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Preface 
 
 

This book is a collection of the edited extended abstracts1 presented at the ECCOMAS 
Thematic Conference on Meshless Methods, held at the National Civil Engineering 
Laboratory, in Lisbon, Portugal, during 11-14 July 2005.  
Over the past decade, meshless/meshfree methods have emerged as effective numerical 
techniques for solving science and engineering problems.  
The number of approaches/methods that have recently been proposed is an evidence of 
the growing interest of the engineering community worldwide on these types of numerical 
techniques. Various scientific meetings have been organized in recent years that were 
totally or at least partially devoted to this area of knowledge and a large number of papers 
have been published in prestigious journals. 
The diversity of the proposals (both in terms of approaches being used and type of 
application) in the papers selected for this Conference is a reflex of the vitality of this area 
of research. All main meshless approaches, ranging from Smoothed Particle 
Hydrodynamics and other Particle Methods, Element Free Galerkin Methods, Generalized 
and Extended Finite Elements to the Radial Basis Functions and the Method of 
Fundamental Solutions, are included in this book.  
 
The Conference was organized by the Department of Mathematics and the Department of 
Civil Engineering and Architecture at the Instituto Superior Técnico in conjunction with 
the Department of Civil and Environmental Engineering at the University of Illinois at 
Urbana-Champaign, USA.  
 
The organizers are indebted to Instituto Superior Técnico (both, through the Departments 
of Mathematics and Civil Engineering and through the research centers CEMAT and 
ICIST) for their support of the meeting.  
 
On behalf of all participants, the organizers would like to thank the generous financial 
support of  Fundação para a Ciência e Tecnologia, Centro de Matemática e Aplicações at 
IST (CEMAT), Instituto de Engenharia de Estruturas, Território e Construção (ICIST), 
FLAD, FO, APMTAC, CML, FCG and LNEC for the Conference.  
 
We would also like to express our appreciation to the members of the Scientific Committee 
for their help in reviewing the abstracts and promoting the meeting, to the members of the 
Local Organizing Committee and to the administrative staff of ICIST and DM-IST. 
 
 
Lisbon, July 11, 2005 
 

V. M. A. Leitão  (Instituto Superior Técnico, Portugal) 
C. J. S. Alves  (Instituto Superior Técnico, Portugal) 
C. A. Duarte  (University of Illinois, U.S.A.) 

                                                           
1 The running order of the papers in this book has more to do with the conference schedule convenience than 
with a thematic distribution. 
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Immersed Electrohydrodynamics  
Finite Element Methods 

 
Wing Kam Liu (1)  

 
 

Abstract: The immersed electrohydrodynamics finite element method (IEFEM) is proposed for 
modeling fluid-structure interaction problems under an electric field.  In IEFEM, a Lagrangian 
solid mesh co-exists with an Eulerian fluid/electric field mesh, hence, the mesh generation for 
complex fluid and moving deformable structure interaction problems is greatly simplified.  The 
general continuum electro-mechanics equations are solved concurrently with the Navier-Stokes 
fluid equations.  Moreover, fluid, electric field, and solid domains are all modeled with the finite 
element method and the continuity between the fluid and solid sub-domains are enforced via the 
interpolation of the velocities and the distribution of the forces with the Reproducing Kernel 
Particle Method.  Preliminary multi-scale and multi-physics examples demonstrate that the 
proposed IEFEM provides an ideal modeling platform for the modeling of multi-physics 
biological systems, including heart, arteries and veins, microcirculation blood flow, cell-extra 
cellular matrix interaction, and electric field guided assembly of nanowires. In particular, the 
IEFEM code is being used in the modeling of nano-electromechanical (NEM) sensor fabrications.  
The dynamic process of the attraction, alignment, and deposition of nano/bio filaments between 
micro-electrodes is modeled by integrating electrophoretic and dielectrophoretic forces in 
addition to a drag force caused by electroosmosis.  The various dynamic processes and 
assembled patterns are explored by comparing our simulation results with experimental 
observations.  The NEM sensors will be used for the measurement of cell traction forces for the 
understanding of the focal adhesion complex and cell motility. 

References 
[1] X. Wang and W.K. Liu, “Extended Immersed Boundary Method Using FEM and RKPM,” 

Computer Methods in Applied Mechanics and Engineering, Vol. 193, pp. 1305-1321, 2004. 
[2] L. Zhang, A. Gerstenberger, X. Wang, and W.K. Liu, “Immersed Finite Element Method,” 

Computer Methods in Applied Mechanics and Engineering, Vol. 193, pp. 2051-2067, 2004. 
[3] Y. Liu, L. Zhang,, X. Wang, and W.K. Liu, “Coupling of Navier-Stokes Equations with 

Protein Molecular Dynamics and Its Application to Hemodynamics,” International Journal 
for Numerical Methods in Fluids, Vol. 46, pp. 1237-1252, 2004. 

[4] S. Li and W.K. Liu, “Meshfree Particle Methods,” Springer-Verlag, 2004. 
 

 
(1) Walter P. Murphy Professor, Northwestern University, Department of Mechanical Engineering,  
2145 Sheridan Road, Evanston, Illinois, 60208, USA (w-liu@northwestern.edu) 
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To Mesh or not to Mesh.  
That is the question… 

 
Sergio R. Idelsohn (1) (2) and Eugenio Oñate(2)  

 
 
Abstract: In a previous paper the authors presented a numerical solution using a Lagrangian 
formulation and a point collocation method called the Finite Point Method (FPM). Lately, the 
meshless ideas were generalized to take into account the finite element type approximations in 
order to obtain the same computing time in mesh generation as in the evaluation of the meshless 
connectivity. This method, called the Meshless Finite Element Method (MFEM), make use of 
special finite element shape functions but has all the advantages of the meshless methods 
concerning the computing time of the nodal connectivity. The MFEM uses the Extended Delaunay 
Tessellation to build a mesh combining elements of different polygonal (or polyhedral in 3D) 
shapes in a computing time which is linear with the number of nodal points. The MFEM is, in 
fact, a particular case of the Finite Element Method, with elements of a general polyhedral shape. 
The MFEM shape functions have been used in a recent paper together with a Particle Method to 
solve fluid mechanics problems. 
 
 
At this point several questions arise:  

 
• What is in fact a meshless method?  
• Why are so many people trying to use meshless methods? 
• Which are the difficulties to generate a mesh? 
•  It is the MFEM a meshless method or not?  
• Is better to solve a problem with or without mesh? 
• Which are the Meshless difficulties? 
• Is a Particle Method the same as a Meshless Method? 
• May a Particle Method use a Mesh? 
 

 
This presentation starts with a discussion about the problems to generate a mesh, the problems to 
use a meshless method and finishes by solving some fluid mechanics problems using the Particle 
Finite Element Method. It must be noted that fluid mechanics problems with a moving free-
surface are particular applications where the need of a Particle Method is clearer. In any case, 
the discussion and conclusions of this presentation are valuable for many other applications. 
Before solving a partial different equation by a numerical method, a possible question or 
alternative may be either to use a mesh method or a meshless method. This presentation discusses 
this issue to show that this question is not the right question. 

                                                           
(1) Internacional Centre for Computational Methods in Engineering, CIMEC-INTEC, Universidad Nacional 
del Litoral and Consejo Nacional de Investigaciones Científicas y Técnicas, Guemes 3450, 3000 Santa Fe, 
Argentina (sergio@ceride.gov.ar) 
(2) International Center for Numerical Methods in Engineering, CIMNE, Universidad Politécnica de Cataluña, 
Gran Capitan s/n, 08034 Barcelona, Spain (onate@cimne.upc.edu) 
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A New Backus-Gilbert Meshless Approximation Method
for Initial-Boundary Value Partial Differential Equations

C. D. Blakely(1)

Abstract: The purpose of this paper is to introduce a new Backus-Gilbert approximation method
as a tool for numerically solving initial-boundary value problems. The formulation of the method
with its connection to the standard moving least-squares formulation will be given along with some
numerical examples including a numerical solution to the viscous nonlinear Burgers equation in
two dimensions. In addition, we highlight some of the main advantages of the method over previous
numerical methods based on moving least-squares in order to validate its robust approximating
power and easy handling of initial-boundary value problems.

Keywords: Meshless Approximation, Moving Least-Squares, Radial Basis Functions Numerical
PDEs

1 Introduction

As with other moving least-squares techniques for solving partial differential equations such
as the ones found in Belytschko, Lu, and Gu [5], and Fasshauer [8], one of the main advantages
of these methods comes from the fact that no computational mesh of the domain is needed. This
leads to an easy implementation of the method on domains which have complex geometries where
a mesh as constructed in finite-element type methods can be tedious and non-trivial.

While meshless methods have grown to become popular for dealing with multivariate approx-
imation problems, extending these methods for their use in solving partial differential equations
have lead to a variety of different techniques typically based on either a Galerkin formulation where
numerical integration is used (typically called element-free Galerkin) or a collocation technique.
This new MLS method is based on collocation and thus no numerical integration is required. In
regards to pure collocation techniques, the first meshless collocation method applied to numerically
solving partial differential equations was developed by Kansa in [9] where direct interpolation using
translations and dialations of radial basis functions, notably multiquadric functions, approximated
the solution and its derivatives. Thereafter, successfull applications of the method to elliptic and
time-dependant problems such as the shallow-water equations began appearing. However, as stud-
ied in many papers such as [11], the condition numbers associated with the interpolation matrices
are extremely large and grow as the amount of collocation nodes in the domain increased. Fur-
thermore, when using globally supported radial basis functions such as the multiquadric function
used in [10] which possess the best approximation results as opposed to compactly supported radial
functions, the shape parameterβ controlling the dialation of the function has been demonstrated in

1University of Maryland, Center for Scientific Computation and Mathematical Modeling,
cblakely@cscamm.umd.edu.
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numerous papers to be extremely sensitive to the multivariate scattered data interpolation in terms
of convergence of the approximation. Finding an optimal or near optimal shape parameter for a
certain problem can so far only be accomplished numerically, namely noa priori knowledge of an
optimal shape parameter which minimizes the error in any norm can be found analytically. This is a
severe hinderance to the method since finding an optimal shape parameter for very large problems
where node counts reach an order ofO(105) can be computationally infeasable.

In [8], a moving least-squares approximation for time-dependant PDEs was proposed based
on approximate approximation. In this method, a Backus-Gilbert MLS formulation constructs a
reproducing kernel generated by a reproducing space taken as polynomials shifted on a set of collo-
cation nodes by the evaluation points defined on the domain and boundary while symetric weights
are taken as radial functions. This approach to the Backus-Gilbert MLS formulation via translated
polynomials offers fast construction of the reproducing kernel since the Lagrange multipliers that
are needed can be found explicitly for a polynomial basis of low order. In effect, it is a fast way to
achieve the robust approximation power of moving least-squares approximation, but at the cost of
not being equipped with the flexibility of choosing an approximation space for constructing the re-
producing kernel. The translated polynomial basis must be used rendering the method inadmissible
for problems in which discontinuities are known to occur in the solution.

Deducing from disadvantages of past meshless methods, it is of high interest to construct a
meshless method equipped with the following properties:

• The method is flexible when it comes to choosing an approximation space.

• Collocation matrices of the basis functions from the approximation space are well-conditioned.

• The shape parameter is flexible in that it offers large intervals of near optimal choices.

• The method yields high-convergence rates for smooth problems.

It is our goal in this abstract to briefly present a new meshless collocation method based on
Backus-Gilbert approximation where the desired properties above will numerically be shown to be
inherited. In order to do this, we will first briefly describe the construction of the method followed
by a few numerical examples. Finally, to conclude, a discussion on current and future research and
application interests of this new approximation technique will be provided.

2 Formulation of Method

2.1 Backus-Gilbert Formulation

The method, being based on moving least squares approximation, begins with the Backus-Gilbert
formulation ([6] and references therein). This approach for MLS approximation considers a quasi-
interpolant of the form

Pf (x) =
N

∑
i=1

f (xi)Ψi(x). (1)

where f = [ f (x1), ..., f (xN)]T represents the given data on a set ofN distinct evaluation nodes
X = {x1, . . . ,xN} ⊂ Ω∪ ∂Ω. The quasi-interpolantΨi(x) is constructed to be minimized in a dis-
crete quadratic expression subject to some approximation space reproduction constraints. This is
done by choosing a family of functions which are linearly independant such as a polynomial or
trigonometric basis. Here, we will use a basis of radial functions as the approximation space,
namelyU = span{φ(|| ·−ξ j ||), ξ j ∈ Ξ} whereΞ = {ξ1, . . . ,ξM} ⊂Ω∪∂Ω is a set ofM collocation
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nodes,M≤N. Denotingφ j (x) := φ(||x−ξ j ||), j = 1, . . . ,M, the approximation space reproduction
constraints are written as

N

∑
i=0

φ j (xi)Ψi(x) = φ j (x), for all φ j ∈ U. (2)

or in matrix form as
AΨ(x) = φ(x),

with A ji = φ j (xi), i = 1, . . . ,N, j = 1, . . . ,M. The objective is to minimize

1
2

N

∑
i=0

Ψ2
i (x)W(x,xi) (3)

using the above reproducing approximation space constraints.W(x,xi) is a positive weight function
for any pairx∈Rn andxi ∈ X whichmovesaccording to the evaluation nodex. However, when the
approximation space is taken as a set of radial basis functions, one usually takesW(x,xi) ≡ 1. To
solve this moving-least squares problem, Lagrangian multipliersλ j (x), j = 1, . . . ,M are introduced
which leads to a system where we solve for both the Langrangian multipliers and the reproducing
kernel functions. This system can be written in block matrix form as

[
Q(x) −AT

A 0

][
Ψ(x)
λ(x)

]
=

[
0

φ(x)

]
(4)

whereQ(x) = diag
(
W(x,x1), . . . ,W(x,x1)

)
which is positive definite for anyx. Since we are

assuming that the setsΞ andX are comprised of distinct nodes in the domain of interest,A has full
rank and we can apply Gaussian elimination to the block matrix and arrive at

λ(x) = G(x)−1φ(x) (5)

where we defineG(x) = AQ−1(x)AT as the Gram matrix. The explicit form of the reproducing
kernels can then be given as

Ψi(x) =
M

∑
j=1

λ j (x)φ(xi ,ξi)
1

W(x,xi)

So for every evaluation nodex ∈ X , an M×M system of equations must be solved in order to
calculateΨi(x).

In this new approximation scheme however, we consider the approximation space
U = span{φ j , j = 1, . . . ,M} which was used to provide the reproduction constraints in the Backus-
Gilbert formulation. Suppose we haveN evaluation nodes in the domain of interestΩ∪∂Ω which
can either be uniformly or randomly distributed. Furthermore, we set the weight functionW(·,xi)≡
1. We can thus write theN×M interpolation matrix based on these evaluation nodes as

A =




φ1(x1) φ2(x1) · · · φM(x1)
φ1(x2) φ2(x2) · · · φM(x2)
...
φ1(xN) φ2(xN) · · · φM(xN)


 . (6)
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Using this matrix, consider the resultingQ matrix from aQR decompositon algorithm, namely
A = QR. A new basis{φ̃ j (·)}M

j=1 from the rows ofQ is provided which is orthonormal with respect
to the evalutation nodes in the sense that

〈φ̃ j , φ̃k〉=
N

∑
i=1

φ̃ j (xi)φ̃k(xi) = δ j,k.

Going back to the Backus-Gilbert formulation using this new basis, we have the reproduction con-
straints written as



〈φ̃1, φ̃1〉 〈φ̃1, φ̃2〉 · · · 〈φ̃1, φ̃M〉
〈φ̃2, φ̃1〉 〈φ̃2, φ̃2〉 · · · 〈φ̃2, φ̃M〉
...
〈φ̃M , φ̃1〉 〈φ̃M , φ̃2〉 · · · 〈φ̃M , φ̃M〉







λ1(x)
λ2(x)

...
λM(x)


 =




φ̃1(x)
φ̃2(x)

...
φ̃M(x)


 . (7)

But since〈φ̃ j , φ̃k〉 = δ j,k this means thatλi(x) = φ̃i(x) for i = 1, . . . ,N and so the Backus-Gilbert
formulation yields a discrete reproducing kernel

Ψi(x) =
M

∑
j=1

λ j (x)φ̃ j (xi) =
M

∑
j=1

φ̃(||x−ξ j ||)φ̃(||xi −ξ j ||).

Unlike the original Backus-Glibert MLS approximation, no linear systems are solved at each eval-
uation node. Because of this construction, for anyxk ∈ X this discrete reproducing kernel function
forms apartition of unitysince∑N

i=1 Ψi(xk) = 1.

2.2 Approximating Linear Differential Operators

In order to numerically solve PDEs, we must be able to approximate linear differential operators
L. The problem we face with the constructed orthonormal basis approach to Backus-Gilbert MLS
approximation is that the basis{φ̃ j (·)}M

j=1 is not explicitly known, so we do not know how the
operatorL acts on the new basis. In effect, they must be projected onto the original approximation
spaceU = span{φ j (x); j = 1, . . . ,M} with which we used to compute an orthonormal basis viaQR
decomposition. IfM≤N, this linear system is solved in the least-squares sense. The approximation
of the linear differential operatorL acting on the given dataf can then be accomplished simply by
calculating

PLf (x) =
N

∑
i=1

f (xi)LΨi(x) (8)

=
N

∑
i=1

f (xi)
M

∑
j=1

Lλ j (x)φ̃ j (xi). (9)

Denotingλ(x) = [λ1(x), . . . ,λM(x)]T , theLλ j (x)’s are calculated as

Lλ(x) = Lφ̃(x)

whereLφ̃(x) = [Lφ̃1(x), . . . ,Lφ̃M(x)]T . The reproducing kernelϒ associated with the operatorL can
now be explicity calculated atxk ∈ X in the domain as

ϒi(xk) =
M

∑
j=1

λ j (xk)φ̃ j (xi) =
M

∑
j=1

Lφ̃ j (xk)φ̃ j (xi).

We can now write the approximation ofL f (x) asPLf (x) = ∑N
i=0 f (xi)ϒi(x). To this end, we now

show a few numerical results regarding the approximation of solutions to PDEs.
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3 Numerical Examples

Elliptic Boundary-Valued Problem

In order to show the schemes approximating power and its dependance on the shape parameter
β of the approximation basis, we consider the problem onΩ = [0,π]× [0,π]

∆u =−2sin(x)sin(y) x,y∈Ω

u = 0 x,y∈ ∂Ω

which has as solutionf (x,y) = sin(x)sin(y). Using as the approximation basis multiquadric func-

tions, namelyU = span{
√
|| ·−ξ j ||2 +β2; ξ j ∈ Ξ, j = 1, . . . ,M}, we apply theQR scheme and

produce the discrete kernel associated with the Laplacian while inforcing the boundary conditions.
Pu(x,y) is then found by solving the linear system. TheL1 errors associated with different grid sizes
on variousβ values are shown in the two tables below. TheN evaulation nodesX are taken to be
uniformly distributed and theM collocation nodesΞ are randomly distributed. In these examples,
we takeN = M. As seen in the tables, the shape parameter of the multiquadric basis ranges from
6 to 104 producing many near optimal choices of minimal error in the solution. However, as the
number of nodes in the domain increases, the size of the interval of near optimalβ values decreases
and in effect, lower shape parameter values are needed for minimal error.

Table 1:L1 error for10×10and12×12uniform grid nodes for variousβ values.

10×10 12×12
L1 error β L1 error β

6.06394e-05 14 6.4211e-06 10
9.37156e-06 34 8.27118e-06 18
3.57931e-06 48 4.53544e-06 28
2.58906e-05 54 1.26301e-05 42
5.23094e-05 100 3.2699e-05 48
9.22903e-05 102 4.33146e-05 54
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Table 2:L1 error for15×15and20×20uniform grid nodes for variousβ values.

15×15 20×20
L1 error β L1 error β

4.57714e-05 6 8.1885e-07 6
1.01192e-06 10 7.41084e-06 10
4.72437e-06 18 3.71961e-05 20
9.65463e-06 32 5.83601e-05 26
2.54876e-05 42 2.74848e-05 30
4.52623e-05 62 7.28861e-05 40

Nonlinear viscous Burgers Equation
Extending this moving-least squares approach to numerically solve a time-dependant nonlinear
problem such as the viscous Burgers Equation

∂u
∂t

+
2

∑
i=1

u
∂u
∂xi

= v∆u

u(0,x,y) = u0 x,y∈ (0,π)2 = Ω u(t,x,y) = 0 x,y∈ ∂Ω t > 0

is handled in a similar manner as above. Discretizing the equation first in time using any time
stepping scheme such as a 4th order explicit multistep scheme, a reproducing kernel must be created
for both the Laplacian and the advection operators. Figure 1 depicts plots of the solution for various
times using a grid composed of25×25 uniformly distributed evalutation nodes,25×25 random
collocation nodes, and settingβ = 6 for the multiquadric basis as used in the elliptic problem above.

4 Concluding Remarks

In this presentation of a new Backus-Gilbert approximation method for solving initial-boundary
valued problems, we attempted to demonstrate that its fine approximation results could make it an
attractive substitute for traditional radial basis collocation methods. Although aQR andLU de-
composition is needed in constructing the reproducing kernels for the linear operators, the resulting
linear systems when discretizing PDEs are better conditioned than in radial basis collocation.

In future work on this Backus-Gilbert formulation, we plan to test constructions of reproducing
kernels which are not generated by radial basis functions. This will include the most general sense
of the original Backus-Glibert formulation, namely moving least squares as discussed in section
(2.1).

In regards to the multiquadric case in generating the reproducing kernel as shown in this paper,
for a fixedβ and an increasing amount of nodes to generate the radial basis, the moving-least squares
method will not converge due to the dependence on the node density. However, unlike straight radial
basis collocation, the Backus-Glibert approach offers greater flexibility in choosing a near optimal
β parameter since larger neighborhoods of near optimal values are available.

The results of the computations of these meshless schemes for solving partial differential equa-
tions presented in this paper show that accurate solutions can be obtained, but much work is still
needed in adapting these schemes to larger scale problems such as 3D flow in large domains. Our
current interest in these methods is to couple them with domain decomposition methods which have
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Figure 1: Plot of solution to Burgers Equation for Time = 0,.2,.4,.6

been used in finite-difference and finite-element methods with much success. Futhermore, this cou-
pling has been shown to enjoy a computational structure easily adapted for the implementation on
massively parallel processors.
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On the procedures to eliminate shear locking in meshless
methods

Carlos Tiago(1) andVitor Leitão(2)

Abstract: Shear-locking is a well studied phenomenon in the conventional displacement approach
of the Finite Element Method (FEM). Although not very elegant and mathematically soundly, the
reduced/selective integration technique is, in general, the chosen option. However, for approxima-
tions based on unstructured data, like the ones used on meshless methods, it is not possible to relay
on a concept such asreduced integrationdue to the non-polinomial character of the approxima-
tion. Therefore it is necessary to develop new strategies to overcome this problem. In this work
two proposals are reviewed and critically analyzed, namely a method based on a change of vari-
ables (which proves to be, in fact, a mixed approach) and the construction of the approximation
fields based on the reproduction of the Kirchhoff assumption on the thin limit (it is shown that this
procedure originate a rank deficiency in the equations system).
The two procedures are applied to the Element Free Galerkin (EFG) method analysis of beams and
its relative numerical performance is compared. For the sake of completeness, tests are also carried
out with the traditional variables and approximation. The merits and drawbacks of each approach
are discussed.

Keywords:shear–locking, meshless, consistency, mixed.

1 Introduction

The presence of locking (whether is shear, membrane or volumetric) in the numerical solutions
solely based on the approximation of the generalized displacement fields can lead to totally erro-
neous solutions. In the displacement version of the FEM is usual to overcome such a problem
resorting the reduced/selective integration schemes. It can be proved that this procedure is equiva-
lent to a certain class of mixed formulations, see Malkus and Hughes [10]. However, this can hardly
be extended to meshless methods due to the non-polinomial character of the approximations,e. g.,
Moving Least Squares (MLS), Reproducing Kernel Particle Methods (RKPM), natural neighbour
co-ordinates (Sibson co-ordinates) or enriched Shepard functions (used in theh-p Cloud method).
A poor integration of the weak form lead, in general, to unsatisfactory results. Thus, alternative
procedures were proposed. In the following, a brief review is presented:

Change of variables. By a simple change of the independent variables, it is possible to construct a
locking–free formulation, as proposed by Cho and Atluri [3]. This change doesnot increase
the total number of degrees of freedom, although it can be interpreted as amixed formulation.

1Instituto Superior T́ecnico, Universidade T́ecnica de Lisboa, Av. Rovisco Pais, 1049-001, Lisboa, Portugal
(carlos.tiago@civil.ist.utl.pt ).

2Instituto Superior T́ecnico, Universidade T́ecnica de Lisboa, Av. Rovisco Pais, 1049-001, Lisboa, Portugal
(vitor@civil.ist.utl.pt ).
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Unequal order of interpolation. This idea is based on thefield-consistency paradigmdeveloped
by Prathap [11] and was implemented in the meshless framework by Donning and Liu [6].
Of course, the original expressionunequal order of interpolationhas to be restated in the
context of the meshless methods. Notice that, contrary the usual FEM interpolations, an
unequal order of approximationdoes not provide consistent fields.

Increase of the degree of basis functions.It is well known that the increase of the degree of the
interpolation functions can alleviate the locking effects in the traditional FEM. The equiva-
lence in meshless methods is the increase of the number of the basis functions. This approach
was followed by Duarteet al. [7, 4] to solve shear deformable beams and plates by theh-p
cloud method.

Nodal integration. Several nodal schemes were devised for the underintegration of the weak form.
Usually this procedure suffers from spurious singular modes, as noted by Beissel and Be-
lytschko [2] and it requires some sort of stabilization. Wang and Chen [12] used acurvature
smoothingto solve shear deformable beams and plates.

Mixed formulation. With a mixed formulation, based on independent approximations of some
interior fields, the locking can be eliminated, as show by Dolbow and Belytschko [5].

As could be anticipated, theincrease of the degree of basis functionsdoes not eliminate completely
the shear–locking, as can be seen in figure 5(b), page 1395 of [7]. Although thenodal integration
sounds very appealing to use in conjunction with a meshless method, this approach can lead to
singularities in the system matrix if special procedures, like the addition of stabilization terms to
the energy functional, are not employed. Also the weights of nodal integration rule are, sometimes,
based on Voronoy diagrams, which is, in fact, a sort of cell structure. Themixed formulationwill
work correctly as long as the Ladyzhenskaya–Babǔska–Brezzi (LBB) stability criterion is satisfied,
which is not always a trivial task to check. Also, there is an increase in the dimension on the
problem. Therefore, in the present work the first two approaches are detailed and implemented in
the EFG platform. Its relative performance is measured and compared through a plane Timoshenko
beam example. This model problem is also used to illustrate the formulations. Extension to spacial
frames and Reissner-Mindlin plates is straightforward.
Consider a straight beam along thez axis. The usual sets of equilibrium and compatibility equations
are

V ′ + p = 0, (1a)

V + M ′ + m = 0. (1b)

and

η = u′ − θ, (2a)

κ = θ′, (2b)

respectively. Here()′ = d()
dz

. Constitutive relations are given by

V = kGAη, (3a)

M = EIκ. (3b)

Proceeding with this description of the motion and using thesameapproximations for the general-
ized displacementsu andθ, gives rise to theshear–lockingeffect.
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2 A mixed formulation

This approach was presented in the framework of the meshless local Petrov–Galerkin (MLPG)
method by Cho and Atluri [3]. The approximation of the generalized variables relayed on the
Generalized Moving Least Squares (GMLS) and the essential boundary conditions were imposed
via the penalty method. Here the same change of variables will be used and the corresponding
equilibrium equations will be derived. The EFG formulation (employing Lagrange multipliers to
impose the essential boundary conditions) is presented and implemented. Approximating directly
the transversal displacement,u, and the transverse shear strain,η, from equations (2), the following
redefinition of the curvature,κ, arises:

κ = u′′ − η′. (4)

This redefinition of one of the generalized strains suggests that one of the equilibrium
equations should also be recast in order to keep the duality between the equilibrium and
the compatibility operators. In fact, this can be archived,e. g., from the a Virtual Work
Theorem argument:

δW = δW int − δW ext =
∫

Ω

(V δη + Mδκ) dΩ−
∫

Ω

(pδu + mδθ) dΩ

−
∑

i

[
Pδu

]
∂ΩV

i

−
∑

i

[
Mδθ

]
∂ΩM

i

=
∫

Ω

(δη (V + M ′ + m) + δu (M ′′ + m′ − p)) dΩ

+
∑

i

[
(δu′ − δη)

(
nM −M

)]
∂ΩM

i

+
∑

i

[
δu

(
n (−M ′ −m)− P

)]
∂ΩV

i

. (5)

Instead of the equilibrium equation (1a), the Euler-Lagrange equations of this functional
reveal the equationM ′′ + m′ − p = 0. Of course, this equation is equivalent to equa-
tion (1a), because, from (1b),M ′′ + m′ = −V ′. By a similar reasoning the natural
boundary condition associated with the shear force,V , can be justified.
The use of this new set of variables can be formulated in the EFG framework thought the
following augmented week form:

δW = δW int − δW ext =
∫

Ω

(V δη + Mδκ) dΩ−
∫

Ω

(pδu + mδθ) dΩ

−
∑

i

[
Pδu

]
∂ΩV

i

−
∑

i

[
Mδθ

]
∂ΩM

i

−
∑

i

[
λV δu

]
∂Ωu

i

−
∑

i

[
λMδθ

]
∂Ωθ

i

−
∑

i

[
δλV (u− u)

]
∂Ωu

i

−
∑

i

[
δλM

(
θ − θ

)]
∂Ωθ

i

. (6)

Applying the usual linear expansion for the approximations ofη andu (recall thatλV

andλM are scalar quantities, therefore do not require any discretization process) and its
variations,

u = ψuu, δu = ψuδu, (7a)

η = ψηη, δη = ψηδη, (7b)
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the global system of equations emerges in the standard form
[

K G
GT 0

]{
d
λ

}
=

{
f
q

}
, (8)

where

K =
∫

Ω

[
ψηT

kGAψη + ψη′TEIψη′ −ψη′TEIψu′′

−ψu′′TEIψη′ ψu′′TEIψu′′

]
dΩ, (9a)

G =

[
0 Gη

θ
Gu

u Gu′
η

]
, (9b)

d =
{

η
u

}
, (9c)

λ =
{

λV

λM

}
, (9d)

f =





− ∫
Ω

ψηT

mdΩ−∑
i

[
ψηT

M
]

∂ωM
i∫

Ω

(
ψuT

p + ψu′Tm
)

dΩ +
∑

i

[
ψuT

P
]

∂ωV
i

+
∑

i

[
ψu′TM

]
∂ωM

i





,

(9e)

q =
{

qu

qθ

}
, (9f)

and

Gη
θ =

[ [
−ψηT

]
∂Ωθ

1

,
[
−ψηT

]
∂Ωθ

2

, . . .

]
, (10a)

Gu
u =

[ [
ψuT

]
∂Ωu

1

,
[
ψuT

]
∂Ωu

2

, . . .

]
, (10b)

Gu′

θ =
[ [

ψu′T
]

∂Ωθ
1

,
[
ψu′T

]
∂Ωθ

2

, . . .

]
, (10c)

qu =
{

[−u]∂Ωu
1

[−u]∂Ωu
2

. . .
}T

, (10d)

qθ =
{ [−θ

]
∂Ωθ

1

[−θ
]
∂Ωθ

2
. . .

}T

, (10e)

for arbitrary variationsδd andδλ.
Inspection of the definition of the generalized stiffness matrix (9a) reveals the need of evaluating
second order derivatives of the nodal approximationψu. Moreover, this precludes theC1 continuity
in order to the respective integrals make sense. This is the main reason why this change of vari-
ables is not suitable for traditional FEM (however, it was possible to interpolateu by the Hermite
polinomials, thus duplicating the number of variables associated with this field). Conversely, for
meshless approximations the imposition ofC1 continuity is a trivial task, the only drawback being
the evaluation of second derivatives of the nodal functions. Another interesting fact about (9a) is the

inclusion of the termψu′′TEIψu′′ , typical of formulations based on Kirchhoff-Love assumptions.
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It can be argued that, in fact, the direct approximation of a displacement field,u, and a shear strain,
η, is, in fact, amixed formulation. Indeed it is, but without the disadvantage of the increase of the
number of variables.

3 A consistency approach

When the thickness of the beam tends to zero, the shear strain also tends to zeros,η → 0. Therefore,
equation (2a) yieldsu′ − θ = 0 or

θ = u′. (11)

Equivalent consistency results can be obtained for curved beams, as been reported by Prathap [11]
and Donning and Liu [6].
For approximations based on linear combinations of functions and the usual Timoshenko beam
theory,

u = ψuu, (12a)

θ = ψθθ. (12b)

Thus, equation (11) is expressed as

ψθθ = ψu′u. (13)

Hence, in the thin limit it is sufficient that the two following conditions holds:

ψθ = ψu′ (14a)

θ = u. (14b)

The fist of this conditions is here imposed to construct the approximation for the rotation field, being
the remainder of the EFG formulation (or for any other meshless method) exactly as in the classical
form. This procedure was formulated by Donning and Liu [6] and revisited by Nukulchaiet al. [8].

A very important aspect is the consistency of the set of functionsψθ. For the MLS/RKPM approx-
imation this can easily be revealed owing the Lemma 3.3, namely them-consistency condition II,
due to Liuet al [9]. It is a far more general result of the so-calledmoving least-square reproducing
kernel methods, but, in particular, it establishes that the first derivative of a MLS/RKPM approx-
imation generated by a completem-order,` component polynomial basis and a weight function
Φ ∈ Cm(Ω) can reproduce polynomials of orderm − 1. Accordingly, for reproducing constant
curvatures the set of functions used for the displacement has to include, at least, all the monomials
until the quadratic order.
However simple, the use of the approximation (14a)introduces dependenciesin the system matrix.
To demonstrate this is suffices to prove that the set of functions used to approximateθ is linearly

dependant,i. e., ψθα = 0 for someα1, α2, . . . , αn which are not all zero. Consider, in particular,
the choiceαi = β, i = 1, 2, . . . , n andβ ∈ V whereV = {β|β ∈ R, β 6= 0}. Owing to the
fact thatψu(z) is apartition of unity, i. e.,

Pn
i=1 ψ(z)i = 1, ∀ z ∈ Ω, thenβ

Pn
i=1 ψ(z)i = β.

Deriving both members inz resultsβ
Pn

i=1
∂ψ(z)i

∂z
= 0. Hence, the chosen setψθ is linearly

dependant,∀β ∈ V . Moreover,

nX
i=1

∂ψi

∂z
= 0, ∀β ∈ V. (15)
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which shows thatψθ is also apartition of nullity.

For the present problem this means that the approximation for the rotations has one deficiency for
plane beams and two deficiencies for three dimensional beams and Reissner-Mindlin plates. Re-
markably this fact, to the authors knowledge, pass unnoticed until now. Nevertheless, the numerical
implementation of the procedure with the use of appropriate solvers should be able to choose from
the set of possible solutions an accurate one. In the present work the LAPACK [1] package was
employed.

4 Numerical example

Consider a cantilever beam submitted solely to a uniform load. The values used for the analysis
were: L = 1, EI = 1 andp = 1. For the MLS approximations, the weight function is given by
the equation (11), page 219 of reference [3] withs = 5 together with ap basis of complete cubic
order. The accuracy of the solutions was measured by the relativeL2 error norm ofu, η andθ. To
evidence that no reduced integration is used, 10 sample points of the Gauss-Legendre quadrature
rule are employed between each node for carry out the integrals appearing on the weak form. This
rule was also used to evaluate the error of the solutions. Besides the two methods presented in
sections 2 and 3, the traditional approach in the generalized displacements as described in section 1
was also used.

The results in figure 1 evidence that:(i) for thick beams the traditional format gives the most
accurate results for(u, θ), but for thin beams thelocking effect is evident,(ii) both alternative
formulations are free fromlocking and (iii) the consistency approach produces the best overall
results.

5 Closing remarks

It is worth to emphasize that both of the techniques analyzed relay on the same properties of the
meshless approximations: the higher order continuity and arbitrary consistency (i. e., reproducing
polynomials property). Moreover, both schemes require the evaluation of second order derivatives,
which is a common feature of Kirchhoff-Love formulations. Thus, the computational cost of both
approaches is, approximately, the same.

Contrary to the consistency method, the change of variables method can not be directly extended
to problems where the compatibility equations (relating generalized displacements and generalized
deformations) are nonlinear,e. g., geometrically nonlinear analysis.

However, special care has to be used for solving the resulting system from the consistency method.
Also, when the number of null eigenvalues of the system matrix plays an important role (as the
detection of a cross of a limit or bifurcation point in a geometrically nonlinear analysis) the rank
deficiency caused by the approximation has to be taken into account.

For thick cross sections the usual generalized displacement formulation is the most accurate one,
but only the alternative formulations preserves the accuracy and convergence properties in the thin
limit.

Acknowledgements: This work was carried out in the framework of the research activities of
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Figure 1: Results for canteliver beam.
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Convergence and Error Analysis of Kansa’s Unsymmetric
Collocation Method

Robert Schaback(1)

Abstract: The unsymmetric collocation method by E. Kansa has been very successfully used in
many applications, though there theoretically exist rare situations in which it will fail. This con-
tribution will modify the method somewhat and then prove convergence and error bounds for the
modified technique. The results will be presented within a general framework for methods that
solve operator equations by minimizing residuals. Thus the modifications may also help to put
other methods on a solid foundation.
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Multiscale Flow Simulation
by Meshless Particle Methods

Armin Iske(1)

Abstract: We report on recent developments concerning adaptive finite particle methods, which
are used for the numerical simulation of multiscale phenomena in time-dependent evolution pro-
cesses. The proposed concept relies on a meshless finite volume approach, which we combine with
WENO reconstruction from particle average values. In this method, polyharmonic splines are key
tools for both the optimal recovery from scattered particle averages and the construction of cus-
tomized adaption rules. This “extended abstract” gives a short introduction to the features of the
basic algorithm, and it briefly addresses some of its theoretical and computational aspects. Further
details will be discussed during the conference.

Keywords:meshless particle methods, flow simulation, multiscale phenomena, polyharmonic splines.

1 Introduction

Many physical phenomena in fluid dynamics are modelled by time-dependent scalar hyperbolic
conservation laws of the form

∂u
∂t

+∇ f (u) = 0, (1)

where for some domainΩ⊂Rd, d≥ 1, and a time intervalI = [0,T], T > 0, the unknown function
u : I ×Ω → R measures the density of some conserved quantity, such as mass, momentum, or
energy. In nonlinear conservation laws, i.e., for nonlinear flux functionf (u) = ( f1(u), . . . , fd(u)),
the solutionu of (1) can easily develop discontinuities (shocks) spontaneously, even from smooth
initial data

u(0,x) = u0(x), for x∈ Ω. (2)

This typical behaviour reflects problem-inherentmultiscale phenomenona, which must be dealt with
mathematically and computationally, whereadaptivesimulation methods are essentially needed for
solving the Cauchy problem (1),(2).

Moreover, due to irrevocable laws of physics, a numerical method for the solution of (1) is
required to be conservative. Finite volume (FV) discretizations are classical conservative methods
for hyperbolic problems [10]. In the general formulation of FV, the computational domainΩ is
partitioned into disjoint grid cells, control volumes. However, as shown by Junk in [8], FV methods

1Department of Mathematics, University of Leicester, Leicester LE1 7RH, UK (iske@mcs.le.ac.uk).
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can also be formulated without using a grid. In fact, a very flexible and robustfinite volume particle
method(FVPM) is developed in [3] by Hietel, Steiner and Struckmeier, where the control volumes
in their meshless FV method are replaced byinfluence areasof moving particles. To this end, a
partition of unity is used, which also allows overlapping influence areas.

In this short “extended abstract”, we adopt only some of the basic ideas of the meshless FVPM
in [3] (see Section 2), which we combine with bothweighted essentially non-oscillatory(WENO)
reconstruction (Section 4) and a customized adaption strategy for the particles’ local refinement
and coarsening (Section 5). This altogether yields a novel concept for meshless flow simulation by
multiscale particle methods, which relies on scattered data reconstruction by using polyharmonic
splines (Section 3).

We remark that the good performance of related multiscale particle simulation methods is al-
ready demonstrated in our previous work concerning two-phase flow in porous media. Therefore,
for the (required) sake of brevity, we refrain from including numerical examples here, but refer to
the numerical results and comparisons in our previous work [5, Chapter 6], [6], and [7, Chapter 11].
Further aspects of our meshfree particle method are discussed at the conference, where, moreover,
its good performance is confirmed by selected numerical examples from relevant applications.

2 Finite Volume Particle Method

In order to briefly explain the main ingredients of the utilized finite volume particle method (FVPM),
let Ξ = {ξ}ξ∈Ξ ⊂Ω denote a finite set of nodes, each of which corresponding, at a timet ∈ I , to one
flow particle. Moreover, we denote for anyξ ∈ Ξ by Vξ ⊂ Ω the influence areaof particleξ, with
particle average

ūξ(t) =
1
|Vξ|

∫
Vξ

u(t,x)dx, for ξ ∈ Ξ andt ∈ I .

According to the classical concept of FV [10], for eachξ ∈ Ξ its particle average ¯uξ(t) is at time
stept → t + τ updated by an explicit numerical method of the form

ūξ(t + τ) = ūξ(t)−
τ
|Vξ|

∑
ν

Fξ,ν,

whereFξ,ν denotes thenumerical fluxbetween particleξ and a neighbouring particleν ∈ Ξ\ξ. The
required exchange of information between neighbouring particles is modelled via a generic numeri-
cal flux function, which may be implemented by using any suitable FV flux evaluation scheme, such
as ADER in [9]. Further details on ADER will be explained through the conference talk, whereas
for further features of FVPM, we refer to [3, 8].

3 Optimal Recovery from Particle Averages

On given particle averages ¯u
∣∣
Ξ = {ūξ}ξ∈Ξ, and for specificstencils(see Section 4), WENO re-

construction requires computing for each stencilS ⊂ Ξ a recovery functions : Rd → R satisfying
ūξ = s̄ξ for all ξ ∈ S . Commonly used WENO schemes work with polynomial reconstruction,
which, however, may lead to severe numerical instabilities, especially when the particles are het-
erogeneously distributed, see [1]. Our recommendation is to rather work with polyharmonic splines,
in which case

s(x) = ∑
ξ∈Ξ

cξφ̄m,d
ξ (‖x−·‖)+ p(x), p∈ P d

m, (3)
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whereP d
m are thed-variate polynomials of order at mostm, and where, for 2m> d, thepolyharmonic

splineφm,d is given byφm,d(r) = r2m−d log(r) for even dimensiond, and byφm,d(r) = r2m−d for
odd dimensiond.

We remark that polyharmonic splines, discovered by Duchon [2], are powerful tools for mul-
tivariate interpolation from scattered Lagrange data. As shown in [4], polyharmonic spline inter-
polation can be generalized to reconstruction from scattered Hermite-Birkhoff data, which includes
reconstruction from particle averages. Moreover, polyharmonic spline reconstruction isoptimal in
theBeppo Levi space
BLm(Rd) =

{
u : Dαu∈ L2(Rd) for all |α|= m

}
, being equipped with the semi-norm

|u|2BLm = ∑
|α|=m

(
m
α

)
‖Dαu‖2

L2(Rd),

so thats in (3) minimizes the Beppo Levi energy| · |BLm among all recovery functionsu in BLm(Rd),
i.e., |s|BLm ≤ |u|BLm.

4 WENO Reconstruction

WENO reconstruction requires first selecting, for any particleξ ∈ Ξ, a small number of stencils
Si ⊂ Ξ, 1≤ i ≤ k, each given by a small set of particles in the neighbourhood ofξ. For each
stencilSi , we compute a polyharmonic spline reconstructionsi satisfyingū

∣∣
Si

= s̄i
∣∣
Si

, so that the
approximations to u in the influence areaVξ of particleξ is given by a weighted sum of the form

s(x) =
k

∑
i=1

ωisi(x), with
k

∑
i=1

ωi = 1,

where the weightsωi = ω̃i
/

∑k
j=1 ω̃ j , with ω̃i = (ε+ I (si))−ρ for ε,ρ > 0, are determined by using

theoscillation indicator

I (u) = |u|2BLm = ∑
|α|=m

(
m
α

)
‖Dαu‖2

L2, for u∈ BLm(Rd).

5 Adaption Rules

In order to construct customized adaption rules, we employ an a posteriorierror indicator η : Ξ →
[0,∞) of the form

η(ξ) = |ūξ− s̄ξ|, for ξ ∈ Ξ,

wheresdenotes the polyharmonic spline reconstruction satisfying ¯u
∣∣
S = s̄

∣∣
S , for a stencilS ⊂ Ξ\ξ

of particles surroundingξ. We letη∗ = maxξ∈Ξ η(ξ), and we determine relative threshold values
θcrs,θref, 0 < θcrs < θref < 1, so that a particleξ ∈ Ξ is to be refined, iff η(ξ) > θref×η∗, wheras
ξ is to be coarsened, iff η(ξ) < θcrs×η∗. It is sufficient for the purpose of this short “extended
abstract” to say that a particleξ ∈ Ξ is coarsened by its removal fromΞ, whereasξ is refined by
the insertion of further particles in its neighbourhood. For further details concerning computational
aspects of the utilized adaption rules and their construction, we refer to our previous papers [6, 9].
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A particle-based p-version Galerkin method 
 
 

Stefan M. Holzer (1) and Carsten Riker(2)  
 
 
Abstract: We discuss a particle-centered Galerkin method which is based on an arbitrary set of 
scattered particles. However, in contrast to the element-free Galerkin method and other similar 
techniques, we do not use circular or rectangular supports, but rather overlapping polyhedral 
supports based on the Voronoi/Delaunay decomposition of space. This approach saves most of 
the advantages of a truly meshless method, while it greatly facilitates the numerical integration 
required in a Galerkin method. Locally, we use approximating polynomials of arbitrary order. 
 
 
1 Introduction  

 
The main difficulty associated with meshless Galerkin discretization techniques is the 

selection of a suitable partition of unity. In meshless methods such as "mesh-free Galerkin" (for a 
review see [2,3]), "hp-clouds" ([4]) or "particle-partition of unity" [5,6,7] techniques, one is 
almost inevitably forced to use the Shepard ([1]) method in order to generate the partition of unity 
on an arbitrary set of scattered particles. This way, one obtains piecewise rational functions as 
partitions-of-unity.  

Any meshless method starts from a collection of N scattered points ("particles" or "nodes") 
inside the domain  of interest: Ω

{ }Nkxx k
d

k ,,2,1,: K=Ω∈ℜ∈  . (1) 

With each of these points, we associate an "influence function" 

)()( kk xyfy −=α  , (2) 

where f is a non-negative function which usually decays monotically with increasing distance 

kxy −  and tends to zero as ∞→− kxy . Frequently, f will be cut off to zero at a distance 

corresponding to half the diameter of the support kω . In order to generate a partition-of-unity, 
we apply the Shepard technique and obtain the weighting functions 

∑
=

= N

j
j

k
k

y

yy

1

)(

)()(
α

αψ
 . (3) 
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By construction, the weights associated with all nodes add up to unity in each point of the 
domain and are therefore termed a partition-of-unity. If the cutoff approach is being used, it must 
be ensured that the domain is completely covered by the supports. Depending on the norm used 
for evaluating the distance between points xk and y, one may obtain spherical or orthogonal 
supports associated with each node. 

In order to obtain the final approximation space, each node k is "equipped" with some local 
expansion function of arbitrary, locally selected polynomial degree p, e.g., the tensor products of 
monomials of order p in the individual components of the distance between xk and y. For example, 
in the two-dimensional case, we are going to refer to this polynomial space by the symbol 

. Then, we obtain the final ansatz functions ( ) pmlyml
k ,,1,0,,, K=π

)()()( ,, yyy k
ml

k
ml

k ψπϕ ⋅= .  (4) 

Even though we have used polynomial expansions in each of the nodes, the final trial 
functions pose considerable difficulties in the numerical quadrature process: Firstly, they are 
piecewise rational functions which are hard to integrate reliably without an error-controlled, 
costly adaptive scheme. This problem has been treated intensively in [6]. There, rectangular 
supports have been employed and a sparse grid integration has been utilized. However, secondly, 
most meshless methods resort to spherical (circular) supports, which results in very complicated 
domains of integration and precludes the use of sparse grid techniques. Once integration is done, 
one obtains a symmetric, positive definite stiffness matrix which is only sparsely populated in the 
case of finite supports . 
 
 
2   Cell-based particle method 

 
Figure 1 displays an L-shaped domain. The particle set which we display in the figure has 

been generated the following way: We have used the corner nodes of the domain, plus some 
scattered nodes inside (nodes numbered 1 through 15); additional nodes on the boundary have 
been introduced in such a way as to ensure the empty circumcircle criterion of Ruppert (see [10]; 
nodes 16 through 26). This guarantees that the point set can be meshed by a Delaunay algorithm, 
preserving the constraints posed by the original domain.  

Figure 2 displays the supports associated with each particle, as well as the overlap zones of 
the particle support areas. Evidently, we have neither used spherical supports nor rectangular 
supports, but generalized polyhedral supports. These supports have been constructed in such as 
way as to ensure the following two properties: 

• adjacent supports are guaranteed (in 2 D) to interesect each other either in triangles 
or rectangles. In 3D, overlaps are orthogonal prisms or tetrahedra. 

• for arbitrary particle locations, it is possible to construct piecewise linear partitions 
of unity, in arbitrary dimensions of space. Therefore, the final approximating space 
will be piecewise polynomial. 

These properties are of course not incidental. The generation of the support cell shapes hinges 
on exploiting the properties of Delaunay and Voronoi tesselations. In fact, the structure displayed 
in figure 2 is a mixed-cell-complex, i.e. some kind of a transitional structure between the Voronoi 
cell complex and its dual Delaunay cell decomposition. The term mixed-cell-complex has been 
introduced by H. Edelsbrunner, see, e.g., [11]. The amount of overlap between the supports 
associated with neighbouring particles is controlled by a parameter 10 ≤≤σ . The value 0=σ  
corresponds to a pure Voronoi cell decomposition, whereas we would obtain the Delaunay 
triangulation when selecting 1=σ . 
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Figure 1: Domain of interest and particle set. 

 

Figure 2: Particle cell-complex corresponding to the given particle set. 
 

3  Comparison between EFG and the novel method based on operation count 
 
Meshless techniques have rarely been analyzed from an operation count point of view (cf., 

however, [7,12,13,14]). The lack of interest in this topic probably stems from the fact that mostly 
regularly spaced nodes are used in practice in meshless Galerkin methods. However, the meshless 
methods will not show their full potential unless they can handle arbitrary irregularly spaced 
collections of nodes.  
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For classical mesh-free Galerkin methods, it is essential to guarantee that the nodal supports 
cover the domain of interest completely; in addition, some overlap is required in order to ensure 
that the degrees of freedom are coupled. Various techniques have been suggested for solving this 
non-trivial problem. Assuming that the nodal positions are given, the problem boils down to 
assigning a suitable diameter to each of the nodal supports 

kω . Whereas [5] and [14] suggest 
probabilistic or quasi-probabilistic techniques to overcome this difficulty, which cannot guarantee 
the required amount of overlap, slightly varying quadtree-based techniques have been suggested 
in [6], [12] and [13]. Construction of the quadtree requires  operations, where N 
denotes the number of particles. 

)log( NNO

Our method, in contrast to the "meshfree" methods discussed above, requires the generation 
of a Delaunay/Voronoi decomposition and as such it looks rather similar to a mesh-bound method 
like FEM. However, it is essential to acknowledge that generating the basic Voronoi 
decomposition is by no means more expensive than the techniques which we have discussed 
above which one would have to employ anyhow in the meshless approach in order to guarantee 
that we obtain a proper selection of support diamaters. Incremental Delaunay decomposition 
methods based on the "Delaunay tree" data structure can handle the problem in steps 
(in 2D). As opposed to FEM, aspect ratios do not matter (we get the convex nodal polyhedron 
anyway) because our polynomial approximation does not use mapped polynomials.  

)log( NNO

One might object that the method will succeed only on a fixed particle set, but will fail on 
moving particle sets. This objection is not entirely unjustified. However, provided that the point 
set does not change dramatically in subsequent time steps, we can still exploit the former Voronoi 
cell set if we keep the Delaunay tree. However, we have not yet elaborated on details on how to 
achieve this. 

On the other hand, the advantages of our method become striking when it comes to setting up 
the weak form of the differential equation. Highly accurate numerical quadrature is 
straightforward since we only have to integrate polynomial functions, so that ordinary Gauss-
Legendre schemes are optimal. 
 
4   Scope of application and numerical results 
 

So far, we have not given any indications regarding the type of equation to which we intend to 
apply the novel scheme. However, in the full-length paper, we will give ample numerical results 
and convergence tests for a simple model equation, the Laplacian in 2D. In addition, we will give 
an outline on how the method can be used successfully for handling more complex application 
problems. In particularly, we are currently investigating the method with a view to moving-
interface problems such as the Stefan ("ice cube melting") problem. Even in the case of linear 
differential equations, this problem becomes non-linear because the ice-water interface is not 
fixed in space. Practical applications from Civil Engineering include simulation geotechnical 
construction techniques (e.g., in tunneling) employing artificial ground freezing. More 
information will be provided in the talk. 
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A Hermite natural element formulation

J. Yvonnet, F. Chinesta(1) andP. Villon, P. Breitkopf, A. Rassineux(2)

Abstract: In this paper, a Hermite formulation in the context of the natural element method (NEM)
is presented in order to achieve second-order convergence instead of only first-order convergence in
the standard NEM. The NEM shape functions are used as weights in a moving-least-square Hermite
formulation with quadratic basis. The resulting approximation possesses quadratic completeness.
Numerical results of a simple Poisson’s problem demonstrate a significant accuracy gain in the
solution of Hermite NEM compared to that of the conventional NEM approach.

Keywords:Natural element method, Hermite formulation, quadratic approximation.

1 Introduction

The natural element method [10] is a meshfree Galerkin method for the treatment of partial differ-
ential equations (PDE) which uses Voronoi-based shape functions. Compared to classical moving-
least square methods [1, 5], the NEM provides the following advantages : (a) direct imposition of
essential boundary conditions due to the interpolant character of the shape functions; (b) the do-
main of influence of a node is not radial, and naturally adapts to the local neighbourhood, which
allows analysis of domains with highly inhomogeneous or anisotropic nodal density without spe-
cial treatment. Nevertheless, the NEM shape functions only possesses linear completeness [8], and
p-adaptivity can not be achieved as in the moving least square methods. One possibility to change
the order of the approximation is to enrich the NEM shape functions with higher-order monomials
in the partition of unity framework [3]. One drawback of this approach is that linear dependencies
are induced in the global system of equations, and a special treatment is then necessary to solve
the problem. In [4], Farin constructed aC1 interpolant by embedding Sibson’s natural neighbor
coordinates [8] in the Berstein-Bzier surface representation of a cubic simplex, later proposed for
the NEM by Sukumar [7], which has quadratic completeness. In this paper, quadratic approxima-
tion is achieved through a diffuse Hermite interpolation [6], by using natural neighbor weights in
the moving least square approximation. Compared to standard moving least square method, the
minimization is performed both with respect to the primary variable, and the diffuse spatial deriva-
tives. Numerical results of a simple Poisson’s problem demonstrate a significant accuracy gain in
the solution of Hermite NEM compared to that of the conventional NEM approach.

1École Nationale Suṕerieure d’Arts et Ḿetiers, 151 boulevard de l’Ĥopital, F-75013 Paris, France
(julien.yvonnet@paris.ensam.fr).

2Universit́e de Technologie de Compiègne, BP 20529, 60205 Compigne cedex, France
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x ni
fi

Figure 1: Construction of the natural neighbor shape functions.

2 The natural element method

The natural neighbor Galerkin, or Natural Element Method (NEM) [10], is a particular meshfree
method using the natural neighbor coordinates introduced by Sibson [8]. The natural neighbor shape
functions possess some remarkable properties such as: (a) interpolation; (b) linear consistency;
(c) strict linearity of the shape functions over the convex boundary of the domain. The interest
reader can refer to Sukumar [10] for a detailed description and proofs of these properties on convex
domains. An extension of the method for arbitrary geometries has been proposed in [3] in the
context of theα-shapes and by introducing a visiblity criterion in [11]. The properties (a) and (c)
allows to impose directly the essential boundary conditions, unlike in the vast majority of meshfree
methods. The natural neighbor shape functions are constructed on the basis of the Voronoi diagram
of the set of nodes, and the dual Delaunay triangulation. The natural neighbor shape function of a
nodeni is constructed on the geometrical basis of the overlap of the Voronoi cell associated with
the nodeni and the Voronoi cell of the pointx (typically an integration point). Letfi the Lebesgue
measure (length in 2D, area in 3D) of the Voronoi facet between nodeni and pointx anddi the
euclidian distance between nodeni and pointx. If we consider the 2D example depicted in figure 1,
theLaplaceshape functionsφi related to a nodeni at pointx reads:

φi(x) =
αi(x)

∑n
j=1 α j (x)

, αi(x) =
fi(x)
di(x) (1)

Other natural neighbor shape functions exist, i.e. the Sibson [8] shape functions. In the above,
then influent nodes, sharing a Voronoi cell with the pointx, are called the natural neighbors. The
support of these shape functions is the union of the circumspheres associated with the Delaunay
tetrahedra connected to nodeni .

3 Hermite natural element formulation

One possibility to reach higher-order approximation in the natural element method is to introduce
the natural neighbor shape functions as weight functions in a moving least-square scheme, and by
using higher-order polynomial basis. Nevertheless, it has been shown [5] that an integration point
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has to be contained in the support of a sufficient number of nodes to reproduce the basis, i.e. the
number of influent nodes must be superior or equal to the number of monomials in the basis. In the
natural element method, the number of influent nodes (natural neighbors) can not be chosen by the
user. In the worst case an integration point is contained in a single Delaunay triangle (tetrahedron
in 3D) and thus has only three (4 in 3D) influent nodes, which allows only to reproduce linear basis.
The key idea of the following approach is to introduce more degrees of freedom at the nodes in
order to reproduce higher-order basis. For this purpose, we consider an interpolation scheme in the
form:

uh(x) =
n

∑
i=1

ψi(x)ui +
n

∑
i=1

ψx
i (x)

∂ui

∂x
+

n

∑
i=1

ψy
i (x)

∂ui

∂y
(2)

whereψi(x) are the shape function associated with the unknown variableui , ψx
i (x) andψy

i (x)
are the shape function associated with the space derivative ofui with respect tox andy, respectively.
In the above framework,ui ,

∂ui
∂x and ∂ui

∂y are unknown (degrees of freedom). In order to construct
the shape functions, we consider the following approximation scheme :

uh(x) = p(x)Ta (3)

wherep(x) is a polynomial basis, i.e.p(x) = {1,x,y,xy,x2,y2} anda is a vector of unknown
coefficients. In order to determinea, we consider the following functional:

J =
1
2

n

∑
i=1

wi(x)

{[
pT(x)a−ui

]2
+α

[
∂pT

∂x
(x)a− ∂ui

∂x

]2

+α
[

∂pT

∂y
(x)a− ∂ui

∂y

]2
}

(4)

wheren is the number of natural neighbors of pointx, wi(x) are the natural neighbor shape

functions computed at pointx, ∂pT

∂x (x) and ∂pT

∂y (x)a represent the derivative of the basisp(x) with
respect tox andy, respectively.α is a dimension parameter which is fixed to 1 in our simulations.
Minimizing J with respect toa, ( ∂J

∂a = 0), leads to the following system of equations :

Aa(x) = Bq (5)

with q =
{

u1,
∂u1
∂x , ∂u1

∂y ,u2,
∂u2
∂x , ∂u2

∂y , ...,uN, ∂uN
∂x , ∂uN

∂y

}
. The matrixA andB are expressed by:

Ai j (x) =
n

∑
k=1

wk(x)
{

pi(xk)p j (xk)+α
∂pi(xk)

∂x

∂p j (xk)
∂x

+α
∂pi(xk)

∂y

∂p j (xk)
∂y

}
(6)

Bi(3 j−2) = w j (x)pi(x j )

Bi(3 j−1) = αw j (x) ∂p j (x)
∂x

Bi(3 j) = αw j (x) ∂p j (x)
∂y

Derivatives of the shape functions are obtained through standard procedure [1], involving the
derivative of the weight functionswi(x). Closed form of Sibson shape functions derivatives can be
found in [9]. The obtained shape functions are depicted in figure 2.
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Figure 2: Hermite natural neighbor shape functions.

4 Numerical example

In this section, a simple Poisson’s problem is presented to show the enhanced accuracy of the
proposed technique. The boundary value problem is defined by :

{ −∆u = f in Ω = ]0,1[×]0,1[
u = ū onΓu,

(7)

we consider from now on:
{

ū = 0,

f = 4π2{2cos(2πx)cos(2πy)−cos(2πx)−cos(2πy)} (8)

whose exact solution results:

uh(x) = {1−cos(2πx)}{1−cos(2πy)} (9)

The weak form associated with Eq. (7) is given by :
Find u∈ H1

0(Ω) such that:

Z

Ω
∇u ·∇δudΩ =

Z

Γu

f δudΓ, ∀ δu ∈ H1
0(Ω) (10)

whereH1
0(Ω) is the usual Sobolev functional space. The Hermite-NEM interpolation just described

is used for approximating the trial and test functionsu andδu, respectively, which are built with the
only contribution of internal nodes.
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Figure 3: Convergence in energy norm for the two-dimensional Poisson’s problem.

The error in energy norm is computed according to :

∥∥∥u−uh
∥∥∥

E(Ω)
=

(
1
2

Z

Ω
(∇uex−∇uh)T(∇uex−∇uh)

)1/2
(11)

For the evaluation of both Eq. (10) and (11), the Voronoi cells associated with each node are
triangulated and a Gauss quadrature scheme is applied in each subtriangle, with 3, 6 and 12 points.
Figure 3 compares the accuracy of the Hermite-NEM (H-NEM) approximation with the standard
NEM. If three Gauss points quadrature scheme is used, the accuracy of the H-NEM exceeds the
accuracy of the NEM, but the difference in the convergence rate is not significant. If a fine enough
quadrature scheme is applied (6 points), the H-NEM reach a second-order convergence rate (R=1.9).

5 Conclusion

A Hermite natural element method has been proposed. Its numerical implementation in a simple
Poisson’s problem has been presented to illustrate the technique potentialities. The accuracy of the
present method is superior to the standard NEM. If a sufficiently fine quadrature scheme is adopted,
quadratic rate of convergence is achieved, while only first-order accuracy can be obtained by using
standard NEM. One issue in the present approach is the proper imposition of boundary conditions
associated with the diffuse derivative, that don’t match the exact derivatives. This question is a work
in progress.
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Stabilized and Regularized Galerkin Meshfree Method 
 
 

J. S. Chen, Wei Hu(1) and Mike Puso(2)

 
 

Abstract: Nodal integration offers considerable efficiency in Galerkin type meshfree methods, 
but it encounters spatial instability due to under integration and vanishing derivatives of shape 
functions at nodes. A stabilized conforming nodal integration (SCNI) has been proposed for 
elasticity, plates, and large deformation problems [1-3]. In this work, the extension of SCNI to 
lower order finite elements is introduced. Our recent study showed that SCNI produces spurious 
low energy modes under certain conditions. A modified SCNI is introduced, and its stability in 
reproducing kernel particle method and natural element method is examined. 
 
The approximation and integration issues of reproducing kernel approximation for problems 
involving damage-fragment processes are discussed. Meshfree approximation, such as moving 
least square and reproducing kernel approximations, possess intrinsic non-local properties. 
These non-local properties of reproducing kernel approximation are exploited to incorporate an 
intrinsic length scale which regularizes problems with material instabilities in strain localizations 
[4-5]. The approximation and domain integration approaches to yield a gradient type 
regularization to the localization problem are presented. 
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Stabilized updated Lagrangian corrected SPH for explicit
dynamic problems

Y. Vidal(1) J. Bonet(2) andA. Huerta(3)

Abstract: It is well known that the Smooth Particle Hydrodynamics (SPH) mesh-free method works
even better than the Finite Element Method (FEM) for large distortion problems. However, updat-
ing the reference configuration may be necessary in some problems involving extremely large dis-
tortions. In this paper an updated Lagrangian formulation is proposed. To update the Lagrangian
formulation an incremental approach is used. It has been observed that this updated formulation
suffers from similar numerical fracture to the Eulerian case. A modal analysis has proven that there
exist zero energy modes. In the paper the updated Lagrangian method is exposed in detail, a stabil-
ity analysis is performed and finally a stabilization technique is incorporated to preclude spurious
modes.

Keywords:CSPH, totally Lagrangian, Eulerian, large deformations.

1 Introduction

In its original form the method SPH had several weak points, described in detail in [1] and also in
[2]. These problems consisted on lack of consistency, tension instability and the presence of zero
energy modes in the numeric solution.
The normalized smoothingmethod obtaining lineal consistency was developed in [3]. TheCor-
rected Smooth Particle Hydrodynamics(CSPH) method that allows to obtain lineal consistency
in the interpolation of the function and in the interpolation of the gradient was developed in [4].
Consistency is achieved introducing corrections in the kernel functions and in their derivatives.
Concerning the tension instability, it has been stated [6] it’s appearance in Eulerian formulations.
Nevertheless, it has been proved (see [5]) that a Lagrangian formulation removes completely the
instability. However, zero energy modes still remain in the Lagrangian formulation. On one hand
Lagrangian SPH works even better than FEM in problems involving distortions. On the other
hand, in problems with very large distortions a Lagrangian formulation will require updates of the
reference configuration. When such updates are incorporated zero energy modes are more likely to
be activated. When few updates are carried out the error is small but when updates are performed
frequently the solution is completely spoilt because of the zero energy modes. The objective of this
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paper is to develop an updated Lagrangian formulation which allows to carry out updates of the
reference configuration without suffering the appearance of spurious modes.
Firstly, the totally Lagrangian CSPH formulation is revised for large strains dynamic problems.
Next a stabilized updated Lagrangian formulation is proposed to overcome the limits of the totally
Lagrangian one. Finally, the main noteworthy results are summarized.

2 Totally Lagrangian CSPH

This section will not be devoted to develop or discuss Lagrangian CSPH formulation in detail.
There is an excellent reference [5]. Here some basic notions will be recalled in order to introduce
the notation and the approach employed in following sections.
Let us consider a discretized body using SPH particles. The deformation gradient can be evaluated
in a certain particlej in terms of the current positions as

F j = ∇0ϕ = ∑
k

xk⊗Gk(X j ), (1)

where∇0 indicates the gradient respect to the initial configuration,xk is the current position of
particlek and where the functionGk(X j ) is the corrected kernel gradient associated to particlek
evaluated inX j .
They are corrected using the corrections proposed in [5]. That is,

Gk(X j ) = Vk∇̃0φ
(

X j −Xk

ρ

)
.

whereVk denotes the volume of material associated to a given particlek, ϕ represents the kernel
function andρ is called the dilation parameter and is the support radius of the kernel function. The
widetildeon top of∇0 indicates that is a corrected gradient in the same way as in [5].
The vector of internal forces corresponding to a certain particlei is given by (see [5]):

T i = ∑
j

V0
j P jGi(X j ). (2)

It is important to observe that in equation (2) the kernel derivatives,Gi(X j ), are fixed in the refer-
ence configuration and therefore they do not depend on the current positions of the particles. This
bears that corrections are only calculated at the beginning reducing the computational cost.
On one hand Lagrangian SPH works even better than FEM in problems involving distortions. On the
other hand, in problems with very large distortions a Lagrangian formulation will require updates
of the reference configuration.

2.1 Standard updated formulation

Here an updated Lagrangian formulation is proposed to overcome the limits of the totally La-
grangian one. The updated Lagrangian formulation consists of a multiplicative incremental ap-
proach as illustrated in Figure 1. Configurationxr will be the new reference configuration for the
next time steps. This means that a new neighbor search must be done in configurationxr and that
corrections of the kernel and its derivatives must be recalculated.
It is important to observe that the deformation gradientFr is stored as an internal state variable
and onlyf (the deformation gradient between the new reference configuration and the final one) is
calculated each time step.
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Figure 1: Updated Lagrangian

Let’s see how the update affects the internal forces calculation. Recall that deformation gradient is
given by

Fn
j = f jFr

j =
∂xn

∂xr

∣∣∣∣
j
Fr

j =

(
∑
k

xn
k⊗Vr

k ∇̃r φ
(

xr
j −xr

k

ρ

)

︸ ︷︷ ︸
gk(x

r
j )

)
Fr

j , (3)

where it is important to notice that functionsgk(xr
j ) are the corrected kernel gradients in the new

reference configuration. From equation (3) it follows that the variation of the virtual deformation
gradient will be

δḞn
j =

(
∑
k

δvk⊗gk(x
r
j )

)

︸ ︷︷ ︸
δḟ j

Fr
j .

So the internal virtual work expressed in the initial configuration is

δẇint =
Z

V0
Pn : δḞndV0 '∑

j
V0

j Pn
j : δḞn

j = ∑
j
V0

j Pn
j : (δḟ jFr

j ).

Recalling the identityA : B = tr(ABT) we have

Pn
j : (δf j ·Fr

j ) = tr((Pn
j F

r
j
T)δḟTj ) = (Pn

j F
r
j
T) : δḟ j ,

so internal virtual work can be written as

δẇint = ∑
j
V0

j Pn
j F

r
j
T : δḟ j = ∑

j

(
V0

j (Pn
j F

r
j
T) :

(
∑
k

δvk⊗gk(x
r
j )

))
.

Recalling now the matricial and vectorial propertyA : (u⊗v) = u ·Av we have

δẇint = ∑
k

δvk ·
(

∑
j

V0
j Pn

j F
r
j
Tgk(x

r
j )

)
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and therefore in a certain time,t = n, using as reference configurationxr , we can easily identify the
internal forces vector in a certain particlei as:

Tn,r
i = ∑

j
V0

j Pn
j (F

r
j )

Tgi(x
r
j ).

3 1D Analytical Stability Analysis

An analytical stability analysis for the updated Lagrangian formulation is presented in this section.
Let’s consider a 1D bar discretized by a given number of particles which deforms from reference,
Xr , to final,x, configurations as shown in Figure 2. Note that in the case of an updated lagrangian
CSPH formulation, the kernel functions are fixed at the reference configuration which can be any
configuration between initial and current ones. For simplicity particle spacing will be assumed to
be uniform in the reference configuration and only immediate neighbors of a given particle will
contribute to the internal force evaluation at this particle.

X X XXX
i-2 i-1 i i+1 i+2

i-2
x x x x x

i-1 i i+1 i+2

φ((X-X )/ρ)
i

h

r r

r r r r r

Figure 2: 1D Updated Lagrangian CSPH

Given the one-dimensional nature of the problem and taking the area as constant and equal to one
(in the reference configuration), the deformation gradient is simply given as

Fi = f iF
r
i =

(
∑

j
x jg j (Xr

i )

)
F r

i . (4)

For the simple uniformly spaced reference configuration considered, the linearly corrected gradient
termsg are simply

gi−1(Xr
i ) =− 1

2h
; gi(Xr

i ) = 0; gi+1(Xr
i ) =

1
2h

; (5)

which upon substitution into (4) leads to

Fi =
xi+1−xi−1

2h
F r

i .
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Consider now the internal force equation in the current 1D context

Tn,r
i = ∑

j
V0

j Pj (F r
j )

Tgi(Xr
j ) = ∑

j
Vn

j σ j f
-1
j gi(Xr

j ).

Using this identity together with (5) for the gradient functions enables the internal force at pointi
to be obtained as

Ti =
Vn

i−1σi−1f-1i−1−Vn
i+1σi+1f-1i+1

2h
.

The internal force vector is only a function of the current nodal positions via the stress values. Using
the linear constitutive relationship,σi = κ(Ji −1), the tangent stiffness matrix terms are now easily
evaluated to give

Ki,i+2 =
−Vnκ

(xi+2−xi)2

Ki,i+1 = 0

Ki,i =
Vnκ

(xi −xi−2)2 +
Vnκ

(xi+2−xi)2

Ki,i−1 = 0

Ki,i−2 =
−Vnκ

(xi −xi−2)2

Finally a simple calculation shows that the eigenvalue associated to the alternating eigenvector
(−1)i now vanishes as

∑
j

Ki j (−1) j = 0.

The above equation implies that this alternating mode is now a mechanism instead of a mode with
a possible negative eigenvalue. Consequently, the algorithm should be stable but, in the absence of
artificial viscosity, undamped oscillations may emerge during the computations.

3.1 Hessian’s Difference Stabilization

It is necessary to eliminate mechanisms if an updated formulation has to be used. Next, a new
stabilization technique is proposed. This method is based on the addition of a higher order derivative
term to the corrected gradient of the trial function (ϕ). The added term is the difference of two
Hessians which will converge to zero as the particle distribution is refined:

∇̃ϕ
s
(xr

i ) := ∑
j

ϕ jg j (x
r
i )+h

[
H ϕ(xr

i )−∇(∇ϕ(xr
i ))

]
η (6)

whereη = (ηx,ηy,ηz)T is a non-dimensional stabilization vector of parameters,h is related with
a characteristic length of the discretization andH ϕ(xr

i ) represents the Hessian ofϕ which in the
context of CSPH can be obtained as,

H ϕ(xr
i ) := ∑

k

Vr
k ϕkH̃ φk(x

r
i )

whereH̃ φk is the kernel Hessian linearly corrected.
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4 Conclusions

In this paper an updated Lagrangian stabilized formulation capable to solve problems involving
large distortions has been proposed.
On one hand, as updates are only performed when needed the updated formulation has a low com-
putational cost as his totally Lagrangian counterpart. On the other hand, updates can be performed
as often as wanted, in fact an update can be performed every time step leading to a formulation
“similar” to the Eulerian one in which the reference configuration is the current state.

Acknowledgements:We would like to express our gratitude to Agència de Gestió d’Ajuts Univer-
sitaris i de Recerca de la Generalitat de Catalunya, 2003BEAI 00248.
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SPH Biphasic Simulation of Free Surface Impact

G. Oger(1) , B. Alessandrini(2) andP. Ferrant(3)

Abstract: Depending on the shape and dimensions of the solid involved in a free surface impact, air
effects at the very beginning of water entry may have some non negligible influences on the impact
features, as it would be observed in the occurrence of air-cushion effects. In this paper, through
a two-dimensional numerical simulation of a body in free motion within a multi-phase flow using
Smoothed Particles Hydrodynamics (SPH) method, these influences are taken into account and are
then discussed. This study is based on the classical test case of a free falling wedge impacting
the free surface. The application presented here deals with fluids having a high density difference,
implying a coupling of flows with some very different behaviors. This particularity leads to the
need for some special care at the interface, namely on the formulation used to discretize the Navier-
Stokes equations, this in order to obtain some good stability properties of the global scheme. This
specific treatment is also discussed here. SPH numerical results are then validated through some
comparisons with experimental data, showing some good agreements.

Keywords:multi-phase flows, water entry, air-cushion effect

1 Introduction

The capability for SPH method to treat efficiently some complicated and large free surface defor-
mations problems is now well-known [5]. On the other hand, its meshless and lagrangian properties
allow to solve easily some problems involving one or several solids acting with some very large
imposed motions through a fluid flow. Recent works [3][6] showed the possibility for this method
to be enhanced with a specific treatment to deal with free moving boundaries in a weakly coupled
approach. Nevertheless, in lots of cases, air effects play a crucial role in the global fluid (or fluid-
solid) behavior, as it would be observed with air-cushion effects or air entrapment occurrence in
breaking waves for example. The standard SPH formulation [4] allows the simulation of multi-
phase flows with a weak density difference between the various fluids considered. But for high
density differences, this formulation introduces some strong instabilities at the interface, which
ends in contaminating the whole simulation. Some recent works [2] show that another formula-
tion is needed to cope with this problem. The study presented here combines the treatment of free
moving boundaries with an air-water implementation through the standard test case of a free falling
wedge in the air, ended with its impact on the free surface. Successive effects of both air and water
on this prism are attempted to be captured as accurately as possible. First a global presentation of
SPH is provided, followed by practical computational considerations. Finally, the simulation of this
free falling wedge is commented, and some comparisons with experimental data are provided and
discussed.

1Fluid Mechanics Laboratory, Ecole Centrale de Nantes (guillaume.oger@ec-nantes.fr).
2Fluid Mechanics Laboratory, Ecole Centrale de Nantes (bertrand.alessandrini@ec-nantes.fr).
3Fluid Mechanics Laboratory, Ecole Centrale de Nantes (pierre.ferrant@ec-nantes.fr).
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2 SPH method for multi-phase flows

SPH method is based on a set of interpolating points which are chosen in the medium. Using
an interaction function (Kernel function), these points can be used to discretise partial differential
equations without any underlying mesh. For free surface flows, the system of equations we need
to solve is the classical Navier-Stokes one. Since we always assume the fluid to be inviscid in the
application presented here, shear stresses are neglected and this system reduces to Euler equations
as follows.

d~v
dt

= ~g−
~∇P
ρ

(1)

dρ
dt

= −ρ.~∇~v (2)

One of the main SPH features consists in considering any fluid media as compressible, resulting in
the use of the Tait’s equation of state (3), linking the pressure to the density and allowing the above
system of equations to be closed.

P = κ
[(

ρ
ρ0

)γ
−1

]
(3)

In the context of multi-phase flows, the various fluids simulated with SPH can be seen as only one
fluid containing some sudden density jumps. No specific treatment such as dynamic boundary con-
dition is implemented at interfaces. Furthermore SPH implicitly fulfills any free surface condition.
Throughout this study, the formulation used results from the symmetrization equations

~∇P = ~∇P+P~∇1 (4)

~∇~v = ~∇~v−~v~∇1 (5)

leading finally to the formulation thought to be the most adapted [2] for multi-phase flows SPH
computation

d~xi

dt
= ~vi (6)

d~vi

dt
=~g−∑

j
mj

(Pi +Pj )
ρiρ j

~∇W(~r i −~r j ,h) (7)

dρi

dt
= ρi ∑

j

mj

ρ j
(~vi −~v j )~∇W(~r i −~r j ,h) (8)

where W is the kernel interpolating function [4]. The choice of the signs in (4) and (5) is not naive.
In deed, changing the signs of the~∇1 terms would still be mathematically correct, but for strict
consistency considerations, the choice for the SPH formulation of (2) imposes the formulation to
adopt for (1), as can be found in [1].
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3 Numerical stability

The SPH scheme naturally suffers from a lack of stability due to its explicit centered scheme fea-
tures. This problem is overcome using an artificial viscosity term added in the momentum equation
following Monaghan ([4]), that is

Πi j =





−α
h̄i j c̄i j

ρ̄i j

−→vi j .−→r i j

r2
i j + εh̄2

i j

if −→vi j .−→r i j < 0

0 else

(9)

where f̄i j means fi+ f j

2 . Finally, this ordinary differential equation system are integrated in time
by schemes such as Runge-Kutta, Leap-Frog or Predictor-Corrector to ensure at least second order
convergence in time. No suitable artificial viscosity has been found here at fluid interfaces, leading
to the need for a more stringent Courant condition. Some sufficient stability properties were finally
approached using a four thirds decreased Courant number with a fourth order Runge-Kutta scheme.

4 Addition of a free solid interacting with fluids

One would like to treat cases of free bodies in coupled interactions with one or several fluids. We
assume any free body as non deformable, leading to the need for a specific method designed to
extract forces due to fluid(s) on its boundaries. This procedure consists in evaluating forces on solid
boundaries by pressure fluid particles integration, these forces being then used to determine the
accelerations of the body, these lasts being integrated in time using an ODE integrator (fourth order
Runge-Kutta in this paper) in order to update the solid position and velocity. Some computations
[3] [6] proved the ability of this effort sampling method to treat easily solid-fluid coupling in good
agreements with experimental results.

5 Test case of a free falling wedge impact

These technics is applied to the standard validation test case of a free-falling wedge impacting
the free surface. The experimental device is described in figures 1. Some more details on this
experiment can be found in [7].
At t=0 s, this free-falling wedge is dropped from 0.61 meters above the free surface with a five
degrees clockwise initial heel angle and no initial velocity. Its knuckle angles are both fitted with
accelerometers dedicated to the measurement of angular and vertical accelerations. After a free
fall in the air, the wedge enters the free surface. This impact generates a large deformation of the
free surface with the apparition of two jets running out along the wedge boundaries, and imposes
a strong vertical deceleration as well as a transverse self-righting of the solid. Experiments are
supposed to be realized so that the flow could be regarded as two-dimensional.

6 Numerical simulation

In the SPH simulation, the tank size has been chosen to ensure no interaction between the wedge
and the resent sound wave generated by the impact on water. The nominal sound speed chosen for
water is 80 m/s. Because of its near incompressible feature, the equation of state (3) used for water is
computed withγ = 7, whereas knowing its natural adiabatic behaviorγ = 1.4 for air. The hydrostatic
configuration of air makes the pressure differs from 0 at the interface, this pressure having to be the
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Figure 1:Test section description

same for the two fluid in this critical zone (as a natural free surface dynamic condition). The sound
speed chosen for air is 150 m/s. This value is sufficient to preserve the weakly compressible aspect
of air flow in the circumstance ofMa < 0.1. Note that it would be possible to use the actual air
sound speed, that is 340 m/s, but such a value would require some smaller time steps with a similar
final result in the application presented here. We use a nominal densityρ0 = 1000kg/m3 for water,
andρ0 = 1.29kg/m3 for air. A variable smoothing length computation has been achieved in order to
concentrate the accuracy into the free fall area in the air, and into the impact area in water, limiting
the total particle number needed and thus the associated CPU time. The typical distance (noted∆x)
between two successive particles is determined so that the interpolation circle contains about twenty
particles (in a two dimensional context). Finally 230,000 air and water particles were necessary to
achieve this simulation.

