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Abstract. In [GM], a family of parabolic Higgs bundles on CP1 has been constructed
and identified with a moduli space of hyperpolygons. Our aim here is to give a canonical
alternative construction of this family. This enables us to compute the Higgs symplectic
form for this family and show that the isomorphism of [GM] is a symplectomorphism.

1. Introduction

Hyperpolygon spaces, X(α), with α ∈ (R≥0)n, were introduced by Konno in [Ko] as the
hyper-Kähler analogue of polygon spaces. They are defined as the hyper-Kähler quotients
of the cotangent bundle T ∗C2n by the group

(1) K :=
(

U(2)× U(1)n
)
/U(1) =

(
SU(2)× U(1)n

)
/(Z/2Z) ;

in the definition of K, the nontrivial element of Z/2Z acts diagonally as multiplication by
−1 on each factor (see [Ko] for details). It is shown in [GM] there exists an isomorphism
between X(α) and a family of parabolic Higgs bundles over CP1 that depends on α.
More precisely, X(α) is isomorphic to the family of parabolic Higgs bundles (E,Φ) on
(CP1 , {xi}ni=1), where xi are fixed marked points, E is a holomorphically trivial vector
bundle over CP1 of rank two with a weighted complete flag structure over each of the
marked points

Exi,1 ) Exi,2 ) 0 ,

0 ≤ β1(xi) < β2(xi) < 1 ,

with β2(xi)− β1(xi) = αi.

Here we give an alternative canonical construction of these families of parabolic Higgs
bundles. This construction enables us to prove that the pullback, by the above isomor-
phism, of the Higgs symplectic form for each family to the corresponding hyperpolygon
space X(α) coincides with the symplectic form on X(α) obtained by reduction from the
Liouville symplectic form on T ∗C2n. As a consequence, the isomorphism constructed in
[GM] is a symplectomorphism.

2. A family of parabolic Higgs bundles on CP1

Fix n distinct ordered points D := {x1 , · · · , xn} ⊂ CP1, with n ≥ 3. For each
i ∈ [1 , n], fix a real number αi ∈ (0 , 1). LetMH

P be the moduli stack of parabolic Higgs
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bundles over CP1 of rank two and degree zero with parabolic divisor D and parabolic
weights {αi , 0} at xi, for i ∈ [1 , n].

Let

U := (C2 \ {0})n ⊂ (C2)⊕n

be the Zariski open subset. The algebraic cotangent bundle T ∗U is the trivial vector
bundle over U with fiber ((C2)⊕n)∗. So the total space of T ∗U is identified with the
Cartesian product ((C2)⊕n)∗ × U . For each i ∈ [1 , n], let

(2) f i : U −→ C2 \ {0} and gi : ((C2)⊕n)∗ −→ (C2)∗

be the projections to the i–th factor of the Cartesian products. For v ∈ C2 and w ∈
(C2)∗, we have v ⊗ w ∈ C2 ⊗ (C2)∗ = EndC(C2), and w(v) ∈ C. Define the Zariski
closed subscheme of ((C2)⊕n)∗ × U
(3)

Z :=

{
(y, z) ∈ ((C2)⊕n)∗ × U |

n∑
i=1

f i(z)⊗ gi(y) = 0 and gi(y)
(
f i(z)

)
= 0 ∀ i

}
.

(Note that f i(z)⊗ gi(y) ∈ EndC(C2).)

The section of the trivial rank two vector bundle over C2 \ {0}

C2 × (C2 \ {0}) −→ C2 \ {0}

defined by v 7−→ (v , v) will be denoted by s0. Let

(4) L0 ⊂ C2 × (C2 \ {0}) −→ C2 \ {0}

be the line subbundle generated by the section s0. Let fi be the composition

(5) Z −→ U
f i−→ C2 \ {0} ,

where f i and Z are constructed in (2) and (3) respectively, and the map Z −→ U is the
natural projection.

We will construct a morphism from Z to the moduli stack MH
P . This amounts to

constructing a parabolic Higgs vector bundle over CP1 ×Z of the given type.

