,

JjzZng

and hence, upon letting k£ — oo,

klim ]P’{ sup [[Sj — Snill > r} =0.

JjzZng

Since Sy, — S pointwise a.e., it follows that

P lm sup |15, ~ 5 > 2r} < tim Bf sup |18 — ] > 2r}

k=00 jzn, JZng
< lim ]P’{ up [|S; — Sn,ll = T} + lim ]P{ sup ||Sp, — S| = r} =0.
k—o0 i=ng k—o00 j=ng

It remains to prove the assertion about LP-convergence. First we note that
S =85,+(5-5,) with S,, and S—S,, independent (by the independence of S,
and Sy, — Sy, for m > n and Proposition L), and therefore E||.S,, ||? < E||S||?
by Proposition Hence by an integration by parts (see Exercise [l) and
Lévy inequality,

o0
E sup ||Sk||p:/ prpfllP’{ sup ||Skll >r} dr
0 1<k<n

1<k<n
s 2/ pre7 P{||Sull > 7} dr = 2E|| S, [|” < 2E[ S]|”.
0
Hence Esup,; [|Sk||” < 2E[[S||” by the monotone convergence theorem. Now

limy, oo [|Sn — S||P = 0 follows from the dominated convergence theorem. O

2.6 Exercises

1. (1) Let & be a non-negative random variable and let 1 < p < oo. Prove the
integration by parts formula
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EeP = /OOO pAPTIP{E > A} dA.

Hint: Write P{{ > A} = El¢s ) and apply Fubini’s theorem.

2. (!) Let X4,..., Xy be independent symmetric E-valued random variables.
Show that for all choices of €1,...,enx € {—1,+1} the EV-valued random
variables (X1,...,Xn) and (1 X1, ...,enyXn) are identically distributed.

3. (!) Define the convolution of two Borel measures p and v on E by

w*v(B) ::/E/ElB(:C—i—y)du(x)dl/(y), B e B(E).

Prove that for all z* € E* we have 1 x v(2*) = fi(x*)v(z*).

4. A sequence of E-valued random variables (X, )02, is Cauchy in probability
if for all € > 0 and r > 0 there exists an index IN > 1 such that

P{| Xy = Xm|| > 7} <e Vm,n = N.

Show that (X,)52; is Cauchy in probability if and only if (X,,)22; con-
verges in probability.

Hint: For the ‘if’ part, first show that some subsequence of (X,),
converges almost surely.

5. Let (X,,)22, be a sequence of E-valued random variables. Prove that if
lim,,_, X, = X in probability, then (X,,)%2, is uniformly tight.

n=1

Notes. There are many excellent introductory texts on Probability Theory,
among them the classic by CHUNG [21]. The more analytically inclined reader
might consult STROMBERG [I1]. A comprehensive treatment of modern Prob-
ability Theory is offered by KALLENBERG [hA)].

Thorough discussions of Banach space-valued random variables can be
found in the monographs by KWAPIEN and WoOYCZYNsKI [65], LEDOUX and
TALAGRAND [69], and VAKHANIA, TARIELADZE, and CHOBANYAN [I05)].

The It6-Nisio theorem was proved by ITO and NISIO in their beautiful
paper [62] which we recommend for further reading. The usual proofs of this
theorem are based upon the following celebrated and non-trivial compactness
theorem due to PROKHOROV:

Theorem 2.19 (Prokhorov). For a family .# of Borel probability mea-
sures on a separable complete metric space M the following assertions are
equivalent:

(1) A is uniformly tight;
(2) Every sequence (lin)52y in A has a weakly convergent subsequence.
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Here, (1) means that for all € > 0 there exists a compact set K in M such
that u(CK) < ¢ for all 4 € .#, and (2) means that there exist a subsequence
(tn, )e>1 and a Borel probability measure p such that

i [ fdn, = [ fan
k—oo M M

for all bounded continuous functions f : M — R. This theorem is the starting
point of measure theory on metric spaces. Expositions of this subject can be
found in the monographs by BILLINGSLEY [7] and PARTHASARATHY [88], as
well as in the recent two-volume treatise on measure theory by BOGACHEV
[9). Readers familiar with it will have noticed that some of the results which
we have stated for E-valued random variables, such as Proposition and
Theorem Z8 could just as well be stated for probability measures on E.
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Sums of independent random variables

This lecture collects a number of estimates for sums of independent random
variables with values in a Banach space E. We concentrate on sums of the
form Zﬁ;l YnZn, Where the -, are real-valued Gaussian variables and the
Ty, are vectors in E. As we shall see later on such sums are the building
blocks of general E-valued Gaussian random variables and, perhaps more
importantly, stochastic integrals of F-valued step functions are of this form.
Furthermore, they are used in the definition of various geometric properties
of Banach spaces, such as type and cotype.

The highlights of this lecture are the Kahane contraction principle (The-
orem B]), a covariance domination principle (Theorem BH) and the Kahane-
Khintchine inequalities (Theorems BT and BT2).

3.1 Gaussian sums

We begin with an important inequality for sums of independent symmetric
random variables, due to KAHANE.

Theorem 3.1 (Kahane contraction principle). Let (X,,)22, be a se-
quence of independent symmetric E-valued random wvariables. Then for all
ai,...,any ERand 1 <p < oo,

N
IEH 34X,
n=1

Proof. For all (e1,...,en) € {—1,+1}" the EN-valued random variables
(X1,...,Xn) and (e1X5,...,enXn) are identically distributed and therefore

N » N
E”Zgnxn :IEHZXn
n=1 n=1

p

1<n<N

N
3 < ( max |a,|)” IEH ZX"
n=1

p
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For the general case we may assume that |a,| <1 for alln =1,..., N. Then
a = (ai,...,ayn) is a convex combination of the 2V elements of {—1,+1}",

say a = Efil A9 el) | Hence,

2N N

N
B[ Y anx, - E[ 3293 e0x, !
n=1 Jj=1 n=1
2N N »
< E(Z)\(j) ’ S X, )
j=1 n=1
2N N »
<EY AW DX,
7j=1 n=1
2N N » N »
-y /\(j)IEH Yox.| = EH Sxa
7j=1 n=1 n=1
where the third step follows from Jensen’s inequality. a

As an application of the Kahane contraction principle we shall prove an
inequality which shows that Rademacher sums have the ‘smallest’ LP-norms
among all random sums. Rademacher sums are easier to handle than the
Gaussian sums in which we are ultimately interested, and, as we shall see, there
are various techniques to pass on results for Rademacher sums to Gaussian
sums.

Let us begin with a definition. An {—1,+1}-valued random variable r is
called a Rademacher variable if

P{r=—1} = P{r = +1} = %

Throughout these lectures, the notation (r,, )52, will be used for a Rademacher
sequence, that is, a sequence of independent Rademacher variables.

Theorem 3.2 (Comparison). Let (¢,)52, be a sequence of independent
symmetric integrable real-valued random variables satisfying E|py| = 1 for all
n > 1. Then for all x1,...,xny € E and 1 < p < 0o we have

N N
P
EH E TnTn <EH E PnTn
n=1 n=1

The proof of this theorem relies on an auxiliary lemma, for which we need
two definitions based on the following easy observation: if Xi,..., Xy are
random variables with values in E1,..., En, then (X1,...,Xx) is a random
variable with values in £y X --- x Ep.

p
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Definition 3.3. Two families of random variables (X;)icr and (Y;)ier, where
I is some index set and X; and Y; take values in a Banach space FE;, are
identically distributed if for all choices of i1,...,in € I the random variables
(Xiys- s Xiy) and (Yi,, ..., Yiy) are identically distributed.

Note that by Proposition ZT3 if (X;);er and (Y;);er are families of inde-
pendent random variables such that X; and Y; are identically distributed for
all i € I, then (X;)ier and (Y;);er are identically distributed.

Definition 3.4. Two families of random variables (X;)icr and (Y;) e, where
I and J are index sets, X; takes values in E; for alli € I andY; takes values in

F; for all j € J, are independent of each other if for all choices i1,...,ip € 1
and ji,...,jn € I the random variables (X, , ..., X, ) and (Yj,,...,Yiy) are
independent.

Lemma 3.5. Let (¢,)52; be a sequence of independent symmetric real-valued

random variables and let (1,)22, be a Rademacher sequence independent of

(pn)52y. The sequences (vn)2, and (rp|onl)ee, are identically distributed.

Proof. By independence and symmetry we have

P{rnlen| € B}
=P{r,=1, ¢, 20, ¢, € B} +P{r, =1, ¢, <0, ¢, € —B}
+P{Tn = _17 ®n 2 07 Pn € _B}+P{Tn - _17 Pn < 07 Pn € B}
= %P{cpn >0, o, € B} + %P{cpn <0, ¢, € —B}
+ %P{@n >0, pn € =B} + %P{<Pn <0, ¢, € B}
= %P{cpn >0, o, € B} + %P{cpn >0, ¢, € B}
+3P{pn <0, gn € B} + 3P{pn <0, ¢y € B}
=P{¢, € B}.
Since (¢n)S2; and (rn|en])22, are sequences of independent random vari-

ables, the lemma now follows from the observation preceding Definition B4l
O

Proof (Proof of Theorem [Z4). We may assume that the sequences ()5,
and ()52, are defined on distinct probability spaces {2, and {2,.. By consid-
ering the ¢, and r,, as random variables on the probability space {2, x {2,,
we may assume that (¢,)0%; and (r,)52; are independent of each other.

Since Ey|@n| > 1, with the Kahane contraction principle and Jensen’s
inequality we obtain

N
p
g TnTn
n=1

E,

<E,

N P
E«P Zrn|@n|$n
n=1

N
p p
:EgJHE Pnln
n=1

)

N
< ETIEg;H > ralenlan
n=1
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where the last identity follows from Lemma Bl O

A real-valued random variable v is called standard Gaussian if its distri-
bution has density

exp(—3t%)

1
t =
f’Y( ) \/ﬁ
with respect to the Lebesgue measure on R. For later reference we note that
v is standard Gaussian if and only if its Fourier transform is given by

Eexp(—ify) = exp(—3€%), ¢€R. (3.1)

The ‘only if’ statement follows from the identity
L /00 exp(—ift — $t°) dt = exp(—1¢?)
VT J oo

which can be proved by completing the squares in the exponential and then
shifting the path of integration from i€ +R to R by using Cauchy’s formula; the
‘4f” part then follows from the injectivity of the Fourier transform (Theorem
£3).

For a standard Gaussian random variable v we have

1 e 2 o
Ely| = \/—2_7T/ |t| exp(—$t%) dt = E/@ texp(—5t%) dt = \/2/7. (3.2)

From this point on, (v,)52; will always denote a Gaussian sequence, that is,
a sequence of independent standard Gaussian variables.
From ([B2) and Theorem B2 we obtain the following comparison result.

Corollary 3.6. For all x1,..., 2y € E and 1 < p < o0,

N
EH Z Tndn
n=1

The geometric notions of type and cotype will be introduced in the exer-
cises. Without proof we state the following important converse to Corollary
B for Banach spaces with finite cotype. Examples of spaces with finite cotype
are Hilbert spaces, LP-spaces for 1 < p < oo, and the UMD spaces which will
be introduced in later lectures.

P

"< (n/2)h IEH zNjwcn (3.3)

Theorem 3.7. If E has finite cotype, there exists a constant C' > 0 such that
forallzy,...,xny € E,

N
EH Z TnTn
n=1

2 ) N 2
<C EH Z Trnln
n=1
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The Kahane-Khintichine inequalities (Theorems BT and below) can
be used to extend this inequality to arbitrary exponents 1 < p < oc.

The proof of Theorem B is beyond the scope of these lectures; we refer to
the Notes at the end of the lecture for references to the literature. When taken
together, Corollary Bl and Theorem B lshow that in spaces with finite cotype,
Gaussian sequences and Rademacher sums can be used interchangeably.

Without any assumptions on F, Theorem B fails. This is shown by the
next example.

Ezample 3.8. Let E = ¢o and let (u,)>2; be the standard unit basis of ¢.

Then
N
IEH Z Tl
n=1

Next we estimate IEH Zf:’:l ”ynuanO from below. First, if v is standard Gaus-

:E( max |rn|> =1.
co

1<n<N

sian, the inequality 1 — x < e~ implies

1V < exp(—=NP{y| > ).

P{ 1gla<xN|7n| <r}p=[1-P{y|>r}

For r = %\/logN we estimate

2 [VieeN
P{|y| > 31/log N} > —/ e 2% dx
V2T JLi/lg N
2 1 log N
>— .1 /logN -e zlglN — )
Vor ZV s 27N

Hence, using the integration by parts formula of Exercise Bl

N
IEH Z Ynln
n=1

=5( )
.  max, [Vnl

o0
= P
/0 {1glang|”yn| > T} dr

/%\/logN

> [1 — exp(—=NP{|y| > T})} dr

0
Nlog N
2%\/10gN-[1—exp(— %)}
T
:%\/logN as N — oo.

Similar estimates show that the bound &(y/log N) for N — oo is of the
correct order.

We conclude this section with an important comparison result for Gaussian
sums.
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Theorem 3.9 (Covariance domination). Let (v,)3%5_; and (7),)5, be
Gaussian sequences on probability spaces 2 and §2', respectively, and let

T1,...,Zp and y1,...,yn be elements of E satisfying
M N
.’L'm, Z yn7 2 Vz* e E*.
m=1 n=1

Then, for all 1 < p < oo,

Proof. Denote by F the linear span of {z1,...,2p,¥1,...,yn} in E. Define
Q€ ZL(F",F) by

N M
* * *
Qz": E yna § J,'m, xma PRSI D
n=1 m=1

The assumption of the theorem implies that (Qz*,z*) > 0 for all z* € F*,
and it is clear that (Qz],z3) = (Qz3, z7) for all 27,23 € F*. Since F is finite-
dimensional, by linear algebra we can find a sequence (:CJ)JAQ}/]; 41 In F' such
that @ is represented as

M+k
Q= Z (xj,2")x;, 2" €F".

j=M+1
We leave the verification of this statement as an exercise for the moment and

shall return to this issue from a more general point of view in the next lecture.

Now,
M+k

N
Z Tons 2 Z Yns 27)7, PRSI (3.4)
m=1 n=1

It follows from Bl that the random variables X := Z%ilk VYmTm and Y =
N .
> n_1 TnYn have Fourier transforms

M+k
Eexp(~i(X,2")) = [ Bexp(=itm(am.2"))
m=1
Mk 1 , 1M+k )
= 7nH:1 exp(—§<$m,$ > ) :exp (_ 5 1n221<$m7x > )

and similarly E' exp(—i(Y, %)) = exp(—1 Eﬁle (Y, z*)?). Hence by ([B2)) and
TheoremZy that X and Y are identically distributed. Thus, for all 1 < p < oo,
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Mk N
EH Z TmTm Z%/zyn
m=1 n=1
By Proposition EZT0]

M » M+k p
B 32 | < B[} 32 v
m=1 m=1

and the proof is complete. O

p

=R b

3.2 The Kahane-Khintchine inequality

The main result of this section states that all LP-norms of an F-valued Gaus-
sian sum are comparable, with universal constants depending only on p. First
we prove the analogous result for Rademacher sums; then we use the central
limit theorem to pass it on to Gaussian sums.

The starting point is the following inequality, which is a consequence of
Lévy’s inequality.

Lemma 3.10. For all x1,...,xny € E and r > 0 we have

N N 5
P{H;TWT" >2r}<4[IP’{H;rnxn >TH.

Proof. Let us write S, := E?Zl rjz;. As in the proof of Lemma T8 we put

A= (IS <7 o [Sucall <7, 1Sall > 7).

If for an w € A,, we have ||Sy(w)|| > 2r, then || Sy (w)—Sp—1(w)|| > r. Now the
crucial observation is that (r1, ..., rn) and (r1, ..., Tn, PaTntls -y TnTN)
are identically distributed; we leave the easy proof as an exercise. From this
and the fact that |r,| = 1 almost surely we obtain

N

P(An N {||SN — S| > 7)) = ]P’(An n { ZTJ'“’J'H - T})

j=n

P Anﬂ{ TnirjxjH >r})

j=n

(
(An ﬂ{ Ty + i TRTjT;
(

|
=

j=n+1 g r})
N
Anﬂ{ Tp + Z rjaer>r})

j=n+1
=P(An 0 {l[zn + (Sy = Sn)l| > 7}),

P
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and similarly P{||Sy — Sn—1|| > r} = P{||zn + (Sx — Sn)|| > r}. Hence, by
the independence of A, and Sy — S,
P(An N{lISN ] > 2r}) < P(An N {[ISy = Snall > r})

= P(An)P{[|zn, + (Sn — Sn)l| > r}

= P(An)P{[[Sy — Sn-all > r} < 2P(An)P{[|Sn || > r},
where the last step follows from Lévy’s inequality after changing the order

of summation. Summing over n = 1,..., N and using Lévy’s inequality once
more we obtain

N N
P{|Sn|l > 2r} = Y P(A N {|ISn] > 2r}) <2 P(A)P{||Sn| > 7}

= 2p{ max_ [Sall > r}P{lISnl| > r} < 4[B{ISn] > r}]%. O
1<n<N
We are now ready to prove the following result, which is the Banach space
generalisation due to KAHANE of a classical result for scalar random variables
of KHINTCHINE.

Theorem 3.11 (Kahane-Khintchine inequality - Rademacher sums).
For all 1 < p,q < oo there exists a constant K, 4, depending only on p and
q, such that for all finite sequences x1,...,xny € E we have

N . N o2
3 <o 3e
n=1 n=1

Proof. By Holder’s inequality it suffices to consider the case p > 1 and ¢ = 1.
Fix vectors x1,...,xny € E. Writing X,, = r,x,, and Sy = 27]:’:1 X,, we
may assume that E||Sy| = 1.
Let j > 1 be the unique integer such that 2/~! < p < 27. By successive
applications of Lemma BI0 for r > 0 we have

P{ISnll > 277} < 471 B{ISn | > 1))
Chebyshev’s inequality gives rP{||Sn| > r} < E||Sn|| = 1. Hence,

BlsviP - | " B{|Sn] > 1} di
= 2P /000 prP P{||SN|| > 277} dr
<o [yt @y > )Y dr
0
<ot [T @iyl >y ar

<oyt [ pp(ISy] > ) ar
0

< (2p)P4*~'p.
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O

The best possible constants K, , in this inequality are called the Kahane-
Khintchine constants. Note that K, , = 1 if p < ¢ by Holder’s inequality.
The bound on K, ; produced in the above proof is not the best possible: for

instance it is known that K, ; = 217%; see the Notes at the end of the lecture.
By an application of the central limit theorem, the Kahane-Khintchine
inequality extends to Gaussian sums:

Theorem 3.12 (Kahane-Khintchine inequality - Gaussian sums). For
all 1 < p,qg < oo and all finite sequences x1,...,xny € E we have

N PN N
(3! < ol 3
n=1 n=1

where K, 4 s the Kahane-Khintchine constant.

1

9\ q
)"

Proof. Fix k=0,1,... define gon : \/— ZJ 1 Tnk+j- For each k we have

) = (eSS )

(] 33 ronss 22 = (] St )
n=1 j=1

The proof is completed by passing to the limit £ — co and using the central
limit theorem. O

N
(EH > P,
n=1

The attentive reader has noticed that we are cheating a bit in the above
proof, as the usual formulation of the central limit theorem only asserts that

(k) (k))

limp oo (7 -y 0n ) = (M1,--.,7n) in distribution, that is,

Jm B, o) = Ef (0. w)

for all bounded continuous functions f : RN — R. We will show next how,
in the present situation, the convergence of the L"-norms (with r = p,q) of
the sums can be deduced from this. The main idea is contained in the next
lemma.

Lemma 3.13. Suppose @g,¢1,... and ¢ are RN -valued random wvariables
such that for all bounded continuous functions f : RV — R we have

Jim Ef(pr) = Ef(p).
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Let & : RN — R be a Borel function such that sup;, E|®(pr)| < co and
E|®(p)| < co. If g : RN — R is a continuous function satisfying

lg®)] < le@®)l[@)], teRY,
where ¢ : RN — R is a bounded function satisfying limy;_.o |c(t)| = 0, then
Jim Eg(er) = Eg(p).

Proof. Let gr :=g-1{j9<r)y + R-1{4>Rry — R-114<_Rr) denote the truncation
of g at the levels £R. By assumption we have

Jm Egr(er) = Egr(e)- (3:5)
Furthermore, by dominated convergence,
Jim Egr(e) = Eg(p). (3.6)

Fix ¢ > 0 and choose Ry > 0 so large that supy s g, |c(t)| < e. Choose
Ry > 0 so large that |g(t)] > Ry implies |t| > Rg. Then, for all R > Ry,

sup Elg(pr) — gr(er)| < sup E(1¢ 141> ry (r)]19(0k)])
k>0 k>0

< i;%E(l{lgbR}((/’k”C(t”|€p(</7k)|) (3.7)

< esup E[D(or)|,
k>0

Combined with (B8) and B3), this gives the desired result. O
Now we can finish the proof of Theorem

Lemma 3.14. With the notations of Theorem [T, for all 1 < r < oo and
Z1,...,xN € E we have

T

)

N
r
= EH Z TnTn
n=1

where v1,...,yN are independent standard Gaussian variables.

N
i (k)
kli{go EH 7; P In

Proof. Without loss of generality we may assume that maxic,<n ||zn|| < 1.
We fix 1 < r < oo and check the condition of Lemma for the functions
& :RY — Rand g:RY — R defined by

N N
o) =exp (Y alllenl)s 9 = | D taa
n=1 n=1

k k
where @y, 1= (<p§ ),...,<p§v)) and ¢ := (Y1, -.,YN)-

T

)
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If ¢ is a symmetric real-valued random variable, then

Eexp(|¢]) = Eexp(—1fp<0y0) + Eexp(lip>010)
= Eexp(l{—y<019) + Eexp(l{yz010) < 2Eexp(y).

Hence, since maxi<ngn ||2n] < 1

N N

H exp(|e{]) < 2V ] Eexp(e)

n=1 n=1

NTT T I | 1. 1 1\
_ nk+jy _ L Ayt —_-
=2 nl;[lj:r[lEexp( \/E) 2 (2exp( k)—|—2exp(\/E))

1\ kN

—2 ﬁ(1+2k) =2V exp(N/2) - 6(1) as k — . O

3.3 Exercises

1. Let (X,,)Y_, be a sequence of independent symmetric E-valued random
variables, and let (r,))_; be a Rademacher sequence which is indepen-
dent of (X,,)N_;. Prove that the sequences (X,))_; and (r,X,)"_; are
identically distributed.

Hint: As in the proof of Theorem 2 it may be assumed that (X,,))_; and
(rn)N_, are defined on distinct probability spaces. Use Fubini’s theorem

together with the result of Exercise

Remark: This technique for introducing Rademacher variables is known
as randomisation. It enables one to apply inequalities for Rademacher
sums in F to sums of independent symmetric random variables in E.

2. (1) Let (r],)22; and ()2, be independent Rademacher sequences on
probability spaces (£2/, %', ) and (2", %", P"). Prove that on the prod-
uct (2,7 ,P) = (' x 2", 7" @ F",P' @P"), the sequence (r,,7,,)5r =1
consists of Rademacher variables, but as a (doubly indexed) sequence it
fails to be a Rademacher sequence (that is, the random variables 7/, 7/

fail to be independent).

3. (!) We continue with the notations of the previous exercise. Prove that
for 1 < p < oo the following version of the contraction principle holds
for double Rademacher sums in the spaces LP(A), where (A, o7, u) is a
o-finite measure space: there exists a constant C}, > 0 such that for all
finite sequences (fimn)?D =1 in LP(A) and all scalars (apmn)} ,—; we have

N P
A 1
]EH E Ao T frmn
m,n=1

P
<CP( . max |amnl?) IEH E T fon
1<m,n<N
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Hint: Proceed in three steps: (i) the result holds for F = R with exponent
2; (ii) the result holds for E = R with exponent p; (iii) the result holds
for E = LP(A) with exponent p.

Let 1 < p < 2. A Banach space FE is said to have type p if there exists a
constant C}, > 0 such that for all finite sequences x1,...,2y in E we have

E 3 V<o 3 »)?
(B e ) < (X i)

Let 2 < g < o0. The space F is said to have cotype q if there exists a
constant C; > 0 such that for all finite sequences z1,...,2y in E we have

N 1 N 2\ 1
(;Hxnﬂq) goq(EH;rnxn )

For ¢ = oo we make the obvious adjustment in the second definition.
Prove the following assertions:

a) Every Banach space has type 1 and cotype oo (accordingly, a Banach
space is said to have non-trivial type if it has type p € (1,2] and finite
cotype if it has type ¢ € [2,0)).

b) Every Hilbert space has type 2 and cotype 2.

c¢) If a Banach space has type p for some p € [1,2], then it has type p’
for all p’ € [1,p]; if a Banach space has cotype ¢ for some ¢ € [2, o],
then it has type ¢’ for all ¢’ € [g, o0].

d) Let p € [1,2]. Prove that if E has type p, then the dual space E* has

cotype p’, % + % =1.

Hint: For each x}, € E* choose x,, € E of norm one such that ||z}]| >
$1{xn, 27)|. Then use Hélder’s inequality to the effect that for all scalar
sequences (b,)Y_, one has

N 1 N N 1
(Z|bn|p/)p/ :sup{Zanbn: (Z|an|p)p gl}.
n=1 n=1 n=1

Remark: The analogous result for spaces with cotype fails. Indeed, the
reader is invited to check that I' has cotype 2 while its dual [*® fails to
have non-trivial type.

Let p € [1,2]. Prove that a Banach space E has type p if and only if it
has Gaussian type p, that is, if and only if there exists a constant C' > 0
such that for all finite sequences x1,...,zx in E we have

N o 1 N 1
(B[ 3o )* < (3 li?)”
n=1 n=1
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Hint: One direction follows from Corollary B:6l For the other direction
use a randomisation argument.

Remark: The corresponding assertion for cotype is also true but much
harder to prove; see the Notes.

Notes. The results of this lecture are classical and can be found in many
textbooks. Our presentation borrows from ALBIAC and KALTON [I] and Di-
ESTEL, JARCHOW, TONGE [35)]. Both are excellent starting points for further
reading.

The Kahane contraction principle is due to KAHANE [b4], who also ex-
tended the classical scalar Khintchine inequality to arbitrary Banach spaces.
It is an open problem to determine the best constants K, , in the Kahane-
Khintchine inequality; a recent result of LATALA and OLESZKIEWICZ [67] as-

serts that the constant K, = 213 is optimal for 1 < p < 2.

For a proof of Theorem B see, e.g., [35]. The proof of Theorem B is taken
from [I], with a final twist suggested by HAASE. The central limit argument
in Lemma BT is adapted from TOMCZAK-JAEGERMANN [T1(02].

The contraction principle for double Rademacher sums of Exercise Bl has
been introduced by PIsIER [02]. This property, nowadays known under the
rather unsuggestive name ‘property («)’ plays an important role in many
advanced results in Banach space-valued harmonic analysis. It can be shown
that the Rademachers can be replaced by Gaussians without changing the
class of spaces under consideration. Not every Banach space has property («a);
a counterexample is the space cg.

The notions of type and cotype were developed in the 1970s by MAUREY
and PISIER. As we have seen in Exercise Bl Hilbert spaces have type 2 and
cotype 2. A celebrated theorem of KWAPIEN [64] asserts that Hilbert spaces
are the only spaces with this property: a Banach space F is isomorphic to a
Hilbert space if and only if E has type 2 and cotype 2. Another class of spaces
of which the type and cotype can be computed are the LP-spaces. For the
interested reader we include a proof that the spaces LP(A), with 1 < p < o0
and (A, &, 1) o-finite, have type min{p,2}. A similar argument can be used
to prove that the cotype equals max{p, 2}.

Let f1,..., fn € LP(A) and put r := min{p, 2}. Using the Fubini theorem,
the scalar Kahane-Khintchine inequality, type p, Holder’s inequality, and the
triangle inequality in L7 (A), we obtain
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N , N N , N
(EH;r"f" Lp(A))p - (/A]E’;T"f"(g)‘ du(g))p

N N 1
<Ko [ (]S rahu@] ) dut©))”
T
= Kol [ (EX 10 ©F) )
v JRY
< Koo [ (o 1m0r) " ance)
N 1
- | S0,
N :
gKnZ(;HVnV g(A))
- m(i”fnﬂrm(m)i'

An application of the Kahane-Khintchine inequality for LP(A) to replace the
LP-moment in the left hand side by the L2-moment finishes the proof.

It was noted in Exercise Bl that if E has type p, then E* has cotype p’
(where 1—1) + % = 1) and that the analogous duality result for cotype fails. It
is a deep result of PISIER [03] that if F has cotype ¢ € [2,00) and non-trivial
type, then E* has type ¢/, % + % =1

The fact that a Banach space has cotype ¢ if and only if it has Gaussian
cotype ¢ can be deduced from a deep result of MAUREY and PISIER (see
[1, Chapter 11]) which gives a purely geometric characterisation of type and
cotype. For the details we refer to [35].
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Gaussian random variables

Having studied E-valued Gaussian sums of the form Zf:’:l YnZy in the previ-
ous lecture, we now turn to general theory of Gaussian random variables with
values in a Banach space E. The results of this lecture will be important for
the construction of an E-valued stochastic integral with respect to Brownian
motion.

We start with a proof of the Fernique theorem on integrability of Gaus-
sian random variables. This theorem makes it possible to investigate LP-
convergence of sequences of Gaussian random variables. As it turns out, every
FE-valued Gaussian random variable can be represented in a canonical way
as an LP-convergent (finite or infinite) sum »_, -, yn@n. This representation
theorem permits us to extend the covariance domination principle and the
Kahane-Khintchine inequality to arbitrary F-valued Gaussians.

4.1 Fernique’s theorem

A real-valued random variable 7 is called Gaussian if there exists a number
g = 0 such that its Fourier transform is given by

E(exp(—ify)) = exp(—3¢¢%),  teR.

By uniqueness of Fourier transforms one deduces that v = 0 almost surely if
q = 0, and that v has a distribution with density

1 —t2

\/meXp(Tq)

if ¢ > 0. It follows that Ey = 0 and Ey? = ¢, which means that ~ is centred
and has variance q. We call v standard Gaussian if ¢ = 1; this definition is
consistent with the one given in Lecture

Let E be a real Banach space.

f'y(t) =
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Definition 4.1. An E-valued random wvariable X is Gaussian if the real-
valued random variable (X, x*) is Gaussian for all x* € E*.

Much of the theory of Banach space-valued Gaussian random variables
depends on a fundamental integrability result due to FERNIQUE. For its proof
we need a lemma.

Lemma 4.2. Let X andY be independent and identically distributed E-valued
Gaussian random variables. Then U := (X +Y)/V/2 and V := (X = Y)/V/2
are independent and have the same distribution as X and Y.

Proof. Let p be the common distribution of X and Y. Then p(z*) =
exp(5q(x*)), where q(z*) = E(X,2*)? = E(Y,z*)?. Using the independence
of X and Y we have
Eexp(—i(U,z*)) = Eexp(—i%ﬁ(X, x*>)Eexp(—i%\/§<Y, x*))
= exp(gq(a”)) exp(39(z")) = exp(zq(z"))-

By the uniqueness theorem for the Fourier transform, this shows that U has
the same distribution as X and Y. A similar computation shows that V has
the same distribution as X and Y.

We will prove that U and V' are independent by checking that vy =
p X p, where iy, is the distribution of the £ x E-valued random variable
(U, V). Identifying (E x E)* with E* x E* with pairing ((x,y), (z*,y*)) =
(x,x*) + (y,y*), by the uniqueness theorem for the Fourier transform it is
enough to prove that fi(y v)(z*, y*) = f(2z*)u(y*) for all 2*,y* € E*. But this
follows from

A (@ y") =E exp(=i((U2") + (V,y")))
=FE eXp(—%iﬁ((X, ¥ +y"y+ (Y, 2" — y*)))
=E exp(—%iﬁ(X, " +y"))E exp(—%iﬂ(Y, z* —y"))
= exp(—3q(z” +y")) exp(—q(z" —y"))
= exp(—3(a(z") + a(y")))
— ARG, o

Theorem 4.3 (Fernique). Let X be an E-valued Gaussian variable. There
ezists a constant > 0 such that

E exp(3] X||*) < oo. (4.1)

Proof. On a possibly larger probability space, let X’ be independent copy of
X. For instance, identify X with the random variable X (w1, ws) := X (w1) on
2 x 2 and define X’ on 2 x 2 by X'(w1,w2) := X (w2).



4.1 Fernique’s theorem 45
Fix t > s > 0. By the lemma,
PUIX < s} PUIXT| > ¢}

=) <) R )

N vz

L ,
gp{}%| <s, % >t}
<e{ix> 2 x> 22
—e{ix> 2} p{ix> L2

where in () we used that the set

{(&,7) €R2: € — [ < sV2 and € 47> tV/2}

is contained in the set

{(é,n)eRi: §>t_—s and 77>t_—5}.

V2 V2
Hence, since X and X’ have the same distribution,
t—571\2
< < . .
P{IXI < s} 2{IX]) > 1} < (B{X1 > —=}) (4.2)

Choose r > 0 such that P{||X || < r} > 2. Define to := r and ¢, := r+v/2t, 1
for n > 1. By induction it is checked that ¢, = r((v/2)"*! —1)/(v/2 — 1), so
t, < r(v/2)" T4 Put
P{X| >t
OP{lxl <}

Note that ap < (1 — 2)/2 = 1. From (@) with s =7, t = t,,4.1 we obtain

P{IX > tn}>2 2
Qn41 < ( = Q.
" P{| X < r}

Therefore a,, < a%n < 272" and it follows that
P{IX| > tn} = anP{||X|| < r} <277,

Using these estimates we obtain
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E(exp (8] X[[*)) < P{IIX|| < to} - exp(5t5)

+ Zp{tn <X <t} 'eXP(ﬁt%Jﬂ)
n=0

< exp(Br?) + Z 272" exp(Br?2nt)
n=0

= exp(fr?) + Z exp(2"[—log 2 + 323r?)),
n=0

and this sum converges if § > 0 is taken small enough. a

In what follows we need much less: it will suffice to know that E|| X||P < oo
forall 1 < p < oc.

As a simple corollary to Fernique’s theorem we note that the expectation
of a Gaussian random variable is well-defined. In fact we have the following
result:

Corollary 4.4. If X is E-valued Gaussian, then EX = 0.

Proof. For all z* € E* we have (EX,z*) = E(X,z*) = 0 and we may appeal
to the Hahn-Banach theorem. a

4.2 The covariance operator

In order to characterise Gaussian variables in terms of their Fourier transforms
we introduce the following terminology.

Definition 4.5. A bounded operator Q € £(E*, E) is called

e Dpositive, if (Qz*,z*) > 0 for all x* € E*;
e symmetric, if (Qx*,y*) = (Qy*,z*) for all z*,y* € E*.

Proposition 4.6. For an E-valued random variable X the following asser-
tions are equivalent:

(1) X is Gaussian;
(2) there exists a positive symmetric operator Q € L (E*,E) such that the
Fourier transform of X 1is given by

Eexp(—i(X,2")) = exp(-3(Q2",2%)), 2" € E".
The operator Q is uniquely determined by (2). Moreover,

E(X,2")? = (Qz*,z%),  z*¢€ E*.
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Proof. (1)=(2): Since X is square integrable by Theorem E3 the random
variable (X, 2*)X is integrable and we may define

Qz* :=E(X,2")X, z* € E".

From (Qz*,y*) = E(X,2*)(X, y*) we see that @ is positive and symmetric.
Since (X, x*) is Gaussian with variance E(X,z*)? = (Qx*, 2*), we have

Eexp(—i(X, ")) = exp(~$(Qa",2")).

(2)=-(1): Replacing z* by £z* in the assumption, we see that the Fourier
transform of (X, x*) equals

Eexp(—i&(X, 2*)) = exp(—3£*(Qz", 2%)).
Thus (X, 2*) is Gaussian with variance (Qz*, z*). O

The operator @ is called the covariance operator of X. The reader is warned
that not every positive symmetric operator @ € Z(FE*, F) is the covariance
of an F-valued random variable X. This may happen even if F is a separable
infinite-dimensional Hilbert space (see Exercise B).

Corollary 4.7. Every E-valued Gaussian random variable is symmetric.
Proof. Just note that X and —X have the same Fourier transforms. a

We proceed with two simple constructions to produce new Gaussian vari-
ables from old. The first asserts that sums of independent Gaussian variables
are Gaussian.

Proposition 4.8. Let X1,..., Xy be independent E-valued Gaussian random
variables with covariance operators Q1,...,Qn. Then the sum X := 21]:[:1 Xn

1s Gaussian with covariance operator QQ = 25:1 Q-
Proof. For all z* € E* we have, by independence,

Eexp(—i(X,z*)) =E H exp(—i(X,,2")) = H E(exp(—i(Xpn, z*)))

n=1

N
= [T exp(-4(@ua™.2") = exp(~4(Qa".a%)). 1

n=

=

n=

=

Compositions of Gaussians with bounded operators are Gaussian again:

Proposition 4.9. If X is F-valued Gaussian with covariance operator Q, and
if T € Z(E,F) is a bounded operator, then TX is F-valued Gaussian with

covariance operator TQT™.
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Proof. This follows by computing the Fourier transform of T'X:

E(exp(—i(T X, 2"))) = E(exp(—i(X, T*z")))
= exp(—3(QT*"*, T*z"))) = exp(—5(TQT*z",z%))). O

As an application we prove next that that if the E-valued random variables
X1,...,Xn are jointly Gaussian, that is, if the EV-valued random variable
(X1,...,Xn) is Gaussian, then Xi,..., Xy are independent if and only if
they are uncorrelated in the sense that

E(Xpm, 2™ Xpn,y*)y =0, VYm#n, z*,y" € E*.

Proposition 4.10. Let X1,..., XN be E-valued random variables such that
the EN -valued random variable X = (X1, ..., Xy) is Gaussian. The following
assertions are equivalent:

(1) X1,...,Xn are independent;
(2) X1,...,Xn are uncorrelated.

Proof. We proceed in two steps.

Step 1 — First we consider the scalar case. Let 71,...,vn be real-valued
random variables such that the R"V-valued random variable v = (y1,...,n)
is Gaussian. Note that each ~, is Gaussian; this follows from Proposition
E3 by applying coordinate projections. We shall prove that ~1,...,yn are

independent if and only if vq,...,yn are uncorrelated.
The ‘only if” part follows from E~,,v, = Ev.,Ev, = 0 for all m # n. For
the ‘if” part we note that if 71, ...,yx are uncorrelated, the covariance matrix

of 7 is diagonal: Q = diag(qi,...,qn) with ¢, = E~2. Then the Fourier
transform of ~ is given by

E(exp(=i(7,€))) = exp(—$(Q¢,€)) = exp(—3 Y &)

N N
= [[ exp(—39n&2) = [ [ Eexp(—ibuyn), €€ RYN.
n=1

n=1

Let p and p, denote the distributions of v and ~,, respectively. The above
identity implies that u and the product measure p; X - -+ X uny have the same
Fourier transform. Hence from Theorem EE8 we deduce that p = 1 X -+ - X up.
This implies that 1, ..., vy are independent.

Step 2 — Next we turn to the proof of the proposition. For all choices
of 23,...,x% € E* the RN-valued random variable ((X1,x7),..., (XN, z%))
is Gaussian by Proposition EQ since it is the image of (X1, ..., Xn) under the
linear transformation from EN to RN, (z1,...,2,) — ({(w1,27), ..., (TN, T4)).
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(1)=(2): This implication follows from the corresponding implication in
Step 1 since the independence of Xj,..., X, implies the independence of
(X1,27), . (XN, 2y)-

(2)=(1): By Step 1, for all zf,...,2% € E* the random variables

(X1,27),..., (XN, xy) are independent and therefore
N N
xn ) (@5 o) = Eexp(— Z Xn,23)) = [ [ Eexp(=i(Xn, 2},))
n=1 n=1
N
H = px; X "XUXN(IL---J?V)-
n=1
Hence pu(x, ... xy) = Hx; X -+ X jixy by Theorem L3 0

The joint Gaussianity condition cannot be relaxed to Gaussianity of each
of the X,,; see Exercise[ll

4.3 Series representation

The main result of this section states that every E-valued Gaussian random
variable can be represented as a Gaussian sum of the form Zn21 YnTn, Where
(Yn)n>1 is a Gaussian sequence and (z,)n>1 is a (finite or infinite) sequence
in . This fact enables us to extend various results for Gaussian sums, such as
the Kahane-Khintchine inequality, to arbitrary Gaussian random variables.

We start with a simple proposition stating that limits of Gaussian variables
are Gaussian.

Proposition 4.11. If (X,,)22, is a sequence of E-valued Gaussian variables
and X is a random variable such that

lim (X,,2") = (X, ") in probability for all x* € E*,

n—oo

then X is Gaussian. Its covariance operator Q@ € ZL(E* E) is given by
(Qa*,y*) = limy oo (Qna*,y*) for x*,y* € E*.

Proof. Fixing * € E*, after passing to a subsequence we may assume that
limy, 00 (X, 2*) = (X, 2*) almost surely. By the dominated convergence the-
orem,

Eexp(~it(X,2%)) = lim Eexp(~i€(X,.,2%)) = lim exp(~ 36 (Qua” 7).

Since each of the terms (Q,x*, x*) is non-negative, this implies that the limit
q(z*) := limy, 00 (Qra*, x*) exists. From the resulting identity

E exp(—i&(X, %)) = exp(—$€2q(z"))
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we conclude that (X, z*) is Gaussian for all z* € E*. By definition this means
that X is Gaussian.
Denote by @ the covariance operator of X. For all t € R,

exp(—564(Qx", 2%)) = Eexp(—i§(X,z")) = exp(—5&%¢(z")).

From this we deduce that (Qz*,z*) = ¢(z*) = limy, o0 (@Qnz*, *). Applying
this to z* + y* we find (Qx*, y*) = lim, oo (Qra*,y*) for all z*,y* € E*. O

For a Gaussian random variable X with covariance operator @), we denote
by Hx the closed linear subspace in L?(§2) spanned by the random variables
{{X,z*): a* € E*}. The operator ix : Hy — E,

ix (X, 2"y =E(X,2") X = Qz", (4.3)

is well-defined and bounded by Holder’s inequality and Fernique’s theorem.
Its adjoint is given by i%a* = (X, 2*). This leads to the factorisation

Q = ixi%. (4.4)

Here, and in similar situations later on, we identify Hx and its dual H% by
means of the Riesz representation theorem. Since we are working over the real
scalar field this identification is linear and should never lead to any confusion.
For a generalisation of the factorisation () to arbitrary positive symmetric
operators () see Exercise

Theorem 4.12 (Karhunen-Loéve expansion). Let X be an E-valued
Gaussian random variable.

(1) The space Hx is separable.
(2) If (Yn)n>1 is an orthonormal basis of Hx, then (vn)n>1 s a Gaussian
sequence and
Z VniXVn = X,

n>1

where convergence holds almost surely and in LP(£2; E) for all1 < p < 0.

Proof. Define Hyx as the closed linear subspace of L?(E, ux) spanned by
E*; here we think of the functionals z* € E* as functions on E. In view of
E(X,z*)? = [(x,2*)? dux (z), the mapping z* — (X,z*) extends uniquely
to an isometry of Hilbert spaces ﬁ; ~ Hx.

Let Ey be a separable closed subspace of E containing the essential range
of X. Then px(Ep) = 1 and therefore the identity mapping gives an isometry
L?(Eg, pnx) ~ L*(E,ux). Since the Borel o-algebra %(Ey) is generated by
a countable family of open sets (take a dense sequence (x,)52; in Fy and
consider the open balls B(z,,, q) with rational ¢ > 0), the space L*(Eo, 1x) is

separable. It follows that L?(E, ux) is separable and hence so is Hx, it being
a closed subspace of L?(E, ux). It follows that Hy is separable.
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Let (vn)n>1 be a (finite or countably infinite) orthonormal basis of Hx.
Every random variable in Hy is Gaussian by Proposition EETTl In particu-
lar, linear combinations of the 7, are Gaussian, which means that all vectors
(Ynys - - - > Yny ) are Gaussian as RY-valued random variables. Therefore Propo-
sition EETO implies that the ~, are independent.

For all * € E* we have the identities

27n<7;X7n7$*> = ZVWE’VH<X=I*> = <X7CE*>

n>1 n>1

in Hx, noting that the middle expression is the expansion of (X,x*) with
respect to the orthonormal basis (y,)n>1 of Hx. The result now follows from
the It6-Nisio theorem. O

For the readers familiar with weak*-topologies we sketch an alternative,
more functional analytic proof of the separability of Hx. The dual Ej is
weak*-separable, by the separability of Ey. Regarding ¢x as a bounded injec-
tive operator from Hyx to Ejy, the adjoint ¢% is weak*-continuous and maps
Ej onto a weak*-separable and weak*-dense subspace of Hx. But the weak™-
topology of the Hilbert space Hyx is the same as the weak topology. By the
Hahn-Banach theorem, the weak closure of i% Ej equals its strong closure,
and the separability of Hx follows.

As an application of Theorem we extend Theorem to arbitrary
FE-valued Gaussian random variables.

Corollary 4.13 (Kahane-Khintchine inequality). Let X be an E-valued
Gaussian variable. Then for all 1 < p,q < co we have

1 1
(EIX[[P)7 < Ky o (B[ X7

Proof. For the special case where X = 21]:[:1 Yny this was proved in Theorem
The general case follows by combining this with the Karhunen-Loeve
expansion. a

4.4 Convergence

As an application of the Kahane-Khintchine inequality, we show next that
if a sequence of Gaussian random variables converges in probability, then it
converges in LP for all 1 < p < oc.

We start with a classical inequality for non-negative random variables.

Lemma 4.14 (Paley-Zygmund inequality). Let £ be a non-negative ran-
dom variable. If 0 < E£2 < ¢(E€)? < oo for some ¢ > 0, then for all 0 < r < 1
we have )
1—
pie > rEey > LT
c
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Proof. Using the non-negativity of £ we have

(1 —7)ES = E(§ — rES) < E(1{esree} (€ — 7EE)) < E(lgesrreyd)

and therefore, by the Cauchy-Schwarz inequality,

2
(1= 7)*(EE)* < (E(lyesrme)8))” < ElgesrmeyEE™.
The result follows upon dividing both sides by E&2. a

Theorem 4.15. For a sequence (X,,)22, of E-valued Gaussian random vari-
ables the following assertions are equivalent:

(1) the sequence (X,,)32, converges in probability to a random variable X ;

(2) for some 1 < p < oo the sequence (X,,)22, converges in LP(£2;E) to a
random variable X ;

(3) for all 1 < p < oo the sequence (X,,)22, converges in LP(£2;E) to a
random variable X .

