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Preface

Kernels for semigroups generated by elliptic operators play an important role for the study
of parabolic equations. Most important are Gaussian estimates. They have striking
consequences concerning spectral and regularity properties for the parabolic equations
which are important for the study of nonlinear equations. Kernel estimates form an
alternative approach which requires no or little regularity for the coefficients and the
domain, in contrast to classical approaches where all data have to be C*°. In addition,
there are elegant proofs with help of form methods. In the following 15 lectures these
form methods will be presented and kernel estimates will be given with some applications.
The aim is to show the typical ideas without heading for the most generality (which can
be found in the excellent new monograph of Ouhabaz [Ouh05] and in the classical book
by Davies [Dav89)]).

The first lecture gives a brief introduction to semigroups with emphasis on some
special features which are important in the sequel. The Spectral Theorem for selfadjoint
operators will be used throughout to visualize the form methods. The following lectures
will talk about the Laplacian for which, at least in the case of Dirichlet boundary con-
ditions, very nice direct proofs can be given. The results are a guideline for the more
general class of elliptic operators which will be treated by the form method.
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Lecture 1

Unbounded Operators

In this lecture we introduce unbounded operators and put together some properties which
will be frequently used. Moreover, we discuss the Spectral Theorem for selfadjoint oper-
ators which will give us very interesting examples of elliptic operators in the sequel.

1.1 Closed operators

Let X be a Banach space over K =R or C.

Definition 1.1.1. An operator on X is a linear mapping A : D(A) — X, where D(A) is
a subspace of X which we call the domain of A. The operator A is called bounded if

[All:== ~ sup [JAz[| < oo.
el <1,2€D(4)

If ||A|| = oo, then A is said to be unbounded.

The notion of an operator is too general to allow one to do some analysis. The least
thing one needs is to exchange limits and the operation. This is made precise in the
following definition.

Definition 1.1.2. An operator A is closed if for every sequence (x,,)nen in D(A) such that
lim z, = x and lim Ax, =y exist in X one has x € D(A) and Az = y.

n—~o0 n—~0o0

Thus an operator A on X is closed if and only if its graph
G(A) :={(z,Az) :z € D(A)}

is a closed subspace of X x X.

If D(A) is a closed subspace of X, then the closed graph theorem asserts that A is
bounded if and only if A is closed. We will be mainly interested in closed operators with
dense domain.

In order to give a first typical example we need the following.
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Remark 1.1.3 (graph norm). Let A be an operator on X. Then
l]la =[]l + | Az]

defines a norm on D(A) which we call the graph norm. The operator A is closed if and
only if (D(A), || -||4) is a Banach space.

Definition 1.1.4 (extension of operators). Let A, B be two operators on X.

1. We say that B is an extension of A and write A C B if

D(A) ¢ D(B) and
Ar = Bz forallz € D(A).

2. Two operators A and B are said to be equal if A C B and B C A, i.e., if D(A) =
D(B) and Ax = Bz for all x € D(A).

1.2 The spectrum

Let X be a complex Banach space. Let A be an operator on X. Frequently, even if A
is unbounded, it might have a bounded inverse. In that case, we may use properties and
theorems on bounded operators to study A.

For this, frequently it does not matter if A is replaced by A\l — A where A € C and [
is the identity operator on X. The set

p(A)={\e€C: A — A: D(A) — X is bijective and (A — A)~' € L(X)}

is called the resolvent set of A. Here £(X) is the space of all bounded operators from X
into X. If \ — A: D(A) — X is bijective, then (Al — A)™' : X — D(A) is linear. But
in the definition we ask in addition that (Al — A)~! is a bounded operator from X into
X. This is automatic if A is closed.

Proposition 1.2.1 (closed operators and resolvents). Let A be an operator on X.
1. Let N € C. Then A is closed if and only if (A — A) is closed.
2. If p(A) # 0, then A is closed.
3. Assume that A is closed and (A — A) : D(A) — X is bijective. Then X € p(A).

We omit the easy proof.
For X\ € p(A), the operator

R\ A) = (M — A e L(X)
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is called the resolvent of A in .

We frequently write (A — A) as shorthand for (A] — A). The set 0(A) = C\ p(A4) is
called the spectrum of A.

If B e L(X), then p(B) # (). In fact, assume that ||B|| < 1. Then

(1.1) (I-B)'= Z B* (Neumann series).

Replacing B by 1B one sees that A € p(B) whenever |A| > || B].
Unbounded closed operators may have empty resolvent set. Also, it may happen that
an unbounded operator has empty spectrum (which is not true for operators in £(X)).

Proposition 1.2.2 (analyticity of the resolvent). Let A be an operator and Ao € p(A). If
X € C such that |\ — Xo| < ||R(Xo, A)||7Y, then X € p(A) and

[e.e]

R(AA) = (ho = A)"R(A, A"

n=0
which converges in £(X). Consequently, dist(Xg, o(A)) > [|[R(No, A)|| "

Proof. One has (A —A) = A —=Xo)+ (Mo —A4) =T — (Mg = ANR(Xo, A))(Ng — A).
Since ||(Ag — A)R(Ag, A)|| < 1, the operator ((I — (Ao — A)R(Xg, A)) is invertible and its

inverse is given by
o

> (Ao = N)"R(Xo, A)".

n=0

Hence A € p(A) and
R(A, A) = R(Xo, A)(I = (Ao = A)R(Xo, A)) 7"

This concludes the proof. O

By
op(A)={A€C: dx € D(A),z #0,(A— A)x =0}

we denote the point spectrum, or the set of all eigenvalues of A. If X is an eigenvalue,
each z € D(A) \ {0} such that (A — A)z = 0 is called an eigenvector of A. There is a
natural relation between the spectrum of A and its resolvents.

Proposition 1.2.3 (Spectral Mapping Theorem for resolvents). Let Ao € p(A). Then
o (R(Ao, A)) \ {0} ={(Ao =N : A€ 0(A)},
2. 0p(R(Xo, A))\ {0} = {0 = A) 7 A € 0y (A)}.
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Proof. a) 1. If u € p(A), u # Ao, then

1
(50 - ROwA)) = =) = ARG A)
0~ M

2.7 C 7 Let v € (RN, A)),v # 0. Assume that v & {(Ag — N)7' : X € 0(A)}.
Then A\g — 1/v € p(A). This implies v € p(R(Ag, 4)) by 1.

3.7 D7 Let = (Ao — A)~! where A\ # \g. Suppose that u € p(R(A\g, A)). Then one
easily sees that A € p(A) and R(\, A) = pR(Ng, A) (1 — R(Xg, A)) 7L

b) is left to the reader. O

We conclude this section by the following crucial identity.

Proposition 1.2.4 (Resolvent Identity).
(1.2) (R(A, A) = R(p, A)) /(1 = A) = R(A, A)R(p, A)
for all A, € p(A), X # p.

Proof. One has

R(NA) = R(p, A) = RN A) = (A= A)R(u, A)]
= R\ A)[(p—A4) — (A= A)]R(k, A)
(k= AR, A)R(p, A).

The resolvent identity shows in particular that resolvents commute.

It is convention to define the spectrum always with respect to complex spaces. There
are good reasons for this. For instance, the well-known fact that bounded operators on a
complex Banach space have non-empty spectrum is no longer valid for real spaces (even
in dimension 2). More important, for our purposes, spectral theory allows one to deduce
asymptotic properties of orbits from spectral properties of the operators. For this it is
important that the underlying field is C.

If an operator A is given on a real Banach space X, then it has a unique C-linear
extension Ag to the complexification X¢ = X @ iX of X. Then X¢ is a Banach space for
the norm

I2]| £ = sup [[Re(A2)]],
<1
where z = z + iy € X¢, Re(z) = x, Im(z) = y. In many cases, there is a more natural
equivalent norm. For example, if X is the real space LF(Q2), where (£, X, ) is a measure
space, then X¢ is the complex space LP(2) and

[ fllzee) = (/ \f|Pdu)?
Q
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is the natural norm. Now the domain D(A¢) = D(A) @ iD(A) is the complexfication
of the domain. Then A¢ : D(A¢) — X¢ is defined by Ac(z + iy) := Az + iAy where
x,y € D(A).

Definition 1.2.5. Let A be an operator on a real Banach space X . Then we define o(A) :=
a(Ac), p(A) := p(Ae).

Note that this definition is consistent in the following two points. If A € p(4) N R,
then R(A, A) leaves invariant the real space X and R(A, A)x is the inverse for A — A
on X. If A € p(A) N R we will frequently use the notation R(\, A) = (A — A)~! for the
operator restricted to X instead of writing R(\, A)|x. Moreover,

gp(A)NR={AeR:3ue D(A),u#0, Au= Iu},

i.e., 0,(A) NR consists of the eigenvalues of the operator A on X.

1.3 Operators with compact resolvent

Let X be a Banach space over K =R or C. By K(X) we denote the space of all compact
operators on X. The following facts are well-known.
KC(X) is a closed subspace of £(X). It is even an ideal, i.e., K € IC(X) implies SK, KS €
K(X) for all S € L(X).

Compact operators have very particular spectral properties. Let K € K(X). Then
the spectrum consists only of eigenvalues with 0 as possible exception, i.e.,

(1.3) o(K)\ {0} = ap(K) \ {0} .
Moreover, o(K) is countable with 0 as only possible accumulation point, i.e., either o(K)
is finite or there exists a sequence (A,)nen C K such that lim A, = 0 and

o(K)={\,:neN}U{0}.

Finally, for each A € 0,(K) \ {0}, the eigenspace ker(A — K) is finite dimensional.
The purpose of this section is to find out what all these properties mean for an
unbounded operator if its resolvent is compact.

Definition 1.3.1. An operator A on X has compact resolvent if p(A) # () and R(\, A) is
compact for all X\ € p(A).

From the resolvent identity and the ideal property, it follows that A has compact
resolvent whenever R(\, A) € K(X) for some A € p(A).

If dim X = oo then operators with compact resolvent are necessarily unbounded
(otherwise, for A € p(A) we have R(\, A) € K(X) and (A — A) € L£(X). Thus [ =
(A= A)R(A, A) is compact by the ideal property).

The following spectral properties follow easily from those of compact operators with
help of the Spectral Mapping Theorem for resolvents (Propositon 1.2.3).
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Proposition 1.3.2 (spectral properties of operators with compact resolvent). Let A be an
operator with compact resolvent. Then

1. 0(A) = 0,(A);

2. either o(A) is finite or there exists a sequence (A, )nen C C such that lim |\,| = oo
and o(A) = { A\, : n € N};

3. dimker(A — A) < oo for all A € C where ker(A — A) := {x € D(A) : Az = A\z}.

The most simple examples of unbounded operators are diagonal operators. In the
next section we will see that selfadjoint operators with compact resolvent are equivalent
to such simple operators. We let

= {(@n)nen CK: Y |2a|* < o0}
n=1

where as usual K = R or C. Then ¢? is a separable Hilbert space over K with respect to

the scalar product
(@] y) = Tnln
n=1

(where g, is the complex conjugate of y,).

Definition 1.3.3 (diagonal operator). Let o = (a)nen be a sequence in K. The operator
M, on * given by

D(M,) = {xz € *: (apTn)nen € 1*}

MOCI - (anzn)neN
15 called the diagonal operator associated with o and is denoted by M,,.

We define the sequence spaces

> = {a=(an)nen C K:supla,| < oo},
neN
co = {a=()hen CK: lim |a,| =0}.

Note that ¢*° is a Banach space for the norm

lerf| oo = sup ||
neN

and ¢q is a closed subspace.
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Proposition 1.3.4 (properties of diagonal operators). Let o« = (o, )nen- Then

~

. the operator M, is closed;

2. the operator M, is bounded if and only if o € £°°;

3. 0(Ma) = {an :n € N};

4. the operator M, is compact if and only if a € co;

5. the operator M, has compact resolvent if and only if lim,_. . |a,| = co.

We leave the proof as exercise.
Given an operator A, it is easy to define by similarity a new operator that has the
same properties as A.

Proposition 1.3.5 (similarity). Let A be an operator on X and let V : X — Y be an
isomorphism where Y is a Banach space. Define the operator B on'Y by

D(B) = {yeY: :V'ye D(A)}
By = VAV ™'y

Then
1. A s closed if and only if B is closed;
2. p(B) = p(A) and R(\, B) = VR(\, A)V=1 for all X € p(B);
3. B has compact resolvent if and only if A has compact resolvent.

Notation: VAV ! := B. The easy proof is left as exercise.

1.4 Selfadjoint operators with compact resolvent

Here we consider unbounded operators on a Hilbert space. The main result is the Spectral
Theorem which shows that every selfadjoint operator with compact resolvent can be
represented as a diagonal operator.

We treat the cases K = R and C simultaneously. Whereas some spectral theoretical
theorems need complex Banach spaces, the Spectral Theorem below is true on real and
on complex Hilbert space. Throughout this section H is an infinite dimensional Hilbert
space over K = R or C.

Definition 1.4.1. An operator A on H is called dissipative if

Re(Az|x) <0 for all z € D(A).
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The following proposition shows a remarkable spectral property of dissipative opera-
tors.

Proposition 1.4.2. Let A be a dissipative operator on H. Assume that there exists A €
K,Re A > 0 such that (A — A) is surjective. Then p € p(A) and ||R(u, A)|| < 1/Rep for
all p € K such that Re > 0.

Proof. Let p € M :={u € p(A) : Repu > 0}. Let x € D(A), pr — Ax = y. Then

Rep||zl|* = Re(uzlr) = Re(y+ Az|z)
= Re(zly) + Re(Ax|z)
< Re(zly) < =zl [lyll

by dissipativity and the Cauchy—Schwartz inequality. Thus (Reu)||z|| < |ly||. It follows
that

(1.4) IR, A)| < Riﬂ

whenever 1 € M. Since p(A) is open, also M is open. Observe now that, as a consequence
of Proposition 1.2.2, if A, € p(A) and A = lim A, such that

sup || R(A, A)|| < oo,

neN

then A € p(A). This and (1.4) imply that M is closed in the right open half-plane (half-line
if K = R), which is connected. Since the right half-plane M is connected and non-empty,
it follows that M is the entire open half-plane (the open right half-line if K = R). O

Definition 1.4.3. An operator A on H is called m-dissipative if A is dissipative and (I —A)
18 surjective.

From Proposition 1.4.2 we know that the spectrum of an m-dissipative operator A is
contained in the left half-plane, and ||R(\, A)|| < 1/ReX (ReA > 0).
Now we consider the more special class of m-dissipative symmetric operators.

Definition 1.4.4. An operator A on H is called symmetric if
(Azly) = (x| Ay) for all z,y € D(A).

If A is bounded, then A is symmetric if and only if A = A* i.e., if A is selfadjoint.
The class of m-dissipative symmetric operators is important in the sequel. These are
exactly the generators of contractive Cy-semigroups of selfadjoint operators as we will see
later. Because of their importance we recollect the properties in the following definition.
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Definition 1.4.5. An operator A on H is m-dissipative and symmetric if
1. (Az [y)=(z | Ay)  (z,y € D(A)) (symmetry),
2. (Az | x) <0 (x € D(A)) (form-negativity),
3. Yye H 3z e D(A) such that v — Ar =y  (range condition).

An m-dissipative, symmetric operator is also called a dissipative selfadjoint operator.
Observe that (Az | ) € R by a). It follows from Proposition 1.4.2 that (0,00) C p(A)
and that R(\, A) is symmetric for all A > 0 whenever A is dissipative and selfadjoint. We
will apply the Spectral Theorem for bounded selfadjoint operators to R(\, A) in order to
characterize these operators as diagonal or as multiplication operators.

Example 1.4.6 (m-dissipative symmetric diagonal operators). Let A := (A, )nen be a real
sequence such that A, <0 for alln € N and lim X\, = —oo. Then the diagonal operator

n—oo

M, on 02 given by

M)\ZL' = (Anxn)new
DMy = {&€f: Ontn)nen € &)

15 m-dissipative, symmetric and has compact resolvent.
We recall the Spectral Theorem for compact symmetric operators.

Proposition 1.4.7. Let B be a compact, symmetric operator on a separable Hilbert space

H over K=R or C. Then H has an orthonormal basis which consists of eigenvectors of
B.

This result is contained in all standard texts on Functional Analysis (see e.g. [RS72, p.
203]).

For our purpose the following version for unbounded operators is important.
Theorem 1.4.8 (Spectral Theorem: diagonal form). Let A be an m-dissipative, symmetric
operator with compact resolvent on a separable Hilbert space H over K= R or C. Assume

that dim H = oo. Then there exist an orthonormal basis {e, : n € N} of H, A\, € R, A\, <
0, such that e, € D(A), Ae, = A\pe, and lim A\, = —oco. Moreover, A is given by

n—oo

D(A) = {z € H: (M(z|en))nen € 2}

Az = Z An(zlen)en.
n=1
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Proof. Since A has compact resolvent, by Proposition 1.3.2 there exists u € (0, 00)Np(A).
Then R(u,A) is a compact and symmetric operator (as is easy to see). By Proposi-
tion 1.4.7 there exists an orthonormal basis {e, : n € N} of H and «a,, € R such that
R(p, A)e,, = aye,. Since R(p, A) is injective one has o, # 0 (n € N). Hence e, € D(A)
and e, = a,(u — A)e,. It follows that Ae, = A,e, where \, = (u — O%) Moreover,

A = (Aey | €,) < 0 since A is dissipative. Since lim |ay,| = 0, one has lim A, = —oc.
Let x € D(A). Then (\,(z|e))nen = ((z|Aep))nen € €2 and Az = Y (Axle,)e, =
n=1

> Au(zlen)en. Conversely, assume that x € H such that (A\,(z|e,))nen € €2, Let
n=1

Tm = > (xlen)en, Ym = > An(x|en)e,. Then lim, . x,, = z and y,, converges as
n=1 n=1

m — oo. Observe that z,, € D(A) and Az,, = y,,. Since A is closed, it follows that

x € D(A). O

There is another way to present the Spectral Theorem. Denote by U : H — 2 the
unitary operator given by Uz = ((x|e;,))nen. Then it follows directly from Theorem 1.4.8
that

(1.5) UAU! = M,
(see Proposition 1.6 for the notation). We have obtained the following result.

Corollary 1.4.9 (diagonalization). Let A be an operator on H. Suppose that
dim H = oo. The following assertions are equivalent.

(i) A is m-dissipative, symmetric and has compact resolvent;

(ii) there exists a unitary operator U : H — (* and a sequence (\,)nen C R such that
Ap <0, lim A\, = —c0 and

UAU™ = M, .
We express (ii) by saying that A and M, are unitarily equivalent.

The Spectral Theorem establishes a surprising metamorphoses. Frequently the oper-
ator A will be given as a differential operator. But identifying H with ¢? via the unitary
operator U, the operator A is transformed into the diagonal operator M,. This will be
most convenient to prove properties of A.

Remark 1.4.10 (complexification of real Hilbert spaces). Let H be a separable real Hilbert
space. On H¢ we consider the scalar product

(141 | 22 +iy2)me = (01 | m2) + (1 | y2) +i(yr | 22) — (21 | o).

Then the following assertions hold.
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1. Let (en)nen be an orthonormal basis which allows us to identify H and the real space
(2. Then H¢ can be identified with the complex space (2.

2. Let A be a dissipative operator on H. Then Ac is dissipative.

1.5 The Spectral Theorem

In this section we give a representation of m-dissipative symmetric operators which do not
necessarily have a compact resolvent. Indeed, a simple example of a selfadjoint operator
is obtained if we consider multiplication by a function in L? instead of a sequence in ¢2.
We make this more precise.

Proposition 1.5.1 (multiplication operators). Let (Y, X, i) be a o-finite measure space and
let m:Y — (—o0,0] be a measurable function. Define the operator A,, on L*(Y,%, i) by

D(Ay) = {fel*(Y,Z,u):mf e L*(Y,%, u)}
Apnf = mf .

Then A,, is m-dissipative and symmetric.

This is not difficult to see. Here L?(Y, Y, u) may be the real or complex space.

Of course multiplication operators contain diagonal operators as special case: It suffi-
cies to take Y = N and p the counting measure. But they are more general. In fact, each
diagonal operator has eigenvalues whereas a multiplication operator does not, in general
(see Exercise 1.7.4). And indeed, multiplication operators are the most general selfadjoint
operators as the following theorem shows (see also Theorem 1.8.4 in the comments).

Theorem 1.5.2 (Spectral Theorem: multiplication form). Let A be an m-dissipative sym-
metric operator on a separable Hilbert space over K = R or C. Then there exist a fi-

nite measure space (Y, X, 1), a measurable function m : Y — R and a unitary operator
U:H— L*(Y,%,u) such that

(1.6) UAU' = A, .

We refer to Proposition 1.3.5 for the notation used in (1.6). For the proof of Theo-
rem 1.5.2 we refer to [RS72, Theorem VIIL.4, p. 260].

1.6 Hilbert—Schmidt operators

Here we discuss briefly a classical class of kernel operators. Let € C R™ be an open
set and H = L?*(Q) with respect to the Lebesgue measure. Throughout this section the
underlying field may be K =R or C.
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Theorem 1.6.1. Let T' be a linear operator on H. Let {e, : n € N} be an orthonormal
basis of H. Then the following are equivalent:

1. there erists k € L*(2 x Q) such that

Tf(x)= /Qk(:c,y)f(y)dy for a.e. x € Q,

for all f € L*(Q);
2 ¥ ITeally < oo

In that case T is compact and one has
1T ccry < [ 2@xey = Y 1Tl
n=1

We refer to [RS72, Thm. VI.6] for the proof.

The theorem shows in particular that condition b) is independent of the choice of
the orthonormal basis. An operator 7" on H is called Hilbert—Schmidt if it satisfies the
equivalent conditions of Theorem 1.6.1. The function k € L?*(Q x Q) of condition b)
is uniquely determined by T: we call it the kernel of 7. The adjoint 7™ of a Hilbert—

Schmidt operator is Hilbert—Schmidt again and its kernel k* is given by k*(z,vy) = k(y, x).

In particular, T" is self-adjoint if and only if k(x,y) = k(y, z) a.e. on  x Q.

If T is a compact selfadjoint operator, then H has an orthonormal basis {e, : n € N}
of eigenvectors.Then T is Hilbert—Schmidt if and only if > >7, [A\,|? < oo, where Te,, =
AnCn.

Our main point in this section is the following useful criterion.

Theorem 1.6.2. Assume ) to have finite Lebesque measure. Let T € L(L*()) such that
TL*(Q) C L>(Q).
Then T is a Hilbert-Schmidt operator.

For the proof we need the following special case of the Gelfand—Naimark Theorem
(see [RS72, Thm. VIL.1] or [Rud91, Thm. VIL1]).

Theorem 1.6.3. There exists a compact space K and a bijective linear mapping ¢ :
L>(Q) — C(K) such that

1. ®(f-g) =2(f)®(9),
2. (I)(lQ) = 1K7
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3. ®(f) = d(f), and
4. f>0 ae. if and only if ®(f) > 0.

5 NNy = 1l o) for all | e L>(Q).

Proof of Theorem 1.6.2. We consider T as a linear operator from L*(Q) in L>®(2). Tt
follows from the Closed Graph Theorem that T' is continuous. By Riesz’s Theorem we
find a finite Borel measure v on K such that

[ swirts) = [ @ o))

T:=®0T:L*Q,u) — C(K).

For y € K denote by d, the Dirac measure. Then T’éy = 5yoTv € L*(Q). Let {e, : n € N}
be an orthonormal basis of L*(Q2). If f € L*(2), then by Parseval’s identity

for all g € C(K). Let

e ¢}

112 = T o = D

n=1

2

/Q en(x) f(x)dx

Using this for f =717 d, one obtains

S Teullio = Z / (Te) )| duty)
n=1

en(2)(T75,)(x)dz| dv(y)

_ / 1776, 20 ()
K
< ITPuEK).

This concludes the proof. O

1.7 Exercises

Exercise 1.7.1 (criterion for compact resolvent). Let A be an operator on a Banach space X with non-
empty resolvent set. Then A has compact resolvent if and only if the canonical injection (D(A), ||||a) — X
18 compact.

Notice: if K= R, then D(A) — X is compact if and only if D(A¢) — X¢ is compact.
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Exercise 1.7.2 (automatic density of the domain). Let A be an m-dissipative operator on a Hilbert space
H. Show that D(A) is dense.

Hint: By Hilbert space theory it suffices to show that D(A)* = {y € H : (z]y) = 0 for all
x € DA} =0.

Exercise 1.7.3 (dissipativity again). Let A be an operator on a Hilbert space H. Show that A is dissipative
if and only if

(1.7) o — tAz|| > |||
for all x € D(A),t > 0.

Exercise 1.7.4 (no eigenvalues). Let Y = R with Lebesgue measure, m(y) =y (y € R), H = L*(R).
Then o,(Ap,) = 0. Deduce from this that A, is not unitarily equivalent to a diagonal operator.

Let A be a densely defined operator on a Hilbert space H. We define the adjoint A* of A by

D(A*) := {xe€ H:3z¢€ H such that (Au | z)g = (u | z)g Yu € D(A)}
Az = =z

Exercise 1.7.5 (adjoint of m-dissipative operator). Let A be an operator on a Hilbert space H. Show the
following.

1. A is m-dissipative if and only if (0,00) C p(A) and ||AR(N, A)|| <1 (A>0).

2. If A is m-dissipative, then A* is m-dissipative and R(\, A)* = R(\, A*).

8. If A is m-dissipative and symmetric, then A = A*.
Exercise 1.7.6 (spectrum and essential image). Let A, be a multiplication operator on L?(Y,%, i) (see

Proposition 1.5.1). Show that
o(An) = ess image (m)

where the essential image of m is defined by

ess image (m) :={A € C:V e >0 p({z: |m(z) — A\ <e}) > 0}.

1.8 Comments

In these comments we give some additional information on the material of each lecture. They are not
needed in the sequel but frequently illuminating. Here we will explain in particular how the the special
class of m-dissipative symmetric operators is related to the general class of all selfadjoint operators.

1.8.1 m-dissipative operators

Let A be a dissipative operator on a Hilbert space. Then A is called maximal dissipative if the following
holds: If A C B where B is a dissipative operator, then A = B. It turns out that m-dissipativity
(i.e., dissipativity and range condition) is the same as maximal dissipativity. Moreover, each dissipative
operator has an m-dissipative extension. These are properties which merely hold on Hilbert spaces and
not on Banach spaces (where dissipativity may be defined by (1.7)).
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1.8.2 General selfadjoint operators

In this comment we define general selfadjoint operators which are not necessarly dissipative. Let H be
a complex Hilbert space and A an operator on H. If A is symmetric, then (Az|x) = (z|Ax) = (Az|x).
Hence (Az|z) € R for all z € D(A). Also the converse is true. This follows from the Polarisation Identity.

(zly) = H{@+y,z+y) — (x—ylz —y)+
(1.8) ! i(x + iyl +iy) — i(z —iylz — iy)}

(z,y € H), which is an immediate consequence of the properties of the scalar product. In fact, considering
y = Az in (1.8) one sees the following.

Proposition 1.8.1. Let A be an operator on a complex Hilbert space H. The following assertions are
equivalent:

(i) A is symmetric;
(i) (Az|z) € R for all x € D(A);
(i11) +£iA is dissipative.

Note that (iii) is just a reformulation of (ii). But now Proposition 1.4.2 applied to iA shows us the
following.

Proposition 1.8.2. Let A be a symmetric operator on a complex Hilbert space. Assume that (A — A) is
surjective for some A € C such that Tm\ > 0. Then A € p(A) for all A with Tm\ > 0. Similarly, if (A—A)
is surjective for some A € C such that Im\ < 0, then {\ € C: Im\ < 0} C p(A).

Thus for a symmetric operator A, there are four possibilities:

1. o(4) ={A € C : ImA\ > 0},

o(4)
2. 0(A) ={X e C:Im <0},
3. 0(A)=C, or

4. o(A) CR.

The cases (a)—(c) are not of interest for our purposes and we refer to the literature for further
investigation (e.g. [RS72]). We are rather interested in the last case (d) which leads to the following
definition.

Definition 1.8.3. An operator A on a complex Hilbert space is called selfadjoint if A is symmetric and if
(i — A) and (—i — A) are surjective.

By our discussion, a selfadjoint operator has real spectrum. Whereas every bounded symmetric
operator is selfadjoint, for unbounded operators, this is not true, and the range condition ((+i — A) to
be surjective) is a severe restriction.

An operator A is symmetric if and only if A C A* and A is selfadjoint if and only if A = A*.
The Spectral Theorem also holds without the assumption of dissipativity which we made in the lecture
having in mind the application to evolution equations. The general theorem looks as follows.
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Theorem 1.8.4 (Spectral Theorem (general form)). Let A be a selfadjoint operator on a separable Hilbert
space H. Then there exist a finite measure space (Y,%, 1), a unitary operator U : H — L*(Y, %, 1) and
a measurable function m :Y — R such that

UAU™' = A,
where
Anf = mf
D(An) = {f €LY, %0 mf € L3(X, 5, p)}.
Conversely, every Ay, and so every operator A = U~1A,,U is selfadjoint.

The operator A is dissipative if and only if 0(A4) C (—o00,0]. In fact, 0(A) = 0(A4,,) = ess image (m)
by Exercise 1.7.6.

1.8.3 Quantum Theory

In Quantum Theory an observable is modelised by a selfadjoint operator A (the Hamiltonian). So we
may assume that A = A, on H = L?(Q, %, u) where m : Q — R is measurable and (Q, 3, u) a finite
measure space. The states of the observable A are given by unit vectors u € H. If the observable A is in
the state u, and if [«, 5] C R is an interval, then

P= / lu|?dx
m=1([a,8])

is the probability that a measurement takes its values in [a, 5]. If u is an eigenvector for the eigenvalue
A, then m~1({\}) has positive measure and u is 0 on Q \ m~1({\}). So the probability P is 1. We
refer to the treatise of Reed—Simon [RS72] and the classical book of von Neumann [vNe55] for further
information.

1.8.4 Kernels and eigenfunctions

In some cases it is possible to compute the kernel by the eigenfunctions.

Theorem 1.8.5 (Mercer). Let 2 C R™ be open and bounded. Let k : Q x Q — K be continuous and such
that k(x,y) = k(y,x) for o-a.e. x,y € Q. Denote by T the associated Hilbert-Schmidt operator given by

Tf(z) = /5 Kz, ) (4)dy.

Let {e,, : n € N} be an orthonormal basis of eigenfunctions, Te, = A\pen. Assume in addition that A, > 0
(n € N). Then

k(z,y) = Z Men(@)en(y) (z,y € Q),

where the convergence is absolute and uniform in x,y € Q.



Lecture 2

Semigroups

In this chapter we give a short introduction to semigroups. We start with a preliminary
technical section.

2.1 The vector-valued Riemann integral

Let X be a Banach space over K= R or C, —0o < a < b < 0o. By C([a, b], X) we denote
the space of all continuous functions on |[a, b] with values in X. Let u € C([a,b], X). Let
7 be a partition a =ty < t; < ... < t, = b of [a, b] with intermediate points s; € [t;_1,;].
By || = ir_nlaxn(ti — t;_1) we denote the norm of 7 and by

n

S(mu) = ulsi)(t; — tim1)

i=1

the Riemann sum of u with respect to w. One shows as in the scalar case that

(2.1) / u(s)ds ;= lim S(m,u)

|| =0

exists. If Y is another Banach space and B € L(X,Y), then BS(m,u) = S(m, Bu) where
Bu=Boue& C([a,b],Y). It follows that

(2.2) BL%@@zLEMWM

In particular,

(2.3) w. [ " u(s)as) = / (o u(s))as

17
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Now the Hahn-Banach theorem allows us to carry over the usual properties of scalar
Riemann integral to the vector-valued case. For example, the mapping u +— f t)dt
from C([a,b], X) into X is linear. We also note that

2.9 I [ st < [ hutsyias

as is easy to see.

Let A be a closed operator on X. Let u € C([a,b], D(A)),
as a Banach space with the graph norm; i.e. u € C([a, b], X) such that u(t) € D(A) for
all t € [a,b] and Au € C([a,b]; X). Since A € L(D(A), X), (2.2) implies that

(2.5) A / bu(s)ds - / ’ Au(s)ds .

where D(A) is considered

2.2 Semigroups
In this section we introduce semigroups and their generators. Let X be a Banach space
over K=R or C.
Definition 2.2.1. A Cy-semigroup is a mapping T : Ry — L(X) such that
1. T(")x : Ry — X continuous for all x € X;

2. Tit+s)=T@H)T(s) (s,t€Ry);
3. T(0)=1.
It follows immediately from the definition that
(2.6) T(t)T'(s)=T(s)T(t) for all t,s >0 .
Let T': Ry — L(X) be a Cy-semigroup. We now define the generator of 7.
Definition 2.2.2. The generator A of T is the operator A on X given by

1 L,
D(A) = {x: lf%l h(T(h)x — ) exists in X}

o1
Az = lﬁfgﬁ(T(h)x_I)‘

We now investigate relations between the semigroup 7' and its generator A. One has
(2.7) T(t)x € D(A) and AT (t)x = T(t)Ax

for all z € D(A),t > 0. In fact, +(T'(R)T(t)z — T(t)z) = T(t)[+(T(h)x — z)] — T(t)Ax
(h | 0). This shows in particular that the right derivate of T'(t)x is T'(t)Ax if x € D(A).
More is true.
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Proposition 2.2.3. Let x € D(A). Then u(t) = T(t)x is the unique solution of the initial
value problem

ue€ C' Ry, X) , u(t) € D(A) (t=0);
(2.8) w(t) = Au(t) (t>0)
u(0) = z;

Proof. Let t > 0. It follows from the uniform boundedness principle that T is bounded
on [0,t]. Then

T(h)r —x, T(h)x —x
o s

+ T({t—h)Az — T(t)Ax (h|0).

LTt —nz—Tt) = T—n)

— — Az

This shows that u is also left differentiable and indeed a solution of the problem (2.8).
Conversely, let v be another solution. Let ¢ > 0, w(s) = T'(t — s)v(s). Then

Lu(s) = ATt~ s)o(s)) + Tt — s)i(s)
= —T(t—s)Av(s)+T(t—s)Av(s) =0 .
It follows that w is constant. Hence T'(t)x = w(0) = w(t) = v(t). O

Proposition 2.2.3 shows why generators of Cy-semigroups are interesting. The initial
value problem (2.8) has a unique solution for initial values x in the domain of the generator.
Moreover, the orbit T'(-)z is the solution. There is another way to describe the generator

A.

Proposition 2.2.4. Let z,y € X. Then x € D(A) and Ax =y if and only if

t
(2.9) / T(s)yds=T(t)x—x (t>0).
0
Proof. Assume (2.9). Then hm t = hm 1 fo s)yds = y. Conversely, let x € D(A),
then T'(-)x is the solutlon of (2 8). By the fundamental theorem of calculus, T'(t)z — x =
L 47(s)rds = [, T(s)Axds. O

Corollary 2.2.5. The operator A is closed.
Proof. Let z, € D(A),z,, — z,y, := Az, — y (n — 00). Then by (2.9),

/0 (8)yuds = T(t) — 1,

Letting n — oo shows that (2.9) holds. O
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Let x € D(A). Since A is closed it follows from (2.9) and (2.5) that fot T(s)xds €
D(A) and

A/tT(s):Eds = /t AT (s)xds = /tT(s)A:Eds
’ = To(t)at —x ’
for all ¢ > 0. This identity remains valid for all z € X.
Proposition 2.2.6. Let v € X, t > 0. Then fot T(s)xds € D(A) and

(2.10) A/t T(s)xds = T(t)x — x.

Proof. In fact,

t t
Lern) / T(s)ads — / T(s)xds)
h 0 0
1 t t
_ 1 / T(s+ h)ads — / T(s)zds)
hJo 0
1 t+h t
= —(/ T(s)xds — / T(s)xds)
hJu 0
1 t+h h
= E(/ T(s)xds — / T(s)zds) —T(t)r—zash]O0.
t 0
]
Corollary 2.2.7. The domain of A is dense in X.
Proof. Let x € X. Then %fot T(s)xds € D(A) and ltilr(r)l : fot T(s)xds = x. O

Since A is closed, the space D(A) is a Banach space with the graph norm. The
properties shown above imply that

T()x € C(Ry, D(A)NCHRy, X)

for all z € D(A). If z € X, then there exist x, € D(A) such that z,, — = (n — o0).
Then T'(t)x,, converges to T'(t)x as n — oo. Since T'(-)x,, is a solution of the initial value
problem (2.8) with initial value x,, we may consider u(t) = T'(t)z as a “mild solution” of
the abstract Cauchy problem

(ACP){ Zf?) - j?“) (t>0)
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2.3 Selfadjoint semigroups

Symmetric, m-dissipative operators can be transformed into diagonal operators or mul-
tiplication operators by the spectral theorem. After this transformation one can write
down explicitly the corresponding semigroup. We obtain the most simple Cy-semigroups
with unbounded generator. Still we will see in the next two chapters that many concrete
examples are of this form. We first consider the case where A has compact resolvent. In
fact, in that case, the spectral theorem is particularly easy to prove and the operator is
transformed into a diagonal operator. In addition, our prototype example is of this type,
namely the Laplacian with Dirichlet boundary conditions on a bounded open set. So the
functional analytic tools needed for this important example are particularly simple.

Let H be a complex, separable Hilbert space and let A be a symmetric, m-dissipative
operator on H. Assume first that A has compact resolvent. Then, up to unitary equiva-
lence, we can assume that

H=107, Az = —(M\uZp)nen

where A\, € Ry, lim A\, = oo and

D(A) ={z € *: (A\Zp)nen € 2} .
Define T'(t) € L(£?) by
(2.11) Ttz = (e 'z, ) nen -

Then T'(t) is a compact, selfadjoint operator and ||T'(¢)|| < 1. It is easy to see that
T = (T'(t))i>0 is a Cy-semigroup and A its generator.

In the general case, if the resolvent is not necessarily compact, then after a unitary
transformation we can assume that

H = L[*(X,%,p)
Af = —mf
DA) = {feH:m-feH}

where (X, X, 1) is a finite measure space and m : X — R, a measurable function. Now
it is easy to see that

(2.12) Tt f=e"f

defines a Cy-semigroup of selfadjoint operators. Moreover, ||T'(¢)|| < 1. We have proved
the following result.
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Theorem 2.3.1. Let A be a symmetric, m-dissipative operator. Then A generates a Cy-
semigroup T of contractive, selfadjoint operators. If A has compact resolvent, then T'(t)
1s compact for all t > 0.

Applying Theorem 2.3.1 it is frequently useful to have the concrete representation
(2.11) or (2.12) in mind which is valid after a unitary transformation in virtue of the
Spectral Theorem. It shows for example the following simple result on the asymptotic
behaviour of the semigroup.

Corollary 2.3.2. Let A be a symmetric, m-dissipative operator with compact resolvent.
Assume that ker A = {0}. Then there exists € > 0 such that

(2.13) 1T <e (¢t>0).

2.4 The Hille-Yosida Theorem

Given an operator A it is desirable to find criteria which imply that A is the generator
of a Cy-semigroup Most characterizations are based on conditions on the resolvent of the
operator. In fact, since a Cy-semigroup is always exponentially bounded, the Laplace
transform always exists and it turns out to be the resolvent of the operator. In this
section we characterize generators of contraction semigroups (Hille-Yosida Theorem). It
is a real characterization in the sense that the resolvent is supposed to exist on the right
half-line. We start proving exponential boundedness.

Let X be a Banach space over R or C. Assume that A generates a Cy-semigroup 7.
Then there exist M > 0,w € R such that

(2.14) IT(t)| < Me** (t>0).
Proof of (2.14). Let M := sup ||T(t)||. Then M < oo by the uniform boundedness
0<t<1

principle. Let w = log M. Let ¢t > 0. Take n € Ny and s € [0,1) such that t = n + s.
Then ||T(t)]| = [|T(s)T(1)"|| < MM"™ = Me*™ < Me*t. O

We denote by
w(A) :=inf{w € R: 3M > 0 such that (2.14) holds}
the growth bound of 7.
Proposition 2.4.1. If A > w(A) (resp. Re XA > w(A) if K=C), then X € o(A) and

R\, A)z = /e_)‘tT(t)xdt (xeX).

0
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Proof. The operator A — \ generates the semigroup (e M7T'(t));>0 (see Exercise 2.6.2).
t

Thus by (2.10) we get (A —X) [ e T (s)x ds = e MT(t)z — x. Since A is closed, letting
0

t — o0, it follows that Rz € D(A) and (A — \)Rz = —x where Rz := [ e MT(t)x dt,
0
re X. If v € D(A), then

RN — Az =—1lim [ e NT(t)(A - Nz dt = — lim (e T (b)x — z) = x.

b—oo b—oo

We have shown that R is the inverse of (A — A). O

Thus, if A generates a Cy-semigroup, then the half-plane {Re A > w(A)} is in the
resolvent set (if K = C).

A contraction Cy-semigroup is a Cy-semigroup T satisfying
T <1 (£=0).

Theorem 2.4.2 (Hille-Yosida). Let A be a densely defined operator on X. The following
assertions are equivalent:

(i) A generates a contraction Cy-semigroup T
(ii) (0,00) C o(A) and [|AR(N, A)]| <1 (A>0).

In that case

(2.15) T(t)x = lim (I — %A)_"a: (z € X)

n—oo

(2.15) is called Euler’s Formula.

2.5 Holomorphic Semigroups

Next we introduce holomorphic semigroups. We use a definition which is valid for K = R
or C.

Definition 2.5.1. Let T be a Cy-semigroup with generator A. We say that T is holomorphic
if there exists a constant ¢ > 0 such that

(2.16) FAT@®)z| < ez (0<t<1)

for all x € D(A).
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Since D(A) is dense in X, it follows from (2.16) that T'(t)X C D(A) for 0 <t <1
and (2.16) is valid for all z € X.

If K = R, then it is obvious that A generates a holomorphic Cy-semigroup on X
if and only if the complexification A¢c of A generates holomorphic Cy-semigroup on the
complexification X¢ of X.

If K= C, then (2.16) can be used to extend 7" analytically to a sector. We make this
precise in the following result. For 0 < # < m we denote by

Yo = {re™:r>0,|al <0}
the sector of angle 6.

Theorem 2.5.2. Let T' be a Co-semigroup with generator A on a complex Banach space.
Then T is holomorphic if and only if T has a holomorphic extension T : ¥ — L(X) for
some 6 € (0,m) which is bounded on X9 N{z € C: |z| <1}.

The following characterization is important. It is a complex characterization: we
assume the resolvent to exist on a half-plane. In contrast to the Hille-Yosida Theorem no
contractivity hypothesis is imposed.

Theorem 2.5.3 (complex characterisation of generators of holomorphic semigroups). Let
A be a densely defined operator on a complex Banach space. The following assertions are
equivalent:

1. A generates a holomorphic Cy-semigroup T,

2. there exists w € R and M > 0 such that A € po(A) and ||AR(\, A)|| < M whenever
ReA > w.

In that case ||T(t)|| < M'e“* (¢t > 0) for some M’ > 0.

If we already know that A generates a Cy-semigroup 7', then in (2) it suffices to
consider one vertical line. In fact, replacing A by A — w; for wy large enough, we may
assume that ||7'(¢)]] < Me ! (t > 0) for some w > 0 (cf. Exercise 2.6.2). Then

o0

R(\A) = / e MT(t)dt  (ReX > 0).

0

Hence

A < —Re(M\)t M = | M.
IAROLAN < [ e = 22

Thus AR(A, A) is bounded on each sector ¥, of angle a < 7.
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Corollary 2.5.4. Let A be the generator of a Cy-semigroup T' on a complexr Banach space
E. Then T is holomorphic if and only if there exists w > w(A) such that

sup ||sR(is +w, A)|| < oo .
seR

Proof. We show that the condition is sufficient. Considering A instead of A —w we may
assume that w(A) < 0 and w = 0. Now expanding R(is, A) analytically according to
Proposition 1.2.2 one sees that A € go(A) and ||AR(A, A)|| < M for all A € i¥y for some
0 € (0,7/2). Since AR(A, A) is bounded on ¥, /,_. for all ¢ > 0, it follows that AR(A, A)
is bounded on X /544. OJ

There is still another most interesting criterion for holomorphy in terms of the asymp-
totic behaviour of T'(t) as t | 0.

Theorem 2.5.5 (Kato—Neuberger). Let T' be a semigroup on a Banach space E over K =R
or C. If o

lim||T(t) - 1| < 2,

t10

then T is holomorphic.

Proof. Considering A — w instead of A we may assume that w(A) < 0 and ||T(¢)|] <
M (t > 0). By assumption, there exist € > 0,ty > 0 such that ||T(t) — I|| < 2 — ¢ for
0 <t <ty Hence for z € X,0 <t <t,

[+ T (t)|]

122 — (z — T (t)z)||
> 2|z = flz = T(t)z|
> ez -

Let o € R, |af > . We show that |a|[|R(ia, A)[| < M. Let ¢ = 7/|af < ty. Then for
r e X,

IA

IT () +
= e T — ]

el

t
= | / X0 (5)(A + ia)zds|
0

< tM|(Axic)z|]
T

= T M|(A+ia)z|| .
|af

This implies that

1
| R(ia, A)|| < — M.

This concludes the proof by Corollary 2.5.4. Observe that above we applied (2.9) to the
operator A =+ ia, which generates the semigroup (e*'T'(t))>o. O
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The converse of Theorem 2.5.5 holds for contraction semigroups on uniformly convex
spaces, in particular on Hilbert spaces.

Theorem 2.5.6. Let T' be a contraction Cy-semigroup on a uniformly convex space. If T
18 holomorphic then

lim ||T(t) —I]| < 2.

t10

We conclude this section by the following characterization of compactness. Note
that each holomorphic semigroup 7' is immediately norm-continuous , i.e., continuous on
(0, 00) with values in £(X).

