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Matrix Decomposition MFS Algorithms

Andreas Karageorghis(1), Yiorgos-S. Smyrlis(1) andGraeme Fairweather(2)

Abstract: The Method of Fundamental Solutions (MFS) is a boundary–type meshless
method for the solution of certain elliptic boundary value problems. We exploit the sym-
metries of the matrices appearing when this method is applied to certain three-dimensional
elliptic problems and develop an efficient algorithm for their solution.

1 MFS formulation for potential problems

We consider the boundary value problem
∆u = 0 in Ω,

u = f on ∂Ω ,

(1.1)

where∆ denotes the Laplace operator andf is a given function. The regionΩ ⊆ R3 is
axisymmetric, which means that it is formed by rotating a regionΩ′ ∈R2 about thez-axis.
The boundaries ofΩ andΩ′ are denoted by∂Ω and∂Ω′, respectively. The solutionu is
approximated by

uMN(c,Q;P) =
M

∑
m=1

N

∑
n=1

cm,nk(P,Qm,n), P∈Ω, (1.2)

wherec = (c11,c12, . . . ,c1N, . . . ,cM1, . . . ,cMN)T and Q is a 3MN-vector containing the
coordinates of the singularitiesQm,n, m = 1, . . . ,M, n = 1, . . . ,N, which lie outsideΩ.
The functionk1(P,Q) is a fundamental solution of Laplace’s equation inR3 given by

k1(P,Q) =
1

4π |P−Q|
, (1.3)
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where|P−Q| is the distance between the pointsP andQ. The singularitiesQm,n are
fixed on the boundary∂Ω̃ of a solidΩ̃ surroundingΩ . The solidΩ̃ is generated by the
rotation of the planar domaiñΩ′ which is similar toΩ′ . A set ofMN collocation points
{Pi, j}M,N

i=1, j=1 is chosen on∂Ω in the following way: We first chooseN points on the bound-
ary ∂Ω′ of Ω′. These can be described by their polar coordinates(rPj , zPj ), j = 1, · · · ,N,
whererPj denotes the vertical distance of the pointPj from thez-axis andzPj denotes the
z- coordinate of the pointPj . The points on∂Ω are taken to bexPi, j = rPj cosϕi , yPi, j =

rPj sinϕi , zPi, j = zPj , whereϕi =
2(i−1)π

M
, i = 1, . . . ,M . Similarly, we choose a set of

MN singularities{Qm,n}M,N
i=m,n=1 on ∂Ω̃ by takingQm,n = (xQm,n,yQm,n,zQm,n), andxQi, j =

rQ j cosϕi , yQi, j = rQ j sinϕi , zQi, j = zQ j , where theN pointsQ j are chosen on the bound-
ary ∂Ω̃′ of Ω̃′.

The coefficientsc are determined so that the boundary condition is satisfied at the bound-
ary points:

uN(c,Q;Pi, j) = f (Pi, j), i = 1, . . . ,M, j = 1, . . . ,N, (1.4)

which yields anMN×MN linear system of the form

G0c = f , (1.5)

for the coefficientsc, where the elements of the matrixG0 are given by

G0
(i−1)N+ j,(m−1)N+n =

1
4π |Pi, j −Qm,n|

, i, m= 1, . . . ,M, j, n = 1, . . . ,N . (1.6)

The global matrixG0 has the block circulant structure

G0 =


A1 A2 · · · AM

AM A1 · · · AM−1
...

...
...

A2 A3 · · · A1

 , (1.7)

where the matricesA`, ` = 1, . . . ,M, areN×N matrices defined by

(A`) j,n =
1

4π |P1, j −Q`,n|
, ` = 1, . . . ,M j, n = 1, . . . ,N .. (1.8)

The system (1.5) can therefore be written as

G0c =
(
IM ⊗A1 +P⊗A2 +P2⊗A3 + · · ·+PM−1⊗AM

)
c = f , (1.9)

where the matrixP is theM×M permutation matrixP= circ(0,1,0, · · · ,0) and⊗ denotes
the matrix tensor product.
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1.1 Matrix decomposition algorithm

If C = circ(c1, . . . ,cM) , then

C = U∗DU

whereD = diag(d1, . . . ,dM) , and

d j =
M

∑
k=1

ckω(k−1)( j−1) ,

whereω = e2πi/M andU is the conjugate transpose of the Fourier matrix. In particular,
the permutation matrixP = circ(0,1,0, . . . ,0) is diagonalized asP = U∗DU whereD =
diag(d1, . . . ,dM) , d j = ω j−1 .

Premultiplication of system (1.9) byU ⊗ IN yields

(U ⊗ IN)

(
M

∑
k=1

Pk−1⊗Ak

)
(U∗⊗ IN)(U ⊗ IN)c = (U ⊗ IN) f , (1.10)

and (
IM ⊗A1 +D⊗A2 +D2⊗A3 + · · ·+DM−1⊗AM

)
c̃ = f̃ , (1.11)

wherec̃ = (U ⊗ IN)c, f̃ = (U ⊗ IN) f . The solution of system (1.11) can thus be decom-
posed into the solution of theM independentN×N systems

Bmc̃m =
(
A1 +dmA2 +d2

mA3 + · · ·+dM−1
m AM

)
c̃m = f̃ m m= 1,2, . . .M . (1.12)

The(r,s) entry of the matrixBm is

(Bm)rs = (A1)rs +ωm−1 (A2)rs + · · ·+ω(m−1)(M−1) (AM)rs ,

wherer,s= 1, . . . ,N andm= 1, . . . ,M . Thus we have

((B1)rs, . . . ,(BM)rs)
T = M1/2U∗ ((A1)rs, . . . ,(AM)rs)

T .

