EQUIVARIANT COHOMOLOGY OF S^1-ACTIONS ON 4-MANIFOLDS

LEONOR GODINHO

Abstract. Let M be a symplectic 4-dimensional manifold equipped with a Hamiltonian circle action with isolated fixed points. We describe a method for computing its integral equivariant cohomology in terms of fixed point data. We give some examples of these computations.

1. Introduction

It is known that the equivariant cohomology of a symplectic manifold equipped with a Hamiltonian torus action is determined by circle actions on certain submanifolds. Indeed, Goresky, Kottwitz and MacPherson [GKM], using the work of Chang and Skjelbred [CS], showed that the computation of the cohomology rings H^∗_T (M) for a torus action of at least dimension two reduces to computation of H^∗_{T /H} (M^H ) for all codimension-1 subtori H, where M^H denotes the fixed point set of H.

However, not much is known on how to compute the equivariant cohomology ring in the case of a circle action. In this paper, we study the special case of integral equivariant cohomology of a Hamiltonian circle action with isolated fixed points on a compact 4-dimensional manifold M. It is known that, in this case, the inclusion map i : M^{S1} −→M of the fixed point set into M induces an injection i^∗ : H^∗_{S1} (M, Z)−→H^∗_{S1} (M^{S1} , Z) (see [TW3] and [Ki] for details). We give a very simple combinatorial method of describing the image of i^∗.

In the case of a torus action with at least dimension two, Goresky, Kottwitz and MacPherson in [GKM], and Tolman and Weitsman in [TW2], use the one-skeleton, that is, the subspace consisting on the closure of all points whose orbit under the action is one-dimensional, to describe this image. Here, with an S^1-action, we will use what we call the isotropy skeleton of the S^1-space, also formed by the fixed points and a set of connecting spheres. These spheres will now be the connected components of the fixed point set of subgroups of the circle different from {1} (isotropy Z_k-spheres), or free gradient spheres, obtained by choosing an invariant almost complex structure and an invariant Riemannian metric and taking the flow of the Hamiltonian function (see Section 3 for a detailed definition). This isotropy skeleton was already used in [H] in a more general context. Indeed, they compute its equivariant cohomology and use it to determine the signature of the manifold. However, they do not relate the equivariant cohomology of the skeleton with that of the manifold. Here we do determine H^∗_{S1} (M, Z) (based only on information contained on the isotropy skeleton).

1991 Mathematics Subject Classification. Primary 53D20; Secondary 55N91, 57S15. Partially supported by FCT through program POCTI/FEDER and grant POCTI/MAT/57888/2004, and by Fundação Calouste Gulbenkian. 1

Note that, just as in the GKM case [GZ], we can also obtain a graph from this skeleton with vertices the fixed points, pairwise connected by labeled edges whenever they are both in one of the above spheres (the corresponding labels are the orders of the stabilizers of these spheres). These graphs have a very simple shape: there is a unique top vertex and a unique bottom vertex and the edges occur in two branches which connect both extremal vertices (cf. Figure 1).

The equivariant cohomology H^∗_{S1} (M, Z) is an algebra: it is a ring under the cup product and it is a module over the symmetric algebra S = S(s^∗) of polynomial functions on the Lie algebra s of S^1 (S ∼= Z[u] is the polynomial ring in a single generator u ∈ H^2_{S1} (pt, Z)). Using the isotropy skeleton of M, we show that H^∗_{S1} (M, Z) is isomorphic to the following subalgebra of the direct sum of N copies of S, where N is the number of fixed points:

Theorem 1.1. Let M be a 4-dimensional compact symplectic manifold equipped with a Hamiltonian circle action with finitely many fixed points and let (J, g) be a compatible^1 pair of an almost complex structure and an invariant Riemannian metric. Then, the restriction map

