
���������
	���
 ����


�����������

� �"!$# %'&)(+*-,/.0*1#324#�576'.859&)#3:8;�%=<>;7&)(@?BAC*4%=#�(@&)#�D # 5E;�?F%
O(n) ⊂ GL(n,R)

*-#32C# 576'.859&+#
:E;�%G<>;7&)(@?BAC*4%�.858?H&JI�(@?K;7%

U(n) ⊂ GL(n,C)
%+L�#MD (+.8NO# %G:8*QPR?B*7�

ST�"!$# %'&)(+*M,U.8*
U(n) ⊂ SO(2n)

*>,U.8*
GL(n,C) ⊂ GL+(2n,R) V # 58:0* Cn WYX ?F%@&+#24# <M#3.0<Z*C%+NE;7[4# X *42C&+# (+?B;�\O(+*4;�\^] GL+(2n,R) W #
24#�576'.859&)#3:8;�%_<>;7&+(+?FA4*C%=(+*4;�?B%_:8*

:8*C&+*4(@<>?F5E;�59&+*`NO# %+?H&)? X #/aJ�_bc(@# X *d,U.8*
GL(n,C) ∩ SO(2n) = U(n)

�
e0�"fT*'6@;

D ⊂ GL(n,R)
#gD (+.8NO#M:8*Q<g;h&)(+?FA4*C%"&+(+?B;�58D .8\B;�(@*4%�%+.8NO*4(@?B# (@*4%�24# <i5Uj8<M*C(+# %

Nk#�%+?H&)? X # %Q5E;l:8?K;7D # 5E;�\��m!$# %@&+(+*M,U.8*g;n<`.8\F&+?BN0\B?F2�;�[4L�#�:0*g<>;7&+(+?FA4*4%
D × O(n) →

GL(n,R) W .8<o:8?Hpq*4# <M# ('rE%+<M#s*`:8*4:8.0A�;s,U.8*
GL(n,R) W .0<g; X ;7(+?F*4:E;�:0*3:8?Hpq*4#7t

<M# (@p�;�;
O(n)×R

1

2
n(n+1) ]vu"%@*_#�N8(@#T2C*4%+%@#-:8*c# ('&)# D�# 5E;�\F?BA4;�[�L7#�:0*=wx();�<3tyfT2Jz8<M?B:T&CaJ�

{ �"fT*'6@;
CP1 #s*C%+NE;7[4#sN8(@#76'*42|&)? X #l24#�<>N0\B*~}0#�:0*
:8?F<M*458%+L�#�.8<�]�#s*C%+NE;7[4#�:E;�%"(+*C2C&J;7%

24# <MN8\F*|}0;�%�,U.8*QNE;�%+%+;�<iNO*4\B;M#�(+?FD *4<�*C<
C2 aJ��!$# %'&)(@*`,U.8*Q;�%�&)(+;�58%'pq# (+<>;�[C�T*C%�:0*

!$� �8?F.8%�:E;�:E;7%�NO# (

T ([z : w]) = [az + bw : cz + dw];

(

a b
c d

)

∈ GL(n,C)

*4%'&JL�#$�k*C<�:8*CrE50?B:E;7%
24#�<>#�;�N8\F?B24;�[4�/*4%
T : CP

1 → CP
1 ]q# 58:8*

(z, w) 6= (0, 0)
a V*m,U.8*s#�D (+.8NO#�:8*>&)#/:E;�%
;�%`&+();�58%'pq# (+<>;�[C�T*C%
:8*�!$� �8?F.8%l]q24# <�;�2C# <MNk# %@?B[4L�#Ta W?B%@# <M# (@pq#>;

PSL(2,C) = SL(2,C)/(±I) V # 58:0* I W ;Y<g;h&)(+?FAd?B:0*459&)?F:E;�:8*7�
�T�"!$# %'&)(+*d,U.8*Q.8<�z8#�<>#�<>#�(@rE%@<>#>�8?�6'*42|&)? X #m:0*QD�(+.8NO# %�:8*QPR?B* W .8<�?F%+#�<>#�(@rE%@<>#0�
�0�"!$# %'&)(+*`,U.8*Y;mI7\BD *C�8();g:8*3PR?F*
:8*

PGL(n,C) = GL(n,C)/C∗
]�# 58:0*

C∗
:8*4%@?BD�5E;

#M%+.8�8D�(+.8NO#g:8;�%G<g;h&)(+?FA4*C%"*C%+24;�\K;7(+*4%�5EL�#M5U.8\B;�%|a W ?F%+# <M# ('p�;g;
sl(n,C)

� �"!$# %'&)(+*�,U.8*�;�;�N8\F?B24;�[�L�#�*~}0NO# 58*C5824?B;�\d:8#�D (+.0Nk#
SL(2,R)

