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ANALISE E SIMULACAO NUMERICA
Formulario

1. Representagao de Nimeros e Teoria de Erros

Erro, erro absoluto, erro relativo (z = x):

i) zeR: e=x-—17, lez], §~:%, |0z (x #0)
.. n ~ €z
(i) zeR": e=z-—17, llez]], %Zm’ loz|| (= #0)

Representacao de nimeros reais (notagao cientifica):

r=omfB" €R\{0}
(base) B € N\ {1}, (sinal) o € {+, -},

(expoente) t € Z
(mantissa) m = (0.ayaz...)s € [371,1],

ai€{0717"'7ﬁ_1}7 CL17£O

Sistema de ponto flutuante:

FP(B,n,t1,t) ={z €Q: x=0m 3} U{0}
B e N\ {1}, oe{+ -}, t <t <t

ttity €T
m = (0.ajay...a,)s €[~ 1— 037",

aie{()?lw"aﬁ_l}? al#o

Arredondamentos:

r=0(0.a1ay ... 050041 ...)p X B €R, fi(z) € FP(8,n,t,t2)

(i) arredondamento por corte:

fi(z) = 0(0.a1az . .. ay)s x [

(i) arredondamento simétrico (3 par):

0'(0.&1(1,2 e an)g X ﬁt, 0< Ap41 < g
fi(z) 3
o[(0.a1ay...an)s+ 57" x G, 5 < py1 <O



Erros de arredondamento (x = omf' € R, & =fl(x) € FP(83,n,t1,ts)):

(i) arredondamento por corte:
lez| < 877, 0:] < BT =U
(ii) arredondamento simétrico:

1 1
7 <— t=n (5.% <— 1_n::U
el<io ml<ls
( U: unidade de arredondamento do sistema FP(3,n,t;,t5) )

Algarismo significativo:

r =oml0' €R, T =0(0.a1az . ..a,)10 X 10" € FP(10,n,t1,15),

. - : - |
a; ¢ algarismo significativo de T se |ez| < 3 g

Propagacao de erros <x:(m1,...,xn)€R”, o:R" =R, &=z, ngﬂo(b):

s "L 0¢
epz) = ¢(z) — 9(2) =~ 65(@) = Z a—xk(x) Exy,
n - [o20}
ez Tk gy ()
o) = 5l X O = D Pen @ Paan(@) = ==
k=1

o(a) - §(a y 3
05z = ( ) ( ~ 55;(53) + 5arr7 65(3?) - Zp¢vxk553m 53” = Z Qkéarrk
k=1 k=1

2. Resolucao de Equagoes Nao-lineares (f : R — R)

Método da bisseccao (f(z) =0, f € C(la,b]), f(a)f(b) <O0):

—a
Tm+1 = Tm + 2m+1 Sgn[f(a)f(xm)]a m = 07 17 s
b—a

|Z - xm+l| S |xm+1 - xm|

Método do ponto fixo (f(z) =0« z = g(2)):

(lg(z) —g(y)| < Llz—vy|, Va,yeICR, L<1l; g(I)cCl)

Timt1 = g(Tm), m=0,1,...
|2 — 1| < Lz — 2, |z — x| < L™z — xof
L
|Z_xm|§ 1_L‘xm+1_$‘M|7 |Z_xm+1|§ 1_L|‘rm+1_‘rm’



Lm
L|1'1 — o]

oe ¢ (2)#£0, geCYI), L =max,|d(z) <1:

2= Tm41 = g,(gm)(z - xm)a gm € 1nt(z,xm)
2 — Tpa1| < Llz — x|, |z — x| < L™z — a0
|Z xm-i-ll /
lim ———— =:
e P = 1g'(2)|
oe g"M(2)=0,r=1,....p—1, gP(2)#0, p=23,..., geC?)
1
2= @ = (=1 g0 (&) (2 — 2, Em € int(z, 7)
p!
1 1 p"
z2 = Tmp1| < Kplz — x|, |2 — x| < Kp7? (Kp"1|z—x0|)
1
Ky =+ max’ ac)|
pr =zl
lim —|Z Tt ‘ )| —: K
A T el