Proposition 2.5.7. Let T be a Cy-semigroup. The following assertions are equivalent.
(i) T(t) is compact for all t > 0;

(i) T is immediately norm continuous and its generator A has compact resolvent.

t

Proof. Replacing A by A — w we may assume that A is invertible. Let S(t) = [T(s)ds.
0

Then by Proposition 2.2.6

(2.17) S(t) = T(H) A~ — A~

(i) = (i1) a) Since T'(t) — [ as t | 0 strongly, ltilr(r} T(t)xr = z uniformly in x € K, if
K C X is compact. Let ¢y > 0. Then T'(ty)B is relatively compact, where B denotes the
closed unit ball. Hence ltilrél T(t+ty)x = ltil%l T(t)T(ty)x uniformly for z € B. This shows

that T is right norm-continuous. Since
T(ty—1t) = T(to) = T(7 — )T

T is also left-continuous in tg > 0.

b) Since S(t) is the limit in the operator norm of compact Riemann sums, it follows that
S(t) is compact. It follows from (2.17) that A" is compact.

(it) = (i) Assume that A~! is compact. Then S(t) is compact by (2.17). If T is im-
mediately norm-continuous, then also T'(t) = }LE% £(S(t+ h) — S(t)) is compact for all

t>0. 0

2.6 Exercises

In the first two exercises we establish some standard properties of semigroup. At first we show that strong
continuity in 0 implies strong continuity.
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Exercise 2.6.1 (Cp-semigroup). Let T': Ry — L(X) be a mapping such that

1. lting(t)x =z forallz € X;

2. T(t+s) = T()T(s) (t,s > 0).

Show that T is a Cy-semigroup.

The following rescaling property is used very frequently. For many purposes it allows us to consider
the case where w(A) < oo just by replasing A by A — w.

Exercise 2.6.2 (Rescaling). 1. Letw e C, S(t) = e “'T(t). Show that S is a Cy-semigroup and A—wl
its generator.

2. Let a >0, S(t) =T (at). Show that S is a Cy-semigroup and «A its generator.

Hint: for continuity from the left: Use the uniform boundedness principle to show that 7" is bounded
on some interval [0, 7]. Deduce an estimate (2.14). Let A be the generator of a Cyp-semigroup 7.

In the next exercise we verify the diverse criteria for holomorphy in the special case of self-adjoint
operators.

Exercise 2.6.3 (holomorphy of selfadjoint semigroups). Let T' be the Cy-semigroup generated by a sym-

metric, m-dissipative operator A on a separable Hilbert space H. Use the Spectral Theorem to show
that

(a) |tAT ()| <c (0<t<1) for somec>0,i.e T is holomorphic,
) BT~ 1] <1 <2,

(c) T has a holomorphic bounded extension to ¥ o with values in L(H).
If A€ L£(X), then A generates the Co-semigroup ¢4 = 3~ LA™ and [|e!* — I||z(x) — 0 as t | 0.
n=0
The next two exercises show the converse property.

Exercise 2.6.4 (norm-continuous semigroup). Let T be a Cy-semigroup with generator A. If ltifrol IT(t) —

I|| =0, then A is bounded.

Hint: Use Proposition 2.4.1 to show that Alirn [AR(A, A) — I||z(x) = 0. Deduce that D(A4) = X.

Exercise 2.6.5 (the algebraic trick). Let T : (0,00) — L(X) be a function such that
T(s+t)=T#)T(s) t,s>0.
Let L := ltlfrol”T(t) = 1.

a) Show L >1 or L =0.
Hint: 2(T(t) —I) =T(2t) — I — (T(t) — I)2.

b) Assume that L < 1. Show that T is a Cy-semigroup with bounded generator.
Hint: Use FExercise 2.6.5.
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2.7 Comments

Most of the material presented here can be found in all books on semigroups, e.g. [EN00], [Gol85],
[Paz83]. A particularly short and elegant introduction is given in Kato’s monograph [Kat66]. The
monograph [ABHNO1] treats semigroups systematically by Laplace transform methods and describes
in particular asymptotic behaviour via Tauberian theorems. The monograph [Lun95] is devoted to
holomorphic semigroups as was the Internet Seminar 2004,/05.

The proof of Theorem 2.5.6 can be found in Pazy’s book [Paz83, Chapter 2, Corollary 5.8].

Concerning vector-valued holomorphic functions as used in the statement of Theorem 2.5.2 we refer
to [ABHNO1, Appendix B].

The solution of Exercise 2.6.5 indicated by the hint is due to Th. Coulhon (cf. [Nag86, A.IL.3]) by
a result of Lotz (and Coulhon in a special case) each generator of a Cy-semigroup on a space is bounded
(see [ABHNO1, Corollary 4.3.19]).



Lecture 3

The Laplacian on open sets in R™

In this lecture we present the Laplacian on L?(f2), where 2 C R is an open set, with
Dirichlet and Neumann boundary conditions. There are two selfadjoint realisations of the
Laplacian on L?*(2). The semigroups generated by these operators govern the solution
of the heat equation with these two different boundary conditions. We merely need the
definition of the Sobolev space H'(Q) in order to prove selfadjointness. And in fact,
the Dirichlet Laplacian is the prototype example which shows the power of Hilbert space
methods in the Theory of Partial Differential Equations. The simple Riesz-Fréchet Lemma
representing functionals on Hilbert spaces allows us to solve the elliptic equation we need
to solve in order to fulfill the range condition. We also establish some order properties
of HY(Q). They allow us to prove that the semigroups are positive. In this lecture we
assume that K = R throughout.

3.1 The Dirichlet and Neumann Laplacian on open sets in
R©
We start introducing the first order Sobolev space on an open set of R”. Not much

more than the definition is needed to show that the Laplacian with Dirichlet or Neumann
boundary conditions generates a Cy-semigroup.

First we introduce some notation. Let 2 C R™ be an open set. The space LP(f),
1 < p < o0, is understood with respect to Lebesgue measure. We define

LL () = {f:Q— R measurable : /|f(x) |dx < oo for all compact K C Q}
K

Q) = {f:Q— R continuous} ,
C(Q) = {f:Q—R continuous} ,
C*(Q) = {f:Q— R:k-times continuously differentiable} ,

29
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where k € N. For f € CY(Q) we let D;f = %fj (7 = 1,...,n). By C.(Q) we de-

note the space of all continuous functions f : 2 — R such that the support suppf =
{r e Q: f(z) # 0} is a compact subset of 2. We let

Ci(Q) = CHQNC(Q),
C¥(Q) = ()C*"Q); andby

keN

D(Q) = C®(Q)NC(Q)

we denote the space of all test functions. Let f € C1(Q2), ¢ € C}(Q2). Then

(3.1) - Q/ IDypdz — Q/ D, foda .

We use this relation (3.1) to define weak derivatives.

Definition 3.1.1. Let f € L (Q). Let j € {1,...,n}. A function g € Li. (Q) is called the
weak j-th partial derivative of f (in Q) if

- [ 1Dsedo = [ goda
Q

)
for all ¢ € D(QY). Then we set D, f = g.

Note that the weak j-th partial derivative is unique. Here we identify functions in

Li .(Q) which coincide almost everywhere. We let

loc

WY Q) = {f € L|,.(Q) : the weak derivative D,f € L (Q) exists for all j =1,...,n} .

Another notation for W' () is Wb (Q). Note that LP(Q2) C L} (Q) for all 1 < p < oo.
Now we define the first Sobolev space H'(Q2) by

HYQ) :={fe *(QQnNWQ):D,f € L*(Q) Vji=1,...,n}.

Proposition 3.1.2. The space H'(Q) is a separable Hilbert space for the scalar product

(f19)m @) /fng—FZ/DfD]gdx.

Proof. Consider the separable Hilbert space H = L?(Q)"*! with norm

n
(s s )| = Z/ u;Pda .
j=0 /9
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Then @ : HY(Q)) — H, f— (f,D1f,...,D,f) is isometric and linear. Thus it suffices to
show that the image of @ is closed. Let f, € H'(£2) such that klim O(fi) = (f, 91, 9n)

in H. Then hm fr = f and hm Difi = g;in L*(Q) (j = 1,...,n). Let p € CLQ).

Then by the Domlnated Convergence Theorem
- [Dypsds = i (- [ Dyopda)
Q Q

= klim ©D; frdx
Q

= /ngdl"-

Q

Thus g; is the weak j-th partial derivative of f and ®(f) = (f, g1,...,gn)- O]

Next we talk about Dirichlet boundary conditions. If n > 2, then H'(£2) is no longer a
subspace of C(2). Thus the elements of H'({2) are merely equivalence classes; we identify
functions which coincide almost everywhere. In fact, in general 92 will be of measure 0,
so it does not make sense to talk about the restriction to 9Q for functions in H'(€). This
leads us to the following definition: The elements of the space

—Hl(Q)
Hy() =D(Q)

i.e., the closure of D(Q) in H'(Q), are considered as those functions in H'(Q) which
satisfy Dirichlet boundary conditions in a weak form.

Later we will investigate further properties of HJ ().
Now we want to introduce the Dirichlet Laplacian. For f € C?(Q2) we define the

Laplacian A f by
Af:=> Dif
j=1

Similarly as for the first order derivatives, we define the weak Laplacian as follows. Let
feLl.(Q),ge Ll (). We say that Af = g weakly, if

loc
(3.2) /Agpfd:vz /gpgdzz
Q Q

for all ¢ € D(R2). In that case we write

Af =g weakly (on Q) orin D(Q) .
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Remark 3.1.3. a) Again g is unique up to a set of measure 0.
b) In the language of distributions, (3.2) just means that the distribution Af equals g.

For f € W(Q) we denote by gradf(z) = Vf(z) = (D1 f(x),..., D,f(x)) the gradi-

ent of f. For z,y € R" we denote by zy = ) z;y; the scalar product in R". Similarly,
j=1

for f,g € WHQ) we let VfVg= > D,fDjg.
=1

J

Theorem 3.1.4 (the Dirichlet Laplacian). Define the operator A on L*(Q) by
D(A) = {f € Hy(Q) :3g € L*(Q) such that Af = g weakly},

Af = Af .

Then A is a selfadjoint, dissipative operator. We denote A by A and call A the Laplacian
with Dirichlet boundary conditions or simply the Dirichlet Laplacian.

Proof. Let u € D(A). Since u € H}(Q), it follows that for v € C(£),
(Au| o) = (u] Av)ps

= —/Vqu.

By density, we deduce that

(Au | v)g2 = —/VUVU for all v € Hy(Q) .
Q

Hence A is dissipative and symmetric. It remains to prove the range condition. Let
f € L*(Q). Then ¢(v) = [ fv defines a continuous linear form ¢ on Hj(2). By the
Q

Riesz-Fréchet Lemma there exists a unique u € H}(Q) such that

Q/fv:(u|v)H1=Q/uv+Q/Vqu

for all v € H} (). For v € C(Q) we obtain [ fo = [uwv — [ulv, Le., f =u— Au
Q Q 0
weakly. O

Thus the operator A5 generates a contractive Cp-semigroup T of selfadjoint operators
on L%(02). We frequently use the symbolic notation

8 =T(t) (t>0).
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This semigroup governs the heat equation with Dirichlet boundary conditions. Indeed, if
f e L2(Q), then u(t) = €% f is the unique solution of

u € C%((0,00); L2(2)) N C([0, 00); L*())

u(t) € Hy() (¢ >0),

u(t) = Au(t) weakly (t>0),

u(0)=f.
This can be easily shown by transforming AL into a multiplication operator with the help
of the Spectral Theorem.

Next we consider Neumann boundary conditions. It is remarkable that they can be
defined for arbitrary open sets.

Theorem 3.1.5 (the Neumann Laplacian). Let Q C R™ be open. Define the operator A on
L2(2) by

D(A) = {f € HQ): there exists g € L*(Q) such that
—/Vngp = /ggp for all p € H'(Q)}
Q Q
Af =g

Then A is selfadjoint and dissipative. We call A the Laplacian with Neumann boundary
conditions or simply the Neumann Laplacian. We denote the operator by AY.

The proof is similar and can be omitted.
Remark that
AN f=Af weakly

for all f € D(AY). This follows clearly from the definition.

Remark 3.1.6 (comparison of classical and weak Neumann boundary conditions). Assume
that Q C R™ is open, bounded with boundary of class C*. Recall Green’s Formula

(3.3) /Afgdx:/%gda—Q/Vngdx

Q o0

(f € C%(Q), g € CY(Q)), where o denotes the surface measure on 0. By v(x) we denote
the exterior normal in each x € 0; and for f € C*(Q), %(1’) = Vf(z) v(x) is the
normal derivative of f in xz € Q. Now define the operator B on L?(Q2) by

DBy = {fecx@:% _oy,

'8V|BQ
Bf = Af.
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Then (a) BC AN and
(b) C*(Q)ND(AY) c D(B) .
Proof. a) Let f € D(B). Then by (3.3), —(Af|)2 = [ VfVpdz for all ¢ € CH(Q).
Q

Since  is of class O, the space C*(Q) is dense in H'(2) (see [Bre83, Corollaire IX.8, p.
162]). Hence, going to the limit yields

—(Aflp)e = | VfVp
/

for all p € H(Q). Hence f € D(AY) and AN f = Af.
b) Let f € C*(Q) N D(AY). Then

/Aﬁp:—Q/VfW

Q
for all ¢ € C(Q). Comparison with (3.3) shows that [ $Lpdo = 0 for all p € CH(Q).
50

This implies % =0 on 0S. O

The operator AN generates a Cp-semigroup 7" on L*(Q2). We frequently use the
notation N

efa =T(t) (t>0).
This semigroup governs the heat equation with Neumann boundary conditions.

A natural question occurs: If 2 = R", then there is no boundary. So one expects
that the Dirichlet and Neumann Laplacian coincide in this case. This is true indeed.
One has HJ(R") = H'(R") which is proved by the standard method of truncation and
regularisation. And as one expects the semigroup generated by the Laplacian on L*(R")
is the Gaussian semigroup which is the prototype example for this course. It is given
explicitely by the familiar Gaussian kernel

(47Tt)—n/2e—\w—y\2/4t .
Now, the Dirichlet Laplacian on L?(R") is just the operator A, := AR, given by
D(Ay) = {ue H'(R"): Aue L*(R")}
= H*(R"),
Nou = Au .
We call Ay the Laplacian on L?(R").
Theorem 3.1.7. The operator Ay generates the Cy-semigroup G on L*(R") given by
(GUO)£) (@) = (amty ™ [ e )y

[Rn
G is called the Gaussian semigroup.
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3.2 Order properties of H'(Q)

In this section we establish some order properties of weak derivatives. Let €2 C R"
be an open set and let f : Q@ — R be measurable. We define f* f= [f] : @ — R

by fH(x) = max{f(x),0}, f~ = (=f)7, |fl(z) = max{f(x),—f(x)}. Observe that
f=f"—fand |f|= fT+ f~. Moreover, we define signf : 2 — R by

1 if f(x) >0
signf(z) = { 0 if f(z)=
-1 if f(x) <0

Thus |f| = (signf) - f. Finally, we define {f > k} := {x € Q : f(x) > k} and similarly
{f <k}, {f >k} and {f <k} where k € R. Thus signf = 1{s>0y — l{s<o}-

Proposition 3.2.1. Let f € WY(Q). Then T, f~,|f| € WYQ) and

(3.4) D;f* = ly=aD;f,
(3.5) D;f~ = —ly<yDjf
(3.6) D;lf] = (signf)D;f .

(j = 1,...,n). In particular, (f — k)T € WY Q) and D;(f — k)" = 1= D, f for all

We refer to [GT98, p. 152] for the proof.
Note that the identities in Proposition 3.2.1 have to be understood in W'(Q), i.e.,
almost everywhere on €. The first is equivalent to

/ FraDp@dr= [ Dt
{f>0}
for all ¢ € D(N).
We note the following corollary:

Corollary 3.2.2 (Stampacchia’s Lemma). Let f € W(Q), k € R. Then

D;f(z) =0 for almost allz € {y € Q: f(y) =k} .
Proof. Replacing f by f — k we can assume that k¥ = 0. Since f = f* — f~ we have
Dif = D;f* = Dif~ = ys01Df — Ly<oy Ds f- 0

Corollary 3.2.3. Let f € HY(Q). Then |f|, [, f~ € H (). Moreover, if k > 0, then
(fAK)(z) := min{f(x), k}, (fVE)(z) == max{f(z), k} define functions fAk, fVk € H'(Q)
and

Di(f Nk) = Ly<wyDif

Di(fVk) = lypnyDif -
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Proof. 1t follows from Proposition 3.2.1 that D;|f| = signfD;f, D;f* = ly=0D;f
and D;f~ = 1y<oyD;f € L*(Q) (j = 1,...n). This implies that |f|, f*, f~ € H'(Q).
Moreover, since fV k= f+ (k— f)T, one has

Di(fVk) = Djf +1p->0yDi(k — f)
= Djif + 1y (=D;f)
= L= Dif
= LypsnDif
by Corollary 3.2.2. Hence D;(fV k)€ L*(Q) (j=1,...,n)andso fVke H(Q). O

It follows from Proposition 3.2.1 that
(3.7) [y = I Lf] @)
for all f € H'(Q).

Remark 3.2.4. However, H'(Q) is not a Banach lattice, since 0 < f < g does not imply
[l < gl

Proposition 3.2.5. The mappings f — |f|, f — [T and f — [~ are continuous from
HY(Q) into H'(Q).

For the proof we need the following well-known lemma on weak convergence.

Lemma 3.2.6. Let H be a Hilbert space. Let x,x, € H such that x, — x and klim e <

|x||. Then x) — x.

Here 2, — = means weak convergence , i.e., (z; | y) — (z | y) for all y € H.
Proof. Iim [l —a|* = m {(z—ax | ) = (@ | @) + o]} = —[l]*+ lim [lz[* = 0. O
Proof of Proposition 3.2.5. Let u, — uin H'. We want to show that |uy| — |u|. For this,
it suffices to show that |ug,| — |u| for some subsequence (since then each subsequence

has a subsequence converging to |u|). Since H' is reflexive, taking a subsequence, we may
assume that |uy,| — v in H'. Since |uy| — |u| in L?(2), it follows that v = |u|. Moreover,

by (3.7), klim k||| g = klim |lugllgr = ||ullgr = |||ul||g:. Now the claim follows from
Lemma 3.2.6. Since u™ = 1(u + |u|) and u~ = (—u)™, the continuity of all the three
mappings is proved. O

Corollary 3.2.7. Let f € HLY(Q). Then T, f~,|f| € H3(9).
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Proof. a) Let ¢ € D(Q). Then ¢t € H'(Q) by Proposition 3.2.1. Since ¢* has compact
support, it follows from Proposition 3.2.8 below that ¢+ € H}(Q).

b) Let f € HLQ). Let f, € D(Q) such that f,, — f in H'(Q) as m — oo. Then
fF e HY(Q) by a) and rrILI—I>I<1>o fF— fTin H'(Q) by Proposition 3.2.5. Thus f* € HJ ().

Hence also f~ = (—f)" and |f| = fT+ f~ € H}(Q). O

The elements of HJ(f2) are considered as those functions in H!(Q2) which vanish at
the boundary in a weak sense. In the next proposition we compare the weak and the
strong sense. If @ C R™ is open and bounded we let Co(Q) := {f € C(Q) : f(z) = 0 for
all z € 00}, where 9 denotes the boundary of €.

Proposition 3.2.8. a) If u € H'(Q) vanishes outside a compact set K C Q, then u €
Hg ().
b) If Q is bounded, then Co(2) N HY(QY) C HY(Q).

Proof. a) Denote by (gx)ren a mollifier, ie. 0 < o € D(R"), [or = 1,suppox C
B(0,1/k). Then u * g € D(Q) for k large enough and u * g — u in L*() and
Dj(u* ox) = Dju* op — Dju in L*(Q) as k — oo.

b) Let u € Co(Q) N H*(Q). For k € N let u, = (u — 1)*. Then u;, € H'(2) by Proposi-
tion 3.2.1. Since wy, vanishes outside of a compact set, it follows that u; € Hg () by a).
Moreover, u, — u™ in L?(Q) and Djuy = Ly»1yDju — Dju a.e. since by Stampacchia’s
Lemma D;u = 0 a.e. on {u = 0}. The Dominated Convergence Theorem implies that
Dju, — Dju in L*(Q) as k — oo. O

3.3 Positivity

The aim of this section is to show that the semigroups generated by the Dirichlet and
Neumann Laplacian are positive.

Let © C R™ be an open set and 1 < p < oo. By LP(Q), = {f € LP(Q) : f > 0} we
denote the positive cone in LP(2) (where f > 0 means that f(z) € Ry a.e.). A bounded
operator B on LP(f2) is called positive (we write B > 0) if BLP(Q), C LP(2),. Finally,
a Cp-semigroup 7" on LP(£2) is called positive if T'(t) > 0 for all ¢ > 0.

Now we consider the Cy-semigroups (€28 )i=o and (€2 ),5o on L2(2) generated by
the Dirichlet Laplacian A and the Neumann Laplacian AY, respectively.

Theorem 3.3.1. The semigroups (€'2%);50 and ("% )50 on L2() are positive.

Proof. Let A= AL or A, T(t) = 4. Since by Euler’s formula,

t
e = lim (I — —A)™
n

n—oo



38 3. THE LAPLACIAN ON OPEN SETS IN R™

strongly, it suffices to show that R(A, A) > 0 for A > 0. Let A = Af or A = AJ. Let
0> feL*Q),u=R(\ A)f. Wehave to show that u < 0. One has

Atz = (u|ub)
= (Mu—Au|u")+ (Au | u™)
= (flu")+ (Au | u")
< (Au|u™) (since f <0)
= — 2 JoDjuDjutdz (by the definition of A)
j=1
— ZlfQ(Dju+)2dx (by (3.4))
]:
< 0.
Hence u™ = 0; i.e., u < 0. O

3.4 The Poincaré Inequality and exponential stability

Let €2 be an open set in R”. We say that €2 lies in a strip of width d if there exists
Jo € {1,...,n} such that |z;,| < d for all v = (z1,...,2,) € Q.

Theorem 3.4.1 (Poincaré’s Inequality). Let Q@ C R™ be open and assume that it lies in a
strip of width d. Then for all u € HJ (L),

1
2
ol < 2 ( [ 19a2)"
Q

Proof. By density, it suffices to show the inequality for v € D(£2). Let us without loss of
generality assume that jo =1, i.e., |z1| < d for all z = (xq,...2,) € Q.
a) Let h € C'[—d,d], h(0) = 0. Then by the Cauchy-Schwarz inequality

[ = [ s
/_C; (/_d () |2dy) (z + d)da
2a [ [ ) paves

~ (20 / ).

2
dx

IN

IN
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b) Let now u € D(Q2). Then by a) one has

d
/|u|2 < (2d>2/...// \Dyu(as, . 20)Pday . da,
Q R R J—d
< (2d)2/ Vul?.
Q

This concludes the proof. O

Poincaré’s inequality implies that

[u|v]:= / VuVo
Q
defines an equivalent scalar product on H} () if Q lies in a strip.

Now we want to reformulate Poincaré’s inequality in terms of the asymptotic be-
haviour of the semigroup (¢'28),59 on L2(9).

Proposition 3.4.2. Let A be a selfadjoint operator on a Hilbert space H such that
w:=sup{(Au | u)g : v € D(A), ||lu|lg =1} < co.
Then A generates a Cy-semigroup and
e cemy < €.
Proof. Let w; € R such that w; > w. Then A — w; is dissipative, hence
le™™ e | 2y = 17| ey < 1.
]
Theorem 3.4.3. Let 2 C R™ be open. If Q2 lies in a strip, then there exists ¢ > 0 such that
[ o < et (t20).

Proof. By Poincaré’s inequality there exists a constant w > 0 such that w||u||2Lg(Q) <
Jo IVu]?. Hence

(ADu | )y = / Vul? < —wlfulZ0

for all u € D(AF) c HL(Q). O
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3.5 Exercises

A closed subspace J of H'() is called an ideal if
a) 0 <u<wv,v€Juec HY(Q) implies u € J and
b) u € J implies |u| € J.

In the first exercise we show that H}(f2) is an ideal of H(1).

Exercise 3.5.1 (ideal property of Hg(£2)). Let Q C R™ be open.

a) Let u,v € HY(Q),0 <u <wv. Assume that v € H}(Q). Show that also u € H ().

b) Show by an example that the order interval [0,v] := {u € H'(Q2) : 0 < u < v} is not norm bounded.
c¢) Let u € H} (), k > 0. Show that u Ak and (u — k)T € HI(Q).

Exercise 3.5.2 (points do no matter in dimension n > 3). a) Let u € CX(R"),n
be infinitely differentiable such that 0 < n < 1, n(x) = 0 if |z| < 1 and n(z)
u(z) = n(k|z))u(z). Show that up — u (k — co) in H*(R™). )
b) Let Q={z e R®: |z| <1}, Q={x € R®: 0 < |z| < 1}. Show that D(2) C H ().

For the next exercise we need a more precise description of the Sobolev space in dimension 1. Let

—00 < a < b < co. We say that u € L?(a, b) is continuous if there exists @ € Cla, b] such that u = @. a.e.
Such @ is then unique and we identify u and 4. We have the following result.

>3. Letn:R—=R
=1 if|z|] > 2. Let

Theorem 3.5.3 (Sobolev space in 1 dimension). For u € L?(a,b) the following are equivalent.
(i) we H'(a,b);

(ii) w is continuous and there exists u' € L*(a,b) such that
¢
u(t) = u(a) + /u’(s)ds .

In that case v’ is the weak derivative of u.

From this we obtain the following formula for integration by parts as an application of Fubini’s
Theorem.

Exercise 3.5.4 (integration by parts and the Neumann Laplacian). a) Show that

for all u,v € H'(a,b).
b) Let AY be the Neumann Laplacian on L*(a,b). Show that AYu =" and

D(AY) = {u € H*(a,b) : v/ (a) = u'(b) = 0} .
Hint: Observe first that H?(a,b) C C'[a,b).

Exercise 3.5.5. Let Q be an open set and u € H (). Define

Joulx) if zeQ,
(””)'_{0 if TeRM\Q.

U

Show that @ € HY(R") and Dju = (Dju)~,j =1,---n.
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3.6 Comments

More information on the Dirichlet Laplacian can be found in the ISEM-Manuscript 1999 [ISEM 99/00].
The proof of Theorem 3.1.5 is given in [ISEM 99/00, Theorem 4.2.5].

Exercise 3.5.2 b) shows that in general for bounded open sets it is not true that H}(Q) N C(Q)
is included in Cy(€2). However it is true if € satisfies mild boundary conditions, for instance if € has
Lipschitz boundary. In fact, recently M. Biegert and M. Warma [BWO02] proved the following.

Theorem 3.6.1. Let Q2 C R™ be open and bounded. The following are equivalent.
(i) C(Q) N HG(Q) € Co(Q);
(i) Q is reqular in capacity, i.e., cap(B(z,r)\ Q) > 0 for all z € 9Q,r > 0.
Here B(z,r) = {x € R™ : |z — z| < r} denotes the ball of centre z and radius r > 0. Moreover,

cap(A) :=inf{ |ullggn):ue H'(R"),
u>1 in a neighborhood of A}

denotes the capacity of a subset A of R™. This is an outer measure which allows one to describe fine

properties of the Laplacian.
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Lecture 4

Domination, Kernels and Extrapolation

In this lecture we first establish the Dunford—Pettis criterion for kernels. We apply it
to the Dirichlet Laplacian. For that we will show that the semigroup generated by the
Dirichlet Laplacian on L?({2) is monotone as a function of the domain 2 C R™. This is
the first instance of a Gaussian estimate which will be studied more in detail later. These
estimates allow us to extrapolate the semigroups to LP-spaces and we investigate which
properties on L? extrapolate to L?.

Throughout this lecture we consider real spaces.

4.1 Kernels

In this section we establish the important Dunford—Pettis criterion for kernels. Let 2 C R”
be an open set and k € L>*(Q x Q). Then

(4.1) (Buf)(x) == / ke, y) () dy

Q

defines a bounded operator B, € £(L*(2), L>(Q2)) and

| Brll o @),00)) < ||kl Lo @x0) -
If £ C R™is a Borel set we denote by |E| the Lebesgue measure of E.

Theorem 4.1.1 (Dunford—Pettis). The mapping k — By, is an isometric isomorphism from
L>®(Q x Q) onto L(LY(Q), L>()). Moreover

(4.2) By >0 if and only if k > 0

for all k € L>(2 x ).

43
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Proof. For f,g € L'(Q) we define f ® g € L'(Q x Q) by (f ® g)(z,y) := f(x)g(y). Then
1f ®9llioxa) = 1fllzq) - 19llz ). 1t follows from the construction of the product
measure that the space

F = {Z ¢ilp, ®1p :neN, ¢ eR, E;,F, CQ measurable of finite measure}

i=1

is dense in L'(2 x Q). Let B € L(L'(R2), L>*(Q)). Define ¢ : F' — R by

where v = Y ¢;lp, ® 1p,. It is easy to see that this definition is independent of the
i=1
representation of u (Exercise 4.5.2). Hence ¢ : F' — R is a linear mapping. We show that

[p(u)] < ||B||£(L1(Q),L°°(Q)) : HuHLl(QXQ) :
For that we can assume that (E; X F;) N (E; x Fj) =0 for i # j. This implies that

||u||L1(Q><Q) = Z el - | B - | Fil -
i=1

m

Hence [¢(u)| < Z|Cz| ||BlEi||L°°(Q) ||1Fi||L1(Q)
i=1

< Z|Ci| 1Bl 1@,y NEN L0y 1AL

||BH£(L1(Q),L°°(Q)) ||UHL1(Q><Q) :

Since (L'(Q2 x Q)) = L>®(Q x Q), there exists a function k € L*(Q x Q) such that
1kl 2o @xe) < | Blle @), and

_ /Q /Q u(y, 2)k(z, y)dydz

for all u € F. In particular, for simple functions f, g € L'(2) we have

[ @@ =otron = [ [ ke
- /Qka)()()dx.
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It follows that Bf = By f for all simple functions f in L'(Q). Hence B = Bj,. We have
shown that the mapping k — By : L®(Q x Q) — L(L'(Q),L>°(Q)) is surjective and
isometric. Finally, since functions of the type

u=>Y_f;®g; with f;,g; € L'(Q),

Jj=1

are dense in L'(Q x Q) it follows that B, > 0 if and only if [, ,uk > 0 for all
ue LY xQ)y;ie., if and only if £ > 0 a.e. . O

Let B € L(LP(R2)) where 1 < p < co. We define
||B||£(L1(Q),L°°(Q)) = Sup {HBfHLOO(Q) L fe LY(Q) N LP(Q), ||.f||L1(Q) < 1} :

Observe that L'(Q) N LP() is dense in LP(Q2). To say that 1Bl g(r1@)po00)) < o°
means that there exists a unique operator B € £(L*(2), L=(Q)) such that

Bf =Bf forall f e LP(Q).

Hence by the Dunford-Pettis Theorem there exists a unique k € L>(Q x ) such that
B = By. We have shown the following.

Corollary 4.1.2. Let 1 < p < oo, B € L(LP(R?)) such that

(4.3) HB||L(L1(Q),L°°(Q)) < 0.

Then there ezists a function k € L>(£2 x Q) such that

(4.4) (Bf)(x) = / k(e 9)f (9)dy a.c.

for all f € LY(Q) N LP(Q). In that case B > 0 if and only if k > 0.

We call k the kernel of B. It is worth to state explicitly the following (obvious)
domination property.

Corollary 4.1.3. Let 1 < p < oo, By, By € L(LP(R2)) such that 0 < By < By. Assume that
By has a bounded kernel ky. Then By has a bounded kernel ky € L*(Q x Q) and

0 <ki(z,y) < ko(z,y) a.e. .
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4.2 Monotonicity

Our next aim is to show that the semigroups generated by the Dirichlet-Laplacian A5
and the Neumann Laplacian AJ possess a kernel and that the kernels of the Dirichlet
Laplacian are monotonic with respect to €.

For an open set  C R" we consider LP(f2) as a subspace of LP(R") identifying a
function f € LP(Q2) with its extension by zero f € LP(R"). If B is a bounded operator on
LP(2) we may extend B to LP(R") by defining

Bf:=B(fla)  (f € LP(R")).

In that way L£(LP(£2)) becomes a subspace of L£(LP(R™)) such that B > 0 in L(L*(2)) if
and only if B > 0 in L(LP(R")).

If T is a semigroup on LP(Q2), considering T'(t) as operator on LP(R™), the semigroup
property
Tt+s)=Tt)T(s) (t,s>0)

still holds. But 7'(0) is the projection onto LP(2) given by T(0)f = 1o f. Moreover, the
mapping t — T'(t) : Ry — L(LP(R™)) is strongly continuous.

If By, By are bounded operators on L*(R") we write By < By if B, — B; > 0. Our
aim is to prove the following comparison result.

Theorem 4.2.1.
1. One has always

(4.5) 0 < ™8 < etha

2. If Q1,Q9 C R™ are open such that )1 C §2o, then

(4.6) 0 < ™0 < (A5

For the proof we use the notion of positive distributions. By D(2)" we denote the
space of all distributions. For u € D(2)" we write

u>0if u(p) >0 for all p € D(N)4 .

Here D(Q), := {p € D(Q) : ¢ > 0}. We identify L{,.(Q) with a subspace of D(Q)" by
defining uy € D(2)" by

us(p) :Z/wadx (¢ € D(2))
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whenever f € L (). Then
ug > 0 if and only if f > 0.
If u € D(Q2)' the Laplacian Au € D(Q2)" is defined by
(Au)(p) :=u(Ap) (¢ € D)) .
For u,v € D(QQ) we write
u < v if and only if u(y) < wv(p) for all p € D(Q), .
Moreover, we let H'(Q), := L*(Q). N H'(Q) and H}(Q), := L*(Q), N HY(Q).
Lemma 4.2.2. The cone D(Q), is dense in HI ().

Proof. Let f € H}(Q),. There exist ¢, € D(Q) such that ¢, — f in H(Q) as k — oo.
Hence ¢ — f in H'(Q) by Proposition 3.2.5. Since ;" vanishes outside a compact set
it can be approximated by positive test functions. This is done by convolving with a
mollifier as in Proposition 3.2.8. O

Lemma 4.2.3. Let A > 0, u € H}(Q), 0 <v e HY(Q) such that
Au—Au < o —Av  inD(Q)".

Then v < v.

Proof. Let 0 < ¢ € D(Q2). Then

(4.7) / Aupdx +/ VuVedr < )\/ vedr + / VoVpdz
Q Q Q Q

for all 0 < ¢ € D(Q). It follows by density that (4.7) remains true for all p € HJ (),
(see Lemma 4.2.2). Note that (u—v)" € H}(Q). In fact, let uy, € D(Q2) such that uj, — u
in H'(Q) as k — oo. Then (u, — v)* has compact support, hence (u —v)™ € Hj(Q) by
Proposition 3.2.8. It follows that (u — v)* = limy,_..(ux — v)T € H}(Q). Now it follows
from (4.7) applied to ¢ := (u — v)* that

/Q)\u(u —v)tdz + /QVUV(U —v)tdr < )\/Qv(u —v)tdr + /Q VoV (u —v)tde .
Hence
/Q Mu—v)Pde = /Q AMu —v)(u —v)Tdx
< /QV(U —u)V(u—v)"

- - / V(- o)t dr (by (3.4))
Q
< 0.
It follows that (v —v)™ < 0; i.e., u < wv. O
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Proof of Theorem 4.2.1.
1. Since e = lim (I — LA)™" strongly, where A = A§ or A = A, it suffices to show

that e
RO\ AD) <R ALY (A>0).

Let 0 < A\, u = R\AL)f € HI(Q), and v := R\, AY)f € HY(Q), where
f € L*Q),. Then
Au—Au=f=X\v—Avin D(Q)".

It follows from Lemma 4.2.3 that u < v.
2. Let A>0,0< fe L*;). We have to show that
u:=RAAG)f < RNAG)f = v.

One has u € Hy()y, v, € H' () and u — Au = f = dv — Av weakly. Tt
follows from Lemma 4.2.3 that v < v. O

It follows from Theorem 4.2.1 that
(4.8) 0<e™ <G(t) (t>0)

where G denotes the Gaussian semigroup on L?(R"). From this we can deduce that etha
is a kernel operator by the the Dunford—Pettis Theorem.

We apply the preceding results to the semigroup generated by the Dirichlet Laplacian.
Indeed we have the following

Theorem 4.2.4. Let 2 C R™ be open. Then ™8 has a bounded kernel k, satisfying
0 < ky(z,y) < (dmt) 2 levl/4 g e

for allt > 0.
Proof. Tt follows from Theorem 4.2.1 that 0 < '8 < G(t). The operator G(t) has the
bounded kernel (4rt)~"/2e~1#=v*/4t "G4 the claim follows from Corollary 4.1.3. O

Theorem 4.2.4 is a remarkable result. It is impossible to describe the semigroup et
(unless € is of very special nature). Nonetheless we know that the semigroup has a kernel
which is dominated by the Gaussian kernel. Later we will see that a quite similar result

is true for a very general class of elliptic operators.

Corollary 4.2.5. Let Q) C R™ be open of finite measure. Then the operator A8 s compact
for every t > 0. Consequently, AL has compact resolvent.

Proof. Since 2% has a bounded kernel k, € L™(Q x Q) € L*(Q x Q), it is a Hilbert-
Schmidt operator (Theorem 1.6.1). Thus A8 s compact for t > 0. Consequently,
R(X\, AL) is compact for A > 0 (see Proposition 2.5.7). O
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4.3 Submarkovian Operators

Let (2,3, 1) be a o-finite measure space, 1 < p < oo, and let S : LP(2) — LP(Q2) be
linear. We say that S is submarkovian if f < 1 implies Sf <1 for all f € LP(Q2). Here
we use the notation f < g <= f(z) < g(x) a.e. .

Proposition 4.3.1. Fach submarkovian mapping is positive and hence continuous.

Proof. Let f < 0. Then kf <1 forall k € N. Hence kSf = S(kf) <1 forall k € N. This
implies that Sf < 0. We have shown that S is positive. See the notes 4.6.8 for automatic
continuity of positive linear mappings. O

Recall that
(4.9) LY Q)N L>(Q) C LP(Q) € L(Q) + L™(Q)
forall 1 <p < o0.

Lemma 4.3.2. Let S : L'(Q)NL>®(Q) — L'(Q)+ L>®(Q) be positive and linear, 1 < p < oo
and let 1/p+1/p' = 1. Then for 0 < f,g € L*(2) N L>(Q),

(4.10) S(f-g) < (SFP)VP - (SgP )7

Proof. For a,b > 0 one has

p N
(4.11) a-b:inf{tpa——i—t_p—}.
/
t>0 p p
Hence
tP -
. g —JT+ g a.e.
(4.12) f < —fP - p
p p
and so

S(f-9) < D) + L2 e

for all ¢ > 0. Taking the infinum over ¢t > 0 and applying (4.11) one deduces (4.10). O

Let 1 < p < oo, D C LP(Q). For a linear mapping S : D — L'(Q2) + L>=(Q2) we let

191 cqeniey = 510 LIS oy £ € D2 I1f oy < 1}

To say that an operator S € L(LF(€)) is submarkovian means S|z (q) < 1 and S > 0.
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Theorem 4.3.3. Let S € L(L'(Q)) be positive such that ||S| ;v s 1Sl ze@y < M-
Then there exists a unique family of consistent operators S, € L(LP(£2)), 1 < p < oo,
such that

1. S=5;

2. Ss s an adjoint operator.

To say that the family is consistent means

Spf = Sqf forall fe LP(Q)NLIQ) and all 1 < p,q < oo.

To say that S, is an adjoint operator means that there exists an operator 7' € L(L'(Q))
such that S,o = T".

Proof.

(a) We have to show that there exists a unique operator T € L(L'(Q)) such that

(b)

(c)

T'f=Sfforal fe L'(2)NL*). Then we let Sy, := T". Uniqueness of T is
easy to see. In order to prove existence we note that the hypothesis implies that
S(LH(@) N E=(0)) © 149) 1 L2(92) and |15y < M |l for p=1,00 and
for all f € L'(Q) N L>(Q). Observe that a function g € L>(Q) is in L'(Q) N L>(Q)
and [|g|| 1 q) < M if and only if

/Q g(@)p(x) da

< M lell Lo

for all ¢ € LY(Q) N L>(Q). This shows that the adjoint S" € L(L>®(2)) of S leaves
LY () N L>(Q) invariant and 15" fll iy < M| fl 11 q) for all f € LY Q) N L2(Q).
By density of L'(Q)NL>*(2) in L*(Q), there exists a unique operator T' € L(L'())
such that Tf = S'f for all f € L*(Q2) N L>(). This implies that T'g = Sg for all
g € L'(Q) N L2(Q).

By (a) there exists a linear, positive extension S L)+ L®(Q) — LY(Q) +L=(Q)
of S such that [[Sf|re(q) < M || f[| =) for all f € L>(Q). In particular, S1 < M.

It follows from Lemma 4.3.2 that

~ L1
7

S(f) < (Sf7)7(S1)7

whenever 0 < f € L'(Q) N L>®(Q).

< (SfryrM
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(d) By assumption ||S||z11(q) < M. Let 0 < f € L'(Q) N L®(Q). Then by (c)

1/p - p . .
151 ey = ( / (Sf)”) < ( / Sfp) MP < M Sl M = MIf],

where 1 < p < co. Since L'(Q)NL> (1) is dense in LP(12), the operator S| )z ()
has a continuous extension S, € L(LP(12)).

O
We add the interpolation inequality whose proof is also based on Lemma 4.3.2.

Theorem 4.3.4 (Interpolation Inequality). Let S : L*(Q2) N L>=(Q) — LY(Q) + L>=(Q) be
positive and linear. Let
1 1-0 0
l1<pg<oo, 0<fl<l, —=—+ 4+ -.
r p q

Then

0
(4.13) 11122y < IS0z zny) - 151z

Proof. Since |Sf| < S|f|, we may assume that f > 0. Let s = ﬁ, 5. Then
1 < s < oo and % + é = 1. Since f = fr1=0/p. fr9/¢ it follows from Lemma 4.3.2 that

Sf < (SfFrPY0(s ey,

s =

Hence by Holder’s inequality,

[ = (/] <Sff/p><1-9>“)l/s (f (Sf’“/q)ers/)l/sl

= |15 ke IS5 ey

< ISIZ e Hf’“/pHiiiQ HSqu/qum 1|2,

= ISHEastey 112 - 181 ey 11750
Hence
1S £l ) < 1SN oy 1SN zaey 1/ 1)
]
Remark 4.3.5 (Riesz-Thorin Theorem). Theorem /.3.4 remains true if the assumption that

S be positive is omitted. This is precisely what the Riesz-Thorin Interpolation Theorem
says.
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4.4 Extrapolation of semigroups

In this section we investigate how a submarkovian semigroup defined on L?*(€2) can be
extrapolated to LP(€2) and how properties of the given semigroup are inherited by the ex-
tended semigroup. We restrict ourselves to positive semigroups since most of our examples
will be positive. In the comments we state more general results.

Let T be a positive Cy-semigroup on L*(2) with generator A, where (2,X, 1) is a
o-finite measure space. Assume that for 0 <t <1,

(4.14) 1T g1y <M and | T(E)]| 2oy < M.
Then by (2.14) there exists w € R such that
7O ey < Me** (22 0)
for p = 1,00. By Theorem 4.3.3 there exists a consistent family of operators T,(t) €
L(LP(Q)) such that [|T,(0)| o) < Me*t, where T, (t) is o(L>(2), L' (Q))-continuous,
and Ty(t) = T'(t), the given semigroup. It is obvious from consistency that
T(OTy(s) = Tyt +5) (b5 > 0)
forall 1 <p < oo.

Theorem 4.4.1. The function T, is a Cy-semigroup for 1 < p < oo, i.e., T, is strongly
continuous on R, .

Proof.

1_1-6 , 0 1 .
1. Let 1 <p < 2and 0 <6 <1 besuch that ;=1 t3 Then by Hélder’s inequality

(T3 () = Tp(t0) 1l 1oy < I(Ta(t) = Toto)) £l 720y - (T2 () = T1t0)) I (e -

Since T(-) f is continuous, also T,(-)f is continuous.
If 2 < p < oo we write 1/p = (1—0)/oco+ 0/2 and argue similarly.

2. p = 1. The proof is given in several steps.

(@) Ty(t)f N f — fast — 0+ for each 0 < f € LYQ). In fact, consider first
0< fe LY (Q)nL*N). Let t, | 0. Considering a subsequence, if necessary,
such that Ty(t,)f — f a.e. . Hence Ty (t,) fAf — fin L'(Q) by the Dominated
Convergence Theorem. Since L} (Q)NL?*(Q) is dense in LY (©2) the claim follows.
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(b) Let f € L'(2). We show that the set {T7(#)f : 0 <t < 1} is weakly compact
in L'(Q). We may assume that f > 0. Since L. (£2) N L*(Q2) is dense in L2 ()
we may also assume that f € L} (Q) N L*(Q). Recall that for u € L} (Q) the
order interval [0,u] := {g € L'(Q2) : 0 < g < u} is weakly compact [Sch74].

1/n 2
For f,:=n /(Tg(S)f A f)ds  we get that  Ty(t)f, < n/T2(s)f ds =: u.
0 0

Since || T2(s) fll 1) < M [[fl11(q) it follows that

|<u,p > <n2M ||fHL1(Q) ||<P||Loo(ﬂ)

for all p € L*(Q) N L>(2). Hence u € L' () (observe that u is the limit in
L*(Q) of Riemann sums). Then {T}(t)f, : 0 <t < 1} is contained in an order
interval and hence is weakly compact. Since f, — f in L'(Q) by (2a), it follows
that also {T1(t)f : 0 <t < 1} is weakly compact.

(c) Since L'(Q) is separable, there is a dense sequence {f; : i € N} in L'(Q). Let
t, | 0. By (2b) and by a diagonal sequence argument, we find a subsequence
such that T'(t,,)f; converges weakly as | — oo for all i € N. Hence Pf :=
limy o T'(tn,)f converges weakly for all f € L'(Q2). Then P € L(L'(Q)) and
Pf = fforall f e LY(Q)NL*(Q). Consequently, Pf = f for all f € L*(Q2). We
have shown that T'(¢) f converges weakly to f as t | 0. By a general result on
semigroups [Dav80, Proposition 1.2.3], this implies that 7" is a Cp-semigroup.