This case has already been successfully approached in a monophasic SPH computation [3][6]. But
since air was not present, simulating the free fall in the air was useless and the simulation began at
the experimental impact instant. Because of the uncertainties in the wedge initial setup, we needed
to match the numerical load curves in time with experimental results due to an error of1.5×10−3s.
Indeed, the experimental vertical acceleration time history shows a smooth evolution at the very
beginning of the impact that was not captured by our SPH calculation while we refined the particle
discretization in the impact area. We supposed this phenomenon to be due to air influence, by the
mean of air cushion effects that could not be captured by our monophasic description. The following
study aims at trying to take into account this effect, simulating the whole free fall in the air, and to
comment the pressure forces time history due to the presence of air in particular.

In this test case, the wedge dynamics is entirely governed by interactions with air and water.
As shown in the left plot of figure 2, the vertical acceleration time history of the wedge is correctly
predicted when compared with experimental data. Maximum load appearing at t=0.365 s is well
captured in time as well as in amplitude, and the main trends of loads during water entry are well
approached. The same comment can be made concerning the angular acceleration time history in
the right plot of figure 2, namely the three peaks are captured in amplitude with a good agreement
with experimental data. Nevertheless, it should be underlined that a defect appear from t=0.375 s,
where a stiffer slope than in the experiment is obtained in both vertical and angular time evolutions.
It mainly leads to a time difference in the third peak of the angular acceleration. This behavior finds
its origin in the presence of instabilities appearing at the right corner of the wedge during the exit
of the jet, due to some high velocity gradients between the two phases in this sharp angle area.
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Figure 2:Vertical and angular accelerations results
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Figure 3:Numerical air cushion effects

In a first attempt this biphasic computation results in a globally correct approach of the main phe-
nomena, and allows to focus on the wedge vertical acceleration evolution at the impact beginning.
Right plot of figure 3 emphasizes the overpressure due to air (color pressure scaled) expulsion be-
tween the wedge and the free surface (black points) at instant t=0.35 s. Figure 3 (at the left) shows
a zoom of the left plot of figure 2 around this instant. It compares the experimental data with the
monophasic and biphasic SPH results, for the same used smoothing length, at the water impact ig-
nition. This plot clearly displays the air influence on numerical results. It appears that experimental
data give a more progressive evolution than the SPH biphasic one, and that numerical air effects are
overestimated. Note that the shape of the test section used in the experiment does not have such
sharp knuckle angles, and may lead to a quite different aerodynamic behavior. Further work is still
needed for this problem.
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7 Conclusion

The free fall in the air of a low deadrise angled wedge and its impact on free surface has been
simulated using a SPH based method, the whole dynamics of this solid being obtained by pressure
integration of both air and water pressure forces. Results concerning vertical and angular accelera-
tion time histories have been compared with experimental data, showing good agreements in time
synchronization as well as in amplitude. On the ground of this biphasic implementation, air cushion
effects at the impact ignition was studied, emphasizing a vertical force that can not be captured by
a monophasic SPH computation, but giving a less good agreement when compared with the exper-
iment. Improvement concerning instability problems at media interfaces are to be done, and the
validation of air cushion loads capture has to be pursued.
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On a new incompressible formulation for SPH

Marco Ellero(1), Mar Serrano(2) andPep Espãnol(3)

Abstract: We present a Smoothed Particle Hydrodynamic model for incompressible fluids. As
opposed to solving a pressure Poisson equation, which is very costly, here incompressibility is
achieved by requiring as a kinematic constrain that the volume of the fluid particles is constant. We
use Lagrangian multipliers to enforce this restriction. These Lagrange multipliers play the role of
non-thermodynamic pressures whose actual values are fixed through the kinematic restriction. In-
spired by theSHAKE methodology familiar in molecular dynamics with constrains, we implement
an efficient method for finding the non-thermodynamic pressure satisfying the constraints.

Keywords:Smoothed Particle Hydrodynamics, Incompressible fluid, SHAKE.

1 Introduction

The Smoothed Particle Hydrodynamic method for solving the Navier-Stokes equations is a La-
grangian mesh free model that allows to solve the continuum hydrodynamic equations with a set of
interacting fluid particles. The original equations that are discretized are those for a compressible
viscous fluid. In real applications, the time scale of sound propagation is much smaller than the time
scale of vorticity propagation, which is basically dominated by the viscosity of the fluid. If the only
relevant scale for the problem of interest is the viscous time scale, it is a waste of computer time
to resolve the sonic time scale, which requires very small time steps in order to comply with the
Courant condition. The usual approach is to run the SPH simulations in the quasi-incompressible
limit, that is, selecting the smallest possible speed of sound which still gives a very low Mach
number ensuring density fluctuations within the 1% [1]. Recently a proposal for constructing an
incompressible SPH model has been introduced, which solves a pressure Poisson equation at every
time step [2].

The approach we follow in this paper for the formulation of an incompressible SPH model is
based on the use of Lagrange multipliers that enforce the geometrical restriction that the volumes
associated to every fluid particle are constant as a function of time.

1School of Aerospace, Mechanical and Mechatronic Engineering, The University of Sydney, NSW 2006,
Australia, Address (marco.ellero@aeromech.usyd.edu.au).

2Departamento de Fı́sica Fundamental, UNED, Apartado 60141, 28080 Madrid, Spain, Address
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3Departamento de Fı́sica Fundamental, UNED, Apartado 60141, 28080 Madrid, Spain, Address (mser-
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2 The model

In Ref. [3] we have shown how to formulate a model within the framework of Smoothed Particle
Hydrodynamics that is thermodynamically consistent. In particular, we have shown that the inde-
pendent variables of every fluid particle (positionr i , velocityvi , and entropySi), evolve according
to two distinct mechanism. The first is due to a purely reversible dynamics while the second is
due to a purely irreversible dynamics. All the issues of the incompressibility can be formulated by
focusing on the reversible part of the dynamics so we restrict the discussion to it. The reversible
part of the dynamics of the SPH model can be cast in the following Hamiltonian form

ṙ i = vi

mv̇i = ∑
j

∂V j

∂r i
Pj

Ṡi = 0 (1)

where we have introduced the pressurePi and the volumeVi associated the fluid particlei. This is
defined in the SPH methodology as the inverse of the number densitydi which reads

di = ∑
j

W(|r i − r j |) =
1
Vi

(2)

whereW(r/h) is a bell-shaped weight function with a finite supporth and which is normalised to
unity:

R
drW(r) = 1. The volume is, therefore, an analytical function of the positions of the fluid

particles. For future reference, we introduce also the positive functionF(r) through

∇W(r) =−rF(r), F(r)≥ 0 (3)

A usual selection in SPH is the Lucy function forW(r),

W(r) =
105

16πh3

(
1+3

r
h

)(
1− r

h

)3
θ(r/h) (4)

whereθ(x) is a step function that takes the value 1 if0≤ x≤ 1 and zero otherwise. The function
F(r) follows

F(r) =
315
4πh5

(
1− r

h

)2
θ(r/h) (5)

It has already been shown that equations (1) conserve the total energy defined asEtot = ∑i
[mi

2 v2
i +Ei

]
whereEi = Ei(m,S,V ) is the internal energy of the fluid particle as a function of the extensive ther-
modynamic variables of the fluid particle, that is, the mass, entropy and volume [3]. In addition,
equations (1) conserve also momentum, as a consequence of the invariance under traslations of the
total energy. Eqns. (1) describe the motion of an inviscid compressible fluid. As the particles move,
the densitydi varies in time and so do the pressuresPi .

In order to describe an incompressible situation, we want to enforce the geometrical restriction
that the volume of each fluid particleVi = Vi(r1, · · · , rN) is a constant of motion. Note that the rate
of change of the volume of the particles is, according to the chain rule and the first Eqn. (1)

V̇i = Vi ∑
j

∂Vi

∂r j
·v j (6)
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This equation allows us to interprete the term∑ j
∂Vi
∂r j
·v j as a discrete version of the divergence of

the velocity. Instead of enforcing incompressibility by requiring that the divergence of the velocity
field is zero, this is, that the time derivative of the volume is zero, we enforce incompressibility by
requiring that the volume of every fluid particle is constant, this is,

Vi(r1, · · · , rN) = V 0
i i = 1, · · · ,N (7)

The usual way to enforce a constrain in classical mechanics is through the use of Lagrange
multipliers [4]. In our case, the method of Lagrange multipliers transform the set of equations (1)
into the following set

ṙ i = vi

mv̇i = ∑
j

∂V j

∂r i
Pj +∑

j

∂V j

∂r i
λ j

Ṡi = 0 (8)

whereλ j areN Lagrange multipliers, whose actual value is fixed by the fact that the N restrictions
(7) are satisfied. Note that the way in which the Lagrange multipliers appear is as a contribution to
the thermodynamic pressure. By using the definition of the volume (2), we obtain

∂V j

∂r i
=

1

d2
j

[
δi j ∑

k

Fikr ik +Fi j r i j

]
(9)

and Eqns. (8) become

ṙ i = vi

mv̇i = ∑
j

Fi j r i j

[
Pi +λ j

d2
i

+
Pj +λ j

d2
j

]

Ṡi = 0 (10)

Whenλi = 0, these equations are the SPH symmetrized equations preferred by Monaghan [1].

3 The SHAKE methodology

TheN Lagrange multipliersλi take values such that as time proceeds, theN holonomic constraints
(7) are satisfied. The situation here is closely reminiscent to that encountered in the molecular
dynamics simulations of molecules with constraints. For this type of problem a powerful method-
ology, known asSHAKE, has been developed (see [5] for a neat interpretation of the method). The
idea is summarised here.

Let xk,k = 1, · · · ,N denote the state of the system at timet. We can write formally the equations
of motion (8) as

ẋk = Fk(x,λ), σk(x(t,λ)) = 0 (11)

whereλ denotes the set ofN Lagrange multipliers,x(t,λ) is the formal solution of the equations of
motion andσ(x(t,λ)) = 0 are the set ofN constraints. Given an integrator method like, for example,
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a velocity-Verlet or a Runge-Kutta method, we will have after a time step∆t a new statex′ which,
in general, will depend on the Lagrange multipliersx′(λ). The particular functional dependence on
λ depends on the integrator. The new state satisfies theN constrains

σk(x′(λ)) = 0 (12)

This is a set ofN non-linear equations for the set ofN unknowns, the Lagrange multipliersλk. A
general solution of this problem is very difficult. However, we have to solve (12) for every time step,
and we assume that we have solved the problem in the previous time step, while at the new time
step the situation has changed only infinitesimally. In this way, we expect a brute force calculation
to work reasonably well. TheSHAKE method is such a brute force method.

The essence of theSHAKE method consist on writing the constraint equation (12) in the fol-
lowing form

σ(x′(λ)) = a+Bλ+c(λ) = 0 (13)

wherea is a vector independent ofλ, B is a matrix independent ofλ andc(λ) is the remaining
non-linear function ofλ. We can decompose the matrixB = BD +BO whereBD is the diagonal part
of B andBO is the off-diagonal part. Therfore, Eqn. (13) can be rewritten as

BDλ =−(a+BOλ+c(λ)) (14)

which can be solved iteratively as

λn+1 =−B−1
D (a+BOλn +c(λn)) (15)

Of course, the inverse of a diagonal matrix is trivial to compute and makes the solution of (15) easy.
Now, let us identify the matrixB with (∂σ(x′(λ))/∂λ)|λ=0, and, by decomposing this matrixB in
its diagonal and off-diagonal parts, Eqn. (14) will have now the following form

BDλ =−[
σ(x′(λ))−Bλ+B0λ

]
(16)

which can be solved iteratively in the following very simple form

λn+1 = λn−B−1
D σ(x′(λn)) (17)

4 Evolution scheme

Note that the holonomic constraint (7) depends only on the positions. The updated positions in a
Runge-Kutta second order integrator have the following form

r ′i(λ) = r i +∆tvi +
∆t2

2
Fi +

∆t2

2 ∑
j

∂V j

∂r i
λ j = r0

i +∑
j

Ωi j λ j (18)

whereFi is the pressure force andr0
i is the result of the integration step without constraints. We

have introduced

Ωi j =
∆t2

2
∂V j

∂r i
=

∆t2

2d2
j

[
δi j ∑

k

Fikr ik +Fi j r i j

]
(19)



ECCOMAS Thematic Conference on Meshless Methods 2005 A34.5

Note that this function of positions is evaluated atr i , the positions at the time stept. The velocities
are updated according to

v′i(λ) = vi +∆tFi +∆t ∑
j

∂V j

∂r i
λ j = v0

i +
2
∆t ∑

j
Ωi j λ j (20)

wherev0
i is the velocity updated without Lagrange multipliers.

The new positionsr ′i(λ) should satisfy the constraint (7), which are equivalent to a constraint
on the densitiesd0

i = ∑ j W(|r ′i(λ)− r ′j (λ)|) whered0
i is the constant density of the fluid particlei.

The matrixBi j now takes the form

∂
∂λ j

∑
k

W(|r ′i(λ)− r ′k(λ)|) = ∑
k

∇W(|r ′i(λ)− r ′k(λ)|) ∂
∂λ j

(r ′i(λ)− r ′k(λ)) (21)

At λ = 0 we have, by using Eqns. (3) and (18)

Bi j =−∑
k

F(|r0
i − r0

k|)(r0
i − r0

k)·(Ωi j −Ωk j) (22)

The diagonal term is

Bii =−∑
k

F(|r0
i − r0

k|)(r0
i − r0

k)·(Ωii −Ωki) (23)

which should be substituted in Eqn. (17) in order to evaluate iteratively the Lagrange multipliers

λn+1
i = λn

i −
1

Bii

[
∑

j
W(r ′i(λ

n)− r ′j (λ
n))−di

]
(24)

5 Preliminary results

In this section we present a comparison between results of the simulation of the compressible equa-
tions (1) (CSPH) and the incompressible equations (8) (ISPH) in the simple Eulerian case. The
simulations take place in a periodic box with particles placed initially on a square lattice (same vol-
umes). The initial velocities have constant magnitudeV0 and random directions. The equation of
state for the pressure wasP(ρ) = c2/(2ρ0)ρ2 wherec is the speed of sound andρ0 = md0 is the ref-
erence mass density. The Mach number chosen for the CSPH algorithm wasM =V0/c≈ 0.022. The
time step in both algorithms was∆t = 10−4 allowing for energy conservation up to∆E/E ≈ 10−4

over 10000 time steps. For ISPH, the iteration (24) was implemented according to the follow-
ing condition on the maximum density variation: maxi=1..N|di −d0| < 10−3. In Fig. (1) (left) the
steady-state density field for both methods are compared showing that the fluctuations in ISPH are
strongly reduced. In addition the right side of Fig. (1) shows the time evolution of the coefficient

of variation of the number densityCV(t) defined asCV(t) =
√

∑i=1..N(di(t)−d0)2

∑i=1..N(di(t)/d0)
which is a global

measure of the incompressibility. For ISPH, this quantity tends to a steady-state value which is 35
times smaller than for CSPH. For the same time step used, the CPU time of ISPH, even if requiring
the iteration (24), was only 1.5 larger than that for CSPH. Implementations in the viscous case are
currently under investigation.
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Figure 1: Steady-state density field (left) and evolution ofCV(t) (right): CSPH vs. ISPH
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The role of multiquadric shape parameters in the 
numerical solution of PDEs 

 
 

Edward J. Kansa (1)  
 
 
Abstract: The generalized form of the multiquadric (MQ) basis function is  
φj(x) = [(x-xj)2+cj

2]β , x, xj ∈ ℜd , and β is a non integer ≥ -½.  There have been many articles 
written stating there is no good prescription for determining either cj

2 orβ. A series of numerical 
experiments was undertaken to minimize the root mean square (RMS) errors by an optimization 
search. The most important parameter was β that approached 7.95 for increasing number of data 
centers. The second observation was that the values of cj

2 should be about 100 times larger for the 
boundary data centers than the interior.  The third observation was that instead of using a 
uniform cj

2 distribution that the distribution should oscillate about a mean value for even and odd 
data center indices. Plots will be provided illustrating the superior convergence rates with these 
simple shape parameter recipes. 
 
 
Introduction 
 
Interest in meshless methods for the numerical solution of partial differential equations (PDEs) 
has grow rapidly in the last several years because of the intensive work required to generate a well 
suited mesh over irregular three dimensional bodies. In addition, there are many other 
applications in science that require PDE solution beyond three dimensions for which mesh-
generation cannot cope. 
    Interest in radial basis functions (RBFs), especially the C∞ ones, has been due to the fact these 
possess exponential convergence. Madych and Nelson [1,2] showed the MQ RBF converges as 
ηc/h , 0< η<1.. Fornberg and coworkers [3,4] consider the limit of the shape parameter, c→∞ 
demonstrating exponential spectral convergence.  The interest in obtaining high convergence rates 
is due to the fact that higher dimension problems should be solved with as few data centers as 
possible to obtain high accuracy with minimal computational effort. Fedoseyev et al. [5] and 
Cheng et al. [6] observed exponential convergence in the numerical solutions of PDEs, 
demonstrating that MQ-RBFs are both more rapidly convergent and computationally efficient 
than compactly supported standard finite difference methods. 
    Except for the author, most researchers who use MQ-RBFs for solving various PDE problems 
use a constant value of c throughout the domain. The convergence rate accelerates as c becomes 
larger, but there is an optimal value beyond which the system of equations becomes very ill-
conditioned creating numerical instability. Ling et al. [7.8.9] developed a preconditioner that 
reduces the condition number of the collocation PDE matrix 4-8 orders of magnitude, and for 2D 
problems, recommended a constant value of c ≈ 5N-1/2. 
 
 

 
(1)  Department of Mechanical and Aerospace Engineering, UC Davis, Davis, CA 95616, USA. 
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Recent Research Results 
 
In a recent paper by Wertz et al. [10], more attention was given to the study of the effect of the 
MQ shape parameters upon convergence. As β increases, the MQ basis function is very flat near 
the data center, but rises rapidly away from the data center. Similarly, a large c for β = -½ or ½ is 
fairly uniform even for large distances from the data center, giving rise to near degeneracy in the 
coefficient matrix. Second, we observe that the PDE exists over all space. It is the boundary 
where the boundary conditions are applied that makes the solution unique for a well-posed 
problem. By numerical experimentation, the values of (cj

2 )Ω\∂Ω = 0.01(cj
2 )∂Ω . Finally, better 

conditioning of the PDF coefficient matrix can be achieved if the values of (cj
2 ) were permitted to 

oscillate about a mean value for odd-and even values of the index, j ; a 50% variation about the 
mean value appears to give good convergence rates. 
     This presentation will show the results of the experimentation over a two-dimensional unit 
square domain populated by randomly scattered data centers. Some data centers were permitted to 
extend outside of the domain by about 5%. A two dimensional Poisson equation was solved in 
which the exact solution had either an exponential or a sinusoidal solution.  The Ling-Hon [11] 
affine space decomposition method was used to eliminate the contaminating, destabilizing round-
off errors upon the numerical solutions.  The plots show that as the number of data centers 
increases, the rates of convergence also increases. 
 
 
References 
 

1. Madych,WR and Nelson, SA, “Multivariate interpolation and conditionally positive 
definite functions”. Approx. Theory Appl., 4, 77-89, (1988) 

2. Madych, WR, “Miscellaneous error bounds for multiquadric and related interpolators”. 
Comput. Math. Applic., 24,(12) 121-138, (1992). 

3. Driscoll, TA and Fornberg, B, “Interpolation in the limit of increasingly flat radial basis 
functions”, Comput. Math. Appl. 43: 413-422, (2002). 

4. Fornberg B, Wright, G and Larsson, E, “Some observations regarding interpolants in 
the limit of at radial basis functions”, Comput. Math. Appl. 47 : 37-55 (2004). 

5. Fedoseyev, A.I. , Friedman, M.J., and Kansa, E.J. "Improved multiquadric method for 
elliptic partial differential equations via PDE collocation on the boundary", Comput. 
Math. Appl . , 43 (3-5): 491-500 (2002). 

6. Cheng, A.H.D, Golberg, M.A. Kansa, E.J., and Zammito, T, "Exponential convergence 
and h-c multiquadric collocation method for partial differential equations" , Num. Meth. 
PDEs 19 :571-594 (2003). 

7. Ling L and Kansa, E.J., “A Least Squares Preconditioner for Radial Basis Functions 
Collocation Methods”. Adv Comput, Math. PIPS No: 5271809 (2004). 

8. Ling, L and Kansa, EJ, “Preconditioning for radial basis functions with domain 
decomposition”, Comput. Math. Applic. (to appear). 

9. Brown. D, Ling, L, Kansa, EJ, and Levesley,J. “On approximate cardinal 
preconditioning methods for radial functions”., Eng. Anal. Bndy. Elem. (to appear). 

10. Wertz, J. Kansa, E.J. and Ling, L. “The role of the Multiquadric Shape Parameters in 
solving Elliptic Partial Differential Equations “, Comput. Math. Applic. (to appear). 

11.  Ling, L and Hon, Y.C.  “Improved numerical solver for Kansa's method based on 
affine space decomposition,” Eng.Anal. Bndy. Elem. (to appear). 

 
 
 



ECCOMAS Thematic Conference on Meshless Methods 2005 A42.1

Radial Basis Functions: Applications and Recent Results
on Interpolation

M.D. Buhmann(1)

Abstract: In this talk, we shall review some recent applications of radial basis functions and several
theoretical results on interpolation.

Keywords:Radial basis functions, interpolation, applications, Lagrange functions.

1 Introduction

In this talk we shall review applications as well as theoretical results for interpolation and approxi-
mation with radial basis functions. The applications include

• Application of radial basis functions and neural network methods to classification problems
in connection with acoustics and so-called audiograms.

• Application of radial basis functions and neural network methods to geographical applica-
tions.

• Applications to global optimisation.

In order that our radial basis function spaces can be made useful for these applications, we provide
an update on some theoretical aspects of radial basis functions. These include results on a class
of radial basis functions of compact support defined by the author and analysed by Zastavnyi and
Trigub.

Moreover, it is shown that interpolation on half-spaces with boundaries can be extended to
larger classes of radial basis functions which unify the previously known approaches to polyhar-
monic splines (by Bejancu) and multiquadrics (by the author).

References

[1] Buhmann, M.D., Radial Basis Functions: Theory and Implementations, Cambridge University
Press, Cambridge 2003.

1Justus–Liebig University, Heinrich–Buff–Ring 44, D–35392 Giessen, Germany.
(buhmann@math.uni-giessen.de).



A42.2 M.D. Buhmann



ECCOMAS Thematic Conference on Meshless Methods 2005  A43.1 
 
 

 
 
 

Comparison between Multiquadric Collocation Method 
and Finite Difference Method in Solving the Poisson 

Problem with Stochastic Boundary Condition 
 
 

Somchart Chantasiriwan (1)

 
 

Abstract: The formulation of the multiquadric collocation method for solving the Poisson 
problem having stochastic Dirichlet boundary condition is presented. The quality of the solution 
depends on its accuracy and its sensitivity to uncertainty in boundary condition. Comparison of 
solutions to a test problem by the multiquadric collocation method and the finite difference 
method reveals that the latter performs better. 
 
Keywords: multiquadric, meshless, stochastic 
 
 
1 Introduction 
 
The Poisson problem is used to describe steady-state diffusion phenomena. Actual diffusion 
phenomena are characterized by randomness in boundary condition and the inhomogeneous term 
in the governing equation. Whereas the quality of the solution to the deterministic problem 
depends only on its accuracy, the quality of the solution to the stochastic problem depends on 
both its accuracy and its sensitivity to uncertainties in problem parameters. In this paper, 
performances of the multiquadric collocation method (MCM) and the finite difference method 
(FDM) in solving the Poisson problem with stochastic boundary condition are compared. It is 
generally accepted that MCM can yield a highly accurate solution to a deterministic problem. It 
will be shown that the performance of MCM, compared with that of FDM, is not quite impressive 
in solving a stochastic problem.  
 
 
2 Mathematical Description of the Problem 
 
Consider the Poisson problem described by the following governing equation and Dirichlet 
boundary condition. 
 
 ( )ru r2∇   = ( )rs r   for rr  in Ω   (1) 

 ( )ru r   = ( )rg r   for rr  on Γ   (2) 

Let  (i = 1, 2, …, Nir
r

i) be displacement vectors of interior nodes, and ir
r

 (i = Ni + 1, Ni + 2, …, Ni 
+ Nb) be displacement vectors of boundary nodes. The total number of nodes is N = Ni + Nb. 

                                                           
(1)  Faculty of Engineering, Thammasat University, Thailand, (somchart@engr.tu.ac.th). 
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Assume that ( )irs r  = si is a deterministic variable, whereas ( )irg r  = gi is a Gaussian random 
variable, of which density function is 
 

  f(gi) = ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

σ
−

−
πσ 2

2

2
exp

2
1 ii gg    (3) 

Therefore, the expected value of this variable is ig , the variance is σ2, and variables gi and gj (j ≠ 
i) are uncorrelated. 
 
 
3 Multiquadric Collocation Method 
 
The global collocation method approximates u as a linear combination of radial basis functions φ. 

 

    = ( )ru r ( )j

N

j
j rra rr

−∑
=1

φ     (4) 

 
This method is also known in the literature as the Kansa’s method [1]. Kansa proposed using the 
following radial basis function known as multiquadrics: 
 
  φ(r) = 22 cr +            (5) 
 
where c is the shape parameter. 
 Collocating Eq. (4) at Ni interior nodes using Eq. (1) and at Nb boundary nodes using 
Eq. (2) yields the following matrix equation. 
 
  b  = 

r
arC             (6) 
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The vector of solutions at Ni interior nodes can be written as  
 
  ur  = arD      (10) 
  
where 

  ur  =       (11) 
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It can be seen that ur  can be expressed in terms of b

r
; 

 

  ur  = b
r

A      (13) 
 
where A is the solution of  
 

 AC = D     (14) 
 
 
4 Assessment of Solution Quality 
 
The quality of the solution of a stochastic problem depends on both its accuracy and its 
sensitivities to uncertainties in input parameters. In terms of statistics, a good solution should 
have an expected value close to the exact solution of the corresponding deterministic problem as 
well as a small variance. For the problem under consideration, Eq. (13) shows that solutions are 
given explicitly in terms of source terms and boundary conditions. 
 

 ui =  (i = 1, 2, …, N∑∑
+==

+
N

Nj
jij

N

j
jij

i

i

gAsA
11

i)        (15) 
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Since it is assumed that source terms are deterministic, and errors of boundary condi-tions at Nb 
boundary points are uncorrelated, it can be shown that [2] 
 

 E(ui) = ∑∑
+==

+
N

Nj
jij

N

j
jij

i

i

gAsA
11

     (16) 

 Var(ui) =       (17) ∑
+=

N

Nj
ij

i

A
1

22σ

 
for i = 1, 2, …, Ni. The normalized average variance is defined as 
 

 v = ∑ ∑
= +=

i
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i
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N 1 1

21       (18) 

 
If the exact solution for the corresponding deterministic problem (σ = 0) is known, the average 
error can be defined as  
 

 e = ( ) 2
1

1

2
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provided that ui,exact is not zero.  
 
 
5 Results and Discussion 
 
The domain of the two-dimensional test problem is a square of unit width. N nodes are uniformly 
distributed in the domain so that there are (√N – 2)2 interior nodes and (4√N – 4) boundary nodes. 
The spacing between two adjacent nodes is, therefore, 1/(√N – 1). Let 

 
 ( )yxs ,   = 2ex+y     (20) 
 ( )yxg ,   = ex+y      (21) 
 
The exact solution is 

 
  = e( yxuexact , ) x+y          (22) 
 

Fig. 1 shows variations of e with c for N = 81, 121,169, and 225. For each case, error 
decreases monotonically with c until a critical value of c is reached, after which the solution 
becomes unstable with respect to c. It is well known that a large value of c results in a system of 
linear equations having a large condition number. As long as the computing machine can handle 
the ill-conditioned matrix equation, there is no problem, and a highly accurate solution will be 
obtained. 

Fig. 2 shows variations of v with c for N = 81, 121, 169, and 225. For each case, there is 
a value of c that yields minimum v. When c is increased beyond this value, v increases rapidly. 
Hence, there is a trade-off between error and variance. Note that this is not the same as the trade-
off between accuracy and condition number that has previously been paid much attention to [3]. If 
solution accuracy is the only concern, the optimal value of c should depend on the precision of the 
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computing machine; the machine with higher computing power should be able to afford a larger 
value of c. The optimal value of c for stochastic problems, however, does not depend on the 
computing power of the machine.  

 

 

N = 225 

N = 81 
N = 121 

N = 169 

e 

c
 

Figure 1: Variations of average error (e) with shape parameter (c). 
 
 

 
c

N = 225 
N = 169 

N = 121 
N = 81 

v 

 
Figure 2: Variations of normalized average variance (v) with shape parameter (c). 

 
 
It is interesting to compare FDM solutions with MCM solutions. FDM yields the 

expression for ui similar to Eq. (15) with different coefficients, which is then used to calculate e 
and v of FDM solutions as shown in Table 1. Table 2 shows results of MCM solutions with values 
of c that minimize v. It can be seen that FDM solutions are clearly of higher quality because they 
are more accurate and less sensitive to uncertainty in boundary condition. Table 3 shows results 
of MCM solutions with c chosen so that errors of MCM and FDM solutions are equal. It can be 
seen that, in order to obtain solutions of comparable accuracy, variances of MCM solutions will 
have to be much larger that those of FDM solutions. 
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N E v 
81 1.28 × 10-4 0.118 
121 8.01 × 10-5 0.104 
169 5.48 × 10-5 0.0938 
225 3.98 × 10-5 0.0856 

Table 1: Average errors (e) and normalized average variances (v) of FDM solutions. 
 
 

N c e v 
81 0.272 1.72 × 10-3 0.133 
121 0.231 1.21 × 10-3 0.114 
169 0.202 8.91 × 10-4 0.101 
225 0.179 6.95 × 10-4 0.0914 

Table 2: Average errors (e) and normalized average variances (v) of MCM solutions at values of 
shape parameters (c) that yield minimum v. 

 
N c e v 
81 0.647 1.28 × 10-4 0.254 
121 0.547 8.01 × 10-5 0.278 
169 0.475 5.48 × 10-5 0.295 
225 0.422 3.98 × 10-5 0.308 

Table 3: Average errors (e) and normalized average variances (v) of MCM solutions at values of 
shape parameters (c) that yield same e as corresponding FDM solutions. 

 
 

6 Conclusions 
 
The quality of the solution of a stochastic problem depends on not only the difference between the 
expected value of the solution and the exact solution of the corresponding deterministic problem 
but also the variance of the solution. The shape parameter of MCM should be chosen to optimize 
both solution error and solution variance. For the test problem, it is found that FDM gives 
solutions of higher quality than MCM. Therefore, the sole advantage of MCM over FDM in 
solving this type of stochastic problem is that MCM is a meshless method. 
 
Acknowledgements: The author would like to acknowledge financial support by the Thailand 
Research Fund. 
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Greedy Unsymmetric Collocation

Prasanth B. Nair(1)

Abstract: We present greedy unsymmetric collocation schemes for solving linear elliptic partial
differential equations using radial basis functions. The proposed approach circumvents the ill-
conditioning problem associated with the standard collocation technique and enables the efficient
solution of problems requiring a large set of collocation points. Numerical studies indicate that
the accuracy of greedy algorithms incorporating shape parameter tuning can be significantly better
than the standard collocation scheme.

Keywords:Radial basis functions, collocation, greedy algorithms.

1 Introduction

In recent years, much research has focused on the development of meshfree algorithms based on
radial basis functions (RBFs) to solve partial differential equations (PDEs); see, for example, [1, 2,
3, 4]. To illustrate, consider a linear elliptic PDE of the form

Lu(x) = f (x) in Ω⊂ Rd, subject to:Bu(x) = g(x) in ∂Ω, (1)

whereL andB are differential operators in spacex∈ Rd, andu(x) denotes the field variable.Ω is a
bounded computational domain and∂Ω denotes its boundary. In meshfree schemes based on RBFs,
the field variable is approximated as

u(x)≈ û(x) = span{φ1(||x−x1||),φ2(||x−x2||), . . . ,φn(||x−xn||)}=
n

∑
i=1

αiφi(x), (2)

whereφi(||x−xi ||) : Rd → R is a RBF centered atxi andαi , i = 1,2, . . . ,n are undetermined coeffi-
cients.

The vector of undetermined coefficients can be computed by Kansa’s unsymmetric collocation
scheme [1, 2], which involves first defining a set of nodes situated within the domain as well as on
the boundary, i.e.,C = {xi |i=1,nd ⊂Ω,xi |i=nd+1,nd+nb ⊂ ∂Ω}, wheren= nd +nb is the total number
of collocation points. In practice, the centers of the RBFs are chosen to coincide with the points
in the setC and the undetermined coefficient vectorα is calculated by collocating the governing
equations on the setC . This step results in a linear algebraic system of equations of the formAα = y,
whereA∈Rn×n is the unsymmetric collocation matrix. In practice,A can be highly ill-conditioned,
particularly when increasingly flat globally supported RBFs are used.

1Computational Engineering and Design Group, University of Southampton, Highfield, Southampton SO17
1BJ, Email:P.B.Nair@soton.ac.uk, WWW: http://www.soton.ac.uk/∼pbn
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In this paper, we propose greedy collocation schemes for solving PDEs which aim to: (i) avoid
the ill-conditioning problem associated with the unsymmetric collocation scheme, (ii) reduce com-
putational cost and memory requirements, and (iii) enable efficient tuning of the shape param-
eter of each RBF in Eqn. (2) to ensure good accuracy. We propose to achieve these goals by
adaptively choosingφi in an iterative fashion by monitoring the spatial distribution of the resid-
ual error inΩ and∂Ω. To illustrate, letD := {φ1,φ2, . . . ,φn} denote adictionary of RBFs and
suppose that a baseline approximation for the field variable is given, sayuk(x) = ∑k

i=1 αiφi , where
φi ⊂ D. Then the spatial distribution of the residual error in the domain and on the boundary
can be written asrd(x) = Luk(x)− f andrb(x) = Buk(x)−g, respectively. The basic idea of the
proposed stage-wise adaptive scheme is to greedily choose a new RBFφk+1 from the dictionary
D so as to minimize a suitable norm ofrd and rb. Subsequently, the baseline model is updated
asuk+1(x) ← uk(x)+ αk+1φk+1(x). The iterations are terminated when||rd(x)|| and ||rb(x)|| are
smaller than a specified upper bound.

The idea of function approximation using greedy algorithms is not new – a number of papers
devoted to this topic can be found in the signal processing, machine learning and numerical linear
algebra literature; see, for example, [5, 7, 8]. It is of interest to note that Hon et. al. [6] proposed
a greedy algorithm for solving PDEs. Even though encouraging results were obtained for a Pois-
son problem, it was observed that the greedy algorithm suffered from slow convergence, thereby
requiring a large set of basis functions. Note that in contrast to the greedy algorithm in [6], the
proposed schemes also implicitly perform a back-fitting procedure to update the coefficients of the
RBFs chosen at previous iterations. This in turn results in a much faster rate of convergence. We
present some numerical studies on a Poisson problem to illustrate some features of the proposed
approach.

2 Greedy QR Collocation

The standard collocation procedure based on globally supported RBFs requiresO(n2) memory and
O(n3) operations when a direct method is used to computeα. One way to reduce these requirements
would be to choose a subset of RBFs (saym basis functions) to approximateu(x). This leads to
the overdetermined least-squares problem:min||Ãα̃− y||, whereÃ ∈ Rn×m and α̃ ∈ Rm. As a
consequence, the memory requirements will reduce toO(mn) and the number of operations required
to computeα will also be reduced. The aim here is to (sub)optimally choose a subset of the RBFs
to circumvent ill-conditioning while ensuring high accuracy. The problem of choosing a good set
of basis functions from a dictionary for the model PDE in Eqn. (1) can be stated as follows:
Problem (P1): Given a dictionary of RBFsD := {φ1,φ2, . . . ,φn}, and ε > 0, find the smallest
subset ofmfunctionsφi , i = 1,2, . . . ,mfromD and constantsαi , i = 1,2, . . . ,m, if it exists, such that
||L∑m

i=1 αiφi − f || ≤ ε and||B∑m
i=1 αiφi −g|| ≤ ε.

It is of interest to note that (P1) is related to theminimum set-cover problemin theoretical com-
puter science [5] and hence it can be shown that (P1) is NP-hard. This motivates the development
of greedy algorithms to efficiently compute a suboptimal solution.

The template of a greedy algorithm to solve (P1) is shown in Algorithm 1. Here,I p denotes
the set of cardinalityp which contains the indices of the RBFs chosen from the dictionaryD at
iterationp. Aip denotes theipth column of the collocation matrixA. It can be noted that the core of
the algorithm consists of two steps - (i) selection of an indexip (or RBF) at each iteration in Step 2
by finding the basis function in the dictionary that leads to a maximum value of the criterionJ and
(ii) updating the weightsα and the residualr to reflect the fact that a new RBF has been appended
to the approximation for the field variableu(x).

A number of criteriaJ can be used to greedily select a RBF fromD at each iteration; see Nair
et al. [8] for an overview. For example, one simple and cheap way to computeip is to search for
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Algorithm 1: Template of a greedy collocation scheme
Inputs: A dictionary of RBFsD := {φ1,φ2, . . . ,φn}
and tolerance for residualε.
Setp = 0, α0 = 0 andI p = [ ]
while ||r p||< ε, do

1. p← p+1.
2. Findip = arg max

j 6∈I p−1
Jj

3. I p ← [I p−1, ip]
4. ComputeAip = {Lφip(x1),Lφip(x2), . . . ,Lφip(xnd),

Bφip(xnd+1),Bφip(xnd+2), . . . ,Bφip(xn)}T ∈ Rn

5. Updateα
6. Updater p

end

that point in the setC where the residual error is highest. This point can then be used as a center
for the new RBF. Once a new RBF has been appended to the approximation, the weight vector
α and the residualr can be updated using gradient descent techniques such as those presented in
[6, 7, 8]. In practice, however, it is preferable to use an incremental QR factorization scheme to
updateα andr since numerical studies on regression problems have shown that it tends to converge
much faster than its counterparts [8]. Further, the incremental QR factorization scheme allows us to
efficiently monitor the condition number of the collocation matrix when more RBFs are appended to
the approximation. As a consequence, the numerical ill-conditioning problem associated with the
standard collocation scheme can be circumvented. In addition, the incremental QR factorization
scheme only incursO(np) operations and memory at iterationp. It is worth noting that the memory
requirements of the greedy algorithm is low since only one column of the collocation matrix is
computed at each iteration.

3 Local Shape Parameter Tuning

It is well known that by tuning the shape parameter of each RBF, good accuracy can be achieved
using a small number of basis functions. Heuristic recipes are often used in the literature for opti-
mizing the shape parameter since approaches based on nonlinear optimization tend to be computa-
tionally expensive. It so turns out that the greedy approach outlined in Algorithm 1 can be readily
modified to include an additional step where the shape parameterσ is tuned for each RBF selected
from the dictionaryD. A straight forward way to achieve this would be to minimize a suitable
norm of the residual error using a one-dimensional minimization technique. The residual error can
be readily computed as an implicit function of the shape parameter when an incremental QR factor-
ization scheme is used for updatingα andr. However, for computational efficiency, it may be more
preferable to solve the following one-dimensional minimization problem for each RBFip selected
in Step 2 of Algorithm 1:

σip = argmin
σ
||r p−1 +µipAip||2, whereµip =− (r p−1,Aip)

(Aip,Aip)
. (3)

Note that the column vectorAip is an implicit function of the shape parameterσ.
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4 Numerical Example

We present some numerical results generated by applying a greedy algorithm based on incremental
QR factorization to solve the 2D Poisson problem∇2u = f in Ω ∈ [0,1]× [0,1] subject to the
Dirichlet boundary conditionu = g in ∂Ω. The problem considered here has been taken from [10],
where

f = −751π2

144
sin(πx/6)sin(7πx/4)sin(3πy/4)sin(5πy/4)

+ (7π2/12)cos(πx/6)cos(7πx/4)sin(3πy/4)sin(5πy/4)

+ (15π2/8)sin(πx/6)sin(7πx/4)cos(3πy/4)cos(5πy/4), (4)

g = sin(πx/6)sin(7πx/4)sin(3πy/4)sin(5πy/4). (5)

For this problem, we used a dictionary of 441 Gaussian RBFs (i.e.,φ = exp(−||x− c||2/σ) )
with centers corresponding to a uniform21×21 grid. The solution error norm is computed on a
set of51× 51 points. Benchmark results for this problem were first obtained using the standard
unsymmetric collocation scheme. TheL∞ error norm of the best solution (obtained after experi-
menting with various values ofσ) is 1.03×10−6. Note that this solution is obtained using all 441
basis functions in the dictionary.
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Figure 1: Convergence of theL∞ norm of solution error using the greedy algorithm. The dashed
horizontal line represents theL∞ error norm of the best solution obtained using the standard collo-
cation scheme.

The convergence trends of the greedy scheme incorporating automatic shape parameter tuning
is shown in Figure 1. At each iteration of the greedy algorithm, the optimum value of the shape
parameter of the chosen basis function is computed by minimizing the residual error as discussed
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in the previous section. The horizontal line in Figure 1 represents theL∞ error norm of the solution
obtained using the standard collocation scheme. It can be seen that the greedy approach allows for
the possibility of achieving higher accuracy than the standard collocation scheme. For example,
the L∞ norm of the solution error using 250 basis functions is1.3× 10−8, which is around two
orders of magnitude better than what is achievable using the standard collocation scheme. It was
observed that the greedy algorithm has a tendency to choose RBF centers close to the boundary of
the domain, since that is the region where the residual error tends to be highest; see Figure 2.
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Figure 2: Spatial distribution of first 250 RBF centers chosen by the greedy algorithm.

Our numerical studies suggest that the greedy approach is significantly more efficient than
the standard collocation scheme, particularly when the termination criteria is met using a moderate
number of basis functions and when a large number of collocation points is necessary for an accurate
solution. For example, when a set of51×51collocation points is used to solve the Poisson problem
considered here, the standard collocation scheme requires roughly 35 seconds. In comparison, the
greedy scheme gives a more accurate solution (using 250 basis functions) in around 7 seconds.

5 Concluding Remarks

In this paper, we presented an outline of greedy algorithms for adaptive meshfree collocation of
linear elliptic PDEs. The main idea was to adaptively select RBFs from a dictionary so as to
minimize the residual error in the governing equations and the boundary conditions. The proposed
approach based on incremental QR factorization allows stable computation of the weights even
when the collocation matrix is highly ill-conditioned. Further, onlyO(np) memory and operations
are incurred at iterationp.
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As shown in this paper, it is possible to efficiently tune the shape parameter of each individual
basis function by solving a one-dimensional minimization problem. In comparison, tuning the shape
parameters within the framework of the standard unsymmetric collocation formulation is computa-
tionally infeasible, since that will involve the solution of an-dimensional nonlinear programming
problem. In this regard, the proposed greedy approach presents a significant enhancement to the
standard unsymmetric collocation scheme, since it allows the efficient and accurate solution of a
wide class of operator problems without recourse toexpensivenumerical experiments to determine
the optimum value of the shape parameter.
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Scattered data quasi- interpolation
and the meshfree method for solving PDE with quasi-

interpolation

Zongmin Wu(1)

Abstract: Quasi- interpolation is a very useful tool in the study of the approximation theory and its
applications, since the method can yield solutions directly and does not require solving any linear
system of equations. However, quasi- interpolation is usually discussed only for gridded data in
the literature. In this talk we generalize the scheme of quasi interpolation for multivariate scattered
data. Furthermore we develop a meshfree method for solving partial differential equation by using
the quasi interpolation.

Quasi-interpolation in its standard form takes valuesf ( jh), j ∈ ZZd of a d- variate functionf
on a grid with spacingh and a set of given basis functionsΦ j,h(x) to construct an approximant off
via linear combination

∑ f ( jh)Φ j,h(x)∼ f (x). (1)

The advantage of quasi- interpolation is that one can evaluate the approximant directly, and does
not require solving any linear systems of equations.

The quasi interpolation with Schoenberg’s model

∑ f ( jh)Φ(
x
h
− j)∼ f (x), x∈ IRd (2)

is a simplified form of (1) where the functionsΦ j,h(x) are scaled shifts of a single kernel function
Φ on IRd. This model is used, for instance, with the Shannon sampling theorem and the B- spline
series.

The convergence order result called Strang- Fix condition show that,

‖∑ f ( jh)Φ(
x
h
− j)− f (x)‖∞ ≤ O(h)l (3)

for h→ 0 holds for any sufficiently smooth functionf , if and only if

|Φ̂(w)−1| ≤ O(w)l , w→ 0, (4)

and

|Φ̂(2π j +w)| ≤ O(w)l w→ 0 (5)

1Shanghai Key Lab. for Contemporary Applied Mathematics, School of Mathematical Science, Fudan Uni-
versity (zmwu@fudan.edu.cn)
Supported by NSFC Project No. 10125102.



B11.2 Zongmin Wu

hold.
Another quasi interpolation scheme is come from the study of the radial basis approximation,

where one use the scheme as to be

∑ f ( jh)Φ(x− jh)

which is still derived by single kernel function. The convergence order is depend on the decay of the
Fourier transform of the kernel function and require that the Fourier transform should not to be zero
at any point. These seems to be not coupled with Strang- Fix condition, there the convergence result
do require a lot of zero points. In the end, we shall generalize Schoenberg’s quasi- interpolation
to scattered data, but still require point- evaluation data only, furthermore we use the scheme for
solving the PDE.

At first we generalize the scheme for gridded data as to be

I( f )(x) := (hp)d ∑ f ( jh)Φ
(

hp
( x

h
− j

))
. (6)

It is composed of linear combinations of the shifts and scales of the single kernel functionΦ,
carrying the advantages of Schoenberg’s scheme over to the new quasi- interpolation. We can
expect that

∑ f ( jh)Φh(
x
h
− j)→ f (x)

uniformly ash→ 0, if

∑
j

Φh(x− j) 6= 1 but → 1 (7)

uniformly from the concept of partition of unity. Furthermore, we takeΦh to be scaled versions

Φh(x) := (hp)dΦ(hpx) (8)

of a single given functionΦ for computational reasons. To satisfy the condition (7) we assume∫
IRd

Φ(x)dx= 1 (9)

and simply approximate this by a Riemannian sum over gridded values with stephp. Then we
should get (7) in the form

(hp)d ∑Φ(x− jhp)→
∫

IRd
Φ(x)dx= 1,

for anyx.

These observations enter into the quasi- interpolation scheme (6).

We see that the condition (9) is equivalent toΦ̂(0) = 1, and is just the first part (4) of the Strang-
Fix condition. Take a close view to the scheme we get

Theorem 1 If f ∈Cv(IRd) and | f̂ (t)| < o(1+ |t|)−v−d, both‖ f‖∞ and‖ f̂‖L1 are bounded, if the
kernelΦ ∈Cu(IRd) (u≥ v) has decay|Φ| < o(1+ ‖x‖)−s−d, Φ̂ ∈Cs and

∫
Φ(x)dx 6= 0, then we

can put an optimal p= (s+d)
(2s+v+d) to construct a quasi- interpolant with the error estimate

|CΨ(hp)d ∑ f ( jh)Ψ(
x
hq − jhp)− f (x)| ≤ O(h

sv
2s+v+d ),

where C−1
Ψ =

∫
Ψ(x)dx 6= 0, and where the functionΨ is a finite linear combination of scaled shifts

of the functionΦ.



ECCOMAS Thematic Conference on Meshless Methods 2005 B11.3

Remark 1 Comparing with the classical Strang- Fix conditions,Φ̂(0) 6= 0 is now the only condi-
tion for the convergence of the new quasi- interpolant. The total approximation order depends in
principle only on the continuity of the functions f ,Φ and Φ̂. In this sense the new condition is
therefore weaker than the classical Strang- Fix conditions.

Quasi-interpolation is discussed usually for gridded data or as an operator on a shift- invariant
space. It is an interesting problem to generalize quasi- interpolation to the case of multivariate
scattered data.

Let Ω be a compact convex domain, the scattered set of pointsx j ∈Ω be given such that the fill
distance or density

h = sup
x∈Ω

inf
j
‖x−x j‖

is finite and small. The functionf (x) ∈Cv(Ω) can be extend to whole space by using Hermitian
interpolation thatf ∈Cv(IRd) and compactly supported. Add the grided data points with the spacing
h outside of the domainΩ, then we require only to discuss the problem for compactly supported
function f (x) ∈Cv(IRd).

If
∫

IRd
Φ(x)dx= 1, we can adopt the idea of (6) to define a quasi- interpolant for scattered data

to be

I( f ) = ∑
j

f (x j )Φ(
x−x j

hq )
∆ j

hqd , p+q = 1,

where∆ j are some weights of quadrature. For example, one can take the volume of the a region
Ωk satisfyingx j ∈ Ωk, where the{Ωk} are a partition ofIRd such that Vol(Ω j ∩Ωk) = 0,k 6= j
and∪Ωk = IRd (This quadrature is then the Riemannian summation). A simple choice ofΩ j is via
Dirichlet’s tessellation:

Ω j = {x| ‖x−x j‖ ≤ ‖x−xk‖,∀k 6= j}.
For better approximation order of the Riemannian sunnation we use a local approximationA j (x).
The functionsA j (x) are compactly supported on ballsB(x j ,Rh) aroundx j with radiusRh and
satisfy∑ p(x j )A j (x) = p(x) for any polynomialp(x) of order at mostu− 1. If we define∆ j =∫

A j (x)dx, then∑∆ j f (x j ) is a numerical integration scheme of
∫

f (x)dx with local approximation
orderu. Since we discuss only the compactly supported function, then the summation is finite and
the error of the numerical integration isO(hu). For the construction of the approximationA j (x),
moving least square is a good choice.

Now we can estimate the error analogously to the discussion of the gridded quasi-interpolant
(6).

Theorem 2 Let the kernelΦ ∈Cu(IRd) have an algebraic decay|Φ|< o(1+‖x‖)−s−d for x→ ∞
and satisfy

∫
Φ(x)dx 6= 0, and Φ̂ ∈ Cs. Assume further f∈ Cv(IRd) with u≥ v and | f̂ | < o(1+

|t|)−d−v, a quadrature scheme with weights{∆ j} that possesses an approximation order v. Then
we can get a optimal p= s

2s+v and q= 1− p to construct a non-stationary quasi-interpolant with
the error bound

|CΨ∑
j

f (x j )Ψ(
x−x j

hq )
∆ j

hqd − f (x)| ≤ O(h
sv

2s+v ),

where C−1
Ψ =

∫
Ψ(x)dx 6= 0 andΨ is a linear combination of the scaled shifts of the functionΦ.

Now we will develop the concept of the quasi interpolation to solve PDE. As an example we
take the Poisson’s equation with first kind boundary condition

∆u(x) = f (x) x∈ Ω
u(x) = g(x) x∈ ∂Ω
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AssumeΩ is the over half space. Then by using Poisson’s kernel or Green’s functionP(x,y),
ub(x) =

∫
∂Ω P(x,y)g(y)dy is a harmonic function onΩ and identified with functiong(y) on the

boundary. Take any functionΦ ∈C(IRd+1), whose Fourier transform possesses a pole of order 2 at
the origin, define

u∗(x) = Cφ∑
j

f (x j )Φ(
x−x j

hq )
∆ j

hqd ,

then
|∆u∗(x)− f (x)| ≤ O(h

sv
2s+v ),

andu(x)−u∗(x) will approximate to a harmonic function with boundary valueg(y)−u∗(y). This
function can be again approximated by the quasi interpolation with the kernelΨ. Formally

g(y)−u∗(y)∼∑(g(y j )−u∗(y j ))
∆ j

hqd Ψh(
y−y j

hq )

and

u(x)−u∗(x)∼
∫

∂Ω
P(x,y)CΨ ∑(g(y j )−u∗(y j ))

∆ j

hqd Ψh(
y−y j

hq )dy.

We mentioned that we require only to find a harmonic functionψ(x) ∈C(IRd+1) and whose integral
onRd is non zero. Then

‖u(x)−u∗(x)−CΨ ∑(g(y j )−u∗(y j ))
∆ j

hqd ψh(
x−y j

hq )‖→ 0.

therefore

u(x)∼Cφ∑
j

f (x j )Φ(
x−x j

hq )
∆ j

hqd +CΨ ∑(g(y j )−u∗(y j ))
∆ j

hqd ψh(
x−y j

hq )

For the bounded convex domainΩ, take any harmonic functionψ (defined onIRd+1
+ , Ψ(ω) =

O(w−l ), l > 1), the functionΨ is the restriction of the functionψ on theIRd and whose integral on
theIRd is non zero (assume to be 1). Then

ψh(x) = ψ(x/hp)/hp =
∫

IRd
G(y,x)Ψ(y/hp)/hpdy

is a harmonic function onIRd+1
+ andΨ(x/hp)/hp tend toδ- function on the boundary. In this case

ψh tend to zero for every point in the domain (Ω\∂Ω).
Assume{x j} are some dense knots on the boundary,Tj ,Nj are the tangent and normal vector

of ∂Ω on thex j , moreover∆ j are the quadrature form corresponding to the local density ofx j on
the boundary. Then for any pointx∈ Ω, the vectorx− x j can be split to two term< x− x j ,Tj >
and< x−x j ,Nj >, and

ψh(< x−x j ,Tj >,< x−x j ,Nj >)

can play the role ofψ(x) as for theΩ = Rd+1
+ .

More clearly, assume

c j =
∫

∂Ω

∫
IRd

G(y,(< x−x j ,Tj >,< x−x j ,Nj >))Ψ(< x−x j ,Tj > /hp)/hpdydx

Then

∑g(x j )∆ j ψh(< x−x j ,Tj >,< x−x j ,Nj >)/c j
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will converge to the harmonic function with the boundary valueg(x) as the data points{x j} to be
dense on the boundary, where thec j can be estimated numerically by

c j ∼∑
k

∆kψh < xk−x j ,Tj >,< xk−x j ,Nj > .

Summarize the discussion above, we have developed a new scheme of meshfree method for solving
PDE based on the quasi interpolation.
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Global and Local Meshless Schemes Based on Multi-

Elliptic Interpolation 
 
 

Csaba Gáspár(1)  
 
 

Abstract: Two different meshless approaches are outlined for the 2D Poisson equation. The first 
one is based on a multi-elliptic interpolation which is defined by a higher order auxiliary partial 
differential equation solved by robust, quadtree-based techniques. The second one uses a 
classical RBF-method to produce generalized finite difference schemes. Numerical experience 
shows that the latter technique in a multi-level context results in a method which is at least as 
robust as the quadtree-based global approach. 
 
 
1 Introduction 
 
Meshless methods require no grid or mesh structure, which is perhaps the most important 
advantage over the traditional methods. The price of this advantage, however, is that the 
numerical treatment of the discretized problem is often more difficult. For example, the methods 
based on the method of radial basis functions (RBFs) with globally supported RBFs result in 
systems of equations with large, dense and often seriously ill-conditioned matrices. This is the 
case when the applied method is based on the interpolation with multiquadrics, inverse multi-
quadrics or thin plate splines etc. The above numerical behavior causes a serious limitation of the 
application. If the number of the discretization points exceeds a (not too large) limit, sophisticated 
numerical techniques are needed to be able to efficiently treat the appearing dense and ill-
conditioned systems, e.g. domain decomposition [4], fast multipole evaluation techniques [1], the 
use of compactly supported RBFs and so forth. 
 Another approach which exhibits some similarities to the RBF-methods is the direct 
multi-elliptic interpolation [2,3]. Here the interpolation function is defined as a solution of a 
higher order multi-elliptic pde supplied with the interpolation conditions as special boundary 
conditions. The multi-elliptic equation has to be solved in a domain larger than the original one 
and its shape can be defined in a practically arbitrary way. This makes it possible to apply robust, 
quadtree-based multi-level techniques, thus, the problem of large and dense matrices is avoided. 
However, the boundary points should be treated carefully. If the number of boundary points is too 
large, the size of the resulting system becomes unnecessarily large. If it is too low, singularities 
can appear at the boundary points. A remedy of this disadvantage is the use of the interpolation 
based on the Laplace-Helmholtz operator with a carefully chosen Helmholtz parameter [2], or the 
boundary reconstruction technique [3]. However, a common numerical problem arises in all 
quadtree-based techniques. Namely, the locations of the interpolation points generally do not 
coincide the quadtree cell centers. Consequently, in order to approximate these points with cell 
centers, the resolution of the quadtree cell system should be high enough, which unnecessarily 
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increases the size of the discretized system. This may be inconvenient, though the resulting 
system is numerically much more stable than in the case of traditional RBF-methods. 
 In this paper, we try to find an optimal compromise between the traditional RBF-like 
and the quadtree-based multi-elliptic approaches. The main idea is to construct simple finite 
difference schemes in meshfree context. The construction is based on an RBF-interpolation 
instead of Taylor series expansion. It is also possible to build up multi-level techniques based on 
the meshfree schemes. Along the boundary, these schemes automatically result in a regular 
boundary interpolation i.e. the problem of boundary singularities mentioned above is avoided. 
These schemes can be considered a (possibly nonsymmetric) generalization of the well-known 
traditional schemes. 
 
 
2   Global Multi-Elliptic Schemes 
Consider the 2D Dirichlet problem in a domain 2R⊂Ω : 
 

fu =∆   in ,        Ω 0:| uu =Ω∂  (1) 
 
Suppose that Ω  and  are discretized by the scattered points , and 

, respectively.  The values of the functions f (resp. ) are assumed to be 

known at the points  (resp. ) only. The solution of (1) is expressed as 
a sum of a particular solution (requiring no boundary condition): 

Ω∂ Ω∈Nxx ,...,1

Ω∂∈M++ NN xx ,...,1 0u
Nxx ,...,1 MNN xx ++ ,...,1

 
  (2) fU =∆
and a homogeneous solution (supplied with modified boundary condition): 
 
 ,          0=∆v Ω∂Ω∂ −== |:| 0 Uugv  (3) 
In the direct multi-elliptic method, first the source term in Eq. (2) is approximated by computing a 
function f which satisfies the auxiliary pde as well as the interpolation conditions at the boundary 
points: 
   in \ ,    0=Lf 0Ω },...,{ 1 Nxx kk fxf =)(   ),...,2,1( Nk =  (4) 
 
where Ω⊃Ω0  is a domain defined in a practically arbitrary way. The partial differential 
operator L is at least of fourth order multi-elliptic operator e.g. the biharmonic operator 

, or the bi-Helmholtz operator  with a scaling parameter c. After 
solving (4) preferably on a quadtree cell system, Eq. (2) can be solved on the same quadtree cell 
system without difficulty. 

∆∆=:L 22 )(: IcL −∆=

 To solve the homogeneous problem (3), in principle the same quadtree cell system can 
be used. However, if the number of boundary points M is too low, logarithmic type singularities 
appear at the boundary points [3]. This can be avoided by using a multi-elliptic boundary 
interpolation. Instead of Eq. (3), the iterated Helmholtz equation is solved supplied with Dirichlet 
boundary conditions as interpolation conditions: 
 

       in  0))(( 2
1

2
0 =−∆−∆ vIcIc 0Ω \  (5) },...,{ 1 MNN xx ++

        kk gxv =)( ),...,1( MNNk ++=  
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with properly defined scaling parameters  and . As pointed out in [3], the solution of (5) 
can be expressed in the RBF-like form: 

0c 1c

  (6) ∑ −Φβ=
=

+
M

j
jNj xxxv

1
)()(

where  is the fundamental solution of the operator , i.e.  

 (  denotes the usual Bessel function). 

Φ ))(( 2
1

2
0 IcIc −∆−∆ =Φ )(r

))()(())(2( 1000
12

1
2
0 rcKrcKcc −−π−= −

0K
 Eq. (6) can be considered a global meshless scheme. The coefficients Mββ ,...,1  can be 
computed either by solving the system of interpolation equations 

       )()(
1

kN
M

j
jNkNj xgxx +

=
++ =∑ −Φβ ),...,2,1( Mk = , (7) 

or, rather, the interpolation function v can be directly determined by solving the pde (5). 
 There are two problems arising in the quadtree-based interpolation technique. First, 
since the interpolation points are approximated by quadtree cell centers, a high level of 
subdivision is needed, which increases the total number of cells. Second, special care has to be 
taken of the treatment of boundary conditions in order to avoid the appearance of boundary 
singularities, especially when Neumann boundary condition is given [3]. In the following, we 
outline a kind of local meshless methods which automatically circumvents these computational 
problems, and, however, preserves the stability and robustness of the quadtree-based multi-level 
techniques. 
 
3   Construction of Local Schemes 
 
As a model problem, consider the 2D Dirichlet problem for the Laplace equation: 
 

0=∆u   in ,        Ω 0:| uu =Ω∂  (8) 

For every inner interpolation point , local schemes are based on the values of u attached to the 

neighboring interpolation points only. Denote by  all (inner and boundary) interpolation 

points (different from ) which are located in a well-defined neighborhood of  

( ). Our goal is to update the value  by a scheme 

kx
)(k

jx

kx kx

kNj ,...,1= ku

 ,  (9) ∑=
=

kN

j

k
j

k
jk uwu

1

)()(:

where the coefficients  should be defined to be consistent with the pde (8).  )(k
jw

 Eq. (9) is a Seidel-like form of the local scheme. On a structured grid, the Taylor series 
expansion is a usual tool to define the coefficients. In our meshless case, the coefficients  

will be computed by using an RBF-interpolation (with polynomial augmentation). Without going 
deep mathematical analysis, two local schemes are outlined. 

)(k
jw

 
Method 1: This method is based on the well-known harmonic mean value theorem, which states 
that for every harmonic function u, the equality 
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is valid, where  is a circle centered at  with radius . Let  be defined by the square 

mean of the distances   i.e.  
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where  are low-order polynomials. Then the coefficients )  and  satisfy the 

interpolation equations as well as the orthogonality conditions: 
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Eq. (12) can be rewritten in a more compact form: 
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where the elements of the matrices are: ,  and 

, . Note that the matrix of Eq. (13) is symmetric 

and regular (under quite general conditions). 
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 Substituting the interpolation expression (11) into Eq. (10), we obtain: 
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where .,.  denotes the Euclidean scalar product and  
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The appearing integrals can be computed analytically or, rather, by a proper quadrature formula. 

From Eq. (13), the vectors  and  can be expressed, which implies: )(kα )(ka
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where the vectors  and  satisfy the following system of equations: )(kw )(kv
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Eq. (14) has to be solved for every inner point  only once, and the coefficients in the vector 

 remain unchanged during the solution procedure. Typically, both  and m are around 10, 
so that the systems (14) can be solved without numerical difficulty. 
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Method 2: This method can be considered a simplification of Method 1, while the computational 
properties remain similar. Let  be the square mean of the distances , and define 

the fictitious points  to have the distances of  from  in the standard 

coordinate directions. Using the RBF-interpolation with polynomial augmentation again, update 
the value of  by the classical Seidel scheme: 
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Applying the same arguments as above, the scheme has a similar form: 
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where  and  are the solutions of Eq. (14) again, but the components of the vectors  

and  are now as follows: 
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Remark: Methods 1 and 2 are defined to be consistent with the Laplace equation. They can easily 
be modified to be consistent with the non-homogeneous Poisson equation as well. The Laplacian 
of the function u at the point  can be approximated by the expression: kx
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u , where the constant  is determined is such a way that the 

scheme is exact for the quadratic function , which implies that: 
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A numerical example: Consider the function: , which 
is harmonic in the unit square 

))5.03()5.03log((:),( 22 +++= yxyxu
Ω .  To illustrate how the above schemes work, we have solved the 

Laplace equation supplied with Dirichlet boundary condition consistent with the above test 
function. Method 2 was applied with the augmented thin plate splines and linear polynomials. The 
computations were performed on two sequences of point sets. The first one was formed by 
uniform, equidistant grids, while in the second case, the points were scattered in a quasi-random 
way. Table 1 summarizes the relative -errors of the approximate solutions using N inner and 
M boundary points. 

2L

 
N (M) 256 (64) 1024 (128) 4096 (256) 

Relative -error (uniform grid), % 2L 0.1157 0.0285 0.0067 

Relative -error (scattered points), % 2L 0.1798 0.0480 0.0165 

 
Table 1. Relative -errors of the approximate solutions using the local scheme (15) 2L

 
Here all boundary points were considered Dirichlet points. However, this is not necessary. Figure 
1 shows examples (on an equidistant grid and over scattered points), where the number of 
Dirichlet points is 16 only. At the remaining boundary points, the scheme (15) was performed. 
Figure 1 illustrates that the scheme automatically results in a good boundary (piecewise linear) 
interpolation without generating boundary singularities (the error of approximation is, of course, 
higher than above, but remains under 1%). 

    
Figure 1. Scheme (15) produces a regular interpolation along the boundary 
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Incompressible Smoothed Particle Hydrodynamics using
a Clebsch-Weber Decomposition

Martin Lastiwka, Mihai Basa, Nathan Quinlan(1)

Abstract: When applied to low Mach number flows, SPH is most often implemented using a weakly
compressible formulation or using pressure projection techniques. A new approach is demonstrated
in this work, where a Clebsch-Weber velocity decomposition is used to implement full incompress-
ibility. The Clebsch-Weber approach involves terms in addition to those used by pressure projection
in incompressible SPH. A lock-exchange problem is used to evaluate the differences between the
implementations. The Clebsch-Weber decomposition produces results that are comparable with the
pressure projection method, with incompressibility more accurately enforced.

Keywords:SPH, incompressible, Clebsch, Weber, velocity decomposition, lock-exchange.

1 Introduction

Smoothed Particle Hydrodynamics (SPH) is a particle-based technique for solving problems in
a range of areas within computational mechanics. It has a long history in astrophysics, but has
recently received more attention for applications in fluid mechanics. Advantages of the method are
that it is completely meshless and it is simple to implement.

When applied to fluid mechanics, SPH is often used to describe compressible flow. However,
some work has been performed to extend its application to incompressible flow. A common ap-
proach is to assume a weakly compressible fluid [1], where an artificial sound speed is used to
relate pressure to density. The resulting timesteps, limited by a Courant stability criterion, remain
quite small and require a large number of timesteps to complete a simulation. Fully incompressible
methods have been devised to further increase timestep sizes and to address a broader range of ap-
plications. Cummins and Rudman [2] used an approximate pressure projection technique to model
a Rayleigh-Taylor instability, demonstrating a successful implementation of incompressible SPH in
a fully enclosed domain. Shao and Lo [3] applied a similar pressure projection for free

In this work, a Clebsch-Weber velocity decomposition is used to model incompressible flow
in SPH. Although this approach has been implemented for finite volume methods [4] it has never
been applied to SPH. It presents a new alternative to weakly compressible and pressure projection
approaches for modelling low Mach number flows. The differences between the techniques will
be discussed and the Clebsch-Weber decomposition will be demonstrated for a two-phase lock
exchange problem.

1Department of Mechanical and Biomedical Engineering, National University of Ireland, Galway, Ireland
(martin.lastiwka@nuigalway.ie, mihai.basa@nuigalway.ie, nathan.quinlan@nuigalway.ie).



B13.2 M. Lastiwka, M. Basa, N. Quinlan

2 Basic SPH

In SPH, fluid properties are defined at a number of points within the domain. Each point is also
assigned a measure of fluid volume. This volume is spread over a domain of influence defined by a
smoothing length,h. The domains of influence of nearby particles overlap, and the interaction be-
tween neighbouring particles is controlled by a kernel function. For example, an arbitrary function
F can be approximated at a particle locationa as:

Fa = ∑
b

VbFbW(rab) (1)

wherea is the particle in question,b is a neighbouring particle ofa, andV represents particle
volume.W(rab), henceforth denoted asWab, represents the kernel as a function of the distancerab
between the locations ofa andb.

Gradients of flow variables can be found by taking the gradient of the kernel:

∇Fa = ∑
b

VbFb∇Wab (2)

This represents the simplest form of SPH. However, this form suffers from a lack of consistency [5].
In this context, consistency refers to the accuracy of the method in reproducing analytical functions.
A number of consistency corrections have been put forward [6]. The combination of gradient and
kernel correction proposed by Bonet and Lok [7] is used for all implementations of SPH in this
work. This form of correction uses a Shepard function and a gradient correction to ensure first-
order consistency (where the order represents the order of polynomial function that can be exactly
interpolated).

3 Clebsch-Weber Transformation

The Clebsch-Weber transformation begins with the momentum equation in the following form (us-
ing tensor notation):

Dui

Dt
=
−1
ρ

∂P
∂xi

+gi (3)

This equation is then multiplied by a Jacobian,∂Xj

∂xi
. In this transformation, lower casexi represent

Eulerian coordinates and upper caseXi are Lagrangian coordinates. The Lagrangian coordinates
are set equal to the Eulerian coordinates at some reference time, and do not change with time. Once
the Jacobian transformation is applied, the momentum equation is integrated analytically in time to
reveal a Lagrangian description of velocity:

ui
∂xi

∂Xj
=

1
ρ

∂φ
∂Xj

+
∂β
∂Xj

+u0
j (4)

Here,ui is fluid velocity andu0
i is the velocity at the reference time where the Lagrangian coordi-

nates are defined. Two scalar potentials are now defined:

Dφ
Dt

=−P and
Dβ
Dt

= gx2 +
ukuk

2
(5)

whereg is the magnitude of a field acceleration in thex2 direction.
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The momentum equation is now multiplied by the inverse Jacobian transformation, allowing
the decomposition to be re-expressed in terms of Eulerian gradient operators:

ui =
1
ρ

∂φ
∂xi

+
∂β
∂xi

+u0
j
∂Xj

∂xi
(6)

More details of this kind of decomposition are given by Serrin [8] and Yokota [9].

4 Solution Sequence and Discretization

In this section, the basic solution sequence is shown for the Clebsch-Weber method with first order
explicit time marching (although higher order time stepping may be used). In section 5, the dif-
ferences between the pressure projection approach and the Clebsch-Weber decomposition will be
highlighted in a side-by-side comparison.

The basic solution procedure involves advancing theβ potential in time and then determining
theφ potential that satisfies continuity.φ andβ are then used to compute the new velocity through
Eq. (6).

Equation 6 shows that, at any given time, the velocity field is defined by the currentφ andβ
potentials, as well as the Eulerian gradient operators. In SPH, Eulerian gradient operators depend
on particle position. The first step in the solution sequence is to determine the particle positions and
theβ potentials at the next time level. These are updated as:

xN+1 = xN +uN∆t (7)

and

βN+1 = βN +
Dβ
Dt

N

∆t = βN +(gyN +
uN ·uN

2
)∆t (8)

where the superscript represents the time level.
With new particle positions defined, SPH gradient and divergence operators can be found at time

level N+1. The remaining component required to define the velocity field isφ, which is determined
by enforcing incompressible continuity as

∇ ·uN+1 = ∇ ·
(

1
ρ

∇φN+1 +∇βN+1 +(∇X)u0
)

= 0 (9)

which is simply the divergence of Eq. (6). This equation is solved by rearranging it as:

∇ ·
(

1
ρ

∇φN+1
)

=−∇ ·
(

∇βN+1 +(∇X)u0
)

(10)

then inverting the∇ · 1
ρ ∇ operator. In discrete SPH form, this operator can be formulated as a matrix

by a double summation:

∇ ·
(

1
ρ

∇φ
)
≈ Aacφc = ∑

b

Vb
1
ρb

(
∑
c

Vcφc∇Wbc

)
∇Wab (11)

where subscripts represent particle labels. This is similar to the “exact” pressure projection operator
as described by Cummins and Rudman [2], where the gradient and divergence operators are both
determined using the SPH method.



B13.4 M. Lastiwka, M. Basa, N. Quinlan

As an alternative, a combination of finite difference and SPH methods can be used. There are a
number of variations to this approach. For example, the left hand side of Eq. (10) can be modelled
as:

Aabφb = ∑
b

Vb
4

ρa +ρb

(φa−φb)rab ·∇Wab

|rab|2
(12)

This matches the “approximate” projection operator used by Cummins and Rudman [2] and is
similar to that used by Shao [3]. The form of operators can affect the accuracy of the solution and
the computational time required to construct the operators. In the test cases shown in section 6, the
Aab operator is inverted to give the solution forφ using a GMRES [10] iterative method from the
LASPack package [11]. Withφ andβ known and the gradient operators defined, all at time level
N+1, velocity can be updated by Eq. (6).

5 Comparison of Methods

Some parallels can be drawn between the pressure projection technique and the Clebsch-Weber de-
composition. In essence, both implementations solve for a component of the velocity, then apply the
conservation equations to enforce incompressibility. In the pressure projection technique, velocity
is updated with:

uN+1 = u∗− 1
ρ

∇P (13)

whereu∗ is an intermediate velocity field that does not ensure incompressibility, andP is the pres-
sure required to restore incompressibility. Continuity is enforced by taking the divergence of veloc-
ity:

∇ ·uN+1 = ∇ ·u∗−∇ · 1
ρ

∇P = 0 (14)

This parallels Eq. (9) from the Clebsch-Weber technique. The incompressibility operatorA is
again applied and inverted in numerical form, but in this case to find pressure rather thanφ. This
aspect of the method is very similar to the Clebsch-Weber method. The differences between the
techniques become apparent when comparing the intermediate velocities. In pressure projection,
the intermediate velocity,u∗, incorporates the current velocity as well as the effect of a body force:

u∗ = ∆t∇(gxN
2 )+uN (15)

Note that the intermediate velocities shown by Cummins and Rudman [2] and Shao [3] also incor-
porate a viscous term.

To directly compare the methods, some of the velocity components in the Clebsch-Weber de-
composition are rewritten here asucw:

ucw = ∇β+(∇X)u0 (16)

The ucw term is created here only to help draw a parallel withu∗ in pressure projection tech-
niques. To simplify the comparison, the Lagrangian reference time is assumed to be updated at
each timestep, such thatu0 = uN, X = xN, andβN = 0.

Now if β is advanced in time using Eq. (8), the Clebsch-Weber version of an intermediate
velocity becomes:

ucw = ∇gyN∆t +(∇X)uN +
∆t
2

∇(uN ·uN) (17)
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Note that, as in Eq. (15),∂∂xi
≡∇ is defined at the intermediate time level. Thisucw now mirrors the

u∗ from the pressure projection method (Eq. 15), but with two differences. There is an additional
term, uN·uN

2 , and a modification to theuN term with the application of the Lagrangian-Eulerian
Jacobian, expressed here in vector form as∇X. As this comparison shows, the pressure projection
and the Clebsch-Weber decomposition share common elements in their implementations, but the
latter approach has more terms in the resulting equations. The effects of the differences between
the methods are investigated by comparing results of a numerical experiment in section 6.

6 Lock-Exchange Application

To demonstrate the Clebsch-Weber method in SPH, a lock-exchange flow was modelled. An enclo-
sure was filled with two fluids of different density, initially separated by a vertical interface, with a
downward gravity force. The initial conditions are shown in Figure 1. Simulations were performed
using weakly compressible SPH, a pressure projection technique, and the Clebsch-Weber approach.
A total of 1462 particles were initially distributed on a uniform, rectangular grid. Smoothing length
was set to 1.3 times the initial particle spacing, timesteps were limited to0.1h/umax, and the density
ratio was set to 0.8. A quartic spline kernel was used, with the corrections suggested by Bonet and
Lok [7] to achieve first order consistency. Ghost mirror particles were implemented to enforce free
slip boundary conditions at the walls.

For weakly compressible SPH, a modified equation of state was used to relate pressure to den-
sity as:

P =
c2ρ0

γ

[(
ρ
ρ0

)γ
−1

]
(18)

whereP is pressure,ρ0 is a reference density,c is the speed of sound, andγ = 7. The speed of
sound was chosen to be approximately 40 times the maximum fluid velocity. Weakly compressible
SPH requires that some artificial dissipation be implemented to maintain stability.

Since the initial velocity is zero, the reference time is set at the initial time for Lagrangian
coordinates in the Clebsch-Weber methdod. As a result, theu0 term in Eq. (6) is zero at all times.

6.1 Results

Figures 2 to 4 show particle positions at similar times for each of the three methods. Here, filled
circles represent particles of higher density, while open circles represent particles of lower density.
Results for weakly compressible SPH, shown in Figure 2, differ significantly from those for the
other two methods. In contrast to the two fully incompressible methods, there is no fluid flow
parallel to the interface. In other words, particles did not move in opposite directions along the
interface. This may be at least partially due to the artificial dissipation used to stabilize the method.

In the absence of any viscosity, the pressure projection technique suffered oscillations in the
pressure field when an exactA operator was applied. Better results were obtained using an approx-
imate projection, as shown in Figure 3. Despite smoother results, the interface between fluids has
begun to break down. This may be partially explained by physical fluid instabilities, such as the
Kelvin-Helmholtz instability. However, there are gaps forming between the fluids, suggesting the
interface may be inaccurately represented.

For the Clebsch-Weber transformation, the solution of theφ potential was smooth when the
exactA operator was implemented. However, particles tended to clump together along the interface
when the approximate operator was applied. The resulting density interface is shown in Figure 4
for the exactA operator. The interface has no large disturbances of the kind seen in the pressure
projection case, but there does appear to be more localized mixing across the interface.
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Figure 1: Lock exchange initial conditions
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Figure 2: Instantaneous particle positions computed with weakly compressible SPH

Computation time for the fully incompressible methods is dominated by construction of theA
operator and the solution of the resulting elliptic equation for pressure orφ by matrix inversion.
Although the approximate operator takes less time to construct, the two methods required compu-
tation time of the same order of magnitude, at 2292 s for the Clebsch-Weber method and 3515 s for
pressure projection. Weakly compressible SPH took the longest, at 4410 s for. This is, however,
highly sensitive to adjustable parameters such as sound speed and artificial dissipation coefficients.
Nevertheless, compuation times for fully incompressible methods compare favourably to weakly
compressible SPH.

6.2 Incompressibility Error

The error in the solution of the fully incompressible methods was gauged by checking the average
absolute divergence of velocity as calculated for each particle:

ε =
1
N

N

∑
b

|∇ ·ub| (19)

whereN is the total number of fluid particles used in the simulation. According to incompressible
continuity, this value should always be zero. Figure 5 shows the evolution of this error term through
the course of the simulation for both fully incompressible methods. Both the pressure projection
and Clebsch-Weber approaches show error increasing with time, though the error is usually higher
for pressure projection.

7 Conclusions

A fully incompressible implementation of SPH has been developed using a Clebsch-Weber velocity
decomposition. It is presented here as an alternative to the weakly compressible and pressure pro-
jection methods. A comparison of the two fully incompressible methods revealed some similarities,
but the Clebsch-Weber transformation involves additional terms. It was also found that the exact
incompressibility operator produced better
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Figure 3: Instantaneous particle positions computed with the pressure projection method using an
approximateA operator
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Figure 4: Instantaneous particle positions computed with the Clebsch-Weber technique using an
exactA operator
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Figure 5: Development of error in incompressibility, as defined by Eq. (19) for the lock exchange
simulation
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results than the approximate operator for the Clebsch-Weber transformation method. Further work
is required to properly adapt the approximate operator from pressure projection methods to the
Clebsch-Weber technique.

In an inviscid lock-exchange simulation, the Clebsch-Weber transformation predicted that two
fluids of different density will flow in opposite directions, parallel to the interface. This differed
from the weakly compressible SPH, but it matched trends predicted by a pressure projection tech-
nique. The Clebsch-Weber method was found to enforce incompressibility more accurately than
the pressure projection method.
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Irish Research Council for Science, Engineering, and Technology, funded by the National Develop-
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A multilevel adaptive particle-grid 
method for gas dynamics 

 
 

Georges-Henri Cottet (1), Bernard Rebourcet(2) and Lisl Weynans(3) 

 
 
Abstract: We present a multilevel adaptive grid-based particle method, inspired by the adaptive 
mesh refinement (AMR) technique, applied to the compressible Euler equations. We show 
numerical results in two dimensions for the cylindrical Noh's infinite strength shock problem.  
 
 
1 Introduction 
 
Bergdorf, Cottet and Koumoutsakos, inspired by finite-difference Adaptive Mesh Refinement 
(AMR) methods first proposed by Berger and Oliger ([2]),  introduced in [1] a class of techniques 
for particle methods that allow to refine dynamically the computational domain and adapt 
accordingly its particle discretization. These techniques use particle regridding as a key element. 
We have applied them to a grid-based point particle method for the Euler compressible equations.  
In section 2, we first present the particle method, then recall the principles of the adaptive mesh 
refinement for particle methods. In section 3 we show numerical results obtained by computing 
the two-dimensional cylindrical Noh problem. 
 
2 Presentation of the method 
 

2.1 Grid-based particle method for the compressible Euler equations. 
 
The method is in the spirit of the Particle-in-Cell (PIC) method pioneered by Harlow [4]:  the 
general idea is to use particles to transport conservative quantities – so that the advection part of 
the equations is split apart in a Lagrangian fashion - and grid-based formulas to compute fields.  
 
We start from the compressible Euler equations written in a mixed Eulerian-Lagrangian 
formulation:  
                                               d( ρ J )/dt  =  0 
 
                                               d( ρ Ju )/dt  =  -J ∇  p 
 
                                               d( ρ JE )/dt  =  -J ∇. (pu) 
 
                                               dJ/dt = J ∇. u 
 
                                               dx/dt = u 
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 J is the Jacobian  of the matrix (δ xi /δ ξ j )i,j ,where the xi  are the Eulerian coordinates and the ξ j 
the Lagrangian coordinates.  
d/dt is the Lagrangian derivative.  
The operator ∇   represents spatial derivatives with respect to x. 
 
 Once the equations have been discretized on the particles, we obtain the following set of ODEs: 
 
                                               d( ρ pV p )/dt  =  0 
 
                                               d( ρ pV pu p )/dt  =  -Vp (∇ p)p 

 
                                               d( ρ pV pE p )/dt  =  -Vp ( ∇.(pu) )p 

 
                                               dVp/dt  =  Vp (∇.u)p  
 
                                               dxp/dt  =  up 
 
where ρ p is the density, up the fluid velocity, Ep the total energy, xp the particle location and Vp   
the volume of the particle p. 
 
The Lagrangian form of particle methods avoids the explicit discretization of the convective terms 
and the associated stability constraints.  
 
