Sample Exam - Lie Algebras and Lie Groups
DMIST - 2 Feb. 2011

. Let L be the Lie algebra defined as C* = C(z, y, z) with bracket given by
[m,y] =z, [CC, Z] =Y, [y7 Z} = 0.
(a) Prove that L is solvable. Is L nilpotent?

(b) Show that there are no surjective homomorphisms from sl(2,C) to L.

. A Lie algebra L is called reductive if its adjoint representation is completely reduci-
ble. Show that if L is reductive, then L is isomorphic to the direct sum Z(L)&®[L, L].

. Let ® C E be a root system and ' C ® a non-empty subset such that &' = —@’
and satisfying the property: If o, 5 € & and a+ € ® then a+ f € ®'. Let E’ be
the euclidean space generated by &'

(a) Show that &’ is a root system in E’.

(b) Give an example where " does not coincide with & N E’.

. Show that any homomorphism (one-parameter subgroup) ¢ : C* — SL(n,C) is
conjugated to .
P(N) == diag(A*, ..., \n),

for certain integers ki, ..., k, satisfying k; + ... + k, = 0.

. Show that R? equipped with the multiplication
(CLl, bl) . ((12, bg) = ((Il + Gblag, b1 + bg)

is a Lie group, and there there is a left invariant integral which is not right invariant
and is not conjugation invariant.

. Let G € GL(n,C) be a compact Lie group with identity e, and x be the character
of a representation of G. Prove that, for all ¢ € G, |x(g)| < x(e), with equality if
and only if ¢ is a scalar.