The vector bundle underlying the parabolic bundle will be the trivial vector bundle of
rank two

(6) V := C2 × (CP1 ×Z) −→ CP1 ×Z

over CP1 ×Z. For each point xi ∈ D, we have the line subbundle over Z

(7) Li := f ∗i L0 ⊂ V|{xi}×Z = C2 ×Z ,

where fi and L0 are constructed in (5) and (4) respectively. The quasiparabolic filtration
over {xi}×Z is given by the line subbundle Li. The parabolic weight of Li is αi and the
parabolic weight of V|{xi}×Z is 0.

Let us denote the holomorphic cotangent bundle of CP1 by KCP1 . Consider the short
exact sequence of coherent sheaves

0 −→ KCP1 −→ KCP1 ⊗OCP1(D) −→ (KCP1 ⊗OCP1(D)) |D ∼= OD −→ 0
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over CP1; the above identification of (KCP1⊗OCP1(D))|D with OD is given by the Poincaré
adjunction formula [GH, p. 146]. Tensoring this exact sequence with EndC(C2), and then
taking the corresponding long exact sequence of cohomologies, we get

(8) 0 −→ H0(CP1, EndC(C2)⊗KCP1 ⊗OCP1(D)) −→ EndC(C2)⊗H0(D, OD)

= EndC(C2)⊕n
φ−→ H1(CP1, EndC(C2)⊗KCP1)

because H0(CP1, KCP1) = 0. Using Serre duality, we have

H1(CP1, KCP1) = H0(CP1, OCP1)∗ = C .

Therefore,

H1(CP1, EndC(C2)⊗KCP1) = EndC(C2)⊗H1(CP1, KCP1) = EndC(C2) .

The homomorphism

φ : EndC(C2)⊕n −→ EndC(C2)

in the exact sequence (8) coincides with the one defined by

(A1 , · · · , An) 7−→
n∑
i=1

Ai.

Now we will generalize these over a family.

Let p : CP1 ×Z −→ CP1 be the natural projection. Let A := C[Z] be the C-algebra
defined by the algebraic functions on the scheme Z. For notational convenience, the vector

bundle End(V) −→ CP1, where V is defined in (6), will be denoted by Ṽ . Consider the
short exact sequence of coherent sheaves

(9) 0 −→ Ṽ ⊗ p∗KCP1 −→ Ṽ ⊗ p∗(KCP1 ⊗OCP1(D)) −→ Ṽ|D×Z −→ 0

over CP1 ×Z, where the line bundle (p∗(KCP1 ⊗OCP1(D))) |D×Z is identified with OD×Z
using the Poincaré adjunction formula (as done before). We have

H0(CP1 ×Z, Ṽ ⊗ p∗KCP1) = 0 and H1(CP1 ×Z, Ṽ ⊗ p∗KCP1) = End(C2)⊗C A
because H1(Z, OZ) = 0 (recall that Z is a Zariski open subset of an affine variety). Also,

H0(CP1 ×Z, Ṽ|D×Z) = End(C2)⊗ (⊕ni=1A) = (End(C2)⊗C A)⊕n .

Therefore, the long exact sequence of cohomologies associated to the exact sequence in
(9) gives

0 −→ H0
(
CP1 ×Z, Ṽ ⊗ p∗(KCP1 ⊗OCP1(D))

)
−→ (End(C2)⊗A)⊕n

φ−→ End(C2)⊗A ,

where the above homomorphism φ sends any (A1 , · · · , An) ∈ (End(C2) ⊗ A)⊕n to∑n
i=1Ai.

Consequently, from the condition
∑n

i=1 f i(z)⊗ gi(y) = 0 in (3) it follows that there is
a unique algebraic section

θ0 ∈ H0
(
CP1 ×Z, End(V)⊗ p∗(KCP1 ⊗OCP1(D))

)
such that for any (y, z) ∈ Z and xi ∈ D,

θ0(xi , y, z) = f i(z)⊗ gi(y) ∈ EndC(C2) .
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From the condition gi(y)
(
f i(z)

)
= 0 in (3) it follows immediately that θ0(xi , y, z) is

nilpotent with respect to the quasiparabolic filtration (constructed in (7)). Therefore, θ0
defines a Higgs field for the family of parabolic vector bundles. In other words,

(V , {Li}ni=1 , θ0)

is a family of parabolic Higgs bundles on CP1 parametrized by Z. Hence we get a
morphism

(10) ϕ0 : Z −→ MH
P .