Método de Newton (f(z) =0, f'(z)#0, feC*()):

m+1 — dm — X :O,l,...
T e,y
i
2= Tm41 2];/((2”;% ( - mm)27 gm € int(z, $m)
1
2= Tpia| < K|z — 2%, |2 — zpm| SE (K|z—x0|)2
o mase /(o)
2min,e |f'(z))|
lim 2= Tmar| _ = f"(z) = K
m—oo |z — x> [2f(2)

|z — 2| < |xm+1—xm|, se Klz—z,|<c<1

1—-

Método de Newton modificado:

(f(’")(z):(), r=0,...,p—1, f(p)(z)#(), p=2,3,..., fGC’p(I))
xm+1:xm—p%, m=0,1,...
f(z)

Z—Tm4+1 = _%g”(fm)(z - $m>2a g(l‘) =T — pma gm € int(z,xm)



1 m
2= | < Kolw — x|, |2 — | < F(K2|Z—$o|)2
2

1
Kz = 5 max|g"(z)|
|Z Im+1| Loy 1 h,(z)
1 _— = — = — = KD]

onde h étal que f(x)= (z—2)Ph(x), h(z)#0

Método da secante (f(z) =0, f e C*(I)):

Tm — Tm—1

Toi1 = T — f(Tm) Fom) = Fany)’ m=1,2,...
2= Tyl = —;;,((ZZ)) (z—xp) (2 —2pm1), Ems M € IN6(Ty_1, 2, Ty

_ maxeer | ()]
2minges | f/()]|

r—1 . K[T] . \/3—1—1
TN, = 9

|2 — 21| S K|z — x| |2 — 2ma],

2= ema [ S1(2)
o [zt |2(2)

c
|2 — Tpia| < 1_C|xm+1 —Tp|, se Klz—xz,4]<c<1

3. Resolugao de Sistemas Lineares (Az =b, A€ L" bz € R")

Normas matriciais induzidas por normas vectoriais (z € R", A € L™(R)):

n n
lelh=3"ted llzle= [P el = max Jal
=1 =1 -

14l = max Z laigl  [[Allz = V/ro(A*A)  [[A]lo = max Z i

1<i<n
(norma por coluna) (norma por hnha)
ro(A) = max | Ails A1y, Ay o valores préprios de A

Ntumero de condicao de uma matriz:

condy(A) = [All, [A7|,, p=1,2,00,  condi(A) = r,(A)rs(A™)

Condicionamento de sistemas lineares ( = =b):

|z =2l _ cond, ( 1A~ Allp 1o — bl
[ [P ”’nAA”pcond 1Al 1611




A—A N
ﬂwmr&am%VU—HA—AMHA*M<1, p=1,2 00
p

Métodos iterativos:

z* D) = CzxR) 4 qp, k=0,1,...
C——M'N, w=M7'  M+N=A=L+D+U

lz — 2#*V)| < cfla — 2], Iz — 2@ < e[|z — 2@

o = o < T o) — 2@, g — 0] < S gt — g0
—c —c
(k) E a0 _ 40
lz = 2™ < = lla* = 2™l, (c=lCl<1)
e Método de Jacobi (M = D):
2P =D [b—(L+U)2z™],  k=0,1...

Iz = 2w < e = 2@l

i—1 n
_ L3 N (% _ ij
= max (i + fi), %_Ezﬁu’ =2 N
=1 j=it1
e Método de Gauss-Seidel (M = D + L):
Lk — p-1 (b — LD Ux(k)) : k=0,1...
lz — 2o < 7"z — 2|
i1 n
B ; e e
n_lrgzag)%l—(xi’ Oél_.z ai; |’ @_.Z A
j=1 J=i+1
, : : D
e Método de Jacobi modificado <M =—, welR\ {O}):
w
D) — (1- u))x(k) +wD ! [b — (L + U)q:(k)} : E=0,1,...