Particle methods enable an automatic adaptivity, because particle positions are modified 
according to the local flow map. The local accumulation of particles near large velocity gradients 
results in a lack of particles in the rest of the domain. Then, it can damage  the theoretical 
convergence rates. Thus, a critical issue for the accuracy of particle methods is the regularity of 
the particles distribution, and frequent regridding on regular locations is necessary to preserve it. 
In this work, regridding is basically a way to define new particles with uniform volume, equal to 
the size of a grid cell. Thus, there is a strong relationship between the particles and the grid cells: 
at the beginning of each time step, one particle is located at the center of each grid cell, and the 
values of the quantities carried by this particle are equal to those allocated to the cell. 
Consequently, regridding at every time step allows also to compute the spatial derivatives on a 
regular grid. 
 
In order to perform regridding we use the interpolation formula M'4  first suggested by Monaghan 
[5] . This formula preserves the first three momentums of the interpolated quantities, is 
continuously derivable, and requires the contributions of the 4 neighbouring particles. It 
represents a good compromise between smoothness and accuracy, at a reasonable computational 
cost. Let us recall the definition of  M'4 : 
 
                      M'4  =  1 – 5/2 |x|2 + 3/2 |x|3     if  |x| ≤ 1 
                              =  1/2 ( 2 - |x|)2 ( 1- |x|)    if  1 ≤ |x|≤ 2 
                              =  0                                if  2 ≤  |x| 
 
This interpolation procedure needs the grid to be cartesian and uniform. Consequently, if the 
“physical” grid associated with the particles is not cartesian and uniform, as it is the case for the 
Noh problem,  we use an explicit mapping that changes the “physical” grid into a uniform grid. 
Applying this mapping to the “physical” particles allows us to perform the interpolation on a 
uniform grid. We obtain the new “physical” particles by applying the inverse mapping to the 
particles resulting from this interpolation.  
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Each step of the algorithm consists of the following sequence: 
 

•   compute spatial derivatives on the grid by standart centered finite differences, 
 
•    update particles quantities ρp  Jp,  ρ p Jp up,  ρ p Jp E p  and Jp on the grid (generally 
with a 2 or 4 order Runge Kutta time stepping), 

 
•    update particle locations xp  thanks to the new velocities obtained from the ratio of 
the updated quantities ρp Jp and ρp Jp up , 
           
•    remesh particles on the fixed grid, 

 
•    possibly apply an artificial viscosity to treat shocks.  

 
 

2.2 Adaptive mesh refinement for particle methods 
 
Due to the regridding, the volume of the particles and thus the accuracy of the computation are 
strongly related to the size of the grid cells.  To improve the adaptivity of the method to the 
physics of the flow, and consequently obtain a better  accuracy of the numerical solution, a new 
class of techniques with variable grid-sizes has been introduced by Bergdorf, Cottet and 
Koumoutsakos in [1]. Following the pioneering work of Berger and Oliger on AMR, the idea was 
to define blocks of piecewise constant grid-sizes that can ajust dynamically, based for instance on 
a posteriori error estimates. As in [3],  the method is heavily based on overlappings of the 
subdomains, that allow particles around the block-interfaces to exchange informations during the 
interpolation in order to maintain a consistent approximation at the desired resolution everywhere. 
 
To understand how blocks communicate, we consider two blocks with different grid sizes: a 
coarse one and a finer one. We assume that at the beginning of the algorithm step all particles 
provide a consistent approximation of the solution. In each block we distinguish two parts: 
 

• the zone 1, where we are sure this assumption is still valid after one algorithm step 
(with possible motion of the grid),  

• and the zone 2 : the rest of the block. 
 
In zone 1 we distinguish again two domains: the first one, where the interpolation process only 
needs particles from zone 1, and the second one, where this process needs particles from zone 2 
too, that are not “reliable”.  In the first domain, the interpolation is done in the usual manner, with 
contributions of the particles from the block that we are considering, for instance the fine one. In 
the second domain, as in zone 2, the new particles are created with an interpolation performed on 
particles from the other block, that is, the coarse one. This leads to overlapping conditions 
between the blocks to ensure that these coarse particles are located in zone 1 of the coarse block. 
 
                                                  
3  Numerical illustration: the 2D cylindrical Noh Problem 
 
The Noh problem is an implosion problem, difficult to solve numerically, and thus, a challenging 
test for hydrodynamics codes.  
The initial density is uniform, the specific internal energy negligible, and the velocity uniform and 
directed toward the origin. The gas is supposed to be polytropic, with adiabatic index γ = 5/3. This 
configuration leads to an infinite strength shock instantly reflecting from the origin and 
propagating outwards (see [6],[7]).  
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3.1   Initial conditions 
 

 Physical properties           Values 

Density                1. 

Pressure            0,001 

Radial velocity                1. 

Tangential velocity                0. 

                   
The computational domain is: ( r, θ ) ∈ [0, 1] × [0, 360].  
We used a fine grid (∆ r = 1/400, ∆ θ  = 6°) near the origin, to solve the shock with a good 
accuracy, and a coarse one (∆ r = 1/50, ∆ θ = 6°) everywhere else, with ∆ t = 0.0005 for the fine 
grid, and ∆ t = 0.004 for the coarse grid.  
 
 

3.2   Results 
 
Figure 1 shows the results obtained with the multilevel particle method compared to the analytical 
solution, at t = 0,6 s.  
The results are in good agreement with the analytical solution. Concerning the multilevel aspect 
of the simulation, we remark that the transition between the fine and the coarse grids, located at 
this time around 0.2, is unnoticeable, which means that the communication procedures between 
the grids work well. On the other hand, we recognize a wall-heating effect, typical of Lagrangian 
methods for this problem, near the origin: the density is under-evaluated, while the specific 
internal energy is too high. We hope to reduce this phenomenon in the future by giving a special 
care to the treatment of the artificial viscosity for the particles in contact with the origin. 
 

 
Figure 1: The Noh Problem 

 
 
 



ECCOMAS Thematic Conference on Meshless Methods 2005   B14.5 
 
 
4   Conclusions 
 
We have presented a two-dimensional application of an adaptive mesh refinement technique for 
grid-based particle methods. Numerical results performed on the Noh problem on one hand 
validate the communication procedure between the grids, which is heavily based on the existence 
of overlapping zones and on the regridding technique, and on the other hand show that the grid-
based particle method itself is well-suited for the simulation of compressible gas dynamics. 
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Some Examples of the Method of Finite Spheres with 
Enrichment  

 
 

M. Macri (1) and S. De(2)  
 
 

Abstract: In this paper we compare several enrichment schemes for the method of finite spheres, 
a meshfree computational technique based on the partition of unity paradigm.  The enrichment 
functions are derived from known asymptotic solutions of the governing differential equations in 
the vicinity of singularities. Specifically, we demonstrate the effectiveness of this technique for the 
analysis of an elastic double edge notched tension specimen.   
 
 
1 Introduction 
 
For problems with singularities, enrichment strategies allow custom designed approximation 
spaces.  The concept of enrichment is not new.  In [1] and [2] two techniques for enriching the 
element free Galerkin method were presented. The first technique applies the enrichment 
externally to the basis, while the second applies the enrichment internally.  In [3] and [4] 
enrichment was applied to the element free Galerkin method by modifying the weight function. 
 
In the method of finite spheres (MFS) [5], a truly meshfree technique, the shape functions are 
generated using the partition of unity paradigm and hence it is straightforward to internally enrich 
only selected nodes in the domain eliminating the need for generating transition shape functions, 
as shown in [6].  However, this still does not allow precise control over the extent to which 
enrichment is applied.   
 
In this paper we provide two enrichment strategies for the MFS whereby localized bubbles are 
used in the vicinity of singularities to afford a much higher degree of control in the extent to 
which enrichment is applied. In the first technique the enrichment is applied using a weight 
function with compact support which enforces zero enrichment outside its support.  In the second 
technique a special node is used for enrichment.  We discuss these enrichment techniques in 
section two.  In section three we compare the solutions from the enrichment schemes with the 
solution for MFS without enrichment for the analysis of an elastic double edge notched tension 
specimen.   
 
2   Enrichment Schemes 
 
One of the major advantages of using the partition of unity paradigm is that the local basis may 
vary from one node to the other. If Ω is an open bounded region with boundary Г (Figure 1a) and 
the asymptotic solution of the governing differential equations are known a priori in the vicinity 
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of a singularity in ΩI, then it is possible to enrich only a few nodes to ensure a high rate of 
convergence of the numerical solution. By definition, the asymptotic solution is valid only in a 
ball of vanishing radius centered at the singularity. However, in the current techniques of 
enrichment, all nodes whose supports overlap ΩI are enriched (see Figure 1b). Otherwise a single 
node with enriched basis is placed at the singularity (Figure 1c). The first technique does not 
allow control of the extent to which enrichment is applied. The second method necessitates an 
unnecessarily fine discretization in the vicinity of the singularity to ensure that the overlap 
condition is satisfied. 
 
To resole these issues we present two enrichment strategies whereby localized bubbles are used in 
the vicinity of singularities to afford a much higher degree of control in the extent to which 
enrichment is applied. In the first technique the enrichment is applied using a weight function 
with compact support which enforces zero enrichment outside its support, as shown in Figure 1d.  
 
In the second technique a special node is used for enrichment. The point wise overlap condition is 
satisfied without this node which may or may not be co-located with other nodes in the domain 
(see Figure 1e). Unlike moving least squares approximation, the partition of unity paradigm 
allows multiple nodes, of course with different radii of support, to be located at the same 
geometrical point without jeopardizing numerical conditioning. 
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Figure 1: Enrichment strategies for meshfree methods. 
 
 
 
3   A Double Edge Notched Tension (DENT) Specimen 
 
We consider a double edge notched tension specimen of unit thickness in plain strain.  The 
material parameters, specimen and crack dimensions as well as loading conditions are shown in 
figure 2.  Since the problem is symmetric, we only examine the upper left quarter of the model.  
We solve this problem for several cases, viz. (a) the MFS without enrichment, (b) MFS with 
enrichment applied to a single node, (c) MFS with full enrichment, (d) MFS with the enrichment 
applied using a weight function and (e) MFS with enrichment using a special node.  For all these 
cases, a quadratic local basis is used.   
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Figure 2: A double edge notched tension (DENT) specimen.  The material properties and loading 

conditions are as shown. 
 

 
We compare all results to a solution generated in ABAQUS using a very fine finite element mesh 
with an element size of 0.2in.  We use eight noded elements and do not employ mesh gradation.  
We refer to this solution as the 'fine mesh solution'.  The strain energy calculated for the fine 
mesh solution is 0.121908 in.lb 
 
In figure 3 we compare the relative error in the strain energy to the size of the spheres.  As we see 
from the figure, the weight function enrichment outperforms the other enrichment techniques.  
The slopes of the convergence curves for cases (a)-(e) are 1.0632, 1.0684, 1.0635, 1.3433 and 
1.0612, respectively. 
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Figure 3: The relative error in strain energy plotted as a function of nodal refinement for the 
DENT problem. 
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In figures 4 the stress σyy along local x-axis with an origin at the crack tip are examined.  The 
spheres have a radius of 1.25 in. The stresses computed using all the enrichment strategies are 
more or less the same and since yyσ →∞  at the crack tip for all enrichment methods it is 

excluded from the plot. 
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Figure 4: For the double edge notched tension specimen, the normal stress σyy (x,0) is plotted for  
[ ]0,6x∈  for a global radius of 1.25 in.   

   
4   Concluding remarks 
 
In this paper we have presented techniques for enriching the approximation space of the method 
of finite spheres. While a single problem of a notched tension specimen is shown here, more 
examples will be presented during the conference. Our next step is to apply the enrichment 
scheme to problems in bone mechanics. 
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Generalized Finite Element Method in Mixed Variational 
Formulation: A study of convergence and solvability 

 
Wesley Góis (1) and Sergio P. B. Proença (2)  

 
 

Abstract: Generalized Finite Element Method (GFEM) is initially applied to hybrid-mixed stress 
formulations (HMSF). Generalized shape approximation functions are generated by means of 
polynomial enrichment of three independent approximation fields: stress and displacements in the 
domain and displacement field on the static boundary. At first the enrichment can be conducted 
independently over each one of the three approximation fields. But solvability and convergence 
problems can be inducted, mainly due to spurious modes generated when enrichment is 
arbitrarily applied. Aiming to explore efficiently the enrichment in HMSF, an extension of the 
patch-test is proposed as a necessary condition to guide the enrichment possibilities preserving 
convergence and solvability. The inf-sup test based on Babuška-Brezzi condition is then used to 
demonstrate the effectiveness of the Patch-Test. In particular, the inf-sup test is applied over 
selectively enriched quadrilateral bilinear finite element meshes. Numerical examples confirm the 
Patch-Test as a necessary but not sufficient condition for convergence and solvability. 
 
Key-words: generalized finite element method, hybrid-mixed stress formulation. 
 
 
1 Introduction 
 
Hybrid formulations namely Hybrid-Mixed, Hybrid and Hybrid-Trefftz, all of them detailed in 
Freitas, Almeida and Pereira [1], can be emphasized among non-conventional formulations of 
FEM. In this work the Hybrid-Mixed Stress Formulation (HMSF) is considered. 
The Generalized Finite Element Method (GFEM), Oden, Duarte and Zienkiewicz [2], combines 
conventional FEM mesh and shape functions (‘partition of unity’) with techniques of enrichment 
typical from meshless methods.  
Pimenta, Proença and Freitas [3], Góis [4], apply that method to HMSF, resulting in a new 
application of GFEM. Since displacements and stresses are independently approximated in 
HMSF, the enrichment can also be imposed independently to each one of those fields. However, 
an arbitrary combination can produce fruitless approximation fields. Aiming to explore efficiently 
the enrichment in HMSF, an extension of the patch-test suggested in Zienkiewicz et al. [5] is here 
proposed. The test configures a necessary condition to provide against convergence problems. 
The necessary and sufficient condition for existence and stability of solution, given by the (inf-
sup) condition of Babuška-Brezzi, Babuška [6], is then applied in order to verify the effectiveness 
of the patch-test proposed. 
 
 

 
(1) Structural Engineering Department, São Carlos School of Engineering– University of São Paulo, Brazil 
(wesley@sc.usp.br). 
(2) Structural Engineering Department, São Carlos School of Engineering– University of São Paulo, Brazil, 
(persival@sc.usp.br). 
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2 Hybrid-Mixed Stress Formulation in plane elasticity 
 
Being  Hilbert space endowed with norm 1H

1H
.  and ( )Ω2L  Sobolev space (square integrable 

functions in ) the relations governing the weak form of the HMSF formulation can be 
represented as.  

Ω

( ) ( ) ( ) ( )∫∫∫ ∫∫
ΓΩΩ Γ

ΓΩ
Γ+Ω+Γ−Ω+Ω=

tt

dNudLudNudLudf)V,U(B TTTTT σδσδδσδσσδσ  (1) 

( ) ( ) ∫∫∫
Γ

Ω
Γ+Ω−Γ=

Γ tu

dtubdudNuVF TTT δδδσ  (2) 

where ( )Γ= u,u,U σ  and )V (  are defined in the following spaces: Γ= u,u, δδδσ

( ) ( ){ }Ω∈∈= ΓΓ
2

1 Lu,u,;H:u,u,X σσσ  (3) 

( ) ( ){ }Ω∈∈= ΓΓ
2

1 Lu,u,;H:u,u,Y δδδσδσδδδσ  (4) 

From relation (1) one can define the norm: 

 
( ) ( ) ( ) ∫∫∫∫ ∫

Γ
Γ

ΩΓ
Ω

Ω
Γ Γ+Ω+Γ+Ω+Ω==

tt

dududNdLdu,u,U
XX

2222222 σσσσ   (5)  

 
Eq. (1) combines incompatible stress  and displacement (u) fields defined in domain (  and 
a displacement (  field defined on the static part (

)(σ )Ω
)Γu tΓ ) of the boundary. Still in Eq. (1), f is the 

flexibility matrix for linear and isotropic elastic materials; L is the differential divergent operator; 
b is the vector of  body forces; N is a matrix constructed with the components of the unitary 
normal vector to the boundary; u  is the vector of the prescribed displacements on  and uΓ

[ ]yx
T ttt =  is the vector of the applied superficial forces on tΓ . 

Interpolations of nodal values of the three independent fields can be indicated as follows: 
 

ΩΩ= sSσ̂ ;  ;        (6) ΩΩqUû = ΓΓΓ qUû =
 
in which  ,  and  are respectively vectors of nodal degrees of freedom related to stress 

and displacements. ,  and  appear as interpolation functions matrixes. 
Ωs Ωq Γq

ΩS ΩU ΓU
Then, the weak form can be expressed by the linear system below: 
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Ω
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00
00  (7) 

 
being each matrix component defined by: 

∫Ω ΩΩ Ω= dfSSF T        (a) ( )∫
Ω

ΩΩΩ Ω= dULSA T   (b) ( )∫
Γ

ΓΩΓ Γ=
t

dUNSA T    (c) 

(8)
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( )∫
Γ

Γ= ΩΓ

u

duNSe T     (d) ∫
Ω

ΩΩ Ω= bdUQ T             (e) ( )∫
Γ

ΓΓ Γ=
t

dtUQ T              (f) 

In this study body forces (b) are not considered and the displacements u  on the boundary part   

are prescribed as zero (then:
uΓ

=Γe 0=ΩQ ). 
 
3 Quadrilateral bilinear finite element stress with nodal enrichment 
 
The analyses here conduced are restricted to plane domains. A mesh of regular quadrangular four 
nodes elements is employed aiming definition of nodal clouds. Each cloud is then formed by the 
elements sharing a common node. The conventional bilinear Lagrangian functions interpolating 
stresses and displacements in the domain are used as partition of unity.  
Let be considered a certain node j and a polynomial basis: , in which  is the 
number of functions added to each node of index  j. Such a basis is adopted, for instance, to 
provide enrichment of the stress field in domain

)(,...,1, jIkhkj = )( jI

Ω . Being N the total number of nodes in domain, 
the following family of shape functions then results: 
 

{ } { } ( )
⎭
⎬
⎫

⎩
⎨
⎧ ==∪=ℑ

=Ω=Ω jIkNjhSS N

jkj
N

jN jj
,...,1;,...,1:

11

2  (9) 

 
The GFEM stress approach can be then represented as: 

⎭
⎬
⎫

⎩
⎨
⎧

+= ∑∑
=

Ω
=

Ω

)(

11
ˆ

jI

i
ijij

N

j
bhsS

jj
σ  (10) 

 
An analogous procedure can be applied to the displacement field in the domain and on the 
boundary. In the last relation  are the nodal parameters introduced by each one of the  
monomials. It must be noted that in this work ‘bubble’ like functions are used for enrichment. In 
doing so, the original meaning of the nodal parameters is preserved. ‘Bubble-like’ monomials 
(later referred as levels 2, 3 and 4 of enrichment) used are: 

ijb ijh

 

( ) ( ) ( ) ( )2222 ,, jjjjkj YYXXXXYYh −−−−=  (11) 

where 
j
 indicate no dimensional coordinates.  

j YX ,

 
4 On the convergence conditions of HSMF with nodal enrichment 
 
4.1 The patch-test applied to HSMF 
Based on Zienkiewicz et al. [5], some necessary algebraic conditions to the existence of unique 
solution of the system showed in Eq. (7) can be defined, Freitas, Almeida and Pereira [1]. 
Specifically taking an element in the domain one requires that: 
 

ΩΩ ≥ qs  (12) 
 
While to a boundary element the restriction over the degrees of freedom is given by: 
 

ΓΩ ≥ qs  (13) 
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Then, by extending Eq. (12) and Eq.(13), HSMF with nodal enrichment inequalities can be 
proposed by adding to ,   and  the respective parameters sets associated to the 
enrichment functions of domain and boundary. Taking into account that the number of nodes and 
functions to be added to each node can be selective, for each problem the patch-test consists then 
on a verification of the extended inequalities by selecting various “patches” of elements.  

Ωs Ωq Γq

In general one can verify that enrichment over the stress field exclusively is always consistent 
with the inequalities. Moreover, while simultaneous enrichments of stress and displacement fields 
are effective as well, the enrichment restricted only to displacement fields is not recommended. 
 It’s important to emphasize that patch-test is a necessary but not sufficient condition to guarantee 
stability of the enriched system solution. 
 
 
4.2 The  inf-sup condition 
A boundary value problem formulated in weak form is well-posed if continuity and (inf-sup) 
Babuška-Brezzi conditions are verified. In this work the partition of unity used as the initial basis 
to be enriched guarantee continuity. Thus the focus on what follows is restricted to the inf-sup 
condition analysis. 
Assuming zero Dirichlet boundary conditions on uΓ , the finite element approximation spaces for 

solution and weighting functions  can be defined as: 1HS n ⊂

( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

===Ω∈
∂
∂

Ω∈= Γ 3,2,1,0;3,2,1,,; 22 ivjiL
x
vLvvS

uni
j

ni
nn

n                    (14) 

where  is a polynomial interpolation of degree n over the volume element nv ( )eΩ . Then, the 
existence and uniqueness of solution is ensured whether the following condition is verified: 

 
( ) ( ) 0,supinf

11
00

>≥
∈≠∈≠

n
vu
vuB

HnHn

nn

SvSu nn
λ                                

 
Based on the work of Chapelle and Bathe [7] a numerical test, named inf-sup test, is here 
conduced aiming to verify if Eq.(15) can be satisfied in the HMSF with nodal enrichment. Finite 
element discretization schemes and enrichment conditions satisfying previously the patch-test are 
then selected to be analyzed. 
 
4.3 Numerical determination of ( )nλ .  

In Babuška [6] it is showed that ( )nλ  can be given by the square root of the nonzero smallest 
eigenvalue of a generalized eigenvalue problem: 
 
 

xBxBT
1

1
2 Α=Α− µ  (16) 

 
in which B can be identified from condition below 
 
( ) =nn vuB , vTBu ; (17) 
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while v and u are vectors with components  and . Finally,  and  are 
symmetric positive-definite matrixes associated to the norms: 

n
n Su ∈ n

n Sv ∈ 1Α 2Α

 

=2

1H
u uT

1Α u ; =2

1H
v vT

2Α v (18) 

 
 
5 Inf-sup test: numerical results   

 
On what follows the methodology of inf-sup test is applied considering the plane problem 
depicted in Fig.1. 

 

 
 

Figure 1: Plane stress problem. 
 

By simplification,  no units for the elastic parameters and dimensions of the problem were 
adopted.  The A=5 side square plate is tensioned by a distributed force P=10 applied on one side.  
The Young's modulus and Poisson’s coefficient are assumed to be, respectively:   and 

.  The reference value for the strain energy is: 1.14. 
1000=E

3,0=ν
The sequence of meshes used for the development of inf-sup is: 1x1, 2x2, 4x4, 8x8 and 16x16 
elements.  For each mesh the value of ( )nλ  is determined from Eq. (16).  The results are 
presented in logarithm scale, being plotted values of ( )( )nλlog  and ( )N1log ,  (N is the number 
of elements in one direction).  The inf-sup test is satisfied if the curve ( ( )N1log  x ( )( )nλlog ) is 
asymptotic to a positive value. 
The result of inf-sup test applied to the quadrilateral element without enrichment is presented in 
Fig. 2. Although in this case the patch-test is verified, the inf-sup test fails. 
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Figure 2: Results for regular meshes without enrichment. 
 

With the enrichment restricted to the stress field in all nodes in domain, one can conclude that the 
quadrilateral element satisfies the inf-sup test, see Fig-03. This test confirms the results predicted 
by the patch-test. Another conclusion derived from the control of ‘spurious modes’ is that 
enrichment of the stress field eliminates such modes, improving the solvability of the problem. 
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Figure 3: Results for regular meshes with enrichment of the stress field in the domain. 

 

The quadrilateral element with simultaneous enrichment of the domain fields satisfies the inf-sup 
test as illustrated in Fig. 4. Spurious displacement modes are still present but not affecting 
solvability and convergence aspects. 
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Figure 4: Results for regular meshes with enrichment of the stress field and displacement in the domain  

The Fig-05 depicts results for the situation of selective enrichment on the stress field in the 
domain.  It can be concluded that the reduction of the number of enriched nodes in comparison 
with the total number of nodes affects the convergence. In fact the results for few enriched nodes 
are closed to the situation without enrichment.   
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Figure 5: Results for regular meshes with selective stress enrichment in the domain. 

Finally in Fig-06 two other possibilities of enrichment confirming the patch-test prevision are 
presented.  The exclusive enrichment of displacements field in all nodes of the domain is not 
recommended (patch-test fails). The enrichment of the displacements on the boundary nodes (not 



B22.8 Wesley Góis, Sergio P.B.Proença 
 
 
restricted) is effective if enrichment of the stress fields at the same nodes (considered as nodes of 
the domain) is simultaneously imposed (patch-test is verified).  
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Figure 6:  Results for enrichments of displacements field in the domain and displacements on the boundary 

simultaneously with the stress field in the domain. 

 

6 Conclusions 
 
The inf-sup test confirms the effectiveness of the Patch-Test as a necessary but not sufficient 
condition for solvability, at least in the HMSF problems with enrichment analyzed. In all 
situations in which the Patch-Test was not verified the inf-sup test was not satisfied as well. 
Nevertheless, in spite that the Patch-Test has been verified in the case without enrichment, the inf-
sup test was able to detect the presence of cinematic spurious modes and was not satisfied. 
 
Acknowledgements: the authors would like to thanks CAPES for the given support. 
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Improvement of the accuracy in XFEM methods

P. Laborde(1), J. Pommier(2), Y. Renard(3) andM. Salaun(4)

Abstract: The XFEM method in fracture mechanics is revisited. A first improvement is considered
using an enlarged fixed enrichment subdomain around the crack tip and a bonding condition for
the corresponding degrees of freedom. An efficient numerical integration rule is introduced for
the nonsmooth enrichment functions. The lack of accuracy due to the transition layer between the
enrichment aera and the rest of the domain leads to consider a pointwise matching condition at the
boundary of the subdomain. An optimal numerical rate of convergence is then obtained using such
a nonconformal method.

Keywords:Fracture, finite elements, XFEM method, optimal rate of convergence, pointwise match-
ing.

1 Introduction

Moes, Dolbow and Belytschko [4] introduced a numerical methodology in fracture mechanics
which has been developed in the last few years by the name of XFEM (eXtended Finite Element
Method). The finite elements are enriched with the asymptotic crack tip displacement solutions and
also with a step function which takes into account the jump of the displacement across the crack.
Then, the finite element mesh can be defined independently of the crack geometry.
It can be seen that the accuracy is better than by the corresponding classical finite element method,
but the rate of convergence remains of order

√
h only (h is the mesh parameter), in agreement with

the theory,seenumerical experiments [6]. A first modification of XFEM consists in enriching a
whole fixed subdomain around the crack tip (independent ofh) according to an idea developped
independently by [1] and [3].
In the present communication, we improve the previous modification in order to obtain a better
conditioned approximate problem (and also to decrease the number of unknowns). A bonding
condition is considered on the subdomain of enrichment. The rate of convergence is improved for
high order finite elements (of degree two or three) with respect to the classical XFEM method.
However, optimality is not achieved because of the lack of accuracy coming from the elements in the
transition layer (between the subdomain and the rest of the body). So we introduce a nonconformal
method where a pointwise matching condition at the boundary of the enriched area takes the place
of the transition layer. Then, we obtain the expected optimality on a computational test.
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4ENSICA, 1 pl.Émile Blouin, 31056 Toulouse cedex 5, France (msalaun@ensica.fr).



B23.2 P. Laborde et al.

2 A new enrichment method near the crack tip

Let u = (u1,u2) be the displacement solution to the bidimensional linearized elasticity problem on
acrackeddomainΩ of the plane.
The asymptotic displacement at the crack tipx0 is a linear relation between the following nonsmooth
functionsF1, ...,F4 given by

F1 =
√

r sin
θ
2
, F2 =

√
r cos

θ
2
, F3 =

√
r sin

θ
2

cosθ, F4 =
√

r cos
θ
2

cosθ,

in polar coordinates(r,θ) relatively to the crack tip. Let us denoteH the discontinuous step function
defined onΩ in a neighborhood of the crackΓC and equal to+1 at the one side ofΓC and−1 at the
other one.
We consider a Lagrange finite element method of orderk defined on a regular triangulation of the
uncrackeddomainΩ. ThePk (vector valued) basis functions are denotedϕ1 ... ϕN, wherePk stands
for the set of orderk polynomials.
From the diskB(x0,R) of centrex0, with a radiusR independent of the mesh parameterh, let
T(R,x) be the continuous piecewise linear function on the mesh, which is equal to1 at the vertices
in B(x0,R) and0 at the other ones.
We then introduce an approximate displacement of the following form :

uh =
N

∑
i=1

aiϕi + ∑
i∈IH

biHϕi +
2

∑
k=1

4

∑
j=1

c jkFjT(R,x)ek (1)

whereai , bi , c jk are the (scalar) degrees of freedom,IH is the set of the nodes corresponding to the
basis functionsϕi which support is entirely splitted by the crack, and finallye1 = (1,0), e2 = (0,1)
denote the canonical basis of the plane.
The convergence curves for the Mode I test problem on a squared domain are given on Figure 1. The
domain is discretized with a regular mesh (independent of the crack). For the further convergence
tests, this radiusR will be fixed to 1/10th of the domain size. The figure shows that the error is
bounded byChα where the convergence rateα = 0.5,1.5,2.6 according to the different choices
of the polynomials degreek = 1,2,3 respectively. Let us observe that the rate of convergence is
equal to0.5 whatever the degreek in the classical XFEM method [6] [3].
Remarks – (i ) The last term in the expression (1) is to compare with the classical one

∑
i∈IF

4

∑
j=1

ci j Fj ψi . (2)

The partition of unityψi is given by theP1 finite element (vector valued) basis, andIF denotes the
set of the nodes which contains the crack tip in the interior of the support of their basis function.
A fixed (independent ofh) enrichment subdomain near the crack tip can also be considered in
(2). ThenIF corresponds to the vertices in this subdomain [1] [3]. Then, the enrichment with the
functionsFj in (1) may be interpreted as abonding conditionbetween the enrichment degrees of
freedom in the subdomainB(x0,R).
(ii ) About the second term in the approximate displacement (1), the partition of unity forH is
defined by thePk shape functionsϕi instead of theP1 partition of unity ψi as usually. So the
approximation of the jump of displacement alongΓC :

2 ∑
i∈IH

biϕi on ΓC

is compatible with the finite element method (i.e. of the same orderk).
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Figure 1: Convergence of the modified XFEM method (XFEM –d.o.f. gathering) : values oflog(E)
in function of log(1/h), whereE is the relative error in energy norm.

(iii) In the approximation strategy (1), the number of degrees of freedom for theFj enrichment is
minimal for a given subdomain. Moreover the condition number is significantly better than using
a classical XFEM enrichment on a fixed subdomain (whenh decreases and for high degreek)[3].
An explanation may be found in the fact that the enrichment functions are not linearly independent.
For aP1 partition of unity, we observe that

φ2(F1−F4)+φ1F3 = 0, φ2(F3−F2)+φ1F4 = 0,

with φ1(x,y) = x, φ2(x,y) = y et φ3(x,y) = 1−x−y. If a P2 partition of unity is used, there are
six relations of this kind.

3 The polar numerical integration

A special care has to be taken in the numerical integration of the elementary stiffness matrix for the
triangle containing the crack tip. First, expressing the integral

Z

T
∇(Fiϕ j ).∇(Fkϕl ) dx

in polar coordinates, ther−1/2 singularity of∇Fi(x) is canceled. Then the finite element is divided
in (a few number of) subtriangles such that the crak tip is a vertex of some of them. For such
subtriangles, the following original integration method gives excellent results with a low number of
integration points (keeping a classical Gauss quadrature on the other subtriangles).
The geometric transformationτ : (x1,x2)→ (x1x2,x2) maps the unit square onto a triangle (Figure
2). Using this transformation, it is possible to build a quadrature rule on the triangle from a quadra-
ture rule on the unit square. The new integration pointsξ̄ and their weights̄η are obtained from
those of the original quadrature rule by

ξ̄ = τ(ξ), η̄ = τ(ξ)det(∇τ).
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crack tip
.

Figure 2: Transformation of an integration method on a square into an integration method on a
triangle for crack-tip functions.

1.5e−05%

6.1e−05%

0.00024%

0.00098%

0.0039%

0.016%

0.063%

0.25%

1%

4%

16%

64%

 1  4  16  64  256  1024  4096  16384  65536

m
ax

. r
el

at
iv

e 
er

ro
r 

on
 th

e 
el

em
en

ta
ry

 m
at

rix

number of Gauss points

Refined integration (slope 0.5) Polar integration (slope 1.5)
.

Figure 3: Comparison of numerical integration methods for nonsmooth functions : uniform refine-
ment with order 3 or 10 Gauss method, and polar integration.

This quadrature will be called in the following the “polar integration”.

The performances of the classical refined integration and the polar integration are compared com-
puting a XFEM elementary matrix. The reference elementary matrix is computed on a very refined
subdivision near the singularity pointx0. Figure 3 presents the relative error in infinity norm be-
tween this reference elementary matrix and a computation of the elementary matrix by the two
following different stategies :

(i) using a regular refinement of the triangle and a fixed Gauss integration rule on each refined
triangle (of order 3 and 10),

(ii) using the polar integration method without any refinement, but for Gauss quadratures on the
square of increasing order.

The figure shows that the almost polar integration approach offers an important gain. In practice,
25 Gauss points were enough for the most accurate convergence test we have done.
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Figure 4: Convergence of XFEM with pointwise matching condition for the mode I problem. Com-
pare to Figure 1.

4 Pointwise matching at the boundary of enriched zone

The rates of convergence obtained in Figure 1 are not optimal. The only potential problem comes
from thetransition layerbetween the enrichment area and the rest of the domain,i.e. the triangles
partially enriched. An analysis of interpolation error shows a lack of accuracy of XFEM methods
due to the transition layer [3] . Let us note that a different analysis of this kind of problem is done in
[2] where a specificreproducing conditionis introduced. This analysis cannot be straightforwardly
applied to the present problem.
Let Ω1 andΩ2 be a partition ofΩ whereΩi is the union of mesh triangles, the crack tip belonging
to Ω2. The interface betweenΩ1 andΩ2 is denotedΓ12. The approximate displacementuh is such
that uh = u1

h on Ω1 without aFj enrichment :

u1
h = ∑

i∈I(Ω1)
aiϕi + ∑

i∈IH (Ω1)
biHϕi ,

and uh = u2
h on Ω2 with aFj enrichment :

u2
h = ∑

i∈I(Ω2)
aiϕi + ∑

i∈IH (Ω2)
biHϕi +

2

∑
k=1

4

∑
j=1

ck
j Fjek,

finally u1
h = u2

h at the nodes onΓ12. Naturally, this approximation procedure is no more a
conformal method. The convergence curves in Figure 4 are now optimal (actually, with a slight
superconvergence) without increasing the number of degree of freedom or making the condition
number worse. More details can be found in [3].
The numerical experiments were done with the finite element library Getfem++ [5].
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A Generalized Finite Difference Method for Elliptical and
Truncated Waveguide Analysis

M. A. Garćıa-March(1), F. Giménez(1), F. R. Villatoro(2),
J. A. Monsoriu(3), andP. Ferńandez de Ćordoba(1)

Abstract: A new generalized finite difference method is introduced in which the stencils are based
on well-defined set of points guaranteeing Chung and Yao’s geometric characterization for the
existence and uniqueness of bivariate Lagrange interpolation. The present method allows an arbi-
trary domain but requires the use of a cartesian distribution of points, including the intersections
of the cartesian axis with the boundary. To illustrate the advantages of the new method, the cut-
off wavelengths of elliptical and truncated waveguides are computed, validating the accuracy and
robustness of the proposed method for elliptic differential equations.

Keywords:Generalized finite difference method, Lagrange interpolation, well-defined set of points,
properly posed set of points.

1 Introduction

Generalized finite difference (GFD) methods, like other meshless methods, allow the successful
numerical solution of partial differential equations in irregular domains [1]. In the GFD methods,
every partial derivative in the equation is replaced by a linear combination of values of the un-
known function in a set of points distributed arbitrarily on the domain which is obtained by means
of a Taylor series expansion [2]. The resulting system of equations can be solved locally, in a
neighbourhood of every point, or globally, covering the whole set of points. Some authors use
least-squares on the over-determined linear system obtained by using more points inside the stencil
than strictly required, yielding a very robust approach [3]. The set of points in the stencils usually
are not fixed, being selected as those points passing a threshold in terms of a weighting function [5].

The selection of the points for a given star is still a very delicate process, since usually results
in highly ill-conditioned coefficient matrices, even singular [4, 6].Fortunately, Chung and Yao [7]
introduced a geometric characterization of the distributions of points guaranteeing a well-posed
bivariate Lagrange interpolation. Although the class of point distributions showing this property
is not fully characterized, a sufficient condition has been obtained, the so-called well-defined set
of points [7, 8]. Recently, the selection of the star preserving some positivity conditions have
been vindicated [9], which also has the advantage of assuring the convergence of the resulting
method [10].

1Dept. Mateḿatica Aplicada, Universidad Politécnica de Valencia, E-46022 Valencia, Spain. Corresponding
author (M.A. G.-M.): migarma1@doctor.upv.es.

2Dept. Lenguajes y Ciencias de la Computación, Universidad de Ḿalaga, E-29071 Ḿalaga, Spain.
3Dept. F́ısica Aplicada, Universidad Politécnica de Valencia, E-46022 Valencia, Spain.
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In this paper, a new GFD method which uses an algorithm determining the star of a point by
finding a well-defined set of points is introduced. Section 2 presents the theoretical formulation of
the this method, and Section 3 illustrates its advantages in the calculation of the wavenumber cutoff
of elliptical and truncated electromagnetic waveguides. Finally, the last Section is devoted to some
conclusions.

2 Theoretical formulation

Take an arbitrary point inside the domain,w1 ∈ R2, and a set of points around it,{wi}N
i=2, referred

to as the star, stencil or cloud ofw1. Without loss of generality, let us assumew1 = (0,0). The
star size is defined ash = maxi ‖wi‖, so every point in the star can be written aswi = hui , where
0≤ ‖ui‖ ≤ 1, and letui = (xi ,yi).

Every partial derivative of a function, cf.f (x,y), on the pointw1 can be approximated with
k-th order accuracy on the star size by means of a linear combination of its nodal values on the star
points,

∂r+s f (w1)
∂xr ∂ys =

N

∑
i=1

βi f (wi)+O
(

hk
)

, (1)

where the coefficientsβi are the solution of a linear system of equations with a bivariate Vander-
monde matrix. Let us recall this widely known fact and present our own notation.

The set of monomials{xk yl}, with k, l ∈ N, can be sorted in graded lexical term order taking
(k, l) ≤ (m,n) if and only if k+ l < m+ n, or k+ l = m+ n andk < m, i.e., such that results in
{1,x,y,x2,xy,y2,x3, . . .}. Let us define the index functionsσ(i) andρ(i) such that thei-th ordered
monomial isxσ(i) yρ(i), and the degree of thei-th monomial asd(i) = σ(i) + ρ(i). Clearly, the
cardinal of the subset of monomials with degreed(i)≤ k is ν(k) = (k+1)(k+2)/2.

Using this index notation, the Taylor series expansion off (wi) around the pointw1, up to the
orderM = r +s+k, is

f (wi) = f (w1)+
M−1

∑
m=1

hm
m

∑
j=0

x j
i ym− j

i

j! (m− j)!
∂m f (w1)
∂x j ∂ym− j +O

(
hM

)
,

can be rewritten as

f (wi) =
ν(M−1)

∑
j=1

hd( j) xσ( j)
i yρ( j)

i

σ( j)! ρ( j)!
∂σ( j)+ρ( j) f (w1)

∂xσ( j) ∂yρ( j)
+O

(
hM

)
.

Taking a star withN = ν(M− 1) points, and substituting this expression into Eq. (1) for each
i = 1,2, . . . ,N, yields the following linear system of equations for the coefficientsβi ,

N

∑
i=1

xσ( j)
i yρ( j)

i βi = 0, 1≤ j ≤ N, j 6= N(r +s)− r,

N

∑
i=1

xr
i ys

i βi = r! s!,

sinceσ(ν(r + s)− r) = r, andρ(ν(r + s)− r) = s. This linear system can be straightforwardly

written asÂβ = b̂, whereÂ is a bivariate Vandermonde matrix ((Â) j,i = xσ( j)
i yρ( j)

i ), and must be
solved separately for every point in the domain in order to obtain the stencil for the finite difference
approximation of the derivatives in the differential equation.
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The main problem with the generalized finite difference approach is that the existence and
uniqueness of the solution of the linear system to be solved for every star is not guaranteed for
an arbitrary set of points{wi}N

i=1 ⊂ R2, with wi 6= w j if i 6= j. Moreover, even in that case, the
system can be ill-conditioned. A solution to this problem is the geometric characterization of the
distributions of points guaranteeing a well-posed bivariate Lagrange interpolation introduced by
Chung and Yao [7]. Until today, the class of point distributions showing this property is not fully
characterized [8], however, these authors have also shown a sufficient condition, referred to as well-
defined set property [7]. Let us present its rigorous definition.

Definition (Well-defined set of points). A set of points{wi}N
i=1 ⊂ R2, with N = ν(m), m=

k+ r + s− 1, is well distributedif there exist linesγ0,γ1, . . . ,γm, wherem+ 1 points belongs to
γm, m points toγm−1\γm, m−1 points toγm−2\(γm−1∪ γm), . . ., and, finally, one point belong to
γ0\(γ1∪ γ2∪·· ·∪ γm).

Theorem (Existence and uniqueness). The bivariate Vandermonde linear system of equations
Âβ = b̂ has a unique solution if{wi}N

i=1 is a well-defined set of points (star).
Obviously, an arbitrary distribution of points inside a given domain do not satisfies, generally,

this condition. However, it is automatic when the points are distributed in a cartesian grid. We have
developed an algorithm for the selection of the star points when the boundary of a domain is not
cartesian. Every domain can be covered by a cartesian distribution of points, including the points
of intersection of the cartesian grid with the boundary.

The star of every point in the domain is systematically constructed by selecting points in its
neighborhood by seeking form+1 lines which assures their well-distribution. The algorithm starts
trying to find a lineγm, with m+1 points among the nearest points, those contained inside a neigh-
borhood, which, for example, for the fifth-order approximation withN = 28, consists of the nearer
50 points. If it successes, then it tries with another lineγm−1, with only m points but not included
in the previous one. This procedure is repeated until only one point is added in the last step. The
star construction algorithm, for inner points in a cartesian grid yields completely centered approx-
imations, but for points near the boundaries, asymmetrical stencils are obtained. The algorithm is
not difficult to code and can be made efficient if a careful use of heuristics are done. The details are
omitted here for brevity. Figure 1 shows the points used for a higher-order approximation in a point
near the boundary and a point inside the domain. Both points are marked with circles, the points of
the star by asterisks, and the rest ones by crosses.

The star searching procedure described above is repeated for every point in the domain, in-
cluding the boundaries, and the resulting finite difference stencils are assembled in a unique system
of equations, whose solution will be an approximation of the solution of the differential equation.
Dirichlet, Neumann and mixed boundary conditions can be easily introduced in the method.

3 Numerical Results

In order to show the practical behavior of the new generalized finite difference method introduced in
this paper, some results will be presented for the calculation of the wavenumber cutoff in elliptical
and truncated electromagnetic waveguides. As is widely known, electromagnetic waves propagat-
ing in a elliptical waveguide are the combination of the TM and TE waves [11], being the solution
of the Helmholtz equation

∇2φ+κ2 φ = 0, (2)

where∇2 is the Laplacian operator andκ2 its eigenvalue. This equation is defined in both an ellip-
tical domainΩ whose boundary∂Ω can be given by(x/a)2 +(y/b)2 = 1, wherea andb are their
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Figure 1: The automatically calculated stars (asterisks) around two points (circles) in a cartesian-
like distribution of points (crosses) in an elliptical domain.

semi-major and semi-minor axes, respectively, and a circular truncated domainΩT , whose bound-
ary is given by

(
y2−c2

) (
x2 +y2−1

)
= 0. The TM waves satisfy Dirichlet boundary conditions

φ|∂D = 0, and in this contribution we consider only these waves.

Table 1 shows the normalized cutoff wavelenghts, cf.λ = 2π/κ, in an elliptical waveguide with
high eccentricity (0.9) for ordersh, h3, andh5, i.e., sizes of the star matrix ofN = 6, 15, and 28,
respectively, and a comparison with the analytical solutions given in [11]. The average star size is
equal to2/90. A good agreement is clearly shown in Table 1.

We present in table 2 the dominant normalized cutoff frequencyκ of a circular truncated waveg-
uide for fifth order of accuracy, average star size equal to2/50, and different values of the truncation
parameterc, and its comparison with other numerical solutions published in Refs. [12] and [13].
For c = 1 the exact solution, a Bessel functionJ0, is recovered. For the other cases, good agreement
is observed.

Table 1: Normalized cutoff wavelenghts of the first nine TM modes in an elliptical waveguide with
eccentricity equal to0.9.

Mode Analytical h order h3 order h5 order
TM1 1.4906252 1.49105747 1.49062516 1.49062515
TM2 1.1607025 1.16116675 1.16070277 1.16070250
TM3 0.9375384 0.93810495 0.93753960 0.93753840
TM4 0.8093088 0.81017170 0.80930858 0.80930884
TM5 0.7802628 0.78097436 0.78026591 0.78026283
TM6 0.7082832 0.70911823 0.70828234 0.70828331
TM7 0.6651312 0.66600322 0.66513760 0.66513131
TM8 0.6261663 0.62701380 0.62616566 0.62616644
TM9 0.5780044 0.57905161 0.57801549 0.57800452
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Table 2: Dominant normalized cutoff frequencies of the TM mode for truncated waveguides as
calculated by Refs. [12], [13], and the present paper.

c 0.1 0.2 0.3 0.4 0.5
TM[10] 15.7895 8.0105 5.4681 4.2370 3.5285
TM[11] 15.73 8.010 5.467 4.235 3.528
TMh5 15.7865 8.0103 5.4701 4.2370 3.5277

c 0.6 0.7 0.8 0.9 1.0
TM[10] 3.0808 2.7859 2.5903 2.4699 2.4167
TM[11] 3.081 2.785 2.588 2.462 2.405
TMh5 3.0803 2.7850 2.5869 2.4660 2.4048

4 Conclusions

The development of higher-order accurate standard finite difference methods in non-structured do-
mains, even using a cartesian grid inside the domain and the intersection points between the grid
and the boundary, is difficult since ill-conditioned matrices can be obtained. A new generalized
finite difference method has been developed avoiding these problems. The new method allows the
development of higher-order accurate methods yielding well-conditioned coefficient matrices since
the point in every star are selected properly. The method has been illustrated in the calculation of
the wavenumber cutoff of elliptical and truncated waveguides.

The method presented in this paper is currently under extension to both more complicated do-
mains, including two-dimensional constructive solid geometry objects, and well-posed distribution
of points obtained by curvilinear coordinate systems.
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Radial Basis Function Interpolation versus Iterated
Moving Least Squares Approximation

Gregory E. FasshauerandJack G. Zhang(1)

1 Introduction

The purpose of this report is to present an initial exploration of connections betweenradial basis
function (RBF) interpolation and the limit of an iterative algorithm based on bothmoving least
squares(MLS) approximationas well as the more recently developedapproximate moving least
squares approximation. It is well known that RBF interpolation is based on solving one large system
of linear equations, while the standard MLS approximation method is carried out by solving a large
number (namely one for every evaluation point) of linear systems of much smaller size (determined
by the degree of the polynomial reproduction of the method). Approximate MLS approximation
(which is a quasi-interpolation method) takes this attempt even further resulting in a totally matrix-
free method by “approximating” the standard MLS approximation method. This is significant when
dealing with large size problems. However, due to their approximating nature a single application
of either of the MLS methods is bound to be less accurate than RBF interpolation.

Since the MLS methods are computationally less expensive it is desirable to exploit this feature
and squeeze out as much accuracy as possible with a rather limited computational cost. In this
abstract we will give a brief introduction to our effort towards such an optimization. The resulting
method will be aniterative(approximate)MLS approximationalgorithm. In order to see the poten-
tial for its success, we first give a short review of the existing methods mentioned above. The general
problem we face for all three methods is that we are given data{(xi , f (xi)),xi ∈ Rs, i = 1,2, ...,N}
and we want to come up with a (continuous) function that somehow fits the data well.

2 RBF Interpolation

In the case of RBF interpolation the data is fit exactly, i.e., we want to find a set of constantsc j such
that the RBF expansion

P f (x) =
N

∑
j=1

c j Φ j (x)

satisfies the interpolation conditions

P f (xi) = f (xi) for all i = 1,2, ...,N.

It is known that fors> 1 one can guarantee a well-posed interpolation problem (i.e., unique
determination of thec j ) for arbitrary data locationsxi only if the basis functions

1Illinois Institute of Technology, Chicago, IL 60616, USA (fasshauer@iit.edu ; zhangou@iit.edu)
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{Φ1(x),Φ2(x), . . . ,ΦN(x)} depended on thexi . A popular choice for such a data dependent basis
is that of a single radial basic function shifted to the data locations, i.e.,Φ j (x) = ϕ(‖x− x j‖).
Popular choices forϕ include positive definite functions such as Gaussiansϕ(r) = e−α2r2

, inverse
multiquadricsϕ(r) = (α2 + r2)−1/2, or any of theLaguerre-Gaussianfunctions

ϕ(r) = e−r2
Ls/2

n (r2), (1)

which can also be proved to be positive definite and radial onRs. Here

Ls/2
n (t) =

et t−s/2

n!
dn

dtn

(
e−t tn+s/2

)
, n = 1,2,3, . . . ,

are the generalized Laguerre polynomials so that the Laguerre-Gaussians areoscillatory positive
definite functions.

Interpolation has been considered as a “good” solution to data fitting problems since it exactly
matches the given measurementsf (xi) at the corresponding data locationsxi . Unfortunately, it usu-
ally involves the solution of a linear system. For RBF interpolation there are well-known difficulties
regarding computational cost and numerical accuracy when the number of data increases.

3 MLS Approximation

MLS approximation offers a computationally more efficient approach since the solution of one
large linear system can be replaced by that of many small systems (or even no systems at all). For
MLS approximation, the Backus-Gilbert approach (which is known to be equivalent to the standard
approach usually found in the literature) starts with a quasi-interpolant of the form

Q f (x) =
N

∑
i=1

f (xi)Ψi(x).

Since it is known that if theΨi are cardinal on the data locations, i.e.,Ψi(x j ) = δi, j , then the
point-wise error is minimized, one seeks to determine the values ofΨi(x) – for every fixedx – as
minimizers of the quadratic functional

1
2

N

∑
i=1

Ψi(x)2 1
Wi(x)

,

where theWi are positive weight functions that could also be positive definite radial basis functions
(although positive definiteness is not necessary). Since we want to link MLS approximation to RBF
interpolation we will follow this path, and therefore from now on writeΦi(x) instead ofWi(x). It
is clear that if the weight is strong atxi and decays rapidly with increased distance formxi , then
the generating functionΨi is approximately cardinal. In order to guarantee positive approximation
orders one adds the polynomial reproduction constraints

N

∑
i=1

p(xi)Ψi(x) = p(x), for all p∈Πs
d,

whereΠs
d is the space of multivariate polynomials of total degree at mostd in s variables. The

dimension of this space ism=
(d+s

d

)
and determines the size of the local Gram systems one needs

to solve in the MLS approach. One can show that

Ψi(x) = Φi(x)
m

∑
j=1

λ j (x)p j (x), i = 1, . . . ,N,
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where the Lagrange multipliersλ j (x) are found by solving the Gram system

G(x)λ(x) = p(x).

Here the matrixG has entriesG jk(x) = ∑N
i=1 p j (xi)pk(xi)Φi(x), j,k = 1, . . . ,m, andλ and p are

vectors of Lagrange multipliers and polynomial basis functions, respectively. The entries ofG can
be interpreted as discrete moments of the weightsΦi and this interpretation provides the link to
approximate MLS approximation as explained in the next section.

The simplest form of MLS approximation (corresponding to reproduction of constants) isShep-
ard’s methodwhich can easily be seen to have generating fnuctions of the form

Ψi(x) =
Φi(x)

∑N
j=1 Φ j (x)

.

It is known that Shepard’s method has approximation orderO(h).

4 Approximate MLS Approximation

In the early 1990s Maz’ya suggested the idea of approximate approximation (see, e.g., [2, 3]). This
concept was linked to MLS approximation in [1]. The key to approximate MLS approximation is
the replacement of the discrete moment conditions on the weight functions by a set of continuous
moment conditions. This enables us to analytically derive generating functionsΨ with arbitrarily
high approximate approximation orders. The approximate quality of this approach is captured in a
saturation errorwhose magnitude can be controlled by a scale parameter for the generating func-
tion. Thus it is possible to devise an approximation scheme that does not converge in the strict
theoretical sense, but it behaves like a convergent scheme over a certain range of problems, e.g.,
up to machine accuracy. One class of generating functions for approximate MLS approximation is
given by the Laguerre-Gaussian functions (1).

Since the approximate approximation method is a quasi-interpolation method there is no need
to solve any linear systems at all. The only drawback of this nice enhancement is that the method is
not yet so practically useful for cases of non-uniformly distributed data centers. The approximant
constructed by the approximate MLS approximation method for evenly spaced centers is still in the
form

Q f (x) = (πD)−s/2
N

∑
i=1

f (xi)Ψi(x),

whereΨi(x) = ϕ
( ‖x−xi‖

h
√

D

)
andD is the scale parameter mentioned above. As mentioned above the

functionϕ can be taken as a Laguerre-Gaussian in dimensions.

5 Interpolation via Iteration on Residuals

To link the (exact) interpolation approach to the (approximate) MLS methods we start with an initial
(radial basis) approximant

Q f0(x) =
N

∑
j=1

f (x j )b j (x), (2)

where f (x j ) are the data values andb j are the basis functions. We now iteratively define

Q fn = Q fn−1 +
N

∑
j=1

[
f (x j )−Q fn−1(x j )

]
b j ,
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i.e., we successively improve an existing approximation by an approximation to the residual on the
data points.

Next we define the vectorsf = [ f (x1), f (x2), . . . , f (xN)]T andb= [b1,b2, . . . ,bN]T , and denote
the evaluation of the vectorb at the data centers by theN×N matrix

B = [b(x1)|b(x2)| . . . |b(xN)] .

This allows us to rewrite the initial approximant (2) in matrix-vector form

Q f0(x) = b(x)T f .

Now we setβ = I −B, i.e.,B = I −β and arrive after some simplifications of the linear algebra at
an explicit formula for the approximant aftern iterations

Q fn(x) =

[
b(x)T

(
n

∑
k=0

βk

)]
f .

The sum∑n
k=0 βk can be seen as a truncated Neumann series expansion for the inverse of the matrix

B. The`2 error of this approximation is given by‖ f −Q fn‖2 ≤ ‖β‖n+1
2 ‖ f‖2.

Under the usual assumptions for convergence of Neumann series (e.g.,‖β‖2 < 1) the matrix(
∑n

k=0 βk
)

is an approximate inverse ofB which converges toB−1 if βk → 0.
Since we want to establish a connection between iterated (approximate) MLS approximation

and RBF interpolation we assume the matrixB = I − β to be positive definite and generated by
radial basis functionsΦ j (x) = ϕ(‖x−x j‖) as in our earlier discussions. ThenB corresponds to the
RBF interpolation matrix, and we see that the iterated (approximate) MLS approximation converges
to the RBF interpolant provided the same function spaces are used, i.e.,Ψ j = Φ j , j = 1, . . . ,N.

This raises the following interesting questions:

1. Does the iterative method offer an alternative to (or even an improvement over) the standard
RBF interpolation method (in terms of accuracy, stability or efficiency)?

2. If so, under which hypotheses on the scale parameter, problem size, or type of basis function?

3. What happens if we iterate (standard) MLS approximation with weight functionsΦ j? Note
that now the function spaces for MLS approximation and RBF interpolation differ.

6 Preliminary Results

As described in the previous sections, iteration based on quasi-interpolation can lead to correspond-
ing interpolation. Obviously, iteration on residuals will improve the accuracy of either the standard
or the approximate MLS approximation. Moreover, the iterative algorithm allows us to obtain ac-
curate approximations with approximate MLS approximant also in the case of scattered centers.

Figure 1 provides an error plot for the different iterated methods along with direct interpolation
error. For this set of experiments we used Gaussian basis (weight) functions. The data was obtained
by sampling the well-known Franke test function inR2 at 1089 Halton points in the unit square. It is
interesting to note that the iterations based on Shepard’s method and the linear MLS approximation
method yield results even more accurate than the regular RBF interpolant.

The iterative method may also be used as a noise filter while constructing an approximant based
on noisy data. Figure 2 shows the use of the iterated approximate MLS approximation algorithm
based on second-order Laguerre-Gaussians for data sampled from Franke’s function with a 10%
noise level added in. The different approximations illustrate the use of the iteration number as a
smoothing parameter for the data. In particular, the approximant after five iterations provides a nice
balance of noise filtering and fitting accuracy.
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Figure 1: Error Comparison; Data centers: 1089 Halton points.
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Abstract: We consider the solution of the axisymmetric heat equation with axisymmetric data in 
an axisymmetric domain in R3.  To solve this problem, we remove the time-dependence by various 
transform or time-stepping methods. This converts the problem to one of a sequence of modified 
inhomogeneous Helmholtz equations. Generalizing previous work, we consider solving these 
equations by boundary-type methods. In order to do this, one needs to subtract off a particular 
solution, so that one obtains a sequence of modified homogeneous Helmholtz equations. We do 
this by modifying the usual Dual Reciprocity Method (DRM) and approximating the right-hand 
sides by Fourier-polynomials or bivariate polynomials. This inevitably leads to analytical solving 
a sequence of ordinary differential equations. The analytic formulas and their precision are 
checked using MATHEMATICA. In fact, by using an infinite precision technique, the particular 
solutions can be obtained with infinite precision themselves. This work will form the basis for 
numerical algorithms for solving axisymmetric heat equation. 
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Least square meshfree formulations for incompressible
granular flows

A. Patra(1) , A. Paliwal(2) andM. Tiwari(3)

Abstract: We present here a least square formulation and meshfree discretization of the governing
equations of incompressible granular flow. The formulation allows us to surmount several diffi-
culties associated with meshfree methods for incompressible material modeling. Sample numerical
results for parallel plate shear flows and breaking dam calculations illustrate the method.

Keywords:Meshfree methods, least square formulations, incompressible granular flows

1 Introduction

In this paper, we examine the numerical solution of time dependent partial differential equations
modeling incompressible granular flows in two dimensions, using a recently introduced least square
meshfree method [9, 10, 20]. It has been postulated that incompressible granular flows can model
many natural and man-made flows of scientific and engineering interest e.g. debris flows in avalanches
[17] or flows in hoppers.

The governing equations in a two-dimensional Cartesian coordinate system are based on con-
servation of mass and momentum of an incompressible continuum. These may be written as

∇ ·u = 0 continuity (1)
Du
Dt

+∇ ·T = ρg momentum (2)

whereT is the stress tensor,ρ is the density,u is the velocity,D()
Dt denotes the material derivative

with respect to time andg denotes an acceleration due to source terms (in many of our target
applicationsg will be the gravity vector). Constitutive modeling relating the stresses to the strain
rates is based on plasticity theory incorporating the ideas of Critical State Soil Mechanics (see for
e.g. Pitman and Schaeffer [1],[2]). The two primary constitutive modeling assumptions require the
specification of: a von Mises-type yield condition and a flow rule.

3

∑
i=1

(σi −σ)2 = k2σ2 (3)

where k is a constant characteristic of the material. This can be rewritten as

|devT|= kσ (4)

1University at Buffalo, SUNY, Buffalo, NY 14260, (abani@eng.buffalo.edu).
2University at Buffalo, SUNY, Buffalo, NY 14260, (apaliwal@)eng.buffalo.edu
3University at Buffalo, SUNY, Buffalo, NY 14260, (apaliwal@)eng.buffalo.edu
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Specifically the flow rule links the strain rate and stress tensors by requiring (in matrix notation)

V = q(T−σI) (5)

We want the scalarq to be positive so that the major stress axis corresponds to an eigenvector ofV
with positive eigenvalue, i.e., a contracting direction. These conditions yield

T = P(k|V|−1V + I). (6)

whereV is the strain rate tensor,|V| denotes the determinant ofV, k is a dimensionless physical
constant specific to material under study andP is the average stress.

2 Least Square Formulation of Incompressible Granular Flows

The basic least squares methodology and many variations thereof have been developed over the last
few decades. An early example of this work can be found in Zienkewicz et. al. [7]. While, most of
the work was in the context of finite element methods, many of the observations readily carry over
to the meshfree methods discussed here.In this scheme all the higher order differential equations are
transformed into first order differential equations [4]. LetV = φ ∈ [L2(Ω)]m, the space of square
integrable vector functions withm components, be the solution of a set of differential equationsA
defined on domainΩ⊂Rd,d = 1,2,3 with boundary conditionsB defined on the boundary,Γ such
that

A(φ) = 0 ∀x∈Ω (7)

B(φ) = 0 ∀x∈ Γ (8)

whereAT = [A1(φ),A2(φ), ...] andBT = [B1(φ),B2(φ), ...]. IdentifyingA1(φ) with A1 andA2(φ)
with A2 and so on, we can now define the scalar functionalχ(A,B,Ω) as:

χ(A,B,Ω) =
Z

Ω
α1A1

2dΩ+
Z

Ω
α2A2

2dΩ+ ...+
I

Γ
β1B1

2dΓ+
Z

Γ
β2A2

2dΓ+ ... (9)

≡RΩ αATAdΩ+
H

Γ β BTBdΓ whereα andβ are diagonal matrices of positive coefficients.
χ is positive semi-definite and reaches its mimimum of zero when both the governing equations
(7)and the boundary conditions (8) are satisfied. Using the calculus of variations, for the minimum
point we can write

δχ = 2
Z

Ω
αδATAdΩ+

I

Γ
βδBTBdΩ (10)

We can apply the above principle to the equations of incompressible granular flow with a choice
of of φ

φT = [ux,uy,P,k1,k2] (11)

whereu = {ux,uy} are velocities,P is the pressure and the two additional variablesk1 andk2 are
defined in the equations (15) and (16).

Now the governing equations are :

A1(φ)≡ ∂ux
∂x + ∂uy

∂y = 0 (12)

A2(φ)≡ ∂ux
∂t + ∂Txx

∂x + ∂Txy

∂y = 0 (13)
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A3(φ)≡ ∂uy

∂t + ∂Tyx

∂x + ∂Tyy

∂y = 0 (14)

A4(φ)≡ k1− ∂ux
∂x + ∂uy

∂y = 0 (15)

A5(φ)≡ k2− ∂ux
∂y −

∂uy

∂x = 0 (16)

We can also write stresses in terms ofk1 andk2 by using Equation (6) and obtain the derivatives
used above.

3 Meshfree Discretization and Computational Implementation

The moving least squares method (MLS) of Lancaster and Salkauskas[5] is the most widely used
methodology for constructing basis functions for the meshfree methods. Details of this methodol-
ogy can be found in the literature ([3],[5],[18]) and are not reviewed here. We choose here a cubic
spline based weight function.

w(x−xi) =
2
3h





(1− 3
2s2 + 3

4s3), 0≤ s≤ 1,
1
4 (2−s)3 , 1≤ s≤ 2,
0, otherwise

(17)

wheres= (x−xi)/h. Two dimensional weight functions are obtained by a tensor product We note
here that the above procedure implicitly imposes the Partition of Unity (POU) condition suggested
by Babûska and Melenk [19].

Data management and numerical quadrature in node and particle based schemes (SPH, RKPM,
molecular dynamics etc.) can be organized using either a background mesh or a tree based scheme.
After experimenting briefly with tree based schemes we have chosen a background mesh for both the
numerical quadrature and data management since this allows us to use standard finite element based
methods for numerical quadrature and organization of connectivity and neighbor information. The
use of the least square formulation allows us to use standard Gaussian quadrature points to evaluate
all the integrals necessary. No additional placement of quadrature points to avoid incompressible
locking and spurious modes is required. Most meshfree interpolants do not possess the Kronecker
delta property. Thus, simple methodology for implementing essential boundary conditions using
matrix operations cannot be used. In the least squares methodology outlined above boundary con-
ditions both natural and essential are included directly in the formulation. For essential boundary
conditions choosing a large enoughβ leads to a penalty method.

Finally, we use a procedure of adding and deleting nodes to ensure that partition of unity con-
ditions are enforced at each quadrature point and numerical singularity due to proximity of node
location is not obtained.

4 Results

We apply the above method to benchmark problems to illustrate the robustness and accuracy of
the methodology. The first problem we solve is the simulation of a chunk of material (with the
rheology described above ) held between two rigid parallel plates moving in opposite directions.
This problem has been used by others to illustrate stability behavior of constitutive modeling. The
flow of the material leads to the formation of a narrow shear band in the model. The introduction of
hetrogeneities in the initial data ordiscretizationcontrols the location of the formation of this band.
Figure 1 and 2 illustrate the sharp transition in flow velocities captured easily in this method by con-
centrating nodes along the midline. We have also applied the methodology to study configurations
with free surfaces including the classical problem of a breaking dam.
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Figure 1: Flow between parallel plates
moving in opposite directions. Plot of
Horizontal Velocity in with respect to
vertical line at x=0.495. Note the sharp
transition of velocity.

Figure 2: Flow between parallel plates
moving in opposite directions.Velocity
streamlines.
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A Particle Based High-Resolution Method for Linear
Convection Problems

A. Smolianski(1) , O. Shipilova(2) andH. Haario(3)

Abstract: The paper is devoted to a novel explicit technique, the Particle Transport Method (PTM),
for solving linear convection problems. Being a Lagrangian (characteristic based) method PTM has
the advantage of Eulerian methods to represent the solution on a fixed mesh. The proposed approach
belongs to the class of monotone high-resolution numerical schemes, possesses the property of
unconditional stability and works on structured and unstructured meshes with equal success. It is
also demonstrated that the method has linear computational complexity. The performance of the
presented algorithm is tested on the problems of the rigid-body rotation of a slotted cylinder and
the transport of a smoothsine-surface function.

Keywords:convective transport, particles, adaptivity, high-resolution, linear complexity.

1 Introduction

Convective transport is one of the most significant problems in fluid mechanics, heat and mass
transfer, plasma physics and population biology. Mathematical modelling of this problem results in
a hyperbolic equation whose numerical solution presents a substantial difficulty from computational
viewpoint, due to possible discontinuities (shocks) or high gradients of the exact solution. It is well-
known that special care must be taken in order to obtain a non-oscillatory and sufficiently accurate
numerical scheme. Over the last three decades, the principles underlying the design of numerical
schemes, both Eulerian and Lagrangian, have been established and proved to be viable, however,
the development of the method that would simultaneously have all desired features (monotonicity,
capability of high-resolution/adaptivity, good accuracy, unconditional stability, low computational
cost) still remains an open question.
The stability of standard Eulerian methods is usually dictated by the time step size through the
CFL condition that reflects the characteristic connection between time and space in the hyperbolic
problems, see e.g. [1], [2]. In contrast to Eulerian schemes, Lagrangian methods do not impose
restrictive conditions on the time step; on the other hand, a moving mesh can be distorted ex-
cessively during the solution process. Recently, considerable efforts have been made to develop
semi-Lagrangian schemes for hyperbolic problems. These are usually based on finite volume or

1Institute of Mathematics, Zurich University, Winterthurerstr. 190, CH-8057 Zurich, Switzerland
(antsmol@amath.unizh.ch).

2Lappeenranta University of Technology, P.O.Box 20, FIN-53851, Lappeenranta, Finland
(olga.shipilova@lut.fi).

3Lappeenranta University of Technology, P.O.Box 20, FIN-53851, Lappeenranta, Finland
(heikki.haario@lut.fi).
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finite element concepts and consist of the solution transport with a moving mesh and the data trans-
fer from the moving mesh onto the stationary one. The general way for the transfer between two
arbitrary meshes is anL2-projection, but this approach can be computationally expensive and nu-
merically diffusive. In this respect, an interesting alternative is being offered by the paradigm of
meshless methods, see e.g. [3],[4].
In this work we suggest a novel semi-Lagrangian method for linear convection problems, the Par-
ticle Transport Method (PTM) that can be classified as a meshless method. This explicit, uncon-
ditionally stable scheme is based on the classical method of characteristics, see, for instance, [1],
which amounts to the exact solution transport on each time step. Following the meshless concept,
instead of the moving grid we use a system of particles that can be projected onto any fixed mesh
by a special, monotone projection technique. The transfer from the particle system to the stationary
mesh can be done on every time step or just when it is required. It is important to note that no
attention is paid to the particle connectivity, which greatly simplifies the numerical scheme.

2 Problem Setting and Preliminaries

We consider a linear initial boundary-value convection problem:

ut +(v ·∇)u = 0 in Ω× (0,T) , (1)

u(x,0) = u0(x) in Ω , (2)

u(x, t) = uin(x, t) on Σin× (0,T) , (3)

whereu= u(x, t) and the space variablex belongs to the domainΩ⊂RN, t varies in the time interval
[0,T], Σin is the inflow part of the domain boundaryΣ = ∂Ω. It is assumed that the convective
velocity fieldv = v(x, t) is given inΩ× (0,T) and is solenoidal.
The solution of problem (1)–(3) has the ability to retain the value along characteristic lines (trajec-
tories) which are defined by the ordinary differential equation:

dx
dt

= v(x, t). (4)

This equation forms one of the main parts of our computational algorithm (see next section).
As the starting point of our algorithm, we use a stationary mesh in the domainΩ that will further
be calledthe grid. The grid is not used for solving the problem but only for the presentation of the
solution, which is especially important when the proposed scheme is combined with the Eulerian
methods, e.g. within the operator-splitting framework, see, for instance, [6]. The transport of the
exact solution is carried out by the moving system of particles, furtherthe particles. The grid nodes
define the initial locations of the particles; the particles do not have to be placed at all nodes but, for
example, at eachn-th node, where the numbern can be relatively large. In fact, only small initial
amount of particles is needed, while the adaptive algorithm discussed below will automatically add
more particles in the regions that can be crucial for numerical solution. Since we deal only with the
nodes of the grid, its topology may be completely arbitrary. We denote byX := X(X0, t) the set of
particle coordinates at timet, whereX0 is the initial particle distribution.

3 The Particle Transport Method

The method contains three key components: (i) adaptive distribution of the particles, (ii) particles
movement and (iii) projection of the solution from the particle system onto the grid.
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Adaptive distribution of the particles.As mentioned above, the set of grid nodes is the basis for
creating the particles. In order to balance the requirements of good approximation quality and
small computational cost, one certainly needs an adaptivity. The main idea is to make the system
of particles more dense in the “dangerous” regions of the solution. Above all, the vicinities of
steep fronts or discontinuities of the functionu are difficult for high-resolution numerical treatment.
On the other hand, in the smooth areas of the solution an additional error is introduced by linear
interpolation used for the projection from the particle system onto the grid (see below).
Thus, two different adaptivity procedures for these two types of regions are proposed, each based
on its own indicator for the addition of new points, further thesignal value. The adaptivity for
resolution of steep fronts, the so-calledsharp frontadaptivity, operates with the absolute value of
the function gradient on a grid element. The other, so-calledsmooth, adaptivity is based on the
maximum of the absolute values of the solution’s second derivatives. In the real computations, the
linear (resp. quadratic) interpolation of the initial conditionu0 is used to approximate the gradient
(resp. the second derivatives) ofu0 on each grid element. The following simple algorithm suc-
cessively applied on each grid element allows us to generate an appropriate particle distribution
in the whole domain. LetGi be the signal value of the solution function on thei-th grid element
andGmeanandGmax respectively the mean and the maximum of the signal value on the grid. Add
Nadd = ϕ(Gi) new particles on thei-th element, whereϕ≡ 0 on [0,Gmean), monotonically increases
within [Gmean,Gmax] andϕ(Gmax) = Nmax, Nmax is a user-defined number between, e.g., 5 and 10.
In our numerical tests, the linear on[Gmean,Gmax] functionϕ has been always used.
Hence, at the end of the initialization step, the particle system includes (some) grid-nodes and the
set of points added by the adaptivity procedure. It is worth noticing that the spatial adaptivity makes
PTM a high-resolution scheme, which is clearly confirmed by the numerical results.

Movement of the particles.On the initialization step, all the particles are assigned the values of the
initial-condition functionu0 = u0(x) at the respective locations. According to (4), the particles must
carry these values along their trajectories. To find the new particle positions one has to solve (4) on
the time-interval[tn−1, tn], n = 1,2, ..., with the initial condition at the momenttn−1:

X(X0, tn−1) = X(n−1) , (5)

whereX(n−1) is the vector of the particles coordinates computed on the previous time step (X(0) ≡
X0).
Cauchy problem (4),(5) can be solved by any ODE solver, e.g. by the Runge-Kutta method. The
order of the method is dictated solely by accuracy considerations. It is worth noticing that the
particles are completely independent of each other, and the motion of each particle can be traced
with its own accuracy. For instance, the transport in the regions with steep gradients of the solution
may require more accuracy than on the rest of the domain; this gives an important opportunity for
temporal adaptivity.

Projection onto the grid.In PTM algorithm projection is based on linear interpolation and is per-
formed sequentially for each grid nodep. Further, for detailed discussion, we confine ourselves to
two-dimensional case, but the implementation for one- and three-dimensional cases is absolutely
analogous.
The projection is done by finding the triangle that containsp and is formed by three particles closest
to the node (the “minimal triangle” for nodep); then, the value atp is straightforwardly computed
by virtue of the linear interpolation on the found triangle. In order to have an efficient algorithm, it
is necessary to optimize the search for the minimal triangle. Hence, we create a virtual Cartesian
grid that fully covers the domainΩ (the so-called Global Discrete Coordinate System (GDCS))
and is composed of square cellsh×h, whereh is the grid width. The location of any point inΩ
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with respect to GDCS can be found simply via integer division of the point’s coordinates byh;
the two resulting integers, the row and column numbers of the corresponding cell in the 2D array
of GDCS, are the “global discrete coordinates” of the point. Based on these coordinates, every
particle (namely, its number) is added to the list of the particles contained in the particular cell.
This information on the cell distribution of the particles is refreshed and saved after each time step.
Thus, for a grid nodep, all the particles lying in its cell and in the adjacent ones can be found
very fast; the search for the particles forming the minimal triangle becomes, thus, restricted to these
particles only.
The use of global discrete coordinates allows us to achieve the optimal, linear (with respect to both
the number of particles and the number of nodes) complexity of the algorithm, which is demon-
strated for the problem on the rotation of a slotted cylinder.
Owing to the linear interpolation we can expect the 2nd-order spatial accuracy for the smooth so-
lutions in the maximum norm. Moreover, as the grid nodep is located always within the found
minimal triangle, the interpolated value is a convex combination of the transported values in the
triangle’s vertices. This precludes the increase of local maxima and the decrease of local minima
and, hence, implies the satisfaction of the Local Extremum Diminishing (LED) criterion, see [5], of
a high-resolution monotone scheme.

4 Numerical Results

The performance of the presented algorithm is tested on two problems: the rigid-body rotation of a
slotted cylinder and the transport of a smoothsine-surface.
To test the method’s complexity two batches of computational experiments were conducted for the
problem of rigid-body rotation of a slotted cylinder. In each set of experiments, one full revolution
of the cylinder was computed in 20 time steps using the 3rd-order Runge-Kutta method. The first
set of simulations was carried out to reveal the dependence of CPU time on the number of particles
given the fixed number of grid nodes. In the second set of experiments, we varied the number of
grid nodes keeping the same number of particles. The dependence of CPU time on the number
of grid nodes and particles is depicted in Fig.1. It is clear that the PTM complexity is linear with
respect to both the nodes and the particles. Fig.2 demonstrates the initial condition and the solution
after two full rotations of a slotted cylinder.

7.8 8 8.2 8.4 8.6 8.8 9 9.2 9.4

0.4

0.6

0.8

1

1.2

1.4

1.6

the number of particles, log(N)

tim
e,

 lo
g(

t)

1 

1

(a)

7 7.5 8 8.5 9 9.5

0.5

1

1.5

2

2.5

the number of nodes, log(n)

tim
e,

 lo
g(

t)

1 

1

(b)

Figure 1: Execution time of PTM for the slotted cylinder rotation, logarithmic scale: (a) – with
respect to the particles number; (b) – with respect to the nodes number.
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Figure 2: Rotation of the slotted cylinder, two full revolutions,t ∈ [0,12.568], 40 time steps.

The transport of a smoothsine-function in a square domain, with periodic boundary condition and
the convective velocityv = {1;1}, was simulated to compare the method’s accuracy in thel∞-
norm and the execution time with those of the discontinuous Galerkin (DG) method considered in
[7]. Our computational experiments were conducted with different sets of particles, the number of
them being always approximately equal to the number of grid nodes (i.e. the number of degrees
of freedom) in the DG method. The unstructured grid used for the projection in the framework of
PTM contained 547 nodes.

Table 1: Error and computational time, sec., for smooth-function transport by DG method ([7]) and
PTM on unstructured meshes.

DG PTM

#nodes error,l∞ time, sec. #particles error,l∞ time, sec.

10×10 6.05e-02 3.77e-01 145 9.3e-02 1.0e-01

20×20 1.64e-02 3.26e+00 472 3.2e-02 2.6e-01

40×40 4.17e-03 2.65e+01 1773 3.7e-03 9.9e-01

80×80 1.05e-03 2.13e+02 7073 1.4e-03 6.1e+00

160×160 2.62e-04 1.75e+03 25304 2.3e-04 5.2e+01

The results obtained and the data in [7] indicate that both methods achieve the expected second
order accuracy in the max norm with respect toh = 1/

√
N, whereN is the total number of degrees

of freedom, see Tab.1. However, while both methods have nearly the same magnitude of the error,
the PTM execution time is more than 30 times shorter than that of the DG method. This is rather
remarkable, taking into account that the computations in [7] were carried out on a PC with almost
the same configuration, and no code optimization has been used in our case.

Acknowledgements:This work has been done within research project no. 31335 (MANDI) of the
Finnish Technology Development Agency.
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A global-local approach for the construction of
enrichment functions for the generalized FEM and its
application to propagating three-dimensional cracks

C. A. Duarte(1) andI. M. Babuška(2)

Abstract: Existing generalized or extended finite element methods for modeling cracks in three-
dimensions require the use of a sufficiently refined mesh around the crack front. This creates several
difficulties for modeling propagating cracks, specially in the case of nonlinear or time dependent
problems. In this paper, a strategy to overcome this limitation is investigated. The approach involves
the development of enrichment functions that are computed using a new global-local approach. This
strategy allows the use of a fixed and arbitrarily coarse global mesh around the crack front and
is specially appealing for nonlinear or time dependent problems. The resulting technique enjoys
the same flexibility of the so-called meshfree methods for this class of problem while being more
computationally efficient. It is be able to model the evolution of complex crack surfaces using only
the physics of the underlying problem without introducing any artificial bias from the underlying
discretization.

Keywords:Generalized finite element method, extended finite element method, meshfree method,
global-local method, crack propagation.

1 Introduction

The prediction of growth rate, shape and trajectory of cracks in structural components is of great
importance in various areas of application. Examples are the prediction of fatigue life of structural
components and the assessment of the performance of structures subjected to extreme conditions
like explosions, earthquakes, impacts, etc. However, predicting growth of three-dimensional ar-
bitrary cracks is complicated due to the difficulty of creating and evolving three-dimensional ge-
ometry and discretization models. The computing power required to solve this class of problems
and the absence of closed form solutions compound the challenge. Survey of methods for the sim-
ulation of propagating cracks in solids can be found in [6, 9]. Most of the techniques aimed at
three-dimensional simulations are restricted to stationary or planar (Mode I) cracks [3]. However,
propagating cracks are, in general, non planar.

The finite element method with local remeshing around the crack front is a versatile and feasible
alternative for two-dimensional manifolds [2]. However, the continuous remeshing required by
this approach is extremely complex in the three-dimensional case, and therefore, it is not robust.

1Department of Civil and Environmental Engr., University of Illinois at Urbana-Champaign, 205 North
Mathews Avenue, Urbana, Illinois 61801, USA (caduarte@uiuc.edu).

2Institute for Computational Engineering and Sciences, The University of Texas at Austin, 1 University
Station, C0200, Austin, Texas 78712, USA (babuska@ices.utexas.edu).
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In addition, the remeshing of the finite element model requires projection of solutions between
successive meshes that are, in general, not nested. This leads to loss of accuracy in the case of time
dependent or non-linear problems.

Ural et al. [14] have analyzed fatigue crack growth in the spiral bevel pinion gear shown in Fig-
ure 1 using the linear elastic fracture mechanics theory and the finite element method with remesh-
ing. Each crack propagation step took about 4.5 hours on a teraflop supercomputer. Two-thirds of
the simulation time was spent post-processing and remeshing the finite element model.

Figure 1: Simulation of fatigue crack growth in a spiral gear [14].

The generalized finite element method (GFEM) [4,5,11,12] and the closely related extended fi-
nite element method (XFEM) [1,7] are the most promising techniques to model propagating cracks
in complex three-dimensional structures. They enjoy the same level of flexibility and user friendli-
ness as meshfree methods while being more computationally efficient. The GFEM has the ability to
analyze crack surfaces arbitrarily located within the mesh (across finite elements). Figure 2 shows
the representation of a three-dimensional crack surface using the generalized finite element method
presented in [5]. A crack can be represented in the GFEM using enrichment functions from the
asymptotic expansion of the elasticity solution in the neighborhood of a crack. These expansions
are well known for two-dimensional stress states,but not for a general three-dimensional case. As
a consequence, a sufficiently refined mesh must be used around the crack front in order to achieve
sufficient accuracy. This offsets some of the advantages of the XFEM/GFEM, specially in the case
of nonlinear or time dependent problems.

