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Matrix Decomposition MFS Algorithms

Andreas KarageorgHs, Yiorgos-S. Smyrli§) andGraeme Fairweath@t

Abstract: The Method of Fundamental Solutions (MFS) is a boundary—type meshless
method for the solution of certain elliptic boundary value problems. We exploit the sym-
metries of the matrices appearing when this method is applied to certain three-dimensional
elliptic problems and develop an efficient algorithm for their solution.

1 MFS formulation for potential problems

We consider the boundary value problem

Au=0 in Q,
(1.2)
u=f on 0Q,

whereA denotes the Laplace operator ahis a given function. The regio® C R3 is
axisymmetric, which means that it is formed by rotating a re6s R? about thez-axis.
The boundaries of2 andQ’ are denoted byQ anddQ’, respectively. The solution is
approximated by

M N
UMN(CJ Qr P) = Z z Cm,n k(P7 Qm,n); PEﬁa (12)

m=1n=1

wherec = (c13, 012,...,C1N,...,ch,...,cMN)T and Q is a MN-vector containing the
coordinates of the singularitie®mn, m=1,...,M, n=1,...,N, which lie outsideQ.
The functionk; (P, Q) is a fundamental solution of Laplace’s equatioriif given by

1

ki(P,Q) = amp—q’ (1.3)
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where |P — Q| is the distance between the poiftsand Q. The singularitieQm are
fixed on the boundar§Q of a solidQ surroundingQ . The solidQ is generated by the
rotation of the planar domai@’ which is similar toQ’. A set ofMN collocation points
{R,j }i'\i’i'j:l is chosen 0RQ in the following way: We first choodd points on the bound-
ary 0Q' of Q'. These can be described by their polar coordinfigszp,), j=1,---,N,
whererp, denotes the vertical distance of the pdifrom thez-axis andzp; denotes the
z- coordinate of the poin®;. The points ordQ are taken to bep ; = rp; cosdi, yp; =

: 2(i—1D)m
ey Sindi, zn, — 7, Where gy — 2"

M
MN singuIarities{Qm?n}:V':’r':']’n:l on 0Q by takingQmn = (XQumn YQmn: ZQma)» aNdXg, ; =

rQ; Coshi, Yo ; =rq; sindi, Zg; = Zq;, where theN pointsQj are chosen on the bound-
ary0Q’ of Q’.

, 1=1,...,M. Similarly, we choose a set of

The coefficients are determined so that the boundary condition is satisfied at the bound-
ary points:

un(C, QR =Ff(Rj), i=1...,M, j=1,...,N, (1.4)
which yields anMIN x MN linear system of the form

G% = f, (1.5)
for the coefficients, where the elements of the mat@®¥? are given by

0 1

G- )N+ j,(m-1N+n = ATTP j — Qmpn|’

im=1..M, jn=1...,N. (1.6)

The global matrixG® has the block circulant structure

AL A - Ay
oo [ A A @
A As - A
where the matrice8,, ¢ =1,...,M, areN x N matrices defined by
(A)jn=17 ? , ¢(=1,...,M j,n=1,...,N.. (1.8)
T|Pyj — Qe nl
The system (1.5) can therefore be written as
Glc= (In@AL+PRA+P2@ A+ -+ P T Ay)c = 1, (1.9)

where the matri¥ is theM x M permutation matri¥ = circ (0,1,0,--- ,0) and® denotes
the matrix tensor product.
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1.1 Matrix decomposition algorithm
If C=circ(cy,...,Cm), then
C=U*DU

whereD = diag(ds,...,dw), and

J .
di= S oo
2

wherew = /M andU is the conjugate transpose of the Fourier matrix. In particular,
the permutation matriP_: circ(0,1,0,...,0) is diagonalized a® = U*DU whereD =
dianL .. ,dm) ) dj =w 1

Premultiplication of system (1.9) by ® Iy yields

M
UIN) (Z Pk—1®Ak> U*eIn)UeIn)ec= UalIy)f, (1.10)
k=1
and
(IM®AL+DRA+D*®Az+---+ DM T Ay)E = T, (1.11)

wherec'= (U ®Iy)c, f = (U®Iy) f. The solution of system (1.11) can thus be decom-
posed into the solution of thd independeni x N systems

Brtm = (A1 +dmAz +d2Ag+ - +dM2A) En= T, m=12..M. (112

The(r,s) entry of the matrixBy, is
(Bm)rs = (At)rs + 0™ (Ag)rg +-- -+ ™ M (Ay) o
wherer,s=1,...,Nandm=1,...,M. Thus we have
((Bo)rss---> (Bm)rs)T = MY2U* ((Ag)rs,-- ., (Am)rs)"

This observation enables us to reduce the cost of constructing the mafices, By
from O(M2N?) operations tdO(N°MlogM) operations, using Fast Fourier Transforms
(FFTs). Further details can be found in [1].