In this situation the limit random variable X is Gaussian.

Proof. Fix1 < p < oo. It suffices to prove that lim,, ., X,, = X in probability
implies lim,, oo X, = X in LP(£2; E). Note that X is Gaussian by Proposition
ETT

Step 1- Fix 1 < ¢ < oco. By Fernique’s theorem we have E|| X,,||? < oo for
all n > 1. In this step we prove the uniform bound

sup E|| X, |9 < oo. (4.5)

n>1
From the Paley-Zygmund inequality, for all n > 1 we obtain

1
4Kj1172’

1
P{|Xn]* > SE[ X ]?} > (4.6)

where K4 is the Kahane-Khintchine constant corresponding to p = 4 and
q = 2. On the other hand, given £ > 0, for any r > 0 we find an index N > 1
such that for all n > N,

P{|| X |* > r}
<P > 5V + B{IX, — XI > 27} < B{IX] > 537} +e.
Thus for large enough rg > 0 we find an index Ny > 1 such that for n > Ny,
P{||Xn|I* > ro} < 2e.

If for some subsequence we had limy_, oo E[| X, ||> = 0o, then for all sufficiently
large k£ we would obtain
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1
P{|| X, [ > §E||Xnk||2} SP{[| X, I > 7m0} < 26,

contradicting [ZH). We conclude that sup,,>; E[|X,||* < co. Now (ET) follows
from the Kahane-Khintchine inequality.

Step 2- Fix 1 < p < ¢ < co. By Step 1, the triangle inequality in LY({2; E),
and a scaling argument we may assume that sup,; E|[ Xz — X || < 1. Using
this together with Holder’s inequality (with % = % + 1), for fixed £ > 0 we
obtain

E[| Xy — X[|P = E(1{x, - x)<e} 1 Xx — X[IP) + E(Lyx, - x> 1 Xk — X|1P)
e? + E(1{x,— x>} [ X — XIP)

<
< e + (P{| Xy — X|| > e})*.

Since limg_, oo X = X in probability, it follows that

limsup E|| X%, — X||P < €P.

— 00

This being true for all € > 0 we arrive at limsup,_ o E||Xx — X||P=0. O

4.5 Exercises

1. This exercise presents an example of two uncorrelated Gaussian random

variables which are not independent. This shows that the joint Gaussianity
condition in Proposition EET0 cannot be omitted.
Let v be a standard Gaussian random variable on a probability space
(1, %1,P1) and let r be a Rademacher variable on a probability space
(29, F2,P3). Define the random variables 1 and @2 on the product space
(Q,y,P) = (.Ql X Qg,yl X yg,Pl X ]Pg) by

pr(wr,w2) =y(w1), @2(wi,w2) = y(wi)r(ws).

a) Show that ¢1 and o are Gaussian.
b) Show that ¢; and @9 are uncorrelated.
c¢) Show that @7 and ¢ fail to be independent.

Hint: Consider, for instance, the events {|p1| < 1} and {|p2| < 1}.

2. In this exercise we prove SAZANOV’s theorem: a bounded linear operator
Q on a separable Hilbert space H with inner product [, -] is a Gaussian
covariance operator if and only if @ is positive, self-adjoint and the sum
>0 1 [Qhun, hy) converges for some (equivalently, for every) orthonormal
basis (hy)22, of H.

a) Suppose @ satisfies the conditions of the Sazanov theorem, let (h,, )22 ;
be an orthonormal basis of H, and put x,, := Q%hn. Show that the
Gaussian sum Y~ | v,x, converges in L?(£2; H) and defines a Gaus-
sian H-valued random variable with covariance Q.
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b) Suppose conversely that X is an H-valued Gaussian random variable
with covariance operator Q). Then @ is positive and symmetric. Show
that if (hy,)52, is any orthonormal basis for H, then

o0

> [Qhn, ha] = E|I X 2.

n=1

¢) Deduce that the identity operator on a separable infinite-dimensional
Hilbert space fails to be a Gaussian covariance operator.

3. (!) The identity [l shows that every Gaussian covariance operator can
be written as Q = TT* for a suitable operator T from a Hilbert space
into E. In this exercise we generalise this observation to arbitrary positive
symmetric operators.

Let Q € Z(E*, E) be positive and symmetric.
a) Show that the formula
[Qz", Q7] := (Qz7,y")

defines an inner product on the range of Q.
The Hilbert space completion of the range of @) with respect to this inner
product is denoted by Hg,.
b) Show that the identity mapping Qz* — Qz* extends uniquely to a

bounded operator ig from Hg into E.
c¢) Prove the identity

iQih = Q.

d) Prove the statement concerning @ in the proof of Theorem B

Hint: Consider an orthonormal basis of the (finite-dimensional)
Hilbert space Hg.

4. Suppose that X is an F-valued Gaussian random variable with covariance
operator Q. We compare the mappings ix : Hx — E defined by ([3)) and
ig : Hg — E of the previous exercise.

a) Show that the mapping (X, z*) — iga™ extends uniquely to an isom-
etry from Hx onto Hy.

b) Prove that ix(Hx) = ig(Hg) and show that X takes its values in
ix(Hx) =1i¢g(Hg) almost surely.

5. Let Q be a positive self-adjoint operator on a Hilbert space H and let \/Q
be its unique positive square root.
a) Show that the range of /@ is a Hilbert space with respect to the norm

IVQRI == inf{||1"]| : 1" € H, QN = /Qh}.

b) Show that the identity mapping Qh — Qh extends uniquely to an
isometry

Hg ~ range(1/Q),

where H is defined as in the previous two exercises.
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Notes. A comprehensive treatment of the theory of Gaussian variables is
given in BOGACHEV [§]. See also the monographs of JANSON [B3], VAKHANIA,
TARIELADZE, CHOBANYAN [I005], and the older lecture notes of Kuo [62].

Theorem B3 is a celebrated result due to FERNIQUE [39]. By a (non-trivial)
modification of the proof one obtains the following stronger result: if 2 is
a uniformly tight family of E-valued Gaussian random variables, then there
exist constants § > 0 and C' > 0 such that

E(exp(B| X)) <C VX e Z.

Using powerful concentration of measure inequalities it can be shown that
the supremum of all admissible constants § for which the conclusion of Fer-
nique’s theorem holds is equal to 1/202(X), where

0?(X) = sup E(X,z*)2

llz*I<1

We refer to KWAPIEN and WoyczyXskI [65], LEDoUX [68], and LEDOUX and
TALAGRAND [69] for expositions of this result and further reading.

The proof of Theorem EETH is taken from ROSINSKI and SUCHANECKI [96].

For more on the Karhunen-Loeve expansion of Gaussian variables we rec-
ommend [65]. The convergence of the series can be alternatively deduced
from the martingale convergence theorem for Banach space-valued martin-
gales, but we have chosen not to do so here in order to keep the presentation
self-contained.

Corollary BET8 can be improved as follows: if X and Y are E-valued Gaus-
sian random variables satisfying E(X, z*)? < E(Y,z*)? for all z* € E* and
C C F is closed, convex, and symmetric, then

P{X ¢ C} <P{Y ¢ C).

This result is due to ANDERSON [2].

A Borel measure i on a Banach space E is called Gaussian if it is the
distribution of an F-valued Gaussian random variable X, or equivalently, if
the image measure (u,x*) are Gaussian on R for all z* € E* (to see that
the latter implies the former consider the random variable X (z) := = on the
probability space (E, u)). The covariance operator of p is then defined as the
covariance operator @ of X. In view of the identities (Qz*, 2*) = E(X, 2*)? =
[ (@, 2*)? dp(x) this is well-defined. For the sake of unity of presentation we
have stated all results in terms of random variables. Some results, such as
Theorem and Propositions 26 and EEQ can equally well be formulated in
terms of Gaussian measures.

Exercise[ c) tells us that on an infinite-dimensional Hilbert space H there
is no standard Gaussian measure, that is, a Gaussian measure whose covari-
ance operator is the identity operator. More can be said, however. Let us call
a subset C' of H cylindrical if it is of the form
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C= {hEH ([hvh’l]aa[h’ahn]) € B}

for certain hq,...,h, € H and a Borel set B in R™. More generally, cylindrical
sets in Banach spaces can be defined by replacing the role of the h; by func-
tionals z7. We have already used cylindrical sets in the proof of the uniqueness
theorem for the Fourier transform (Theorem Z8). The cylindrical sets form
an algebra of sets in H. It can be shown that there exists a unique finitely
additive measure vy on this algebra with the property that the restrictions
of vy to finite-dimensional subspaces of H are standard Gaussian measures.

The pair (ig, Hg) constructed in ExerciseBlis called the reproducing kernel
associated with ). The operator ig : Hg — F is in fact injective, and the
factorisation ) = iqig, is minimal in the following sense: if H is a Hilbert
space and T : H — F is a bounded operator such that @ = T7T*, then there
exists a bounded surjection P : H — Hg such that T' = igP. For more
information on reproducing kernel Hilbert spaces as well as an explanation
of the terminology we refer the interested reader to SCHWARTZ [98] and the
book by VAKHANIA, TARIELADZE, CHOBANYAN [105].



5

~v-Radonifying operators

Experience has taught that many results in analysis involving L2-techniques,
such as the Plancherel theorem in harmonic analysis and the It6 isometry in
stochastic analysis, carry over without difficulty to the Hilbert space-valued
setting. Often this fact characterises Hilbert spaces among all Banach spaces.

It has only been recently realised that many results do generalise beyond
the Hilbert space case if one does three things:

e Replace ‘functions’ by ‘“y-radonifying (integral) operators’;
e Replace ‘uniform boundedness’ by ‘“y-boundedness’;
e Replace ‘orthogonality’ by ‘unconditionality’.

This paradigm has had enormous impact in the areas of (parabolic) evolution
equations and harmonic analysis, more recently, in the theory of stochastic
(parabolic) evolution equations.

In this lecture we address the first item in the list and investigate properties
of y-radonifying operators. These operators will be used in the next lecture to
give necessary and sufficient conditions for stochastic integrability, the main
idea being that the L?-norms occurring in the It6 isometry are replaced by
the «-radonifying norms of associated integral operators.

5.1 v-Summing operators

We begin with a discussion of the class of y-summing operators. In the next
section, y-radonifying operators are defined as the y-summing operators which
can be approximated in the y-summing norm by finite rank operators.

Continuing the notational conventions of the previous lectures, (v,)%2
always denotes a Gaussian sequence, H is a Hilbert space (with inner prod-
uct [-,-]), and F is a Banach space. Although we have made the standing
assumption that all spaces are real, most results of this lecture extend with
only minor changes to complex scalars.
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Definition 5.1. A linear operator S : H — E is called yv-summing if for some
(equivalently, for all) 1 < p < oo,

k 1
N
S5 (11,2) = sup (]EH Y v Shy )P < o0,
j=1
the supremum being taken over all finite orthonormal systems {hy, ..., hi}.

By considering singletons {h} we see that every 7-summing operator is
bounded and satisfies ||S]| < [|S|lyee (1, 5)-

With respect to any one of the norms S+ ||S||ye¢ (11, ), which are mutually
equivalent by the Kahane-Khintchine inequalities, the linear space v(H, F) of
all y-summing operators from H to E is a normed space. Unless otherwise
stated we shall write

1S1lyoe 1,y = 1S llge (1,)-
Proposition 5.2. The space v*°(H, E) is a Banach space.

Proof. 1f (Sp)p%, is Cauchy in v*(H, E), then sup,,, ||Sn|ly~m,5) < oo.
Let us denote this supremum by C. Since (5,)32; is a Cauchy sequence in
Z(H,E) it tends to an operator S in .Z(H,E). We will prove that S €
~v*°(H, E) and that lim,,_,o, Sp, = S in the norm of v*°(H, E).

If {h1,..., hi} is an orthonormal system in H, then by Fatou’s lemma,

k
EH > 7 Shy
j=1

It follows that S € v*°(H, E) and S|y (m,5) < C.

Next we check that lim, .. S, = S in the norm of v (H, F). Given
e > 0, we choose N > 1 such that ||S,, — Sillye(m,5) < € for all m,n > N.
Let {hi,...,hr} be an orthonormal system in H. By another application of
the Fatou lemma,

2
< C.

k
2
< lim inf EH Zvj Sph;j
j=1

k 2 k 2
E 3" (Sa = S)hs | < liminf E[| D7 (S — Smhs|[ < e
Jj=1 j=1

Therefore, ||S, — S| yo(m,5) <€ foralln > N. O

Proposition 5.3 (y-Fatou lemma). Let (5,)%2, be a bounded sequence in
W (H, E). If S € Z(H, E) is an operator such that

lim (Sph,2*) = (Sh,z*) VYhe H, z* € E*,

n—oo

then S € v°(H, E) and for all 1 < p < 0o we have

18 e oty < liminf [l a1,
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Proof. Let {hi,...,hi} be an orthonormal system in H. Let (z})32, be
a sequence of unit vectors in E* which is norming for the linear span of
{Shi,...,Shi}. For all M > 1 we have, by the Fatou lemma,

p M) <t [(3 )

..........

< Hminf [ Sn% 7 g

Taking the limit M — oo we obtain, by the monotone convergence theorem,

k
EHZ% Sth hmlanS H o (H,E)
j=1

and the proposition follows. a

The next result shows that the class of y-summing operators enjoys a
certain ideal property:

Proposition 5.4 (Ideal property I). Let S € v*°(H,E). If H' is another
Hilbert space and E' another Banach space, then for all T € £ (H',H) and
Ue Z(E,E) we have UST € v*°(H', E’) and for all 1 < p < co we have

HUST||wg°(H/,E') < U ||S||7§°(H,E)||TH'

Proof. Tt suffices to prove that ST € ~*(H',E) and ||ST| e~ 5 <
|S]lyo (£, || T||, the assertions concerning U being trivial.

Let {hf, ..., h,} be an orthonormal system in H’. We denote by H' and H
the spans in H' and H of {h},..., h},} and {Thy,...,Th}}, respectively. Let
E be the span in E of {STh ..., 8Th,}. Then S and T restrict to operators
S:H—EandT:H — H. _ _

Let {h1,...,hn} be an orthonormal basis for H. For all * € E* we have

k N
Y (STh},a")? = |T*S"a" |G < |IT*17 157" 1% = IT)* Y (Sha,2").

j=1 n=1

Hence, by Theorem B9,

k N
p
E[| > STR|” < ITIPE]| > v Sha|” < ITIZ NS s 1,5
j=1 n=1
and the result follows. a

As a corollary we observe that we may ignore the kernel of S:
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Corollary 5.5. If S € v*°(H, E) and Hy is a closed subspace of H containing
(ker S)*, then the restriction Sy of S to Hy belongs to v°°(Hy, E) and for all
1<p<oo,

[[S0llyze (10, 8) = 1S llyge 11,y -

Proof. The only nontrivial thing to prove is the inequality ||.S ||,Ypoo( HE) <
||S0||V (Ho,E)- Let Py be the orthonormal projection of H onto Hp. Then
S = SOPO and the desired inequality follows from Proposition .4 O

We are now in a position to prove the following characterisation of -
summing operators in terms of orthonormal bases. We formulate the result for
separable infinite-dimensional spaces; for finite-dimensional spaces the same
result holds with a slightly simpler proof.

Proposition 5.6. If H is separable and (hy)22, is an orthonormal basis for
H, then an operator S € £ (H, E) belongs to v*°(H, E) if and only if for some
(equivalently, for all) 1 < p < oo,

N
sup B 3"
n=1

N>1

P
nll < 0o0.

In this case,

N
S|P = sup EH ~
151 1) = 10 B S

Proof. Let {h},...,h},} be an orthonormal system in H. For K > 1 let Px
denote the orthogonal projection onto the span of {hq,...,hx}. For all 2* €
E* and K > k we have

K

k
> (SPghf,a")? < |[PeS ™ |* =Y (Shn,2*)°.

j=1 n=1

Let 1 < p < oo. From Theorem B3 it follows that

k K N
p p
EHZ% <EHZ% < sup 1EHZ%
j=1 n=1 n=1

N>1
Hence by Fatou’s lemma,

k k N
P P
EH E WjSh;-H <limianEH E V; SPKh;-H < sup IEH E Vn
j=1 j=1 n=1

K—oo N2>1

It follows that

N
S|P < su EH

The converse inequality trivially holds and the proof is complete. a
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5.2 v-Radonifying operators

When h is an element of a Hilbert space H and x an element of a Banach
space E, we denote by h ® = the operator in Z(H, E) defined by

(h®z)h = [h, 1]z, h' € H.

An operator in .Z(H, F) is said to be of finite rank if it is a linear combination
of operators of the above form. It is a trivial observation that every finite rank
operator from H to E belongs to v*°(H, E). In fact we have:

Lemma 5.7. If S = 25:1 hn ® xn, 18 a finite rank operator with hy,..., Ay
orthonormal in H and x1,...,zy € E arbitrary, then S € v°(H, E) and for
all 1 < p < oo we have

p

N
112 2,y = B[ 3 2
n=1

Proof. Testing on hy, ..., hyx gives the inequality ‘>’. To prove the inequality
‘<’ let P be the orthogonal projection from H onto the span H of {hy,...,hn}
and define S € % (fNI ,E) by S = SP*. The inequality then follows from
Proposition B4l applied to S = §P, and Proposition 28 applied to S. a

In view of this observation the following definition makes sense.

Definition 5.8. The space v(H, E) is defined as the closure in v*°(H, E) of
all finite rank operators. The operators in v(H, E) are called y-radonifying.

By definition, v(H, E) is a Banach space with respect to the norm inherited
from v*°(H, E). For notational simplicity, for R € v(H, E) we shall write

1Bl a1,y = 1 Bllyoe o,y

and more generally || B[, m,5) = || R,z m,p) for 1 <p < oo.

A bounded operator is compact if the image of the unit ball is rela-
tively compact. Every y-radonifying operator R is compact: if lim,,—, || Ry —
R|(m,Ey = 0 with each R,, of finite rank, then lim,, . ||R,, — R|| = 0 and the
claim follows since each R,, is compact. Here we use that the uniform limit of
a sequence of compact operators is compact.

Without proof we mention the following theorem, which rephrases a fa-
mous result due to HOFFMANN-JORGENSEN and KWAPIEN on the almost sure
convergence of random sums whose partial sums are almost surely bounded.

Theorem 5.9 (Hoffmann-Jorgensen and Kwapien). Let H be an infin-
ite-dimensional Hilbert space. For a Banach space E the following assertions
are equivalent:
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1.y*(H,E) =~(H, E);
2. E does not contain a closed subspace isomorphic to cg.

An explicit example of an operator which is ~-summing but not ~-
radonifying is the multiplication operator R : [? — ¢y defined by

R((om)its) = (om/+/log(n + 1))7L,

The proof of this statement depends on some subtle estimates for Gaussian
sums and is omitted.

As an immediate consequence of Definition B8 every R € ~(H, FE) is
‘supported’ on a separable closed subspace of H:

Proposition 5.10. If R € v(H, E), then (ker(R))* is separable.

Proof. Suppose that R = lim,,_,o, R, in y(H, F) with each R,, of finite rank,
say R,h = Z?;l [h, hjnlxjn. Let Hy denote the closed linear span of all vectors
hjn, n > 1,1 < j < ky. Then Hy is separable and if h 1 Hy, then R,h =0
for all n > 1 and consequently Rh = 0. a

The ideal property of v*°(H, E) carries over to v(H, E):

Proposition 5.11 (Ideal property II). Let R € v(H,E). If H' is another
Hilbert space and E' another Banach space, then for all T € £ (H',H) and
Ue Z(E,E") we have URT € v(H',E") and for all 1 < p < 0o we have

WURT ||y, a5y < WU Ry, I T1]-
Proof. If R is of finite rank, then also URT is of finite rank. Moreover if
limy, oo Ry = R in 7°(H, E), then |[U(R — Rn)THV;o(H/)E/) < U IR -
Rullyee(m,m)||T|| and therefore URT € ~(H’, E'). The estimate follows from
the corresponding estimate for the y-summing norms. a

We mention a simple but useful application.

Proposition 5.12 (Convergence by right multiplication). If H; and H
are Hilbert spaces and S1, S, ... and S are operators in £ (Hy, H) satisfying

(1) supy,>1 [[Sall < oo,
(2) S*h = limy,—oo SEh for all h € Hy,

then for all R € v(Ha, E) we have lim,_,oo RS, = RS in y(H1, E).
Proof. By the estimate ||RT|yq, . 5) < || Ryt 5)||T|| for T € £ (Hy, Ha)
and (1), it suffices to consider finite rank operators R € (Ha, E). Fix such

an operator, say R = 2%21 R, @ 2, and let (hy)%_; be orthonormal in Hj.
Then, by the triangle inequality in L?(2; E),
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1

(E] 3 s sum ') = (2] 32 it = it i)’

m=1 j=1
M k 2 %

(B D2 8"t = Sittashil] ) Nl
m=1 j=1

1

k
SIS bl = it 1))
j=1

qu

m=1
M
15" b, = Syl ||
m=1
Hence,
1B(S = Sn)lly(a. ) < Z 15" ey = Si b [ @m -
By (2), the right hand side tends to zero as n — cc. O

Here is a simple illustration:

Ezample 5.13. Consider an operator R € v(H, E) and let (h,,)2%; be an or-
thonormal basis for (ker(R))*. Let P, denote the orthogonal projection in H
onto the span of {hi,...,h,}. Then lim, .o RP, = R in v(H, E).

Proposition 5.14 (Measurability). Let (A, o/, u) be a o-finite measure
space and H a separable Hilbert space. For a function & : A — ~(H,E)
define ®h : A — E by (Ph)(t) := P(t)h for h € H. The following assertions
are equivalent:

(1) @ is strongly p-measurable;
(2) @h is strongly p-measurable for all h € H.

Proof. Tt suffices to prove that (2) implies (1). If (h,)$2 is an orthonormal
basis for H, then with the notations of the Examplel for all £ € A we have

n

O(¢) = lim $(€)P, = lim [, hjb(E)hy,

n—oo "
j=1

with convergence in the norm of v(H, E). O

We proceed with the main result of this section which states, loosely speak-
ing, that an operator is y-radonifying if and only if it maps orthonormal se-
quences into y-summable sequences.

Theorem 5.15. If H is separable, then for an operator R € £ (H,FE) the
following assertions are equivalent:
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(1) R e~(H, E);

(2) for all orthonormal bases (hy,)$2y in H and all 1 < p < oo the sum
> oo Yn Rhy, converges in LP(§2; E);

(3) for some orthonormal basis (hy,)52; in H and some 1 < p < 0o the sum

>0 Yn Rhy, converges in LP((2; E).

In this situation, the sums in (2) and (3) converge almost surely and define
an E-valued Gaussian random variable with covariance operator RR*. For all
orthonormal bases (hn)S>, of H and 1 < p < 0o we have

IR, 1,y = B 2o
n=1

Proof. (1)=(2): Fix R € v(H,E) and 1 < p < o0, and let (h,)52; be an
orthonormal basis of H. Let P,, denote the orthogonal projection in H onto
the linear span of {hy, ..., h, }. By Proposition BT we have lim,, .o RP, = R
in y(H, E), and by Proposition i for all m < n we have

H Z Vi Rh; H = |RP, — RPn, ||7 (H.E)
J=m+1

Since the right-hand side tends to 0 as m,n — oo, this proves the convergence
of the sum ) ° | v, Rh,, in LP({2; E).

(2)=-(3): This implication is trivial.

(3)=(1): With the notations as before, by Proposition [0 we have

m,n— oo m.,n*»oo

n p
lim ||RP, — RPy|” p = lim IEH 3 ijth =0
j=m+1

It follows that (RP,)22; is a Cauchy sequence in y(H, E). It limit equals R,
since lim,, ..o RP,h = Rh for all h € H.

This proves the equivalence of (1), (2), (3) as well as the final identity. The
almost sure convergence in (2) and (3) follows from the It6-Nisio theorem. O

We are now ready to characterise Gaussian covariance operators in terms
of ~v-radonifying operators.

Theorem 5.16. Suppose Q € L (E*,E) and R € £ (H, E) satisfy Q@ = RR*.

The following assertions are equivalent:

(1) Q is a Gaussian covariance operator;

(2) Re~(H,E).

If X is an E-valued random variable with covariance operator @, then
EIX|P =R

o (H,E)? 1<p<oo.
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Proof. (1)=(2): Let X be E-valued Gaussian with covariance Q. By Theorem
the Hilbert space Hy is separable, and from the identities E(X,z*)? =
(Qx*,z*) = || R*x*||? it follows that the mapping jx : (X, x*) — R*z* extends
uniquely to an isometry from Hy onto H := ran(R*).

Let (y,)5; be an orthonormal basis of Hx and put h,, := jx7,. Then
(hy)22, is an orthonormal basis of H. By the Karhunen-Loeve theorem (The-
orem BLT2) we have X =77 | v,ix7Vn, where ix : Hx — E is given by

ix(X,2*) = Qz* = RR*z* = Rjx (X, z*).

It follows that ix = Rjx, and therefore
Z'ynRhn = Z Yo RixVn = Z YnixYn = X. (5.1)
n=1 n=1 n=1

Let R denote the restriction of R to H. By the implication (3)=-(1) of Theorem
B3 we have proved that R € v(H,E). Since R = 0 on H+ = ker(R), we

have R = RP where P is the orthogonal projection from H onto H. From
Proposition BTl we infer that R € v(H, E).

(2)=(1): Using Proposition B0, let (h,)32; be an orthonormal basis of
the separable Hilbert space H = (ker(R))*. The E-valued random variable
X =3 YnRh, is Gaussian and has covariance operator RR* = Q.

The final identity follows from (BI) and Theorem B.T3 O

We continue with a domination result for y-radonifying operators.

Theorem 5.17 (Domination). Let Hy and Hy be Hilbert spaces and let
Ry € g(Hl,E) and Ry € X(H2,E) ]f

[Riz"|| < [[Roz™||  Va® € ET,
then Ry € v(Haz, E) implies Ry € v(Hy, E) and for all 1 < p < oo we have
IRy, e 2y < I R2lly, (1o, 1)

Proof. Put Hy = ran(R}) and H, = ran(R3%). By assumption, the mapping
j: Rix* — Rix* extends to a contraction from fNIQ to fll. For all hy € fll
and z* € E* we have (Ryj*hy,z*) = [h1, jR3x*] = [h1, R{z*| = (Rih1,2%).
Hence Ryj*P = Ry, where P is the orthogonal projection of H; onto fll, and
the result follows from Proposition 2Tl O

Corollary 5.18 (Covariance domination). Let X; and Xo be E-valued
Gaussian random variables satisfying

E(X1,2%)? < B(Xo,2")?  Va* € B
Then, for all 1 < p < oo,
E[X1]” < Ef Xzl
Proof. Combine Theorems B.T6 and B2T7 O
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5.3 Examples of ~-radonifying operators

For certain range spaces, a complete characterisation of v-radonifying oper-
ators can be given in non-probabilistic terms. The simplest example occurs
when the range space is a Hilbert space.

Theorem 5.19 (Operators into Hilbert spaces). If E is a Hilbert space,
then R € v(H, E) if and only if R € £ (H, E), and in this case we have

IRl (z,B) = |1 Rl 221, )-

Here, % (H, E) denotes the space of all Hilbert-Schmidt operators from H
to F, that is, the space of all operators T € £ (H, E) such that

N
IT 1%, (11,5 = sup Y | Tha|* < o0,

n=1

where the supremum is taken over all orthonormal systems (h,))_; in H.

2
Proof. The identity IEH 27]:’:1 ”ynRhn’ = 21]:[:1 | Rh.,||? establishes an iso-

metric isomorphism y*°(H, E) ~ % (H, E), and by the theorem of Hoffmann-
Jorgensen and Kwapienn we have v°(H,E) = ~(H, E). Note that if E is
separable and (h,)22; is an orthonormal basis of H, then ||T||f%(H B =

>0 IThy||?; the theorem of Hoffmann-Jorgensen and Kwapien is not needed
in this case. O

In what follows we shall use the notation A =, B to express the fact
that there exist constants 0 < ¢ < C' < oo, depending only on p, such that
cA < B < CA. The notation A <, B has a similar meaning.

The next result shows that an operator from a separable Hilbert space
into an LP-space is vy-radonifying if and only if it satisfies a square function
estimate.

Theorem 5.20 (Operators into LP-spaces). Let (A, </, u) be a o-finite
measure space, let H be a separable Hilbert space, and let 1 < p < oco. For an
operator R € £ (H,LP(A)) the following assertions are equivalent:

(1) R € y(H, LP(A));

(2) For all orthonormal bases (hy)32y of H the function (Yo", |Rhy|?)
belongs to LP(A);

(3) For some orthonormal basis (hy)52y of H the function (Yo", [Rhy|?)
belongs to LP(A).

[SE

=

In this case we have ||R|lym,ea)) ~p ||(Xoney |Rhn|2)%H'
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Proof. Applying the identity ZQLM len|? = E| ES:M cnYn|? with ¢, = £ (8),
& € A, then applying the scalar Kahane-Khintchine inequality, then Fubini’s
theorem, and finally the Kahane-Khintchine inequality in LP(A), for all M <
N and fu, ..., fn € LP(A) we obtain
2y 1 N 1
) (B 3= s )’
n=M P

N 1 N
IS 1) ] o 5
n=M n=M
N P i N 2\ 3
- (]EHng%fn LP(A)) ~p (EHH_ZM%J[" p) '

The equivalences (1)< (2), (1)<(3), and the final two-sided estimate now
follow by taking f,, := Rh,,, where (h,,)52; is an orthonormal basis of H. O

~p
P

Here is a neat application:

Corollary 5.21. Let (A, 7, 1) be a finite measure space and H a separable
Hilbert space. For all T € Z(H,L>*(A)) and 1 < p < oo we have T €
~(H,L?(A)) and

Tl m,zecay) Sp 1T )| 2o, (a))-

Proof. Let (h,)22, be an orthonormal basis of H. Fixing N > 1 and ¢ € RV,
for p-almost all £ € A we have

oo

N N
| enmm@] < | X enthe

N
<IT )z ap || 32 enhn| = 1Tl .00 cay el
n=1

Taking the supremum over a countable dense set in the unit ball of RY we
obtain the following estimate, valid for p-almost all £ € A:

1

N ES
(S 1TR)©P)" <IN 2 (-
n=1

Now apply Theorem O

Every f € LP(A; H) defines a bounded operator Ry € .Z(H,L"(A)) by

putting
(th)(f) = [f(€), hl, €A heH.

The next result shows that Ry € v(H, LP(A)), and that every R € v(H, LP(A))
is of this form; this gives an alternative description of v(H, LP(A)). For later
use it will be useful to formulate this result in a more slightly more general
form. The isomorphism ~(H, LP(A)) ~ LP(A; H) is obtained in the special
case I/ = R in the next theorem.
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Theorem 5.22 (y-Fubini isomorphism). Let (A, %, u) be a o-finite mea-
sure space, let H be a Hilbert space, and let 1 < p < oo. The mapping
U:LP(A;~v(H,E)) —» Z(H,LP(A; E)) defined by

(UHR)E) == f(&h,  £€A heH,
defines an isomorphism U of LP(A;~v(H, E)) onto v(H,LP(A; E)).

Proof. Let f € LP(A;v(H,E)) be a simple function of the form f =
ZM 14,, ® Uy, where the operators U, are of the form 25:1 hn @ Tonn

m=1
for some orthonormal systems {hi,...,hy} in H. Let H be the span of
{h1,...,hy}. Using Corollary BEH, Lemma BT, the Kahane-Khintchine in-
equalities, and Fubini’s theorem we obtain

||Uf||v(H LP(AE)) — HUfH (H,L?(AE))

1 N
= (= HZ% LRI CHRACE
1 N
= ([ Sl ) =0 (], S
= ([ ) = ([ 17 du)%

= ”f”Lp(AW(ﬁE HfHLP A;v(H,E))-

N
B )
Lr(AE)

2)% du)%

Since the simple functions f of the above form are dense, these estimates imply
that U extends to an isomorphism of L?(A;y(H, E)) onto a closed subspace of
~v(H, L?(A; E)). To show that this operator is surjective it is enough to show
that its range is dense. But

N K K N
U(3 10 (e o)) = 3o ne (31, a0
n=1 k=1 k=1 n=1
for all A,, € & with u(A,) < oo, orthonormal hq,...,hx € H, and arbitrary
Zkn € E. The elements on the right hand side are dense in y(H, LP(A; E)). O

The final example is important in the theory of Brownian motion.

Theorem 5.23 (Indefinite integration). The operator Iy : L?(0,T) —
C10,T) defined by

(I f)(t /f s, feL*0,T), tel0,T],

is y-radonifying.

A proof is outlined in Exercise Bl
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5.4 Exercises

1.

Let 1 < p < oo. Determine for which scalar sequences a = (ay)52; the
diagonal operator wu, — a,u, defines a y-radonifying operator from 2 to
I?. Here u, = (0,...,0, 1 ,0,...) is the n-th unit vector.

n-th entry

Hint: Apply Theorem

Let (h,)$2, be a Hilbert sequence in a Hilbert space H, that is, there
exists a constant C' > 0 such that for all scalars aq,...,an,

N N 1
HZanhn §0(2|an|2)2.
n=1 n=1

Show that if R € v(H, E), then > | v, Rh,, converges in L?({2; E) and

B[ Y B,
n=1

2
< C*RIZ w1y

(1) Let (A, o, i) be a o-finite measure space and define ¢ : A — v(H, E)
by @ := ¢®@U, where ¢ € L?(A) and U € v(H, E). Prove that the operator
Rg : L*(A;H) — E,

Rofi= [ §OF€) du©) = [ o(©UE) du(e)
A A
belongs to v(L%(A; H), E) with norm
| Ra |l L2z, ) = 9l L2a) U1y (o1, 1)

(1) Let again (A, <7, 1) be a o-finite measure space. For p-simple functions
¢:A— v(H,E) we define Ry : L?(A) — E by

Ryf = /A () F(€) du(€).

By the previous exercise, Rg € v(L?(A; H), E).

a) Prove that if F has type 2, then the mapping @ — Rg has a unique ex-
tension to a continuous embedding L?(A;v(H, E)) — ~(L*(4; H), E).
Hint: Consider simple functions whose values are finite rank opera-
tors.

b) Prove the following converse for H = R and A = (0, 1): if the mapping
¢ — Ry, defined for simple functions ¢ : (0,1) — E, extends to a
bounded operator R from L?(0,1; E) to v(L?*(0,1), E), then E has
type 2.

Hint: Consider step functions.
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Examples of Banach space with type 2 are Hilbert spaces and LP-spaces
for 2 < p < oo (see Exercise BIH]).

Remark: The following ‘dual’ result also holds, with a similar proof: if £
has cotype 2, then the mapping Ry — @ is well defined and has a unique
extension to a continuous embedding v(L?(A; H), E) — L?(A;~v(H, E)).
Conversely, if the mapping R4 — ¢ extends to a continuous embedding
v(L?(0,1), E) — L*(0,1; E), then E has cotype 2.

5. We present a proof of Theorem due to CIESIELSKI. Another proof
will be outlined in the next lecture.
Without loss of generality we take T'=1 and set I = I, =: I.

a) Let v be a standard Gaussian variable. Prove that

2 1.2
P >t} < e 2!
{|7| }\ t\/ﬁ
b) Let (7,)22; be a Gaussian sequence. Use a) and the Borel-Cantelli
lemma to prove that for any o > 1, almost surely we have

|vn] < v/2alog(n + 1)

for all but at most finitely many n > 1.
The Haar basis of L*(0,1) is defined by hy =1 and hy, := ¢, for n > 2,
where n = 29 + k with j =0,1,2,... and k=1,...,27, and
—9i/2q

o —9i/2q o B )
NN DRRNC

¢) Prove that (h,)2%, is an orthonormal basis for L?(0,1).

d) Prove that, almost surely, the sum Y > | v, (Ih,)(t) converges abso-
lutely and uniformly with respect to ¢ € [0, 1].
Hint: Use b) together with the observation that for all j > 0 and
t €10,1], we have I¢;(t) = 0 for all but at most one k € {1,...,27}
and that for this k we have 0 < T (t) < 277/27 1.

e) Combine d) with Theorem BETH and the final assertion of the It6-Nisio
theorem to deduce that I is y-radonifying from L2(0,1) to C[0, 1].

Notes. The class of y-summing operators was introduced by LINDE and
PiETScH [0]. A detailed study of v-summing operators is presented in DI-
ESTEL, JARCHOW, TONGE [35, Chapter 12|. The notion of a v-radonifying
operator is older and has its origins in the work of GrRoss [43]. Frequently
H is assumed to be separable and the equivalent conditions (2) and (3) of
Theorem [.TH are taken as the definition of a y-radonifying operator.

To explain the name ‘y-radonifying’, let us first introduce some termi-
nology. A probability measure y on a topological space E is called a Radon
measure if for all Borel sets B C E and € > 0 there exists a compact subset
K C B such that pu(B\ K) < e. If u is the distribution of a random variable
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with values in a Banach space F, then u is a Radon measure on F; this can
be deduced from Proposition Z3 and some additional thought. Now Theorem
BET6 can be interpreted as saying that a bounded operator T : H — E is
y-radonifying if and only if it maps the finitely additive standard Gaussian
measure v (see the discussion in the Notes of Lecture Hl) to a Radon measure
w on E (viz., the Gaussian measure p with covariance operator TT*).

In some sense, the class of y-radonifying operators is the Gaussian ana-
logue of the class of p-absolutely summing operators, a fact with indicates
its importance from the point of view of Banach space theory. The interme-
diate notion of p-radonifying operators has been studied thoroughly by the
French school. We refer to VAKHANIA, TARIELADZE, CHOBANYAN [I005] for
more information and references to the literature.

The 7-Fatou lemma is essentially due to KALTON and WEIS [58]. The
authors used y-radonifying norms to extend certain results in spectral theory
involving square functions to the Banach space-valued setting. Propositions
and B4 are taken from [83].

Without proof we mention the following result, essentially due to NEID-
HARDT [85], which can be proved using Prokhorov’s theorem (Theorem EZT9)
and a Anderson’s inequality (see the Notes of Lecture H):

Theorem 5.24 (y-Dominated convergence). Suppose (T,,)22, is a se-
quence in L (H,E) and assume that there exist R € vy(H,E) and T €
Z(H,E) such that for all x* € E* we have:

() T35z < [[R*z”],
(2) imy oo Tx* = T*2* in H.

Then T € v(H, E) and lim,,_,oo To, = T in the norm of v(H, E).

The main idea is as follows. If 2 is a family E-valued Gaussian random
variables whose covariances are dominated by R in the sense of (1), then by
using Anderson’s inequality it can be shown that 2" is uniformly tight, and
Prokhorov’s theorem can be applied.

The square function characterisation of ~-radonifying operators into LP-
spaces of Theorem is taken from [K1]. For p = 2, Corollary BZ]] asserts
that every bounded operator from H to L?(A), with (A, <7, ;1) a finite measure
space, is Hilbert-Schmidt. In its present form, the corollary was suggested to
us by HAASE. A related result is contained in [§1]; see also [T06, Lemma 8.7.2].
The ~-Fubini isomorphism is taken from [83].

Exercise @ is from [4]. Exercise Bl goes back to HOFFMANN-JORGENSEN
and PisiER 9] and RosINSKI and SUCHANECKI [96]. In its present form it
was noted in [84]. From KwAPIEN’s theorem (see the notes of Lecture Bl and
Exercise Hl) we deduce that the mapping ¢ — R, induces an isomorphism of
Banach spaces

L*(0,1; E) ~ v(L*(0,1), E)

if and only if F is isomorphic to a Hilbert space.
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The proof of Theorem 23 sketched in Exercise His due to CIESIELSKI. He
used the uniform convergence of the sum Y-, v,Irh, to give an elementary
proof that a Brownian motion admits a version with continuous trajectories;
we return to this point in the lext lecture. According to Theorem BETH, the
operator IrI3 is the covariance of a Gaussian measure w on C[0,T], the so-
called Wiener measure. A straightforward computation shows that

T
Iri5,.0) = [ 1O du(s) = minfs.t), st € 0.7

Here 6, and §; are the Dirac measures concentrated at s and t. We refer to
the textbook of STEELE [99] for a discussion of CIESIELKI’s result as well as
some of its ramifications.
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Stochastic integration I: the Wiener integral

The hard work in the previous lectures will pay off in this lecture, which is
devoted to stochastic integration. In view of future applications to stochastic
Cauchy problems we shall consider a setting where the integrands take values
in the space of operators Z(H, E), where H is a Hilbert space and FE a Banach
space, and the integrator is a H-cylindrical Brownian motion on a probability
space (£2,.7,P). It is advisable, however, to keep in mind the special case
H = R which concerns the stochastic integration of E-valued functions with
respect to a real-valued Brownian motion (cf. Corollary BIX).

In this lecture we only consider stochastic integrals of functions & :
(0,T) — Z(H,E); such integrals are sometimes called Wiener integrals.
The more delicate problem of stochastic integration of stochastic processes
$: (0, T)x 2 — Z(H, FE) will be considered later on in this course. The theory
developed in the present lecture suffices for applications to linear stochastic
evolution equations with additive noise, which is the topic of the next couple
of lectures.

6.1 Brownian motion

An E-valued stochastic process (briefly, an E-valued process) indexed by a
set I is a family of E-valued random variables (X (4));c; defined on some
underlying probability space (£2, %#,P).

Definition 6.1. An E-valued process (X (i))ier is called Gaussian if for all
N > 1 andiy,...,iy € I the EN -valued random variable (X (i1),..., X (in))
is Gaussian.

6.1.1 Brownian motion

We start with the definition.
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Definition 6.2. A real-valued process (W (t))¢cjo, 1) is called a Brownian mo-
tion if it enjoys the following properties:

(i) W(0) = 0 almost surely;
(i) W(t) — W(s) is Gaussian with variance t — s for all 0 < s <t <
s

T;
(iil) W (t) — W(s) is independent of {W(r): 0<r <s} forall0<s<t<T.

In some texts, Brownian motions are called Wiener processes.
Proposition 6.3. Every Brownian motion is a Gaussian process.

Proof. Fix ty,...,ty € [0,T]. By independence, the R"V-valued random vari-
able (W(t1), W(t2)—W(t1), ..., W(tn)—W (tn-1)) is Gaussian, and the ran-
dom variable (W (t1),...,W(tn)) is obtained from it under the linear trans-
formation (p1,...,pn) — (p1,p1 + p2,---sp1 + -+ pN)- O

Here is a simple way to recognise Brownian motions:

Proposition 6.4. A real-valued Gaussian process (W (t))iejo,1) i a Brownian
motion if and only if

E(W (s)W(t)) = min{s,t} V0 < st < T.

Proof. Let us first prove the ‘if” part. Property (i) follows from E(W (0))? = 0.
To prove (ii) let 0 < s <t < T. Then

E(W(t) — W(s))> =t —2min{s,t} + s =1t — s.

For (iii) we must prove that W (¢)—W (s) is independent of (W (r1), ..., W(ry))
whenever 0 < 71,...,7xy < s < t < T (cf. Definition B4l). Noting that
(W(r1),...,W(rn)) is the image of (W (r1), W(r2) — W(r1),...,W(ry) —
W (rn_1)) under a linear transformation, it suffices to prove that W(t)—W(s)
is independent of (W (ry), W(re) — W(r1),...,W(rn) — W(rn-1)). For this,
in turn, it is enough to check that the random variables W (ry), W(rs) —
W(ry),...,W(rn)—W(ry—1), W(t) — W(s) are independent. By Proposition
10, all we have to check is their orthogonality in L?(§2). But this follows
from a simple computation using E(W (s)W (t)) = min{s,t}.

To prove the ‘only if” part let (W (t)):epo,77 be a Brownian motion. Then
foral 0 <s<t<T,

2E(W (s)W(t)) = EW (s)*> + EW (t)> —E(W(t) — W(s))?
=s+t—(t—s)=2s=2min{s,t}. 0

In order to prove the existence of Brownian motions it will be helpful to
introduce the notion of an isonormal process.
Let 52 be a Hilbert space with inner product [, -].
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Definition 6.5. An #/-isonormal process on {2 is a mapping W : H —
L2(02) with the following two properties:

(i) For all h € S the random variable #'h is Gaussian;
(11) For all h,l, hy € JC we have E(Whl . Whg) = [hl, hg]

From (ii) it follows that for all scalars ¢1, co and all hq, he € S one has
E(W(Clhl + Cghg) - (01W(h1) + CgW(hg)))2 =0.

As a consequence, .#-isonormal processes are linear. By linearity we have
SN e hn =W (XN, enhn), which shows that for all 2y, ..., hy € A the
R~ -valued random variable (# hy,...,# hy) is Gaussian. Stated differently,
(W h)nen is a Gaussian process.

Example 6.6. If 5 is a separable Hilbert space with orthonormal basis
(hp)22; and (7,)2%; is a Gaussian sequence, then #'h := Y >°  v,[h, hy]
defines an JZ-isonormal process # . The verification is an easy exercise.

The next theorem provides the existence of Brownian motions:

Theorem 6.7. If # is an L?(0,T)-isonormal process, then W (t) := W10,
defines a Brownian motion on [0, T)].

Proof. By the observation preceding Example B8, (W (t)):co, 1) is a Gaussian
process. Since it satisfies E(W (s)W (t)) = [1j0.5), 1j0,4]22(0,7) = min{s, ¢}, it is
a Brownian motion by Proposition [ O

The Brownian motion constructed in Theorem is given explicitly by
oo fo%s) +
W(t) = ynlhn, Log] = Z%/ hn(s) ds, (6.1)
n=1 n=1 0

where (7,)52; is a Gaussian sequence and (hy,)32; is an orthonormal basis
for L2(0,T). This formula gives a profound connection between Brownian
motions and the integration operator Iz : L?(0,T) — C[0,T] of Theorem
We return to this point in Exercise

So far, we have never worried about the distinction between a pointwise
defined random variable X : 2 — FE and its equivalence class modulo null
sets. When considering stochastic processes (X (4));cr, however, one is often
interested in properties of the trajectories i — X (i,w) := (X (i))(w), where
w € §2. Of course these are well-defined only if the X (i) are defined pointwise.
Since random variables are often given only as equivalence classes (for in-
stance, when they are constructed as elements of LP(§2; E)), one is confronted
with the problem of selecting, for each ¢ € I, a pointwise defined representa-
tive of X (i). The question then arises whether these representatives can be
chosen in a way that the trajectories have ‘good’ properties.

This discussion leads naturally to the following definition.
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Definition 6.8. Two (pointwise defined) processes X = (X (i))ies and X =
(X (i))ier are versions of each other if for all i € I we have X (i) = X (i)
almost surely.