In this paper, we propose to remove the limitations of existing extended or generalized finite
element methods for the simulation of three-dimensional crack propagation using enrichment func-
tions computed from the solution of boundary valued problems in the neighborhood of the crack
front. This approach, as discussed in Section 2.3, allows the use of a fixed and arbitrarily coarse
global mesh around the crack front and is specially appealing for nonlinear or time dependent prob-
lems.

2 The Generalized Finite Element Method (GFEM)

In this section, we briefly review the construction of the so-called generalized finite element shape
functions. Further details can be found in, for example, [4,11].

The generalized FEM is one example of the so-called partition of unity method. The shape
functions,φα

i , in this class of method are built from the product of a partition of unity,ϕα, and
enrichment functions,Liα

φα
i := ϕαLiα (1)
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Figure 2: (a) Top view of a three-dimensional GFEM discretization for a cracked plate [5]. A finner
mesh is required near the crack front to compensate the limitations of the enrichment functions.
(b) Three-dimensional view of the crack front. Notice that the crack surface goes through the
elements [5].

whereϕα, α = 1, . . . ,N, N being the number of functions, constitute a partition of unity, i.e., a set
of functions defined in a domainΩ with the property that∑N

α=1 ϕα(x) = 1 for all x in Ω. In the
generalized finite element method the partition of unity is in general provided by Lagrangian finite
element shape functions. The resulting shape functions, in this case, are called generalized finite
element shape functions. Figure 3 illustrates the construction of GFEM shape functions

Figure 3: Construction of a GFEM shape function.

2.1 Enrichment Functions

The performance of partition of unity methods relies, to a great extent, on how well the enrichment
functions,Liα, can represent the solution of the problem. The stress state in the neighborhood of a
crack front is not well known in three-dimensions, and analytical expansions are available only for
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particular crack geometries. Curved crack fronts or crack surfaces, complex crack front geometries
or the intersection of the crack surface with the boundary creates complex stress distributions that
are, in general, not amenable to closed form expansions. Nonetheless, two dimensional expansions
of the elasticity solution are used as enrichment functions for three-dimensional cracks [5, 8, 13].
As a consequence, a sufficiently fine mesh must be used around the crack front to achieve sufficient
accuracy. An example is shown in Figure 2(a). This creates difficulties to model, for example,
propagating cracks since the location of the crack front during the simulation is in general not
known a-priori.

2.2 Numerically Computed Enrichment Functions

Strouboulis and colleagues [12] have proposed the construction of enrichment functions for the
GFEM through the solution of local boundary value problems. In this approach, a series of loads
(Neumann boundary conditions) are applied to a domain containing the local feature for which one
wishes to build the enrichment function. Figure 4 illustrates the approach. The numerical solution
of these local problems can be fully parallelized. In addition, even if the local problems involve
several thousands of degrees of freedom, each local solution (one for each load applied) leads to
only a few additional degrees of freedom in the GFEM discretization of the global problem.

Figure 4: Examples of boundary value problems (Laplace equation) employed in the numerical
generation of enrichment functions for a square [12].

The main difficulty with this approach is related to the boundary conditions used for the lo-
cal problems. If the boundary conditions are not properly chosen, then the resulting enrichment
functions will not be able to properly capture the behavior near the crack front.

Strouboulis and colleagues [12] have used harmonic polynomials to create boundary condi-
tions for the local problems. This approach, however, is restricted to the Laplace equation in two
dimensions and extensions to three-dimensional linear elasticity equations or even two-dimensional
non-linear problems is not straightforward.

Additional difficulties with Strouboulis’ approach happen when the domain of a local problem
intersects the boundary of the global problem. This can not be avoided, for example, in the case of
a local problem around a crack front. In addition, the approach proposed by Strouboulis does not
seem to be able to handle arbitrary boundary conditions for the global problem.

2.3 A Global-Local Approach to Build Enrichment Functions

In this paper, the approach proposed by Strouboulis et al. [12] is extended to three-dimensional
elasticity problems and, in particular, to propagating cracks. The difficulties and limitations of
Strouboulis’ approach with the boundary conditions for the local problems are overcome by em-
ploying the following algorithm:
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(i) Solve the global problem using two-dimensional expansions of the elasticity solution near
the crack front as enrichment functions for three-dimensional cracks. That is, use the current state
of the art of the GFEM.

(ii) Use the solution of the global problem (i) or the global solution from the previous crack
propagation step as boundary conditions for the local problems defined in Strouboulis’ approach.

(iii) Use the solution of these local problems as enrichment functions for the global problem
like in Strouboulis’ approach.

(iv) Solve the global problem and advance the crack front.
(v) Go to procedure (ii).
Procedure (i) needs to be performed only at the start of the simulation. At any crack propagation

step, the global solution of the previous step can be used in procedure (ii) instead.
This approach is related to global-local techniques proposed for the classical finite element

method in the 70’s [10] and broadly used in many practical applications of the FEM.
The accuracy of the local problems is controlled throughh refinement of the local mesh around

the crack front and non-uniformp enrichment of the nodes. In our implementation of the GFEM,
each node in the discretization can have a different polynomial orderp. This feature, combined with
non-uniformh refinement of the mesh, can provide optimalhp discretizations which can deliver
highly accurate solutions with the minimal number of degrees of freedom. Theh refinement of
a generalized finite element mesh around a crack front is much more straightforward than in the
classical finite element method. This is due to the ability of the GFEM to analyze crack surfaces
arbitrarily located within the mesh (across finite elements) as illustrated in Figure 2.

3 Example

The construction of enrichment functions using the proposed global-local approach is illustrated in
this section. Consider the edge cracked rectangular bar shown in Figure 5(a). The domain contains
a through-the-thickness edge crack. The Young’s modulus is taken asE = 2.0e5 and Poisson’s ratio
is taken asν = 0.0. Tractions corresponding to the first term of mode I expansion of the elasticity
solution are prescribed as boundary conditions.

A uniform mesh with(8∗ 6)× (8∗ 6)× (4∗ 6) tetrahedral elements is used to discretize the
global problem (Cf. Figure 5(a)). No refinement of the global mesh is done at the crack front.

Figure 5(b) illustrates a local domain extracted from the global mesh at the crack front. The
boundary conditions applied to the local problem are displacements computed by solving the global
problem on the coarse mesh. These boundary conditions are also illustrated in Figure 5(b).

Before solving a local problem, the discretization extracted from the global problem ishp
adapted. An example of anhp adapted discretization is shown in Figure 6(a). It corresponds to
the local problem shown in Figure 5(b). Isosurfaces of the computed solution of this local problem
is shown in Figure 6(b).

Acknowledgments: The support of this work by The University of Illinois (C. A. Duarte) and by
the National Science Foundation under grant DMS-0341982 is gratefully acknowledged.
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(a) (b)

Figure 5: (a) Edge cracked rectangular bar. (b) Local domain extracted from the global mesh at the
crack front.

(a) (b)

Figure 6: (a)Hp adapted local problem. (b) Isosurfaces of the computed solution of local problem.
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Using RBF in a ”finite difference mode: multidimensional
upwinding, hybrid schemes and fluid dynamics

calculations”

A.I.Tolstykh(1) andD.A. Shirobokov(2)

Abstract: Discretizations of equations with advection terms based on compactly suported RBF
differencing operators are considered in the context of approximation and stability. Multidimen-
sional upwinding in the case of 6-points supports (stencils) is examined. Using hybrid RBF-finite
differenc schemes is suggested. Numerical examples are presented.

Keywords: radial basis functions, derivatives discretization, RBF schemes, advection equations,
upwinding, Navier-Stokes equations

1 Introduction

The present paper concerns with further investigations into PDE discretizations via RBF-based nu-
merical differentiation operators with compact supports [1]. Previously [2], the main emphasize
was placed on linear and non-linear elasticity equations. It was shown, in particular, that the tech-
nique can be quite competitive. There were no stability problems when using more or less arbitrary
spaced nodes forming supports for each ”center” node where derivatives were approximated. How-
ever, it is not the case when advection-type terms with non-selfadjoint operators are dominating in
governing equations. Convection, convection-diffusion and fluid dynamics equations may serve as
examples. For these problems, the crucial point is a proper choice of neighbour points in a vicinity
of a center node which provides stability of RBF schemes. Below, some theoretical estimates bear-
ing relation to the multidimensional upwinding strategy for RBF schemes are outlined. Another
issue addressed in the paper is hybrid RBF-FD schemes. Numerical results concerning both model
problems and compressible Navier-Stokes calculations are presented.

2 General formulations

The main idea of using RBF in a finite mode, as suggested in [1], consists simply of changing iter-
polation polynomials resulting in finite difference (FD) approximations by RBF interpolants, sets
of grid points forming stencils at each center grid point being changed by more or less arbitrary
spaced neighbour nodes where nodal values of functions are defined. Following the FD terminol-
ogy, the sets of neighbour nodes will be referred to as stencils corresponding to each ofN nodes
in a computational domain. In the following, for a center nodex j = (x j ,y j ) j = 1,2, . . .N and the

1Computing Center of Russian Academy of Sciences, Vavilova str.40,119991 Moscow, Russia (tol@ccas.ru).
2Computing Center of Russian Academy of Sciences, Vavilova str.40,119991 Moscow, Russia
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associated stensilS= (x1,x2, . . . ,xNj ), we consider RBF-MQ local interpolants without appended
polynomials, with appended constant and appended linear function denoting the cases by RBF-I,
RBF-II and RBF-III respectively. Skipping the details of constructing the interpolants, the approxi-
mation toDα, theαth-order derivative in one direction or another at a nodex j can be written in the
form

D(h)
α u j =

Nj

∑
k=1

c j,α
k uk = (Dαu) j +O(hk), (1)

whereu is a sufficiently smooth function,h andk are, respectively, characteristic distance between
the nodes and the approximation order whilec j,α

k are the ”differencing” coefficients. Discretization
at each node of a given PDE can be proceeded in a standard finite difference manner by changing
derivatives by their RBF approximations. In the following, two-level RBF schemes in the case
of unsteady equations with convective terms will be considered, looking for steady-state solutions
being viewed as particular cases. Writing a governing equation asut + Lu = 0, 0≤ t < T and
denoting a RBF approximation toL by Lh, they can be cast in the form

(I + τL̄h)(um+1−um)/τ+Lhum = 0 or um+1 = Rhum

um∈Uh, Lh, L̄h, Rh : Uh →Uh
(2)

where the upper indexm denotesm-th time leveltm = mτ, Rh is the transition operator,̄Lh is a pre-
conditioner whileUh is a space of nodal functions defined inRn. In the case of an explicit scheme,
one hasRhu j = ∑b j

ku j+k where summation is carried out over stencilSandb j
k are coefficients com-

ing from derivatives approximations. Now the stability property and the necessary spectral stability
condition can be expressed as [3]

||Rm
h ||< M, m= 1,2, . . .T/τ, |λ|< 1+Cτ (3)

whereλ is an eigenvalue ofRh andM, C are independent ofh. In the following, the necessary con-
dition and the discreteC-norm will be used. At some instances, it is advantageous to use the Hilbert
spaceH of summable nodal functions with the inner product defined by(uh,vh) = ∑∞

i=−∞ uivi and
the norms|| · ||2 = (·, ·).

3 Approximation and stability; multidimensional upwinding

As the first step towards constructing high-order RBF schemes, we consider 6-point stencils in the
(x,y)-plane capable to provide 2nd-order derivatives discretizations inx andy directions and hence
in any one of other directions.They may be viewed as some alternative to 3-point stensils forx and
y derivatives used in many of the second-order standard FD schemes.

Approximation.Without loss of generality, we suppose that the center node where first deriva-
tives are approximated is the nodex1 = 0, y1 = 0. Choosingxi ,yi , i = 2,3,4,5,6 with the distances
between the nodes proportional toh and choosing some special spacings, it is possible to obtain
the Taylor expansion series for coefficientsc j,α

k in (1) (they will be denoted ascx
k andcy

k for x- and

y- differencing operatorsD(h)
x andD(h)

y respectively). To draw some theoretical conclusions, it is

convenient to consider the actions of, say,D(h)
x on xkyl . Supposing thatD(h)

x xkyl = O(hk+l+r ) for

k 6= 1, l 6= 0 andD(h)
x (x) = 1+O(h1+r ) , r may be viewed as a ”recovery order”. Note that in the

case of the polynomial basis and the same stencil, the above actions are unity fork = 1, l = 0 and
zeroes ifk 6= 1, l 6= 0 . Using now the well-known undetermined coefficients principle and requir-
ing RBF formulas to be identically accurate for each basis function, one can arrive at the following
result.
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Theorem Suppose that stencilS= (x1,x2, . . .x6,) admits unique solvability of the system for
the corresponding polynomial multivariate interpolant defining the differencing formulaux(0,0)≈
∑6

k=1 c̄x
ku(xk). Thencx

k = c̄x
k + O(h),k = 1,2, . . .6 wherecx

k are the RBF coefficients for the same
stencil.

The proof is based on the estimates of the recovery orders deduced from the Taylor expansion
series for the set of equations generated by the undeterminate coefficients principle. As an illustra-
tion, we present the truncation error and the RBF-IIIcx

k coefficients up toO(h3) terms for the stencil
with nodes(0,0),(−h,0),(0,−h),(−h,−h),(−2h,−h),(−h,−2h) (it will be referred to as stencil
A):

cx = ( 1
4h + 3h

4c ,− 1
h− 9h

8c , 1
2h− 21h

8c ,− 1
h + 21h

4c , 1
2h− 15h

8c ,− 3h
8c)

D(h)
x u = ux− (3uxxy+2uxxx)h2/6+O(h2),

(4)

where the second equality is considered at(x1,y1) andc is the MQ constant. The similar expressions
for cx

k can be obtained in the RBF-I and RBF-II cases, the difference being only due toO(h2k+1), k=
1,2, . . . terms and combinations of derivatives appearing in the truncation errors. Moreover, the
Gaussian and TPS RBF are found to provide the coefficients with the sameO(h−1) terms. It should
be noted also that the Theorem can be extended to more general cases of arbitrary number nodes in
stencils.

Upwinding. To construct stable RBF schemes in the case of hyperbolic equations, one can use
the well known upwinding principle respecting the corresponding domains of dependence. From the
mathematical viewpoint, a properly organized upwinding can provide positivity of the self-adjoint
part of the operators discretizing skew-symmetric differential ones. Considering for example the ad-
vection equationut +cosαux +cosαuy = 0, 0≤ α≤ π/2, the stability of its semi-discretized form

is guaranteed ifD(h) = D(h)
x cosα +D(h)

y sinα > 0, that is(D(h)uh,uh) > 0, uh ∈ H. The task is to

getD(h)
x > 0, D(h)

y > 0 either for two different stencils with a common center node (unidirectional
upwiding) or for a common stencil providingx- andy-differencings (multidimensional upwinding).
In contrast to standards FD schemes, the present RBF approach allows one to follow easily the
latter strategy. Verification of the stability conditions can be accomplished by direct calculations
of inner products, using the Fourier method or calculations of eigenvalues ofRh. For the above
advection equation, we consider a class of 6-point upwind stencils for whichxi ≤ 0, yi ≤ 0 (node
(0,0) is the center). The stability estimates are greatly simplified by usingO(h−1) parts ofcx

k and
cx

k with the necessary condition (3), the latter being not sensitive (as can be shown) to theirO(h)
and higher-order terms. In turn, the Theorem allows one to use the easy obtainable differencing
coefficients based on the polynomial basis. The next step, as in the FD case, is to consider nodes
spacings allowing to get the eigenvalues of the transition operatorRh. Stencils with nodes formed
by the intersections of the linesx = 0,h,2h, y = 0,hy,2hy with hy = kx, k = constare suitable for
the analysis. Upon investigating possible nodes configurations, one can find that there exist stencils
providing: (i) unstable schemes for any angle0≤ α ≤ π/2; (ii) schemes satisfying necessary con-
dition only for certainα.. (iii) schemes satisfying necessary condition for any angle0≤ α ≤ π/2.
The stencil in (4) belongs to the last category. Another example is the stencil with 3 nodes falling
on thex- andy- axis (it will be denoted by stencil B) . In both cases, it is possible to prove the
positivity of theD(h) by algebraic manipulations with the corresponding inner products. It means
that the sufficient condition for stability in|| · ||L2 is met. Numerical experiments have shown that
the stability is preserved even if the nodes coordinates are randomly disturbed with amplitudes of
perturbations varying up toh/2. Based on the above considerations, one may suggest the following
strategy for constructing stable schemes: (i) for a fixed number of nodes find stencils providing sta-
bility in the case of the Cartesian mesh and (ii) choose nodes forming ”real” stencil which are close
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in one way or another to the constructed ”ideal” one. The strategy was adopted when performing
numerical experiments presented below.

Example 1:Smith and Hutton test case[4]. Consider the advection equationa(x,y)ux+b(x,y)uy =
0,−1≤ x≤ 1, 0≤ y≤ 1 with a = 2y(1−x2), b = −2x(1−y2) and the boundary condition at the
”inlet” portion −1≤ x≤ 0, y = 0 given byu(x,0) = f (x).According to the exact solution, function
f should travel along the streamlines ( shown in Fig.1a as the solution contours for a quadratic
inlet profile) thus preserving its shape at the ”outlet” portion0≤ x≤ 1, y = 0. The nodes in the
computational domain were generated by a randomly distorted initially uniformM×N mesh. The
calculations were carried out for the stencils A and B using the explicit scheme (2) withL̄h = 0 ,
very fast convergence to the steady state solution being observed for both stencils. The inlet and
outlet functions forf (x) = exp((x+0.5)2/0.1) are shown in Fig.1b (M = 80, n = 40). As seen, the
shape preserving is rather good despite the sharp gradients of the solution.

Figure 1: Smith & Hutton test case: streamlines pattern (a), detail of random nodes arrangement
(b), outlet solution (c).

4 Hybrid schemes via domain decomposition.

Constructing high quality smooth meshes is generally the main difficulty when using high-order
FD in the case of complicated geometries. A possible remedy is to construct multiblock meshes
with ”good” meshes in each block. However, a new obstacle then arises related to high-order
discretizations of governing equations at block interfaces. To circumvent the problem, we suggest a
domain decomposition based primary on the constructing subdomains allowing meshes which are
the most favorable for high-order methods. A possible mismatch of neighbor subdomains and/or
mismatch of grid lines and external boundaries is ignored. Some suitable set of nodes (considered
as scattered data points) are then distributed. To approximate derivatives in governing equations at
those nodes, RBF are used in the present finite difference mode. Another option of hybrid FD-RBF
domain decomposition schemes is simply to use overlapping or not overlapping subdomains where
governing equations are discretized via RBF (in ”bad”subdomains) and FD (in ”good”subdomains).
In the following, 3d- and 5th-order Compact Upwind Differencing (CUD-3 and CUD-5) schemes
from [5] is considered as RBF partners.

Example 2. 2D Burgers’ equations[6]. Consider b.v.p. problem for the 2D Burgers’ eqs.
with two unknown functions and the domainΩ = Ω1 \Ω2, Ω1 = [0,1]× [0,0.04], Ω2 = [0,0.5]×
[0.02,0.04]. The exact solution [6] for certain sets of parameters shows rather steep gradients inΩ.
Such a type of parameters was chosen for calculations, the exact solution being fixed at∂Ω. Three
strategies were considered: (1) using CUD-5 with uniblock grid as shown in Fig. 2, mesh 1; (2),(3)
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using the hybrid CUD-5-RBF scheme with two-block or three-block grids and AB, AC lines as the
common boundaries (Fig. 2, meshes 3,4), the RBF stencil being shown in the Figure (actually, the
domain decomposition with mesh 4 does not require RBF). TheL2 norms of the

Figure 2: Subdomains, meshes and solution errors

solution errors as functions ofN, the number of grid points along they coordinate are shown in the
right part of Fig.2,the total number of nodes being2N2.

In the Figure, curves 1,2 and 3 correspond to Cases (1), (2) and (3) respectively. As seen, the
advantages of very accurate CUD scheme are partly lost due to rapid variations of the metric coef-
ficients near AB and non-smooth boundaries. Exploiting strategy (2) and (3)improves the accuracy.
Calculations (not presented here) have shown that the introducing smooth boundaries ( Fig. 3, mesh
2) improves the accuracy of the uniblock strategy but the improvement is not so significant as in the
case of strategy (3) for coarse meshes.

Example 3. Moving nodes: icing problem.The example concerns with two-phase flow (car-
rying gas and water droplets) about NACA-0012 airfoil resulting in ice accretion. The solution
domain was decomposed into the RBF subdomain near leading edge and outer subdomain where
the compressible Navier-Stokes (NS) equations were approximated by the 3d- order CUD-3 scheme
[5] with a C-type mesh . In the former subdomain, thex- andy- derivatives in the NS equations
were discretized using MQ RBF and ”stable” stencils. The droplets flow in both subdomains was
calculated according to [7] while a simple freezing model was used to calculate the ice accretion.
Due to the surface contour changes, the number of nodes and their positions were time-dependent.
The leading edge geometry at selected time moments, the example of mesh & nodes arrangement
and the surface pressure distributions for the initial and iced airfoils are shown in Fig.3a, 3b and 3c
respectively.

The above theoretical estimates and examples show that RBF-based techniques can be viewed
as quite appropriate numerical tool in the CFD area.

Acknowledgments:This work was supported by Russian Fund of Basic researches (grant 02-
01-00436)
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A Kansa type method using fundamental solutions
applied to elliptic PDEs

Carlos J. S. Alves(1) andSvilen S. Valtchev(2)

Abstract: A Kansa type modification of the Method of Fundamental Solutions (MFS) is presented.
This allows us to apply the MFS to a larger class of elliptic problems. In the case of inhomoge-
neous problems we reduce to a single linear system, contrary to previous methods where two linear
systems are solved, one for the particular solution and one for the homogeneous solution of the
problem. Here the solution is approximated using fundamental solutions of the Helmholtz equation.
Several numerical tests in 2D will be presented, illustrating the convergence of the method. Mixed,
Dirichlet-Neumann, boundary conditions will be considered.

Keywords:mesh-free methods, Kansa type method, method of fundamental solutions, elliptic prob-
lems.

1 Introduction

Since its introduction, in 1964 by Kupradze and Aleksidze [8], the Method of Fundamental Solu-
tions has been widely used by mathematicians and engineers for solving homogeneous problems
(e.g. [5, 9, 4]). More recently the MFS has also been applied for inhomogeneous problems us-
ing radial basis functions (e.g. [9]), or using fundamental solutions from an associated eigenvalue
equation, c.f. [2]. The mathematical justification for the MFS approximation has been made using
density results (c.f. [5, 1]).

Here we propose a modification of classical MFS methods, using Helmholtz fundamental so-
lutions to simplify Laplacian terms, in a similar manner as RBFs are used in Kansa’s method. This
can be used for the numerical solution of a large class of inhomogeneous, elliptic problems. We
consider a general elliptic PDE with mixed boundary conditions, given by:





a∆u+bu= f in Ω

u = g1 on Γ1

∂u
∂ν = g2 on Γ2,

(1)

where Ω is a bounded, simply connected domain with a smooth boundary∂Ω = Γ1
S

Γ2 and
a, b, f , g1, g2 are given functions.

1Dep. Mateḿatica and CEMAT, Instituto Superior Técnico, 1049-001 Lisboa, Portugal
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2 The numerical method

We seek an approximate solution of (1) that is a linear combination of fundamental solutions

Φk(x) =





i
4H(1)

0 (k|x|) in 2D
eik|x|

4π|x| in 3D
(2)

of the Helmholtz equation. HereH(1)
0 := J0 + iY0 is the first Ḧankel function, defined through the

Bessel functions of first and second kind,J0 andY0, respectively.
We takem source-pointsy j , distributed on some admissible source set (c.f. [1]), andp test

frequencieskr , and approximate the solution by

ũ(x) =
p

∑
r=1

m

∑
j=1

αr, j Φkr (x−y j ). (3)

The unknown coefficientsαr, j will be fitted such thatũ(x) satisfies the boundary conditions as
well as the inhomogeneous elliptic equation, on some prescribed collocation pointsxi . This ideia
is similar to the Kansa technique, where instead of the RBFs we use fundamental solutions of the
Helmholtz equation (e.g. [7]). This leads to a discrete problem that consists in solving a three block
linear system of the form




A
−−−
B

−−−
C




n×(pm)




α1,1

α1,2

. . .

αp,m−1

αp,m




(pm)×1

=




f (xd
i )

−−−
g1(x∗i )
−−−
g2(x∗∗i )




n×1

(4)

wherexd
i ∈ W ⊆ Ω, x∗i ∈ Γ1 and x∗∗i ∈ Γ2 are thend, n∗ and n∗∗ collocation points andn :=

nd +n∗+n∗∗. The three submatrices are defined as follows:

• associated with the elliptic differential equation

A= [(b(xd
i )−k2

r a(xd
i ))Φkr (x

d
i −y j )]nd×(pm)

• associated with the Dirichlet boundary condition

B= [Φkr (x
∗
i −y j )]n∗×(pm)

• associated with the Neumann boundary condition

C= [νx∗∗i ·∇Φkr (x
∗∗
i −y j )]n∗∗×(pm)

The linear system (4) can be solved by direct collocation takingn = pmor in the least squares
sense, ifn > pm.
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3 Numerical simulations

We focus on the 2D case of problem (1), the 3D case can be considered in a similar way. For
simplicity we will also consider a circular domainΩ = S1 = {x∈ R2 : |x| ≤ 1}. Any other domain
can be considered, noting that there should exist an uniquely defined normal vectorν at any point
x∗∗i ∈ Γ2. Two numerical simulations will be presented in order to illustrate the performance of the
described method.

As we will consider only real and smooth functions (a, b, u, f , g1, g2), from an implementation
point of view, we can take only the smooth, non-singular,J0, part of the fundamental solution.
Density results are still applicable, see [2]. Additionally, the source-pointsy j can be chosen on the
boundary∂Ω (Boundary Knot-type Method, see [6]) or even inside the domain.

Note that the normal derivative of the fundamental solution in 2D will be given by

∂Φk(x−y)
∂ν

=−k
νx · (x−y)

4|x−y| J1(k|x−y|).

3.1 Helmholtz-type equations

We start by takinga(x) = b(x) = 1. In this case equation (1) resumes to an unitary Helmholtz
inhomogeneous problem with mixed boundary conditions. In [2] such problem was studied, but
only with Dirichlet boundary conditions. Let the exact solution be given byu(x) = sin(πx1)x2 +
cos(πx2)x1 and f , g1, g2, calculated accordingly.

From the numerical point of view, we considernd = 1401collocation pointsxd
i ∈ Ω̄ andm=

100source-points, evenly distributed on∂B(0,2) = {x∈ R2 : |x|= 2}, see Fig. 1. We tookp = 10
integer test frequencies{1,2, . . . ,10}. The knotsx∗i andx∗∗i were also evenly distributed onΓ1 and
Γ2, according to the type of boundary conditions (BC).

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-2 -1 0 1 2
-2

-1

0

1

2

Figure 1:The knotsxd
i (left) andx∗i (dots),x∗∗i (circles) andy j (right).

On Fig. 2 we present the plots of the absolute error (the relative error is of the same order) for
three simulations. On the left, a pure Dirichlet BC problem (n∗ = 200, n∗∗ = 0), in the center a
mixed BC problem (n∗ = n∗∗ = 100), where the Neumann condition is imposed on the upper half
of ∂Ω, and finally on the right a pure Neumann BC problem (n∗ = 0, n∗∗ = 200).

The examples show excellent numerical results, absolute (relative) errors of magnitude less than
10−6 were observed in the three cases. It is worth noting that our method performs worse when a
Dirichlet BC problem is considered (Fig. 2, left, error10−6) then in the pure Neumann case (Fig. 2,
right, error10−8). For mixed BC the numerical results are intermediate. This behavior is observed
for any knot distribution and test frequencies as we illustrate on the next Table 1.
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Figure 2: Plots of the absolute error for a Dirichlet (left), Dirichlet-Neumann (center) and Neumann (right)
boundary conditions problem.

n∗+n∗∗ m Dirichlet BC mixed BC Neumann BC

F1 100 50 1.005E−04 2.525E−05 1.933E−05

100 100 5.075E−05 3.810E−04 1.970E−05

200 100 5.515E−05 2.563E−05 2.256E−05

F2 100 50 3.310E−06 1.157E−06 4.823E−07

100 100 2.189E−05 3.269E−06 2.655E−07

200 100 8.895E−06 9.673E−07 6.574E−08

Table 1: The maximum absolute error for several knot and frequency choices, measured over2000random
points on the annulus{x∈ R2 : 0.95≤ |x| ≤ 1.0}.

Here (see Table 1) we vary the number of boundary collocation points and the number of source-
points,y j ∈ ∂B(0,2). Two sets ofp= 10tests frequencies were also considered:F1 = {2,4, . . . ,20}
andF2 = {1,2, . . . ,10}. Note that the choice of the test frequencies is a delicate problem and the
behavior of the exact solution should be studied carefully in order to choose an appropriate set. A
highly oscillating exact solution will require higher test frequencies.

The numerical results shown on Table 1 confirm the convergence of the method. The relative
errors are less then0.04%.

Our method can also be applied to Poisson (takea(x) = 1, b(x) = 0) or modified Helmholtz
(take a(x) = 1, b(x) = −1) problems. It is not a problem to approximate the the solution of a
homogeneous equation too.

3.2 Other elliptic equations of type(1)

We now consider a more general example of problem (1), whena and b are smooth functions
of x. Let a(x) = e−(x2

1+x2
2), b(x) = cos(x1) + cos(x2) and for the exact solution we tooku(x) =

sin(x1x2)x1x2. The functionsf , g1 andg2 are then calculated accordingly, using equation (1).
On Fig. 3 we present the numerical results fornd = 1401knotsxd

i ∈ Ω̄ andm= 100source-
points, evenly distributed on∂B(0,2). We took, as before,p= 10integer test frequencies{1,2, . . . ,10}
andn∗+n∗∗ = 200evenly distributed boundary knots.

The absolute error behavior for the Dirichlet BC problem (see Fig. 3, left) is similar to the one
observed for the Helmholtz equation (see Fig. 2, left). On the other hand, the error plots for the
mixed BC (center) and Neumann BC (right) problems differ significantly. For the current example
we can no longer state that the maximum error occurs at the boundary. We also note that in the
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Figure 3: Plots of the absolute error for a Dirichlet (left), Dirichlet-Neumann (center) and Neumann (right)
boundary conditions problem.Remark:For the center plot we tookΓ2 = ∂Ω∩Q1∪Q3 andΓ1 = ∂Ω/Γ2. Here
Qi represents thei-th quadrant ofR2.

mixed BC problem the approximate solution is worse nearΓ2 then nearΓ1, contrary to what was
observed for the previous example.

On Table 2 we present some numerical results varying the number of source and boundary
collocation points. Note that, as‖u‖∞ ≈ 0.24, the relative error is even lower than the measured
absolute error.

n∗+n∗∗ m Dirichlet BC mixed BC Neumann BC

100 50 1.374E−06 4.226E−07 4.236E−07

100 100 3.723E−07 7.919E−07 1.895E−07

200 100 4.418E−07 2.533E−06 3.692E−07

Table 2:The maximum absolute error for several knot choices, measured over104 random points on̄Ω.

Numerical tests were also performed for source-points located inside the domain. For example
we tooky j ∈ ∂B(0,0.99), mixed BC and he same collocation knots and test frequencies as on Fig.
3, center. The observed absolute errors were slightly lower. The Boundary Knot-type method
(y j ∈ ∂Ω) showed similar results for the Dirichlet BC problem.

4 Concluding remarks

We presented a Kansa type modification of the MFS that can be used for the numerical solution of
a large class of elliptic problems. The method can be applied for homogeneous or inhomogeneous
problems and several boundary conditions (Dirichlet, Neumann or mixed). The method is based on
the solution of a single linear system, contrary to previous two-stage methods, where a system is
solved for the particular solution and another one, for the homogeneous solution.

Current investigation is being conducted over a more general class of PDEs.

Acknowledgements: This work was partially supported by FCT through POCTI-FEDER and
project POCTI-MAT/60863/04.
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On trigonometric shear deformations and radial basis
functions in the analysis of composite plates

A. J. M. Ferreira(1) , C. M. C. Roque(2) andR. M. N. Jorge(3)

Abstract: In this paper we use a trigonometric shear deformation theory for modelling symmetric
composite plates. We use a meshless method based on global multiquadric radial basis functions.
The results obtained are compared with solutions derived from other models and numerical tech-
niques. The results show that the use of trigonometric shear deformation theory discretized with
multiquadrics provides very good solutions for composite and sandwich plates.

Keywords:Composite plates, shear defomations, trigonometric theories, radial basis functions.

1 Introduction

Trigonometric shear deformation theories were recently applied to composite beams by Arya et al.
[1] and Shimpi [2]. These theories provide continuity of displacements and zero transverse shear
stresses at top and bottom surfaces of the laminate, without the burden of extra rotational degrees
of freedom as in layerwise formulations.

The present paper is an extension to composite plates of the work of Arya et al. [1] for com-
posite beams. Furthermore, the discretization of the governing equations and boundary conditions
is performed by multiquadrics.

The multiquadric radial basis function method was first used by Hardy [3] for the interpolation
of geographical scattered data and later used by Kansa [4] for the solution of partial differential
equations (PDEs).

The method was previously applied by the authors in the analysis of composite plates and beams
[5, 6, 7, 8, 9, 10].

This paper discusses the analysis of composite laminated plates by the use of multiquadrics
radial basis functions (RBFs) [4] and using a trigonometric shear deformation theory of Arya et
al.[1].

2 Thick plate trigonometric formulation

Based on thick plate trigonometric theory the displacement field can defined, for a plate with
global thicknessh, as

1Faculdade de Engenharia da Universidade do Porto, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal
(ferreira@fe.up.pt).

2Faculdade de Engenharia da Universidade do Porto, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal
(croque@fe.up.pt).

3Faculdade de Engenharia da Universidade do Porto, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal
(rnatal@fe.up.pt).
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u(x,y,z) = u0(x,y)−z
∂w0(x,y)

∂x
+sin

πz
h

φx(x,y)

v(x,y,z) = v0(x,y)−z
∂w0(x,y)

∂y
+sin

πz
h

φy(x,y)

w(x,y,z) = w0(x,y) (1)

whereu andv are the inplane displacements at any point(x,y,z), u0 andv0 denote the inplane
displacement of the point(x,y,0) on the midplane,w is the deflection,φx andφy are the rotations of
the normals to the midplane about they andx axes, respectively.

The trigonometric shear deformation theory [1] satisfies zero transverse shear stresses on the
bounding planes which provides a better approximation than FSDT.

The governing equations are derived from the principle of virtual displacements and are given
by

∂Nxx

∂x
+

∂Nxy

∂y
= 0;

∂Nxy

∂x
+

∂Nyy

∂y
= 0;

∂2Mxx

∂x2 +
∂2Myy

∂y2 +2
∂2Mxy

∂x∂y
+q = 0 (2)

∂Nsxx

∂x
+

∂Nsxy

∂y
− π

h
Tcxz = 0;

∂Nsyy

∂y
+

∂Nsxy

∂x
− π

h
Tcyz = 0 (3)

where





Nαβ
Nsαβ
Mαβ



 =

Z h/2

−h/2
σαβ





1
sin πz

h
z



dz; Tcαz =

Z h/2

−h/2
σαzcos

πz
h

dz (4)

whereα,β take the symbolsx,y.

3 Numerical examples

A simply supported square laminated plate of sidea and thicknessh is composed of four equally
layers oriented at[0◦/90◦/90◦/0◦]. The plate is subjected to a sinusoidal vertical pressure of the
form:

pz = Psin
(πx

a

)
sin

(πy
a

)

with the origin of the coordinate system located at the lower left corner on the midplane.
The orthotropic material properties are given by

E1 = 25.0E2 G12 = G13 = 0.5E2 G23 = 0.2E2 ν12 = 0.25

In table 1 the present method is compared with a finite strip formulation by Akhras et al. [11]
who used three strips, an analytical solution by Reddy [13] using a higher-order formulation and an
exact three dimensional solution by Pagano [12]. The present solution is also compared with another
higher-order solution by the authors [10]. The in-plane displacements, the transverse displacements,
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the normal stresses and the in-plane and transverse shear stresses are presented in normalized form
as

w =
102wmaxh3E2

Pa4 σxx =
σxxh2

Pa2 σyy =
σyyh2

Pa2

τzx =
τzxh
Pa

τxy =
τxyh2

Pa2 u =
E2umax

hq

The membrane stresses were evaluated at the following locations:

σxx(a/2,b/2,
h
2
), σyy(a/2,b/2,

h
4
), and τxy(a,b,−h

2
).

The transverse shear stresses are calculated using the equilibrium equations at locations

τzx(0,b/2, layer =1 and 3).

We used three nodal grids, withN = 11×11,15×15 and21×21 points. The present trigono-
metric shear deformation theory discretized with multiquadrics present slightly better results than
previous results by Ferreira et al. [10]. Results are better than Akhras and Reddy when referred to
the exact solutions.

The transverse shear stresses are calculated from equilibrium equations and are in good agree-
ment with exact results. Normal and in-plane shear stresses are evaluated directly from the con-
stitutive equations and are in very good agreement with exact solutions. Finally the profiles of the
in-plane displacement,̄u, the normal stress,̄σxx, and the transverse shear stress,τ̄xz, are illustrated
in figure 2. As can be seen there is a good and smooth evolution of all three fields.

The evolution of the transverse displacement witha/h is clearly depicted in figure 1. The
solution shows a strong dependency witha/h, as expected. The present solution remains close to
exact for all cases.

4 Conclusions

In this paper we use a trigonometric shear deformation theory for modelling symmetric com-
posite plates. The governing equations and the boundary conditions are easily discretized via mul-
tiquadric radial basis function method. The results obtained are compared with solutions derived
from other models and numerical technics. The results show that the use of trigonometric shear
deformation theory discretized with multiquadrics provides excellent solutions for composite plates
and very good results for sandwich plates. The trigonometric theory of Arya et al. [1] for beams
was extended to composite plates and showed excellent behaviour particularly in transverse shear
stresses.

The multiquadric radial basis function method proved to yield convergent and accurate solu-
tions.
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a
h Method w σxx σyy τzx τxy

4 3 strip [11] 1.8939 0.6806 0.6463 0.2109 0.0450
HSDT [13] 1.8937 0.6651 0.6322 0.2064 0.0440
FSDT [11] 1.7100 0.4059 0.5765 0.1398 0.0308

elasticity [12] 1.954 0.720 0.666 0.270 0.0467
Ferreira et al. [10] (N=21) 1.8864 0.6659 0.6313 0.1352 0.0433

present (N=11) 1.8869 0.6876 0.6288 0.2154 0.0417
present (N=15) 1.8950 0.6863 0.6307 0.2116 0.0431
present (N=21) 1.8987 0.6856 0.6316 0.2093 0.0438

10 3 strip [11] 0.7149 0.5589 0.3974 0.2697 0.0273
HSDT [13] 0.7147 0.5456 0.3888 0.2640 0.0268
FSDT [11] 0.6628 0.4989 0.3615 0.1667 0.0241

elasticity [12] 0.743 0.559 0.403 0.301 0.0276
Ferreira et al. [10] (N=21) 0.7153 0.5466 0.4383 0.3347 0.0267

present (N=11) 0.7169 0.5487 0.3903 0.2949 0.0260
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present (N=21) 0.7194 0.5491 0.6909 0.2999 0.0266

20 3 strip [11] 0.5061 0.5523 0.3110 0.2883 0.0233
HSDT [13] 0.5060 0.5393 0.3043 0.2825 0.0228
FSDT [11] 0.4912 0.5273 0.2957 0.1749 0.0221
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Ferreira et al. [10] (N=21) 0.5070 0.5405 0.3648 0.3818 0.0228

present (N=11) 0.5057 0.5395 0.3046 0.3184 0.0222
present (N=15) 0.5071 0.5401 0.3049 0.3239 0.0226
present (N=21) 0.5074 0.5401 0.3050 0.3268 0.0228

100 3 strip [11] 0.4343 0.5507 0.2769 0.2948 0.0217
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present (N=15) 0.4340 0.5386 0.2708 0.3335 0.0211
present (N=21) 0.4339 0.5384 0.2707 0.3360 0.0213

Table 1:[0◦/90◦/90◦/0◦] square laminated plate under sinusoidal load
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A General and Systematic Theory of Discontinuous 
Galerkin Methods 

 
 

Ismael Herrera(1)

 
 
 
Abstract:  
 
Herrera and his collaborators have developed this theory over a long time span. Firstly, it was 
introduced as an algebraic theory of boundary value problems (BVP) and in this form it was 
capable of supplying a very general framework, which accommodated practically all variational 
principles for BVP known at the time. It also encompassed boundary methods and biorthogonal 
systems of functions [1]. Furthermore, according to Begehr and Gilbert ([2], p115), this theory 
supplies the basis for effectively applying to BVP, the function theoretic methods whose 
development is due to many distinguished researchers and scholars, including Bergman, Vekua, 
Colton, Gilbert, Kracht-Kreyszig and Lanckau.  
A summary of the results obtained at that stage was published in  book form [3] and appeared in 
the Advanced Publishing Program of Pitman, London, 1984. Later, in 1985, a new kind of 
Green’s formulas for “operators in discontinuous fields” was published in a series of papers [4,5]. 
These Green’s formulas (Green-Herrera formulas) constitute the backbone on which a very 
systematic and general formulation of discontinuous Galerkin methods is based.  
Firstly, the boundary value problems are formulated in function spaces whose members are fully 
discontinuous (i.e., the functions themselves generally are discontinuous). In order to have well-
posed problems in such setting, it is necessary to consider a generalized version of boundary 
value problems:  ‘boundary value problem with prescribed jumps (BVPJ)’, in which the usual 
boundary conditions are complemented with certain ‘jump conditions’, at the ‘internal boundary’. 
When the jumps are prescribed to be zero, the solution of such a problem reduces to the solution 
of the standard BVP. In particular, for elliptic equations of order 2  the classical results [6] 
extend to this class of problems [7,8]. For them, the jumps of the normal derivatives up to order 

 must be prescribed and when such jumps vanish one recovers the solution of the 
corresponding standard BVP. 

n

2n −

 
The application of Green-Herrera formulas to such problems yields two equivalent weak 
formulations of the BVPJ. A ‘weak formulation in terms of the data’, which except for the fact 
that jumps are included, does not differ in an essential manner from other standard formulations, 
and a ‘weak formulation in terms of the complementary information (i.e., that which is not 
included in the data)’.  
This latter formulation, however, is non-standard and plays an important role in the theory. The 
usefulness of the weak formulation in terms of the complementary information stems from the fact 
that it constitutes a very effective tool for the analysis of the information supplied by different 

 
(1) Universidad Nacional Autónoma de México, Mexico 



C11.2 Ismael Herrera  
 
 
families of test functions. In Herrera’s theory, domain decomposition methods (DDM), and many 
discretization procedures, are interpreted as techniques for obtaining information about the sought 
solution at the ‘internal boundary’, exclusively [9,10]. A target of information is defined there, 
‘the sought information’, which should be sufficient for defining well-posed ‘local problems’, 
separately, in each one of the partition subdomains.  
There are two general methods for gathering the sought information, which are referred to as 
‘Steklov-Poincaré’ (or direct) and ‘Trefftz-Herrera’ (or indirect) methods [9-12]. The former is 
based on a rather general formulation of Steklov-Poincaré relations [9-13], while the 
distinguishing feature of the latter is the use of ‘optimal test functions’, which yield the sought 
information exclusively [11,12]. Such test functions are constructed using Green-Herrera 
formulas as an effective tool for their ‘design’.  
There is a duality between Trefftz-Herrera approach  and Steklov-Poincaré´s, which becomes 
more transparent when the notion of  ‘optimal base function’ is introduced. When these 
procedures are applied as discretization methods, a general class of  Finite Element Methods 
(FEM) is obtained: the ‘FEMOF’ methods (the Finite Element Methods with Optimal Functions).  
Three kinds of FEMOF METHODS are distinguished: Steklov-Poincaré FEMOF, Trefftz-
Herrera FEMOF and Petrov-Galerkin FEMOF.  
Certain number of recent contributions of general applicability, to collocation methods and to 
DDM, which have been obtained using this theory, should be cited. In particular, when FEMOF is 
applied using orthogonal collocation to construct the optimal functions a very broad class of new 
collocation methods of  general applicability –they are applicable to any linear differential 
equation or system of such equations- is obtained: TH-collocation. Among the advantages of 
these new methodologies figures the property of yielding symmetric positive matrices for 
differential systems with this property. This permits the direct use of the conjugate gradient 
method (CGM) in many problems and constitutes an efficient procedure for combining 
collocation and DDM [12,14].  
Furthermore, in this talk the potential of this theory in discontinuous Galerkin methods is stressed 
[15]. It should be mentioned that in an early stage of its development Herrera´s theory was known 
as Localized Adjoint Method (LAM) [16] and it supplied the theoretical basis on which Eulerian-
Lagrangian LAM (ELLAM) was built [17].  
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Application of evolutionary algorithms for optimization of 
method parameters in solution of Poisson’s equation 

 
 

J. A. Kolodziej(1) and T. Klekiel(2)

 
 
Abstract: This paper describes the application of the indirect Trefftz method to the solution of the 
boundary value problems of the two-dimensional Poisson equation. For interpolation of an 
inhomogeneous term the radial basis function are used. Five cases of boundary value problems 
are solved and five cases of radial basis functions are used. For comparison purpose the 
boundary value problems for which exact solution are were chosen. Application of method of 
fundamental solution with boundary collocation and radial basis function for solution of 
inhomogeneous boundary value problems introduces some number of parameters related with 
these tools. For optimal choosing of these parameters an evolutionary algorithm is used. A results 
of numerical experiences related to optimal parameters are presented.  

 
 
1 Introduction  

 
Today, there are many versions of meshfree methods. To the family of these methods belong 

same versions of Trefftz methods as boundary methods. Trefftz method can be understood as a 
method in which differential equation is fulfilled exactly whereas the boundary condition is 
fulfilled approximately. There are few possibilities in approximate fulfilment the boundary 
condition in frame of Trefftz method. Among others one of this is the boundary collocation 
method (BCM) [1]. In boundary collocation the boundary conditions are fulfilled in collocation 
manner.  

Two different sets of functions, which fulfil exactly differential equations, are used in frame 
of BCM: T-complete Herrera functions [2] and fundamental solutions of governing equation [3]. 
In second case the method is known as the method of fundamental solutions (MFS). There are 
many application of BCM for solution linear homogeneous BVP (see literature in [1,3]). Recently 
BCM has been applied for solution of inhomogeneous boundary value problems [4-12]. One of 
the methods of solution of inhomogeneous boundary value problems uses interpolation of 
inhomogeneous past by means of radial basis function [5, 8-10, 12]. Due to these functions it is 
relatively easy find particular solution of nonhomogeneous equation. Another method for 
evaluation of particular solution for Poisson’s equation was proposed by Atkinson [13] and used 
in papers [6-7]. 
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yx, )

Application of method of fundamental solution with boundary collocation and radial basis 
function for solution of inhomogeneous boundary value problems introduces some number of 
parameters related with these tools. The purpose of this paper is to propose an application of 
evolutionary algorithm for optimal choosing of these parameters.  A results of numerical 
experiences related to optimal parameters are presented. 

 
 
2 Method of fundamental solution for Poisson equation with application 

of radial basis function 
 
Consider a problem described by 2D Poisson equation: 
 

),(2 yxbu =∇       in      Ω , (1) 
 

with an inhomogeneous boundary conditions 
 

Ω∂= on),( yxgBu  (2) 
 

where )b  and  are known functions, B is an operator of boundary conditions. ( ( yxg ,
For comparison purpose five cases of boundary value problems (BVP) are chosen and given in 
Table 1. 
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Table 1. Functions in Eq. (1) and exact solutions of Eq. (1) with boundary conditions (2) 

chosen for comparison purpose. 
),( yxb
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The right-hand side function in (1) is approximated by radial basis functions (RBFs) as, 
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where ( ) ( )22 )()(ˆˆ jjmmm yyxxr −+−=ϕϕ  is a RBF, ( ){ }K

kk yx 1,~
=ϕ is complete basis for d-variate 

polynomials of degree , and is the dimension of 11−≤ m d
dmC 1++

~
−mϕ . 

Five cases of radial basis function used in the numerical experiments in the next are given in 
Table2. 
 

Lp Name of radial besis function ( )rϕ̂  
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Table 2. Forms of radial basis function used in numerical experiments 
 
 The coefficients and can be found by solving the system of linear equations, mα kβ
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where 22 )()( jijiij yyxxr −+−= , and ( ){ }M

iii yx 1, =
are the interpolation points on . Ω∂∪Ω

The approximate particular solutions of Eq. (1) can be obtained using coefficients and , pu mα kβ

∑∑
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+=
K

k
kk

M

m
mmmp yxuruyxu

11
),(~)(ˆ),( βα  (6) 

where 
),(ˆ),(ˆ2 yxyxu jj ϕ=∇ ,     for      j=1,…,M (7) 

),(~),(~2 yxyxu jj ϕ=∇ ,     for      k=1,…,K (8) 
 
The general solution of differential Eq (1) now can be given as, 
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ph uuu +=  (9) 
where  is the solution of the boundary value problem in the form: hu

02 =∇ hu      in    Ω , (10) 
and  

ph BuyxgBu −= ),(     on     Ω∂  (11) 
The method of fundamental solutions is used to solve problem (10),meaning that: 

(∑
=

−+−=
N

n
nnnh yyxxcyxu

1

22 )()(ln),( ) (12) 

where 
nn
 are coordinates of source points. These points are placed on some contour 

geometrically similar to contour of boundary. Distance between contour of boundary and contour 
of sources is method parameter and equal S. 

yx ,

Enforcement of the boundary conditions yields, 

( ) ),(),()()(ln
1

22
iipii

N

n
ninin yxBuyxgyyxxBc −=−+−∑

=
   for  NCi ,...,2,1=  (13) 

where NC is the number of collocation points on the boundary. If  the system of 
equation (13) is solved in lest square sense 

NNC >

 
 
3 Optimization of parameters in MFS by means of evolutionary 

algorithm 
 
Analysis of algorithm in MFS shows that essential parameters which have influence on exactness 
of method are: number of collocation points (NC), number of source points (N), distance between 
contour of boundary and contour of sources (S) and parameters of RBS 
( ). In proposed 
method the evolutionary algorithm is used to optimal choose of these parameters. Evolutionary 
algorithm is a stochastic searching method based on the principles of population genetics and 
biological evolution. The real code is used in algorithm which is presented on Fig. 1.  

4 case for a and 5, and 3 cases for c 2, case for n 1, case for a a a a 3,2,1,0

Ti=reproduction Pi

Oi= Crossover & mutation

evaluate Pi

End
condition

START

STOP

Yes

No

i=i+1

Pi+1=succesion

Ti

i=0
initialization
evaluate

P0

P0

Oi
 

 
Fig. 1.  Scheme of Evolutionary Algorithm 
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Process begins with generating an initial population P0 that consists multiple individuals 
randomly generated (candidate of potential solutions). Generation of initial population is done by 
randomly take some genes from set of population of chromosomes. The chromosomes are 
represented by vector, which dimension is equal number of optimization parameters and they are 
potential solution of optimization problem. In the next the tournament selection is carried out [21] 
and new population Ti is created. In the following step, from assumed probability, the genetic 
operation: crossover and mutation are done, what gives new population Oi. This new population is 
evaluated. The process is carried out until some number of generation is exceeded.  
Assumed variables of optimization are parameters of method of fundamental solution and to be 
submitted of some constrains. First constrain result from matter that source points must be placed 
outside of considered region. Due to this parameter S must be greater than zero. Second constrain 
result from fact that number of source points must be less or equal than number of collocation 
points ( ).  NNC ≥
Accuracy of solution obtained by means of method of fundamental solution is investigated by 
comparison with exact solution. Relative error is calculated from:  

( )
( )ext

ext

u
uu

MRE
max

max int−
=  (14) 

where:  is vector of exact solution in control points,  is vector of approximate solution in 
control points, 

extu intu
MRE  is maximal relative error. 

It is assumed that adaptation of individual is calculated from: 

max
1 P

MRE
P ⋅Ε−=  (15) 

where P is fitness function for considered individual, E is penalty function, which is equal 0 if all   
constrains and conditions are fulfil or 1 in opposite case,  is value of fitness function for the 
actual the best solution.  

maxP

The others parameters appearing in method of fundamental solution are not search by 
evolutionary algorithm. It was assumed the following values of these parameters: 
• number of inner interpolation points – 1010 ⋅=M points arranged uniformly in considered 

region 
• case of radial basis function – numerical experiments was done for function given in Table 2. 
• number of polynomial terms )(~

mk rϕ - experiments was done for 6=K . 
 
 
4. Numerical results 
 
In numerical experiences the following parameters of evolutionary algorithm was used in 
calculations: Population Size – 30, Probability Crossover – 0.9,  Probability Mutation – 0.1, and 
Number of Generations – 30. 
The optimal parameters of MFS obtained by evolutionary algorithm are given in Tables 3-7. 
 

Parameters 
RBF Relative error  

S NC N a0/c/n a1 a2 a3

1 1.66E-04 2.664E-01 12 12 5.227E+00 -1.261E+00 5.423E+00 1.519E+01 
2 4.80E-07 5.047E-01 14 14 1.003E+01    
3 2.56E-05 5.408E-01 12 12 3.268E-01    
4 5.69E-05 6.409E-01 10 10 3.972E+00    
5 1.33E-02 1.331E+00 20 8 1.545E-02    

Table 3. Optimal parameters and maximal relative error for first BVP ( IP  )1=
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Parameters 
RBF Relative error  

S NC N a0/c/n a1 a2 a3

1 2.33E-06 6.519E-01 7 7 2.822E+00 1.296E-01 1.060E+00 -4.273E+00 
2 2.17E-07 5.020E-01 12 12 6.827E+00    
3 6.76E-07 7.853E-01 7 7 3.115E-01    
4 1.21E-06 3.504E-01 14 14 3.912E+00    
5 4.29E-04 1.820E-01 12 9 1.990E-02    

Table 4. Optimal parameters and maximal relative error for second BVP ( ) 2=IP
 

Parameters 
RBF Relative error  

S NC N a0/c/n a1 a2 a3

1 3.14E-04 6.723E-01 9 9 2.374E+00 -1.452E-01 4.755E+00 1.229E+01 
2 4.79E-06 6.158E-01 10 10 1.313E+01    
3 1.03E-04 2.218E-01 14 14 3.584E-01    
4 1.69E-04 1.109E-01 12 10 1.890E+00    
5 1.30E-01 7.720E-01 16 13 1.545E-02    

Table 5. Optimal parameters and maximal relative error for third BVP ( ) 3=IP
 

Parameters 
RBF Relative error  

S NC N a0/c/n a1 a2 a3

1 1.75E-03 2.529E+00 12 6 2.457E+00 8.324E-02 5.601E+00 1.827E+01 
2 2.58E-04 3.540E-01 11 11 4.422E+00    
3 3.74E-04 7.674E-01 13 7 2.950E-01    
4 2.97E-03 7.502E-01 17 15 4.687E+00    
5 3.94E-01 1.063E+00 14 6 1.545E-02    

Table 6. Optimal parameters and maximal relative error for fourth BVP ( ) 4=IP
 

Parameters 
RBF Relative error  

S NC N a0/c/n a1 a2 a3

1 2.21E-03 6.079E-01 15 6 1.417E+00 1.945E-02 3.174E+00 4.801E+00 
2 2.47E-04 7.026E-01 11 12 8.352E+00    
3 7.66E-04 1.470E-01 16 9 3.474E-01    
4 1.66E-03 4.946E-01 16 8 3.752E+00    
5 1.33E-02 1.331E+00 20 9 1.545E-02    

Table 7. Optimal parameters and maximal relative error for fifth BVP ( ) 5=IP
 
 
5.   Conclusions 
 
Evolutionary algorithm is a powerful method in non-linear optimisation problem in which the 
exits many local minimums and global minimum is interested. In this paper we have 
demonstrated that this algorithm can be used for optimal choosing of parameters for MFS in 
solution of inhomogeneous BVP.  
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On smooth volume approach, integral conservation law,
and upwind scheme with monotonic reconstruction

T. Z. Ismagilov(1)

Abstract: Integral conservation law is derived for smooth volume in Lagrangian coordinates
(co-moving frame). A method for approximation of integral smooth volume conservation law is
discussed. Extension technique is suggested for development of smooth volume schemes. For hy-
perbolic systems smooth volume upwind and Godunov schemes with monotonic reconstruction are
suggested. Schemes are applied to equations of gas dynamics and tested for gasdynamics shock
tube problems. Solutions are monotonic and precise.

Keywords: integral conservation law, smooth volume mesh, smooth volume method, finite volume
method, upwind, monotonic.

1 Introduction

Smooth particle method is a numerical method for continuum mechanics problems in Lagrangian
coordinates [1] [2]. It is based on interpolation of variables using smooth weight functions from a
set of points in space that allows to reduce a system of continuum mechanics PDE to a system of
ODE. The method is meshless and is not subject to mesh tangling. Unfortunately it does not have
many useful properties of meshbased finite volume method.

Here we discuss an alternative smooth volume approach. Unlike smooth particle method and
its modifications [3] [4] [5] [6] [7] it is based on approximation of integral conservation laws in
Lagrangian coordinates. As a result current approach has flexibility of smooth particle method but
retains many useful properties of meshbased finite volume method as well. We develop and test
smooth volume upwind and Godunov schemes with monotonic reconstruction [8] [9] for integral
systems of hyperbolic conservation laws in Lagrangian coordinates.

2 Smooth volume

Consider a computational region and a set of positive functionsui that are defined in this region,
have unit sum, and obey

ui(x(t,x0), t) = u0
i (x

0) = ui(x0,0), (1)

wherex(t,x0) is movement of a point located atx0 at time0 with the medium velocityv(x, t). A
particular functionuk from the set we will call smooth volume moving with the medium and the set

1University of California, 7000 East Avenue, Livermore CA, 94550, (ismagilov2@llnl.gov).
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of functions we will call smooth volume mesh moving with the medium [10]. For a smooth volume
ui an integral conservation law can be written

∂
∂t

Z

Rn

uiUdx+
Z

Rn

W∑
j
[−∇ui ]dx= 0, (2)

whereW is non-convective flux of conserved propertyU . Indeed consider a finite volume that
includes pointsx,y such thatu(x) > 0 andy∈ [0,u(x)] with U(x,y) =U(x) moving with the medium
in x. Its evolution is described by (1) and integral conservation law for it is (2). Since the sum ofu j
is one we have

−∇ui =−∇
[

ui

∑ j u j

]
=−∑ j u j ∇ui −ui ∑ j ∇u j(

∑ j u j
)2 = ∑

j
(ui∇u j −u j ∇ui) = ∑

j
si j , (3)

and integral conservation law (2) can be rewritten as

∂
∂t

Z

Rn

uiUdx+
Z

Rn

W∑
j

si j dx= 0. (4)

Since the mass of the medium inside the smooth volume

mi =
Z

Rn

uiρdx (5)

is fixed integral conservation law (4) can be approximated in the form

mi
∂
∂t

Vi +∑
j

Si jWi j = 0, (6)

where

Vi =
1
mi

Z

Rn

uiU, (7)

Si j =
Z

Rn

si j dx=
Z

Rn

−sji dx=−Sji (8)

is surface element, andWi j is flux approximation. The fact that mass is fixed can be used to derive
average density for a smooth volume asmi/Ωi where

Ωi =
Z

Rn

uidx. (9)

2.1 Extension technique

Co-moving finite volume mesh can be viewed as a set of functionsui taking values of 0 and 1 that
obey (1) and have unit sum. It is therefore can be viewed as a particular case of smooth volume
mesh. In our opinion a successful smooth volume scheme should reduce to successful finite volume
scheme when smooth volume mesh reduces to finite volume mesh. One way to develop a smooth
volume scheme that satisfies that criteria is to write a finite volume scheme in terms of finite volumes
as functionsui and then assume that they are smooth volumes, effectively extending the scheme.
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2.2 Weight functions

Smooth volume mesh can be built by normalizing a set of weight functionswi = wi(x) = w(x−
xi ,h(x,xi)) wherew(x,h) is monotonically decreasing function of|x|/h with limited support and
unit integral for fixedh, andh(x,xk) is smoothing length [2]. In this case we have

ui(x) =
wi

∑
j
w j

. (10)

Applying mean value theorem to (9) with (10) we get

Ωi =
1

∑
j
w j (x∗)

Z

Rn

widx. (11)

Sincewi has its maximum atxi it is reasonable to usex∗ ≈ xi , and assuming unit integral property
for weight functionwi we get

Ωi ≈ 1

∑
j
w j (xi)

. (12)

If mass of the medium inside smooth volume is known to bemi the resulting approximation for
average density in smooth volume is

ρi =
mi

Ωi
≈mi∑

j
w j (xi) = mi ∑

j
w j (xi) = ρi . (13)

3 Schemes

Using extension technique we derived smooth volume Godunov [8] and upwind schemes with
monotonic reconstruction [9]. With two level time derivative approximation they take the form

mi
Vn+1

i −Vn
i

∆t
+∑

j
Wn

i j S
n
i j = 0. (14)

For Godunov scheme we use

Wi j Si j = W(R(V i
i j ,V

j
i j ))Si j (15)

whereR is Riemann solver. For upwind scheme we use

Wi j Si j = 0.5[(W(V j
i j )+W(V i

i j ))Si j −
∣∣∣Ai j (V i

i j ,V
j

i j )Si j

∣∣∣(V j
i j −V i

i j )] (16)

where|Ai j (V i
i j ,V

j
i j )Si j | is defined using some splitting into positive and negative components (such

as eigenvalue). Values ofV i
i j andV j

i j are reconstructed values ofV from volumesi and j respectively
at the center of the interval betweenxi andx j . For volumek reconstructed value atx is

Vk(x) = Vk +ΦV
k ∇Vk · (x−xk), (17)

where∇Vk is gradient approximation in volumek, ΦV
k is the derivative limiter for volumek, so that

Vk(x) on the support ofuk is within interval of minimum and maximum values ofV among volume
k and volumes that have non-zero surface elements with it.
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Figure 1: First problem with upwind monotonic scheme.

3.1 Calculation

To test our approach and schemes developed we performed test calculations for gasdynamics shock
tube problems. We used two problems considered in [4] the ”first” problem:ρL = 1, ρR = 0.5, pL =
1, pR = 0.2, vL = 0, vR = 0, and the Sod’s problem:ρL = 1, ρR = 0.125, pL = 1, pR = 0.1, vL =
0, vR = 0, whereρ, p, andv are initial density, velocity and pressure, and subscriptsRandL indicate
right and left sides of initial discontinuity located in the middle of the interval[0,1]. Smooth volume
mesh built using normalization of Gaussian weight functions with cutoff distance3h and alternative
to [4] surface element approximation

Si j = 2mimj τ2




√
2hih j√

h2
i +h2

j


∇w

(
xi −x j ,

√
h2

i +h2
j

)
. (18)
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Figure 2: Sod’s problem with upwind monotonic scheme.

was used. Evolution of smooth volume mesh was approximated as movement ofxi and change in
hk

xn+1
i −xn

i

∆t
= 0.5vn+1 +0.5vn, hk = 0.75

(
1

∑ j w j (xk)

)
. (19)

We used approximate equation for average density in a volume instead of integrating equation of
conservation of volume. Initial mass in a volume was equal to the mass in the interval betweenxi .
For the first problem we used 100 timesteps with∆t = 0.002For the Sod’s problem we used 500
timesteps with∆t = 0.0003. Fig. 1 and 2 show results of upwind scheme with monotonic recon-
struction for first problem and Sod’s problem respectively. Compared to the results of algorithm
suggested in [4] our results are monotonic and more precise. Compared to the results by smooth
particle method with artificial viscosity that are also shown in [4] our results are significantly more
precise. The same is true for comparison with results from other similar approaches [3] [5] [6] [7].
The results with Godunov scheme were slightly better than results with upwind schemes shown
here.
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Resolution of time-dependent equations by the Generalized 
Finite Difference Method 

 
J.J. Benito ( )1 , L. Gavete ( )2 , F. Ureña ( )3 , B. Alonso (2) 

 
 
Abstract: Classical finite difference schemes are in wide use today for approximately solving 
partial differential equations of mathematical physics. An evolution of the method of finite 
differences has been the development of generalized finite difference (GFD) method, that can be 
applied over  irregular grids of points.This paper shows the efficiency of the  generalized finite 
difference method  in the solution by an explicit method, of second order time-dependent partial 
differential equations in the cases of considering one, two or three space dimensions. The stability 
criteria for parabolic and hyperbolic partial differential equations has been extended to the case 
of using irregular grids. Different examples have been solved using  the explicit finite difference 
formulae and the criterion of stability, which has been expressed in function of the coefficients of 
the star equation for irregular clouds of nodes in one, two or three space dimensions. The 
numerical results show the accuracy obtained over irregular grids. This paper also  includes the 
study of the maximum local error and the global error  for different examples of parabolic and 
hyperbolic time-dependent equations.  
 
Keywords: Parabolic equations, Hyperbolic equations, Generalized finite differences, meshless, 
meshfree 
 
 
1 Introduction  
 
An evolution of the method of finite differences has been the development of generalized finite 
difference (GFD) method, that can be applied over  irregular grids of points. The bases of the 
GFD were published in the early seventies. P.S.Jensen [4] was the first to introduce fully arbitrary 
mesh. He considered Taylor series expansions interpolated on six-node stars in order to derive the 
finite difference (FD) formulas approximating derivatives of up to the second order. Perrone and 
Kao [7] suggested that additional nodes in the six-point scheme should be considered and an 
averaging process for the generalization of finite difference coefficients applied. Building on prior 
work of Jensen [4],Lizska and Orkisz [5,6] proposed a generalized finite difference method on 
irregular grids. Their solution was obtained using moving least squares(MLS) approximation. 
GFDM is included in the so-called Meshless or Meshfree Methods (MM) .  
Benito, Ureña and Gavete  have  made interesting contributions to the development of this 
method. The paper [1,8] shows explicit formulae for Generalized Finite Difference Method 
(GFDM) in the 2-D and 3-D case using irregular meshes and the influence of parameters that 
define them. In the paper [3] a procedure is given that can easily assure the quality of numerical 
results by obtaining the residual at each point. Also, in this paper, the GFD method is compared 
with another meshless method the, so-called, element free Galerkin method (EFG). The EFG 
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method with linear approximation and  penalty functions to treat the essential boundary condition 
is used in this paper. The possibility of  employing the GFD method over adaptive clouds of 
points increasing progressively the number of nodes is explored with regards to the selection of 
the stars is given in [2]. 
This paper describes an algorithm using the Generalized Finite Differences (GFD) to solve 
parabolic and hiperbolic equations by an explicit method, in 1-D, 2-D and 3-D, and establish the 
range of definition of stability parameter r in irregular clouds of points. 
 
 
2 Finite Difference Formulae 
 
In this work we consider the finite difference method for the solution of the next type of partial 
differential equations: 
The parabolic equations are defined by:  
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and the boundary conditions 
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being ( ) ( )tgxf ,  two known functions. 
The hyperbolic equations are defined by: 
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and the boundary conditions 
 

( ) Γβα intgu
n
u

=+
∂
∂  

where  are three known functions. { }( ) ( ) { }( )xhtgxf ,,
 
In these equations {x} refers to one, two or three space dimensions vector and L1 and L2 are linear 
partial differential second order operators in the space variables. 
The finite difference approximation of the previous equations using the explicit method requires 
linearize both in a set of nodes in the domain that we know as nodes. The aim is to establish a 
recursive relationship using an explicit formula for the part that depends on the time and the 
generalized finite difference method in the space domain. Afterwards, these formulas are shown. 
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2.1 Explicit formulae in Generalized Finite Differences 
 
To begin, we are going to consider the generalized finite difference method to solve the equation 
in the space variables: 
L2[U] = f  in  Ω  (3.a) 
with the boundary conditions: 
 
L1[U] = g in  Γ (3.b) 
where Ω⊂R or Ω⊂R2 or Ω⊂R3 with boundary Γ, L2 y L1 are linear partial differential second and 
first order operators respectively, f and g are two known functions. 
The intention is to obtain explicit linear expressions for the approximation of partial derivatives in 
the points of the domain. First of all, an irregular cloud of points is generated in the domain 

. On defining the central node with a set of nodes surrounding that node, the star then refers 
to a group of established nodes in relation to a central node. Each node in the domain has assigned 
an associated star.  

Ω∪Γ

The choice of these supporting nodes of the star is constrained as particular patterns lead to 
degenerated solutions. As star selection criterium we follow the denominated cross criterium: for 
example, in 2-D case the area around the central nodal point, 0, is divided into four sectors 
corresponding to quadrants of the cartesian coordinates system originating at the central node (see 
Figure 1).   
 

y

x

  
Figure1: The four quadrants criterium, using 2 nodes in each quadrant. 

 
If U0 is the value of the function at the central node of the star and Ui are the function values at 
the rest of nodes, with i = 1,...,N, then, according to the Taylor series expansion in 1-D, 2-D and 
3-D respectively 
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where x0, (x0, y0) or (x0,y0,z0) are the coordinates of the central node, xi, (xi, yi) or (xi,yi,zi) are the 
coordinates of the ith node in the star, and hi = xi –x0, ki = yi – y0, pi = zi – z0. If in equations (4), 
(5) or  (6) are ignored the terms over the second order, an approximation of second order for the 
Ui function is obtained. This is indicated as ui. It is then possible to define the functions B2(u), 
B5(u) or B9(u) as in [1]: 
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where w(hi), w(hi ,ki) and  w(hi ,ki ,pi) are the weighting functions in 1-D, 2-D, or 3-D 
respectively. 
If the norms (7, 8 or 9) are minimized with respect to the partial derivatives, the following linear 
equation systems are obtained: 
 
A2 Du2 = b2  (10) 
A5 Du5 = b5  (11) 
A9 Du9 = b9  (12) 
 
The matrices A2 , A5 and A9 are of  2x2, 5x5 and 9x9, respectively, and the vectors Du2 , Du5 and 
Du9 are given, respectively, by: 
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From the previously obtained matrix equations (10, 11, and 12) and by the fact that the matrices 
of coefficients A2 , A5 and A9 are symmetrical, it is possible to use the Cholesky method to solve 
the systems. The aim is to obtain the decomposition in upper and lower triangular matrices: 
 
A2 = L2 L2 T (16) 
A5 = L5 L5 T (17) 
A9 = L9 L9 T (18) 
 
The coefficients of the matrices L2 , L5 and L9 , are denoted by l(i), l(i,j) and l(i,j,k), respectively. 
On solving the systems (10, 11 and 12), the following explicit difference formulae are obtained, 
with P = 2 for 1-D case, P = 5 for 2-D case and P = 9 for 3-D case,  [1]: 
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with δij the Kronecker delta function, and 
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On including the explicit expressions for the values of the partial derivatives (19) in the equation 
(3.a), the star equation is obtained:  
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If the partial differential equations coefficients are constant and f = 0, then: 
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The application of the above procedure to each one of the nodes of the mesh, gives us a system of 
linear equations. On solving this system of equations we are provided with approximated values 
of the function in the nodes of the domain. 
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2.2 Explicit method 
An explicit formula can be used to solve the Cauchy initial value problem. This method involves 
only one grid point at the advanced time level. 
The first derivative of u with respect to time is approached using the explicit method by the 
forward difference formula: 
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and the second derivative with respect to time by: 
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3 Conclusions 
 
The use of Generalized Finite Difference formulas and the explicit method, leads to excellent 
results in 1-D, 2-D and 3-D, as it is possible to see in the different cases presented in this article. 
The stability criterion of an explicit method in parabolic and hyperbolic partial differential 
equations has been defined for the case of employing the GFD method over irregular grids. 
A decrease in the value of the time step, always below the stability limit (or critical time step), 
leads to a decrease of the global error. 
The results obtained shows how the finite difference approximation values remain stables when 
the number of time steps is increased.  
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Local Implicit Radial Basis Function Collocation Method 
for Transport Phenomena 

 
Božidar Šarler(1)

 
 
Abstract: This paper formulates a simple implicit local version of the classical meshless radial 
basis function collocation (Kansa) method. The formulation copes with the general transport 
equation, applicable in solution of a broad spectrum of scientific and engineering problems. The 
method is structured on multiquadrics radial basis functions. Instead of globally, the collocation 
is made locally over a set of overlapping domains of influence and the time-stepping is performed 
in an implicit way. Only small systems of linear equations with the dimension of the number of the 
nodes included in the domain of influence have to be solved for each node. The computational 
effort thus grows roughly linearly with the number of the nodes. The developed approach 
overcomes the principal large-scale problem bottleneck of the original Kansa method as well as 
the inherent instability problem of the previously developed implicit variant. 
 
 
1 Introduction  

 
A common complication in the polygon-based (FVM, FEM, BEM) numerical methods is the need 
to create a polygonisation, either in the domain and/or on its boundary. This type of meshing is 
often the most time consuming part of the solution process and is far from being fully automated. 
In recent years, a new class of methods is in development which do not require polygonisation but 
use only a set of nodes to approximate the solution. The rapid development of these types of 
meshfree (meshless, polygon-free, mesh-reduction) methods and their classification is elaborated 
in the very recent monographs [1,2,3,4]. A broad class of meshfree methods in development today 
are based on Radial Basis Functions (RBFs) [5]. The RBF collocation method or Kansa method 
[6] is the simplest of them. This method has been further upgraded to symmetric collocation [7], 
to modified collocation [8], and to indirect collocation [9]. The method has been already used in a 
broad spectrum of computational fluid dynamics problems [10] such as the solution of Navier-
Stokes equations or porous media flow [11] and the solution of solid-liquid phase change 
problems [12]. In contrast to advantages over mesh generation, all the listed methods 
unfortunately fail to perform for large problems, because they produce fully populated matrices, 
sensitive to the choice of the free parameters in RBFs. One of the possibilities for mitigating this 
problem is to employ the domain decomposition [13]. However, the domain decomposition re-
introduces some sort of meshing which is not attractive. The concept of local uncoupled 
collocation in the context of RBF-based solution of transport phenomena has been introduced in 
[14,15]. For interpolation of the function value in a certain node the authors use only data in the 
(neighbouring) nodes that fall into the domain of influence of this node. The procedure results in 
solving a matrix of the size of the number of the nodes in the domain of influence for each nodal 
point. This paper formulates a meshless implicit uncoupled radial basis function collocation 
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method for transport phenomena that overcomes the inherent instability problems encountered in 
explicit timestepping, used in our previous research. 
 
 
2 Governing equation 
 
Consider a general transport equation defined on fixed domain Ω  with boundary Γ , standing for 
a reasonably broad spectra of mass, energy, momentum and species transfer problems 

( ) ( ) ( ) S
t
ρ ρ∂

Φ +∇⋅ Φ = −∇⋅ − ∇Φ +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∂
v DA A , (1) 

with ρ , , , , , and  standing for density, transport variable, time, velocity, diffusion 
tensor and source, respectively. Scalar function 

Φ t v D S
A  stands for possible more involved constitutive 

relations between conserved and diffused quantities. The solution of the governing equation for 
the transport variable at the final time t0t  is sought, where  represents the initial time and  
the positive time increment. The solution is constructed by the initial and boundary conditions 
that follow. The initial value of the transport variable 

0t t∆

( ),tΦ p  at a point with position vector p  

and time  is defined through the known function 
0t 0Φ  

+∆

( ) ( )0, ;tΦ =Φ ∈Ω+p p p Γ . (2) 

The boundary Γ  is divided into not necessarily connected parts 
D N RΓ = Γ ∪Γ ∪Γ  with 

Dirichlet, Neumann and Robin type boundary conditions, respectively. These boundary 
conditions are at the boundary point  with normal p Γn  and time 0 0t t t t≤ ≤ + ∆  defined 

through known functions D
ΓΦ , R

ΓΦ ,  R
refΓΦ

;D
DΓΦ = Φ ∈Γp ,     ;N

Nn Γ
Γ

∂
Φ = Φ ∈Γ

∂
p ,     ( );R R

ref Rn Γ Γ
Γ

∂
Φ = Φ Φ−Φ ∈Γ

∂
p . (3,4,5) 

The involved parameters of the governing equation and boundary conditions are assumed to 
depend on the transport variable, space and time. The solution procedure thus involves iteration 
process. The time-marching is in this paper based on fully implicit scheme. The discretisation in 
time can respectively be written as  

( )
( ) 0 0

0 0

d
d

t t t

ρ ρ ρρ ρρ
+ Φ−Φ −−∂ ΦΦ ≈ ≈⎡ ⎤⎣ ⎦∂ ∆ ∆

AA AA AA  (6) 

by using the two-level time discretisation and Taylor expansion of the function . The 

quantities evaluated in previous iteration are denoted with over-bar. The source term can be 
expanded as 

( )ΦA

( ) (dSS S
d

Φ ≈ + Φ −Φ
Φ

) . (7) 

The unknown Φ  can be calculated from the equation 
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Let us for brevity assume the diffusion tensor to be in the form DI  with scalar D  (depending on 
 in general) and identity tensor  in the continuation. The value of the transport variable  is 

solved in a set of nodes 

Φ I
nΦ

; 1,2,...,n n N=p  of which NΩ  belong to the domain and  to the 
boundary. The iterations over one timestep are completed 

NΓ

max n n itrΦ −Φ ≤Φ ,          
0max n steΦ −Φ ≤Φ , (9,10) 

when the equation (9) is satisfied, and the steady-state is achieved when the equation (10) is 
achieved. The representation of transport variable over a sub-set of 

l
 arbitrarily spaced nodes 

 that fall into subdomain 
l

N
; 1,2,...,l n ln =p N ω  is made in the following way 

( ) ( )l k l kψ αΦ ≈p p , (11) 

where l kψ  stands for the shape functions, l kα  for the coefficients of the shape functions, and 
 represents the number of the shape functions. The Einstein summation convention is used in 

this text, i.e. any index which is repeated twice in a product is summed-up. An underlined index is 
not summed-up. Index l runs from 1 to N, and indeces k, m and n from 1 to 

l
. The left lower 

index on entries of expression (11) represents the domain of influence (subdomain) l

l N

N
ω  on which 

the coefficients l kα  are determined. The domains of influence lω  can in general be contiguous 

(overlapping) or non-contiguous (non-overlapping). Each of the domains of influence lω  

includes 
l

 nodes of which lN NΩ  can in general be in the domain and 
l NΓ

 on the boundary, i.e. 
. The domain of influence of the node 

l
 is defined with the nodes having the 

nearest 
l l lN N NΩ= + Γ p

1l N −  distances to the node 
l

 in uniform node arrangements. The coefficients can be 
calculated from the subdomain nodes in two distinct ways. The first way is collocation 
(interpolation) and the second way is approximation by the least squares method. Only the 
simpler collocation version for calculation of the coefficients is considered in this text. Let us 
assume the known function values l

p

nΦ  in the nodes  of the subdomain ll np ω . The central 

node of subdomain lω  is denoted 
l

. The collocation implies p

( ) ( )l n l k l n l kψ αΦ =p p . (12) 

For the coefficients to be computable, the number of the shape functions has to match the number 
of the collocation points 

l lK N= , and the collocation matrix has to be non-singular. The system 
of equations (12) can be written in a matrix-vector notation 

( ) ( ); ,l l l l kn l k l n l n l nψ ψ= = Φ = Φψ α Φ p p . (13) 

The coefficients 
l

 can be computed by inverting the system (13) α
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1
l l l

−=α ψ Φ . (14) 

By taking into account the expressions for the calculation of the coefficients 
l

, the collocation 

representation of transport variable 
α

( )Φ p  on subdomain lω  can be expressed as 

( ) ( ) ( )-1
l k l kn l n l n l nψ ψΦ ≈ Φ = Ψ Φp p p . (15) 

Let us introduce a two dimensional Cartesian coordinate system with base vectors ; ,x yς ς =i  

and coordinates ; ,p xς yς = , i.e. 
x x y yp p= +p i i . The first partial spatial derivatives of  on 

subdomain l

( )Φ p
ω  can be expressed as 
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p p ς
ς ς

ψ∂ ∂
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The second partial spatial derivatives of ( )Φ p  on subdomain lω  can be expressed as 
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l k l kn l n l n l nψ x y

p p p p ςξ
ς ξ ς ξ

ψ∂ ∂
Φ ≈ Φ = Ψ Φ =

∂ ∂
p p p ς ξ

)k

. (17) 

The radial basis functions, such as multiquadrics, can be used for the shape functions 

( ) ( ) ( ) ( )1/ 22 2 2
01 / ;l k l k l l k l k l kc r r rψ ⎡ ⎤= + = − ⋅ −⎣ ⎦p p p p p p , (18) 

where  represents the dimensionless shape parameter. The scaling parameter  is set to the 
maximum nodal distance in the domain of influence 

c 2
0l r

(2 2
0 maxl l n lr r= p . (19) 

Let us introduce domain, Dirichlet, Neumann, and Robin boundary indicators for this purpose. 
These indicators are defined as 

1;
0;

n
n

n
Ω

∈Ω⎧
ϒ = ⎨ ∉Ω⎩
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p ,  

1;
0;

D
D n

n D
n

Γ

⎧ ∈Γ
ϒ = ⎨

∉Γ⎩

p
p ,  

1;
0;

N
N n

n N
n

Γ

⎧ ∈Γ
ϒ = ⎨

∉Γ⎩

p
p ,  

1;
0;

R
R n

n R
n

Γ

⎧ ∈Γ
ϒ = ⎨

∉Γ⎩

p
p . (20) 

The unknown values of the transport variable are for each l calculated from the system of linear 
equations 
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. (21) 

The solution procedure requires the following steps: Step 1: The matrices , ( )l k l nΨ p ( ),l k l nςΨ p , 

 are pre-calculated. Step 2: The initial conditions are set in the domain and boundary 

nodes and the unknowns 
l

 are calculated from the square systems of linear equations (21) of 

the size 
l

. Step 3: The field of 

(,l k l nςξΨ p )
kΦ

N nΦ  at time 
0t t+ ∆  is set from calculated central node values 

( )n l n lΦ = Φ p . Step 4: Timestep iteration and steady-state checks (9,10) are performed. Step 5: 

New timestep values of the present timestep are set to the old timestep values of the next timestep 
and the new timestep is attempted. 