2 MFES formulation for biharmonic problems

We also consider the boundary value problem

{ Au=0 in Q,

ou
u=f, %_g on 0Q,

2.1)
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whered/dn is the outward normal derivative B and f andg are given functions. The
regionQ is axisymmetric, and as before it is formed by rotating a re@6r R? about
the z-axis. We now approximate the solutiarof (2.1) by

M N
uvn(c,d,Q;P) = Z Z [Cm,nkl(P, Qmpn) + dmnka(P, Qm,n)] ) PEE, (2.2)

m=1n=1

wherec= (C11,C12, ... ,CiN,---,CM1, -, CMN) |, d:(d117d12,---7d1N7--~udM17-MNdMN)Ta
andQ is a MN-vector containing the coordinates of the singularii€nn} 1 11,

which lie outsideQ. The functionk; (P, Q) is the fundamental solution of Laplace’s equa-
tion in R3 and

1
k2(P,Q) = §T|P—Q|, (2.3)

is the fundamental solution of the biharmonic equatiorRf With the singularities
and boundary points defined as in the potential problem, the coefficient vectors
d are determined so that the boundary conditions are satisfied at the collocation points

{H,J}il\iilj:l:
6UN . .
un(c,d,Q;Rj) =f(R,j), 6_np(c’d’Q;P"j) =gR,;), i=1....M, j=1...N
(2.4)
These equations yield aViN x 2MN linear system of the form
AlB Cc f
(o) (a)=(3) @9

where theMN x MN matricesA, B,C, D have a block circulant structure. Specifically,

Al A2 AM
| A A Al 2.6)
Ao Ag - A
where theN x N submatriceg\, = ((A¢)jn), ¢ =1,---,M, are defined by
1 1 .
j,n=21....N, (2.7)

(A)jn= APy — Q)
and

B=circ(B1By --- By), C=circ(C1C, --- Cv), D=circ(D1 D3 --- Dy),
where, for/ =1,....M, j,n=1,... N,

10

1 1 1|0
B).,.,=—|P;i— ), =—— | — D). . =— |—|Pi— .
( K)J,n 8T[| 1j QZ,n’> ( E)J,n 471N LP].,J _Qf,n|‘| ) ( E)J,n 8m |:an| 1j Qé,n|1
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2.1 Matrix decomposition algorithm
With PO = Iy,

AlBY PloA | P1oBy
C|D _k; P1oC | P 1o Dy
M/ P<tlo 0| Pkl 0 |0 0| o
zkle 5 0)®Ak+(o 5 >®8k+(P_ O)®Ck+<o S )®Dk]

(2.1)

Clearly,
Pl =uU*EkL, k=1,....M, (2.2)

whereE = diag(ey & --- em) with gj = w1, Premultiplying system (2.5) by

(310w

and introducing th&IN x MN identity matrix yields

(3184 ()51 (41842
-[31)41(5)

On using (2.1), (2.2) and the properties:of(2.3) becomes

kgl K%) @ A+ (%) ® By

+( EO— 8)®Ck+< 8 EO— )®Dk} (T?T) B <g) 24
)-8 -6

> (Eiaein) (5) (o)
k; E“loC [EXtoDy J\d /) \§)’

( SMECLoA | S B ) (JL) _ (f)
SWET®C | sM,EXTeDy ) \ d )

where

(Ql‘ —1

or
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This system reduces to tiv independent® x 2N linear systems

(éxf)m)(gm>:(gm), m:1’27.”,M’ (2.5)
where

~ M H

An=3 en'A (2.6)

with B, G, andDp, defined similarly, and

ém - [lea 6I’T127 te 76mN]T7

with dm, fm andd,, defined similarly. Further details can be found in [2].
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