Stated differently, X and X are versions of each other if and only if X (i)
and X (i) define the same equivalence class for each i € I. From now we shall
tacitly assume that processes are always pointwise defined.

The next result, due to KOLMOGOROV, gives a sufficient condition for the
existence of a (Holder) continuous version of an E-valued process (X (t)):e[o,77-

Theorem 6.9 (Kolmogorov). Let (X (t))ic(o,r) be an E-valued process on
2 with the property that there exist real constants C > 0, a > 0, 8 > 0, such
that

E||X(t) - X(s)|*<Ct—s)"  VO<s<t<T.
Then for all0 < v < g, X has a version X with Holder continuous trajectories
of exponent vy, that is, for all w € 2 there is a constant é(w) > 0 such that

1X(t,w) — X(s,w)|| <CW)|t —s]Y  VO<s,t<T.

Proof. We may assume that 7" = 1 for notational simplicity. For j = 0,1, ...
put

Yii= sup [ Xgp1)2-s — Xposll-
0<k<2i—1
Clearly,
2]_1 . . .
EY? < Y Bl X(r1y2-s — Xpas|* <27 - 27T = 02787,
k=0

Set Dj :={k277: k=0,...,27—1}and D := U;ioDj-Fin >0ands,t € D
satisfying |t — s| < 277. For each n > 0 let s,, and t,, be the largest elements
in D,, such that s, < s and t,, < t. Then either s, = t,, or [t, — s,| = 27"
Similarly, sp4+1 — s, and t,4+1 — t, can only take the values 0 or 9= (n+1),
Moreover, eventually s, = s and t,, = t. Hence,

10 = Xl < U, = X+ 3 1K, = Ko+ S 1Koy — X
n=j n=j

o0

<Y +2 i Y, <2 Yo,
n=j+1 n=j

were all sums are actually finite. Fixing 0 < vy < g we obtain
Z =sup{|| Xy — X;||/It —s|”: s,t € D, s#t}

gsup{2(j+1h sup |1 X: — X5l : s, t €D, s;ét}
520 2-G+D) < |t—s|<2—

<sup (20“)7 2 Yn) <INy
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In case a > 1, the triangle inequality in L¥(2) gives

(EZ%)= <2771 20m(EY) s <207 ) 2m(c2 e,

n=0 n=0

which is finite since we assumed that v < 8/a. For 0 < o < 1 we reason
similarly, replacing the triangle inequality by the inequality (3,7 |cn])® <
oo o len|®. In either case, it follows that Z < co almost surely.

In particular, almost surely X is uniformly continuous on D. On the set
{Z < oo} we define X; = limssag X, and on the remaining null set we set

X, := 0. The process X thus obtained has Holder continuous trajectories of
exponent 7. By Fatou’s lemma and the assumption of the theorem, for all
t € [0, 1] we have X; = X; almost surely. Therefore X is a version of X. O

Corollary 6.10. Every Brownian motion has a version with Hélder continu-
ous trajectories for any exponent vy < %

Proof. From E|W(t) — W(s)|> = |t — s| and Exercise [ (or the Kahane-
Khintchine inequality), for k = 1,2, ... we obtain the estimate

E[W (1) = W (s)|** = Cilt — 5|,

and the result follows from Kolmogorov’s theorem upon letting k — co. O

6.1.2 Cylindrical Brownian motion
Let H be a Hilbert space with inner product [-, -].

Definition 6.11. An H-cylindrical Brownian motion on [0,T] is a family
(Wr (t))iepo,r) of mappings from H to L*(£2) with the following properties:

(i) Wu(t)h)epo, is a Brownian motion for all h € H;
(ii) for all 0 < t1,t2 < T and hy, ha € H we have

E(WH (tl)hl . WH(tQ)hg) = min{tl, tg}[hl, hg]

As before, the mappings h — Wy (t)h are linear and the random variables
(Wi (ti)hi), ..., Wg(ty)hy) are Gaussian.

Example 6.12. We give two constructions of H-cylindrical Brownian motions.

(1) If # is an L?(0, T; H)-isonormal process, then
WH(t)h = W(1[07t] X h)

defines an H-cylindrical Brownian motion (W (t)):eo,77-



78 6 Stochastic integration I: the Wiener integral

(2) If (W), is a sequence of independent Brownian motions and H is a

separable Hilbert space with orthonormal basis (h,)%2 , then
Wi (t)h =Y W (1)[h, by
n=1

defines an H-cylindrical Brownian motion (Wg(t)):eo,77-

The easy proofs are left as an exercise.

Remark 6.13. Let H = L?(D), where D is an open subset of R?. An L2?(D)-
cylindrical Brownian motion provides the mathematical model for ‘space-time
white noise’ on D x [0, T]. This explains why H-cylindrical Brownian motions
appear naturally in the context of stochastic partial differential equations. We
will return to this in later lectures.

6.2 The stochastic Wiener integral

After these preliminaries we turn to the problem of defining a stochastic in-
tegral of suitable functions @ : (0,7) — £(H,E) with respect to an H-
cylindrical Brownian motion Wy

For an £ (H, E)-valued step function of the form &(t) = 144 ® (h ® )
with 0 < a <b<Tand h € H, x € E, we define the random variable

[ @AWy € L*(£2; E) by

T
/O B AWy = (Wi (W)h — Wi (a)h) @ o

and extend this definition by linearity to step functions with values in the
finite rank operators in Z(H, E); such functions will be called finite rank
step functions. In order to extend the stochastic integral to a broader class
of Z(H, E)-valued functions, just as in the classical scalar-valued theory we
shall compute its square expectation.

We make the preliminary observation that any step function @ : (0,7) —
% (H, E) uniquely defines a bounded operator Re € Z(L?(0,T;H), E) by
the formula

T
Rofi= [ @@f(d. e L*0.7:8),
0
Theorem 6.14 (Ité6 isometry). For all finite rank step functions @ :

(0,T) — Z(H,E) we have Ry € v(L?(0,T; H), E), the stochastic integral
fOTédWH is a Gaussian random variable, and

T 2
EH/O @dWHH :HR@’”%(LQ(O,T;H),E)'
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Proof. Let @ == Y0 1 1y @ U, with 0 < tg < -+ < t, < T and
the operators U,, € .Z(H, E) of finite rank. It is an easy exercise in linear
algebra to check that there is no loss of generality in assuming that U,
ZJ 1 hj ® xjn, where the vectors hy,...,hy € H are orthonormal (and do
not depend on n). Since Rg is of finite rank, it belongs to v(L?(0,T; H), E).
Put ¢, := cnl(,_, +,), where the normalising constant ¢,, := 1/y/&, — t,—1

assures that the functions ¢q,...,¢x are orthonormal in L2(0,7T"). The se-
quence (¢, ® hj)1<j<k is orthonormal in L?(0,7; H), and from Lemma B
1<n<N

we obtain that

2
| Rall2 2oz = | Y2 D vinRa(on @ hy)|
j=1n=1
2
—F ZZ%"/ cnl(tnfl,tn)(t)UnhjdtH
Jj=1n=1
2
=E ZZ’Y]n tyn n 1Tjn||
j=1n=1

where (v;n) 1<j<k 1s a Gaussian sequence. On the other hand,
1<n<N

k N 2
EH/ cI)dWHH = E|| 30 3" (Wit (ta)hy = Wir(tuma)y) © 2

J 1

= I
-
Il

M= I

2

Wy(tn)h; — Wy (tn_1)h;
1 (tn)hj = Wa(tn-1)hj =

tn - tn—l

=
j

Putting 7}, := (Wu(tn)h; — Wa(tn-1)h;)//tn — tn—1, the desired 1dent1ty

now follows since (7},,) 1<j<r 18 a Gaussian sequence.
1<n<N

Il
-

1n

As a consequence, the linear mapping J:‘;V " Rp — fOT@dWH uniquely
extends to an isometric embedding

JYH y(L2(0,T; H), E) — L*(2; E).

Accordingly, the stochastic integral of an operator R € ~(L*(0,T;H), E)
can be defined as J;V H(R). In order for this to be useful we need a way
to recognise those £ (H, E)-valued functions which ‘represent’ an operator in
v(L*(0,T; H), E). To this problem we turn next.

For a function @ : (0,7) — £(H, E) and elements h € H and z* € E*
we define ®h : (0,T) — E and &*z* : (0,T) — H by (Ph)(t) := &(t)h and
(@*2*)(t) := &*(t)z* (where of course &*(t) := (P(¢))*).
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Definition 6.15. A function @ : (0,T) — Z(H,E) is said to be stochas-
tically integrable with respect to the H-cylindrical Brownian motion Wy if
there exists a sequence of finite rank step functions &, : (0,T) — L (H, E)
such that:

(i) for all h € H we have lim,_,o, @, h = Ph in measure;
T

(ii) there exists an E-valued random variable X such that lim b, dWy =
n—oo 0

X in probability.

The stochastic integral of a stochastically integrable function & : (0,T) —
Z(H, FE) is then defined as the limit in probability

T T
0

n—oo 0

Three remarks are in order.

(a) Condition (i) means lim, . [{t € (0,T) : ||, (t)h —D(t)h| > r}| =0 for
all h € H and r > 0, where |B| denotes the Lebesgue measure of B.

(b) The stochastic integral is well defined in the sense that it is independent
of the approximating sequence.

(¢) From Theorem EETH it follows that the convergence in probability in condi-
tion (ii) is equivalent to convergence in LP(2; E) for some (all) 1 < p < cc.

In the special case E = R we may identify £ (H,R) = H* with H by the
Riesz representation theorem. Under this identification, Theorem BT reduces
to the statement that the stochastic integral of a step function ¢ : (0,7) — H
satisfies

T 2
B [ oawa] = 16lso.rim. (62)

From this it is immediate that a strongly measurable function ¢ : (0,7) — H
is stochastically integrable with respect to Wy if and only if ¢ € L?(0,T; H),
and the isometry (G2) extends to functions ¢ € L?(0,T; H).

Definition 6.16. A function @ : (0,T) — £ (H, FE) is called H-strongly mea-
surable if for each h € H the function ®h : (0,T) — E is strongly measurable.

By Theorem T4 and a limiting argument, we see that if a function @ is
stochastically integrable with respect to Wy, then the integral operator Rg
associated with @ is well-defined and y-radonifying. Interestingly, the converse
is true as well. These two statements are contained in the next theorem, which
is the main result of this lecture.

Theorem 6.17. Let Wy be an H-cylindrical Brownian motion. For an H-
strongly measurable function @ : (0,T) — £(H, E) the following assertions
are equivalent:

(1) @ is stochastically integrable with respect to Wy ;
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(2) @*z* € L?(0,T; H) for all x* € E*, and there exists an E-valued random
variable X such that for all x* € E*, almost surely we have

T
(X,:v*>=/ S " dWiy;
0

(3) @*x* € L*(0,T; H) for all z* € E*, and there exists an operator R €
¥(L?(0,T; H), E) such that for all f € L*>(0,T; H) and z* € E* we have

(Rf.a*) = / (@) (1), 27 dt.

If these equivalent conditions are satisfied, the random wvariable X and the
operator R are uniquely determined, we have X = fOTédWH almost surely,
and

T 2
EH/O gZSdWHH = IRI2 (L2(0.7:10), 5

In the situation of (3) we say that @ represents the operator R. Note that
condition (3) does not depend on the particular choice of Wy.

Proof. We shall prove the implications (1)=-(2)=(4)=(3)=-(1), where

(4) &*z* € L*(0,T;H) for all z* € E*, and there exists a 7y-radonifying
operator R from a Hilbert space H to E such that for all 2* € E* we have

192" | 2 0,710) < |1 R*2”|| -

(1)=(2): Let (2,)2,; be an approximating sequence of finite rank step
functions for ¢ and take X := fOTQPdWH. As we have already observed,
lim,, oo fy P dWp = X in L?(2; E). Hence,

T T
lim [ &z"dWy = lim < / o, dWH,x*> = (X, ")
0

n—oo 0 n—oo

in L2(£2), where the first identity is verified by writing out the definitions. By
the special case of the It6 isometry contained in (E2), the sequence (@ x*)°
is Cauchy in L2(0,T; H). Let f be its limit. Since lim,, oo (b, 2*) = (®h, z*)

in measure, it follows that f = ®*z* in L?(0,T; H). Once more by (G32),
T T
lim Oyt dWy = / D " dWx.
0

n—oo 0

(2)=(4): Let ix € v(Hx, E) be defined by #3)). Then, by {E2),

T T 9
| e iza=g| [ e awa| = 50xe)? < i
0 0
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(4)=(3): The formula

T
(Raf)(&") == / .8 (e ] dt, e L20.T-H), o € B,

defines a bounded operator Rg from L?(0,T; H) to E**. Once we know that
Rg maps L%(0,T; H) into E, Theorem BTAshows that Re € v(L?(0,T; H), E).

For the proof that Rg takes values in E we invoke Theorem By
assumption, for all A € H the function ®h is strongly measurable and the
functions (®h,x*) = [h,P*z*] are square integrable. It follows that ®h is
Pettis integrable. Therefore, for step functions f, the element Rgf € E** is
given by the Pettis integral fOT &(t)fdt in E. Thus, Rgf € E for all step
functions f : (0,7) — H. Since these functions are dense in L?(0,T; H), a
limiting argument implies that Rgf € E for all f € L?(0,T; H).

(3)=(1): We split the proof into three steps.

Step 1 - We begin by constructing an E-valued random variable X, which
will turn out later to be the stochastic integral fOT DAdWy.

By Proposition E-T0 there is a separable closed subspace .74 of L2(0,T; H)
such that Rf = 0 for all f € . Choose a separable closed subspace Hy
of H such that 5% C L?(0,T; Hp). Note that the range of R* is contained in
%, hence in L?(0,T; Ho).

Let (fm)%_; and (h,)%; be orthonormal bases for L2(0,7) and Hy,
respectively. The functions ¢, := fm ® h, define an orthonormal ba-
sis (Gmn)pen=1 for L*(0,T;Ho). By ([B2) the random variables vpn =

fOT Omn AW are standard Gaussian, and the linearity of the stochastic in-
tegral implies that they are jointly Gaussian. The orthonormality of the ¢my
implies that the 7,,, are orthonormal in L?({2), and therefore independent
by Proposition EET0} Thus we have shown that (7v,,,)5°,,_; is a Gaussian se-
quence. '

Put

m,n=1

This sum converges in L?(£2; E) by Theorem EIA Moreover, the identity
(Rbmn, ") = [@*2*, dmn|r2(0,7;1) implies P*2* = R*z* € L?(0,T; Hy) and

) T
<X7‘T*> = Z /O <R¢mn7x*>¢mndWH
e . (6.3)
=/O > (R, )¢mndWH:/O & dWy,

m,n=1

where the second identity follows from L2(0,T; H)-convergence and (f2).
Step 2 - Define the operators @y (t) € £ (H, E) by
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t)h —Zl(u or iy () RUih,
where U, € £ (H, L*(0,T; H)) is given by Ujxh := —k (u VT 4T

® h. Note
R %)

that RU;; € ~v(H, E) by the ideal property. Hence, each @k is an y(H, E)-
valued step function. The identity

2k (3
(Pr Z Lg-or Uo7 /_71” (D(t)h,x™) dt

shows that @, is obtained from ¢ by averaging. We will show that

(i) limg— oo Pxh = Ph in measure for all h € H,

(i) limg— oo fOT @ dWpgy = X in probability, where X is as in Step 1.

To prove (i) fix h € H and assume that ||h|| = 1. To get around the difficulty

that we cannot be sure that &h € L2(0,T; E) we do a trunction argument.
Fix an arbitrary e > 0. For r > 0 define S\") € .Z(L?(0,T; H)) by ST f :=

L{ja(t)n|<ryf- Using Proposition BT choose rg > 0 so large that

IR~ RS\ aran.m <& Ht € (0.T): [8()h— [ (D)) > <} <,

where £ (t) := Lja(t)hl|<ro}@(t)h. Since f(r0) € L?(0,T; E), by the proper-
ties of averaging operators (see Exercise Bl) we have

2" iT
2k [3E
(ro) — (ro) _ (ro)
flro khj}olo 1((J T it o /”,?T flrol(t)dt = hm . (6.4)
= 2

in L2(0,T; E), where £ .= 3% 1 wpr g RSTOUjeh.

j=1"+=pr
If s € (U 1)T,JT) then

1570 (s) =@k (s)B]| = |RSTOUjh—RU h|| < |R—RST |l (1201:m).5) < €

Hence,
{t € (0,T): [[@(t)h — Pr(t)hl| > 3}

Se+|{te0,T): |f001) — £ 1)) > e}
+{te (0,7): |If (1) — Su(t)hl] > e}
=+ [{te©.T): [fUx) — 17 > &}l.

Since € > 0 was arbitrary, (i) follows from (@) by letting k& — oo.
We continue with the proof of (ii). Put

T T
Xlz/ &y dWy, Xn:/ (@, — Bp_1) dWg for n > 2.
0 0
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We claim that the random variables X,, are independent. By the linearity
of the stochastic integral, the random variables X,, are jointly Gaussian and
therefore by Proposition LTl it suffices to check that E(X,,, z*)(X,,y*) =0
for m # n and a*,y* € E*. By (E2) and linearity, the expectation equals

T
/0 (5, (1) — B (), By — By (B)y7] dt

using the convention that &y = 0. By a direct computation using the proper-
ties of the averaging operators, this expression equals 0.

Put Sy =Y X, = fOT &y dWg. By [@3), [62), and the properties of
averaging operators, for all 2* € E* we have

A}EHOOEQ( — Sy, ") = A}gnoo |@%a" — ¢7V$*||2L2(0,T;H) =0
and therefore imy_,oo (Sn,z*) = (X, 2*) in probability. The It6-Nisio theo-
rem implies that limy_ Sy = X in probability.

Step 3— So far, we have found a sequence of v(H, E)-valued step functions
(9,)52, with the convergence properties as required in Definition T3 To
conclude the proof we approximate the values of the functions @,, by finite
rank operators. a

Corollary 6.18. A strongly measurable function ¢ : (0,T) — E is stochasti-
cally integrable with respect to a real-valued Brownian motion if and only if ¢
represents an operator R € v(L*(0,T), E).

As an application of Theorem E17 we have the following domination cri-
terion for stochastic integrability.

Theorem 6.19. Suppose that &1, P2 : (0,T) — L (H, E) are H-strongly mea-
surable functions, and assume that @5 stochastically integrable with respect to
the H-cylindrical Brownian motion Wy . If

T T
/ @5 (t)x* |2 dt < / | @5 ()™ ||* dt Va* e BT,
0 0

then &4 is stochastically integrable with respect to Wy, and for all 1 < p < oo

we have
T p T p
EH/ ¢1dWHH <IEH/ ¢2dWHH .
0 0

Proof. First note that by Theorem ET1 for all z* € E* the function ®5x*
belongs to L2(0,T; H). By (4) in the proof of Theorem [FI7 &, represents an
operator Ry € v(L?(0,T; H), E). In view of Riz* = ®52* we have

T
/0 103(1)2" 1% dt = | R3320,

Let Rg, € v(L%(0,T; H), E) denote the operator representing ¢; whose exis-
tence is assured by Theorem (3). The first assertion follows by applying
Theorem to @, and the LP-inequality follows from Corollary O
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6.3 Exercises

1. (!) Let v be Gaussian random variable with variance Ey? = q. Compute
E~y?* k=1,2,...

Hint: Express Ey2k+2

in terms of Ey2*.

2. In view of the identity (GJI), Theorem provides another proof of the
existence of a continuous version for Brownian motions. In this exercise
we show that in the converse direction Theorem 23] can be deduced from
the path continuity of Brownian motions.

Let W be a Brownian motion and let W be a version of it with continuous
trajectories.

b) Use the Pettis measurability theorem to prove that the function Xy :
2 — C[0,T] defined by (X7(w))(t) := W (t,w) is strongly measurable.
Hint: The Dirac measures span a norming subspace in (C[0,T])*.

c¢) Show that the random variable X7 Gaussian.

d) Show that the covariance operator Qr of X is given by Qr = IrI},
where I7 : L2(0,T) — C[0,T] is the integration operator of Theorem

EZ23 and deduce from this that I is y-radonifying.

3. Fix 1 < p < 0. For n = 0,1,2,... define the linear operators A, :
L?(0,T; F) — LP(0,T; E) by

on

Anf = Z 1((];%)717]7;) ® Ijn;

j=1

on i
i = — t)dt.
e U

a) Show that each A, is bounded and satisfies ||A,| = 1.

b) Show that lim, .. Anf = f in LP(0,T; E) for all f € LP(0,T; E).
Hint: What happens if f is a dyadic step function?

¢) Prove the assertion involving averaging operators in Step 3 (ii) of the
proof of (3)=(1) of Theorem 17

4. Let the function @ : (0,T) — Z(H, E) be stochastically integrable with
respect to Wg.
a) Show that for all ¢ € [0,T] the restriction of @[ ) is stochastically
integrable on (0,t) with respect to Wy, that 1(g )@ is stochastically
integrable on (0,T") with respect to Wy, and that almost surely

where

t T
/d)dWH:/ 10.0® dWi.
0 0

We consider the E-valued process X, where X; = fot & dWy for t € [0,T7.
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b) Show that X is a Gaussian process.

c¢) Show that X has trajectories in LP(0,T; E) almost surely for every
1<p<oo.
Hint: Prove the stronger statement that IEfOT | X ()] dt < oc.

Remark: Using martingale techniques it can be shown that X has a
continuous version. We return to this later on.

5. Suppose that @ : (0,T) — £(H, FE) is stochastically integrable with re-
spect to the H-cylindrical Brownian motion Wiy .
a) Show that for each h € H function ®h is stochastically integrable with
respect to the Brownian motions Wgh.
b) Prove the following series expansion: if H is separable, then for any
orthonormal basis (hy)52, of H we have

T o0 T
/ SAWy = Z/ Bhy, AW g hyy,
0 ne1/0

with convergence almost surely and in LP(§2; E) for all 1 < p < oc.
Hint: First consider the functions ®P,, where P, is the orthogonal
projection in H onto the span of {hy,...,h,}.

Notes. The notion of Brownian motion has its origin in the observations
by the botanist BROWN (1773-1858) who observed that small particles sus-
pended in a fluid display random movements. The first rigorous mathematical
treatment was given by WIENER in the 1920s.

The proof of Theorem B is taken from REVUZ and YOR [94]. Its Corollary
[EI0 is nearly optimal in the following sense: almost surely, one has

- W -wel
p max =
510 lt=sI<s /2]t — s[In(1/]t — s])

This is a classical result of LEVY. In particular it shows that almost surely the
paths of a Brownian motion are nowhere Hélder continuous of exponent %
For proofs and further results on Brownian motion we refer to KARATZAS and
SHREVE [A9] and REVUZ and YOR [94]. A more recent result of CIESIELSKI
[23] asserts that almost surely, the trajectories of Brownian motions belong

to the Besov space BEOo for all 1 < p < oo. This result was extended to
Banach space-valued Brownian motions, with a simpler proof, by HYTONEN
and VERAAR [B]].

For accessible introductions to the classical (scalar-valued) theory of
stochastic integration we refer to the books by CHUNG and WILLIAMS [22],
Kuo [63], OKSENDAL [8G], and STEELE [09]. For scalar-valued functions,
the isometry of Theorem goes back to WIENER and was generalised to
stochastic processes in the fundamental work of ITO.
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By combining the observation on KwWAPIEN’s theorem in the Notes of the
previous lecture with Corollary B.I8 we obtain that the following assertions
are equivalent for a Banach space E:

(1) the space of strongly measurable E-valued functions f : (0,7') — E which
are stochastically integrable with respect to Brownian motion equals
L? (07 T E)»

(2) the space E is isomorphic to a Hilbert space.

An explicit example of a uniformly bounded function f : (0,1) — I for
1 < p < 2 which fails to be stochastically integrable was constructed in an
early stage of the theory by YOR [I10]. Further examples along this line were
constructed ROSINSKI and SUCHANECKI [96] who also proved (for H = R)
the equivalence (1)< (2) of Theorem BT Step 3 of the proof of (3)=-(1) in
Theorem BET1 is a variation of their argument. In its present formulation,
Theorem [E11 can be found in [84]; a preliminary version was obtained in [16]
by using different methods. The idea in Step 2 of the proof of (3)=-(1) is taken
from [84]. The implication (3)=-(1) can alternatively be derived from variant
of Theorem This is the approach taken in [84], where also Theorems
ET4 ETd, and the result of Exercise Bl were obtained.

In the Hilbert space literature, the series expansions of Example and
Exercise [ are often taken as the starting point for defining the stochastic
integral; see for instance the monograph of DA PRATO and ZABCzYK [27].

A more probabilistic approach to the theory of stochastic integration in
Banach spaces is taken by METIVIER and PELLAUMAIL [76].






7

Semigroups of linear operators

Having developed the probabilistic tools needed for our study of stochastic
evolution equations, in this lecture we turn to the theory of Cy-semigroups.
We review their basic properties and show how semigroups are used to solve
the (deterministic) inhomogeneous abstract Cauchy problem

u'(t) = Au(t) + f(1).

Here A generates a Cy-semigroup on E and the forcing term f is a locally in-
tegrable E-valued function. As we shall see in the next lecture, the techniques
for solving this problem by means of so-called weak and strong solutions can
be extended to stochastic abstract Cauchy problems with additive noise, the
main difference being that Bochner integrals are replaced by the stochastic
integrals introduced in the previous lecture. Heuristically, the reason why this
works is that the noise can be viewed as a ‘random’ forcing term.

7.1 Cp-semigroups

Linear equations of mathematical physics can often be cast in the abstract

form

u'(t) = Au(t), tel0,T],

(t) = Au(t), t€[0,T) AcP)

u(0) = z,
where A is a linear, usually unbounded, operator defined on a linear subspace
2(A), the domain of A, of a Banach space E. Typically, F is a Banach space
of functions suited for the particular problem and A is a partial differential op-
erator. The abstract initial value problem (ACP) is referred to as the abstract
Cauchy problem associated with A.

Example 7.1. Let D be an open domain in R? with topological boundary 9.D.
On D we consider the heat equation
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%(%5) = Au(t,§), t€[0,T], € D;
u(t,§) =0, te0,T], € € OD; (7.1)

u(O,f):uo(f), fED.

For initial values x = uy € LP(D) with 1 < p < oo, this problem can be
rewritten in the abstract form (ACP) by taking F = LP(D) and defining A
by
P(A) == {f e W*P(D) : ulpp =0} = W>P(D) N W, P (D),
Af = Af, fe2(A).

Here, W*P(D) is the Sobolev space of all f € LP(D) whose weak partial
derivatives up to order k exist and belong to LP(D), Wéc P(D) is the closure
in W*?(D) of all test functions f € C>®(D), and A = 3¢ 2 is the

j=1 o€
Laplacian. Note how the boundary condition is built into the definition of A
by the specification of its domain.

The idea is now that instead of looking for a solution w : [0,7] x D — R
of ([T one looks for a solution u : [0,7] — LP(D) of (ACP). To get an idea
how this may be done we first take a look at the much simpler case where
E=R%and A: 9(A) = E — E is represented by a (d x d)-matrix. In that
case, the unique solution of (ACP) is given by

u(t) = euo, te€0,T],
where e/t = Y7 tnn‘?n. The matrices et may be thought of as ‘solution
operators’ mapping the initial value ug to the solution e?4ug at time t. Clearly,
el = I, etAesA = e(+9)4 and ¢ — e'4 is continuous. We generalise these
properties to infinite dimensions as follows.
Let E be a real or complex Banach space.

Definition 7.2. A family S = {S(t)}+>0 of bounded linear operators acting
on a Banach space E is called a Cy-semigroup if the following three properties
are satisfied:

S1. 5(0) = I;

S2.5(t)S(s) = S(t+s) forallt,s > 0;

S3. limy o ||S(t)z — || =0 for all z € E.

The infinitesimal generator, or briefly the generator, of S is the linear operator
A with domain 2(A) defined by

P(A)={x € E: ltifrol %(S(t):v —x) exists},

.1
Az = ltllrél ;(S’(t)x —x), x€P(A).
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We shall frequently use the trivial observation that if A generates the Cp-
semigroup (S(t))i>0, then A — u generates the Cp-semigroup (e #*S(t))i>0.

The next two propositions collect some elementary properties of Cp-
semigroups and their generators.

Proposition 7.3. Let S be a Cy-semigroup on E. There exist constants M >
1 and p € R such that ||S(t)|| < Mett for all t > 0.

Proof. There exists a number § > 0 such that sup,cp g [S(t)|| =t 0 < oc.
Indeed, otherwise we could find a sequence t,, | 0 such that lim, . ||S(t,)|| =
00. By the uniform boundedness theorem, this implies the existence of an
x € E such that sup,,»; [|S(t,)z|| = oo, contradicting the strong continuity
assumption (S3). This proves the claim. By the semigroup property (S2), for
t € [(k — 1)3,kd] it follows that ||S(t)|] < oFf < o+1/% where the second
inequality uses that ¢ > 1 by (S1). This proves the proposition, with M = oa
and pu = é Ino. a

Proposition 7.4. Let S be a Cy-semigroup on E with generator A.

(1) For all x € E the orbit t — S(t)x is continuous for t > 0.

(2) For allz € 2(A) andt > 0 we have S(t)x € Z(A) and AS(t)z = S(t)Ax.
(3) For all x € E we have fot S(s)xds € P2(A) and

A/o S(s)xds = S(t)x — .

If x € 9(A), then both sides are equal to fg S(s)Az ds.

(4) The generator A is a closed and densely defined operator.

(5) For all x € P(A) the orbit t — S(t)x is continuously differentiable for
t >0 and

%S(t)x = AS(t)xr = S(t)Ax, t>0.

Proof. (1): The right continuity of ¢ — S(t)x follows from the right continuity
at t = 0 (S3) and the semigroup property (S2). For the left continuity, observe
that

1S@)x — St = h)z|| < [IS(E = RIS (h)z — || < sup, IS (IS (h)z — ],

where the supremum is finite by Proposition
(2): This follows from the semigroup property:

1 !
1}%?8 E(S(t + h)x — S(t)x) = S(t) 1]518 E(S’(h)x —1z) = S(t)Ax.

(3): The first identity follows from
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hm /S’ Jrds =lim — /S’s—l—hxds—/S xds
hLOh hl0 h
) 1 t+h
—1}51015(/15 S’(s):vds—/o S’(s):vds)
= (t)I—ZZ?,

where we used the continuity of ¢ — S(t)x. The identity for z € Z(A) will
follow from the second part of the proof of (4).

(4): Denseness of Z(A) follows from the first part of (3), since by (1) we
have hmtlo n fo s)xds = x.

To prove that A is closed we must check that the graph 4 (A) = {(z, Ax) :
x € P(A)} is closed in E x E. Suppose that (x,)%2, is a sequence in 2(A)
such that lim, .., z, = = and lim,, .., Az, = y in E. We must show that
z € Z(A) and Az = y. Using that limyjo +(S(t) — I)S(s)z, = S(s)Azy
uniformly for s € [0, h], we obtain

.1
(S(h)x —x) = lim E(S(h):vn —xp)

n—oo

nh_)rrgo E / S(s)xy, ds

= lim —hm / S(8)xy ds

n—oo h th

S

h
= nlingo%lggl | %(S(t) —1)S(s)xy ds

1 h
= lim —/ S(s)Ax, ds
0

n—oo

1 h
= E/o S(s)yds.

Passing to the limit for » | 0 this gives 2 € Z(A) and Az = y. The above
identities also prove the second part of (3).
(5): This follows from (1), (2), and the definition of A. O

In hindsight, the second part of (3) is a special case of Hille’s theorem.
However, our proof of the closedness of A already gave the result in this
particular case.

Definition 7.5. A classical solution of (ACP) is a continuous function u :
[0,T7] — E which belongs to C*((0,T]; E) N C((0,T); 2(A)) and satisfies
u(0) =z and u'(t) = Au(t) for all t € (0,T].

Here 9(A) is regarded as a Banach space endowed with the graph norm.

Corollary 7.6. For initial values x € P(A) the problem (ACP) has a unique
classical solution, which is given by u(t) = S(t)z.
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Proof. Part (5) of the proposition proves that ¢ — wu(t) = S(t)z is a classical
solution. Suppose that ¢t — wv(t) is another classical solution. It is easy to check
that the function s — S(¢ — s)v(s) is continuous on [0,¢] and continuously
differentiable on (0,t¢) with derivative

diSS(t —s)v(s) = —AS(t — s)v(s) + S(t —s)v'(s) =0

where we used that v is a classical solution. Thus, s — S(t— s)v(s) is constant
on every interval [0,¢]. Since v(0) = z it follows that v(t) = S(t — t)v(t) =
S(t—0)v(0) = S(t)x = u(t). O

Note that for z € 2(A) the orbit t — S(¢)z even belongs to C1([0,T]; E)N
C(]0,T); 2(A)). The reason for defining classical solutions as we did above is
that there exist important classes of Cy-semigroups which have the property
that t — S(t)x is a classical solution not only for z € Z(A), but for all z € E.
An example is the class of analytic Cy-semigroups which will be studied later
on in this course.

Definition 7.7. Let T be a linear operator with domain 2(T) on a complex
Banach space E. The resolvent set of T is the set o(T) consisting of all A € C
for which there exists a (necessarily unique) bounded linear operator R(\,T')
on E such that

1) RAT)YA=T)x == for all z € 2(T);

(ii) RN T)x € 2(T) and A —=T)R\,T)x =z for allz € E.

The spectrum of T' is the complement o(T) := C\ o(T).

We call R(A\,T) = (A —T)~! the resolvent of T at ). It is routine to check
the resolvent identity: for all A1, Ao € o(T) we have

R()\hT) - R()\Qu T) = ()\2 - Al)R()‘laT)R()Qu T)

When T is an operator on a real Banach space we put o(T') := o(T¢) and
o(T) := o(T¢), where T is the complexification of T (see Exercise [I).

In the next two lemmas, A is the generator of a Cpy-semigroup S on a
Banach space E (in the case of a real Banach space, all formulas involving
complex numbers should be interpreted in terms of complexifications). We fix
constants M > 1 and p € R such that ||S(t)| < Me* for all ¢ > 0.

Proposition 7.8. We have {A € C: ReX > u} C o(A) and on this set the
resolvent of A is given by

R(\ A)x :/ e MS(t)xdt, x€E.
0

As a consequence, for ReA > p we have

M

IRO-A)| < o=
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Proof. Fix x € E and define Ryz := [ e"*S(t)z dt. From a straightforward
computation using the semigroup property we obtain the identity

1

1}%?8 E(S(h) —DRyx=ARyz —=x
from which it follows that Ryz € 2(A) and ARz = AR\x — x. This shows
that the bounded operator R is a right inverse for A — A.

Integrating by parts and using that %S(t)x = S(t)Azx for x € P(A) we

obtain

T T
A / MWz dt = —e-TS(T)s + 2 + / eMS(1) Awdt.
0 0

Since ReA > p, sending T' — oo gives AR @ = x + Ry Ax. This shows that R
is also a left inverse. O

Lemma 7.9. For all x € E we have limy_,ooc AR(\, A)z = x.

Proof. First we prove this for z € Z(A) by using the resolvent identity. Pick
N > p. Writing (A — A)x =: y we have

A

(R()\/a A)y - R(Aa A)y) - R()\/v A)y

Passing to the limit A\ — oo the right hand side tends to 0. This gives the result
for z € 2(A). By the estimate of Proposition [[8, the operators AR(X, A) are
uniformly bounded for A > pg > p. Therefore the result for x € E follows by
density. O

This lemma self-improves to limy_,oo A" R()\, A)"x = x, which shows that
2(A™) is dense in E for all n > 1.

7.2 Duality

For the discussion of the inhomogeneous Cauchy problem in the next sec-
tion we need some preliminary material on duality of densely defined linear
operators.

Let E; and F, be Banach spaces. To keep track of domains it will be
useful to define a linear operator A with domain Z(A) from F; to Es as a
pair (A4, 2(A)), where Z(A) is a linear subspace of Fy and A : 2(A) — E
is a linear mapping. If (A, Z(A)) is densely defined, that is, if Z(A) is dense
in Fy, we may define a linear operator (A*, Z(A*)) from Ej to E in the
following way. Define Z(A*) to be the set of all 23 € Ej with the property
that there exists an element ] € E} such that

(x, 27y = (Az, 23), Vo € D(A).
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Since Z(A) is dense in Ej, the element 27 € EY (if it exists) is unique and we
set
A%xy =], a* € D(AY).

Definition 7.10. Let (A, Z(A)) be a densely defined linear operator. The op-
erator (A*, 2(A*)) is called the adjoint of (A, Z(A)).

In order to discuss the properties of A* in a systematic way it is helpful
to consider the topology on the dual space E* induced by the elements of a
Banach space E, the so-called weak*-topology.

Definition 7.11. The weak*-topology on E* is the topology generated by all
sets of the form
{z* e B : [{x,y" —a")| < e}

where x € E, y* € E*, and € > 0.

It is easily checked that the mappings «* — (x,y* —x*) are continuous with
respect to the weak*-topology, and that the weak*-topology is the coarsest
topology on E* with this property.

Lemma 7.12. Let V' be a non-empty subset of E. The annihilator
Vii={z*c E*: (v,2%)=0 forall veV}
1s weak™-closed.

Proof. Let y* & V* be arbitrary. By assumption there exists v € V such that
(v,y*) # 0. The set

* * * * 1 *
U= {at e B oyt — o) < 5l )

is weak*-open, contains y*, and is disjoint from V. It follows that the com-
plement of V= is weak*-open. a

It is an exercise in linear algebra to check that a linear subspace F' of E*
is weak*-dense if and only if it separates the points of E, that is, whenever
x # y in FE there is an * € F such that (z,z*) # (y,«*). This fact is not
really needed however. Whenever we say that a subspace F' of E* is weak™-
dense, what we shall actu ally use is that F' separates the point of £ and all
formulations could be adapted accordingly.

Proposition 7.13. Let E1 and Es be Banach spaces and let (A, 2(A)) be a
densely defined linear operator from Eq to Fs.

(1) The adjoint (A*, Z2(A)) is weak*-closed from E5 to Ef, that is, the graph
of A* is weak”-closed in E5 x EY.
(2) If (A, 2(A)) is also closed, then (A*, P(A*)) is weak*-densely defined,

that is, the domain of A* is weak*-dense in E3
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Proof. We start with the preliminary remark that if £ and F' are Banach
spaces, then the pairing

((z,y), (=", ")) = (z,2") + (y,y")

allows us to identify E* x F* with the dual of E x F.
(1): Let 9(A*) = {(=7, A*x}) : 27 € 2(A*)} be the graph of A* in
E3 x Ef. By definition of 2(A*) we have (23, 27) € 9(A*) if and only if

((—Azy,21), (x5,27)) =0, Vz; € 2(A).

In other words, ¢¥(A*) is the annihilator of p(4(A)), where p : Ey X Ey —
E5 x F is defined by p(21,22) = (—z2,21). By Lemmall T2 ¢(A*) is weak*-
closed. This proves that A* is weak*-closed.

(2): Now assume that (A, Z(A)) is also closed. We will show that Z(A*)
separates the points of F5. Suppose o # y2 in Es. Then (0, z2 — y2) is a non-
zero element of Ey X F5 which does not belong to ¢(A). Since ¥(A) is closed,
by the Hahn-Banach theorem there exists an element (z7,23) € (4(A))* such
that

(0,22 — y2), (IT,ZE;» = (22 — y2,$§> # 0.

To finish the proof we check that 25 € Z(A*). For all 1 € 2(A) we have
(1, Az1) € 9(A) and therefore

0= ((z1, Az1), (21, 23)) = (21, 21) + (Az1, 23).
But this means that x5 € 2(A*) and A*x5 = —a7. O
The following simple result ‘dualises’ the definition of Z(A*).

Proposition 7.14. Let (A, 2(A)) be a closed and densely defined linear oper-
ator from Ey to Ey. If 11 € Ey and xo € Ey are such that (xq, x3) = (x1, A*x3)
for all x5 € D(A*), then 1 € Z(A) and Axy = z4.

Proof. We must prove that (z1,x2) € 9(A). Since 4(A) is closed in Eq x Es,
by the Hahn-Banach theorem it suffices to check that ((x1,z2), (], 23)) =0
for all (z3,7%) € (9(A))*L.

Fix an arbitrary (z%,z3) € (4(A))*. As in the second part of the previous
proof we have =3 € Z(A*) and A*x3 = —z7. Hence,

<(!E1,.’L‘2), (,TT,CL;» = <‘T17 —A*CC;> + <‘T27 ‘T§> =0. o

7.3 The abstract Cauchy problem

We now take a look at the inhomogeneous abstract Cauchy problem
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Au(t) + f(t), te[0,T], (IACP)

—N—

e =
==
~—
-
)

with initial value x € E. We assume that A generates a Cy-semigroup S on
E and take f € L'(0,T; E).

Adapting the notion of a classical solution to the problem ([[ACP) leads
to the so-called problem of maximal regularity. Instead of going into this, we
refer to the Notes for more information and introduce here two alternative
notions of solutions in terms of the integrated equation.

Definition 7.15. A strong solution of ([ACP) is a function u € L*(0,T; E)
such that for all t € [0,T] we have fg u(s)ds € 2(A) and

u(t)_I+A/Otu(s)ds+/0tf(s)ds.

A weak solution of ([[ACP) is a function u € L'(0,T; E) such that for all
t €10,T] and z* € D(A*) we have

(u(t),z*) = <x,x*>—|—/0 <u(s),A*x*>ds—|—/0 (f(s),z")ds.

As an immediate consequence of Proposition [T we make the following
observation:

Proposition 7.16. Every weak solution of [[ACP) is a strong solution.

Of course the converse holds trivially. We proceed with an existence and
uniqueness result for strong solutions of ([[ACP]).

Theorem 7.17. For all x € E and f € L'(0,T;E) the problem ([ACD)
admits a unique strong solution w, which is given by the convolution formula

u(t) = S(t)x + /0 S(t—s)f(s)ds. (7.2)

If f e LP(0,T; E) with 1 < p < oo, then uw € LP(0,T; E).

Proof. For the existence part, by Proposition [T it suffices to show that
[[ACTD)) admits a weak solution. It is an easy consequence of Proposition [[Z]
(3) that u is a weak solution corresponding to the initial value z if and only
if t — wu(t) — S(t)z is a weak solution corresponding to the initial value 0.
Therefore, without loss of generality we may assume that = = 0.

Let u be given by (ZZ). Then v € L*(0,T; E); if f € LP(0,T; E), then
u € L?(0,T; F). By Fubini’s theorem and Proposition [ (3), for all t € [0, T
and z* € Z(A*) we have
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/(( A**ds—// r),S* (s —r)A*z*) drds
// S*(s —r)A*z*)dsdr

:/<f( ), S*(t —r)x™ —x™) dr

=ﬁwhf>—é<ﬂﬂwﬂmz

To prove uniqueness, suppose that u and 17 are strong solutions of ([[ACD)).
Then v := u — U is integrable and satisfies v(t) = A fo s)ds for all t € [0,T7.

Put . e
)_/0 /0 v(r)dr

By the fundamental theorem of calculus, w is continuously differentiable on
[0, 7], and using Hille’s theorem we see that w(t) € Z(A) and

W (1) = / ds_/ / F)dr ds = Aw(t).

Fix t € [0,7T] and put g(s) := S(t — s)w(s). Then g is continuously differen-
tiable on [0, ¢] with derivative

g'(s) = —AS(t — s)w(s) + S(t — s)w'(s) = 0.
It follows that g is constant on [0, t]. Hence
w(t) = g(t) = 9(0) = S(t)w(0) = 0.

We have shown that fo Jy v(r)dr =0 for all t € [0,T]. It follows that v = 0
almost everywhere. a

7.4 Examples of Cy-semigroups

In this section we collect, without proofs, a number of important examples
of Cp-semigroups. We encourage the reader to formulate the corresponding
initial value problems; cf. Example [ 1l References to the literature are given
in the Notes.

Ezample 7.18 (Multiplication semigroup). Let (A, o7, 1) be a o-finite measure
space and let m : A — R be p-measurable. If esssupgc 4 f(§) < oo, then the
formula

S(F(€) =™ f ()
defines a Cp-semigroup on LP(A) for 1 < p < oo. The domain of its generator
A consists of all f € LP(A) such that mf € LP(A), and for f € Z(A) we have
Af =mf.
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Ezample 7.19 (Translation semigroup). On the space LP(R4), 1 < p < oo, the
formula

(S f)E) = f(E+1)
defines a Cy-semigroup S. The domain of its generator A consists of all f €

LP(R) whose weak derivative f’ exists and belongs to LP(R), and for f € Z(A)
we have Af = f'.

These two examples represent perhaps the simplest constructions of Clp-
semigroups and can be extended in various ways. We continue with two ex-
amples involving the Laplace operator.

Example 7.20 (Heat semigroup). On LP(R?), 1 < p < oo, the formula

f(n)exp (— €~ nl2) dn

CORIGE -

_ 1

- /Art)r Jga
defines a Cp-semigroup. Its generator A is given by 2(A) = W2P(R?) and
Af = Af.

Ezample 7.21 (Heat semigroup on bounded domains with Dirichlet boundary
conditions). Let D be a bounded domain in R? with C2-boundary dD. On
the space LP(D) with 1 < p < oo, the Dirichlet Laplacian is the operator A
defined by

P(A) = W*P(D) N WP (D),
Af:=Af for fe P(A).
See Example [l This operator is the generator of a Cp-semigroup on LP(D).

The previous two examples admit far-reaching generalisations to more gen-
eral second order elliptic operators, and also different kinds of boundary con-
ditions can be allowed.

We continue with two examples of operators generating a Cy-group. These
are defined in the same way as Cy-semigroups, except that the index set is
now the whole real line.

Ezample 7.22 (Wave group). On the space W12(R9) x L2(R?) we consider
the operator A defined by

P(A) == WH2(RY) x WHERY),
A(f1, f2) := (f2, Afr) for (f1, f2) € Z(A).

This operator is the generator of a Co-group on W12(R%) x L2(R?) which is
associated with the wave equation u”(t) = Au, written as a system v’ = v,
v = Au.

Ezample 7.23 (Unitary Cy-groups on Hilbert spaces). If A is a self-adjoint
operator on a complex Hilbert space H, then i A is the generator of a Cp-group
S of unitary operators on H. This classical result of STONE is of fundamental
importance in quantum mechanics. By the spectral theorem for self-adjoint
operators, this example can be viewed as a special case of Example



100

7 Semigroups of linear operators

7.5 Exercises

1.

Suppose that E is a real Banach space. The product E x E can be given
the structure of a complex vector space by introducing a complex scalar
multiplication as follows:

(a+1b)(z,y) := (ax — by, bx + ay).