 
 
3 Conclusions 
 
This paper represents a new (very) simple meshfree formulation for solving a wide range of 
nonlinear transport phenomena. The time-marching is performed in an decoupled implicit way. 
The governing equation is solved in its strong form. No polygonisation and integrations are 
needed. The developments are almost independent on the problem dimension. The complicated 
geometry is easy to cope with. The method appears efficient, because it does not require a 
solution of a large system of equations like the original Kansa method. Instead, small systems of 
linear equations have to be solved in each timestep for each node and associated domain of 
influence, probably representing the most natural and automatic domain decomposition. This 
feature of the developed method represents its principal difference from the other related local 
approaches [16], where the resultant matrix is large and sparse. The method requires the same 
computational effort like its implicit version on the expense of improved stability. Several 
numerical examples will be shown at the conference. 
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An Upwind Local RBF-DQ Method for Simulation of 
Inviscid Compressible Flows 

 
C. Shu (1) and H. Ding 

 
Abstract: In this paper, an upwind local radial basis function-based differential quadrature 
(RBF-DQ) scheme is presented for simulation of inviscid compressible flows with shock wave. 
The scheme consists of two parts. The first part is to use the local RBF-DQ method to discretize 
the Euler equation in conservative, differential form on a set of scattered nodes. The second part 
is to apply the upwind method to evaluate the flux at the mid-point between the reference knot and 
its supporting knots. The proposed scheme is validated by its application to simulate the 
supersonic flow in a symmetric, convergent channel and the shock tube problem. The obtained 
numerical results agree very well with the theoretical data. 
 
 
1 Introduction  

 
In the past decade, the so-called mesh-free methods have become one of the hottest research areas 
in computational mechanics. However, in the field of compressible flow simulation by mesh-free 
methods, there are only few literatures available to date [1-3]. In this paper, we show a new 
algorithm for the mesh-free Euler solver.  The algorithm is composed of two parts: one is the 
mesh-free derivative approximation scheme, i.e., local RBF-DQ method [4]; the other is the 
mesh-free upwind method for flux evaluation. The local RBF-DQ method is used to discretize the 
conservative form of the Euler equations (in differential form), and the upwind method is 
responsible for the evaluation of fluxes at the mid-point. The algorithm is validated by simulating 
the flow field of the shock tube problem and the supersonic flow past a symmetric convergent 
channel. The simulated flow patterns include the steady and unsteady states. The accuracy of the 
method is also shown by the comparison between the numerical results and the exact solutions 
available.  
 
 
2. Methodology 
2.1 Local RBF-DQ method 
 
The traditional DQ approximation of the mth order derivative of a function  in the x direction 
at the node x

)(xf
I can be expressed as 

,)(
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)(
,∑
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where  are the coordinates of supporting points around the node , and . Symbols 

 and  denote the function values at these points and the related weighting 
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coefficients, respectively. NI denotes the number of supporting points within the support for the 
reference node xI.  
 
Substituting a set of MQ radial basis functions )(xkϕ  into Equation. (1), the determination of 
corresponding coefficients for the first-order derivative is equivalent to solving the following 
linear equations: 
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 (3) 

 
Therefore, if the collocation matrix [A] is non-singular, the coefficient vector { }w  can be obtained 
by 

{ } [ ]
⎭
⎬
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⎧
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= −

x
)(

Aw ixϕ1   (4) 

 
According to the work of [5], the matrix [A] is conditionally positive definite for MQ RBFs. This 
fact guarantees the non-singularity of matrix [A] for distinct supporting points. 
 
2.2 Upwind method for evaluation of flux at the mid-point between two knots 
 
In this section, the mesh-free upwind scheme is described for the two-dimensional compressible 
flow. The two-dimensional time-dependent compressible Euler equations in the conservative form 
can be written, in Cartesian coordinates, as 
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where the dependent variable  is the vector of conservative variables, and (U pvu ,,,ρ )T is the 

vector of primitive variables. Tvu ),( ρρ=m
r  is the momentum vector and  is the 

velocity vector.  is the total energy and 

Tvu ),(=u
]2/)([ 22 vue ++= ερ ε  is the specific internal energy. 

For a thermally perfect gas, the pressure p can be computed by the equation of state 

)
2

)(1(
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To discretize the divergence operator in equation (5), the local RBF-DQ method discussed 
previously is employed. However, the points used for discretization are not located at the 
supporting nodes. Instead, they are located at the mid-points between the reference node and its 
supporting nodes, as shown in Fig. 1. After spatial discretization by the local RBF-DQ method, 
equation (5) can be written as 
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where  are the conservative variables at the mid-points between the reference point i and its 

k

ki ,U
th supporting point.  and  are the corresponding coefficients for the first-order 

derivatives in the x and y direction, respectively.  denotes the total number of supporting points 
for the reference point i and .  
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By observing equation (6), we can find that at each mid-point, a new flux can be defined, based 
on a unit vector , which is associated with weighting coefficients of derivative 

approximation. The new flux can be written as 

T
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Defining 2)1(
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kiki wwW += , then equation (6) can be simplified as 
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Equation (8) can be interpreted in such a way that the variation of conservative variables at the 
reference point can be measured by a linear sum of new fluxes at the reference point and the mid-
points. Therefore, how to evaluate the new fluxes effectively and efficiently at the mid-points is a 
very critical issue in this study. 
 
In general, the local RBF-DQ method cannot distinguish the influence from upstream or 
downstream. To overcome this problem, appropriate evaluation of new fluxes should take the 
directions of wave propagations of the underlying hyperbolic system into consideration. 
Otherwise, non-physical oscillations may be generated near steep gradients. That is the reason 
why the upwind scheme must be introduced to evaluate the new fluxes at the mid-point. In this 
paper, we use the Roe’s scheme [6]. 
 
With Roe’s scheme, the new flux at the mid-point can be evaluated by 
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where , , and  denote the new flux at the mid-point, reference point and 
the supporting point, respectively. For simplicity, the subscript L and R denote the flow 

parameters at the reference point and the supporting point, respectively. The symbol  denotes 
the constant Jacobain matrix, which approximates the Jacobian matrix A defined by . 
Notice that the hat (^) denotes the matrix being constructed with a Roe averaging procedure. 

),(G RL UU )(G LU )(G RU

Â
UG ∂∂ /

 
 
3. Numerical examples and discussion 
 
In this section, the proposed method is validated though the numerical simulation of two-
dimensional steady and unsteady compressible flows. The shape parameter is set to 0.3, which 
can provide good accuracy based on our experience. Unless otherwise mentioned, the second-
order Roe’s approximate Riemann solver with limiter was employed in the simulations.  
  
3.1 Two-dimensional supersonic flow in a symmetric convergent channel 
 
For the steady flow simulation, a supersonic flow of 2=∞M  through a symmetric convergent 
channel was considered. The configuration of the channel is sketched in Fig. 2, where the wedge 
angle is 15o. For convenience and simplicity, the nodes in the domain are generated by a 
structured grid as shown in Fig. 3. Three nodal distributions are employed in this study, i.e., 
97×33, 193×65, and 385×129. The number of supporting points in the local support is restricted 
to 8. The numerical results are visualized by the Mach number contours, as shown in Fig. 4a- 4c. 
It can be observed that the contours become sharper and sharper in the shock region with denser 
nodal distribution employed, which implies the improvement of resolution by mesh refinement.  
 
3.2 Shock tube problem 
 
The shock-tube problem is a typical test case for the unsteady compressible flow simulation 
because the exact time-dependent solution is known. This particular initial value problem is 
known as Riemann Problem [7]. In this study, the length of the tube is normalized to unit, and an 
initial pressure ratio of 10 is assumed, which corresponds to the following initial state of the tube: 

0.1=Lp , 0.1=Lρ ; , 1.0=Rp 125.0=Rρ ; 0== RL uu  
 
The computations are firstly carried out on the uniform nodal distributions which correspond to 
the uniform meshes of 101×26, 201×51 and 401×101, respectively. In this test, the number of 
local supporting points is set to 4. The numerical solutions at 0.2 non-dimensional time unit are 
visualized by density contours in Fig. 5a-5c. It can be observed that with the “grid” refinement the 
discontinuities become thinner and thinner. The upwind local RBF-DQ method was also tested on 
the randomly distributed nodes. As compared with the density contours achieved on the structured 
nodes, the pattern of density contours on the random nodes has some wiggles as shown in Fig. 6. 
It is mainly due to the numerical error arising from the interpolation process, in which the 
achieved numerical results are required to interpolate on a structured grid for the visualization. 
Overall, the upwind local RBF-DQ method work very well either on the scattered node 
distribution or structured node distribution. 
 
 
4. Conclusions 
 
A new upwind RBF-based mesh-free scheme for the simulation of inviscid compressible flows 
has been developed. The method employs the local RBF-DQ approach to do the spatial 
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discretization and avoids the undesirable oscillations around discontinuity by combining the 
upwind scheme. The method has been validated by its applications to simulate steady and 
unsteady two-dimensional flows. The numerical results showed that the present method is able to 
produce solutions that agree very well with the theoretical ones.  
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Figure 2: Configuration for the supersonic flow in a convergent channel 
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Fig. 3 (a) Mach number contours for supersonic flow in a convergent channel: 97×33 

 

  
Fig. 3 (b) Mach number contours for supersonic 
flow in a convergent channel: 193×65 
 

Fig. 3 (c) Mach number contours for 
supersonic flow in a convergent channel 
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Figure 4 (a) Density contours for the Riemann problem at t=0.2 on structured node distribution: 

101×26 

Figure 4 (b) Density contours for the Riemann 
problem at t=0.2 on structured node 
distribution: 201×51 

Figure 4 (c) Density contours for the Riemann 
problem at t=0.2 on structured node 
distribution: 401×101 

 
 

 
Figure 5 Density contours for the Riemann problem at t=0.2 using a total of 9658 random nodes 
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On the High-Level Error Bound for Multiquadric and
Inverse Multiquadric Interpolations

Lin-Tian Luh(1)

Abstract: It’s well-known that there is a so-called high-level error bound for multiquadric and
inverse multiquadric interpolations, which was put forward by Madych and Nelson in 1992. It’s of

the form| f (x)−s(x)| ≤ λ
1
d ‖ f‖h where0< λ < 1 is a constant,d is the fill distance which roughly

speaking measures the spacing of the data points,s(x) is the interpolating function off (x), andh
denotes the multiquadric or inverse multiquadric. The error bound converges very fast asd→ 0.
The constantλ is very sensitive. A slight change of it will result in a huge change of the error
bound. Unfortunatelyλ can not be calculated, or even approximated. This is a famous question in
the theory of radial basis function. The purpose of this paper is to answer the question.

Keywords:radial basis function, conditionally positive definite function, interpolation, multiquadric,
inverse multiquadric.
AMS subject classification: 41A05, 41A15, 41A25,41A30, 41A63

1 Introduction

Let h be a continuous function onRn which is conditionally positive definite of orderm. Given
data

(
x j , f j

)
, j = 1, ..., N, whereX = {x1, ...,xN } is a subset of points inRn and thef j

′
s are real

or complex numbers, the so-calledh spline interpolant of these data is the functionsdefined by

s(x) = p(x)+
N

∑
j=1

c jh(x−x j ), (1.1)

wherep(x) is a polynomial inPm−1 and thec j
′
s are chosen so that

N

∑
j=1

c jq(x j ) = 0 (1.2)

for all polynomialsq in Pm−1 and

p(xi)+
N

∑
j=1

c jh(xi −x j ) = fi , i = 1, ..., N. (1.3)

HerePm−1 denotes the class of those polynomials ofRn of degree≤m−1.

1Department of Mathematics, Providence University, Shalu, Taichung, Taiwan.
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It is well known that the system of equations (1.2)and (1.3) has a unique solution whenX is a
determining set forPm−1 andh is strictly conditionally positive definite. For more details please
see [5]. Thus, in this case, the interpolants(x) is well defined.

We remind the reader thatX is said to be a determining set forPm−1 if p is in Pm−1 and p
vanishes onX implies thatp is identically zero.

In this paperh is defined by formula

h(x) := Γ(−β
2
)(c2 + |x|2) β

2 , β ∈ R\2N≥0, c 6= 0, (1.4)

where|x| is the Euclidean norm ofx, Γ is the classical gamma function andβ, c are constants. The
functionh is called multiquadric or inverse multiquadric, respectively, depending onβ > 0, or β < 0.

In [6] Madych and Nelson obtained bounds on the pointwise difference between a functionf
and theh spline which agrees withf on a subsetX of Rn. These estimates involve a parameter
that measures the spacing of the points inX and areO

(
d`

)
asd→ 0 wherel depends onh. Later

in [7] they found that for multiquadrics and inverse multiquadrics, the estimate can be improved to

O
(

λ
1
d

)
asd→ 0, whereλ is a constant which satisfies0< λ < 1. The conditions onf are the same

as those in[6] .

1.1 A Bound for Multivariate Polynomials

A key ingredient in the development of our estimates is the following lemma which gives a
bound on the size of a polynomial on a cube inRn in terms of its values on a discrete subset which
is scattered in a sufficiently uniform manner. We cite it directly from[7] and omit its proof.

Lemma 1.1 For n = 1,2, ..., defineγn by the formulasγ1 = 2 and, ifn > 1, γn = 2n(1+ γn−1). Let
Q be a cube inRn that is subdivided intoqn identical subcubes. LetY be a set ofqn points obtained
by selecting a point from each of those subcubes. Ifq≥ γn(k+1), then for all p in Pk

sup
x∈Q

|p(x)| ≤ e2nγn(k+1) sup
y∈Y

|p(y)| .

1.2 A Variational Framework for Interpolation

The precise statement of our estimates concerningh splines requires a certain amount of techni-
cal notation and terminology which is identical to that used in[6] .For the convenience of the reader
we recall several basic notions.

The space of complex valued functions onRn that are compactly supported and infinitely dif-
ferentiable is denoted byD. The Fourier transform of a functionφ in D is

φ̂(ξ) =
Z

e−i<x,ξ>φ(x)dx.

A continuous functionh is conditionally positive definite of orderm if

Z
h(x)φ(x)? φ̃(x)dx≥ 0
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holds wheneverφ = p(D)ψ with ψ in D and p(D) a linear homogeneous constant coefficient dif-
ferential operator of orderm. Hereφ̃(x) = φ(−x) and? denotes the convolution product

φ1 ?φ2(t) =
Z

φ1(x)φ2(t−x)dx.

As pointed out in[6] , this definition of conditional positive definiteness is equivalent to that of[5]
which is generally used.

If h is a continuous conditionally positive definite function of orderm, the Fourier transform of
h uniquely determines a positive Borel measureµ onRn ∼ {0} and constantsar ,|r| =2mas follows:
For all ψ ∈D

Z
h(x)ψ(x)dx=

Z {
ψ̂(ξ)− χ̂(ξ) ∑

|γ|<2m

Dr ψ̂(0)
ξr

r!

}
dµ(ξ) (1.5)

+ ∑
|γ|≤2m

Dr ψ̂(0)
ar

r!
,

where for every choice of complex numberscα, |α|= m,

∑
|α|=m

∑
|β|=m

aα+βcαcβ ≥ 0.

Hereχ is a function inD such that1− χ̂(ξ) has a zero of order2m+1 atξ = 0; both of the integralR
0<|ξ|<1 |ξ|2mdµ(ξ),

R
|ξ|≥1dµ(ξ) are finite. The choice ofχ affects the value of the coefficientsaγ

for |γ|< 2m.

Our variational framework for interpolation is supplied by a space we denote byCh,m. If

Dm =
{

φ ∈D :
Z

xαφ(x)dx= 0 f or all |α|< m

}
,

thenCh,m is the class of those continuous functionsf which satisfy

∣∣∣∣
Z

f (x)φ(x)dx

∣∣∣∣≤ c( f )
{Z

h(x−y)φ(x)φ(y)dxdy

} 1
2

(1.6)

for some constantc( f ) and allφ in Dm. If f ∈ Ch,m, let ‖ f‖h denote the smallest constantc( f ) for
which (1.6) is true. Recall that‖ f‖h is a semi-norm andCh,m is a semi-Hilbert space; in the case
m= 0 it is a norm and a Hilbert space respectively.

2 Main Results

We first recall that the functionh defined in(1.4) is conditionally positive definite of order

m= 0 if β < 0, andm=
⌈

β
2

⌉
if β > 0. This can be found in[8] and many relevant papers. Then we

have the following lemma.

Lemma 2.1 Leth be as in(1.4) andmbe its order of conditional positive definiteness. There exists
a positive constantρ such that

Z

Rn
|ξ|k dµ(ξ)≤

(√
2
)n+β+1 · (√π

)n+1 ·nαn ·cβ−k ·40 ·ρk ·k! (2.1)



C23.4 L. T. Luh

for all integerk≥ 2m+2 whereµ is defined in(1.5) , αn denotes the volume of the unit ball inRn,
c is as in(1.4) , and40 is a positive constant.

Remark. For the convenience of the reader we should express the constants40 andρ in a clear
form. It’s easily shown that

(a) k
′′
> k if and only if n−β > 3;

(b) k
′′
< k if and only if n−β≤ 1;

(c) k
′′
= k if and only if 1 < n−β≤ 3

where k
′′

and k are as in the proof of the lemma.

We thus have the following situations.

(a) n-β > 3. Let s=
⌈

n−β−3
2

⌉
. Then

(i)if β < 0, ρ = 3+s
3 and40 = (2+s)(1+s)···3

ρ2 ;

(ii) if β > 0,ρ = 1+ s

2
⌈

β
2

⌉
+3

and 40 = (2m+2+s)(2m+1+s)···(2m+3)
ρ2m+2 where m =

⌈
β
2

⌉
.

(b) n-β≤ 1. Let s=−
⌈

n−β−3
2

⌉
. Then

(i)if β < 0,ρ = 1 and 40 = 1
2 ;

(ii) if β > 0,ρ = 1 and 40 = 1
(2m+2)(2m+1)···(2m−s+3) ; wherem=

⌈
β
2

⌉
.

(c) 1 < n−β≤ 3. Thenρ = 1 and 40 = 1.

Before introducing our main theorem, we need the following lemma which is cited directly form
[7].

Lemma 2.2 LetQ,Y, andγn be as in LEMMA1.1. Then, given a pointx in Q ,there is a measureσ
supported onY such that

Z

Rn
p(y)dσ(y) = p(x)

for all p in Pk, and
Z

Rn
d |σ|(y)≤ e2nγn(k+1).

Now we need another lemma.

Lemma 2.3 For any positive integerk,
√

(2k)!
k!

≤ 2k.

Because of the local nature of the result, we first restrict our attention to the case wherex lies in
a cube.

Theorem 2.4. Supposeh is defined as in(1.4) andm is its order of conditional positive def-
initeness. Letµ be its corresponding measure as in(1.5) .Then, given a positive numberb0, there
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are positive constantsδ0 andλ,0 < λ < 1, which depend onb0 for which the following is true:

If f ∈ Ch,m and s is the h spline that interpolatesf on a subsetX of Rn, then

| f (x)−s(x)| ≤ 2
n+β+1

4 ·π n+1
4 ·√nαn ·c

β
2 ·

√
40 ·λ

1
δ · ‖ f‖h (2.2)

holds for allx in a cubeE provided that (i)E has sideb and b≥ b0,(ii)0 < δ ≤ δ0 and (iii) every
subcubeE of sideδ contains a point ofX. Here,αn denotes the volume of the unit ball inRn andc,
40 are as in(2.1) .

The numbersδ0 andλ can be expressed specifically as

δ0 =
1

3Cγn(m+1)
, λ = (

2
3
)

1
3Cγn

where

C = max

{
2ρ′
√

ne2nγn,
2

3b0

}
, ρ

′
=

ρ
c
.

The numberρ can be found in the remark immediately following LEMMA2.1, andγn is defined in
LEMMA1.1.

What’s noteworthy is that in THEOREM2.4 the parameterδ is not the generally used fill dis-
tance. For easy use we should transform the theorem into a statement described by the fill distance.

Let

d(Ω,X) = sup
y∈Ω

inf
x∈X

|y−x|

be the fill distance. Observe that every cube of sideδ contains a ball of radiusδ2 . Thus the subcube
condition in THEOREM2.4. is a satisfied whenδ = 2d(E,X). More generally, we can easily con-
clude the following:

Corollary2.5Supposeh is defined as in(1.4) andmis its order of conditional positive definite-
ness. Letµ be its corresponding measure as in(1.5) . Then, given a positive numberb0,there are
positive constantsd0 and λ′ , 0 < λ′ < 1, which depend onb0 for which the following is true: If
f ∈ Ch,m ands is theh spline that interpolatesf on a subsetX of Rn, then

| f (x)−s(x)| ≤ 2
n+β+1

4 ·π n+1
4 ·√nαn ·c

β
2 ·

√
40 · (λ

′
)

1
d · ‖ f‖h (2.8)

holds for allx in a cubeE ⊆ Ω, whereΩ is a set which can be expressed as the union of rotations
and translations of a fixed cube of sideb0, provided that(i)E has sideb≥ b0, (ii)0 < d ≤ d0 and
(iii) every subcube ofE of side2d contains a point ofX. Here,αn denotes the volume of the unit
ball in Rn and c, 40 are as in(2.1) . Moreoverd0 = δ0

2 and λ′ =
√

λ whereδ0 and λ are as in
THEOREM2.4.

Remark. The spaceCh,m probably is unfamiliar to most people. It’s introduced by Madych and
Nelson in[5]and[6] . Later Luh made characterizations for it in[1] and[2] . Many people think that
it’s defined by Gelfand and Shilov’s definition of generalized Fourier transform, and is therefore
difficult to deal with. This is wrong. In fact, it can be characterized by Schwartz’s definition of
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generalized Fourier transform. The situation is not so bad. Moreover, many people mistakeCh,m to
be the closure of Wu and Schaback’s function space which is defined in[9] . This is also wrong. The
two spaces have very little connection. Luh also made a clarification for this problem. For further
details, please see[3] and[4] .
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Option Pricing using Radial Basis Functions

U. Pettersson,(1) E. Larsson,(2) G. Marcusson,(3) andJ. Persson(4)

Abstract: In this paper, we have implemented a radial basis function (RBF) based method for
solving the Black–Scholes partial differential equation. The application we have chosen is the
valuation of European call options based on several underlying assets. We have shown that by
appropriate choices of the RBF shape parameter and the node point placement, the accuracy of the
results can be improved by at least an order of magnitude. We have also looked at how and where
to implement boundary conditions in more than one dimension.

Keywords:Radial basis function, Black–Scholes equation, multi-dimensional, boundary conditions.

1 Introduction

The financial markets are becoming more and more complex, with trading not only of stocks, but
also of numerous types of financial derivatives. The market requires updated information about
the values of these derivatives every second of the day. This leads to a huge demand for fast and
accurate computer simulations.

In this study, we take a special interest in European call options based on several underlying
assets. The values of such options can be determined by solving the Black–Scholes equation. The
number of assets then corresponds to the number of dimensions in the partial differential equation.
“The curse of dimensionality” makes this task increasingly difficult in higher dimensions and it is
necessary to find fast methods with very low memory requirements.

RBF approximation is a promising candidate method. With infinitely smooth RBFs the method
can be spectrally accurate, meaning that the required number of node points for a certain desired
accuracy is relatively small. The meshfree nature of the method makes it easy to use in higher
dimensions and also allows for adaptive node placement.

The RBF approach has been explored previously by other authors [4, 3, 7, 1]. Our specific
angle in this context is an investigation of what can be achieved by optimizing the method parame-
ters. Furthermore, we look at how boundary conditions should be implemented and where they are
needed.

1Uppsala University, Dept. of Information Technology, Box 337, SE-751 05 Uppsala, Sweden
(ulrikap@it.uu.se).

2Uppsala University, Dept. of Information Technology (bette@it.uu.se).
3Förs̈akringsmatematik, Box 5148, SE-102 43 Stockholm, Sweden
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4Uppsala University, Dept. of Information Technology (jonasp@it.uu.se).
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2 The multi-dimensional model problem

2.1 The Black–Scholes equation

The Black–Scholes equation is a time-dependent linear partial differential equation. Normally, it is
posed as a final value problem. For ease of notation and computation, we here use a version that has
been transformed to an initial value problem and also scaled to have dimensionless variables [6].
The form is





∂
∂t̂

P(t̂,x) = LP(t̂,x), t̂ ∈ R+, x∈ Rd
+,

P(0,x) = Φ(x), x∈ Rd
+,

(1)

where

LP = 2r̄
d

∑
i=1

xi
∂P
∂xi

+
d

∑
i, j=1

[σ̄σ̄∗]i j xix j
∂2P

∂xi∂x j
−2r̄P. (2)

The coefficientr̄ is the scaled short interest rate, andσ̄ is the scaled volatility. An example of a
contract function for a European basket option is given by

Φ(x) = max

(
0,

1
d

d

∑
i=1

xi − K̄

)
, (3)

where the scaled strike price in our case isK̄ = 1.

2.2 Boundary conditions

For computational purposes, we need to restrict the problem to a finite domain. Because we are
using a meshfree method, we have the opportunity to choose the artificial far-field boundary as
we like. With the contract function above, it makes sense to use a boundary surface of the type
∑d

i=1xi = C, where the constantC is chosen to bring the surface far enough from the origin. On this
surface, we can use the asymptotic solution

P(t̂,x)→ 1
d

d

∑
i=1

xi − K̄e−2r̄ t̂ , ‖x‖→ ∞. (4)

The near-field boundary can be seen as the single pointx = 0, and there we enforce

P(t̂,0) = 0. (5)

We have not specified any conditions for the parts of the boundary surface that are given byx j ≡ 0
for somej. It has actually been shown that, mathematically, this is not needed [5].
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2.3 Measuring the error

When measuring the error in the RBF approximation it is important to remember the real-life back-
ground of the problem we are solving. In option trading the region of interest is where the mean
stock price is close to the strike price. When the mean stock price is much lower or higher than the
strike price, the probability of the stock price reaching the strike price is very low. Hence in these
situations the option is worth either nothing, or the difference between the mean stock price and the

strike price. We define the region of interest to be allx for which 1
d ∑d

i=1xi ∈
[

K̄
3 , 5K̄

3

]
, and propose

a financial error norm given by the maximum error over this region at the final timet̂ = T, i.e., the
exercise time of the option.

3 RBF approximation

We approximate the solution of (1) with a time-dependent linear combination of RBFs given by

u(t̂,x) =
N

∑
k=1

λk(t̂)φ(ε‖x−xk‖) =
N

∑
k=1

λk(t̂)φk(x). (6)

The equation then becomes

N

∑
k=1

λ′k(t̂)φk(x) =
N

∑
k=1

λk(t̂)Lφk(x), (7)

When we solve the PDE, we work with function values at the node points. That is, we solve for the
vectoru(t̂) = (u(t̂,x1), . . . ,u(t̂,xN))T given by

u(t̂) = Aλ(t̂), (8)

whereAi j = φ j (xi) andλ(t̂) = (λ1(t̂), . . . ,λN(t̂))T .

4 Time-stepping

For the time evolution of the problem, we use the BDF–2 method [2] with a constant time stepk.
Let t̂n = knand letun ≈ u(t̂n). Then the method can be written

α0un +α1un−1 +α2un−2

k
= F n,

whereα j are constant coefficients andF n = ( f n
1 , . . . , f n

N)T approximates the differential operator
in space at the node points. For pointsxi where we enforce the Black–Scholes equation, (7) and (8)
lead to

f n
i = biλ

n = biA
−1un, (9)

wherebi = (Lφ1(xi), . . . ,LφN(xi)).
It is important to implement boundary conditions in such a way that they are incorporated into

the time scheme and not adjusted afterwards. For Dirichlet conditionsu(t̂,xi) = g(t̂), this can easily
be done by defining

f n
i =

α0g(t̂n)+α1g(t̂n−1)+α2g(t̂n−2)
k

. (10)
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Assuming that the initial boundary values are correct, this yields the desired result. Finally, com-
bining (9) and (10), we get the overall time-stepping scheme

(I − k
α0

BA−1)un =
k

α0
gn− kα1

α0
un−1− kα2

α0
un−2,

where

Bi,1:N =
{

0, xi Dirichlet point,
bi , xi Black–Scholes point,

gn
i =

{
f n
i , xi Dirichlet point,

0, xi Black–Scholes point.

Remark 1:Sometimes in the literature,d−1 dimensional problems are solved at the boundaries
where the PDE collapses. These are the boundaries where we do not use any special conditions.
Our reasons are both the mathematical ones given in [5], and the fact that if we time-step these
points along with the rest, we automatically use the lower dimensional differential equation where
it is appropriate. This should provide the correct time evolution everywhere.

Remark 2:For second order finite difference methods, linear extrapolation conditions are often
used as numerical boundary conditions, but for RBFs this simply does not make any sense.

5 Numerical experiments

We have used multiquadric RBFs in all the experiments. The far-field boundary surface was given
by all x for which 1

d ∑d
i=1xi = 4K̄. The parameters were set tor̄ = 5/9, σ̄ = 1 in one dimension, and

σ̄ = 1 on the diagonal and̄σ = 1/6 off the diagonal in two dimensions.
The time-step was chosen small enough to not affect the result and the final time wasT = 0.045,

corresponding to 1 year.

5.1 Node distribution

Because our interest is in the financial norm of the error, we can gain accuracy by using a denser
node distribution in the region of interest and a sparser distribution outside this region. In other
words we gain accuracy in the region where we want an accurate solution by lowering the accuracy
in the region where the solution is of little interest (see Figure 1). This strategy improves the result
by one order of magnitude for both the one-dimensional and the two-dimensional problem, without
increasing the computational cost.

5.2 Choosing the shape parameter value

The optimal shape parameter value for an RBF method has a non-coincidental connection to the
problem at hand. It is therefore likely that a formula for the best choice can be found. However, in
practise, the global optimum of the shape parameter value is often hidden by ill-conditioning. This
means that we must at the present time settle for finding a choice of the shape parameter that gives
good results for any number of points, although it might not be the optimal choice theoretically. We
have found that in one dimension the formulaε = 1+N/20, gives a rather good result for the values
of N that we have tested (see Figure 2). For two-dimensional problems it seems that the best results
are obtained for the smallest possibleε-value for which the problem is not too ill-conditioned.

5.3 Accuracy in space

One of the main advantages of the RBF method is that it can give spectral accuracy. This has been
shown theoretically for some types of problems and numerically for a wider range of problems. We
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Figure 1: Errors for uniform (dashed) and non-uniform (solid) node distributions in 1D.
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Figure 2: Error as function ofε for differentN. The stars showε = 1+N/20.
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Figure 3: The error as a function ofN (logarithmic axes).

have tested the accuracy in space for the one-dimensional Black–Scholes problem, but have unfor-
tunately found that the accuracy does not seem to be spectral but rather algebraic (see Figure 3).
The error is approximatelyE(N)≈ 59N−3. There may be compound reasons for this, but one likely
source is the discontinuous derivative in the initial data. An analysis of the results for a European
put option in [7] shows a similar convergence rate.

6 Work in progress

We have not shown any high dimensional results here. We have some two-dimensional results and
will produce more before the conference. Higher dimensions will be looked into later. A thorough
comparison of the computational costs and memory requirements of the RBF method and the finite
difference method described in [6] is under way, but not yet finished. We are also looking at ways
to recover the spectral accuracy, including multiscale approximation and least squares.
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True and spurious eigensolutoins for membrane and plate
problems by using method of fundamental solutions

Jeng-Tzong Chen(1) andYing-Te Lee(2)

Abstract: In this paper, the method of fundamental solutions is utilized to solve free vibration of
membrane and plate problems. Single and double-layer potential approaches are both considered
for the membrane problem and 6 (C4

2) options by adopting two potentials from the single, double,
triple and quadruple potentials are chosen for the plate problem. Spurious eigenvalues appear in
the method of fundamental solution for the multiply-connected domain. The occurring mechanism
of the spurious eigenvalues for membrane and plate problems is studied analytically by an annular
case. The degenerate kernels and circulants are utilized to derive the true and spurious eigenequa-
tions analytically in the discrete model. True eigenequation depends on the boundary condition
while spurious eigenequation relies on the formulation. The remedy, Burton & Miller method, is
employed to suppress the occurrence of the spurious eigenvalues. Two examples are demonstrated
to check the validity of the present formulations.

Keywords: method of fundamental solutions, eigenproblem, degenerate kernel, circulant, Burton
& Miller method

1 Introduction

It is well known that the method of fundamental solutions (MFS) can deal with engineering
problems when a fundamental solution is known. This method was attributed to Kupradze in 1964
[1]. The method of fundamental solutions can be applied to potential [2], Helmholtz [3], diffusion
[4], biharmonic [5], Stokes [6] and elasticity problems [1]. The method of fundamental solutions
can be seen as one kind of meshless method. The basic idea is to approximate the solution by a linear
superposition of fundamental solution with sources located outside the domain of the problem.
Moreover, it has some advantages over boundary element method, e.g., no singularity, no boundary
integrals and mesh-free model. However, only a limited number of MFS papers have been published
for problems of multiply-connected domain. Spurious eigenvalue has not been noticed in the MFS
[7]. In this paper, the true and spurious eigenequations for membrane and plate eigenproblems
of multiply-connected domains will be analytically and numerically studied by using the method
of fundamental solutions. In the conventional MFS, only the single-layer potential approach is
utilized. Based on the potential theory, two approaches (single and double-layer potential methods)
are adopted for membrane problems. For plate problems, four potentials (single, double, triple and

1Department of Harbor and River Engineering, National Taiwan Ocean University, Keelung, Taiwan
(jtchen@mail.ntou.edu.tw)

2Department of Harbor and River Engineering, National Taiwan Ocean University, Keelung, Taiwan
(D93520002@mail.ntou.edu.tw)
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quadruple potentials) can be chosen and 6 (C4
2) options can be considered. The spurious eigenvalue

appears in the membrane and plate problems. The occurring mechanism of the true and spurious
eigenequations will be studied analytically by using mathematical tools such as degenerate kernel,
circulant and singular value decomposition (SVD). We will utilize the Burton & Miller method
to suppress the occurrence of the spurious eigenvalues for membrane and plate problems. Two
examples will be demonstrated to see the validity of the present approaches.

2 Analysis of membrane and plate eigenproblems using the method of fundamental
solutions

The governing equations for membrane and plate eigenproblems are shown as follows:

Lu =
{

(∇2 +k2)u(x) = 0, x∈Ω for the membrane problem,
(∇4−λ4)u(x) = 0, x∈Ω for the plate problem,

(1)

where∇2 is the Laplacian operator,∇4 is the biharmonic operator,Ω is the domain,k is the wave
number which is the angular frequency over the speed of sound,λ is the frequency parameter and
u(x) is the field potential atx. Here, we consider the fundamental solutionU(s,x) as

U(s,x) =
{

iJ0(kr)−Y0(kr) for the membrane problem,
1

8λ2 {[Y0(λr)− iJ0(λr)]+ 2
π [K0(λr)− iI0(λr)]} for the plate problem,

(2)

wherer ≡ |s− x| is the distance between the source and collocation points,i2 = −1, Jn denotes
the first-kind Bessel function of thenth order,Yn denotes the second-kind Bessel function of the
nth order,In denotes the first-kind modified Bessel function of thenth order andKn denotes the
second-kind modified Bessel function of thenth order.
For the purpose of deriving the exact eigensolution, an annular domain is considered. The radii
of inner and outer circles area and b for the real boundary, and the sources are distributed on
the inner (a′) and outer (b′) fictitious circles as shown in Figure 1. For simplicity, the membrane
problem subject to the Dirichlet-Dirichlet boundary condition is considered by using the single-
layer potential approach. We distribute2N collocation points on each boundary. The influence
matrices can be easily determined by the two-point function. By matching the boundary condition,
we have

{0}= [U11
i j ]{φ1

j }+[U12
i j ]{φ2

j }, (3)

{0}= [U21
i j ]{φ1

j }+[U22
i j ]{φ2

j }, (4)

where the first superscript “α” in [Uαβ
i j ] denotes the position of collocation point (1 forB1 and 2

for B2), the second superscript “β” identifies the position of source point (1 forB′1 and 2 forB′2),
{φ1

j } and{φ2
j } are the unknown coefficients on the inner and outer boundaries, respectively. By

assembling Eqs.(3) and (4) together, we have

[SMD1]

{
φ1

j
φ2

j

}
=

[
U11

i j U12
i j

U21
i j U22

i j

]{
φ1

j
φ2

j

}
=

{
0
0

}
, (5)

where the subscript “D1” denotes the Dirichlet-Dirichlet problem by using the single-layer potential
approach. For the existence of nontrivial solution, the determinant of the matrix must be zero,i.e.,

det[SMD1] = 0. (6)
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By plotting the determinant versus the wave number, the curve drops at the positions of eigenvalues.
In order to check the validity of this approach, the plate problem subject to the clamped-clamped
case on the outer circleB2 (u2 = 0 and θ2 = 0) and the inner circleB1 (u1 = 0 and θ1 = 0) is
considered by using theU-Θ formulation. By matching the boundary condition, we have

{
0
0

}
=

[
U11 U12
U21 U22

]{
φ1
φ2

}
+

[
Θ11 Θ12
Θ21 Θ22

]{
ψ1
ψ2

}
, (7)

{
0
0

}
=

[
U11θ U12θ
U21θ U22θ

]{
φ1
φ2

}
+

[
Θ11θ Θ12θ
Θ21θ Θ22θ

]{
ψ1
ψ2

}
, (8)

where{φ1}, {ψ1}, {φ2} and{ψ2} are the generalized coefficients forB1 andB2 with a dimension
2N×1, the matrices[Ui j ], [Θi j ], [Ui jθ] and [Θi jθ] mean the influence matrices ofU , Θ, Uθ and
Θθ kernels [8] which are obtained by collocating the field and source points onBi andB′j with a
dimension2N× 2N, respectively. Similarly, the determinant of the matrix which is obtained by
assembling Eqs.(7) and (8) versus the eigenvalue must be zero for the existence of nontrivial solu-
tions. By plotting the determinant versus the frequency parameter, the curve drops at the positions
of eigenvalues.

3 Mathematical tools

3.1 Degenerate kernel

The kernel function used can be typically expressed in terms of degenerate kernel as follows:

U(s,x) =

{
U i(s,x) = ∑∞

m=0
i

λm
Cm(ks)Rm(kx), x∈Ωi ,

Ue(s,x) = ∑∞
m=0

i
λm

Cm(kx)Rm(ks), x∈Ωe,
(9)

whereΩi andΩe are the interior and exterior domains, respectively.
For the membrane case, Eq.(9) reduces to

U i(R,θ;ρ,φ) =
∞

∑
m=−∞

Jm(kρ)(iJm(kR)−Ym(kR))cos(m(θ−φ)), R> ρ, (10)

Ue(R,θ;ρ,φ) =
∞

∑
m=−∞

Jm(kR)(iJm(kρ)−Ym(kρ))cos(m(θ−φ)), R< ρ. (11)

The degenerate kernel of the plate problem is

U i(R,θ;ρ,φ) =
1

8λ2

∞

∑
`=−∞

{J̀ (λρ)[Ỳ (λR)− iJ`(λR)]

+
2
π

(−1)`I`(λρ)[(−1)`K`(λR)− iI`(λR)]}cos(`(θ−φ)),R> ρ, (12)

Ue(R,θ;ρ,φ) =
1

8λ2

∞

∑
`=−∞

{J̀ (λR)[Ỳ (λρ)− iJ`(λρ)]

+
2
π

(−1)`I`(λR)[(−1)`K`(λρ)− iI`(λρ)]}cos(`(θ−φ)),R< ρ, (13)

wherex = (ρ,φ) ands= (R,θ).
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3.2 Circulant

By superimposing2N lumped strength along the fictitious boundary, we have the influence matrix,

[Ui j ] =




a0 a1 a2 · · · a2N−2 a2N−1
a2N−1 a0 a1 · · · a2N−3 a2N−2
a2N−2 a2N−1 a0 · · · a2N−4 a2N−3

...
...

...
.. .

...
...

a1 a2 a3 · · · a2N−1 a0




(14)

The matrix,[Ui j ], is found to be a circulant. By introducing the following bases for the ciruclants,
I , (C2N)1, (C2N)2, · · · , and(C2N)2N−1, we can expand[U ] into

[U ] = a0I +a1(C2N)1 +a2(C2N)2 + · · ·+a2N−1(C2N)2N−1, (15)

whereI is the unit matrix and

C2N =




0 1 0 · · · 0 0
0 0 1 · · · 0 0
...

...
...

.. .
...

...
0 0 0 · · · 0 1
1 0 0 · · · 0 0




2N×2N

. (16)

Based on the circulant theory, the eigenvalues for influence matrix,[U ], is found as follows:

λ` = a0 +a1α` +a2(α`)2 + · · ·+a2N−1(α`)2N−1, ` = 0,±1,±2, · · · ,±(N−1),N, (17)

whereλ` andα` are the eigenvalues for matrices[U ] and[C2N], respectively.

4 Numerical results and discussions

Example 1: An annular membrane with the inner radius of 0.5 meter and the outer radius of 2 meter
are considered, respectively. The source points are distributed ata′ = 0.4mandb′ = 2.2m. The outer
and inner fictitious boundaries are both distributed 36 nodes as shown in Figure 1, respectively.
Figures 2(a) and (b) show the determinant versus wave number by using the single-layer potential
approach and double-layer potential approach, respectively. The drop location indicates the possible
eigenvalues. As expected, the spurious eigenvalue of k=6.01 (Jm(ka′) = 0) for the single-layer
potential approach and k=4.61 (J′m(ka′) = 0) for the double-layer potential approach appear. Figure
2(c) shows the determinant versus wave number by using the Burton & Miller method for the
annular membrane where the spurious eigenvalues are suppressed. After comparing the result with
the analytical solution, good agreement is made.
Example 2: An annular plate with the inner radius of 0.5 meter and the outer radius of 1 meter
are considered, respectively. The source points are distributed ata′ = 0.4m meter andb′ = 1.2m
meter. Forty-six nodes are uniformly distributed on the inner and outer fictitious boundaries. Figure
3(a) and (b) shows the determinant versus frequency parameter by using theU −Θ and M−V
formulations, respectively. The drop location indicates the possible eigenvalues. Figure 3(c) shows
the determinant versus frequency parameter by using the Burton & Miller method for the annular
plate. It is found that the appearance of spurious eigenvalues is suppressed. After comparing the
result with the analytical solution, good agreement is made.
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5 Conclusions

Mathematical analysis has shown that spurious eigenvalues occur by using degenerate kernels and
circulants when the method of fundamental solutions was used to solve the eigenvalue of annular
membrane and plate. The positions of spurious eigenvalues for the annular problem depend on the
location of inner fictitious boundary where the sources are distributed. The spurious eigenvalues
in the annular problem are found to be the true eigenvalues of the associated simply-connected
problem bounded by the inner sources. Finally, we have successfully employed the Burton & Miller
method to filter out the spurious eigenvalues for membrane as well as plate problems.
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A new meshfree method for Helmholtz eigenvalue
problems in simply and multiply connected domains

S. Yu. Reutskiy(1)

Abstract: In this paper a new boundary method for Helmholtz eigenproblem in simply and multiply
connected domains is presented. The solution of an eigenvalue problem is reduced to a sequence of
inhomogeneos problems with the differential operator studied. The method shows a high precision
in simply and multiply connected domains and does not generate spurious eigenvalues. The results
of the numerical experiments justifying the method are presented.

Keywords: meshfree method, eigenvalue problem, Helmholtz equation.

1 Introduction

The goal of this paper is to present a new numerical technique for solution of the following eigen-
value problem:

∇2w+k2w = 0, x =(x1,x2) ∈Ω⊂ R 2, B[w] = 0, x ∈ ∂Ω. (1)

HereΩ is a simply or multiply connected domain of interest with boundary∂Ω. The boundary
operatorB[...] will be considered of the two types: the DirichletB[w] = w and of the Neumann type
B[w] = ∂w/∂n. As a mechanical or acoustic application, this corresponds to recovering the reso-
nance frequencies of a system. Such problems often arise in engineering applications. Boundary
methods, such as the method of fundamental solutions(MFS) [1], are the fastest and most powerful
tools in this field.

In the framework of the boundary methods a general approach to solving this problem is as
follows. First, using an integral representation ofw in the BEM, or an approximation over funda-
mental solutions in MFS, one gets an homogeneous linear systemA (k)q = 0 with matrix elements
depending on the wave numberk. The determinant of this matrix must be zero to obtain the non-
trivial solution: det[A (k)] = 0. This equation must be investigated analytically or numerically to
get the egenvalues. This technique is described in [2, 3, 4] with more details. In the two latest
papers there is a complete bibliography on the subject considered.

The method presented in this article is based on a fundamentally different idea. This is a
mathematical model of physical measurements when the resonance frequencies of a system are
determined by the amplitude of response to some external excitation. As a result, instead of (1) we
solve a sequence ofinhomogeneousboundary value problems(BVP):

∇2w+k2w = f (x) , x =(x1,x2) ∈Ω⊂ R 2, B[w] = 0, x ∈ ∂Ω. (2)

1Laboratory of Magnetohydrodynamics, P.O. Box 136, Moskovski av.,199, 61037, Kharkov, Ukraine (reut-
skiy@bars.net.ua).
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where f describes some source placed outside the solution domain. LetF (k) be some norm of
the solutionw. This function ofk has maximums at the eigenvalues and, under some conditions
described below, can be used for their determining.

2 The main algorithm

Applying the MFS procedure to problem (2) we look for an approximation solution in the form of
a linear combination:

w(x|q) = wp(x)+
N

∑
n=1

qnΦn(x), (3)

wherewp is the particular solution corresponding tof , and the trial functions

Φn(x) = H(1)
0 (k|x−ζn|) (4)

satisfy the homogeneous PDE. This is the so-called Kupradze basis [5]. The singular pointsζn

are located outside the solution domain. The free parametersqn should be chosen to satisfy the
boundary conditionB[w(x|q)] = 0, x ∈ ∂Ω. The collocation procedure withNc collocation points
distributed uniformly on the boundary is used to this goal. We takeNc approximately twice as large
as the number of free parametersN. As a result, we obtain an overdetermined inhomogeneous linear
system which can be solved by the least squares method. More details of the method can be found,
e.g., in [1]. As a particular solution corresponding to the exciting source we take the fundamental
solution

wp(x) = Φex(x,ζex,k)≡ H(1)
0 (k|x−ζex|) (5)

with ζex placed outside the solution domain.
When dealing with problems in multiply connected domains, the same trial functions can be

used. And the source points should be placed also inside each hole. As an alternative approach one
can use the special trial functions associated with each hole:

Ψs,1(x) = H(1)
0 (krs), Ψs,2n+1(x) = H(1)

n (krs)cosnθs,Ψs,2n(x) = H(1)
n (krs)sinnθs. (6)

Here rs = |x− xs|,θs is the local polar coordinate system with the origin atxs. This is so-called
Vekua basis [6], or multipole expansion. It is proven that every regular solution of the 2D Helmholtz
equation in a domain with holes can be approximated with any desired accuracy by linear combi-
nations of such functions if the originxs of a multipole is inside every hole. In this case instead of
(3) we use:

w(x|q,ps) = wp(x)+
N

∑
n=1

qnΦn(x)+
S

∑
s=1

M

∑
m=1

ps,mΨs,m(x), (7)

whereS is the number of holes andM is the number of terms in each multipole expansion.

To get the resonance curve we compute the valueF (k) = 1/Nt

√
∑Nt

l=1

∣∣w(
xt,l

)∣∣2, using the test-
ing pointsxt,l ∈Ω. As the calculation carried out show the graph(k,F) contains large sharp peaks
at the positions of eigenvalues. Remark that the right hand sidef corresponding to (5) equals to zero
identically insideΩ and BVP (2) has a unique solutionw = 0 for all k exceptk = kn - eigenvalues
when solution is not unique. In practice, for a large enoughN approximate solution (5) or (7) as
well as any of its normF (k) is very small in absolute value and close to zero with machine precision
whenk is far fromkn; F (k) grows considerably whenk→ kn due to degeneration of the collocation
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matrix. As a result the graph(k,F) is non smooth, and a regularizing procedure is needed to get the
appropriate smooth resonance curve which is convenient for applying an optimization procedure.

The following two regularizing procedures are described in the paper. The first one consists in
introducing an additional dissipative term in the governing equation. And instead of (2) we consider
the problem:

∇2w+
(

k2 + iεk
)

w = f (x) , x =(x1,x2) ∈Ω⊂ R 2, B[w] = 0, x ∈ ∂Ω. (8)

with some smallε > 0. Note that this problem has a unique non zero solution for all realk. The trial

functions (4) should be also modified:Φn(x) = H(1)
0 (χ |x−ζn|), χ(k,ε) =

√
k2 + iεk.

The second regularizing technique is as following. Let us introduce the constant shift∆k be-
tween the exciting source and the studied mode, i.e., instead of (5), we take the particular solution

in the form:wp(x) = Φex(x,̃k)≡ H(1)
0 (k̃|x−ζex| , k̃ = k+∆k.

As the calculations show, in both cases we get a smooth resonance curve with separated max-
imums at the positions of eigenvalues. This admits of using the following simple algorithm. First,
we localize these maximums ofF (k) on the intervals[ai ,bi ] Next, we solve the univariate opti-
mization problem inside each one. In particular, we applied Brent’s method based on a combination
of parabolic interpolation and bisection of the function near to the extremum(see [7]).

3 Numerical examples

In this section, the results of the numerical experiments are given to illustrate the method presented.
In all the cases considered bellow the resonance curveF (k) is computed usingNt testing points

xt,l ∈Ω: F (k) = 1/Nt

√
∑Nt

l=1

∣∣w(
xt,l

)∣∣2. In all the calculations we use 15 testing points distributed
insideΩ with the help of RNUF generator of pseudorandom numbers from the Microsoft IMSL
Library. To get the eigenvalues we look for the maximums ofF (k) using the procedure described.
Example 1)A circular domain with the radiusr = 1 subjected to Dirichlet or Neumann boundary
condition is considered. The exciting source corresponding to particular solution (5) is placed at
the positionζex = (5,5); the singular pointsζn of the fundamental solutions (4) are located on the
circle with the radiusR= 2.The results shown in Table 1 correspond toε = 10−6. Here we place
the relative errors

er = |ki −k(ex)
i |/k(ex)

i (9)

in the calculation of the first 5 eigenvalues. The line− in a cell indicates that the solution process

failed with these parameters. The exact eigenvaluesk(ex)
i are the roots of the equationJn (k) = 0

(Dirichlet) orJ′n (k) = 0 (Neumann).
Example 2) Next, we consider the case whenΩ is the unit square with the same Dirichlet

or Neumann boundary condition. This problem has an analytical solution:k(ex) = π
√

i2 + j2,
i, j = 1,2, ..(Dirichlet condition) andi, j = 0,1,2, ..(Neumann condition). In Table 2, we show the
results of calculation of the first 5 eigenvalues withε = 10−6. The placements of the singular points
ζn and the exciting source are the same as above.
Example 3)For the next example, we consider an annular case of the double connected domain
between the two circles:Ω =

{
(x1,x2) | r2

1 ≤ x2
1 +x2

2 ≤ r2
2

}
The inner and outer radii of an annular

domain arer1 = 0.5 andr2 = 2 correspondingly. We take Dirichlet condition on the outer boundary
and Neumann on the inner one. The singular points are distributed at the circles with the radii
a = 5(outside the domain) andb = 0.3 (inside the hole). The numbers of the singular points on
each auxiliary contour is equal toN. The exciting source is placed atζex = (10,10). In Table 3 we
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Table 1: Circular domain with the radiusr = 1. The relative errors in calculations of the eigenvalues.
ε = 10−6.

Dirichlet condition Neumann condition
N = 15 N = 20 N = 25 N = 15 N = 20 N = 25
4·10−11 2·10−11 1·10−12 2·10−9 2·10−9 2·10−9

− 5·10−11 2·10−12 4·10−9 2·10−9 2·10−9

− 9·10−10 1·10−9 9·10−12 1·10−11 6·10−12

− − 8·10−13 7·10−8 9·10−10 8·10−10

− − 1·10−9 2·10−6 6·10−10 3·10−10

Table 2: Square with the sidea= 1. The relative errors in calculations of the eigenvalues.ε = 10−6.

Dirichlet condition Neumann condition
N = 15 N = 20 N = 25 N = 15 N = 20 N = 25
1·10−6 3·10−8 1·10−9 4·10−7 5·10−8 8·10−12

1·10−5 9·10−8 1·10−8 1·10−6 3·10−8 3·10−9

8·10−5 3·10−8 8·10−9 4·10−5 1·10−7 3·10−10

3·10−4 1·10−6 3·10−9 1·10−4 6·10−6 5·10−9

3·10−3 4·10−5 6·10−7 5·10−4 2·10−5 6·10−7

place the relative errors (9) in calculation of the first 5 eigenvalues of the problem described with

ε = 10−5. The valuesk(ex)
i are obtained numerically as roots of the equation:

J′n (r1k)Yn (r2k)−Jn (r2k)Y′n (r1k) = 0.

Example 4) In this example, doubly connected region with the inner region of vanishing maximal
dimension is concerned. The geometry is the same as inExample 3. However, here we consider
the case of very small inner holes. In particular, we taker1 = 10−1,10−2,10−3 with the same
fixed r2 = 2. Now, the Kupradze type basis functions (4) are unfit to approximate solution in a
neighbourhood of the hole. Here we use a combined basis which includes the trial functions (4)
with the singular points placed on an auxiliary circular contour outside the solution domain and a
multipole expansion with the origin at the center of the hole. Thus, we look for an approximate
solution in the form:

w(x|q,p) = wp(x)+
N

∑
n=1

qnΦn(x)+
M

∑
m=1

pmΨm(x).

The data presented in Table 4 correspond to the number of sources on the outer auxiliary circular
contourN = 50. The number of terms in multipole expansionM varies fromM = 11(r1 = 10−1)
to M = 5(r1 = 10−3). The exciting source is placed at the positionζex = (10,10). We use the
regularizing technique with the shift∆k = 1. We would like to draw the readers’ attention to the

fact that the method presented can separate the very close eigenvalues:k(ex)
4 = 3.1900833197 and

k(ex)
5 = 3.2126996563(see data correspond tor1 = 10−1).
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Table 3: Annular domain. The relative errors in calculations of the eigenvalues.ε = 10−5.

i k(ex)
i N = 15 N = 20 N = 25

1 1.3339427880 5.4·10−11 2.4·10−11 2.4·10−11

2 1.7388632616 6.7·10−8 7.9·10−12 5.3·10−12

3 2.4753931967 − 7.5·10−11 8.0·10−12

4 3.1645013237 − 7.0·10−8 5.4·10−11

5 3.2899912986 − − 7.2·10−11

Table 4: Circle with a small hole. Dirichlet boundary condition. The outer radius:r2 = 2;
The relative errors (9) in calculation of the first ten eigenvalues.
Regularization by shift of the wave numbers.∆k = 1.

r1 = 0.1, N = 50, M = 11 r1 = 0.01, N = 50, M = 7 r1 = 0.001, N = 50, M = 5

i k(ex)
i er k(ex)

i er k(ex)
i er

1 1.5322036536 1.9·10−8 1.3709447159 2.5·10−8 1.3148533741 2.0·10−8

2 1.9301625755 5.8·10−9 1.9160005377 5.4·10−9 1.9158544900 5.4·10−9

3 2.5680354360 1.6·10−9 2.5678112121 1.6·10−9 2.5678111892 1.5·10−9

4 3.1900833197 1.3·10−11 2.9632630840 5.3·10−9 2.8883437835 2.8·10−9

5 3.2126996563 7.4·10−9 3.1900809955 2.9·10−12 3.1900809955 1.1·10−10

6 3.5522743165 3.7·10−10 3.5082790790 2.3·10−12 3.5077982552 3.0·10−11

7 3.7941712382 1.2·10−11 3.7941712738 1.0·10−9 3.7941712738 1.2·10−11

8 4.2101115868 9.0·10−12 4.2086222910 7.6·10−12 4.2086221329 5.9·10−12

9 4.3857419081 4.4·10−12 4.3857419733 1.1·10−11 4.3857419733 1.2·10−12

10 4.8805392651 1.0·10−11 4.5543927267 1.3·10−9 4.4650868082 3.6·10−10

4 Concluding remarks

In this paper, a new meshfree method for eigenproblems with Laplace operators is proposed. This is
a mathematical model of physical measurements, when a mechanical or acoustic system is excited
by an external source and resonance frequencies can be determined using the growth of the ampli-
tude of oscillations near these frequencies. From this point of view it can be named as the method
of external sources (MES). The MES technique shows a high precision in simply and multiply con-
nected domains and does not generate spurious eigenvalues. The technique presented is based on
the MFS solution of the problem. However, let us consider again the eigenvalue problem for the unit
square with the same geometry and position of the external source as the ones described inExample
2 . The 2D Helmholtz equation with the Dirichlet boundary conditions is solved by a FD method. In
particular, the DFPS2H code from the Microsoft IMSL Library based on the fourth-order accurate
finite-difference approximation of the equation is used. When the 30×30 grid is used, the relative
errors (9) in the calculations of the first 5 eigenvalues are: 2· 10−7, 2 · 10−6, 3 · 10−6, 6 · 10−6,
8 ·10−6. This example shows that MES technique can be developed also in the framework of vol-
ume methods. The idea can be extended quite simply to the 3D case. It seems possible to extend
MES technique to eigenproblems with other differential equations, e.g. to problems of plates and
shells vibraion. This will be the subject of further investigations.
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The Method of Fundamental Solutions of the
Magnetohydrodynamic Flow

C. Erd̈onmez(1), M. Tezer-Sezgin(2) andH. Saygın(3)

Abstract: The method of fundamental solutions (MFS) is used to solve the magnetohydrodynamic
(MHD) flow in a rectangular duct with insulating walls. The MHD equations given in coupled
form are reduced to the inhomogeneous modified helmholtz equations. The inhomogeneous term is
modeled through the method of particular solution with the dual reciprocity method by using the
well-known thin-plate spline radial basis function as the approximating function. The homogeneous
part of the problem is solved by using MFS with the modified Bessel function as the fundamental
solution. As a first application of MFS to MHD flow problems in a rectangular duct, solutions are
obtained for Hartmann numbers in the range2≤M ≤ 10. It is found that they agree very well with
the exact solution and more accurate than the solutions obtained with the usual dual reciprocity
boundary element method (DRBEM) using Laplace’s fundamental solution.

Keywords:method of fundamental solutions, dual reciprocity method, method of particular solu-
tion, thin plate spline, magnetohydrodynamic flow.

1 Introduction

Numerical techniques are applied to the wide variety of engineering fields due to the complex nature
and characteristics of the problems in these areas where it is impossible to find or not practical to
compute an analytical solution. For the last thirty years the finite difference method, the finite ele-
ment method, the finite volume method and the boundary element method (BEM) are mostly applied
to many problems and become dominant tools for solving partial differential equations. Newly gen-
erated methods can be grouped in two main areas as, domain discretization methods and meshless
methods. Some of the most important meshless methods are the smooth particle hydrodynamics[1],
the reproducing kernel particle method[2], the method of fundamental solutions[3], the meshless lo-
cal Petrov-Galerkin method[4], the local boundary integral method[5] etc. Among these methods,
the method of fundamental solutions (MFS) has emerged as an effective boundary-only meshless
method[3], which is known as the indirect BEM, will be applied to magnetohydrodynamic flow
problem in this paper. In MFS neither domain nor boundary discretization by elements is required.
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This feature makes it easy to use and implement in different areas.

In this paper, the brief explanation of the MFS[3], the method of particular solutions (MPS)[6] and
the dual reciprocity method (DRM)[7] will be presented shortly. Then MFS is applied to solve
magnetohydrodynamic (MHD) flow problem in a rectangular duct. The results are compared with
the dual reciprocity boundary element method (DRBEM) solutions found in reference [8] as well
as the exact solution given in [9]. The importance of this study lies in the benefits of the proposed
method over the other domain and boundary integral methods and also being the first application
of MFS method to MHD flow problems. The results for small Hartmann numbers show the well
known behaviours of MHD flow.

2 The method of fundamental solution and the method of particular solution through
the dual reciprocity method

The solution of the MHD flow problem, given in terms of coupled equations, is obtained by reducing
to the inhomogeneous modified helmholtz equations. The boundary value problem defined by the
inhomogeneous modified helmholtz equation together with dirichlet boundary condition can be
given in its general form as,

∆u−λ2u = f (P), P∈ D (1)

u = g(P), P∈ S, (2)

where∆ represents the laplace operator. The solution procedure is divided into two parts[7] as,

u = uh +up (3)

whereuh is the homogeneous solution of the equation (1) which will be obtained using MFS and
up is the particular solution of the equation (1) which will be obtained using MPS through DRM. It
can be shown thatuh satisfies,

∆uh−λ2uh = 0, (4)

uh = g(P)−up(P), P∈ S, (5)

while up satisfies,

∆up−λ2up = f (P), P∈ D (6)

butup is not necessarily satisfying any boundary condition[7].

The solution procedure of MFS is similar to BEM but it has certain advantages. MFS uses sin-
gle layer potential representation of u in equation (1) while BEM uses the double layer potential
representation of u. MFS uses a fictitious boundary[3] outside the domain to get rid of the singu-
larities while BEM needs to compute singular integrals. MFS uses the fundamental solution of the
helmholtz equation while BEM uses the fundamental solution of the laplace equation in the dual
reciprocity sense to solve homogeneous part of the equation (1). In MFS method the approximate
solution is expressed as a linear combination of fundamental solutions with the singularities placed
outside the domain.
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Figure 1: MHD flow problem geometry and the selected points on the domain and on the fictitious
boundary

3 Magnetohydrodynamic duct flow

The coupled system of velocity and magnetic field equations of the Maxwell equations of elec-
tromagnetism and fluid mechanics will be analysed. The steady laminar, fully developed flow of
viscous, incompressible and electrically conducting fluid in a rectangular duct D is represented in
the non-dimensional form[9],

∇2V +M ∂B
∂x =−1

∇2B+M ∂V
∂x = 0

in D, (7)

with the boundary conditions

V = B = 0 on ∂D, (8)

whereV(x,y) andB(x,y) represents the velocity and the induced magnetic field respectively, while
M represents the Hartmann number. The geometry of the problem is given in figure (1). The domain
of D is subjected to a constant and uniform magnetic fieldB0 parallel to x-axes. Also the boundaries
of the duct are assumed to be insulating.V(x,y) andB(x,y) are in the z-direction which is the axis of
the duct, and the fluid is driven down the duct by means of a constant pressure gradient. Equations
(7-8) may be decoupled by the change of variables

u1 = V +B , u2 = V−B, (9)

as

∇2u1 +M ∂u1
∂x =−1

∇2u2−M ∂u2
∂x =−1

in D, (10)
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with the boundary conditions,

u1 = u2 = 0 on ∂D. (11)

Defining a new transformation

U1 = e
M
2 xu1, U2 = e−

M
2 xu2 (12)

equations (10) will be presented by the modified helmholtz equations as,

∇2U1− M2

4 U1 =−e
M
2 x

∇2U2− M2

4 U2 =−e−
M
2 x in D, (13)

with the boundary conditions,

U1 = U2 = 0 on ∂D. (14)

4 The magnetohydrodynamic flow problem solution with MFS

The equations represented in equation (13) with the boundary conditions (14) are subject to solve
with MFS. The inhomogeneous parts in the equations (13) are approximated by the thin-plate spline
functions (RBF)ϕ(r j ) = r2

j log(r j ) wherer j is the distance between the two points P andPj , which
can be taken on the boundary or interior of the domain. After the approximation with thin-plate
spline RBF with the additional terms, the inhomogeneous partup can be written as,

up(P) =
N

∑
j=1

a j ψ j (P)+χ, (15)

where{ψ j} andχ satisfy the helmholtz equation as in,

∆ψ j −λ2ψ j = ϕ j , P∈ D, (16)

and

∆χ−λ2χ = pm, P∈ D, (17)

pm denotes the additional terms in the RBF approximation.
Solutions for small Hartmann numbers are presented and compared in the figures. Figure (1)

shows the domain of the problem and the points chosen on the duct.
The figures (2-3) show the solutions for Hartmann numbers M=5 in terms of velocity and induced
magnetic field contours. One can see that our velocity and current contours agree very well with the
exact solution while BEM solution with Laplace’s fundamental solution through DRM detoriates
especially through the center of the duct.

5 Conclusion

We conclude that method of fundamental solution of MHD flow in a rectangular duct with insulating
walls formulated in terms of modified inhomogeneous helmholtz equations is more efficient and
practical to use than the usual DRBEM formulation[8]. No singular integrals are encountered in the
computation of matrices. The solution is obtained for small values of Hartmann number giving the
well known behaviours of MHD flow[11, 12].

Acknowledgements:The first author wants to express his gratitude to Dr C.S. Chen for his kind
discussions and collaboration.
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Figure 2: Velocity contours for the Hartmann number M=5.
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Figure 3: Current contours for the Hartmann number M=5.
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The Method of Fundamental Solutions applied to the
numerical calculation of eigenfrequencies and eigenmodes

for 3D simply connected domains

Carlos J. S. Alves(1) andPedro R. S. Antunes(2)

Abstract: In this work we consider the Method of Fundamental Solutions (MFS) applied to the cal-
culation of eigenfrequencies and eigenmodes of 3D shapes. This meshless method was considered
for 2D shapes (e.g. [1], [8]) and the application to 3D simply connected domains is analysed. We
propose a choice of collocation and source points in 3D adapted from the algorithm presented in
[1]. An example with Dirichlet boundary conditions is considered to illustrate the convergence and
the good approximations obtained with the proposed algorithm.

Keywords: method of fundamental solutions, Helmholtz equation, eigenfrequencies, eigenmodes.

1 Introduction

The calculation of the eigenvalues and eigenfunctions associated to the Laplace operator in a
bounded domain is a problem with applications in acoustics. There are some domains with simple
geometries for which we have an explicit formula, such as balls and rectangular domains. How-
ever, for more general domains, the calculation of the eigenfrequencies and eigenmodes requires a
numerical method. There are some classical methods that have already been applied to this calcula-
tion. A standard finite differences method can produce good results when dealing with a particular
type of shapes defined on rectangular grids, while for other type of shapes the finite element method
is more appropriated. However these methods require extra computational effort because of the gen-
eration of the mesh and the calcul of integrals over the domainΩ. Other possibility is to apply the
boundary element method (e.g. [10]). It avoids the calcul of integrals over all the domain but we
need to deal with the integration of weakly singular kernels on the boundary. Recently, researchers
have paid attention to the meshless methods. These methods avoids both the built of the mesh and
the integral calculation and it’s very easy to apply to domains with complicated geometry. As dis-
advantage the system matrices are ill conditioned. Here we propose a meshless method, the method
of fundamental solutions (MFS) for this calculation. The MFS has been applied since the 1960s
(e.g. [9] or [4]). This method is applicable to any elliptic boundary value problem, provided the
fundamental solution of the PDE is known. The basic idea is to approximate the solution in terms of
a set of fundamental solutions of the PDE centered on some ”point-sources” placed on the exterior
of the domainΩ. The coefficients of the linear combination are obtained such that the approxima-
tion satisfies the boundary condition at some points on the boundary of the domain. The application

1Department of Mathematics and CEMAT, Instituto Superior Técnico, Av. Rovisco Pais 1, 1049-001 Lisboa,
Portugal. (calves@math.ist.utl.pt)

2CEMAT, Instituto Superior T́ecnico, Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal. (pant@math.ist.utl.pt)
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of the MFS to the calculation of the eigenfrequencies was introduced by Karageorghis in [8], and
applied for simple shapes in the two-dimensional problem. It is well known that the location of
the point-sources is very important to obtain an accurate approximation. In [1] it was proposed a
particular choice of the ”point-sources” which leads to very accurate results in the eigencalculation.
In [8] it is presented a comparison with the boundary element method used by De Mey in [10], and
the results obtained for simple shapes (circles, squares), show a better performance for the MFS.
The application of other meshless methods to the determination of eigenfrequencies and eigen-
modes has also been subject to recent research, mainly using radial basis functions (e.g. [6]). The
three-dimensional problem was already considered by J T Chen et al. using radial basis functions
(cf. [7]). That method is very similar to the MFS, but only the imaginary part of the fundamental
solution is used. However, the method results in spurious eigenvalues. To deal with this problem JT
Chen et al. applied the singular value decomposition (SVD) and the Fredholm alternative theorem.
Here we consider the application of the MFS for the eigenproblem with a general three dimensional
domain. A choice for the collocation and source points is proposed which is an extension of the
choice considered in the two-dimensional problem (cf. [1]). Having determined an approximation
of the eigenfrequency, we apply an algorithm based on the MFS to obtain the associated eigen-
modes. Several examples with Dirichlet and Neumann boundary conditions are considered to show
the validity of the proposed method.

2 Helmholtz equation

Let Ω⊂R3 be a bounded simply connected domain with regular boundary∂Ω. We will consider the
3D - Dirichlet/Neumann eigenvalue problem for the Laplace operator. This is equivalent to obtain
the resonance frequenciesκ that satisfies the Helmholtz equation





∆u+κ2u = 0 in Ω,
u = 0 on Γ1,

∂nu = 0 on Γ2,
(2.1)

with ∂Ω = Γ1∪Γ2 for a non null functionu. As an application, this corresponds to recover the
resonance frequenciesκ > 0 associated with a cavity or a room.
A fundamental solutionΦω of the Helmholtz equation verifies(∆ + ω2)Φ = −δ, whereδ is the
Dirac delta distribution. In the 3D case, we take

Φω(x) =
eiκ‖x‖

‖x‖ (2.2)

where‖.‖ is the euclidean norm inR3. A density result in [2] states that ifω is not an eigenfrequency
then

L2(∂Ω) = span
{

Φω(x−y)|x∈∂Ω : y∈ Γ̂
}
, (2.3)

whereΓ̂ is an admissible source set, for instance, the boundary of a bounded open setΩ̂⊃ Ω̄. This
allows to justify the approximation of aL2 function, with complex values, defined on∂Ω, using a
sequence of functions

um(x) =
m

∑
j=1

αm, j Φω(x−ym, j ) (2.4)

that converges tou|Γ in L2(∂Ω). This is a partial justification to the convergence of the Method of
Fundamental Solution (MFS) based on density results. It is similar to Bogomolny’s approach in [5],
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but it avoids the use of boundary layer potentials. As pointed out in [2] or [5], the convergence of
the MFS, in a general case, is not completely related to the discretization of a single layer potential,
although there is a straightforward relation. A single layer potential defined onΓ̂ is an analytic
function in Ω, and therefore such an approach would only be appropriate for analytic functions.
Sinceu|Γ ≡ 0 is an analytic function, it makes sense to consider the approach of the MFS as being
related to the discretization of the single layer potential, forx∈ Γ,

Sωϕ(x) =
Z

Γ̂
Φω(x−y)ϕ(y)dsy ≈ um(x) =

m

∑
j=1

αm, j Φω(x−ym, j ). (2.5)

If ω is not an eigenfrequency of the interior Dirichlet problem then

dim(Ker(Sω)) = 0,

and therefore (see [1]) we search forω such that dim(Ker(Sω)) 6= 0.

3 Numerical Algorithm

3.1 Determination of the eigenfrequencies

From the previous considerations we may sketch a procedure of finding the eigenfrequencies by
checking the frequenciesω for which dim(Ker(Sω)) 6= 0. Defininingm collocation pointsxi ∈ ∂Ω
andm source pointsym, j ∈ Γ̂, we obtain the system

m

∑
j=1

αm, j Φω(xi −ym, j ) = 0, (xi ∈ ∂Ω). (3.1)

Therefore a straighforward procedure is to find the valuesω for which them×m matrix

A(ω) =
[
Φω(xi −y j )

]
m×m (3.2)

has a null determinant. However, an arbitrary choice of source points may lead to worst results
than the expected with the MFS applied to simple shapes. We will placem collocation points on
the boundary of the domain. The ”point-sources” are calculated in the following way, for each
collocation pointxi we calculateyi = xi + αñ, whereñ is an approximation of the unitary vector
which is normal to the boundary∂Ω at the pointxi . When the boundary of the domain is given by
a parametrizationp(t,s) this can be calculated by

ñ =±∂t p(t,s)×∂sp(t,s)

chosing the sign such that the vector points to the exterior of the domain on each collocation point
xi . The components of the matrixA(ω) are complex numbers, so the determinant is also a complex
number. We consider the real functiong(ω) = |Det[A(ω)]|. If κ is an eigenfrequency,κ is a point
of minimum whereg(κ) = 0. To calculate this point we use the procedure described in [1], and
to search the point where the minimum is attained we use an algorithm based on thegolden ratio
searchmethod.
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3.2 Determination of the eigenmodes

To obtain an eigenfunction associated with a certain resonance frequencyκ we use a collocation
method onn+ 1 points, withx1, · · · ,xn on ∂Ω and a pointxn+1 ∈ Ω. Then, the approximation of
the eigenfunction is given by

ũ(x) =
n+1

∑
j=1

α j Φκ(x−y j ). (3.3)

To exclude the solutioñu(x)≡ 0, the coefficientsα j are determinated by the solution of the system

ũ(xi) = δi,n+1, i = 1, . . . ,n+1 (3.4)

whereδi, j is the Kronecker delta. When we taken= m this resumes to add one line and one column
to the matrixA(ω) defined in (3.2). Depending on the multiplicity of the eigenvalue, we will add
one or more collocation points to make the linear system well determined.

4 Numerical Results

We will call Ω1 the 3D bounded simply connected domain with parametrized boundary given by
{

(2cos(t)cos(u),sin(t)cos(u),2sin(u)−sin(u)cos(2u)) : (t,u) ∈ [0,2π [ ×
[
−π

2
,

π
2

]}

Since the values of the Dirichlet eigenfrequencies for the unit ball are well known, given by Bessel
functions, we will first test the results of this method for the three first resonance frequencies con-
sideringα = 5

m abs. error (κ1) m abs. error (κ2) m abs. error (κ3)
112 1.25003×10−8 112 9.20966×10−7 112 8.57032×10−6

158 8.60556×10−12 158 1.97913×10−9 158 6.53597×10−8

212 2.18626×10−14 212 1.61488×10−13 212 9.46334×10−11

and for the unit cube we obtain the following results for the three first resonance frequencies con-
sideringα = 2

m abs. error (κ1) m abs. error (κ2) m abs. error (κ3)
152 2.11668×10−7 152 3.75642×10−5 152 4.86049×10−5

218 6.13927×10−10 218 9.27686×10−7 218 1.55639×10−6

386 9.15445×10−12 386 5.25961×10−9 386 1.95312×10−10

In Figure 1 we present the results for the eigenmode associated with the fourth eigenfrequency
κ4 ≈ 3.263078of domainΩ1.

Conclusions:We presented the MFS applied to the calculation of eigenfrequencies and eigen-
modes for 3D shapes. The algorithm for the choice of source and collocation points was adapted
from [1] and lead to accurate results for a quite general class of tested domains.

Acknowlegments:This work was partially supported by FCT-POCTI/FEDER, project POCTI-
MAT/34735/00 and NATO-PST.CLG.980398.
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Stochastic Models and Radial Basis Function Interpolators 
 
 

Donald E. Myers (1)  
 
 
 
1 Introduction 
  
There are many examples of stochastic formulations or solutions for problems that otherwise are 
treated as deterministic. Bras and Rodríguez-Iturbe,(1985) and de Marsily (1986) are good 
examples of the treatment of stochastic equations in lieu of deterministic ones in order to 
adequately incorporate heterogeneity in the subsurface and hence in the hydrogeologic parameters 
appearing in the flow and transport equations. Stochastic methods are widely used in petroleum, 
Yarus and Chambers (1994). There are examples more specific to Radial Basis Function 
interpolators, see Matheron (1973, 1980-81), Wabha and Kimeldorf (1970), Liu et al (2002), 
Weller et al (2002). 
Likewise there are multiple reasons for considering a stochastic formulation. These include (1) 
additional or different insights into the problem arising from the stochastic model, (2) new results 
not easily obtainable from the deterministic model, (3) simpler derivations of some results when 
the stochastic formulation is used. But another important reason might be the difference between 
“error” and “uncertainty”. Madych and Nelson (1988) give a bound on the point approximation 
error but it is given in terms of the norm of the unknown function. In general the function being 
interpolated will be unknown and hence the “errors” will be unknown, hence there is 
‘uncertainty” which is often best described in statistical terms. 
 
 
2 Positive Definiteness 
 
Recall that the strict (conditional) positive definiteness is essential in the derivation and 
application of the RBF interpolator for two reasons; (1) to determine the norm (or semi-norm) for 
the interpolation space and (2) to ensure that the system of equations determining the coefficients 
in the RBF interpolator has a unique solution. In the stochastic context, a positive definite 
function is a covariance function for a second order stationary random function (a conditionally 
positive definite function is a generalized covariance function for an intrinsic stationary random 
function). Matheron (1973) gives a representation theorem for conditionally positive definite 
functions (generalizing Bochner’s Theorem) based on results in Gelfand and Vilenkin (1964). In a 
stochastic model rather than minimizing the norm, one minimizes the estimation variance (which 
is computed in terms of the generalized covariance function). 
 
 
 
 

 
(1) Department of Mathematics, University of Arizona, Tucson, AZ 85721-0089 USA. 
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3 The Equivalence 
 
In the notation of Madych and Nelson (1988) the RBF interpolator is of the form 

 s(x) = Σ [j=1,...,n] cj h(x-xj) + Σ|α| < m k α x 
α  (1) 

 
where 

 Σ[j=1,...,n] cj h(x-xj) + Σ|α| < m k α x 
α = vi  ;    i = 1, ..., n  (2a) 

 

 Σ[i=1,...,n] ci xi 
α  = 0 ;   | α | < m  (2b) 

 
By simple linear algebra this is transformed into 

 s(x) = Σ [j=1,...,n] Cj (x) vj  (1') 
where 

 Σ[j=1,...,n] Cj (x) h( xi - xj ) + Σ|α| < m K α xi 
α  = h( x - xi ) ;  i = 1, ..., n  (2a’) 

and 

 Σ[j=1,...,n] Cj (x) xj 
α  = x 

α   ;   | α | < m  (2b’) 
 
It is common to write Cj (x) as simply Cj. Note that the coefficient matrix is exactly the same in 
both systems. The difference is that in the RBF formulation one solves the system once and 
obtains a functional form that must be evaluated at each point, in the stochastic form the 
coefficient matrix need be inverted only once but the right hand side changes with each point. In 
the stochastic formulation the data, i.e., vi; i= 1,...,n, is a non-random sample from one realization 
of a random function V(x) with generalized covariance h(u). The system (2a’, 2b’) is obtained by 
minimizing the variance of the error of estimation under the constraint of unbiasedness assuming 
that the estimator is of the form given in (1'). This form is motivated by the multivariate gaussian 
case where the conditional expectation is linear in the data. It is well known that in general the 
conditional expectation is the minimum variance unbiased estimator. Thus (1') is a linear 
approximation to the conditional expectation. The minimized estimation variance is given by 
 

 σ2(x) = Σ[j=1,...,n] Cj h( x - xj ) + Σ|α| < m K α x 
α  (3) 

 
Note that the coefficients are not the same as in (1). This variance is not data dependent hence one 
must be careful about interpreting it in the usual way, e.g., to compute confidence intervals. 
 
In the alternative form, (1'), the estimated (interpolated) value is a weighted average of the data 
values. It is easy to see that the degree to which this weighted average differs from a simple 
unweighted average depends on the spatial “correlation”. That is, the extent to which the values at 
close locations are more similar than the values at distant locations. The covariance function 
explicitly quantifies this similarity (or lack of it). Eq(2') incorporates the similarity of the values at 
the data locations as well as the similarity of the value at the location to be estimated with respect 
to the separate data locations. 
 
 
4 The Data 
 
In the context of RBF the data are “numbers”, i.e., scalars and each is the value of the unknown 
function at a single point. In the stochastic formulation the data may have other characteristics. In 
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particular the data may in fact be the values of linear functionals applied to the unknown function. 
Two in particular are of interest, the derivative and a spatial integral. Likewise rather than 
“interpolating” values of the unknown function one may wish to estimate values of linear 
functionals applied to the unknown function. The derivation of the RBF interpolator does not 
provide an easy way to deal with either of these variations, in contrast it is rather easy in the 
stochastic formulation. There are other possibilities for the data as well, e.g., the data might be 
given in terms of inequalities or as probability distributions. The data might also be vector valued, 
e.g., barometric pressure and wind speed. Again the stochastic formulation provides a logical 
extension. This particular example is considered in Chauvet et al (1976) 
 
 
5 Interpolation vs Smoothing 
 
The RBF interpolator is “exact” (also called “perfect”), i.e. s( xi ) = vi ; i = 1,...,n. This seems to 
imply that the there is no error in the data. If the data represent measurements or the results of 
some form of analysis (e.g., laboratory analysis) then this may be unreasonable. The thin plate 
spline is a particular RBF interpolator but the smoothing spline is not. However incorporating the 
variance of the error is easily accomplished in the stochastic formulation, this requires only a 
minor change in the equations in (2a’). The smoothing spline is then a special case, see Cressie 
(1989, 1990) 
 
 
6 Non-Uniqueness 
 
If the RBF h(u) in (2) is strictly conditionally positive then the system (2), (3) will always have a 
unique solution irrespective of the choice of the h(u) but in general the interpolating function 
given in (1) will be different. That is, at non-data points the interpolated values need not be the 
same. The error bound given in Madych and Nelson (1988) depends on the choice of h(u). 
However the data is not really used in the derivation. There are many empirical studies that 
compare choices of h(u) for particular data sets generated from known functions but do not 
provide any particular guidance as to how to choose the basis function a priori and when the 
function is unknown. There are various ways to “fit” the generalized covariance to the data and 
hence attempt to minimize the nonuniqueness. These arise rather naturally in the context of the 
stochastic formulation. 
 