D
e Método de Gauss-Seidel modificado ou SOR (M = +L, weR\ {0}):

2D = (1 —w)az® + wD™? (b— L+ — Ux(k)) , k=0,1,...



4. Resolugao de Sistemas Nao-lineares (f : R* — R")

Método do ponto fixo (f(2) =0 < z = g(2)):

(lg(z) —g)| < Llx—y|, Yo,ye DCR", L<1; g(D)CD)

(secio) L=swisnl)

2 mHD — g (zm), m=20,1,...
Iz — 2™V < Lz — 2™, Iz — 2| < L™z — 20|
Iz = 20 < T g,z gD < 2Tl o)
=1-1 ’ =1-1
Iz =2t < Z e - 20

Método de Newton generalizado (f(z) =0, f € C*(D), det[J;(z)] # 0):

{ m=0,1,...
Tra™) At = — f(atm),
1 m
|2 =2 < Kz =22,z =2t < = (K2 —2®)’
1
— =sup||[J: ()],
T e L
20 ) 0, = s sup [y (@), Hy € 7 (Hy), = <0 L
1<i<nep ' : vk x0xy,
5. Interpolacao Polinomial
Formula interpoladora de Lagrange:
n n T —
OED N OE |
j=0 i=0,i#5 7 !
Formula interpoladora de Newton:
- T - f(@)
pa(x) = flo] +Zf[l“0,--->l‘j] H(f —z;),  flro,... xl = Z ;
Jj=1 =0 =0 (l‘l — J])
i=0,i£l
f[xﬂvxh"‘?xj] - f[xl,’%%”"xj] — f[xo’xl’.”?zjil]a j = 273a"'7
Xj — Xo
flz1] = flo]

f[xOMT"l] ==
1 — Zo



Formula do erro:

F0(E)

en(®) = (@) = pnl@) = T35,

Wi () = flzo, .- xn, 2] Wi (x)

Wit (2) :H(a:—xi), ¢ € int(zg, ..., Ty, x)

6. Teoria da Aproximacgao

Melhor aproximacao minimos quadrados ¢* de f € E em F' C E, F subespaco de dimen-
sao n gerado por {¢o, ..., vn}, F espago pré-Hilbertiano:

If =¢"l2=mf]lf = ¢l < (f-¢"¢)=0, VoeEF

(,b* = Zazwka al: = (Mil)kj <f7 Spj>, M S Ln, Mjk = <90]790k>
k=0 =0
- <f7 Q0k> , .
oF = a; o, a; = , se {®o,...,¢n} éum sistema ortogonal
kz_o * “ T (ons o)

Polinémios ortogonais com respeito ao produto interno

(f.9) = / w(z)f(x)g(x)dz, (f,g9 € Ca,b]), weCla,b]), w(x)=0)

e Pormula de recorréncia:

{ Onr1(2) = (x — Buy1)@n(x) — Cri1n-1(2), n=12...
po(z) =1, pi(z) =2 — B
By = \TPwend g o = )
<90n> Spn> <90n—1> Spn—1>
e Polinémios de Legendre, P, (x € [a,b] = [-1,1], w(z)=1):
2n+1 n
Poii(z) = 1 zP,(x) — i 1(z), n=1,2,
Py(z) =1, P(z)==x
—1)" d»
Poay= C 1y ] o

2nn! dzn

2
<Pn7Pm>:Ov Vn;«ém, <Pn7Pn>:

on+1’

n=0,1,...



e Polinémios de Chebyshev, T, (z € [a,b] = [-1,1], w(z) =1/V1—2?):

{ Toi1(x) = 22T, (x) — T4 (), n=12...