The idea is, of course, to think of the pair (z,y) € F x F as if it were
x + 1y. The resulting complex vector space is denoted by Ec.

a) Prove that the formula

[(@,y)] == sup [|(cosb)x + (sinf)yl
0€[0,27]

defines a norm on E¢ which turns E¢ into a complex Banach space.
b) Check that this norm on E¢ extends the norm of F in the sense that

for all x € F,
[[(z, 0)[| = [[(0,2)[| = [|=|-

c¢) Check that for all z,y € E we have ||(z,y)] = ||(z, —y)]|-
d) Show that if T is a (real-)linear bounded operator on E, then T ex-
tends to a bounded (complex-)linear operator T¢ on E¢ by putting

Tc($, y) = (T,T, Ty),

and check that | T¢|| = |7
A norm on E¢ with the properties b), c), d) is called a complezification
of the norm of E. The norm introduced in a) is by no means the unique
complexification of the norm of F, and in concrete examples there is often
a more natural choice.
e) Show that any two complex norms on E¢ which satisfy b) and ¢) are
equivalent.
By e), the spectrum of T¢ is independent of the particular complexification
chosen.

. In this exercise we prove some properties of resolvents. We assume that

(T, 2(T)) is a linear operator from E to E with resolvent set o(T).
a) Prove that if o(T) # @, then T is closed.
b) Prove the resolvent identity: for all A\j, A2 € o(T") we have

RO T) — RO2,T) = (A2 — M)RO\, T)R(A2, T).

c¢) Prove that o(T) is an open subset of C.
d) Prove that

_ R\T) - R(u,T) 2
1 = —R(u,T
gim P (1, T)

with convergence in the operator norm.
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e) Prove that if T is closed and densely defined, then o(T*) = o(T") and
R\T*)=R\T)", Xeo(T)=o(T").

f) Show that every closed subset of C is the spectrum of a suitable closed
operator T

3. Let S be a Cp-semigroup on E which is wuniformly bounded, that is,
sup;>q [|S(t)|| < oco. We show that there exists an equivalent norm || - ||

on E such that S is a contraction semigroup with respect to || - ||, that is,
IS <1 for all ¢ > 0.
a) Show that [|z| := sup,>q [|S(t)x|| defines an equivalent norm on £.

b) Show that S is a contraction semigroup with respect to || - ||

4. Let S be a Cy-semigroup on E with generator A, and suppose that
[IS(t)|| < Me* for all ¢ > 0. Prove that

(RN, ANF|| < M/(Reh — )k, ReA>p, k=1,2,....

Hint: By considering A — i instead of A we may assume that p = 0. In
that situation observe that ||R(A, A)| < 1/ReA.

Remark: A celebrated theorem of HILLE and YOSIDA asserts that the
converse holds as well. We refer to the Notes for more information.

5. Let (A, o, ) be a o-finite measure space. Suppose f : A — E* is a
function such that £ — (z, f(£)) belongs to L'(A) for all z € E.
a) Show that the map S : E — L'(A) defined by Sx := (x, f) is closed.
b) Conclude from this that the formula

@)= [ G fau

defines a bounded linear functional x* € E*.
The functional z* is called the weak™-integral of f with respect to u,
notation:

x* =: weak*/ fdu.
E

¢) Show that the weak*-integral commutes with adjoints of bounded op-
erators on F.

d) Show that if f is an E*-valued Bochner integrable function, then the
Bochner integral and the weak*-integral of f agree.

Now suppose that A generates a Cp-semigroup on E and put S*(t) :=

(S(t))* for t > 0.

e) Prove the following dual version of the identities in Proposition [ (3):
for all z* € E* and t > 0 we have weak™ fot S*(s)x* ds € P(A*) and

t
A* (Weak*/ S*(s)x* ds) =S*(t)z* —x".
0

If z* € 2(A*), then both sides are equal to weak” fot S*(s)A*z* ds.
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Notes. Excellent recent introductions to the theory of Cy-semigroups include
the monographs by ARENDT, BATTY, HIEBER, NEUBRANDER [3], DAVIES [29],
ENGEL and NAGEL [38], GOLDSTEIN [&1], PAzy [89)]. For a discussion of the ex-
amples in Section [C A we refer to these sources. Their monumental 1957 treatise
of HILLE and PHILLIPSHS)] is freely available on-line (http://www.ams.org/
online bks/coll31/).

Due to limitations of space and time we have chosen not to discuss the
two basic generation theorems of semigroup theorem. The first of these, the
Hille-Yosida theorem, reads as follows.

Theorem 7.24 (Hille-Yosida theorem). For a densely defined operator A
on a Banach space E and constants M > 1 and p € R, the following assertions
are equivalent:

(1) A generates a Cy-semigroup on E satisfying ||S(t)|| < Mett for all t > 0;

(2) {NeC: A>pu} Co(A) and ||[(R(A, A)¥|| < M/(ReX — )k for all X >
and k=1,2,...;

(3){A € C: Rel > u} C o(A) and ||(R(\, A)F|| < M/(ReX — ) for all
RedA>pandk=1,2,....

For Cy-contraction semigroups, Theorem [L24 was obtained independently
and simultaneously by HILLE [A7] and YosIDA [IT1]; the extension to arbitrary
Cy-semigroups is due to FELLER, MIYADERA, PHILLIPS. The easy implication
(1)=(3) has been discussed in Exercise @l and (3)=(2) is trivial; the difficult
implication is (2)=(1).

In order to state the second generation theorem, the Lumer-Phillips theo-
rem, for x € E define d(z) := {a* € E* : ||z*|| = |||, (z,2*) = ||z|||l=*||}
By the Hahn-Banach theorem, d(z) # @.

Theorem 7.25 (Lumer-Phillips theorem). For a densely defined operator
A on a Banach space E with o(A) N (0,00) # & the following assertions are
equivalent:

) A generates a Cy-contraction semigroup on E;

) For all x € 2(A) and A > 0 we have ||(A — A)z|| = A||z||;

) For all x € 2(A) and oll x* € 0(z) we have Re{Ax, z*) < 0;

3) For all x € P(A) there exists x* € 9(x) such that Re(Az, z*) < 0.

(1
(2
(2
(

This theorem, as its name suggests, is due to LUMER and PHILLIPS [Z1].
We shall return to it later in the context of analytic Cyp-semigroups. A detailed
account of Theorems and and their history is given in [38].

The terminology for the various notions of solutions is not entirely stan-
dard. Ours is suggested by that of DA PRATO and ZABCZYK [27] for solutions
of stochastic evolution equations.

The results of Section can be found in any introductory text on func-
tional analysis.
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Theorem [LT7 is due to BALL [5], who also proved the following converse:
if ((ACP) admits a unique weak solution for all f € L'(0,7T; E) and initial
values x € E, then A is the generator of a Cy-semigroup on E.

The convolution formula ([ZZ) is often taken as the definition of a mild
solution. Typical questions then revolve around proving regularity properties
of mild solutions in terms of properties of the forcing function f and the
semigroup S. We refer to [89, Chapter 4] for some elementary results in this
direction. For the treatment of certain classes of non-linear Cauchy problems it
is of particular importance to know whether the mild solutions have mazximal
L?-regularity, meaning that for all f € L?(0,T; F) the solution u belongs to
WhtP(0,T; E) N LP(0,T; 2(A)). A necessary condition for this is that S be
analytic; it is a classical result that this condition is also sufficient in Hilbert
spaces. For analytic Cy-semigroups on Banach spaces the maximal regularity
problem has recently be settled by KALTON and LANCIEN [57] (who gave a
counterexample in LP-spaces F) and WEISs [I08] (who obtained necessary and
sufficient conditions for maximal LP-regularity in UMD Banach spaces E).
We refer to the lectures by KUNSTMANN and WEIS [61] for a detailed account
of this problem and its history, as well as a number of non-trivial examples.

A systematic discussion of complexifications is given in MUNOZ, SARAN-
TOPOULOS, TONGE [79]. The reader is warned that not every complex Banach
space is the complexification of some underlying real Banach space. The first
(non-constructive) proof of this fact was given by BOURGAIN [[1]. An explicit
counterexample was found subsequently by KALTON [6].
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Linear equations with additive noise 1

Let A be the generator of a Cy-semigroup S on E. In the previous lecture we
have seen that the inhomogeneous abstract Cauchy problem

u'(t) = Au(t) + f(t), u(0) ==,

is solved by the convolution formula

t
u(t) = S(t)x + / S(t—s)f(s)ds,
0
We now turn to the stochastic analogue of this equation,

dU(t) = AU(t)dt + BdWy,
u(0) = z,

where Wy is an H-cylindrical Brownian motion, and B € Z(H,FE) is a

bounded operator. In concrete examples, Wy models space-time white noise

and B ‘injects’ this noise into the state space E. Reasoning by analogy, this
equation should be solved by the stochastic convolution

t
U(t)=S{t)x+ / S(t—s)BdWg.
0
We shall see that this is indeed correct, provided the £ (H, F)-valued function

S(+)B is stochastically integrable with respect to Wy

8.1 Stochastic preliminaries

In this section we collect several results which are needed in the proof of the
main result of this lecture, Theorem We begin with an integrations by
parts formula.
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Lemma 8.1 (Integration by parts). For all ¢ € C'[0,T] and h € H,
almost surely the following identity holds:

T T
/O o (Wi (t)h dt ¢(T)WH(T)h—/O 6@ hd Wy,

Before we prove the lemma we clarify the meaning of the integral on the left
hand side. Recalling that W h is a Brownian motion, using Corollary B0 we
select a version of W h whose trajectories are continuous almost surely. Then
the integral on the left hand side is well defined almost surely as a Bochner
integral in H.

Proof. We begin by noting that fOT dRhdWy = fOT ¢ dWgh. For step func-
tions this is clear from the definitions and the general case follows by approx-
imation. Rescaling h to unit length, it is therefore enough to prove the almost
sure identity

/0 & (W () dt = §(T)W/(T) — / o dW

for functions ¢ € C1[0, T], where W is a scalar Brownian motion. This identity
is a special case of It0’s formula, but for those readers who are not familiar
with it we shall give a self-contained argument (which is indeed nothing but
the proof of It6’s formula in the special case considered here). Let

N N n
9= enln sty Gi=D ) emltm —tm-1)l st
n=1

n=1m=1

with ¢1,...,cn scalars and 0 =ty < --- <ty = T. Then, almost surely,

n=1 tn—1
and
T
G(TYW(T) - Gdw
N ’ N n

= Z em(tm — tm—1)W(T) — Z Z cm(tm — tm—1)(W(tn) = W(tn-1))
m];1 n;l m;VI

= Z em(tm — tm—1)W(T) — Z Z cm(tm — tm—1)(W(tn) = W(tn-1))
m=1 m=1n=m
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Now let ¢ € C0,T] be given and put gy = ijﬁl S (teon—1) Lt 1 strn]
assuming that limy .o SUp; << v, (tkyn — ten—1) = 0. Then limy . gr. = ¢
uniformly on (0, T]. Defining the functions Gy, in terms of the g as above, we
have limy_,o G = ¢ uniformly on (0,7]. The above computation gives the
following identity, which almost surely holds for all k:

3
/

\/OT gr(OW (t) dt — (Gk(T)W(T) - /T e dW)‘

0

Ni thon Ni
[ S ltrnn) [ WO =D )t~ )W )
n=1 tk,n—1 n=1

As k — oo, the left hand side tends to |f0T o')W (t)dt — (¢(T)W(T) —

fOT ¢dW)| in L?(§2) and hence in measure, whereas the right hand side tends
to 0 almost surely by path continuity. This proves the lemma. a

We continue with a Fubini theorem for interchanging a Bochner integral
and a stochastic integral of an H-valued function. In this context it is natural
to impose an integrability condition which is L' with respect to the vari-
able of Bochner integration and L? with respect to the variable of stochastic
integration.

Lemma 8.2 (Stochastic Fubini theorem). Let ¢: (0,7)x (0,T) — H be
a strongly measurable function satisfying

/OT ( / [6(s. 013 dt)* ds < oc.

(1) t — ¢(s,t) belongs to L*(0,T; H) for almost all s € (0,T), and the L*(12)-
valued function s — fOT B(s,t) AW (t) belongs to L*(0,T; L?(02));

(2) s — ¢(s,t) belongs to L*(0,T; H) for almost all t € (0,T), and the H-
valued function t — fOT é(s,t)ds belongs to L*(0,T; H);

(3) in L2(£2) we have

/OT(/OT (s, 1) dWH(t)) ds = /OT (/OT (s, 1) ds) AW (t).

Proof. (1): By assumption we have ¢ € L'(0,7;L?(0,T; H)), and therefore
(1) is an immediate consequence of the It6 isometry (E2).
(2): We claim that for a step function ¢ : (0,T) x (0,7) — H we have

o1l 20,721 0,151y < N9l L2 (0,750 0,13 H)) -

It suffices to prove this for T = 1. If ¢ = Zﬁl ngvzl Lisy—vs) Ltnon tn) @ Pk,
then
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N M

2
16032 0.2 0,70 = D (b = tim1) (D2 (55 = si-) sl )
k=1 j=1
M M N
=3 D (s = i) (s — 5500 D (e =t ) [ harll gl
i=1 j=1 k=1

and similarly

M N
2 = — (te — te—1)||R M’
||¢HL1(0,T;L2(0,T;H))— Z Sj—1) Z k= te-1)|l JkH
j k=1

=1
"o
=D > (si—si1)(s; = 55-1)
i=1 j=1
N N 1
(300 =t 0lhal?) (= e 0lel?)
k=1 k=1

In view of the Cauchy-Schwarz inequality, this proves the claim. It follows that
the identity mapping on step functions extends to a continuous embedding of
LY(0,T;L?(0,T; H)) into L2(0,T; L*(0,T; H)). This gives (2).

(3): For step functions ¢ the identity follows by a trivial computation, and
its extension to functions ¢ € L'(0,T; L?(0,T; H)) is obtained by approxima-
tion using (1) and (2). O

8.2 Semigroup preliminaries

Let A be the generator of a Cy-semigroup S on E. Define
E® = P(A%),

the closure being taken with respect to the norm topology of E*. Note that
E© is a closed and weak*-dense subspace of E*. We let A® be the part of A*
in £, that is,
PD(A®) = {z* € 9(A*): A*z* € E®},
APz = A%z, T* € P(A°).
Proposition 8.3. Let A be the generator of a Cy-semigroup S on E. The

adjoint semigroup S* restricts to a Co-semigroup S© on E© whose generator
equals A°.

Proof. For t € [0,T], x € E, and z* € 2(A*) we have

t
|<$7S*(t)x*—rc*>|</0 (2, 57 (s)A™2")[ds < tl|zl[ - sup [S(s)]| - [[A"2"]].

s€[0,T)
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Taking the supremum over all € E of norm ||z|| < 1 gives

limsup ||S*(t)z* — 2*|| <lim ¢- sup ||S(s)|-||A*2"| = 0.
10 tl0 s€[0,T

Since 2(A*) is invariant under S* (by duality we have A*S*(¢)z* = S*(t)A*x*
for 2* € 9(A*) and t > 0) and S*(¢) is uniformly bounded on [0, T, it follows
that S* restricts to a Co-semigroup S© on E©.

Let B denote the generator of S®. If z® € 2(B), then for all x € Z(A)
we have

1 1
OV _ T3 & O\ @ _ 1OV — iy = T o)
(x, Bx >_1tl¢%1 t(x,S t)z® — z) ltllrg t(S(t)a: x,2%) = (Az,z%).

Hence z© € Z(A*) and A*z® = Bz®. Since Bz® € E© it follows that
z® € P(A®) and A®2® = A*2® = Bz®. Conversely, if 2© € 2(A®), then
A®z® € E® and s — S9(s)A®z® is strongly continuous and, for all z € E,

W,A%G - %(SQ(t)J:Q - x®)>} < ||a:||HA@3:® - %/Ot 5O(5) A2 ds||.

Hence,
422 - Lsowae —ao)] < 4220 1 [ 5251400 as]
0

Since A®z® € E®, the right hand side tends to 0 as ¢ | 0 by strong continuity.
This proves that @ € Z(B) and Bz® = A®z®. 0

This proposition will be used in combination with the next approximation
result.

Lemma 8.4. For k = 0,1,2,..., linear combinations of the functions ¢ ® x
with ¢ € C*[0,T] and x € E are dense in C*([0,T]; E).

Proof. We begin with the case k = 0, which is proved by a standard partition
of unity argument. Let f € C([0,T]; E) be arbitrary. Let ¢ > 0. Since f
is uniformly continuous we may choose § > 0 such that ||f(t) — f(s)|]| < ¢
whenever |t — s| < 0. Let I1,...,Ix be open intervals of length < ¢ covering
[0,7] and let ¢1,...,¢Nn be a partition of unity with respect to this cover,
that is, 0 < ¢, < 1, ¢, is supported in [,,, and E _1 ¢n = 1. Choose points
tn € [0,T]N I, let x,, := f(t,), and put f. := anl On @ . Fix t € [0,T.
If t € I,, then |t — ¢,| < ¢ and therefore || f(t) — z,| < e. If t & I,, then
¢n(t) = 0. Hence, using that f = Zﬁ;l onf,

N

n=1 n: tel,
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This proves that ||f — fe]| < e.

The general case is proved with induction on k. Suppose the theorem has
been proved for k = 0,...,] and let f € C'T1([0,T]; E) be arbitrary. Then
f € CY([0,T]; E) and therefore we can find functions g; € C'([0,T]; E) of
the form g; = YN | ¢ @ @, with ¢, € CU0,T] and zj, € E such that
limj .o g; = f' in CY[0,T); E). Let Yin(t) = fot din(s)ds, put zo == f(0),
and set

N
fj = 1®$0+Z’(/Jjn®$jn.
n=1
Then lim; . f; = f in C([0,T]; E) and lim, . fj = f" in C'([0,T]; E), so
lim; . fj = f in CFL([0,T]; E). O

8.3 Existence and uniqueness: cylindrical Brownian
motion

We consider the stochastic abstract Cauchy problem

70 =z (SACP)

{ dU(t) = AU(t)dt + BdWg(t),  te[0,T],
Here A is the generator of a Cp-semigroup {S(¢)}i>0 on E, Wy is an H-
cylindrical Brownian motion on (2, #,P), and B € £(H,E) is a given
bounded operator.
An E-valued process {U(t)}+c(o,r) Will be called strongly measurable if it
has a version which is strongly %([0,T]) x .#-measurable on [0,T] x (2.

Definition 8.5. A weak solution of the problem (SACD) is an E-valued pro-
cess {U”(t) }repo,m) which has a strongly measurable version with the following
properties:

(i) almost surely, the paths t — U®(t) are integrable;
(ii) for all t € [0,T] and z* € D(A*) we have, almost surely,
t
(U (1), 2%) = (&, 27) +/ (U%(s), A*a*) ds + Wi (£) B2
0
In order not to overburden notations, we do not distinguish notationally
the process {U?(t) };e[0,r) from its version with the properties (i) and (ii).
Theorem 8.6. The following assertions are equivalent:

(1) the problem SACTH) has a weak solution {U(t)}iecio,r;
(2) t — S(t)B is stochastically integrable on (0,T) with respect to Wy.
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In this situation, for every t € (0,T) the function s — S(t — s)B is stochasti-
cally integrable on (0,t) with respect to Wy and almost surely we have

UT(t) = S(t)a + /Ot S(t — 5)B dWrg(s). (8.1)

Proof. We start by noting that ¢ — U?*(t) is a weak solution corresponding
to the initial value z if and only if t — U®(t) — S(t)z is a weak solution cor-
responding to the initial value 0. Without loss of generality we shall therefore
assume that = = 0 and write U(t) := U°(t) for convenience.

(1) = (2): We will show first that for all t € [0,7] and z* € 2(A%?),
almost surely we have

U(t),z*) = /0 B*S*(t — s)a* dWg(s). (8.2)

Fix t € [0,7] and z® € Z(A®). By Fubini’s theorem, almost surely the
identity

(U(s),2®) = / (U(r), A®2Y dr + Wi (s) B*2° (8.3)
0
holds for almost all s € (0,¢); here we use that both terms on the right hand

side are jointly measurable on (0,¢) x §2. In combination with Lemma K] this
gives, for any C'-function ¢ : [0,¢] — R,

/qs 2©) ds

/d) / (r), Az ®>dr ds+/ &' ()W (s)B*2® ds
—¢<>/<<A@@ /¢ ), A°a®) ds
+ o)Wy (t)B*2® — / #(s) @ B*z® dWg(s)
0

almost surely. Multiplying both sides of ([83) with ¢(t), putting f := ¢ ® 2©
and rewriting, we obtain

Ut), F(t) = / (U(s), £'(s) + AP f(s)) ds + / B f(s)dWn(s)  (8.4)

almost surely. By LemmaRZ applied to the Banach space Z(A®), this identity
extends to arbitrary functions f € C*([0,t]; Z(A®)). In particular we may
take f(s) = S®(t —s)z*, with 2@ € 2(A®?). For this choice of f, the identity
B reduces to B2).

So far we have proved that (82) holds for functionals z* € 2(A%?). We
shall prove next that (82) holds for functionals * € E*. Then the stochastic
integrability of s — S(t — s)B on (0,t) follows from Theorem 17



112 8 Linear equations with additive noise I

The extension of ([§Z) from functionals 2* € Z(A®?) to functionals z* €
E* is not enterly straightforward since in general 2(A®?) is only weak*-dense
in E*. Let * € E* be arbitrary and fixed, and let weak*-lim,_,. x), = z*
with all % € 2(A®?) (for instance, take z, = A3 R(\,, A*)3z* with suitable
A, — 00). By dominated convergence, for all f € L?(0,t; H) we have

nh—{r;o[f’ B*S*(t - ')x;]L2(O,t;H) = [f7 B*S*(t - ')‘T*]L2(O,t;H)'
It follows that for all N > 1, B*S*(t — -)x* belongs to the weak closure in
L2(0,t; H) of the tail sequence (B*S*(t — -)x})%_ . By the Hahn-Banach
theorem, B*S*(t — -)z* belongs to the strong closure in L?(0,t; H) of the
convex hull of this sequence. It follows that there exist vectors y3;, belonging
to the convex hull of (z})2° ,, such that

* Qi * * Qrk * 1
||B S*(t — -)yN—B S (t—-)x ||L2(O,t;H) < N

The isometry (E2) implies that

t

t
A}im B*S*(t — s)yny dWg(s) = / B*S*(t — s)a* dWgy(s)
— 00 0 0

in L2(£2). By passing to a subsequence and using that weak*-limy o y3 = z*
(this follows from the fact that we used the tail sequence ()2  to define
Yy ), we obtain

t

(U(t),2") = Tim (U(),yk,) = lim | B*S*(t - )y, dWn(s)

j—oo i—oo Jo
t

- / B S*(t — s)a* AW (s)
0

almost surely.

(2) = (1): Suppose now that the function ¢ — S(¢)B is stochastically
integrable on (0,7"). This implies the stochastic integrability of s — S(t —
s)B on (0,t) for all t € (0,T]. We check that the process U defined by the
convolution &Il with z = 0 has a strongly measurable version which is a
weak solution of the problem (SACP]) with initial value z = 0.

To prove that U has a strongly measurable version we argue as follows.
As in the proof of Step 1 of Theorem (3)=(1) we may assume that H
is separable. Then by Proposition BT the v(L2(0,T; H), E)-valued function
t — Ry is strongly measurable, where R; is the integral operator associated
with s = 1(0,+)(s)S(t — s)B. By covariance domination, || R¢||y(r2(0,1;m),E) <
| Rty (z2(0,7;5),5)- Applying the It6 isometry of Theorem we see that
U defines an element of L>(0,T; L?(£2; E)). The existence of a strongly mea-
surable version follows from this (cf. Example [C2T]).

Fix 2* € 9(A*) and ¢ € [0,T]. Then almost surely
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(U(t), A*2") = /Ot B*S*(t — s)A*z* AW (s).

By the stochastic Fubini theorem applied to ¢(s,t) := ljocs<ci<cr} B*S*(t —
s)z*, the L?(£2)-valued function t — (U(t), A*x*) is integrable on (0,T) an

/ot<U(s), A*a*) ds = /Ot /0 B*S*(s —r)A*z" AW (r) ds

nd

t ot
:/ / B*S*(s —r)A*z* ds dWy(r)

/ B*S*(t —r)a™ — B " dWg(r)

U(t),z*) = Wr(t)B*z",

where all identities are understood in the sense of L?(£2). In particular the
identities hold almost surely.

It remains to check that the trajectories of U are integrable almost surely.
Let u¢ be the distribution of U(t) and let @ be its covariance operator. We
have

t
Qia"x') = [ 188" (0)a [y ds < (Qra ) = (R ).
0

Hence by Fubini’s theorem and covariance domination, for arbitrary but fixed
1 < p < oo we obtain

T
B [ aipd- / J Nl dtata) it < T [ ol dyar(a) < .
0 E

This implies that almost all trajectories ¢t — U (¢, w) belong to L?(0,T; E). O

Note that theorem contains the following uniqueness assertion: if U*
and U® are both weak solutions of ([SACP), then U* and U* are versions of
cach other: both U%(t) and U*(t) equal the right hand side of (&) almost
surely. This justifies us to speak of ‘the’ solution of ([SACH)).

Comparing the proof of Theorem R with that of Theorem [LT7 we observe
that the existence proofs are essentially identical, whereas the uniqueness parts
are very different. The reason is that the exceptional sets in the definition of
a weak solution of the stochastic problem ([SACP]) depend on ¢ and z*, which
prevents us from applying Proposition [[.T4 almost surely. Because of this it
is no longer clear whether a weak solution is always a strong solution (cf.

Proposition [ZTH).

8.4 Existence and uniqueness: Brownian motion

Next we consider the problem ([SACP) under the assumption that B €
v(H, E). In this situation the term ‘B dWy’ may be replaced by ‘dW 5’ where
W% is an E-valued Brownian motion canonically associated with B.
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Definition 8.7. An E-valued process (W (t))epo,r) is called an E-valued
Brownian motion if it enjoys the following properties:

i) W(0) = 0 almost surely;
i) W(t —s) and W(t) — W(s) are identically distributed Gaussian random
variables for all0 < s <t < T}
iil) W(t) — W(s) is independent of {W(r): 0<r <s} forall0<s<t<T.

Proposition 8.8. Let (Wg(t))icjo,r) be an H-cylindrical Brownian motion
and let B € v(H, E). If (hn)SS; is an orthonormal basis of (ker(B))*:, then:
(1) the sum

WE(t) := Y Wy (t)hy @ Bhy,
n=1

converges almost surely and in LP({2; E), 1 < p < oo, for allt € [0,T);
(2) up to a null set, WE(t) is independent of the choice of the basis (hy)3 4 ;
(3) the process (W5(t))iejo,1) defines an E-valued Brownian motion.

The proof involves a straightforward application of Theorem B3 noting
that for 0 < s < ¢t < T the covariance operator of Wg(t) — Wg(s) equals
(t — s)BB*.

This proposition shows that for operators B € ~(H,FE) the problem
(SATP) may be restated as

dU(t) = AU(t)dt +dWB(t), te0,T],
U(0) =z.

In the converse direction, every E-valued Brownian motion is of the form
W5 for canonical choices of H and B € v(H, E) (Exercise B).

Definition 8.9. Let B € v(H, E). A strong solution of [SACDP) is a strongly
measurable E-valued process (U*(t))icjo, 1) with the following properties:

1) the trajectories of U® are integrable almost surely;
ii) for all t € [0, T, almost surely we have fot U*(s)ds € 2(A) and

U®(t) =z + A/t U*(s)ds +WH(t).
0

Theorem 8.10. Let B € y(H, E). The following assertions are equivalent:

(1) the problem [SACD) has a strong solution;
(2) the problem [SACD) has a weak solution.

In this situation, the weak and strong solutions are versions of each other, and
both are given by &II).
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Proof. We only need to prove that (2) implies (1). We may assume that z = 0.
Let U be a weak solution of ([SACP]) with initial value z = 0. Fix ¢t € [0,T].
We claim that the function & : (0,t) — Z(H, E),

Uy (r)h = /t S(s —r)Bhds,

is stochastically integrable with respect to Wy and

/Lpt(r)dWH(r):/ U(s)ds. (8.5)
0 0

To see this, note that for all * € E* the stochastic Fubini theorem gives

/Otwt*( Ya* AW (r //B S*(s — r)a* ds dWg (r)

/ / B*S*(s — r)z* dWg (r )ds—/ot<U(s),3:*>ds,

where the last identity follows from the assumption that U is a weak solution

and therefore satisfies 81l). The claim now follows from Theorem G171
Also, from ¥, (r)h € Z(A) and AW, (r)h = S(t —r)Bh — Bh it follows that

AW, : (0,t) — £(H, E) is stochastically integrable with respect to Wy and

/t AW (1) dWy (1) = /t(S(t —7r)B — B)dWy(r) = U(t) — WB(t),
0 0

where in the second identity we used that Wy (t)B*z* = (WE(t), z*).

Combining these facts it follows that ¥, is stochastically integrable as a
function from (0,t) to £ (H, 2(A)). It follows that the left hand side of (BH)
defines a Z(A)-valued Gaussian random variable. Moreover, as A is bounded
from 2(A) to E, almost surely we have

A/ ds—A/ Wy (r) dWg (r /A!I/t VAW (r) = U(t) — WEB(t).

This shows that U is a strong solution. O
We may now apply the result of Exercise BH] as follows:

Corollary 8.11. Let E have type 2 and assume that B € v(H, E). Then the
problem ([SACPI) has a unique strong solution, and this solution is given by
the convolution &I).

It can be shown that this solution has a version with continuous trajecto-
ries; this follows from the Da Prato-Kwapien-Zabczyk factorisation principle
which will be discussed later on. It appears to be an open problem whether,
in the more general situation of Theorems B and B0, a solution (if it exists)
always has a continuous version.
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8.5 Non-existence

In this section we present an example of a stochastic evolution equation driven
by a rank one Brownian motion which has no (weak or strong) solution.

Ezample 8.12. Let E = LP(T), where T denotes the unit circle in the complex
plane with its normalized Lebesgue measure. We let A = d/df denote the
generator of the rotation (semi)group S on LP(T), S(t)f(6) = f(6+t mod 2m).
Consider the stochastic Cauchy problem

U(0) =0, (8.6)

{ dU(t) = AU(t) + ¢dW, t € [0,2x],
where W is a standard real Brownian motion and ¢ € L”(T) is a fixed element.
This problem has a weak solution if and only if the operator R := R, :
L?(T) — LP(T) of Theorem BH (with T' = 27) is y-radonifying. Let (h,,)5%
be an orthonormal basis for L2 ('IF) For all N > M > 1, by Fubini’s theorem
and the Khintchine inequality we have

N p 27 N D
EH Rh, :/ E) Rh, (0 ‘ o
n;/ e n;”y (6)

(3 o) = |35 )

LP(T)
Now,
N 2 N
> [Rha( Z ‘/ ¢(0 + t mod 2r) dt‘ S~ 1 S6l2my |
n=M n=M

where ¢p(t) := ¢(0+t mod 27). Via an application of the Kahane-Khintchine
inequality we deduce that R € v(L*(T), LP(T)) if and only if ¢ € L?(T). In
particular, for p € [1,2) and ¢ € LP(T) \ L?(T) the resulting initial value
problem has no weak solution.

It is not a coincidence that a nonexistence is obtained in the range p € [1, 2)
only. Indeed, for p € [2, 00) the space LP(T) has type 2, and therefore Corollary
guarantees the existence of a strong solution for (&H).

8.6 Exercises

1. This exercise offers an alternative approach to the integration by parts
formula of Lemma The starting point is the fact that if 7 is a real
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Hilbert space, ¢ : [0,T] — R is of bounded variation, and ¢ : [0,T] — 5
is continuous, then

/’w ) dé(t) /’¢ ) du(t

where both integrals are interpreted as Riemann-Stieltjes integrals in 2.
Let (W(t)):cjo,1) be a standard Brownian motion.

a) Show that the function ¢ : [0,¢] — L2(£2), ¢ (t) := W(t), is continuous.
b) Deduce Lemma from the above integration by parts formula.

. Let (W (t))ejo,7) be an E-valued Brownian motion. Show that there exists
a unique Gaussian covariance operator @ € £ (E*, E) such that

E(W(s),2")(W(t),y") = min{s, t}{Qz", y")

forall 0 < s,t < T and z*,y* € E*.
Hint: Cousider Q := Qr/T, where Qr is the covariance of W (T)).

. We consider the problem (SACP]) with initial value x = 0 and assume
that it admits a weak solution U. Prove that U is a Gaussian process with
covariance

min{s,t}
E(U((s), ™ )(U(t),y*) = /0 [B*S*(s —r)z*, B*S*(t — r)y*] ds

forall 0 < s,t < T and z*,y* € E*.

. We consider the problem (SACP]) with initial value z and assume that it
admits a weak solution U”.

a) Prove that the solvability of the problem (SACD) is independent of
the time T. More precisely, show that if (SACP]) has a weak (resp.
strong) solution on some interval [0,7], then it has a weak (resp.
strong) solution on every interval [0, T.

Hint: Use the semigroup property and Theorem

By a) and uniqueness, U” extends to a solution on [0, 00). For f € Cy(E)
and t > 0 we define the function P(t)f : E — R by

P@)f(z) :=Ef(U"(t)), z€E.
b) Explain why for all f € C,(F) and ¢t > 0 we have the identity

/f B + ) dpy),

where j1; denotes the distribution of the random variable U°(t).
c¢) Deduce that P(t)f € Cn(E).
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d) Prove the identity
frits = pre % S () s,
where * denotes convolution and S(¢)us is the image measure of pug
under the operator S(t).

Hint: Use Fourier transforms and observe that for the covariances Q;
of U°(t), t > 0, we have the identity

Qits = Qi + S(H)Qs5™ (1)
e) Deduce that P = (P(t)):>0 is a semigroup of operators on Cy(E), in

the sense that P(0) = I and P(t)P(s) = P(t+ s) for all ¢,s > 0.
f) Prove that for all z € F and f € Cp(E) we have

lim P()f () = ()

uniformly on compact subsets K of E.
Hint: By the remark in Exercise @lH] the process

VE(t) = S(t)a:+/0tS(t)BdWH, te 0,7,

has a continuous version (a proof will be given later in this course).

Now use b) together with the observation that for each fixed ¢t € [0, T

the random variables U*(t) and V*(t) are identically distributed.
Remark: By considering (real and imaginary parts of) trigonometric poly-
nomials of the form = — exp(i(z,2*)) it is not hard to show that P fails
to be a Cyp-semigroup on Cy,(F) (and even on the closed subspace UC(E)
of all bounded uniformly continuous functions) unless A = 0.

In addition to the assumptions of the previous exercise, let us assume that
there exists a Borel probability measure o, on E such that limy_ o py =
lloo in the sense that

tim [ 1) d(e) = [ $a)die(a)

t—o0

for all f € Cy(E).
a) Prove the identity
Hoo = pt % S(t) poo-
b) Prove that u is an invariant measure in the sense that for all f €
Cy(F) and t > 0 we have

| P dun = [ s

¢) Prove that P extends to a Cy-semigroup of contractions on the space
LP(E, pioo), 1 < p < 00.
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Notes. The theory of (linear and non-linear) stochastic evolution equations in
Hilbert spaces dates back to the 1970s and was developed extensively through
the efforts of the Italian and Polish schools around DA PRATO and ZABCZYK.
A comprehensive overview is given in the monographs [27, 28] by these two
authors. Parts of the theory have been extended to (martingale-)type 2 spaces;
we refer to the review paper by BRZEZNIAK [I5] and the references given there.

The results of Section B3 are taken from [84] and generalise known Hilbert
space results and improve the preliminary Banach space results of [T6]. The
proof of theorem Theorem essentially follows the Hilbert space proof in
[27]. The theory of adjoint semigroups was initiated by PHILLIPS, who proved
Proposition B2l and noted as a consequence that E© = E* if E is reflexive.

The equivalence of weak and strong solutions in the case where B is -
radonifying is taken from an unpublished note by VERAAR.

The example in Section is from [84]. Such examples cannot exist in
Hilbert spaces, due to Corollary BTl

The semigroup P of Exercises Hl and Bl is called the Ornstein-Uhlenbeck
semigroup associated with A and B. The literature on this class of semigroups
is extensive, with contributions by many mathematicians. Using It6’s formula
it can be shown that the infinitesimal generator L of P is given, on a suitable
dense subspace of Z(L) consisting of cylindrical functions, by

Lf(r) = 5T (BB D*f(x)) + (Ar, Df(x)}, € 7(A),

where D denotes the Fréchet derivative and Tr the trace. The first term in the
right hand side is the ‘diffusion part’ corresponding to B Wy and the second
is the ‘drift part’ corresponding to A.

The clever argument in part f) of Exercise H is due to VERAAR. A self-
contained analytic proof can be found in see [42].

For a systematic account on invariant measures for stochastic evolution
equations we refer to DA PRATO and ZABCzYK [28].






9

~v-Boundedness

In this lecture we address the second topic in the paradigm sketched in the
introduction of Lecture Bt a ‘Gaussian’ generalisation to a Banach space set-
ting of the notion of uniform boundedness of families of operators in Hilbert
spaces. Roughly speaking, a family of operators .7 is said to be ‘y-bounded’ if
a Kahane contraction principle holds with scalars replaced by operators from
7. This makes y-boundedness into a powerful tool for estimating Gaussian
sums. Perhaps more important is the fact that there are numerous abstract
methods to create y-bounded families, which can be used to show that fam-
ilies of operators arising naturally in the context of parabolic PDEs (such as
resolvents) and stochastic analysis (such as families of conditional expectation
operators) are y-bounded.

9.1 Randomised boundedness

Throughout this lecture ¢ = (¢,)22; denotes a sequence of independent sym-
metric real-valued random variables satisfying Ep2 = 1, n > 1. For instance,
@ could be a Rademacher sequence or a Gaussian sequence.

We begin with a simple observation.

Proposition 9.1. Let H, and Hy be Hilbert spaces. For a subset  C
Z(Hy, Hy) and a constant M > 0 the following assertions are equivalent:

(1) 7 is uniformly bounded and suppc 5 [|T]| < M;
(2) for al N> 1, allTy,..., Ty € T, and all x1,...,xn € Hy,

N 2\ 1 N 2 1
3wt} <l e
n=1 n=1

Proof. For the proof of (1)=>(2), write ||k||> = [h, h] and use that Ep; o = 8.
For the proof of (2)=-(1), consider the case N = 1 in (2) to obtain ||Th|| <
M||h|| for all T € 7 and h € Hj. 0
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With Hilbert spaces replaced by Banach spaces the implication (1)=(2)
does not hold in general. This motivates the following definition.

Definition 9.2. Let E; and Es be Banach spaces. An operator family T C
Z(E1, E») is said to be p-bounded if there exists a constant M > 0 such that

N 2\ 1 N 2\ 1
B i) <SS
n=1 n=1

for ol N 21, all'Ty,.... Ty € F, and all z1,...,xx € E1. When ¢ is a
Rademacher sequence, a p-bounded family is called R-bounded; when ¢ is a
Gaussian sequence the family is called y-bounded.

The least admissible constant M is called the ¢-bound of 77, notation:
©(7). As in the Hilbert space case, every ¢-bounded family 7 is uniformly
bounded and we have

sup || 7| < ¢(7).
TeT

When ¢ is a Rademacher sequence or a Gaussian sequence, the bound ¢(.7)
is denoted by R(.7) and «(.7), respectively. In these two cases, the Kahane-
Khintchine inequality shows that the exponent 2 in the definition may be
replaced by any exponent 1 < p < oo; this only affects the numerical value of
the bounds. R-bounds and ~«-bounds relative to the LP-norm will be denoted
by R,(7) and v,(7). As a rule, we will state our results relative to the
L%-norm, but frequently the results carry over to LP-norms if we make this
modification.

Proposition below shows that every R-bounded family is v-bounded,
and Corollary B8 and Theorem B imply that the converse holds if Ey has
finite cotype.

Proposition 9.3. Any R-bounded family 7 is p-bounded and o(F) < R(T).
Proof. Let (11,)52; be a Rademacher sequence on an independent probability
space (2/,.%','). Then for all Th,...,Tny €  and z1,...,zx € E1, by
randomising we obtain

N 2
EHE:g%thn
n=1

2
=EF/

N
/
E Ty @nTnTn
n=1
N
!
§ TnPndn
1

2

2
= . O

N
< R(7)2EE/ - R(y)QEHZ Onn
n=1

The proof of the next proposition is left as an exercise to the reader.

Proposition 9.4. If 7 C Z(E1,E2) and & C L(E1, E3) are p-bounded,
then the family & + 7 = {S+T : S € & T € T} is p-bounded in
Z(El,EQ) and
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oS+ T) <o)+ (7).
Likewise, if 7 C £(E1,Es) and & C ¥ (Es, E3) are p-bounded, then the
family ST ={ST: Se.7, T € T} is p-bounded in £ (Er, E3) and
o(ST) < p(SL)p(T).

The strong operator topology of £ (FE1, E3) is the topology generated by
all sets of the form

V(S z,e) :={T € L(E1,Ez): ||Sx—Tz| <e}

with given S € £ (F1, Es), x € E, and € > 0. Note that a set O C Z(E1, Es)
is open in this topology if and only if for all S' € O there exist x1,...,2; € Fq
and a number € > 0 such that

k
(T € Z(By, Ep) : ||Sx; — Taj| <} € O.

j=1

It is an easy exercise to check that lim, ., 7, = T in the strong operator
topology if and only if lim, o T,z = Tx for all z € Ej.

Proposition 9.5 (Strong closure). If 7 C Z(E1, Fa) is ¢-bounded, then
its closure 7 in the strong operator topology is p-bounded and o(T) = p(T).

Proof. Let Ti,....Ty € 7 and Ti,...,eN € Fq Ee arbitrary. Given an
e > 0, choose operators T1,..., Ty €  such that | Tz, — Thz,| < 27",
n=1,...,N. Then, by the triangle inequality in L?({2; E5) applied twice,

N o L
(S o)
n=1 N
< (EH Z%Tnxn
n=1

N
<7 (B Y wnt
n=1

2)%

N N _
) 2 + (EH Z gﬁn(TnfEn—TnIn)
n=1
N

2\ % _
) ’ + Z HTnIn - Tnxn”

n=1

2\ 3
)+a.

N
<e(2)(E| Y e
n=1

This proves that .7 is p-bounded with ¢(.7) < ¢(.7). The converse inequality
is trivial. O

The absolute convex hull of a set V', notation abs conv(V), is the set of all
vectors of the form 2521 Ajx; with E;C:l IAj|l<landz; € Viorj=1,... k.
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Proposition 9.6 (Convex hull). If J is p-bounded in £ (E1, E2), then the
convex hull and the absolute convexr hull of T are p-bounded in L (E1, E2)
and ©(T) = ¢(conv(7)) = p(absconv(T)).

Proof. First we prove the statement for the convex hull. Choose 51,...S5, €
conv(7) arbitrarily. Noting that

conv(7) x -+ x conv(.7) = conv(F x -+ x T)

we can find Ar,..., Ay € [0,1] with 25| A =1 such that S, = Y5 A Tjn
with T, € T forallj=1,...,kandn=1,...,N. Then, forall z,...,zn €

Elu
N 2 % N 2 %
V=) (E] L)'
n=1

N

<) YN (B[ Y wntn
j=1 n=1

This proves the ¢-boundedness of conv(7) with the estimate p(conv(7)) <

©(.7). The opposite inequality ¢(.7) < ¢(conv(.7)) is trivial.

The result for the absolute convex hull follows by noting that this hull
is contained in the convex hull of .7 U {0} U —.7; the set 7 U {0} U -7 is
p-bounded with the same @-bound as .7 (use Proposition EZT8 to add the
zero operator and replace some of the ¢,, by —¢,, in the random sums). O

<

By combining Propositions and [0 we obtain that the strongly closed
absolutely convex hull of every p-bounded set is ¢-bounded. This may be used
to show that p-boundedness is preserved by taking integral means.

Theorem 9.7 (Integral means I). Let (A, o7, 1) be a o-finite measure space
and let T be a p-bounded subset of L (E1, Es). Suppose f: A — L(E1, E2)
s a function with the following properties:

(i) the function & — f(&)x is strongly pu-measurable for all x € Eq;
(il) we have f(§) € T for p-almost all £ € A.

For ¢ € L*(A) define T? € Z(F1, Eq) by

TV = /A o) f(©rdu(e),  ze By,

The family ijb = {T}Zb o ||éllr < 1} is @-bounded and ga(jf(ﬁ) < p(T).

Proof. Since 7 is p-bounded and therefore uniformly bounded, the integral
defining T? x is well-defined as a Bochner integral in Fs for every x € E; and

defines a bounded operator Tf of norm HT?’H <@l supres | T
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To prove the ¢-boundedness of the family ﬂf“b along with the estimate for
its ¢-bound it suffices to check that the family {Tf . ||¢]l1 = 1} is contained

in absconv(.7), where the bar denotes the closure in the strong operator
topology of .Z(E1, Es2).
Fix ¢ with ||¢|l; = 1 and for k = 1,2,... define T¥) € Z(EF E¥) by

T® (2, 23) == (fol,...,Tf:vk)

and note that this operator is given by the Bochner integral

Twwhuwwzﬁﬁwﬂmamhuwww&x

where f®)(&)(z1,...,21) == (f(€)z1,..., f(€)xy) is strongly u-measurable as
an Eb-valued function of the variable €.

Let us fix x1,...,z; € E1. Let N € & be a p-null set such that (ii) holds
in A\ N. Noting that

(ol)(B)i= [ loldu= [ 1awloldn, B e,
B B
defines a probability measure on (4, &) and writing

P(§)f(&) = sgn(d(£))f(§) - [o(§)],

from Proposition [[Td we deduce that
(Tf1,..., Tfxy) € absconv{(f(&)z1, ..., f()zr) 1 € A\ N}
In particular,
(Tfz1,..., Tfxy) € absconv{(Tzy,...,Txy): T € T}
This means that for every € > 0 we can find T' € abs conv(.7) such that

k.

*

|Tfz; — Txjll <e, j=1,..

Since the choice of z1,...,2x € E; and € > 0 were arbitrary, we have
shown that every open set (in the strong operator topology) in .Z(E1, E3)
containing TJ‘? intersects abs conv(.7). This is synonymous to saying that T]‘f €
abs conv(.7). O

So far we have been concerned with producing new ¢-bounded families
from old. We continue with two results which produce (p-bounded families
‘from scratch’. In view of Proposition[@3lit suffices to prove that such families
are R-bounded. In both cases, however, the same argument already gives the
w-boundedness, and we prefer this route for the unity of presentation.
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Theorem 9.8 (Integral means II). Let (4,9, 1) be a o-finite measure
space, By and Eo Banach spaces and let f : A — £(E1, Es) be a function
with the property that & — f(&)x is strongly p-measurable for all x € Ej.
Suppose that g : A — R is a p-integrable function such that for all x € E7 we
have

1£(©)all < lg(©lllall  p-almost everyuhere.

