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Abstract. For any r = (r1 , . . . , rn ) ∈ Rn+ , let Mr be the space of polygons in the Euclidean space of
fixed side lengths r1 , . . . , rn modulo rigid motions. In this note we give an overview of some classical
descriptions of these spaces and we present formulas for their cobordism classes and symplectic
volume. For a special case, with n = 5, the volume formula is applied to calculate the cohomology
ring H ∗ (Mr , Q).
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1. AN INTRODUCTION TO THE MODULI SPACE Mr
A polygon in R3 is determined by its vertices v1 , . . . , vn and its oriented edges e1 , . . . en .
For any vector r = (r1 , . . . , rn ) ∈ Rn+ , Mr will denote the space of polygons with edge
lengths r1 , . . . rn modulo rigid motions (i.e. modulo rotations and translations). The study
of the geometry of these spaces is related with many areas of mathematics, including the
study of symplectic reduced spaces ([4], [9]) and of quotients by means of Geometric
Invariant Theory ([11], [6]).
These moduli spaces have been extensively studied in recent years. As a contribution
to these proceedings, we will briefly review some of the results in the symplectic setting,
taking the occasion to announce original research contained in the Ph.D. thesis [13],
which will appear elsewhere.
For any r ∈ Rn+ , the product ∏nj=1 Sr2j of n spheres of radii r1 , . . . , rn respectively is a
compact symplectic manifold. The moduli space Mr of polygons of fixed side lengths
r is, by definition, the symplectic quotient ∏nj=1 Sr2j //SO(3) =: Mr with respect to the
diagonal SO(3)-action by rotation on each sphere. A polygon is said to be degenerate
if it lies completely on a line. There is such a polygon in Mr if and only if the scalar
quantity εI (r) := ∑i∈I ri − ∑i∈I c ri is zero for some subset I of {1, . . . , n}. When εI (r) 6= 0
for every subset I of {1, . . . , n} we say that r is generic. The space M(r) is a smooth
manifold if and only if r is generic. Note that Mr is diffeomorphic to Mλ r for each λ in
R+ . For more details on this construction see the original paper [9] and also [12].
Hausmann and Knutson [4] proved that Mr can also be described as the symplectic
quotient relative to the natural action of U1n , the maximal torus of diagonal matrices in
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the unitary group Un , on the Grassmannian Gr(2, Cn ) of 2-planes in Cn .
Theorem 1.1. [4] Let Φ be the moment map relative to the U1n -action on Gr(2, Cn ).
Then
n

Φ(Gr(2, Cn )) := Ξ = {r ∈ Rn+ | 0 ≤ ri ≤ 1, ∑ ri = 2}
i=1

and

Mr = U1n \Φ−1 (r) = Gr(2, Cn )//U1n (r).

2. SOME RESULTS ON THE TOPOLOGY OF Mr
In [12, 13] an explicit characterization of the cobordism class of Mr is given, generalizing
a previous result of Kamiyama [7]. (See [12] for a relation between the two.)
Denote
F by M ∼ N the existence of a cobordism between two manifolds M and N
and by
the disjoint union. A subset J ⊆ {1, . . . , n − 2} is said to be r-admissible
(or triangular) if the triple ( ∑ j∈J σ j r j , rn−1 , rn ) satisfies the triangle inequalities, with
σ j = 1 if j ∈ J, σ j = −1 otherwise.
Theorem 2.1. [12] For r ∈ Rn+ generic,
G

Mr ∼

(−1)n−|J| CPn−3 .

J r-admissible

Example 2.2. Take r =
is {3}. Therefore

2
17 (2, 1, 8, 2, 4).

Then r is generic and the only r-admissible set

Mr ∼ CP2 .
The cohomology ring H ∗ (Mr , Q) has been computed by Hausmann and Knutson
[5] and, independently, by Goldin [2]. In [13] this ring is described by using different
techniques, as an application of the volume formula and of the Duistermaat–Heckman
theorem.
Martin [14] and (independently) Kamiyama and Tezuka [8] calculated the volume of
Mr for odd n and r = (1, . . . , 1). In [13] it is shown that Martin’s techniques generalize
to generic r ∈ Rn+ , both for even and odd n.
Theorem 2.3. [13] For r ∈ Rn+ generic,
vol(Mr ) = −
where

(2π)n−3
2(n − 3)!

∑ (−1)n−|I| εI (r)n−3,
I∈I

I = {I ⊂ {1, . . . , n} : εI (r) = ∑ ri − ∑ ri > 0}.
i∈I

i∈I c

A similar volume formula was previously proven by Khoi [10] using a different
approach.
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Example 2.4. In the set of regular values for the moment map Φ, let ∆ be the region
delimited by the following walls:

∑ ri > r j

for all j = 1, . . . , 5;

i6= j

ri >

∑

ri >

∑

∑

ri for all j = 1, 2, 4, 5;

∑

ri for all j, k = 1, 2, 4, 5.

i∈{3, j}c

i∈{3, j}

i∈{3, j,k}c

i∈{3, j,k}

Note also that the vector r from Example 2.2 lies in ∆. For all r’s in ∆, the set I is
given by