O

Next we want to discuss the semigroup T,,. We will introduce the notion of a dual
semigroup. Let T be a Cy-semigroup on a Banach space X, then (77(t));>0 is a family of
operators on X' satisfying

T'(t+s)=T')T'(s) s,t>0.

But 7"(-)z’ is merely continuous for the o(X’, X)-topology. We call 77 a dual semigroup
and the adjoint A’ of A the generator of T".

If X is reflexive, then 7" is a Cy-semigroup (see [ABHNO1, Corollary 3.3.9]). Coming back
to the semigroups 7,,1 < p < oo, introduced before, it is easy to see that Tt is a dual
semigroup. In fact, S = T" is a Cy-semigroup on L*(Q), since L? is reflexive. Thus S, is
a Co-semigroup by Theorem 4.4.1. It is clear that T (t) = S;(¢)".

We call the family (7},(¢)):>0, 1 < p < 00, the extrapolation semigroups of 7. Next
we investigate how some properties are inherited by 7, from 75.
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Theorem 4.4.2. Assume that T(t) is compact for t > 0. Then also T,(t) is compact for
l<p<oo,t>0.

This follows from the following result applied to 7(t) and T"(t).

Proposition 4.4.3. Let 1 < py < p; < oo and let A, € L(LP(Q)), po < p < p1, be a
consistent family of operators, i.e.,

Apf =Agf  for feLP(Q)NLIQ), po<pqg<pr.
If A,, is compact, then also A, is compact for all p € [pg, p1).

Proof. Denote by I the set of all sets of finite disjoint subsets E, ..., E,, with 0 < |E;| <
oo ordered by inclusion. For ¢ € I,

Pif ::Z|Ej|_1/f(x)dx 1,
j=1 B

defines a finite rank projection on L?(€2) with norm [| B[4y < 1 for all 1 < ¢ < oc.
Moreover lim; P;f = f in L9(Q) for all f € L%(Q). This limit is uniform on compact
subsets of L7(€2). Since A,, is compact, it follows that

h@m [ Apy — PA;noHL ro(a)) = O-

Now let pg < p < p;. Write

1 0 1-6
-=—+4 with 0 <6 < 1.
b Po D1

Then
%
||A PA HL: (LP(Q)) S ||Ap0 - BAIDOHL(LPO(Q)) ||Ap1 PAIIHHL (LP1(Q)
[
[ Apy — PiApoHL(Lpo(Q)) (2 ||AP1||L(LP1(Q )) =0

with respect to ¢ € I. This follows from the Interpolation Inequality (Theorem 4.3.4).
Since P;A, is compact, it follows that A, is also compact. O

A

Next we consider holomorphy. We assume that M =1 in (4.14), i.e., that T" and T"
are submarkovian.

Theorem 4.4.4 (extrapolation of holomorphy). Assume that T and T" are submarkovian.
If T' is holomorphic, then also T, is holomorphic for 1 < p < oo.
Proof. 1t follows from Theorem 2.5.6 or Exercise 2.6.3 that limyo |7°(t) — | £(12(q)) < 2-

Let 1 < p < 2. Then % = % + 1;29 for some 0 < 6 < 1. By the Interpolation Inequality

(Theorem 4.3.4) it follows that
B IT5(0) ~ Tlqumiay < 8 (1100~ a0y I70) — Doy ) < 227 =2

Now it follows from Theorem 2.5.5 that T}, is holomorphic. O
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4.5 Exercises

Exercise 4.5.1. Give a proof of (4.9).

The next exercise gives a measure theoretic argument needed in the proof of the Dunford—Pettis
Theorem. Let 2 C R™ be open. If A is a Borel set in 2 x € then it is well-known that A;(y) = {x € Q:
(x,y) € A} is a Borel set for all y € Q.

Exercise 4.5.2.
1. Let A C Q x Q be a Borel set. Show that the following assertions are equivalent:
(a) A has a Lebesgue measure 0;
(b) there is a Borel null set N in Q such that for each y € Q\ N the set A1(y) has measure zero.
Hint: Use Fubini’s theorem.

2. Convince yourself that assertion 1 can be reformulated in the following way:
Let P(xz,y) be an assertion for each (x,y) € QxQ. Then P(x,y) is true for almost all (z,y) € QxS
if and only if for almost all y € Q, P(x,y) holds x -a.e..

3. Let fi,gi € LY(Q) such that u(x,y) = > fi(x)gi(y) = 0 a.e. and let B € L(L*()). Show that
i=1

> [ Braw =0

Exercise 4.5.3 (extrapolation of strong continuity to L!(2)).
Let Q C R™ be open, | < oo and let Ty be a Cy-semigroup on L?() such that

sup || T2(t)l £(11(q)) < oo
0<t<1

Denote by Ty (t) € L(LY(Q)) the continuous extension of Ts(t).
Show that 1ting1(t)f = f in LY(Q) for all f € L(Q). Hint: Use that L*(Q) — L'().

In the following exercises T is a Co-semigroup on L*(9) such that T and 7" are submarkovian. T}, is
the extrapolation semigroup on LP(€Q2),1 < p < oo. The solution depends on the interpolation inequality
(Theorem 4.3.4) in each case.

Exercise 4.5.4 (extrapolation of exponential stability). Assume that T is exponentially stable, that is,
IOy < Me,t> 0,
for some ¢ >0, M > 1. Show that T}, is exponentially stable for 1 < p < oco.

Exercise 4.5.5 (extrapolation of strong stability).

1. Assume that T is strongly stable, that is, lim;—oo T(t)f = 0 in L%(Q) for all f € L*(). Show
that T), is strongly stable (1 < p < 00).

2. Show that the Gaussian semigroup Go on L*(R™) is strongly stable.
Hint: Use that FGo(t)F~1 = S(t) with (S(t)f)(z) = eI f(z) where F : L2(R") — L%(R")
denotes the Fourier-Plancherel transform (see [ISEM99/00]).
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3. Let T(t) = 28 where 2 C R™ is an open set. Show that T, is strongly stable (1 < p < 00).

4. Show that the Gaussian semigroup Gy is not strongly stable in L*(R™).
Hint: Show that G| (t)1gn = 1gn (t > 0) by using Theorems 3.1.7 and 4.5.5.

Exercise 4.5.6 (extrapolation of norm continuity at 0).
Assume that T' has a bounded generator. Show that T, has a bounded generator (1 < p < c0).

4.6 Comments

Several of the results presented in this lecture were not formulated in optimal generality. The reason is
mainly that a simple (frequently elegant) proof could be given in a special case or that the special cases
we consider here suffice for the applications we have in mind. Here we give comments on the diverse
results and explain how they can be generalized.

4.6.1 The Dunford—Pettis Theorem

The proof we give here is taken from Arendt-Bukhvalov [AB94]. It seems that the theorem had first been
obtained by Kantorovich and Vulikh, see [AB94] for further references. But we followed the nomenclature
which is most common in the literature.

4.6.2 Compactness from Dunford-Pettis

Here is a theorem on compactness which is of interest in the context of kernel operators.

Theorem 4.6.1. Let X be a reflexive Banach space and T € L(X,L%(Q)), 1 < g < oo, where Q C R™ is
open and || < oco. Assume that T(X) C L>®(QY). Then T is compact.

Proof. By the Gelfand-Naimark Theorem we may identify L>°(Q2) with a space C(K) and L%(Q2) with
LYK, u) where K is compact and p a Borel measure on K. Denote by j : C(K) — L9(K, ) the injection
and S € L(X,C(K)) such that T'= jo S. Let x, € X, ||an|| < 1. We have to show that (Tz,)
has a convergent subsequence. Since X is reflexive we may assume that x, — = as n — oo, taking a
subsequence otherwise. Let w € K and 4, the corresponding Dirac measure. Then

(S20) (W) = (0w, Sp) = (860, ) — (S"04,x) = (Sx)(W).

Since S is bounded,
[1Sznllcm) < (IS sup [l |l x-

Now it follows from the Dominated Convergence Theorem that

lim Tz, = lim j(Sx,)=j(Sz) =Tz in LI(K,p).

n—oo

O

The result is no longer valid if X is not reflexive (take X = L* and T the injection of L in L?).

In the context of the Dunford-Pettis Theorem we obtain the following

Corollary 4.6.2. Let Q C R™ be an open set, |Q] < 00, 1 < p < oo and let T € L(LP(Y)) be such that
TLP(QY) C L™(Q). Then T is compact.
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4.6.3 Interpolation Inequality

The beautiful proofs of Theorem 4.3.3 and Theorem 4.3.4 are taken from Haase [Haa04]. They are
completely elementary and depend on positivity, whereas the Riesz-Thorin Theorem is proved by complex
methods, see e.g. [RS72].

4.6.4 Extrapolation of the C)-property

Let T be a Co-semigroup on L?*(Q2) where Q C R” is open. Assume that supg;<, 1T 2210y < o0

Then there exist operators T4 (t) € L(L*(Q)) such that Ty (t)f = T(t)f for all f € L1(Q) N L*(Q). Tt is
obvious that Ty (t + s) = T1(t)T1(s) for all ¢, s > 0. Moreover, T} is strongly continuous on (0,00). But
it seems to be open whether T; is a Cy-semigroup. It is if one of the following conditions is satisfied.

1. |9] < oo (see Exercise 4.5.3),
2. 1Tl cpry <1 (see [Dav89, Theorem 1.4.1]),
3. T(t) > 0 (see Theorem 4.4.1 which is due to Voigt [V0i92]).

We refer to Voigt [Voi92] for further results and a general discussion.

4.6.5 p-independence of the spectrum

Let T, be a consistent family of Cyp-semigroup on LP(2),1 < p < oo, with generator A,. If Ay has
compact resolvent then also A, has compact resolvent. This follows from Proposition 4.4.3. In that
case one also has that 0(4,) = 0(A2), 1 < p < oo and each eigenfunction of Az lies in (), LP(),
cf. [Dav89, § 4.3].

4.6.6 Extrapolation of holomorphy

A more general result than Theorem 4.4.3 is valid. Let T, be a consistent family of Cy-semigroups on
LP(2), 1 < p < oo. If Ty is holomorphic, then also T}, is holomorphic, 1 < p < oo. This follows from
Stein’s Interpolation Theorem, see [Dav89].

4.6.7 Heritage List

There is more on extrapolating properties in the survey article [Are04, 7.2.2].

4.6.8 Automatic Continuity

Each positive linear mapping 7' : X — Y where X,Y are Banach lattices is continuous. For example X
and Y may be spaces as L (1 < p < 00), Co(R2) or C(Q). In fact, since |Tf| < T|f| and || |f] || = |If]],
it suffices to prove that ||Tf]| < ¢||f]| for some ¢ > 0 and all f € X. If such ¢ does not exist, then we
can find f,, € Xy such that || f,|| < 27" but || Tf,|| > n. Let

n=1

Then f € X4 and so 0 < Tf, <Tf, hence n < ||Tf,|| < ||Tf|| for all n € N. This is a contradiction.
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Lecture 5

Continuity of the Kernels

In this lecture, we give a precise condition for the kernel of the semigroup generated by
the Dirichlet Laplacian to be continuous up to the boundary. We start by investigating
when the Dirichlet Laplacian generates a Cy-semigroup on the space Cy(€2). This lecture
is divided into three parts:

5.1 The Gaussian semigroup revisited

5.2 The Dirichlet Laplacian on Cy(£2)

5.3 Continuity of the kernel at the boundary

5.1 The Gaussian semigroup revisited

In this brief section, we want to describe the Gaussian semigroup on the Banach space
Co(R") ={f e C(R"): |llim f(x) =0}.

We recall Young’s Inequality. Let k € L*(R"). For f € LP(R"), 1 < p < oo, we
define

(s P)w) = [ kta =)y

Then &+ f € L2(R") and [k = [l < [zl flren. I £ € Co(R), then also
k * f € C()(Rn)
Now consider the Gaussian kernel

gi(w) = (4mt) ™ /Zel B
Then g; € L'(R") and ||g||z: = 1. The Gaussian semigroup is given by
Gp(t)f == gex f (f € LP(R"))

29
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for 1 < p < oo. We also define

Go(t)f == gi = f (f € Go(R™)).

Then G, is a Cy-semigroup on LP(R") for 1 < p < oo and on Cy(R") for p = 0. We have
that G1(t) = Go(t), so G is a dual semigroup.

Defining g,(x) = (472)"2e~1#*/4 for Rez > 0, also g, € L'(R"), and ||g. | 11&n) =
(Rez)™™. The function z — g, from C, := {z € C : Rez > 0} into L'(R") is holomorphic.
Thus we obtain a holomorphic extension of G, to C, given by G,(2)f = f * g., where
1 <p<ooorp=0. Thus G, is a holomorphic Cy-semigroup on LP(R") for 1 < p < o0
and on Cy(R™) for p = 0. Next we describe the generator of G,,.

Proposition 5.1.1. The generator of G, is the distributional Laplacian A,, i.e.,
D(Ay) ={f € LP(R") : Af € LP(R") };
D(Ag) ={f € Co(R") : Af € Co(R")}

and A, f = Af in D(R™)".

We make this more precise. In the case p = 0, for example, this means the following.
Let f,g € Co(R™). Then f € D(Ay) and Af = g if and only if

/ fAp = / g for all ¢ € D(R").
[R’!L IR?'L
We mention explicitly that D(Ag) ¢ C*(R") if n > 2.

Proof of Proposition 5.1.1. We give the proof in the case of p = 0. Since G is holomor-
phic, we have G(t)f € D(Ap) for all t > 0, f € Co(R™). Let f,g € Co(R™).

a) Assume that f € D(Ag) and Agf = g. Then lim; o AGy(t)f = g in Cy(R™). Thus

| 180 =tm [ (Gutonae=tm [ @6owne= [ oo

Hence Af = g in D(R")'.

b) Conversely, assume that Af = g in D(R™)". Then for ¢ € D(R"), t > 0, by Fubini’s
Theorem,

| 8uGotine = [ (Ganna

= [ [awse—nasewar= [ o) [ - pae@a

_ /[R 9:(y) /R f(2)Ap(z +y)dzdy = /[R 9:(y) /[R g(z)p(z + y)dzdy
— /[R" 9:(y) /[Rn 9(z —y)o(z)dzdy = /Rn(Gtg)(I)w(:c)d:c.
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Hence AgGyf = Gig (t > 0). Since Ay is closed and Gyg — g, G f — f in Cy(R™)
as t | 0, it follows that f € D(Ag) and Agf = g.

]

5.2 The Dirichlet Laplacian on Cj(£2)

Let © C R™ be a bounded, open set with boundary I". A function h € C(Q) is called
harmonic if

(5.1) Ah =0 in D(Q)".
This means that

/ hAvdx = 0 for all v € D(Q),
Q

and it implies that h € C*(2) and Ah = 0 in the classical sense.

Definition 5.2.1. The set Q is called Dirichlet regular if for all ¢ € C(I') there exists a
solution of the Dirichlet Problem

h e C(Q),
(DSD) h’|F = @7
Ah=0 inD(Q).

Thus we look for a harmonic function in €2, which is continuous up to the boundary
I' and takes the prescribed value ¢ on I'.
The Elliptic Maximum Principle says that

(5.2) max h = max h = max ¢
Q T T

for each solution h of (D,) (see Exercise 5.4.4). This shows in particular that h < 0 on Q
if ¢ <0 and hence h = 0 if ¢ = 0. Thus there exists at most one solution of (D,).

Dirichlet regularity is a property of the boundary I' of 2. We give some further
examples.

Examples 5.2.2. a) If n =1, then each bounded open set in R is Dirichlet reqular.
b) Each simply connected bounded, open subset of R? is Dirichlet regular.
c) If Q C R" is bounded and open, and if z € Q, then Q\ {z} is not Dirichlet regular.

d) If Q C R™ has Lipschitz boundary, then Q is Dirichlet reqular.
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Figure 5.1: A cusp in z € T

e) If Q C R3 has an entering cusp which is sufficiently sharp, then 2 is not Dirichlet
reqular.

Let K=R or C. We consider the Banach space
Co(Q) :={ueC@Q): ur =0}

with the supremum norm

[ulloc = sup |u(z)].
e

Define the realisation A{ of the Laplacian on Cy(£2) by
D(A) : = {u € Co(Q) : Au € Co(Q)},
Afu = Au,
where Aw is understood in the sense of D(Q2)'. Thus for u, f € Cy(Q2), we have that
u € D(Af}) and Affu = f if and only if

(5.3) /Q wAvdz — /Q fode (v € D(Q).

Our aim is to prove the following.

Theorem 5.2.3. If Q2 is Dirichlet reqular, then A§ generates a holomorphic Cy-semigroup

OH,Cb(Q).

We need the following maximum principle for complex-valued functions.

Proposition 5.2.4 (Maximum Principle). Let A € C, ReA > 0, v € C(Q) such that
Av—Av =0 1in D(Q)'. Then

max |v(z)| = max |v(z)|.
z€l’ zeQ
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Proof. Suppose that m := max.cr [v(2)| < ||v|| Le@)- Let € = [|v]| @) — m.
Let

() = (e o)e) = [ vlo=y)pulo)dy

where (pr)ren is a mollifier (see the proof of Proposition 3.2.8). Then v, € C*°(R"),
vk || Lo ®my < ||| ooy for all & € N and v, — v as k — oo uniformly on compact subsets
of Q.

The set K = {x € Q: |v(z)| > m + 2¢/3} is compact and U := {x € Q : |v(z)| <
m + €/3} has positive distance 0 < ¢ = dist(U, K) from K (since U is relatively compact
and UNK =0).

Let ko > 1/d. Then for k > ko, x € U, |v(z — y)| < m + 2¢/3 whenever |y| < 1/k.
Hence

2e
@< [ -l <m T
lyl<1/k

Let K1 = Q\ U. Then K; is compact. Thus v, converges to v uniformly on K,
hence [[vg||oo(xy) = ||Vl Loo(rr) = [[v]| £ (). Moreover since |v(x)| < m + % for ¢ K,
for sufficiently large k, there exist x € K; such that |vi(xr)| = max,ere |vp(z)|. Hence
fr(x) = Re[vg(x)v(xy)] has a maximum at x. Consequently,

Taking a subsequence if necessary, we may assume that xy — xo in K as k — oo.
Since vy, — v in L*(K), it follows that

jo(ao)| = Jim oe(ex)] = Jim gl ey = [0l = o]0

Note that Av, = Av % pp — Awu uniformly on K; as k — oo. It follows from (5.4)
that
Re[Av(zo)v(xg)] < 0.

Hence
Re Av(x)|? < Re Av()]? — Re[t(20) Av(zo)] = Ref[v(zo) (Av(z0) — Av(zg))] = 0.
But |v(xg)| > m + €/3, since xy € K, which is a contradiction. O
Denote by E, the Newtonian Potential, i.e. £, : R"\ {0} — R defined by

|| e
5 ifn=1,

By (x) = { el if n =2,

2T
1 1 :
n(n—2)wy, |z|"—2 if n > 3’

where w,, = |B(0,1)| is the volume of the unit ball in R". Then E, € C*(R"\ {0}) and
E,,D,E, € L{ .(R"), as it is easy to see.

loc
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Proposition 5.2.5. Let f € C.(R"), v=E, * f. Thenv € C'(R") and Av = f in D(R")'.

Here

(s D)@) = [ 1= By

We refer to [DL88, Chapter II, Section 3] for this standard fact.

Proof of Theorem 5.2.3. We consider first the case when K = C. The space Cy(2) may
be seen as a subspace of Cy(R") by extending functions by 0 outside of €.

a)

We show that A, is invertible. Let f € Cy(Q), v = E, * f. Then v € C(Q) and
Av = fin D(Q)". Let o = vir. Let h € C(Q) be the solution of (D,) and u = v—h.
Then up = 0 and Au = Av = f in D(2)'. We have shown that A, is surjective.
The Elliptic Maximum Principle (5.2) implies that Ay is injective. It is clear that
Ay is closed. Thus A, is invertible.

The operator Aq generates a holomorphic Cy-semigroup on Cy(R™), which is bound-
ed on a sector Xy, 0 < 6 < 5. Thus Cy C p(Ap) and [|AR(A, Ap)|| < M for Re A > 0
(see e.g., [ABHNO1, Corollary 3.7.12]).

Let u € D(Af). We claim that
(5.5) | Au|| o) < 2M|[Au — Aul|pe) (ReA > 0).
In fact, let f = Au— Au € Co(2) C Co(R"), v = R(X, Ag)f. Then || Av||poown) <

M| || o= gy and
AMu—v)—A(u—v)=0 inD(Q)".

It follows from the Maximum Principle, Proposition 5.2.4, that
U — V|| g () = max |u — v| = max |v oo (Rn) -
L= (Q) 2 R S Loo(Rm)

Hence

[ Aul| L) < [[A(u — v) || L) + [[A0]| L) < M| fl|zeo) + M| f |z~ @)

Since p(Af}) is open, it follows from a) that O = p(A§)NC, is open and non-empty.
From b), we deduce that

(5.6) IAR(N, AD)|| < 2M
for all A € O. It follows from Proposition 1.2.2 that for Ay € O,

| Aol

dist(Xo, 0(AF)) > [[R(Ao, AT~ 1—2M
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This implies that O is relatively closed in C,. Since C, is connected, we conclude

that O = C,. Since D(2) C D(AY), the operator A is densely defined. Since
C, C p(AY) and (5.6) is valid for all A € C,, we deduce that Ay generates a
holomorphic Cy-semigroup by Theorem 2.5.3.

Since the space of all real-valued functions in Cy(€2) is invariant under R(\, AY), it
follows from Euler’s Formula (2.15) that also €20 leaves the real space Cy(€2) invariant.
U

Finally, we prove that the semigroup e on Co(Q2) is consistent with the semigroup
generated by the Dirichlet Laplacian ¢'28 on L*(Q) (see Theorem 3.1.4). We continue to
assume that (2 is Dirichlet regular.

Lemma 5.2.6. D(AY) C C1(9).
Proof. In fact, let v € D(AY), Agu = v. Extend v by 0 and let w = E, * v. Then
w € CYR") and Aw = v. Thus h := u — w is harmonic on Q and so h € C*®(Q). Tt
follows that u = h +w € C1(Q). O
Lemma 5.2.7. D(AY) C HL(Q).
Proof. Let u € D(AE), Agu = f. For k >0, uy, := (u— 1/k)" € C.(Q). Since u € C'(Q)

by the previous lemma, it follows from Proposition 3.2.8 that u;, € H2 (). By hypothesis,
we have

/Qvuvv - —/qu (v € D(2)).

Taking v = uy, we obtain

/\Vukl2 = / VuVuy, = —/ka < [ f ez lluel r2()-
Q Q Q

It follows that (ug)gen is bounded in H}(Q). Let (ug, )men be a subsequence which
converges weakly in H}(Q). Since uy,, — u in L*(Q), it follows that this weak limit is u.
Hence u € H} (). O
Proposition 5.2.8. Suppose that Q2 is Dirichlet reqular. Then

(5.7) B = B8 ) (E>0).

In particular, <em0) 1s positive and contractive.
>0
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Proof. Because of FEuler’'s Formula, it suffices to show that R(\AD)f =
R\, AD)f for all f € Cp(2). Let u = R(\, AR)f, where f € L2(2). Then u € D(Af) C
H}(Q) and Au — Au = f in D(Q). Tt follows that

/)\uv+/VuVU:/fv
) Q Q

for all v € D(Q) and hence for all v € H}(2) by density. This implies that u € D(A)
and AMu — ABwu = f. This proves the claim.
Now positivity follows from Theorem 3.3.1. It follows from Theorem 4.2.4 that the

semigroup (ef2%) 150 18 contractive in Cp(€2). O

5.3 Continuity of the kernel at the boundary

Let 2 C R™ be a bounded open set which is Dirichlet regular. We now want to consider
the heat equation on €2 with non-autonomous boundary conditions. Let 7 > 0. Consider
the parabolic cylinder

Q,:=(0,7) x Q

and denote by
= {0} x Q) uU([0,7) xI')

the parabolic boundary of €)..

We may visualise €, as follows. Let n = 2 and draw 2 C R? in the plane and trace
the time ¢ on the vertical axis. Then (), is a cylinder of height 7. Its parabolic boundary
I, is the topological boundary without the top I'; = 9Q, \ ({7} x Q).

t

QI

-

Figure 5.2: Parabolic cylinder.
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Theorem 5.3.1. Let ) € C(I';). Then there exists a unique solution of the Heat-Boundary
Value Problem

ue C(Q;) NC=(0),

(H1/1) Ulr, = wv
wu— Au=0 in Q,.

We refer to [ABHNO1, Theorem 6.2.8 p.407] for the proof of existence. Uniqueness
follows from the Parabolic Maximum Principle.

Proposition 5.3.2 (Parabolic Maximum Principle). Let u € C(Q,) N C>®(€,) such that
u— Au=0 in Q..
Then
minu < u(t,r) < maxu

forall0<t<Tt,x€Q.

Proof. Assume that there exists 0 < to < 7, xy € 2 such that u(tg,zo) > maxp, u. Let
v(t,x) = u(t,z) — et, where € > 0 is so small that

u(to, xo) — eto > max u + T€.

Then v(ty, z9) > maxr. v. Hence there exist t; € (0,7], x; € Q such that v(t;,z1) =
maxg_v. Consequently, v (ty, x1) > 0, Av(ty,21) < 0. Hence

0 S Ut(tl,l'l) = Ut(tl,l’l) — & = Au(tl,xl) — & = Av(tl,xl) — & S —&,
which is a contradiction. O

Consider the Gaussian kernel given by kX" (¢, x,y) = (4mt)~"/2e~le=vI’/4  Then kX"
C*>((0,00) x R™ x R™) and

kX — ALER =0 in (0,00) x R™ x R".

The Gaussian Semigroup Gy on Co(R") is given by

Gol)Pa) = [ Kt )y,

We have lim; o Go(t) f = f in Cy(R™). Note that the kernel k*" has a singularity at (0, y, y)
for all y € R*. But if y € €2, then

. R™ o
(5.8) ltll%ll{i (t,z,y) =0
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uniformly in x € T.

In Section 4.2, we obtained the kernel k% of the semigroup et by an abstract
argument. Now we will construct the kernel by solving the Heat-Boundary Value Problem
for special boundary values.

Let 7 > 0. For y € Q consider the function y¥ € C(I';) given by

KR (t,z,y) ift>0
yt — ) ) )
it ) {0 itt—0.

By Theorem 5.3.1, there exists a unique function
p(-sy) € C(Qr) x C(Q,)
such that p(-,-,y) =¢¥ on I'; and uy — Au =0 in ;.
Lemma 5.3.3. One has p € C([0,7] x Q x Q).
Proof. Let y, — y in Q as k — oo. Then yY¥% — ¥ in C([';). It follows from the
Parabolic Maximum Principle, Proposition 5.3.2, that p(-,-,yx) — p(+,-,y) in C(€2,) as

k — oo. O

Since T > 0 is arbitrary, and because of the uniqueness of the solutions of (Hy), we
find p € C(Ry x Q x Q) satisfying

(5.9) p(t,z,y) =k~ (t,2,9) forzel,t>0,y e
(5.10) p(0,x,y) = for v € Q, y € Q;
(5.11) (-, z,y) € C*(0,00) for x,y € Q;
(5.12) p(t,-,y) € C(Q) fort >0,y €
(5.13) pe(t, z,y) = Aup(t, x,y) (x,y € Q, t>0).

Let k(t,z,y) = kX" (t,z,y) — p(t,z,y). Then k € C(R, x Q x Q) satisfies

(5.14) k(t,x,y) = fort >0,zel,yell
(5.15) k(- z,y) € C°°(0 00) for z,y €
(5.16) k(t,-,y) € C*(Q) fort >0, y € £
(5.17) ki(t, z,y) = Agk(t, x,y) t>0,z,y€ld

For ug € D(Q), let
ult,z) = / k(L 2. y)uo(y)dy.
Q
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Then u € C(R, x ) satisfies

(5.18) u(t,-) € Co(82) t > 0;
(5.20) u € C((0,00) x Q);

(5.21) up = Au in (0,00) x 2.
It follows that

(5.22) u(t, ) = e uy.

We show the details of this below, but first we establish our main result of this section.

Since D(R) is dense in Cy(Q), we deduce from (5.22) that k is the kernel of 22, We

denote this kernel by k% in the following. Since '8 s self-adjoint, we finally obtain the

following result.

Theorem 5.3.4 (Regularity of the kernel of e'2%). Let Q C R™ be bounded, open and
Dirichlet reqular. Then the kernel k of ™8 can be chosen such that

kY e C((0,00) x Q x Q),
Yt x,y) = k% (t,y, x) (x,y €Q,t>0),
kK2 (t,x,y) =0 ifrel,
k2 e 0((0,00) x Q2 x Q).
Moreover
0 < k%t z,y) < (4mt) " 2elemvlP/4
for allt >0, x,y € Q.

Corollary 5.3.5. If () is a Dirichlet reqular bounded open set in R™, then A s a compact

operator on Cy(§2) fort > 0.
This follows from the Arzela-Ascoli Theorem.

Proof of (5.22). Tt can be shown that the function v(t,z) = ((e"20)ug)(x) is regular,

namely, v € C*((0, 00) x Q) (see [ISEM99/00]). Then (5.22) follows from the Parabolic
Maximum Principle, Proposition 5.3.2. So far, we only know that

(5.23) v(,x) € C®(0,00) forall x € Q,

D . . .
because (em@) is a holomorphic semigroup, and

t>0

(5.24) v(t,z) = Av(t,x) (t >0,z €Q),
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where the Laplacian is merely defined in the sense of distributions. On the basis of this
more restircted information, we can argue as follows. Let w(t,x) = u(t,z) — v(t, x).
We want to show that w = 0. Let 7 > 0. Then w € C(f,), wyr, = 0. Assume that
maxq, w > 0 (otherwise consider —w instead of w). Let ¢ > 0 be so small that also
wi(t, x) = w(t,x) —et has stirctly positive maximum at some point (¢1,z;) € (0, 7] x Q. It
follows from the following lemma applied to f(z) = w;(t1, ) that there exists xy € €2 such
that wq(t1, z0) = wq(t1, 1) = maxq, wy and Aw;(t1,x9) < 0. Since wq (-, z) € C°°(0, 00)
has a maximum in ¢y, %wl(tl,:po) > 0. Then

d
0 Z Awl(tl,l’o) = A'LU(tl,l’()) = wt(tl,l'o) = %wl(tl,xo) + € Z g,

a contradiction. O

Lemma 5.3.6. Let Q C R™ be bounded and open, f € Cy(R2) such that Af € C(Q) (where
Af is understood in the sense of ditributions). Assume that maxq f > 0. Then there
exists xg € ) such that f(xg) = maxq f and Af(xg) < 0.

Proof. The proof is similar to the one given for Proposition 5.2.4. Let 0 < ¢ < maxgq f,
U={ze€Q: f(x)<e/3}, K={ze€Q: f(x) >2/3}, 0 =dist(K,U). Let fr = pp * f,
ko > 1/d. Then for k > ko, fi(x) < 2¢/3 for all z € U. The set K; = Q \ U is compact.
Hence fy, — f uniformly in K;. Consequently, for sufficiently large k, f; has a maximum
at a point z; € K;. We may assume that z, — xy € K; as k — oo (taking a subsequence
otherwise). Then

Flawo) = lim feeg) = Jimn || iy = 1 ey = ma £

Moreover, since f, € C*(£2) and fi(z) is a maximum, it follows that A fy(x)) < 0.
Hence

(o) = lim (pg + Af)(ar) = lim Afi(zx) < 0.

5.4 Exercises

In the following €2 is a bounded, open subset of R™ whose boundary we denote by I'. Firstly, we give an
alternative proof of Corollary 5.3.5.

Exercise 5.4.1 (Compactness of 'A% )

a) Show that R(0, AR)L>(Q2) c Co().

Hint: Let f € L>°(Q). Then v = E, * f € C(R™). Proceed as in part a) of Theorem 5.2.3 to find
u € Cp() such that Au = f.

. Assume that ) is Dirichlet regular.
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b) Show that €% L2(Q2) C Co(Q) for t > 0.
Hint: ¢4 L2(Q) C L*°(R) by Theorem 4.2.1,

tAD Dy AP AD_tAP
e Q = —R(O7AQ)82 QAQ€2 Q

¢) Deduce from b) that etA9 is compact for t > 0.

Exercise 5.4.2 (Consistency of the spectra). Assume that 2 is Dirichlet regular.
a) Show that A§ has compact resolvent. Use Ezercise 5.4.1, or Corollary 5.3.5.

b) Show that o(Af}) = o(Af).

Exercise 5.4.3 (Necessity of Dirichlet regularity). Assume that Af} is surjective.
a) Show that 0 € p(Af}).
b) Show that for each p € F = {¢r : ¢ € C*(R?)}, there exists a solution of (D,).

¢) Show that Q is Dirichlet reqular.
Hint: By Stone-Weierstrafl Theorem, the space F' is dense in C(T"). Use (5.2) and b).

Exercise 5.4.4 (Elliptic Maximum Principle). Let h € C(Q) be harmonic in Q. Show that maxgh =
max fyr.

Hint: Assuming that maxg s > max hjp, show that u(z) = h(x) + ¢|z|* has a maximum at
some point xo € Q. Hence Au(zg) <0.

5.5 Comments

Firstly, we give some additional information concerning Section 5.2. The Maximum Principle, Proposition
5.2.4, is due to Lumer—Paquet [LP76]. In [ABHNO1, Chapter 6], a different approach is chosen based on
resolvent-positive operators. For a proof of Examples 5.2.2 see [DL88, Chapter II] concerning a), c¢) and
d), and see [Con78] for b).

Here is some further information.

5.5.1 Characterisation of Dirichlet regularity
Let 2 C R™ be open and bounded. The following assertions are equivalent:
(i) Q is Dirichlet regular;
(i) p(AF) # 0
(iii) the eigenfunction corresponding to the first eigenvalue of —Af is in Cp(Q);
(iv) D(A3) C Co(8) for all p > n/2.
We refer to [ArBe99] for the proofs.
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5.5.2 Continuity of the kernel at the boundary

Theorem 5.3.4 is known for regular open sets. We were inspired by Dodziuk’s presentation of the eigen-
value distribution [Dod81], where it is assumed that Q is of class C2. The proof of Theorem 5.3.4 is based
on Theorem 5.3.1 which goes back to [Are00]. So we finally have the following characterisation of the
continuity at the boundary, which might be new.

Theorem 5.5.1. Let Q C R™ be open and bounded with boundary T', and let k% be the kernel of A8 The
following are equivalent:

(i) k%€ 0((0,00) x Q x Q) and k*(t,z,y) =0ifz €T ory e}
(it) Q is Dirichlet regular.

Proof. The implication (i) = (¢) has been proved in the text. Assume (i). Denote by wu; the first
eigenvector of —AL with corresponding eigenvalue A;. Then

D

(7 un) () = (") (2) = / Kty (y)dy.
Q

Hence u; € Cp(2). It follows from 5.5.1 above that € is Dirichlet regular. O

5.5.3 Strict positivity of the kernel

Let Q be open, bounded and Dirichlet regular. It follows from the Strong Maximum Principle [Eva98,
2.3.3] and (5.20) and (5.21) that k(t,z,y) > 0 for all x,y € Q.
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Lecture 6

Weyl’s Theorem

The aim of this lecture is to prove Weyl’s famous result on the asymptotic distribution
of the eigenvalues of the Dirichlet Laplacian. This can be achieved with the help of the
heat kernel. First, we will show how the kernel can be decomposed by the eigenfunctions
(Mercer’s Theorem). For this, we need the continuity of the kernel up to the boundary,
which we have established in Lecture 5. Then we may express the trace of the heat
semigroup with the help of the kernel. The upper limit is a simple comparison with the
Gaussian kernel. Here we use the monotonicity of the kernel as a function of the domain
(Lecture 4). The lower estimate is more subtle. We will need to prove that for small time
the kernel is not affected by the boundary. Once the trace is estimated, Weyl’s result
follows by an application of Karamata’s Tauberian Theorem. This lecture is divided into
three sections.

6.1 Mercer’s Theorem
6.2 A Tauberian theorem

6.3 Weyl’s Formula

6.1 Mercer’s Theorem

In this section, we show how a continuous symmetric kernel can be decomposed into
eigenfunctions. In particular, we obtain the trace of the operator in terms of the kernel,
namely as the integral over the diagonal of the kernel. Throughout this section, the
underlying field may be R or C.

Let Q C R" be a bounded open set, and let & € C'(Q x Q) be a symmetric kernel, i.e.,

k(z,y) = k(y.2) (z,y € Q).

73



74 6. WEYL’'S THEOREM

Define the operator By on L?(£2) by

(6.1) (Buf)(x) = / ke, y) fy)dy.

Then By, is a selfadjoint, compact operator on L?(f2). In fact, By is a Hilbert—Schmidt
operator. One may also use the Arzela—Ascoli Theorem to show that B, maps the unit
ball of L*(Q2) into a compact set in C(Q).

By the Spectral Theorem (Theorem 1.4.8), there exists an orthonormal basis {e; :
j € J}of L*(Q) and A\; € R\ {0} such that

(6.2) Bif =) Ai(flese;  (f € LA(Q).

jeJ

Here J is finite or J = N, and the series (6.2) converges in L*(£2). Moreover, lim; o, Aj = 0
if J = N. Since by the Dominated Convergence Theorem,

(6.3) BiLL*(Q) c C(Q),

it follows that e,, € C'(Q) for all m € J.

A bounded operator B on a Hilbert space H is called form-positive if B = B* and
(Bf|f) > 0forall f € H. If Bis symmetric and compact, then by the Spectral Theorem
(Theorem 1.4.8) this is equivalent to the fact that all its eigenvalues are non-negative. We
want to prove the following theorem, where we assume that J = N (the finite case being
much simpler).

Theorem 6.1.1 (Mercer). Assume that By is form-positive. Then
(6.4) Bo,y) =D _Ajei(@)e;(y)  (v,y €9),
j=1

where the series converges absolutely and uniformly in 0 x Q.

We need some preparation. In the first lemma, the assumption that By is form-
positive is not needed. Recall that B,L?(Q) C C(Q).

Lemma 6.1.2. Let f € L*(Q). Then

(6.5) (Bif)(z Z (fle;)e;(),

where the series converges absolutely and uniformly in x € Q.
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Proof. Let x € Q. Then by (6.2),

> hjes(x Z |(Bre) (@) =)
j=1

1

2

Auxmww@

Jj=
=Y [k ) en) | < Mk, ey < 1QUEIE = @xa,

J=1

where we have used Bessel’s Inequality.
Let f € L*(Q). Then for N € N, x € Q, we get by the Cauchy—Schwarz Inequality

1/2 1/2
ZP\ (flej)ej( (Z‘)‘ej ) (Z‘(f‘ej)F)

j>N Jj=>N Jj=2N
1/2
2
< Q2| k| e (axa) (Z | (flej) ] ) —0
j>N

as N — oo uniformly in x € 2. We have shown that the series converges absolutely and
uniformly in z € Q.

Since the function By, f is continuous and since the identity (6.5) is valid in L?(€2), it
also holds for all = € Q. O

Next we show that under the assumptions of Mercer’s Theorem, the kernel has a
positive diagonal.

Lemma 6.1.3. Assume that By is form-positive. Then k(x,z) > 0 for all x € Q.

Proof. Let 29 € Q and let fi.(y) = pr(zo — y), where p; are the mollifiers from the proof
of Proposition 3.2.8. Then

Oﬂ&mmmﬁALmemm@MMWHﬂm%)%mﬁm

/[Rn fm(z)dr =1

Proof of Theorem 6.1.1. For m € N, let

T,y) = Z)\jej(x)ej(y)

since supp f,, C B(xg,1/m) and
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Then k,, € C(Q x Q). Moreover,

(Bitn F 1 1) = Bef 1 ) = B F 1) =D N (fle) (e 1 £) =D NI (fle) P >0.

j>m j>m

It follows from Lemma 6.1.3 that k(z,z) — k,,(z,7) > 0 for all z € Q. Consequently,
D Ales(@)? = k(. w) < k(@)
j=1

for all m € N, z € Q. Hence

(6.6) ZA lej(@)* < k]l r=oxa)

for all z € Q.
By the Cauchy—Schwarz Inequality,

m 1/2 m 1/2
(6.7) > ej(@) (ZA (@ ) - <Z Ajlej(y)IQ) < [kl 2= xe)-
j=1

J=1

Thus the series
(6.8) E(ry) = Aej(x)e;(y)
j=1

converges absolutely for x,y € Q. We want to show that the convergence is uniform on
Q x Q.

First we fix € Q and show uniform convergence in y € Q. Let € > 0. Then by
(6.6), there exists N(z) € N such that

(6.9) Z Ajles(z))? < e.

j>N(z
It follows (6.6) and (6.9) that
(6.10)
1/2 1/2
Z Nes@ew)] < | D0 Mlea D Mlety < ellkl 2 e
j>N(z j>N(z) j>N(z)

for all y € Q. Therefore k(z, -) is continuous.
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We now show that k = k. Let = € 0. Then
defines a continuous function on Q. For each f € C(2), we have
| nwsway = [ kesway= [ ks
= (Brf)(x Z Ajej(x) (f|e;)

by Lemma 6.1.2. This implies that h = 0.
It follows from (6.8) that

(6.11) k(z,z) = ZAj\ej(x)E (z €9Q).

This series converges uniformly by Dini’s Theorem. This shows in particular that the
number N(x) in (6.9) can be chosen independently of x € 2. Now as a consequence of
(6.10), the series (6.4) converges absolutely and uniformly to k(x,y). O

Corollary 6.1.4. Assume that By is form-positive. Then the trace of By is given by

(6.12) (B = = / k(z, 2)de.

6.2 A Tauberian theorem

Let p be a positive Borel measure on [0, 00) such that

(6.13) at) == /000 e "dpu(r) < oo

for all t > 0. The function i : (0,00) — R is called the Laplace Transform of x. Our aim
is to prove the following theorem relating the asymptotic behaviour of u([0, z]) as  — oo
to the asymptotic behaviour of fi(t) as t | 0.

Theorem 6.2.1 (Karamata). Let r > 0, a € R. The following are equivalent:
N L 74 — a
(4) Umt"ut) = a;

(i) Jim o~ w([0,2]) = Fo gy
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Here -
Ma) = / e Yy tdy (a>0)
0

is Euler’s Gamma Function.

The implication (ii) = (i), i.e. deducing properties of the transform i from the
assumptions on p, is an Abelian theorem, which is easy to prove. The difficult part is
the converse implication (i) = (i7), which is a Tauberian theorem.

For the proof, we will use the fact that a bounded Borel measure v on [0, 00) can be
identified with a positive linear form &, on

Col0, ) i= {f € C10,00)  lim f() = 0}

by the relation .
0.(0) = [ faavio)

Note that C[0, 00) is a Banach space endowed with the supremum norm || - || . Each
positive linear form is continuous, and in fact

(6.14) |®.]| = /OOO ldv(x).

The assumption that the integral (6.13) converges means that the measure e~ du(z)
is finite for all t > 0. By C.[0,00), we denote the space of those functions f € Cy|[0, 00)
which vanish outside a set [0, 7] for some 7 > 0.

Proof of Theorem 6.2.1.

(¢) =(4%) a) The case r = 0 is simply an application of the Monotone Convergence
Theorem. In fact,

a= sup/ e du(r) = sup sup/ e du(r)
[0,00) [0,b]

t>0 t>0 b>0

—supsup [ e du(e) =sup [ dp(e) =sup u((0,8).
[0,b] [0,8]

b>0 t>0 b>0 b>0

b) Now we assume that r > 0. For ¢t > 0, define the positive Borel measure
by
pe(A) =t u(t™1 A),

ie., for f € C.[0,00), we have

) f(@)dp(x) =t f(@t)dp(z).

[0700 [0,00)
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Let v be the measure 2"~ 'dz. It follows from the assumption that for each n € Ny,

a o0
6.15 it eI (1) = — ~TenE ().
(6.15) i [ e = / e du(x)
In fact,
1 \
e e M du(x) = tT’/ et DT g (2) = t(14+n)) a(t(n+1)
/. , . o () e+ 1)
1 a

. _ ~ maim)
i n)’“a e /0 e dv(x) ast | 0.

Let (tx)ken be a sequence in (0, 00) such that limy .., tx = 0. It follows from (6.15)
applied to n = 0 that

sup |le dpuy, || < oo.

keN

The functions of the form e™™* (n € N) are total in Cy[0, 00) by the Stone—Weierstrafl
Theorem. Thus it follows from (6.15) that

i —x a - —x
(6.16) i [ e, = s | 1@
for all f € Cy[0,00). We will show in an instant that this implies that
: a
Since

p(0.10) = [ L)) = 67 (0,1 /1),

[0,00)

and

v([0,1]) = /0 " dr = % and r[(r)=T(1+r),

then (6.17) implies claim (7).
In order to prove (6.17), we first observe that (6.16) implies that
o a
(6.18) lim g(x)du, () = (/ g(:)s)du(x)) C—
k—o0 [0,00) b 0 F(T)

for all g € C.[0,00).
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Now let ¢ > 0. Then there exists g. € C.[0,00) such that g. > 0, g. = 1 on [0, 1]
and

/000 g-(z)dv(xz) > v([0,1]) > /000 g:(x)dv(zx) — €.
Hence by (6.18),

T (0) < Jon [ g = 55 [ aopivle) < G 0.0 +2).

k—oo [0,00)

Since € > 0 is arbitrary, we deduce that

_— a

I'(r)

v([0,1]).