For ¢ € L*(A) define T} € £(E\, Ey) by
G RGUGI IO

The family T = {T}b 0 ||6]loo < 1} is -bounded and go(ﬂf‘b) < lgll-
Proof. For ¢ € L>®(A), note that £ — ¢(£)f(€)x is u-Bochner integrable in
E, for all z € E;, so the operators T]‘f are well-defined and bounded with

1771 < ll¢llsollglls-
Fix ¢1,...,¢n € L=(A) and z1,...,2n € E;. Using the Kahane contrac-
tion principle we estimate

N
|3 ez
n=1

L2(2:B2)

N
vy = | [ @5 @ auce)

du(§)

L2(Q;E2)

</ IS e (e,
n=1

</ |5 ens@)en

</A|g(€)IHZN:sDn:En

N
= liglh|| > enn
n=1

Note that if F; is separable, we may apply the theorem to the function
g(&) :=||f (&), which is then p-measurable (choose a dense sequence ()32 4

in F; and note that [|f(§)|| = sup,>; | f(§)2nl]). A similar remark applies to
the next theorem.

du(§)

Lz(Q;Eg)

dp(§)

L2(Q;E1)

. O
L2(2;Ey)

Theorem 9.9 (Functions with integrable derivative). Let f : (a,b) —
Z(E1,Es) and g : (a,b) — R be such that the functions t — f(t)x are
continuously differentiable, g is integrable, and for all x € Ey we have

I ®)z| < lg@®)|l|lz]|  p-almost everywhere.

Then T :={f(t): t € (a,b)} is p-bounded and (T ) < ||f(a+)|| + ||lg]|1-
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Proof. Let us first prove that f(a+) := lim¢|, f(¢) exists in the strong op-
erator topology. For fixed z € Ey, given € > 0 choose § > 0 so small that
f;+5 lg(t)| dt < e; then for all @ < a1 < az < a+ § we have

I e = el = | [ weal < [ 17w < e,

This gives the claim.
For all a < t; < --- <ty < b and z1,...,zy € E we obtain, using
Theorem [

- 2
(] = onstnten)
= (¢ i on flat)en + 7ty di] HQ)%

Y s E S e [ 0 0m )
) :

=

N
<l (B 3 g

< (Ifta+)ll + gl (E| anxn

9.2 Examples

We proceed with some important examples of ¢-bounded families, where as
before (¢,)2%, is a sequence of independent symmetric real-valued random
variables satisfying Ep2 = 1, n > 1. One example has already been recorded:
a family of Hilbert space operators is ¢-bounded if and only if it is uniformly
bounded.

Ezample 9.10 (The contraction principle and p-boundedness). Let E be a Ba-
nach space. Every real number a defines a bounded operator T, on E by scalar
multiplication: T,z = ax. The Kahane contraction principle can be reformu-
lated as saying that for every bounded set A C R, the set Ty := {T, : a € A}
is p-bounded in Z(F), with ¢(74) = sup{|a| : a € A}.

Ezample 9.11 (p-Boundedness in LP). Let (A, 7, u) be a o-finite measure
space and let 1 < p < oo be fixed. If S is a positive bounded operator on
E := LP(A), i.e., Sf > 0 whenever f > 0 (we write f; > f2 to mean that
f1(&) = f2(&) for p-almost all £ € A), the set

T ={T € Z(E): |Tf|<S|f| forall feE}



128 9 ~-Boundedness

is p-bounded and we have ¢(.7) < K,||S||, where K, is a universal constant
depending only on p.

By Proposition B3 it suffices to prove this for Rademacher variables
(rn)$2 . Using Fublnl s theorem and the scalar Kahane-Khintchine inequality,
we see that for all Ty, ..., Ty € J and f1,...,fn € E,

) %

N N
EHZ:lrnTnfn Z_AE]Z:lrnTnfnpdﬂ gp/ (E’ZrnT fn
N N

= (k) s [ (i)
N N
:A(E‘;rn5|fn| ) dp <,,/1E\Zrn5|fn
:EH%T‘WS’UM ‘Zrnlfn|
n=1 n=1
_ ||S||P/AIE’irn|fn| " du = |S||p[4E‘irnfnde

N
P
> ks
E
n=1

dp

< [|SIIPE

= [IS|"E

In this computation we used that E| 25:1 rnan‘p = E| Zﬁ;l rn|an||p for
ai,...,an € R; to see this, just replace r,, by —r, if a,, < 0. The result now
follows from the Kahane-Khintchine inequality which permits us to replace
the LP-moments by L?-moments.

9.3 A multiplier result

Let (A, o7, u) be a o-finite measure space and let & : A — v(H, FE) be uni-
formly bounded and strongly p-measurable. For f € L?(A; H) the integrals

Rof = /A (€)1 () du(€)

exist as Bochner integrals in F, and the resulting linear operator Rg :
L?(A; H) — E is bounded. In the next lemma we consider the special case
where @ is a finite rank simple function.

Lemma 9.12. Let ¢ = E?:l 1g, ®@Uj be a finite rank simple function, where

U; = 25:1 hn @ xjp with hy, ...,y orthonormal in H and B1,...B, € o/
disjoint and of finite p-measure. Then Rg belongs to v(L*(A; H), E) and
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k N
1R 12 oy = B|| S0 D vin /By Ujha
j=1n=1

Proof. First we prove that Rg € v(L?(A; H), E). By linearity it suffices to
prove this for simple functions of the form @(t) = 1p(t)U, where B C A
satisfies 0 < u(B) < oo and U of finite rank. But then we have Rg = U oip,
where ip : L?(A; H) — H is defined by ipf := [, 15(£)f(£) du(€). Hence Ry
is y-radonifying by the right ideal property.

Let H denote the linear span of {hi,...,hy} in H. The expression for
the y-norm of Rg¢ is obtained from Corollary B8 and Theorem B3, taking
any orthonormal basis of L?(A; H) containing the functions f; ® h,,, where

fi = 1B;/\/1(Bj). 0

Turning to the situation where @ : A — ~(H, E;) is uniformly bounded
and strongly p-measurable, suppose next that Fs is another Banach space
and M : A — Z(F1, E5) is a uniformly bounded function with the property
that & — M (&)z is strongly p-measurable for all © € F; (in this situation,
with a slight abuse of terminology we call M strongly u-measurable). We put

(M®)(§) := M(§)P(E)-

Let us check that the function M@ is strongly p-measurable. By strong u-
measurability, the range of @ is p-separably-valued in y(H, E4 ). Therefore by
Proposition BET0 we may assume H is separable. Choose an orthonormal basis
(hy )22, for H and let P, denote the orthogonal projection onto the span of
{h1,...,hn}. Then & — (MPP,)(§) := M(&)P(£)P, is strongly p-measurable,
and the claim follows by noting that lim, .. M®P, = M® pointwise in the
norm of v(H, Ey) by Proposition

As a result, the integral operator R4 is well-defined as a bounded oper-
ator from L?(A; H) to E;. Thus M induces a mapping

2

M:R@'—)RM@.

We shall be interested in finding conditions that guarantee the boundedness
of this mapping as an operator from (L?(A; H), E1) to v(L?(A; H), Es).

First we check that the operators Rg, with @ a finite rank step function,
are dense in y(L?(A; H), E1). For simplicity we state the next lemma and the
theorem following it for the Lebesgue interval (0,7), and leave the simple
extensions to general measure spaces to the interested reader.

Lemma 9.13. The operators Rg, with @ : (0,T) — ~v(H, E) a finite rank step
function, are dense in v(L?(0,T; H), E).

Proof. Let R € v(L?(0,T; H), E) be given. By the same argument as in Step
4 of the proof of Theorem we may assume that R € v(L*(0,T; H), E),
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where H is a separable closed subspace of H. Then, by Proposition B.T2, we
even may assume that H is finite-dimensional.

Let A denote the averaging operator on L?(0,T; H) with respect to the
k-th dyadic partition of (0,7") into 2* subintervals of equal length. Then
limj oo Ro A, = R in v(L2(0,T; H), E) by Proposition BT Every Ro Ay, is
of the form R, for a step function @y, : (0,T) — ~v(H, E): indeed, take

P (t)h = R(2"1(jo-rp (jp1)2-+m) ® D), t€ (27T, (j +1)27*T).
As function with values in y(H, E), the @, are finite rank step functions. O

The following multiplier theorem, due to KALTON and WEIS in a slightly
simpler setting, connects the notions of v-boundedness and ~-radonification.
It states that functions with y-bounded range act as multipliers on spaces of
~y-radonifying operators.

Theorem 9.14 (v-Bounded functions as vy-multipliers). Suppose that
M : (0,T) — Z(E1, E2) is strongly measurable and has ~y-bounded range
{M(@): t € (0,T)} =: A. Then for every finite rank simple function @ :
(0,T) — v(H, Ey) the operator Rye belongs to v(L*(0,T; H), E3) and

| Rara|lyL20,10),80) < V(A ) || Rl (220,71, 1)

As a result, the map M Rg — Rpyrg has a unique extension to a bounded

operator ~
M : 7, (L*(0,T; H), By) — v,(L*(0,T; H), Es)

of norm | M| < y(4).

Proof. The uniqueness part follows from Lemma To prove existence
we let @ be a finite rank step function which is kept fixed throughout the
proof. In order to show that Rjs¢ belongs to v(L?(0,T; H), E2) and the above
estimate holds we may assume that H is finite-dimensional. Let (h,)Y_; be
an orthonormal basis of H.

Step 1 — In this step we consider the special case of the theorem where
M is a simple function. By passing to a common refinement we may suppose
that

k k
o(t)=> 1p,M)U;, M= 1)V,

with disjoint intervals B; of finite positive measure; the operators U; &
~v(H, Eq) are of finite rank and the V; € Z(E1, E2) are bounded. Then,

k
(MP)(t) =Y 15, ()V;U;.



9.3 A multiplier result 131

This is finite rank simple function with values in v(H, Es). Hence Ry¢ €
~v(L3(0,T; H), E3), and using Lemma T2 we find

2

kN
HRM¢||3(L2(O,T;H),E2) = EH Z Z Yin\/1B;j|V;Ujhn,

j=1n=1

2

k N
< (VCA)E| 3237 i/ IBs[Ushn
j=1n=1

= (’7('//))2HR@’”i(LQ(O,T;H),El)'

Step 2 — For the general case define the step functions My : (0,T) —
Z(E1, E3) by the averaging procedure of Lemma @13 putting

ok pG+D27FT
My, (t)x = —/ M(s)xds, te (j277T,(j+1)27FT)
T j2=kT

for 0 < j < 2% — 1. These integrals are well-defined by the strong measura-
bility and boundedness of M. Moreover, limy .o, Myx = Mz in L'(0,T; E3)
for all z € FE; and by passing to a subsequence we may assume that
limy oo Mi(t)x = M(t)x for almost all ¢ € (0,7) (with an exceptional
set depending on x). Since @ is a finite rank simple function, this implies
limg oo Ras,6f = Ryaf in B for all f € L?(0,T; H). Also note that the
range of each My, is y-bounded with v(My) < v(#) by Theorem @7

Fix an orthonormal basis (¢y,)_; of L?(0,T) and fix indices My < M.
Let Hyg, a1, denote the span in L?(0,T; H) of the functions ¢,, ® h, with
My<m< M;andn=1,...,N. By the Fatou lemma and Step 1,

My N 2
E[ > 3 wRae(dm @ hn)

m=DMp n=1

M, N 2
<liminfE|| > 3" 0 Raso(dm @ ho)

m=DMgy n=1

= hklggéf ||RMI<¢||’2Y(H]\/IO,Z\/11)7E2)
< 7(///)2||R45||'2y(HMO,Ml)7E1)

My N 2
e 3 S emisnen]

m=DMy n=1

It follows that the sum > >, Zﬁ;l YnRpra(dm @hy) converges in L2(§2; E»).
Hence Ry € v(L?(0,T; H), Es) and the above estimate gives

| Rasollv(r200,m50),82) < V(A )||Rolly (120,11, B4 ) - O
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9.4 Exercises

1.

Let (A, o/, ) be a o-finite measure space and let 1 < p < oo. For a
function ¢ € L>°(A) define the multiplier My € £ (LP(A; E)) by

(Mo f)(€) = o(§) (&), &€ A

Show that the set M = {My : ||¢]lcc < 1} is R-bounded and give an
estimate for R(M).

. On I? with 1 < p < oo, consider the left shift S : (ap)n>1 — (Ant1)n>1-

For which values of p is the family {S* : k > 1} R-bounded in .Z(IP)?

In this exercise we prove that analyticity implies y-boundedness on com-
pact sets. Let D C C be open and let E' be a Banach space. A function
f: D — E is said to be analytic if the limit

z—20 Z— 20
exists in E for all zg € D.
a) Show that analytic functions are continuous.
b) Use the Hahn-Banach theorem to show that Cauchy’s formulas
1 f(2) 1 f(z)
= — _ d / = —— _ d
f(z0) 2mi Jp 2 — 20 = fiz) 2 Jp (2 — 20)2 :

hold for an analytic function f, where I" is a simple contour in D

around zg (by (a), the integrals make sense as Bochner integrals).
c) Let f: D — Z(F1, Es) be a function such that z — f(z)x is analytic

for all x € E;. Show that for every compact set K C D the family

Ik ={f(z): z€ K}

is R-bounded.
Hint: Use Theorem [ and (c) to see that f is y-bounded on every
circle contained in D. Then use the first formula in (b) together with
Theorem @71

() Let @ : (0,T) — Z(H, E) be stochastically integrable with respect to
an H-cylindrical Brownian motion Wy and suppose that M : (0,T) —
Z(E, Ey) is strongly measurable and has y-bounded range .#. Prove that
M® :(0,T) — £(H, Es) is stochastically integrable with respect to Wy
and

T » T P
EH/O M Wy <(vp(///>>pEH/0 eawi |,

where v, (#) is the y-bound of .# relative to the LP-norm (see the dis-
cussion following Definition [I2).

Hint: Use the norm of ,(L?(0,T; H), E) (see Lecture F for the notation
used).
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5. Let F; and E5 be Banach spaces. Prove that the following assertions are
equivalent:
(1) E; has cotype 2 and Es has type 2;
(2) every uniformly bounded subset of Z(F1, E2) is R-bounded;
(3) every uniformly bounded subset of Z(F1, E2) is y-bounded.

Hint: For the proofs that (2) and (3) imply (1), consider suitable uniformly
bounded families of rank one operators from E; to Es. Recall that the
notions of (co)type and Gaussian (co)type are equivalent (see Exercise

Remark: Via KWAPIEN’s theorem (see the Notes of Lecture ), from this
exercise we infer that for a Banach space E the following assertions are
equivalent:

(1) FE is isomorphic to a Hilbert space;

(2) every uniformly bounded subset of .Z(F) is R-bounded;

(3) every uniformly bounded subset of Z(F) is y-bounded.

Notes. The notion of R-boundedness has its origin in the work of BOURGAIN
on vector-valued multiplier theorems and has since then been studied by many
authors. The results presented here are taken from the fundamental papers by
CLEMENT, DE PAGTER, SUKOCHEV, WITVLIET [24] and WEISs [1U8]. We refer
to DENK, HIEBER, PRUSS [32] and KUNSTMANN and WEIS [61] for more on
the history of this notion and bibliographical references. It is well established
by now that a large class of operators associated with analytic semigroups
are R-bounded in L?, a fact which explains the importance of R-boundedness
for the theory of parabolic PDEs. Profound R-boundedness results are also
available in harmonic analysis (e.g., in connection with Fourier multipliers)
and probability theory (in connection with conditional expectation operators).
The examples presented in this lecture only give a glimpse of the rich body
of results nowadays available.

The result of Exercise Bl is due to WEIS [I08]. The result of Exercise B is
due to LE MERDY and PISIER; see ARENDT and Bu [4].
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Linear equations with additive noise 11

In this lecture we pick up the thread of Lecture Bl and continue our investiga-
tion of the stochastic abstract Cauchy problem with additive noise,

dU(t) = AU (¢) dt + BdWg(t), t€[0,T],
U(0) =z.

The goal is to prove optimal Holder regularity results for the solutions in the
parabolic case, that is, for operators A generating an analytic Cy-semigroup.
Since the problem is solved by

U(t) = S(t)x + /Ot S(t— s)BdWrg(s)

it suffices to concentrate on the case * = 0. Assuming that * = 0 and
B € «(H,E), we shall prove that U has a Holder continuous version for
any exponent a < % The main technical tool is the R-boundedness of the
family {t°(—A)*S(t) : t € (0,T)} for 0 < o < 3 < 3 (Lemma [MIT7). Thus
by the y-multiplier theorem (Theorem [IT4) this family acts as a multiplier
in v(L?(0,T; H), E). This provides a powerful tool for estimating the above
stochastic integral.

10.1 Analytic semigroups

We begin with a discussion of analytic semigroups. In this section, all Banach
spaces are complex. In later sections we shall return to the setting of real
Banach spaces and apply the results to their complexifications.

We begin with a definition (cf. Exercise [AB]).

Definition 10.1. Let D C C be open. A function f: D — E is analytic if
OEE)

z—20 zZ— 20
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exists in E for all zg € D.

Clearly, if f is analytic, then (f,2*) is analytic for all 2* € E*. In com-
bination with the Hahn-Banach theorem, this fact may be used to show that
many results on scalar-valued analytic functions extend to the vector-valued
setting.

For n € (0, 7] define the open sector

2y ={z€ C\{0}: |arg(z)] <n},
where the argument is taken in (-, 7].

Definition 10.2. A Cy-semigroup S on E is called analytic on X, if for all
x € E the function t — S(t)x extends analytically to X, and satisfies

lim S(z)x ==.
z€Xy, z—0

We call S an analytic Co-semigroup if S is analytic on X, for somen € (0,7].

The supremum of all n € (0, 7] such that S analytic on X}, is called the
angle of analyticity of S.
If S is analytic on X, then for all 21, zo € X, we have

5(21)5(22) = S(Zl + 22).

Indeed, for each z € E the functions z; — S(z1)S(t)x, S(t)S(z1)z, and S(z1 +
t)z are analytic extensions of s — S(s+t)x and are therefore equal. Repeating
this argument, the functions zo — S(21)5(22)x, S(22)S(z1)z, and S(z1 + 22)x
are analytic extensions of ¢ — S(z1 + t)x and are therefore equal.

As in the proof of Proposition [[3 the uniform boundedness theorem im-
plies that if S is analytic on X, then S is uniformly bounded on X,y N {z €
C: |z] <r}forall 0 <7 <mnandr > 0. Thus it makes sense to call S
a uniformly bounded analytic Co-semigroup if S is uniformly bounded on X,
for some n € (0,7]. Clearly, if A generates an analytic Cp-semigroup on X,
then for any 0 < 7' < n the operator A — p generates a uniformly bounded
analytic Co-semigroup on X, if ;1 (depending on 7’) is large enough.

Theorem 10.3. For a closed and densely defined operator A the following
assertions are equivalent:

(1) there exists n € (0, 37 such that A generates a uniformly bounded analytic
Co-semigroup on Xy ;
(2) there exists 0 € (3, 7] such that Xy C o(A) and sup |AR(X, A)|| < oo;
AEXy
(3) S(t)x € 2(A) for allz € E and t > 0, and sup t||AS(t)| < .
>0



10.1 Analytic semigroups 137

In this situation, the suprema 7 and 0 for which (1) and (2) hold are related
by %w + 1 = 0. Furthermore we have the representation

1
St)x = — | e**R(z,A)xdz, t>0, z€E,
211 r
where I" is the upwards oriented boundary of Yg: \ B for some 0’ € ($m,0)
and B is a closed ball centred at the origin.

Proof. (1)=(2): By Proposition [[J if G is the generator of a uniformly
bounded Cp-semigroup, then {ReX > 0} C o(G) and AR(A, G) is uniformly
bounded on every proper sub-sector X,, 0 < p < %w.

Let S be the Cy-semigroup generated by A and let it be uniformly bounded
on the sector X,. The implication (1)=(2) follows by applying the above
observation to the uniformly bounded Co-semigroups (S(e?'t));>o with 0 <
7 < n, whose generators are ¢’ A. This gives the uniform boundedness of
AR(A, A) on the union of all sectors ei”,Ep for 0 <n' <nand 0 < p < 3m,
which equals X Ep——y This argument also proves the inequality ] > %w + 7.

(2)=(3): First we prove that the conditions of (2) imply the integral
representation for S(t)z.

The integral converges absolutely for all ¢ > 0 and z € FE, and as a
function of ¢ it extends to a bounded analytic function on the sector X, for
any n/ < 0’ — 3. This proves the inequality 6 < T4

Fix t > 0 and x € E. For g > 0 such that u ¢ B define

— 1 zt _ -1
v#(t)x—%m, Fe (W—2)""R(z,A)z dz.

Our aim is to show that v, (t)xz = S(¢)R(u, A)x. Then,

St)r = lim S(t)pR(p, A)z = lim pov,(t)z = L e*' R(z, A)x dz,
H—00 p—00 27 Jp

where the first equality follows from Lemma [0 and the last is obtained by
splitting I' = I,y U o with I,y = {z € ' ||z]| < r} and [0 = {z € " :
||| = r}: for large fixed r, the integral over I, 5 is less than e, uniformly with
respect to p1 > 2r, while the integral over I, ; tends to % IFT ) e*'R(z, Az dz
by dominated convergence. Now pass to the limit » — oo. ,

The strategy is to prove that ¢ — v, (t)z is a weak solution of the Cauchy
problem

u'(t) = Au(t), te]|0,T],
u(0) = R(u, A)z.

Then ¢t — v,,(t)x is a strong solution by Proposition[[ T8 and by the uniqueness
part of Theorem [LT7 it follows that v, (t)x = S(t)R(u, A)x.
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It is easily checked that ¢ — v, (t) is integrable on [0, T'] (even continuous),
and for all z* € Z(A*) we obtain

/(v#( ), A*2*) ds—/ 27”/ (R(z, A)z, A*z*) dz ds
/ 27m/ “HzR(z, Az — x,2") dz ds

/ 2m/ p—2)"Y2R(z, A)z,z*) dz ds

2— (€* = 1) (1 —2)"(R(z, A)w,2") dz
i Jp

ok 1
@ 2 ety — 2)"YR(z, Az, %) dz — (R(p, A)z, z*).
211 r
Here the equality (x) follows from the observation that by Cauchy’s theorem
we have

1 1
_ — - z8 d = 0
211 F(M Z) € * ’

since u & B is on the right of a. The equality (xx) follows from

1
o (;L—Z)_1<R(Z,A)I,I*>d2’: <R(IUJ5A)I5I*>
27 r

by the analyticity of the resolvent (Exercise [Z]) and Cauchy’s theorem.

Now we are ready for the proof that (2) implies (3). Fix ¢t > 0 and z € E.
Since

M = sup | AR(z. A)]| = sup [+R(z. A) ~ 1|
zell

is finite, the 1ntegral f r e R(z, A) Ax dz converges absolutely. From Hille’s
theorem we deduce that S(t)x € 2(A) and

1
AS(t)x = — | €"*R(z, A)Ax dz.
2m Jp
By estimating this integral and letting the radius of the ball B in the definition
of I tend to 0, it follows moreover that

M e COSs ! —
1Sty < / 1030 g = =1 .

7| cost|

(3)=(1): For all € 2(A"), t — S(t)z is n times continuously
differentiable and S (t)x = A"S(t)xr = (AS(t/n))"z. Since Z(A") is
dense, the boundedness of AS(¢/n) and closedness of the nth derivative in
C([0,T]; E) together imply that the same conclusion holds for z € E. More-
over, ||[S™(t)z| < C™n"/t"||z|, where C is the supremum in (3). From
n! > n"/e™ we obtain that for each ¢ > 0 the series
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Sz = —(z=1)"s" (t)x
n=0

converges absolutely on the ball B(t,rt/eC) for all 0 < r < 1 and defines
an analytic function there. The union of these balls is the sector X, with
sinn = 1/eC. We shall complete the proof by showing that S(z) is uniformly
bounded and satisfies lim, ¢ S(z)z = = in X, for each 0 < ' < 1. To this
end we fix 0 < r < 1. For z € B(t,rt/eC) we have

= 1 n n mn, . n n = n
ISE)el < 30 S feCyCrnt ] < 3 17 fal.
n=0 n=0

This proves uniform boundedness on the sectors X,. To prove strong continu-
ity it then suffices to consider x € Z(A), for which it follows from estimating
the identity

S(z)r—x = ew/ S(se)Ax ds
0

where z = re. a
Remark 10.4. We will use analyticity only through condition (3), which gives
a ‘real’ characterisation of analyticity. In the context of semigroups on real
Banach spaces this condition could be taken as the definition for analyticity,
which has the advantage of avoiding the digressions through complexified
spaces. In concrete examples, however, it is often easier to check analyticity
using Definition or condition (2) of Theorem

By a rescaling argument we obtain:
Corollary 10.5. If A generates an analytic Co-semigroup S on E, then

limsup ¢||AS(t)]] < 0.
t10

From the fact that S(t)z € Z(A) for all ¢ > 0 and z € E we deduce:

Corollary 10.6. If A generates an analytic Cy-semigroup S on E, then for
all initial values x € E the problem [ACP)) has a unique classical solution,
which is given by u(t) = S(t)z.

10.2 Fractional powers

Throughout this section we assume that A is the generator of a Cy-semigroup
S on E which is uniformly exponentially stable in the sense that there exist
constants M > 1 and p > 0 such that ||S(¢)|| < Me #* for all ¢ > 0.

The next definition is motivated by the trivial identity
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- 1 /°° 1 et
Y= —— t* e dt, ¢>0,
I'(a) Jo

where I'(o) = [ t**e~"dt is the Euler gamma function.

Definition 10.7. For 0 < a < 1 we define the fractional power (—A)~ of

—A by the formula
1 oo
—A) % = —/ t*1S(t)xdt, z€E.
()= s [0

Note that (—A)~ is well-defined and bounded on F and commutes with
S(t) for all ¢ > 0. Sometimes it is useful to extend the definition to the limiting
values a € {0, 1} by putting (—A)? =7 and (—=A)~! = -4~

Lemma 10.8. For all 0 < «, 8 < 1 satisfying 0 < a4+ B < 1 we have
(A)(=4) P = (A (=) = (-4

Proof. Tt suffices to prove that (—A)~%(—A)~" = (—=A)~*#; the other iden-
tity follows upon interchanging « and g.
For all z € E we have

(—A)"(=A) Pz = ; /OO /00 t* 1P (s + t)x ds dt

/ / t* (s —t)P71S(s)x ds dt

:71“(04)11“(6)/0 (/0 t* (s — )ﬁfldt)S(s)xds

» 1 / = a1 —a-p
= s S(s)xrds =(—A x,

where the identity (x) follows from

1 * o1 1)1t — st 170471 1)1y — i
nmnmﬁt (t)‘“‘nmnmﬁ =T = Ty

Indeed, computing as above,

00 1
/ goth-lra= Y1 - T)ﬁflefsdes

/ T e~ *dtds
0

o o0
/ e~ 1s—t “le=Sdsdt

(o)
/ o P e ds dt
0 0

(@)l =

1
F(oz—l—ﬁ)/o 11— 1) ldr =

[}

Il
o— — —

8

|
™~
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Lemma 10.9. We have supg_ o ||(=A4) ™| < oo.

Proof. We estimate |[(—A)~ x| by

rial [ oS« gl [T tsea] = 0+ o

Now,
M M M e M
< M Ml M sy Ml
al(e)  I'(a+1) I(e) )y e
and both right hand sides are uniformly bounded for 0 < o < 1. O

Lemma 10.10. For all z € E, o — (—A)™“x 1is continuous on [0,1].

Proof. First let x € 2(A) and put Az = y. An integration by parts gives

(—A) Yz —2x= ﬁ /000 t* 1St ds — x
1 .
= _—aF(a)/o t*S(t)yds — x

— _/OOO (7“5: - 1)S(t)ydt,

where we used that z = A~ly = — [ S(t)y dt. Hence, for any r > 1,

M—Arﬂx—wn<ﬂﬂwnA

te o
_ 1‘ dt +CM e h gy,
s eyl [ e

WhereC:sup{’m—%& c0<a<l, t}l}. Choosing r > 1 so large

that the second term is less than ¢ and then passing to the limit « | 0 in the
first, we obtain the continuity of o — (—A)*z at a = 0 for z € 2(A). In view
of the previous lemma, continuity at a = 0 for all z € F follows from this.

The continuity of o — (—A)*z at @ = 1 is proved in the same way, this
time noting that for all € 2(A) we have

tafl

(—A)=%z — (~A) "1z = /OOO (m - 1)5(15):1: ds.

Finally the continuity for « € (0, 1) follows from the continuity at a = 0 and
the ‘semigroup’ property of Proposition L8 O
Lemma 10.11. For 0 < a < 1 the operator (—A)™% is injective.

Proof. Suppose (—A)~%z = 0. Then Lemma [ implies (—A) #z = 0 for
all @ < B < 1, and Lemma [T gives A~'x = 0. Hence = = 0. O
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This lemma suggests the following definition.
Definition 10.12. For 0 < a < 1 define (—A)® := ((—A)~)~L.

As an unbounded operator with the range of (—A)~* as its natural domain,
(—A)* is a closed and injective operator in E. With respect to the norm

[zl aye) = [[(=A)"], (10.1)

2((—A)*) is a Banach space and (—A)* : 2((—A)*) — E is an isometric
isomorphism. For later reference we note that Z(A) is dense in 2((—A)%).
Indeed, for any = € 2((—A)%*) we have limy_.oc AR\, A)(—A)%x = (—A)“z,
and since R(A, A) and (—A)* commute this means that limy_,.c AR()\, A)x =
x in the norm of Z2((—A)%).

Lemma 10.13. For 0 < o < 1 we have
(—A) (=) = (A (=) = (AL
Proof. This follows from Lemmas and [O.T0

(=A) 'z = lim(=A) o = lim(=4) " (=A4)" o = (=4)"*(=4)* 2. O

In the next two lemmas we assume that the Cy-semigroup 5, in addition
to being uniformly exponentially stable, is analytic.

Lemma 10.14. For all 0 < a < 1 and t > 0 the operator (—A)*S(t) is
bounded and we have

supt*||(—A)*S(t)]| < oc.

t>0

Proof. Since S is analytic, S(t) maps E into Z(A) and sup,- t||AS(t)|| < oo.
The boundedness of (—A)*S(t) follows from the boundedness of AS(t) by the
identity (—A)*S(t) = —(—A)>"LAS(2).

To prove the estimate, note that for all z € E we have

(—A)S(t)x = —1 )/OOOSQAS(HS)MS,

I'l-«
so, for t > 0,
c > —« -1

cte [
< —— (1 -1 . O
= | T el ar

[(=A)*St)z]| <

Lemma 10.15. For all 0 < a < 1 we have

iggf“lls(t)(—/l)’a — (=4)7 < oo
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Proof. From the identity (—A)~%(—A)x = (—A)!7z for z € Z(A) and
Lemma [[0.T4 we obtain, for ¢ > 0,

IS (—A) % = (~A4) 2] < / =4y AS(s)ellds < < al,

where C = supy.o 1= (—A) 1= S(t 5

In the next section we shall consider generators A of analytic Cy-semigroups
which are not necessarily uniformly exponentially stable. In this situation,
fractional powers still can be defined for the shifted operators A — A with A
large enough. The next lemma states that the resulting domains 2((A — A)%)
are independent of \.

To make things more precise, let A be the generator of an arbitrary Cjp-
semigroup on F and suppose M > 1 and p € R are such that ||S(¢)]] < Me!
forallt > 0.

Lemma 10.16. For all 0 < oo < 1 and A1, Ay > p we have
P((M = A)%) = 2((h2 — A)%)
with equivalent norms.

Proof. The linear operator (A2 — A)~*(A\; — A)® is a bounded and injective
mapping from 2((A\ — A)%) onto 2((A2 — A)*) with inverse (A\; — A) " (A2 —
A)*. Thus 2((\ —A)) and 2((Ag —A)?) are isomorphic as Banach spaces. It
remains to prove that Z2((A\ — A)*) = Z((A\2 — A)*) as linear subspaces of E.
But this follows from the fact that these spaces are the completions of 2(A)
with respect to the equivalent norms || - [[g((x,—a)e) and || - [[g((ro—a)e). O

This proposition justifies the notation E, := Z2((A — A)%)); this defines
FE, as a Banach space up to an equivalent norm.

10.3 Holder regularity

We now turn to the stochastic abstract Cauchy problem

{dU(t) = AU(t)dt+ BdWg(t), tel0,T], (SACPo)
0

U(0) = 0.

We shall assume throughout this section that A generates an analytic Cp-
semigroup S on F satisfying [|S(¢)|] < MeH* for certain M > 1 and p € R
and all ¢ > 0.

The key lemma for proving Holder regularity of the solutions of ([SACP])
reads as follows.
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Lemma 10.17. For all real numbers o, 8,m = 0 satisfying 0 < a+n< <1
and A > p, the set
{tPN=A)"S(t): t e (0,T)}

is R-bounded (and hence y-bounded) in £ (E, E), with y-bound O(TA=2=m).

Proof. For all z € E the £ (F, E,)-valued function ¥ (t)z := t#(\ — A)"S(t)x
is continuously differentiable on (0,7 with derivative

¥ () = Bt 71N — A8 () + tP (A — A)TAS(t)z,

where the second expression on the right hand side is well-defined since we
may write AS(t) = S(t/2)AS(t/2). By Lemma [[0.T4

19 )| 2.5 <CPo"7Y te(0,T),
where C' is a constant depending on 7T'. Here we estimated the second term as

[(A=A)"ASO) 2,5, = (A= A)15(t/2)AS(t/2)|| 25 Ea)
< Ct o AS(t/2)|| < C'tmenL,

Since t8~*~"~1 is integrable, the lemma follows from Theorem L9 O

After these preparations we are ready to state and prove the main results
of this lecture. The first is an existence result.

Theorem 10.18. If B € ~(H, E), then the £ (H, E)-valued function t +—
S(t)B is stochastically integrable on (0,T) with respect to Wy. As a con-
sequence, the stochastic Cauchy problem ([SACP)) associated with A and B

admits a unique strong solution.

Proof. By Theorems [Kf] and it suffices to check that the function &(t) =
S(t)B is stochastically integrable with respect to Wy, or equivalently, that
the operator

T
Rqsf:_/o D(t)f(t)dt, L*0,T;H),

is y-radonifying from L2(0,T; H) to E.
Pick a number 3 € (0, 3) and write

O(t) =t9S(t)[t P B] == t9S(t)¥(t),

where ¥ (t) := t~° B. By Lemma[[I7dand the y-multiplier theorem (Theorem
[LTA), the operator Rg belongs to v(L2(0,T; H), E) once we know that Ry €
v(L*(0,T; H), E). But this is immediate from the result of Exercise B, since
t + t=9 belongs to L?(0,T) and B belongs to v(H, E). O
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Under the assumptions of the theorem we define the E-valued process
(U(t))eeo,m by

U(t) := /Ot S(t — s)BdWg(s).

In order to formulate the second main result, for a Banach space F and

0 < B < 1 we define CA([0,T]; F) as the space of all continuous functions
u: [0,T] — F for which

I GESTET

ogs<t<r  (t—s8)P

The elements of C?([0, T]; F) are said to be Hélder continuous of exponent 3.

Theorem 10.19 (Hoélder regularity). Under the assumptions of the previ-
ous theorem, for all o > 0 and B > 0 satisfying a+ (8 < % and 1 < p < oo the
solution U belongs to LP(£2; E,) and there exists a constant C > 0 such that
for all0 < s,t < T,

S

EIUE) = Us)lIE,)" <Clt—s|°.
As a consequence, for all a« > 0 and B > 0 satisfying a + 3 < % the process
(U(t))tejo,1) has a version with trajectories in CP([0,T); Eq).

Proof. By the Kahane-Khintchine inequality it suffices to prove the LP-
estimate for p = 2.

Fix @« > 0 and 8 > 0 such that o + § < % Let us first prove that for
all t € [0,T] the random U(t) takes its values in E, almost surely. We do
so by showing that S(-)B is stochastically integrable as an Z(H, E,,)-valued
function. Fix v < § < 1. Then {t?S(t) : t € (0,T)} is y-bounded in .Z(E, Ey)
by Lemma [[LT7 As we have seen, the function ¢ — ¢~% B defines an operator
in v(L*(0,T; H), E) of norm [[t%|| 120, | Bl (1, ). Now Theorem EI4 and
the identity S(¢)B = t?S(t)t~? B imply that

| Rs()Blly(z20.1:m).8.) < ClIBlly,5)-
Fix 0 < s <t < T. By the triangle inequality in L?(2; E),

2 \3
.

2)%
E./

Choose A € R sufficiently large in order that the fractional powers of A — A
exist. For the first term we have, for any choice of 7,60 > 0 satisfying o + 8 <
n+a<l< %, and using Lemmas [LY and [ITH

(€10 - UEIE,) < (6] [ 1501 -6 - npave)

+ (EH /: S(t — r)B dW (r)
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2

IEH /OS[S(t —r)—S(s—7r)|B dW(r)‘

Eq
=] [ (= - yrsts -

x (s =) St —s) — I|(A\ = A)""BdW (r) ’

<CE| /05(8 )OSt =) = IJ(A— A) "B dW(r)H2
= CP[S(t ~5) = 1\~ ) By [ (=) ar
C*[[S(t —5) = IIA = A)"PIBI2 51.5y5" >

<
< CF(t— S)Qﬁ”BH?y(H,E)v
where the numerical value of C' changes from line to line.

For any n > 0 satisfying % - <n< % we have a < n and the second
term is estimated as follows:

2

IEH /: S(t —7)B dW(r)‘

Ea

~ EH /:(t — 1= A8 () Baw ()|

t 2
< C°E /(t—r)_"BdW(r)H

t
= B g / (t— ) dr
< C%||B||'2y(H,E)(t - 3)26-

The first part of the theorem follows by combining these estimates.
For the second part, pick 8 < 3’ < % — a. Given p > 1, by the above we
find a constant C' such that for 0 < s,t < T,
E|U(t) = U(s)llf, < CPlt—s]°™.

For p large enough the existence of a version with $-Holder continuous tra-
jectories now follows from Kolmogorov’s theorem (Theorem ). O

Ezample 10.20. For the stochastic heat equation in L?(0,1) with Dirichlet
boundary conditions, Theorem [[LTY implies the existence of a solution U
with trajectories in € C"([0,T]; C°[0,1]) for all 0,6 > 0 satisfying 2n+6 < 1.
This will be shown as a special case of a more general space-time regularity
result in the last lecture.
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10.4 Exercises

1.

a) Show that the heat semigroup S on L?(R?) with 1 < p < oo (Example
[20) is analytic on the sector X I and uniformly bounded on every
proper subsector of X .

Hint: Put S(z)f = K, * f, where K, is the analytic extension of the
heat kernel. Use Young’s inequality together with the estimate

Il = (o)™

b) Show that in L2(R?), S is contractive on i,
Remark: Using interpolation theory, the above results imply the estimate

2|

I8l < (go) 7 Re2) >0,

This exercise gives a two-dimensional example of a bounded analytic Cy-
semigroup which is uniformly exponentially stable, contractive on R, and
fails to be contractive on any open sector containing R .

On R? consider the norm || - ||¢ induced by the inner product [z,y]g =
[Qz,y], where [, -] represents the standard inner product of R? and

11
o=[i3]
a) Show that the symmetric matrix @ is positive and conclude that [, |g

does indeed define an inner product on R2.
On (R?,]| - |l@) we consider the Cyp-semigroup 9,

S(t) = e B ﬂ .

b) Show that [|S(¢)]o = e *(t + Vt? + 1) and conclude that S is con-
tractive on R,..

Hint: Use the fact that [|S(t)||, equals the largest eigenvalue of S(t)S*(t)
(the adjoint refers to the inner product [, -]g). For this, solve the equation
det(S(t)QS’(t) — AQ) = 0, where S’(t) is the transpose of S(t).

On the complexification C2 of R? we consider the inner product

<x7y>Q = <Q‘T7y>7

where this time (-, -) represents the standard inner product of C2. Prove

that the complexified semigroup S has the following properties:

c) S extends to an entire Cy-semigroup which is uniformly bounded on
the sector X, for all 0 <7 < %w.
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d) S fails to be contractive any open sector X,.

This exercise gives necessary and sufficient conditions for a closed densely
defined operator A in E to generate an analytic Cp-semigroup which is
contractive on a sector X,,. For x € E we define

O(x) ={a" € E*: |lzl| = [l«"[], {x,2") = [l=[ll="]}-

By the Hahn-Banach theorem, for all x € E we have d(x) # &. Let A be a
closed densely defined operator in E' and assume that o(A) N (0, 00) # &.
Prove that the following assertions are equivalent:

(1) A generates an analytic Cy-semigroup on E which is contractive on
an open sector X;

(2) There exists a constant C' > 0 such that for all non-zero z € 2(A)
and all z* € 0(x) we have

Im(Az,2*)| < —CRe(Az, z*);

(3) There exists a constant C' > 0 such that for all non-zero z € Z(A)
there exists 2* € d(x) such that

Im(Ax,2*)| < —C Re(Az, z*).

Hint: For (1)=(2) differentiate the function Re(S(te™ )z, z*) for || <7
and z* € 9(z). For (3)=(1) observe that if cot n = C, then for z and z* as
indicated and A = re” with |n| < n we have |[|[(A—A)z| > r|lz| = |\ ||z|.

Suppose that A is a closed linear operator with (0,00) C p(A) and
Supas RO, A) | < oo.
a) Show that X, C o(A) and sup,cy, [[AR(A, A)|| < oo for some 1 > 0.

b) Define
1
(=A)" = o= [ (=2) "R(z,A) dz,
211 r
where I' is the upwards oriented boundary of X, \ B, where B is a
closed ball centred at the origin.

¢) Show, by using Cauchy’s formula, that for all x € E we have
(—A)“x :/ ATYR(N, A)z d.
0

d) Now assume that A generates a uniformly exponentially stable Cp-
semigroup S and prove that the definition in b) agrees with Definition

32
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5. In this exercise we sketch an alternative approach to Theorem [LTY, whose
notations and assumptions we use.
Let U(t) = fot S(t — s)BdWpg(t). Being the weak solution of the problem
dU (t) = AU (t) dt + B dWy with initial value U(0) = 0, the process U has
a version with integrable trajectories. Using this version we define

Let Wp be the Brownian motion canonically associated with B and Wy
(see Proposition BH). Fixing 0 < o < %, we note that Wp has a version
with trajectories in C*([0,T]; E') by Kolmogorov’s theorem.

a) Show that almost surely, the following identity holds for all ¢ € [0, T7:

V(t) = /0 S(t— s)Wg(s)ds.

b) Show that almost surely, U has trajectories in C*([0,T7]; E).
Hint: Show that almost surely, the trajectories of V belong to
C1([0,T]; E) and have derivatives in C*([0,T]; E).

c¢) Refine this argument to obtain the result of Theorem [T

Notes. The results of Sections [l and M2 are standard.

Theorem can be found in most textbooks on semigroups (see the
Notes of Lecture [d). We have tried to shorten the proof as much as pos-
sible. Of course, much more is to be said about the representation of the
operators S(t) in terms of the resolvent R(A, A). Indeed, this formula is a
special case of the complex inversion formula for the Laplace transform, and
suitable generalisations can be given to arbitrary Cy-semigroups. We refer to
ARENDT, BATTY, HIEBER, NEUBRANDER [3] for a thorough discussion of this
topic. A systematic treatment of analytic semigroups and their applications
to parabolic evolution equations is given in the monograph of LUNARDI [72].
Exercise Blis taken from [42].

Fractional powers of unbounded operators are discussed in ARENDT,
BaTTY, HIEBER, NEUBRANDER [3], HAASE [H5], LUNARDI [72], and Pazy
[R9]. We followed the presentation of [89]. Our approach is rather ad hoc and
was designed to keep the technicalities at a minimum. A more systematic
approach starts from the Dunford integral along the lines of Exercise Hl

The results of Section [[I3 are taken from [34]. The proof of Theorem [LTA
presented here contains a simplification due to VERAAR. Our results generalise
the Hilbert space case which is due to DA PRATO, KWAPIEN, ZABCZYK [26].
The approach of [26] is based on a factorisation trick which is based on the
identity

1

m/ (t—s)*Hs—r)"*dr=1,
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valid for 0 < @ < 1 and t > r > 0. This identity allows one to write the
solution process as a repeated integral. Holder regularity is then obtained
by applying the stochastic Fubini theorem and exploiting the regularising
properties of fractional integrals. This method was extended to Banach spaces
by MILLET and SMOLENSKI [77]. The idea of Exercise H is taken from Da
PrATO, KWAPIEN, ZABCZYK [26].



11

Conditional expectations and martingales

Having finished our discussion of the stochastic Cauchy problem with additive
noise, we now turn to the more difficult case of equations with multiplicative
noise, where the fixed operator B € Z(H, E) is replaced by an operator-
valued function B : E — ¥4 (H, E):

dU(t) = AU(t)dt + B(U(t))dt, t€[0,T),

The solutions are then no longer given in closed form by the explicit formula
). Instead, they arise as fixed points of the stochastic integral equation

Ut) = S(t)x + /O S(t — s)B(U(s)) dW (s).

The new difficulty here is that integrand is an £ (H, F)-valued process de-
pending on U. This requires an extension of the stochastic integration theory
of Lecture @l to this more general situation. As it turns out, in the setting of
UMD Banach spaces this can be achieved by a decoupling technique which
reduces the construction of the stochastic integral to the one already covered.

In this lecture we introduce the notion of FE-valued martingales. They
will be used to define UMD Banach spaces as the class of Banach spaces
E such that certain a priori estimates hold for E-valued martingales. This
may sound rather technical, but the important fact is that Hilbert spaces,
LP-spaces (1 < p < 00), and spaces constructed from these, are UMD spaces.
From the point of view of applications, the UMD spaces therefore constitute
an important class of spaces.

11.1 Conditional expectations

Throughout this section we fix a probability space (£2,.%#,P) and a sub-o-
algebra & of %#. For 1 < p < oo we denote by LP(£2,%) the subspace of
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all £ € LP(f2) having a ¥-measurable representative. With this notation,
LP(§2) = LP(02, F).

Lemma 11.1. LP(£2,9) is a closed subspace of LP(£2).