Let MH,S
P ⊂ MH

P be the moduli stack of stable parabolic Higgs bundles. We choose
{αi}ni=1 in such a way that the image of ϕ0 constructed in (10) intersects the stable locus

MH,S
P . Then from the openness of the stability condition, [Ma], it follows that there is a

nonempty Zariski open subset

(11) US ⊂ Z

such that image of ϕ0|US is in MH,S
P , in other words,

(12) ϕ0|US : US −→ MH,S
P ⊂ MH

P .

Let MH
P be the moduli space of stable parabolic Higgs bundles over CP1 of rank two

and degree zero with parabolic divisor D and parabolic weights {αi , 0} at xi, i ∈ [1 , n].

Consider the morphism MH,S
P −→ MH

P to the coarse moduli space. Let

(13) ϕ : US −→ MH
P

be its composition with the morphism in (12).

Let G be the complexification KC =
(

SL(2,C)× (C∗)n
)
/(Z/2Z) , of K defined in (1).

Then G acts on ((C2)⊕n)∗ × U by

[A, λ1, · · · , λn] · ((y1, · · · , yn),(z1, · · · , zn))(14)

= ((λ−11 y1A, · · · , λ−1n ynA), (A−1z1λ1, · · · , A−1znλn)),

keeping the space Z invariant.

There is a notion of α-stability for hyperpolygons coming from hyper-Kähler quiver
varieties [N, Ko]. In [GM] it is shown that X(α), obtained as a GIT quotient using this
α-stability, coincides with the GIT quotient, US//G, of US by G. Indeed, the space Z is
precisely the 0-level set of the complex moment map for the hyper-Kähler action of G on
((C2)⊕n)∗×U as considered in [Ko, GM] and the open dense subset US coincides with the
set of α-stable elements in this level set (see [GM, Theorem 3.1]). This also implies that
the morphism ϕ is G-invariant.

Let H(α) ⊂ MH
P be the image of this morphism. Note that H(α) is the space of

parabolic Higgs bundles in MH
P whose underlying vector bundle is holomorphically trivial.

We have shown the following result.

Proposition 2.1. The morphism ϕ in (13) is G-invariant, inducing the isomorphism

ϕ : US//G = X(α) −→ H(α)
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constructed in [GM, Theorem 3.1].

3. Symplectic structure on the moduli of parabolic Higgs bundles

3.1. A natural 1–form. The moduli space MH
P has a natural algebraic 1–form [Hi],

[BR]; we will recall its construction.

Take a stable parabolic Higgs bundle

(15) E := (E , {`i}ni=1 , θ) ∈ MH
P

over CP1, where `i is a line in Exi giving the quasiparabolic filtration over xi ∈ D. Let

EndP (E) ⊂ End(E) := E ⊗ E∗

be the subsheaf given by locally defined endomorphisms s such that s(xi)(`i) ⊂ `i for all
xi in the domain of definition of s. Let

End0
P (E) ⊂ EndP (E)

be the subsheaf given by the locally defined endomorphisms s such that s(xi)(`i) = 0
and s(xi)(Exi) ⊂ `i for all xi in the domain of definition of s. So both EndP (E)|CP1\D
and End0

P (E)|CP1\D are identified with End(E)|CP1\D. For holomorphic sections s and t

of EndP (E) and End0
P (E)⊗OCP1(D) respectively, both defined over an open subset U0 of

CP1, the composition s ◦ t is a holomorphic section of End(E)⊗OCP1(D) over U0 which
is nilpotent over the points of D ∩ U0; here “◦” is the composition of endomorphisms of
E. Therefore, trace(s ◦ t) is a holomorphic function on U0. The pairing

EndP (E)⊗
(
End0

P (E)⊗OCP1(D)
)
−→ OCP1

defined by s⊗ t 7−→ trace(s ◦ t) is nondegenerate. Hence we get an isomorphism

(16) End0
P (E)⊗OCP1(D)

∼−→ EndP (E)∗ .