Similarly, there exists h. € C.[0,00) such that 0 < h. < 1 on [0, c0), supp h. C [0, 1]
and -
/ he(x)dv(z) > v([0,1]) —e.
0
Hence by (6.18),
a > a
li 1]) > li 3 - 5/~ € Z —_— ,1 — .
Jim o (0.1) 2 Jim [ A ) = g | n@avta) = 0.1 -<)

Again since € > 0 is arbitrary, it follows that

kli_rlgoutk([O, 1)) = WV([O’ 1)

Thus (6.17) is proved.
(22) =(2) Let a(t) = u([0,¢]). Then « is increasing, and integration by parts yields

tra(t) = t’"“/ e " a(x)dr
0

o [ (8 e [ (1) () o)

= /OOO e Y(t+y) (1 + %)_Ta (%) dy — /OOO e‘yyrr(ri 1)dy =a

as t | 0 by the Dominated Convergence Theorem. The dominating function for
0 < t < 1 is obtained by observing that (1 + z)"a(x) — a/I'(r) as  — oo, and
hence C' := sup,.((1 + z)"a(x) < co. Hence

i (14 o) <o

for0 <t <1.
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6.3 Weyl’s Formula

Let © C R™ be an open bounded set. The Dirichlet Laplacian AL on L?(€) is symmetric
and m-dissipative and has compact resolvent by Corollary 4.2.5. Denote by

O< A <A< A<

the eigenvalues of —AZL. Note that Af is injective (by the Poincaré Inequality, Theorem
3.4.1). Hence A; > 0. Our aim is to investigate the asymptotic behaviour of \,, as n — oo.
It follows from the Spectral Theorem that the eigenvalues of et are e~ M1, j € N. Since
'8 is a Hilbert-Schmidt operator,

o0 (@)
E e 2Nt < 50 hence E e Mt < o0

Jj=1 Jj=1

for t > 0. We denote by
(6.19) Tr (emé)) = Z e~ Mt
j=1

the trace of €28 . By k%(t,-,-), we denote the kernel of etAg_. If Q2 is Dirichlet regular,
then by Theorem 5.3.4, the kernel k%(¢, -, -) is continuous on € x € and non-negative by
Theorem 4.2.4. Therefore e/24 is form-positive, hence by Mercer’s Theorem (Theorem

6.1.1),
(6.20) Ze‘kﬂ't:/kﬂ(t,x,z)di.
j=1 @

We will use this formula to estimate the eigenvalues. An upper estimate follows from dom-
ination by the Gaussian kernel, Theorem 4.2.4, which implies that EC(t, 2, x) < (4mt)™/?
for all x € €2 and hence
Q]

6.21 0< th,x,xd:c<|7 t>0).
(6.21) < [ hn 10

We now proceed to give a lower estimate for small t > 0. As a first step, we give an
estimate which may be interpreted physically. We may see k(t,x,y) as the amount of
heat at the point x at time ¢ if an initial heat of value 1 is concentrated at y. The same
interpretation is also valid for

LR" (t,z,y) = (47rt)—n/2e—\x_y\/4t’

where the heat flow takes place in the entire space. The following estimate shows that
for x € Q, the heat amount k%(t,z,y) is close to k®"(¢,z,y) if y € Q is away from the
boundary. Recall that I' = 0f is the boundary of €.
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Proposition 6.3.1 (Kac’s Principle: The boundary does not affect the kernel). Assume
that Q C R™ s Dirichlet reqular. Let x € € be fixed. Fory € Q, let

 dist(y, T)?

to(y) on

Then .
(4rt) 26~ dSET? /A i g < g (y):

(4rto(y)) "/ 2e/? if t > to(y).
Proof. Recall from (5.22) and its consequences that for x,y € ,
K (t e, y) — K2(t 2,y) = plt, 2, y),

where p(+, -, y) solves the Heat-Boundary Value Problem with the following values on the
parabolic boundary:

0 <KX (t2,y) — k2 (t, 2, y) < {

p(0,z,y) =0 (r € Q);
p(t,z,y) = (4mt) 2 levl /4 (t>0,zel).

It follows from the Parabolic Maximum Principle that for =,y €

pt,z,y) < sup (4ms) ™27V < qup (47s) T/ 2T BT,
055 0<s<t

The function
f(S) — (47T8)—n/2e— dist(y,T)? /4s

attains its maximum at #o(y) and is decreasing for s > t,(y) and increasing for s < ty(y).
This proves the estimate. 0

Using this proposition, we obtain the following lower estimate.

Proposition 6.3.2. Assume that Q) is Dirichlet reqular. Then

Q
6.22 limt"/Q/ kX (t, @, x)dx > | .
o2 w2 Gy

Proof. Fort > 0, let
O (t) = {z € Q: dist(z,T) > t¥/4}
Qy(t) = {z € Q : dist(x,T) < tY/4}.

Then lim, | [Q2(¢)| = 0 by the Dominated Convergence Theorem. We will give an upper
estimate of

tn/2/ (kRn(t>$a T) — k‘Q(t,ZE, IL")) dz ast ] 0.
Q
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First we consider the integral over € (t), where we use Proposition 6.3.1.
Let t < (2n)72. Then for z € Q4 (t),

dist(z,1)* _ #'/2
S BT P

 dist(x,T)? 1

< :
4t = 4412

t(] (LU)

Hence by Proposition 6.3.1, for z € Q4(t),
k[Rn (t7 xz, LU) - kQ(t, xZ, ,’,U) S (47Tt)_”/2€—1/4t1/2’

hence

]

aree 0 astlo

t"/z/ (¥ (t, 2, 2) — k% (t, 2, 2)) do <
Ql(t)

On Q(t), we estimate by the Gaussian kernel, since k(t,z,z) > 0:

[2(2)]
(4m)n/2

t"/z/ (K% (t, 2, z) — kYt x, x)) dx < t2(4mt) 2|0 (1) = —0 ast]0.
Qa2(t)

These two estimates show that

_ Q _ n
1im< it —/k;ﬂ(t,x,x)dx) zlimt”/2/ (K" (t, 2, 2) — k*(t,2,2)) dz = 0.
Q Q

t10 (47r)n/2 )

This implies (6.22). O
Thus by (6.21) and (6.22), we have proved that

(6.23) ltll%lt /Qk(t,z,x)dx (I
if 2 is Dirichlet regular.
Hence by (6.20), we deduce that
(6.24) lim ¢"/2 i e Nt = it
' t10 p (4m)n/2’

This is already a remarkable result. It shows in particular that the eigenvalues of the
Dirichlet Laplacian AL determine the volume of . Now we use the Tauberian theorem
of Section 6.2 to actually obtain Weyl’s Formula.

For A > 0, let N(X) be the number of A; such that \; < A.
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Theorem 6.3.3 (Weyl). Assume that Q2 is Dirichlet reqular. Then

. N\ wa
(6:25) jm e T (zw)nm"

where w, = 7/?/T(1+ 2) denotes the volume of the unit ball in R".

Proof. Define the discrete measure p on Ry by p({A}) := #{j : A = A\;}. Then u([0, \]) =

N()\) and
fi(t) = /0 e‘”d,u()\):Ze_W.

Thus by (6.24)

: n/2 _ |Q|
ltll%lt a(t) e
It follows from Karamata’s Theorem (Theorem 6.2.1) that
1 1 )
lim A™2N(A) = lim A™?p([0, A]) = Q= ——19.
Abo (A) = Jlim A™Za((0, ) r(1+g)(4ﬁ)n/2‘ | (zﬁ)n‘ |

6.4 Exercises

We first show by an example that in Mercer’s Theorem the assumption that By is form-positive cannot
be omitted.

Exercise 6.4.1 (Failure of the trace formula). Let Q = (0,1). Consider the kernel k(x,y) = |z — y|. Show
that the operator By, on L?(0,1) is not form-positive

Hint: Use Mercer’s Theorem.

Exercise 6.4.2 (An example for the trace formula). Consider the kernel k(x,y) = min{z,y} on [0,1]x][0, 1].
Show that the operator By on L?(0,1) is selfadjoint, compact and that Zj’;l Aj = 1/2, where A1 <
A2 < -+ are the eigenvalues of By (repeated according to multiplicity).

Hint: Show that By is form-positive.

Exercise 6.4.3 (Weyl’s Formula on the interval). Let Q = (0,£), ¢ € R. Determine the eigenvalues of AL
on L2(0,¢). Prove Weyl’s Formula (6.25) directly.

Exercise 6.4.4 (The Neumann Laplacian on an interval). Consider AY for Q = (0,¢) on L*(0,£). Deter-
mine the eigenvalues and the asymptotics of N(X)/\/? for X\ — occ.

6.5 Comments

Theorem 6.1.1 was proved by Mercer [Mer09] in 1909. Here we follow the presentation in the textbook
on Functional Analysis by D. Werner [Wer97], where also Exercises 6.4.1 and 6.4.2 are taken from.



6.5. COMMENTS 85

6.5.1 Tauberian theorems

The Tauberian theorem, Theorem 6.2.1, is due to Karamata [Kar31] from 1931. Our proof is taken
from [Sim79, Theorem 10.3], where the elegant proof is attributed to M Aizenman. The notion of an
Abelian Theorem has its origin in Abel’s Continuity Theorem (1826). Let

o
p(z) = Z anz"
n=0

be a power series, where

Z an =:b converges. Then li?fp(x) =b.
n=0 ’

It was Tauber who proved the following converse result in 1897. If

lim na, =0 and liglp(x) =b

n—oo

exists, then also
o0
Z a, = b.
n=0

The Tauberian condition

lim |na,| =0 was weakened by Hardy to sup |na,| < oo,

n—oo

a case for which the proof is considerably more difficult (see [ABHNO1, Theorem 4.2.17]). This result leads
to most interesting investigations and to many different versions of Tauberian theorems which establish
an asymptotic behaviour of a function supposing a corresponding asymptotic behaviour of its transform
(e.g. Laplace or Fourier Transform). We refer to [ABHNO1, Chapter 4] for a class of Tauberian theorems
which are particularly interesting in order to determine the asymptotic behaviour as t — oo for solutions
of evolution equations.

6.5.2 Weyl’s theorem: Arbitrary domains

In the text, we started from the assumption that Q be Dirichlet regular. As we saw, this is equivalent to
the fact that the kernel (¢, -,-) is continuous up to the boundary taking the value 0 on the boundary.
From this, we may extend the result to arbitrary bounded domains by the following argument.
Let © C R™ be an open bounded set. Then there exist open sets Q2 C € which are of class C*°
such that
Q. C Qk+1 C ﬁkJrl C Q.

It follows from Daners [Dan05, Theorem 4.4] that
R(/\,Agk) — R\ ALY ask — o

in £(L?(Q)) for all A > 0. This in turn by [Kat66, IV, §5.3] implies the following.
Let A € 0(Af) and let 6 > 0 such that

A=8A+8)Na(—AF) = {\}.

Denote by m the multiplicity of A. Then there exists ky such that for k& > kg, there are exactly m
eigenvalues \¥, ... AF in (A — 8, A +0) and limg_ )\;? =X (j=1,...,m). As a consequence, we obtain
the following.
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Write the eigenvalues of —Agk in the ordering
0< A <A <M<
and similarly the eigenvalues of —Af
O0< A <A< A<
It follows from Courant’s Minimax Principle

(6.26) )\f = inf sup{(Vu|Vu) :u € F, |u| 2 =1},
FCHL(Qy)
dim F=j

that )\?"’1 < )\?. From Kato’s result mentioned above, one sees that

Aj = lim AP

k—oo

Since  is Dirichlet regular (see Examples 5.2.2 d)), we know from (6.24) that

oo

: n/2 —k’?t: |Qk|
et e = e

Jj=1

Hence by (6.26),

: n/2 = —Ajt : n/2 = -2k |Qk|
lim ¢"/2) " e Nt > lim "2y e Nt =

£10 = £10 = (4m)n/2”

for all & € N. Since |Q| 1 || by the Monotone Convergence Theorem, we deduce that

6.27 lim "2y e Nt > |7.
(6.27) lim Z @)

Conversely, by (6.20) and (6.21), we have for ¢ > 0,

oo

n/2 BN |Qk|
t Ze i §(27r)"/2'

Jj=1

In the spirit of (6.26), it follows from the Monotone Convergence Theorem that

(6.28) 23 N = sup /23 N < sup % 19
j=1

keN = keN (27‘1’)"/2 (27‘1’)"/2.

We have shown by (6.27), (6.28) that

: n/2 = =it |Q|
ltlfrolt j;e g amy2’

As in Theorem 6.3.3, this implies (6.25) by Karamata’s Tauberian Theorem.
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6.5.3 Weyl’s Theorem, references

The proof of Weyl’s Theorem we give here is essentially the one given by Kac [Kac66], who found the trace
formula (6.23) and used Karamata’s Theorem. Here we follow partly Dodzink [Dod81] for Proposition
6.3.1 and 6.3.2, though with a simplified proof. Dodzink assumes that €2 is of class C? throughout.

Simon [Sim79] gives a probabilistic proof of Weyl’s Theorem assuming that 92 has Lebesgue measure
0. The argument for arbitrary bounded open sets given in 6.5.2 above might be new.

In contrast to the proofs described so far, which all use the heat kernel, the classical proof by
Weyl [Wey11] uses the Courant’s Minimax Principle (see (6.26)) and exhausts Q by cubes from the
interior and approximates {2 also by cubes from the exterior. Weyl proved the result in a short version
in 1911 [Weyl11] and in a more extended form in 1912 [Wey12]. This proof can be also found in the
textbooks [RST78], [EE87], [CHI3]. We refer also to the interesting diploma dissertation of E. Michel
[Mic01], where both approaches are presented.
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Lecture 7

From Forms to Semigroups

The aim of this lecture is to introduce sesquilinear forms. They form an almost alge-
braic tool to prove that a large class of operators generates holomorphic semigroups on a
Hilbert space. We will later consider elliptic differential operators with diverse boundary
conditions as a main example. There are three sections.

7.1 Coercive forms
7.2 Elliptic forms and rescaling

7.3 Contractivity properties

7.1 Coercive forms

Let V be a Hilbert space over K = C or R. A sesquilinear form a : V x V — K is a
mapping satisfying

= a(u,w) ~+ a(v,w)

= a(u,v)+ a(u,w)

)

a(Au,w) = Aa(u,w)
)
) = a(u,v)

for u,v,w € V, A € K. In other words, a is linear in the first and antilinear in the second
variable. If K = R, then we also say that a is bilinear. We frequently say simply form
instead of sesquilinear /bilinear form. The form a is called continuous if there exists M > 0
such that

(7.1) la(u, v)| < Mllully[lv]ly (w0 € V).

89
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Finally, the form a is called coercive if there exists a > 0 such that
(7.2) Rea(u,u) > af|ul|¥ (weV).

If K= R, then V' denotes the dual space of V. In the case K = C, we consider antilinear
functionals instead of linear functionals. A mapping f : V' — C is called antilinear if

flut+v)=fu)+ f(v) and fQu)=Af(u)  (v,0 €V, A€C).
The space V' of all continuous antilinear forms is a complex Banach space for the norm

I/l = sup [f(w)].

flullv<1

We call it the antidual of V. Frequently we write

(fiuy=f(u) (weV, feV).

Now we continue to treat simultaneously the cases K=Rand K=C. A forma: V xV —
K is called symmetric if
a(u,v) = a(v,u).

Thus, a continuous, coercive, symmetric form on V' is the same as a scalar product on V'
that induces an equivalent norm (we say an equivalent scalar product). So the following
theorem is a generalisation of the Theorem of Riesz—Fréchet to a non-symmetric form.

Theorem 7.1.1 (Lax-Milgram). Let a: V x V' — K be a continuous, coercive form. Then
there exists an isomorphism A :V — V' such that

(7.3) (Au,v) = a(u,v)
for allu e H, veV. Moreover, ||A |z vy < 1, where o is the constant of (7.2).

Proof. By the Theorem of Riesz—Fréchet, for each u € V' there exists a unique Bu € V
such that
(Bu | v)y = a(u,v) (veV).

By the continuity assumption (7.1), ||Bully < M||ul|y. It follows from the coerciveness
assumption (7.2) that o||u||? < Re a(u,u) < ||Bul|v|jul|v, hence

(7.4) allully < |Bully (uwe V).

This implies that B is injective and its range R(B) is closed. We show that R(B) = V.
For this it suffices to show that R(B) is dense in V, i.e., that R(B)* = {0} in V. Let
v € R(B)t. Then 0 = (Bu | v)y = a(u,v) for all w € V. In particular, a(v,v) = 0,
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hence v = 0 by (7.2). We have shown that B is bijective. It follows from (7.4) that
1B~ | zvy < é Consider the mapping V' 3> x — f, € V', where

)=y (yeV).

Since by the Theorem of Riesz—Fréchet this mapping is an isometric isomorphism, the
claim follows. O

The space V' is always isomorphic to V' (and thus a Hilbert space). To see this, we
may apply Theorem 7.1.1 to the usual scalar product. But for the applications we have
in mind another identification of V' will be more useful. This identification depends on
an additional Hilbert space.

In fact, now we assume that the Hilbert space V' is continuously and densely injected
into another Hilbert space H, i.e., V C H and there exists a constant ¢ > 0 such that

[ullm < cllully (weV)
and V is dense in H for the norm of H. We express this by
VL.

Now we may inject H continuously into V' using the scalar product of H in the following
way: for u € H let j(u) € V' be given by

(Ju),v)=(ulv)g  (veV)

Then
i)l = sup [(u]v)u| < sup [jullglv|x
llv]lv <1 [lv]lv <1
< cfjullm.

Thus j is a continuous linear mapping. Moreover, j is injective. In fact, if j(u) = 0, then
|ull% = (u| w)g = (j(u),u) = 0. Hence u = 0.

In the following we identify H with a subspace of V' omitting the identification

mapping j, i.e., we write
(u,v) = (u|v)m
for all u,v € V where (u,v) = (j(u),v).

We emphasise that the identification of V' with a subspace of V' depends crucially
on the choice of the Hilbert space H. Resuming the continuous injections defined above,
we have

vy HLY
Lemma 7.1.3 together with Theorem 7.1.4 below show in particular that the space V is
dense in V', thus also H is dense in V' as we indicated above.

The following example illustrates the identifications made above. We will see in
Lecture 8 that it describes already the most general situation, up to unitary equivalence.
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Example 7.1.2. Let (2,3, u) be a o-finite measure space, a > 0, and m : Q — [a, 00) be
measurable. Let H = L*(Q, ), V = L*(Q,mpu). ThenV — H. We have V' = L*(Q, L p)
if we write the duality as

(o) = [ Fudn (we V. f e 20

Before proving the first generation result we need an auxiliary result.

Lemma 7.1.3. Let A be an operator on a reflexive space X such that [w,o0) C p(A) and
IAR(N, A)|| < M for A > w. Then D(A) is dense in X.

Proof. Let x € X. Since X is reflexive there exists A\, — oo and y € X such that
x = MR(Ap, A)xr — y as k — oo. Let p € p(A). It follows that R(u, A)xy — R(p, A)y.
But by the Resolvent Identity

A

Ay —

(R(p, A)x — R(Ag, A)z) = R(p, A)x.

Thus R(p, A)y = R(p, A)x, which implies x = y. We have shown that x is in the
weak closure of D(A), which coincides with the strong closure by the Theorem of Hahn—
Banach. O

Now we will associate three holomorphic Cy-semigroups with the form a, namely on
the spaces V', H, and V. The most important one is the semigroup on H. But we start by
considering V’. For this case we merely consider K = C for simplicity. Let a: V xV — C
be a continuous, coercive form and denote by A : V' — V' the associated operator defined
as in (7.3). We may see A as an unbounded closed operator on the Banach space V.
Here is our first generation result.

Theorem 7.1.4. The operator — A generates a bounded holomorphic semigroup on V.

Proof. For Re A > 0 we consider the form a, defined by ay(u,v) = Au | v)g + a(u,v).
Then ay is continuous and coercive and the associated operator is A + A. Thus A + A :
V' — V' is an isomorphism and [|(A4.A4) || zvv) < = for all ReA > 0 by Theorem 7.1.1.
Since A(A +A) ™t + AN+ A)~! = [ it follows that

||)‘()‘+'A)_1||L(V’) < 1+ ||A()\+A)_l||c(v’)
< 1Al IO+ A g vy
1
< 1+—||A4 /
< 1+ a” vy

for Re A > 0. This proves the holomorphic estimate of Theorem 2.5.3. Since A is densely
defined, by the preceding lemma, the proof is complete. O
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Now we consider again K = R or K = C simultaneously. Let a : V x V — K be a

d
continuous, coercive form where V— H. We define an operator A on H by

D(A) = {uweV:3f € Ha(u,v)=(f|v)y for all v e V}
Au = f.

Note that f is uniquely determined by w since V is dense in H. We call A the
operator associated with ¢ on H. Now we can prove the main generation theorem.

Theorem 7.1.5. The operator —A generates a holomorphic semigroup on H.
Proof.

1. Let first K = C. Consider the operator A on V' defined in Theorem 7.1.1. Since
also the form a, given by a)(u,v) = a(u,v) + A(u | v)g is coercive for Re A > 0,
the operator A + A is invertible for all ReA > 0. Observe that D(A) =V — H.
Hence R(\, A)H C H. Consequently p(A) C p(A) and R(\, A) = R(\, A)y for all
A€ p(A).

In particular for ReA > 0. Let f € H and u = (A + A)~'f where Re\ > 0. Then
u €V and
Mu|v)g+a(u|v)=(f]v)g (vevV).

In particular,
Mullf + a(u,u) = (f | w)a.

This implies

allulli, < Rea(u,u) =Re(f | u)z — ReMully < || fllnlullm

and
IXwllz < I lellulla + Mull?.

Hence,

M
Al < (5 +1) Il

and so |A||Jullg < (% +1) || f|lz. We have proved that

M
I+ A) Y 2y < (E + 1) (Re A > 0).

Since by Lemma 7.1.3 the operator A is densely defined, it follows from Theo-
rem 2.5.3 that —A generates a holomorphic Cy-semigroup.
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2. Assume now that K = R. Then we can extend the bilinear form a to a unique
sesquilinear form ac on V¢. It is not difficult to see that ac is continuous and
coercive. The operator Ac on H¢ associated with ac generates a holomorphic Cy-
semigroup (7¢(t))i>0. Since R(N\, Ac)H C H for A > 0, this semigroup leaves H
invariant by Euler’s Formula (2.15). Its restriction (7(¢))¢>0 to H is a Cy-semigroup
whose generator is —A.

O

Finally, we want to show that also a holomorphic Cy-semigroup on V' is induced by
the coercive form a. For this we use the following general result.

Proposition 7.1.6. Let B be the generator of a Cy-semigroup (T'(t))i>0 on a Banach space
X. Consider D(B) as a Banach space endowed with the graph norm. Then (Ty(t))i>0 1=
(T'(t)|p(B))e=0 is a Co-semigroup on D(B) whose generator is the operator By given by

Byx:=Bx (v € D(B,) := D(B?)).

Proof. We may assume that 0 € p(B) (considering B — w instead of B otherwise, w €
p(B)). Then B is an isomorphism from D(B) onto X. Hence Ti(t) := B™'T(t)B defines
a Cp-semigroup on D(B). Since T'(t)Bx = BT(t)x for x € D(B), Ti(t)xr = T(t)x for
x € D(B). It is easy to see that the generator of (T1(t)):>0 is Bi. O

From Proposition 7.1.6 we obtain directly the following.

Proposition 7.1.7. The semigroup (e~*4);>0 on H leaves V invariant and its restriction
s a holomorphic Cy-semigroup on V.

Proof. By the proof of Proposition 7.1.6 the semigroup (6|_VtA)t20 is similar to the semi-
group generated by —A4 on V’. From this it follows that also (e‘_v’fA)tZO is holomorphic. [

Corollary 7.1.8. The domain D(A) of A is dense in V.

Proof. Let u € V. Then lim;_ oy e 44 = w in V by Proposition 7.1.7. Since e~*u € D(A)
for all £ > 0, the claim follows. O

In conclusion, we obtained three Cy-semigroups associated with a. The semigroup
(e7*) >0 on V' leaves invariant H and V. The restriction are holomorphic Cy-semigroups
with generators —A on H and —Ay on V.

For the applications one will proceed as follows: Given the Hilbert space H and an

d
operator A on H, one will try to find V<——H and a form a : V x V — K such that A is
associated with a.

We conclude this section with a typical example of a coercive form.
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Example 7.1.9 (strictly elliptic operators of pure second order). Let Q C R™ be open and
bounded, H = L*(Q). Let a;; € L>=(Q), 1 <1i,j <n, such that

n

Z aij(2)&&; > al¢)? (EeR)

ij=1

for a.e. x € Q. Let V = H}(Q) and definea:V x V — K by

a(u,v) := /Q Z a;;(z)Dju(z)Djv(x)dz.

i,7=1
Then a is continuous. In fact
|a(u, v)| < || Vull2[Vullze < ellullm[lo]la,

where ¢ = || szzl |aij| [ Lo~
Moreover,

Rea(u,u) > a/Q |Vul*dz (u € Hy(Q)).

It follows from Poincaré’s Inequality that a is coercive.

Let A be the operator on L?(Q) associated with a. Then —A generates a holomorphic
Co-semigroup on L*(Q). If the coefficients are merely measurable, then one can describe
the operator A mot much better than by the form. But the use of distributions makes it
more elegant.

If w € H}(Q), then Dju € L*(Q) and hence a;;Dju € L*(Q) C D(Q). Then also
D;a;;Dju € D(Q). Define the operator B : H}(Q) — D(Q)’ by

ij=1

Then
D(A) = {u € Hy(?) : Bue L*(Q)}

and
—Au = Bu (u € D(A)).

This means that —A is the part of B in L*().

7.2 Elliptic forms and rescaling

If A generates the Cy-semigroup (7'(t))i>0, then A + wl generates the Cp-semigroup
(e“!T(t))¢>0. This observation allows us to pass from the class of coercive forms, which
were the subject of Section 7.1, to elliptic forms.
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Let V, H be Hilbert spaces over K = C or R such that V<iH. Let a:V xV — K be
a continuous sesquilinear form. We call a elliptic (or more precisely H-elliptic) if

(7.5) Rea(u,u) + wllully > allulli,  (uweV)

for some w € R, a > 0. This is equivalent to saying that the form a,, : V x V' — K defined
by
ag,(u,v) == a(u,v) + w(u | v)y (u,v €V)

is coercive.
We define the operator A on H associated with a by

D(A) = {ueV:3f € Hst. a(u,v)=(f|v)y for all v € V},

(7.6) Au = f.

Note that A is well-defined since we assume that V' is dense in H. It is clear that
the operator A + w is associated with the coercive form a,. Hence —(A + w) generates a
holomorphic Cy-semigroup T, on H. Consequently, —A generates the semigroup 7" given
by T'(t) = e**T,,(t) (t > 0). Then (T'(t));>0 is called the semigroup associated with a.

The following easy perturbation result will give us a first example of an elliptic form
which is not coercive.

Proposition 7.2.1 (perturbation). Let B € L(V,H) and a be coercive. Then the form
b:V xV — K given by

b(u,v) == a(u,v) + (Bu | v)g (u,v eV)
1s continuous and elliptic.
Proof. One has

[b(u, v)| < Mllullvl[olly + I Bllllullvlolla < (M + el BI)l[ulvivlv,

where c is such that || - ||z < c||-|;,. Moreover, for u € V
Reb(u,u) = Rea(u,u) — || Bl[|lullv|v]lx
> allully, = [Blllulvllvlz

1
allully, = 1Bllelullv <ol

1
allully, = llully = 1BIP vl

v

where we need the inequality ab < a?+b?. Hence Reb(u, u)+ || B2 % ||v[|3 = (a—e?)||ull?..
Taking €2 < « shows that the form is elliptic. O
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Now we can perturb elliptic operators by lower order coefficients.

Example 7.2.2 (elliptic operators). Let Q@ C R™ be open and bounded and let a;; € L>(12),
1 <1,7 <n, such that

n

Z a;;(2)&&; > alél’ (£ eR)

ij=1

for a.e. x € Q. Let b; € L*(Q0), 0 <i<n. Then
a(u,v) ::/ Zaij(x)Diu(x)Djv(x)dijZ/biDiuvdx—i-/bguvdx
Q=1 i=1 /9 Q
defines a continuous form on Hy(Q2) x HJ(Q) which is L*(Q)-elliptic. In fact, it suffices
to let B : H}(Q) — L*(Q) be given by
Bu = Z b;D;u + byu (u € Hy(Q))
i=1

and apply Proposition 7.2.1.

7.3 Contractivity properties

In the following we assume throughout that a is elliptic. We now establish several prop-
erties of (T'(t)):>o keeping the assumptions made above. First we consider contractivity.
We need the following general result.

Proposition 7.3.1. Let B be the generator of a Cy-semigroup (S(t))i>0 on H. Then
1S(®)]| <1 for allt >0 if and only if B is dissipative.

Proof. Assume that B is dissipative, i.e.,
Re(Bu | u) <0 (u € D(B)).
Let u € D(B). Then
CIT@eully = ST | T()n = (BT | T(u)n + (T ] BT
= 2Re(BT(t)u | T(t)u)g <O.

It follows that ||7(¢)ul|% is decreasing. In particular, ||T(¢t)ullz < |lullg for all ¢ > 0.
Since D(B) is dense in H, the claim follows.
Conversely, assume that 7' is contractive. Let u € D(B). Then

1Tt + s)ulla = 1T@OT(s)ulla < [T(s)ulla (5 =0).
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Hence ||T'(-)u||% is decreasing and it follows that

Re(Bu | w = = [T(t)ully < 0.
t|t=0

We say that the sesquilinear form a is accretive if
Rea(u,u) >0 (ueV).

Proposition 7.3.2. Consider the semigroup (T'(t))i>o on H associated with a. Then
(T'(t))e>0 is contractive if and only if a is accretive.

Proof. 1If a is accretive, then Re(Au | u)y = Rea(u,u) > 0 for all u € D(A). Thus —A is
dissipative and the semigroup is contractive by Proposition 7.3.1.
Conversely, assume (7'(t)):>o to be contractive. Then —A is dissipative, hence

Rea(u,u) = Re(Au | u)g >0 (u € D(A)).
Since D(A) is dense in V' by Corollary 7.1.8, it follows that Rea(u,u) > Oforallu € V. O

Example 7.3.3. Let Q C R" be open, H = L*(Q). Let a;; € L*(Q), 1 < 4,5 < n, such
that

n

Z aij(2)&&; > 04|§|2 (EeR")

1,j=1

for a.e. x € Q. Let V= H}(Q) and definea: V x V — K by

a(u,v) = /Q zn: 4 (2) Dyu(x) Dyu(w)de  (u € HL(Q)).

ij=1

Then a :V xV — K is continuous and H -elliptic. Moreover, a is accretive. Let A be the
associated operator on L*()). Then —A generates a contractive Cy-semigroup on L*(Q).
In general the form a is not coercive if ) is unbounded.

Next we establish an asymptotic property of (7'(t));>0 as t — 0+. Recall that
(T'(t))s>0 is holomorphic, hence for all ¢ > 0 the operator T'(t) is bounded from H into
D(A), where D(A) carries the graph norm. Since D(A) C V and V — H it follows from
the Closed Graph Theorem that

(7.7) D(A) — V.

Consequently, T'(t) € L(H, V).
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Proposition 7.3.4. There exists a constant ¢ > 0 such that
1
(7.8) T ey <ct™>  (0<t<1).

Proof. Considering the form q,, instead of a we may assume that a is coercive. Then a is
accretive and
N T ()| ey <1 (t >0).

Since (T'(t))s>o is holomorphic, by Definition 2.5.1 there is a constant ¢ > 0 such that
[AT@ull < Llula (0 <t<1 ueH).

Hence, by coercivity, one has for all w € H

IT(t)ulliy < aRea(T(t)u, T(t)u)

aRe(AT(t)u | T(t)u)gy
al|[AT (t)ulla || T(E)ul

acC
%l
t

VANVAN

This implies (7.8). O

7.4 Exercises

In the first exercise exponential stability is established for coercive forms.
Exercise 7.4.1 (exponential stability). Let V<LH and let a: V x V — C be continuous and coercive.
Denote by A the associated operator. Show that
le™ Moy <e™ (>0

for some € > 0. Give a concrete example.
Exercise 7.4.2 (an elliptic operator). Let b € L°>(0,1). Define the operator A on L?(0,1) by

Au=1u" + b (u € D(A) := {u € H*(0,1) : u/(0) = /(1) = 0}).
Show that A generates a holomorphic Cy-semigroup.

Hint: Define an appropriate form. Recall that H?(0,1) C C[0,1], cf. Theorem 3.5.3 and
Exercise 3.5.4.

Exercise 7.4.3. Let A be the generator of a Co-semigroup (T(t))i>0 on a Hilbert space H. Assume that
V' is a second Hilbert space such that D(A) C V. C H. Assume that Re(Au | u)y < 0 for all uw € D(A)
such that Au € V.

a) Consider the part Ay of A inV, i.e.,
D(Ay):={ue D(A): Au € V},
Ayu:= Au.
Show that Ay generates a Cy-semigroup (S(t))i>0 on V.
b) Show that S(t) = T(t);y (t>0)
¢) Deduce Theorem 7.1.5 from Theorem 7.1.4, except for the property of holomorphy.
Exercise 7.4.4. Give a detailed proof of the assertions of FExample 7.1.2.
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7.5 Comments

There are two different but equivalent approaches to forms. The one we chose here starts by a given
Hilbert space V as form domain. This approach can be found in the monographs [DL88] and [Tan79].
Another approach consists in considering a sesquilinear form a on a Hilbert space with a domain
D(a) which is just a subspace of H but does not carry any further structure. Then it becomes a unitary
space by a scalar product defined by means of the form. We will describe this approach leading to closed
forms in Lecture 8.
But we will keep our presentation from Lecture 7 in the sequel of the course.



Lecture 8

More on forms

In this lecture we continue to talk about form methods. At first we show that all m-
dissipative symmetric operators are associated with a form.

Then we describe a different but equivalent way to present forms. We conclude the
section by two easy perturbation results. There are three sections.

e Symmetric forms
e Closed forms

e Form sums and multiplicative perturbations

8.1 Symmetric forms

We start by a remark on adjoints and selfadjointness. Let H be a Hilbert space over
K = C or R. Let A be a densely defined operator on H with domain D(A). Then the
adjoint A* of A is defined by

D(A") = {ue H:3f e Hst. (Av|u)g=(v| f)g forallve D(A)},
A*u = f.

Since D(A) is dense in H the element f is uniquely determined by w.
Proposition 8.1.1. Assume that A € p(A) NR.
a) Then X € p(A*) and R(\, A)* = R(\, A%).
b) The following are equivalent:
i) A= A*,

i1) A is symmetric,

101
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iii) R(\, A)* = R(), A).
If (i) holds, then we say that A is selfadjoint.

The proof is not difficult and can be omitted.

Now we consider a second Hilbert space V' over K such that V<i>H Leta:VxV - K
be a continuous, elliptic sesquilinear form. Let now A be the operator associated with
a. So clearly p(A) NR # () and we can apply Proposition 8.1.1. Let (T'(t));>o be the
Cy-semigroup generated by —A. Denote by a* : V' x V' — K the adjoint form of a, which
is given by

a*(u,v) := alv,u) (u,veV).

Proposition 8.1.2. The adjoint A* of A coincides with the operator on H that is associated
with a*. Moreover, —A* generates the adjoint semigroup (T(t)*)i>0 of (T'(t))>o0-

Proof. Replacing a by a + w(- | -)g if necessary, we may assume that a is coercive. Then
also a* is coercive. Let B be the operator associated with a*. Let u € D(A), w € D(B).
Then

(Au | w)y = a(u,w) = a*(w,u) = (Bw | u)y = (u | Bw)y.

This shows that B C A*. Since 0 € p(B) N p(A*) it follows that B = A*. By Propo-
sition 8.1.1(a) and Euler’s formula (2.15) it follows that the Cy-semigroup generated by
—A*is (T(t)*)tZO U

Corollary 8.1.3. The following assertions are equivalent.
i) A is selfadjoint,

i) a = a*,

iii) T(t) =T(t)* (t >0).

We say that the form a is symmetric if a = a*.
Next we reconsider multiplication operators as illustrating example.

Example 8.1.4 (multiplication operators). Let (2,3, u) be a o-finite measure space, o > 0
and m : Q — [, 00) a measurable function. Let H = L*(Q, n) and V = L*(Q, mdp) with

1f1I¥ = [, |fIPmdp. Then'V is a Hilbert space and vLH.
Leta:V xV — K be given by a(u,v) := [, utmdp. Then a is a coercive, continuous
form. The operator A on H associated with a on H is given by

Af :=mf (f € D(A) = L*(Q, m*dpu)).
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The space V' can be identified with L*(2, ~dpu) by letting

(fu) := /qud,u (u €V =L*Q,mdu), fe L*Q, %d,u)).

Then the operator A : V — V' associated with a is given by
Au=mu  (u€ D(A) =V = L*(Q, mdu)).
The Cy-semigroup on L*(Q, 1) generated by —A is given by

e =ef, (fe L p),
and also the semigroup generated by —A on L*(Q, L p) is given by

_ tm 1
eHf =t (f € LA —p))
By the Spectral Theorem, any symmetric, coercive, continuous form on a separable
Hilbert space is unitarily equivalent to that considered in Example 8.1.4. This is made

precise in the exercises.
Finally we reconsider the examples introduced before.

Example 8.1.5 (the Dirichlet Laplacian revisited). Let K = R for simplicity. Let ) C R™
be open, V.= H}(Q), and let a : V x V — R be given by

a(u,v):/Vquda:.
0

If Q is contained in a strip, then a is coercive by Poincaré’s inequality. Let H = L*(5Q).
Then the operator associated with a on H is —AE.

Example 8.1.6 (the Neumann Laplacian revisited). Let K =R for simplicity. Let Q C R™
be open, V.= HY(Q), and let a : V x V — R be given by

a(u,v) = / VuVu dx.
0

Let H = L*(Q). Then a is continuous, elliptic and accretive. The operator associated
with a on H is —AY.

The form corresponding to the Dirichlet Laplacian is the restriction of the form
corresponding to the Neumann Laplacian. Thus, different domains lead in general to
different semigroups. This contrasts the corresponding situation for generators: If A and
B are two generators of a Cy-semigroup on a Banach space X and if A C B, then A =B
and the semigroups coincide. (Here A C B means by definitions that D(A) C D(B) and
Az = Bz for all x € D(A).)

It is worth it to consider also diagonal operators in the new framework. They oc-
cur after a similarity transformation if a symmetric m-dissipative operator has compact
resolvent.
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Example 8.1.7 (selfadjoint operator with compact resolvent). Let —A be symmetric and
m-dissipative with compact resolvent on a separable Hilbert space. Then up to a unitary
equivalence we have H = (2, Az = (A\yxp)nen, and D(A) = {x € £2: 377 |z,]*\2 < 0,
where N\, > 0 and lim,,_o, A, = 00}, see Section 1.4.
1
Let V.= {z € 2 : 377 Nz’ A0 < oo}, |lzllv = O00, Jal? (M +1))2. Then

d o0 __ . . T
Ve—H. Let a(x,y) = Y o MZnUn. Then a is continuous on' V- x V' and elliptic (in fact,
Rea(x,z) + ||z||3 = ||z]|?,). Now A is precisely the operator associated with a.

From the above example we can deduce the following.

Proposition 8.1.8. Let a be a symmetric, continuous, elliptic form defined on V xV where

VL H. Denote by A the associated operator on H. Then (e=*);>q is compact if and only
if the injection V-— H 1is compact.

Proof. Assume (e7*4);50 to be compact for t+ > 0. Then A has compact resolvent by
Proposition 2.5.7. We may assume that — A is dissipative (replacing A by A+w otherwise).
Then up to unitary equivalence the form is given as in Example 8.1.7. Since the injection
V < (2 is compact, the claim follows.

Conversely, assume that the injection V' — H is compact. It follows from (7.7) that
the injection D(A) — V — H is compact. Hence (e'); is compact for ¢ > 0 by
Proposition 2.5.7. H

As a corollary we obtain a heat kernel proof of the Rellich-Kondrachov Theorem.

Corollary 8.1.9. Let Q C R™ be open and bounded. Then the injection H}(Q) — L*(Q) is
compact.

Proof. The operators '8 are compact for ¢t > 0 by Corollary 4.2.5. The form domain of

AB is H}(Q) by Example 8.1.5. So the claim follows from Proposition 8.1.8. O

8.2 Closed forms

In this section we describe a different but equivalent approach to elliptic forms. The
field will be C at first. Let H be a Hilbert space over C. Whereas before we consid-
ered sesquilinear forms which were defined on a second Hilbert space, we now consider
sesquilinear forms defined on a domain which carries no Hilbert space structure at the
beginning.

Let D(a) C H be a subspace of H and let

a:D(a) x D(a) — C
be sesquilinear. We call D(a) the domain of a. For v € D(a) we let

a(u) = a(u,u)
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for short. The Polarisation Identity
1
(8.1) a(u,v) = Z(a(u +0) —alu —v) 4+ i(a(u+ ) — alu — iv)))

holds for all u, v € D(a), as one easily verifies. For this it is important that the underlying
field is C. In the real case there is no such formula expressing a(u, v) by the diagonal terms

a(u).
Definition 8.2.1. The form a is called
o densely defined if D(a) is dense in H,

e accretive if Rea(u) > 0 (u € D(a)),

bounded below if Rea(u) + wl||u||% > 0 for all w € D(a) and some w € R,

symmetric if a(u,v) = a(v,u) (u,v € D(a)),

positive if a(u) € Ry (u € D(a)).

It follows from the polarization identity that the form a is symmetric if and only if
a(u) € R for all w € D(a). In particular, each positive form is symmetric.

Assume that a is densely defined. As in Lecture 7 we associate an operator A on H
with a by letting

(8.2) D(A) := {ueD(a):3f € Hs.t. a(u,v) = (f | v)y for all v € D(a)}
(8.3) Au = f.

Notice that for w € R the operator A + w is associated with the form a + w given by

D(a+w) := D(a),
(a+w)(u,v) = alu,v)+w(u|v)y.

This procedure is just a rescaling of the form a.

We want to establish conditions on @ which imply that A generates a (holomorphic)
Co-semigroup on H. For this we may consider a + w instead of a if necessary, since A
generates a (holomorphic) semigroup if and only if A + w does so.

Here is the plan for the remainder of this section. We now consider several assump-
tions on a. First we consider the case where a is positive, then the case where a is
accretive. Since a is bounded below if and only if a + w is accretive for some w € R, we
will then obtain also results for a being merely bounded below by rescaling. Up to this
moment the field will be K = C. We finally will interprete the results for bilinear forms
considering their sesquilinear extension.
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If a is a positive form then
(u]v)e :=alu,v)+ (u|v)g (u,v € D(a))
defines a scalar product with corresponding norm
lulle = (a(w) + [ul)? (u€ D(a)).

We say that a is closed if the linear space D(a) is complete for the norm || - ||,. If

in addition D(a) is dense in H, then we may let V' = D(a). Then VﬁH, the form
a:V xV — Cis continuous, and we may consider the associated operator A on H which
is self-adjoint.

We want to extend this to non-symmetric forms. For this the following version of
Schwarz’s Inequality plays a crucial role.

Proposition 8.2.2 (Schwarz’s Inequality). Let a,b be sesquilinear forms with the same
domain D(a) = D(b). Assume that b is symmetric and that there exists M > 0 such that

(8.4) la(u)| < Mb(w)  (u € D(a)).
Then
(8.5) la(u, v)| < Mb(u)2b(v)z  (u,v € D(a)).

Note that each sesquilinear form a satisfies the Parallelogram Identity
(8.6) a(u+v) + a(u —v) = 2a(u) + 2a(v) (u,v € D(a))
as one easily verifies.

Proof of Proposition 8.2.2. Let u,v € D(a). In order to show (8.5) we may assume
that a(u,v) € R, otherwise replacing u by e~"®u for @ suitable. Then by the Polarisation
Identity (8.1)

a(u, v) = i(a(u +0) — alu—0)).

Hence by assumption

|a(u, v) <

==

(b(u+v) + b(u — v)) = %(b(u) +b(w)),

by virtue of the Parallelogram Identity (8.6).
Let now a > 0 and replace u by au and b by ib. Then we obtain

M(a2b(u) + ib(v))

< —
a(u, )| < 5 =
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If b(u) # 0 we let a? = (%)% and obtain (8.5). If b(u) = 0 we let a? — oo and we see
that a(u,v) = 0 and (8.5) holds also in this case. O
We continue to consider the sesquilinear form a : D(a) x D(a) — C. Define the

symmetric forms aq, as by

1
a; = Q(a +a"), D(ay) := D(a),
1
ag = Z(a —a), D(as) := D(a).
Then
a = ay + ias
and in particular
(8.7) ar(u) = Rea(u) (u € D(a)).

We call a; the real and as the imaginary part of a.
Now we assume that a is accretive, i.e., Rea(u) > 0 (u € D(a)). Then

(8.8) (u]v):=ar(u,v) + (u|v)g (u,v € D(a))
defines a scalar product on D(a) with associated norm
1
lulla = (Re a(u) + |lullz)?.
Definition 8.2.3. We say that a is continuous if there exists a constant ¢ > 0 such that
(8.9) [Tma(u)| < cllull;  (u€ D(a)).

We say that a is closed if a is continuous and the space D(a) is complete with respect to
the norm || - ||4-

Assume that a is closed and densely defined. Then
la(w)] < X +)|ull;  (u€ D(a)).
Hence by Schwarz’s Inequality

la(u,v)| < (T +OJullal[vlla (w0 € D(a)).

Thus, if we consider the Hilbert space V' = D(a) endowed with the scalar product (- | -)q,
the form a : V x V. — C is continuous and elliptic. Consequently, the operator —A
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generates a holomorphic Cy-semigroup on H by the results of Section 7.2, where A is the
operator associated with a.

If a is not accretive, we say that a is closed if a + w is accretive and closed for
some w € R. Thus, by rescaling, we obtain again that —A generates a holomorphic
Cp-semigroup on H.

Finally we consider the case where K = R. Let H be a real Hilbert space. Let
a: D(a) x D(a) — R be a bilinear form whose domain D(a) is a subspace of H. If a is
accretive (i.e., a(u) > 0 for all u € D(a)) then we consider the norm

lulla = (a(u) + [[ul})?.

In order to see that || - ||, is actually a norm observe that a(u) = a;(u) where a; is the
symmetric form

1
ai(u,v) = §(a(u,v) + a(v,u)) (u,v € D(a)).
We say that a is continuous if
la(u, v)| < Mllullllolle  (u,v € D(a))

for some M > 0. Finally, the form a is closed if a is continuous and D(a) is complete for
the norm || - ||4.

If a is not necessarily accretive, then we say that a is closed if a + w is accretive and
closed for some w € R.