Proof. Suppose that (£,)22; is a sequence in LP((2,%) such that lim,,_,o &, =
¢ in LP(£2). We may assume that the &, are pointwise defined and ¥-
measurable. After passing to a subsequence (when 1 < p < o) we may
furthermore assume that lim, ... &, = & almost surely. The set C of all
w € 2 where the sequence (&,(w))2%, converges is ¥-measurable. Put
g = limy, o 1c&,, where the limit exists pointwise. The random variable
£ is ¥-measurable and agrees almost surely with £. This shows that £ defines
an element of LP(2,9). O

Our aim is to show that LP(£2,%) is the range of a contractive projection
in LP({2). For p = 2 this is clear: we have the orthogonal decomposition

LX) = L*(2,9) ® L*(2,9)*

and the projection we have in mind is the orthogonal projection, denoted
by Py, onto L?(£2,%) along this decomposition. Following common usage we
write

E(£|9) = Py¢, €€ L),

and call E(£|¥) the conditional expectation of £ with respect to ¢. Let us
emphasise that E(£]9) is defined as an element of L?(£2,%), that is, as an
equivalence class of random variables.

Lemma 11.2. For all £ € L*(2) and G € 4 we have

/GE(§|%)d]P’:/G§d]P’.

As a consequence, if £ > 0 almost surely, then E(§|9) = 0 almost surely.

Proof. By definition we have ¢ — E(£|¥9) L L?(2,%). If G € ¥, then 1¢ €
L?(2,%) and therefore

/Q 16(€ — E(¢9)) dP = 0.

This gives the desired identity. For the second assertion, choose a ¢-measurable
representative of g := E(£]|¥) and apply the identity to the ¥-measurable set
{g < 0}. O

Taking G = {2 we obtain the identity E(E(¢]|¥)) = E. This will be used
in the lemma, which asserts that the mapping & — E(¢|¥) is L'-bounded.

Lemma 11.3. For all £ € L*(2) we have E|[E(£|9)] < E[¢].
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Proof. It suffices to check that |[E(¢|9)| < E(|¢]|¥), since then the lemma
follows from E|E(£|9)| < EE(|¢||¥9) = E|¢|. Splitting & into positive and
negative parts, almost surely we have

[EE9)| = [E(ET9) —E(&|9)]
< [EET9)| + [E(ET19)] =E(ET19) + E(E19) =E(|¢]|¥). O

Since L2({2) is dense in L'(£2) this lemma shows that the conditional
expectation operator has a unique extension to a contractive projection on
L'(£2), which we also denote by E(-|¢). This projection is again positive in
the sense that it maps positive random variables to positive random variables;
this follows from Lemma by approximation.

Lemma 11.4 (Conditional Jensen inequality). If ¢ : R — R is conver,
then for all € € L*(2) such that ¢ o & € L*(2) we have, almost surely,

poE(¢]¥) < E(¢o&l9).

Proof. If a,b € R are such that at + b < ¢(¢) for all ¢t € R, then the positivity
of the conditional expectation operator gives

aE(€|%) + b = E(a& + b)) < E(¢ o £9)

almost surely. Since ¢ is convex we can find real sequences (a,,)52; and (b,)22,

such that ¢(t) = sup,,»;(ant +by) for all ¢ € R; we leave the proof of this fact
as an exercise. Hence almost surely,

¢oE(|4) = sup anE(|Y) + bp < E(¢o{|9). -

Theorem 11.5 (LP-contractivity). For all 1 < p < oo the conditional ex-
pectation operator extends to a contractive positive projection on LP(§2) with
range LP(£2,%9). For §& € LP({2), the random variable E(§|¥) is the unique
element of LP(§2,%) with the property that for all G € ¥,

/E(§|€¢)dP:/§dP. (11.1)
G G

Proof. For 1 < p < oo the LP-contractivity follows from Lemma [[T4] applied
to the convex function ¢(t) = |¢t|P. For p = oo we argue as follows. If £ €
L>(92), then 0 < [¢] < ||€]|ool2 and therefore 0 < E(|¢]]|¥) < ||€]|cols2 almost
surely. Hence, B([£][%) € L(2) and [E(E] |9)]l < €]l

For 2 < p < oo, () follows from Lemma For & € LP(2) with
1 < p < 2 we choose a sequence (£,)2°; in L?(§2) such that lim, . &, = £
in LP(£2). Then lim, o E(,|9) = E(¢|¥) in LP(2) and therefore, for any
GedY,
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/G]E(ag) dP_nILn;o/C;E(gn|€f)dP_n1Ln;o ngd]P’_/ngP.

If n € LP(2,9) satisfies [,ndP = [,{dP for all G € ¢, then [,ndP =
fG (€]9) dP for all G € ¢. Since both n and E(¢|¥) are ¢-measurable, as
in the proof of the second part of Lemma ] this implies that n = (§|€§)
almost surely.

In particular, E(E(¢|9)|¥¢) = E(£|9) for all £ € LP(£2) and E(£|¥) = ¢ for
all £ € LP(£2,%). This shows that E(-|¢) is a projection onto LP(£2,¥). O

The next two results develop some properties of conditional expectations.

Proposition 11.6.
(1) If ¢ € LY($2) and S is a sub-c-algebra of 4, then almost surely

E(E(¢|9)]|A2) = E(E]A).

(2) If € € LY(92) is independent of G (that is, & is independent of 1 for all
G €9 ), then almost surely

E(¢]¥) =

(3) If ¢ € LP(12) and n € LU($2,9) with 1 < p,q < o0, %4—% =1, then almost
surely

E(n¢|9) = nE(£]9).

Proof. (1): For all H € J¢ we have [, E(E(|9)|€)dP = [, E(¢|9)dP =
/ g & dP by Theorem [[TH first applied to 7 and then to & (observe that
H € ¢). Now the result follows from the uniqueness part of the theorem.

(2): Forall G € 4 we have [, E¢dP = E1gE{ = Elgé = [, £ dP, and the
result follows from the uniqueness part of Theorem [TH

(3): For all G,G' € 4 we have [,1aE(£|9)dP = [, E(|¥)dP =
Jone €dP = [, &1gr dP. Hence E((1e|9) = 1o/E(£]¥) by the uniqueness
part of Theorem [[TA By linearity, this gives the result for simple functions
71, and the general case follows by approximation. a

If ¢ is a collection of subsets of {2, then o(%) denotes the o-algebra
generated by %, that is, the smallest o-algebra in 2 which contains all
sets of ¥. In this context we shall use self-explanatory notations such as
E(¢|%) :== E(|o(¢)) and E({]1, €2) == E(£|o(€1 U %2)).

If n : 2 — E is a random variable, then o(n) denotes the o-algebra
{n~Y(B) : B € %(E)}. This is the smallest o-algebra in {2 with respect to
which 7 is Borel measurable. Again, notations such as E(¢|n) = E(¢|o(n))
and E(&|m1, n2) := E(&|o(n1,m2)) are self-explanatory.

Proposition 11.7. Let 4 and H# be sub-c-algebras of F, let £ € L1(02), and
suppose that A is independent of o(§,%4). Then, almost surely,

E(|9, ) = E(£]9).
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Proof. First we claim that o(¥, ) is generated by the collection & of all
sets of the form GNH with G € 4 and H € J#. Indeed, from G =GNN €€
and H = 2N H € € we see that € contains both ¢ and 7.

Next, from (Gl ﬂHl) n (G2mH2) = (Gl ﬂGz)ﬂ (Hl ﬂHQ) it follows that €
is closed under taking finite intersections. This being said, the strategy is to
apply Dynkin’s lemma. By considering positive and negative parts separately
we may assume that £ > 0 almost surely. Also we may assume that E£ > 0,

since otherwise there is nothing to prove.
For GN H € € we have

/ E(£|9, ) dP = / §dP =E(1gluf)
GNH GNH
@ El1gE(1¢€) = E1gE(1cE(£|¥))
D B (1615EE]9)) = /G EE)aP.

In (i) and(ii) we used the independence of % and o(£,%). By Dynkin’s lemma,
applied to the probability measures p(C) := Elg JoE(|4, ) dP and v(C) :=
Eig Jo E(]9) dP it follows that = v on 0(€) = o(¥4, 7). This means that

/E(ﬂg,jf)dz@:/za(ag)dp VO € o(9, 2)
C C

and the result follows. a

11.2 Vector-valued conditional expectations

Our next aim is to extend the conditional expectation operators from LP({2)
to LP({2; E), where F is an arbitrary Banach space.

Let us fix 1 < p < oo for the moment and let (A, <7, u) be an arbitrary
o-finite measure space. For a Banach space F we denote by LP(A) ® E the
linear span of all functions of the form f ® x with f € L?(A) and z € E.

Lemma 11.8. L?(A) ® E is dense in LP(A; E).

Proof. Tt has been observed in Lecturellthat the p-simple functions are dense
in LP(A; E). Clearly these belong to L?(A) ® E. O

Suppose next that a bounded linear operator T on LP(A) is given. We may
define a linear operator T ® I on LP(A) ® E by the formula

Tel)(fer)=Tf®a.

We leave it to the reader to check that the resulting linear operator on LP(A)®
E is well-defined. In view of Lemma one may now ask whether T'® I
extends to a bounded operator on LP(A; E). Unfortunately, without additional
assumptions this is generally not the case. For positive operators T on LP(A)
we have the following result.
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Proposition 11.9. If T is a positive operator on LP(A), then T ® I extends
uniquely to a bounded operator on LP(A; E) and we have

IT & Il = |17]-

Proof. Let g € LP(A) ® E be a p-simple function, say g = Zf:’:l la, ®zp
with the sets A, € &/ mutually disjoint. Then from the positivity of T we
have |T14| = T'1,4, and we obtain the estimates

N N
P p
TonDS 14, ®a, :/‘ T1a, @ z,| du
H( )ngl Lr(A;E) A n;l
N p
< [ S v o] an
A n=1
N p
= [ v dn
A n=1
N P
<lizle [ |35 L ol
Al p=1
N p
:Tﬂ 1 . .
] S o,

Since the p-simple functions are dense in L?(A; E), this proves that T® I has
a unique extension to a bounded operator on LP(A; E) of norm ||T®I|| < ||T|-
Equality ||T®I|| = ||T| is obtained by considering functions of the form f®x
with f € LP(A) and = € E of norm one. O

Returning to conditional expectations we obtain the following result:

Theorem 11.10. For 1 < p < oo the operator E(-|¥9) ® I extends uniquely
to a contractive projection on LP(§2; E) with range LP(§2,%; E). For all X €
LP(§2; E), the random variable

E(X|9) = (E(|¥) ® [)X

is the unique element of LP(£2,%4; E) with the property that for all G € ¥,

me%w_éxm

Proof. For 1 < p < 0o the LP-contractivity follows from Proposition [T.9

Before continuing with the case p = oo, let us note that for a simple
random variable of the form X =" | 14, ® x, with disjoint sets A, € F#
we have



11.3 Martingales 157

N
<D E(La, |9) el = E(I1X]9).

n=1

N
IEXI9)] = | Y E(La, 9) @ o

By a density argument, this inequality extends to arbitrary random variables
X € LY(2;E). By inclusion, this implies the corresponding inequality for
random variables X € LP(£2; E), 1 < p < co.

Next let X € L*°(;E). Then || X| € L°°(£2), and by the inequality
which has just been proved together with the contractivity of the conditional
expectation in L>°(f2) we obtain

IE(X|D) ] L2y < IEUXID) 22y < 1K oo ) = 1K |20 (0201 -

This proves that the conditional expectation is a contraction in L>°({2; E).
For simple random variables X, the identity [,E(X|¥)dP = [, X dP fol-
lows from the corresponding assertion in the scalar case. By density, the iden-
tity extends to random variables X € L'(§2; E), and hence for X € LP({2; E),
1 < p < 0o0. The uniqueness assertion follows from the scalar case via Corol-

lary [CT4 0

We leave it to the reader to check that Propostions[[T.8l and [T extend to
the vector-valued setting and finish this section with two important examples.
We have already encountered the first example in the proof of Theorem

Ezample 11.11 (Averaging). Consider a decomposition (0,1) = Uf:’:l 1,
where the I, are disjoint intervals with Lebesgue measure |I,| > 0. Let .%
be the Borel o-algebra of (0,1) and let ¢ be the o-algebra generated by the
intervals I,,. Let E be a Banach space. Then for all f € L(0,1; E) we have

a 1
E(f19) = cnls, with ¢, = m/} £(t)dt.

n=1
This is verified by checking the condition of Theorem [[TH.

Ezample 11.12 (Sums of independent random wvariables). Let (£,)52; be a
sequence of independent integrable E-valued random variables. For each n > 1
let Z, :=0(&,...,&) andput S, =& +-+-+&,. Thenforall N >n > 1
we have

E(Sn|Zn) = Sn + E(§nt1) + - + E(&w).

This follows from Proposition [TH (1), (2). In particular, if the &, are centred,
E(Sn|%n) = Sh.

11.3 Martingales

Let (£2,.%,P) be a probability space and (I, <) a partially ordered set, that
is, a set I with a relation < which satisfies the following properties:
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(1) i <iforallie I
(2) i <jand j <iimply i = j;
(3) i <jand j <k imply ¢ < k.

Definition 11.13. Let I be a partially ordered set. A filtration with index set
I is a family (F:)icr of sub-o-algebras of F such that F; C F; whenever
i< jinl. A family (X;)ier of E-valued random variables is adapted to the
filtration (%;)icr if each X; is strongly #;-measurable.

In this definition the random variables are defined pointwise. The defini-
tions carry over to equivalence classes modulo null sets, provided one replaces
‘is strongly .%;-measurable’ with ‘has a strongly .%;-measurable representative’
in the definition of adaptedness.

Every family X = (X;);cs is adapted to the filtration (#;X);cr, where

K2

FX :=0(X;: j<i). We call this filtration the filtration generated by X.

3

Definition 11.14. A family (M;);cr of integrable E-valued random variables
is an E-valued martingale with respect to a filtration (F;)icr if it is adapted
with respect to (F;)ier and

E(M;|.Z;) = M;

almost surely whenever i < j in I. If in addition E||M;||P < oo for all i € I,
then we call (M;);cr an E-valued LP-martingale.

Example 11.15. Let X € L'(£2; E) be given. For any filtration (%;);cr, the
family (X;);cs defined by
Xi = E(lel)

is a martingale with respect to (.%;);cr; this follows from Proposition [0 (1).

In most examples, [ is a finite or infinite interval in Z or R. In these cases
one speaks of discrete time martingales and continuous time martingales. Here
are two examples.

Ezample 11.16 (Sums of independent random variables). If X = (X,,)52, is
a sequence of independent integrable E-valued random variables satisfying
EX,, =0 for all n > 1, then the partial sum sequence (5,,)2% ; is a martingale

n=1
with respect to the filtration (.#,X)° ;, where

FX =0(X1,..., X,).

n
This is immediate from Example

Ezample 11.17 (Brownian motion). Every Brownian motion (W (t))c[o,1 is a
martingale with respect to the filtration (ytw)te[O,T] defined by
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Adaptedness and integrability being clear, it remains to show that
E(W(t)|7)") = W(s)

almost surely for all 0 < s < ¢ < 7. Writing W (t) = W(s) + (W (t) — W(s)),
and noting that W(s) is .ZYY -measurable and W () — W (s) is independent of
ZW (this will be proved in a moment), with Proposition [Tl (2), we obtain

E(W(t)|7.") = W(s) + E(W(t) = W(s)) = W(s)
almost surely.

That W (t) — W (s) is independent of .#V is a consequence of the following
general observation:

Lemma 11.18. A random variable X is independent of the family (Y;);er if
and only if X is independent of the o-algebra generated by (Y;);e..

Proof. Let X take its values in E and each Y; in Ej.

We begin with the ‘only if’ part. Suppose that X is independent of
(Y;)jes. By definition this means that X is independent of (Yj,,...,Yj,)
for all j1,...,jn5 € J. In particular,

P({X € B} NC) = P{X € B}P(C) (11.2)

for all sets C' = {Y}, € By,...,Y,, € By}. The collection of all such sets C,
which we shall denote by %, is closed under taking finite intersections and
generates o((Yj);jes). We must show that (IT2) holds for all C € o((Y;) c.1).
Fix B € #(F) and assume without loss of generality that P{X € B} > 0.
Consider the probability measure Pg on (£2,.%) defined by

_ P{X eB}NF)
Po(F) = P{X € B}

The measures Pp and P coincide on %, and therefore they coincide on (%) =
0((Y;) es) by Dynkin’s lemma.

To prove the ‘if’ part it suffices to observe that the sets {(Yj,,...,Y,y) €
B}) with B € B(E;, x --- x Ej) belong to o((Y;);es)- O

More generally, this argument can be used to show that two families
(Xi)ier and (Yj),cs are independent of each other if and only if o((X;)icr)
and o((Y;),es) are independent.

Our final example will be used in the next lecture.

Ezample 11.19 (Martingale transforms). A real-valued sequence v = (v,,)N_;
is said to be predictable with respect to a filtration (%#,)N_, if v, is F,_1-
measurable for n = 1,..., N (with the understanding that %y = {&, 2}, so
v1 is constant almost surely). If M = (M,,)N_, is an E-valued martingale with
respect to (Z,)N_;, the sequence v+ M = ((v* M),)N_, defined by

n=1»



160 11 Conditional expectations and martingales

(vx M)y =Y v(Mj = M;_y), n=1,...,N

j=1

(with the understanding that My = 0) is called the martingale transform of
M by v.

The intuitive meaning is as follows. Suppose the increment M; — M;_;
represents the outcome of the j-th gambling game. The assumption that M
is a martingale means that the game is fair. Let v; be the stake a player
puts on this game. The requirement that v; be %;_i-measurable means that
the stake has to be decided knowing the outcomes of the first 7 — 1 games
only. The random variable (v * M),, then represents the total winnings after
game n. An obvious question is whether the player can devise a favourable
strategy. Under a mild additional assumption the answer is ‘no’: if the v,
are bounded, then v * M is a martingale with respect to (%,))_;. Let us
prove this. Clearly, v* M is adapted with respect to (.%,)_, and the random
variables v, (M, — M, _1) are integrable. By Proposition [T (3) and the
Fp—1-measurability of (v M),_1 and vy,

E((’U * M)n)leg.n_l) = (’U * M)n—l + ’UnE(Mn — Mn_1|yn_1) = (’U * M)n—l'

11.4 LP-martingales

An important inequality for LP-martingales, due to D0OOB, states that for
1 < p < oo the maximum of an LP-martingale is in LP again.

Let M = (M,,)N_, be an E-valued martingale with respect to F = (.%,,)Y_,;
and define M}, : 2 — Ry by

* -— p—
My = 123%XN”M"H’ n=1,...,N.

Theorem 11.20 (Doob). For all r > 0 we have
N 1
P{Mpy >r} < ;EHMNH

If1<p<ooand My € LP(§2; E), then My € LP(£2) and
p

[Myllp < HHMNHp-
Proof. The proof proceeds in two steps.
Step 1 — We claim that for all r > 0,
rP{My > r} <E(qrg>n [ M) (11.3)

This implies the first inequality.
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Let us fix 7 > 0 and define 7 : 2 — {1,...,N + 1} by 7 := min{l <
n < N : ||[M,] > r} with the convention that min@ := N + 1. Then
{M3; > r} ={r < N}. On the set {r =n} we have ||M,| > r and therefore

N N
rP{My >} =7 P{r=n} <D E(lron|Mal)

n=1

*

n=1
N
<D E( =M [) = E(1gr<ny | M)
=1

=E( g >ry |1 M)

—~
%

which gives ([[I3). The inequality () follows from the martingale property,
since almost surely we have

[Mn| = [E(MN|Z0)|| < E(IMy ||| )

Step 2 — Next let 1 < p < oo and assume that [|[My|, < co. We may
assume that || M|, > 0, since otherwise there is nothing to prove. Integrating
by parts and using ([[I3)) and Holder’s inequality,

o0

My 15 :/0 prP T P{MY > v} dr </0 prP P E(L sy >y | M) dr

3
:E(HMNH/ pri =2 dr)
0
__Pp * \p—1
= LB M (15" )

p * —1
< pleMNHpHMNHg :

The result follows upon dividing both sides by ||M7 |51 O

We shall apply the first part of Doob’s inequality to prove the following
result on convergence of certain LP-martingales.

Suppose a filtration (.%,)%2 is given on (§2,.%,P). We denote by Foo
the o-algebra generated by (%#,)52,, that is, Z is the smallest o-algebra
containing each of the .%,.

Theorem 11.21. Let 1 < p < 0o and assume that X € LP((2; E). Then,

lim E(X|%,) = E(X|Zx)

both in LP(£2; E) and almost surely.
Proof. We claim that | J7—; LP (2, %,; E) is dense in LP(£2, F; E). Assuming

this for the moment we first show how the LP-convergence is obtained from
this.
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For allY € LP(§2, %#,,; E) and n > m we have E(Y|.%#,) = E(Y|%x) =Y,
and therefore we trivially have lim,_,o E(Y|%#,) =Y in LP(§2, F; E). Since
the conditional operators are contractive, it follows that lim,, . E(Y|.%#,) =
Y in LP(£2, Foo; E) for all Y € LP(§2, Foo; E). In particular this is true for
Y = E(X|%x)-

Let us next prove that | J, -, LP(£2, %,; E) is dense in LP (2, Foo; E). Let
4 be the collection of all sets G € F, with the property that for all € > 0
there exists an n > 1 and a set F € %, such that P(FAG) < e. Here,
FAG = (F\ G)U(G\ F) is the symmetric difference of F and G. Tt is easily
checked that the collection of all approximable sets is a sub-o-algebra of .Z.
Clearly, this o-algebra contains each .%,,, and therefore it contains .%.

By what we have shown so far, G € #, implies that 1¢ = limy_. 1,
in LP(§2; E), where Gy, € .%,, for some n; > 1. It follows that every simple
function of LP(2, Zo; E) is contained in the closure of | J 7, LP(£2, %,; E)
in LP (2, #; E). As a consequence, all of LP({2,.Z; E) is contained in the
closure of | Jo | LP (02, %,,; E).

So far we have proved the LP-convergence. To prove the almost sure conver-
gence, note that by the first part of Theorem [[T.20 and monotone convergence
we have

1
P{sup || M,|| > r} < =supE|/M,],
n>1 T n>1

where we put M,, := E(X|.%,) for brevity. Applying this with X replaced by
X — My, for all n > N we obtain

1
]P{ sup ”Mn - MN” > 7'} < — sup EHMn _MN”'
n>N " n>N

By what we have proved already we find indices N3 < Ns < ... such that
1

E||M, — M < —=7.
ns;]l\:])k H n Nk” 92k

With r = 1/2* this gives

1 1
JP{ M, — My, || > —} <=
nS;ZET)k H NkH ok ok

The Borel-Cantelli lemma now implies that lim,,— . M, = M = E(X|Fx)
almost surely. a

11.5 Exercises

1. Let f,g be random variables on (2. Prove that if f is o(g)-measurable,
then f = ¢ o g for some Borel function ¢.
Hint: First suppose that f =14 with A € o(g).
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2. a) Let X1q,...,Xn be independent and identically distributed integrable
FE-valued random variables and put Sy = X1 4+ --- + Xn. Show that
E(X1|SN) = ... = E(XN|SN) and deduce that E(Xn|SN) e SN/N
forallm=1,...,N.

b) (!) Let X and Y be independent and identically distributed integrable
E-valued random variables on {2. Prove that E(X —Y|X +Y) = 0.

3. Let (M;);er be a martingale with respect to the filtration (.%;);cs, and
let (4)icr be a filtration which is independent of (%;);cr. Define the
filtration (J4);er by J4 := o(F#;,%;). Show that (M;);cs is a martingale
with respect to (% );cr.

4. Let Wy be an H-cylindrical Brownian motion. The filtration (.%2}"" )eelo.1]
generated by Wy is defined by .ZV" := o(Wx(s)h: s € [0,t], h € H).
a) Show that for all h € H and 0 < s < t < T the increment Wy (t)h —
Wi (s)h is independent of FWVx .
b) Show that for all h € H the Brownian motion (W (t)h)icpo,r) is a
martingale with respect to (ﬂtWH)te[o)T].

5. This exercise is a continuation of Exercise on averaging operators.
Using the notations introduced there, show that for all f € L?(0,T; E)
we have lim, ., A, f = f almost everywhere.

Notes. An elementary introduction to the theory of martingales is the book by
WiLLIAMS [I09]; for more comprehensive treatments we refer to KALLENBERG
E5] and ROGERS and WILLIAMS [95]. A systematic account of the vector-
valued theory can be found in DIESTEL and UHL [36].

The results of Sections [Tl and are standard. The approach taken
in Section [Tl by first defining conditional expectations in L?(£2) by an or-
thogonal projection is the most elementary one and, in our opinion, the most
intuitive. A shorter, but less elementary approach is to define conditional ex-
pectations in L!(£2) by the identity (IT]) and then to use the Radon-Nikodym
theorem to prove their existence and uniqueness.

For further results on vector-valued extensions of positive operators we
refer to the nice paper by HAASE [H6].

The proof of Doob’s inequality (Theorem [IZ20) is standard and can be
found in many textbooks. It only requires the fact that (|| M,|))_; is a non-
negative submartingale, that is, it satisfies ||M,| < E(|M,||#.) almost
surely for all m < n.

The proof of the martingale convergence theorem (Theorem [[T2]]) is taken
from [36]. In the scalar theory it is true that any L!'-bounded martingale
converges almost surely, with convergence in L! if the martingale is uniformly
integrable (which is the case, e.g., if the martingale is LP-bounded for some
1 < p < 00). For Banach space-valued martingales E, the same result holds if
FE has the so-called Radon-Nikodym property. Examples of spaces with this
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property are reflexive spaces and separable dual spaces. We refer to [36] for
the full story.

It is worth mentioning the following result of DAvIS, GHOUSSOUB, JOHN-
SON, KwAPIEN, MAUREY [30], which generalises the 1t6-Nisio theorem to E-
valued martingales:

Theorem 11.22. Let E be an arbitrary Banach space and suppose that
(M) is an L'-bounded E-valued martingale. For an E-valued random
variable M the following assertions are equivalent:

(1) For all x* € E* we have lim, oo (M, 2*) = (M, z*) almost surely;

(2) For all x* € E* we have lim,,_, oo (M, x*) = (M, x*) in probability;

(3) limy,— o0 My, = M almost surely;

(4) limy, .00 M,, = M in probability.

If M € LP($2; E) for some 1 < p < oo, then M, € LP(§2; E) for alln > 1 and
we have lim, oo M,, = M in LP({; E).

Note that the [t6-Nisio theorem holds without any integrability conditions.
It is clear that in the above theorem we need to impose integrability of the
random variables M,, in order to define the their conditional expectations.
In [30] a simple example is given which shows that even the L!-boundedness
condition on the M, cannot be omitted.
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UMD-spaces

This lecture is devoted to the study of a class of Banach spaces, the so-called
UMD-spaces, which share many of the good properties of Hilbert spaces and
is sufficiently broad to include LP-spaces for 1 < p < oo.

Experience has shown that the class of UMD-spaces is precisely the ‘right’
one for pursuing vector-valued stochastic analysis as well as vector-valued
harmonic analysis. Indeed, many classical Hilbert space-valued results from
both areas can be extended to the UMD-valued case, and often this fact
characterises the UMD-property.

The relevant fact for our purposes is that the UMD-spaces are those Ba-
nach spaces F in which the Wiener integral of Lecture B can be extended
from Z(H, E)-valued functions to .Z(H, E)-valued stochastic processes. This
is the subject matter of the next lecture. In the present lecture, we define
UMD-spaces in terms of LP-bounds for signed E-valued martingale difference
sequences and study some of their elementary properties. At first sight, the
definition of the UMD-property depends on the parameter 1 < p < oco. It is
a deep result of MAUREY and PISIER that the UMD-property is independent
of 1 < p < oco. This theorem, which is proved in detail, enables us to prove
that LP-spaces are UMD-spaces for 1 < p < oo.

12.1 UMD,-spaces

We begin with a definition.
Definition 12.1. Let (M,))_, be an E-valued martingale. The sequence

n=1
(dn)N_, defined by d,, := M,, — M,,_1 (with the understanding that My = 0)

is called the martingale difference sequence associated with (M,)N_,.

We call (d,)N_; an LP-martingale difference sequence if it is the difference
sequence of an LP-martingale.
If (M,)N_; is a martingale with respect to the filtration (.#,))_;, then

n=1 n=1»

(dn)N_; is adapted to (Z,)N_; and E(d,|%m) = 0 for 1 < m <n < N.
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It is easy to see that these two properties characterise martingale difference
sequences.

Proposition 12.2. Fvery L?-martingale difference sequence with values in a
Hilbert space H is orthogonal in L?($2; H).

Proof. We use the notations introduced above. For 1 < m < n < N, from
Ed,, = E(E(d,|%n-1)) = 0 we deduce that

E[dmv dn] = E(E([dma dn”ynfl)) = E([dmaE(dﬂg\nfl)]) =0.

The second identity follows from Proposition [T (3) if d,,, is replaced by a
random variable in g € L?(£2, %,,) ® H, and the general case follows from this
since L?(02, #,,) ® H is dense in L2(£2, Zp; H). O

This suggests that in the context of stochastic analysis in Banach spaces,
martingale difference sequences provide a substitute for orthogonal sequences.
To formalise this idea we note that in the situation of Proposition [Z2, for
any choice of signs €,, = £1 we have

N 2 N
EH n; endn|| = IEH ; dn

It is this property that is generalised in the next definition. The exponent 2
has no special significance in the context of Banach spaces, and therefore we
replace it by an exponent 1 < p < co.

2
. (12.1)

Definition 12.3. Let 1 < p < co. A Banach space E is said to be a UMD,-
space if there exists a constant 3 such that for all E-valued LP-martingale
difference sequences (dn)N_; we have

N
EH S endn
n=1

If (d,)Y_; is an E-valued martingale difference sequence, then the same is

true for (e,d,)N_;. This gives the reverse inequality

N
o
n=1

The term ‘UMD’ is an abbreviation for ‘unconditional martingale differ-
ences’. The least possible constant [ in the above inequalities is called the
UMD, -constant of E, notation (3, (E).

Every Hilbert space H is a UMDg-space, with (2(H) = 1; this is the
content of (Z]). It is a trivial consequence of the definition that every closed
subspace F' of a UMD,-space is a UMD,-space, with 8,(F) < 5,(E).

P

» N
< B7E[| " d.
n=1

p

N
p
<E| Y end
n=1
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As we shall see in the next section, if a Banach space is UMD, for some
1 < p < oo, then it is UMD, for all 1 < p < co. In particular, Hilbert spaces
are UMD,, for all 1 < p < oo. Taking this for granted for the moment, the
next result implies that for 1 < p < oo the spaces LP(A), and more generally
L?(A; H) for Hilbert spaces H, are UMD,,-spaces.

Theorem 12.4. Let (A, o/, 1) be a o-finite measure space and let 1 < p < co.
If E is a UMD,-space, then LP(A; E) is a UMD,-space, with 8,(LP(A; E)) =
Bp(E).

Proof. Let (d,))_, be an LP-martingale difference sequence with values in
LP(A; E). With Fubini’s theorem, for all choices of signs €, = £1 we obtain

N , N
EH;E”d” LP(A) _/AEH;E”d”

<ser | ]EHi[:ld”

In this computation we used that for p-almost all £ € A the sequences
(dn(€))N_; is an E-valued martingale difference sequence; this follows from the
observation that under the identification LP(§2; LP(A; E)) ~ LP(A; LP({2; E))
we have Eppa;m)(-[Fn) = I @ Epp(ay(-[Fn). This proves that LP(A; E) is a
UMD,,-space, with 8,(LP(A; E)) < B,(E).

If f € LP(A) hasnorm 1, then = — f®ux defines an isometric embedding of
E into LP(A; E); this gives the opposite inequality 8,(E) < 5,(LP(A; E)). O

p
dp

N

P p
dy = B,(E pEH dn‘ .
erE| Sl

Duality provides another way to produce new UMD-spaces from old:

Proposition 12.5. Let 1 < p,q < oo satisfy % + % =1. Then E is a UMD,-
space if and only if E* is a UMDg-space, and in this situation we have B,(E) =
Ba(E”).

Proof. Suppose E is a UMD,-space and let (d}))_; be an E*-valued L9-
martingale difference sequence with respect to (%,)N_,. Fix an arbitrary Y €
LP(2, Zn; E) of norm 1, and define the E-valued LP-martingale (M,,))_; by
M, = E(Y|Z,). Let (d,))_, be its difference sequence. Then Y = ZZ:l dpm,.
If1<m<n<N, then

E(dm, dy,) = EE((dm, d;,) | Fn-1) = E(dm, E(d;, | Fn-1)) = 0.

The second identity is justified as in the proof of Proposition [ZZ2 A similar
computation shows that E(d,,,d;) =0if 1 <n <m < N. Hence,
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N N N
‘E<Y, Zland;;> - ’E< Zldm, ;and;
n= m]; n= N
- }E<;gmdm,;dn>
N L N 2
a(e] 3] @3] )
m=1 n=1

In the last identity we used the assumption that ||Y||, = 1. Since LP({2, #n; E)
is norming for LI(£2, Zn; E*) (see Exercise[llH), by taking the supremum over
all Y of norm 1 we obtain the estimate

q) 3

N N N
S < neerE] 3o
n=1 n=1

This proves that E* is a UMDg-space, with G4(E*) < p(E).

If E* is a UMDg-space, the result just proved implies that E** is a UMD,-
space, with 8,(E**) < 84(E*). Hence also E, being isometrically contained as
a closed subspace in E** (by the Hahn-Banach theorem each x € E defines a

functional ¢, in E** of norm ||¢,| = ||z|| by the formula (z*, ¢,) := (x, z*)),
is a UMD,,-space, with §,(E) < 0,(E**) < ,(E*).
Combining both parts, we obtain the equality 8,(E) = B,(E*). O

Remark 12.6. It can be shown that every UMD,-space F is reflezive, that is,
the canonical mapping z +— ¢, from E to E** is surjective. This fact will not
be needed in what follows.

12.2 p-Independence of the UMD ,-property

This section is devoted to the proof of the highly non-trivial fact, already
mentioned above, that the UMD,-property is independent of the parameter
1 < p < oo. The work consists of two parts: a reduction of the problem
to difference sequences of so-called Haar martingales, and then proving the
p-independence for this class of martingales.

12.2.1 Reduction to Haar martingales

A probability space (£2,.%,P) is said to be divisible if for all F € % and
0<r<1wehave F=F, UF, with F,F, € % and

P(F)) = rP(F), P(F) = (1—r)P(F).
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For 1 < p < o0, let us say that E has the UMDgi"—pmperty if there exists a
constant G37V(E) such that

5] 3o

for all E-valued LP-martingale difference sequences (dn)ﬁ[:l defined on a di-
visible probability space. Trivially, if E has the UMD,-property, then it has
the UMD "V-property and 83"V(E) < B,(E). The next lemma establishes the
converse.

6d1v

Lemma 12.7. Let 1 < p < oo. If E has the UMDgiV-property, then it has the
UMD, -property and 3,(E) = 85 (E).
Proof. Suppose that (d,)N_, is an E-valued LP-martingale difference se-
quence with respect to a filtration (%, )Y_; on an arbitrary probability space
(£2,.7,P). The idea is to enlarge the probability space in such a way that
it becomes divisible, without affecting the LP-estimates for the martingale
differences.

Consider 2 := 2 x [0,1], F = F x A([0,1]), and P := P x m, where
m is the Lebesgue measure on the Borel o-algebra ([0, 1]). The probability
space (Q F IP’) is divisible: this follows from the intermediate value theorem
applied to the continuous function ¢ — P((F N (2 x [0,t])), where F € Z.

Let (M,,))_, be the martingale associated with (d,,))_;. Define M, (w,t) =
M, (w) and T o= T X A([0,1]). It is easily checked that ( )0 is a mar-

tingale with respect to (%,))_; and, for every sequence of signs (g,)_;, its
difference sequence (d,,)N_, satisfies
N PTIC
E| > enda = Z Endn
n=1
6d1v 6d1v
using the UMDgi"-property of E. O

In the next step we restrict the class of probability spaces even further. If
(2,.7,P) is a probability space, we call a sub-c-algebra 4 of & dyadic if it
is generated by 2™ sets of measure 27" for some integer m > 0. We call a
filtration in (£2, %, P) dyadic if each of its constituting o-algebras is dyadic.
For 1 < p < o0, let us say that E has the UMDgyad-property if there exists a
constant 33Y24(E) such that

5] 3]

ﬁdyad
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holds for all E-valued LP-martingale difference sequences (d,,))_; with re-
spect to a dyadic filtration (%,))_; on a divisible probability space ({2, 7, P).
Trivially, if £/ has the UMD, -property, then it has the UMDgyad—property and
Bay*(E) < By(E). In order to establish the converse we need a simple ap-
proximation result. The proof appears somewhat technical, but by drawing a
picture one sees that it is nearly trivial.

Lemma 12.8. Let 1 < p < 0o and € > 0 be given. If f is a simple random
variable on a divisible probability space (2, F,P) and 4 is a dyadic sub-o-
algebra of F, there exists a dyadic sub-c-algebra ¢ C 5 C ¥ and an -
measurable simple random variable h such that ||f — hl|, < €.

Proof. Suppose ¥ is generated by 2™ sets of measure 27,

It suffices to prove the lemma for indicator functions f = 1y with F' € .#.
Considering F' € .F as fixed, we write 1p = ), 1pn¢ where the sum extends
over the 2™ generating sets G of ¢.

Take one such G and let (bJG)j';l denote the digits in the binary expansion
of the real number P(F N G). Informally, we use the digits to write F NG
inductively as a union, up to a null set, of disjoint ‘dyadic’ subsets of maximal
measure.

To be more precise, inductively define sets AJG and BJ-G by A = FNG
and B§' = @, and requiring, for j > 1, that B]G - AJG_1 satisfies B]G € % and
P(Bf) = b§277 (we may take BY := @ if b§' = 0). Then put A := AS |\ BY
and continue.

The sets BJG € % thus constructed are disjoint, contained in G, and satisfy
P(FNG)\ Uiz, BE) = 0. Let n > 1 be the first integer such that

P(FNG)\ | JBY) < o
j=1
For each 1 < j < n such that bJG = 1 we have ]P’(BJG) = 279, If follows that
we can split G into disjoint subsets of measure 27" in such a way that each
BJG, 1 < j < n, is a finite union of these subsets.
We subdivide each of the 2" generating sets GG in this way. The number
n varies over (G, but by considering further subdivisions we may assume it
to be independent of G. Let 7 be the o-algebra generated by the 2™ sets of
measure 2-" thus obtained. This o-algebra is dyadic, it contains ¢, and the
simple function

G 1gjsn
b5 =1
is -measurable and satisfies || f — hl|, < . O

Lemma 12.9. Let 1 < p < oco. If E has the UMDgyad—pmperty, then it has
the UMD,-property and (,(E) = 55V*4(E).
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Proof. Suppose that (d,,)Y_; is an E-valued LP-martingale difference sequence
with respect to a filtration (%,))_; on a divisible probability space (£2, %, P).
The idea is approximate the d,, with simple functions as in the previous lemma.

Fixing € > 0, we can ﬁnd Fn-measurable simple functions s, : 2 — F
such that [|d,, — sn ||, < %. By repeated apphcatlon of Lemma we find a
sequence of dyadic o- algebras (Jn)n , such that Jn 1 C Jn C %, (with the
understanding that %y = {@, 2}) and a sequence of step functions (3,)_;
such that each 3, is .Z,-measurable and satisfies s = 3nllp, < &

Consider the sequence (d,,)N_, defined by d,, := E(d,, |e/§vn) To see that this

is a martingale difference sequence with respect to the filtration (.%,))_,, note
that for 1 <n < N,

E(dn|Fn-1) = E(E(dn| Z2)| Far)
= E(dn|Fn1) = B(E(dp|F1)|Fn_1) = 0.
Then, by the LP-contractivity of conditional expectations,

~ 2e _ ~
ldn — dn”p < N + 1|80 — dn”p
2¢e

= N +|E(5n — d |Jn)||p
2¢e 2e - 4e
:W‘F”E(Sn_d |Jn)||p N"’”Sn_dn”pzﬁ'

Hence,

N
H Z Endp
n=1

N ~
<de + H andn

<de+ ﬁﬁyad ‘

de(1+ 42 (E))|

Since ¢ > 0 was arbitrary, this shows that F has the UMDgyad—property with
ﬁgi" (E) < ﬁgyad (E). Together with Lemma [[Z7 this proves the result. O

The final reduction consists of shrinking the class of difference sequences
to Haar martingale differences sequences, which are defined as difference se-
quences of martingales with respect to a Haar filtration. This is a filtration
(Zn)N_,, where #; = {@, 2} and each .%, (with n > 1) is obtained from
Zn—1 by dividing precisely one atom of .%,_; of maximal measure into two
sets of equal measure (an atom of a o-algebra ¢ is a set G € ¢ such that
H C G with H € ¢ implies H € {@,G}). By construction, each .%#, is gener-
ated by n atoms, whose measures equal 27%~1 or 2%, where k is the unique
integer such that k=1 L 2k,

For 1 < p < o0, let us say that E has the UMDEaar -property if there exists
a constant 3/1*4(E) such that
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pot,

holds for all E-valued Haar martingale difference sequences (d,,))_, defined on
a divisible probability space (£2,.%,P). Trivially, if E has the UMD,,-property,
then it has the UMD}* -property and G (E) < (,(E).

N p
>

< (B (B)PE

Lemma 12.10. Let 1 < p < oco. If E has the UMDgaar-property, then it has
the UMD,,-property and ﬁga“"(E) = G,(E).

Proof. Suppose that (d,,)Y_; is an E-valued LP-martingale difference sequence
with respect to a dyadic filtration (.%,)Y_; on a divisible probability space
(2,7 ,P). The idea is to ‘embed’ (d,,)"_, into a Haar martingale difference
sequence. To be more precise, we shall construct an LP-martingale difference

sequence (dk) _1 with respect to a Haar filtration (Jk) ", such that M, =
Mkn and .%,, = Jkn for some subsequence k1 < --- < kn. Once this has been

done, we note that d,, = Zf K141 d and

_HZ Z sn

—nl

K
,= e
k=1 P

N
<ol £l - gl S
k=1 n=1

N
H > endy
n=1

where €, = ¢y, for k=kp—1+1,...,k,.

Each .%, is dyadic and therefore it is generated by k, := 2! atoms of
measure 2~ . Since each atom of .%,_; is a finite union of atoms in .%,
we have k; < --- < ky. The o-algebras %, with k,_1 < k < k, can now
be constructed by splitting the atoms of %%1 one by one into two disjoint
subsets of equal measure, so as to arrive at the atoms of %n by repeating
this procedure k,, — k,_1 times.

Now take My, := M, and My, := E(Mj,, | 1) if kn_1 < k < kn. O

12.2.2 p-Independence for Haar martingales

By the reductions of the previous subsection, in order to prove the p-
independence of the UMD,,-property it suffices to consider Haar martingale
difference sequences. Such sequences have a special property which is captured
in the next lemma.

Lemma 12.11. If (d,)Y_, is an E-valued Haar martingale difference se-
quence, then ||dp41]|| is Fn-measurable for alln=1,...,N — 1.
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Proof. Suppose that %, 11 is obtained by splitting one of the n+ 1 generating
atoms of %, say A, into subsets A; and Ay of equal measure. Then M,, ;1
and M, only differ on A, so d,+1 = 0 on CA. Also, d, ;1 is constant on A;
and Ao, say with values z; and x2. Then,

]P’(Al)xl =+ P(AQ),TQ = /

dsr dP = / E(dyy1|:Z,) dP = 0,
A A

and from P(4;) = P(A2) we deduce that x; + 22 = 0. Hence, ||dpt1| =
Ta,lza|l + La,l|z2]| = 1allz1] is Fn-measurable. O

In what follows we let f = (f,,))_; be an E-valued Haar martingale with
difference sequence (d,,))_;. By the lemma, the non-negative random variables
ldns1]| are #,-measurable forn=1,..., N — 1.

For a fixed sequence of signs € = (¢,)N_; we denote by g = (g,))_; the
martingale transform g, = Y°7_, ;d;. Further we let

ffw) = max [[fo(@)], ¢"(w):= max [lgn(w)[.

1<n<N 1<n<N
In the proof of the next lemma we use the following notation: if (X,,)_;
is a sequence of E-valued random variables and 7 : 2 — {1,..., N} is another

random variable, we define the random variable X, : {2 — E by
XT((")) = X‘r(w) (w)

Lemma 12.12. Suppose that E is a UMDg-space for some 1 < ¢ < oco. For
all § >0 and B> 25+ 1 and all X > 0 we have

P{g* > B\, " <A} < aP{g" > A},
where o = 463,(E) /(8 — 2§ — 1).

Proof. Since #; = {@, 2}, the random variable f; = d; is constant almost
surely. If the constant value is greater than d\, then the left hand side in the
above inequality vanishes and there is nothing to prove. We may therefore
assume that f; < dA almost surely.

Let

SN lga(@)ll > AL,
v(w):=min{l <n < N: |go(w)|| > BA},
<N N: | fa)| > 0N or ||dpg1]l > 200}

with the convention that min @ := N + 1. In the third definition we further
use the convention that dyy1 := 0.

Let v, be the indicator function of the set {u < n < min{v, o}}. Since d =
(dn)_; is a Haar martingale difference sequence, the sequence v = (v,,))_;
is predictable by Lemma [[ZTT] and therefore
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n

Fn = Z ’Ujdj

J=1

defines a martingale F' = (F,,))_, by the result of Example [T On the set
{o < u} we have v; = 0 for all j and therefore Fy = 0 there. In particular
this is the case on the set {u = N 4+ 1} = {g* < A}. On the set {o > u} we
have
I ={ > ]| = minor = full < 46
p<j<min{v,o}
To see this, first note that p(w) < o(w) implies || f.(w)|]] < JdA. Also,
if min{r(w),o(w)} = 1, then by the assumption above | fminfr,0} (W)l =
[f1(@)]l < 0x; if min{r(w),o(w)} > 1, then from || fminfy,o}-1(w)[| < A
and [|dmin{y,0} ()| < 20X it follows that || fimin{v,o} (@)|| < || famin{r,o3—1(@)[ +
| dmin{v,o} (@)|| < 30\ This proves the claim.
We infer that
E|IF,)l7 < (450)P{g" > A}.

