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o Uniform subdivision (to, ..., t;) of (0, T) where t; = iAt

o Uniform subdivision (xo, ..., xy) of (0, 1) where x; = jAx

o Finite difference scheme: 1/1 and d)

o Neumann conditions: 1,/)-_1 = w 1 and ¢, J+1 = Al”Jfl
antl

o Neumann conditions: ¢ _i= ¢ and ¢, i1 = = ¢; Jo1

M = M11,541(R)
Me={(m;ij)ij e M, Vi j,mi;>e}
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merical scheme
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Monotonicity of the scheme and limit behavior

Assume that mg is bounded. The numerical scheme verifies the
following properties:
~ 1 . o
o (¢"2), is a decreasing sequence of M..
o ("), is an increasing sequence of Mg, bounded from above,
independently of the subdivision.

° (q@”*é,zﬁ")n converges towards a couple (¢,1)) € M x Mo.

v
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Convergence of the scheme

Definition of the norm || - ||

1
Vm=(mj;)ij € M,||m||*> = sup —— m? .
(mohy € Ml = sup 523 o

o We suppose that f, ur and mg are bounded. I
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Convergence of the scheme

stk
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onvergence of the scheme

Theorem (Stability bounds)

Let us suppose, in addition to the hypotheses made above, that f
is uniformly Lipschitz with respect to its second variable, i.e.

3K, Vx € (0,1),V§1,€2 € R-I—a |f(X7§2) - f(Xa gl)l < K’£2 - €1|

Then, Yv > 0, 4C > 0, VI, J € N such that

1 K T2 Lol
a; > 1+ Fmax| |les? y 2= | + v, we have Vn € N:

~ptl  wpyl ~ ontl
lp™2 — ¢™ 2|2 < Clly" — "2 + Cllif" 2|2

~ ~ ~ 1 ~ 1
[ — "2 < Cllg" 2 — 2|12 + T2
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Convergence of the scheme

Theorem (Convergence)

Let us suppose, in addition to the hypotheses made above that ur,
mo and f are so that Vn € N, ¢""2, 9" € C12([0, T] x [0, 1]).

Then Vn € N: ) )
l o3 — 3| =0
aclim o187+ =G
li n+l  Tn+l -0
pelim 17 =8

Olivier Guéant Université Paris-Diderot. Laboratoire Jacques-L



Convergence of the scheme

Theorem

Let us suppose, in addition to the hypotheses made above that ur,
mo and f are so that Vn € N, ¢""2,¢p" € C12([0, T] x [0,1]) and
¢, € CH3([0, T] x [0,1])

Then:

lim limsup [|6""2 — @] =0

n—=00 At Ax—0

lim limsup [|¢"t! — | =0

N—=00 At Ax—0
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People willing to live at the center, but not together.
Q=(0,1), T=05 o=1 ur=0

f(x,€) = —16(x — 1/2)? — 0.1 min(5, max(0, £))

mel) = — P
0( ) f01 u(x’)dx’

2
where p(x) =1+ 0.2cos (77 (2x - g))

51 points in time and 51 points in space.

Convergence after 5 iterations for n (threshold on m: 1077). ]

Olivier Guéant Université Paris-Diderot. Laboratoire Jacques-L.



Solution for ¢. Convergence after 5 iterations for n

olution ¢
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Solution for 1. Convergence after 5 iterations for n
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Solution for u. Convergence after 5 iterations for n
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Solution for «. Convergence after 5 iterations for n
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onclusion

THANK YOU.
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