58L�# W %+# �8(@*'6'*C2C&)? X ;0�� ;�\F24.8\F*�;�?F<>;�D *4<�:8*4%'&J;�;�N8\F?B24;�[�L7#�*�:8*|&)*C(+<M?B50*$,U.E;�?F%M# % X ;�\B#�(+*4%YNO# %@%+� X *4?F%m:0*
tr(exp(A))

NE;�();Y<>;7&+(+?FA4*4%
A ∈ sl(2,R)

�
�0�"!$# %'&)(+*�,U.8*�;�(+*4N0(+*4%@*459&J;7[�L�#�;�:h6'.859&J;�:0*CrE58*�.8< z8# <M# <M# ('rE%+<M#�%@# �8(+*y6'*42|&)? X #
SU(2) → SO(3)

2C# <�5Uj824\F*4#
{±I}

�

�



�0��b�(+# X *�,U.8*c,/.8;�\B,U.8*C(�D�(+.8NO#G:8*�P�?F*c24# <MN8\F*|}T#3] X ;�(+?F*4:8;�:8*c24# <�*4%'&)(+.T&).8(+;�2C# <MN8\B*~}0;/a
24# <MNE;72C&)#>*x24#�58*|}T# W ;7�k*C\B?B;�58#�]�fT.0D *4%'&JL�#8��<M# %'&)(@*Q,U.8*Q;M(+*CN8(+*C%+*459&);�[�L�#g;�:76'.05U&);
W &+(+? X ?B;�\�.8%);758:8#s#>p�;�2C&+#s:8*
,U.8*Qpq.858[C�T*C%1z8# \F# <M# (@p�;7%"5U.8<>; X ;�(@?B*C:E;�:8*`24# <MN8\F*|}0;
24# <MNE;72C&J;M%)L7#>2C# 58%'&J;�59&)*C%|a)�

���0�Gb�(+# X *Q,U.8*
R

2 24# <�;><`.8\F&+?BN0\B?F2�;�[4L�#

(a1, b1) · (a2, b2) = (a1 + eb1a2, b1 + b2)

W .8<�D (+.8NO#3:8*dPR?F*1*1<M# %'&)(+*x,U.8*-zEI3.8< ?F59&)*CD ();�\k?B5 X ;�(@?K;�59&+*d¡
*4%@,/.0*4(+:8;>,U.8*x5EL7#
W ?B5 X ;�(+?B;�59&)*Q¡M:8?F(+*4?H&J;Y*d5EL�# W ?F5 X ;�(@?K;75U&+*`NO# (�2C# 576'.8D9;7[�L�#8�

��� ��fT*'6@;7<
α, β

# %G%+.0�8D (+.0Nk# %";Y.8<�NE;7()¢�<M*C&+(+#M:8*
SO(3)

:8;�:8# %GNO# (

α(t) =





cos t − sin t 0
sin t cos t 0
0 0 1



 , β(t) =





1 0 0
0 cos t − sin t
0 sin t cos t



 .

!$# %'&)(+*c,U.8*c;G;�N8\F?F2�;�[4L�#
γ : (S1)3 → SO(3)

:0*CrE58?F:E;�NO# (
γ(ϕ, ϑ, ψ) = α(ϕ)β(ϑ)α(ψ)W %+# �8(@*'6'*C2C&)? X ; V %+*C58:8# ϕ, ϑ, ψ ∈ [0, 2π]

�^bc(@# X *Q,/.0*

γ ∗ dg = ±
sin ϑ

8π2
dϕ ∧ dϑ ∧ dψ

*d24# 582C\B.8;>,U.8*Q#M?B59&)*CD ();7\R?B5 X ;�(+?B;�59&)*d*C<
SO(3) W :E;�:0#gNO# (

f 7→
1

8π2

∫ 2π

0

∫

π

0

∫ 2π

0

(f ◦ γ) sinϑ dϕdϑdψ,

NE;�(+;Ypq.058[4�/*4%
f : SO(3) → R

�
�£ST��fT*'6@;

f : G → H
.8<oz8# <M# <M# (@r8%+<M#l%+# �8(@*'6'*C2C&)? X #l:8*
D (+.8NO# %1:0*MP�?F*32C# <MNE;�2C&+# %

:E;m<M*4%@<>;l:0?B<M*450%)L�#8�Q!n# %@&+(+*3,U.8*3,U.E;7\B,U.8*C(x# .0&)(+;s;�N8\F?F2�;�[4L�#�z8# <M#�&+¤ N8?F2�;s;
f W;�?F58:E;M%+# �8(@*'6'*C2C&)? X ;0�
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