Now consider the martingale transform G of F' by ¢,

Gn = ZEj’Ujdj.
j=1
On the set {vr < N, 0 = N + 1} we have min{v,o} = v and

163l = 3 cidi]| = llgw — gull > 83 — 262 = x,

n<j<sv

where the last inequality uses that on the set {v < N, 0 = N + 1} we have
19w (@)Il > BA and [|gu(w)l| < lgu—1(@)]| + l[du(@)]] < A+ 207
By Chebyshev’s inequality and the UMD,-property,

P{g" > B\, f"<OAN <P{v<N,o=N+1}

< P{IGll > A — 207 — A}
1

(BX — 201 — \)¢

(B4(E))*
T (BN — 20N — \)4
_ (40)1(3,(B))"
S (B-20—1)1

N

E|Gwll®
E[[En|?
P{g" > A}.

In the first inequality we used that f*(w) < dA implies that ||d;(w)|| < 25\
for all j. This proves the lemma. a

Theorem 12.13. If E is a UMD,-space for some 1 < q < oo, then it is a
UMD, -space for all 1 < p < oo.
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Proof. By the results of the previous subsection it suffices to show that E
has the UMDgaar—property for all 1 < p < co. Thus we find ourselves in the
situation of the previous lemma and need to prove the estimate

Ellgn[” < bPE[ fn|”

with a constant b > 0 depending only on p, ¢, and E, but not on f, g and N.

Fix an arbitrary number 8 > 1. For é > 0 so small that 8 > 2§ + 1, let
o = 0g,6,4,E be as in the lemma. Then, by an integration by parts and Doob’s
maximal inequality,

Ellgn|I” < Ellg*||? = 5p/ PN TIP{g" > BA}dA
0
< aqﬁp/ PP TIP{g* > A} d\
0
+ ﬁp/ PAPTIP{f* > 6A} dA
0

B e
5—plE||f [

P 3P

CPi
< CLa"@"Blgn|l” + “Z—E| fu,

< aBPE[|g™(1” +

where Cp, = p/(p—1). Since lims|o ag,s,q,z = 0, by taking 6 > 0 small enough
we may arrange that CPa?@P < 1. Noting that E[gn|[P < oo since gy is
simple (recall that .Z is a finite o-algebra) it follows that

Cr P

E p < —7——

E[fnl]*.

This concludes the proof. a
This theorem justifies the following definition.

Definition 12.14. A Banach space is called a UMD-space if it is a UMD,-
space for some (and hence, for all) 1 < p < oo.

By combining Theorem with the results of the previous section we
see that all Hilbert spaces and all spaces LP(A) with 1 < p < co are UMD-
spaces.

12.3 The vector-valued Stein inequality
In this final section we prove an extension, due to BOURGAIN, of a beautiful

result of STEIN which asserts that conditional expectation operators corre-
sponding to the o-algebras of a filtration form an R-bounded family.
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Theorem 12.15 (Vector-valued Stein inequality). Let E be a UMD-
space and fix 1 < p < oo. If (Ft)ieo,1) 15 a filtration on a probability space
(2, Z,P), then the family of conditional expectation operators {E(-|%) : t €
[0,T]} is R-bounded (and hence y-bounded) on LP(£2; E).

Proof. Let (7,))_, be a Rademacher sequence on a second probablhty space
(QﬁP) and define .%, =o(r,...,Tn),n=1...,N.Fix t; < --- <ty in

[0,T]. On the product space §2 x {2 define the ﬁltration (G)2N by
Gop_1:=F, X Fn_1, n=1,...,N,
Gy = Fy, x Fn, m=1,...,N.
For a random variable X € LP(2 x £2; E) define the martingale (M,,)2X, by
M, :=E(X|9,), m=1,...,2N.

Let (d,,)?M, be the associated martingale difference sequence. Then by the
UMD,-property of E,

|3y < 5B

Indeed, the sum on the left hand side equals %(Ziﬁil dp + anNzl (=1)™dyp,).

Now fix f1,...,fn € LP(£2; F) and put X := 25:1 Tn fn. For this choice
of X we have

12.2
Lr(2;E) ( )

N

Moy I—ZET‘JJC]"/tn n ZT] f]|'jtn
j=1 j=1

n

N
Mgn = ZE(?Jf]|jtn X Jn ZTJE fg|</t

j=1 j=1

Therefore da,—1 = 0 and day, = 7, E(fj|Z1, ). It then follows from (X)) that

N
~ p ~ P
EH FuE(fol :EH don,
;T (Fal ) LP(2;E) ; 2 LP(2;E)
2N
~ p
< E))PE dm,
BoEVE| X a0
LN
= E pE .
CRNE DI IR

n=1
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12.4 Exercises

1.

Prove that a Banach space E is a UMD,-space E if and only if for
some (and hence, for all) 1 < p < oo there exist constants 3 (E) such

that for all F-valued LP-martingale difference sequences (d,,))_; and all
Rademacher sequences (7,,)Y_; independent of (d,)Y_; we have

1 N » N N
Gl el < B s

Let 1 < p < oo. Prove that if H is a Hilbert space and (d,,)Y_; is an
H-valued LP-martingale difference sequence, then
pal

1 N » N p N
SE| Y du|| <E(DC 1dal?)” < CLE[| D" dn
P n=1 n=1 n=1

with constant depending only on p.
Hint: Combine Exercise [[l with the Kahane-Khintchine inequalities.

p

» N
< (B (B)VE|| Y dn
n=1

p
)

. Prove that if X is a UMD-space and Y is a closed subspace, then X/Y is

a UMD-space and give an estimate for its UMD constant.

A sequence (z,)5%, in a Banach space E is called a Schauder basis if every
z € E admits a unique representation z = Y, a,z, with convergence
in E. Using a closed graph argument one can show that the projections

0o N
DN E AnTp = E AnTn,
n=1 n=1

are bounded. In fact, by the uniform boundedness theorem we even have
Sup 1 | D] < oo.

A Schauder basis is called unconditional if there exists a constant 0 <
C < oo such that for all N > 1, all scalars aq,...,an, and all signs
€1,...,en € {—1,+1} we have

1 N N N
EH § AnTn g H § EnAnTn g OH § AnTn
n=1 n=1 n=1

The least admissible constant C'is called the unconditionality constant of

(Tn)nl1-

Let (z,,)52; be an unconditional Schauder basis of E with unconditional-

ity constant C.

a) Show that if (r,)22; is a Rademacher sequence, then for all N > 1
and all scalars aq,...,ay we have

1 N 2 N
EHZanxn <EHZrnanxn
n=1 n=1

2

2 N
2
<C H E nTn
n=1
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12 UMD-spaces

b) Show that supy, [[Dn]| < C.

Assume next that E is a UMD-space.

c) Show that the sequence (Dy)%F_; is R-bounded.
Hint: Use a) and the vector-valued Stein inequality.

In this exercise we prove a vector-valued version of a multiplier theorem
due to MARCINKIEWICZ. Let (2,)%2; be a Schauder basis of the UMD
Banach space F which has an unconditional blocking, meaning that there
is a sequence 0 = Ny < N7 < ... and a constant 0 < C' < oo such that
the corresponding block projections A; := Dy, — Dy, , (where Dy = 0)

satisfy
TR k k
all X2l <[ esae] <] an
j=1 j=1 j=1

for all choices €, € {—1,1}. Suppose that (\,))_; is a scalar sequence
such that:

(i) sup || < o0;

n>1
Nj—1
(ii) sup Z [Ant1 — An| < 00.
e n=N;_1+1

where \g = 0. Prove that the multiplier

o0 o0
M g ApTy = g AnGn Ty
n=1 n=1

is bounded.
Hint: Write

e’} %) N;—1
Mz =Y dvAz+> > (A= A1) Dl
=1 j=1n=N,;_1+1

Now use a randomisation argument, the result of the previous exercise,
and Proposition [0

Remark. Tt can be shown that the trigonometric system (e, )nez, where
en(0) = ™ is a Schauder basis in LP(T) for all 1 < p < oo, but this
basis is unconditional only for p = 2. However, it is a classical result of
L1TTLEWOOD and PALEY that the dyadic blocking of (e, )nez is uncondi-
tional in LP(T) for all 1 < p < oo (in this blocking, the j-th block runs
over the indices 277! < |n| < 27). In combination with the exercise, this
gives the classical formulation of the Marcinkiewicz multiplier theorem.

Notes. The importance of UMD-spaces extends far beyond the domain of
stochastic analysis. In fact, the subject was created in an effort to extend
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classical Fourier multiplier theorems to Banach-space valued functions. On
the unit circle T, an important Fourier multiplier is the Riesz projection

[eS)
E Cnezne — E CneznO.
n=0

neZ

This projection, which corresponds to the multiplier 1¢,>0y, is bounded in
LP(T) for all 1 < p < co. On the real line, the Hilbert transform defined by
the principle value integral

s

Hf(x):= lPV/jO %dy

is bounded on LP(R) for all 1 < p < oo; it can be shown that this operator
corresponds to the multiplier (1, —1r_). Both results are classical theorems
of M. RIESZ. In the Banach space-valued situation the validity of these results
characterise the UMD-property:

Theorem 12.16. Let 1 < p < co. For a Banach space E the following asser-
tions are equivalent:

(1) E is a UMD,-space;
(2) The Riesz projection is bounded on LP(T; E);
(3) The Hilbert transform is bounded on LP(R; E).

The implications (1)=(2) and (1)=(3) are due to BURKHOLDER [I§] and
McCONNELL [4], and their converses to BOURGAIN [I]]. We refer to the
review papers [20, 97 for more details. Recently, far-reaching generalisations of
Theorem [[2ZT6 to the boundedness of Fourier multipliers and singular integral
operators in vector-valued LP-spaces have been proved by several authors.
We refer to the excellent lecture notes by KUNSTMANN and WEIS [61] for an
overview and references to the literature.

The independence of the UMD,-property of the parameter 1 < p < oo
(Theorem [[2ZT3) was first proved by MAUREY [[73], who gives credit to PISIER.
The proof via Lemma[[ZT presented here is adapted from BURKHOLDER [T9).
The reductions of Section [ZZ] are a variation of those proposed in [[3] and
carried out in detail in the lecture notes of DE PAGTER [R7 and the M.Sc.
thesis of HYTONEN [50].

Several alternative proofs of the p-independence exist; some of them char-
acterise the UMD,,-property in terms of some other property not involving the
parameter p. In order to state two such characterisations, due to BURKHOLDER
7, 20], we need to introduce the following terminology.

A Banach space is called a weak UMD-space if there exists a constant 3
such that for all L!-martingale difference sequences (d,,)2_;, all sequences of
signs (£,)2_;, and all r > 0 we have

N
T‘P{H ,;Endn

N
>r} < B> d
n=1
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A Banach space FE is called ¢-convez if there exists a function ( on F X E,
convex in both variables separately, satisfying ¢(0,0) > 0 and ((z,y) < ||z+y||
if [l] = [lyll = 1.

Theorem 12.17. For a Banach space E the following assertions are equiva-
lent:

(1) E is a UMD-space;
(2) E is a weak UMD-space;
(3) E is (-convez.

For Hilbert spaces one may take ((x,y) := 1 + [z,y]. For LP-spaces an
explicit expression for a function ¢ appears to be unknown.

The scalar version of Theorem [[ZTH is due to STEIN [I00]. Its extension
to UMD-spaces is due to BOURGAIN, who stated the result without proof in
[12]. The proof presented here is taken from [24].

The result of Exercise Bl is due to CLEMENT, DE PAGTER, SUKOCHEV,
WITVLIET [24] and BERKSON and GILLESPIE [6]. Exercise H is an abstract
version of BOURGAIN’s version of the Marcinkiewicz multiplier theorem [T2].
Other classical multiplier theorems, such as the Mihlin multiplier theorem,
can be extended to UMD-spaces as well. As was first shown by WEIs [108)]
it is even possible to consider operator-valued multipliers; typically one has
to replace boundedness assumptions by suitable R-boundedness assumptions.
We refer to KUNSTMANN and WEIS [61] for an overview and further references.
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Stochastic integration II: the Ito integral

We have seen in Lecture [l how to integrate functions @ : (0,7) — Z(H, E)
with respect to an H-cylindrical Brownian motion Wy. In this lecture we
address the problem of extending the theory of stochastic integration to pro-
cesses P : (0,T)x 2 — Z(H, E). As it turns out, very satisfactory results can
be obtained in the setting of UMD Banach spaces E. The reason for this is
that in these spaces we can prove a decoupling theorem for certain martingale
difference sequence which, in the context of stochastic integrals, enables us to
replace Wy by an independent copy Wpy. The stochastic integral of @ with
respect to Wy can be defined path by path using the results of Lecture @ and
the decoupling inequality allows us to translate integrability criteria for this
integral to the integral with respect to Wp.

13.1 Decoupling

We begin with an abstract decoupling result for a suitable class of martingale
difference sequences.

Let 1 < p < oo be fixed and suppose that (£,))_; is a sequence of centred
integrable random variables in LP(£2). We assume that a filtration (%,))_;
is given such that the following conditions are satisfied for n =1,..., V:

(1) &, is F,-measurable for all 1 < n < N;
(2) &, is independent of .%,, for all 1 <m <n < N.

Note that E(¢,| %) =E&, = 0for1 <m <n < N,so (&,))_; is amartingale
difference sequence with respect to (%, )N_;.

On the product space (2 x 2,.F x % P x P) we define, with a slight abuse
of notation,

§n(w,w) = &n(w), gn(wv‘;) 1= (@) (13.1)

The sequences (£,)N_; and (gn)ﬁ[:l are independent and identically dis-
tributed. The point here is that we identify each £, with a random variable on
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2 x §2 which depends only on the first coordinate and introduce an indepen-
dent copy &, which depends only on the second coordinate. Clearly, (£,)_;

and (En)fj 1 are martingale difference sequences on §2 x {2 with respect to the
filtrations (.%,))_; and (%,)Y_; defined by

T = Ty x {2,02},  Fp=1{0,02} x Fy, (13.2)

where again there is a slight abuse of notation in the first definition.

Let (v,))_; be a predictable sequence of E-valued random variables on (2.
Recall that this means that v, is %, _1-measurable for n = 1,..., N, with the
understanding that %, = {@, 2} (so that vy is constant almost surely). We
identify (v,))_,; with a predictable sequence (v,,)Y_; on §2 x §2 in the same
way as above by putting v, (w,®) := v, (w).

Theorem 13.1 (Decoupling). If, in addition to the above assumptions, E
is a UMD-space, then

N N
p ~ p
EH § §nvn ;p,E EH § gnvn
n=1 n=1

with constants depending on p and E only.

Proof. The proof uses a trick similar to that of Theorem [[ZTH
Forn=1,..., N define

d2n71 = %(fn + gn)vn and d2n = %(gn - gn)vn

We claim that (d;)3Y) is a martingale difference sequence with respect to the
filtration (Z;)3L,, where

Don—1 —O'(f/n 1,F n—17§n+gn)u @271:0'(?1“«?71)'

In view of
N 2N 2N
D &uvn =) d; and Z Eavn = Y _(=1)711d;,
n=1 j=1 j=1

the result then follows from the definition of the UMD,-property.
It remains to prove the claim. We begin by observing that (d,)2Y; is
(2,,)2N | -adapted. Moreover,

E(don|Zon-1) 2 2o, B(En — €0l Fn 1, T, n + En)
ii) 1 111)

= L0,E(&n — Enlén +E0) = 0.

Here (i) follows from the %, _1-measurability of vy, (ii) from Proposition [T
and the independence of o (&,, §n) and o(Fp—1, Fn—1) (which follows from the

o
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independence of &, and %,,_1), and (iii) uses that &, and gn are independent
and identically distributed (Exercise [IIE). Similarly,

E(dan—1|Zan—2) = 30nB(En + En| Fn1, Fro1) = S0,E(En + &2) = 0

since &, + En is independent of U(ﬁn_l,%_l) and &,, En are centred. |

13.2 Stochastic integration

Let (£2,.7,P) be a probability space. A function @ : (0,T) x 2 — Z(H, E) is
said to be a finite rank adapted step process with respect to a given filtration
F = (Z)ieo,r if it is of the form

M N
B(t,w) =D L, st Zh ® Tjmn, (13.3)

m=1n=1

where 0 < tg < --- <ty < T, foreachn =1,...,N the sets A1,,..., Ann
are disjoint and belong to .%;, _,, the vectors hq, ..., h; € H are orthonormal,
and the vectors xj,, belong to F.

In what follows we assume that Wy is an H-cylindrical Brownian motion

n (£2,#,P), adapted to F in the sense that the random variables Wg (t)h

are F-measurable and the increments Wy (t)h — Wx(s)h are independent of
F, for t > s. It follows from Exercise [TIH that the filtration F"# generated
by Wx has these properties.

The stochastic integral with respect to Wy of a finite rank adapted step
process @ of the form ([33)) is defined as

k

T
/ B(t) AW (t) ZZlAng Wy = Wi (tn-1)hi)Zjmn.
0

m=1n=1 j=1

We leave it to the reader to check that this definition does not depend on the
particular representation of @ in ([33). Note that fo t) dWg (t) belongs to
LP(2, Zr; E) for all 1 < p < oo, and satisfies

T
E / B(t) AW (1) = 0.
0
The latter follows by linearity from
E(14,., (W (tn)hj — W (tn-1)h;))

(
=E(E(1a,., Wa(tn)hj — W (tn-1)h;
=E(1a,, . EWx(ta)hj — We(ta-1)h;)

mn
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For each w € {2 the trajectory t +— @D, (t) := P(t,w) is a finite rank step
function and therewith defines an element Rg, of ~(L?(0,T; H), E). This
results in a simple random variable

Rg : 2 — y(L*(0,T; H), E).

In order to extend the above stochastic integral to a more general class of
Z(H, E)-valued processes we shall proceed as in Lecture Bl by estimating the
LP(§2; E)-norm of the stochastic integral in terms of Rg. Due to the presence
of the random variables 14, , however, the Gaussian computation of Theorem
ET4 breaks down. In the proof of the next theorem we circumvent this problem
by replacing Wy by an independent copy Wy and use the decoupling estimate
of Theorem 371

Theorem 13.2 (It6 isomorphism). Let E be a UMD space and fir 1 < p <
oo. For all finite rank adapted step processes @ : (0,T) x 2 — £ (H,E) we

have
P
EH / t) dWg (t H ~p,E EHR@”y(m 0,T;H),E)’

with constants depending only on p and E.

Proof. As in (3] we identify Wy with an H-cylindrical Brownian motion

on the product §2 x {2 and define an independent copy on WH on 2 x 2 by
putting

Wi (O)h(w,3) == Wi (Oh(w), Wgt)h(w,®) = Wy ()h(@).

Ifd:(0,T)x 2 — £(H,E) is a finite rank adapted step process of the form
[33), we define the decoupled stochastic integral

k

T N
/O B(t) AW (t) Z La, > (W (tn)hy — W (ta-1)3) 2 jmn-

n=1m=1 j=1

The plan of the proof is to apply Theorem [[31l to the real-valued sequence
(&jn) 1<j<k and the E-valued sequence (vjn) 1<j<k »

1<n<N 1<ng
M
gjn = WH(tn)h,J — WH(tnfl)hj, an = Z 1Amn [ Ijmn-
m=1

With these notations,

T N k T N k
/O ) dWr () =Y Eintjn, /O D AWa () =D &nvjn.

n=1j=1 n=1j=1
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We consider the filtration (%;,) 1<j<k , Where %, is the o-algebra gener-
1<n<N

ated by all &,y with (5',n") < (j,n); the pairs are ordered lexicographically
according to the rule (j',n') < (j,n) <= n' <nor [0 =n & 5 < j].

With respect to this filtration, the sequence (£;n) 1<j<k is centred and

1<n<N
has the properties (1) and (2) stated at the beginning of Section [ZJl and
(”jn)q[gjgk is predictable.
1<n<N

Let us denote by E; and E, the expectations with respect to the first and
second coordinate of 2 x £2. Applying successively Theorem [[31] the Kahane-
Khintchine inequality, and Theorem (pointwise with respect to £21), we
obtain

p
s | s avoff ~pEw2u/ o

(e (20

~p,E ElHR@H'y(L?(O,T;H),E)' d

p
2

Definition 13.3. A random variable R € LP(2;+(L?(0,T; H), E)) is called
adapted if it belongs to the closure in LP(Q,W(LQ( ,T;H),E)) of the finite
rank adapted step processes.

The closed subspace in LP(£2;~v(L?(0,T; H), E)) of all adapted elements
with be denoted by LL(£2;v(L*(0,T;H), E)). Theorem shows that the
stochastic integral extends uniquely to an isomorphic embedding

J;VH : Lﬁ(Q;V(LQ(O,T;H),E)) — LP(2; F).

Definition 13.4. Let E be a Banach space and fit 1 < p < oco. A process
®: (0,T) x 2 — Z(H,E) is said to be LP-stochastically integrable with
respect to the H-cylindrical Brownian motion Wy if there exists a sequence
of finite rank adapted step processes @, : (0,T) x 2 — £ (H, E) such that:

(1) for all h € H we have lim,_,o, P,h = Ph in measure;
T

(2) there exists a random variable X € LP(§2; E) such that lim &, dWy =
n—oo O
X in LP(02; E).
The LP-stochastic integral of @ is then defined as

T T
0

n—oo 0



186 13 Stochastic integration II: the It integral

The remarks (a) and (b) following Definition B8 extend to the present
situation, but (c) is no longer automatic since stochastic integrals of step
processes are no longer Gaussian. This is the reason why the adjective ‘LP-’
has been built into the definition.

Theorem 13.5. Let 1 < p < oo. If & : (0,T) x 2 — ZL(H,E) is LP-
stochastically integrable with respect to Wy, then the stochastic integral pro-
cess (fg@dWH)te[O 7 18 an FE-valued LP-martingale which has a continuous

version satisfying the maximal inequality

T

r

sup H/ d)dWHH P )”EH/ d)dWHH .
tGOT _1 0

Proof. Choose a sequence (9,)n,>1 of finite rank adapted step processes
such that the conditions of Definition [[3A are satisfied and put X, (t) :=

f ®,, dWy. Clearly, there exists a continuous version X of each X,, and

by the Pettis measurability theorem we have X, € LP(£2;C([0,T]; E)). To
see that this theorem can be applied in the present situation, first note
that there exists a separable closed subspace Ey of E such that each X,
has trajectories in C([0,T]; Eg). The space C([0,T]; Ep) is separable, and
the linear span of the functionals é; ® x* is norming in its dual; moreover,
(X, 0 @ *) = fg &rx* dWy almost surely and the right hand side is mea-
surable as a function on (2.

By Doob’s maximal inequality (we use that the stochastic integral process
is a martingale; see Exercise B, for every choice of 0 < t; < --- <ty < T we
have

E( swp [Rulty) - Km(t)?) < (2

_ — ) El| X (T) = X (T)|"-
Jj=1,..., N p 1

Hence, by path continuity and Fatou’s lemma,

E( sup | Xu(t) = X)) < (=27)" EIXa(D) = Xun (D]
t€[0,T p

This inequality shows that the sequence ()N(n)n>1 is a Cauchy sequence in
Lr(2;C([0,T); E)). Since for all ¢ € [0,T] we have lim, . X, (¢t) = X(¢) in
LP(§2; E), the limit X = limy,— oo )N(n defines a continuous version of X.

The final inequality follows from Doob’s maximal inequality in the same
way as above (replace X,, — X,, by X). O

As in Lecture [, in the special case E = R we may identify 2 (H,R) with
H and Theorem [[32 reduces to the statement that the LP-stochastic integral
of an adapted step process ¢ : (0,T) x 2 — H satisfies

T
p
EH/O ¢dWHH ~p EI91% 20 211, (13.4)
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The constants depend only on p since the UMD, -constant of Hilbert spaces
only depend on p. From this it is not hard to see (Exercise B) that a strongly
measurable process ¢ : (0,T) x 2 — H is LP-stochastically integrable with
respect to Wy if and only if ¢ € LE(£2;L?*(0,T; H)), and the isomorphism
([33) extends to this situation.

Definition 13.6. A process ¢ : (0,T) x 2 — ZL(H, E) is called H-strongly
measurable if for each h € H the process ®h : (0,T) x 2 — E is strongly

measurable. Such a process @ is called adapted if for each h € H the process
®h is adapted.

We are now in a position to state the main result of this section, which
extends Theorem to £ (H, E)-valued processes.

Theorem 13.7. Let E be a UMD space and fix 1 < p < co. For an H-strongly
measurable adapted process @ : (0,T) x 2 — L (H, E) the following assertions
are equivalent:

(1) @ is LP-stochastically integrable with respect to W ;
(2) &*z* € LE(2;L*(0,T; H)) for all x* € E*, and there exists a random
variable X € LP(£2; E) such that for all * € E*,

T
(X,a:*>_/0 *z* AWy (t) in LP(Q).

(3) &*z* € LE($2;L*(0,T; H)) for all z* € E*, and there exists a random
variable R € LP(£2;~y(L?(0,T; H), E)) such that for all f € L?(0,T;H)
and z* € B,

T
(Rf,;v*>:/0 (B F(1), a7 dt in LP(02).

If these equivalent conditions are satisfied, the random variables X and R are
uniquely determined, we have X = fOTQPdWH in LP($2; E), and

T
p
IEH/O @dWHH SIS L

Moreover, R € LE($2;v(L*(0,T; H), E)), that is, R is adapted.

Proof. We sketch the main steps and refer to the Notes for more information.
(1)=(2): This is proved in the same way as in Theorem EI7 Note that
the stochastic integrals fOT P*x* dWy are well-defined by the above remarks.
(2)=(3): For the special case where F is the filtration generated by Wy,
a proof will be outlined below.
(1)=(3): This is an immediate consequence of Theorem 32X if (P,,)22, is
an approximating sequence for @, then the operators (Rg, )52, form a Cauchy
sequence in LE(£2;(L?(0,T; H), E)) and its limit has the desired properties.
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(3)=(1): First one shows that R is adapted (see Exercise[ll). Knowing this,
the proof can be finished in the same way as the corresponding implication of
Theorem O

Unfortunately we are not able to give a fully self-contained proof of the
implication (2)=-(3). In the sequel we shall not need this implication; we only
use the equivalence (1)<(3) which is the most useful part of the theorem.
In spite of this we want to sketch a proof of (2)=(3) under the simplifying
assumption that the filtration is the one generated by Wy . In this situation we
can apply a version of the so-called martingale representation theorem for H-
cylindrical Brownian motions Wy In most textbook proofs, the integrator is a
Brownian motion (or a more general martingale); the extension to cylindrical
Brownian motions is obtained from it by an approximation argument as in
the proof of the martingale convergence theorem (Theorem [[TZT]).

Recall that the filtration FW# has been defined in Exercise [T

Lemma 13.8. Let 1 < p < o0 and & € Lp(97j,1‘fVH;H). There exists unique
¢ € Lpw, (2, L*(0,T; H)) such that

T
§:E§+A ¢ dWy.

The proof of this lemma is beyond the scope of these lectures. Roughly
speaking it proceeds like this. First, we may assume that K¢ = 0. By approx-
imation we may further assume that H is finite-dimensional. From

T
WH (t)h - / 1(0715) & deH(t)
0

we see that every X in the linear span of the random variables Wg (t)h can
be represented by a stochastic integral. Since the stochastic integral defines
an isomorphic embedding, it remains to show that this span is dense in the
closed subspace of LP(£2, Z;'"; H) consisting of all mean 0 elements.

The next result extends the lemma to UMD spaces. Recall that

JH L LR(2;4(L*(0,T; H), E)) — LP(2; E)
is the isomorphic embedding of Theorem

Theorem 13.9. Let E be a UMD space, let 1 < p < oo, and let X €
LP(2, F", E). There exists a unique R € L?WH(Q;V(L%O,T;H),E)) such
that

X =EX + J)"(R).

Proof. Choose a sequence of simple ﬁq‘y H_measurable random variables X,
such that lim,, oo X, = X in LP(§2; E). Let us write X,, = an\ﬁl 1a,,, ®Tmn.
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By Lemma [T3 there exist unique processes dmn € Lpw,, (12; L*(0,T; H))
such that

T
14, =Els, + / G AWV
0

Put @, ()h := M [¢rn, h]Tmn. The process @, : (0,T) x 2 — Z(H, E) is

m=1

LP-stochastically integrable with respect to Wy and
T
X, =EX, —|—/ D, dWy.
0

Let R, be the unique random variable in LE($2;~v(L?*(0,T; H), E) associated
with @,, as in (3) of Theorem [ Since lim,, o X, = X in LP(§2; E), the
isomorphism of Theorem implies that the sequence (R,)%2, is Cauchy

in LP(£2;(L*(0,T; H), E)). The limit R has the desired properties.
Uniqueness follows from the injectivity of J;V q, a

As a corollary we observe that the stochastic integral defines an isomor-
phism of Banach spaces

Wy . rp
VALED LN

(2;7(L*(0,T; H),E)) ~ L§(2, F7 " E),

where L (12, 3‘\;‘/” ; E) is the closed subspace of LP({2, ﬁ‘%v” ; E) consisting of
all elements with mean 0.

Proof (Proof of Theorem[I3] (2)=(3) for the filtration FV# ). By the Pettis
measurability theorem, the random variable X belongs to Lg(!?,ﬂ\;v " F)
and therefore it satisfies the assumptions of Theorem I3 The element R
provided by this theorem has the desired properties. a

13.3 Stochastic integrability of LP-martingales

We return to the setting where Wy is an H-cylindrical Brownian motion,
adapted to a filtration F. The main result of this section states that if E is a
UMD space and M is a y(H, E)-valued LP-martingale with respect to [F, then
M is LP-stochastically integrable with respect to W¥. The proof has three
ingredients: the characterisation of LP-stochastic integrability (the equivalence
(1)<(3) of Theorem[[37)), the y-multiplier theorem (Theorem T4, and the
vector-valued Stein inequality (Theorem [[ZTH).

Theorem 13.10. Let E be a UMD space and fir 1 < p < oo. Let Wy be
an H-cylindrical Brownian motion, adapted to a filtration ¥, and let M :
[0,T] x 2 — ~v(H, E) be an LP-martingale with respect to F. Then M 4is LP-
stochastically integrable with respect to Wy and we have

(EH/OTM(t)dWH(t)HP)% <o VT BIMD) 3y ),

with a constant depending only on p and E.
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Proof. First we prove the result under the additional assumption that M (T') €
L>($2;v(H, E)). By the L*®-contractivity of the conditional expectation we
then have M € L*°((0,T) x £2;v(H, E)). In particular, for all z* € E* we
have M*z* € LP(§2;L*(0,T; H)), and even M*x* € LE(£2; L*(0,T; H)) since
M is adapted.

Let us write B := LP({2; E) for brevity. Define the bounded function N :
[0,T] — Z(B) by

Nt)¢ :=E(¢|F), £€B, telo,T)

Since E is a UMD space, by Theorem [[ZTH the family {N(¢) : ¢ € [0,T]}
is R-bounded on B, and therefore y-bounded, with «-bound depending only
on p and E. By Theorem [Tl for every £ € B the function t — N(t)§
has left limits at every point [0, T]. In particular, these functions are strongly
measurable.

By the 4-Fubini isomorphism (Theorem (23, for each t € [0,T] we may
identify the random variable M (t) € LP(£2;~v(H, E)) with a unique operator
M(t) € v(H, B) by the formula (M (t)h)(w) = M(t,w)h. Define a constant
function G : [0,T] — v(H, B) by

G(t) == M(T), te]o,T].

This function represents the element R € v(L2(0,T; H), B) satisfying

1
1RG |y (z20.1:).5) = VT | M(T)|lya1.8) =p VT EIMD)P 41 5))"

where we used the result of Exercise . .

By the martingale property, for all ¢ € [0,T] we have M(t) = N(¢t)M(T)
in B. Now we apply Theorem T4 to conclude that M represents an element
R € 4(L?(0,T; H), B) satisfying

| Rlly(z200,m5m),8) Sp.& | Rallyz20,m5m),B)-

Using Theorem once more, we can identify R with an element X €
LP(2;v(L*(0,T; H), E)) by the formula X (w)f = (Rf)(w). Below we check
that X*x* = M*z* in LP(£2; L?(0,T; H)) for all z* € E*. Assuming this for
the moment, it follows from Theorem [[37A(3)=-(1) that M is LP-stochastically
integrable and satisfies

1 1

H/ M(t) dWg (¢ H ) E”XHV(LQ(O,T;H),E))I)
1
~pl|1 Rl (22071, 8) Sp VT (BIIM(T M hr,)) 7

To prove that X*z* = M*x* for all 2* € E*, let f € L?(0,T; H) and
x* € E* be arbitrary and note that for all A € .F
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T
E(M,2*)14) = /Q / (M (t,w) (), 2°) 1 a(w) dt dP(w)

T
= [ [ preorse.nae) dp) di
0 2

T —
:E/ (M) (1), 14 ® 2*) dt
0
= E(Rf, 14 ®2*) = E((Xf,z*)1.).

To conclude the proof we remove the assumption M(T) € L>®(£2;E).
Choose a sequence of .Fr-measurable simple random variables M,,(T') con-
verging to M(T) in LP(§2; E), and define M, (t) := E(M,(T)|-%:). Since
M, (T) € L*°(£2; E), we may apply what we proved above to the martingales
M,,. We obtain that each M, is LP-stochastically integrable with respect to
WH and

(E] [ a0 awu @) < VT 02 )

with a constant C' independent of n. Similarly, by the above apphed to the
martingales M,, — M,,, we find that the stochastic integrals fo n(t) AW (¢)
are Cauchy in LP(§2; E'). By the It6 isomorphism, this means that the cor-
responding elements R,, € LE(2;v(L*(0,T;H), E)) are Cauchy and there-
fore converge to a limit R € LE(§2;v(L*(0,T;H),E)). Clearly, R*z* =
lim,, oo RAx* = lim, oo M 2* = M*z* in LP(§2; L*(0,T; H)), and the con-
clusion of the theorem now follows via Theorem [[31 O

13.4 Exercises

In the exercises 1-3 we fix 1 < p < 0.

1. In this exercise we compare the two notions of adaptedness given in Def-
initions [[33 and 30
a) Show that R € LP(£2;v(L*(0,T;H),E)) is adapted if and only the
random variables R(1()f) : 2 — E have strongly .#;-measurable
versions for all t € (0,T) and f € L?(0,T; H).
Hint: For the ‘if’ part, approximate with simple random variables and
use that the finite rank step functions are dense in v(L*(0,T; H), E).
To secure adaptedness, build in a small shift before approximating.
Now suppose that @ : (0,T) — Z(H, E) is H-strongly measurable and
assume that the conditions of Theorem 37 (3) be satisfied; let R €
LP(02;v(L*(0,T; H), E)) be as in (3).
b) Show that if @ is adapted, then R is adapted.
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2. In the discussion after Definition [[34lit was observed that a strongly mea-
surable adapted process ¢ : (0,T) x §2 — H is LP-stochastically integrable
with respect to Wy if and only if ¢ € LP(£2; L?(0,T; H)). Prove this.
Hint: If € LP(£2; L?>(0,T; H)), then by the previous exercise ¢ is adapted
as an element of LP(§2; L*(0,T; H)).

3. Let @: (0,T)x 2 — Z(H, E) be LP-stochastically integrable with respect

o t .
to Wpx. Show that the stochastic integral process (fo QdWH)te[o,T] is a
martingale.

Hint: Approximate with finite rank adapted step processes.

If F is a UMD space with type 2 and @ : (0,T) x 2 — v(H, E) is an adapted
and strongly measurable process such that

T
E / 1B(8)|12 1.3, lt < o,

then @ is stochastically integrable with respect to H-cylindrical Brownian
motions Wy; this follows from Theorem 37 and Exercise Bl In the next
two exercises we show that the UMD assumption can essentially be dropped
from this statement.

4. A Banach space E has martingale type p € [1,2] if there exists a constant
M,(E) such that for any LP-martingale sequence (d,, ), with values in

F we have
N
EH S d,
n=1

a) Show that every martingale type p space has type p.
b) Show that every UMD space with type p has martingale type p.

N
< (Mp(E))P Y Eldy||”.

In both cases, give relations between the constants.

¢) Deduce that LP-spaces, 1 < p < 0o, have martingale type min{p,p'},
where % + % =1.
5. Let FE be a martingale type 2 space.
a) Show that if Wy is an H-cylindrical Brownian motion and ¢ : (0,7") x

2 — Z(H,E) is an adapted finite rank step process, then

T 2 T
]EH/O gl’)dWHH < (Ma(E))? E/o ”gp(t)H?y(H,E)dt'

b) Conclude that if & : (0,T) x 2 — ~(H, E) is an adapted strongly
measurable process satisfying

T
B[ o) de <o,
0

then @ is stochastically integrable with respect to Wi, with the same
estimate as before.
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Notes. A systematic treatment of decoupling inequalities is presented in the
monograph of GINE and DE LA PEna [31]. The proof of the decoupling in-
equality (Theorem [[3T]) is based on an idea of MONTGOMERY-SMITH [78].

The idea to use decoupling inequalities for obtaining bounds on stochastic
integrals in UMD spaces was first used by GARLING [{], who only consid-
ered step processes and used the resulting estimates to investigate certain
geometric properties of UMD spaces. Using a more delicate decoupling re-
sult together with BURKHOLDER’s characterisation of UMD spaces through
¢-convexity (Theorem [[ZTT), MCCONNELL [75] proved that a UMD-valued
process is stochastically integrable if almost surely its trajectories are stochas-
tically integrable with respect to an independent copy of the Brownian motion.
In view of Theorem BT this result can be viewed as an ‘almost sure’ version
of the implication (3)=-(1) of Theorem 37

Our approach to vector-valued stochastic integration in UMD spaces via
~-radonifying norms is taken from [83], where Theorem [[31 was proved. In
that paper, MCCONNELL’s result is recovered using a stopping time argument.

The equivalence of norms in ([[34) is a special case of an inequality of
BURKHOLDER, DAvVIS, GUNDY which, in the more general situation where the
integrator is a continuous-time martingale M, relates the norms of stochastic
integrals to the norms of the quadratic variation process of M. For more
details we refer to KARATZAS and SHREVE [B9], REvVUZ and YOR [94], or
KALLENBERG [B3].

An alternative proof of the implication (2)=-(3) of Theorem [[37, which is
based on finite-dimensional approximations, covariance domination, and the
theorem of HOFFMANN-JORGENSEN and KWAPIEN (Theorem B3) is given in
[R3]. A detailed proof of the implication (3)=(1) is contained in [82].

A systematic theory of stochastic integration in martingale type 2 space
has been developed by NEIDHARDT [RA], DETTWEILER [33], and BRZEZNIAK
[13]. The first two authors assumed that E be 2-uniformly smooth, a property
which was subsequently shown to be equivalent to the martingale type 2
property by PISIER [I1]. For an overview, see BRZEZNIAK [T5].
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Linear equations with multiplicative noise

In this lecture we study stochastic evolution equations with multiplicative
noise of the form

{ dU(t) = AU(t) dt + B(U(t)) dWg(t), te[0,T], (SCP)

U(O) = Ug.

Under suitable assumptions on E, the semigroup S generated by A on F,
and the function B : E — v(H, E), we shall prove existence, uniqueness, and
Holder regularity of mild solutions. Such a solution is defined as an adapted
process U such that for all ¢ € [0, T] we have

U(t):S(t)uo+/O S(t — s)B(U(s)) dW (s) (14.1)

almost surely. Its existence and uniqueness is proved by a fixed point argument
in the completion V' (£2;(L?(0,T), E)) of the space of all adapted finite rank
step processes ¢ : (0,T) x {2 — E such that

s (t —s)7%(s) belongs to LP(£2;~v(L*(0,t), E)),

uniformly with respect to 0 < ¢ < T'. The reason for working in this compli-
cated space is the fact that in many applications (e.g. when S is an analytic
semigroup) the set {t?S(t): t € (0,T)} is y-bounded.

The strategy for the fixed point argument is as follows. First, we find
conditions on B which guarantee that it acts as a Lipschitz map from
VE(02;4(L*(0,T), E)) to VI (£2;v(L?(0,T; H), E)). Note that under these con-
ditions, the stochastic integrals in ([[Z1]) are well defined by the results of the
previous lecture. Then, we prove that the process on the right hand side of

@) is in VP (£2;v(L?*(0,T), E)) again.
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14.1 ~-Lipschitz functions

Let H be a non-zero Hilbert space, let E and F be Banach spaces, and let
(Ymn )y =1 and (y,)5%; be Gaussian sequences.

Proposition 14.1. Let B : E — v(H, F) be a function such that Bh: E — F
is strongly measurable for all h € H, and let C > 0 be a constant. The
following assertions are equivalent:

(1) for all orthonormal sequences (hy,)M_, in H and all sequences (z,))_;

and (yn)flVZI in E7

2

b

M N 2 N
EH Z Zan(B(xn) - B(yn))hmH < C2EH Z’Yn(xn ~ Yn)

m=1n=1
(2) for all simple functions ¢1,¢2 : (0,T) — E we have B(¢1), B(¢2) €
V(L2(0.7: H), F) and
| B(¢1) — B(02)lly(z2(0,1:0),7) < Cllor — d2lly(12(0,1), )3

(3) for all o-finite measure spaces (A, o, 1) and all p-simple functions g1, Ps
A — E we have B(¢1), B(¢a) € v(L*(A; H), F) and

|B(¢1) — B(@2)lly(z2(asm),7) < Cllor — d2lly(22(a),5)-

Note that if H is separable, then Bh : E — F is strongly measurable for
all h € H if and only if B : F — ~(H,F) is strongly measurable; this is
proved in Proposition B4 (with strong p-measurability replaced by strong
measurability).

Proof. Let us first prove that (1) is equivalent to

(1) for all orthonormal sequences (h,,)M_, in H, all sequences (a,)Y_, of
positive real numbers and all sequences (z,)Y_; and (y,)Y_, in E,

2

M N 9 N
E[ Y3 antmn(Blea) = Blya)hn|| < C?E| > @il = )

m=1n=1

For integers a,,, the equivalence follows by applying (1) with the z,, and y,
repeated a, times and noting that the sum of a,, independent standard Gaus-
sians 77(11) 4+ %Sa") has the same distribution as a,~,. The case of rational
an, is readily reduced to this, and the general case follows by approximation.

The equivalence of (17), (2), (3) follows from the following general observa-
tion. Let (A, 7, i) be any o-finite measure space. If (h,,)M_, is orthonormal
in H and ¢ = Efj:l 1la, ®x, and ¢o = Ef:’:l 14, ®yy, are p-simple functions
with values in E, with the sets A,, disjoint, then by Lemma B (noting that

the sequence (mlAn)fy:l is orthonormal in L%(A4)),
H(An
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M N 2
1B(61) = B2 (wacasmnry = | D2 30 VilAn)vum (B(n) = Blya) |

m=1n=1

and
2 i

N
1 — ¢2Hf2y(L2(A),E) = EH Z VH(Ap) Y (@0 — Yn)
n=1

Note that if (A, o/, ) is a o-finite measure space with p(A4) # 0 and
B:E — ¥(H,F) is a function such that B(¢) € v(L?(A;H), F) for every
p-simple function ¢ : A — FE, then B(z) € v(H, F) for all x € E. Indeed,
consider any set Ag € & with 0 < p(A4p) < oo. Then B(14,®z) = 14,® B(x)
belongs to v(L*(A; H), F'), which is only possible if B(z) € v(H,F). This
explains why we restrict ourselves to functions B : E — v(H, F).

Definition 14.2. A strongly measurable function B : E — v(H, F) is called
~-Lipschitz continuous if the equivalent conditions of Proposition [IZ.]] hold.
The least possible constant in these conditions is denoted by Lip. (B).

By taking H = R we obtain the notion of a y-Lipschitz continuous function
from E to F. Clearly, every 7-Lipschitz continuous function B : E — F is
Lipschitz continuous and we have Lip(B) < Lip,(B).

It is a natural question whether conversely Lipschitz functions are au-
tomatically ~-Lipschitz. In this direction we have the following result (cf.
Exercise B), which gives a first example of ~-Lipschitz continuous mappings.

Ezample 14.3. If F has type 2, then every Lipschitz function B : E — ~(H, F)
is 7-Lipschitz continuous and we have Lip(B) < Lip, (B) < T, Lip(B), where
Ty is the Gaussian type 2 constant of F'.

This result actually characterises the type 2 property; see the Notes at
the end of the lecture. Further examples of v-Lipschitz continuous mappings,
relevant for applications to stochastic PDEs, will be given in the next lecture.

14.2 Pisier’s property

Our next aim is to prove certain weighted bounds for stochastic convolutions.
In order to keep the technicalities at a reasonable level we shall assume an
additional geometric property on the underlying Banach space E, first studied
by PISIER.

Let (r7)32; and (r}));2,; be Rademacher sequences on probability spaces
(¢, 7", P') and (2", 7", P"), and let (rjx)3%—, be a doubly indexed Rade-
macher sequence on a probability space (£2,.%,P). In the next result, recall
that (r}7})3%— is not a Rademacher sequence (see Exercise BlE).

Proposition 14.4. For a Banach space E the following assertions are equiv-
alent:
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(1) there exists a constant 0 < C' < oo such that for all finite sequences
(ajk)} =1 i R and (z;)} =1 in E we have
n 2
o 2 And Vw7 .
Z KT TR T jk ’ <C (1£%§n|ajk| JE'E Z ' rk;vjk‘ ;
J,k=1 J,k=1
(2) there exists a constant 0 < C < oo such that for all finite sequences
(Tjk)} =y in E we have

]E/]E/I

n 2 n 2
1o 2
g rjrkajij <C IEH g Tjkfbij .

J,k=1 J,k=1

1 - 2
%] > ruea <2
g.k=1

Condition (1) means that the analogue of the Kahane contraction principle
holds for double Rademacher sums in E.

Proof. (1)=(2): By randomisation and Fubini’s theorem, from (1) we obtain

M N 2
EHE E TmnTmn

m=1n=1

E’IE”EH Z Z Fan T T T
N
Z D T

m=1n=1

2
"
T‘mnTm TnTmn

— EE/EH

M=

2

= 1=
3
Il

1"
'I"nxmn

s~

M=

— C2 E/EH

< O2EE/E//

T

3
I
=
S
I
=

This gives the left hand side inequality in (2).
To prove the right hand side inequality in (2) we fix numbers e,,, € {—1,1}
and use (1) to obtain

E'E" g g r r! xmn
=1n=1
M N 5 M N 5
=E'E" g € nT;nszmn < C?’E'R" g g emnrinrxxmn
m=1n=1 m=1n=1

Taking €.y, = rmn(w) and taking expectations,

M N M N
g r' r! xmn §C2EE/E” g g Tmnrinrgxmn

m=1n=1 m=1n=1

- O2E'1E”1EH Z Z P ™ T || = OzEH Z Z .