Cross-validation. At a non-data point, the error is given by s(x)-V(x) or in standardized form, 
[s(x)-V(x)]/ σ(x). If the generalized covariance is a “good fit” to the data then all of these errors 
should be small. More specifically  

 (1/n) Σ[j=1,...,n] |s(xj)-vj| 
 
should be close to zero because the expected value of each term in the sum is zero. If the entire 
data set is used to generate the estimated values this statistic would not be useful. Therefore it is 
necessary to “jackknife” the data. That is, the values at data locations are systematically estimated 
one at a time using only other data locations. In considering how large a discrepancy (from zero) 
is significant it is important to note the scale of the data values. A second statistic is given in 
terms of the normalized errors 
 

 (1/n) Σ[j=1,...,n] |s(xj)-vj|2 / σ2(xj )
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The expected value of this statistic is one. Finally one might consider the distribution of the 
normalized errors. Using Chebyshev’s Inequality (which does not depend on any distributional 
assumptions) 
   P{|s(x)-V(x)|/ σ(x) > k} < 1- 1/k2

 
Thus ~ 90% or more of the normalized errors should be < 3. Under the stronger assumption of a 
multigaussian distribution, more than 95% of the normalized errors should be < 2.5. Particularly 
when the data is generated by some phenomenon rather than by a known function it can be useful 
to plot the errors vs location, to construct a histogram of the normalized errors and to plot 
estimate vs true value. For a discussion of this in the context of RBF’s, see Myers (1992b). While 
there are some similarities with cross-validation as it is sometimes used with the smoothing spline 
there are also significant differences. In this case the objective is to evaluate the fit of the 
covariance/generalized covariance. With the smoothing spline one is only determining the degree 
of difference between an exact interpolator and a smoothed one. 
 
Estimation and Fitting of the Generalized Covariance. There are natural estimators for both 
the covariance function and the generalized covariance of order zero (usually called the 
variogram). Then the appropriate model should be “close” to the estimated covariance/generalized 
covariance. A form of weighted least squares can be used to both estimate parameters and also to 
quantify the goodness of fit. See the R packages gstat and geoR. 
 
Maximum Likelihood. Under an assumption of a multigaussian distribution and a covariance 
function of general type (but with unknown parameters, e.g., Matérn) the problem reduces to one 
of estimating the parameters in the density function including the mean. This method is discussed 
in Diggle et al (2003) and implemented in the geoR package for R. 
 
A Non-consequential Non-uniqueness. By definition covariance functions and generalized 
covariance functions satisfy h(0) = 0. Although positive definite functions satisfy this, 
conditionally positive definite functions need not satisfy this condition. However if h(u) 
conditionally positive definite a +h(u) produces the same solution in the systems given by (2a), 
(2b) and by (2a’)., (2b’). For example, h(u) = - [δ2 + |u|2]0.5 vs |δ| - [δ2 + |u|2]0.5 . 
 
 
7 Linear Functionals 
 
Obviously “point values” are linear functionals but there are at least two other linear functionals 
of interest. 
 
Integrals. Let A be a measurable set in Rk, then the objective is to estimate 
 

(1/|A|) ∫A f(x) dx 
 
where f(x) is the unknown (assumed integrable) function. Obviously one solution is to simply 
integrate (analytically or numerically) the interpolating function. The problem is that there is no 
really good error bound, note that the error bound given by Madych and Nelson (1988) is only 
local. In the stochastic formulation the problem appears slightly different. The estimator in (1') 
could be used to generate estimates at each point on a fine grid superimposed on A and then use 
numerical integration. 
While there will be a minimized estimation variance at each grid point these do not directly 
produce an estimation variance for the integral. How ever it is possible to show that the integral 
can be estimated directly by using an estimator exactly like eq (1') but eqs (2a’) will be modified, 



ECCOMAS Thematic Conference on Meshless Methods 2005  C41.5 
 
 
namely the term on the right hand side of the equations is replaced by the integral of that function, 
i.e. 

(1/|A|) ∫A h(x-xi) dx 
 
These integrals might be obtained numerically in the software. It can be shown that in the limit 
the numerical integration using estimates on a grid will converge to the direct estimate, Myers 
(1999). The minimized estimation variance can be computed using a slight variation of eq(3).  
 
Derivatives. Essentially the same questions arise with respect to estimation(or interpolation) of 
the derivative of the unknown function as arise for integrals. If the basis function is differentiable 
then the derivative of the unknown function might be estimated/approximated by differentiating 
the interpolating function. This does not result in error bounds for the derivative however. As a 
linear functional, the values of the derivative can be estimated using eq(1') by only slightly 
modifying the equations in (2a’), (2b’). Namely it necessary to change the right hand side of the 
equations in (2a’) by using the derivative. It can be shown that this is equivalent to differentiating 
the interpolating function, this is of course dependent on the differentiability of the basis function. 
In some cases data for the derivative is an auxiliary variable as discussed in the next section, 
Chilès and Delfiner (1999). 
 
 
8 The Vector Valued Case 
 
There are many examples where data is available for a second related variable. The relationship 
may not be a functional one but rather one of correlation, i.e., statistical dependence. The 
stochastic model provides a natural way to incorporate the information contained in the data of 
auxiliary variables. As shown in Myers (1992a) each data “value” is a vector, the generalized 
covariance becomes a matrix function and the coefficients in (1), (2a), (2b) are matrices. The 
diagonal entries in the matrix function are covariances, the off diagonal entries are cross-
covariances and this matrix function must satisfy a matrix version of positive definiteness. 
Sometimes the auxiliary variable represents data that is easier or cheaper to obtain and often data 
will not be available for all variables at all locations. The software can be written to adapt to this. 
The practical problem is a lack of known positive definite (conditionally positive definite) matrix 
functions to choose from. For that reason it is common to use what is known as a Linear 
Coregionalization Model, which is a generalization of a positive linear combination of known 
positive definite functions, Wackernagel (2003). 
 
 
9 Simulation 
 
The thin plate spline is obtained by imposing a smoothness condition on the interpolating 
function, more generally RBF interpolators are obtained by imposing less obvious conditions on 
the interpolating function. In the stochastic formulation, the estimator is essentially an 
approximation to the conditional expectation. From the perspective of a random function, there 
may be multiple realizations that will satisfy the data. As realizations of that random function they 
all exhibit the spatial correlation implied by the covariance/generalized function. Essentially all 
interpolation methods “smooth” the data, some more than others. This may not be desirable and in 
many applications is realistic, think of interpolating elevation for a mountain range. In hydrology 
it is common to interpolate hydraulic conductivity and then use that parameter in a flow model 
(stochastic differential equation). It is often important to see how much variation might occur in 
the ultimate prediction, e.g. best case vs worst case. Thus one wants to generate multiple “equally 
likely” realizations subject to certain constraints; (1) the spatial correlation structure should be 
preserved, (2) the marginal distribution should be preserved, i.e., the distribution implicit in the 
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data. This is a form of Monte Carlo but it is more complex because of the constraints. Monte 
Carlo usually is only constrained by the distribution type. A number of algorithms are in common 
use, e.g., Sequential Gaussian, Simulated Annealing (which uses the simulated annealing 
optimization algorithm), Cholesky decomposition (of the covariance matrix) are examples. The 
Sequential Gaussian algorithm is implemented in geoR package for R. 
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Dimensional effect on RBF computing 
 
 

W. Chen ( )1 , B.T. Jin, Z.J. Shen and L.J. Shen 
 
Abstract: This study concerns with dimensional effect on the convergence rate and accuracy of 
radial basis function (RBF) approximations. Numerical experiments of the spline RBF 
interpolation of six different functions show that the RBF technique largely encounters the so-
called curse of dimensionality, widely present in the mesh-based method, namely, computational 
effort grows exponentially with the increase of dimensionality. The observations and remarks in 
this study are of great use in the RBF solution of high-dimensional problems in which the RBF 
appears very promising as a simple meshfree technique. 
 
Keywords: radial basis function, meshfree, convergence rate, curse of dimensionality. 
 
 
1 Introduction  

 
The radial basis function (RBF) technique is well known for its truly meshless merit and high 
accuracy in scattered data approximation [1]. Recent years have also witnessed a growing use of 
the RBF to solve diverse partial differential equation problems. One of the major drives behind 
scenes is a belief [2,3] that the RBF-based methods could avoid the curse of dimensionality  in the 
mesh-based methods (e.g., traditional FEM and FDM) in which the computational effort increases 
exponentially with the dimensionality. This study makes the first attempt to investigate the 
dimensionality effect on the convergence rate and accuracy of the RBF approximation through 
systematic numerical experiments. Since the partial differential equation problems involve the 
treatment of boundary conditions, this study only considers function approximation problems. 
 
 
2 RBF Approximation 
 
The RBF method approximates the function by 

( )2
1

( ) ( ),
N

j j
j

f x a x x p xϕ
=

= − +∑
 

where ϕ represents a radial basis function, p(x) is a polynomial in the polynomial space πd
m

 on Rd, 
and xj is a set of nodes distributed on the domain. By collocating the approximation at xj, we get 
the following system of linear equations 

( )2
1

( ) ( ), 1, 2, , .
N

i j i j i
j

f x a x x p x iϕ
=

= − + =∑ L N

                                                          

 
To handle extra freedoms introduced by the polynomial term p(x), the following moment 
conditions, also known as side conditions, are often imposed 
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Typical examples for the radial basis function ϕ(r) are multiquadric, inverse multiquadric, 
Gaussian, splines, and Wendland’s compactly supported functions. The accuracy of the numerical 
results depends greatly on the shape parameter in the multiquadrics [4] and Gaussian and the 
support scale in the Wendland’s RBF. Hence this study chooses the splines as stated below 

2

2 1

ln , 2
( )

, 3
r r d

r
r d

β

β
ϕ

−

⎧ =⎪= ⎨
=⎪⎩ , 4  

where β is known as the order of splines. The spline RBFs are inherently related to potential 
theory and higher order fundamental solutions of the Laplace operator. 
 
 
3 Numerical results and discussions 
 
3.1 Numerical examples 
 
Table I displays six benchmark problems tested in this study. The first case is an analogy of that 
considered by Chen et al [5], i.e., example 6 therein. The other four cases are taken from Franke’s 
paper [1] with a straightforward extension to higher dimensions. It is noted that these functions 
are the same for 2D, 3D and 4D. Example 5 remains its original 2D form for all dimensions. 
The domains under consideration for 2D, 3D and 4D are a unit square {(x1,x2)|0≤x1, x2≤1}, a unit 
cube {(x1,x2,x3)|0≤x1,x2,x3≤1}, and a hypercube {(x1,x2,x3,x4)|0≤x1,x2,x3, x4≤1}, respectively. The 
nodes are uniformly distributed in the domain. The average absolute error and average relative 
error are defined as below to measure the numerical accuracy: 
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k k
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Aerr f f f
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= −∑
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1Re ( )
N

k k

k k

f frr f
N f=

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
∑

 
where  and kf kf  are the exact and the approximation solutions evaluated at the point kx , and N is 
the total number of points. For the results presented below, N for 2D, 3D and 4D problems is 
taken to be 441, 1331 and 4096, respectively, and the points are distributed uniformly over the 
domain.  
N 2D 3D 4D 
1 

2sin(3 )sin(3 )x x  1 2sin(3 )sin(3 )sin(3 )3x x x  1 2 3sin(3 )sin(3 )sin(3 )sin(3 )4x x x x  
2 ( )2 1
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Table 1: 2D, 3D and 4D benchmark test problems 
 

 2D 3D 4D 
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Example η1 η2 η1 η2 η1 η2

1 4.08 3.85 3.53 3.64 3.97 3.79 
2 3.73 4.34 2.33 2.38 1.95 -- 
3 4.12 3.88 5.21 4.66 6.51 4.64 
4 4.14 3.99 4.32 3.93 4.89 4.78 
5 4.25 4.43 4.53 4.65 5.18 5.22 
6 3.60 3.78 3.48 3.54 3.89 3.46 

(a) Numerical results for β=2. 
 

 2D 3D 4D 
Example η1 η2 η1 η2 η1 η2

1 5.49 4.91 4.57 4.49 5.15 5.17 
2 3.67 4.10 2.59 2.48 2.19 -- 
3 5.48 5.07 5.98 5.69 8.23 6.46 
4 5.58 5.34 5.63 5.10 5.42 4.84 
5 5.25 5.25 5.50 5.66 5.43 5.63 
6 5.09 5.51 4.27 4.58 4.33 4.72 

(b) Numerical results for β=3. 
 

 2D 3D 4D 
Example η1 η2 η1 η2 η1 η2

1 7.23 6.65 6.44 6.31 6.03 7.84 
2 4.33 4.93 3.27 2.39 2.09 --- 
3 7.26 6.98 7.97 7.89 7.67 7.22 
4 7.42 7.28 7.04 7.62 7.68 7.76 
5 7.85 8.50 6.07 6.62 4.49 4.49 
6 6.70 7.15 6.60 7.72 6.66 6.61 

(c) Numerical results for β=4. 
 

 2D 3D 4D 
Example η1 η2 η1 η2 η1 η2

1 9.35 8.78 9.92 8.61 8.56 8.25 
2 4.92 5.26 3.74 -- 3.73 -- 
3 9.32 9.05 9.28 7.91 10.5 9.14 
4 9.48 9.33 9.81 9.74 8.84 8.02 
5 8.90 9.20 6.34 6.45 4.62 4.73 
6 9.10 9.32 9.23 9.80 9.32 9.52 

(d) Numerical results for β=5. 
 

Table 2: Convergence rates using spline RBFs of varying orders 
 
 
3.2 Numerical results 
 
The average error is assumed to have the following form 

1Aerr ch η−=  
2Rerr ch η−=  

 
The convergence rates η1 and η2 are obtained by fitting the average errors Aerr(f) and Rerr(f) 
against the mesh size h via the least squares method, respectively. The convergence rates for the 
benchmark problems with the spline RBFs of varying orders are presented in Table 2. In Example 
2, the average relative errors can not in some cases be fitted into a line, so we left blank the 
corresponding convergence rates. For an illustration, we refer to Figure 2. A careful examination 
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of Table 2(a) concludes: 
(1) The convergence rates in terms of both absolute and relative average errors for 2D 
benchmark problems are strikingly identical, so are in 3D and 4D benchmark problems. 
(2) The convergence rates for the same 2D, 3D and 4D benchmark problem do not differ 
significantly from each other. This leads us to remark the RBF technique could not avoid the 
curse of dimensionality in these cases. 

  
Figure 1: Convergence rated for Example 1 when  β=2. 

 
 

 
Figure 2: Convergence rates for Example 2 when β=2. 
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Figure 3: Convergence rates for Example 3 when β=2. 

 
 

  
Figure 4: Convergence rates for Example 4 when β=2. 
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Figure 5: Convergence rates for Example 5 when β=2. 

 
 

  
Figure 6: Convergence rates for Example 6 when β=2. 

 
 
Due to the limited computer storage, only three or four data are available for performing the least 
square fitting of the 4D case, and thus the convergence rates for 4D problems can only understood 
a guidance. 
It is interesting to note that the convergence rates for Examples 2 and 5 decrease with the increase 
of the dimensionality. To fully explore the problem, we display the profiles of the analytical 
functions for these two examples in Figure 7. It is found from Fig. 7 that these analytical 
functions have a sharp change along the line x1-x2=0. And as a global interpolation method, the 
present RBF scheme may not be appropriate for such a non-smooth function, and a local RBF 
technique may be more appropriate [6]. 
To illustrate the dimensional effect on the accuracy of numerical results, Figures 1-6 display the 
accuracy variations of numerical approximations with respect to the mesh size h for these 
benchmark problems. In each figure, the accuracy curves of 2D, 3D and 4D problems almost 
parallel each other, indicating that the convergence rate of the RBF technique is independent of 
the dimensionality. 
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Comparing Tables 2(a)-2(d), it is found that the convergence rate increases approximately in the 
order 2β-1, where β is the spline RBF order, beyond the theoretical error estimate order β given 
by Powell [7]. 
 

  
Figure 7: Profiles of the analytical functions for Examples 2 and 5 in 2D. 
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Multiscale Meshless Method for Fracture Simulations 
 

X S Yang ( )1 , J M Lees and C T Morley 
 
 
Abstract: The technique of strengthening reinforced concrete structure using carbon fibre-
reiforced polymer (CFRP) is promising and can have important applications in many areas such 
as infrastructure and industry. The understanding of the dynamic behaviour and influence of the 
CFRP composite system is crucial for the proper design of structural reinforcement strategy. 
Computer simulation is a cost-effective way of improving such an understanding. In simulating 
fracture and crack growth, there are various existing methods that only work well under certain 
limited conditions and there is no universally robust method to deal with multiple dynamic crack 
pattern formations. In this paper, we have developed a new multiscale element-free Galerkin 
method that is based on the multiscale decomposition of deformation and the meshless method. 
The new method has the advantages of both element-free structure and sparse nodal 
approximations to obtain the solutions efficiently. It can also deal with irregular geometry and 
multiple cracks in the context of the CFRP concrete beams. 
 
Keywords: Multiscale method, meshless method, CFRP, crack propagation. 
 
 
 
1 Introduction  

 
Strengthening of reinforced concrete structure using carbon fibre-reinforced polymer (CFRP) is 
promising and can have important applications in many areas. However, an understanding of the 
behaviour and influence of the CFRP composite system is crucial for the proper design of 
structural reinforcement strategy and their application in infrastructure such as bridges and 
buildings [7-11]. The computer simulation is a cost-effective way of improving such an 
understanding. In simulating the fracture and crack growth, there are three major paradigms: 
discrete element methods, smeared crack methods and element-free Galerkin methods [1-4,6]. In 
this paper, we aim to develop a new method, namely, multiscale meshless method. This method 
bases on the multiscale decomposition of deformation and the conventional element-free method. 
The former method has the advantage of using relative sparce mesh to obtain results that are 
comparable to finer scale calculations, and it is more efficient in the simulations of strain 
localization and other related phenomena. The latter element method does not use finite elements 
at all, it requires only nodal data for constructing approximate functions based on moving least 
square approximations. The new proposed method in this paper can have the advantages of both 
element-free structure and sparse nodal approximations to obtain the solutions efficiently. It can 
also deal with irregular geometry and multiple cracks in the context of the CFRP concrete beams.  
 
 
 

 
1 Cambridge University Department of Engineering, Trumpington Street, Cambridge CB2 1PZ, UK     
(xy227@eng.cam.ac.uk). 
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2 Numerical Method and Formulation  
 
The multiscale finite element method was first formulated by Hughes [5] in a general context and 
later applied to study strain localization and other phenomena [6]. It has the advantage of using 
relatively sparse mesh to obtain results that are comparable to finer scale calculations, and it is 
thus potentially more efficient than conventional finite element analysis. The main idea behind 
the variational multiscale formulation is the multiscale decomposition in displacement and 
weighting functions. The displacement field u(x) and weighting function w(x) are decomposed 
into u,¯(x) and w,¯(x) on a coarse scale, and u'(x) and w'(x) on a fine scale. That is  
 
          u(x)=u,¯(x)+u'(x),     w(x)=w,¯(x)+w'(x).  
 
This decomposition is similar to the filtering of a signal with multiple frequency components. A 
signal, consisting of a higher frequency component (fine scale)  superimposed onto a lower 
frequency component (coarse scale), can be decomposed into individual components and 
coupling between these two components is relatively weak. Substitution of these decompositions 
into the conventional finite element formulation will result in two sets of equations in the weak 
form at different scales. The aim is then to obtain the expression or solution of finer scale 
displacement in terms of coarse scale displacement either by Green functions or other 
approximations. After these solutions have been obtained, the finite element analysis on a coarse 
scale mesh can be implemented and the final results are the superimposition of the solutions on 
both the coarse scale and the fine scale. 
 
On the other hand, the element-free Galerkin method was developed by Belytschko and his 
colleagues [1,2,12], and a coupled finite element-element-free Galerkin (EFG) method was 
applied by Sukumar et al to simulate a fracture problem [12]. The main advantage of an EFG 
method is that it requires only nodal data for constructing approximate functions and no element 
structure is necessary. The moving least square approximations are constructed in the following 
manner. Define the m-term approximation in terms of the basis function and its expansion 
coefficients: 

∑
=

=≡
m

j
jj

Th apapu
1

),()()()( xxxx  

where pj(x) are basis functions and the summation is over j=1,2,…,m. The associated coefficients 
aj(x) in the approximation are determined by minimizing the quadratic form. This is equivalent to 
define a EFG shape function φ(x). The coupled multiscale-EFG method is a combination of the 
multiscale finite element method and the EFG method. The domain decomposition works in the 
similar fashion as the EFG method [12].  The whole domain Ω of interest is decomposed into a 
multiscale finite element region ΩSFE, an EFG region ΩEF  and an interface zone ΩI where two 
different regions meet. The displacement field uh is chosen in the following way:  

  I
EF

i
SFE
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where α=1 if x is inside the element-free region, while α=0 if x is inside the SFE region.  
The shape functions are defined in the similar manner, and the parameter α controls the weighting 
in the interface zone. In the element-free method, each node is associated with a limited domain 
of influence on which a weight function wi(x) is defined so that the weight function is zero 
everywhere outside it. For simplicity, we will use the following quadratic polynomial function  
 

.1,0)(,10,3861)( 432 >=≤≤−+−= rifrfrifrrrrf  
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which is the same as defined in [1,12]. In addition, material properties are mainly nonlinear as the 
cracks open and yield criterion shall be properly defined. 
 
 
3 Material Properties and Yield Criteria 
 
Material properties are highly nonlinear for concrete structures with various type of reinforcement 
such as steel and carbon-fibre reinforced polymers. In order to take the plastic and crack strain 
into account, we use the material model based on the smeared cracked models:  
 
      dσ=[I-N(Dcr+NTDN)-1NT] D dε, 
 
where I is a unit matrix. Dcr and D are the cracked stiffness matrix and elastic stiffness matrix, 
respectively. N is a 3 x 3 matrix depending on the angle of the crack orientation. The crack matrix 
can be considered as the normal crack stiffness matrix Dn

cr and a shear crack stiffness matrix Dt
cr 

[4,10]. Thus, we have 
 
Dcr =Dn

cr+Dt
cr,  
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where the parameters kc, knn etc can be derived from the experimental data for a given material 
type. 
 
Yield criteria are defined in the following way. For tension fracturing, we use the Rankine tension 
cut-off criterion:   
 
      f(σ,κ)=σ1-σ*(κ)≤0,  
 
where  σ* is the tensile strength of the material. This is essentially a maximum principal stress 
criterion.  For compression crushing fracturing, we use the standard von-Mises yield criterion:  
       ,02

2 =−κJ
Which can be written as principal stress components σi 
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where κ2=σy
2/3 and J2 is the second invariant of the deviatoric stress tensor.  

 
 
4 Simulations and Resuls 
 
In order to demonstrate the simulation capability of the new multiscale element-free method, we 
first  show the fracturing of a concrete beam under the four-point bending conditions. The size of 
the beam is 2200 x 200 x 100 mm, the reinforcement steel cylinders are placed at the location 
80mm from the top surface, and this reinforcement can also be strengthen again by CFRP straps. 
The values used in the simulations are E=21000N/mm2 , ν=0.15, cube strength fcu=52.7N/mm2 
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and tensile strength ft=6.2N/mm2 for concrete, E=220000N/mm2, σy=390N/mm2 for 
reinforcement. 
A typical distribution of nodal points and multiscale finite element mesh (left) for the multiscale 
EFG analysis of a 2D beam is shown in Figure 1. The right picture shows the stress σxx  
distribution at time t=100 s at the load f=5 kN. Red color corresponds to high stress in tension and 
the blue corresponds to compression. The crack patterns (green curves) formed as the loading 
increases are also shown in this figure. We can see that cracks are mainly vertical fracturing in the 
flexural region and this is consistent with experimental results. The beauty of the multiscale EFG 
method is that it gives a better quality of crack patterns even for the similar density of nodal 
points compared to its finite element counterpart. The crack indication is much finer than other 
methods. 
 

  

Figure 1:  EFG points and mesh for the multiscale  EFG analysis (left), stress σxx and the 
crack patterns at t=100 s and f=5 kN. 

 
 
As the decomposition of the domain of the multiscale finite element mesh and the nodal domain 
for element-free Galerkin method can be carried out in various ways, the computational efficiency 
can be significantly increased if the random nodal locations for the EFG analysis are allocated in 
an adaptive manner. To demonstrate this advantage in our proposed method, we use a distribution 
of adaptive EFG points to simulate a 3-D concrete beam with dimenisons of 2200 x 200 x 100 
mm, the reinforcement and material properties are the same as used in the previous figure. Figure 
2 shows the adaptive EFG points (left), the von Mises stress in the 3-D configuration (right). If we 
increase the loading to a maximum of f=10kN, then the shear cracks start to appear. Figure 3 
shows the crack patterns at t=400s under the four-point bending conditions. Fully-opened cracks 
are indicated by while curves and partially opened cracks are marked by black curves. We can see 
that the flexural cracks dominate the flexural region, and shear cracks start to propagate only 
when the loading is substantially large. 
 

 
 

Figure 2-left.  Adaptive points for the EFG 
analysis (left), von Mises stress (right)  

Figure 2-right: Adaptive points for von 
Mises stress (right) at t=200 s and f=5 kN. 
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Figure 3:  Four-point bending conditions  and  the crack patterns 

 at t=400 s and f=10 kN.  
 

Simulations show that this new method is usually 10 to 100 times faster than the conventional 
finite element method in the case of the three-dimensional analysis for dynamic crack propagation 
in CFRP concrete structures. 
 
5 Conclusion 
 
We have developed a new method of combined multiscale finite element method and element-
free Galerkin method to simulate the crack propagation in the concrete beams with reinforcement 
under the four-point bending boundary conditions. Simulations show that crack patterns start to 
form in the flexural region and grow steadily as the loading increases. Shear cracks form only 
when the loading results in significantly high shear stresses. The proposed method is 
computationally superior to other methods in dealing with the nonlinear feature in the cracking 
regions. Simulations also suggest that CFRP reinforcement has better dynamic performance and 
advantage over the conventional concrete reinforcement methods such as steel. Furthermore, this 
new method can be easily applied to simulate other fracture and strain localization processes. 
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Geometrically exact analysis of space frames by a
meshless method

Carlos Tiago(1) andPaulo M. Pimenta(2)

Abstract: Geometrically exact theories of rods and shells have been developed in a recent past. In
this work a truly meshfree method is presented for the geometrically exact analysis of spacial rods.
Thus, no mesh of elements or background integration cells is required. The geometry parametriza-
tion of the problem is general and allows exact representation of the structure’s initial configura-
tion. The Moving Least Squares (MLS) approximation is used to represent the generalized displace-
ment fields. Shear locking is eliminated by ensuring the field-consistency conditions. The essential
boundary conditions and continuity requirements are imposed in a weak sense via an augmented
Lagrangian. The obtained solution for the generalized stresses are (arbitrary) continuous fields.
The resulting nonlinear system of equations is solved by a generalization of the arc-length method
that includes the boundary reactions in the constraint equation of the hypersphere. The trace of
the equilibrium trajectory of a structure that truly undergo in large displacements and rotations is
performed.

Keywords:meshless, geometrically-exact, nonlinear.

1 Introduction

There is an increasing interest in geometrically exact theories based on finite rotations in a recent
past. The solution of the resulting non-linear boundary value problem has systematically been made
using the traditional domain displacement version of the Finite Element Method (FEM).
So far, the vast majority of the applications of meshless methods in solid mechanics has been done to
linear problems of plane elasticity. Some applications to linear analysis of plate and shells problems
was also conducted. For a review see Belytschkoet al. [2]. Nonetheless, some nonlinear numerical
simulations were carried out in several particular fields, as large deformation analysis of rubber
materials, large deformation of shell structures with hyperelastic and elasto-plastic materials using
a direct 3D continuum approach (see the review of Liet al. [6]) or concrete damage [10].
To the authors knowledge, this is the first work in which a full non-linear geometrically exact
analysis is carried out by a meshfree method. Meshfree methods posses some properties that can
be used to achieve very accurate results without resortingany type of mesh over the reference
configuration of the structure. Only material points are needed to built the approximate solution.
In the present work we adopt the MLS scheme as approximation, following a similar procedure to
the Element–Free Galerkin method developed by Belytschkoet al [3], although, as we deal with
one-dimensionalmappings, the two most discussed steps in meshfree methods are not a problem:

1Instituto Superior T́ecnico, Universidade T́ecnica de Lisboa, Av. Rovisco Pais, 1049-001, Lisboa, Portugal
(carlos.tiago@civil.ist.utl.pt ).

2Escola Polit́ecnica, Universidade de São Paulo, Av. Prof. Almeida Prado, trav. 2, 83, São Paulo, Brasil
(ppimenta@usp.br ).
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Essential boundary conditions. This are imposed in a weak sense via an augmented form of the
equilibrium equations, resulting anexactprocedure.

Integration scheme. No background mesh is necessary as is trivial to generate a local integration
rule in-between nodes.

Dealing with geometrically exact theories envolves the solution of a highly non-linear problem
and, accordingly, when FEM is used, the geometry of the problem is meshed in a relatively large
number of elements. Using a meshfree approach, the geometry of the reference configuration of
the structure is completely independent of the approximation used for the unknown fields and can
be exactly parameterized using a minimum set of data. Thus, for instance, a circular arc can be
exactly represented and treated asone subdomain. No further meshing is required besides the
natural geometry divisions of the frame. Notice that, proceeding this way, no approximation of
the reference configuration is made, as in conventional Finite Element Methods (where usually the
geometry is approximated by polynomials).
Theh-refinement of the solution is provided by just increasing the number of points in the rods and
thep-refinement can be obtained by augmenting the basis of functions used for the generating the
meshfree approximations.
The possibility of including several types of functions in the approximation basis can be used to
enrich the solution. Notice that MLS approximation can exactly reproduce all the functions that are
included in the generating base.

2 A brief review of a geometrically exact rod theory

The geometrically exact rod theory used in this work was presented by Pimenta and Yojo [8] and
later developed by Pimenta and Campello [7] to include in-plane changes and ou-of-plane warping.
It takes into account shear deformation and the basic Timoshenko-Reissner kinematical assumption
that cross sections remain plane and undistorted after the motion. A vectorial parametrization of
3D space rotations is made throughout the Euler-Rodrigues formula. Small strains are assumed,
thus the usual constitutive operator can be applied between the stress-strain conjugate generalized
mesures. Unlike Simo and Vu-Quoq’s earlier work [9], the tangent operator is always symmet-
ric (for conservative load and a symmetric material operator) even for positions far from the an
equilibrium state.
Due to space limitations, the main theory willnot be exposed here and only the notation and the
newrelevant formulas will be addressed. Detailed information can be found in [8, 7].
Consider a straight rod where in the reference configuration the position of the material points is
given byξ = ζ + ar. Hereζ = ζer

3 (ζ ∈ Ω = [0, `]) describes the points of the rod axis and
ar = ξαer

α (summation inα = 1, 2) defines the position of the points on a cross section. This rod
is subjected to a body force per reference volume unit and to an external tractions per reference area
unit, on the lateral and end surfaces.
In the current configuration the position of the material points is given byx = z + a wherez
describes the position of the points on the rod axis anda describes the position of the points on the
cross section, i. e.,a = ξαeα. Assuming the kinematical assumption that cross sections remain
plane and undistorted,a may be expressed asa = Qar whereQ is a rotation tensor belonging to
the non-commutativeSO(3) manifold. In general,(•) = Q(•)r for any vector(•).
Crucial for constructing the weak form of the problem is the choice of a conjugate pair of stress-
strain measures. In this case, the most appropriate choice seams to be the first Piola-Kirchhoff
stress tensor and the deformation gradient. After some symbolic manipulations the variations of the
generalized cross section strainsε can be expressed as functions of the variations of the generalized
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displacementsδd by δεr = Ψ∆δd, where the matrixΨ = Ψ(d) is a nonlinear function of the
displacements and∆ is a matrix of differential operators.
The equilibrium is established by introducing the following generalized principle virtual work,
where the effect of the reactions is included:

δW =

Z

Ω

σr · δεrdζ −
Z

Ω

q · δddζ − [q∗ · δd]|∂Ωt − [λ · δd]|∂Ωu = 0 ∀ δd. (1)

Here (•) and (•)∗ stands for domain,Ω, and static boundary∂Ωt. Notice that the usual FEM
requirements for the approximations of thereal generalized displacement fields (d = d on ∂Ωu)
and of thevirtual generalized displacement fields (δd = 0 on∂Ωu) are not imposed. Equation (1)
is now enhanced by a complementary virtual work argument:

δW c =
h
δλ · (d− d)

i���
∂Ωu

= 0 ∀ δλ. (2)

To solve the (discretized version of the) previous equations by a Newton-Raphson type method it
is essential to derive the proper tangent operator. Therefore, the linearization ind andλ is carried
out, leading to

∆(δW ) =

Z

Ω

[∆δd ·Km∆∆d + ∆δd ·Kg∆∆d− δd ·Kl∆d] dζ−

[δd ·Kl∗∆d]|∂Ωt − [δd ·∆λ]|∂Ωu (3)

and

∆(δW c) = − [δλ ·∆d]|∂Ωu (4)

HereKm = ΨT DΨ , Kg andKl are the material, geometrical and applied loads contribu-
tions for the generalized tangent stiffness matrix. The tensorD included in the material part
of the tangent operator is given byD = ∂σr

∂εr . In the present work it will be assumed that
the strains are small and a linear elastic behavior. Thus, for a certain position of the rod axis,
D = Diag[GA1, GA2, EA, EI1, EI2].

3 Implementation issues

The implementation of the presented formulation has certain specific aspects, which will be devel-
oped in the following.

3.1 MLS approximations evaluation and numerical integration

The evaluation of the MLS approximations requires the inversion of the moment matrixA. In prac-
tice, this inversion may be replaced by theLU decomposition ofA and a back substitution. In a
incremental/iterative procedure the constant evaluation of the MLS approximations and its deriva-
tives can be burdensome, especially if the number of elements in the base of the approximation is
high. In this work this functions are evaluated only once and conveniently stored for future use.
The MLS approximations (and its derivatives) and the numerical integration rule (the weights and
the position of the sample points) are evaluated on the[−1, 1] one dimensional space and then
properly transformed to the real domain.
The integration rule consists in(n− 1) partitions of the domain, wheren is the number of nodes of
the domain.
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The weighting function used in this work is

w(x− xi) =

( �
1− ‖x− xi‖2/d2

m i

�s
, if ‖x− xi‖ ≤ dm i

0, if ‖x− xi‖ > dm i

(5)

wheredm i is the size of the domain of influence theith node ands is an adjustable parameter that
allows the tuning of the degree of continuity of the weight function.

3.2 Locking-free approximation

The geometrically exact theory presented in section 2 is especially interesting in the analysis of
slender structures. As the shear deformation was taken into account, the shear-locking presence can
be anticipated. In meshless methods, particulary for the ones relying in the use of MLS approxima-
tion, there isn’t, in general, such concept as “reduced integration”, as the closed form solutions for
integrals appearing in the generalized residual vector and the generalized tangent stiffness matrix
are not known (even for linear problems).
Here, the proposal of Donning and Liu [5], formulated for cardinal splines approximations, is em-
ployed to prevent this problem. Basically, the method takes advantage of the facilities of the mesh-
less approximations to generate arbitrarily continuous functions to impose the satisfaction of the
Kirchhoff assumption locally in the thin limit. Thus, the approximations used for the rotations
fields are thefirst derivativesof the approximations used for the displacement fields.
In the current formulation it is required the evaluation of thefirst derivatives of the approximation
functions of the rotations. As the differential operator matrix∆ contains first derivatives of the
rotation field, thesecondderivatives of the approximations generated for the displacements are
necessary, which means that these approximations should be, at least,C1. As MLS approximations
are being used, this task is trivial to accomplish. In fact, usually, higher continuity is used in order
to obtain continuous generalized stresses.

3.3 Essential boundary conditions

The essential boundary conditions are be imposed via an augmented Lagrangian. This results in an
exactprocedure in the one-dimensional case, as in the present work. Nevertheless, in this situation it
is always trivial to generate a MLS approximation with interpolating properties, i.e. that satisfiesa
priori the Kronecker delta criterion:φi(xj) 6= δij , whereφi(xj) is the value of the global function
associated to nodei on nodej. To achieve this aim it is only necessary that the number of functions
in the MLS base equals the number of points whose support contains the point in question. Then,
the weighting function has no influence in the procedure. The chosen option has the advantage of
providing at once the generalized reaction forces. Also, the generalization of the current approach
for shell analysis, where is preferable to use a continuous approach to impose the essential boundary
conditions, is straightforward. Also, the all procedure for impose the essential boundary conditions
can be generalized for the continuity between frames at once.

3.4 A continuation method

The solution of the resulting nonlinear system of equations is achieved by the use of an incremen-
tal/iterative approach. The full Newton-Raphson method is combined with the following arc-lenght
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constraint:

∆dT Wd∆d+∆θT Wθ∆θ+∆ΛRT WΛR∆ΛR+∆ΛMT WΛM∆ΛM+ψ2∆λ2 = ∆l2

(6)

The W’s are weighting matrices which are, at least, positive semi-definite diagonals. Thus, the
Crisfield’s method [4] was generalized in order to include the essential boundary reactions, resulting
in a robust and fast procedure.
The change from the fundamental equilibrium path to a secondary path at the bifurcation points can
be necessary to understand the overall behavior of the structure. This branch switch is achieved
in the current work by adding to the residual generalized force vector asmall disturbance load.
The identification of the location of the bifurcation points is made by the study of the eigenvalues
of the (discretized form of the) generalized tangent stiffness matrix. It can be proved that the
approximation described in subsection 3.2 gives rise to the existence of three null eigenvalues of
the matrix (for each frame). Also, for each prescribed displacement a negative eigenvalue will
appear. Thus, summing up all this null and negative eigenvalues, it is possible to identify if between
to equilibrium positions a bifurcation or a limit point has been crossed.

3.5 A rotation update procedure

The vectorial parametrization of the rotation via the Euler-Rodrigues formula is singular for values
of θ = ‖θ‖ near2π. To overcome this drawback an updated lagrangian formulation is used, based
on the following formulas:

Q = QeQ0 (7)

κr = Q0TΓ eT θe′ + κ0r (8)

whereκ = ΓT θ′ = axial(Q′QT ).
Thus, is necessary to store, at each integration point, a rotation tensorQ0 and a curvature vector
κ0r.
Notice that this procedure is only necessary when at some point in the structure the rotation vector
is almost2π. In all the remaining analysis a total lagrangian approach should be used, thus saving
up memory space and avoiding the operations in (7) and (8).

4 Numerical example

The lateral buckling of a hinged right-angle frame is now analyzed with the presented formulation.
This example has been proposed by Argyris [1] and the complete equilibrium path was found by
Simo and Vu-Quoc [9]. The relevant data is depicted in figure 1. Due to the high ratioh/b of the
cross section the whole model is very slender. Notice that the direction of the applied end moments
remains fixed during the all loading process,m = mez. Due to the symmetry only half of the
model is analyzed, with 7 imposed null displacements (uy, uz, θx andθy at the hinged-end and
ux, θy andθz at the symmetry point, i. e., the appex). A unique domain with 21 points evenly
positioned is employed (exactly like in the Simo and Vu-Quoc [9] work) with a complete quintic
basis,pT = {1 x x2 x3 x4 x5}, for the MLS approximation of the displacements. The
derivatives of this approximation is used for the approximation of the rotations. The parameters of
the weight function (5) weres = 5 anddm i = 5.0. A Gauss-Legendre quadrature rule with 7
sample points in-between two consecutive nodes provided high accurate results for all the integrals.



C44.6 Carlos Tiago, Paulo M. Pimenta

Figure 1: Hinged right-angle frame under applied end moments.

The identification of the bifurcation point was archived by monitoring the number of null and neg-
ative eigenvalues (in this case, 3 (numerically) null and 7 negative) of the generalized tangent stiff-
ness matrix. If this matrix posses an extra negative eigenvalue, then the arc-length was reduced by
half. The branch switching from the fundamental path was done by summing up a small disturbing
force of1 · 10−5 N to the generalized residual vector in the position corresponding to the displace-
ment in thez direction at the appex. This force was removed once the switch to the secondary path
was accomplished. In fact, the addition of the disturbing force accts like an imperfection, and the
structure has no longer a bifurcation point, but alimit point, corresponding to a moment value of
622.202 N ·m.
The obtained results are shown in figure 2. The excellent agree between these results and the ones
in reference [9] demonstrates the robustness and accuracy of the present formulation.

5 Concluding remarks

A meshless method, similar to the EFG, that relies on the MLS approximation and an augmented
Lagrangian to impose the essential boundary conditions but does not require a mesh to integrate the
weak form was formulated and applied to a geometrically exact theory of rods.
Several crucial implementation issues for the success of the method, like the generation of shear-
locking free approximations, the convenient store of the shape functions (and its derivatives) at
the quadrature points, a rotation update procedure, the generalization of a continuation method to
include the essential boundary reactions and an appropriate quadrature scheme were dealt with.
The results obtained reveal the high accuracy and performance of the scheme. Unlike the con-
ventional FEM, the generalized stresses are continuous (for a proper choice of the approximation
parameters). The number of points required (for a given precision) in the present formulation is
about the same as the conventional FEM. However, the number of elements in the polinomial ba-
sis has to be slightly higher (compared with the degree of the polinomial in the convential FEM)
because of the approximation scheme used for the rotations.
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ECCOMAS Thematic Conference on Meshless Methods 2005 C44.7

Figure 2: Results for hinged right-angle frame.
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Simulation of Forming Processes by theα-shapes-based
Natural Element Method

I. Alfaro(1), D. Gonźalez(1), D. Bel(1), E. Cueto(1), M. Doblaŕe(1) and
F. Chinesta(2)

Abstract: In this paper we analyse the potential capabilities of the natural element method (NEM)
in the field of forming processes simulation. Meshless methods in general, and in particular the
NEM, offer the possibility of a Lagrangian treatment of the equations describing the process. This is
particularly important in processes such as those involving free surface flow —extrusion, injection
molding, etc.— or those with different phases involved —casting, laser surface treatments, etc.
In addition, the NEM possesses certain interesting characteristics, such as exact imposition (up
to linear or bilinear fields) of essential boundary conditions. After describing the basics of the
NEM we present some examples of its performance in various forming processes like aluminium
extrusion, laser surface coatings or injection moldings.

Keywords:Forming processes, natural element method,α-shapes, free surfaces.

1 Introduction

Forming processes usually involve various physical phenomena such as free surface flows, phase
changes, coupled thermo-mechanical settings, etc. This complex framework is usually modelled
by employing Lagrangian and, most frequently, Arbitrary Lagrangian Eulerian (ALE) techniques.
Spatial discretisation is often made by finite element, finite volumes or finite difference techniques.
The main problem associated with this approach is, on one hand, mesh distortion associated with the
frequent large strain phenomena. On the other hand, when employing ALE or Eulerian techniques,
numerical treatment of free surface flows deserves some special techniques.

Since the appearance of meshless methods in the mid nineties, the possibility of employing
updated Lagrangian formulations in the simulation of large transformations or free-surface flows
has gained considerable interest. These methods, although of very different nature, share the char-
acteristic of no need of explicit definition of the nodal connectivity. Also —what is probably more
important— their accuracy is not greatly affected by the quality of nodal distribution. In order
words, they do not suffer frommesh distortion.

In this paper we will review the main characteristics of the NEM applied to the numerical
simulation of different forming processes, such as aluminium extrusion, injection moulding, etc.

1Group of Structural Mechanics and Material Modelling. Aragón Institute of Engineering Research (I3A)
University of Zaragoza. Maria de Luna, 3. E-50018 Zaragoza, Spain. E-mail: ecueto@unizar.es

2LMSP UMR 8106 CNRS-ENSAM-ESEM. 151 Boulevard de l’Hôpital, F-75013 Paris, France. E-mail:
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2 THE NEM FOR FLOW PROBLEMS

2.1 Natural neighbour interpolation

The natural element method [9] is one of the youngest meshless methods and has received much
less attention than others. Briefly speaking, it is based on the use of any natural neighbour-based
interpolation scheme to construct the approximation spaces of the Galerkin method. The interested
reader can consult a wide overview of the recent advances in this method in [3].

The most extended form of natural neighbour-

Figure 1: Definition of the Natural Neighbour
coordinates of a pointx.

based interpolation is due to Sibson [8]. If an
integration point is added to a given cloud of
points, the Voronoi cells of the cloud —dual struc-
ture of the Delunay triangulation— will be mod-
ified by its presence. Sibson [8] defined the nat-
ural neighbour coordinates of a pointx with re-
spect to one of its neighboursI as the ratio of
the cell TI (associated to nodeI ) that is trans-
ferred to the newly created cell,Tx (areaab f e,
see Fig. 1), to the initial cloud of points to the
total area ofTx (areaabcd). The resultant shape
function depends obviously on the relative po-
sition of the nodes. An example of a node sur-
rounded by other six is depicted in Fig. 2. The
most important features of the natural element
method, such as linear completeness, exact im-

position of essential boundary conditions and others are deeply analyzed in [3].

2.2 Theα-shape based natural element method

For the complete description of the method, the free-surface tracking algorithm deserves some
comments. It is based on the use of natural neighbour approximations constructed overα-shapes.
The main idea is simple: can the cloud of points itself contain geometrical information about the
shapeof the domain?

The concept of shape has no associated formal meaning,

Figure 2: Natural Element (Sibson)
shape function (courtesy N. Suku-
mar).

but Edelsbrunner [4] developed the theory necessary to ex-
tract a finite set of shapes from a cloud of points based on
the use of a scalar parameterα. An α-shape is a polytope
that is not necessarily convex nor connected, being triangu-
lated by a subset of the Delaunay triangulation of the points.
In brief, the family ofα-shapes of a given cloud of points
constitutes a parametrization of the shape regarding the de-
sired level of detail (never higher than the minimum distance
between points).

In order to clarify the before presented concepts, con-
sider some examples ofα-shapes computed from a cloud of
points corresponding to one particular simulation of a two-
dimensional extrusion process. The key idea of the method

here proposed is to extract the shape of the domain at each time step by invoking the concept of
α-shape of the cloud of points. Theα parameter will be obtained by geometrical considerations. In
this case the radius at the inlet of the die, for instance, seems to be the smallest level of detail up
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Figure 3: Some members of the family ofα-shapes of the cloud of points used in the extrusion
example. (a)S0 (the cloud of points) (b)S0.3 (c) S0.5 (d) S1.0 (e) S1.5 and (f)S∞ (the convex hull of
the set)

to which the domain (i.e., the billet) must be represented. In order to appropriately represent this
value, the nodal distanceh must be accordingly chosen.

In Fig. 3 some members of the family ofα-shapes of the cloud of points in its final configuration
are depicted. In Fig. 3(a) the member forα = 0, i.e., the cloud of points itself, is shown. Note how,
asα is increased, the number and size of the simplexes (in this case, triangles) that belong to the
shape is increasing. Forα = 1.0 we obtain an appropriate shape for the cloud. Note, however, that
this is not an exact value to be determined at each time step.

The use ofα-shapes has also a direct outcome in the imposition of essential boundary con-
ditions. If natural neighbour (Sibson or Laplace) interpolants are computed over anα-shape of
the cloud, linear interpolation of essential boundary conditions on convex as well as non-convex
boundaries is guaranteed (see [2] for an in-deep demonstration of this property). We have coined
this method theα-shape basedNEM, or simplyα-NEM [2].

3 Some examples

3.1 Simulation of injection moulding of short fiber reinforced thermoplastics

Mechanical modelling of short fibers suspensions flows is usually achieved in the framework of
dilute or semi-dilute suspensions of non-spherical particles in a Newtonian fluid. The resulting
system of equations involves the coupling of an elliptic problem with an advection problem related
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to the fluid history. The elliptic problem is associated with the equations of motion whereas the
advection equation describes the time evolution of the anisotropic viscosity tensor (fiber orientation)
or more generally the microstructural state. The second problem presents two difficulties: it is non-
linear and hyperbolic (see [1] and references therein).

Coupled models take into account both the dependence of the kinematics with the fiber orien-
tation and the orientation induced by the flow kinematics. Usually the coupled models are solved
by means of a fixed point strategy. In this case, at each iteration the flow kinematics results from
the solution of motion and mass conservation equations, using the fiber orientation field from the
previous iteration. From the kinematics just computed, the fiber orientation is updated solving the
advection equation governing its evolution. In Fig. 4 four snapshots of the evolution of the orienta-
tion field are shown. The orientation is represented by elipses indicating the probability of finding
a fiber oriented in each direction.

Figure 4: Evolution of the orientation field in the simulation of an injection moulding.

In [6] a deeper insight on the constitutive modelling of such flows can be found. The accuracy
in the numerical treatment of the free surface flow is also noteworthy [5].

3.2 3D simulation of the extrusion of a cross-shaped profile

Numerical simulation of aluminium extrusion often takes into account the large value of plastic
strain when compared to that of the elastic strains to develop models based on non-newtonian fluid
behaviour. Although an elastic recovery or spring-back exists, it has been often neglecteda priori
by many researchers as a first approximation. This assumption is known as theflow formulationin
the forming processes community. Thus, the essential variables of the problem will be velocities
and pressures, instead of displacements and pressures. For metals, there exist well-defined plastic
yield rules and for aluminium it is a common practice to employ a von Mises criterion.

When a coupled thermo-mechanical simulation has been carried out, we have employed a semi-
implicit algorithm combined with a fixed-point iteration that allows to de-couple both problems.
The dependency of yield stress with temperature is often modelled through a Sellars-Tegart or
hyperbolic-sine law [7]. Consider, for instance, the die geometry depicted in Fig. 5. Some results
obtained by employingα-NEM simulations show the potential capabilities of the method.

The obtained evolution for the equivalent strain rate is depicted in Fig. 6. The third essential
variable of the problem, temperature, is shown in Fig. 7. As expected, the highest values were
obtained where the strain, and thus the heat generation, was higher.



ECCOMAS Thematic Conference on Meshless Methods 2005 D11.5

Figure 5: Geometry and dimensions of the container and the die for the cross-shaped profile prob-
lem.

Figure 6: Equivalent strain rate(s−1) for the extrusion simulation.
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Non-Linear Analysis of Plates Resorting to the EFGM 
 
 

J. Belinha (1) and L.M.J.S. Dinis (2)  
 
 
Abstract: A meshless method based in a Galerkin formulation, the Element-Free Galerkin 
Method (EFGM), has been extended to be used in the elasto-plastic analysis of isotropic plates. A 
Reissner-Mindlin plate theory, which is a first-order shear deformation theory (FSDT) is 
considered in order to define the displacement field and the strain field. The Newton-Raphson 
method is used for the solution of the nonlinear problems and an Hill yield surface is considered. 
The approximation functions are calculated considering a moving least squares (MLS) approach 
which is consistent provided the basis is complete in the polynomials up to a desired order.  
Several plate bending problems are solved and the obtained solutions are compared with 
available finite element solutions which show that the meshless approach developed is a good 
alternative to the finite element method for the solution of nonlinear problems. 
 
 
1   Introduction 
 
In recent years, meshless methods have been object of attention and extensively applied to 
problems in solid mechanics. In this work it is considered the Element Free Galerkin Method 
(EFGM) developed by Belytschko [1, 2], which uses the moving least square approximation in 
order to construct the shape functions as it was initially proposed by Nayroles et all [3]. The 
analysis of thin elastic plates resorting to the EFGM was object of study by Krysl et all [4, 5] and 
resorting to the MLPG was object of study by Long et all [6]. The analysis of Reissner-Mindlin 
plates was considered by Garcia et all [7] using the hp-clouds method and by Donning et all [8] 
resorting to the EFGM. This formulation was considered as well by Kanok-Nukulchai et all [9] 
with some modifications in order to avoid shear locking. The elasto-plastic analysis using the 
EFGM was initially applied to fracture problems [10-13] and subsequently applied to 2D 
problems [14, 15] and to 3D problems [16-18]. 
In this work the EFGM is applied to solve elasto-plastic problems and the obtained solutions are 
compared with Finite Element Method (FEM) solutions presented in the literature, in order to 
evaluate the efficiency of the method. 
 
 
2   Element-Free Galerkin Method 
 
The EFGM employs the Moving Least-Squares (MLS) approximants in order to obtain the 
function uh(x), approximate displacement field of the function u(x), real displacement field. The 
weak form of Galerkin is used to develop the discretized system of equations. A background 
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T ⋅ x
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I ⎤⎦

I I= φ x

mesh of integration cells is required to carry out the numeric integration in order to calculate the 
system matrix. The approximation uh(x) of the function u(x) is defined in the domain  as: Ω
 

m
h

i i
i

u ( ) p ( ) a ( ) ( ) ( )= ≡∑x x x p x a  (1) 

 
where p(x) are monomials in the space co-ordinates xT = (x,y) so that the basis is complete, as 
suggested by Belytschko in [1]. The coefficients a(x) are obtained, at any point x, minimizing the 
weighted discrete norm J,  
 

( ) ( ) ( )
n n2h T

I I I I I
I I

J w u , u w ( ) ( ) u⎡ ⎤ ⎡= − − = − −⎣ ⎦ ⎣∑ ∑x x x x x x p x a x  (2) 

 
where n is the number of nodes in the domain of influence of x for which the weight function 

, and uIw( ) 0x x− ≠ I refers to the nodal parameter of u at x = xI. The minimum of J with 
respect to a(x) leads to the following linear relation between a(x) and uI: 
 

1( ) ( ) ( ) u−=a x A x B x  (3) 
 
Substituting equation (3) into equation (1), the MLS approximation function for the displacement 
field can be defined as 
 

( )
n m n

h 1
j IjI

I j I

u ( ) p ( ) ( ) ( ) u ( ) u−= ∑∑ ∑x x A x B x  (4) 

 
The resulting approximation will inherit the continuity of the weight function as described by 
Dolbow and Belytshko in [19]. The choice of the weight function is a very important decision that 
will affect the performance of the EFGM. The weight function considered is, 
 

( )2 4 5 6 7

I
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w( ) w(r) 10 2 5

0 r
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x x
1.0

1.0

 (5) 

 
 
3   Discrete System Equation – Mindlin-Reissner Plate Theory 
 
Based on the FSDT and applying the weak form of Galerkin, considering the Penalty Method to 
impose the boundary conditions as suggested by Liu and Yang [20], 
 

( ) ( ) ( ) ( )
t u

T TT T
0 0

1d d d d
2Ω Ω Γ Γ

δ Ω− δ Ω− δ Γ −δ∫ ∫ ∫ ∫Lu c Lu u b u t u - u u - uα 0Γ =  (6) 

 
the following system of equations is obtained: 
 

[ ]α⎡ ⎤ ⎡+⎣ ⎦ ⎣K K U = F + Fα ⎤⎦  (7) 
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Ω

where K is the global stiffness matrix assembled using, 
 

T
IJ I JdΩ
= ∫K B cB  (8) 

 
where c is the isotropic material matrix. The matrix B is defined as, 
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i
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i i

i i
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x y
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y x
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x y
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⎢ ∂φ ∂φ
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⎢ ⎥

⎥

∂φ ∂φ
− −⎢ ⎥∂ ∂⎢ ⎥⎣ ⎦

B
 (9) 

 

where  is the shape function for node i. The matrix iφ
αK  is the matrix of penalty factors and 

vector  represents the forces resulting from enforcing the essential boundary conditions. αF
 
 
4   Plasticity Applied to the EFGM 
 
The theory of plasticity requires three fundamental concepts, as presented by Hill in [21], an yield 
criterion, a hardening rule and a plastic flow rule. 
 
The yield criterion depends on the stress state and on the stress path. It can be defined by equation 
(10) considering that the yield surface is dependent of a hardening parameter k and that the 
material is isotropic, i.e., the yield surface depends only on the magnitudes of the applied 
principal stresses and is independent of the corresponding orientation in the principal stress space. 
 

YF( k) f ( k) (k) 0= −σσ, σ, =  (10) 
 
Where  is an yield function dependent on the stress state and on the hardening parameter 
k. The material uniaxial yield stress, also dependent of k, is 

f ( , k)σ

Y (k)σ . 
In this work the yield criterion used is the Von Mises yield criterion, presented in [22].  
This yield criterion can be represented as, 
 

( ) ( ) ( ) ( )2 2 2 2 2 2
Y xx yy yy zz zz xx xy yz

1 6
2

σ = σ −σ + σ −σ + σ −σ + τ + τ + τzx
 (11) 

 
In this work the algorithm of returning the stresses to the yield surface is similar to the one 
suggested by Owen and Hinton in [23]. The Material behaviour is modelled in the form of an 
incremental relation between the incremented stress vector dσ  and the strain increment d . 

The solution algorithm used is the Newton-Raphson initial stiffness method. 

ε
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5   Numerical Examples 
 
5.1 Square Plate Simply Supported in all Edges 
 
The square plate simply supported in all edges represented in figure 1(a) is studied. This is an 
example for which the FEM solution is presented by Owen and Hinton in [23]. The material 
properties are presented in table 1. 
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Table 1: Square plate material properties 
 

E (Mpa) ET (Mpa) ν  σ Y (kPa) 
2.067x108 2.067x106 0.3 206.7x103

 
 
 
 
 
 
 
 
 
 
 
 
 

 Figure 1: (a) Square plate representation. (b) Reference section and points.
 
The problem is analysed by the EFGM and the FEM considering a 441 nodes (21x21) regular 
mesh. The results of the normalized displacement in point P1, figure 1(b), versus the applied load 
f are presented in figure 2(a). As it is visible in figure 2(a) the load/displacement curve obtained 
by the EFGM is quite similar to the heterosis finite element presented by Owen and Hinton [23] 
as reference solution. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 2: Load/normalized displacement curves (a) for simply supported plate and (b) for the 
clamped plate

(a)      (b) 
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5.2 Square Plate Clamped in all Edges 
 
The square plate clamped in all edges represented in figure 1(a) is considered. The material 
properties are the ones used in the previous example. Solutions for this example can be found in 
Figueiras [24] and in Barbosa [25] for the FEM. The problem is analysed by the EFGM and the 
FEM considering a 289 nodes (17x17) regular mesh. The results of the normalized displacement 
in point P1, figure 1(b), versus the applied load f are presented in figure 2(b). Is visible a good 
approximation between the EFGM solution and the FEM solution and the aforementioned 
reference solutions of Figueiras and Barbosa [24, 25]. In figure 3 is presented the normal stress 
σ xx obtained for point P2 along the plate thickness, for increasing load levels. Figure 3 confirm 
the good concordance between the EFGM and the FEM solutions. 
 
 
6   Conclusions 
 
In this work the EFGM was combined with an incremental elasto-plastic algorithm and compared 
with FEM solutions on benchmarking examples. The EFGM results are very close with the FEM 
results. Thus the examples show that the extension of the EFGM to elasto-plastic analysis was 
successively implemented and that the EFGM is a good alternative method for elasto-plastic 
analysis of plates. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Normal stress σ xx diagrams along the plate thickness in point P2 for (a) f = 792.0 
kN/m2, (b) f = 1488.0 kN/m2, (c) f = 1947.0 kN/m2, (d) f = 2223,0 kN/m2 and (e) f = 2592.0 kN/m2
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Combined FEM/Meshfree SPH Method for Impact
Damage Prediction of Composite Sandwich Panels

L.Aktay(1), A.F.Johnson(2) andB.-H.Kröplin(3)

Abstract: In this work, impact simulations using both meshfree Smoothed Particle Hydrodynamics
(SPH) and combined FEM/SPH Method were carried out for a sandwich composite panel with
carbon fibre fabric/epoxy face skins and polyetherimide (PEI) foam core. A numerical model was
developed using the dynamic explicit finite element (FE) structure analysis program PAM-CRASH.
The carbon fibre/epoxy facings were modelled with standard layered shell elements, whilst SPH
particles were positioned for the PEI core. We demonstrate the efficiency and the advantages of
pure meshfree SPH and combined FEM/SPH Method by comparing the core deformation modes
and impact force pulses measured in the experiments to predict structural impact response.

Keywords:Impact damage, composite material, sandwich structure concept, Finite Element Method
(FEM), meshfree method, Smoothed Particle Hydrodynamics (SPH)

1 Introduction

Modelling of high velocity impact (HVI) and crash scenarios involving material failure and large
deformation using classical FEM is complex. Although the most popular numerical method FEM
is still an effective tool in predicting the structural behaviour in different loading conditions, FEM
suffers from large deformation leading problems causing considerable accuracy lost. Addition-
ally it is very difficult to simulate the structural behaviour containing the breakage of material into
large number of fragments since FEM is initially based on continuum mechanics requiring critical
element connectivity. The enhancement of existing numerical methods based on FEM is always
current theme. Proposed adaptive remeshing method seems very promising method, however it is
computationally very expensive since the procedure determining the error estimation for remesh-
ing criteria takes time. To overwhelm the numerical problems due to remeshing, Extended Finite
Element Method (X-FEM) has been proposed [1]. However the implementation of X-FEM is dif-
ficult since it is necessary to add global degrees of freedom during the simulation leading to the
enlargement of the stiffness matrices, especially for the multi-crack problems. As an alternative
to FEM, meshfree methods have been developed and applied to numerical simulations involving
material failure and damage. Meshfree methods replace finite elements by a set of nodes or par-
ticles within the problems domain and its boundaries. This feature makes meshfree methods very

1Institute of Structures and Design, German Aerospace Center(DLR), Pfaffenwaldring 38-40, 70569,
Stuttgart, Germany (levent.aktay@dlr.de).

2Institute of Structures and Design, German Aerospace Center(DLR), Pfaffenwaldring 38-40, 70569,
Stuttgart, Germany (alastair.johnson@dlr.de).

3Institute for Statics and Dynamics of Aerospace Structures, University of Stuttgart, Pfaffenwaldring 27,
70569 Stuttgart, Germany (kroeplin@isd.uni-stuttgart.de).



D13.2 L.Aktay, A.F.Johnson and B-H.Kröplin

effective since mesh connectivity is not as critical as in FEM. There are several meshfree meth-
ods and new meshfree methods are taking part in research[2]. Among them SPH is one of the
earliest particle methods in computational mechanics. SPH was developed by Lucy [3] to solve
astrophysical problems in 3D open space. Since its invention SPH has been extensively studied and
extended to dynamic response with material strength, fracture and impact simulations, failure of
brittle solids and metal forming simulations. The study presented here proposes SPH method and
its combination with FEM to overcome the classical limitations of explicit FEM such as too small
time steps, hour-glassing, mesh size dependency and element distortion during impact simulations
of composite structures.

2 Theoretical Fundamentals

SPH is based on two interpolation approximations: Kernel approximation and particle approxima-
tion. Considering the functionf (x) in Eq (1), value at a point off (x) over domainΩ could be
extracted from its integral using the delta function (δ) as a filter,

〈 f (x)〉=
Z

Ω
f (x′)δ(x−x′)dx′. (1)

One can define delta function as follows:
Z

Ω
δ(x−x′)dx′ = 1. (2)

As h→ 0, δ(x− x′) can be replaced by with a kernel functionW(x− x′,h) which has a support
domain determined by the parameterh,

lim
h→0

W(x−x′,h) = δ(x−x′). (3)

Therefore Eq (3) yields to following:

〈 f (x)〉=
Z

Ω
f (x′)W(x−x′,h)dx′. (4)

Since domain is represented by discrete particles, the summation of the contributions of each dis-
crete particle within the kernel approximation range results the smoothed value off (x) at a point
(particle approximation), as

〈 f (x)〉=
N

∑
j=1

(
mj

ρ j

)
f jW(|x−x′|,h) (5)

in whichN represents the number of discrete particles,mj andρ j stand for mass and the density of
the particlej, respectively.

3 Material Modelling

It was considered that a homogeneous orthotropic elastic damaging material was an appropriate
model for UD and fabric laminates, as this is applicable to brittle materials whose properties are
degraded by micro cracking. Constitutive laws for orthotropic elastic materials with internal damage
parameters are described in [4], and take the general form

ε = Sσ (6)
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whereσ andε are vectors of stress and strain andS is the elastic compliance matrix. In the plane
stress case required here to characterise the properties of composite plies or shell elements with
orthotropic symmetry axes (x1, x2), the in-plane stress and strain components are

σ =




σ11
σ22
σ12


 ε =




ε11
ε22
2ε12


 . (7)

Using a strain equivalent damage mechanics formulation, the elastic compliance matrixSmay then
be written :

S=




1
E1(1−d1)

−ν12
E1

0
−ν12
E1

1
E2(1−d2)

0

0 0 1
G12(1−d12)


 (8)

whereν12 is the principal Poisson’s ratio, which for simplicity is assumed not to be degraded. The
elastic damaging materials law for fabric reinforcements may be modelled in PAM-CRASH as a
’degenerate bi-phase’ model in which the UD fibre phase is omitted, and the ’matrix’ phase is as-
sumed to be orthotropic. If the simplifying assumption is made thatd1 = d2 = d12 = d, the composite
fabric ply has orthotropic stiffness properties, but a single ’isotropic’ damage functiond which de-
grades all the stiffness constants equally. The code does however allow different damage functions
in tension and compression. This model has been found to be easy to apply and appropriate for
quasi-isotropic laminates, which are commonly used in aircraft structures.
The DLR conducted a compression test on PEI foam core material and an elastic-plastic material

Figure 1: Stress-strain plot of PEI foam core

response can be seen in Figure 1. To model this behavior, a crushable foam solid material model
has been assigned to foam core. The elastic behavior response is described by its initial tangent
and shear modulus. The inelastic behavior consists of coupling between volumetric (bulk) and de-
viatoric (shear) plasticity. This coupling between both parts of the inelastic material response is
accomplished via a pressure dependent von Mises (J2 plasticity) yield surface which is formulated
as follows:

φs = J2− (a0 +a1p+a2p2) = 0 where J2 =
1
2

Si j Si j =
1
3

σY
2. (9)

Here,J2 is the second invariant of the deviatoric stress tensor on the von Mises yield surface,a0,
a1, a2 are user specified material parameters,p andσY stand for pressure and effective yield stress,
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respectively. In order to overcome the high mesh distortion which causes numerical problems with
the timestep assignment in explicit codes, the FE meshes in highly distorted local damage zone has
been replaced by interacting particles. The material response assigned for discrete SPH particles
is an isotropic-elastic-plastic-hydrodynamics solid material model in which the pressure-volume
relation is modelled by an equation of state (EOS). This material model was originally developed
for ballistic impact in metals and describes an isotropic elastic-plastic material at low pressure,
whose properties are defined by the shear modulus and tangent modulus or effective plastic stresses
and effective plastic strains. Additionally with EOS describes the “hydrodynamic” pressure-volume
behavior at high pressures. In this case it is given as following:

p = C0 +C1µ+C2µ2 +C3µ3 where µ=
ρ
ρ0
−1. (10)

C0, C1, C2, C3 are material constants,µ is a dimensionless compressibility parameter defined in
terms of the ratio current density,ρ, to initial density,ρ0. The polynomial form is an established
approximation of the observed EOS for many materials, see for examples [5], with the feature that
it reduces to a dilatational elastic materials law with bulk modulusC1 whenC0=C2=C3=0.

4 Numerical Analysis using combined FEM/SPH Method

The proposed finite element mesh based model, described in [6], can be used for accurate prediction
of failure modes in sandwich panels. However topological element connectivity in FEM can lead
to numerical instabilities (for higher velocities) and further enhancement is needed for better quan-
titative correlations. Following this idea, carbon fibre/epoxy facings were modelled with standard
layered shell elements, whilst SPH particles are used for the PEI core where extensive crushing
and fracture by the rigid impactor occur. Use of solid elements here leads to aforementioned dif-
ficulties with excessive distortion. Beside the advantages of its meshfree nature, as a result of the
dynamic neighbouring search algorithm, the SPH Method is computationally expensive. One alter-
native numerical solution technique that is commonly used is coupling. Since SPH uses Lagrangian
framework, a possible coupling between SPH and standard Lagrangian FEM is straightforward.
This means (for impact problems) a coupling between discrete smoothed particles for the parts
where large deformation occurs and finite elements for the parts where small deformation takes
place is possible. Such coupling would exploit the potential of each method while avoiding their
deficiencies. In this work, coupling was applied through a sliding interface condition. The mesh
patterns or both discretizations can be combined with a tied kinematic constraint type contact that
connects two contact interfaces defined on two meshed parts of a structure that are close to each
other but whose respective discretization grids are not necessarily matching. Discrete SPH particles
are generated with a simple transformation of finite element mesh into mass points.
To make a qualitative comparison between FEM, SPH and FEM/SPH, impact simulations were

Figure 2: Numerical impact models using FEM, SPH and combined FEM/SPH

carried out for a sandwich composite panel mounted on a ring load cell and impact at the centre
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by a concrete impactor, Figure 2. Normal impact from a rigid impactor was considered at nominal
impact velocity of 60m/s, which corresponds to the typical impact speed of runway debris on an
aircraft structure during start and landing. Contact force history comparison between experimental
analysis and FEM simulation in Figure 4 shows that the proposed FEM model provides reasonable
accurate contact force history of HVI on sandwich panel. As one can observe from experimental
curve, the first peak load is about 7kN and the second peak is about 4kN. Depending on the energy
absorption mechanism of the sandwich plate, projectile loses its kinetic energy and this results in a
lower second peak. Proposed FEM model estimates especially the first peak value accurately, which
is very critical value for impact scenarios. However as Figure 3 shows, FEM model produces very
severe deformation on core which can lead numerical errors, inaccurate results and numerical insta-
bilities for higher velocities. Since mesh connectivity is not as critical as in FEM, in SPH Method
depending on the deformation mechanism discrete particles can split and as Figure 3 illustrates core
deformation is much more realistic than that of FEM. However, additional to expensive computa-
tion, contact history obtained using SPH Method is not as accurate as that of using FEM, Figure
4. Since in SPH the number of discrete particles itself and the extent of each particle’s domain of
influence are decisive for the CPU consumption , combined FEM/SPH Method, which combines
the faster computation nature of FEM and accuracy of SPH, is proposed. Although both SPH and
combined FEM/SPH Method use same number of particles in damage zone, combined FEM/SPH
Method estimates first peak value more accurately than SPH Method with a realistic core defor-
mation pattern, Figure 3. However as Figure 5 shows the second peak value is higher than both
experimental and FEM results.

Figure 3: Severe element distortion using FEM and damage zone core deformation using SPH and
combined FEM/SPH Method
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Figure 4: Contact force history plots
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5 Conclusion

In this work the results of impact simulations carried out for a sandwich composite plate with car-
bon fibre fabric/epoxy face skins and PEI foam core using SPH and FEM/SPH Method have been
presented. We demonstrated the capability of meshfree SPH Method to be an effective candidate
to overcome the drawbacks of FEM, such as large core deformation with numerical simulations.
Consequently, since SPH Method is computationally expensive, it has been confirmed to be a good
alternative in combination with FEM for the numerical simulations where large deformation and
element distortion are critical.
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Smoothed Particle Interpolation for electromagnetic 
simulations 
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Abstract: In this paper the meshless Smoothed Particle Interpolation (SPI) method has been 
adopted to obtain numerical solutions of time domain Maxwell’s curl equations in free space. The 
aim is to obtain efficient simulations for electromagnetic transients by avoiding the use of a mesh 
such as in the most popular grid-based numerical methods. Details about the numerical treatment 
of electromagnetic vector fields components by means of particle approximation have been 
investigated. 
 
 
1 Introduction 
 
The increasing development of advanced information and communication technology (ICT) 
systems and apparatus, involves ever more complicated electromagnetic (EM) environments. For 
these systems, the constraints due to electromagnetic compatibility (EMC) of the various 
interfering devices, need the use of computer simulations based on ever more advanced numerical 
methods which enable to obtain results with a growing refinement. Among the most used 
numerical methods, the grid-based ones are of great interest and they are successfully used in 
solving different and complex EM problems [1], [2], [3]. However, when complex and irregular 
geometry has to be treated, the need of the initial preprocessing grid construction could be a 
heavy task. Moreover, when problems with diffuse non-homogeneity have to be treated or when 
free surfaces, deformable boundaries, and mobile interfaces have to be considered, more 
difficulties can arise. Advantages over the traditional numerical methods can be obtained by using 
the so called meshless methods. In particular, the meshless particle methods (MPMs) seem to be 
very promising in EM simulations.  
Among the MPMs, the Smoothed Particle Interpolation is a mesh-free, particle method expressing 
a generic function by means of a summation of a set of basis functions named as smoothing kernel 
functions [4], [5], [6], [7], [8], [9], [10]. 
Differences among SPI and classic grid-based methods can be recognized as follows. The 
problem domain is discretized by particles without using a mesh and a connectivity law among 
the nodes of the grid. Field functions and their spatial derivatives are approximated by using the 
actual information belonging to the particles placed in the close proximity of a fixed one. As a 
great advantage with respect to grid-based methods, SPI enables to model irregular problems 
geometry with generalized non-homogeneous media only with an initial discretization frame. 
Moreover, it is possible to improve the particles distribution during the process time stepping.  
The method has been applied to obtain numerical solution of Maxwell’s curl equations in free 
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space. Since space-time domain equations are used, an explicit finite difference (FD) scheme is 
chosen for time integration. Details about the numerical treatment of EM vector fields 
components by means of particle approximation have been shown. Case studies have been 
reported, to exploit the capability of the proposed method. A comparison with standard finite 
difference time domain (FDTD) method [2] results has been discussed.  
 
 
2 Maxwell’s equations in SPI 
 
Let us consider the time-dependent Maxwell’s curl equations in free space: 
 

,E
t

H

H
t
E

curl1

curl1

0

0

µ
−=

∂
∂

ε
=

∂
∂

  (1) 

 
where E and H are the electric and magnetic vector fields, 0ε  is the vacuum permittivity and  
is the vacuum permeability. For the sake of simplicity, in order to apply the SPI method, the set of 
equations (1) is rewritten for the 1-D formulation: 
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by supposing the electric field oriented in the x direction, the magnetic field in the y direction, and 
the space variation accounted for the z direction. 
By using the particle approximation located over a particle  [11], [17] the following discrete 
equations hold: 
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where  is the kernel function, h is the smoothing length defining the influence area of Ψ ,  

is the number of nearest neighboring particles (NNP) of  [9] and 

Ψ iN

iz jω are the coefficients of 

kernel approximation [9], [10]. 
The particles are interpolation points in which the electromagnetic vector fields are computed and 
no connectivity needs for the particles involved. The right number of particles in the portion of 
space allows the information flow: the absence of a particle in a coordinate direction can be 
interpreted as the presence of a perfectly electric or magnetic conducting screen which will raise 
spurious reflections.  
Equations (3) and (4) have to be further handled in order to obtain the final discretized model. To 
this aim a central difference approximation for time derivatives has been introduced. In such a 
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way, in computing the two interleaved Maxwell’s curl equations it is necessary to introduce some 
relations among the mutual spatial positions of electric and magnetic fields components: H field 
values are considered to be located between the E field values in both space and time. 
The following final leapfrog scheme holds: 
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This explicit time integration scheme is subjected to the Courant-Friedrichs-Levy (CFL) stability 
condition [2], [3]. This CFL condition requires the time step to be proportional to the smallest 
spatial point resolution, which in SPI formulation is represented by the smallest smoothing length. 
 
When particles near or on the boundary are involved only the NNP inside the boundary contribute 
to the particle approximation and no contribution derives from outside. Moreover, the neglected 
surface integrals contribution corrupts the solution because on solid surface some field variables 
do not necessary reduce to zero as in the theoretical formulation of kernel approximation [9], [12].  
 
These occurrences have been handled by using a perfectly electric conductor (PEC) boundary 
conditions or absorbing boundary conditions (ABC). By using a particular class of ABC, the so-
called perfectly matched layer (PML) [3], magnetic and electric fields are progressively forced to 
zero within the external layer. As a consequence, the PML boundary conditions considerably 
reduce the results corruption. 

 
 

3 Numerical details 
 
In order to perform the function approximation based on a set of randomly placed particles, 
without using a predefined mesh, the smoothing kernel function Ψ  is of primary importance. In 
fact, the  function defines the extension of the support domain of each particle and determines 
the consistency and the accuracy of both kernel and particle approximation [9], [10].  

Ψ

 
Different kinds of smoothing functions have been used in literature [15], [16]. One of the most 
popular smoothing kernels is the Gaussian one [6], [7], [8], [10]: 
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h

rr
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where r  and r′  are position vectors and 

⎪
⎩

⎪
⎨

⎧

π

π

π

=β
3

2

2
3

2
1

1

1
1

h

h
h

 . D-3
D-2
 D-1

In order to consider only a finite number of particles within the support domain, it is necessary to 
perform a process of NNP searching for each concerned particle. Unlike a grid-based numerical 
method, where the positions of neighboring grid-cells are well defined once the grids are given, 
the NNP in SPI defines in a dynamical way the interacting particles. Namely, two set particles 
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Figure 1: Interacting particles and relative Gaussian first derivatives. 

 
 

4 Simulation results 
 

The described method has been validated by comparing SPI simulations with FDTD ones related 
to 1-D and 2-D case studies. 
The 1-D case study is related to the transient propagation of the following time variable pulse in 
free space: 

( ) ( )[ ] ( )tttEx ωω cos2/cos15.00 −=  (8) 
with excitation frequency 1.8 GHz. The problem domain is one half meter length, and the 
pulse is generated in its central point. Further, to solve Maxwell’s equations (2), equally spaced 
particles have been considered. However, the spatial step 

=0f

z∆  must be small compared with the 
wave length ωπλ c2= , i.e. 20λ=∆z . In order to ∆t satisfies the CFL condition, the spatial step 
is set to the value of the smoothing length. 
The evolution of space profile of the propagating pulse is shown in Figure 2, in which the results 
obtained with both SPI and FDTD solvers are reported for a fixed time step. The particles are 
placed in the same positions of the nodes of the FDTD grid. In Figure 3 the time profiles for the 
same point/particle, located at (0.15,0.15) m, are shown. 
As a second level of validation of the proposed method, a Gaussian pulse propagating in the 2-D 
free space has been considered. The resulting transverse magnetic (TM) field obtained with 
standard FDTD explicit scheme, based on the Yee’s lattice [2], [3], has been compared with the 
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computation resulting from SPI simulation. In Figures 4 and 5 the  component of the electric 
field is reported. As shown, a good agreement between results has been found. 

zE

 

 
Figure 2: Space profile of the propagating pulse for both SPI ElectroMagnetics (SPEM) and 

FDTD. 
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Figure 3: Time profile of the propagating pulse for both SPEM and FDTD simulations. 

 
 

Figure 4: Propagation of a Gaussian pulse 
generated in the center of the spatial 
domain 40x40 cm2, after 30 time 
steps: FDTD simulation. 

Figure 5: Propagation of a Gaussian pulse 
generated in the center of the spatial 
domain 40x40 cm2, after 30 time 
steps: SPEM simulation. 
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5 Conclusions 
 

In this paper a meshless method for transient electromagnetic analysis is proposed. It has been 
applied to obtain numerical solution of Maxwell’s curl equations in free space for 1-D and 2-D 
cases. A comparison with a standard finite difference time domain method results is discussed. 
Results obtained encourage to consider smoothed particle in electromagnetics as a challenging 
and more flexible method with respect to classic grid-based ones. 
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Renormalised formulation of the SPH method : Theory
and Applications

Bachir Ben Moussa(1) andJean Luc Lacome(2)

Abstract: Meshfree methods have been highly developed through the past decade to resolve con-
servation laws in various fiels of applications. The main advantage of meshfree methods compared
to classical numerical techniques, such as finite differences or finite elements, is the ability to handle
large deformation in a lagrangian frame. Considering the use of meshfree methods in continuum
mechanics, we can list the two main classes of meshfree formulations : galerkin based formulation,
and collocative approximation.

The Smoothed Particle Hydrodynamics method is a meshfree collocative method developped
at the end of the seventies by Lucy [1], Monaghan [2] and others. First applied to astrophys-
ical problems, SPH has been extended through a wide variety of applications : fluid mechanics,
structural mechanics, fracture of materials,... From a theoretical point, SPH suffers from a lack of
consistency and stability. At the beginning of the nineties, a new class of SPH method has been
developed (Libersky[3]) based on a higher order of the formulation : renormalisation, stress point
method, finite point element, ...The accuracy of the method has been improved but there are still
some existing problem that have not yet been resolved such as the so-called tensile instability.

The purpose of the paper is to present the key points in error estimations of SPH approxi-
mations. Starting from the regular SPH approximation developed in the seventies, a renormalised
formulation based on a gather approximation of the kernel is analysed. Convergence and error
estimates are shown. Numerical results using the LS-DYNA hydrocode are also presented.
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Point collocation methods using reproducing kernel
approximations for the solution of the Stokes equations

P. Joyot, J. Trunzler(1) andF. Chinesta(2)

Abstract: Two novel meshless collocation schemes for solving the incompressible Stokes equa-
tions in the primitive variable form are presented. Contrary to existing schemes, here we use inside
the domain identical nodes for the pressure and velocity approximations, combined with a partic-
ular treatment of boundary conditions, which allows to avoid spurious oscillations of the pressure
field. The dicretisation employs Moving Least Square Reproducing Kernel (MLSRK) or Fast Moving
Least Square Reproducing Kernel (FMLSRK) approximations. Moreover, we propose an extension
of the Pseudo-Divergence-Free (PDF) approximation proposed by Huerta that can be used in a
collocation framework. These different approaches will be applied for solving some 2D benchmark
problems, where the convergence of both the pressure and the velocities fields will be discussed.

Keywords:meshless aproximation, collocation, incompressible flow, locking.

1 Introduction

Meshless methods for solving incompressible viscous flows have been intensively developed during
the last years. In general, the variational formulation of the Stokes problem is considered, which is
solved using the Galerkin formulation. It has been proved that locking appears when one approaches
the incompressibility limit. Some solutions to circumvent this drawback lies on the extension of the
well known alternatives used in the finite element framework. Thus, for example, Choe [3] uses two
different set of nodes to define the FMLSRK approximation of velocity and pressure fields, being
the number of nodes used to approximate the velocity twice the number of pressure nodes. In [4]
Huerta et al. have proposed an original alternative that uses identical nodes for both approximations.
In fact they consider an approximation basis that satisfies, in a diffuse sense, the divergence-free
constraint.

