MATEMATICA COMPUTACIONAL
LEFT — LEBL - LQ - LEAM - LEMAT
Ano Lectivo: 2006/2007 Semestre: 22

Formulario

1. Representagcao de Nimeros e Teoria de Erros

Erro, erro absoluto, erro relativo (z = x):

i) zeR: e=z-—17, ez, 0z = —, 0] (x #0)

= 6l (@ #0)

(i) zeR": e=z-—17, llezl|, 0z =

Representacao de nimeros reais (notagao cientifica):

r=omf3 €R\{0}
(base) B € N\ {1}, (sinal) o € {+, -}, (expoente) t € Z
(mantissa) m = (0.a1as...)s € [, 1], a; €{0,1,...,8—1}, a; # 0

Sistema de ponto flutuante:

FP(B,n,t1,t2) ={xr € Q: z=0omp'} U{0}

g eN\ {1}, oe{+, -} th <t<ty, tt,trel
m = (0.a1az...a,)s € [, 1— 37", a; €{0,1,...,8—1}, a; # 0
Arredondamentos:
r=0(0.a1ay ... 050041 ...)p X B €R, fi(z) € FP(8,n,t,t2)

(i) arredondamento por corte:
fl.(r) = 0(0.a1az...a,)5 x 3

(i) arredondamento simétrico (3 par):

o(0.a1as . ..a,)s x (3, 0<ap1 < g
ﬂs($) = B
o[(0.araz...a,)s+ 37" x G, B <lpp <

Erros de arredondamento (x = omf3* € R, 7 =fl(x) € FP(5,n,t1,ts)):




(i) arredondamento por corte:
les] <7 sl < BTN =U

(ii) arredondamento simétrico:

o 1o
\eifﬁéﬂt , \5£’§§ﬁl = U

( U: unidade de arredondamento do sistema FP(3,n,t;,t5) )

Algarismo significativo:

r =oml0' €R, T =o0(0.a1ay...a,)10 X 10" € FP(10,n,t1,t5),

, : P - Lo
a; ¢ algarismo significativo de 7 se |ez| < 3 [

Propagacao de erros (x:(xl,...,xn)ER”, ¢o:R" >R, T~u, gzgzﬂoq§>:

_ ", 9¢
com = 6a) ~ 9(0) = el =D ()
k=1
n 0¢
@ o ] Ty, (2)
(5‘1’(95) - gzﬁ(a:) ~ 6¢(5€) - ;p¢@k(x)51m p(ﬁ@k(x) = gb(:t)
d(x) — o(F) - -
%0 =T oy Oy + 0y Oge) =D Pownds  Gawr = ) Gidam,
k=1 k=1

2. Normas Vectoriais, Normas Matriciais e Métodos Iterativos

Normas vectoriais (x = (x1,...,z,) € R"):
n n
lzlh =l lellz = ¢/ > laif?, |0 = max fa]
i=1 i=1
(norma da soma) (norma Euclidiana) (norma do maximo)

Normas matriciais induzidas por normas vectoriais (A = [a;;] € M"(R)):

A
1A, = IAsl, 10
z€R"\{0} ||IHP
| Al = 1%&3%2 |aij|, |All2 = /15(A*A), [Alloe = glfgjlzl |aij|
1= 1=

(norma por colunas) (norma Euclidiana) (norma por linhas)



ro(A) = max | Ails AL, ..., A, @ valores préprios de A

3. Resolucao de Equagoes Nao-lineares (f : R — R)

Método da bisseccao (f(z) =0, f € C(la,b]), f(a)f(b) <O0):

Tmi1 = T + asgn[f(a)f(xm)], m=0,1,..., rog=a ou xog=>

|2 = Zmi1| < [Tmr1 — T

Método do ponto fixo (f(z) =0 < z = g(2)):

(lg(x) —g(y)| < Llx—y|, Va,yeICR, L<1l; g(I)ClI)