For any locally defined section s of EndP (E), note that s ◦ θ− θ ◦ s is a locally defined
section of End0

P (E)⊗KCP1 ⊗OCP1(D). Consider the two-term complex

C• : C0 := EndP (E)
[·,θ]−→ C1 := End0

P (E)⊗KCP1 ⊗OCP1(D) .

The tangent space of MH
P at E, defined in (15) has the following description in terms of

hypercohomology:

(17) TEM
H
P = H1(C•)

(see [BR, Section 6]).
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Consider the short exact sequence of complexes

0 0y y
0 −→ End0

P (E)⊗KCP1 ⊗OCP1(D)y y
EndP (E)

[·,θ]−→ End0
P (E)⊗KCP1 ⊗OCP1(D)y y

EndP (E) −→ 0y y
0 0

over CP1. It produces the following long exact sequence of hypercohomologies:

(18) H0(CP1, End0
P (E)⊗KCP1 ⊗OCP1(D)) −→ H1(C•) η−→ H1(CP1, EndP (E)) .

Using (16) and Serre duality,

(19) H1(CP1, EndP (E))∗ ∼= H0
(
CP1, End0

P (E)⊗KCP1 ⊗OCP1(D)
)
.

Now consider the composition

TEM
H
P = H1(C•) η−→ H1(CP1, EndP (E))

θ·−→ C ,

where θ · v = θ(v) (see (19) for the duality pairing), and the homomorphism η is con-
structed in (18). This composition defines an algebraic 1-form

(20) λ ∈ H0(MH
P , Ω1

MH
P

) .

The de Rham differential dλ is the natural symplectic form on MH
P , which we refer to as

the Higgs symplectic form [BR].

It should be mentioned that H1(CP1, EndP (E)) parametrizes the infinitesimal defor-
mations of the parabolic vector bundle (E , {`i}ni=1). The homomorphism η in (18) is the
forgetful homomorphism that sends infinitesimal deformations of the parabolic Higgs bun-
dle (E , {`i}ni=1, θ) to the corresponding infinitesimal deformations of (E , {`i}ni=1) obtained
by forgetting the Higgs field.

3.2. The pullback of λ. The total space ((C2)⊕n)∗ ×U of the cotangent bundle of U is
equipped with the Liouville symplectic form. Let ω0 be the restriction to US (see (11))
of this Liouville symplectic form. Recall that dλ, where λ is constructed in (20), is the
canonical holomorphic symplectic form on MH

P .

Theorem 3.1. Consider ϕ constructed in (13). The pulled back form ϕ∗dλ = dϕ∗λ on
US coincides with ω0.

Proof. Take any point

(21) y = ((y1 , · · · , yn) , (z1 , · · · , zn)) ∈ US ⊂ ((C2)⊕n)∗× (C2)⊕n = (C2)⊕n× (C2)⊕n ,
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where yi ∈ (C2)∗, zi ∈ C2. Let

(22) ϕ(y) = (E , {`i}ni=1 , θ)

be the parabolic Higgs bundle.

Let dϕ : TUS −→ TMH
P be the differential of the morphism ϕ, where TUS and TMH

P

are holomorphic tangent bundles. We will compute the composition

(23) TyUS
dϕ−→ Tϕ(y)M

H
P
∼= H1(C•) η−→ H1(CP1, EndP (E))

(see (18) and (17) for η and the isomorphism respectively). Take any

(24) v = ((u1 , · · · , un) , (v1 , · · · , vn)) ∈ TyUS ,

where ui ∈ (C2)∗ and vi ∈ C2. We want to describe the image of v under the composition
in (23).