Despite the fact that discretization of variational formulations are more general than collocation
techniques, in the meshless context the last ones seem to be an appealing choice for solving some
particular problems [1].

The Stokes problem have been solved using collocation methods in some
previous works. Thus, in [1] Aluru solves a driven-cavity flow using the finite cloud method,

using the same nodes for both the pressure and the velocity approximations. In that work the
spurious pressure oscillations are avoid by considering appropriate boundary conditions. In [5]
Kim and al. used the same approximation that Choe in [3] but the equation was discretized by

1LIPSI-ESTIA, technopole Izarbel 64210 Bidart (p.joyot@estia.fr).
2LMSP, UMR CNRS 8106, ENSAM-ESEM, 151 Bd. de l’Hôpital 75013 Paris (fran-

cisco.chinesta@paris.ensam.fr).
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collocation. Thus, they use two different sets of nodes to define the FMLSRK approximation of
velocity and pressures. Botella [2] used a collocation method, where both fields approximations
were built by using splines. A particular choice of the splines used in the approximation of velocities
and pressure was a key point to prevent pressure oscillations.

In the first part of this paper, we present two news collocation schemes. The first one uses
the same set of node for the pressure and the velocity approximations. The second scheme, very
close to the one proposed by Botella [2], define the pressure approximation from the nodes located
inside the domain. We have proved, that these schemes don’t exhibit pressure oscillations in the
incompressibility limit. The fields approximation is built using both the MLSRK and the FMLSRK.
In the second part of the paper we propose a modified PDF approximation of the velocity field.
Finally, we compare the results obtained using the different schemes proposed in this paper in some
2D benchmark tests.

2 Point collocation schemes of the Stokes problem

Let Ω be an open bounded region ofR2 with boundaryΓ. The 2D Stokes problem inΩ lies in
finding a velocity fieldV(u,v) and a pressure fieldp verifying:





−ν∆V +5p = f in Ω,
5.V = 0 in Ω,
V = g on Γ,

whereν is the fluid viscosity,f is the body force andg is the prescribed velocity onΓ.
This problem is discretized using the point collocation scheme. Thus, we define the following

sets of nodes:ΩV andΩp represent the set of nodes used in the velocity and pressure approximation
respectively;ΩV

i denotes the subset of nodes, used for the velocity approximation, located inside
the domainΩ whereasΩV

b is subset of nodes located on the domain boundaryΓ. Ωp
i andΩp

b are
defined in a similar way.

Using MLSRK, FMLSRK or the modified PDF we interpolate the fieldsu, v and p according
to:

[
u(x j )
v(x j )

]
=

NPV

∑
i=1

[
ψ[(0,0)]

uui (x j ) ψ[(0,0)]
uvi (x j )

ψ[(0,0)]
vui (x j ) ψ[(0,0)]

vvi (x j )

][
ui
vi

]
(1)

p(x j ) =
NPp

∑
i=1

ψ[(0,0)]
pi (x j )pi (2)

whereNPV et NPp are the number of velocity and pressure nodes.

Note that in MLSRK and FMLSRK approximationsψ[(0,0)]
uvi (x j ) = ψ[(0,0)]

vui (x j ) = 0. The super-
scripts indicates the derivation order in each coordinate. For the sake of simplicity, in the collocation

schemes description we assumeψ[(0,0)]
uvi (x j ) = ψ[(0,0)]

vui (x j ) = 0 and we writeψ[α]
ui (x j ) = ψ[α]

uui (x j ) and

ψ[α]
vi (x j ) = ψ[α]

vvi (x j ).
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2.1 Formulation UPi
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Figure 1: Formulation UPi: DomainsΩV(◦) andΩp(?).

In this first collocation scheme, the velocity approximation is built using all the nodes, i.e.ΩV =
ΩV

i ∪ΩV
b , whereas the pressure approximation is built by using only the nodes inΩp

i , i.e. Ωp = Ωp
i ,

see figure 1.

We propose the following discretisation scheme :

• Momentum equations:

NPp

∑
i=1

ψ[(1,0)]
pi (x j )pi −ν(

NPV

∑
i=1

(ψ[(2,0)]
ui (x j )+ψ[(0,2)]

ui (x j ))ui) = fx(x j ) for x j ∈ΩV
i (3)

NPp

∑
i=1

ψ[(0,1)]
pi (x j )pi −ν(

NPV

∑
i=1

(ψ[(2,0)]
vi (x j )+ψ[(0,2)]

vi (x j ))vi) = fy(x j ) for x j ∈ΩV
i (4)

• Continuity equation:

NPV

∑
i=1

ψ[(1,0)]
ui (x j )ui +

NPV

∑
i=1

ψ[(0,1)]
vi (x j )vi = 0 for x j ∈Ωp (5)

• Boundary conditions:

NPV

∑
i=1

ψ[(0,0)]
ui (x j )ui = gx(x j ) for x j ∈ΩV

b (6)

NPV

∑
i=1

ψ[(0,0)]
vi (x j )vi = gy(x j ) for x j ∈ΩV

b (7)
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2.2 Formulation UP
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Figure 2: Formulation UP: DomainsΩV(◦) andΩp(?).

As shown in figure 2, this collocation scheme uses the same nodes to define the velocities and the
pressure approximations, beingΩV = ΩV

i ∪ΩV
b andΩp = Ωp

i ∪Ωp
b.

In usual collocation procedures, the prescription of velocities on the boundary removes the
associated momentum equations. In the present formulation we replace the continuity equations
related to nodes inΩp

b by the following expression:

(52V(x j )+5p(x j )− f(x j )).n(x j ) = 0 for x j ∈Ωp
b (8)

wheren is the unit outwards vector defined onΓ.
Thus, the linear system consists of Eqs. (3) and (4) and:

• Continuity equation:

NPV

∑
i=1

ψ[(1,0)]
ui (x j )ui +

NPV

∑
i=1

ψ[(0,1)]
vi (x j )vi = 0 for x j ∈Ωp

i (9)

• Discretized form of (8):
[

∑
NPp

i=1 ψ[(1,0)]
pi (x j )pi −ν(∑NPV

i=1 (ψ[(2,0)]
ui (x j )+ψ[(0,2)]

ui (x j ))ui)− fx(x j )

∑
NPp

i=1 ψ[(0,1)]
pi (x j )pi −ν(∑NPV

i=1 (ψ[(2,0)]
vi (x j )+ψ[(0,2)]

vi (x j ))vi)− fy(x j )

]
.n = 0for x j ∈Ωp

b (10)

3 Modified PDF approximation

In [4], Huerta et al. have proposed an approximation verifying divergence-free constraint in a
diffuse sense. It is not possible to use directly this approximation into a collocation scheme because
the continuity equations vanish.

Thus, we replace the diffuse derivative by a classical MLS derivative, from which we obtain a
divergence-free approximation that can be used in the collocation framework.

4 Numerical results

In this section, we compare the proposed collocation schemes UP and UPi with the classical one
(noted CC) and the one proposed by Kim and al. in [5] (noted 2UP).

For each collocation scheme, we compare the MLSRK, FMLSRK and modified PDF approx-
imations. The polynomial basis used in both the MLSRK and the FMLSRK approximations leads
to HT(x) =

[
1,x,y,x2,y2,xy

]
.
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Figure 3: Convergence results related to the velocity and pressure fields with 11x11 to 81x81 nodes
(benchmark from [4])

Now, we solve the 2D benchmark tests described in [4] and [5], as well as the driven-cavity
flow problem. To evaluate the accuracy and convergence order of each scheme we compute theL2
norm of the velocity and the pressure fields. We compute also the number of zero eigenvalues of
the global matrix.

Figure 3 depicts the convergence results related to the velocity and pressure fields when the UPi
collocation scheme and MLSRK approximation are considered. Figure 4 shows the pressure field
related to the driven-cavity flow problem solved with the UPi collocation scheme and the modified
PDF approximation.

4.1 Discussion

The CC collocation scheme associated with MLSRK, FMLSRK or modified PDF exhibit spurious
pressure oscillations. This results are not improved by choosing different polynomial bases for
the velocity and pressure approximations. If we consider different shape function support for the
velocity and pressure approximations, the spurious oscillations persist. Despite the oscillations in
the pressure field, the velocity field is accurately computed, being the convergence order the same
that the one obtained by using the 2UP scheme.

The UP and UPi methods seems to be very close than the 2UP scheme. These methods allow to
avoid the pressure oscillations. As expected, the global matrix posses only one zero eigenvalue. The
rate of convergence (using theL2 norm) of both the velocity and the pressure fields vary between 2
and 2.5. The modified PDF improve significantly the accuracy of these methods.

5 Conclusion

In this paper, two meshless collocation schemes for solving the incompressible Stokes equation in
primitive variables have been presented and tested. These methods are associated with the MLSRK,
FMLSRK and the modified PDF approximations.

For all the benchmark problems, the proposed schemes exhibit the same convergence than the
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Figure 4: Pressure fields in a driven cavity flaw using UPi scheme and modified PDF with 31x31
nodes

scheme proposed by Kim in [5]. In addition, the nodes used to built the velocity and pressure ap-
proximations are the same, which seems suitable for simulating some problems defined in domains
evolving in time.

The modified PDF cannot prevent the spurious oscillation, but it can improve notably the accu-
racy when it is combined with other schemes.
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A Lagrangian Finite Point Method Solving Two-
dimensional Fluid Dynamic Problems 

 
 

Zhijun Shen,  Longjun Shen,  Guixia Lv,  Wen Chen1

 
 
Abstract: The mesh-based methods often encounter great difficulties in handling 
multidimensional hydrodynamic problems in the presence of multimedia and large deformation. 
And the meshless methods are promising to solve these perplexing issues. In recent decade, 
meshless (gridless) techniques have made significant progresses under the Eulerian framework, 
but in contrast to the Lagrangian-type methods, it is not easy for the Eulerian-type methods to 
accurately trace moving interface of multimedia of high-ratio density. For decades, the smoothed 
particle hydrodynamic (SPH) method has been a domain meshless technique under the 
Lagrangian framework. Consequently, little progress has been found in literature to develop new 
Lagrangian meshless methods. In this paper, a novel meshless Lagrangian finite points (LFP) 
method is presented to compute challenging problems of unsteady compressible flow. The LFP 
distributes discrete Lagrangian points rather than particle on the physical domain, which possess 
physical quantities of density, velocity and energy. For a given point, a “cloud” of neighboring 
points are chosen and connected with this computational point through some mechanism. Unlike 
the conventional method of artificial viscosity in the SPH, the LFP uses the Godunov method to 
cope with the discontinuity problems, where the interface is placed between the computational 
point and its chosen neighbor points, and the major issues under study are to determine the 
position of moving Lagrangian points and the interface of each point pair. We also use the least 
square approximation to improve robustness and accuracy of the LFP. The method is tested to 
some benchmark problems successfully. 
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Meshless Points Quality Improvement with the 
Interpolation Tensor 

 
 

Stefano Paoletti ( )1   and  Mauro Robbe ( )2

 
 

Abstract: This paper presents the possibility of using the interpolation tensor for the evaluation 
of the optimal placement of a meshless set of nodes. The interpolation tensor provides an 
objective function to individuate the best configuration of neighbors clouds composing a meshless 
set of points. Test cases with the initial meshless point set generated by means of a series of 
differently refined voxel meshes are used to show the strong influence exerted from close-to 
surface nodes neighbors arrangements  to the convergence of the numerical simulation. 
 
Keywords: Meshless, node quality, interpolation tensor.  
 
 
1 Introduction  

 
Meshless methods represent a great challenge from the mathematical point of view. The 
perspective of  an enormous reduction of the preprocessing  time of computational simulations,  
obtained cutting out the initial phase of meshing and refining of the model, represents a strong 
impulse to the effort of solving the problems presented by meshless points placement. One of the 
best difficulties that the meshless methods present is associated with the research of a satisfactory 
set of neighbors that allows an accurate calculation of derivative stencils everywhere, necessary 
condition  to the resolution of the numerical field. This difficulty arises especially in the vicinity 
of the boundary of the computational domain, where it is often impossible an uniform 3D fitting 
of neighbors points.  
Several methods based on different objective functions have been purposed to “measure”, with 
some kind of quality index, the goodness of irregularly disposed set of nodes. It is Interesting, 
from this point of view, the work of P.Knupp [1] who underlines the importance of metric tensor, 
based on the Jacobian matrix, for improving trivalent polyhedra meshes. The work of S.Paoletti 
[2] revealed the possibility of using the  “interpolation tensor”, obtained by applying the least 
squared methods to the Taylor expansion of a generic scalar field, for generating high quality 
general polygonal and polyhedral meshes starting from non optimised configurations.  
This general definition of the interpolation tensor makes it possible the use of it and of an 
averaged value of the derivative stencils as two indices for evaluating and optimising  the quality 
of a meshfree set of nodes. Each cloud of points surrounding a central node will be regarded, this 
way, as a an irregular cell arrangement. 
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2 Methods 
2.1 Generation of the set of points. 
 
The space distribution of points inside the model is determined with the help of a voxel mesher 
tool: the model we are exposing is classified as a mesh based meshless method. A deeper 
description of the Voxel will be exposed in a future work by  S.Paoletti, author of the 
implementation of this meshing tool.  
It is compulsory to give a preliminary description of the voxel mesher in order to explain the 
points arrangement strategy in proximity of the frontier of our model.  
The voxel mesher is launched with three parameters: the first couple of parameters defines the 
range (min, max) for the dimensions of voxel hexaedra volumes that should fill the considered 
domain; in the case of domains characterized by a strong anisotropy it is possible to create a voxel 
with  three couples of range parameters, each couple being devoted to the range definition 
according with a single cartesian main direction. The last parameter to provide for starting the 
voxel generation defines the mean distance of the voxel external cells from the triangulated 
surface ∂Ω of the domain Ω to approximate; we will refer to this parameter as to the “interstices 
number”. 
 Voxel cells are generated on the basis of a system of subsequent three-dimensional Cartesian 
grids Gl {l=0,1,2,..}.  
Each element gl

ijk of the 3D grid of “l” level embeds a voxel mesh cell and is identified by its 
relative position il, jl, kl  w.r.t. the origin of the grid, the subscripts of the cell relative positions 
indicating the refinement level of the grid. The centroids of the cells have coordinates xl

ijk, yl
ijk, 

zl
ijk .Cells can be anysotropic.  

There are two grid intervals on the Gl+1 grid for each interval of the Gl grid.  
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Hereafter the spacing between two adjacent cells will be indicated with  
      lll ZYX ,,  
The voxel mesher fits the space with regulars hexaedra according with a strategy that uses as few 
as possible cells: we will introduce a domain frontier approximation criteria. 
To guarantee a uniform distribution of points close to the surface we introduced a target 
parameter deduced from a characteristic dimension of each surface triangular cell: this parameter 
should some way represent the extension of the triangular face, for example it could be assumed 
equal to the triangle area or to the length of the longer edge constituting the triangle. This “Target 
Size” limits the deepness of the cartesian grid level, used for the voxel volumes generation, close 
to the surface; the “Target Size”, multiplied for the “Interstices Number” defines this way the 
distance between the voxel cells and the surface. The reason why we introduced such a limitation 
is the necessity to have a smoothed, not overfilled with nodes, transition region between the 
surface and the “voxel based” nodes arrangement. A graphical representation of this logic is well 
shown in figure 1 where it is possible to see that the cell “b” of the refined cartesian grid is not 
included in the voxel structure as the target size of the edge 2, overlapped by the  larger dashed 
box, is larger that the characteristic dimension of the same “b”.  
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Figure 1: Voxel mesher frontier cell generation strategy  

 
The balancing of the voxel mesh is required to generate a cell structure for which it cannot exists 
a difference of levels between adjacent cells greater that 1. 
The centroids of  all the cells of  the voxelized model covering Ω and not overlapping ∂Ω 
cl

ijk {l=0,1,2,..; ilmin≤0≤il
max ; jl

min≤0≤jl
max ; kl

min≤0≤kl
max  (2) 

define the meshless set of points. 
A point situated in the inner part of the voxelized volume pl

ijk and surrounded by cells of its same 
level has a 14 nodes set of neighbors; the neighbors set is  
 
N≡{cl
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and it constitutes a diamond shaped von Neumann neighborhood:   
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lll ZYX ++=ρ  (4) 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤−+−+

+−
≡

ρ0,0,0,,0,0,0,,

0,0,0,,,,,,,,

),,(

:),,(
0,0,00,0,00,0,0

kji
l

kji
l

kji
l

kji
l

kji
l

kji
l

kji
l

kji
l

kji
l

zyx zzyy

xxzyx
N

kji
l

kji
l

kji
l

 (5) 

When a cell is not surrounded by voxel hexaedra belonging to its same level, the neighbors set 
filling strategy changes: a cell is added to the neighbors set if it shares one of its faces or a portion 
of one of its faces with the central one. 
For each point belonging to ∂Ω, say ps, at least 9 points of the internal domain are required to fill 
the Nps neighbors set, beyond the neighbors already connected to it by edges and belonging to the 
surface. Points belonging to neighbors stars with a surface node as a central element are required 
to satisfy the reciprocity condition:  
 

{ } { },......,,......,,
,,

,, sc
p

kjips pNcNp p
kjis

→Ω∂∈∀  (6) 

To avoid a non balanced neighbors distribution around a point the code was provided with a tool 
to individuate preferred uncovered directions where to preferably “pick” points. Once the 
neighbors set is defined if it contains more that 14 elements a cleaning allows a swapping of 
exceeding elements according with the logic: the closer the points the higher the possibility it is 
kept as a neighbor node.  
 
 
2.2. Quality standards 
 
Three factors are considered to define a good set of points: the interpolation tensor, the stencil and  
the minimum necessary number of neighbors points requirement ,. 
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Let us consider a point c0 surrounded by a star of neighbors Nc. 
If ϕ  is a scalar field defined in the neighborhood of c0, ∀ci∈ Nc we can express ϕ , according with 
Taylor expansion, as: 
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with   
 x1=x;  x2=y;  x3=z;     i=1,2,3; j=1,2,3;  
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According with Paoletti [2], the attempt to minimize the error of the Taylor expansion  
)()( k
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k
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ϕϕ  (8) 

leads  to the definition of the interpolation tensor A, also known as the moments tensor 
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The condition number of the interpolation tensor provides a mean for evaluating the capability of 
a star Nc to represent a linear field in the proximity of c0. 
In a 3D case a quantity more easy to handle to represent the condition number is a quality index; 
this quantity is derived from the interpolation number: 

( )([ ])31
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22

2
1

3

22
3

IIIII
IqIT −−

=  (10) 

with I1, I2, I3 invariants of A. 
The second quality index we considered as a “goodness” meter for a neighbors set is the mean 
value of the derivatives stencil of the points composing a star of neighbors; this index will be 
hereafter indicated as qSt. 
A very important role for the variation of those two quality indices is played by the “interstices 
number”. 
The higher the qIT index and  the lower the number of points having a small (no matter if negative) 
qSt  the higher  the probability to obtain a converging solution 
 
 
3 Test case  
3.1. Model description  
 
The model used to test the code is shown in figure 2. 
It represents a mixer with two inlets and an outlet. 
Three main zones on ∂Ω are defined 

{ }3,2,1=Ω∂ ii   11) 
Two different boundary condition configurations are tested:  
Case 1: 
Neumann Boundary (-1.0 value) condition on the blue zone of figure 2  

Ω∂∈∀−==∇Ω∂ xxfxy ,1)()(:1  (12) 
Dirichlet boundary conditions (1.0 value)  on the red zones 

Ω∂∈∀==Ω∂ xxfxy 0.1)()(:2  
Ω∂∈∀==Ω∂ xxfxy 0.1)()(:3

 (13) 
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Case 2: 
Neumann boundary conditions  on every zone of the model 

Ω∂∈∀−==∇Ω∂ xxfxy ,1)()(:1  
Ω∂∈∀==∇Ω∂ xxfxy ,1)()(:2  (14) 

Ω∂∈∀==∇Ω∂ xxfxy ,1)()(:3  
   

 
Figure 2: Test case geometry 

3.2. Solutions 
 
Picture 3 and 4 represents the postprocessing of the two cases studied 
 

Figure 3: Case 1 - Converged solution Figure 4: Case 2 - Converged solution 
 
The convergence of the model is strongly dependant from the value of the imposed “interstices 
number” for the voxel generation a critical value results to be 0.5.  
To validate what we said about the size of cells belonging to the “skin” of voxel we include the 
pictures of a voxel mesher obtained for a converging case (Figure 5) and the analogous structure 
generated for a non converging case (Figure 6). In spite of the best resolution of the voxel 
reported in figure 6 the vicinity of its voxel skin nodes to the mixer surface causes the generation 
of flattened stars of neighbors, those sets having a poor quality according with the definition of 
the  qIT  and qSt indices cause the non-convergence of the simulation.. 
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Figure 2: “Good” voxel mesh Figure 3: “Bad” voxel mesh 
 
 
4 Conclusions 
 
The voxel mesh reveals to be a fast not time and memory consuming reliable tool for meshless 
points placement. 
Sufficient but not necessary conditions to obtain a point distribution providing a converging 
solution are an high mean qIT  value, and an everywhere positive  qSt value. 
The spherical distribution of the points revealed itself to be a very important factor in the 
definition of a positive stencil. To avoid a non balanced neighbors distribution around a point the 
code was provided with  a tool to individuate preferred direction where to place the best points 
placement. Once are defined the best points around the central node the closer the points the 
higher the possibility it is inserted inside the star of neighbors.  
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Interpolating Moving Least Squares for hyperbolic PDEs.

Warisa Yomsatieankul.(1)

Abstract: A general overview of Interpolating Moving Least Squares(IMLS) method and the
discrete spatial difference operators from IMLS-functions are presented in one-dimensional case.
These difference operators can be constructed by different bases function and weight function with
different size of compact support. To compare the order of accuracy, a linear and quadratic poly-
nomial basis are considered and the using of a symmetric and non-symmetric weight functions are
concerned. As an application of interpolating moving least squares method, transport equation and
Burgers equation are presented in one dimension by the combination between WENO(Weighted
Essentially Non-Oscillatory) concept and IMLS method.

Keywords:Interpolating Moving Least Squares, Weight Function, Difference Operator.

1 Introduction

In this paper we consider IMLS applied with one dimensional hyperbolic PDEs. We will first
start in Section 2 with an overview of IMLS(Interpolating Moving Least Squares) and follow a
way to handle the inversion of the singular matrix devised by Kunle[3]. In Section 3 we show
the finite difference formulae and the order of accuracy from IMLS interpolants in one dimension
by computing the derivatives of the kernel functions which derived by [4] and [5]. We have only
applied linear and quadratic polynomial basis functions and finally the numerical examples are
shown in Section 4.

2 Interpolating Moving Least Squares

Let the functionu be approximated by the functionuh which is posed as a polynomial of orderM.
The approximation is given by

uh(x,x∗) = bT(x)a(x∗) where (1)

bT(x) := (1,x,x2, . . . ,xM) ∈ℜM+1 is a monomial basis of order M and (2)

a(x) := (a0(x),a1(x),a2(x), . . . ,aM(x)) ∈ℜM+1 is a vector coefficients. (3)

We perform a weight function for local approximation with the square difference between the local
approximation,uh, and the functionu in order to compute the coefficientsa(x), then the minimum
of this difference reads as

E =
N

∑
j=0

w(x−x j )(bT(x j )a(x)−u j )2 (4)

1Technische Universität Braunschweig, Pockelstr.14 38106 Braunschweig Germany (w.yom@tu-bs.de).
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whereN is the number of points in the neighborhood of pointx. The minimum ofE leads to the
solution of the normal equations

BTw(x)Ba(x) = BTw(x)u (5)

where

B :=




b0(x0) b1(x0) b2(x0) . . . bM(x0)
b0(x1) b1(x1) b2(x1) . . . bM(x1)

...
...

...
.. .

...
b0(xN) b1(xN) b2(xN) . . . bM(xN)


 ∈ℜ(N+1)×(N+1) (6)

andw(x) := diag(w0(x),w1(x), . . . ,wN(x)) ∈ℜ(N+1)x(N+1),w j (x) := w(x−x j ). Then the solution
(5) is given bya = A−1(x)P(x)u whereA = BTw(x)B and P = BT(x) and the solution can be
described asuh(x) = ∑N

j=1 φ j (x)u j = Φ(x)u where theshapeor kernelfunctionΦ(x) is defined by

Φ(x) = w(x)BA−1(x)b(x). For the interpolating case,wi(x) is chosen such that it is non-zero over
the support,h, of nodal pointx and meets the propertylimx→xk w(x−xk) = ∞, and a weight function

is defined asw j (r) := w(r)
r2 where

w(r) =

{
1−3r2 +2r3 for 0≤ r < 1

0 for r ≥ 1
(7)

with the normalized distancer beingr = ‖x−x j‖
h for symmetric(full) weight function andr = x−x j

h
for non-symmetric(half) weight function then the singularity will be appeared in the matrixA which
can be treated by means of regularization see [3] and [4] for the detailed description to treat this
singular problem and to compute the kernel function and its derivatives.

3 Spatial Difference Operators

After manipulating the kernel function and its derivative as shown in [4] and [5], table 1 and table
2 show the difference formulae from both full and half weight function for the first and the sec-
ond derivative respectively and table 3, 4 show the maximum error norm of the first and second
derivative and thepth order accuracy.
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half weight full weight
• linear
h = 2∆x − f

′
(xk) = fk+1− fk−1

2∆x +O(∆x2)

h = 3∆x f
′
(xk) = fk− fk−1

∆x f
′
(xk) = fk+1− fk−1

2∆x

+ 2(− fk+2 fk−1− fk−2)
∆x(ξ+4) +O(∆x) + fk+2−2 fk+1+2 fk−1− fk−2

∆x(4+ξ) +O(∆x2)
• quadratic

h = 3∆x − f
′
(xk) = fk+1− fk−1

2∆x
+ fk+2−2 fk+1+2 fk−1− fk−2

∆x(4+ξ) +O(∆x2)

h = 4∆x f
′
(xk) = 3 fk−4 fk−1+ fk−2

2∆x f
′
(xk) = fk+1− fk−1

2∆x

+ ( fk−3−3 fk−2+3 fk−1− fk)(3ξ+12)
2∆x(ρ1+9ξ+9) + ρ2( fk+2−2 fk+1+2 fk−1− fk−2)

∆x(ρ1+4ρ2+9)

+O(∆x2) + 3( fk+3−3 fk+1+3 fk−1− fk−3))
2∆x(ρ1+4ρ2+9) +O(∆x2)

Table 1: The first derivative:Difference formulae between IMLS from the half and full weight
functions.

half weight full weight
• quadratic

h = 3∆x − f
′′
(xk) = ( fk+1−2 fk+ fk−1)

∆x2

+ 4( fk+2−4 fk+1+6 fk−4 fk−1+ fk−2)
∆x2(ξ+16) +O(∆x2)

h = 4∆x f
′′
(xk) = ( fk−2 fk−1+ fk−2)

∆x2 f
′′
(xk) = ( fk+1−2 fk+ fk−1)

∆x2

+ ( fk−3 fk−1+3 fk−2− fk−3)(−3ξ−6)
∆x2(ρ1+9ξ+9) + 4ρ2( fk+2−4 fk+1+6 fk−4 fk−1+ fk−2)

∆x2(ρ1+16ρ2+81)

+O(∆x) + 9( fk+3−9 fk+1+16fk−9 fk−1+ fk−3)
∆x2(ρ1+16ρ2+81) +O(∆x2)

Table 2: The second derivative:Difference formulae between IMLS from the half and full weight
functions.

4 Applications

• Transport equation with smooth data.ut(x, t)+ux(x, t) = 0 with initial data

u(x,0) = e−55(x+0.5)2
.

The results are presented by a way of introducing a full weight function and a half weight
functions with the quadratic basis and are shown in Fig.(1). We compute the solution up to
t = 1 with 100 points. We observe that the result from half weight function performs better
than from full weight function.

• Transport equation with non-smooth data. We test the combination between WENO (weighted
essentially non-oscillatory) scheme [2] and IMLS method on the transport equation with ini-
tial data

u(x,0) =

{
1 for −0.8≤ x <−0.4

0 otherwise
.
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Linear,n Full weight p Half weight p
11 4.31894×10−1 1.34117×100

51 1.91914×10−2 1.936 3.48231×10−1 0.8378
101 4.81391×10−3 1.9528 1.75746×10−1 0.8825
201 1.20448×10−3 1.9635 8.80792×10−2 0.9089

Quadratic,n
11 6.49709×10−1 1.00922×100

51 3.3854×10−2 1.8357 5.36371×10−2 1.82342
101 8.54141×10−3 1.8811 1.35359×10−2 1.87249
201 2.14026×10−3 1.9079 3.39223×10−3 1.9089

Table 3:‖ f ′− f̃ ′‖∞ andpth order accuracy.

Quadratic,n Full weight p Half weight p
11 3.99961×100 1.199773×101

51 2.12776×10−1 1.8228 3.47882×100 0.76817
101 5.37221×10−2 1.872 1.76011×100 0.83282
201 1.34638×10−2 1.9 8.82556×10−1 0.8705

Table 4:‖ f ′′− f̃ ′′‖∞ andpth order accuracy.

By following the WENO idea [2], we construct an essential non-oscillatory IMLS function
as a convex combination of IMLS derivatives which are based on different weight functions.
Specially, we write

∂u
∂xi

=
M

∑
j=1

ωi
j (

∂u
∂x

)i
j , ∑

j
ω j = 1, ω j ≥ 0, where j ∈ {L,C,R}. (8)

Table 5 shows the expression of the first derivative. To compute the weightsωi , we follow

[1], thenωi =
ωt (ε+OI(Li))−8

∑ j ωt (ε+OI(L j ))−8 whereOI(Li) is a sum ofL2 norms of all derivatives of IMLS
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(a) full weight function
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Figure 1: The solution of transport equation with smooth data by quadratic basis,∆t/∆x = 0.9.



ECCOMAS Thematic Conference on Meshless Methods 2005 D24.5

numbers of candidate the first derivative basis function
IMLS derivatives,d ( ∂u

∂x)L ( ∂u
∂x)C ( ∂u

∂x)R

d = 2 (IW-2) ∂u
∂xi

= ωi
L( ∂u

∂x)i
L +ωi

R( ∂u
∂x)i

R linear − linear

d = 3 (IW-3) ∂u
∂xi

= ωi
L( ∂u

∂x)i
L +ωi

C( ∂u
∂x)i

C quadratic linear quadratic

+ωi
R( ∂u

∂x)i
R

Table 5: The first derivative by WENO-IMLS schemes.

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1

t=0
t=.5
t=1

(a) half weight function

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1

t=0
t=.5
t=1

(b) IW-2

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

-1 -0.5 0 0.5 1

t=0
t=.5
t=1

(c) IW-3

Figure 2: The solution of transport equation with non-smooth initial condition.

functions. The results obtained by half weight function and this combination are shown in
Fig.(2).

• Burgers equation. We solve the Burgers equationut +(0.5u2)x = 0 subject to

u(x,0) =

{
0 for x≤ 0

1 otherwise

. In fig.3 we show the results obtained by a half weight function, IW-2, and IW-3.

5 Conclusion

A general overview of IMLS methods for the numerical solution of partial differential equations are
presented and we have shown the finite difference operators from IMLS interpolants. Numerical
examples of hyperbolic partial differential equations such as transport equation with Cauchy and
Riemann problem and Burgers equation are presented. In order to avoid oscillation in transport
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Figure 3: The solution of Burgers equation.

equation with smooth data, the upwind strategy was applied by using the half weight function in
stead of using the full weight function with high order polynomial basis. Moreover, the WENO-
IMLS scheme, using convex combination of all candidate stencils based on different weight func-
tions, shows the good performance by numerical results.
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Solving partial differential equations for plate bending 
problems using Finite Point Method 

 
M. Bitaraf (1) and S. Mohammadi (2)  

 
 
Abstract: At the outset the basis of the finite point method is described and then the method is 
adopted for solving some partial differential equations. The impact of adopted weight functions in 
MLS approximation on the accuracy is investigated and a relation between the number of nodes 
in support domain and weight function parameters is emerged. Finally a plate bending problem is 
solved and its result is compared with the exact solution. 
 
 
1 Introduction  

 
Designing advanced engineering systems requires the use of computer aided design tools. In 

such tools computational simulation techniques are often used to model and investigate physical 
phenomena in an engineering system. The simulation requires solving the complex differential or 
partial differential equations that govern these phenomena. Traditionally, such complex partial 
differential equations are solved using numerical methods such as the finite element method 
(FEM)[1]. In this method the spatial domain, is often discretized into meshes. But mesh 
generation, especially 3D mesh generation, remains one of the challenges.  

Mesh free techniques have become quite popular in computational mechanics. A family of 
mesh free methods is based on smooth particle hydrodynamics procedures[2]. A second class of 
mesh free methods is derived from generalized finite difference (GFD) techniques like FPM. 
Among a third class of mesh free techniques we find element free Galerking (EFG) method[3], 
the reproducing kernel particle (RKP) method, the meshless local Petrov-Galerkin (MLPG) 
method[4] and the method of finite spheres.  

The finite point method (FPM)[5,6] is a truly meshless procedure. The approximation around 
each point is obtained by using moving least square techniques. The discrete system of equations 
is obtained by sampling the governing equations at each point as in GFD methods. 

The advantages of FPM compared with standard FEM is to avoid the necessity of mesh 
generation and compared with classical FDM is the facility to handle the boundary conditions and 
non-structured distribution of points. 
 
 
2 Finite point method 
2.1 Interpolation in finite point method   
Moving least square method (MLS)[7] is used for interpolation in FPM. Let  be the function 

of the field variable defined in domain

)(xu

Ω . The approximation of   at point )(xu x  is denoted 

. MLS approximation first writes the field function in the form: )(xu h
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h ap∑ ≡=  (1) 

Where  is the number of terms of monomials (polynomial basis),  is a vector of 
coefficients and  is a vector of basis function that consists most often of monomials of the 
lowest orders to ensure minimum completeness. In 1D space, a complete polynomial basis of 
order m is given by  

m )(xa
)(xp

{ } { }k
m

T xxxxpxpxpx ,,,,1)(,),(),()( 2
10 LL ==p  (2) 

And in 2D space, 
{ }kkTT yxyxxyyxyx ,,,,,,,,1),()( 22 L== pxp  (3) 

A function of weighted residual is constructed using the approximated values of the field function 
and the nodal parameters,  )( II xuu =

[ ] [
2

1

2

1
)()()()(),()( ∑∑ −−=−−=

n

II
T

I

n

II
h
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Where )( IxxW − is a weight function, and  is the nodal parameter of the field variable at 
node

Iu
I . The weight function plays two important roles. The first is to provide weightings for the 

residuals at different nodes in support domain. The second roles is to ensure that nodes leave or 
enter the support domain in a gradual (smooth) manner when x  moves; ensuring the 
compatibility condition. 

)(xa  is chosen to minimize the weighted residual, 

0=
∂
∂

a
J  (5) 

Which results in the following linear equation system :  

s
1 UBxAa )()()( xx −=  (6) 
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and
s
 is the vector that collects the nodal parameters of the field variables for all the nodes in the 

support domain. Substituting the equation (6) into equation (1) leads to  
U

sUBAp 1)()( −= xxu Th  (9) 
The spatial derivatives of the field variable, which are required for deriving the discretized system 
equations, can be written as, [7] 

S
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But most often the first term of derivative provides us with adequate accuracy.  
 
2.2 Discretization of governing equations 
 
Let us assume a problem governed by the following set of differential equations 

tj
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j
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The discretized system of equation in the FPM is found by substituting the approximation (9) into 
equation (11) and collocating the differential equation at each point in the analysis domain [5]. 
This gives  
[ ]
[ ]
[ ] trj

ujsj

rpj

NruB

Nsuu

NpuA

,...,2,10)(

,...,2,10

,...,2,10)(

==

==−

==
−  (12) 

In the above  and  are the number of points located on the boundaries uN tN uΓ  and , and 

 is the rest of the points in 
tΓ

rN Ω  not belonging to any of the boundaries uΓ  and . tΓ
Equation (16) leads to a system of algebraic equations of the form  

fKUS =  (13) 
 
 

3 Examples 
 
In this section the efficiency of FPM method is investigated by solving 1D and 2D partial 
differential equations. m=3 is chosen for the basis function and an exponential weight function is 
used : 
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The following problems are solved and then compared considering different values of c  

parameter and radius of support domain. An optimum value of c  with respect to can then be 
achieved.  

mr

 
3.1 Solving 1D equations using FPM  
 
The following 1D partial differential equations are considered: 

0)1()0(

100101.0) 2

2

==

<<=++
∂
∂

−

uu

xu
x
u1  (15) 

 

00

1)1cos(

10)sin() 2

2

==

==
∂
∂

<<−=
∂
∂

xu

x
x
u

xx
x
u2

 (16) 

 

)300(

))2)(3(50(2
2

2

)5()0(

50))250100(100()

−

−+−−

==

<<+−+−=
∂
∂

euu

xex
x
u xx3  (17) 



D25.4 M. Bitaraf, S. Mohammadi 
 
 
9 nodes are used for the domain (0<x<1). Table 1 shows the computed error for different values 
of and , it can be concluded that for the greater values of  ,  smaller value
used to achieve better result. The same conclusion is made when 11 nodes are used for domain 

n
ng

 

 

c mr mr

(0<x<1) as shown in table 2. For the similar value of mr , smaller  would lead to more accurate 
result for =11 compared with n=9. However enough attention should be paid t  avoid ill-
conditioni  or singularity for small c values. 
To study the effect of weight function, quartic spline weight function is also used for MLS 
approximation. It is found that the former would show more inaccurate results than the latter as 
shown in Table 3.  
Fig.1 compares the exact and FPM approximation of equation (15).The same conclusion can be

c
o

s c  should be 

made for equation (16), as shown in Table 4 and Fig 2. 
Equation (17) has been chosen to assess the performance of the FPM for modeling sharp corner 
such as an impulse. FPM again exhibits satisfactory results for solving this equation (Fig.3). 
 
3.2 Solving 2D equation using FPM   
 
A regularly distributed set of nodes (Fig. 4) has been chosen for solving the following 2D Laplace 
quation. e

2@*)2cos(,0@0)0,(

ns as in 1D can be 

2@)sin(*),2(,0@)sin(),0( 2 ==== xyeyuxyyu
 (18) 
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uyxu

yx
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The results are shown in Table 5, Fig.5 and Fig.6. Again similar conclusio
made. Similar partial differential equations are used for deriving the bending moment in plate 
bending problems. 
 

m =.375 m =.5 

0200
22

<<<<=
∂

+
∂ yxuu
∂

c mr =.25 r r
 

0.2 2.02 1.91 1.71 
0.3 1.91 1.56 1.24 
0.4 1.68 
0.5 
0.6 1.96 4.72 10.43 
0.7 4.48 14.48 8.15  

0.5 1.05 2.71 6.83 
0.6 1.40 1.52 3.40 
0.7 1.21 2.45 1.92 

Table 1: rror p tage 5 Table 2: The  perc  of  E The e ercen  of Eq.1
)9( =n  

 error entage q.15 
)11( =n  

c mr =.25 mr =.375 mr =.5 

0.2 0.82 0.82 0.91 
0.3 0.82 0.98 1.74 
0.4 0.92 1.64 4.07 1.25 2.48 

1.28 2.55 7.24 

 
 
 

=.26 =.375 =.5 mr mr mr
1.7607 3.9 7.2 

Table 3: The error percentage of Eq.15 using Quartic Spline weight function 
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c mr =.2 mr =.3 mr =.4 

0.2 0.31 0.10 0.07 
r r0.3 0.10 0.03 0.18 

0.4 0.09 0.19 0.52 
0.5 
0.6 0.08 6.32 0.63 
0.7 0.17 2.42 1.67 

=1.2 

Table 4 erro ent  Eq.16 n Table 5: The error percentage of 2D problem 
 

: The r perc age of
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c m =.8 m

0.2 1.74 1.45 
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Figure 1: Approximation of Eq.15 Figure 2: Approximation of Eq.16 
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Figure 3: Approximation of Eq.17 Figure 5: Distribution of nodes in the 2D 
problem 

  

 
 

Figure 6: Exact surface of the 2D problem Figure 6: FPM approximated surface of the 2D 
problem 
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4 Solving plate bending problems using FPM 
 
A simply supported rectangular plate under a uniform load is solved using FPM method and its 
result is compared with the exact result obtained by Fourier series. The governing differential 
equation of the plates subjected to lateral loads can be defined as: 

D
yxq

y
W

yx
W

x
W ),(2 4

4

22

4

4

4

−=
∂
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∂
+

∂
∂  (19) 

There are o boundary con ions for the nodes on the boundary as the following: 
,0@0,0 ===  (20) 

odes ed outside the plate 
n of the nodes is shown in Fig 7. 

mr  c=0.2 c=0.3 c=0.4 

tw dit

byWMy
x

,0@0,0 ===
are assum

axWM

 

To enforce the two boundary conditions (20), some auxiliary n
and m=15 is chosen for MLS approximation.  The distributio
Table 6 shows the displacement error norm for different values of c and mr . 

 
 

0.3a 9.2 0.76 1.4  
 

0.4a 0.04 1.38 3.11  

 
 

 

5 Conclusions 
 
A Finite Point Method has been presented for the 
Moving e r o erive shape functions. The effect of 
cha us po main and wei ion on accuracy was considered and a 
relation betw e er es in support main and parameter  in exponential weight 
function was emerged. Finally, a simply supported rectangular plate under uniform load is solved 
using FPM and the results were satisfactory. 
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Moving least squares for a posteriori error estimation 
 

 
L. Gavete ( )1 , B. Alonso (1), F. Ureña ( )2 ,  and J.J. Benito ( )3

 
 
Abstract: Recently, considerable effort has been devoted to the development of the so-called 
meshless methods. Meshless methods still require considerable improvement before they equal 
the prominence of finite elements in computer science and engineering. One of the paths in the 
evolution of meshless methods has been the development of the Element Free Galerkin (EFG) 
method (Belystchko et al. 1). In the EFG method, it is obviously important that the “a posteriori 
error” should be approximated. 
In this paper, different selection strategies of the moving least squares approximations have been used 
and compared, to obtain optimum values of the parameters involved in the approximation of the 
error.  
The performance of the developed approximation of the error is illustrated by analysing different 
examples for 2-D potential and elasticity problems, using regular and irregular clouds of points. 
The implemented procedure of error approximation allows the global energy norm error to be 
estimated and also gives a good evaluation of local errors.  
 
 

In the Element Free Galerkin Method the idea is to replace the piecewise interpolation typical of 
the FEM, by a local least squares fitting (Lancaster and Salkauskas2). The resulting function is 
more regular than the function of the FEM, since the discontinuous coefficients are replaced by 
continuous functions of weight, which gives a continuity Cr (r≥1). It is possible to disconnect the 
number of nodes from the number of approximation parameters because the least squares fitting 
replaces the standard FEM interpolation. The approximate function becomes smooth by using 
continuous weighting functions. To preserve the local character of the approximation is necessary to 
choose weighting functions that vanish at a certain distance from the point.  
Around a point x, the function uh(x) is locally approximated by: 

1
( ) ( ) ( ) ( ) ( )

mh
i i

i
u p a

=
= =∑ Tx x x p x a  (1) 

where m is the number of terms in the basis, the monomial pi(x) are basis functions, and ai(x) are their 
coefficients which, as indicated, are functions of the spatial co-ordinates x. 
The coefficients ai(x) are obtained by performing a weighted least square fit for the local 
approximation, which is obtained by minimizing the difference between the local approximation and 
the function. This yields the quadratic form 

∑
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where w(dI) = w(x-xI ) is a weighting function with compact support. 
Equation (2) can be rewritten in the form 
J = (P a –u)TW(x) (P a –u) (3) 
 where 
uT = (u1,u2,...,un) (4)
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}{ )(),...,()( 1 imii pp xxxpT =  (6) 

[ ])(...,),(1 n1 x-xx-xW nwwdiag=  (7) 

To find the coefficients a, we obtain the extremum of  J  by 

∂J/∂a = A(x) a(x) – H(x) u = 0 (8) 

where 
A = PT W(x) P (9) 
H = PT W(x) (10) 
and therefore  

a(x) = A-1(x) H(x) u (11) 

The dependent variable uh can then be expressed as  

II

xn

I

h uu  xx )()(
)(

1

Φ= ∑
=

 (12) 

where  
ΦI(x) = pT(x) A-1(x) HI(x) (13) 
 
with HI being the column I of H. 
 
The partial derivatives of  the MLS shape functions are obtained  as 

( )[ ]IjjIIjI HAAHApH  Ap  x) 1-1-T1-T
j, ,,, ( −+=Φ  (14) 

 
Furthermore, taking into account MLS we shall calculate as the better values for the function and 
the gradients, these obtained by the approximations     
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and similarly for the other gradient. 
The values of uh, ∂uh/∂x, ∂uh/∂y at all the nodes are accepted as the numerical solution of the 
problem(the recovery solution is taken as the final solution)  being the values  uh(x) the nodal 
values of the primary dependent variable, such as the displacement in stress analysis. 
One of the biggest problems in the implementation of meshless methods resides in that the used 
approach is not an interpolation. MLS approximation, in general, lacks the delta function property 
of the usual FEM shape function, in which  

JIJI δ=Φ )x(  (17) 
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where ΦI  is the Ith

 shape function evaluated at a nodal point xJ  and δIJ is the Kronecker delta. This 
implies a difficulty when imposing the essential boundary conditions that have led to the 
appearance of different solutions like, among others, Lagrange multipliers (Belytschko et al.1), or 
modified variational principles (Lu et al.3). 
In this paper, we consider the moving least squares method with appropriated weighting 
functions, and areas of influence for each one of them. Thus, we obtain a local approximation that 
is close to an interpolation. Since we employ a local approximation, we need to satisfy the 
essential boundary conditions only approximately. In order to do it, it is sufficient to consider 
areas of influence for each weighting function slightly overlapped but with sufficient number of 
nodes for the involved approximation,(see Gavete et al. 4).  
 
The error estimation should be a main tool in every adaptivity process. This is the reason for the 
actual great importance of the estimation. It allows us to know the quality of the solution and, 
hence, whether it is or not acceptable. Moreover, it provides some information about the changes 
that are necessary to make in the used mathematical model to reach, in an economical way, the 
desired solution. In  some meshless methods the “a posteriori” error has been calculated in order 
to redistribute the nodes.  
 
The MLS approximation involved can be very close to an interpolation(local approximation) or 
similar to the classical least squares approximation(global approximation), it all depending on the 
radius of influence of the weighting functions employed(see Figure  1). In order to do it, it is 
sufficient to consider areas of influence for each weighting function more or less overlapped but 
with sufficient number of nodes for the involved approximation. 
 

a) rinf=2.2 b) rinf=3.3

c) rinf=4.4 d) rinf>5

 
Figure 1.   MLS approximation using different radius of influence(rinf) for the 

weighting functions in the case of a cloud of 6 points. 
 
 
As it is shown in Figure 1, using MLS we can obtain an approximation function that is very close 
to an interpolation by decreasing the overlapping area of the weighting functions in the 
neighbourhood of each point. 
The local error measurement, defined as the difference between the approximate solution to the 
exact one, is often very difficult to calculate and could provide a confused information. This is the 
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situation in areas with punctual loads. If we want to be able to make global and local 
approximations, we should use integral norms. We shall use the classic energy norm in each 
integration domain. 
In this paper, firstly we obtain the EFG solution using formulae (15,16) and secondly we use as “a 
posteriori” error estimator the difference between two MLS approaches for the gradients that are 
obtained from the EFG solution uh , using two different radii of influence(rinf). Optimum values 
of these radii are given in this paper.  Both gradient approximations are calculated through the 
EFG-penalization method with the same weighting function,  but using different radii  of 
influence for each one of the MLS approaches (Gavete et al. 5). 
Similarly to the results of MLS approximations shown in Figure  1, a function  and three different 
MLS approximations of this function using each one a different radius of influence, are given in 
Figure 2 for illustration purposes only. The three radii of influence considered in Figure 2, have 
been denominated rinf-min, rinf, and rinf-max. It is natural to expect that there should be an 
optimum(local) approximation from MLS that it is called rinf-min and a global MLS 
approximation that it is called rinf-max.   

Exact function

Function obtained
with rinf min
Function obtained
with rinf
Function obtained
with rinf max

 
Figure 2.  Function approximation: exact function and MLS approximations obtained        

with three different radii of influence : rinf, rinf-min and rinf-max. 
 
 

Let us suppose that the MLS approximation used in the EFG-PEN method is the one given by 
radius of influence = rinf, and the other two MLS approximations are obtained from results 
obtained using the EFG-PEN-rinf method, but considering now two new radii of influence 
denominated rinf-min and rinf-max respectively. The radius of domain of influence, rinf, to be 
computed in all the cases by rinf = α x dI, with dI  chosen to be the distance to the n-th closest 
node from node I and α a positive real number, being  rinf-min =  prod x dI with prod in the 
neighbourhood of α, and rinf-max = β x rinf-min, with β in the neighbourhood of  2 (as it is 
shown in the numerical results).   
So we make the calculations of the solution by the EFG method using only rinf as value of the 
radius of influence and then obtaining, by using formula (16), other two different approximations 
by using rinf-min and rinf-max as new values of the radius of influence. 
As it is shown in Figures 3 and 4 for illustration purposes only, the difference(error exact) 
between the exact solution for the gradients(stresses) and the solution obtained with  the EFG-
PEN-rinf method (see, Figure 3), can be estimated as the difference(error approximated) between 
the gradient(stress) approximations corresponding to the radii of influence  rinf-min and rinf-max 
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(see Figure  4). Obviously, the parameters prod and β are very important to obtain  accurate 
values of the error estimation.  
This new procedure of error approximation does not use the technique proposed by Chung and 
Belytschko6 (difference between projected and non projected stress), instead in this paper we 
calculate the error approximation as the difference between the gradients(stresses) based in two 
different displacement projections calculated according to (15), by taking product of shape 
functions based on different domains of influence with the displacement of the nodes.    

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Exact
gradient

Gradient
obtained
with rinf

 
Figure 3. First derivative: exact gradient and MLS approximation of the gradient 

obtained with radius of influence rinf. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

Gradient
obtained
with rinf
min
Gradient 
obtained
with rinf
max

Figure 4.  First derivative: MLS error approximation as the difference between the 
gradients obtained with two different radii of influence : rinf-min and rinf-max. 

 
The graphics of Figures  (2-4)  are merely qualitative results with the aim of giving  an idea of  
the different moving least squares approximations that can be obtained in an one-dimensional 
case depending of the use of the different radii of influence involved. 
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Using the moving least square solution for the approximation of the function   ,  given in 
(15) and substituting this MLS approximation in  (16), the error in energy norm is calculated in 
the following way, taking into account that at each integration point we have two different values 
for each gradient, one obtained with rinf-max   

)(xhu

{ }ε , and the other one with rinf-min { }eε .
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 (18) 

  

Different selection strategies of the moving least squares approximations have been used and 
compared, to obtain optimum values of the parameters involved in the approximation of the error.  
The performance of the developed approximation of the error is illustrated by analysing different 
examples for 2-D potential and elasticity problems, using regular and irregular clouds of points. 
The implemented procedure of error approximation allows the global energy norm error to be 
estimated and also gives a good evaluation of local errors. 
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Spectral-like accuracy in space of a
meshless vortex method

L. A. Barba(1)

Abstract: The convergence of a meshless vortex method is studied numerically. The method uses
core spreading for diffusion and radial basis function interpolation for spatial adaption of the La-
grangian particles. Spectral accuracy in space is observed in the absence of convection error, and
second order of convergence is obtained it its presence.

Keywords:vortex method, core spreading viscous method, radial basis function interpolation, ob-
served order of convergence.

1 Introduction

We consider the accuracy and convergence of a meshless method for fluid dynamics based on vortex
particles. The vortex method has a long history, beginning with the use of point vortices to study the
instability of a vortex sheet [Ros31]. Although many important achievements have been produced
since, there continue to be some frustrations. In fact, the vortex method is still viewed in some
circles as a modelling approach and not as direct simulation. The following opinion, expressed some
years ago, is relevant today: “There has been and perhaps there will always be some skepticism
about the use of vortices for flow simulation”[Sar89]. For this reason, it is important to make
contributions to the validation and verification of vortex method codes, and this work is a step in
that direction.

The vortex method solves the Navier-Stokes equation in vorticity formulation

∂ω
∂t

+u ·∇ω = ω ·∇u+ν∆ω (1)

by discritizing the vorticity field into smooth Lagrangian particles:

ω(x, t)≈ ωh(x, t) =
N

∑
i=1

Γi(t)ζσ (x−xi(t)) . (2)

Here,Γi is the vector circulation strength (a scalar in 2D) of the particle located atxi . The
particle distributionζσ , called the cutoff function, is often a Gaussian; in two dimensions:

ζσ(x) =
1

2πσ2 exp

(−|x|2
2σ2

)
(3)

1Department of Mathematics, University of Bristol, University Walk, Clifton, Bristol, BS8 1TW, United
Kingdom (L.A.Barba@bristol.ac.uk).
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The particles are evolved by integrating their trajectories with the velocity at their center, eval-
uated using the Biot-Savart law, which in 2D is:

u(x, t) =
−1
2π

Z (x−x′)×ω(x′, t)k̂
|x−x′|2

dx′. (4)

There exist, in addition, a variety of schemes to provide viscous effects; for a review of these,
see [BLA05]. Presently, we opt for the core spreading method, in which particle core sizes are
grown to exactly solve the diffusion part of the equation [Leo80]. This method requires core size
control to tackle consistency issues brought up in [Gre85], which is provided presently in a spatial
adaption algorithm using radial basis function interpolation (see below).

The Lagrangian approach above is devoid of numerically diffusive truncation errors, and the
method is essentially meshless, not requiring connectivity of elements. It is well-known, however,
that the method suffers from increase of discretization errors due to the vortex particles becoming
disordered. The standard solution to this situation is applying a remeshing scheme, as introduced in
[Kou97]. This has allowed long-time calculations with the vortex method by effectively controlling
the growth of discretization error, but at the cost of introducing some numerical dissipation and
grid-dependency.

An alternative to the standard remeshing schemes is using radial basis function (RBF) interpola-
tion techniques in a fully meshless spatial adaption process; the method is introduced and described
in detail in [BLA05]. When interpreting the spatial discretization of the vortex method as an approx-
imation problem using RBF’s, one can see the potential for spectral-like accuracy in space. It has
been established that RBF interpolation has spectral accuracy when using Gaussian bases [Sch99].
In this paper, we show numerical experiments that confirm spectral accuracy in a vortex method in
the absence of convection error. It is noteworthy that this result is obtained in aviscouscalculation,
showing that core spreading does not limit the accuracy that can be obtained from the vortex method
(unlike other viscous approaches; for example, the particle strength exchange method [DMG89] is
limited to second order accuracy, and deteriorates as particles become disordered).

Convection error, formally a local spatial truncation error, is present in the general case. This
error has been estimated to be second order in the particle sizeσ, and nondiffusive [Leo80], as dis-
cussed further below, in§2. Further numerical experiments presented here verify observed second
order accuracy in the presence of convection error when using Gaussian bases. Hence, the possibil-
ity of increasing the convergence rate now lies in reducing convection error, by using deformable
basis functions or some other approach.

The vortex method with core spreading for diffusion, and a spatial adaption process that uses
RBF interpolation, was implemented in parallel using the PETSc library [BBG+02] in a C++/MPI
code. In this implementation, the RBF interpolations are solved using the built-in pre-conditioners
and GMRES solver of PETSc. More details of the parallel implementation are given in [Bar04].

2 Numerical convergence results

A first convergence study is performed using an axially symmetric viscous flow, for which an ana-
lytic solution is available. This is the Lamb-Oseen vortex, for which the vorticity evolves as follows,
with r = x2 +y2:

ω(r, t) =
Γ0

4πνt
exp

(
− r2

4νt

)
. (5)

To minimize time-stepping errors, a very small time step was used of∆t = 0.002 in a 4th order
Runge-Kutta scheme. The calculations were advanced for 200 time steps, and spatial adaption was
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Figure 1: Plot of the maximum vorticity errors during 200 time stepsvs. the inter-particle spacing
h and an exponential fit to the error behavior.

performed every 5 steps. Although no regular particle arrangement is required by the formulation,
the particles were placed in a triangular lattice, covering the vorticity support to a minimum cir-
culation level of10−10. The value of the initial inter-particle spacingh was varied, and a run was
performed for each value; for each run, the pointwise errors were measured at each time step, using
the maximum norm. The largest value of the error in the time-marching calculation was used for
each run to produce the plot in Figure 1. As shown by the functional fit added in the plot, the results
of this numerical convergence study are consistent with the spectral convergence of radial basis
function interpolation using Gaussians.

The numerical convergence result of Fig. 1 probably shows the best accuracy that can be
obtained with the vortex method. This is because the Lamb-Oseen vortex flow is a benign test, due
to its infinite smoothness and more importantly to its immunity to convection error. Nonetheless,
it is an important result because it demonstrates that the RBF-based spatial adaption scheme does
not limit the accuracy of the vortex method. This is in contrast to the standard remeshing schemes,
based on tensor products of 1D kernels (which furthermore require a Cartesian grid). It has been
recognized that the remeshing schemes do introduce some error; these were clearly displayed in
numerical experiments presented in [BLA03].

Note again that the results above are produced by aviscousvortex method. The use of core
spreading with adequate core size control, therefore, does not slow the rate of convergence of the
spatial discretization. The core size control is provided here in the RBF interpolation step, where the
core sizes can be reset to any desired value. This automatic form of core size control does not have
an effect on the accuracy, unlike the vortex splitting technique of [Ros96], which is numerically
diffusive

What is called ‘convection error’ in vortex methods refers to the error which originates from
convecting the vortex particles without deformation with the velocity at their centers. The derivation
of an estimate for this error when using Gaussian particles is developed in [Leo80]. It is obtained
from subtracting the discrete representation of the velocity to the exact velocity in the nonlinear
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convective term

ε(x) = ∇ ·
[

N

∑
i=1

Γi ζσ(x−xi)
(

u(x)− dxi

dt

)]
(6)

which, after a Taylor expansion and some algebra results in the following relation:

ε(x) = σ2 ∂2ω
∂x j ∂xk

∂u j

∂xk
. (7)

Thus, one sees that this error is second order inσ and it is not diffusive. The result in (7) also
indicates that axisymmetric flows do not suffer from convection error, as only the symmetric part of
the velocity gradient tensor has a contribution, hence the result of (7) in principal coordinates is zero
for axisymmetric flow. This observation is important to have in mind, as the use of axisymmetric
test problems for validation of vortex method codes is widespread practice.

Next, a convergence study is presented using a non-axisymmetric flow, and thus subject to
convection error. The initial vorticity consists of a quadrupole perturbationω′ on a Gaussian vortex,
resulting in localized elliptical deformation of the core, and an evolution that develops filaments
and exhibits a quasi-steady tripole for large amplitude of the perturbation. This flow was studied in
[RLB97], and also in [Bar04]. For the present calculations, the Reynolds number is 1000 and the
amplitude of the perturbation isδ = 0.25.

ωo(x) =
1
4π

exp

(−|x|2
4

)
, ω′(x) =

δ
4π

|x|2exp

(−|x|2
4

)
cos2θ. (8)

The use of a nonaxisymmetric test problem to perform convergence studies is usually hampered
by the lack of an analytical solution. But, as explained in [Roa97], it is possible to extract the
observed order of convergencefrom a grid-convergence study, using three grid solutions. If one
obtains three numerical solutions of a given problem with the same code, using three different
spatial discretizations given byh1, h2, andh3 with a fixed grid-refinement ratior = h3/h2 = h2/h1
(the subscript 1 refering to the finest resolution), then one can obtain anempirical convergence
orderp by the following relation:

p = ln

(
uh3 −uh2

uh2 −uh1

)
/ ln(r). (9)

Three solutions were computed of the quadrupole-perturbed vortex with initial vorticity (8), with
a grid-refinement ration ofr = 1.4. The runs were carried for 740 time steps, with∆t = 0.05.
The vorticity was sampled on the same mesh for all runs, corresponding to the finer value ofh,
whereas the particles were initialized on a triangular lattice. Spatial adaption was performed every
10 steps with the same procedure described before. The table below shows the problem sizes for
this convergence study.

particle spacing N(t = 0) N(t = 37)
h1 = 0.09 20389 21978
h2 = 0.126 10361 11418
h3 = 0.1764 5309 5957

By means of a comparison of the point-by-point value of vorticity at each three time-slices,t =
10,20,35, and taking both a discreteL2-norm and a maximum norm (normalized by the maximum
vorticity), measurements of the observed order of convergence were performed by applying (9).
The results are presented in the table below, where the table values correspond to the computed
value ofp.
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time-slice \ norm used: EL2

ω Erel,max
ω

t = 10 2.0282 2.0271
t = 20 2.026 2.027
t = 35 2.0175 2.0191

The results above are perhaps surprisingly consistent, giving an observed second-order of con-
vergence. Since the principal difference between this test problem, and the Lamb-Oseen vortex used
previously is the lack of axisymmetry in the present case, we conjecture that the observed order of
convergence is fundamentally due to convection error.

As a final note, we add that the theory of convergence of vortex methods (see [CK00] for
details and further references) establishes second order convergence when using a Gaussian cutoff.
However, the analysis assumes a standard initialization based on the local vorticity value multiplied
by h2 on a Cartesian grid, as an estimate of the particle circulation strengths. Thus, initialization of
the method is already limited to second order. Using instead RBF interpolation to obtain the initial
particle circulations allows for spectral accuracy in space in the absence of convection.

3 Conclusion

Extensive numerical experiments performed previously [Bar04], both with standard remeshing and
with the radial basis function interpolation, demonstrate that the remeshing schemes impose an ac-
curacy limitation on the vortex method. By using instead RBF interpolation, the accuracy limitation
of the spatial adaption process is removed, and convection error is left to dominate on the rate of
convergence. In the absence of convection error, spectral accuracy is possible is space. Therefore,
high order vortex methods are possible with techniques to reduce convection error, such as using
deformable basis functions.

Acknowledgements:Computations were carried out in the Beowulf cluster of the Laboratory for
Advanced Computing in the Mathematical Sciences, University of Bristol. Thanks to Tony Leonard
for many helpful discussions. Thanks to the PETSc team for prompt and helpful support.
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Poiseuille flow with SPH: effects of viscosity model and 
boundary implementation 

 
 

Mihai Basa ( )1 , Marty Lastiwka (1), Nathan Quinlan (1)

 
 
Abstract: Two methods of implementing viscosity and several different approaches to imposing 
no-slip boundary conditions in Smoothed Particle Hydrodynamics are investigated. Results of 
tests in a Poiseuille channel flow are presented. The two-pass method for evaluating second 
derivatives is found to be superior to double differentiation of the kernel. The choice of boundary 
implementation is shown to have a significant effect on transient velocity profiles in start-up of 
the flow. Consistency corrections to the kernel are shown to result in significant improvements. 
 
 
1 Introduction  
 
Viscosity and boundaries play essential roles in engineering fluid dynamics applications. 
Simulation of flows with physical viscosity has been a problematic issue in Smoothed Particle 
Hydrodynamics (SPH) [1]. Difficulties are due to the instability and inaccuracy of the 
determination of second derivatives of velocity terms based on second derivatives of the kernel 
[2]. These problems have been addressed with the introduction (independently by Flebbe et al. [4] 
and Watkins et al. [5]) of a method based on SPH first derivative calculations in two passes to 
obtain second derivatives. We investigate both the direct and two-pass methods of calculating 
viscous terms comparatively, and show the effects of consistency corrections on their accuracy 
and convergence. We also investigate the performance of various treatments for no-slip wall 
boundary conditions. 
 
We have chosen a Poiseuille channel-flow problem as our test case. This well-known test case has 
exact analytical solutions for transient as well as steady states of the flow [2], enabling a rigorous 
validation of simulation results. 
 
 
1 Equations of viscous flow 
 
Viscosity plays its most important role in the momentum equation, with a more minor role (for 
low speeds) in the energy equation. The momentum equation can be written as: 
 

efτv
+⋅∇+−∇= p

Dt
Dρ  (1) 
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where r is density,  velocity, p pressure,  is the viscous stress tensor and  represents 
external bulk forces. Using a mixed tensor and vector notation, the viscous term can be written as: 

v τ ef
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Here µ  and µ ′   are the dynamic and bulk viscosity coefficients and ijδ  is the Kronecker delta. 

Second spatial derivatives of velocity (of the form ) are required to model this viscous 

term. These can be computed either directly in second-derivative form (obtained after explicitly 
applying the outside derivation operation to the terms inside the parentheses) or in a two-pass 
process, whereby intermediate first-order derivatives are determined in a first pass and a 
derivative of these is taken in a second pass to obtain the final second-order terms. While 
mathematically equivalent, these two possibilities show different behaviours when implemented 
in the SPH framework. 

ji xxu ∂∂∂ /2

 
 
2 SPH formulation 
 
In SPH, the derivative along coordinate xi of an arbitrary function F at the location ra of particle a 
can be obtained using: 
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Where Vb is the volume of neighbour particle b and W(r – ra) represents the smoothing kernel. 
The kernel is defined as a function of the distance from current particle a, with a compact support 
of radius 2h (where h is called the smoothing length). To simplify the equations that follow we 
will set r=0 and xi=0 at particle a. The derivative of the kernel along xi is: 
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Similarly to (3), second derivatives along coordinates xi and xj of an arbitrary function F can be 
obtained with: 
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where the second derivative of the kernel is: 
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The Kronecker delta ijδ  means that the function has different expressions depending on whether 

xi is the same coordinate as xj, as illustrated in Fig. 1. 
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Figure 1: Plots of for the B-spline kernel [1] in 2D.  is shown on the left 

and  on the right.  
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It is worthwhile to consider the properties of second derivatives of the kernel, as illustrated in Fig. 
1. The structure of  indicates that expression (5) is not guaranteed to evaluate the 
second derivative correctly as zero when applied to a finite number of particles and a constant-
valued function F(r)=F

22 / xW ∂∂

0, even if particles are arranged uniformly and symmetrically. In other 
words, we do not expect  to be zero-order consistent (as defined by Belytschko et al. 
[11]) even for uniform particle arrangements. In contrast, the symmetry of  about the 
origin suggests that it may evaluate correctly for special particle distributions. Such problems are 
indeed confirmed by tests shown in section 6.1 (Fig. 2 (b)). This suggests that consistency 
corrections to this second-derivative kernel are required. 

22 / xW ∂∂
yxW ∂∂∂ /2

 
This method of obtaining second derivatives contrasts with the two-pass method which uses only 
first derivatives of the kernel: 
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3 Consistency corrections 
 
A correction method called Shepard interpolation can be used to improve the ability of SPH to 
correctly interpolate constant functions from an uneven distribution of particles [10]. The 
principle of the method is essentially a re-normalization of the standard SPH interpolation: 
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Where F  is used to denote a traditional SPH evaluation of the function F(r). This correction 

method can be carried forward to first and second derivative evaluations: 
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A first-order consistency correction [10] for first derivatives is also used in the present work, for 
the two-pass method for second derivatives. 
 
 
4 Boundary conditions 
 
The boundaries in the Poiseuille channel problem are the inlet, outlet and non-slip impermeable 
walls. Because the channel is assumed to be infinite in length, the inlet and outlet can be 
simulated using periodic boundaries, with no further difficulties. There are several possibilities 
for imposing the impermeability and no-slip boundary conditions for the side-walls of the 
channel. These physical conditions require that the normal and tangential velocities of the fluid 
must vanish at the wall. 
 
When a particle is close to a wall, part of its compact support lies outside the fluid domain. This 
region of the compact support can constitute a difficulty in SPH (the particle deficiency problem 
[6]), but also a solution. Placing a ‘virtual fluid’ in the wall regions with enforced properties is a 
common method of imposing boundary conditions and solving the particle deficiency problem at 
the same time. The most common way to do this is to place virtual particles in the wall region, 
carrying values which are chosen to enforce the required boundary condition [5, 6]. There are a 
variety of methods of choosing the enforced values for virtual particles, and several of these 
possibilities are investigated here. 
 
For each fluid particle within a certain distance of the wall, a virtual particle is placed at a mirror 
position on the inside of the wall, with opposite normal velocity. When determining axial 
velocities for virtual particles we have tested the following methods: 

• mirroring fluid particles’ axial velocities, 
• linear extrapolation based on near-wall particles, 
• globalised quadratic extrapolation, based on the width of the channel (Watkins et 

al. [5]), 
• localised quadratic extrapolation based on the two nearest particles to the wall. 
 

A further possibility that is investigated is use of particles on the wall itself. For every fluid 
particle within a certain distance of the wall, a zero-velocity particle is placed at the nearest point 
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on the wall. This approach is tested in conjunction with each of the methods mentioned above. 
Results obtained using these methods are compared in section 6.2. 
 
 
5 Tests 
 
Various viscosity and boundary simulation techniques have been tested using a 2D Poiseuille 
channel-flow problem for Reynolds number of 0.79 (based on the theoretical steady state peak 
velocity). The flow is considered isothermal and the influence of viscosity in the energy equation 
is neglected. The channel is modelled as a rectangular domain with periodic boundary conditions 
at the inlet and outlet and impermeable no-slip boundary conditions on the other two sides. In the 
initial state, particles are distributed on a uniform grid with 20 particles across the width of the 
channel and 40 along its length, with zero initial velocity. The flow is driven by a uniform and 
constant body force. In steady state, the velocity profile across the width of the channel is 
parabolic. 
 
5.1 Viscosity models 

 
For the two viscosity implementations discussed in section 2, results are presented here as a time 
series of instantaneous velocity profiles, from the initial moment until a steady state is reached (if 
one exists). Localised quadratic extrapolations are used to enforce no-slip wall conditions for all 
these tests.  
 
Convergence to steady state is not achieved with either the direct second kernel derivative or the 
two-pass method for second derivatives of velocity when implemented with standard SPH 
expressions, as shown in Fig. 2. Serious instabilities are observed, causing the solution to diverge 
within a few tens or hundreds of timesteps. Similar behaviour was reported by Watkins et al. [5].  
 
There is evidence that this unstable behaviour is due to errors which are intrinsic to the basic SPH 
method, and manifest even for situations of zero gradients, zero velocity and no external forces, 
with or without viscosity. It can be shown [8] that the amplitude of error in conventional SPH 
evaluation of first derivatives increases with the absolute value of the function being evaluated, 
for non-uniformly spaced particles in one dimension. Problems observed here may be due to a 2D 
version of this phenomenon in estimation of the gradient of pressure, which has a large absolute 
value. This is consistent with findings that the problem can be alleviated by basing the momentum 
equation on the gradient of a reduced pressure. Sigalotti et al. [2] and Morris et al. [9] achieved 
this by subtracting the hydrostatic pressure term from the total pressure, and then taking the 
gradient of the remaining pressure, which is a small perturbation from the hydrostatic field. 
Results shown here in Fig. 3(a) were obtained by taking the gradient of deviation from average 
pressure of neighbour particles.  
 
The direct-derivative method exhibits an inability to correctly evaluate zero derivatives of 
constant-valued functions, as well as a strong dependence on smoothing length. The direct-
derivative method is unable to correctly model the gradient-free region found in the centre of the 
initial Poiseuille flow (visible in Fig 2 (b)). This behaviour can find an explanation in the 
characteristics of the kernel shape discussed in section 3. Using the consistency-corrected 
expression (Eq. 10) for the second derivative yields significant improvements in the stability of 
the solution (Fig. 3 (b)). The accuracy of the stabilised profiles, however, is still unsatisfactory. 
This correction is only zero-order consistent, and so should not be expected to produce accurate 
results in the presence of a parabolic velocity profile.  
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Figure 2: Flow breakdown of the two-pass (a) and direct second derivative (b) methods, 

implemented in the conventional SPH framework. 
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Figure 3: Axial velocity profiles for (a) the two-pass method with local average 

pressure subtraction, and (b) the direct double derivative method with a 
zero-order consistency correction. 
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Figure 4: Velocity profile for the two-pass method with (a) zero-order and (b) first-

order consistent gradient evaluations, without local average pressure subtraction. 
 
The two-pass method for second derivatives produces satisfactory results with subtraction of local 
average pressure, as shown in Fig. 3(a). Results are reasonable with the zero-order consistent 
kernel without pressure adjustment (Fig. 4(a)), and can be further improved with first-order 
consistent kernel correction, as shown in Fig. 4(b). Comparison of Figs. 4(a) and 3(b) confirms 
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that the two-pass method yields better results than direct double differentiation of the kernel, as 
discussed in section 3. 
 
5.2 Boundary conditions 
 
The largest differences between results obtained with different no-slip boundary treatments are 
found at the start of the simulation. At that time, fluid velocity is lowest and small variations are 
significant. At later stages, all the methods mentioned in section 5 produce similarly good results. 
A comparison of results obtained at a short time after initiation of the simulation is shown in Fig. 
5. 
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Figure 5: Comparison between results obtained with different treatments of the no-slip 
boundary condition a short time after simulation start. 

 
The worst results are obtained when using the axial velocity mirroring method. By effectively 
mirroring the fluid shear stress distribution in the virtual particles, this method creates only a thin 
band of high shear stress outside the flow boundary. In contrast, the linear and quadratic 
extrapolation methods project a shear field in the wall that is constant or grows linearly 
(respectively). Consequently, fluid particles react more strongly to the presence of the wall in 
extrapolation methods.  
 
 
6 Conclusions 
 
Viscous flow in a Poiseuille channel flow has been simulated in SPH using various models for 
viscosity. Use of a reduced pressure enables modelling with basic SPH, but this approach may not 
be generally applicable (for example, when large gradients of absolute pressure are present). 
Consistency corrections were shown to be extremely beneficial for the long-term stability and 
accuracy of viscous calculations. A zero-order consistent direct second-derivative method was 
developed and implemented with encouraging results. Good results were obtained using a two-
pass method with zero-order and first-order consistent first derivatives. The two-pass method, in 
general, yields better results than direct double-derivatives. Results obtained with several methods 
of imposing no-slip wall conditions were compared, showing motivation for using at least linear 
extrapolation of velocity into the wall regions. 
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Meshfree collocation solution of Boundary Value
Problems via Interpolating Moving Least Squares and its

application to Navier-Stokes equations

Hennadiy Netuzhylov(1)

Abstract: We start by giving an overview of the meshfree Interpolating Moving Least Squares
(IMLS) method based on singular weights for the solution of partial differential equations. The
peculiarities of the method due to the specific choice of the weight functions are outlined.

We present the idea of the meshfree collocation solution of Boundary Value Problems (BVP) via
IMLS and the implementation of the Dirichlet- and von Neumann boundary conditions. A solution
to a model BVP is given.

Using the IMLS method and Chorin’s projection method [4] we solve a model problem for
incompressible unsteady Navier-Stokes equations in a meshfree collocation way.

Keywords: Meshfree collocation method, Interpolating Moving Least Squares, Boundary Value
Problem, Singular Weights.

1 Overview of IMLS method

Given N data pairs(~xi ,ui), i = 1, . . . ,N, the moving least squares method (MLS) is defined by
assigning weights~w(|~x−~xi |), i = 1, . . . ,N, to each point and then asking for the minimum of the
functional

Ex(~a) =
N

∑
i=1

~w(|~x−~xi |)(p(~xi)−ui)2,

wherep(~x) := ∑m
j=1a jb j (~x) is a function from a finite dimensional space of dimensionmwith basis

~b := {b1,b2, . . . ,bm} and~a := (a1,a2, . . . ,am)T ∈ Rm.
The minimum is given as the solution of the normal equations

BBBTWWW(~x)BBB~a(~x) = BBBTWWW(~x)~u, (1)

whereBBB :=




b1(x1) · · · bm(x1)
...

. . .
...

b1(xN) · · · bm(xN)


 ∈ RN×m andWWW(~x) = diag (w1(~x),w2(~x), . . . ,wN(~x)) ∈

RN×N.

1Technical University of Brunswick, Institute ofComputational Mathematics, AG Partial Differential Equa-
tions, Germany (h.netuzhylov@tu-bs.de).
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In order to interpolate the given data [2] weights withlim~x→~xi
wi(~x) = ∞ are needed. We get

the Interpolating MLS (IMLS) method using the weight functions

wi(~x) :=
1

(~x−~xi)α , α > 0, even. (2)

Since~a(~x) is a solution of (1) we can write - at least formally -

~a(~x) =
(
BBBTWWW(~x)BBB

)−1
BBBTWWW(~x)~u (3)

and the interpolation function can be written in the form

g(~x) =~aT(~x) ·~b(~x) =
N

∑
i=1

uiϕi(~x) =~uT ·~ϕ(~x), (4)

where thekernel functionsare

~ϕ(~x) =WWW(~x)BBB
(
BBBTWWW(~x)BBB

)−1
~b(~x). (5)

The singularity problem at the point~x =~xi in (2), and therefore also in (5), which occurs due to
the specific choice of the weight function is overcome using the strategy presented in [1]. The idea
here is to introduce a small regularizationε > 0 and split the singular matrix into a regular and a
singular part. The inverse of the original matrix in (5) is expressed in terms of the disturbed matrix
due to regularizationε using the Sherman-Morrisson formula [5].

Inserting the latter into (5) we consider then the Taylor series of~ϕ(~x+ ε) with the disturbed
matrix. Letting thereafterε→ 0 one obtains the formulas for the derivatives of the kernel functions
∇~ϕ(~x) and∇2~ϕ(~x), which will be needed for the collocation solution of BVPs, as well as the desired
Kronecker’s delta property of the kernel functions, i.e.ϕ j (~xi) = δi j .

2 Boundary value problems

We want to solve an elliptic problem – the Poisson’s equation

∆~u = ~fΩ in Ω⊂ Rd (6)

with the Dirichlet and the von Neumann boundary conditions

~u = ~fΓD on ΓD and
∂~u
∂~n

= ~fΓN on ΓN, (7)

respectively.
Ω is an open domain of thed-dimensional space. Its boundaryΓ := ∂Ω = ΓN∪ΓD is an union of

the Dirichlet- and von Neumann boundariesΓD andΓN respectively.∂~u∂~n is the directional derivative
w.r.t. the outer normal~n at the point~x∈ ΓN.

We search the approximated solutionuh(~x) of the BVP (6) with the boundary conditions (7) in
the following form:

uh(~x) :=
N

∑
i=1

ui ·ϕi(~x) =<~u,~ϕ(~x) >, (8)

where~u = (u1,u2, . . . ,uN)T is a vector of the solution values atN data points located at~x1, . . . , ~xN
and~ϕ(~x) = (ϕ1(~x),ϕ2(~x), . . . ,ϕN(~x))T is a vector of kernel functions (5), coming from the IMLS
method, evaluated at the point~x.



ECCOMAS Thematic Conference on Meshless Methods 2005 D34.3

Using the ansatz (8) the first and the second derivatives of the solution are computed in the
following way:

∇uh(~x) =
N

∑
i=1

ui ·∇ϕi(~x), ∇2uh(~x) =
N

∑
i=1

ui ·∇2ϕi(~x). (9)

2.1 Discretization

We subdivide the vector of the solution into three subvectors:

~u = (u1, . . . ,uk−1︸ ︷︷ ︸
~uΩ

,uk, . . . ,ul︸ ︷︷ ︸
~uΓN

,ul+1, . . . ,uN︸ ︷︷ ︸
~uΓD

)T = ( ~uΩ| ~uΓN | ~uΓD)T ∈ RN. (10)

Using the ansatz (9) a discretization of the left-hand side of (6) for all~x∈Ω writes as

∆u(~x)≈ ∆uh(~x) =
N

∑
i=1

∆ϕi(~x) ·ui =: LLL ·~u. (11)

Writing the discretized Laplacian as a block matrix

LLL = (LΩLΩLΩ|LΓN
LΓNLΓN |LΓD

LΓDLΓD) ∈ R(k−1)×N, (12)

whereLΩLΩLΩ ∈ R(k−1)×(k−1), LΓN
LΓNLΓN ∈ R(k−1)×(l−k+1) andLΓD

LΓDLΓD ∈ R(k−1)×(N−l),

we get the discretized equation (6) in a matrix form as

LLL ·~u = ~fΩ, (13)

with ~fΩ = ( f1, . . . , fk−1)T ∈ Rk−1.

2.2 Implementing the boundary conditions

Using the structures ofLLL and~u in (12) and (10), respectively, we can rewrite the equation (13) as

LΩLΩLΩ · ~uΩ = ~fΩ−LΓD
LΓDLΓD · ~uΓD −LΓN

LΓNLΓN · ~uΓN . (14)

From (7) the Dirichlet boundary conditions are given as~uΓD = ~fΓD and the von Neumann ones
write as ∂

∂~n ~uΓN = ~fΓN .
Hence for all~x∈ ΓN we can write taking use of the ansatz (9) the following:

∂
∂~n

u(~x) =
N

∑
i=1

∂ϕi(~x)
∂~n

·ui = fΓN ⇔ DΦDΦDΦ ·~u = ~fΓN . (15)

And again we can write the matrixDΦDΦDΦ as a block matrix

DΦDΦDΦ = (DΦΩDΦΩDΦΩ|DΦΓN
DΦΓNDΦΓN |DΦΓD

DΦΓDDΦΓD) ∈ R(l−k+1)×N, (16)

whereDΦΩDΦΩDΦΩ ∈ R(l−k+1)×(k−1), DΦΓN
DΦΓNDΦΓN ∈ R(l−k+1)×(l−k+1) andDΦΓD

DΦΓDDΦΓD ∈ R(l−k+1)×(N−l).
Rewriting the equation (15) we get

DΦΓN
DΦΓNDΦΓN · ~uΓN = ~fΓN −DΦΩDΦΩDΦΩ · ~uΩ−DΦΓD

DΦΓDDΦΓD · ~uΓD . (17)
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Since the derivatives of the kernel functions build a partition of nullity, i.e.∀~x∈Ω : ∑N
j=1

∂
∂~nϕ j (~x)=

0, it can be shown [3] that the square matrixDΦΓN
DΦΓNDΦΓN is strictly diagonally dominant and therefore

nonsingular [5], i.e.