Theorem 8.2.4. Let a be a closed densely defined form on a real Hilbert space and A the
operator associated with a. Then —A generates a holomorphic Cy-semigroup (e™*4);>0 on
H. The semigroup is contractive if and only if a is accretive.

Proof. The sesquilinear extension ac of a given by
ac(uy + ivy, ug + i) = aluy, uz) + a(vy, v2) + i(a(vy, uz) — a(uy, v2))

for all (uq + iug), (v1 +ive) € D(ac) = D(a) +iD(a) is closed. Denote by (7(t));>o the
holomorphic Cy-semigroup generated by —A¢ on H¢, where Ac is the operator associated
with ac. Since (I +tAc)™H C H and (I +tA)™' = (I +tA@)‘_H1 the semigroup (7'(t))+>0
leaves H invariant. Thus, its part in H is again a holomorphic Cy-semigroup and —A is
its generator. ]

8.3 Form sums and multiplicative perturbations

Let H be a Hilbert space over K. Now we have two different but equivalent concepts. The
first consists in considering an elliptic, continuous, densely defined form (a, V) on H. By
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this we understand that V' is a Hilbert space, Vi>H and a : V x V — K is continuous
and H-elliptic. This setting is most convenient for many examples and we will use it
frequently. The other is to consider a closed densely defined form a on H.

In any case the associated operator A is the negative generator of a holomorphic Cy-
semigroup on H. We illustrate the power of form methods by two perturbation results.

Theorem 8.3.1. Let (a1, V1) and (as, Va) be two continuous, elliptic forms on H. Consider
the form (a,V') on H given by

CL(U, U) = (U, U) + CLQ(U, U)
defined on V = Vi N Vy with the scalar product

(u]v)y = (u|v)y + (u] V),

Then a is a continuous, elliptic form. Hence, if V = H, then the operator A associated
with a is the negative generator of a holomorphic Cy-semigroup T on H.

Denote by A; the operator associated with a;, j = 1,2. One calls A the form sum of
Al and Ag.

Proof. One has ||ul|{ = [|ull}, + ||ul]},- Hence V' is complete. There exist wy,w, € R and
aq, ag > 0 such that

Rea; (u) + w1||u||fq

Re ay(u) +wallull}

> allulld,  (ue W),
> agllul}, (uel)
Let w = w; + wy and o = min{ay, as}. Then

Rea(u) +wllullf > allully — (weV).

Then a is elliptic. There exists M > 0 such that

la1(u, )] < Mlullvillollvy (w0 € V1),
laz(u, )| < Mllulwlvll,  (u,v € Vo).
Hence
la(u, v)| < Mllullv|lvlly  (u,v € V),
thus a is continuous. O

Example 8.3.2 (unbounded potential). Let K = R. Let H = L?(Q2), Q C R"™ open. Let

ay(u,v) = / VuVudz, u,v € Vi = HY(Q),
Q
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so that the associated operator is AF. Let c € L (), ¢ >0, and

loc
as(u,v) = / cuvdz, u,v € Vy := L*(Q, (1 + c(x)dz)).
Q

Then, the semigroup associated with as is given by To(t)f =e t“f.
Leta=aj;+ay on'V =ViNVy. ThenV = L*(Q) and the operator associated with a
s given by

D(A) = {u€ Hy(Q)NVy: —Au+cu € L*(Q)},
Au = Au+ cu,
(where, for u € L*(Q), —Au+ cu € L*(Q) is defined as an element of D(Q)’).

If (a, V') is a densely defined, continuous, elliptic form on H, then the definition of the
operator A on H associated with a depends crucially on the scalar product considered on
H. If we consider another equivalent scalar product, then we obtain a different operator.
This can be used to prove the following perturbation result.

Theorem 8.3.3 (multiplicative perturbation). Let (a, V') be a densely defined, continuous,
elliptic form on H. Denote by A the associated operator on H. Let S € L(H) be selfadjoint
such that

(Sz|2)g = d|l=llf;  (z € H),

where o > 0. Then —SA generates a holomorphic Cy-semigroup.
Proof. Consider the scalar product
(w|v) = (S u|v)g (u€ H)

on H. It induces an equivalent norm on H. We let H; be the space H endowed with
this new scalar product. Then (a, V) is also continuous and elliptic on H;. Let A; be the
operator on H; that is associated with (a, V). We show that

Ay = SA.
Let ue V, f € H. Then u € D(A;) and Aju = f if and only if
a(u,v) = (f |V, = (ST flo)g (ueV)
if and only if u € D(A) and Au = S~'f. This proves the claim. O

Example 8.3.4 (multiplicative perturbation of the Dirichlet Laplacian). Let @ C R™ be
open. Let m : Q2 — R be bounded and measurable such that m(x) > § for some 6 > 0 and
a.e. x € Q. Then mAL generates a holomorphic semigroup on L?(2).
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8.4 Exercises

At first we consider similarity of forms. The following exercise shows in particular that Example 8.1.4
yields the most general example of a selfadjoint semigroup, up to rescaling and to unitary equivalence.

Exercise 8.4.1 (similarity of forms). a) Let Hy, Ha, V4 be Hilbert spaces over K, V4 fiHl. Letay : VixVi —
K be a continuous Hy-elliptic form. Denote by (Ti(t))e>0 the Co-semigroup associated with ai. Let
U : Hy — Hjy be unitary. Show that the semigroup (T2(t))i>0 given by

To(t) == UT () U (t>0)

is associated with a densely defined, continuous, elliptic form on Hs.
b) Let —A be a symmetric m-dissipative operator on a separable Hilbert space H. Deduce from a)
that A is associated with a densely defined, symmetric, continuous, H -elliptic form.

In the following exercise a common procedure is extended from bounded to unbounded operators.

Exercise 8.4.2 (the operator A*A). Let A be a closed, densely defined operator on a Hilbert space H.
Show that the operator —A* A defined on

D(A*A) :={zx € D(A) : Ar € D(A™)}
is m-dissipative and symmetric.
Hint: consider the form a(u,v) := (Au | Av) (u,v € D(a) ;== D(A)).
Let a : D(a) x D(a) — C be a sesquilinear form on a Hilbert space H. The set
W(a) i= {a(u) € € : u € D(a), llula =1}

is called the numerical range of a. The following exercise explains why continuous forms are sometimes
also called sectorial (cf. [Kat66]).

Exercise 8.4.3 (continuity of forms). The following are equivalent
i) There exists w > 0 such that a + w s accretive and continuous.

ii) There exist ¢ > 0 and w > 0 such that

[Ima(u)] < c(Rea(u) +wlulf)  (u€ D(a)).
iii) There exist ¢ > 0 and w > 0 such that

|Tm(a +w)(w)] < cRe(a+w)(u)  (u € D(a)).

i) There exist w > 0 and o € (0,F) such that W(a +w) C Ea, where ¥, denotes the sector of angle o
introduced in Section 2.5.

Exercise 8.4.4 (continuity of bilinear forms). Let H be a real Hilbert space and a : D(a) x D(a) — R be
bilinear and accretive. Recall the definition of the norm || - ||a. Then the following are equivalent.

i) There exists ¢ > 0 such that
la(u,v) —a(v,u)] < cllufla]vla  (u,v € D(a)).
ii) There exists d > 0 such that

la(u, v)| < d|lullallv]la (w0 € D(a)).
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8.5 Comments

A natural question arises: Which are the holomorphic semigroups which are associated with a form?
Here is the answer.

8.5.1 Characterisation of operators associated with a form

Let H be a complex Hilbert space and A be a closed operator. The following are equivalent.

i) There exists a continuous, elliptic, densely defined form (a, V') such that A is associated with (a, V).

ii) There exists w € R, a € (0, 5) such that W(A) C w+ ¥, and p(A) \ (w + X,) # 0.
Here W(A) denotes the numerical range
W(A) == {(Au | w)m : uwe D(A), |ullm =1}

of the operator A. See [Kat66] for a proof.

This characterisation holds if we consider a fixed scalar product on H. If we allow also equivalent
scalar product on H (as in Theorem 8.3.3) the characterisation is more difficult (see [Are04] and the
references given there).

8.5.2 The square root problem

Let —A be m-dissipative on a Hilbert space H. Then there exists a unique operator B on H such
that —B is m-dissipative and B? = A (see [Kat66]): B is called the square root of A and denoted by
A%. Now assume that A is associated with a densely defined, continuous, elliptic form (a, V). If a is
symmetric it is easy to see from the Spectral Theorem that V = D(A%). However, this is no longer true
in general. A counterexample is due to McIntosh [McI82]. It was an open problem for long time whether
V= D(A%) for the elliptic operator considered in Example 7.1.9 on R™. This is known as Kato’s problem.
It was finally solved by sophisticated tools mainly from Harmonic Analysis by Auscher, Hofmann, Lacey,
McIntosh and Tchamitchian [AHLMTO02].



Lecture 9

Invariance of Closed Convex Sets and
Positivity

We continue to consider an elliptic, continuous and densely defined form on a Hilbert
space H and the associated semigroup. The aim of this lecture is to describe in terms of
the form when the semigroup leaves invariant a closed, convex subset of H. In particular,
we will find conditions for positivity and for the semigroup being submarkovian (the
Beurling—Deny criteria).

9.1 Invariance of closed, convex sets

Let (a,V) be a continuous, elliptic, densely defined form on a Hilbert space H over K.
Let M > 0 such that

(9-1) la(u, v)| < Mllullv[lv]ly (w0 € V).

We will later assume that a is accretive, i.e., Rea(u) > 0 (u € V). Then, by the
ellipticity of a, there exists a > 0 such that

(9.2) Rea(u) + ullf; = allulli,  (uwe V).
This means that
1
Julla := (Rea(u) + [Jul|7)z  (ueV)

defines an equivalent norm on V', cf. Lecture 8.

We denote by A the operator associated with a and by (e7');so the semigroup
generated by —A. Let C' be a non-empty closed convex subset of H. We denote by P the
orthogonal projection of H onto C'. Recall that P : H — H is characterized as follows.
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Proposition 9.1.1. Let u € H, vg € C. Then

(9.3) Pu = vy

iof and only iof

(9-4) [l = wol| = min lu — v

if and only if

(9.5) Re(u —wo | v —1vg) <0 forallv e C.

Condition (9.4) says that the distance of u to C' is minimal at the point vy, whereas
condition (9.5) says that the angle between u — vy and v — vg is larger than or equal to 7
for all v € C.

Invariance under the semigroup and under the resolvent are equivalent. In fact, for
this the Hilbert space structure is not needed.

Proposition 9.1.2. Let —A be the generator of a contractive Cy-semigroup on a Banach
space X and let C' C X be closed and convex. The following assertions are equivalent.

i) e7tAC C C for all t > 0;
i) A+ A)"'C C C for all A > 0.

Proof. i) = ii) Assume that there exist u € C'; A > 0, such that A(A + A)~'u ¢ C. By
the Hahn—Banach Theorem there exists a continuous functional ¢ on X and a € R such
that

(9.6) Rep(A(A+ A)"'u) > a > Reg(v)  forallve C.
Observe that

(9.7) AMA+A) = / e Me= Ay dt.
0

tA

Applying (9.6) to v = e~*u we obtain

Rep( AN+ A)tu) > a:/ e Mo dt
0

> / e M Re (e ) dt

0

= Reo¢ (/ e Mty dt)
0

= Red(AA+ A) tu),

which is a contradiction.
ii) = 1) Since e u = lim (/4L A) "u for all u € C, the claim follows from iz). O

n—oo
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We will use the following simple argument, where we write u,, — u to indicate that
(Un)nen converges weakly to u.

Lemma 9.1.3. Let u, € V such that u, — w in H and sup,,¢, ||u,|ly < oo. Thenu € V.

Proof. Since V is reflexive, there are a subsequence (uy, )ken Of (tn)nen and v € V' such
that u,, — v in V. But then u,, — v in H since V — H. Hence u =v € V. O

Lemma 9.1.4. Let u,v € V. Then
1 1
a(u,v):ltllrglg(u—(IthA) ulv),.

Proof. Recall from Section 8.1 that the operator A : V — V' given by < Au,v >= a(u,v)
generates a Cp-semigroup on V’. Hence limyo(I + tA)"'f = fin V' for all f € V.
Consequently, for all u,v € V

1
7 (u—(I+tA) " u| v), = (A(I+ tA) | v) g
= < ([ +tA) T Au,v > — < Au,v >= a(u,v).
ast | 0. 0

The following is the main result in this section.

Theorem 9.1.5. Assume that a is accretive. Let C be a closed, convex subset of H and P
the orthogonal projection of H onto C. The following are equivalent.

i) et AC C O (t>0),

i) PV CV and Rea(Pu,u—Pu) >0 (ueV),
ii) PV CV and Rea(u,u —Pu) >0 (ueV).
Proof. Let I := (I +tA)~" t > 0.

i) = ii): a) Let u € V. We show that Pu e V.
Since a is accretive, we may assume that ||[v|3 = [|v||? = Rea(v) + ||v||% for all v € V.
Since I; + tAI, = I, we have

1
Rea(lPu, I;Pu) = Re(Al;Pu| }Pu)y = 7 Re(Pu — I;Pu | I,Pu)y
1 1
= 7 Re(Pu — I;Pu | I;Pu— Pu)y + n Re(Pu — I;Pu | Pu)g
1

1 1
= 5 Re(Pu — I;Pu| Pu—u)g + n Re(Pu — I;Pu | u)g

IA

1
7 Re(Pu— I;Pu | u)g
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by (9.5) since I; Pu € C' by assumption and Proposition 9.1.2. Thus,

Rea(l;Pu,;,Pu) < Re(ALPul|u)g =Rea(lyPu,u) < M| Pully|u|v
1 M?
S Pul + 2l

IN

2

1 1 M
= 3 Re a(I,Pu, I, Pu) + 3 |1, Pul|3; +

THUH%/-

Consequently,

1 1 1
5Rea(jtpu,ItPu) < §]|ItPuH§{—|—§M2||u||%/

1 1
< SIPully + 5l

Hence supg_;< || I;Pullv < oo. Since I;Pu — Puin H ast | 0 we get from Lemma 9.1.3
that Pu e V.
b) Let w € V. Then Pu € V by a). By Lemma 9.1.4 we get

1
Rea(Pu,u — Pu) = yr% n Re(Pu — ItPu | u — Pu)g.
It follows from (9.5) that Re a(Pu,u — Pu) > 0.

i1) = 4ii) Let u € V. Then by the accretivity of a

Rea(u,u — Pu) = Rea(u — Pu,u— Pu)+ Rea(Pu,u — Pu)
> Rea(Pu,u— Pu)>0.

iii) = i) Let u € C, t > 0. Then

|liu — PLu||} = (Lu— Plu| Lu— PlLu)g
= Re(lyju —u | Lju — PLyu)g + Re(u — Pl | [iju — PlLiu)y
= —tRe(ALu | u — PLiu)yg + Re(u — Pl | [iu — PLiu)y
< Re(u— PlLu | lju— Pliu)y

by assumption #iz). Thus,
||]tu - PI{UH?{ S 0,

since u € C. Hence Iju = Plyu € C for all ¢ > 0. Proposition 9.1.2 implies 7). O
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9.2 Positivity

Let H = L*(Q) where Q C R" is open. We let K = R in this section. Let (a,V) be a
continuous, densely defined elliptic form on H and A the associated operator on H.

Theorem 9.2.1 (First Beurling-Deny Condition). The following are equivalent.
i) e >0 (t>0),
i) u €V impliesut € V and a(u™,u™) < 0.

Proof. The orthogonal projection P of H onto H, := {f € L*(Q) : f > 0 a.e. } is given
by Pu := u" as is easy to see.
Let now w € R and observe that on one hand

e 4 >0 if and only if eTtATw) — —tA-wt 5
and on the other
(a+w)(u®u™) =a(u",u) +w,u)g =alu,u).

Thus we may assume that a is accretive, replacing a by a + w otherwise. Since
a(Pu,u — Pu) = —a(ut,u™), the claim follows from Theorem 9.1.5. O

Example 9.2.2. Let Q C R"™ be open, V := H}(Q),

a(u,v) := / <Z a; jD;uDjv + Z bjDjuv + cuv) dx
Q

ij=1 j=1

where a;;,b;,c € L*(Q), 1 <i,j <n and

Z aij(x)&&5 > al¢)? (EeR)

ij=1

for a.e. x € Q and some a > 0.

We have seen in Lecture 7 that a is a continuous, densely defined elliptic form. Denote
by A the associated operator. By Proposition 3.2.1 uw € H}(Q) implies u™,u™ € H}(Q),
and Djut = lgsoDju, Dju~™ = —lgcopDju. Hence a(u®,u™) = 0. It follows from
Theorem 9.2.1 that e=*4 > 0 for all t > 0.
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9.3 Submarkovian semigroups

Let H = L*(Q), Q C R™ open, K = R. Let (a, V) be a densely defined, continuous, elliptic
form on H with associated operator A on H. Recall that the semigroup (e=*4);5 is called
submarkovian if

f<1lae. implies e <1 ae. (t >0)

for all f € H. This implies in particular that e=** > 0 for all ¢t > 0.
Let C :={u € L*(Q) : w < 1}. Then C is clearly convex and closed. Note that for
ue L*(Q)

(9.8) u=uAl+ (u—1)",

(9.9) l=uAnl+(1-u)t.
Lemma 9.3.1. The orthogonal projection P onto C' is given by Pu=u A 1.

Proof. Let w € H. We have to show that (u —uA1l|v—uAl), <O0foralvedC.
By (9.8) and (9.9) we see that

(u—uANljv—uAl)y < (u—uAl|l—uAl)y
= (u=D* | (1=-u)t), =0.

This concludes the proof. O

Theorem 9.3.2 (Second Beurling-Deny Condition). Assume that a is accretive. Then the
following are equivalent.

i) (e7)y0 is submarkovian,
ii) w eV impliesuN1 €V and a(u N1, (u—1)") > 0.

Note that for u € V, u A1 € V implies (u — 1)t € V since u A1+ (u—1)" = u. Let
Pu =wuA1l. Then a(Pu,u— Pu) = a(uA1,(u—1)"). So Theorem 9.3.2 follows from
Theorem 9.1.5.

Let B € L(L*()). Then
(9.10) B>0 and  [Bfli<|fli (feL'nL?
if and only if B* is submarkovian. Thus, we obtain the following corollary.

Corollary 9.3.3. Assume that a is accretive. The following are equivalent.
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i) (e7)y0 is positive and |le A f|l; < ||f]l1 (¢t >0, f e L*NL?),
i) ueV impliesu N1 €V and a((u— 1)t unl) >0.

Example 9.3.4. Let 0 C R™ be open and a;j,bj,c € L>(Q), 1 <i,j <mn, be such that

n

Z ai;(2)&&; > alél’ (EeR)

ij=1

for a.e. x € Q and some o > 0. Let V := H}(Q) and
a(u,v) := / <Z a; ; DiuDjv + Z bjDjuv + cuv) dx.

@ \ij=1 j=1

We have shown that a is continuous and elliptic. Let A be the operator associated with
A. We already know that e=*4 >0 (t > 0). The following further assertions hold.

a) The semigroup (e=*4)>q is submarkovian if ¢ > 0;
b) Assume that b; € C'(Q), D;b; € L>(Q), and Y7, D;b; < ¢, then

le™ I < Iflh (t>0, feL'nL?;

c) As a consequence, if ¢ > 0 and Z?:l D;b; < c, then there exists a positive consistent
semigroup (T,(t))i>0 on LP(Q2), 1 < p < oo, such that (T,(t))i>o0 is a Cy-semigroup for
p < 00, T is a dual semigroup, To(t) = e~ (¢ > 0), and || T,(t) || c(ze@)) < 1 (8> 0).

Proof. a) Let u € H3(2). Then Dj(u A1) = Dju l,<1, Dj(u—1)" = Dju 1,51. Observe
that by Stampacchia’s Lemma (Corollary 3.2.2) we have

(9.11) Dju(xz) =0 a.e. on {u=1}.

Thus
Q

ij=1

and
/ > biDj(uA1)(u—1)" =0.
o

If ¢ > 0, it follows that a(u A1, (u—1)") > 0. Thus, a) follows now from Theorem 9.3.2.
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b) Let w € H}(2). By Corollary 9.3.3 it suffices to show that a((u — 1)*,u A1) > 0.
By a) and the definition of the derivative in H}(Q2) we have that for u € H}(Q)

a((u—1)"Tunl) = /QZ@DJ-(U—1)+(uA1)+c(u—1)+(uA1) dz
_ /QZDj(bj(u—l)Jr)(u/\l)da?
+/ <—§:Djbj(u—1)+(u/\1)+c(u—1)+(u/\1)) dx

> /QZDj(bj(u— 1)) (u A 1)de

by assumption. Thus,

by (9.11). O

9.4 Exercises

We did treat the cases of real and complex Hilbert spaces simultaneously. Alternatively, one
can work on complex Hilbert spaces throughout and use the following exercise to obtain results
on real Hilbert spaces.

Exercise 9.4.1 (invariance of the real space). Let H be a real Hilbert space and let Hc¢ its com-
plezification. Let (a,V') be an elliptic, continuous, densely defined form on H¢ with associated
operator A on H¢. Characterise in terms of (a,V') that

e HcH (t>0).

Next we consider perturbation by a potential (i.e., an unbounded multiplication operator).
We let K =R in the following two exercises.

Exercise 9.4.2 (additive perturbation by a potential). Let (a, V') be a continuous, densely defined,
elliptic form on L?(Q) which satisfies the first Beurling-Deny condition. Let ¢ : € — [0, 00] be
measurable such that Vi :=V N{u € L*(Q) : [, u*c < oo} is dense in L*(). Observe that V4
1s a Hilbert space with respect to the scalar product

(u, U)Vl = (u,v)v + (u, U)LQ(Q,cdm)'
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a) Show that the form b: V) x Vi — R given by
b(u,v) == a(u,v) +/ cuvdx (u,v € V1)
Q

satisfies the first Beurling—Deny criterion.

b) Assume that a is accretive and that the semigroup associated with a is submarkovian. Show
that also the semigroup associated with b is submarkovian.

Exercise 9.4.3 (multiplicative perturbation). Let (a, V') be a densely defined, continuous, elliptic
form on L?(Q) with associated operator A. Let m € L>®(Q) such that m(z) > § > 0 a.e.

a) Assume that e=*4 >0 (t > 0). Show that e=*m4) >0 (t > 0).
Hint: Theorem 8.3.3

b) Assume that ||e_tAH£(L2(Q)) < 1 and that (e=*4);>q is submarkovian. Show that (et ™4)),5q
s submarkovian.

Exercise 9.4.4 (invariance criterion for symmetric forms). Let H be a Hilbert space over K = R
and (a,V) a densely defined, continuous, elliptic, accretive, symmetric form with associated
operator A. Let P be the orthogonal projection onto a closed, convex subset C of H. Show that
eHAC C C (t > 0) if and only if

(9.12) ueV implies Pu €V and a(Pu) < a(u).
Hint: Use the Cauchy—-Schwarz inequality

la(u,v)| < a(u)za(v)z.

9.5 Comments

The invariance criterion Theorem 9.1.5 is due to Ouhabaz [Ouh96]. The Beurling-Deny criteria
are classical in the symmetric case (see [FOT94], [BH91], [Dav89]); for non-symmetric forms
they are due to Ouhabaz [Ouh92a] and [Ouh92b]. Related results are also contained in the
book of Ma and Réckner [MaRG692]. Our formulation of the second Beurling—Deny criterion,
Theorem 9.3.2, is different than in [Ouh05], since we do not assume positivity.
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Lecture 10

Irreducible Semigroups and
Perron—Frobenius Theory

Dedicated to the memory of
H.H. Schaefer
14.02.1925-16.12.2005

In this lecture we introduce the notion of irreducibility for a positive semigroup.
Physically it signifies that heat conduction reaches each point instantaneously. A very
simple criterion allows us to establish irreducibility if the semigroup is associated with a
continuous elliptic form. Our main attention is given to the case where the resolvent is
compact. Then we prove the existence of a unique positive eigenfunction. Moreover, we
prove a typical result of Perron—Frobenius Theory, namely that the peripheral boundary
spectrum is cyclic. If the semigroup is analytic, then we obtain a dominant eigenvalue.
As a consequence we can show that the semigroup converges to an equilibrium. This is
our final goal in this lecture. Later we will see how all these results can be applied to
elliptic operators. There are four sections in this lecture.

Irreducible semigroups

Positive eigenfunctions

Dominant eigenvalues

Asymptotic behaviour.

123
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10.1 Irreducible semigroups

Let (€2,%, 1) be a o-finite measure space and 1 < p < co. Let X be the real or complex
space LP(Q). For w € ¥ we consider the space

LP(w) :={f e LP(Q): f=0ae onQ\w}.

Definition 10.1.1. A Cy-semigroup (T'(t))i>0 on LP(2) is called irreducible if, for each
weX, T{t)LP(w) C LP(w) (t > 0) implies that p(w) =0 or p(2\ w) = 0.

For a measurable function f : {2 — R we define

f>0 <= f(x) >0 ae.,
f>0 <= f(x)>0ae and u({z € Q: f(x) #0}) >0,
f>0 <= f(x)>0ae.<=: fis strictly positive.

Theorem 10.1.2. Let (T'(t))i>0 be a positive, irreducible Cy-semigroup on LP(Q2), where
1 <p<oo. If (T(t))i=0 is holomorphic, then for all 0 < f € LP(Q)

THf>0  (t>0).

Note that irreducibility merely means that for each f > 0, which is not strictly
positive, there exists ¢ > 0 such that u({zr € Q\w : (T(t)f)(x) # 0}) > 0, where
w:={z € Q: f(x) > 0}. The theorem says that for holomorphic semigroups this already
implies that 7'(t) f is strictly positive for all ¢ > 0. If (T'(¢))¢>0 is generated by an elliptic
operator, then 7'(-)f is the solution of the Cauchy problem for the corresponding heat
equation. Thus the result signifies that heat conduction arrives instantaneously at each
point of 2 even if the initial heat is concentrated on a small region.

Theorem 10.1.3 (Uniqueness Theorem). Let X be a Banach space, D C C be an open
connected set, and let f : D — X be holomorphic. Let' Y C X be a closed subspace.
Assume there exists zg € D, z, # 2o, lim, o 2, = 20 such that f(z,) € Y for allm € N.
Then f(z) €Y for all z € D.

Proof. Assume that for some w € D one has f(w) ¢ Y. By the Hahn-Banach Theorem
there exists 2’ € X' such that zj,, = 0 and (f(w),2’) # 0. Then (f(2,),2) = 0 for all
n € N. Since (f(-),z’) is a holomorphic function, this contradicts the classical Uniqueness
Theorem for scalar-valued holomorphic functions. O

Theorem 10.1.2 is an immediate consequence of the following lemma.

Lemma 10.1.4. Let (T'(t));>0 be a positive, holomorphic Cy-semigroup on LP(2) where
1<p<oo. LetweX 0< felP(Q),ty>0. If T(ty)f € LP(w), then T'(t)f € LP(w)
for allt > 0.



10.2. POSITIVE EIGENFUNCTIONS 125

Proof. Let t,, | 0 such that ||T(t,)f — f|| <27 Let hy, := f=> oo (f—T(tx)f)*. Then
h, — f asn — oo. Let n € N. Then for m > n one has

h < f = (f =T(tw) )" = fAT(tm)f-

Hence
0 <T(to —tmhy <T(to —tm)T(tm)f =T(to)f  (m>n).

Thus T'(tg —t,)h € LP(w) for all m > n. It follows from the Uniqueness Theorem 10.1.3
that T'(t)h € LP(w) for all ¢ > 0. Since h;l — f as n — oo, it follows that T'(¢)f € LP(w)
for all ¢ > 0. O

Now we assume that p = 2 and let H = L?(Q2). Let (a,V) be a densely defined,
continuous and elliptic form on H with associated operator A. Assume that v € V
implies u™, u~ € V and a(u™,u~) <0, so that the semigroup (e~*4),¢ is positive by the
first Beurling—Deny criterion.

Theorem 10.1.5. Assume that for each w € %
1,V C V implies p(w) =0 or u(Q\ w) = 0.
Then the semigroup (e=*4);>q is irreducible.

Proof. Replacing a by a + A for suitable A > 0 we may assume that a is accretive. Let
w € Y. Then the orthogonal projection P onto L?(w) is given by Pf = 1,f (f € L*(Q2)).
Assume that the semigroup leaves invariant the space L?(w). Then by Theorem 9.1.5,
PV C V. It follows from our assumptions that pu(w) = 0 or u(Q2 \ w) = 0, which had to
be shown. 0

We will see that Theorem 10.1.5 gives a most convenient criterion for proving that
elliptic operators generate irreducible positive semigroups.

10.2 Positive eigenfunctions

Our goal is to show that the generator of a positive irreducible semigroup has always
a unique strictly positive eigenfunction whenever its resolvent is compact. Since this
involves the spectrum of the operator we assume here that K = C.

Throughout this section we consider the complex Banach space X = LP(Q, %, ),
1 < p < oo, where (2, %, i) is a o-finite measure space. We include the case p = oo since
we also want to consider the adjoint of a semigroup on L'(2). Also for this reason we
introduce resolvent positive operators. We frequently use the following.
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Lemma 10.2.1. A bounded operator B on LP(Q) is positive if and only if BLP(Q,R) C
LP(,R) and

(10.1) [BfI < BIfl  (f € LP(Q)).

Proof. In fact, assume that B > 0. Let f € LP(2). Then for § € R, Re(e? f) < | f|. Hence,
Re(e?Bf) = B(Re(e? f)) < B|f|. Since  is arbitrary, it follows that |Bf| < B|f]. O

Definition 10.2.2. An operator A on X is called resolvent positive if there exists \g € R
such that (Mg, 00) C p(A) and R(\, A) >0 for all X\ > \.

Recall that
s(A) :=sup{ReX : A € 0(A)}

is the spectral bound of an operator A.
If A generates a positive Cy-semigroup (7'(¢))i>o on LP(£2), 1 < p < oo, then A is
resolvent positive and s(A) < w(A). This follows from Proposition 2.4.1.

Theorem 10.2.3. Let A be a resolvent positive operator. If s(A) > —oo, then s(A) € a(A).

Proof. 1. Let s € R such that (s,00) C p(A). We show that A € p(A) whenever Re\ > s.
The proof is given in two steps.
a) We show that R(\, A) > 0 for A > s. In fact, let

Ao :=inf{pu > s: R\, A) >0 for all A\ > u}.

Assume that \g > s. Since R(-, A) is continuous, it follows that R(Ag, A) > 0. Conse-
quently, R(A\g, A)" > 0 for all n € N. By Proposition 1.2.2 we obtain that

RO\ A) = i()\o ~N)"R(Ao, A" >0

n=0

for all A € (\g — &, A\o] where § = ||R(A\g, A)||~!. This contradicts the definition of Aq.
b) By the resolvent identity, for s < A < p,

(10.2) RO\ A) — R(u, A) = (1 — MR\, A)R(p, A) > 0.

Thus the function R(-, A) is decreasing on (s, 00).

¢) We prove the claim. For this we may assume that s = 0 replacing A by A — s
otherwise. Let A\g > 0. Let r = dist(Ag,0(A)). We claim that » > Xg. Since A\g > 0 may
be chosen arbitrarily large, it then follows that the right-half plane is in p(A). The power

series
o0

R(AA) = (ho = A)"R(A, A"

n=0



10.2. POSITIVE EIGENFUNCTIONS 127

of Proposition 1.2.2 converges whenever |\ — \g| < r. Now assume that r < Ag. Then for
IA — Xo| < 7 we have for all f € X

[ROVAV T <D A= Ao["R(o, A f] = R — A = Aol A)[f] < R(ho — 1, A)| 1,

n=0

by the monotonicity of the resolvent. Thus, the resolvent is bounded on the disk D(\g, ) :=
{A e C: A= X| <7} by some constant p > 0. It follows from Proposition 1.2.2 that
dist(A\, o (A)) > p~! for all A € D(\g, 7). Hence r = dist(X\g,0(A)) > r+ p~', a contradic-
tion.

2. Let now sy := inf{s € R : (s,00) C p(A)}. Then by 1. sq = s(A). Thus, if
Sp = —00, then o(A) = ) and so s(A) = —oo. Assume that sg > —oo. If 55 € p(A), since
p(A) is open there exists § > 0 such that (sg — d, 00) C p(A), contradicting the definition
of sg. Thus sy € o(A). O

Corollary 10.2.4. Let A be resolvent positive. Let A € p(A) such that R(\, A) > 0. Then
A €R and A > s(A).

Proof. Since R(A, A) > 0 one has R(\, A)LP(Q,R) C LP(Q,R). Let f € LP(Q,R) \ {0}.
Then u = R\ A)f € LP(Q,R) and Au — Au = f. Hence Au € LP(Q,R) and so A\ € R.
Assume that A < s(A). Then by the resolvent identity (10.2), R(\, A) > R(u, A) > 0
for all u > s(A). Hence ||R(u, A)|| < ||R(A, A)|| for i > s(A). On the other hand, since
s(A) € o(A), lim, sy || R(p, A)|| = oo, by Proposition 1.2.2. O

Now we prove the existence of a positive eigenfunction. We will see that it is unique
up to a scalar factor if A generates an irreducible positive semigroup.

Theorem 10.2.5 (Krein—Rutman). Let A be a resolvent positive operator with compact
resolvent. If s(A) > —oo then there exists 0 < u € D(A) such that Au = s(A)u.

Proof. We may assume that s(A) = 0 replacing A by A — s(A) otherwise. Since 0 € o(A)
it follows from Proposition 1.2.2 that ||R(\,, A)|| — oo as n — oo for some A, > 0 with
lim, .. A, = 0. By the Uniform Boundedness Principle there exists f € X such that
| R\, A)f]| — o0 as n — oo. Since |R(A,, A)f| < R(\,, A)|f| we may assume that
f>0. Let u, = ||[R(\,, A) f]| 7' R(A\n, A) f. Then 0 < u,, € D(A), |lu,]| =1 and

Aty — Ay = [[R(Ap, A)f||_1f.

Thus A\,u, — Au, — 0 as n — co. Hence (u,)nen is bounded in the graph norm. Since
the embedding D(A) — X is compact we may assume that v = lim, .., u, exists in
X, considering a subsequence otherwise. Then |u|| = 1, w > 0, and since A is closed,
—Au = 0. O
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Now we consider X = LP(Q2), 1 < p < 0o, and apply the preceding result to irreducible
positive semigroups.

Theorem 10.2.6. Let A be the generator of a positive, irreducible Cy-semigroup (T(t))i>o-
Assume that A has compact resolvent. Assume that s(A) = 0. Then there exists 0 < u €
ker(A) and 0 < ¢ € ker(A’). Moreover, dim ker(A) = dim ker(A’) = 1.

Note that for f € X one has f € ker(A) if and only if T'(¢)f = f (t > 0) and
for ¢ € X’ one has ¢ € ker(A4’) if and only if T'(t)'¢p = ¢ (¢t > 0). This follows from
Proposition 2.2.4.

Proof. a) By the previous Theorem 10.2.5 there exists 0 < u € ker(A). We show that
u>0. Let w={r € Q:u(zr) =0} Let 0 < f € LP(w). Then f = limy_ fr where
fr = f N ku. Since T'(t) fr < kT(t)u = ku, one has T'(t) fr. € LP(w) for all £ € N. Hence
T(t)f € LP(w) for all ¢ > 0. Since T' is irreducible and (2 \ w) > 0, we deduce that
pu(w) = 0.

b) Note that A’ is resolvent positive and s(A’) = s(A) = 0. By Theorem 10.2.5 there
exists 0 < ¢ € kerA’. We claim that ¢ > 0. In fact, let w = {x € Q : ¢(x) = 0}. Let
0<feLlP(w) Then < T(t)f, ¢ >=< f,T(t)¢p >=< f,¢ >= 0. Hence T'(t)f = 0 on
Q\w={x € Q:¢(x) >0}, ie, T(t)f € LP(w). Since u(Q\ w) > 0, we deduce that
pu(w) = 0.

c) Let f € ker(A). Since T(t) > 0 one has f* = (T(t)f)* < T(t)f*. Hence
Tt)ft — f* > 0. Moreover, < T(t)fT — fT,¢0 >=< fH,Tt)p > — < f*,¢ >= 0.
Since ¢ > 0, it follows that T'(¢)f* = f* for all f € ker(A). Thus, f € ker(A) implies
ft, [~ € ker(A). Since T is irreducible, we conclude from a) that f© =0 or f* > 0 for
each f € ker(A). In particular, for each f € ker(A) one has f > 0 or f < 0. This implies
that dim ker(A) = 1 by the following Lemma.

d) If ¢ € ker(A'), then ¥+ = (T(£))* < T(t)w+ and thus T(£)p+ — ¢+ > 0, but
<T@)YpT — T, u >=0. Hence T(t)'p™ = ¢)*. Now the same proof as in ¢) shows that
dim ker(A") = 1. O

Lemma 10.2.7. Let K = R. Let Y be a subspace of L1(2), 1 < q < oo, such that f € Y
implies f >0 or f < 0. Then dimY < 1.

Proof. Let fi, fo € Y such that f; # 0 # f;. We want to show that f; = A\fy for some
A € R. Since fy > 0or fy < 0, we may assume that fo > 0 (replacing fy by — fo otherwise).
Let

>\0 = mf{)\ €ER: f1 S >\f2}

Then A\g > —oo. In fact, otherwise, f; < —nf, for all n € N. Hence fy < —%fl for all
n € N. Thus fo < 0, which contradicts that fo > 0. Then f; < A\gfs and Ag is minimal for
this property. Since each two functions are compareable we conclude that f; > (Ao — %) fa

for all n € N. Consequently, fi > A\gf2. We have shown that f; = Ao fs. O
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We usually assume that s(A) = 0. This can be always obtained by rescaling. In fact,
the following theorem shows that s(A4) > —oo whenever (e=*4);54 is positive irreducible
and A has compact resolvent. Thus we may replace A by A — s(A) to have the convenient
situation that the spectral bound is 0.

Theorem 10.2.8 (de Pagter). Let A be the generator of a positive, irreducible Cy-semigroup.
Assume that A has compact resolvent. Then s(A) > —oo.

We do not give a proof of this important and deep result.
Our last result will help us to locate the spectral bound in examples.

Proposition 10.2.9. Let (T'(t))i>0 be a positive, irreducible Cy-semigroup whose generator
A has compact resolvent. Let 0 < u € D(A). Then the following assertions hold.

a) If Au <0, then s(A) <0;

b) if Au <0, then s(A) <0;

vV A

)

(4)
c) if Au> 0, then s(A) > 0;
d) if Au> 0, then s(A) > 0;

(4) = 0.
Proof. By de Pagter’s theorem we have s(A) > —oo. Applying Theorem 10.2.6 to A —
s(A), we find 0 < ¢ € D(A’) such that A'¢ = s(A)¢p. Now let 0 < u € D(A). Then

(Au, ¢) = (u, A'¢) = s(A){u, 9).

Since (u, @) > 0, the five assertions follow. O

e) if Au =0, then s

A similar argument shows that the spectral bound is strictly increasing as a function
of the generator. Also this is useful in order to locate the spectral bound in examples.

Theorem 10.2.10. Let (S(t))i>0 and (T'(t))i>0 be positive, irreducible semigroups whose
generators A and B have compact resolvent. Assume that

0<S(t) <T(t) (t>0).
If A # B, then s(A) < s(B).

Proof. Assume that s(A) = 0. Then there exists 0 < u; € ker(A). Hence u; = S(t)u; <
T(t)uy (t > 0). If follows from Exercise 10.5.1 that s(B) > 0. Assume that s(B) = 0
Then there exists 0 < ¢; € ker(B’). Then

(T(tur —wr, ¢1) = (ur, T(A)'d1 — ¢1) =0 (t 2 0).
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Since T'(t)uy —uy > 0 and ¢y > 0, it follows that T'(t)u; = uy (t > 0). Observe that
T(t)'¢1 — S(t)'¢p1 > 0 because S(t) < T'(t). Since T(t)u; = S(t)u; = uq, it follows that
(u, T(t)'p1 — S(t)¢1) = 0. Since u; > 0 we conclude that T'(t)'¢; = S(t)'¢1. Thus
o1 =T(t)p1 = S(t) ¢y for all t > 0. Now let 0 < f € X. Then T(t)f — S(t)f > 0
and (T'(t)f — S(t)f, 1) = (f,T(t)¢1 — S(t)¢p1) = 0. Since ¢; > 0, it follows that
St)f=1T(t)f for all t > 0. O

10.3 Dominant eigenvalues

We proceed by a more subtle analysis of the boundary spectrum o(A) N (s(A) +iR). Our
goal is to prove that s(A) is a dominant eigenvalue under suitable conditions.

Throughout this section (£2,%, ) is a o-finite measure space and we consider the
complex spaces LF(Q2), 1 < p < oco. We start by some auxiliary results on positive
operators on L*°. First we recall that

(10.3) |BfI<BIfl  (fel™)
whenever B € L(L>) is positive, see Lemma 10.2.1.
Proposition 10.3.1. Let B be a bounded operator on L>(S).

a) If B> 0, then ||B|| = || Blal|s-

b) Assume that Blg = 1q. Then B > 0 if and only if || B|| < 1.

Proof. a) If |[f|lee < 1, then |f| < 1g. Hence, |Bf| < B|f| < Blg by (10.3). Hence
18]l < || Bla]lw.

b) If B > 0, it follows from a) that ||B|| = [|Bla|le = |[1a]lec = 1. Conversely,
assume that || B|| = 1. We first observe the following: Let f € L*°(Q2). Then

f(z) € [-1,1] for a.e. z € Q if and only if

(10.4) I f +irlgll’, <1+7r%forallr € R.

In fact, assume that ||f +irlg||?, <1+ 72 for all r € R. Then
(10.5)  Ref(z)* + (r +Imf(z))* = Ref(z)* + Imf(z)* + 2Imf(z)r + 7> < 1+ 77 ae.

In particular 2Imf(z)r < 1 a.e. for all » € R. This implies that Imf(xz) = 0 for a.e.
x € Q. Thus f is real, and (10.5) implies that f(z) € [—1,1] for a.e. x € Q. The converse
implication in (10.4) is clear.
In order to prove that B > 01let 0 < f < 2-1g. Then —1g < f — 1o < 1g. Then
by (10.4)
If —lg+irlgllee <1+7*  (r €R).
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Since || B]| < 1, it follows that

|IBf — 1o +irlgle = |B(f — lo+irlg)||l < 147> (r€R)
for all r € R. Consequently, —1q < Bf —1g < 1g,ie.,0< Bf <2-1gq. O
Proposition 10.3.2. Let B : L>*(Q2) — L>*(Q2) be a positive operator such that Blg = 1lg.
Let h € L>*(Q2), X € C such that |\| =1 and Bh = Ah, with |h| = 1. Then Bh™ = \™h™
forallm e 7.
Proof. Let Rf := AhB(fh). Then R : L>®(Q) — L>®(Q) is linear and by (10.3)
(10.6) [RfI < Blfl  (f € L™(Q)).
Hence ||R|| < 1. Since Rl = 1q, it follows from Proposition 10.3.1(b) that R > 0. Then

by (10.6) B — R > 0. Hence by Proposition 10.3.1(a) ||B — R|| = ||[(B — R)1g||- = 0.
Thus R = B. From the definition of R we obtain that

B(fh) = iBf  (f € L(2)).
Applying this successively to f = h, h?, ... yields the claim. O

Now we can prove the main result of this section. Recall that we assume that s(A) =
0.

Theorem 10.3.3 (cyclicity of the boundary spectrum). Let (T'(t))i>0 be a positive irre-
ducible Cy-semigroup on LP(Q) where 1 < p < oco. Assume that the generator A of
(T'(t))i>0 has compact resolvent and that s(A) = 0. Let f € R. Ifif € o(A), then
ifm € o(A) for allm € Z.

Proof. Let h € D(A), h # 0 such that Ah = iBh. Note that A — i generates the
semigroup (e~'T(t));>0. Thus it follows from (2.9) that

e P (Y — h = / t e P T(s)(A —iB)hds = 0.
0

Hence T'(t)h = eP'h (t > 0). Consequently, |h| = |T(t)h| < T(t)|h| (t > 0). There exists
0 < ¢ € ker(A"). Hence T'(t)'¢ = ¢ (t > 0). Thus

(T(®)[h] = |hl, @) = (|h], T ()¢ — ¢) = 0.

Since T'(t)|h| — |h| > 0 this implies that T'(¢)|h| = |h| for all £ > 0. Thus 0 < u := |h| €
ker(A). Consequently u > 0.
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The following argument shows that we can assume that pu(2) < oo and u = 1g.
Consider the isomorphism

O LP(Qu)> f— g € LP(Q,uPp)
and the semigroup (S(t)):>o given by
S()] = T [ = - T(E) ().

Replacing

Then (S(%)):>o is positive and irreducible. Moreover, S(t)lg = 1q (t > 0).
() < oo and

(T'(t))i>0 by (S(t))i>0 and LP(Q2, ) by LP(Q,uPu) we may assume that p
u = lg, which we do now.

Then |h| = 1 and T(t)h = €#'h (t > 0). It follows from Proposition 10.3.2 that
T(t)h™ = ePmtp™  Hence Ah™ = if3mh™ for all m € Z. O

If in Theorem 10.3.3 the semigroup (7'(t)):>o is holomorphic, then o(A) NiR = {0}.
and 0 is a dominant eigenvalue.

Corollary 10.3.4 (dominant eigenvalue). Let (T'(t))i>0 be a holomorphic, positive, irre-
ducible Cy-semigroup on LP(), 1 < p < oo, whose generator has compact resolvent.
Assume that s(A) = 0. Then there exists 6 > 0 such that

(10.7) o(A) N {A € C:Rex > —4} = {0}.