This observation enables us to reduce the cost of constructing the matricesB1, . . . ,BM

from O(M2N2) operations toO(N2M logM) operations, using Fast Fourier Transforms
(FFTs). Further details can be found in [1].

2 MFS formulation for biharmonic problems

We also consider the boundary value problem ∆2u = 0 in Ω,

u = f ,
∂u
∂n

= g on ∂Ω,
(2.1)
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where∂/∂n is the outward normal derivative atP, and f andg are given functions. The
regionΩ is axisymmetric, and as before it is formed by rotating a regionΩ′ ∈ R2 about
thez-axis. We now approximate the solutionu of (2.1) by

uMN(c,d,Q;P) =
M

∑
m=1

N

∑
n=1

[cm,nk1(P,Qm,n)+dm,nk2(P,Qm,n)] , P∈Ω, (2.2)

wherec=(c11,c12, . . . ,c1N, . . . ,cM1, . . . ,cMN)T , d =(d11,d12, . . . ,d1N, . . . ,dM1, . . . ,dMN)T ,

andQ is a 3MN–vector containing the coordinates of the singularities{Qm,n}M,N
m=1,n=1,

which lie outsideΩ. The functionk1(P,Q) is the fundamental solution of Laplace’s equa-
tion in R3 and

k2(P,Q) =
1
8π

|P−Q|, (2.3)

is the fundamental solution of the biharmonic equation inR3. With the singularities
and boundary points defined as in the potential problem, the coefficient vectorsc and
d are determined so that the boundary conditions are satisfied at the collocation points
{Pi, j}M,N

i=1, j=1:

uN(c,d,Q;Pi, j) = f (Pi, j),
∂uN

∂nP
(c,d,Q;Pi, j) = g(Pi, j), i = 1, . . . ,M, j = 1, . . . ,N.

(2.4)

These equations yield a 2MN×2MN linear system of the form(
A B
C D

)(
c
d

)
=
(

f
g

)
, (2.5)

where theMN×MN matricesA,B,C,D have a block circulant structure. Specifically,

A =


A1 A2 · · · AM

AM A1 · · · AM−1
...

...
...

A2 A3 · · · A1

 , (2.6)

where theN×N submatricesA` =
(
(A`) j,n

)
, ` = 1, · · · ,M, are defined by

(A`) j,n =
1
4π

1
|P1, j −Q`,n|

, j,n = 1, . . . ,N, (2.7)

and

B = circ(B1 B2 · · · BM), C = circ(C1 C2 · · · CM), D = circ(D1 D2 · · · DM),

where, for̀ = 1, . . . ,M, j,n = 1, . . . ,N,

(B`) j,n =
1
8π

|P1, j−Q`,n|, (C`) j,n =
1
4π

∂
∂n

[
1

|P1, j −Q`,n|

]
, (D`) j,n =

1
8π

[
∂

∂n
|P1, j −Q`,n|

]
.
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2.1 Matrix decomposition algorithm

With P0 = IM,

(
A B
C D

)
=

M

∑
k=1

(
Pk−1⊗Ak Pk−1⊗Bk

Pk−1⊗Ck Pk−1⊗Dk

)

=
M

∑
k=1

[(
Pk−1 0

0 0

)
⊗Ak +

(
0 Pk−1

0 0

)
⊗Bk +

(
0 0

Pk−1 0

)
⊗Ck +

(
0 0
0 Pk−1

)
⊗Dk

]
.

(2.1)

Clearly,

Pk−1U∗ = U∗Ek−1, k = 1, . . . ,M, (2.2)

whereE = diag(e1 e2 · · · eM) with ej = ω j−1. Premultiplying system (2.5) by(
U 0
0 U

)
⊗ IN

and introducing theMN×MN identity matrix yields[(
U 0
0 U

)
⊗ IN

](
A B
C D

)[(
U∗ 0
0 U∗

)
⊗ IN

][(
U 0
0 U

)
⊗ IN

](
c
d

)

=
[(

U 0
0 U

)
⊗ IN

](
f
g

)
. (2.3)

On using (2.1), (2.2) and the properties of⊗, (2.3) becomes

M

∑
k=1

[(
Ek−1 0

0 0

)
⊗Ak +

(
0 Ek−1

0 0

)
⊗Bk

+
(

0 0
Ek−1 0

)
⊗Ck +

(
0 0
0 Ek−1

)
⊗Dk

](
c̃
d̃

)
=
(

f̃
g̃

)
, (2.4)

where(
c̃
d̃

)
=
[(

U 0
0 U

)
⊗ IN

](
c
d

)
,

(
f̃
g̃

)
=
[(

U 0
0 U

)
⊗ IN

](
f
g

)
.

System (2.4) can then be written as

M

∑
k=1

(
Ek−1⊗Ak Ek−1⊗Bk

Ek−1⊗Ck Ek−1⊗Dk

)(
c̃
d̃

)
=
(

f̃
g̃

)
,

or (
∑M

k=1Ek−1⊗Ak ∑M
k=1Ek−1⊗Bk

∑M
k=1Ek−1⊗Ck ∑M

k=1Ek−1⊗Dk

)(
c̃
d̃

)
=
(

f̃
g̃

)
.
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This system reduces to theM independent 2N×2N linear systems(
Ãm B̃m

C̃m D̃m

)(
c̃m

d̃m

)
=
(

f̃ m

g̃m

)
, m= 1,2, · · · ,M, (2.5)

where

Ãm =
M

∑
i=1

ei−1
m Ai , (2.6)

with B̃m, C̃m, andD̃m defined similarly, and

c̃m = [c̃m1, c̃m2, · · · , c̃mN]T ,

with d̃m, f̃ m andg̃m defined similarly. Further details can be found in [2].
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