To(z) =1 Ti(x)=x
T, (z) = cos(n arccos z), n=0,1,...
(T, T) =0, Vn#m,  (Tp,Ty) =, g%ny:g n=1,2,...
2141
To(z;) =0, xﬁqm<zg)ﬂ —0,....n—1, n=1,2
n

7. Integracao
Férmulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

b n
1) = [ s~ L) =Y wiafl)
L(z"

W(zh) = I(2%), k=0,1,....n

Tin=a+jh, j7=0,1,...,n, h:b;a
h(—1)i 7 ‘
Wim = [(ZJM) - m/o H?g (t - Z) dtv Wjin = Wn—jn
i=0,i]
Eulf) = I(f) = Lu(f) = Co™1 flot) g)
1 n . n . B 1 )
Cn_(n+u)!/0t g(t_l)dt’ V_1+§[1+(_1)]7 £ € (a,b)

en=1 h=0b—a (Regra dos trapézios):

L ="l ) B = e, e @)

h—
en=2 h= Ta (Regra de Simpson):

L =50 s+ 4 (S0) 50| B =~

en=3 h= b—Ta (Regra dos trés oitavos):

b—a 30°
I(f) = —5— (@) +3fla+ h) +3f(b—h) + f(O)],  Es(f) = =5 F7(E)
en=4 h= b?Ta (Regra de Milne):

Idﬂzziba7f@}+&fm+hy+mf<ggé>+3%ﬂw40+7ﬂ®




I5(f) = b288 [19f(a) + T5f(a + h) + 50f(a + 2h) + 50£(b — 2h) + T5f(b — h) + 19£(b)]

27507

Bs(f) = —15oa= ), €€ ()
en==0, h= b—Ta (Regra de Weddle):
b— a+b
Is(f) = 0 41f( )+216f(a+ h) +27f(a+2h)+272f( 5 )
+27f(b—2h) +216f(b— h) + 41f(b)]
9h?
Es(f) = —Toof(s)(f), £ € (a,b)
Formulas de Newton-Cotes abertas de ordem n
/ f ~ ):ij,nf Tjn
§=0
W(2F) = I(2"), kE=0,1,....,n
rj,=a+(G+1h, j5=01,...,n, hzz:—;
Wiy = I(l n — j / z 10_;[7£] t - 'l Wjn = Wn—jn
Eo(f) = I(f) = Lo(f) = Cuh" T [ (¢)

C, = L /nﬂt”lﬁ(t—i)dt V—l—i—1 14 (=1)"] ¢ € (a,b)
") ), Pl ’ B 2 ’ ’
oen=0,h= b—Ta (Regra do ponto médio):

b h3
Wn=e-af(5). BU=5rO e
en=1 h= b ; a,

B = w4 sb-n]. B0 =2, e @)



Ey(f) = ﬂf D), €€ (ab)

Formulas de Newton-Cotes fechadas compostas:

vj=a+jhy, j=01,... M, hM—b]\_4a7 fi = f(z;)
oen=1:
M-—1
== f0+fM+22fj]
j=1
h—
EM(f) = 2212, f"(6), €€ (ab)

12

M/2 M/2—-1
L(f) = [fo+fM+4Zfzj 42 Z f2]]

EM ()= 200t f0e), ee ()

180 s
e n =3 (M multiplo de 3):
3h M/3-1 M/3
I?EM)(ﬁ - |:f0+fM‘|‘2 Z f3j+3z f3i—1 + f— )]
7j=1 7j=1
b—
EMO(f) = =2 n 1), €€ (ab)

80
e n =4 (M multiplo de 4):

4h M/4-1 M/4 M/4
IiM)(f) = [ (fo+ far) + 14 Z f4;—|—322 Jaj—1+ faj-3 +12Zf4g ]

2(b

209 1o 1), e (ab)

BN = -5

e n =5 (M multiplo de 5):