(2)=(1): This implication follows from the Kahane contraction principle,
which may be applied to the outer terms in (2). O

2
EIE/I
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It can be shown that in (1) and (2), the role of Rademacher variables
may be replaced by Gaussian variables without changing the class of spaces
under consideration; this only affects the numerical value of the constants in
the inequalities (a proof of the easy implication is contained in the proof of
Proposition [Z1 below). Furthermore, in both formulations the exponent 2
may be replaced by an arbitrary p € [1,00). For Rademacher variables this
was shown in the solution to Exercise Bl the proof for Gaussian variables is
the same.

Definition 14.5. A Banach space is said to have Pisier’s property if it sat-
isfies the equivalent conditions of the proposition.

Ezample 14.6. If (A, o/, ) is a o-finite measure space, then for all 1 < p <
oo the space LP(A) has Pisier’s property. More generally, if E has Pisier’s
property, then LP(A; F) has Pisier’s property.

In view of the remarks preceding the definition, the second assertion follows
by switching to power p and using Fubini’s theorem. For the first assertion
it then remains to be verified that R has Pisier’s property. But this is the
content of Exercise BB the same argument shows that every Hilbert space
has Pisier’s property.

The next proposition connects Pisier’s property with the theory of ~-
radonifying operators.

Proposition 14.7. Let H be a Hilbert space. If E has Pisier’s property, then
one has a canonical isomorphism of Banach spaces

Y(L2(0,T),v(L*(0,T; H), E)) = v(L*((0,T)* H), E).

Proof. As in the proof of Theorem B2 from the central limit theorem we
deduce that condition (2) of Proposition [ implies its Gaussian counterpart

1 n 2 n
EEH Z ”ijfij < E'E’
7,k=1 J,k=

I/ 2 2 . 2
”Yﬂkxij <C EH Z %‘kﬁ?ij -
1 G k=1

Let the sets A; be measurable and disjoint and also let the sets B; be
measurable and disjoint, and let hq,...,h, be orthonormal in H. Consider
the step function

n

Z 14, ® (1B, ® ) @ zjm) = Z (14, ®1B,) ® i) @ 1.
7.k, l=1 g,k,1=1

The first sum is interpreted as an element of (L?(0,T),y(L*(0,T; H), E)) and
the second as an element of v(L2((0,T)?; H), E). For such f, the estimate
aﬂfﬂv(L?((o,T)?;H) < | fllyczz0,7) 20,780y, E)) < CllfllyL2(0,1)2:H),B)

is a reformulation of the above Gaussian estimate. The result follows from
this by an approximation argument. a
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14.3 Stochastic convolutions

We shall now apply Proposition [Z7 to estimate stochastic convolutions.

Let S : (0,T) — Z(FE,F) be strongly measurable in the sense that Sx
is strongly measurable for all x € E. Let Wy be an H-cylindrical Brownian
motion, adapted to a filtration (% )c(o,7]- Given an adapted operator-valued
process @ : (0,T) x 2 — Z(H, E), we introduce the notation

(S o ®)( /St—s ) dWi(s), tel0,T],

provided these stochastic integrals exist.

Lemma 14.8. Let E and F be Banach spaces, where F' is UMD and has
Pisier’s property, and let S : (0,T) — Z(E,F) be as above. Let & : (0,T) x
2 — £(H,E) be H-strongly measurable and adapted. Let 1 < p < co and fix
0<o< % Suppose that:

(1) the set {t?S(t): t €[0,T]} is y-bounded in L (E, F);
(2) the process t — (T —t)~9®(t) belongs to LP(2;~v(L?*(0,T; H), E)).

Then the process t — (T —t)~%(So®)(t) is well defined, H -strongly measurable
and adapted, and defines an element of LP(£2;~y(L?(0,T), F)). Moreover,

[t = (T — )~ (S o ®) ()| Lo (2iy(L2(0,),F))
SOt = (T = 1)°B(t) | Lo (2 z20.7:00). ),
where C is independent of T and &.

Proof. Let us first note that s — S(t — s)@(s) is H-strongly measurable and

adapted on (0,t). Moreover, by Theorem LTl and the assumptions (1) and

(2), this function defines an element of L?(§2;(L?(0,t; H), F')). Theorem [[31

therefore shows that it is LP-stochastically integrable on (0, ¢) with respect to

Wyr. This shows that the process S ¢ @ is well-defined. The proof that it is

H-strongly measurable and adapted is a bit tedious and is left to the reader.
Let A:={(t,s) € (0,T)?: 0< s <t<T}. We estimate

[t = (T = )7°(S o ®) ()| Lo (i (L2(0,7),F))

4 _ - /0 "t () AW (s)|

Y(L2(0,T),LP(§2;F))

OOWHWT—Q”BHﬂw@®S@—$ﬂ$]

(111)
|

H'V(LQ(OyT)yLP(Q;'V(LQ(OyT;H)ﬁF)))

|t — (T - t)"[s = Lio,t)(5)S(t — 5)@(s)] ||7(L2(O,T),V(L2(O,T;H),LP(.Q;F)))

1\/) _
12 8) = 1a ()T = )75 = PG| 20,12, Lo (17

(v)
S H(t, s) = 1a(t, s)(T — t)ie(t - 5)70 5)||V(Lz((Q7T)2;H))Lp(_Q;E)))'
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The justification of these steps is as follows: (i) follows from the y-Fubini iso-
morphism of Theorem B22 (ii) combines Theorem 37 with the observation
that each bounded operator S from F; to Fi canonically induces a bounded
operator from «(L2(0,T), Ey) to v(L?(0,T); Fy), (iii) follows again from the -
Fubini isomorphism, (iv) uses Pisier’s property of the space L?({2; F') (cf. Ex-
ample[[ZH) through Proposition[[Z7 and (v) follows from the y-boundedness
assumption.
Consider the operator P : L?(0,T; H) — L*((0,T)?%; H) defined by

(PF)(t,s) :=1alt, s)(T —)"°(t — 5)"°(T — 5)° f(s).

This operator is bounded of norm || P|| < CT2~?, since
T t
[ [ @09 2@ -9 asd
0 0
T T
= [[@— iR [ @ -9 i) ds
0 s
T 1
= [f@= s [ a-n e ar) s
0 0
T
<crr [P s
0

where C? := fol(l —7r)72%7=29 dr depends only on #. Using the right ideal
property of Proposition ETT] it follows that
-0 -0
16, 8) = Lat )T = )7 = ) B 12 0,12,80, 1025
19 —0
SCT> s = (T =) QS(S)H»Y(L2(0,T;H),Lp(rz;E))

I~ CT%_GHS = (T — 5)_9¢(S)HLP(Q;'V(H(OvT;H)’E))-

For 6 > 0 and 1 < p < oo we define the Banach space
Vi (2;4(L*(0,T; H), E))

as the completion of the space of all adapted finite rank step processes @ :
(0,T) x 2 — £(H, E) with respect to the norm

1Pllvr (2iy(z20,7:0).8) = sup_|[s— (L — $)D(3)|| Lo (2 (L2(0,0: 1), ) -
t€(0,T]
We write V' (£2;7(L?(0,T), E)) instead of V,/(£2;v(L*(0,T;R), E)).
By applying Lemma to the subintervals (0, ) we obtain:

Proposition 14.9. Let E, F', S, 0 be as in Lemma [IZ.8 Then for all 1 <
p < 0o the stochastic convolution ® — S<o@ acts as a bounded linear operator
from VP (£2;~v(L?*(0,T), E)) to VP (£2;4(L*(0,T; H), F)) of norm < CcTz",
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For ~-Lipschitz continuous mappings B : E — Z(H,F) we have the
following mapping property:

Proposition 14.10. If B: E — £ (H, F) is y-Lipschitz continuous, then for
all > 0 and 1 < p < oo the map B acts as a Lipschitz continuous map-
ping from VI (2;v(L*(0,T; H),E)) to V) (2;7(L*(0,T), F)) with Lipschitz
constant < Lip, (B).

Proof. For t € (0,T) let pu,9 be the finite Borel measure on (0,¢) defined by

pe.0(A) :/A(t—s)*” ds, A€ B(0,t).

The result follows from Proposition [[Z1] and the observation that for an H-
strongly measurable function ¥ : (0,T) — Z(H, E) the following assertions
are equivalent:

(1) s+ (t — s)~%W(s) defines an element of v(L2(0,t; H), E);
(2) s+ ¥(s) defines an element of y(L?((0,t), ut9; H), E).

This equivalence is a consequence of the fact that the functions hq,..., Ay,
are orthonormal in L2((0,t), us; H) if and only if the functions s — (¢ —
$)7%hyi(s), ..., s+ (t —5)"%h,(s) are orthonormal in L2(0,¢; H). O

14.4 Existence and uniqueness

After these preparations we are ready to prove existence and uniqueness of
solutions for the problem (SCH)).

We fix an initial value ug € LP(§2, %y; E) and consider the fixed point map
Ly, initially defined for step functions ¢ : (0,7) — E by

LT(¢) = SUQ + S o B(d)),

where for brevity we write (Sug)(t) := S(t)uo.
The next result formulates a set of conditions ensuring that Ly be well-
defined on V' (£2;7(L?(0,T), E)).

Proposition 14.11. Let E be a UMD space with Pisier’s property and let
1 < p < oo0. Let A be the generator of a Cy-semigroup S on E such that
{t°S(t) : t € (0,T)} is y-bounded for some 0 < § < %, and let B : E —
~v(H, E) be v-Lipschitz continuous. Then the mapping Lt is well-defined and
Lipschitz continuous on VP (£2;~v(L?(0,T), E)) and there exists a constant C' >

0, independent of T and uq, such that:
(1) for all ¢ € VI (£2;7(L*(0,7), E)),

1_ _
||LT(¢)||V9p(f2;'y(L2(01T)1E)) <CT= G(Tl 29"‘||UO||p+||¢||VSP(QW(L%O,T),E)));
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(2) for all ¢1,¢2 € Vg’ (£2;7(L*(0,T), E)),

1_
L7 (d1) — Lr(d2)llve (@iy(r2(0.1),m)) < CT2 o1 — b2llvr (2 (L2(0,1),B))-

Proof. We begin by estimating the initial value part. By Lemma .17 and
Theorem T4l for all ¢ € (0,T] the following estimate holds for almost all
w e (2

s = (t = 5) 7S (s)uo ()l (z2(0,0),)

Sts = 570t = 8) Puo(w)lly(L2(0,),m)
=127 |s = 570t = 8) |20, uo(@)]
~ 2 luo (W)l
with a constant independent of ug and ¢ € (0, 7). In the third line, the equality
follows Exercise Hence,
HSuO"VGP(Q;'y(L2(O,T),E))

_ 1_
= sup s (t— )" ?S(s)uollLr(iyr200.6mm),5) S T2 % uolp-
t€(0,T]

Fix adapted step processes ¢1,¢2 : (0,T) x 2 — E. If B is 5-Lipschitz,
Propositions and [ZI0 show that B(¢r) € VI(2;~v(L*(0,T;H), E)),
S0 B(gr) € VE(2~(I2(0,T), E)), k = 1,2, and

[S©B(¢g1) = S o B(92))llvr(anr20,1).8))
1_
< CT=7°|B(¢1) — B($2)lve (2iy(L20.1:1). )
1_ .
< CT2"Lip,(B)ll¢1 — ¢2llve 2y (L200.17).E))-

It follows from these estimates that Ly has a unique extension to a Lipschitz
continuous mapping on V{'(£2;7(L?*(0,T), E)) which satisfies the estimate of
(2). The estimate (1) follows from the identity Lr(¢) = Lr(0) + (L1 (4) —
Lr(0)) and (2), using that from ([[Z2) and Proposition [ we obtain

1L (0}l (2v(z2(0.7). )
1_
ST (ol + [10:1) ® BO)lvp@incs20:0.20)
< T3 (uolly + T 2| BO)lz1.)) - ’

After these preparations we are ready to formulate our main result for ex-
istence and uniqueness of mild solutions for the stochastic evolution equation
(ECPH). We denote by S the Cy-semigroup generated by A.

Definition 14.12. Let § > 0 and 1 < p < oo. A strongly measurable and
adapted process U : [0,T] x 2 — E is called a mild V,'-solution of the problem
SCD) if it belongs to V7 ($2;7(L%(0,T), E)) and for all t € [0,T] the following
identity holds almost surely:
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U(t) = S(t)uo + (S o B(U))(t).
A mild V' -solution is called a mild LP-solution.

This definition is motivated by the formula U(t) = S(t)ug + (S ¢ B)(t) for
the unique weak solution of the problem dU (t) = AU (t) dt + B dWg (t) which
was studied in Lectures BHIT (and corresponds to the special case B(z) = B).

Theorem 14.13 (Existence and uniqueness). Let E be a UMD space with
Pisier’s property and let 1 < p < oo. Suppose that A is the generator of
a Cy-semigroup S on E such that {t’S(t) : t € [0,T]} is y-bounded for
some 0 < 0 < 1, let B: E — ~(H,E) be y-Lipschitz continuous, and let

ug € LP(92, %y, E). Then there exists a unique mald V) -solution U of ([SCH).
Moreover, there exists a constant Cp > 0, independent of ug, such that

10Nl @nz20,7:m),2) < Cr(1+ [Juollp).

Here, uniqueness is understood in the sense of V' (£2;v(L?(0,T), E)). By
strong measurability, any two solutions representing the same element in this
space are versions of each other.

Proof. By Proposition [[ZI1] we can find 0 < Ty < 7', independent of ug, such
that

1
I L1, (¢1) — Ly (d2) lvr (2iv(L2(0.10).B)) < §||¢1_¢2||V9P(Q;7(L2(O,To),E)) (14.3)

for all g1, g2 € VI(2;7(L2(0, To), E)) and

1
L1, (D)Ivr (2 (22(0,10),B)) < 3 (1 + lluolly + 8llve 2iyz20,m0).Ey)  (14.4)

for ¢ € V' (£2;7(L*(0,Ty), F)). By (TZ3) and the Banach fixed point theorem,

L, has a unique fixed point U € V,/(§2;7(L*(0,Tp), E)). Define the strongly
measurable adapted process U : [0,Tp] X 2 — E by

U(t) := S(t)ug + (S o B(U))(1).

Then U is a mild V} -solution, and clearly we have U = U as elements of
VF(2;7(L*(0,Ty), E)). Uniqueness in V.7 (£2;v7(L*(0,Tp), E)) follows from the
uniqueness of the fixed point in that space. Noting that U = LTO(U' ), the
estimate (([ZZ)) implies the final estimate on the interval [0, Tp).

Via a standard induction argument we now construct a mild solution on
each of the intervals [Ty, 2T0], .. ., [(n — 1)Ty, nTo], [nTo, T, where n is an ap-
propriate integer. This results in a mild solution U on [0,7] of ([SCPl) with
the properties as stated in the theorem. Uniqueness on [0, T follows by induc-
tion from the uniqueness on each of the subintervals. We leave the somewhat
tedious details as an exercise (see Exercise Hd). O
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Let us have a closer look at this theorem for the special case where E' is
a Hilbert space. Then E is a UMD space with Pisier’s property, the family
{S(t) : t €]0,T]} is y-bounded (since in Hilbert spaces, uniformly bounded
families are 7-bounded), and every Lipschitz continuous function B : E —
~v(H, E) = %(H, E) is y-Lipschitz continuous (since Hilbert spaces have type
2, cf. Example [A3)); recall that % (H, E) denotes the space of all Hilbert-
Schmidt operators from H to E.

Corollary 14.14 (Hilbert space case). Let E be a Hilbert space and let
1 < p < oo. Suppose that A is the generator of a Cy-semigroup on E, let
B:E — %(H,E) be Lipschitz continuous, and let ug € LP(£2, %o; E). Then
there exists a unique mild LP-solution of ([BCD). Moreover, there exists a
constant Cp > 0, independent of ug, such that

1Ul e 2y (220,17, E)) < Cr(1+ [luolp)-

14.5 Space-time regularity

To motivate our approach we return to the proof Theorem [MLTY where space-
time Holder regularity of solutions was proved under the assumption that the
semigroup S generated by A is analytic. The crucial ingredient was the ~-
boundedness of the family {t?S(¢): ¢t € (0,T)} in Z(E,E,) for 0 < a <6 <
%. Recall that the spaces E,, have been defined in Lecture [ as the fractional
domain spaces Z((w — A)%).

As the next proposition shows, for processes in V' (£2;v(L*(0,T), E)) the
proof of Theorem [[I.TY can be repeated.

Proposition 14.15. Let A be the generator of an analytic Cy-semigroup S
on a UMD space E. Suppose that 2 < p < oo and % <6< % and let « > 0

and B = 0 satisfy 0 < a+ 0 < 0 — %. If & € VP(2;7(L*(0,t; H), E)), then
S o® has a version with trajectories in C?([0,T]; E,) and

1S © @l (208 (0.11:E0)) < CTIPllve (20 (L2011, )
where the constant Cp > 0 is independent of .

Proof. First note that the y-boundedness of {t?S(t) : ¢t € (0,7)} in Z(E, E,)
implies that (S o ®)(t) € LP(£2; E,) for all t € [0,T]. Fix 0 < s <t < T and
write

(B[S o &(t) — So(s)|[% )7 < Ry + Ro,

where

Ry = (EH /Oss(t_r) — S(s —r)d(r) dWH(T)} ;)%’

p)%
. )

a

Ry = (EH / t S(t — 1r)B(r) dWp (r)
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Let 8 > 3 satisty a + (' <0—% and put § := 6’—|—1—17. Then oo + 6 < 6 and
0 <6— %. By Lemma [[0T7A and Theorems [T and [[374, for large w we have
Rllj S EHT = S(S - T)(S(t - 5) - I)QS(T)HT;(L%O,S;H),EQ)
~ Ellr— S(s —r)(S(t —s) = I)(w — A)_(sd)(/r)||$(L2(075;H)7Ea+5)
< TO—9WE|ly s (5—1)~(S(t—5) — I)(w — A)00(r)
STOT TR (= ) PEl|r — (s — )7 B(r)
ST (4 — )% 2|

322 (0,51, )
322 0,5:0). )
f/ep(Q;V(L2(O7T;H))E)) ’

In the second last estimate we used that ||(S(t —s) — I)(w — A) 70| < |t — s/°
by the analyticity of S (see Lemma [[LTH). Similarly,

RY SEfr— S(t — T)¢(T)||2(L2(s,t;H),Ea)
ST PR (t — 7")_9+6@(7")||2(L2(s,t;H),E)
ST Pt — 5)PE|r v (t — ) ~"®(r)
S TRt — 5)°7 ||

I z2s,t5m0),)
i)/i(ﬂw(ﬂ(O,T;H)yE))’

where the second last inequality follows by covariance domination. Combining
these estimates with Kolmogorov’s theorem (Theorem EX) and using that
B < (0p—1)/p=0— %, we obtain a version of S ¢ ¢ which is S-Holder
continuous in F,. O

We are now ready to formulate our main regularity result for the mild
solutions of problem (SCP)).

Theorem 14.16 (H6lder Regularity). Let A be the generator of an ana-
lytic Cy-semigroup S on a UMD space E with Pisier’s property. Suppose that
B: F — Z(H,E) is vy-Lipschitz continuous and let ug € LP(§2,.%o; E). For
all a, 8,0 > 0 satisfying a+ 0 < 0 < % and all 1 < p < 0o, the unique mild
V{-solution U of the problem (SCB) has a version for which U — Sug has
trajectories in CP([0,T]; E,).

Note that if ug is sufficiently regular, this result implies that U itself has
a version with trajectories in C?([0,T]; E,).

Proof. The existence of a unique mild V,-solution follows from Theorem
[[ZT3 the v-boundedness assumption holds by the analyticity of S.

If U is a mild V,-solution and U is mild V/-solution, where 1 < p < ¢ < o0,
then U is also a mild V,-solution. Hence by uniqueness, U and U are equal

as elements of V' (£2;7(L?(0,T), E)), and by strong measurability U and U

are versions of each other. Therefore it suffices to consider the case where

2 <p < oosatisfies e+ 5 <0~ 5 <5 — .
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By Proposition [Z3, So B(U) belongs to V' (£2;v(L?*(0,t; H), E,)), where
U is the mild V}’-solution U of (SCH)). Hence, by Proposition [ZIH U — Sug =
S o B(U) has a version with trajectories in C”?([0,T]; E,) and

IE||S<>B( )Hcﬁ ([0,T];E&) § C ”B( )HVP(_Q ~v(L?(0,T;H),E))
S CP(L+ Ullve @m(r20.1).8))" < CP(1 + [luollp)?,
where the last of these estimates follows from Theorem |

14.6 Exercises

1. Provide the details of the central limit argument in Proposition [Z71
2. Show that if E is a Banach space with the property that the mapping

n

n
> 1a,(ls, @) = Y (La,1p,) ® 2
jok=1 joh=1

(with notations as in Proposition [[Z77) induces an isomorphism
Y(L2(0,T),v(L*(0,T), B)) ~ +(L*((0,T)?), E),

then E has Pisier’s property (in the formulation using Gaussian random
variables; as has been noted without proof, this formulation is equivalent
to the one with Rademachers given in the text). This gives a converse to
Proposition A7

3. Let H be a Hilbert space, £ and F' Banach spaces, and assume that F has
cotype 2 and F has type 2. Show that every Lipschitz continuous function
B: E — y(H, F) is «-Lipschitz continuous with

Lip(B) < Lip,(B) < C2(E)T>(F)Lip(B),

where C3(FE) and T»(F') denote the Gaussian cotype 2 constant of E and
the type 2 constant of F', respectively.
Hint: Use the results of Exercise

4. Frequently, uniqueness proofs are based on Gronwall’s inequality. The
purpose of this exercise is to show that the ‘“y-Gronwall inequality’ fails
in spaces without type 2.

a) Show that if F is a Banach space without type 2, then there exist step
functions ¢, : (n}H, 1) — F such that

Pl oo 2 S 1 mf Pnlly(r2(r, 1),m) > 0.

n+1’n’ nt+i’n

b) Prove that the following assertions are equivalent:
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(i) the space E has type 2;

(ii) whenever ¢ : (0,1) — E is a strongly measurable function rep-
resenting an element of v(L?(0,1), E) and there exists a constant
C = Cy > 0 such that

o)l < Clldlly(r2(0,1),5) for almost all ¢ € (0,1),

we have ¢ = 0 almost everywhere on (0, 1).

Hint: In one direction, consider the function @(t) := ¢, (t) for
t € (tnt1,tn], where ¢, is as in a). In the other direction, use
Gronwall’s inequality.

c¢) Provide the details of the induction argument that was used at the
end of the proof of Theorem

Notes. The material of Section [[41] and is based on the paper [§1].
ExerciseBlis a variation on a result of that paper. In [80], the following converse
is proved: if every Lipschitz function B : E — F is «-Lipschitz, then E has
cotype 2 and F' has type 2.

Pisier’s property was introduced, under the name ‘property («)’, by PISIER
[92] who proved that a Banach lattice has this property if and only if it has
finite cotype. Proposition [Z4 and the equivalence with its Gaussian formu-
lation belong to mathematical folklore. It should be noted that the UMD
property and Pisier’s property are unrelated: the Schatten classes CP have
the UMD property for 1 < p < oo but fail Pisier’s property unless p = 2,
whereas L'-spaces have Pisier’s property but fail the UMD property unless
they are finite-dimensional.

Proposition [Z 7 is a special case of the more general statement that if Hy
and Hs are Hilbert spaces and E is a Banach space with Pisier’s property,
then

V(Hy,y(Hz, E)) ~v(Hi1®Ha, E)

isomorphically, where H;®H> is the Hilbert space tensor product of H; and
H,. Exercise @ can be formulated similarly. Both results are due to KALTON
and WEIs [55].

The use of Pisier’s property can be avoided in Lemma and all results
depending on it, but it would take a full lecture to explain all the details.
The interested reader is referred to [81]. Previous results along these lines
for Hilbert spaces can be found in DA PRATO and ZABCzYK [27]; they were
extended to martingale type 2 spaces by BRZEZNIAK [4]. In this context it
should be noted that if S is a Cy-contraction semigroup on a Hilbert space
E, then by a result of KOTELENEZ [60] and TUBARO [I04] the convolution
process

- /O CS(t— )P(s) AW (s)

has a continuous version for all adapted and H-strongly measurable @ :
(0,T) x 2 — £ (H, E); see also DA PRATO and ZABCZYK [27, Theorem
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6.10]. As a result, in this situation the solution of Theorem [ZT4 has a con-
tinuous version.

The results of Sections [£4] and [ZH are based on the paper [81]. The
main results, Theorem [[LT3 and [ZTH, are variations of results in that paper
and can be extended to semilinear parabolic equations with time-dependent
coefficients of the form

dU(t) = (AU(t) + F(t,U(¢))) dt + B(t, U(t)) dWg(t),

Sufficient conditions for a mild solution to be a weak solution (which is
defined in analogy to Lecture Bl) and vice versa are given by DA PRATO and
ZABCZYK [2Z7] and VERAAR [106].






15

Applications to stochastic PDE

In this final lecture we present some applications of the theory developed in
this course to stochastic partial differential equations. We concentrate on two
specific examples: the wave equation and the heat equation.

15.1 Space-time white noise

It has been mentioned already in Lecture B that for H = L?(D), where D
is a domain in R%, H-cylindrical Brownian motions can be used to model
space-time white noise on D. We begin by making this idea more precise.

Definition 15.1. Let (A, o/, 1) be a o-finite measure space and denote by <%
the collection of all B € o7 such that u(B) < oo. Let (2, % ,P) be a probability
space. A white noise on (A, .o/, u) is a mapping w : o — L*(£2) such that:

(i) each w(B) is centred Gaussian with

(ii) if By N By = &, then w(By) and w(Bs) are independent and
w(Bl U Bg) = ’LU(Bl) + ’LU(BQ)

It follows from the general theory of Gaussian processes that such mappings
always exist. We shall no go into the details of this, since in all applications
the white noise is assumed to be given.

Definition 15.2. A white noise w on [0, T] x D, where D is a domain in RY,
will be called a space-time white noise on D.

Canonically associated with such w is an L?(D)-cylindrical Brownian motion
W, defined by
W(t)1p :=w([0,t] x B), B € %By(D);
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this definition is extended to simple functions by linearity. To see that
W is indeed an L?(D)-cylindrical Brownian motion note that for disjoint
By, ...,By € %y(D) and real numbers ¢y, ...,cy we have, by (i) and (ii),

( icnhg ) 2 (w([0, 1] x By))>?

N 2
Z 241B,| = tH S calp,
n=1

2 iMz
N

— L2(D)

15.2 The stochastic wave equation

In this section we study the stochastic wave equation with Dirichlet boundary
conditions, driven by multiplicative space-time white noise:

0.6 = Ault,€) + B(u(r,€), 2(1.6) W r,6), €D, 1e(0.7)
u(t, §) =0, £e€dD, tel0,T],
u(0,) = uo ). ceD.

2 0.6) = vo(©). ceD.

(WE)

Here w is a space-time white noise on a bounded domain D in R? with smooth
boundary 9D.

In order to keep the technicalities at a minimum we discuss two special
cases in detail: the case where the operator-valued function B is of rank one,
which is equivalent to the formulation (WEI) below, and the case where D is
the unit interval in R and B = I.

15.2.1 Rank one multiplicative noise

We begin with the following special case of [WE):

Fou(1,6) = Au(t,) + b(ut, ), 2 (1.) DV (1,6), €D, tef0.T)
u(t, &) =0, £e€dD, tel0,T),
u(0,€) = uo(€), £eD,

6_1;(075):’00(5)7 ¢Ee D,

(WE1)

where W is a standard Brownian motion. We assume that the diffusion term
b:R x R — R satisfies the growth condition

[b(&1, &2)I* < CL(I6 )7 + [&2f)
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and the Lipschitz condition
[b(€1,&2) = b(m,m2)|? < C3(1& — m[* + &2 — m2?).

The initial values ug and vy are taken in WH2(D) and L?(D), respectively.
Writing the first equation as a system of two first order equations,

ou
E (tv 5) = U(t, 5)7
ow

o e D, te|0,T],
E(tvg) = Au(tag) + b(u(t,f), v(té))ﬁ(tvg)a

(15.1)
we reformulate the problem ([WE]) as a first order stochastic evolution equa-
tion as follows. Let A denote the Dirichlet Laplacian on L?(D) with domain
P(A) = W>2(D) N W, *(D); see Examples [ZI} On the Hilbert space

H = D((—A)Y?) x L}(D) = WH3(D) x L*(D)

-

with domain 2(A) 1= 2(A)x 2((—A)Y/?) = (W>2(D)NW, > (D)) x Wh2(D).
As in Example [[22, this operator is the generator of a bounded Cy-group on
A, and we may reformulate the problem ([&l) as an abstract stochastic
evolution equation of the form

{ dU (t) = AU(t) dt + B(U(t)) dW (¢),

we define the operator

U(0) = Up, (15.2)

where W is an L?(D)-cylindrical Brownian motion and the function B : 5 —
J is the Nemytskii map associated with b,

s )=lural e

and Uy := [20} S 4
0

Proposition 15.3. Under the above assumptions on b, the Nemytskii map B :
H — H is well defined and ~y-Lipschitz continuous with Lip., (B) < Lip(b).

Proof. For all (f,g) € 5 we have
IB(f.9)I% = /D IBUF(E), 9(©)P de
< /D FOR + 192 de < 1F13+ 192 < 1(F. 9)]1%-

A similar estimate gives that B is Lipschitz continuous from 7 to ¢ with
Lip(B) < Lip(b). The result of Example shows that B is «-Lipschitz
continuous with Lip, (B) < Lip(b). O
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We say that a measurable adapted process u : [0,7] x 2 x D — R is a
mild LP-solution of (WEH) if U(t,w) := [835(’:];) )} belongs to . for all
Bt s Wy "

(t,w) € [0,T] x §2 and the resulting process U : [0,T] x 2 — H is a mild
LP-solution of the problem ([22).

Theorem 15.4. Under the above assumptions, for all 1 < p < oo the problem
MYE) admits a unique mild LP-solution.

Here, uniqueness is understood in the sense of L?(£2;~v(L?(0,T), 57)).

Proof. By Proposition[[53 the Nemytskii operator B associated with b is ~-
Lipschitz continuous. Moreover, as we have seen in Example[.22 the operator
A is the generator of a Cy-group on 2. We have thus checked all assumptions
of Corollary [ZTI4 and conclude that for all 1 < p < oo the problem (WE)
admits a unique mild LP-solution. a

15.2.2 Additive space-time white noise

Our next example concerns the stochastic wave equation with additive space-
time white noise on the unit interval (0,1) in R:

9%u ow

?(t,f)zﬂu(f,f)ﬁ-g(t,f), 66(071)7 tE[O,T],
u(t,0) =u(t,1) =0, t € 0,T], (WE2)
’U,(O,g) = u0(§)7 5 € (07 1)7

2 0,6) = 0(6), £c0)

Here w is a space-time white noise on (0,1). We model this problem as an
abstract stochastic evolution equation on the Hilbert space 7 = W12(0, 1) x
L?(0,1) as

dU(t)_AU(t)dH—d[ 0 }

Wi (t) (15.3)

U(0) = U,

where as before A = [g é] , with A the Dirichlet Laplacian on L?(0,1), and

Wy is the L?(0,1)-cylindrical Brownian motion canonically associated with
w; see Section [l

To analyse the problem ([[53) we use the functional calculus for self-adjoint
operators. Using this calculus it can be checked that the Cy-group S generated
by A is of the form

T eos(t(-AY2) (A V2sin((—A)2)
S(t) = [—(—AW? sin(t(—A)Y2) cos(t(~A)1/?)
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By Theorem (&), the unique weak solution U of ([[B3) is given by

t t _ .
0 (—2)" V2 sin((t — 5)(— A)1/2)

Utz/St—sd[ ]:/[ dWr2(s),

=), 59w = Jy [ costt = s)-2)72) za(e)

(15.4)

provided both integrands are stochastically integrable with respect to Wie.

Noting that the trigonometric functions h,,(¢) := v2sin(nmé), n > 1, form an

orthonormal basis of eigenfunctions for A, by using Theorems E2T9 and
this is the case if and only if the following two conditions are satisfied:

/T i[SiHQ(t(_A)lm)hn, hyp] dt < oo,
59

/ Z[COS2(t(_A)1/2)hn7 hn] dt < oo.
0 n=1

But if these conditions hold, then by adding we obtain fOT S0 [hn, byl dt <
00, which is obviously false. We conclude that the problem [[B3) fails to have
a weak solution in 7.

Instead of looking for a solution in J#, we could try to look for a solution

in the larger space

4= L*0,1) x W12(0,1),
where W ~12(0, 1) denotes the completion of L?(0, 1) with respect to the norm
[ fllw-12(0,1) = [|(—A)~Y/2f||. This definition of W~2(0,1) is motivated by
the fact that W12(0,1) can be characterised as the domain of (—A)'/2. The

space ¥ is the so-called extrapolation space of A with respect to (—A)'/2; we

refer to Exercise [l for a more systematic discussion.
As is easy to check, the semigroup S extends to a Cy-semigroup on ¢, and
the stochastic convolution ([ is well defined in ¢ if and only if

/T i[(-Arl sin? (t(—=A)Y2)hy,, hy] dt < o0,

OT . (15.6)
/ > U(=2) "t cos® (tH(— A2 hy, by dt < oo

0 —

These conditions are indeed satified, as is clear from the identity (—A)~th,, =
(n)~2hy,.
Let us call a measurable adapted process u : [0,T] x 2 x (0,1) — R an

extrapolated weak solution of (WED) if U(t,w) := [aljg(’t”&') J belongs to ¢
ot y Wt

for all (t,w) € [0,T] x £2 and the resulting process U : [0,T] X 2 — ¥ is a

weak solution of the problem (WEZ2)). Summarising the above discussion, we

have proved:
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Theorem 15.5. The stochastic wave equation (WE2) admits a unique ex-
trapolated weak solution.

Here, uniqueness is understood in the sense of v(L?(0,T; L?(0,1)),¥).

15.3 The stochastic heat equation

Next we consider two stochastic heat equations with Dirichlet boundary val-
ues, driven by multiplicative space-time white noise on a domain D in R%:

0 0

5 (66 = Au(t,©) + Blu(t,) 50 (16), §€D,  tel0T],
u(t,€) =0, €€dD, tel0,T),
U(ng) = u0(€)7 5 € D7

Again we discuss two particular cases of this problem: multiplicative rank
one noise and additive space-time white noise. In both cases, the proofs of
the main results can only be sketched, as they depend on a fair amount of
interpolation theory and results from the theory of PDE. We refer to the Notes
for references on this material.

15.3.1 Rank one multiplicative noise

Let D be a bounded domain in R? with smooth boundary 0D. Our first
example concerns the following stochastic heat equation driven by a rank one
multiplicative noise:

Sh1,6) = Au(t,€) 4 bu(t,€) (), €€D, te0.T)
u(t,§) =0, ¢cop, tef,r), HED
U(O,g) = Uo(f), e D.

Here W is standard real-valued Brownian motion. We assume that the func-
tion b : R — R is Lipschitz continuous.

We fix 1 < p < oo and assume that the initial value ug belongs to LP(D).
We say that a measurable adapted process u : [0,7]x 2x D — R is a mild V) -
solution of (HEDD if £ — u(t,w, ) belongs to LP(D) for all (t,w) € [0,T] x £2
and the resulting process U : [0,T] x 2 — LP(D) is a mild V;/-solution of the
stochastic evolution equation

dU(t) = AU(t)dt + B(U(t)) dW (¢), (15.7)
U(O) = Up- '
Here A is the Dirichlet Laplacian on LP(D) and B : LP(D) — LP(D) is the
Nemytskii map associated with b,

(B(w))(€) = bu(§)).
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Proposition 15.6. Under the above assumptions on b, the Nemytskii map B :
LP(D) — LP(D) is well defined and ~-Lipschitz continuous with Lip. (B) <
CpLip(b), where C), is a constant depending only on p.

Proof. Let us first note that B(f) € LP(D) for all f € LP(D), so B is well
defined.

It follows from the Kahane-Khintchine inequality that for all fi,..., fnx
and ¢1,...,gn in LP(D),

(=] i%(B(fn) s, )

p(E\\i%<B<fn>-B<gn>>\

S

o)

1
2
)

(HZ% -

where the last equivalence is obtained by doing the same computation back-
wards. Now we apply Proposition [Z1] (with H = R). O

Lp(D))

Note that this result can be extended to Nemytskii maps on spaces LP(A),
where (A, o7, u) is any o-finite measure space.

Let us say that an adapted process u : [0,T] x 2 x D — R is a mild
Vy -solution of the problem (HEI) if if £ — wu(t,w,&) belongs to Vj for all
(t,w) € [0,T] x £2 and the resulting process U : [0,T] x 2 — V{ is a mild
Vy -solution of the problem (I&1).

Theorem 15.7. Let 1 <p < oo, a >0, 8 > > 0 be such that o+ 25 +
d/p < 20 < 1. Then the problem (EIZI) has a unique mild Vi -solution u.
This solution has a version with the property that uw — Sug has trajectories in
CP([0,T); C*(D)), where S denotes the semigroup generated by the Dirichlet
Laplacian on LP(D).
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Proof (Sketch). We check the conditions of Theorem 216l

The space E = LP(D) is UMD and has Pisier’s property and by Proposi-
tion [[.@ B is y-Lipschitz continuous from F to E.

The Dirichlet Laplacian A generates an analytic Cy-semigroup S on E (see
Exercise B). Choose numbers 0 < n < 1/ < % such that a + d/p < 2n and
n' 4+ B < 0. The fractional domain space E, associated with A equals, up to
an equivalent norm, the complex interpolation space [E, Z(A)],.

Let W?2"P(D) be the Sobolev-Slobodetskii space of all functions f : D — R
such that

1712000 = 112 +/ A& = fml

pJp & —nldt2me

This space equals, up to an equivalent norm, the real interpolation space
(B, 2(A))yp-

By general results in interpolation theory, we have a continuous embedding
[E,2(A)]y — (E,Z2(A))y p- By the above identifications, this results in a
continuous embedding E,, — W?2"P(D).

Now we apply Theorem MZTH which tells us that U — Sug has a ver-
sion in with trajectories in C?([0,T7; E,). By the above, this space embeds
into CA([0, T]; W272(D)). The proof is finished by an appeal to the Sobolev
embedding theorem, which asserts that for 0 < o < 2n — d/p we have a con-
tinuous embedding W?2"P(D) — C*(D). O

d¢ dn < oo.

15.3.2 Additive space-time white noise

Our final example is the stochastic heat equation driven by an additive space-
time white noise:

ou ow
u(t,0) = u(t,1) =0, teo,7], (HE2)
u(0,8) = uo(§), §€(0,1).

Here w is a space-time white noise on the unit interval (0, 1).
We formulate the problem (HEZ) as an abstract stochastic evolution equa-
tion in L2(0, 1) of the form

U(0) = w0, (15.8)

{ dU(t) = AU(t)dt + dWra(t), >0,
where A is the Dirichlet Laplacian on L? := L?(0,1) and Wy is the L?-
cylindrical Brownian motion canonically associated with W. By a computa-
tion similar to () below (see Exercise B) it is easy to check that the as-
sumptions of Theorem [0 are satisfied, and therefore for initial values ug € L?
we obtain the existence of a unique weak solution U of ([&R) in L?. Note that
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in contrast to the situation for the wave equation, here it is not necessary to
pass to an extrapolation space. The reason behind this is that the regularising
effect of the heat semigroup takes us back into L?; the wave semigroup does
not have any such effect. It is nevertheless useful to consider the equation
in a suitable extrapolation scale, as this enables us to obtain precise Holder
regularity results.

To this end we shall apply Theorem [0 T3 in a suitable extrapolation space
of LP := LP(0,1). Fix § > % and let L” 5 denote the extrapolation space of
order ¢ associated with the Dirichlet Laplacian A, on LP, that is, L” 5 is the
completion of LP with respect to the norm ||z|_s := ||(=A,)°x|. Since A,
is invertible on LP (see Exercise H), (—A,)° acts as an isomorphism from L?
onto L” ;. We will show next that the identity operator I on L? extends to a
bounded embedding from L? into L” s which is y-radonifying. Then, we will
exploit the regularising effect of the semigroup S to get back into a suitable
Sobolev space contained in LP and use this to deduce regularity properties of
the solution.

As is well known,

Hy == 2(A) = W2(0,1) N W,7%(0,1)

and
Ey = 9(A,) = W2P(0,1) n W, *(0,1)

with equivalent norms.

The functions h,(¢) := v/2sin(nm€), n > 1, form an orthonormal basis
in L? of eigenfunctions for A with eigenvalues —\,, where \,, = (n7)2. If we
endow H; with the equivalent Hilbert norm ||f||m, := ||Af]|2, the functions
A, Lh,, form an orthonormal basis for H; and we have

2

N
2
. =B D A (=4
Lis n=M

N
E[ 2 di i
n=M P
(15.9)

2 (%)

N
S D (nm)",
n=M

where (x) follows from a square function estimate as in the proof of Proposition
(58 together with the fact that ||h,|l, < v/2. The right hand side of (T53)
tends to 0 as M, N — oo since we took & > %. It follows that the identity
operator on H; extends to a continuous embedding from H; into Lf _s Which
is y-radonifying. Denoting this embedding by ¢_s, we obtain a commutative
diagram

p

N
= EH Z Yn(nm) "2 hy,
n=M

i EEE I

ol

i_s P
H ——— Li_;
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where the top mapping I_5 : H — L” ; is injective and ~-radonifying by the
ideal property.

We are now in a position to apply Theorem[[ILTA As before we assume that
up € L?. We say that a measurable adapted process u : [0, T]x 2x(0,1) — R is
a weak solution of ([HED) if £ — u(t,w, &) belongs to L? for all (t,w) € [0,T]x 2
and the resulting process U : [0, T] x 2 — L? is a weak solution of the problem

).

Theorem 15.8. The problem (HE2)) admits a unique weak solution u. For all
a >0 and B = 0 satisfying a+20 < %, the process u— Sug has a version with
trajectories in CP([0,T]; C§[0,1]), where S denotes the semigroup generated
by the Dirichlet Laplacian on L?(0,1).

Proof (Sketch). Fix arbitrary real numbers o > 0 and 8 > 0 satisfying o +
206 < % Replacing ¢ by a smaller number if necessary, we can find 6 > 0 such
that % <d<0,6+60< %, and a+26 < 26. Put n:= 0—9. As is easy to check,
(the extrapolation of) A, generates an analytic Cy-semigroup in L” ;. Hence
we may apply Theorem [IILTY in the space L” 5 to obtain a weak solution U
of the problem

dU(t) = AU(t) dt + I_s dWg (t), t€[0,T],
U(0) =0,

with paths in the space C?([0,T]; (L 5)s) = CP([0,T]; LY); the identity
(L?5)e = LP is a generalisation of Lemma Along the embedding
12— [P 5, this solution is consistent with the weak solution U of this problem
in L2

Noting that o < 21 we choose p so large that a + 1—17 < 2n. We have

LP = Wg"(0,1)
with equivalent norms, and by the Sobolev embedding theorem,
W2rP(0,1) — C*[0,1]

with continuous inclusion. We denote C§'[0,1] = {f € C*[0,1] : f(0) = f(1) =
0}. Putting things together we obtain a continuous inclusion

LY — Cg[o, 1].

In particular it follows that U takes values in LP. Almost surely, the trajec-
tories of U belong to C”([0,T]; C§[0,1]).

If we compare Theorems [[0.7 and (for d =1 and D = (0,1)), we
notice that we get better Holder regularity for the former (4 28 < 1 in the
limit p — oo) than for the latter (a + 28 < 3). The explanation for this is
the additional § > % needed in Theorem to get the ~-radonification of
B :=1_s. In Theorem [[271 ~-radonification came for free.
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15.4 Exercises

1. Let (A, o/, 1) be a o-finite measure space and put H := L?(A). Let
(WH(t))iefo,r) be an H-cylindrical Brownian motion. Show that

w([O,t] X B) = WH(t)lB, te [O,T], B e JZ{,

uniquely defines a space-time white noise w on A.

2. Check the computations leading to the conditions ([[2.3) and ([[20).
Hint: A bounded operator R : H; — Hs, where Hy and H are separable
Hilbert spaces, is Hilbert-Schmidt if and only if RR* : Ho — Hs has finite
trace.

3. In this exercise we take a look at the following stochastic heat equation
with additive space-time white noise on the domain D = (0,1)¢ in R¢.

ou ow
u(t, ) =0, §€oD, te[0,T],
U(ng) = UO(&), 5 € D.

We model this problem as a stochastic evolution equation of the form
([ER).

a) Prove that the Dirichlet Laplacian generates an analytic Cp-semigroup

on L?(D).
b) Show that the problem ([[AH) has a weak solution in L?(D) if and
only if d = 1.

Hint for a) and b): Find an orthonormal basis of eigenvectors.

4. Show that the heat semigroup generated by the Dirichlet Laplacian on
L?(0,1) extends to an analytic Cp-semigroup on LP(0,1), 1 < p < oo, and
show that its generator is invertible.

5. In this exercise we take a closer look at extrapolation spaces. Let A be a
densely defined closed operator on a Banach space E and denote by ¥ (A)
its graph,

G(A)={(z,Az) e EXE: z € 2(A)}.

Define the extrapolation space of E with respect to A as the quotient space
E_,:=(Ex E)/9(A).

a) Show that the mapping x — (0, z) defines a bounded dense embedding
E — E_l.

b) Show that A_; : x — (—x,0) defined a bounded operator from E to
FE_1 which extends A.
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c¢) Show that if A € p(A), then the identity map on E extends to an iso-
morphism of Banach spaces E_; ~ E*|, where the latter is defined as
the completion of E with respect to the norm [[z([gx = [[R(A, A)z].

Notes. The literature on stochastic partial differential equations is enormous
and various approaches are possible. The functional analytic approach taken
here, where the equation is reformulated as a stochastic evolution equation on
some infinite-dimensional state space, goes back to HILLE and PHILLIPS in the
deterministic case and give rise to the theory of Cp-semigroups. In the setting
of Hilbert spaces, the theory of stochastic evolution equations was pioneered
by DA PRATO and ZABCZYK and their schools. We refer to their monograph
[27] for further references. See also CURTAIN and PRITCHARD [25] for some
earlier references.

Our definition of a space-time white noise in Section 5.2 follows the lecture
notes of WALSH [I07], where also Theorem [[2: can be found.

The presentation of Section [22 follows DA PRATO and ZABCzYK [27]
Example 5.8].

Concerning problem ([HED), the existence of a solution in C*([0, 7] x [0,1])
for 0 < a < % was proved by DA PRATO and ZABCZYK by very different
methods; see [27, Theorem 5.20]. Theorem was obtained by BRZEZNIAK
[I4] under more general assumptions. The approach taken here is from [34].

The results on interpolation theory needed in the proofs of Theorems
and [[57 can be found in the book of TRIEBEL [103].
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