Proof. Since A generates a holomorphic semigroup, there exist w € R and o € (7, 7) such
that

(10.8) 7(A) C w+ Yo,

This follows from Theorem 2.5.3. In particular, o(A) N iR is bounded. Thus, it follows
from Theorem 10.3.3 that o(A)NiR = {0}. Now assume that there exists A, € o(A) such
that Re), < 0 and lim,,_.,, Re\, = 0. Then by (10.8) (A,)nen is bounded. Hence (A,,)nen
has a convergent subsequence. This contradicts the fact that o(A) consists merely of
isolated points. O

10.4 Asymptotic behaviour

Now we can use the preceding results to prove that an irreducible positive holomorphic
Cy-semigroup converges to an equilibrium if the resolvent is compact and if the semigroup
is normalized in such a way that the spectral bound of its generator is 0.
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Theorem 10.4.1 (convergence to an equilibrium). Let (T'(t))i>0 be a holomorphic, positive,
irreducible Cy-semigroup on LP(S2), where 1 < p < oo, whose generator A has compact
resolvent. Assume that s(A) = 0. Then (T'(t))t>0 converges to a projection P in L(LP(Q))
as t — oo. The projection P is of the form

Pf=(f ¢u,
where 0 < u € ker(A), 0 < ¢ € ker(4), (u,¢) = 1.

Proof. By Theorem 10.2.6 there exist 0 < u € ker(A) and 0 < ¢ € ker(A4’). Replacing
u by a scalar multiple we may assume that (u,¢) = 1. Then Pf = (f, ¢)u defines a
projection P € L(LP(Q2)). Since T'(t)u = u and T'(t)'¢p = ¢ for all t > 0, it follows that

(10.9) T(t)P = PT(t)=P  (t>0).

Then the spaces X := PX and X := ker(P) are invariant under the semigroup.

Let To(t) := T'(t)|x,- Then (Ty(t))i=0 is a holomorphic semigroup whose generator we
denote by Ag. Let A € p(A). Then AR(A\, A)P = PAR(\, A) = P. Hence R(\, A)X, C
Xo. It follows that A € p(Ag) and R(\, Ag) = R(\, A)x, (cf. Exercise 10.5.3). We
have shown that p(A) C p(Ap). Next we show that 0 ¢ o(Ag). Otherwise, there exists
0 # v € ker(Ap). Then v € ker(A4). Since dim ker(A) = 1 it follows that v = cu
for some ¢ € K. Hence v = 0 since v € X,, a contradiction. We have shown that
0 € p(Ap). Since 0 is dominant, it follows that s(Ay) < 0. But s(A) = w(Ay) since Ty
is holomorphic (see [ABHNO1, Theorem 5.1.12] and [EN0O, Cor. 3.12]). Consequently,
letting s(Ap) < —d < 0 we find M > 1 such that ||To(t)|| < Me™® (¢t > 0). Thus

|T@) - Pl = (TP —P+T({)I - P
= [T - P)
< Me™®  (t>0).

This concludes the proof. O

10.5 Exercises

Throughout this Exercise section (2,%, 1) is a o-finite measure space. In the first exercise we
suggest a generalisation of Proposition 10.2.9.

Exercise 10.5.1 (Estimates of s(A)). Let (T'(t))i>0 be a positive, irreducible Cy-semigroup on
LP(Q), 1 < p < oo whose generator A has compact resolvent.

1. Let 0 < u € LP(QQ). Show the following.
(a) If T(t)u < u for some t > 0, then s(A)

<0.
(b) If T(t)u > u for some t > 0, then s(A) > 0.
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2. Let 0 < ¢ € LP(Q2)'. Show the following.
(c) If T(t)¢p < ¢ for allt >0, then s(A) < 0.
(Hint: Consider V :={f € LP(Q): <|f|,¢p>=0}. IsTt)V CV?Is¢p>07?)
(d) If T(t)'¢ > ¢ for all t >0, then s(A) > 0.

We now use Exercise 10.5.1 to find a criterion for forms.

Exercise 10.5.2 (Estimates for s(A) in the form case). Assume that (T'(t))i>0 is an irreducible,
positive Co-semigroup whose generator —A has compact resolvent. Assume that p = 2 and that
A is associated with a continuous, densely defined elliptic form (a,V').

1. Assume that there exists 0 < u € V such that a(u,v) > 0 for all v € V.. Show that s(A) < 0.
(Hint: use Exercise 10.5.1(a).)

2. Formulate and prove criteria that are similar to (a) and corresponding to the assertions of
Ezxercise 10.5.1(b)—(d).

Next we investigate how the invariant spaces influence the spectrum. This was used in the
proof of Theorem 10.4.1.

Exercise 10.5.3 (spectrum and invariant spaces). Let A be an operator on a Banach space X .

1. LetY be a Banach space such that Y — X. Assume that there exists N\g € p(A) such that
R(Mg, A)Y C Y. Let X € p(A).

(a) Let A be in the component C of p(A) containing Ag. Show that R(\,A)Y C Y.
(b) Define the part Ay of A in'Y by
D(Ay) = {ze€DA)NY:AyeY}
Ayy = Ay.

Show that C C p(Ay) and R(\, Ay) = R(\, A)y for all X € C.

2. Let Y be a Banach space such that D(A) C'Y — X. Assume that p(A) # 0. Show that
p(Ay) = p(A).

3. Consider Theorem 7.1.5. Show that o(A) = o(A).

Finally, we show that the strong limit of an irreducible semigroup is necessarily of rank
<1

Exercise 10.5.4 (Rank-1 projection). Let (T'(t))i>0 be a positive, irreducible Cy-semigroup on
X = LP(Q), where 1 < p < oo, with generator A. Assume that Pf = limy_,o, T(t)f exists for
all f € X. Show that P = 0 or P is given by Pf = (f,¢o)u (f € X) where 0 < u € ker(A),
0< ¢pe DA

Motivated by Theorem 10.1.2, we add an open problem to which we do not know the answer
yet.
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Open Problem 10.5.5. Let Q@ C R™ be open and bounded, and let k € L (2 x Q). Consider the
kernel operator B on LP(Q2) given by

Bf(x) = /Q e fwdy  (f € LP(Q), z € Q).

Assume that
Bf(z)>0 for a.e. x €Q

whenever 0 < f € LP(Q). Does it follow that k(z,y) > 0 for a.e. (x,y) € QA X Q?

10.6 Comments

This lecture contains an introduction to Perron—Frobenius Theory, reduced to some essential
points. We give several comments.

10.6.1 Perron—Frobenius Theory

O. Perron and G. Frobenius developped a theory of positive matrices early last century (1907—
1912), see Chapter 1 of Schaefer’s monography [Sch74] for a beautiful presentation of this theory.
The notion of irreducibility was implicit in this early work, but it was Schaefer who gave the
general definition of positive irreducible operators on Banach lattices in 1960. He and his school
in Tiibingen later developped a complete theory in infinite dimensional spaces, see [Sch74]. The
concept of irreducibility turned out to be most fruitful. The general definition is as follows.

A subspace J of a Banach lattice X is called an ideal if for u,v € X

|v| < |u| and w € J imply that v € J.

A positive operator B on X is called irreducible if no non-trivial closed ideal is invariant under
B.

This definition corresponds to ours (which is formulated for semigroups instead of bounded
operators), since the closed ideals of LP(2) are exactly the spaces LP(w) forw € ¥ if 1 < p < oc.

If B is a positive compact operator and the spectral radius r(B) is > 0, then there exists
a positive eigenfunction corresponding to r(B). This is the classical Krein-Rutman Theorem.
However, it can happen that the spectral radius is 0. It was Schaefer’s conjecture that r(B) > 0
whenever B is compact and irreducible. This problem is relatively easy to solve on some special
spaces (as L'(Q2) or C(2)) but for the general case, the important LP-case included, it turned
out to be very hard. Finally, it was B. de Pagter who solved the problem in 1986, see [dPa86].

Theorem 10.6.1 (de Pagter). Every positive, irreducible compact operator on a Banach lattice
has a positive spectral radius.

De Pagter used in a sophisticated way the technique of Lomonosov introduced for the
invariant subspace problem. Applying de Pagter’s result to the resolvent one actually obtains
Theorem 10.2.8.
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Other crucial results of the Perron—Frobenius theory concern the boundary spectrum. If B
is a compact positive operator and r(B) > 0 then, if A is an eigenvalue of modulus r(B), also
A™ is an eigenvalue for all m € Z. This means that the spectrum is cyclic. For matrices this is
a result of Perron—Frobenius.

The systematic development of Perron—Frobenius Theory for positive semigroups started
around 1980 (see [Nag86]). Theorem 10.3.3 is due to G. Greiner. It is valid in arbitrary Banach
lattices. Our simple similarity argument in the proof avoids the use of Kakutani’s Theorem.
More generally, the following cyclicity result holds for the boundary spectrum (and not just the
boundary point spectrum).

Theorem 10.6.2 (Greiner). Let A be the generator of a bounded, positive Cy-semigroup on a
complex Banach lattice. Let § € R. If i3 € o(A), then imf € o(A) for allm € 7.

Again, if the semigroup generated by A is holomorphic (or merely eventually norm contin-
uous), one deduces that
a(A) NiR c {0}.
If X is reflexive, this implies that
P= tlim T(t)
— 00

in the strong sense, by the Arendt-Batty—Lyubich—Vu Theorem (see [ABHNO1, Theorem 5.5.6]
or [EN0O, Theorem V.2.21]).
Now we give further comments on the diverse sections.

10.6.2 Irreducibility and holomorphy

Theorem 10.1.2 is due to Majewski-Robinson [MR83], see also [Nag86, Chapter III] and the com-
ments given there. The simple and most useful irreducibility criterion for semigroups associated
with a form is due to Ouhabaz (see [Ouh05] and the references given there).

10.6.3 More compactness and irreducibility

Theorem 10.2.3 is valid on arbitrary ordered Banach spaces with normal cone, see [ABHNO1,
Proposition 3.11.2]. Theorems 10.2.5-10.2.6 are of Krein-Rutman type. They are valid on
each complex Banach lattice. For more information concerning Proposition 10.2.9 and Theo-
rem 10.2.10 see [Nag86]. In Proposition 10.2.8 it is not necessary to assume compactness of the
lower semigroup. The following is a consequence of results by Fremlin—-Dodds and Aliprantis—
Burkinshaw. We refer to [MNO91] for these results on positive operators, where also a proof of
de Pagter’s Theorem is given.

Theorem 10.6.3. Let (S(t))i>0 and (T'(t))i>0 be Co-semigroups on a Banach lattice X with
generators A and B. Assume that

0<S(t)<T({t)  (t=>0)

If B has compact resolvent, then A has compact resolvent.
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10.6.4 Semigroups on L*°({)), why not?

By a result of Lotz (see [ABHNO1, p. 275]) each Cp-semigroup on L has a bounded generator.
Concerning irreducibility one should be aware that in L°(2) there are many more closed ideals

than those which are of the form L*(w), w € X.
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Lecture 11

Elliptic Operators and Domination

In this lecture we consider general elliptic operators with measurable coefficients. We
prove irreducibility and formulate some of the consequences. Special attention is given to
operators with unbounded drift term. For those, compensation by the term of order 0, i.e.
the absorption term, is needed. Finally we will give a criterion which allows us to prove
domination of a positive semigroup by another one. As applicaton we consider an elliptic
operator with unbounded drift which is not associated to a form. The corresponding
semigroup will be approximated by nicer semigroups from below. There are four sections.

o Irreducibility of semigrous generated by the Dirichlet and Neumann Laplacian.
e General elliptic operators.
e Domination.

e Approximation from below.

11.1 Irreducibility of the semigroups generated by the
Dirichlet and Neumann Laplacian

In order to apply the criterion for irreducibility, Theorem 10.1.5, we need the following
property of H!.

Lemma 11.1.1. Let Q2 C R™ be open and connected. If w C € is a Borel set such that
lw| > 0 and |2\ w| > 0, then there exist a ball B = B(xg,7m9) C £ and a test function
u € D(B) such that 1,u ¢ H*(B).

Proof. a) We show that there exists zy € € such that |wNB(zg,7)| > 0 and |B(zo, ) \w| >
0 for all » > 0. In fact, otherwise 2 = )y U 25 where

Q = {xeQ:3r>0such that B(z,r) C Q and |B(z,r) Nw| =0} and
Qy = {x€Q:3r >0such that B(z,r) C Q and |B(x,r) \w|=0} .

139
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Since ; and €, are open and Q; N Qy = (), it follows that Q; = Q or Qy = Q. Assume
that € = Q. Let K C w be compact. For each x € K there exists a ball B(z,r,) C 2
such that |B(x,r,) Nw| = 0. Since we can cover K by a finite number of these balls, it
follows that |K| = 0. Similarly, if 23 = € one obtains that |\ w| = 0. Both cases are
contradictory to the assumption. This proves the claim.

b) Let zp € Q be the point of a) and let ry > 0 such that B(zg,7) C Q. Let
B = B(wg,7m9) and let v € D(B) such that u(xzy) = 1. Suppose that 1,u € H*(B). It
follows from Stampacchia’s Lemma (Corollary 3.2.2) that D;(1,u) = 1,D;u a.e.. This
shows that D;(1,u) € L>(B), j =1,...,n. Hence 1,u € Wh*°(B). It follows that there
exists a continuous function v : B — R such that 1,u = v a.e. (see e.g. [Eva98, 5.8
Theorem 4]). By a) for each k& € N, there exist xy,y, € B(xg,1/k) such that |v(xy) —
v(yr)| = |u(zg)| — 1 (kK — o0). But x, yx — x¢ as k — oo. Thus v is not continuous at
Zo. O

We will frequently use the following consequence of Lemma 11.1.1.

Proposition 11.1.2. Let Q C R"™ be open and connected. Let V be a subspace of H'(S2)
containing D(2). If w C Q is a Borel set in ) such that

L,vcv,
then |w| =0 or |2\ w| = 0.
As a first example we consider the Dirichlet Laplacian.

Example 11.1.3 (irreducibility of (e'2%),5¢). Let Q C R™ be open and connected. Denote
by AL the Dirichlet Laplacian on L*(). Then the semigroup (e'%);q is positive and
irreducible. Assume in addition that S is bounded. Then there exists 0 < u € D(AR)
such that

—ASu = \u

where \y = —s(ALR) is the first eigenvalue of —AL. Moreover,
dim(ker(A\; + A5)) =1.

Proof. The form domain of AL is V = H}(Q). Tt follows from Theorem 10.1.5 and the
preceding proposition that (e ),5 is irreducible. The semigroup (e*29),5¢ is holomor-
phic by Exercise 2.6.3. Moreover, A5 has compact resolvent by Corollary 4.2.5. The last
two assertions of the theorem follow now from Theorem 10.2.6. O

In order to establish compactness of the resolvent of the Neumann Laplacian we use
the extension property.
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Definition 11.1.4 (extension property). An open set @ C R™ has the extension property
if for each u € HY(Q) there exists v € H(R") such that

Vg = U .
For example, if 2 is bounded and has Lipschitz boundary, then € has the extension property
(see [Nec67], for the case where ) is C' see also [Eva98] or [Bre83]).

Proposition 11.1.5 (extension operator). Let 0 be a bounded open set with the extension
property. Let Q be an open set such that Q C 2. Then there exists an operator £ €

L(HY(Q), H} () such that
(Eu)

o = U

for allu € HY(Q). Such E is called an extension operator.

Proof. Let ¢ € D() such that ¢, = 1. For u € H'(Q) there exists v € H'(R") such
that v, = u. Let w = ¢v. Then w € Hg(Q) (by Proposition 3.2.8) and wy, = u. Thus
the restriction operator

R:HYQ) D ur uy, € HY(Q)

is surjective. Denote by Ry the restriction of R to (ker R)*, the orthogonal complement
of ker R in the Hilbert space H}(Q2). Then Ry is an isomorphism. The mapping £ = R !
is an extension operator. [

Corollary 11.1.6. Let Q2 C R™ be a bounded open set having the extension property. Then
the injection
HY(Q) — L*(Q)

18 compact.

Proof. Let Q be bounded and open such that Q C . Consider an extension operator

E: H'(Q) — Hj(2). Let (ux) be a bounded sequence in H'(2). Then (Euy) is bounded
in Hg(£2). Since the injection Hj(2) into L*(Q) is compact (see Corollary 8.1.9), there
exists a subsequence such that Euy, converges in L?(2) as £ — oco. Hence uy, = Euy,|q

converges in L?(Q) as { — oo. O

Example 11.1.7. Let Q2 C R™ be an open, connected set. Consider the Neumann Laplacian
AN on L2(Q). Then the semigroup (e )= is positive and irreducible. If 2 is in addition
bounded and has the extension property, then the following properties hold.

a) 2% is compact for all t > 0.

b) lim A0 = P in L(L2(Q)), where Pf = wr J fdz - 1o
— 00 Q
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Proof. Trreducibility follows from Proposition 11.1.2, since the form domain is V' = H'((Q).
It follows from Corollary 11.1.6 that AY has compact resolvent. Since the semigroup
(emfjlV )i>0 is holomorphic, it follows that e s compact for all ¢ > 0 by Proposition
2.5.7. Observe that 1g € D(AX) and AY1q = 0. Hence s(AY) = 0 by Proposition 10.2.9.
By Theorem 10.4.1, e2& converges to a projection P as t — oo where Pf = (f, o)u with
0 < u € ker(AY). Thus v € H(Q) and [ VuVuv =0 for all v € H'(Q). Hence Au = 0,
and consequently, u € C*=(f2). Taking v = u we obtain [ |Vu|> = 0 and so Vu = 0
on . Since ) is connected, this implies that u is constant. Since AY is selfadjoint and
dim(ker AY) = 1, it follows that ¢ = c-u for some ¢ > 0. This shows that P has the
desired form. O

11.2 Elliptic operators

Let 2 C R™ be open. We define diverse realizations of an elliptic operator in the real
space H = L?(Q). Let a;j,b;,c;,co € L®(2) be real coefficients, i, j = 1,...,n, such that

N

D ay&i&; > ale? (E€RY)

ij=1
for almost all z € 2 and some o > 0. Define

a: HY(Q)x HY(Q) — R
by
(11.1) a(u,v) = / (i a;jDiuDjv + zn:(biD,-uv + c;uDy) + cmw) dx.
o \ig=1 i=1

Then a is continuous and H-elliptic. Moreover,
(11.2) a(ut,u™) =0 (ue H'(Q)).
Now let V be a closed subspace of H'(Q) containing H}(2). Assume that
(11.3) uweV implies ut eV .
Let ay be the restriction of a to V. Denote by Ay the operator associated with ay .

Theorem 11.2.1. Assume that € is connected. Then the semigroup (e=*4V)>q generated
by —Ay on L*(Q) is positive and irreducible.
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Proof. Positivity follows from the first Beurling—Deny criterion (Theorem 9.2.1). Lemma
11.1.1 shows that for a Borel set w C Q one has 1,,-V C V only if |w| =0 or |2\ w| = 0.
Hence (e7*4V);> is irreducible by Theorem 10.1.5. O

The operator Ay is a realization of an elliptic operator with boundary conditions
which are incorporated into V. We want to make this more precise. Define the elliptic
operator A : H'(2) — D(Q)’ by

(11.4) Au = — Z D;(a;;Dju) + Z b;jDju — Z Dj(cju) + cou.
j=1 j=1

h,j=1

Here the distribution D;(a;;Dju) is defined by

<Di(a,-iju),v) = —/aiijuD,-vdz
Q

for v € D(Q). If V = H}(Q), then we call Ay the realization of A with Dirichlet
boundary conditions. Then

D(Ay) ={u € H}(Q): Au € L*(Q)} .

If V= H'(Q), then the domain of Ay consists of functions which satisfy some kind of
Neumann boundary conditions. We call Ay, the realization of A with Neumann bound-
ary conditions even though these boundary conditions depend on the coefficients. We
may also consider mixed boundary conditions. For example, if Q is of the form Q \ K
where Q is a bounded open set and K C Qis compact, then 02 = I'y UT'y where I'; = =00
is the “exterior” and I'y = 0K the “interior” boundary. If we take V' = {uy, : u € H, L)}
then this realizes Dirichlet boundary conditions on the exterior boundary and Neumann
boundary conditions on the interior boundary.

In the following example we investigate the existence of an equilibrium.

Example 11.2.2 (asymptotics for Neumann boundary conditions). Assume that Q) is bounded,
connected and has the extension property. Let V = H'(Q). Assume that co = 0 and

(a) ¢; =0 forj=1,...,n, or
(b) b =0 forj=1,....n
Then (e~ )y>o converges in L(L*(Q)) to a rank-1 projection as t — oo.

Proof. In the case (a), one has ay(lg,v) = 0 for all v € V. Hence 1g € D(Ay) and
Aylg = 0. It follows from Proposition 10.2.9 that s(Ay) = 0 and the proof can be
continued as in Example 11.1.7. In the case (b) apply case (a) to the adjoint of Ay. O
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11.3 Domination

Let (Q,%, 1) be a o-finite measure space, H = L*(Q), V = H(Q). Let (a1, V1) and
(ag, V3) be two continuous elliptic forms with associated operators A; and A;. We assume
that the semigroups (e=™1),5¢ and (e7%42),5 are positive. By the first Beurling-Deny
criterion (Theorem 9.2.1), this means that

weV; implies u'€eV;and q;(ut,u”)<0  (j=1,2).
We say that V] is an ideal in V5 if V3 C V5, and moreover
0<uy <wuq, up € Vi, ug € Vo implies ug € V7.
Theorem 11.3.1 (Domination criterion). The following assertions are equivalent.
(i) 0 < et < e t2 (£ >0).
(i1) Vi is an ideal in Vy and ag(u,v) < ai(u,v), whenever u,v € Vi N H,.

We refer to the comments for the proof.
Let Q C R™ be an open set. We had already shown that

(11.5) 0< 8 <™ (1> 0),

see Theorem 4.2.1. Since the form domain of Af is H}(2) and the form domain of AY
is H'(Q), we deduce the following from Theorem 11.3.1.

Proposition 11.3.2. The space H () is a closed ideal in H'(S2).

Of course, it is easy to give a direct proof of this proposition (which is implicit in
Lemma 4.2.3).

With the help of Theorem 11.3.1 we now can extend the domination of the semigroup
associated with Neumann by the one associated with Dirichlet boundary conditions from
the Laplacian to all elliptic operators with bounded measurable coefficients as considered
in Section 11.2.

Example 11.3.3 (Dirichlet-Neumann domination). Let A be an elliptic operator defined
as in (11.4) on L*(Q), where Q is open. Denote by A the realization of A with Dirichlet
boundary conditions and by AY the realization of A with Neumann boundary conditions.
Then

(11.6) 0<e ™8 <e ™8 (£>0).
Proof. The form domain of AL is H}(Q) and the form domain of AY is H'(Q). Since

H}(Q) is an ideal in H'(Q) and since the two forms coincide on Hj (), criterion (ii) of
Theorem 11.3.1 is satisfied. O
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Example 11.3.4 (monotonicity in the absorption rate). Let A; and Ay be two elliptic
operators with the same coefficients a;;, b, ¢;, 1,7 = 1,...,n. Assume that the 0-order
coefficient ¢y of Ay and the 0-order coefficient ¢y of Ay satisfy

o) < cox) a.e.

Let V be a closed subspace of H'(Q)) containing H}(Q). Let Ay be the operator Ay with
form domain V', and Ay be the operator As with form domain V. Then

0<e ™ <e™ (£ >0).

This follows directly from Theorem 11.3.1. If Q is bounded, connected and has the
extension property, then we deduce from Theorem 10.2.10 that s(A;) < s(Ay) unless
¢y = ¢ a.e.

11.4 Unbounded drift

In this section we allow the first order coefficients to be unbounded. The technique will
consist in compensating by a large 0-order coefficient, which models absorption. This
absorption has to be strong enough in order to apply form methods.

Let 2 C R" be an open set, H the real space L*(Q). Let a;; € L®(Q) be real
coefficients satisfying

n

(11.7) Y a(@)6 > algl (€€RY

h,j=1

for a.e. € Q. Let bj,¢; € CHQ), j = 1,...,n, real coefficients, and let ¢y € L (),
cop > 0. We consider the elliptic operator A, : D(2) — D(Q2) given by

Apinu = — Z D;(a;;Diu) + Z(biju — Dj(cju)) + cou.
ij=1 j=1
We assume that
(11.8) divdb < ¢ and dive < ¢,

where divb = Y7, D;b;.

Under this condition we show that A, has an extension A, such that —A, generates
a positive contraction Cyp-semigroup (e=*7),5¢ on LP(2), 1 < p < oo. These semigroups
are consistent.

These extensions A, of A, satisfy Dirichlet boundary conditions in some weak sense.
The case where 2 = R” is included and of particular interest.
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At first we assume that ¢, satisfies the following two hypotheses.
1 1
(11.9) 1b] < ~eds el < v, a.e.,

where v > 0, and
1
(11.10) §(divb + dive) < Bey,

where 0 < 3 < 1. Here

2

|b(2)] = (Z ij(af)lz) (z € Q).

Under these conditions we may define an extension of A, by a suitable coercive form.
In fact, we define the real space

Vi={u€ H)): / colul* < oo},
)
which is a Hilbert space for the scalar product

(u | v)y == (u | v)m + / couv.

Q

Then D(Q2) C Vi>L2(Q). We need the following.
Lemma 11.4.1. The space D(Q) of all test functions is dense in V.

Proof. Let u € V.. There exists (vy)ren € D(Q) such that vy — v in Hj(Q) and a.e. as
k — oo. Let uy = (vpg Au) V0. Then uy, € Hy(2), where Hjy(2) denotes the subspace
of H}(2) of the functions with compact support, and u;, — w in H}(Q2) and a.e. as
k — oo. By the Dominated Convergence Theorem [, coluy — u*dz — 0 as k — oo, thus
|ug —ully — 0 as k — oco. Since u™,u™ € V for all u € V, it follows that H,(£2) is dense
in V.

Now let u € H},(Q2). Then wy, := pr xu — u € Hy() as k — oo. Since uy vanishes
outside a compact subset for k > ko, it follows that [, colup — ul* — 0 as k — oo. Since
u € D(Q2), the proof is completed.

Define a bilinear form a : V x V — R by

b:D;uv + c;uD;v + couv
i) UL

J=1

a(u,v) := agp(u,v) —i—/

Q

where

ap(u,v) ::/QZaijDiuDjv.
=1
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Proposition 11.4.2. Assume that (11.9)— (11.10) hold. Then the form a is continuous,

elliptic and accretive.

Proof. a) We show that the form is continuous. Let u,v € V. Then by (11.9)

< [ Bl
Q
< o [ el
Q
0 2 2
< 2 [ (alol? + 1vaP?)
Q

y
< Ul + ).

/ Z bijUU

Replacing v by ev and u by %u we obtain

/ijDjUU
Q j=1

Taking €2 = HZ”X, one obtains

¥ 1
< 2 (ol + Sl ).

<7lullviivlv.

/ijDjUU
Q j=1

The other terms are estimated similarly.
b) The form is elliptic. First we note that

a(w) > o[ Vullgy  (ue V)
Using (11.10) we obtain that for u € D(2)

a(u) > a/|Vu|2d:)3+/ (Z(bj+cj)Djuu+co|u|2)
0 0

j=1

~ 1
_ oz/Q|Vu|2d:L'—l—/Q (Z(bj+cj)§pjuz+co|u|z>

=1

a/|Vu|2dx+/ <—1(divb+divc)u2+co|u|2>
0 o\ 2
a/ \Vu|2d:c—|—(1—6)/co|u|2

0 0

min{a, (1 — ) }H|ulli; — allulZ..

v

v
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Since D() is dense in V' it follows that
a(u) + of|ul|7> > min{a, (1= 5)}Hully,

for all uw € V. Thus a is elliptic.
The above estimate also shows that a(u) > 0 for u € D(2) and hence, by density
arguments, for u € V. O

Remark 11.4.3. If Q) is bounded, then the estimate shows that the form a is actually
coercive.

Define A : H'(Q2) — D(Q) by

(11.11) Au = — Z Dj(a;;Diu) + Z(biju — Dj(cju)) + cou.

1,7=1 j=1

Observe that for u € HY(2), cju € L (), hence D;(c;u) € D(R). So the operator
A is well-defined.

Theorem 11.4.4. Assume that (11.9)— (11.10) hold and Q is connected. The operator A
on L?(Q) associated with a is given by

D(A) = {ueV:Aue L*(Q)}
(11.12) { SR .
The semigroup (e~ )¢ and its adjoint are submarkovian. There exist consistent, con-
tractive, positive, irreducible Cy-semigroups (e=*4);>o on LP(Q2), 1 < p < oo, such that
Ay =A. Forall1 <p< oo one has A, C A. If 0 < f € LP(Q), then e7 ™ f > 0 for all
t>0,1<p<oo.

Proof. a) By the preceding proposition the form a is continuous and elliptic. Denote by
A the operator associated with a. Let u € D(A). Then v € V and a(u,v) = (Au | v)r2
for all v € V. Taking v € D(2) we see that Au = Au. Conversely, assume that u € V
such that Au € L*(Q). Then by the definition of Au as distribution (Au | v) = a(u,v)
for all v € D(Q). Since D() is dense in V' it follows that u € D(A) and Au = Au. We
have shown that the operator A is given by (11.12).

b) Let w € V. Then u't, (u— 1)" € V. Now by the proof of Example 9.3.4 one has
a(unl, (u—1)%) <0and a((u—1)*,uA1) < 0. This shows that the semigroup (e7*4);>¢
and (e7*1");>( are submarkovian.

c) It follows from Proposition 11.1.2 and Theorem 10.1.5 that the semigroup (e~');>¢
is irreducible. Hence also the extrapolation semigroups are irreducible. In fact, since the
semigroup on L2(Q) is holomorphic, for 0 < f € LY(2) N L>®() one has e7trf =
e7t2f > 0forallt > 0,1 < p < oo. Since for each 0 < g € LP() there exists 0 < f < g,
f e LY(Q) N L>®(Q), it follows that e~*rg > e~ f > 0 for all t > 0.
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d) Finally, we show that Any, C A,. For p = 2 this follows from a). Hence, for
u € D(Q), v = Apinu, ey —u = f(f e *Avds for all t > 0. Since v € LP(Q) for all
1 < p < 00, and since the semigroups are consistent, we deduce that

t
e vy —u = / e yds (t >0).
0

By Proposition 2.2.4 this implies that u € D(A,) and A,u = v. O
Now we drop the assumptions (11.9)—(11.10) and merely assume
(11.13) divd < ¢p, dive < ¢ a.e.

Then for k¥ € N we consider

=(+7)

which satisfies (11.9)—(11.10). Then cf — ¢y in L] () as k — oco. By this we mean that

o+ (Ibl +el) € Lioe(9),

/|c§—co|d:v—>0 as k — oo
K

for all compact subsets K C €. Moreover, call a; the form a with ¢ replaced by ¢k, i.e.,
ay is defined on V, x V}, by

ag(u,v) = a(u,v) + /Q(c'g — Co)uv

where Vi = {u € Hy(Q) : [,|ul?crde < oo}. Then ay is continuous, elliptic, and
accretive. Denote by Ay the operator associated with aj, on L2(2) and by (e=*r#),50 the
positive extrapolation semigroup on LP(£2). Then for 1 < p < oo

le™ sl <1 (t>0).

Since V is clearly an ideal in Vi1 and ag(u,v) — agy1(u,v) fQ — cé“ Juv > 0 for all
0 < u,v €V it follows from Theorem 11.3.1 that

(11.14) 0 < etk < emtMortn (£ >0)

for p = 2. But then (11.14) remains true for all 1 < p < oo by consistency. Now we use
the following.

Theorem 11.4.5. Let 1 < p < co. Let (Ti(t))i>0 be contraction Cy-semigroups on LP(S),
k € N, such that
0 < Ty(t) < Thaa(t) (t>0).

Then T'(t) = limy_, Tk (t) exists strongly and defines a Cy-semigroup (T(t))i>0 on LP(£2).
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We postpone the proof of Theorem 11.4.5 and conclude in our situation that

T,(t)f := lim e e f

exists in LP(Q2) for all f € LP(Q2) and defines a Cy-semigroup on LP(€2) whose generator
we denote by A,. Since A, C A, for all k it follows also that A, C A,. In fact, let
u € D(Q), Apinu = v. Then

t
e ek —qy = / e~ ks (t >0).
0
Letting k — oo we conclude that
t
e vy — oy = / e ryds (t >0).
0

By Proposition 2.2.4 this implies that v € D(A,) and Ayu = v. Finally, it follows
from (11.14) that
0<eMor <t (£>0)

for all k € N and ¢ > 0. Since the semigroup (e~*»#),5 is irreducible, also (e~*4r)

irreducible. We have shown the following.

t>0 18

Theorem 11.4.6. Assume (11.13) and let 2 be connected. There exists an operator A, D
Amin which generates a positive, irreducible, contractive Cy-semigroup on LP(), 1 <p <
0.

We conclude this lecture by the proof of Theorem 11.4.5.

Proof of Theorem 11.4.5. The strong limit exists by the Beppo Levi Theorem. Then
T(t) € L(LP(QY)) and T(t +s) = T(t)T(s) for t,s > 0. It remains to prove strong
continuity. Let ¢, | 0, 0 < f € LP(€2). We have to show that f, := T(t,)f — f as
n — oo. Let g, := Ti(t,)f. Then 0 < g, < f, and g, — f as n — oo. Moreover,

HgnHLP S HfHLP-
/Q<f“‘9“>+/ggn=/gfné 11z,

a) Let p = 1. Then
Since [, gn — |||z, it follows that [|f, — gullzr = [(fo — gn) — 0 as n — oco. Since
gn — [ in LY(Q) also f, — f in L}(Q).

b) Let 1 < p < oo. It suffices to show that each subsequence of (f,),— has a
subsequence converging to f in LP(§2). Since LP(Q) is reflexive, we may assume that
(fn)n—oo converges weakly to a function h € LP(§2) (consider a subsequence otherwise).
Since g, < f, and g, — f it follows that f < h. Hence ||f||zr < ||h||r». Since LP()
is uniformly convex, this implies that (f,).en converges strongly to h. It follows that
|\Allee < || fllze- Since f < h, this implies that f = h. O
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11.5 Exercises

In the first exercise we show that in most cases irreducibility is actually equivalent to the open
set {2 being connected.

Exercise 11.5.1 (local forms and irreducibility). Let Q@ C R™ be open, (a,V') a continuous, densely
defined elliptic form on H = L?(Q). Assume that a is local, i.e.,

u€V implies v €V and a(u™,u”) =0.

Denote by A the associated operator.

a) Show that (e=*4)>¢ is irreducible if and only if 1,V C V implies |w| = 0 or |\ w| =0
for all Borel measurable sets w.

b) Let Q C R™ be an open set and let (a,V) be a form on L*(Q) given by (11.1), where V
is a closed subspace of H'(Y) containing H}(SY). Assume that u € V implies u™ € V, so that
etV >0 (t > 0). Show that the semigroup (e 4V )>¢ is irreducible if  is connected and find
an ezxample of a disconnected Q0 such that (e=*AV)y>q is still irreducible.

In the second and third exercise we study how irreducibility is preserved by domination.
Exercise 11.5.2 (domination and irreducibility).
1. Let (S(t))t>0, (T(t))t=0 be Co-semigroups on LP(2), 1 < p < oo, such that
(11.15) 0<S(t)<T({t)  (t=>0)
Assume that (S(t))e>0, is irreducible. Show that (T'(t))i>0 is irreducible.

2. Give a second proof of a) using the characterisation in Theorem 10.1.5, in the case where
(S(t)t=0 and (T(t))t>0 are associated with elliptic forms.

3. Let (a,V) be an elliptic, continuous, densely defined form on L?(Q) such that the associated
semigroup (T'(t))i>0 s positive and irreducible. Let ¢y : V' — Ry be measurable. Consider

Vo= {ue L*Q): / colul?dx < oo},
Q

Assume Vi := Vo NV to be dense in L?(). Consider the form b(u,v) := a(u,v) +
Jo cowv with domain Vi. Show that b is continuous and elliptic and denote by (S(t))i>0
the associated semigroup. Show that (11.15) holds.

4. Find an example which satisfies the assumption of 3. such that the semigroup (S(t))i>0

is not irreducible.
(Hint: Consider co(z) =272, Q= (-1,1), V = H}(Q))

Exercise 11.5.3. Find two semigroups (S(t))i>0 and (T'(t))e>0 such that (11.15) holds, (T'(t)):>0
is irreducible, but (S(t))i>0 s not. (Hint: use Ezercise 11.5.1 (a).)
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The last exercise is rather a question concerning an alternative abstract proof of Lemma 11.4.1.

Question 11.5.4. Let X, Y be Banach spaces and D C X NY be a subspace such that D is dense
in X and also in' Y. Consider the Banach space X N'Y with norm ||z|| = ||z||x + ||z||y. Is D is
dense in X NY ?

We do not know the answer, even though we believe that the answer is known.

Exercise 11.5.5 (the dual of intersection).

a) Show that for each ¢ € (X NY) there exists ' € X', v € Y’ such that ¢ = 2’ + o/
(by which we mean ¢(x) = 2'(z) + y'(x)). In order to do so consider the closed subspace
Z ={(z,x) :x e XNY} of X @Y. Consider ¢ as a functional on Z and extend it by the
Hahn—Banach Theorem. Thus the dual space of X NY is X' +Y'. However, this seems to be of
little help for the question above.

b) Assume that the answer of the previous question is yes. Give an alternative short proof
of Lemma 11.4.1.

11.6 Comments

The domination criterion of Section 11.3 is due to Ouhabaz. We refer to [Ouh05] for the proof
and also to various other domination criteria.

Elliptic operators with unbounded drift were considered in [AMPO06], where the same form
methods were used. However, the semigroups are approximated by changing the domain 2
instead of the absorption term cy. This method is used systematically in [Vog01], see also [SB02].
Theorem 11.4.5 is taken from [AGGO6], but such arguments were known before, see e.g. [Voi86].



Lecture 12

Ultracontractivity

In this lecture we consider ultracontractive semigroups, i.e., semigroups (7'(t))¢o on L' (£2)
satisfying an estimate of the form

(12.1) 1T )] £zrney < ct™™* (> 0).

In view of the Dunford—Pettis criterion, this property implies that the semigroup is given
by a bounded kernel. In the first section we show the equivalence of L? — L9 and L' — L*®
estimates. Then we give a simple criterion to prove ultracontractivity if the semigroup is
associated with a form. A more refined criterion is obtained using Nash’s Inequality. It
allows one to show that in the case where T' is contractive in all LP-spaces the constant c
in (12.1) only depends on the coerciveness constant. There are four sections.

Interpolation - extrapolation.

Ultracontractivity for forms.

Nash’s Inequality.

Elliptic operators with unbounded drift.

12.1 Interpolation - Extrapolation

Let (€2, 0, 1) be a o-finite measure space. We frequently write LP for LP(£2),1 < p < oo.
Recall that
LYQ)N L>(Q) C LP(Q) C LY(Q) + L™(Q)

for all 1 < p < co. Moreover, L'(Q) N L>®(R) is dense in LP(Q) for all 1 < p < co. Thus
it is frequently sufficient to give estimates for functions in L*(2) N L>°(Q). Let

B: LY (Q) N L=(Q) — LY(Q) + L=(Q)

153
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be a linear mapping. As before, for 1 < p1, ps < 00, we let
1Bl ez pry = sup{||Bfllee : f € L' L® L || fllpmo) < 13,

which is defined as an element of [0, 00]. If || B|z(rr1,1r2) < 00 and if 1 < p; < oo, then
there exists a unique operator

B e L(LP,L?) such that B , = B.

We call B the extrapolation operator of B. If B € £(L?) where 1 < p < oo and if
| Bl £(Le1,r2) < 00 then it follows by density, that

| Bfllze: < || Bllzczer,zooyl| £l 2o

for all f € L' N L*®. Moreover, B and B coincide on the space LP' N LP.

Next we formulate the Riesz—Thorin interpolation theorem.
Theorem 12.1.1 (Riesz—Thorin). Let B : L' N L>® — L' + L>. Let

0<9<17 1§p17p2§007 1§Q17Q2§007

1 4 1-6 1 6 1-4

Y

p b1 b2 q q1 q2
Then
HBHL(LP,Lq) S ||B||2Z(L1’1,L‘11) : ||B||Zzgp27Lq2)'

We also note the following particular case.

Corollary 12.1.2. If ||B||z) < M and || Bl ziey < M, then ||Bllgey < M for all
1<p<oo.

We are mainly interested in the case where || B||z(z1 1) < 0o. Then by the Dunford-
Pettis criterion, there exists a kernel K € L>(£2 x Q) such that

Bf(x) = / Ko, ) f()duly) for ae. z €9

for all f € L' N L.

We first consider an interpolation result. Let (7'(¢));>0 be a semigroup which operates
on all LP-spaces. A typical case is when (7'(t));>0 is a Cp-semigroup on LP(£2) such that
(T(t))e=0 and (T'(t)*)s>0 are submarkovian. Then ||T'(t)| z(ze) < 1forallt > 0,1 < ¢ < oo.
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Proposition 12.1.3 (interpolation). Let (T'(t))i>0 be a Co-semigroup on L' () such that
(122 1T e <1, 1T e < 1

for allt > 0. Assume that

(123) IT@) e iy < ™2 (¢ 0)

where ¢ > 0 and n > 0 is a real number. Then for 1 <p < g < o0

_nel_ 1
(12.4) T (@)l cpopey < v a t 2670 (¢ > 0).

l-a
0o !

Proof. a) Let % =T+ le,a= %. Then by the Riesz—Thorin Theorem,

1Tl ewrrxy < NTONZ@ Lo 1Tl £z
t

< ert73r (t>0).

b) Let % = % + %, ie., 0= g. Then by the Riesz—Thorin Theorem and a) we obtain

T er ey < NTONaem 1T zze 1)
(L?,L9) (L?)

INA
/N
@)

| 3 =
™

n[3
ST
N——
—_
|
J

)
3=
Q=
~
|
SIE
—
==
|
Q=
—

This concludes the proof. O

The prototype of the semigroups we consider here is the Gaussian semigroup which
satisfies an estimate (12.2)—(12.3) and hence also (12.4). It is surprising that it is possible
to go back from the interpolation estimate (12.4) to (12.3). This is a consequence of the
semigroup property as we will show next.

We call a Cy-semigroup (7'(t))i>0 on LP(2) completely contractive if

[Ty <1 and [[T(@)]|@ze) <1

for all ¢ > 0. Then it follows that ||T'(¢)|zze) < 1 forallt > 0 and all 1 < ¢ < oo.
For example, if (T'(t));>0 and (T'(t)*);>0 are submarkovian, then (7'(¢));>0 is completely
contractive.

We will use the following rescaling in the proof: If A generates the Cy-semigroup
(T'(t))i>0 on a Banach space X, then for § > 0 the operator SA generates the Cy-
semigroup (T'(5t))¢>0, see Exercise 2.6.2.
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Theorem 12.1.4 (extrapolation). For 1 < p < g < oo there exist constants ¢, 4 such that
the following holds. Let (T(t))o be a completely contractive Co-semigroup on L*(Q).
Assume that

(12.5) T ez <t 2670 (&> 0).

Then
|T()|| 2zt 00y < cpgt™2 (> 0).

Proof. The proof goes in two steps.
1% step: extrapolation to L(L', L7). Let 0 < # < 1 such that

1 6 1-46

p 1 q

Then for a = g(% - %),/B = 51— %) one has a = 03. Let f € L' N L, | f||z» < 1. Note

that by hypothesis

(12.6) |T(t)|| 2o,y <7 (> 0).
Define
(12.7) cp = sup t’ || T(t) f|| 1a-

>0

We want to find a bound for ¢; which is independent of f. Recall the interpolation
inequality

lgllze < llgllZ:llallz’
which is valid for each measurable function g. Thus by (12.6)—(12.7)

IT() f| o IT(/2)T(t/2) [ Lo
(/2)IT(/2) f o
(t/2)” aHT(t/Q)fHLl||T(t/2)f||
(t/2)7*(t/2)" 700}
(t/2)”

£/2) ek = P20

VANRVANR VAR

Y

since o = 03. It follows from the definition of ¢ that ¢y < Qﬁc}_e. Hence ¢; < 28/% .= qa,,,.
We have shown that

_n_1
(12.8) 1T ez o) < apgt 2470 (£ >0).
274 step: extrapolation to £(LY, L*°). It follows from (12.8) that

* _n_1 _
T | ppi ey < apgt 2070 = at™? (> 0).
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Write )
ap gt = (apgt)7".

Hence o
T (ap/P ) oo poey S E7 =127 (t>0),

where g7 + ¢'~! = 1. Applying the first step to this semigroup, we deduce that
1T () Nl i) < agost ™2 (> 0).
Taking adjoints, it follows that

1T (a0 et r)y < agroot ™

hence
T ()] 22,10y < Qg oo(an /1) ™2 =, gt /2
for all ¢ > 0 where ¢, ; = a4y o0 - cp2® This completes the proof. O

If in (12.5) a constant occurs we obtain the following more general result by rescaling.

Corollary 12.1.5 (extrapolation). Let (T'(t))i>0 be a completely contractive Cy-semigroup
on L2(Q). Let 1 < p < q < oo. Assume that

Then there exists a constant ¢ such that
T ()| o) < &7 2670 (2> 0).
The constant ¢ depends merely on n,p,q and on c.

Proof. Let = 2(% — 1). Then

p q
1
™ = (cot)"
Apply Theorem 12.1.4 to the semigroup (S(t))iso = (T'(¢#t))y=o which satisfies (12.5). O
Of particular interest is the case when p = 2 and % = % — %

Corollary 12.1.6. Let (T(t));>0 be a completely contractive Co-semigroup on L?(Q) such
that

(12.9) T ()| eqre,pny < ct™2 (¢ > 0).

where £t =1 — L1 Then
q n

1
2

| T ()| 21,00y < C2,qcnt_% (t >0).
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Proof. Observe that 2 (3 — %) = 1. It follows from (12.9) that

1T ()| 22,00y < (Pt =t2

It follows from Theorem 12.1.4 that
1T ()| oot poe) < cogt™?  (t>0).

Hence
||T(t)||£(L17Loo) < czvq(c_2t)_5 =o't 2 (1> 0),

the claimed inequality. O

12.2 Ultracontractivity for forms

Now we apply the results of the previous section to the case where the Cy-semigroup is
associated with a form. We consider the real space H = L*(2) where Q C R" is open.
Let V be a Hilbert space such that V' < L?(2) is dense. We assume that u € V implies
that u A 1 € V. Furthermore, we assume that n > 2 and

1 1 1
VvV c L where — = — — —.
q 2 n

The following criterion for ultracontractivity has the advantage that the L' — L>-estimate
merely depends on the coerciveness constant of the form.