We recall from Section 2 that E is the trivial vector bundle C2 × CP1 −→ CP1. For
each i ∈ [1 , n], let

EndC(C2) −→ HomC(C · zi ,C2/(C · zi))
be the surjective homomorphism obtained by restricting endomorphisms of C2 to the line
C · zi generated by zi, and then projecting the image of this line to C2/(C · zi). We will
consider HomC(C · zi ,C2/(C · zi)) as the torsion sheaf on CP1 supported at the point
xi ∈ D. The kernel of the homomorphism of coherent sheaves

E = C2 × CP1 −→
n⊕
i=1

HomC(C · zi ,C2/(C · zi))

coincides with EndP (E), because the quasiparabolic line `i ⊂ Exi = C2 at xi coincides
with C · zi. In other words, we get a short exact sequence of coherent sheaves

0 −→ EndP (E) −→ End(E) −→
n⊕
i=1

HomC(C · zi ,C2/(C · zi)) −→ 0

over CP1. Let

(25)
n⊕
i=1

HomC(C · zi ,C2/(C · zi))
ξ−→ H1(CP1, EndP (E))

be the map obtained by the long exact sequence of cohomologies associated to this short
exact sequence.

Consider the homomorphism C · zi −→ C2 defined by w · zi 7−→ w · vi (see (24)
for vi). Its composition with the the natural projection of C2 −→ C2/(C · zi) yields a
homomorphism

vi : C · zi −→ C2/(C · zi) .

Now it is straightforward to check that

(η ◦ dϕ) (v) =
n∑
i=1

ξ(vi) ∈ H1(CP1, EndP (E))

(see (23) and (25) for η and ξ respectively), where vi is constructed above.
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Consider the Higgs field θ in (22). Using the isomorphism in (19), it defines a functional
on H1(CP1, EndP (E)). We want to calculate θ(ξ(vi)) ∈ C.

Now we will recall a property of the Serre duality pairing. Let V be an algebraic vector
bundle over an irreducible smooth complex projective curve X. Fix a point x ∈ X. Let

S be a subspace of the vector space (V ⊗OX(x))x. Let Ṽ be the vector bundle on X that
fits in the short exact sequence

0 −→ Ṽ −→ V ⊗OX(x) −→ (V ⊗OX(x))x/S −→ 0 .

Therefore, we have a short exact sequence of coherent sheaves

(26) 0 −→ V −→ Ṽ −→ S −→ 0 .

Let

S
β−→ H1(X, V )

be the homomorphism in the long exact sequence of cohomologies associated to the short
exact sequence in (26). Then for any

γ ∈ H0(X, V ∗ ⊗KX) ,

and any w ∈ S, the Serre duality pairing γ(β(w)) ∈ C coincides with γ(x)(w); note
that since γ(x) ∈ (V ∗⊗KX)x = ((V ⊗OX(x))x)

∗ (Poincaré adjunction formula), we can
evaluate γ(x) on w.

From the above property of the Serre duality pairing it follows immediately that

θ(ξ(vi)) = yi(vi) ;

recall from (21) and (24) that yi ∈ (C2)∗ and vi ∈ C2 respectively.

Consequently, the form ϕ∗λ on US coincides with the following 1-form λ′ on US: for
any point y as in (21) and any tangent vector v at y as in (24),

λ′(v) :=
n∑
i=1

yi(vi) .

It is straightforward to check that λ′(v) is the evaluation at v of the tautological one-
form on the total space of the holomorphic cotangent bundle ((C2)⊕n)∗ × U −→ U .
Therefore, dλ′ coincides with the restriction to US of the Liouville symplectic form on
((C2)⊕n)∗ × U . Consequently, dϕ∗λ coincides with ω0. �

The holomorphic symplectic form ω0 on US is easily seen to be G-invariant (see (14)).
This defines a natural holomorphic symplectic form ω on the hyperpolygon space X(α) =
US//G and we obtain:

Corollary 3.2. The isomorphism ϕ : (X(α), ω) −→ (MH
P , dλ) from Proposition 2.1 is

a symplectomorphism.
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