Timt1 = 9(Tm), m=0,1,...
|2 — 1| < Lz — 2, |z — x| < L™z — x|
1 L
|z — x| < - L\me — Tl 2= ] < - lem+1 — T
m
|2 = @] < 1_L’9€1 — Zo

oe ¢ (2)#£0, geCYI), L =max,|d(z) <1:

2= Tm+1 = g/(gm)(z - xm)7 m E]Z; xm[
|2 — 1| < L)z — 2, |z — 2| < L™z — x|
. 2= Tm41 / [1] /
]_ _— = K —
dim —— = =), o = 19'(2)]

ce g(r)(z):()’/r:]""‘7p_]" g(p)(z)%07 p:2737“" gGCp(I)

1
2= Tmp1 = H(—l)pﬂg(p) (Em)(z —2m)’,  &m €z aml

m

1 1 p
z2— Tmp1| < Kplz — x", |2 — x| < Kp7* (Kﬁl |z — x0|)

1
Ky = max |¢ (@)

2= T (CDPT W _ L o
e A A OLN S —H}g (2)]

Método de Newton (f(z) =0, f'(z) #0, fe€ C*(I)):

Tl = Ty — m=0,1,...

f(@m)’




Z— Tma1 = _fo/((ijn::) (Z - xm)Q ) gm E]Z,SCm[

1 m
2= Ty | < K|z — 2|?, |z — x| < % (K|z — o))

maxer | ["(2)|

K = :
2minges |f/(x)|
lim 2= Tmil f"(2) [2] _ f"(2)
m—oo (2 — Xy )? 2f"(z)’ o0 2f(2)
ce f(r)(z) =0,r=2,...,p—1, f(p)(z) #0, p=3,4,..., [feCr(I)
i 2o CD0-D) fOE) ey po ‘f(p)(Z)
m—00 (2 = Ty )P P! f'(2) | f(2)
Método de Newton modificado:
(f(z)=0, r=0,....,p—1, fP®@)#£0, p=23,..., feCr)
m+1 — dm — , =0,1,...
Tyl =T P F (@ m=20
lim 2= Tma 1 h/<z)7 K2 _1 W(z)
m—oo (2 — Tpy)? p h(z) < plh(z)
onde h étal que f(z)= (x— z)Ph(x), h(z)#0

Método da secante (f(z) =0, f'(z) #0, feC*1I)):

et = o = ) ) F )

2= Tyl = —;;,((Zzz (2 = 2m) (2 = Tpp1), Ems M €] Tm—15 23 T |

_ maxeer | ()]

Z_l‘m < K zZ — m - 4dm— ’ - ]
|2 = Tmi1] < K|z = @l |2 = T 2miner |//())
r—1
fim |2 — Ty _ f"(2) —. Kl r = VE+1
m—00 ‘Z — xm’T QfI(Z) > 2

4. Resolugao de Sistemas Lineares (Az =0, A € M"(R), b,z € R")

Ntumero de condicao de uma matriz:

cond,(4) = [All, [A7"],, p=1,2,00,  condi(A) = r,(A)ry(A™)



Condicionamento de sistemas lineares ( A =)

Hx_fin < Cond ||A AHp ”b_B“p
||$Hp [ A”P cond ”AHP ||b||p

||A_ AHZ’

condy(4) = [A=All, |[A7, <1, p=120c0
1Al

Métodos iterativos:

) = Cz®) 4, k=0,1,...
C—-M'N=I—M'A, w=M"b M+AN=A=L+D+U

lz = 2] < eflz - 2], o — 2] < c'fnx -0
o = 2] < [ttt 2, g — 0] < o) — 4O
- 1- ’ 1-—
lz = 2] < T o — 2, e=lcl <1

e Método de Jacobi (M = D):
2" =D b — (L +U)2W], k=0,1...
e Método de Gauss-Seidel (M = D + L):

g™ = D7 (b — LoD — U2 ®) | k=0,1...
. : . D
e Método de Jacobi modificado (M = W eR\ {O}):
2 = (1 —w)a® + D™ [b— (L+U)2x®], k=0,1,...
. . . D
e Método de Gauss-Seidel modificado ou SOR <M = + L, weR\ {0}):

g* ) = (1 —w)a® 4 wD™? (b— L+ — Ux(k)) : kE=0,1,...

5. Resolugao de Sistemas Nao-lineares (f : R" — R")

Método do ponto fixo (f(z) =0 < z = g(2)):

(lg(z) —gy)| < Llx—y|, Vo,ye DCR", L<1; g(D)CD)

(secio). L=swisnl)



M) = g(z(m), m=0,1,...

Iz~ 20| < Lz - 2], Iz~ 2] < L))z - 20
o = 20 < T — gz gD < S )]
~1-L ’ ~1-L
I — ™) < 722 20

Método de Newton generalizado (f(z) =0, f € C*(D), det[J;(z)] # 0):

{ m=0,1,...
Tp(a™) At =~ f (),

1 m
2= e  Kllz =2,z =2 < = (K2 — @)’

1

— =sup||[J: ()7,
w, | 57 = sl
2M,

K= 9 f,

- Oz j0xy,

I<i<ngep

My = m<X sup ||Hfz(w)|| , Hyp el (Hfi)jk:

6. Interpolacao Polinomial

Formula interpoladora de Lagrange:

pu(z) = Z fi L), Lz) = ][

Formula interpoladora de Newton:

j=1
j—1
W;(x) :H(:v—.rz), j=12....n
i=0




Formula do erro:

g
(n+1)!

Wi () :H(UU—«T@'), § Elwo; ;.. a2

1=0

Wn+1($) = f[x(hxla S ,xn,x] Wn+1($)

Relacao entre as diferengas divididas e as derivadas de uma funcao:

ARG

n!

flro, z1, ..., 2] ) § €lwgsar;. . x|
7. Aproximacao Minimos Quadrados

Melhor aproximacao minimos quadrados ¢* de f € E em F' C E, F subespaco de dimen-
sao n gerado por {¢o, ..., .}, E espago pré-Hilbertiano:

If = ¢la=inf If =6l & (f-6.9)=0, VoeF

n

o' =S aior, S lenenai=(fe), G=01,....n
k=0

k=0
OF = Z Ao, ap = M, se {©o,...,¢n} €éum sistema ortogonal
k=0 <¢k7 @k)

Polinémios ortogonais com respeito ao produto interno

b
<ﬁm=/UMMMM@M% (f.9 € C([w.h), we Clab), w(z)>0)

e Férmula de recorréncia:

{ 90n+1(x) = (:U - Bn+1)90n(x) - CnJrl(Pnfl(x)? n=12...

po(z) =1, p1(x) =2 — By
By = WOw@i 0y Oy = PPl
<<an 90n> <90n717 90an>
e Polindmios de Legendre, P, (x € [a,b] = [-1,1], w(z)=1):

2n+1 n
Poii(x) = o zP,(x) — n_’_an,l(x), n=12...
Py(z) =1, P(x)=x

Cu

Fale) = 2nnl dxn [(1 - $2)n] ;o on=1,...



2
P . P\= P P\ = =0,1,...
< ny m> 07 vn # m7 < ny n> 277/ + 1’ n 07 )

e Polinémios de Chebyshev, T, (z € [a,b] = [-1,1], w(z) =1/V1—2?):

{ Toii(z) = 22T, (2) — T 1 (), n=12...

To(z) =1, Ti(z)=x
T, (z) = cos(n arccos x), n=0,1,...
(T, T) =0, Yn#m, (To,T))=m  (Tpn,T,) = g n=1,2,...
2% + 1
To(z;) =0, xi:cos(zg_—)w, i=0,...n—1, n=12...
n

8. Integracao Numérica

Formulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

b n
10 = [ e m L) =Y wiafle)

Tjin=a+jh, j7=0,1,...,n, h =

h(=1)7 [ L& )
wj,n = [<lj,n) = m/o‘ H (t — Z) dt, wjm = wn,jyn

i=0,ij
En(f) = I(f) - [n(f) - Cnhn+1+ynf(n+yn)(€)
1 Yo T . L n
Cn:m/ot 1H(t—z)dt, un_1+2[1+(—1)], € €la,b]
en=1, h=0b—a (Regra dos trapézios):
b—a n3 .,
L) ="+ ) B = - p©. € e
en=2 h= b—Ta (Regra de Simpson):
b— b hb
L) =250 1@+ 4 (S0) 50| B =~
en=3 h= b—Ta (Regra dos trés oitavos):
b—a 3h° )
Is(f) = [f(a) +3f(a+h) +3f(b—h)+ fO)], Es(f) =——=/7(E)

8



_b—a

en=4 h 4 (Regra de Milne):
L(f) = bg_—oa Tf(a)+32f(a+h)+12f <GT+b) +32f(b—h)+T7f(b)
_ 86
Eif) =557 (), § €la, b]
en=>5 h= b ; a4
L(f) = 62‘7; [19F(a) + 75f(a+ ) + 50f(a + 2h) + 50£(b— 2h) + T5£(b — h) + 19£(8)]
75h7
Bi(f) =~ f P, € ela
oen==0, h= b—Ta (Regra de Weddle):
Is(f) = i;;Lﬂfm)+2mfm+40+2Zﬂa+2h%+7mf(a;b)
+27f®——2h)+216f@——h)+41f@ﬂ
9n?
Eg(f) = —MOOf(S)(S), § €la,b]
en=7 h= b ; a.
L(f) = 12(;)50 5257 f(a) + 25039 (a + h) + 9261 f(a + 2h) + 20923 f (a + 3h)

+20923f (b — 3h) + 9261 f(b — 2h) + 25039 f(b — h) + 5257 f(b)

8183h?

Erlf) = =i OO, € adl

Férmulas de Newton-Cotes abertas de ordem n:

10 = [ s~ L) =Y wafl)
I(z"

w(2F) = I(2"), k=0,1,...,n

b—a
‘Z.Jn:a—i_(j—i_l)h? ]_0717 ) T h:n+2
Iﬂ—ly’j/m+l - .
Wiy, = 1(li,) = = - t—1)dt, Wjp = Wn_jn
7 (J,) ]'(n_])' ) H ( ) J J



E,(f) = I(f) = In(f) = Cuhm o frtem) ()

1 T 1
_ Vi~ i 4= 1+ (=1)"
S el A | (SUT TSR NN v R O
b—a s 1
en=0 h= 5 (Regra do ponto médio):

Io(f)—(b—a)f(a+b), Bo(f) = pr(e), € elat]

2 3
.n:Lh:b;%
W =" a0 B =20, £
on:Zh:b;%
B ="5" [prta w1 (S5F) #2001
Baf) = 2 p0 ), ¢ o

Formulas de Newton-Cotes fechadas compostas:

b—a

vy=a+jha, j=01 M, by = fii= )
® N =
1Y) = =5 | fo+ far +2 Z f]]
J=1
h—
BM(f) = - 12“h%4f”<5>, ¢ €la.]
en =2 (M par)
M/2 M/2—-1
M (f) = [h+fM+4§:ﬁjl+2§:jg]
Jj=1 j=1
b
ESO()) =~y Maf D@, €€lad]

e n =3 (M multiplo de 3):

o 3hM M/3-1 M/3
I (f) = f0+fM+22f3y+3Z faj1+ fs-2)

10



b—a
&0

B = -

Mf(4)(€>v 56]0,,1)[
e n =4 (M multiplo de 4):

M/4—1 M/4 M/4

IiM)(f)—4hM [ (fo+ fur) +14 Z f49+322 fag—1+ f1j-3) +122f4g 2

2(b—
() = 200, 100, el
e n =15 (M multiplo de 5):
eh M/5-1
IEEM)(f) = 28]8\4 [19 (fo =+ far) + 38 Z [
M/5 - M/5
+75 Z (fsj—1+ f5j—4) +50 Z (fsj—2 + f5j-3)
=1 =1
55(b —
B = -0 ), ¢ elai
en =06 (M multiplo de 6):
- M/6-1 M/6
I = L6 |41 o+ far) + 82 Z foj + 2162 foj—1 + foj—s)
M/6 M/6

+27 Z (foj—2 + foj—a) +272 Z Jej—3
j=1 j=1

3(b — a)
2800

EM(f) = - W), € €la,b]

en =7 (M multiplo de 7):

M/7-1 M/7

has
) = T80 5257 (fo + far) + 10514 ;{; fm—+25039;£; frici+ frize)

M7 M/7

+9261 >~ (frj—2 + frjms) + 20923 > " (frj=s + frj—s)
1169(b — a)

=sio0 V@, €€lab]

B (1) = -

Férmulas de Newton-Cotes abertas compostas:

mj:a—I—th, j:071,...,M, hM:

|

11



12

e Regra do ponto médio composta (M par):

M/2

IéM)(f) = 2hMZf2j—1, ESM)(f) - M
j=1

G (&), € €la,b]

Formulas de Gauss:

10 = [w@f@de = 5= Y waf)

I, (z%) = I(z"), k=0,1,...,2n+1

Tjn, J=0,1,...,n: zeros do polinémio ®,,; de grau n + 1 per-
tencente ao sistema {®g, @1, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f,g) = I(fg).

_ <(I)n+17 q)n+1>
D1 (Tjn) Prya(Tiin)
<q)n+17 q)n+1>

i=0,1,....n

En — (2n+2) b
() = TS e, € e
e Férmulas de Gauss-Legendre ([a,b] = [—1,1], w(z) = 1):
Tjn, J=0,1,...,n: zeros do polinémio de Legendre P, ,
2 1 =0,1
w',n:_ 9 J=UL...,n
! (n+ Q)PTIL-H () Prta(jn)
22n+3 n+1 !4 .
Bo(f) = e W E DL penin e ¢ o,y

(2n + 3)[(2n + 2)!1)?
oe Io(f) =2f(0)

wner () ()

()= 2 f (— §> FSFO) 4 o] <\/§>

oo I3(f) =wosf(xo3) +wisf(r13) +wasf(re3) +wssf(rss)

1 6 1 6
Tos = 74| 7 (3 + 2\/;) = TI83 T3 T Ty |7 (3 - 2\/%) = —T23
1 5 1 5
Wo,3 = 6 (3 - \/%) = wWs3z, W3 = 6 (3 + \/%) = Wa3

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/V1—2?):

o

in — 3 jn — 3 >:0717"'7
i COS(2n+27T> Yin = J "



13

En(f) = 22n+1(;n +2)

e Férmulas de Gauss-Legendre compostas:

JeE), € clay

b i M
h m
I(f) = / f@yde = 1) =SS w0 f (2l
a 7=0 m=1
" h b—a
x;n):a+hM(m—1)+7M($j,n+1)> hy = Wi

(jn € w;, sdo os noés e os pesos das férmulas de Gauss-Legendre)

" b—a (b7 22083 [(n 4 DI
EM() = (7) 2n+3)[2n+ 2)]

 fEMD(E), € €la,b]

10. Resolugao de Equagoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = [z, y(x))

y(wo) = Yo
f:DcRHFM L RM D aberto, M ezt
fec), |fzy) = flx,2)| < Lly— 2|, V(z,y),(x,2) € D
(I(),YE)) c D

Métodos de passo simples:

Yni1 = Yn + L O(Tn, Yns h)
Ty, = xo + nh, n=0,1,...,N, N e Z*

¢ : Dx]0, 00[— RM, ¢ € C(Dx]0,00])
‘90<x7y7 h) - ¢<I727h)| < K’y - Z|7 V(l’7y, h)7 (SL’,Z; h) S DX]0,00[
e Erro de discretizacao local:

P h) = 3 V@ h) =Y (@) - elw k), Vi) =y

e Erro de discretizacao global:

I (22) = W) < 50| () — ()] + T [eton—so) 1]

7(h) = max ||7(z,, Y (z,); h)]]

0<n<N



e Método de Euler:
Yn+1 = Yn + hf(-rm yn)

(o) = () ) + O)

Ox
e Métodos de Taylor de ordem p:

uﬂ@ww=(9+f@w»vaf@w>

p—1 hj '
Yn+1 = Yn + h]zo (] + 1)' (d]f) (xn’yn)
h? 1
o) = o (@) ) + O

e Métodos de Runge-Kutta de ordem 2:
(@,9:0) = (L= )7 9) +7F (24 gy + e Fay)
90 ) y7 - ’)/ ) y ’7 27 ) y 27 ) y
h? 3}
m(z,y;h) = — |d*f(z,y) — 3 —f(fv,y; 0)| + O(h?)
6 Oh
oe Método de Euler modificado ou do ponto médio (y = 1):

2

h h
Ynt1l = Yn + hf (xn + §7yn + 5 f(xmyn)>

3
oe Método de Runge-Kutta cléssico de ordem 2 (7 = Z)

h 2h 2h
Yn+1 = Un + Z |:f($n>yn) + 3f (xn + ?7 Yn + ? f(xnayn))‘|

1
oe Método de Heun (7 = 5)

h
Yt = Y+ 5 (@0 Yn) + f (@0 A By + B (00, yn))]

e Métodos de Runge-Kutta de ordem 3:
3
p(x,yih) = viepi(x,y; h)
j=1
p1(z,y;h) = f(z,y)

7j—1
iz, yh) = f <$+@jh,y+h25ﬁ%($,y;h)>7 i=23

i=1

14



T(x,y; h) = h—3 df(x )—483—g0(x :0)| +O(hY)
) yv - 24 ) Z/ ahg ) y7
oe Método de Runge-Kutta classico de ordem 3

h
Ynt1 = Yn + 5 [p1 + 42 + @3]

h h
¥1 :f(l'nayn)a 902:f(xn+§7yn+§$01)
@03 = [ (Tn + h,yn — hio1 + 2h3)

oe Método de Runge-Kutta-Nystrom de ordem 3

h
Ynil = Yn + = [2001 + 32 + 3¢p3]

8
2h 2h
01 = f(Tn,Yn), 2= f <$n+§7yn+§¢1>
(a2, 2
Y3 = LTy 3 y Yn 3 Y2

oe Método de Runge-Kutta-Heun de ordem 3

h
Ynt1 = Yn + — [1 + 33

4
h h
¥1 :f(xnayn)a 902:f($n+§>yn+§§01)
2h 2h
Qp3:f($n+?7yn+?¢2)

e Métodos de Runge-Kutta de ordem 4:
5
oz, ysh) =D i,y h)
j=1
(101(:[7:% h) = f(.T,y)

7j—1
Spj(l'vy; h) = f <x+a]h7y+h25jzgpz($aya h)) ) ] = 27374a5
i=1
4

h
T(x,y; h) = 50 [d“f(l“, y) —5 a—hf(x, Y; 0)] +O(R°)

oe Método de Runge-Kutta classico de ordem 4:

4

h
Ynt1l = Yn + 5 (01 + 22 + 203 + 4]

h h
o1 = f(Tn,Yn), 902=f($n+§7yn+5801)

h h
<p3=f<:rn+§,yn+§so2>, 04 = f(xn + h,yp + heps)

15



oe Método de Runge-Kutta-Gill de ordem 4:

h
Ynt1 = Yo+ o [901 +(2-V2)p + 2+ V2)ps + 904}

h h
01 = f(Zn,Yn), 902:f(37n+§7yn+—¢1)

2
h V2 -1 242
ws=flTn+ = Yn+ hor + heo
2 2 2
V2 2442
904=f<xn+h,yn—7hsoz+ 5 hes

oe Método de Runge-Kutta-Fehlberg de ordem 4:

op |2 08 aor 1
Ynt1 = Yn 2167 T 256570 T 410474 577
h h
©1 :f(xnayn)’ 902:f(xn+17yn+1901)
(g B, B9
Y3 = Tn 8 s YUn 32 ©1 32 ©®2

12h 1932 7200 7296

= nide _ 22 2Py
pri=f (w” 9309 o197 0 T 5197 P2 o1g7 903)
439 3680 845
Y5 = f (fn + h,yn + hSpl - 8hS02 + m h903 — m h§04>

Métodos multipasso lineares com p + 1 passos, p > 0:

Yn+1 = Zakyn k+h Z bkf Tn—ky Yn— k) n

> p
h=—1
|ap| + [bp| # 0
X = xo + nh, n=0,1,...,N, N e Z+

e Erro de discretizacao local:

1
T(l’,y; h) = 7

; Y(x+h)— ZakYa:—k’h

- Z bof(x —kh, Y (x—kh),  Y(z)=y

k=-1

e Condigoes de consisténcia (¢ > 1: ordem de consisténcia, f € C4T1(D)):

qzl: COIO, 01:0, CQ?éO
QZQ C():O, 01202:"'20,1:0, Cq+17£0
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P

p p
Cb:l—Zak, Clzl—f-ZkCLk—Zbk,
k=0

k=0 k=—1

p p
Ci=1-Y (=kYar—j Y (—k) b, j=23,...

k=0 k=—1
hf q q+1
7(z,y;h) = mcq—&-l(d )z, y) +Ohi)
e Condicao da raiz:
p p
p(r) =171 =3 aprrt = [[r = 7y)
k=0 Jj=0
(i) |m] <1, 7=0,1,....p; (ii) |rjl=1= p'(r;) #0

e Métodos de Adams-Bashforth (f,, :== f(zm,Ym)):

p
Ynt1 = Yn +h Y bifak,  nZp
k=0
Ci=Cy=---=C,=0, g=p+1
p
Oj = 1_jZ(_k)j_1bk7 .7: 1727"'7q
k=0

h
Ynt1 = Yn + 5 [3fn - fn—l]

| o) = 2 ) ) + O

Ynt+1 = Yn + % [23fn - 16fn—1 + 5fn—2]
3n% 4 "
T(z,y;h) = —= (& f)(z,y) + O()

h
Yn+1 = Yn + ﬁ [55fn - 59fn71 + 37fn72 - 9fn73]7

251h*
\ T(x7y’ ) 720

(d'f)(z,y) + O(h?)

Ynt+1 = Yn + 720 [1901f, — 2774 f,_1 + 2616 f,,_
ce p=4, ¢=>5: — 1274 f, 5 + 251 f,,_4],

5
| 7oy ) = o (1)) + O(R)

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

p
Yn+1 :yn+h Z bkfn—ka nZP
k=-—1



p=0,
p=1,
p=2,
p=3,

Ch

=Cy=-=C,=0, q=p+2

p
O]:]'_jZ(_k)]_lblm j:1727"'7q

q=2:
q=3:
q=4:
q=>5:

(

k=-1

h
Yn+1 = Yn + 5 [fnJrl + fn]

h2

(@ )w) + O(F)

T(z,y;h) =
h

Yn+1 = Yn + E [5fn+1 + 8fn - fn—l]

3

I (@ ) ) + O

7(z,y;h) = 54

h
Yn+1 = Yn + ﬂ [9fn+1 + 19fn - 5fn—1 + fn—Q]

19R4
720

T(z,y;h) = (d*f)(z,y) + O(h%)

h
Ynt1 = Yn + ﬁo [251fn+1 + 646fn —264f,_1
+106 f,—2 — 19 f,,—3]
3h°

| (e yih) = 2 (@ f) () + O()
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