Theorem 12.2.1. There exists a constant ¢,y > 0 which merely depends on V' such that
the following holds. Let a : V x V — R be bilinear, continuous such that for some p > 0

2
a(u) = pfully

and a(unl, (u—1)T) >0, a((u—1)*,uAl) > 0 for allu € V. Denote by T the semigroup
associated with a on L?(Q). Then

1T ()] 21,10y < cyp™ ™27 (> 0).
We use the following well-known product rule.

Lemma 12.2.2. Let u € C'((a,b); H). Then

D), = 2Re(u(t) | ().
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Proof. One has
lim (IIU(t +)l[5 = lu®)17)
= lim —{(u(t +h) [ ult+ ) — (u(t) | ut)u}

— i {((ult 4 B) — ult) | ult -+ R+ (ult) | ult -+ h) - u(t)a)

h—0 h h
(w(t) | u(®)m + (ut) | @)
(w(t) | w()u + (u®) | @(t)n
2Re(u(t) | w(t))n,
as we have claimed. O

Proof of Theorem 12.2.1 a) First we observe that V' < L9, i.e., the injection is continuous.
This is a simple consequence of the Closed Graph Theorem. In fact, let vy — v in V' such
that vy — w in L7 as k — oo. We have to show that w = v. Since V < L?(Q), there
exists a subsequence vy, converging to v a.e. as £ — oo. Hence w = v a.e.

b) Since the injection V' < L% is continuous, there exists a constant ¢ > 0 such that

lullza < cllully, (we V).

Note that || T(t)||zze) < 1, hence || T'(-)f||re is decreasing for all f € L?. Consequently,
for f € V one has

A0 = [IT@0E ds < [176)1E ds <@ [ 17115 ds
0 0 0

t

A/ / o(T(s)f) ds = —/u / (AT(s)f | T(s)f) 12 ds

IN

= —02/(2u)/0 %IIT(S)flﬁzdS202/(2/~L)(||f!|%z—IIT(t)inz)
< &/@wlIfII

where we used Lemma 12.2.2. We have shown that

T fll, < ﬁt-wnﬂm (t > 0).

It follows from Corollary 12.1.6 that
T ()| 2z pe) < €227 2272 (¢ > 0).
This completes the proof. O

Finally we give the definition of ultracontractivity in a slightly more general setting.
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Definition 12.2.3. Let (T(t))i>0 be a Cy-semigroup on LP(Q) where 1 < p < oco. We say
that (T(t))i>o is ultracontractive if there ezist ¢ € (p, 0], B > 0 and ¢ > 0 such that

(12.10) IT(#) || cerozay < ct™P (0<t<1).

Then we may let 0 < n € R be such that § = g(% - %) to be consistent with the
preceding. In (12.10) we merely consider 0 < ¢ < 1. But if

sup (| T(?)[z(ray < o0,
0<t<1

then it follows that there exist w € R, M > 0 such that

nel 1

N T )| oo pay < M2 0)

for all £ > 0.
Now the proof of Theorem 12.1.4 shows the following.

Proposition 12.2.4. Let (T'(t))i>0 be a Co-semigroup on LP(Q) where 1 < p < co. Assume
that

sup [|T(t)| gy < oo and
0<t<1

sup || T(t)]| zerey < o0.
0<t<1

If (T'(t))i>0 is ultracontractive, then there exist constants M >0, w € R such that

T ()| £t poey < Me't? (t>0).

12.3 Ultracontractivity via Nash’s inequality

The following inequalities can be proved in R™ with the help of the Fourier transform
(see [Rob91, p. 169]).

Theorem 12.3.1 (Nash’s inequality). Let Q C R™ be open. Let V = H}(Q) or V = H'(Q).
In the latter case we suppose that ) has Lipschitz boundary. Then there exists a constant
cy such that

2+4 2
(12.11) lull 2™ < enllullpllullf (we VN LYQ).

Under the hypotheses on ) (even if € is possibly unbounded) there exists an extension

operator
E € L(H'(Q), H'(R"))
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such that || E| £, (rny) < 00, cf. [Ste70] and [Bie00]. This extension property (which
is stronger than the one considered in Proposition 11.1.5) allows one to carry over Nash’s
inequality from R™ to (2.

Now let V' be a Hilbert space such that V<iL2(Q). We assume that V' satisfies
Nash’s inequality in the sense that there exists a constant ¢y > 0 such that (12.11)
holds. For example, this is the case if V — H}(£2) without any further condition on the
open set Q; or if V — H'(Q) and Q has Lipschitz boundary. This follows directly from
Theorem 12.3.1.

Let a: V xV — R be a continuous, coercive form. Thus there exists o > 0 such that

(12.12) a(u) > af|ul)® (weV).
Denote by (7'(t))s>0 the semigroup associated with a.

Theorem 12.3.2 (ultracontractivity via Nash’s inequality). Assume in addition to (12.12)
that the semigroups (T'(t))i>0 and (T(t)*)i>o are submarkovian. Then

ncN>’§ _n
P t 2 t>0).
o (t=>0)

Proof. Let f € LY(Q) N L*(). Then by (12.13)

(12.13) 1Tl e,z < (

Lirwrz — 2ATOF | 70050 - ~2a(T(0))
242

< 2T < -2 O
T

Consequently,

G (2 o (200 (TSI
—(||'T'(¢t 72) " > i T(t 2) " -
FITOME 2 (=2)arong) o (-2

1+2

m

N3 ~—

1

4o _a
= —||T'(t "
2|
4o —4
> n
> Ll
since (T(t))s>o is contractive on L'(2). Hence,

_2

3

_4 t d 2
T fl = /E(IIT(S)fH%)‘"dH(||f||i2)

Vv
i
=
=
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1 1
Hence ||T(¢)f|l> < 22t~ f|l ;1. We have shown that

— 4«

ncy

(12.14) IOl e @ < (5o0) €5 (20

Applying (12.14) to (T'(t)*)¢>0 we obtain

]

ney\ i _
(12.15) IT®cuz@i=en < (o) t7F (2 0).

da
These two inequalities yield the final estimate
t t
1Tl ere= = T {5 ) leanlT {5 ) le@2oe=
ncN)g _n
< — ) t 2 t>0).
- ( 2a (t=20)

This concludes the proof. O

12.4 Elliptic operators with unbounded drift

Here we reconsider the example of Section 11.4. Let 2 C R™ be open. Let a;; € L>(12)
be real coefficients satisfying

n

Z aij(2):&; > al¢? (EeR")

ij=1

for a.e. # € Q and some a > 0. Let b = (by,...,b,) € C* (LR, ¢ = (c1,...,¢,) €
CHQ,R"). Let ¢y : © — R be measurable. We assume that there are constants 0 < 3 < 1
and v > 0 such that

(12.16) divb < ey, dive < Beg a.e.
and

1 1
(12.17) 1b] < veg, el < v, a.e.

As in Section 11.4 we consider
Vi={uec HyQ): / colul|?dr < oo}
Q

and the form a : V x V — R given by

a(u,v) = /Q <Z a;jDiuDjv + Z(bijuv + c;uDjv + couv) .

=1 J=1
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We know from Proposition 11.4.2 that the form is continuous and elliptic. Moreover, by
the proof of Proposition 11.4.2,

a(u) +alulze > aollulli,  (weV),

where oy = min{a, 1 — 8} > 0.

Thus, the form a + « is coercive. Denote by A the operator associated with a. Then
A+ « is associated with a + . Now observe that V' satisfies Nash’s inequality in the
sense of the preceding section. It follows from Theorem 12.3.2 that

ncy

(12.18) ||T(t)||,;(L1,Lw)g( )wtt—a (t>0).

20&0

12.5 Exercises

The first exercise is used in Section 12.2 but rather belongs to Section 2.

Exercise 12.5.1 (all semigroups are contractive up to renorming). Let (T'(t)):>0 be a bounded
Cy-semigroup on a Banach space X. Then

[[]1 := sup ||T'(t)z||
>0

defines an equivalent norm on X such that
[Tzl < [zfp  (£=0).

Next we investigate some properties of ultracontractive semigroups if the underlying space
has finite measure. Let (T(t));>0 be a Co-semigroup on L'(Q) where (2, %, 1) is a finite measure
space. Assume that

1Tl gprpoey <ct™2 (£>0),

where ¢ > 0, n > 0.

Exercise 12.5.2. a) Show that T(t) is compact for all t > 0.
Let 1 < p < o0.
b) Show T(t)LP(2) C LP(Q2) (t > 0).
Let S(t) := T(t)|r(q)- Show that the following properties hold.
c) S(t+s)=5()S(s) (s,t >0);
d) S(t) is compact for all t > 0;
e) There exist M > 0 and € > 0 such that

1S zrry < Me™® (£ >1).

F) If supgi<1 1T ()| (zry < 00, then (S(t))i>0 is a Co-semigroup.
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Next we consider operators of purely second order. We recall that
HH(Q) € L2 ()
for arbitrary open sets in 2 C R™, n > 3, and
HY(Q) © L2 ()
if Q2 has the extension property in the simple form of Definition 11.1.4.

Exercise 12.5.3. Let Q0 C R™ be open, n > 3, and let a;; € L*°(?) such that

n

> aij(2)&& > el (E€RY)

1,7=1

for some a > 0 and a.e. © € Q. Let V = H}(Q) or let V be a closed subspace of H' ()
containing HOI(Q) Suppose in the latter case that  has the extension property and that u € V
implies 1 Au € V. Consider the form

a(u,v) := / Z a;jDiuDjv (u,v eV).
Q

i,j=1

Let (T'(t))i>0 be the semigroup associated with a. Show that there exists a constant ¢ > 0 and
w > 0 such that
1Tzt z) < ct”ze (t > 0).

Finally we suggest to reconsider Definition 12.2.3.

Exercise 12.5.4. Give a proof of Proposition 12.2.4. (Hint: show first that ||T(t)|l ey < Me**
(t > 0) for p = 1,00. Replace (T(t))i>0 by (e ™“*T(t))i>0 and modify the proof of Theo-
rem 12.1.4.)

12.6 Comments

Ultracontractivity has been studied systematically by Coulhon, Varopoulos and Saloff-Coste.
We refer to [VSC93], [Sal02], and [Dav89] for the historical references and many further results.
The simple proof of the extrapolation Theorem 12.1.4 is due to Coulhon [Cou90]. One may add
the following interesting further equivalences to Proposition 12.2.4 to obtain the following more
complete characterisation.

Theorem 12.6.1. Let (T,(t))i>0 be conistent Cy-semigroups on LP(Q2) with generator —A, such
that
1T ()| gerry < Me, IT(#)|lg(roey < Me®t (¢ > 0).

The following are equivalent.
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(i) There exist 1 < p,q < oo and ¢ > 0 such that

n

1 1
I T 2L ey < et 2l (0<t<1);

(i) For all 1 < p,q < oo there exists ¢ > 0 such that

n

1 1
| T (zr,La) < et 26 (0<t<1);

(iti) There exist 1 < p,q < 00 and 0 < a < g such that D((w — A,)*) C LI() where q is

defined by o = %(% _ %)’.

(iv) For alll <p,q < oo and all0 <« < g one has D((w—Ap)*) C LI(Q) where q is defined

(v) V C L2 (%);
where (v) is equivalent to (1)—(iv) if n > 2.

We refer to [Are04, § 7.3.2] for a survey and precise references. The constant n > 0
appearing in the ultracontractivity estimate

n/ 1l

T prpey <t 2670 (0<t<1)

is the same as the one appearing in the injections in (iii) — (v).
If Ay = —A on LP(R"), 1 < p < oo, then D(A’;) = W?2kP(R") and these equivalences
correspond to classical Sobolev Embedding Theorems.
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Lecture 13

Gaussian Estimates

The aim of this lecture is to establish Gaussian estimates for semigroups generated by
elliptic operators of second order. This means that the semigroup 7T is given by a kernel
k(t,-,-) which has an upper bound of the form

|k(t, z,y)| < cety /2o le—ul? /bt

x,y -a.e. for all £ > 0. These estimates are interesting in their own right. Even though
the generator is a quite general elliptic operator, the semigroup is close to the Gaussian
semigroup. But later we will see that Gaussian estimates also have most valuable conse-
quences for spectral theory and they imply strong regularity property for the parabolic
equation.

In this lecture we want to present a technique for proving Gaussian estimates. We
show in the first section that the existence of an upper Gaussian bound is actually equiv-
alent to uniform ultracontractivity of certain semigroups 79 which are obtained by per-
turbation of the given semigroup 7'. In the second section we prove that the semigroup
generated by an elliptic operator with unbounded drift has a Gaussian estimate. We will
use merely our first very elementary ultracontractivity criterion providing a very elemen-
tary proof. However, for this approach we need some regularity of the coefficients and it
only works for Dirichlet boundary conditions. The underlying open set may be arbitrary
though. There are two sections:

13.1 Gaussian bounds by ultracontractivity.

13.2 Gaussian bounds for elliptic operators with unbounded drift.

13.1 Gaussian bounds by ultracontractivity

Let © C R" be an open set and let T be a Cy-semigroup on L?(2). The following definition
is basic for this and the following sections.

167
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Definition 13.1.1. The semigroup T has a Gaussian (upper) bound if there exists a kernel
k(t,-,-) € L®(Q x Q) satisfying

(13.1) k(t, @, y)| < ct"2ele—ul/beet

x,y -a.e. for allt >0 (where b,c > 0,w € R are constants) such that

(13.2) (T(t)f)(x) = / Kt 2, y) f(y)dy

Q
z -a.e. forallt>0,f € L*Q).

In the following remark we reformulate the definition in terms of domination by the
Gaussian semigroup without mentioning kernels explicitly.

Remark 13.1.2. Identify L*(Q)) with a subspace of L*(R") by extending Junctions by 0
outside of 2. Then also T(t) may be seen as an operator on L*(R"™) by letting T(t)f =
(T(t)(fi,))~ where for g : Q — K, g is the extension by 0 of g to R". We identify T and

T. Assume that T is positive. Then T has a Gaussian upper bound if and only if there
exists b,c > 0,w € R such that

(13.3) T(t) <ce'Gbt) (t>0) .

This follows immediately from Corollary 4.1.5. In the case where T' is not positive, (13.3)
has to be replaced by

(13.4) T f| < ce” G(bt)|f] (t>0)
for all f € L*(Q).

The purpose of this section is to show that the existence of a Gaussian bound is
equivalent to ultracontractivity of certain perturbed semigroups. We continue to consider
arbitrary semigroups even though later on we are mostly interested in positive semigroups.
We first define a distance in R” which is equivalent to the Euclidean distance.

Let
W:={Yp e C®R")NLYR") : | D]« <1, ||DiDj¥||oc <1 forall i,j=1,....,n}.
Then

(13.5) d(x,y) = sup{y(x) —¥(y) ¥ €W}
= sup{[¥(z) —¥(y)| : ¢ € W}

defines a metric in R” which is actually equivalent to the Euclidean distance.
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Lemma 13.1.3. There exist constants di,dy > 0 such that
(13.6) di|x —y| < d(z,y) < dg|lx —y| forall z,y e R".

We refer to [Rob91, p. 200 - 202] for the proof.
Now let T' be a Cy-semigroup on L?*(Q2). For o € R,1) € W define the Cy-semigroup
T¢ on L*(Q) by

(13.7) Te(t)f = e T(t) (e f) .
We do omit the dependance of T on 1.
Theorem 13.1.4 (Davies’ trick). The following assertions are equivalent:
(i) There exist ¢ > 0,w € R s.t.
IT2(t) || pey < ceCFHEN 472 (¢ > 0)
forally e W, o € R;
(ii) T has a Gaussian bound.

For the proof we use the following lemma.

Lemma 13.1.5. Let I C C(Q x Q), fo € C(2 x Q). Assume that fo(x) = }g}f:f(x) for all

x€QxO Let h:QxQ— R be measurable s.t. h(x) < f(z) a.e. for all f € F. Then
h(z) < fo(z) a.e.

Proof. Let K C Q x  be compact. We show that h(z) < fo(z) a.e. on K. Since
) x © can be written as the countable union of compact sets the claim follows from
this. We may assume that fo = 0 (replacing F' by F' — fy and h by h — fy otherwise).
Let m € N. For each z € K there exists f,, € F such that f,,.(z) < m™. Let

Unze = {y € K ¢ fn.(y) < m™'}. Since U,,, is open and K compact, there exist
Pm

af,- - xpt € K such that K = |J Upgm. Thus 1inf fma,(y) < m™" forall y € K.
i=1 J=LPm

‘]_
The set Fy = {fma; :m €N,j=1,--- p,} is countable and fmﬁﬁ fly)=0forally € K.
€r'o
Since h(z) < f(z) a.e. for all f € Fy, it follows that h < 0 a.e. O

Proof of Theorem 13.1.4 (i) = (i) The Dunford-Pettis criterion implies that there exists
a kernel k(t,-,-) € L>®(Q x Q) such that T is given by (13.2). We write 7" ~ k. Then for
¥ € W, 0 € R one has T? ~ k¢ where

ke(t,x,y) = k(t, x, y)etWW—¥@)
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Hence by (i) and the Dunford-Pettis criterion one has
ke (t, 2, y)] < e (1> 0)

x,y -a.e. Thus
k(t, z,y)| < ct " Pevt e e @) —vm)

x,y -a.e. for all Y € W, 0 € R. Hence
k(t, z,y)| < ct et e e et @) =0 )l

x,y - a.e. forall p > 0,0 € Wt > 0. It follows from (13.6) that d : Q x Q — Ry is
continuous. Thus Lemma 13.1.5 implies that

(13.8) |k(t, 2, y)| < ct™/2et et emed@y)

x,y -a.e. forall z,y € Q, 0> 0. Given x,y €  the minimum over p at the right hand

side of (13.8) is attained for o = d(zi’f). By Lemma 13.1.5 again, it follows that

[k(t, 2, y)| < ct 2wt e d(@y)? /4wt
x,y -a.e. for all t > 0. Letting b = 4w/dj, it follows from Lemma 13.1.3. that
[k(t, 2,y < ct 2wt la—yl? /bt

x,y -a.e. for all t > 0.
i1) = (i) Let o € R,¢p € W. Then

||Tg(t)||E(L1,L°°) = €8s sup ‘]{jg(t’xjy)‘
z,y€efd
< ess sup |k(t,x,y)|e|9||¢(x)—w(y)|
z,y€efd
< sup et~ 2wt g l—yl? /bt pleld2(a—y)
C 2yeQ

Ct—n/2ewt6w1 0%t

IA

where w; = bd3 /4, since

—lz—y?/bt + |o|ds|lz — y| = —1/bt{|z — y|* — |o|btdo|z — y|} =

L1 bt (| — y| — |olbtda/2)? + %92621520@/4 < btd2/4 .
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13.2 Gaussian bounds for elliptic operators with unbounded
drift

In the preceding section we saw that Gaussian estimates can be obtained by proving ul-
tracontractivity of perturbed semigroups. A major problem is the control of the constants
appearing in these perturbations. Here we use the elementary method presented in Sec-
tion 12.1, 12.2. It is probably the easiest way to prove Gaussian estimates. It is restricted
to Dirichlet boundary conditions and requires some regularity of the coefficients but no
regularity of 2. We will consider elliptic operators with unbounded drift as they were
introduced in Section 11.4 and 12.4.

Let Q C R™ be an arbitrary open set. By C}(Q) we denote the space of all bounded
functions in C*(2) with bounded partial derivatives. Let a;; € C(Q) be real coefficients
such that

n

Z aij(x)&&; > alé]? (E€RY)

1,j=1

a.e. where a > 0. Let b = (b, -+ ,b,),c = (c1, -+ ,¢,) € CHQ,R") be possibly un-
bounded real coefficients. Let ¢y : 2 — R, be locally integrable and assume that there
are constants 7 > 0 and 0 < [ < 1 such that

(13.9) b < 70(1)/2 , e] < 703/2 a.e.

(13.10) div b < fBeg , div e < fBey  ae.

As in Section 11.4 we consider the Hilbert space

(13.11) Vi={ue Hyj(Q): /|u|zcodx < o0}

with scalar product (u|v)y = (Vu|Vv) + [, couv dz and the continuous elliptic form
a:V xV — R given by

a(u,v) = ag(u,v) + /{Z(bijuv + cjuDjv) + couv tdx
Q J=1

where ap(u,v) = /ZaijDiuDjvdz.

Denote by A the operator associated with a and let T'(t) = e=*4 (¢ > 0).
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Theorem 13.2.1. The semigroup T has a Gaussian bound.

The proof will be based on Theorem 13.1.4. For o € R,¢ € W we let
TO(t) = e T (t)e??

where e~¢% is considered as the multiplication operator f +— e~¢%- f on L?(2). By Theorem
13.1.4 the semigroup T has a Gaussian bound if and only if there exist constants ¢ > 0,
b > 0, w € R such that

(13.12) e OFEtPet) || p g1 poey < 72 (£ > 0) .

In order to prove such an estimate we will use the ultracontractivity criterion Theorem
12.2.1.
Given p € R,y € W, the semigroup 7" is generated by the operator

AC = =% fe¥
with domain D(A¢) = {u € L?(Q) : e®¥u € D(A)}. Observe that
(13.13) eV =V .

Lemma 13.2.2. The operator A? is associated with the form a®:V x V — R defined by

(13.14) a®(u,v) = ap(u,v) + /{Z(bvaju + cfuDjv) + cuv}dr
o J=1

where
bf = bj— QZ%’IMh
k=1
CJQ' = Cj+QZa'kj¢k ) ]:17 , 1,
k=1
¢ = =0 Y aytibi+0Y bibi— o) cit
i=1 i=1

1,j=1

and where v; = Dpp. This means that for u, f € L*(Q)) one has u € D(A?), Au = f if
and only if u € V and a®(u,v) = (f | v)2 for allv e V.

Proof. By definition of A? one has for u, f € L*(9),

u € D(A?) | A% = f if and only if u € V and a(e®u,v) = (e®Vf | v)2 forallv € V.
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Replacing v by e™¢%v this is equivalent to w € V and a?(u,v) := a(e®u, e %v) = (f | v)p2
for all v € V. Thus we have to compute a(e®“u, e ?v). Observe that

Dj(egwu) = eQw(Q@Dju + Dju).

Hence
Di(€QwU)Dj(€_QwU) = (szu + DZU)(—Q%U + Dj'U)
Dj(e®u)e™®v = (oju+ Dju)v
e®uD;(e"®v) = wu(—gpjv + D;v).
Thus

ag(e®u, e72"v) = ag(u,v) + / Z ai;(—ov;uDu + ohiuDjv — o*ihjuv),

and

> {bje P uD; (e u) + et uDy (e )} = Y {buDju+ bjuedu+ cjuDjv — cioutpvl .

Jj=1 J=1

This shows that a? has the form (13.14). O

Lemma 13.2.3. There exist p > 0,w € R such that the form b? given by

b (u,v) = a®(u,v) +w(l+ 0*)(u | v)pe

satisfies

(13.15) b8 (u) > palulfy
(13.16) Vunl, (u—1)") >0,
(13.17) b((u—1)7", unl)>0

forallu e V.
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Proof. a) Let u € V. Then ag(u) > o [ |Vul*dz and since u € Hj(S2),
Q

n n 1
/Z(bquju+C§uDjU) = /(Z(bf +C§)§Dj“2)
Q j=1 Q j=1
1 n
-2 / 2 D+
j=1
— _—/ZD (bj +¢;) Ju? + /ZDJ a]k—akj)wk)u2

le 7=1 k=1

l\DIFQ

> 3 / co® — gunlul?

Q

> / e — (1 + ) Jul2

Q

for some w; > 0 independent of g and u since ay;,¥r € CL(2). Here we also use that

div b, div ¢ < (eg. The 0-order term in a? is estimated using the hypothesis, |b], |c| < 701/2,

the fact that ||1);]|cc < 1 and Cauchy’s inequality

b 1

a-b=+ea — <ea’+ b2
N

which give
25 1/2 25 o 1 5 5 9
Z ci)ilul” = —|o]2v [ul* > =& [ eoful® — —g** [ Jul* .
Q Q Q
Putting all together we find for ¢ = %,

@) > a / Vul’ — 3 / e — (14 @ Jull2 + / e

- / S Jasllallislluf? — ¢ / coluf? ~ <4 / fu?

i,j=1

o [1u+ 252 [ eluf? = 1+ @pesllul

v

v

pllulliy = (1 + ¢*)wslull7:
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for all w € V, p € R for some constant ws, where p = min{a, %} > (. This finishes the
proof of (13.15).

b) We prove (13.16) replacing w, by a larger constant w. Let u € V. Since
Dj(u A 1) D; Ul{u<1} y D; (u - 1) = Djul{u>1}
one has D;(u A1)D;j(u—1)" =0 and D;(u A 1)(u—1)" =0 a.e. Hence

aé’((u/\l) (u—1)" /Z (uA1)Dj(u—1)" + /Cg(u/\l)(u—l)+=

Q

/ZCij[(u/\l)(u—l)ﬂ + /cg(u/\l)(u_1)+:

Q
/ZD (A1) (u—1)" + Q/cg(u/\l)(u—l)+

Thus it suffices to show that

n

— Z Dicf + > —(1+0*)ws  ae.

for all o € R and some w5 > 0. Since div ¢ < ¢y and [b], |¢| < 70(1)/2 we have
_ZDj =Ccy— 0 Zazg¢z¢]+gz leC—QZD Zawwz
Jj=1 1,5=1 1=

co — Q*ws — QZ(bj — ¢ — Beg — (14 0%)wy
=1

> (1—B)co— (14 0*)(ws +wi) — 2027

1
> (1= B)co— (1+0*)(ws +ws) —eco — EQZ -4y
> —(1+ 02)%

for all p € R if ws = w3 +ws + 29?, € = (1 — 3). This proves the estimate (13.16). The
estimate (13.17) follows in the same way since the conditions in b and ¢ are symmetric. [

Now we can apply Theorem 12.2.1 to the form b2 and we conclude that
’|€_w(1+92)tTh(t>’|£(L17Loo) S cv,u_"/zt_”/2 (t > O)

for all v € W, p € R. Theorem 13.1.4 implies that 7" has a Gaussian upper bound. Thus
Theorem 13.2.1 is proved.
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13.3 Exercises

In the first exercise we show that a Gaussian estimate on the interval [0, 1] implies Gaussian estimates
on Ry.

Exercise 13.3.1 (exponential bound). Let T be a Co-semigroup on L*(Q) such that
T()f] < cGO)|f] (0<t<T)
for all f € L?(Q) where b,c > 0. Show that there exist M > 0,w > 0 such that
[T(t)f| < Me“'G(bt)|f]
for all f € L?>(Q) and all t > 0. Here we use the convention of Remark 13.1.2.

Hint: Imitate the proof of (2.14).

In the next two exercises one can compute the kernels explicitly and prove Gaussian estimates.

Exercise 13.3.2 (elliptic operators with constant coefficients). Let C' = (c¢;j)i j=1...n be a strictly positive
definite matriz and define the operator A on L*(R™) by

n

A = — Z CijDiDj 5

ij=1

D(A) = H?(R™). Denote by v1,- v, > 0 the eigenvalues of C.
a) Show that the kernel of e=*4 is given by

E(t,z,y) = (4mt) "™/ 2(vy -- ~vn)7% exp (— H071 (x — y)H2 /4t) .

b) Deduce from a) that (e~*4);>0 has an upper Gaussian estimate.

Exercise 13.3.3. Let Af = —f" + f' on the real space L*(R), i.e., A is associated with the form

a(u,v)z/u'v’—i—/u'vdw , V=H\(R).
R R

Compute the kernel of et and show that it has an upper Gaussian estimate.

Hint: Show that e ' = G(t)S(t) where (S(t)f)(x) = f(z —1).

The semigroup generated by the Neumann Laplacian does not always have a bounded kernel. Some
regularity of €2 is needed (see Theorem 13.4.1 in the comments). Here is a counterexample.

Exercise 13.3.4 (the Neumann Laplacian without kernel). a) Let A be an operator with compact resolvent.
Show that dimker A < oco.

Let Q= (0,1)\ {L :me N} CR.

b) Show that the Neumann Laplacian AY on L*(Q) does not have compact resolvent.

¢) Show that for t > 0 there is no kernel k(t,-,-) € L>(Q x Q) such that

(28 f) () = / Ktz 9)f()dy ace.

Q

(f € L*()).
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The proof of Theorem 13.2.1 was based on the elementary characterisation of ultracontractivity
given in Section 1 and 2. Here is an alternative way.

Exercise 13.3.5 (Gaussian estimates via Nash’s inequality). Give a proof of Theorem 13.2.1 via Theorem
12.5.2.

Hint: Use Theorem 13.1.4, Lemma 13.2.3 and Lemma 13.2.2.

13.4 Comments

Upper and lower Gaussian bounds for non-symmetric elliptic operators with bounded measurable coef-
ficients on R™ were first proved by Aronson [Aro68] who used Moser’s Harnack inequality for the proof.
New impetus to the subject came from Davies [Dav87] who introduced the perturbation method Theorem
13.1.4 and proved Gaussian upper bounds with optimal constants for symmetric purely second order op-
erators with L-coefficients for Dirichlet and Neumann boundary conditions (see also [Dav89]). Gaussian
bounds for non-symmetric elliptic operators with Dirichlet, Neumann and Robin boundary conditions
were proved in [AtE97] by two different approaches to prove uniform ultracontractivity as needed to apply
Davies” Theorem 13.1.4. The first is very elementary and is based on the Beurling-Deny criterion but
needs some regularity on the coefficients and is restricted to Dirichlet boundary conditions. This method
was extended in [AMPO06] to unbounded first order coefficients. The proof we give here differs slightly.
We use the elementary ultracontractivity estimate of Section 12.1., 12.2 instead of Nash’s inequality.
Gaussian estimates hold also for more general boundary conditions. Here is a quite general result.
By CZ(R™) we denote all bounded C? functions on R™ with bounded first and second order derivatives.

Theorem 13.4.1. Let Q C R™ open, H = L*(2), and let V be a closed subspace of H'() containing
H}(). Assume that u N1 €V for alluw € V and that Q has Lipschitz boundary if V # H}(Q). Assume
furthermore that CZ(R™)V C V. Let a;j,b;,c;j,co € L®(Q),i,7 =1,...,n be real coefficients such that

D aii&ig > alg? (€RY)
a.e. where o > 0. Consider the elliptic continuous form a:V xV — R given by
n n
a(u,v) = /{ Z a;;D;uDjv + Z bjvDju+ cjuD;v + couvtdr .
1,j=1 j=1
Denote by A the operator associated with a. Then (e_tA)tZO has an upper Gaussian bound.

For b;,c; € Wh(Q) (also possibly complex-valued) Theorem 13.4.1 was proved by an iteration
method in [AtE97] (due to Fabes-Stroock [FS86]) and then by Daners [Dan00] in the general case.

Ouhabaz [Ouh04] gave a new proof and generalizations, which are also presented in his book [Ouh05].
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Lecture 14

Heat Semigroups on L' ()

The natural space to describe diffusion is L'(2). The semigroup T generated by an
elliptic operator with real coefficients is positive as we saw. Given a positive initial value
f € LY(Q), i.e., an initial density of the substance which diffuses in the liquid, the function
T(t)f gives the density at time ¢ > 0 and, for S C 2

(14.1) Ja@wn @

S

is the amount of the substance in the region S. Similarly, if the model is heat conduction,
then f is the initial heat distribution and (14.1) is the heat amount in the set S. Thus
the L'-norm has a physical meaning. For this reason it is important to study diffusion
semigroups (which is the same as heat semigroups) on L'(Q). However, for many questions
the space L'(f2) turns out to be more difficult then the reflexive LP-spaces. One such
delicate property is holomorphy. Let 7, be a consistent family of Cj-semigroups on
LP(Q),1 < p < oo. Frequently one first constructs T, (for example by form methods)
and T, is obtained by extrapolation. If 75 is holomorphic, then we have seen in Lecture
4 that also T}, is holomorphic, for 1 < p < oo (see also the comment 4.6.6). However,
T) may fail to be holomorphic, in general. Things are different, if T, allows a Gaussian
estimate. Then holomorphy extrapolates to L. This is the main result of this Lecture.
There are three sections.

14.1 Extrapolation.
14.2 Holomorphy in L!.

14.3 Convergence to an equilibrium.
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14.1 Extrapolation

The Gaussian semigroup operates on all spaces LP(R"),1 < p < oo as a Cy-semigroup.
The same is true for semigroups which have a Gaussian upper bound. Let 2 C R" be an
open set. We identify LP(€2) with a subspace of LP(R") extending functions in LP({2) by
0 outside of (2.

Proposition 14.1.1. Let S be a Cy-semigroup on L*(R™) and let T be a Cy-semigroup on
L3(Q) such that
T@)fl <eSOIf (0<t<1)

for all f € LY(Q) N L3(Q), where ¢ > 0. Then there exists a Cy-semigroup Ty on L'(Q)
which is consistent with T

Proof. Tt suffices to show that T'(t)f — fin L*(Q) as t | 0 for all f € LY(Q) N L3(R).
Let f € LY(Q) N L*). Let t, — 0. It suffices to show that T'(¢,,)f — f in L'(Q)
as k — oo for some subsequence. Recall that each convergent sequence in L' has a
dominated subsequence. Since S(t)|f] — |f] ast | 0 in L'(R"), we may assume that
S(t,)|f| < h and some h € L'(R™) for all n € N (taking a subsequence otherwise). Hence
T (t,)f] < cS(t,)|f] < ch for all n € N. Since T(t,)f — f in L*(2) as n — oo, there
exists a subsequence such that T'(t,,)f — f a.e. as k — oo. Hence T'(t,,)f — f in L'(Q)
by the Dominated Convergence Theorem. O

Corollary 14.1.2. Let T be a Cy-semigroup on L*() admitting an upper Gaussian bound.
Then there exist Cy-semigroups T, on LP(2),1 < p < oo, and a dual semigroup T, on
L>(Q) such that

T,(t)f =T,t)f forallt >0,f € LPNLY1<p,q<ocoand Tr(t)=T() (t>0).
Proof. By assumption there exist ¢ > 0,b > 0,w > 0 such that
T(t)f] < ce”'GBt)|f] (¢t >0)

for all f € L*(€2). Now the claim follows from Proposition 14.1.1 forp = 1. For 1 < p < o0,
part 1 of the proof of Theorem 4.4.1 works also here. Since also T™ has a Gaussian upper
bound, we may define

Too(t) = (T (1)) -
See also the discussion following Theorem 4.4.1. O
We will now use the Gaussian estimates to show that various properties extend from

the semigroup 71" to the semigroups 7}, and in particular to 77. Our first point concerns
holomorphy.
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14.2 Holomorphy in L'

Let €2 C R™ be open. We consider the complex LP spaces. The purpose of this section is
to prove the following.

Theorem 14.2.1. Let T' be a holomorphic Cy-semigroup on L?(Q) admitting an upper
Gaussian bound. Each extrapolation semigroup T, is a holomorphic Cy-semigroup on
LP(Q), 1 <p<oo.

We will see in the proof that the maximal holomorphy angle (i.e. the maximal angle
6, € (0,7/2] such that 7, has a holomorphic locally bounded holomorphic extension to
¥(6,) is independent of p € [1,00)). For the proof we need several auxiliary results. At
first we show that for a holomorphic function of kernel operators one may choose a kernel
representation which is a holomorphic function.

Lemma 14.2.2. Let D C C be open and F : D — L*(S) holomorphic where (S, %, p) is a
measure space. Then there exists f : D x S — C such that

f(z,-) € L>*(S) forall z€ D,
= F(z) ae forall z€ D,
f(G,x) = D —C is holomorphic for all x € Q .

Proof. Let B = B(z,r) = {# € C, |z — 2| < r} such that B C D. Then there
exist a, € L°(S) such that > |lan|lecr™ < o0 and F(z) = > a,(z — 29)". Define
n=0

n=0
oo

h:BxS — Cby h(z,x) = > an(z)(z — 20)". Then h(-,z) : B — C is holomorphic

0
for all x € S and h(z,-) = F(2) in L*>*(S). Let By, By be two such discs such that
B, C D, By C Dandlet hj : BjxD — C be functions (j = 1,2) such that h;(z,-) = F(z)
in L>(S) (z € Bj) and such that h;(-,z) is holomorphic on B; for all z € S. If
B1N By # 0, then hy(z,x) = hy(z,z) for all z € BN By, x € S by the identity theorem.
Now it suffices to cover D by such discs. O

The next criterion is very convenient to prove holomorphy of vector-valued functions.
A subset W of X* is called separating if for all z € X, x # 0 there exists ¢ € W such
that ¢(z) # 0.

Theorem 14.2.3. Let D C C be open and f: D — X be locally bounded such that po f is
holomorphic for all p € W where W C X* is separating. Then f is holomorphic.

Proposition 14.2.4. Let D C C be open and T : D — L(L*) holomorphic such that

sup [ T'(2) || ¢(z1,pe) < 00
z€K
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for each compact subset K of 2. Then there exists a function

kE:DxQxQ— C such that

k(z,-,-) € L®(QxQ) forall z€ D,
(T(2)f)(z) = /k(z,x,y)f(y)dy a.e. forall feL'NL?,
k(-,z,y) : D — C is holomorphic for all x,y € Q .
Proof. There exists a function
T:D — L(L*, L) such that T(2)f = T(2)f forall fe L'NL?, z€ D .

It follows from the preceding Theorem 14.2.3 that T is holomorphic. Since by the Dunford-
Pettis criterion (Theorem 4.1.1), £(L', L*) and L>(Q x Q) are isomorphic, we find a
holomorphic function & : D — L>®(Q x Q) such that T'(z) is represented by the kernel

k(z) for all z € D. Now the claim follows from Lemma 14.2.2. O

Next we recall the following well-known version of the Phragmen-Lindelof theorem
[Con78, cor. 6.4.4].

Proposition 14.2.5. Let v € (0,%) and let D ={re?’ : 7 >0, 0<60 <~}. Letk: D — C
be continuous, holomorphic on D such that |h(z)| < aexp(B|z]) (z € D) where o, 5 > 0.
If |h(r)] < M , |h(re?)| < M for all v > 0, then |h(z)| < M for all z € D.

We need the following consequence.

Lemma 14.2.6. Let v € (0,7) and let k : X(y) — C be continuous, holomorphic in
YX(y) :={re*:r >0, |a] <~} such that

a) |k(z)| <c¢ (2 €X(y)) and
b) [k(t)] < e (t>0),
where ¢,b > 0. Then for 0 < 6, <~ one has
k(2)] < c-exp(=bi/]z]) (2 € X(60h))

sin(y—61) b

where by = e

Proof. Let g(2) = k(z7') - exp{be’2™) - 2=1-}. Then

sin~y

(i) [g(r)] < ce™exp{bRee’ = .r} =¢ (r>0);

siny
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(i) |g(re")| < c-exp{bRe (ei(%_'”re”)ﬁ} =c,

(iii) [g(2)] < cexp{ge[2l} , 2 € B(v).

It follows from Proposition 4.3 that |g(z)| < ¢ for all z € D. Replacing g by z — ¢(z), we
see that |g(2)| < ¢ for all z € X(v). Hence for z = re? | |0] <.

k(2)] = lg(="") exp(—be' 3727 )]
< c-exp(=b/r- Reei(%_'y_g)shlw)

cexp(—b/r sin(y + 0)/sinv)
cexp(—b-sin(y —10])/(r -sinvy)) .

IN

O

Lemma 14.2.7. Let k : Q x Q — C measurable, h € L'(R™) such that |k(z,y)| < h(z —
y) (z,y € Q). Then

(Buf)(e) = [ ko) f )y
defines a bounded operator By, on LP(Q) and || B zry < ||h]| 21 ®n)-

This is immediate from Young’s inequality. For the proof of Theorem 14.2.1 we use
the following terminology. Let S = (S(t)):>0 be a Cp-semigroup on a Banach space X.
We say that S is holomorphic of angle ¢ < (0, 7] if S has a holomorphic extension (still
denoted by S) from the sector 3(#) into £(X) which is locally bounded, i.e., S is bounded
on the sets {re’ : 0 <r <1, |a| <0 —¢} for all € > 0. Then the following is easy to

show (see Exercise 14.3.1).

(142) 5(21)5(22) = 5(21 + ZQ) (21, 29 € 2(‘9)) ;

(14.3) lim S(z)z =z (z€X) forall & €(0,0)
2€3(67)

(14.4) for all §" < 0 there exist M > 0,w € R such that

ISG) < M (2 € 2(6)) .

Proof of Theorem 14.2.1 Assume that T is a holomorphic Cy-semigroup of angle
6 € (0,7/2] on L*(Q2) which satisfies a Gaussian estimate. Let 0 < 6; < 6. Choose
0 <y <6y <3 <0. Replacing T by (e “'T(t));>0 we can assume that
(14.5) |T(2)[ 222 const(z € X(63)) ;

<
(14.6) |T(t)f] < const G(bY)|f| (t>0, f€ LQ(Q)) )
From this follows

(14.7) IT®)|| 2y < const "% (¢t >0);
(14.8) IT#)|| £z2.p0) < const ¢t (t>0),
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see Section 12.1. Choose ¢ € (0,1) such that ot + is € 3(3) whenever t +is € 3(6,).
Let z = t +is € X(f). Then by (14.5), (14.8), (14.9), |T(2)|lcrr=) < [ T((1 —
Nt/2| crr ey | T (6t +is) || cerzy - |1 T((L=8)t/2)|| 2(p1,py < const t7"/% = const (Rez)™"/2.

By Proposition 14.2.4 there exists k : ¥(6;) xQ2xQ — C such that k(-, x, y) is holomor-
phic for all z,y € Q, k(z,-,-) € L®(Q x Q) and (T'(2)f)(z) = [k(z,z,y)f(y)dy (f €
Q

L' N L?). Moreover,

(14.9) |k(z,z,y)] < const (Rez)™™? (2 € B(6))
and by (4.5),
(14.10) \k(t,z,y)| < const t~exp(—=b~|z —y|*/t) (t>0).

Applying Lemma 14.2.6 to the function 2%2k(z, z, y) we obtain a constant ¢ > 0 such
that for by = b~ . S20-0)

sin~y
(14.11) k(2. 2, y)| < - 2|72 exp(—bilz — y[*/|2])
for all z € 3(0;) and all z,y € Q. It follows from Lemma 14.2.7 that

sup [|T(2)l| ez <00, 1 <p<oo.
z€X(01)
Thus there exist operators T,,(2) € L(LP) such that T,(z)f =T(2)f (felPNL?) (z¢€
¥(6,)). It follows from Theorem 14.2.3 that T,(-) : ¥(6,) — L(LP(Q2)) is holomorphic.
This finishes the proof. O
We apply the result to the examples we had seen before.

Example 14.2.8 (Dirichlet Laplacian on L'). Let Q C R" be open. The Dirichlet Laplacian
A{, generates a holomorphic Co-semigroup on LP(Q2),1 < p < co. Here (etAgvP)tzo is the
extrapolated semigroup of (etAg)tZO.

Example 14.2.9 (elliptic operators with unbounded drift on L!). Let Q C R™. Consider
the elliptic operator A on L*(Q) defined in Section 13.2. Then by Theorem 13.2.1 the
semigroup (e~')>o has an upper Gaussian bound. Thus the extrapolated Cy-semigroups
(e7t%)>0 on LP(2),1 < p < oo are all holomorphic.

14.3 Convergence to an equilibrium

In this section we consider an elliptic operator with Neumann boundary conditions which
generates a stochastic Cy-semigroup on L!(Q). We will use the Perron-Frobenius Theory
of Lecture 10 to describe its asymptotic behaviour. Throughout this section we consider
K = R as underlying field. Let €2 C R™ be a connected, open, bounded set. We start to
describe stochastic semigroups on L!(Q).
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Definition 14.3.1. A Cy-semigroup T on L' () is stochastic if T'is positive and || T () f|| 1 =
[ fllzr for all 0 < f € L'(Q).

It is easy to describe when a semigroup on L?(§2) associated with an elliptic form admits a
stochastic extension. Recall that L?(Q) C L*(€2) since we assume here that € is bounded.

Proposition 14.3.2. Let (a,V) be an elliptic, continuous form on L*(Q) such that the
associated semigroup T on L*(SY) is positive. Denote by —A the generator of T.
a) The following assertions are equivalent.

(i) T is stochastic,
(ii) 1g € ker(A'),
(i1i) 1g € V and a(u,1q) =0 for allu € V.

b) If the equivalent conditions are satisfied then there exists a unique stochastic Co-
semigroup Ty on LY() such that

Tl(t)‘LQ(Q) =T(t) (t>0).
We leave the proof as an exercise.

Now we consider an elliptic operator. Let a;; € L*°(2) such that

n

Z a;(2)&& > alél* (€ €RY)

ij=1
a.e. Let b;,cj,co € L®(Q),j =1,--- ,n. Define the form a with domain V' = H*(Q2) by
a(u,v) = ag(u,v) + /{Z(bijuv + cjuDjv) + couv}dx
j=1
where ag(u,v) = /Z a;; DiuDjvdx

ij=1

Proposition 14.3.3. The form (a,V') is continuous and elliptic and the associated Cy-
semigroup T is positive and irreducible.

Proof. Continuity is obvious. Ellipticity is proved with the help of Cauchy’s inequality

1 1
a-b:\/ga-%bgeazjtng.
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Let [b] = (32 [b;]2)2. Then
Jj=1

[ bz = Il [ 1Vl s
o J=t

Q
1
>~ [19uPde = 20l [ lufde.
Q Q
Similarly,

- 1
/ E c;uDju > —5/|Vu|2dx— =1 |e| ||io/|u|2dx
£
i=1

Q Q Q

Since ag(u) > a [ |Vul?dz, letting e = ¢, w = 2(|| [8] |2 + | |¢| [|%) we conclude that
Q

2a
otw) 2 aolw)— 5 [ [VuP = wlulf;

a
§/|Vu|2d:v—w||u||%z.
0

v

Hence o N
a(w) + @+ Sl = Sl

for all w € H'(2), which proves ellipticity. Since a(u™,u™) = 0 for all u € H(Q),
it follows from the first Beurling-Deny criterion, Theorem 9.2.1, that T is positive. It
follows from Theorem 10.1.5 that T is irreducible. O

By
Whe(Q) :=={u € HY(Q) N L®(Q) : Dju € L™ ()}

we denote the Sobolev space with norm
[ullwroe := max({[| Djull=,j =1 -n} U{]lullL=}) .
Let W™ be the closure of D(Q) in W, Then the following product rule holds.
Lemma 14.3.4. Let u € H'(Q),v € W} ™(Q). Then uwv € H}(w) and
(14.12) Dj(uwv) = Dju-v+uDjv .