10



11

5h M/5-1
L) = g [19 U0+ Sa) +38 D Ji
M5 - M5
+75 Z (fsj—1+ f5j-4) +50 Z (fsj—2 + f55-3)
=1 =1
B =200 4, 10, e oh
’ - 12096 M ’ ’
en =06 (M multiplo de 6):
5 M/6-1 M/6
(1) = T35 |41 o+ far) +82 D7 oy +216 Y (fojor + fogs)
M/6 - M/EJSZI
+27 Z (foj—2 + foj—a) +272 Z Joj—3
j=1 Jj=1
g0 () = 20D 1), ce (o

2800

Férmulas de Newton-Cotes abertas compostas:

. . b—a
xj:a_‘_th) 320717"'7M7 hM: M ) fj :f(flf])
e Regra do ponto médio composta (M par):
M2 5
b—a)h
B0 =2h Y e B = CE ey e o
j=1

Formulas de Gauss:

1) = [w@f@de = 5L(0)= Y wiaf)

I, (z%) = I(z"), k=0,1,...,2n+1

Tjn, Jj=0,1,...,n: zeros do polinémio ®,,; de grau n + 1 per-
tencente ao sistema {®g, @1, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f,g) = I(fg).

_ <(I)n+17 (I)n+1>
1 (250) Prga(T)n)

_ <(I)n+1aq)n+1> 2n+2
E.(f) = (2n—+2)!f( (), ¢ € (a,b)

e Formulas de Gauss-Legendre ([a,b] = [—1,1], w(z) = 1):

i=0,1,....n



12

Zjn, J=0,1,...,n: zeros do polinémio de Legendre P,

2
(n+ 2)Pn+1($1 n>Pn+2(mj,n)’

2203 (n + 1)1]*
(2n + 3)[(2n + 2)!)?

oe Iy(f)=2f(0)

s () ()
(f)=—f< \/§>+ f()+§f<\/§>

oo I3(f) =wosf(zo3) +wisf(r13) + wosf(e3) + wssf(xs3)

1 6 1 6
s = J 7 (3+ 2@ =~ T1a= J 7 (3 - 2@ =~
1 5 1 5
”LU(]’g = 6 (3 — \/g) = ’LU373, U)Lg = 6 (3 -+ \/g) = w273

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/v1—2?):

Wjn = — j:O,l,...,n

En(f) = fEAE), g€ (ah)

o

27+1
T, = COS 7+ T, Wiy = " ) 7=0,1,....n
” 2n + 2 Mon+1
s
E.(f) = FEmR(e), § € (a,b)

22n+1(2n 4 2)!

e Férmulas de Gauss-Legendre compostas:

:/a”f@)dx QOB 237 (o)

m=1

Q

h b—

2
2n+-2 2n 4
— b—a (h_M) ( 2 +3[<n + 1)'] f(2n+2) (5)’ 6 c (a’ b)

2 2 2n +3)[(2n + 2)!]?

9. Resolucao de Equacoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(z) = flz,y(z))
y(ﬂﬂo) =Yy

f:DcRIFM L RM D aberto, MecZ*



fGC(D>7 |f(x,y)—f(as,z)| §L|y—z|, V(x,y),(x,z)GD
(ZE(),YE)) c D

Métodos de passo simples:

Ynt1 = yn‘i‘h@(xmyn;h)
Xy, = xo + nh, n=0,1,...,N, N e Z+

¢ : Dx]0, 0o[— RM, v € C(Dx]0,00[)
lp(z,ysh) —p(x, 2:h)| < Kly — 2|, V(z,y;h), (z,2:h) € DX]0, 00]

e Erro de discretizacao local:

r(eih) = 3 Vb ) =Y (@) - el yh), V() =y

e Erro de discretizacao global:

1Y () — yu(h)]| < BE 20|V (20) — yo(R)| + % [ef(@nma0) 1]
7(h) = max [[7(zn, Y (@) 2|

e Método de Euler:
Yn+1 = Yn + hf<xn7 yn)

(2, 3:h) = 2(Df)(a,9) + O

D)) = (3 + 00 9)) 1)

e Métodos de Taylor de ordem p:
hi
(7 + 1!