H^∗_S1 (M, Z)−→H^∗_S1 (M^{S1} , Z) ∼= ⨁ F_i∈M^{S1} S

is injective, and its image is the subalgebra A = {f = (f_0, f_1, . . . , f_l, f_{l+1}, . . . , f_{l+m}, f_{N−1}) ∈ N⨁ k=1 S : f_1 = f_0 − a_1 p_1 u; f_{l+1} = f_0 − b_1 q_1 u; f_i = f_0 + ( a_{i+1} p_{i−1} − a_i p_i ) u, i = 2, . . . , l;

f_{l+j} = f_0 + ( b_{j+1} q_{j−1} − b_j q_j ) u, j = 2, . . . m; f_{N−1} = f_0 − (b_{m+1} p_l + a_{l+1} q_m) u + a_{l+1} b_{m+1} p_{N−1} u^2, for arbitrary polynomials f_0, p_1 . . . , p_l, q_1, . . . q_m, p_{N−1} ∈ S},

where

(i) l, m are integers with l + m + 2 = N, the number of fixed points; (ii) (a_{i+1}, −a_i), i = 2, . . . l, are the isotropy weights of the action on the normal bundles of the index-2 fixed points F_i on one branch of the isotropy skeleton associated to (J, g);

(iii) (b_{j+1}, −b_j ), j = 2, . . . m, are the isotropy weights of the action on the normal bundles of the index-2 fixed points F^′_j on the other branch of the isotropy skeleton associated to (J, g);

(iv) (a_1, b_1) are the isotropy weights of the action on the normal bundle of the index-0 fixed point;

(v) (−a_{l+1}, −b_{m+1}) are the isotropy weights of the action on the normal bundle of the index-4 fixed point (cf. Figure 1).

1A pair (J, g) of an S1-invariant Riemannian metric g and an almost complex structure J is

said to be compatible if g(u, v) = ω(u, Jv).

PSfrag replacements

Figure 1. Isotropy skeleton of M

Remark. The image of i^∗ : H^∗_{S1} (M, C )−→H^∗_{s1} (M^{S1} , C ) was already described by Goldin and Holm in [GH] as the set

(1.1) A = {(f_1, . . . , f_N ) ∈ N⨁ i=1 S : f_i − f_j ∈ u · C [u], N∑ i=1 f_i a^i_1 a^i_2u^2 ∈ S}, where a^i_1, a^i_2 are the isotropy weights of the action of S^1 on the normal bundle of the fixed point F_i. An easy example where integral coefficients give more information than complex ones is that of S^1 acting on S^2 ×S^2 with speed one on one sphere, and speed m > 1 on the other. Theorem 1.1, implies that a class vanishing on the fixed point P of index 0, and on one of the index-2 fixed points, F_2, must be a multiple of mu when restricted to the fixed point of index 4, Q (cf. Figure 5 and Table 1). In contrast, it is easy to check from (1.1), that there is a class on i^∗(H^∗_{S1} (M, C )) which is equal to u when restricted to Q while vanishing on P and F_2, and so equivariant complex cohomology does not distinguish between these spaces.

We prove Theorem 1.1 in Section 4 and, on Section 5, we give some examples of the computations allowed by this result.

2. Preliminaries

2.1. Equivariant Cohomology. The equivariant cohomology of an S^1-manifold is defined as the ordinary cohomology of the space M_S1 = M ×_S1 ES^1, where ES^1 is a contractible space on which S^1 acts freely. The projection M ×_S1 ES^1 −→ BS^1, where the classifying space BS^1 is equal to ES^1/S^1, induces a pullback map H^∗(BS^1, Z) −→ H^∗_{S1} (M, Z), making H^∗_{S1} (M, Z) into a module over S = H^∗_S1 (pt, Z) ∼= H^∗(BS^1, Z), the polynomial ring in a single generator u ∈ H^2(BS^1, Z).

Let us now consider an S^1-equivariant line bundle L over a fixed point F . The S^1-action on L is conjugate to some circle action on C , z → e^{2πia t}z, and the first equivariant Chern class of L is given by c_1(L) = au. Any S^1-equivariant vector bundle E over F decomposes equivariantly into complex line bundles (E = L_1 ⊕ · · · ⊕ L_m) on which the circle acts with isotropy weights a_1, . . . , a_m. The equivariant Euler class of E is then given by e(E) = ( ∏_m i=1 a_i) u^m.

2.2. Morse Theory. Kirwan [Ki] proved that, if M is a symplectic manifold equipped with a Hamiltonian circle action, the Hamiltonian function H : M−→R is a perfect Morse function on M. The critical points of this function are the fixed points of the action and the index of a critical point F is equal to twice the number of negative isotropy weights of the circle action on the normal bundle of F .