I = {3, j}, {3, j, k} : j, k = 1, 2, 4, 5 ∪ I ⊆ {1, . . . , 5} : |I| = 4, 5 .
Then, applying Theorem 2.3, it can be checked that the volume for the associated
symplectic quotient Mr is
vol(Mr ) = 2π 2 (r1 + r2 − r3 + r4 + r5 )2
and, because the perimeter ∑ni=1 ri = 2 is fixed, we obtain
vol(Mr ) = 2π 2 (2 − 2r3 )2 .
The study of the cohomology ring structure of a reduced space M//G (even in the
well behaved case of a compact connected Lie group G acting on a compact manifold
M) is one of the foremost topics in symplectic topology. Although many beautiful results
have been achieved, the problem is still not completely closed. Let c = (c1 , . . . , cn )
be the Chern class of the fibration µ −1 (ξ ) → M//ξ G for a regular value ξ ∈ (g∗ )G so
that the symplectic quotient M//ξ G is a symplectic manifold. Guillemin and Sternberg
[3] observed that if the volume function of the symplectic reduction is known, then
its cohomology ring H ∗ (M//G, Q) can be deduced from the Duistermaat–Heckman
theorem whenever the ci ’s generate H ∗ (M//G, Q).
In [13] it is proved that this is the case for moduli spaces of polygons, and the
cohomology ring is explicitly described in terms of the ci ’s. A nice characterization of
these Chern classes is given by Agapito and Godinho [1] as follows. For each 1 ≤ j ≤ n
define
o
n
n

n

i=1

i=1

V j (r) = (v1 , . . . , vn ) ∈ ∏ Sr2i | ∑ vi = 0 and v j = (0, 0, r j ) .
S1 -action

For a generic r the
by rotation around the z axis is free and V j (r)/S1 = Mr .
Then c j := c1 (V j (r)) is the first Chern class of the principal circle bundle V j (r) → Mr .
By the Duistermaat–Heckman theorem, for r and r0 in the same region of regular
values,
Z
Z
n

vol(Mr ) =

Mr

exp([ωr ]) =

Mr0

exp([ωr0 ] + ∑ (ri − ri0 )ci ).
i=1
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Thus, for any multindex α with |α| = n − 3 = dimC (Mr ),
∂α
vol(Mr )| 0 =
r
∂ rα

Z
Mr0

cα1 1 · · · cαn n .

(1)

If the c1 , . . . , cn generate H ∗ (M//G, Q), then the cohomology pairings (1) determine the
multiplicative relations between the generators. (See [3] for the general argument.) In the
following example the cohomology ring of Mr for r ∈ ∆ as in Example 2.4 is explicitly
calculated.
Example 2.5. For n = 5, the moduli space Mr is toric for each generic r [9], and thus
the ci ’s generate the cohomology ring. Let ∆ be as in Example 2.4 and let r be any
length vector in ∆. Since vol(Mr ) = 2π 2 (2 − 2r3 )2 , all the second partial derivatives of
the volume function vanish except
∂ 2 vol(Mr )
∂
=
(−2(2 − 2r3 )) = 4.
∂ 2 r3 4π 2
∂ r3
By (1) this implies that ci = 0 for i = 1, 2, 4, 5 and therefore
H ∗ (Mr , Q) =

Q[c3 ]
.
(c33 )

ACKNOWLEDGMENTS
The results announced in this note have been developed during my Ph.D. under the
direction of Luca Migliorini, to whom I am grateful for suggesting the study of these
moduli spaces and for his help and support through these years. Also, I would like to
thank Leonor Godinho for her suggestions regarding this note.

REFERENCES
1.
2.
3.
4.
5.
6.
7.
8.
9.

J. Agapito, L. Godinho, Intersection Numbers of Polygon Spaces, arXiv:0709.2097.
R.F. Goldin, The cohomology ring of weight varieties and polygon spaces, Adv. Math. 160 (2001),
no. 2, 175–204.
V. Guillemin, S. Sternberg, The coefficients of the Duistermaat-Heckman polynomial and the cohomology ring of reduced spaces, Geometry, topology and physics, 202–213, Conf. Proc. Lecture
Notes Geom. Topology, IV, Int. Press, Cambridge, MA, 1995.
J.C. Hausmann, A. Knutson, Polygon spaces and Grassmannians, Enseign. Math. (2) 43 (1997), no.
1-2, 173–198.
J.C. Hausmann, A. Knutson, The cohomology ring of polygon spaces, Ann. Inst. Fourier (Grenoble)
48 (1998), no. 1, 281–321.
F. Kirwan, The cohomology rings of moduli spaces of bundles over Riemann surfaces, J. Amer.
Math. Soc. 5 (1992), no. 4, 853–906.
Y. Kamiyama, Chern numbers of the moduli space of spatial polygons, Kodai Math. J. 23 (2000),
no. 3, 380–390.
Y. Kamiyama, M. Tezuka, Symplectic volume of the moduli space of spatial polygons, J. Math. Kyoto
Univ. 39 (1999), no. 3, 557–575.
M. Kapovich, J.J. Millson, The symplectic geometry of polygons in Euclidean space, J. Differential
Geom. 44 (1996), no. 3, 479–513.

161

Downloaded 21 Apr 2011 to 193.136.196.138. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions

10. V.T. Khoi, On the symplectic volume of the moduli space of Spherical and Euclidean polygons,
Kodai Math. J. 28 (2005), no. 1, 199–208.
11. A. Klyachko, Spatial polygons and stable configurations of points in the projective line, Algebraic
geometry and its applications (Yaroslavl’, 1992), 67–84.
12. A. Mandini, The cobordism class of the moduli space of polygons in R3 , preprint.
13. A. Mandini, The geometry of the moduli space of polygons in the Euclidean space, Ph. D. Thesis,
University of Bologna, June 2007.
14. S.K. Martin,
Transversality theory, cobordisms, and invariants of symplectic quotients,
arXiv:math/0001001.

162

Downloaded 21 Apr 2011 to 193.136.196.138. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions

