
INSTITUTO SUPERIOR TÉCNICO
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(a)20

f(x) = x− 0.075 sin x− 1.68

f ′(x) = 1− 0.075 cos x, f ′′(x) = 0.075 sin x

Condições suficientes de convergência do método de Newton com
x0 ∈ I = [1.7, 1.8] = [a, b] para z ∈ I:

f ∈ C2(I)

(i) f(a) = −0.0544, f(b) = 0.0470 ⇒ f(a)f(b) < 0

(ii) f ′(x) > 0, ∀x ∈ I

(iii) f ′′(x) > 0, ∀x ∈ I

(iv)

∣∣∣∣
f(a)

f ′(a)

∣∣∣∣ = 0.0539 < b− a = 0.1

∣∣∣∣
f(b)

f ′(b)

∣∣∣∣ = 0.0462 < b− a = 0.1

(b)20

Método de Newton:

xm+1 = xm − f(xm)

f ′(xm)
, m ≥ 0

x0 = 1.8

x1 = 1.75383

x2 = 1.75375

Estimativa de erro:



2

|z − x2| ≤ 1

K
(K|z − x0|)4 = K3|z − x0|4

K =
maxx∈I |f ′′(x)|
2 minx∈I |f ′(x)| =

|f ′′(a)|
2|f ′(a)|

≈
< 0.0369

|z − x0| ≤ b− a = 0.1

|z − x2| < 5.02× 10−9

[2]30

Método de Gauss-Seidel:

A =




4 1 0

1 4 1

0 1 4


 = L+D + U = MGS +NGS

MGS = L+D NGS = U

x(m+1) = D−1
(−Lx(m+1) − Ux(m) + b

)
, m ≥ 0
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x(0) = 0





x
(1)
1 =

1

4
(−0− 0 + 5) =

5

4
= 1.25

x
(1)
2 =

1

4

(
−5

4
− 0 + 6

)
=

19

16
= 1.1875

x
(1)
3 =

1

4

(
−19

16
− 0 + 5

)
=

61

64
= 0.953125





x
(2)
1 =

1

4

(
−0− 19

16
+ 5

)
=

61

64
= 0.953125

x
(2)
2 =

1

4

(
−61

64
− 61

64
+ 6

)
=

131

128
= 1.0234375

x
(2)
3 =

1

4

(
−131

128
− 0 + 5

)
=

509

512
= 0.994140625

Estimativa de erro:

‖x− x(2)‖∞ ≤ c

1− c
‖x(2) − x(1)‖∞, ‖CGS‖∞ ≤ 1

3
= c



3

x(2) − x(1) =



−19

64

− 21
128

+ 21
512


 ⇒ ‖x(2) − x(1)‖∞ =

19

64
= 0.296875

‖x− x(2)‖∞ ≤ 19

128
= 0.1484375

[3]

(a)20

Melhor aproximação mı́nimos quadrados:

φ∗(x) = a∗φ0(x) + b∗φ1(x), φ0(x) = 1, φ1(x) = x3

[
〈φ0, φ0〉 〈φ0, φ1〉
〈φ1, φ0〉 〈φ1, φ1〉

][
a∗

b∗

]
=

[
〈f, φ0〉
〈f, φ1〉

]

〈φ, ψ〉 =

∫ 1

0

φ(x)ψ(x) dx, ∀φ, ψ ∈ C([0, 1])

〈φ0, φ0〉 =

∫ 1

0

dx = 1

〈φ0, φ1〉 =

∫ 1

0

x3 dx =
1

4

〈φ1, φ0〉 = 〈φ0, φ1〉 =
1

4

〈φ1, φ1〉 =

∫ 1

0

x6 dx =
1

7

〈f, φ0〉 =

∫ 1

0

f(x) dx

〈f, φ1〉 =

∫ 1

0

x3f(x) dx




1
1

4
1

4

1

7




[
a∗

b∗

]
=




∫ 1

0

f(x) dx
∫ 1

0

x3f(x) dx




(b)25

Fórmula dos trapézios composta (f ∈ C([a, b])):

I(f) =

∫ b

a

f(x) dx ≈ I
(M)
1 (f) =

hM

2

[
f(x0) + f(xM) + 2

M−1∑
j=1

f(xj)

]

hM =
b− a

M
, xj = a+ jhM , j = 0, 1, . . . ,M



4

M = 4, a = 0, b = 1, hM =
1

4
, xj =

j

4
, j = 0, 1, 2, 3

f(x) = exp(x2)

w̃1 =
1

8
{f(x0) + f(x4) + 2[f(x1) + f(x2) + f(x3)]} = 1.49068

g(x) = x3f(x)

w̃2 =
1

8
{g(x0) + g(x4) + 2[g(x1) + g(x2) + g(x3)]} = 0.569173

Erro da fórmula dos trapézios composta (f ∈ C2([a, b])):

∣∣∣E(M)
1 (f)

∣∣∣ =
∣∣∣I(f)− I

(M)
1 (f)

∣∣∣ ≤ b− a

12
h2

M max
x∈[a,b]

|f ′′(x)|

|w1 − w̃1| ≤ 1

192
max
x∈[0,1]

|f ′′(x)|

|w2 − w̃2| ≤ 1

192
max
x∈[0,1]

|g′′(x)|

max
x∈[0,1]

|f ′′(x)| = |f ′′(1)| = 6e

max
x∈[0,1]

|g′′(x)| = |g′′(1)| = 24e

|w1 − w̃1| ≤ e

32

≈
< 0.0850

|w2 − w̃2| ≤ e

8

≈
< 0.340

(c)20

‖y − ỹ‖∞
‖y‖∞ ≤ cond∞(A)

1− ‖A−Ã‖∞
‖A‖∞ cond∞(A)

(
‖A− Ã‖∞
‖A‖∞ +

‖w − w̃‖∞
‖w‖∞

)

‖A− Ã‖∞
‖A‖∞ cond∞(A) < 1

‖w − w̃‖∞ = max{|w1 − w̃1|, |w2 − w̃2|}
≈
< 0.340

w1 ∈ [w̃1 − |w1 − w̃1| , w̃1 + |w1 − w̃1|] ⊂]1.40, 1.58[

w2 ∈ [w̃2 − |w2 − w̃2| , w̃2 + |w2 − w̃2|] ⊂]0.229, 0.910[

‖w‖∞ = max{|w1|, |w2|} > 1.40

‖w − w̃‖∞
‖w‖∞ < 0.243



5

A− Ã =

[
0.0 0.0

0.0 1
7
− 0.143

]
⇒ ‖A− Ã‖∞

≈
< 0.143× 10−3

‖A‖∞ =
5

4

‖A− Ã‖∞
‖A‖∞

≈
< 0.115× 10−3

A−1 =
4

9

[
4 −7

−7 28

]
⇒ ‖A−1‖∞ =

140

9

cond∞(A) = ‖A‖∞‖A−1‖∞ =
175

9

≈
< 19.5

‖A− Ã‖∞
‖A‖∞ cond∞(A)

≈
< 0.224× 10−2 < 1

‖y − ỹ‖∞
‖y‖∞ <

19.5

1− 0.224× 10−2
(0.115× 10−3 + 0.243) < 4.74

[4]

(a)20

Fórmula de Quadratura de Gauss:

I1(f) = w0f(x0) + w1f(x1)

I1(x
m) = I(xm), m = 0, 1, 2, 3





w0 + w1 = I(1) = 4

w0x0 + w1x1 = I(x) = 0

w0x
2
0 + w1x

2
1 = I(x2) = 8

w0x
3
0 + w1x

3
1 = I(x3) = 0

⇔
{
w0 = w1 = 2

−x0 =
√

2 = x1

I1(f) = 2f(−√2) + 2f(
√

2)

(b)15

A fórmula tem grau de precisão 3 pois, por construção, integra exactamente todos
os polinómios de grau menor ou igual a 3 mas não integra nenhum polinómio de grau 4.
Com efeito:

I1(x
4) = 2(−√2)4 + 2(

√
2)4 = 16 6= I(x4) =

64

3



6

[5] f(x, y) = x sin y

(a)10

Método de Taylor de 2a ordem (passo h):

y1 = y0 + hf(x0, y0) +
h2

2
(df)(x0, y0)

(df)(x, y) =

(
∂f

∂x
+ f

∂f

∂y

)
(x, y) = sin y + x2 sin y cos y

(x0, y0) =
(
0,
π

2

)
, f(x0, y0) = 0, (df)(x0, y0) = 1

y1 =
π

2
+
h2

2

(b)10

Método de Runge-Kutta clássico de 2a ordem (passo h):

ỹ1 = y0 +
h

4

[
f(x0, y0) + 3f

(
x0 +

2h

3
, y0 +

2h

3
f(x0, y0)

)]

(x0, y0) =
(
0,
π

2

)
, f(x0, y0) = 0

ỹ1 =
π

2
+

3h

4
f

(
2h

3
,
π

2

)
=
π

2
+

3h

4

2h

3
=
π

2
+
h2

2

(c)10

Método de Adams-Moulton de 3a ordem (passo h):

ŷ2 = ŷ1 +
h

12
[5f(x2, ŷ2) + 8f(x1, ŷ1)− f(x0, ŷ0)]

(x0, ŷ0) =
(
0,
π

2

)
, f(x0, ŷ0) = 0

(x1, ŷ1) =

(
h,
π

2
+
h2

2

)
, f(x1, ŷ1) = h sin

(
π

2
+
h2

2

)
= h cos

h2

2

(x2, ŷ2) = (2h, ŷ2) , f(x2, ŷ2) = 2h sin ŷ2

ŷ2 =
π

2
+
h2

2
+

h

12

(
10h sin ŷ2 + 8h cos

h2

2

)

ŷ2 =
5h2

6
sin ŷ2 +

π

2
+
h2

2
+

2h2

3
cos

h2

2
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