Taking a compatible pair (J, g) of an invariant almost complex structure and an invariant Riemannian metric, we have ∇H = −Jξ_M where ξ_M is the vector field that generates the S^1 action. Moreover, for a critical point F of H, the stable manifold, W^S (F ) and the unstable manifold, W^U (F ) of F are given by W^S (F ) ={p ∈ M : lim_{t→−∞} γ(t) = F } W^U (F ) ={p ∈ M : lim_{t→+∞} γ(t) = F },

where γ(t) is a solution of the gradient flow equation γ^′(t) = ∇H(γ(t)).

3. Isotropy Skeleton

In this section, we consider some facts about gradient spheres and define the isotropy skeleton of a manifold. Let M be a compact symplectic 4-dimensional manifold equipped with an effective circle action with isolated fixed points. As in [K], a Z_k-sphere, (k ≥ 2), is defined as the connected component of the set of points which are fixed by the finite subgroup Z_k ⊂ S^1. Each of these components is a closed symplectic 2-sphere on which S^1/Z_k acts effectively (cf. [K] for details).

Let us now choose a compatible pair (J, g) of an almost complex structure and an invariant Riemannian metric. The S^1-action on the underlying almost complex manifold extends to an action of C^∗ in the following way ([K], [AH]): identifying C^∗ to S^1 ×R^+ , and denoting by ξ_M the vector field on M which generates the circle action, we define the action of R^+ to be the flow of the vector field η_M := Jξ_M and so, since ξ_M and η_M commute, we have an action of C^∗ . We will call a gradient sphere in M, the closure of a non trivial C^∗ -orbit. Its poles are the limits at times ∞ and −∞ of the gradient flow (that is, the flow generated by the vector field −Jξ_M which coincides with the gradient flow of the Hamiltonian function with respect to the metric) inside this orbit, which, in turn, are fixed points of the circle action. A free gradient sphere is a gradient sphere whose stabilizer is trivial. Every Z_k-sphere is a gradient sphere and every non-free gradient sphere is a Z_k-sphere. Note that different compatible metrics may lead to different arrangements of free gradient spheres. However, non-free gradient spheres (Z_k-spheres) are independent of this choice since they are defined only in terms of the S^1-action.

The (J, g)-isotropy skeleton of M is then defined in the following way:

Definition. For (J, g) as above, the (J, g)-isotropy skeleton of M is the set X formed by fixed points and the following set of connecting spheres:

(1) if two fixed points are connected by a Z_k-sphere then we include this sphere; (2) if two fixed points are the north and south poles of a unique free gradient sphere then we include this sphere;

(3) if the fixed point of index 0 has a = 1 as an isotropy weight and is not the south pole of a Z_k-sphere having the fixed point of index 4 as north pole, nor the south pole of two gradient spheres having index-2 fixed points as north poles, then we take one of the infinite free gradient spheres which connect it to the index-4 fixed point.

Remarks. For each fixed point of index 2, the closure W^S (F ) of its stable (unstable) manifold is a gradient sphere and any free gradient sphere having as pole the fixed point of index 0 or the fixed point of index 4 is smooth at this point ([AH]-Lemma 4.9). Consequently, every sphere in the isotropy skeleton is smooth at its poles.

The (J, g)-isotropy skeleton X can be represented by a graph Γ_X with edges representing gradient spheres (labeled by the orders of their stabilizers), and vertices representing the fixed points. These graphs have a simple shape: there is a unique top vertex and a unique bottom vertex and the edges occur in two branches which connect both extremal vertices. Indeed, they differ from the extended graph defined in [K] only in the fact that they may include an edge labeled 1 connecting the bottom and the top vertices.