∀~xi ∈ ΓN, i = k..l :

∣∣∣∣
∂
∂~n

ϕi(xi)
∣∣∣∣ >

l

∑
j=k
j 6=i

∣∣∣∣
∂

∂~n
ϕ j (xi)

∣∣∣∣ . (18)

Hence the inverseDΦ−1
ΓN

DΦ−1
ΓN

DΦ−1
ΓN

exists and we can write

~uΓN = DΦ−1
ΓN

DΦ−1
ΓN

DΦ−1
ΓN
·
[

~fΓN −DΦΩDΦΩDΦΩ · ~uΩ−DΦΓD
DΦΓDDΦΓD · ~uΓD

]
. (19)

Inserting (19) in (14) and rearranging we finally obtain the linear system of equations on~uΩ:

[LΩLΩLΩ−LΓN
LΓNLΓN ·DΦ−1

ΓN
DΦ−1

ΓN
DΦ−1

ΓN
·DΦΩDΦΩDΦΩ ] · ~uΩ =

~fΩ− [ LΓD
LΓDLΓD −LΓN

LΓNLΓN ·DΦ−1
ΓN

DΦ−1
ΓN

DΦ−1
ΓN
·DΦΓD
DΦΓDDΦΓD ] · ~uΓD −LΓN

LΓNLΓN ·DΦ−1
ΓN

DΦ−1
ΓN

DΦ−1
ΓN
· ~fΓN .

(20)

So, solving the BVP (6) with the boundary conditions (7) is proceeded via solving the equation
(20) for ~uΩ and computing afterwards the values on the von Neumann boundary~uΓN from (19).

3 Model Problems

In this section we will look at the application of the presented strategy to solving both a model BVP
problem on a rectangular domain and a time-dependent lid-driven cavity problem for unsteady
incompressible Navier-Stokes equations.

3.1 BVP with Dirichlet-von Neumann boundary conditions

We want to solve the following model problem

∆~u =−2π2sin(πx) ·sin(πy) for 0 < x,y < 1 (21)

with Dirichlet-von Neumann boundary conditions

~u(x,0) = 0,
∂~u(1,y)

∂x
=−πsin(πy), ~u(x,1) = 0, ~u(0,y) = 0. (22)

The exact solution of this problemuex(x,y) = sin(πx) ·sin(πy) is shown together with a numer-
ical one for some sample values ofN,α on Figure 1.

Figures 2 and 3 refer to absolute and relative error norms respectively plotted vs. the problem
sizeN for different parameterα of the weight function (2). One can see thatα = 8 is here the
optimal value.

3.2 Lid-driven cavity model problem

The lid of a square container filled with a fluid moves with a constant velocity and thereby sets the
fluid in motion.

On the upper boundary the velocityu in x−direction is set to be constant, simulating the moving
lid. On all other boundaries non-slip boundary conditions are imposed (u = v = 0).

We use the original idea of the Chorin’s projection or pressure-correction method [4].
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For this model a simple explicit time advanced scheme has been used. At each time step a
BVP on pressure was solved using IMLS. Also all needed derivatives have been computed using
the ansatz (9).

Figures 4, 5 and 6 refer to the streaklines for a steady state solution forRe= 100, Re= 400and
Re= 1000respectively.
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Improving time integration method of CSPM meshless 
method in two dimensional elastodynamic problems 

 
 

Hassan Ostad-Hossein (1) and Soheil Mohammadi (2)

 
 
Abstract: Conventional time integration procedure for particle methods is the finite difference 
method. This simple procedure may generate numerical damping in problems with longer time 
interval. To avoid this drawback and to increase accuracy of the scheme, small time steps must be 
used causing an increase in analysis time. In this paper, a numerical form of Navier equations of 
two dimensional elastodynmic is presented that allows  using more efficient and reliable time 
integration procedures such as Newmark's method. The corrective smoothed particle method 
(CSPM) that was firstly presented by J.K. Chen in 1999 is adopted as the particle method. A wave 
propagation in an elastic bar example is analyzed with conventional time integration and the 
proposed method. 
 
1 Introduction  

 
Smoothed particle hydrodynamics (SPH) method was developed firstly by Gingold, Monaghan 
and independently by Lucy in astrophysical problems. But it encountered some physical and 
mathematical problems. One of the most important problems in standard SPH is its lack of 
consistency in boundaries. Another drawback is its failure in satisfying boundary conditions. In 
addition to early remedies of these drawbacks, Chen in 1999 [1] proposed a new method by using 
taylor expansion series which can satisfy consistency conditions needs for second order problems, 
and boundary conditions can be directly applied. One of important problems that must be taken in 
to attention, is the time integration method. The conventional time integration method for 
particles meshless methods is  the finite difference which may induce numerical damping in 
solutions with longer time interval. In usual particles form of equation, only first order time-
derivatives of variables are involved and only the F.D.M. can be used. For applying different 
methods of time integration, different form of equations are required. In  this paper, the 
Newmark's time integration is used for Navier equations for improving results of CSPM method. 
 
 
2 CSPM form of 2-D elastodynamic equations: 
 
In this method, the following three sets of equations are written in strong form: 
Equilibrium equations in step i: 

 
(1)  Department of civil engineering, University of Tehran, Tehran, Iran, (hostad@ut.ac.ir). 
(2)  Department of civil engineering, University of Tehran, Tehran, Iran, (smoham@ut.ac.ir). 
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Compatibility equations in step i: 
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Constitutive relations for plane stress in step i: 
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Derivatives of displacement and stress variables will be calculated by CSPM method [2]. 
Equations (1), (2) and (3) are considered to be true in each time step separately. The procedure 
starts by applying the initial conditions and can be arranged as: 

1. Calculate acceleration components in each time step, by applying equation (1) and 
initial conditions. 

2. Obtain velocity components by F.D.M.. 
3. Calculate the strains rate by using compatibility equations. 
4. By using F.D.M., the strain tensor can be calculated. 
5. The stress tensor required at the start of next step is obtained from constitutive equation. 
6. Repeat the procedure.  

It is obvious from the above algorithm that the finite difference time integration is repeated twice 
in each time step. This repetition will generate more accumulative error in numerical procedure 
which appears as numerical damping. 
To illustrate this problem consider a step load is suddenly applied to one end of a 5m long bar that 
is fixed at another end with intensity of 10.E9 Mp. The cross sectional area of the bar is 0.5m x 
1.0m rectangle. This problem is solved by two different time steps, it is clearly obvious from 
results shown in figure (1) that by selecting a smaller time step numerical damping will decrease.    
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Figure 1: CSPM solution of a bar under step axial loading with two different time steps 
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3 CSPM form of Navier formulation and Newmark's time integration 

method: 
 
Combining three sets of equations enables us to derive an equation, called Navier equation only 
based on displacement variables: 
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Calculation of the second derivatives can then be performed by CSPM method by using taylor 
expansion series of "u" function: 
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Multiplying (5) by the weight function and its two first and three second derivatives and after 
integration over domain of the problem we obtain six equations are obtained with six unknown 
variables including function values and values of the first and second derivatives at point I. 
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Equations (4) can be written in incremental forms: 
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 Now the Newmark's method can be used for updating variables. 
 
 
3-1 Updating values: 
 
By using Newmark's formulation, the incremental values of variables are determined: 
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Substituting (8) in (7) will give the final incremental equations with only two unknown variables; 
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4 Conclusion:  
 
Combining equilibrium and compatibility equations and constitutive relations results in equations 
that are based only on displacement variables. More reliable and efficient time integration 
methods such as Newmark's method can apply for updating variables.  
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Estimation of American Option Using Radial Bases
Function Approximation

Yumi Goto(1) andEisuke Kita(2)

Abstract: This paper describes the application of a radial bases function approximation for evalu-
ating American option. The American option price is governed with the inequality derived from the
Black-Sholes equation for European option. The Black-Sholes equation is discretized with Crank-
Nicholson scheme and radial bases function approximation. Numerical results are compared with
the finite difference solutions to discuss the validity of the formulation.

Keywords:American option, Radial bases function, Crank-Nicholson scheme.

1 Introduction

Several schemes have been developed for the purpose by many researchers[1, 2]. The existing
studies can be classified into the tree model, and the Monte Carlo method, the finite difference
method, and so on. On the other hand, this paper describes the evaluation of the American option
by using the radial bases function approximation.

Several types of the financial options have been developed; European option, American option,
Look-Back option, Exotic option and so on. The evaluation of the European option has been pre-
sented in the reference[3]. We will focus the evaluation of the American option. The American
option price is governed with the inequality related to Black-Sholes equation for the European op-
tion. The Black-Sholes equation is discretized with the Crank-Nicholson scheme for the time axis
and the option price is approximated with Radial Bases Function with unknown parameters at each
time step. After the option price is evaluated at each time step, if the price dose not satisfy the
boundary condition, the price is updated so as to satisfy the boundary condition. The process is
repeated from the maturity day to the pricing day. The numerical solutions are compared with the
solutions with finite differential method.

2 Evaluation of American Option

2.1 Governing Equation for American Option[1, 2]

The American optionV(S, t) for the stock priceS is governed with the inequality;

∂
∂t

V(S, t)+
1
2

σ2S2 ∂2

∂t2V(S, t)+ r
∂

∂S
V(S, t)− rV (S, t) ≤ 0 (1)

V(S, t) ≥ h, (2)

1Ex-Graduate student, Nagoya University, Japan.
2Associate Professor, Nagoya University, Nagoya 464-8601, Japan (kita@is.nagoya-u.ac.jp).
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whereh is payoff function, which is defined as

h =
{

max(E−S,0) for Put
max(S−E,0) for Call

, (3)

whereE denotes the exercise price for the option and the function max(E = S,0) estimates the
larger value.

2.2 Solution Procedure using RBF Approximation

By applying the Crank-Nicholson scheme the equality derived from equation (1), we have

V(t +∆t)−V(t)
∆t

+(1−θ)
(

1
2

σ2S2 ∂2

∂t2 + r
∂

∂S
− r

)
V(t +∆t)

+θ
(

1
2

σ2S2 ∂2

∂t2 + r
∂

∂S
− r

)
V(t) = 0 (4)

Defining the parametersV(t) = Vn andV(t +∆t) = Vn+1, we have

HVn+1 = GVn (5)

In this study, the following radial bases function is adopted:

φ(S,Sj ) =
√

1+ r2
j (6)

wherer2
j = ‖S−Sj‖.

The derivative priceV is approximated with the RBF function as follows.

V =
N

∑
j=1

λ j φ j (7)

whereN andλ j denote the total number of data points and the unknown parameters, respectively.
Substituting equation (7) into (5), we have

N

∑
j=1

Hλn+1
j φ j ≤

N

∑
j=1

Gλn
j φ j (8)

2.3 Solution Algorithm

The American option price is governed with the inequality. In the solution algorithm, the tentative
option price is evaluated from the equality. Then, the price is updated so as to satisfy the inequality.

The algorithm of the present scheme is as follows.

1. Discretize fromt = 0 to t = T with time-step∆t.

2. SpecifyV(S,T) at the timeT from the boundary condition and calculateλT
j at the timeT.

3. CalculateλT−∆t
j from equation (8).

4. EvaluateV(S, t).

5. If V(S, t) < h, V(S, t)← h.

6. Repeat step 3 and 4 tillt = 0.

7. EvaluateV(S,0) from λ0
j .
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Table 1: Simulation Parameters

Exercise price E = 10.0
Interest rate r = 0.05

Volatility σ = 0.2
Remaining period T = 0.5 Year

Number of time-steps 100
Number of approximating points N = 121

Parameter for Crank-Nicholson Schemeθ = 0.5

Table 2: Numerical results

Stock priceS Finite Difference Present
0.0 10.0 10.0
2.0 7.9975 8.0
4.0 5.9975 6.0
6.0 3.9975 4.0
8.0 1.99752 2.0
10.0 0.463555 0.464551
12.0 0.0501426 0.0494443
14.0 0.00309405 0.00281253
16.0 0.00013847 0.000109521

3 Numerical Example for American Option

We shall consider the pricing of the American put-option of which parameters are given as shown
in Table 1. The numerical solutions are compared with the finite difference solutions in Table 2. We
notice that the numerical solutions well agree with the finite difference ones.

4 Conclusions

This paper describes the numerical solution scheme for the evaluation of the American option using
Radial Bases Function approximation. In the formulation, the Black-Sholes equation is expanded
with Crank-Nicholson scheme and the option price is approximated with RBF functions. The nu-
merical results well agreed with the solutions with finite difference method. In the future, we are
going to extend the present formulation for the evaluating the other options such as Look-Back and
Asian options.
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Coupling Natural Element Methods and model reduction
techniques

D. Ryckelynck(1), F. Chinesta(1) andE. Cueto(2)

Abstract: Some engineering problems are defined in domains that evolve in time. When this evolu-
tion is large the present and the reference configurations differ significantly. Thus, when the problem
is formulated in the total Lagrangian framework frequent remeshing is required to avoid too large
distortions of the finite element mesh. Other possibility for describing these models lies in the use of
an updated formulation in which the mesh is conformed to each intermediate configuration. When
the finite element method is used, then frequent remeshing must be carried out to perform an op-
timal meshing at each intermediate configuration. However, when the natural element method is
considered, whose accuracy does not depend significantly on the relative position of the nodes, then
large simulations can be performed without any remeshing stage, being the nodal position at each
intermediate configuration defined by the transport of the nodes by the material velocity or the ad-
vection terms. In this work we analyze the extension of the ”a priori” model reduction, based on the
use in tandem of the Karhunen-Loève decomposition (that extracts significant information) and an
approximation basis enrichment based on the use of the Krylov’s subspaces, previously proposed in
the framework of fixed mesh simulation, to problems defined in domains evolving in time.

Keywords:Natural element method, model reduction, proper orthogonal decomposition, Karhunen-
Loève, Krylov subspaces.

1 Introduction

Numerical modelling of non-Newtonian flows typically involves the coupling between the equa-
tions of motion characterized by an elliptic character, and the fluid constitutive equation, which is
an advection equation linked to the fluid history. In this work we propose a coupling between the
natural element method which provides the capabilities of Lagrangian models to describe the flow
front tracking as well as to treat the convection terms related to the fluid microstructure evolution
—without the mesh quality requirements characteristics of the standard finite elements method—
with a new approximation of the Fokker-Planck equation. This approximation is efficient and ac-
curate, and is based on the use of an adaptive model reduction which couples the proper orthogonal
decomposition (Karhunen-Loève [3]) with an approximation basis enrichment based on the use of
the Krylov subspaces, for describing the microstructure evolution.

1LMSP UMR 8106 CNRS-ENSAM-ESEM. 151 Boulevard de l’Hôpital, F-75013 Paris, France. E-mail:
francisco.chinesta@paris.ensam.fr.

2Group of Structural Mechanics and Material Modelling. Aragón Institute of Engineering Research (I3A)
University of Zaragoza. Maria de Luna, 3. E-50018 Zaragoza, Spain. E-mail: ecueto@unizar.es



D42.2 D. Ryckelynck, F. Chinesta, E. Cueto

Figure 1: Delaunay triangulation and Voronoi diagram of a cloud of points. On the right, an example
of a degenerate distribution of nodes, with the two possible triangulations depicted.

2 The α-Natural Element Method

The Natural Element Method (NEM) is one of the latest meshless techniques applied in the field of
linear elastostatics. It has unique features among meshless Galerkin methods, such as interpolant
character of shape functions and exact application of essential boundary conditions (see the review
paper from Cueto et al. [2]). The NEM is based on the natural neighbour interpolation scheme,
which in turn relies on the concepts of Voronoi diagrams and Delaunay triangulations (see Fig. 1),
to build Galerkin trial and test functions. These are defined as the natural neighbour coordinates
(also known as Sibson’s coordinates) of the point under consideration, that is, with respect to Fig.
2, the value at pointx of the shape function associated with the node1, is defined byφ1(x) =
Area(ab f e)/Area(abcd).

These functions are used to build the dis-

Figure 2: Definition of the Natural Neighbour
coordinates of a pointx.

crete system of equations arising from the appli-
cation of the Galerkin method in the usual way.
It has been proved, that the angles of the Delau-
nay triangles are not influencing the quality of
the results, in opposition to the FEM. In addi-
tion, the NEM has interesting properties such as
linear consistency and smoothness of the shape
functions (natural neighbour coordinates areC 1

everywhere except at the nodes, where they are
C 0). In opposition to the vast majority of mesh-
less methods, the NEM shape functions are strictly
interplant. This property allows an exact repro-
duction of linear (even bilinear in some 3D cases)
displacement fields on the boundary of any do-
main, as proved by (Cuetoet al. [1]).

3 Reduced Order Modelling: A Discrete Approach

3.1 Introduction: The Karhunen-Lo ève Decomposition

We assume that the evolution of a certain fieldu(x, t) is known. In practical applications, this field
is expressed in a discrete form, that is, it is known at the nodes of a spatial mesh and for some times
u(xi , t

p) ≡ up
i . We can also write introducing a spatial interpolationup(x) ≡ u(x, t = p∆t); ∀p∈
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[1, · · · , p]. The main idea of the Karhunen-Loève (KL) decomposition is how to obtain the most
typical or characteristic structureφ(x) among theseup(x) ∀p. This is equivalent to obtaining a
functionφ(x) that maximizesα

α =
1
P ∑p=P

p=1

[
∑i=N

i=1 φ(xi)u
p(xi))

]2

∑i=N
i=1 (φ(xi))2

(1)

After some simple algebraic manipulation it is possible to arrive to a problem in the form

φ̃T
k φ = αφ̃Tφ; ∀φ̃⇒ k φ = αφ (2)

where the two points correlation matrix is given by

ki j =
1
P

p=P

∑
p=1

up(xi)u
p(x j )⇔ k =

1
P

p=P

∑
p=1

up(up)T (3)

which is symmetric and positive definite. If we define the matrixQ containing the discrete field
history:

Q =




u1
1 u2

1 · · · up
1

u1
2 u2

2 · · · up
2

...
...

.. .
...

u1
N u2

N · · · up
N


 (4)

is easy to verify that the matrixk in Eq. (3) resultsk = Q QT . Thus, the functions defining the

most characteristic structure ofup(x) are the eigenfunctionsφk(x)≡ φ
k

associated with the highest
eigenvalues.

3.2 “A Posteriori” Reduced Modelling

If some direct simulations are carried out, we can determineu(xi , t
p) ≡ up

i , ∀i ∈ [1, · · · ,N] ∀p ∈
[1, · · · , p], and from these then eigenvectors related to then-highest eigenvaluesφ

k
= φk(xi), ∀i ∈

[1, · · · ,N], ∀k ∈ [1, · · · ,n]. Now, we can try to use thesen eigenfunctions for approximating the
solution of a problem slightly different to the one that has served to defineu(xi , t

p) ≡ up
i . For this

purpose we need to define the matrixB

B =




φ1(x1) φ2(x1) · · · φn(x1)
φ1(x2) φ2(x2) · · · φn(x2)

...
...

. . .
...

φ1(xN) φ2(xN) · · · φn(xN)


 (5)

Now, if we consider the linear system of equations resulting from the discretisation of a partial
differential equation (PDE) in the formA U = F , then, assuming that the unknown vector contains
the nodal degrees of freedom, it can be expressed as

U =
i=n

∑
i=1

ζiφi
= B ζ ⇒ A U = F ⇒ A B ζ = F (6)

and multiplying both terms byBT it resultsBTA B ζ = BTF , which proves that the final system of

equations is of low order, i.e. the dimensions ofBTAB aren×n, with n¿ N, and the dimensions
of bothζ andBTF aren×1.
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3.3 Reduced Model Adaptivity: An “A Priori” Model Reduction Approach

In order to compute reduced model solutions without an ”a priori” knowledge, Ryckelynck pro-
posed [4] to start with a low order approximation basis, using some simple functions (e.g. the initial
condition in transient problems) or using the eigenvectors of a “similar” problem previously solved.
Now, we computeS iterations of the evolution problem using the reduced model without changing
the approximation basisB(0) (the superscript indicates that this is

the first approximation basis used). After eachS iterations, the complete discrete system (6) is
constructed, and the residualRevaluated:

R= A U−F = A B(r)ζ(r)−F (7)

where the superscript indicates that the approximation basis has been updatedr times until now.
If the norm of the residual is small enough,‖R‖ < ε, with ε a threshold value small enough,

we can continue for otherS iterations using the same approximation basisB(r), and the problem

solution at this stepζ(r)
pS

stored (related to the approximation basisB(r) at the time steppS). On

the contrary, if the residual norm is too large,‖R‖ > ε, we need to enrich the approximation basis
and compute again the lastS iterations. This enrichment is built using some Krylov’s subspaces
{R,A R,A2R, · · ·}, which are added to the most representative information extracted from the pre-

vious solutionsζ(r)
qS

(with the integerq < p), as well as from the solutions of “a similar” problem,

up to the current timeζ(r)
sim,tS

(t ≥ p). In both cases the superscript indicates that these reduced order

solutions are expressed in the basisB(r). Now, applying the Karhunen-Loève decomposition toζ(r)
qS

andζ(r)
sim,tS

(∀q < p; ∀t ≥ p) we obtain the most representative eigenvectors defining the matrixV.

Then the evolution process is restarted for computing again the lastS iterations, using the enriched
basis defined by:B(r+1) = {B(r)V,R,A R,A2R}.

3.4 Numerical example

We consider in this section [5] the initial square domainΩ0 = Ω(t = 0), Ω0 = [−L0,L0]×[−H0,H0] =
[−π,π]× [−π,π], which evolves in time according to the following incompressible velocity field:

v =
(

u(x,y)
v(x,y)

)
=

(
γ̇x
−γ̇y

)
(8)

We consider the following non-linear and coupled advection-diffusion problem defined in this
domain:

{
dT
dt = α∆T−βδ(T)C
dC
dt = D∆C−δ(T)C

(9)

This problem can be viewed as modelling the heat transfer in presence of an exothermic reaction
whose kinetics depends itself on the concentration and on the temperature in a non-linear way.
We consider the evolution of the temperature field inΩt when a null heat flux is prescribed on the
domain boundary∂Ωt , i.e. ∇T ·n|x∈∂Ωt

= 0 (beingn the unit outwards vector defined on the domain
boundary), and the following initial temperature is considered inΩ0:

T(x,y,z, t = 0) = T0(1+cos(x)) (10)

Nodes in the model move with the material velocity, thus accounting for advection effects.
Now, we will try to compute a reduced order solution using an adaptive procedure, avoiding any “a
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Figure 3: Reduced order solutions computed using the approximation basis consisting on the initial
condition (red curves) versus de reference ones (blue curves), at times5∆t,20∆t,35∆t,50∆t (up-left,
up-right, down-left and down-right respectively).

priori” knowledge. For this purpose we start with a tentative approximation basis that contains a
single function corresponding to the initial condition, i.e.:

φ
0

= T0(x)⇒ T(x, t) = φ
0
(x)ζ0(t) =




φ0(x1)
...

φ0(xN)


ζ0(t) = B(0)ζ (11)

Introducing the expression of the approximation basisB(0) given by Eq. (11) in the equation
governing the evolution of the reduced order solution, and taking into account that the verification
of the initial condition implies thatζ(t = 0) = 1, we can compute its evolution, i.e.ζ(t), and from
this the evolution ofT(x, t) (T(x, t) = B(0)ζ). Fig. 3 compares the solutions computed using (red
curves) at different times with the ones obtained by employing the full modelling (blue curves).

Now, from the final reduced order solution

Figure 4: Computed residual at the last time
step related to the low order basisB(0).

at time 50∆t (Fig. 3(d), curve in red), which
we denote byT(0)(t = 50∆t), we can compute
the residual that allows us to enrich the approxi-
mation basis using the Krylov’s subspaces. The
residual in our problem (which defines the first
Krylov’s subspace) is depicted in Fig. 4 (in fact
the successive Krylov’s subspaces are very close
to the first one). Despite the fact that the resid-
ual has been represented in the final configura-
tion (final domain) it will be assumed related to
the nodes, and consequently it becomes well de-
fined at each time (in each domain).

As the residual norm is higher than a small
enough valueε (εΘ10−6) we must recompute
the whole evolution using an enriched basis. Thus, consider the reduced approximation enriched ba-
sisB(1), which is obtained, adding the residual just computed toB(0). Thus the new approximation
results:

T(x, t) =




φ0(x1) R(x1)
...

...
φ0(xN) R(xN)




(
ζ0
ζ1

)
= B1ζ (12)
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that allows us to recompute the evolution of the solution in[0, tmax] (with ζT(t = 0) = (1 0)), and
the new residual at the last time step. In our case the evolution obtained is very close to the one
obtained by employing full modelling, and the norm of the new residual is‖R‖ = 10−10 which
proves that with only two approximation functions the evolution can be represented with very high
accuracy. Moreover we have proved that the enrichment technique based on the Krylov’s subspaces,
an originally proposed in the Ryckelynck works, is able to adapt the approximation basis in few
iterations in problems involving large domain transformations.
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[1] E. Cueto, M. Doblaŕe, and L. Gracia. Imposing essential boundary conditions in the Natural
Element Method by means of density-scaledα-shapes.International Journal for Numerical
Methods in Engineering, 49-4:519–546, 2000.
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Meshless Solution of the Burgers Equation

Phani P. Chinchapatnam(1), K. Djidjeli (2), Prasanth B. Nair(3).

Abstract: This paper presents a two-step meshless scheme using radial basis functions for the
two-dimensional unsteady Burgers equation. The proposed scheme naturally incorporates an extra
dissipation term which reduces the errors in the numerical approximation at high convective rates.

Keywords:Meshless, Radial Basis Functions, collocation, Burgers Equation.

1 Introduction

Radial basis functions (RBFs) have been successfully applied to solve a variety of partial differential
equations (PDEs) over the last decade: see, for example [1, 2, 3] and references therein. Some of the
other meshless methods available in the literature can be found in [4, 5, 6]. The unsymmetric RBF
collocation technique first used by Kansa [7] is a pure meshless scheme as it makes use of only a
set of scattered points in the physical domain and no connectivity information is required. Meshless
solution of nonlinear problems using the RBF collocation technique has been previously studied in
[7, 8, 9, 10, 11]. Hon et al. [8] employed the multiquadric RBF to solve the one-dimensional Burgers
equation. They showed that the RBF collocation technique offers better accuracy in comparison
with finite difference or finite element methods.
In this paper, we are concerned with the solution of the two-dimensional unsteady Burgers equation
given below:

∂u
∂t

+u
∂u
∂x

+u
∂u
∂y

= κ∇2u, (x,y) ∈ [0,1]× [0,1], (1)

whereκ is the diffusion coefficient andu(x,y, t) is the field variable. This equation is a precursor to
the Navier-Stokes (NS) equations encountered in fluid dynamics.
In our previous work [12], it was found that Kansa’s method works very well for convection-
diffusion problems when convection rates are low. At high convection rates, the method does not
give good results. It was expected that some sort of dissipation might have to be incorporated in
order to improve accuracy. In this paper, we propose a two-step scheme for solving the above equa-
tion and compare our results with the implicit scheme employed by Hon [8]. Results show that the
two-step scheme gives more accurate results as compared to the implicit scheme [8]. For the case
of κ = 0.01 (where the exact solution has a sharp discontinuity), we obtained accuracy ofO(10−2)
whereas the implicit scheme produced accuracy ofO(10−1). The remainder of the paper is orga-
nized as follows: In Section 2, we present the RBF collocation method for the two-dimensional
Burgers equation. The two-step formulation is also presented in Section 2 along with the implicit
formulation. The test problem and preliminary results obtained are presented in Section 3.

1Computational Engineering and Design Group, University of Southampton (ppc@soton.ac.uk).
2Computational Engineering and Design Group, University of Southampton (kamal@ship.soton.ac.uk).
3Computational Engineering and Design Group, University of Southampton (pbn@soton.ac.uk).
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2 RBF Collocation Method

We consider the transient two-dimensional Burgers Eq. (1) with Dirichlet conditions specified on
the boundary,

∂u(x,t)
∂t +u

(
∂u(x,t)

∂x + ∂u(x,t)
∂y

)
−κ∇2u(x, t) = 0, ∀x ∈Ω⊂ R2,

u(x, t) = g(x, t), ∀x ∈ ∂Ω⊂ R2,
(2)

whereΩ represents the physical domain and∂Ω its boundary.g(x, t) is a prescribed function and
u(x, t) is the desired solution.
We first present the implicit formulation, as employed by Hon. et al [8], for solving Eq. (2). Denot-
ing the solutionu(x, tn+1) by un+1 and employing forward differencing for the temporal derivative
we obtain,

un+1 +δt un
(

∂un+1

∂x + ∂un+1

∂y

)
−δt κ∇2un+1 = un, ∀x ∈Ω,

un+1 = gn+1, ∀x ∈ ∂Ω.
(3)

In the case of the RBF collocation method, the solutionu(x, t) is assumed to be a linear combination
of the RBFs and the weights are functions of time, i.e.,

û(x, t) = ∑N
j=1 λ j (t)φ(‖x−x j‖), (4)

where{x j}N
j=1 are the RBF centers. For the sake of simplicity we assume that the collocation points

and the RBF centers coincide. HereN = nd +nb, wherend is the number of collocation points inside
the domain andnb is the number of collocation points placed on the boundary. Substituting Eq. (4)
into Eq. (3), and satisfying the conditions on each of the interior and boundary collocation points,
we have

∑N
j=1 λn+1

j

[
φ(‖xi −x j‖)+δt un

(
∂φ(‖xi−x j‖)

∂x + ∂φ(‖xi−x j‖)
∂y

)
−δt κ∇2φ(‖xi −x j‖)

]

= un, i = 1, . . . ,nd,

∑N
j=1 λn+1

j φ(‖xi −x j‖) = gn+1, i = nd +1, . . . ,N.

(5)

The above system of equations can be solved for{λn+1}N
j=1. The solution at timet = tn+1 can now

be obtained by substituting the values ofλn+1 in Eq. (4).
In the proposed two-step scheme, Eq. (2) is temporally discretized as follows:

un+ 1
2 + δt

2 un+ 1
2

(
∂un

∂x + ∂un

∂y

)
− δt

2 κ∇2un+ 1
2 = un, (6)

un+1 + δt
2 un+ 1

2

(
∂un+1

∂x + ∂un+1

∂y

)
− δt

2 κ∇2un+1 = un+ 1
2 . (7)

First, we substitute the RBF expansion into Eq. (6) and solve forλn+ 1
2 similar to the implicit method

presented earlier. Subsequently, we solve Eq. (7) using the calculated values ofun+ 1
2 to obtain the

final result at timet = tn+1. Note that combining Eq. (6) and Eq. (7) we have,

un+1 + δt
2

[
un+ 1

2 ( ∂un+1

∂x + ∂un+1

∂y )−κ∇2un+1
]

= un

+ δt
2

[
κ∇2un+ 1

2 −un+ 1
2 ( ∂un

∂x + ∂un

∂y )
]
.

(8)

It may be noted that the right hand side of Eq. (8) contains an extra dissipation term which as shown
later aids the RBF approximation at high convection rates.
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A local stability analysis was carried out for this method. The final expression for the erroren+1 in
terms of erroren turns out to be

[
I +

δt
2

C
]

en+1 =
[
I − δt

2
D

]
en, (9)

whereM2 = [ κ∇2Φd
0

], M1 = [
û∇ ·Φd

0
], A = [

Φd
Φb

] ( The Gram matrix),

C = [(M2−2M1)A−1− (
δt
2

)M1A−1(M2−M1)A−1]

andD = M2A−1. Here, û is taken as the maximum value of the solutionun and Φd ∈ Rnd×N,
Φb ∈ Rnb×N. From Eq. (9), it can be seen that the two-step method is locally stable if

∣∣∣∣∣
1− ( δt

2 )λD

1+( δt
2 )λC

∣∣∣∣∣≤ 1, (10)

whereλC andλD are the eigenvalues ofC andD respectively.

3 Preliminary Results

In this section, we present a comparison study of the implicit formulation [8] and the two-step
formulation for the case when the exact solution of the governing Eq. (1) is given by

uex(x,y, t) =
1

1+e
x+y−(t+0.25)

2κ

. (11)

The initial and boundary conditions are determined by the exact solution as follows:

u(x,y,0) = uex(x,y,0), (12)

u(0,y, t) = uex(0,y, t), u(1,y, t) = uex(1,y, t), (13)

u(x,0, t) = uex(x,0, t), u(x,1, t) = uex(x,1, t). (14)

The Burgers equation is solved forκ = 1.0 andκ = 0.01. For illustrative purposes, the RBF used
is a higher order thin-plate spline (r8 logr) and a uniform distribution of collocation points in the
square domain[0,1]× [0,1] is considered. Table 1 presents theL∞ error of the results obtained
whenκ = 1.0. Here the analytical solution is smooth and hence both the formulations give accurate
results. TheL∞ error is computed by predicting the solution on a50×50 uniformly distributed set
of points in the domain. It may also be noted from Table 1 that as the number of collocation points

Table 1:κ = 1.0, t = 0.5, RBF=r8 logr, δt = 0.01.
N Implicit Formulation (L∞) Two-Step Formulation (L∞)
400 3.23E−05 3.30E−05
900 1.91E−05 3.79E−06
1600 2.06E−05 5.34E−06

increases the two-step scheme gives more accurate results than the implicit formulation. Also for
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Figure 1: Implicit Formulation [8]:κ = 0.01, δt = 0.01, t = 0.5, RBF =r8 logr.
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Figure 2: Two-Step Formulation:κ = 0.01, δt = 0.01, t = 0.5, RBF =r8 logr.

stability, interpretinĝu in the matrixM1 to be the maximim value ofu(x, t) at timet = t0, it is found
that the inequality Eq. (10) is satisfied.

We present the performance of the two-step scheme as compared with the implicit scheme for the
case ofκ = 0.01. A uniform collocation point set of30×30 was taken for RBF collocation. Here,
the convective term dominates the diffusion term which makes the solution develop a sharp gradient.
In Figure 1, the left hand side figure shows the numerical solution obtained using the implicit
method att = 0.5 and the right hand side shows the error between the numerical approximation and
the exact solution, i.e.,ε = uex(x,y,0.5)− û(x,y,0.5). The time step taken isδt = 0.01. The results
obtained for the two step scheme at timet = 0.5 is shown in Figure 2. We wish to mention here that
the similar results were obtained when the final time was taken to bet = 1.0.

From the results of Figure 1, it may be noted that the RBF approximation captures the smooth
solution perfectly but when sharp gradients are encountered, it is necessary to consider artificial
dissipation. The two-step scheme (see Figure 2) outperforms the implicit scheme for such high
convective rates due to the naturally imbibed artificial dissipation term, which suppresses numerical
oscillations.
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4 Conclusions

A meshless two-step scheme is presented for the solution of the two-dimensional Burgers equation.
For the case when the convective term and the diffusive term are of the same order, we showed
that the two-step scheme generates accurate results. This scheme also implicitly incorporates an
additional artificial dissipation term which aids in obtaining much accurate results at high convective
rates.
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1-D GRKPM : analysis of  
advection – diffusion problem with a high gradient 

 
 

A. Hashemian (1) and H.M. Shodja (2)

 
 
Abstract: Gradient reproducing kernel particle method (GRKPM) is a variant of the class of 
meshless technology, whose formulations depart from those of the conventional RKPM from the 
beginning.  The differences in formulations stem from introduction of the gradient of the function 
into the reproducing equation.  This paper explores the structure of GRKPM in one-dimensional 
space, and demonstrates its efficacy by employing the method to the advection – diffusion 
problem, which displays a high gradient.  Comparison of the GRKPM and the conventional 
RKPM results, reveal that, the proposed method yields higher accuracy and higher convergence 
rate than the conventional approach.. 
 
 
1 Introduction  

 
The unavailability of the exact and analytical solutions for various complex boundary value 
problems have turned the attention of many investigators to the development of different 
innovative numerical techniques with minimum limitations.  The major advantage of meshless 
methods [1] over finite element method (FEM) is due to the elimination of the need for tedious 
mesh generations.  The task of mesh generation in FEM becomes more problematic when dealing 
with large deformations and high gradients.  Element free Galerkin method (EFGM), [2] and 
reproducing kernel particle method (RKPM), [3] are well-known meshfree techniques, which 
have increasingly gained more attention during the past decade.  In RKPM, the reproduced 
function is set equal to the inner product of the function and a kernel.  This formalism leads to a 
scenario where enforcement of constraints involving the first derivative of the function would be 
inconvenient and inaccurate.  To overcome this difficulty, Hashemian [4] included the inner 
product of the first derivative of the function with a kernel function in the reproducing equation, 
and on this basis, gave a complete one-dimensional reformulation of RKPM.  Due to the 
promising features of the new formulation, the authors have continued to study various 
capabilities as well as convergence rate and accuracy of the method.  Shodja and Hashemian [5], 
improved the formalism and presented a new remedy for enforcing constraints.  They 
demonstrated the efficacy of the approach through consideration of several beam-column 
problems.  Subsequently Hashemian and Shodja [6], by finding the appropriate forms of 
correction functions, extended the methodology to three-dimensional space.  This method is so-
called gradient reproducing kernel particle method (GRKPM).  The advantages of GRKPM over 
the conventional RKPM were further demonstrated by considering several plate problems, 
Hashemian and Shodja [6].  Due to the presence of the first derivative of the function in the 
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reproducing equation, a second generation of shape functions is born out, which results in high 
accuracy of the problems involving profiles with large gradients.  To verify this attribute, the 
method is employed to one-dimensional advection – diffusion problem with a steep gradient. 
 
 
2   1-D Gradient reproducing kernel shape functions 
 
Hashemian and Shodja [6] propose a new reproducing equation in three-dimensional space, which 
includes the gradient of the function.  In one-dimensional space Ω , it takes on the form 

∫∫ ΩΩ
′−+−= y)();(y)();()( 10 dyuyxxdyuyxxxu aa

R φφ , (1) 

where,  is the field quantity, whose gradient is )(xu )(yu′ ,  is the reproduced functions, )(xu R

);( yxx0
a −φ , and  );( yxx1

a −φ  are the modified kernel functions associated with the function 
and its gradient, respectively, 

1,0,)();(1);( =
−

−=− k
a

yxyxxC
a

yxx kk
a φφ   , (2) 

in relation (2) φ  is a window function, which in the present work is taken as a cubic spline,  and 
’s  are linear correction functions defined by kC

]);([PartLinear);(0 yxxCyxxC −=− , (3a) 

]);([PartLinear);(1

y
yxxCyxxC

∂
−∂

−=− , (3b) 

);( yxxC −  is the reference correction function defined as 

)(
!2

)()()()();( 2

2

10 xbyxxbyxxbyxxC −
+−+=− , (4) 

in which ’s are the unknown coefficients, and are determined from the completeness 

requirements.  Eqs. (3) and (2) yield 
ib

[ ] 1,0,)()()()(1);( 1 =
−

−+=− + k
a

yxxbyxxb
a

yxx kk
k

a φφ  . (5) 

Consider the Taylor approximation of u  up to the second degree, 

)(
!2

)()()()()(
2

xuyxxuyxxuyu ′′−
+′−−=  , (6) 

upon substitution of into the reproducing equation (1), one obtains )(yu
)()()()()()()( 210 xRxuxRxuxRxuxu R ′′+′+=   , (7) 

where 

∫Ω −= dyyxxxR a );()( 0
0 φ  , (8a) 

2,1,);()(
!)1(

)1()( 11
1

0

1

=−−
−+

−
= ∫∑ Ω

−−+

=

−+

idyyxxyx
ki

xR k
a

ki

k

ki

i φ  . (8b) 

In view of relations (7) and (8), in order to satisfy the completeness requirements, the  following 
conditions must hold 

1y);(0 =−∫Ω dyxxaφ , (9a) 
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2,1,0);()(
!)1(

)1( 11
1

0

1

==−−
−+

−
∫∑ Ω

−−+

=

−+

idyyxxyx
ki

k
a

ki

k

ki

φ    . (9b) 

Eqs. (5), (9), and the relation ∫Ω
−−

= dy
a

yx
a

yxxm
p

P )()()( φ   yield 

1)()()()( 1100 =+ xmxbxmxb , (10a) 

[ ] 21i0xmxbxmxb
1ki

1
kik21kik1

1

0k

1ki

,,)()()()(
!)(

)(
==+

−+
−

+−−+−
=

−+

∑
, (10b) 

by solving the three linear simultaneous equations in (10), 210ixbi ,,,)( =  are obtained. 

For numerical calculations, Eq. (1) is discretized in the following manner 

∑∑
==

′+=
NP

1i
i

1
i

NP

1i
i

0
i

R uxuxxu )()()( ψψ
 , (11) 

where is the number of particles, and NP
NP21iyuu ii ,,,,)( L==    , (12a) 

NPi
yd
udu ii yy ,,2,1, L==′ =     . (12b) 

)(xk
iψ  is the  shape function associated with the  particle evaluated at point thk thi x  

NPikyyxx i
k

a
k
i ,,2,1,1,0,)()( L==∆−= φψ  , (13) 

where 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=
−

−=
−

=
−

=∆

−

−+

.,
2

,1,...,3,2,
2

,1,
2

1

11

12

NPi
yy

NPi
yy

i
yy

y

NPNP

ii
i

 (14) 

Substitution of Eq. (5) into (13) leads to 

[ ] NPiky
a

yxxbyxxb
a

x ikk
k

i ,,2,1,1,0,)()()()(1)( 1 L==∆
−

−+= + φψ  

 (15) 

 
 
3   Advection – diffusion problem 
 
The 1-D advection – diffusion boundary value problem is considered 

10,1
<<′′=′ xuu

ν
   , (16a) 

0)0( =u      ,  (16b) 

1)1( =u     , (16c) 
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where the parameter ν  controls the gradient of the boundary layer, which forms near .  
The exact solution of Eq. (16) is 

1x =

ν

ν

e
exu

x

−
−

=
1
1)(   . (17) 

The weak form of Eq. (16) is obtained by multiplying (16a) by the test function , 

integrating over the domain , and using the rule of integration by parts 

)( xw
),( 10

0)()(1)()(
1

0

1

0
=′′+′ ∫∫ dxxuxwdxxuxw

ν
  . (18) 

Using the vector of shape functions, )(xψ , the functions  and  can be discretized as )(xu )(xw

d)()( xxu R ψ=  , (19a) 
c)()( xxw ψ=  , (19b) 

with 

][ )()()()()()()( 101
2

0
2

1
1

0
1 xxxxxxx NPNP ψψψψψψ L=ψ   , (20) 

where )(xk
iψ  is given by (15),   and  are degrees of freedom at node i , corresponding 

respectively, to the trial and test function.  Eqs. (18) and (19) lead to 
id ic

0T =dKc   , (21) 
where 

∫∫ ′′+′=
1

0

T1

0

T )()(1)()( dxxxdxxx ψψψψ
ν

K   . (22) 

 
 
4   Numerical tests 
 
For the sake of demonstration of the advantages of GRKPM in comparison with the conventional 
RKPM when dealing with high gradients, the numerical solution of the 1-D advection – diffusion 
problem will be sought by both methods.  For this purpose the particles are distributed uniformly 
with interval length , and a dilation parameter x∆ x32a ∆= .  is used.  In RKPM, enforcement 
of the essential boundary conditions (16b,c) are done by implementation of the corrected 
collocation method, [7].  The corrected collocation method has been extensively modified to work 
with GRKPM quite effectively, [6].  The results of RKPM, GRKPM, as well as the exact solution 
to the advection – diffusion problem for 1000v=  are displayed in Fig. 1.  In obtaining the 
numerical solutions, 257 particles have been used.  It is seen that the GRKPM solution behaves 
well and resolves the profile accurately, whereas in the RKPM solution overshooting, and 
undershooting phenomenon is observed. 
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Figure 1: Solution of the advection – diffusion equation with 1000=ν . 

 
The result of the convergence study on RKPM and GRKPM is shown in Fig.2, where the  

norm of the error is plotted as a function of the number of intervals, .  It is observed that, 
GRKPM has always resulted in higher accuracy than RKPM.  Moreover, between 64 – 512 
intervals, the convergence rate associated with GRKPM is higher than  those of the RKPM. 
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5   Conclusions 
 
The innovative methodology GRKPM proves to be useful in handling problems, which display 
high gradients in their solutions.  Examination of the solution to the advection – diffusion 
problem by GRKPM and RKPM revealed that, GRKPM leads to more accurate results with fewer 
particles.  For this test problem, the  norm of the error associated with GRKPM using NP  
particles is smaller than the error obtained in RKPM solution with 2NP particles.  Also, for 
64 ; the convergence rate for GRKPM is twice the convergence rate of the conventional 
RKPM.  It should be emphasized that, when using GRKPM, the steep gradient was resolved with 
high accuracy.  

2L
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Numerical analysis of peridynamic material with moving
least square method

Gábor Lad́anyi(1)

Abstract: The meshless methods are known as robust and well-known solutions of problems
in elasticity, especially on the field of crack mechanics. On of the greatest difficulty of meshless
methods is the enforcement of boundary conditions. In our text we introduce a new type of nonlocal
material, the peridynamic material, that can solve these problems. After some theoretical words we
show sample problems to demonstrate the abilities of this material.

Keywords:peridynamic material, nonlocal elasticity, MLS.

1 Introduction

The meshless methods are known as good alternatives to eliminate the disadvantages of finite el-
ement method. For example, by using them the handling of discontinuities is possible. One of
the simplest methods is the moving least square method (MLS), but like others, it suffers from the
problem of enforcement of boundary conditions. These difficulties originate from a special feature
of meshless shape functions. They do not suffice the Kronecker condition on nodal points. In the
last decade many solutions were born to eliminate this problem, eg. Lagrange-multipliers, penalty
methods, still this field is one of the most researched of all recently.
In the classical theory of elasticity the main variable is the displacement. Usually the numerical
determination of it is made with approximation of equilibrium equations, but only the derivatives
of displacement appear in them.
In 1998, Silling S. A. introduced a new material model, the peridynamic type. Using of it equi-
librium equations contain dirrectly the displacements, so the natural boundary conditions can be
applied immediately.

2 Definition of peridynamic material

Let Ω be the set on the inner points of a solid body andΓ be the boundary ofΩ. We are going
to use the closure ofΩ, theΩ := Ω

S
Γ. In the classical problem of elasticity the boundary of the

body can be split to two regions, theΓu, where the movements of the points are known andΓt ,
where the surface load is given. We strictly require theΓu∪Γt = Γ andΓu∩Γt =® features. Let
X ∈Ω be the coordinate of a point in the unload state, and beu(X) : R3 7→ R3 the movement ofX.
Let Au(X) : R3 7→ R3 be an operator that order the sum of the inner forces toX. Then the above
boundary conditions can be written as:

{u(X)≡ û(X);X ∈ Γu} (1)

1Phd. student of Budapest University of Technology and Economics, Budapest (ladanyi@mail.duf.hu).
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{Au(X)≡ t̂(X);X ∈ Γt} (2)

The hypothesis of peridynamic material says that, during the motion of body there is an
f(X,Y,u(X),u(Y)) pairwise force between theX andY points. With the introduction ofη = Y−X
andξ = u(Y)−u(X) variablesf will be simplerf = f(η,ξ) . The pairwise force function must have
the next features[6]:

f(−η,−ξ) =−f(η,ξ) (3)

f(η,ξ) = F(η,ξ) · (η+ξ) (4)

In the case of small displacements and linear microelastic materialf is linear function ofξ:

f(η,ξ) = K(ξ) ·η (5)

3 Analysis of equilibrium equation

Let q(X) be the volumetric force inΩ, then the equation of equilibrium is:
Z

Ω
f(X,Y,u(X),u(Y))dY+q(X) = 0;X ∈Ω (6)

The shape of equation is the function of the positionX and, the (6) is valid only in theΩ, but should
be completed onΓt boundary. Introducing the general load function

{s(X) = δΩ(X) ·q(X)+(1−δΩ(X)) · t̂(X);X ∈Ω} (7)

with δΩ inner Dirac-delta function, a new equation can be written:

{
Z

Ω
f(X,Y,u(X),u(Y))dY+s(X) = 0;X ∈Ω} (8)

which is valid on all theΩ. In the next session we see only the case of linear elastic material. The
(8) equation, splitting the support of integral, is:

{
Z

Ω
S

Γt

K(X,Y) · (u(Y)−u(X))dY−
Z

Γu

K(X,Y) ·u(X)dY = p(x);X ∈Ω} (9)

where:

p(X) :=−
Z

Γu

K(X,Y) · û(Y)dY−s(X) (10)

The (9) equation is a Fredholm-type integral equation of the second kind. The numerical solution
of these equations is possible on a quite wide range of function spaces by many technics, like
collocation, least-square or Galerkin method.

4 Numerical approximation in the case of plane stress problems

In plane stress problems the displacement function is

uT(X) = [ u(X) v(X) ] (11)

Let {X(Node)
I ∈ Ω; I = [1..NP]} be the set of nodal points with associatedN(X) vector of shape

functions. Theñu(X), the approximate displacement function is

ũ(X) = N(X) ·U (12)
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whereU is the vector of nodal coefficients.
In our numerical tests we used the Galerkin method to determine the values of theU variables. Let
us introduce the pointwise residues and the volumetric integral of its square:

r(X) :=
Z

Ω
S

Γt

K(X,Y) · (ũ(Y)− ũ(X))dY−
Z

Γu

K(X,Y) · û(X)dY−p(X) (13)

R=
Z

Ω
r2(X)dX (14)

With the minimization ofR by U variables the determination of approximation is possible and it is
equal with the Galerkin solution. This minimization leads to a set of linear equations:

M ·U = f (15)

where

M =
Z

Ω
(NT(X) · (

Z

Ω
S

Γt

K(X,Y) · (N(Y)−N(X))dY−
Z

Γu

K(X,Y) ·N(X)dY)dX (16)

f =
Z

Ω
(NT(X) · (−

Z

Γu

K(X,Y) · û(Y)dY−s(X)))dX (17)

The N(X) shape functions can be chosen from many function spaces. In our examples we
used the moving least square method, when shape functions are determined by the minimization of
weighted error-square [2]. With using polynomial basis the moving least square shape function can
be written as:

ũ(X) = pT(X) ·a(X) (18)

where

a(X) = A−1(X) ·C(X) ·U (19)

A(X) =
NP

∑
I=1

w(X−XI ) ·p(XI ) ·pT(XI ) (20)

C(X) = [w(X−X1) ·pT(X1,w(X−X2) ·pT(X2, ..,w(X−XNP) ·pT(XNP] (21)

With the equations (19), (20) and (21) the shape function can be written as:

N(X) =
m

∑
j=1

p j (X)(A−1(X) ·C(X)) (22)

One of the first problems that appeared in scientific papers were the difficult handling of natural
boundary conditions in meshfree methods [4]. Since the early times more technics were published to
solve this, like penalty [7], Lagrange-multiplier[1], inverse matrix and coupling with finite elements
method. In spite of this nowadays it is an active field of research. As we mentioned, the equilibrium
equations of peridynamic material contain the natural boundary conditions, so there is no need of
any addition technic to enforce boundary conditions, they appear in the force vector and the solution
will be good on the boundary in the term of least square.
We have to note that with pure application of this theory the constraints of the body are going to be
linear elastic springs with the same elastic moduli like the body’s material.
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5 Calibration and applications

In the term of (9) the pairwise force betweenX andY points is determined by theK kernel function
of the integral equation. From statical viewpointK must be symmetric inX andY so it can be the
function only|ξ|. In our samples we used the

K(ξ,η) = λ(|ξ|) ·ξ⊗ξ (23)

form, which satisfies the requirements. We have quite freedom in the choosing ofλ, and we used
the simplest possibility:

λ(|ξ|) =
{

c·E, |ξ| ≤ rmat;
0, |ξ|> rmat.

This function is finite supported which is suggested by nonlocal real materials, wherermat is the

Figure 1: Uniaxial loaded plate: a)configuration b)convergence in integral points c)convergence in
nodal points

radius of maximum range of internal forces. For the determination ofc we made a numerical
experiment serie on an uniaxial loaded plate withrmat = 0.1mm(fig.1). The analitical solution of
this problem predicts the longitudinal strain as:

∆L = N ·L/(A·E) = 0.05mm (24)

From successive approximation we found the materialc must be:

c(ξ) = π/ξ2 (25)

As the error estimator we used theR from (14) and examined the convergence of integration and
numerical solution. The nodals and the integration points were put regularly into the body. We used
Gauss integration to calculate the outer and inner integrals, too. The second example was plate with
pure share and examined the movements of the body and convergence of the solution. This model
inherited the geometry and material constants from the previous example. The configuration can
be seen on (fig.2). The analytical solution of a linear elastic plate predicts the linear motion inx
and iny direction. In our example we tested the difference from this linearity inx dirrection. The
analytical predicted displacement was

ua(X) = u(0)+(u(L)−u(0))/L ·X (26)

The integral of square of difference betweenua(X) andũ(X) characterize the error of approximation(fig.2).
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Figure 2: Plate with pure shear: a)configuration b)integral of square of different from linearity

Figure 3: The v(x)displacement of a cantilever beam, with 3x9, 4x13 and 5x13 nodes

The last example was a cantilever beam with uniform load at the end. The (fig.3) shows the ge-
ometry and configuration of the cantilever beam. In this example we tested the character of the
movement iny dirrection. From the beam theory it must be:

va(X,0) = F/(IE) · (Lx2/2−x3/6) (27)

6 Conclusion

We have presented a study of a new nonlocal elastic, the peridynamic, material. We introduced
and derived the numerical approximation of the simplest linear elastic material. We emphasized
the benefits of peridynamic material versus Hookean material on the enforcing of natural boundary
conditions.
In our first example we showed the way how a peridynamic model can be calibrated to approximate
a Hookean model. The second and the third examples transparented the boundary conditions and
the convergence of solutions.
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The Stabilized B-Bar Method in the Element Free 
Galerkin Context 

 
 

D.P.Recio (1), R.M. Natal Jorge (2) and L.M. Dinis (3)

 
 
Abstract: The Element Free Galerkin Method (EFGM) exhibits some problems, namely 
volumetric locking, shear locking and hourglass. A new vision based in vector spaces theory can 
explain why these problems appear in the EFGM context. In order to solve the locking problem, 
the B-bar method is implemented under the scope of the EFGM. Finally, to render this method 
more robust, a stabilization technique is implemented. 
 
 
1 Introduction  
 
Using meshless methods, the concept of mesh dilutes itself and the classical relationships among 
nodes belonging to a cell changes into a more general domain of influence of the node, ruled by a 
scaling parameter dmax. These methods are useful in large deformation processes or cracks 
growth, where the use of a mesh implies many difficulties [1]. Several authors claimed initially 
that some meshless methods, namely the EFGM, do not present any locking [1], [ 
2], this affirmation was made when large domains of influence were used. In this situation many 
nodes contribute to the approximation at each integration point in the domain, enriching the 
approximation and possibly alleviating locking [3]. However, using large domains of influence 
the computational cost increases too and therefore similarly to Finite Elements Methods (FEM), 
procedures must be developed to solve the problem of volumetric locking and hourglass.  
 
In order to solve these problems many solutions were presented in the FEM context. For instance, 
the Mixed Formulation [5], which solved properly these problems by introducing more variables. 
Reduced and Selective Reduced Integration (SRI) [6] [7] [8] which can be equivalent to the Mixed 
Formulation [9]. The B-bar method of Hughes [8], the method of incompatible modes introduced 
by Bazely et al. [10] in the context of plate bending problems and by Wilson et al. [11] in the 
context of plane elasticity. The Enhanced Strain method initially introduced by Simo and Rifai 
[12] was used by many authors. Cesar de Sá and Natal Jorge [13] proposed new Enhanced Strain 
Elements within the scope of the analysis of the incompressible subspace of solutions. This 
method was considered in [4]. 
 
These methods are robust in order to avoid locking problems, but they can introduce instability 
problems. A complement is required in order to render these methods more general and efficient. 
Many stabilization techniques have been developed. For instance, Reese [14] stabilized a mixed 
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a x

method using the modal analysis of the stiffness matrix. Valverde and Saracíbar [15] proposed a 
stabilization method which begins with the concept of sub-scale applied to a mixed method, 
robust both in small and large deformation situations. Sousa et al. [16] proposed a stabilization 
method based on the analytical resolution of the stiffness matrix with a reduced integration 
scheme. Belytschko and Tsay [17] propose a shell element which is stable under kinematic 
hourglass modes. Cardoso et al. [18] stabilize a shell element for non linear applications with one 
point quadrature. 
 
Some alternatives have already been proposed to solve the locking and hourglass problems within 
the scope of mesh-free methods. For instance, Vidal, Villón and Huerta [19] imposed a 
divergence-free condition based on diffuse derivatives; Dolbow and Beytschko [20] derived a SRI 
procedure from a mixed formulation: the displacement field and the pressure field are integrated 
by the method of nodal integration. Askes, de Borst and Heeres [21] established conditions for 
avoiding locking in the EFGM. González, Cueto and Doblaré [22], enriched the displacement 
basis in a natural neighbour Galerkin method. Chen, Yoon and Wu [23] developed a stabilized 
conforming nodal integration in the EFG approximation. 
 
The aim of this article is to overcome these problems in an EFGM context [1] [20]. Some 
classical solutions used in FEM, which have been developed and tested, is implemented for the 
EFGM. Among the different possibilities the B-bar method of Hughes [24] is chosen to solve the 
locking problem. Finally a stabilization based in the work of Cardoso and co-workers [16] is 
adapted to the EFGM.  
 
This work is structured as follows. In section 2, the application of the vector space theory to the 
locking and hourglass problems is briefly explained. In section 3 the B-bar method applied to the 
EFGM is developed. In section 4 a stabilization method, in order to render more robust the B-bar 
method, is presented. In section 5 numerical examples illustrate the theories referred to in sections 
2, 3 and 4. 
 
2 Aplication of the vector spaces theory to the locking and hourglass 
problems 
 
The EFGM employ moving least-square (MLS) approximants to approximate the function u(x) 
with uh(x). These approximants are constructed by means of Equation (1) where pj(x) are 
polynomials, aj(x) are the unknown parameters and m is the order of the polynomial. 

m
h

1 2 3 j j
j=0

(x ,x ,x ) = ( ) ( )∑u p x   (1) 

The unknown parameters aj(x) are determined by means of the MLS method which leads to: 
nodesN

h
I I

I 1

( ) ( )
=

= φ∑u x x u
  

(2)

 
where are the nodal parameters and Iu I J(x )φ are the shape functions of the EFGM. 

The displacement of the material points of the body, , belong to a vector space U, 
which is the space of the acceptable solutions in displacements. If the condition div u = 0 is 
enforced, the array of acceptable solutions will be a subspace of the first such that 

1 2 3(x ,x ,x )u

{ }: ( ) 0= ∈ =u uI U div .  Each displacement of a material point   is approached 

according to Equation (1). This means that the solutions calculated belongs to the vector 
subspace, U

1 2 3(x ,x ,x )u

h, which is an approximation of the first, U as it can be seen in figure 1. The array 



ECCOMAS Thematic Conference on Meshless Methods 2005  D46.3 
 
 
approximate solutions which satisfy the condition, 0=hudiv , Ih  can be defined as a subspace of 
Uh: 

        { }h h: ( ) 0= ∈ =u uh hI U div   (3) 
     IU                                         hU                                               ( )hdiv U        

 
 

Figure 1: Vector spaces involved and corresponding linear applications. 
 

The initial subspace is the one of the nodal parameters. These parameters IU  are the solutions of 

the system of equations and verify Equation(2). Therefore, the vector space IU  has dimension 
Ndim x Nnodes, where Ndim has the value of one, two or three, depending on the geometric 
dimension of the problem. Solving the discrete equations of the problem a basis can be obtained. 
The vector space Uh, related with UI by the linear application g, is the space of the approached 
solutions mentioned above. Being g a bijective application, implies that knowing a basis of the 
initial space, a basis of the space Uh is determined. The dimension of Uh is the same as UI. 
The vector space div(Uh), related with Uh by the linear application f, applies to each value of Uh 
the expression  f = div(uh). Therefore, the dimension of this vector space is one. As it can be seen 
in figure 1 there is a subspace of Uh, defined previously in Equation(3), which is the vector space 
of interest in this study. 
Whenever the incompressibility condition is imposed, the solution calculated belongs to the 
subspace Ih. Therefore, the shape and dimension of this vector space have a considerable 
influence into the quality of the solution. As it will be shown later, the different configurations of 
Gauss points and nodes are precisely the cause of the change of the dimension and shape of Ih. 
The matrix associated with the composition of both previous linear applications can be calculated 
as follows for a 2D state: 
 

1 11 1 1 1 2 1 2 1

1 2 1 2 1 2

2 21 2 1 2 2 2 2 2

1 2 1 2 1 2

1 3 1 3 2 3 2 3 3

1 2 1 2 1

( ) ( )( ) ( ) ( ) ( )
x x x x x x

( ) ( )( ) ( ) ( ) ( )
x x x x x x
( ) ( ) ( ) ( ) ( )
x x x x x

∂φ ∂φ∂φ ∂φ ∂φ ∂φ
∂ ∂ ∂ ∂ ∂ ∂

∂φ ∂φ∂φ ∂φ ∂φ ∂φ
∂ ∂ ∂ ∂ ∂ ∂

∂φ ∂φ ∂φ ∂φ ∂φ=
∂ ∂ ∂ ∂ ∂

x xx x x x

xx x x x

x x x x xQ

L

L

L

Nnodes Nnodes

Nnodes Nnodes

Nnodes

x

3

2

1 1 2 2

1 2 1 2 1 2

( )
x

( ) ( ) ( ) ( ) ( ) ( )
x x x x x x

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥∂φ
⎢ ⎥∂⎢ ⎥
⎢ ⎥
⎢ ⎥
∂φ ∂φ ∂φ ∂φ ∂φ ∂φ⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦

x

x x x x x x
M M M M O M M

L

Nnodes

Npg Npg Npg Npg Nnodes Npg Nnodes Npg

 (4) 

and in a general case  

   dim ( ( )= × ×Q) pg dim nodesN N N   (5) 

where Npg denotes the total number of Gauss points. Being, 

   { }: ( ) 0= ∈ =u uIker q U q   (6) 

and  

      (7) ( ) ( )= = Qrg q im q rg
and knowing that  

    dim ( ) dim ( ) dim ( )= +IU ker q im q   (8) 
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it can be concluded, 

  dim( ) dim( ) dim( )= − ⇒ = × −QI dim nodesker q U rg ker q N N rg Q  (9) 
 
By means of this last equation it can be observed that for smaller values of the rank of the matrix 
Q larger values of dim (ker q) will be obtained. An increase in ker q implies directly an increase 
in the dimension of Ih because g is a bijective application and so, im(ker q) = Ih, being “im” 
related to the application g. 
Three different situations can appear affecting the quality of the results. The subspace Ih is 
appropriate to solve the problem. The subspace Ih is not rich enough to reproduce the real 
deformation of the problem causing locking, which is equivalent with having the trivial solution, 
the only possible belonging to Ih. There is a basis of Ih generating a possible deformed 
configuration, but this is not an adequate basis and an hourglass situation is generated. 
 
 
3 B-Bar Method applied to the EFGM 
 
In order to perform the integration of the stiffness matrix, a background mesh is required. The 
field nodes of the EFGM are independent of the background mesh, despite the existence of a 
relationship between them which has influence into the results accuracy as Liu [27] has shown. In 
this work, a regular grid of nodes will be used. In order to define this grid, the unit configuration 
is composed of the nodes and Gauss points within the limits of an integration cell and it is called 
pseudo cell. 
 
The aim of this Section is to adapt the B-bar method established by Hughes [24] to an EFGM 
where the shape functions are different from the FEM. So, the starting point will be the B-bar 
method defined by Hughes for the classical FEM. To make the development more general, a 3D 
state will be assumed. The stiffness matrix is calculated by the expression: 
 

T dΩ
Ω

= ∫K B DB
c

  (10) 

Hughes [5] splits BI matrix into two parts: a dilatational one, BI
dil , and a deviatoric one, BI

dev, i. e. 
BI= BI

dil +BI
dev. The criterion to define is the one of the generalization of the Selective Reduced 

Integration. For the reduced integration one Gauss point at the centre of the pseudo cell can be 
considered which leads to 
 

dev dil devdil dildev
IJ IJ IJ IJ

T TT Tdil dil dil dildev dev dev dev
I J J IIJ I J I J

Ω Ω Ω Ω

= dΩ+ dΩ+ dΩ+ dΩ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∫ ∫ ∫ ∫
k k k k

k B DB B DB B DB B DB
144424443 144424443 144424443 144424443

 
(11)

 

 
where the subscripts I, J imply the contributions of nodes I and J to the stiffness matrix and 
therefore, each stiffness submatrix is split into four parts and the total stiffness matrix can be 
written as:  
 

dev dil devdil dildev
IJ IJ IJ IJ IJ= + + +k k k k k   (12) 

where the deviatoric part is integrated using the normal rule and the dilatational part is integrated 
using the reduced ruled referred to previously. Mixed components can be integrated with different 
criteria. Numerical results show that the contribution to the total stiffness matrix of these mixed 
components can be neglected compared to the other terms. 
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4 A stabilization procedure applied in the EFG context 
 
This stabilization procedure is compatible with the B-bar method and consists on the analytical 
integration of the dilatational part of the stiffness matrix without introducing extra variables 
(Cardoso and co-workers [16], [18]). 
 
To make the development more general, a 3D state will be assumed. Two coordinate systems will 
be employed, the local physical reference, and the natural reference used in the standard 
hexahedra, denoted as □, and used to represent the integration cell.  
 
A point (ξ,η,ζ) within the natural pseudo cell, is mapped into a point (x,y,z) within the physical 
pseudo cell using linear standard interpolation shape functions similar to the ones used in the 
FEM: 

i= N (ξ,η,ζ)x   (13) 
 
being xi the coordinates of the interpolation points. Similarly, any physical variable can be 
interpolated using the same shape functions [8]: 

ii I int erp _ point sN (ξ,η,ζ) i 1...Ιφ = φ = n   (14) 

 
being ninterp_points the total number of the interpolation. In Equation (14), Ιφ  is the shape function 

of the I-th node and are the values of the shape function at the interpolation points. So, by this 

way, the shape functions of the EFGM are linearized inside each pseudo cell. In figure 2  a 
schematic representation for a 2D state is shown. The pseudo cell is composed by a four Gauss 
point (represented with stars) integration cell and four nodes (represented with circles) at the same 
position as the interpolation points of the integration cell. The schematic shape function of the top 
right node is represented. Within the pseudo cell dominium, the shape function is linearized by 
means of Equation (14).   

iIφ

 
Figure 2. Linearized shape function inside a pseudo cell. 

 
Once the shape functions of the nodes are linearized inside a pseudo cell, the dilatational part of 
stiffness matrix provided by the B-bar method can be decomposed according to similarly to in 
Reference [6] in order to perform the analytical calculation of the integral which solves the 
instability problems: 

2 2 2 2 2 2 2c ξ η ξ η η ζ ξ
dil dil dil dil dil dil dil= + + + + +K K K K K K K

2ζ   (15) 
 
which permits the analytical calculus of the integral, solving the instability problems. 
The other components of the stiffness matrix are null when integrated. So, each term of Equation 
(15)  can be written as: 

( )
{

Tc cc
dil dildil 0

8

= d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

  (16) 
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( )2 Tξ ξξ 2
dil dildil 0

8
3

= ξ d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

14243

  (17) 

( )2 Tη ηη 2
dil dildil 0

8
3

= η d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

14243

  (18) 

( )2 2 Tξ ηξ η 2 2
dil dildil 0

8
9

= ξ η d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

14243

  (19) 

( )2 2 Tξ ζξ ζ 2 2
dil dildil 0

8
9

= ξ ζ d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

14243

  (20) 

( )2 2 Tη ζη ζ 2 2
dil dildil 0

8
9

= η ζ d⎡ ⎤
⎢ ⎥⎣ ⎦ ∫∫∫K B DB J

14243

  (21) 
 
5 Numerical examples 
 
5.1. Timoshhenko Beam Problem 

A beam of length L=8 and height D=1 submitted to a parabolic shear load
 2

2

2 4
F D y
I
⎛

−⎜
⎝ ⎠

⎞
⎟ as shown

 

in Figure 3 is considered. In this expression I represents the moment of inertia of the beam and its 

value is: 
3

12
DI = . The values used are, F=1000 and E=3.0 109. The problem is solved assuming a 

plain strain state. The exact solution for the displacements was obtained by Timoshenko [26] and 
it is: 

( ) ( )

( ) ( ) ( )

2
2 2

x

2
2 2

y

F y µ Du = - 1-µ 6 L-3x x + 2+ y -
6E I 1-µ 4

F µ µ D xu = 1-µ 3 y L- x + 4+5 + 3L-x x
6E I 1-µ 1-µ 4

⎡ ⎛ ⎞⎛ ⎞
⎢ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦

2

⎤
⎥

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

  (22) 

In Figure 4 normalized vertical displacement of point A is plotted as for the scaling parameter 
dmax, using 64x8 divisions of a pseudo cell composed of four nodes in the corners and different 
numbers of Gauss points. The parameter dmax is the scaling parameter which modifies the size of 
the nodal domain of influence. When dmax tends to one, the behaviour of the method looks like 
FEM because the nodal domain of influence is only extended to its neighbouring nodes. 
The number of Gauss points in each pseudo cell varies from four to thirty six. The value of the 
coefficient of Poisson µ is 0.4999. In each graphic there are two curves, one for the classic 
formulation of the EFGM and the other curve for the formulation considering the B-bar method. 
As it can be seen, the number of Gauss points in each pseudo cell has not much influence in the 
result. 

 
Figure 3. Beam of Timoshenko. 
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When classic EFGM is used, locking appears for low values of dmax being attenuated for larger 
values of dmax. For large values of dmax, locking disappears. Nevertheless, the B-bar method 
avoids the volumetric locking even for low values of dmax. 
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9 Gauss points
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16 Gauss points
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36 Gauss points
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Figure 4. Normalized vertical displacement of Point A for different values of d . µ=0.4999. max

 
5.2. Cook´s Membrane 
 
The membrane of Cook represented in Figure 5 is analysed.  
 

 
Figure 5. Cook’s Membrane: geometry and dimensions. 

 
The sheet of Figure 5 is subjected to a bending process. Taking into account the non constant 
width of the sheet, this problem can be solved in order to establish the influence of distorted 
pseudo cells in the accuracy of the result. The problem is solved supposing a linear and elastic 
behaviour of the material and plane strain state. Quadrilateral pseudo cells with four nodes on the 
corners are used. 
The modulus of Young is: E= 240.565. Different values of the coefficient of Poisson are used: 
µ=0.3, µ=0.4999 and µ=0.499999. In all cases dmax=1.8 is used. 



D46.8 D.P.Recio, R.M. Natal Jorge, L.M. Dinis 
 
 

sented in function of the number 
f pseudo cells, using the classic EFGM. When µ=0.3, an error for sparse grids can be observed, 

 as it can be seen by comparing the line for µ=0.3 and 

 
In Figure 6 the displacement of the top right corner point is repre
o
approximately until 5x5 divisions. This error is due to the geometrical irregularity of the pseudo 
cells. Therefore, when the number of divisions increases, the error decreases, and finally once 
reached approximately 5x5 divisions the error due to the irregularity of the pseudo cells 
disappears. When µ=0.4999 the error originated by the irregularity of the grid have to be added to 
the locking problem. Both problems attenuate when the number of nodes increases being 
nevertheless the locking problem more persistent. When µ=0.4999999, the locking problem is 
more relevant as can be seen in Figure 6. 
 
Using the B-bar method, the same graphics as the precedent one are represented in Figure 7. In 

is case the locking problem is eliminated,th
for µ=0.4999 or µ=0.4999999 which have all the same look. So there is only the problem 
originated by the geometrical irregularity of the grid which attenuates when the number of nodes 
increases, as in the precedent case. Therefore, for more than approximately 5x5 divisions this 
problem disappears. 
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Figure 6. Influence of the geometrical irregularity and locking for classic EFGM 
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Figure 7. Influence of the geometrical irregularity and locking for B-bar method. 

 
 
5.3. Quadrilateral problem with one pseudo ce  

strain state, is solved using different kinds of 
 one pseudo cell. The values of the variables 

ll
 
The problem of Figure 8, which represents a plane 
seudo cells.  The analysis is done always with onlyp

are: F=1000000, E=500000, µ=4.999999 and the scaling parameter dmax=1.1. 
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Figure 8. The problem is solved supposing a plain strain state. 

 
 

Pseudo Cell  
Method Number of Nodes Number of Gauss 

Points 
Displacement Results 

EFGM 4 4 Locking 
EFGM 4 1 Hourglass 
EFGM 9 16 Locking 
EFGM 9 9 Correct 
EFGM 9 4 Hourglass 

EFGM+B-bar 9 4 Hourglass 
EFGM+B-

bar+stabilization 
9 4 Correct 

Table I: Displacement results for several mesh free methods and pseudo cells 
 
When the EFGM is used, locking is due to the fact that the basis of the subspace Ih is insufficient 
to generate a linear combination of modes of the basis permitting the movement of the nodes to 
the particular boundary conditions of this problem. Therefore, the only possible solution verifying 
divu = 0, and so, belonging to the sub space Ih is the trivial one in this case the null element 0 
which always belongs to the vector sub space Ih. In this situation all the nodes remain fixed, that is 
locked.  
Hourglass appears when a linear combination of modes of the basis that permit the movement of 
the nodes is not enough to create an adequate reproduction of the real deformation of the problem. 
In this situation two results can be found. The displacements of the nodes have an order of 
magnitude very different from the real one; The deformed configuration does not make sense 
according with the boundary conditions. Also, hourglass can appear due to mathematical 
instabilities when the numerical integration is performed at the geometrical centre of the pseudo 
cell because at this point the isoparametric coordinates are null. For this reason, when the EFGM 
plus B-bar method is used with a pseudo cell composed of nine nodes and four Gauss points, 
despite locking being avoided hourglass appears. As it can be seen in Table I when the 
stabilization procedure is implemented together with the B-bar method all instabilities problems 
disappear. 
 
6 Conclusions 
 
The vector space theory can explain simultaneously why the locking and hourglass phenomena 
appear destroying the quality of the results.  
The use of the B-bar method was adapted to the scope of the EFGM. The numerical results show 
good behaviour under locking situations. Finally, to render this method robust a stabilization 
technique based on the analytical integration of the stiffness matrix is implemented solving 
properly all the instabilities for the cases studied. 
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Modeling crack in orthotropic medium using extended 
finite element method 
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Abstract: An extended finite element method has been proposed for modeling crack in 
orthotropic medium. To achieve this aim a discontinuous function and two-dimensional 
asymptotic crack-tip displacement fields are used in classical finite element approximation 
enriched with framework of partition of unity. It allows modeling crack by finite element method 
with no explicitly meshing of surfaces of the crack. The mixed-mode stress intensity factors (SIFs) 
are obtained by means of the domain form of the interaction integral (M-integral). Some 
examples are provided in this paper and the accuracy of the results is discussed by comparison 
with other numerical or (semi-) analytical methods. 
 
Keywords: Extended Finite Element Method (X-FEM), Orthotropic Material, Stress Intensity 
Factor (SIF), Interaction Integral, M-integral 
 
 
1 Introduction  
 
According to the huge application of orthotropic materials such as composites in various 
structural systems like those in aerospace and automobile industries, power plants; the needs of 
analyzing and modeling of such materials have been of great interest in recent decades. The main 
advantages of using these materials can be attributed to their high stiffness and low ratio of 
weight to strength in comparison to other materials. Sih et al [1], Bogy [2] Bowie and Freese [3], 
Barnett and Asaro [4] and Kuo and Bogy [5] have worked on finding the stress and displacement 
fields around a linear crack in an anisotropic medium. More advanced contributions can be found 
in Carloni et al [6], [7] and Nobile et al [8]. 
There are many numerical methods for analyzing orthotropic composites such as finite element 
method, finite difference method, and meshless methods. Finite element approximation was 
significantly improved in modeling discontinuity when enriched using framework of partition of 
unity (Melenk et al [9], Duarte et al [10]). In this method a discontinuous function and the near-tip 
asymptotic displacement fields are added to finite element approximation by means of partition of 
unity. For 2-D isotropic media, many studies have been reported such as Blytschko et al [11], 
Moёs et al [12], Dolbow et al [13], [14], [15], [16], [17], Daux et al [18], while  Sukumar et al 
[19] conducted 3-D modeling. 
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In this paper this method is extended to orthotropic media. Near-tip asymptotic displacement field 
is based on the work by Carloni et al [7]. Stress intensity factors are evaluated via a form domain 
of interaction integral proposed by Rao et al [20] for homogeneous orthotropic materials.  
 
 
2 Mechanics of orthotropic materials  
 
In an extended finite element method, near-tip displacement fields are required for modeling the 
crack. In this paper, the analytical displacement fields having been studied in [6], [7] and [8] are 
used. 
Consider there is a crack in an orthotropic medium and the orthotropic body is subjected at 
infinity to a uniform biaxial load (T and kT), applied along X- and Y-directions. (Fig. 1) 
 

  
(a) The inclined crack geometry [8] (b) Stress components at infinity for inclined 

crack [7] 
Figure 1  

 
Therefore the displacement field can be written as [7]: 
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In the above equations, l1 and l2 are coefficient related to material properties and Cij ( i,j=1,2,6) are 
constitutive coefficient and:  
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3 Extended finite element method 
 
In X-FEM, the model problem is divided into two parts: 1- generating the mesh for domain 
geometry (neglecting the existence of any crack), 2- enriching finite element approximation to 
modeling imperfections by appropriate functions. 
 
3.1   Basic formulation 
It is assumed that x is a point of R2 (for 2-D space) or R3 (for 3-D space) in the finite element 
model and N is a set of nodes defined as { }mnnnN ,....,2,1= , m is the number of nodes in the 
element. The enriched approximation of displacement can be defined by: 
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In Eq. (5), is the added set of degrees of displacement freedom to the standard finite element 

model, is the shape function associated to node I,  is the enrichment function and : 
Ja

Iφ )(xψ gN

} (6) 

In Eq. (6), is the influence domain of  for node and is the domain associated with 

a geometric entity such as crack surface or front. According to the type of discontinouity, 
can be chosen. 

Jω Jφ Jn gΩ

 
3.2.1 Relations needed to modeling crack 
To modeling an arbitrary crack, Eq. (5) is changed to [13]: 

⎟
⎠

⎞

 (7) 

in Eq. (7),  and  are vectors of nodal degrees of freedom, and are near-tip 

enrichment functions derived from the two-dimensional asymptotic displacement field near crack-
tip and K

Jb l
kc )(1F xl )(2F xl

1 and K2 are the set of nodes in which the crack tip is in its support domain for tip 1 and 
tip 2, respectively. is the generalized Heaviside function takes the value +1 if x is above the )(xH
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crack and –1, otherwise. If x* is the nearest point on the crack to x and is the unit vector 
normal to the crack alignment in which 

ne

zns eee =×  ( is the unit tangential vector), then: (Fig. 
2.a) 

se

⎩
⎨
⎧

−
>−+

=
otherwise
if

H
;1

0).(;1
)(

*
nexx

x  (8) 

To select enriched nodes, the nodes belong to K1 or K2 enriched with crack-tip enrichment 
function (Fl(x)) and ones the crack is in their support domain and do not possess to K1 or K2 
enriched with Heaviside function (H(x)). (Fig. 2.b) 
 

 
Figure 2 (a) Unit tangential and normal 

vector for Heaviside function 
Figure 2 (b) Node selection for enrichment; 
the nodes marked by triangles are enriched 
by crack tip functions and circled ones are 

enriched by Heaviside function. 
  

To extract near-tip functions it is noted that these functions must span the displacement fields in 
Eq. (1), (2); therefore one can write: 

{ }
⎭
⎬
⎫

⎩
⎨
⎧== )(

2
sin,)(

2
sin,)(

2
cos,)(

2
cos),( 2

2
1

1
2

2
1

14
1 θθθθθθθθθ grgrgrgrrF ll

 (9) 

and 

2,1,sincos)(
2/1

2

2
2 =⎟

⎟
⎠

⎞
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⎝
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+= j

p
g

j
i

θθθ  (10) 
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⎜
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⎛
=⎟

⎟
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⎞
⎜
⎜
⎝

⎛
= −−

jj
j pxp

y θθ tgtgtg 11  (11) 

where r and θ are the polar co-ordinate in the local co-ordinate at each crack-tip. (Fig. 3) 
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Figure 3: Local co-ordinates at both crack-tips 
4 Numerical example 
 
The method proposed in this study is applied to a single edge notched tensile specimen. The 
material properties and geometry of specimen are shown in Fig. 4. Stress intensity factors are 
evaluated by method proposed in [20]. The results are shown in table 1. 
 

 

 
Elastic properties: 
ER=0.81*;  EL=11.84 
ET=0.64  ;  GLR=0.63 
vLR=0.38 ; vLT=0.56 
vRT=0.43 
 
Dimensions: 
l=60 mm;  W=30 mm 
 
 
* The Young and Shear modules are in units of GPa 
 

Figure 4: Specimen geometry used for mixed mode analysis [21] 
 

 
Proposed method  Jernkvist [21] 

φ (°) 
a

K I

πσ
 

a
K II

πσ
  

a
KI

πσ
 

a
K II

πσ
 

0 2.960 0.0  3.028 0.0 
15 3.000 0.361  3.033 0.359 
30 3.012 0.691  3.020 0.685 
45 3.029 0.908  2.806 0.864 

Table 1: The effect of crack angle on the normalized stress intensity factor 
 
As shown in table 1, stress intensity factors are different within 1.1% and 7.9% for mode I and 
different within 0% to 5.1% for mode II. 
 
 
5 Conclusions 
 
In this paper an extended finite element is proposed for analyzing cracked orthotropic materials. 
In this study, analytical displacement field around a crack tip in orthotropic media is used to 
extract near-tip enrichment functions. In the present approach, a set of partition of unity based 
enriching functions are added to finite element approximation so the crack geometry can be taken 
into account without any special meshing. The robustness of suggested method was tested with 
evaluating stress intensity factors and comparing them by other available methods. 
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