Proof. For v € D(2), (14.13) is true. So it suffices to pass to the limit. O
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Now we add the assumption that
(14.13) b € Wy™(Q) and co=» Djb; .
j=1

Proposition 14.3.5. Under the assumption (14.14) there exists a unique stochastic Cy-
semigroup Ty on L*(Q) such that

Ti(t) ., =T (t>0).

20

Proof. Let u € H'(2). Then

a(u,lg) = /{Z bjDju + coutdx
o J=1

= /ZDj(bju)+coud:B
o J=1

/(— zi: Djb; + co)udx

o =1
= /ZDj(b]u)dx =0
o J=1
since bju € Hy(Q2),7 =1,--- ,n. Now the claim follows from Proposition 14.3.2. O

Now we formulate the convergence result.

Theorem 14.3.6. Assume that ) has Lipschitz boundary and that (14.14) holds. Then
there exists 0 < w € L' () such that

lim Ty(t) = P in L(L*(Q))

t—o00

where Pf = [ fdxw for all f € L*(Q). Moreover, [wdzx = 1.
Q Q

For the proof we use the following modification of Theorem 12.1.4 which is proved
exactly in the same way (only the first step is needed).
Proposition 14.3.7. Let S be a Cy-semigroup on L'(Q),2 < q < oo, such that
(14.14) 1S ley < ¢ (0<t<1), and
(14.15) ISz e < ¢ 2G70 (0<t<1).
Then there exists a constant ¢; > 0 such that

(14.16) IS (0| erpoy < cat™ 2078 (0<t<1).
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Proof of Theorem 14.5.6 a) We first prove that T)(t) is compact for all ¢ > 0. For this
we need the assumption that 2 has Lipschitz boundary. In fact, this implies that there
exists 2 < ¢ < oo such that H'(Q) C LY(Q) (% =1_1ifn>2;2 < ¢ < oo arbitrary if
n < 2). Hence ||ul|ze < ¢,ljul|z for all uw € H(Q) and some constant ¢, > 0. Recall from
(7.8) that

1Tt ey < et ™2 (0<t<1)

for some ¢y > 0. It follows that
| T2(t) || 22,00y < ch2t_l/2 0<t<1).

Thus Proposition 14.3.7 implies that T} (¢)L*(2) € L*(2) for all ¢ > 0. Since the injection
j: HY(Q) — L*(Q) is compact, the operator Ty(t) is compact. Factorizing

Ti(t) = g o Ty(t/2)T1(t/2)

one sees that 7T (t) is compact for all £ > 0.

b) Denote by B the generator of 77. Since T3 is stochastic, it follows that s(B;) = 0,
where s(Bj) denotes the spectral bound. It follows from a) that 77 is immediately norm
continuous and B; has compact resolvent (Proposition 2.5.7). Since 77 is immediately
norm continuous, s(B;)+iR is bounded (see [Nag86, A-1I, Theorem 1.20, p. 38] or [ENO0O,
I1.4.18, p. 113]). Since T3 is irreducible also 77 is irreducible (this follows directly from the
definition). Now since B; has compact resolvent and 77 is immediately norm continuous it
follows from the proof of Theorem 10.4.1 that tlirglo Ty(t) = P in LY(Q)) where Pf = o(f)w

for some 0 < ¢ € L'(Q)', 0 < w € L'Y(Q). Since 1o € ker B} and dimker B} = 1, it
follows that ¢(f) = ¢ [ fdx for all f € L'(Q) and some ¢ > 0. Replacing w by % the
0

claim is proved. O

14.4 Exercises

In the first exercise we show that ultracontractivity alone allows one to deduce that the induced semigroups
on LP have holomorphic extensions to a sector whenever the given semigroup on L? is holomorphic.

Exercise 14.4.1. Let Q C R™ be open and bounded. Let T be a holomorphic Co-semigroup on L?(2) of
angle 6 € (0,7/2] such that
IT(t) || cerrpey < et e (0 <t < 1) .

Assume that

¢ (0<t<1)
c (0<t<1).

1T 2z
1T ()| £zo=)

a) Observe that there are consistent Co-semigroups T, on LP(Q),1 < p < oo, such that To =T.
b) Show that for each 1 < p < oo the semigroup T, has a holomorphic extension ¥g — L(LP).

<
<
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Remark 14.4.2. However, it is not clear that

sup [T, (t)|lz(zry < o0
zEZé
l=1<1

for0 <0 < 6,1 <p<oo,pF#2. The point in this lecture was that such an estimate holds if T has
Gaussian upper bounds.

Next we give an alternative proof of the fact that the semigroup generated by A is holomorphic
(Theorem 5.2.4). It uses the fact that the semigroup generated by the Dirichlet Laplacian on L(€) is
holomorphic (Example 14.2.8) which we proved with the help of Gaussian estimates.

Exercise 14.4.3 (the Dirichlet Laplacian on Cy(Q?) revisited). Let Q@ C R™ be a bounded open set which is
Dirichlet regular. Consider the Laplacian Ag on Co(2) given by

D(Ao) = {u S Co(Q :Au € Co(Q)}
Aou = Au.

Denote by Agyp the Dirichlet Laplacian on LP(Q),1 < p < co. Recall from the proof of Proposition 5.2.8
that R(X, Af 5)Co(Q2) C Co() for X > 0 and R(A, Ap) = R(A\,Af,) Use Example 4.2.8 to show

‘C Q)"
that Ao generates a holomorphic Cy-semigroup. ’

Hint: Show that R(X, Ao)| | = R(A,AF ;) (A>0).

[t

Exercise 14.4.4. Prove Proposition 14.3.2

In the last exercise it is shown that a very weak form of ultracontractivity implies compactness of
a semigroup defined on L!. It is an immediate consequence of the following classical result.

Theorem 14.4.5. Let B € L(L') be a weakly compact operator. Then B? is compact.
We refer to [Sch74] for the proof.

Exercise 14.4.6. Let |Q| < oo and let T be a Cy-semigroup on L'(Q) such that T(t)L* C L9 for some
qg>1 and all t > 0. Show that T(t) is compact for all t > 0.

14.5 Comments

The weak characterization of vector-valued holomorphic functions, Theorem 14.2.3, can be found in
[ABHNO1, Theorem AT]. It is a consequence of the Krein-Smulyan Theorem, see [AN00], [ANO0G] for the
proof and further information on vector-valued holomorphic functions.

Theorem 14.2.1 is due to Ouhabaz [Ouh92a] in the symmetric case. The extension to the non-symmetric
case is given in [AtE97] and Hieber [Hie96]. Here we follow [Are97]. The harmonic oscillator leads to an
example of a consistent family of Cy-semigroups T, on LP,1 < p < oo such that T}, is holomorphic for

1 < p < o0, but T3 is not (and not even eventually norm-continuous), see [Dav89, Theorem 4.3.6].
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Lecture 15

Interpolation of the Spectrum

In this lecture we study spectral properties of generators of semigroups which operate in
a consistent way on L spaces, 1 < p < oco. Then it may happen that the spectrum of
the generator does depend on p. We show this by a simple example. The reason for this
strange phenomenon is that even though the semigroups are consistent, the resolvents need
not to be so for some A\. We do study this consistency problem giving several illustrating
results and examples. The main result given in Section 15.5 shows that the spectrum is
LP-independent if the semigroup has a Gaussian upper bound. We start by studying a
notion of convergence of a sequence of unbounded operators. There are 5 sections in this
lecture.

15.1 Convergence of a sequence of unbounded operators in the resolvent sense.
15.2 Spectral independence with respect to subspaces.

15.3 Consistency of the resolvent.

15.4 Examples.

15.5 LP-independence of the spectrum.

15.1 Convergence of a sequence of unbounded operators in
the resolvent sense

Here we prove a general result on the continuity of the resolvent. Let X be a complex
Banach space.

Theorem 15.1.1. Let A be an operator on X and let K C p(A) be a compact set. Let
Xo € p(A). Let e > 0. Then there exists § > 0 such that the following holds. If B is an

191
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operator such that \g € p(B) and
[R(Ao, A) = R(Ao, Bl 2x) <0,

then K C p(B) and
[R(A, A) = R(A, B)||ex) < €

forall A € K.

Proof. We may assume that Ao = 0, replacing A by A — A\g and B by B — )y otherwise.
Let M = sup || — p?R(p, A)|| and &y := 51. Let 0 < § < &y and B be an operator on X
peK

such that 0 € p(B) and [|[A™" — B~ z(x) < 4. Let p € K \ {0}. Then
(=AY = (A=) AT = —pAR(p, A) = p— 2 R(p, A).
Hence ||(p=' — A7) "Y(B™' — A71)|| < M§. Thus
Qi=(— (' —A) (B -A)

is invertible and

Consequently,

(u=B) = —pu(p™' —=B)B
—ulpt = AT+ AT - BTHB
= —pp T =AW - (T - AT)TH(AT - BT))B

is invertible and R(u, B) = —B~'Q™'(I — uR(u, A)). Since
R(:uv A) = _A_l(] o /LR(/L, A))7

it follows that
R(u, B) = R(u, A) = (A7 = B'Q7")(I — uR(p, A))

- ((A-l B+ Y (- A (B - A*))’“) (I — R (s, A)).
Thus for ¢ = sup ||[I — pR(u, A)|| we have

pekK

Mo
1— Mo

1R(i. B) = R(p, A)|| <6+ Y (M) =06+

k=1

since Mé§ < % O

¢ < (14 2Mc),
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The preceding result leads us to the following definition which we only use to illustrate
further the result.

Let A,, be operators on X,n € N U {oco}. We say that A, converges to A, in the
resolvent sense if there exists Ay € p(4,) for all n € NU {oo} such that

lim [|[R(\o, A,) — R(N, Aso)|| = 0.

As a consequence of Theorem 15.1.1, for each compact set K C p(As) there exists ng € N
such that K C p(A,,) for all n > ny and

sup [|R(\, A,) — R\, Ax)|| — 0 as n — oo.
AeK

If A, € L(X) for all n € N U {oco}, then it is easy to see that A, converges to A in
the resolvent sense if and only if lim [|A, — Aw|| = 0. For such a sequence of bounded

operators, Theorem 15.1.1 implies the upper semicontinuity of the spectrum.

Corollary 15.1.2. Let A, € L(X), n € NU {oo} such that

lim A, = A, in L(X).

n—oo

Let O C C be open such that 0(As) C O. Then there exists ng € N such that o(A,) C)
for alln > nyg.

15.2 Spectral independence with respect to subspaces

In this short introductory section we present a simple result of spectral independence.
Let X,Y be Banach spaces such that Y < X (by this we mean that Y is a subspace of
X and the inclusion is continuous). Let A be an operator on X. We denote by Ay the
part of Ain Y, i.e. Ay is given by D(Ay) ={x € D(A)NY : Az € Y}, Ayx = Ax.

Proposition 15.2.1. Assume that there exists p € p(A) such that R(u, A)Y CY and that
there exists k € N such that D(A*) C Y. Then o(A) = o(Ay) and R(\, Ay) = R(\, A)},
for all X € p(A).

Proof. a) Let A € p(A). Iteration of the resolvent equation R(\, A) = R(u, A) + (u —
AN R(p, A) yields

k
(15.1) Z (1= N R, AY + (= V) R(p, AR, A).

This shows that R(A\, A)Y C Y. It is now obvious that A € p(Ay) and R(\, Ay) =
R(X, A),



194 15. INTERPOLATION OF THE SPECTRUM

b) Conversely, let A € p(Ay). The space D(AF) is a Banach space for the norm ||| p(ar) =
|(u — A)*x||x and D(A¥) — X. Since Y — X it follows from the closed graph theorem
that D(AF) < Y. Note that R(u, A)* is anisomorphism of X onto D(A*). Thus

k
Qui= ) (= N"'R(u, Az + (n = RO Ay)R(p, A'z (€ X)

j=1
defines a bounded operator on X. Moreover, for x € X, Qz € D(A) and

A= A)Qx = {(p—= N R(u, A" — (u = A R(p, A} + (1 — N R(u, Az = z.

=1

Since for x € D(A), AQx = QAxz, it follows that A € p(A) and Q = R(\, A). O

15.3 Consistency of the resolvent

Let X,Y be two Banach spaces. We assume that there exists a third Banach space Z
such that X — Z and Y — Z.

Definition 15.3.1. Two operators Bx € L(X) and By € L(Y') are consistent if
Bxx = Byx (LL’EXQY)

Let Tx and Ty be Cy-semigroups on X and Y, resp., with generators Ax and Ay,
resp. We assume that Tx and Ty are consistent, i.e., that T'x(t) and Ty (¢) are consistent
for all ¢ > 0. We will see below (Section 15.4) that this does not imply in general that
R(\, Ax) and R(\, Ay) are consistent for all A € p(Ax) N p(Ay).

Proposition 15.3.2. The setU of all A € p(Ax)Np(Ay) such that R(\, Ax) and R(\, Ay)
are consistent is open and closed in p(Ax) N p(Ay).

Note that X + Y is Banach space for the norm
[ullx+y = inf{{lz]lx +llylly : 2 € X,y € Yiu =2 +y}
and X NY is a Banach space for the norm
[ullxny = llullx + llvlly-

The injections XNY — X — X4+Y, XNY — Y — X+Y are continuous. In particular,
ifr,e XNY,z, xrinXandz, -yinY,thenz=yand z, - xin X NY.
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Proof of Proposition 15.3.2. 1t follows from the remark above that U is closed in p(Ax)N

p(Ay). Let \g € U. Let € > 0 such that {\ € C: |\ — \g| < €} C p(Ay). Then for x €

Xﬂ}/, R()\, Ax)l' = Z ()\O_A)nR()\(), Ax)n+1$ and R()\, Ay)l’ = Z (AO_)\)nR()\O, Ay)n+1
n=0 n=0

where |A — A\o| < €. Since R(Ag, Ax))" and R(\, Ay)"™! are consistent, it follows from

the remark above that R(\, Ay) and R(\, Ay) are consistent. O

Recall that for z,y € X,
x € D(Ax), Axz =y if and only if

(15.2) [ Tx(s)yds = Tx (e —a (£ 2 0).

In the following we assume that X NY is dense in X and in Y.

Proposition 15.3.3. Let A € p(Ax). Assume that there exists Q € L(Y') which is consistent
with R(\, Ax). Then A € p(Ay) and R(\, Ay) = Q.

Proof. We can assume that A = 0 (considering Ax — A otherwise). It follows from (15.2)

that
t

/TX(s)yds = Tx(t) Ay — Ay (ye X,t>0).
0
t
Hence [Ty (s)yds = Ty (t)Qy ((t > 0) for all y € ZNY, and by density, for all y € Y.
0

It follows from (15.2) (with X replaced by Y) that Qy € D(Ay) and AyQy = y for all
y € Y. Since QTy(t)y = Ty (t)Qy if y € X NY, it follows that @) and Ty (t) commute
(t >0). Hence AyQy = QAyy if y € D(Ay). O

The following is a converse of Proposition 15.3.3.

Proposition 15.3.4. Let A € p(Ax) N p(Ay). If RO\ Ap(X NY) C XNY, then R(\, Ax)
and R(\, Ay) are consistent.

Proof. We can assume that A = 0. Let # € X NY. By hypothesis A’z € X NY. Hence

t t
/TX(s)xds = /Ty(s)xds =Ty (t)Ay'e — Ayle = Tx (1) Ay'r — Ay'e (t >0).
0 0

It follows from (15.2) that Ay'z € D(Ay) and Ax(Ay'z) = z; ie. Ay'e = Ale. O

Corollary 15.3.5. Assume that Y C X. Then R(\, Ax) and R(\, Ay) are consistent for
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Proposition 15.3.6. Assume that
(a) Tx(t)X CY for somet >0 or
(b) D(A%) CY for some k € N.
Then R(A\, Ax) and R(\, Ay) are consistent for all X € p(Ax) N p(Ay).
Proof. a) Let A € p(Ax) N p(Ay). We can assume that A = 0. Let x € X NY. Then
by (15.2), Atz = Tx (t) Ay —OftTX(s)xds = TX(t)A;<1:):—OftTy(s)xds € XNY. It follows

from Proposition 15.2.4 that A}' and Ay are consistent.

b) If p is larger than the type of T'x and Ty, then R(u, Ax) and R(u, Ay) are consistent
since they are the Laplace transforms of the consistent semigroups. Let A € p(Ax)Np(Ay).
It follows from (15.2) that R(A\, Ax)(X NY) C X NY. Thus the claim follows from
Proposition 15.2.4. O

Proposition 15.3.7. Assume that Ax and Ay have compact resolvent. Then o(Ax) =
O'(Ay).

Proof. Since p(Ax) N p(Ay) is connected, R(u, Ax) and R(u, Ay) are consistent for all
w € p(Ax)Np(Ay). Let A\g € p(Ay). Since o(Ax) consists of isolated points, there exists
e >0 such that {A € C:0 < |\ = Xg| <€} C p(Ax) N p(Ay). Since Ay € p(Ay), one has

/ R(\, Ay)d\ = 0.

[A=Xo|=¢€

By consistency, it follows that

/ R(\, Ax)d)\ = 0,

[A—Xo|=¢€

hence \g € p(Ax). O

15.4 Examples

We give three example of consistent operators on LP whose spectra depend on p.

Example 15.4.1. Define the consistent Cy-groups T,, on LP(0, 00) by

(L)) = fle'z)  (teR),
1 <p < oo and denote by A, the generator of T,,. Then
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(a) 0(A,) ={A € C:Re) = 1—1)};
(b) R(\, A,) and R(\, A,) are not consistent whenever p < q and % <Rel < 1—19,'

(c) Ap is given by (Apf)(z) = —xf'(z),
D(A,) ={f € L(0,00) : & — xf'(x) € L7(0,00)}.

1 1
Proof. For f € LP(0,00) one has ||T,(t)f]l, = f|f e 'z)[Pdx)» = er|f|,. Hence

(e_%Tp(t))te[R is an isometric group on LP(0, c0). It follows that its generator A, — %

has spectrum in iR, ie. o(A4,) C %%— iR. Let 1 <A< %. Since the type of T, is %

and the type of (T,(t))i>0 is —% we have R()\,A fe”T t)dr > 0 and R(\, Ap) =

—R(—\,—A,) = — [eMT,(—t)dt <0. Thus R(\, A,) and R(\, A,) are not consistent. It
0

follows from Proposition 15.3.2 that o(A4,) = % +iR,0(4,) = % + iR and that R(\, A4,)
and R(\, A,) are not consistent on the entire strip {\ € C : % < Re\ < %} We have
shown (a) and (b). The last point (c) will become clear from 2. O

Example 15.4.2. Let C,f)(z) = %f f(y) dy, 1 <p<oo. Then C, is a bounded operator on
0
LP(0,00), |Gyl < B, and a( ») = {i=1=; + s € R}U {0}, so that o(C,) Na(Cy) = {0}
if1<p,qg<oo,p#q.
The norm estimate of C,, is known as Hardy’s inequality. We obtain both as an easy
consequence of 1.

1-

Proof. Let 1 < p < co. Then by 1., 1 € p(A,) and (R(1,A,)f)(z) = [e ' f(e tx)dt =
0
1 [ f(y)dy. Hence C, = R(1, A). Since ||T,(t)|| = er we have
0

oo

IR(L, A)|| < /e it = 1 P

1
0 p

Since, by Proposition 1.2.3, o(R(1, 4,)) = {t%5 : A € 0(A4,)} U {0} the assrtion on the
spectrum of C,, follows from Example 15.4.1. Now 1(c) is an immediate consequence of

R(1,4,) = C,. O

Example 15.4.3. Let B, = (4, — %)2 Then B, generates a holomorphic semigroup
since A, — % generates a Co-group on LP(0,00) (see e.gq. [ABHNO1, Eza. 3.14.15 and
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Thm. 8.14.17]). The group generated by Ay — % is isometric, thus By is self-adjoint. By
the spectral mapping theorem one has

0(By) = (—00,0]
o(B,) — {(1—1+zs>2:seue}

p 2

(1 < p < o). Hence o(By) No(B,) = 0 whenever 1 < p,q < 2,p # q. This follows
immediately from Example 15.4.1. It is easy to see that B, is given by

D(B,) = {fe€L”0,1):zf € LP(0,1),2°f" € LP(0,00)}
(Bu)w) = 220 +20f + 5.

Thus B, is a degenerate elliptic operator of second order.

15.5 LP-independence of the spectrum

Let © C R™ be open and let T' be a Cy-semigroup on L?*(f2) having an upper Gaussian
bound, i.e.,

(15.3) T(t) f| < ce“" G (bt)]| ]

for all f € L*(Q),t > 0 where G is the Gaussian semigroup and ¢,b > 0,w € R (cf.
Lecture 13). This means that 7' is given by a kernel k(t, -, ) € L>(§2 x ) satisfying

(15.4) k(t, 2, )| < ce (4mbt) ™2 le=vP/0 g

for all ¢t > 0. By Corollary 14.1.2, there exists a consistent family of semigroups (7,(¢)):>0
on LP(€2), 1 < p < oo, such that (T (t))i>0 = (T'(t))i>0. Here (T),(t))i>0 is a Cp-semigroup
for 1 < p < 0o and (T (t))i>0 is a dual semigroup on L>(£2). Denote by A, the generator
of (T,(t))t>0. Our aim is to prove the following theorem.

Theorem 15.5.1. One has
o(A,) = o(As) (1<p< o).

For the proof of Theorem 15.5.1 we may assume that w = 0 replacing T'(t) by e “'T'(t)
otherwise. Thus, we assume that w = 0 in the sequel. The proof will be given by
considering perturbations of 7}, by modifying the kernel by certain weights. Let w :  — R
be a continuous function such that w(xz) > 0 for all x € 2 and such that

g

(2) _ pate—y] (z,y € Q)

(15.5) 5

~—

g
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where w > 0. We call such a function a weight function in the sequel. Let 1 < p < cc.
The operator
Uy p : LP(Q,w™Pdx) — LP(Q)
defined by U, f = % is an isometric isomorphism. Thus
Sp(t) = u;,;Tp(t)uva

defines a Cy-semigroup Sp on LP(Q, w~Pdz). The operator Sp(t) is given by the kernel

(15.6) kolt, z,y) = %k(t,x,y).

We now show that this kernel also defines a Cy-semigroup on LP(f2).

Lemma 15.5.2. There exists a Cy-semigroup (Sy(t))i>o0 on LP(SY) such that S,(t) is given
by the kernel ky(t,-,-). Moreover,

(15.7) [Sp(t).f] < 22 G(2bt) | f|
forallt >0, f € LP(Q).
Proof. By the assumption (15.5.6) the kernel k,, satisfies
ke (t, 2, y)| < c(4ﬂbt)—n/2€—|r—y|2/8btea\:v—y\ . o~ le—yl?/8bt
x,1y - a.e. Observe that

sup(—s*/8bt + as) = 2bta’.
s>0

Hence
kw(t, 2, y)| < c(dmbt) ™"/ 2e2te’ g~le—yl?/8bt

x,y - a.e. Thus the kernel k,(¢,-,-) defines a bounded operator S,(t) on L”(2) satisfying
[Sp(B)F] < c2"/2e" G (20t) £
for all t > 0 and f € LP(Q). Since S,(t)f = S,(t)f for all f € LP(Q) N LP(Q, wPdx) it
follows that S,(t + s) = S,(t)S,(s) for all s,¢ > 0. It remains to show that
limn [[S(t).f = fllzo@ = 0

for all f € LP(Q2). It suffices to prove this on a dense subspace of LP(€2). Thus we may
assume that f € LP(2) vanishes outside of a compact set K C ). Since in}f{ w(z) >0, it
Te

follows that
1/p

/ S)(0f — fPde | < CUSHOS — Fllir@umran
K

= CI1S,()f = fller(@w-rdr) — O
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for some C' > 0, as ¢t | 0. Outside of K the function f vanishes, hence by (15.7)

(/L%Wf—ﬂwww

Q\K

=(/L%@ﬂwﬂw

O\K

ﬁp/@wﬁm%Mﬂmep

O\K

S2’;(/(621)°v2fc:(2lnt)|f| — |f)pdx)'”
Q\K
< 28 G(268) | — |f |l oggny — O

IA

as t | 0. This concludes the proof. O
Now for € = (€1, -+ ,€,) € R" let w, be a weight satisfying
we(z) _
15.8 < ooyl z,y € 0
(1539 e @y
where a, > 0, lim o, = 0. Let T¢, be the Cj-semigroup defined by the kernel k£, on

|e[—0

LP(Q) according to Lemma 15.5.2. By A, we denote the generator of T ,.

Lemma 15.5.3. There exist g > 0, My > 0 such that for all |e] < ey, p € [1,00),
(15.9) IT. o) < Mie' (£ 0)

If p € [1,00) and X\ € p(A,), then there exists and e; € (0, €] such that X € p(Acp)
whenever |e| < e; and

(15.10) lim [|R(\, Acp) — R(A, A = 0.

le]—0

Proof. Since the Gaussian semigroup is contractive, the first assertion follows directly
from Lemma 15.5.2. Let 0 < § < 1. We show that T, ,(t) — T,(t) as || — 0 uniformly in
t €1[9,1/6]. In fact, the operator T,(t) — Tt ,(t) is a kernel operator with kernel

]%e(ta x,y) = k’(t,l’, y)(l - wf(z)wf(y)_l)'

It follows from (15.8) that

~—

we(z

P
(y

o |z—y|
<e" ,

~—

g
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hence
we ()

we(y)
By (15.4) the kernel satisfies k. of T),(t) — T, .(t) satisfies

11— | < |1 — eclz=vl] (x,y — a.e.).

|ke(t, 2, y)| < c(dmbt) /2 lmvl?/ ) caca=yl)
x,y-a.e. It follows from Young’s inequality (Proposition 15.5.4 below) that
I3(0) — Tepl0) ey, < cldmbt) ™2 [ e P — e — o
|RTL

as |e| — 0 uniformly in ¢ € [0,67']. The claim is proved.

Now let A > 1. Let ¢ > 0, M; > 0 such that ||T;,(¢)]| < M€t (t > 0) for |e| < €.
Then

Lm RN Ay 0) = RN A one)

le| =0

- EH /e‘*t(Te,p(t) — Tp,())dt]| o ()

0

) 1/6 0o
sﬁ@/+/+/k”M@@—T@Mww

0 5 1/s

1
< 2M(S + ——e O/,
(6 + —° )

The last expression converges to 0 as § | 0. Thus (15.10) is proved if A > 1. For arbitrary
A € p(A,) assertion (15.10) now follows from Theorem 15.1.1. O

We recall Young’s inequality, which was used in the proof of the preceding lemma.

Proposition 15.5.4. Let h € L'(R"), 1 < p < oo. Let f € LP(R"). Then f(xz — -)h(-) €
LY(R™) for almost all x € R™. Moreover there exists a function f xh € LP(R™) such that

f*h@%=/f@—ymwﬂy (z - ae).

Moreover, one has

1f < hllee < | fllzellblle (Young’s inequality).
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After these preparations we prove Theorem 15.5.1.

Proof of Theorem 15.5.1. a) Let 1 < p,q < co. We want to show that p(A4,) = p(4,). For

€,z € R" we denote by ex = ) €;z; the canonical scalar product and we let w.(x) := e.
=1

Then w, satisfies (15.8) for €. = |¢|. Let T, be the Cy-semigroup defined by the kernel

K, on LP(€2) according to Lemma 15.3.2. Denote by A., its generator.

Define for € € R"™ the space LP := LP(Q, e~ P*dx). Then W, ,f(x) := e~ f(x) defines
an isometric isomorphism LP — LP(Q). Thus, T,,(t) := W T, (t)We,, defines a Co-
semigroup on LP. Its generator A., is similar to A, and hence o(A.,) = 0(4,). The
operator T.,(t) is represented by the kernel k,, (t,-) and therefore 7. ,(t) is consistent
with T, ,(t) (where T, ,(t) is defined on LP and T, ,(t) on LP(2)). Now let A € p(A,). We
want to show that A € p(4,). It follows from Proposition 2.2.6 and by rescaling that

(15.11) R(\ Ay) = / e MT,(H)dt + e T, (1) R(N, A)

(see Exercise 15.6.1). By Proposition 15.3.3 it suffices to show that ||R(\, Ap)||z(ze) < 0.
The term fle_)‘tTp(t)dt is consistent with fle_MTq(t)dt € L(L9(€2)). Thus it suffices to
show that ’ ’

(1512) e M T (RO A e < 5.

By Lemma 15.5.3 there exists €; > 0 such that A\ € p(A.,) whenever |e| < ¢ and

sup [|[R(A, Aep)ll < oo.

le|<ex

Moreover, by (15.7) we may choose €; > 0 so small that

1
sup ([|Tep(1/2)ll cer,or) + 1 Tep(H)llczrLo)) < oo

le|<er

Observe that | |
Te,p(l)R()‘v Ae,p) = Te,p(ﬁ)R(Aa Ae,p)Te,p(i)-

It follows that
(15.13) | Tep(D) RN, Acp)llewr ey < e

whenever |e| < ¢ where ¢; > 0 is a constant. By the Dunford-Pettis criterion (Theo-
rem 4.1.1) the operator T, ,(1)R(\, Acp) is given by a kernel k. € L>(£2 x ) such that
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|kel| e < ¢1 whenever |e| < €. In particular, T,(1)R(), A,) is given by the kernel ky. We
claim that

(15.14) ke(z,y) = @ Vo (x,y) (x,y —a.e.)

whenever |e| < ¢;. Once (15.17) is shown the proof is accomplished as follows. It follows
from (15.15) that

ko(z,y) = e @V (z,y) (x,y — a.e.)
whenever |e] < €. Observe that |i‘r<1f —e(x — y) = —e1|x — y| by the Cauchy-Schwarz
€|<ey
inequality. Now it follows from Lemma 13.1.5 that

\ko(z,y)| < e1lz=yl (x,y — a.e.).

This implies that ko defines a bounded operator on L%(2) by Young’s inequality. Thus
(15.15) is shown and it follows that A € p(A,). We have shown that p(A,) C p(4,). Since
1 < p,q < oo are arbitrary, it follows that p(A4,) = p(4,) and the proof of a) is finished,
once the claim (15.17) is proved. This means we have to show that e“@%ky(x,y) is the
kernel of T, ,(1)R(1, A,). It is clear from the definition that e“@~%ky(z,7) is the kernel
of T.,(1)R(\, A.,) on the space LP. We know that T.,(1) and T,,(1) are consistent.
Thus it remains to show that R(\, A.,) and R(\, A.,) are consistent for || < ¢;. Recall
that A € p(fL,p) since flgp and A, are similar. To show consistency we use an auxiliar
semigroup. Let v (z) = e~ ll=! (x € Q) where € € R". Then v, is a weight satisfying
(15.8) for e = 2|e|. Define the semigroup (S.,(t))i>0 on LP(Q2) associated with the kernel

V()
ve(y)

k(t,z,y)

according to Lemma 15.3.2. Denote by B., the generator of S.,. Define the space
LP = LP(Q, e7Pllelgz). Then (V. ,f)(z) = e~#ll€lf(x) defines an isometric isomorphism
Ve from LP onto LP(2). Define the semigroup 7, , on L? by

Tevp(t) = Ve;;l Ss,p(t)vevp

and denote by A, its generator. Then p(A.,) = p(B.,) by similarity. The operator
T. ,(t) is given by the kernel

6|5Hx‘ 'UE(,T)

ee(w—y)]{;(t, x, y) = e‘fny‘ @

k(t,x,y).

Thus, T.,(t) and T.,(t) are consistent. Choosing ¢; small enough, by Lemma 15.5.3 we

~

may assume that A € p(B.,) whenever |¢| < €. Hence A € p(A.,) whenever |¢] < €.
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Since LP(Q) C L now it follows from Corollary 15.3.5 that R(\, A.,) and R(\, A.,) are
consistent. Since 7.,(t) and T.,(t) have the same kernel, they are consistent. Since also
LP C L7, it follows from Corollary 15.3.5 again that R(\, A.,) and R(\, A,.) are consis-
tent. Hence also R(\, A.,) and R(\, A.,) are consistent. The proof of (a) is finished.

b) Finally we consider the case where p = oco. Consider the adjoint semigroup
(T'(t)")e>0 of (T'(t))s>0 which also satisfies a Gaussian estimate. Let A be the generator of
(T'(t))t>0. The adjoint A’ of A is the generator of (T'(t)');>o. Hence 0(A") = o(A). Denote
by (T7(t))¢>0 the extrapolation semigroup of (T"(t));>o on L'(Q2) and by Aj its generator.
Then o(A}) = o(A’) by a). The generator A, of (T (t))i>0 is the adjoint of A}. Hence
0(Ax) = 0(A}) = o(A). Now the proof of Theorem 15.5.1 is complete. O

15.6 Exercises

In the first exercise we prove an identity which occurs in the proof of Theorem 15.5.1.

Exercise 15.6.1. Let (T'(t))i>0 be a Cy-semigroup with generator A and let X € p(A). Show that
1
R\ A) = / e MT(t)xdt + e ()R, Az (z € X)),
0

(Hint: Use Proposition 2.2.6 and FEzercise 2.6.2.)

In the next exercise we consider an elliptic operator with unbounded drift. We use LP-
invariance of the spectrum to prove exponential stability of the semigroup in all LP-spaces.

Exercise 15.6.2. Assume that K = R. Let Q C R™ be open and contained in a strip. Let a;;
satisfy the uniform ellipticity condition and let cg : Q — Ry be measurable and b,c € C1(£2,R™)
such that (11.9) and (11.10) hold for some v > 0, 0 < 3 < 1. Let H = L*(Q), V := {u €
HY(Q) - [y colul?}.

a) Observe that

[u]v]y ::/Vqudx—l—/couv
Q Q

defines a scalar product on V' which induces a norm equivalent to the one considered in Sec-
tion 11.4 (use Poincaré’s inequality).

b) Consider the form a : V x V. — R defined before Proposition 11.4.2. Check the proof of
Proposition 11.4.2 to deduce that the form is coercive.

¢) Consider the semigroups (e *41)>o on LY(Q) defined in Theorem 11.4.4. Show that
there exists € > 0, M > 0 such that

le™ M | ppiay < Me™ (£ >0).

(Hint: Use the following theorem: Let (T(t));>0 be a positive Co-semigroup on an L'-space
with generator A. Then s(A) = w(A).)
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Remark 15.6.3. See e.g. [ABHNO1, Prop. 5.3.7] for the proof of the theorem mentioned in the
hint to the above exercise. The theorem also holds in general LP-spaces. This is Weis’ Theorem
( [ABHNO1, Thm. 5.5.6]).

In the following exercise we continue to investigate consistency of resolvents.
Exercise 15.6.4 (consistency of resolvents). Let X,Y be Banach spaces such that X — Z and

Y — Z, where Z is a Banach space. Assume that X NY is dense in X and in Y. Consider the
Banach space X N'Y with norm

lullxoy = llullx +llully  (weXNY).

Let (T'x(t))i>0 and (Ty(t))i>0 be Co-semigroups on X and Y with generators Ax and Ay,
respectively. Assume that

Tx(t)x =Ty (t)x (xeXNY, t>0).
a) Show that there exists a unique Co-semigroup (S(t))i>0 on X NY such that (S(t))e0 is
consistent with (Tx (t))t>0 and with (Ty (t))i>o0 (t > 0).
b) Show that the generator B of (S(t))i>0 is given by

D(B) = {$ € D(AX) N D(Ay) cAxz = Ayl‘}
Bx = Axux.

¢) Show that
{N € p(Ax)Np(Ay) : R(\, Ax) and R(\, Ay ) are consistent } C p(B).
d) Show that for A € p(B) N p(Ax) N p(Ay), R(\, Ax) and R(\, Ay') are consistent.
e) Consider the semigroup defined by T,(t)f(z) := f(e~tz) (f € LP(0,00), z € (0,00)),
where 1 < p < oo, with generator Ay, as in Example 15.4.1. Let q¢ € (p,00). Show that there

exists a unique Co-semigroup (S(t))i>0 on LP(0,00) N L(0,00) consistent with (Ty(t))i>0 and
(T4(t))e>0. Denote by B the generator of (S(t))i>0. Show that

f) Study a Cy-semigroup (T'(t))i>0 on the Banach space X +Y with norm
ullx+y = inf{[lz]lx +llylly ;2 € X, ye Y, u=2+y}

which is consistent with (Tx (t))i>0 and (Ty (t))i>0. FEstablish properties that are analogous to
those in a)—e).
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15.7 Comments

We comment on the diverse topics.

Convergence of unbounded operators is studied in detail in Kato’s monography [Kat66]. A
similar result to Theorem 15.5.1 is in [Kat66, p. 212]. Our notion of convergence in the resolvent
sense corresponds to the convergence in the operator norm. Similarly, one may consider strong
convergence for resolvents, see [ABHNO1, Prop. 3.6.2] for a characterisation in terms of the
generators. Upper semicontinuity of the spectrum is a classical result for bounded operators
which is valid in all Banach algebras. It is usually proved by a contour integral argument.

The possible inconsistency of the resolvent of consistent semigroups (as in Example 15.4.1)
was discovered in [Are94], where also the results of Sections 15.2-15.4 are taken from.

Theorem 15.5.1 has been proved in [Are94] in the case where the resolvent set of A is
connected. The additional argument leading to the general result is due to Kunstmann [9]. The
proof given here follows closely the two papers [Are94] and [9]. The technique used in this proof
goes back to Hempel and Voigt [5]- [6], who prove a LP-spectral independence for Schrodinger
operators. Kunstmann studies LP-independence of spectra by kernel estimates in a systematic
way in a series of papers [9]— [10]- [11]- [12]. In particular, we mention the following interesting
example from [11].

Example 15.7.1. On an open bounded subset Q C R? define in a weak sense the Neumann
Laplacian Ag as in Section 3.1. As we have seen in Example 11.1.7, the semigroup generated
by Ag is positive and irreducible; in fact, one can see that Theorem 9.3.2 applies, and the
semigroup is submarkovian. By the results of Section 4.4, we can consider the family (etAg)tZO
of extrapolated semigroups on LP(Q), 1 < p < oo. Then the domain 2 can be chosen in such a
way that

o(AF) = S = {z € C\ {0} : Jarg(2)| < T — 6]

where 0, € [0, 5], with cosf), = |1 — %|, 1 <p<oco. Thus, the spectrum of Ag does depend on
p € [1,00]. Such a striking result is [11, Thm. 4], where it is also shown that Q can be even
chosen with of measure. But of course, this ) has not the extension property, since otherwise
(by Example 11.1.7) A® would have compact resolvent, which contradicts Proposition 15.3.7
asserting the LP-independence of the spectrum and also the fact that a(AQ) 18 uncountable..

Observe in particular that o(Ay) is the closed right halfplane. Consequently, the semigroup
(etA§2)t20 is not holomorphic. By Theorem 14.2.1 it follows that (etAg)tZO does not have a
Gaussian upper bound.

Remark 15.7.2. If — Ay generates a symmetric submarkovian Co-semigroup on L%(Q), then by
a result of Liskevich and Semenov [14] one always has o(Ap) C Sp, 1 < p < oo. Thus, in the
above example the worst case occurs.

A different approach to spectral LP-independence based on commutator estimates is given
by Hieber and Schrohe [7]. In the self-adjoint case, Davies proves spectral LP-independence
under the hypothesis of Gaussian estimates by a special functional calculus due to Sjostrand,
cf. [2]- [3]. This proof is also given in Ouhabaz’s monograph [Ouh04].
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Spectral LP-independence of the Laplace—Beltrami operator on a Riemannian manifold M
depends on the geometry of M, see Sturm [15] for positive and Davies, Simon, and Taylor [1]
for negative results in this direction.
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Epilogue

This last lecture is the end of our introduction to heat kernels. We saw how they can
be used for spectral properties (Weyl’s formula, LP-independence of the spectrum), for
regularity (L'-holomorphy), and for asymptotics (irreducibility). This is only part of
many interesting implications and interplays with mathematical analysis and physics.

Missing is in particular the subject of maximal regularity which opens the door to
nonlinear parabolic equations. Classical approaches are based on precise knowledge of the
domains of the operators. This can be obtained only for smooth coefficients and domains
(Agmon—Douglis—Niremberg estimates in the LP-framework, Schauder estimates for the
C“-case). The weak formulation based on form methods, with the help of kernel estimates,
gives us those analytical properties that allow us to pass to semilinear and quasilinear
problems even though the coefficients might be just measurable and the domains arbitrary.
In fact, maximal regularity is one more striking consequence of kernel estimates. We refer
to [Are04, § 6] for a brief survey and to Denk-Hieber-Priiss [4] and Kunstmann-Weis [13]
for more detailed information.

The diverse projects of the Phase 2 of ISEM0506 will fill some of these gaps and lead
to many new discoveries as will the workshop in Blaubeuren.
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The Conundrum of the Workshops

When the flush of a new-born sun fell first on Eden’s green and gold,

Our father Adam sat under the Tree and scratched with a stick in the mould;
And the first rude sketch that the world had seen was joy to his mighty heart,
Till the Devil whispered behind the leaves, “It’s pretty, but is it Art?”

Wherefore he called to his wife, and fled to fashion his work anew —
The first of his race who cared a fig for the first, most dread review;

And he left his lore to the use of his sons — and that was a glorious gain
When the Devil chuckled “Is it Art?” in the ear of the branded Cain.

They fought and they talked in the North and the South, they talked and they fought in
the West,
Till the waters rose on the pitiful land, and the poor Red Clay had rest —

Had rest till that dank blank-canvas dawn when the dove was preened to start,
And the Devil bubbled below the keel: “It’s human, but is it Art?”

They builded a tower to shiver the sky and wrench the stars apart,
Till the Devil grunted behind the bricks “It’s striking, but is it Art?”
The stone was dropped at the quarry-side and the idle derrick swung,
While each man talked of the aims of Art, and each in an alien tongue.

They fought and they talked in the North and the South, they talked and they fought in
the West,
Till the waters rose on the pitiful land, and the poor Red Clay had rest —

Had rest til the dank, blank-canvas dawn when the dove was preened to start,
And the Devil bubbled below the keel: “It’s human, but is it Art?”

The tale is as old as the Eden Tree — and new as the new-cut tooth —

For each man knows ere his lip-thatch grows he is master of Art and Truth;
And each man hears as the twilight nears, to the beat of his dying heart,
The Devil drum on the darkened pane: “You did it, but was it Art?”

We have learned to whittle the Eden Tree to the shape of a surplice- peg
We have learned to bottle our parents twain in the yelk of an addled egg,
We know that the tail must wag the dog, for the horse is drawn by the cart;
But the Devil whoops, as he whooped of old: “It’s clever, but is it Art?”

When the flicker of London sun falls faint on the Club-room’s green and gold,
The sons of Adam sit them down and scratch with their pens in the mould —
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They scratch with their pens in the mould of their graves, and the ink and the anguish
start,
For the Devil mutters behind the leaves: “It’s pretty, but is it Art?”

Now if we could win to the Eden Tree where the Four Great Rivers, flow,
And the Wreath of Eve is red on the turf as she left it long ago,

And if we could come when the sentry slept and softly scurry through,
By the favour of God we might know as much as out father Adam knew.

Rudyard Kipling 1890

The foundation of semigroup theory were led in Einar Hille’s treatise [8], which contains the
first publication of Hille’s proof of the Hille—Yosida Theorem and which starts by the lines:

And each man hears as the twilight nears,
to the beat of his dying heart,

The Devil drum on the darkened pane:
“You did it, but was it Art?”

It was Eberhard Michel [Mic01] who discovered the entire poetry.
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extension of, 2
form sum of ~s, 109
form-positive, 74
graph norm of, 2
graph of, 1
Hilbert—Schmidt, 11, 12
kernel of, 12
multiplication, 11
specturm, 14
numerical range of, 112
positive, 37
resolvent of, 3
compact, 5
positive, 126
resolvent set of, 2
selfadjoint, 8, 15, 101
dissipative, 9
with compact resolvent, 7
spectrum of, 2, 3
point, 3
square root of, 112



submarkovian, 49
symmetric, 8
unbounded, 1
equal, 2
unitary equivalence, 10
order interval, 40

parabolic

boundary, 66

cylinder, 66

P~ Maximum Principle, 67
Parallelogram Identity, 106
partition, 17
Poincaré’s Inequality, 38
Polarisation Identity, 15, 105
positive

form, 105
positive cone

of LP, 37
positive operator, 37

real part of a form, 107

Rellich-Kondrachov Theorem, 104

rescaling, 27
rescaling of a form, 105
resolvent
operator, 3
compact, 5, 7
R~ Identity, 4
set, 2
Riemann
integral
by parts, 40
integral, vector valued, 17
sum, 17

Schwarz Inequality, 106
selfadjoint
operator, 8, 101
semigroup, 21
semigroup, 18
compact, 26

dual, 53
extrapolation on LP 53
Gaussian, 34, 59
generator of, 18
growth bound of, 22
holomorphic, 23
irreducible, 124
norm-continuous, 26, 27
positive, 37
selfadjoint, 21
submarkovian, 118
sesquilinear form, 89
spectral bound, 126
Spectral Theorem, 11
diagonal form, 9
general form, 16
multiplication form, 11
spectrum, 2, 3
point, 3
square root of an operator, 112
strip, 38
submarkovian
operator, 49
semigroup, 118
support
of a function, 30
symmetric
form, 102, 105
symmetric form, 90

Tauberian
condition, 85
theorem, 78, 85

test function, 30

Theorem
de Pagter, 129

unbounded operator, 1
unitary equivalence, 10

weak
convergence, 36
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weak derivative, 30
Weyl’s Formula, 84, 85

Young’s Inequality, 59
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