Again, the (J, g)-isotropy skeleton of M and the associated graph Γ_X may depend on the choice of (J, g) in the arrangement of free gradient spheres (cf. Example 1. in Section 5). Indeed, it is shown in [K] that if, for some metric, there is a free gradient sphere having two index-2 fixed points as poles, then there is a small perturbation of the (invariant and compatible) metric for which the gradient sphere ascending from the south pole becomes disjoint from the gradient sphere descending from the north pole. These two new gradient spheres connect the index-2 fixed points directly to the fixed points of index 4 and 0 respectively. Since Γ_X only has two branches, this implies that there can be at most one free gradient sphere between index-2 fixed points, in which case Γ_X also has one edge labeled 1 connecting the bottom vertex directly to the top vertex. Moreover, each (J, g)-isotropy skeleton can have at most two additional free gradient spheres per branch, connecting the fixed points of index 0 and 4 to index-2 fixed points. The arrangement of these spheres may depend on the choice of metric only if the smallest value of the Hamiltonian function on the interior vertices (i.e. that correspond to index-2 fixed points) of one branch is greater than the highest value of the Hamiltonian function on the interior vertices of the other branch.

Remarks. We know that any compact 4-dimensional manifold equipped with a Hamiltonian circle action with isolated fixed points can be obtained from either a C P^2 or a Hirzebruch surface by a sequence of symplectic blow-ups at fixed points of index 0 or 2 ([K]). Consequently, any graph Γ_X can be obtained from the graphs in Figure 2 by a sequence of blow-ups where, at each step, the blown-up vertex gives place to two vertices and an edge as depicted in Figure 3.

4. Proof of Theorem 1.1

To prove Theorem 1.1 we need a version of Kirwan’s injectivity Theorem [Ki] relating the equivariant integral cohomology of the manifold M with the equivariant integral cohomology of its fixed point set. Note that this result still holds for circle actions with isolated fixed points since the cohomology of the fixed point set has no torsion (see [TW3] for details):

Figure 2. Minimal graphs for an isotropy skeleton

Figure 3. Blow up at (I) an index-2 fixed point, (II) a minimum.

Theorem 4.1. Let (M, ω) be a compact symplectic manifold equipped with a Hamiltonian action of a circle S^1 with isolated fixed points and let M^{S1} be its fixed point set. Then, the inclusion map i : M^{S1} −→M induces an injection

i^∗ : H^∗_S1 (M, Z)−→H^∗_S1 (M^{S1} , Z).

From the proof of this theorem in [Ki] we can take the following result whose detailed proof can be found in [G]:

Proposition 4.1. Let M be a symplectic manifold with a Hamiltonian action with isolated fixed points. Let (J, g) be a compatible pair of an invariant almost complex structure and an invariant Riemannian metric. For any F ∈ M^{S1} of index 2d there exists a class α_F ∈ H^{2d}_{S1} (M, Z) that,

(i) restricted to F , is equal to the equivariant Euler class of the negative normal bundle of F , that is, α_F |_F = (∏_d i=1 a_i ) u^d, where a_1, . . . , a_d are the negative isotropy weights of the circle action on the normal bundle of F ;

(ii) vanishes when restricted to any other fixed point F^′ which cannot be joined to F along a sequence of integral lines of the negative gradient field −∇H with respect to the metric g (that is, by a sequence of downward spheres in X). Moreover, taken together over all fixed points, these classes form a basis for the cohomology H^∗_{S1} (M, Z) as a H^∗(BS^1, Z)-module. We will call them generating classes.

Finally, we can prove Theorem 1.1:

Proof. For each fixed point F of index 2 we consider the closure Z_F := W^S (F ) of its stable manifold which we know to be a gradient sphere of the isotropy skeleton. The circle acts on its normal bundle ν_{ZF} keeping Z_F invariant. Therefore, we can define the equivariant Euler class of ν_{ZF} , as well as the equivariant Thom class of Z_F , α_F := τ_S1 (Z_F ) ∈ H^2_{S1} (M, Z). The support of α_F can be shrunk into a neighborhood of Z_F , implying that its restriction to Z_F agrees with e_1(ν_{ZF} ), while its restriction to any other fixed point of M^{S1} outside Z_F vanishes. Consequently, τ_S1 (Z_F ) is supported on Z_F and its restriction to each fixed point F̃ of Z_F is equal to τ_S1 (Z_F )|_{F̃} = au, where a is the isotropy weight of the circle action on the fiber of the normal bundle of F̃ which is not tangent to Z_F (and u is the generator of H^∗_{S1} (F̃ , Z)). We conclude that these classes satisfy all the conditions of Proposition 4.1. In addition to the classes α_F , we also consider the class α_P := 1 and the class α_Q given by Proposition 4.1 which, restricted to the fixed point of index 4, is equal to the equivariant Euler class of its negative normal bundle, and vanishes on any other fixed point. Taking the classes α_P , α_F (for every index-2 fixed point F ) and α_Q, we obtain a basis of H^∗_{S1} (M, Z). Hence, if we have the isotropy skeleton depicted in Figure 1, the image of the restriction map H^∗_{S1} (M, Z)−→H^∗_{S1} (M^{S1} , Z) is the subalgebra A formed by classes f = (f_0, f_1, . . . , f_l, f_{l+1}, . . . , f_{l+m}, f_{N−1}) ∈ ⨁_N j=1 S where

f_0 = p_0 α_P |_P = p_0;

f_1 = p_0 α_P |_{F1} + p_1 α_{F1} |_{F1} = f_0 − a_1 p_1 u;

f_i = p_0 α_P |_{Fi} + p_{i−1} α_{Fi−1} |_{Fi} + p_i α_{Fi} |_{Fi} = f_0 + (a_{i+1} p_{i−1} − a_i p_i) u, f_{l+1} = p_0 α_P |_F ′_1 + q_1 α_F ′_1 |_F ′_1 = f_0 − b_1 q_1 u;

f_{l+j} = p_0 α_P |_F ′_j + q_{j−1} α_F ′_{j−1} |_F ′_j + q_j α_F ′_j |_F ′_j = f_0 + (b_{j+1} q_{j−1} − b_j q_j ) u;

f_{N−1} = p_0 α_P |_Q + p_l α_{Fl} |_Q + q_m α_F ′_m |_Q + p_{N−1} α_Q |_Q=

= f_0 − (b_{m+1} p_l + a_{l+1} q_m) u + a_{l+1} b_{m+1} p_{N−1}u^2, for arbitrary polynomials p_0, p_1, . . . , p_l, q_1, . . . , q_m, p_{N−1} ∈ S; i = 2, . . . , l; j = 2, . . . m, where we denote by F_1, . . . , F_l the index-2 fixed points on one branch of the isotropy skeleton and by F^′_1, . . . , F^′_m the index-2 fixed points on the other branch.

Indeed, for f_0, we see that the only generating class that does not vanish when restricted to P is α_P (α_P |_F = 1 for every F ∈ M^{S1} ) and so f_0 = p_0 α_P |_P = p_0. For f_1, only α_P and α_{F1} := τ_S1 (Z_{F1} ) do not vanish when restricted to F_1 (α_{F1} |_{F 1}= −a_1 u), and so f_1 = p_0 α_P |_{F1} + p_1 α_{F1} |_{F1} = p_0 − a_1 p_1 u. Similarly, for f_2, only α_P , α_{F1} and α_{F2} := τ_S1 (Z_{F2} ) do not vanish when restricted to F_2 (α_{F1} |_{F2} = a_3u and α_{F2} |_{F2} = −a_2u) and so f_2 = p_0 α_P |_{F2} + p_1 α_{F1} |_{F2} + p_2 α_{F2} |_{F2} = p_0 + (a_3 p_1 − a_2 p_2) u, and so on. Finally, the only generating classes that do not vanish on the fixed point of index 4, Q, are α_{Fl} , α_F ′_m and α_Q (cf. Figure 1) with α_{Fl} |_Q= −b_{m+1}u, α_F ′_l |_Q= −a_{l+1} u and α_Q |_Q= a_{l+1} b_{m+1} u^2, and so f_{N−1} = p_0 α_P |_Q + p_l α_{Fl} |_Q + q_m α_F ′_m |_Q + p_{N−1} α_Q |_Q= p_0 − (b_{m+1} p_l + a_{l+1} q_m) u + a_{l+1} b_{m+1} p_{N−1}u^2. □

Remark. Note that, even though the arrangement of free gradient spheres in the (J, g)-isotropy skeleton may depend on the choice of (J, g), this does not affect the A, since the equivariant cohomology of M does not depend on (J, g).

5. Examples

1. We first show an example of how H^∗_{S1} (X, Z) is independent of the choice of (J, g). In a Kähler toric variety, the preimage of an edge of the moment map polytope under the moment map for the torus action is a 2-sphere which is complex and invariant. Therefore, when we consider the space as an S^1-space, this 2-sphere is either fixed by the action or is a gradient sphere for the Kähler metric. Hence, the arrangement of the gradient spheres with respect to the the Käler metric is given exactly by the arrangement of the non-horizontal edges of the moment map polytope.

Let us consider for example the Hirzebruch surface

W_{2m} = {([a : b], [x : y : z]) ∈ C P^1 × C P^2 : a^{2m}y − b^{2m}x = 0}

(which we know to be diffeomorphic to S^2 ×S^2), equipped with the symplectic form induced by multiples of the Fubini-Study forms on C P^1 and on C P^2 , C_1ω_1 ⊕ C_2ω_2, and the Hamiltonian T^2-action induced by the action

(λ_1, λ_2) · ([a : b], [x : y : z]) = ([λ_2a : b], [λ^m_2 x : λ^{−m}_2 y : λ_1 z]), (λ_1, λ_2) ∈ T^2

on C P^1 × C P^2 . The corresponding moment map is given by

ϕ(([a : b], [x : y : z])) = (C_2 |z|^2 |x|^2 + |y|^2 + |z|^2 , C_1 |a|^2 |a|^2 + |b|^2 +C_2 m |x|^2 − |y|^2 |x|^2 + |y|^2 + |z|^2 ). The four fixed points of this action are P = ([0 : 1], [0 : 1 : 0]), F_1 = ([0 : 1], [0 : 0 : 1]), F_2 = ([1 : 0], [0 : 0 : 1]) and Q = ([1 : 0], [1 : 0 : 0]), and the moment map image (the convex-hull of the images of the fixed points) is represented in Figure 4.

PSfrag replacements

Figure 4. Moment map polytope for the T^2-action on W_{2m}

From this polytope we can obtain the isotropy skeleton corresponding to the action of the second circle,

λ_2 · ([a : b], [x : y : z]) = ([λ_2a : b], [λ^m_2 x : λ^{−m}_2 y : z]),

and the Kähler metric, as can be seen in Figure 5 (a). Note that there are two Z_m-spheres connecting F_2 to Q and F_1 to P respectively.

We know from [K] that, when the isotropy skeleton has a free gradient sphere whose north and south poles, F_1 and F_2, are both interior fixed points (i.e. which are neither a maximum nor a minimum), there exists a small perturbation of the metric within the space of compatible metrics, for which there exists one free gradient sphere whose north and south poles are F_2 and the minimum for the Hamiltonian function, and another free gradient sphere whose south pole is F_1 and whose north pole is the maximum of this function. All other gradient spheres remain unchanged. For this perturbed metric, we obtain the isotropy skeleton in Figure 5 (b). Hence, we have here an example where the same Hamiltonian S^1-space admits two different compatible metrics for which the gradient spheres are arranged differently.

Let us see how to compute the classes α_{F1} and α_{F2} for both isotropy skeletons. In the first case, W^S (F_1) is a sphere connecting F_1 to F_2. Hence, α_{1,P} := α_{F1} |_P = 0, α_{1,1} := α_{F1} |_{F1} = −mu, α_{1,2} := α_{F1} |_{F2} = mu and α_{1,Q} := α_{F1} |_Q = 0. The closure

Figure 5. Isotropy skeletons for W_{2m}

W^S (F_2) of the stable manifold of F_2 is the Z_m-sphere connecting F_2 to Q and so α_{2,P} = α_{2,1} = 0, while α_{2,2} = α_{2,Q} = −u. In the case of the perturbed metric, W^S (F_1) is a sphere connecting F_1 to Q and so α_{1,P} = α_{1,2} = 0 and α_{1,1} = α_{1,Q} = −mu. Similarly, we can conclude that α_{2,P} = α_{2,1} = 0 and α_{2,2} = α_{2,Q} = −u. These results are listed in Table 1 (a) and (b).

F_j α_P α_{F1} α_{F2} α_Q P 1 0 0 0 F_1 1 −mu 0 0 F_2 1 mu −u 0 Q 1 0 −u mu^2

F_j α_P α_{F1} α_{F2} α_Q P 1 0 0 0 F_1 1 −mu 0 0 F_2 1 0 −u 0 Q 1 −mu −u mu^2

(a) (b)

Table 1. Generating classes for the isotropy skeletons of W_{2k}

We can easily check that these two sets of generating functions generate the same subalgebra of

⨁_4 k=1 S. In Figure 6, we show the general form of an equivariant class in H^2_{S1} (W_{2k} , Z), shown as an element of the equivariant cohomology of the fixed points.

2. Let M be C P^2 equipped with the circle action

λ · [z_1 : z_2 : z_3] = [λ^pz_1 : λ^q z_2 : z_3],

with integers p > q > 0. If we blow up the interior fixed point [0 : 1 : 0] we obtain a new circle action on the resulting manifold. If we repeat this three more times, always blowing up the interior fixed point with the lowest value of the Hamiltonian function, we get C P^2 blown up four times equipped with the circle action with the isotropy skeleton shown in Figure 7.

The closures W^S (F_i) of the stable manifolds for i = 1, . . . , 5 are the isotropy spheres connecting F_i to F_{i+1} and so we obtain the values α_{i,j} := α_{Fi} |_{Fj} listed in the following table:

Figure 6. General form of a class in H^2_{S1} (W_{2k}, Z) (a, b, c ∈ Z)

Figure 7. Isotropy skeleton of C P^2 blown up four times

F_j α_P α_{F1} α_{F2} α_{F3} α_{F4} α_{F5} α_Q P 1 0 0 0 0 0 0 F_1 1 −qu 0 0 0 0 0 F_2 1 (2q + p)u −(3q + p)u 0 0 0 0 F_3 1 0 (q + p)u −(2q + p)u 0 0 0 F_4 1 0 0 pu −(q + p)u 0 0 F_5 1 0 0 0 (p − q)u −pu 0 Q 1 0 0 0 0 −pu p(p − q)u^2

Table 2

Acknowledgement. I would like to thank Susan Tolman, Gustavo Granja and Michèle Audin for many helpful conversations regarding this work and to Dusa McDuff for suggestions leading to the improvement of this paper.

References

[A] M. Audin, The topology of torus actions on symplectic manifolds Progress in Mathematics, 93 Birkhäuser, Basel, 1991.

[AH] K. Ahara and A. Hattori, 4-dimensional symplectic S^1-manifolds admitting moment map, J. Fac. Sci. Univ. Tokyo Sect. IA, Math. 38 (1991).

[CS] T. Chang and T. Skjelbred, The topological Schur lemma and related results, Ann. of Math. 100 (1974), 307-321.

[G] R. F. Goldin, An effective algorithm for the cohomology ring of symplectic reductions, Geom. Anal. Funct. Anal. 12 (2002) 567-583.

[GH] R. F. Goldin and T. Holm, The equivariant cohomology of Hamiltonian G-spaces from residual S^1 actions, Math. Res. Lett. 8 (2001), no. 1-2, 67-77 [GKM] M. Goresky, R. Kottwitz and R. MacPherson, Equivariant cohomology, Koszul duality, and the localization theorem, Invent. Math. 131 (1998), 25-83.

[GZ] V. Guillemin and C. Zara, One skeleta, Betti numbers and equivariant cohomology, Duke Math. J. 107 (2) (2001), 283-349.

[H] W. Huck, Circle actions on 4-manifolds I, Manuscripta Math. 87 (1995), 51-70. [K] Y. Karshon, Periodic Hamiltonian flows on four dimensional manifolds, Mem. Amer.

Math Soc. 141 (1999).

[Ki] F. C. Kirwan, The cohomology of quotients in symplectic and algebraic geometry, Princeton University Press, 1984.

[TW1] S. Tolman and J. Weitsman, On semifree symplectic circle actions with isolated fixed points, Topology, 39 (2000), 399-309.

[TW2] S. Tolman and J. Weitsman, On the cohomology rings of Hamiltonian T -spaces, Northern California Symplectic Geometry Seminar, Amer. Math. Soc. Transl. Ser. 2, 196, Amer. Math. Soc., Providence, RI, (1999), 251-258.

[TW3] S. Tolman and J. Weitsman, The cohomology rings of abelian symplectic quotients, Comm.

Anal. Geom., 11 (2003), no. 4, 751-773.

Departamento de Matemática, Instituto Superior Técnico, Av. Rovisco Pais, 1049- 001 Lisbon, Portugal, Fax: (351) 218417598

E-mail address: lgodin@math.ist.utl.pt