p—1
Yn+1 :yn+hz (D]f) (xmyn)
§=0
hP
(p+ 1)!
e Métodos de Runge-Kutta de ordem 2:

(DPf) (@, y) + O(h")

T(x,y; h) =

o, y;h) = (1 =) f(x,y) +f (m + %,y + %f(x,y))

2 2

rlagih) = g [P -3 G2 0| + 00)

oe Método de Euler modificado ou do ponto médio (v = 1):

h h

13



oe Método de Runge-Kutta classico de ordem 2 <fy = —):

h 2h
Yn+1 = YUn + Z |:f(xmyn) + 3f (xn + ?7yn +

1
oe Método de Heun (7 = 5)

3
4

% f(xmyn))}

Yt = U+ U @) + F (@ 4 g+ Bf ()]

2
e Métodos de Runge-Kutta de ordem 3:
3
oz, ysh) =D i,y h)
j=1
p1(z,y;h) = f(z,y)

j—1
pi(z,y;h) = f (93 +oahy+hY - B,y h)

=1

24

oe Método de Runge-Kutta cléssico de ordem 3

h3 3
ol =y | D*fla) = 4 G5 50

h
Ynt1 = Yn + 5 [01 + 42 + 3]

h
Y1 = f(xmyn)a Y2 = f (xn + §7yn

03 = f(Tn + h,yn — hio1 + 2he

oe Método de Runge-Kutta-Nystrom de ordem 3

), J=2,3

] + O(h%)

+ggo1)
)

h
Ynt1 = Y+ 3 2¢01 + 32 + 3¢3]

2h
Y1 = f(xnvyn)a Y2 = f (xn + ?ayn
2h 2h
w3 =f Tnt 2 Un T 5 02

oe Método de Runge-Kutta-Heun de ordem 3

h
Ynt1 = Yn + 1 [o1 + 33

h
¥1 :f(xnuyn)a 902:f(xn+§7yn
2h 2h )

soszf(anr?,ymL?s@

+2h
3 ®1

L
3801

14



e Métodos de Runge-Kutta de ordem 4:
p(,y; h Z%% r,y;h
e1(z,y:h) = f(z,y)

7j—1
=1
4 4

5 | D7) =5 S i) + 00k

oe Método de Runge-Kutta classico de ordem 4:

T(z,y; h) =

h
— [1 + 209 + 203 + 4]

Yn+1 = Yn + 6

h h
01 = f(Zn,Yn), <P2If($n+§7yn+§<ﬂ1)

h h
903:f<xn+§7yn+§902>7 904:f(xn+hayn+h803)

oe Método de Runge-Kutta-Gill de ordem 4:

h
Yn+1 = Un + = [@1 +(2-V2)p2+ (24 V2)ps + 904}

6

h h
¥1 :f(xmyn)a 902:f($n+§>yn+§§01)

V2-1 2— /2 )
5 I

h
5 Y1+
V2 242 )
hes

h
903:f In+§7yn+

— hea + 5

904_f<xn+h7yn_ 9

oe Método de Runge-Kutta-Fehlberg de ordem 4:

25 1408 2197 1
¥5

n n h - =
Yokl = Yo [216 T 256570 T 41047 T 5

h h
¥1 :f(xmyn)a 902:f($n+17yn+_§01)

1
iy B, B
Y3 = Ty 3 y Un 32 Y1 32 P2
oy 12h 1932, 7200, 7206
PA= I\ e T U T 5197 ML T 51097 M2 T D107
3680 845
o5 = f (ﬂfn + h,y, + 216 her — 8hys + 513 hes — 1104 h904>

15
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Métodos multipasso lineares com p + 1 passos, p > 0:

p p
Ynt+1 = Z Y-k + Z bie f(Tn—ks Yn—k)s n=p
k=0

k=—1

|ap| + [by| # 0
x, = xo + nh, n=20,1,..., N, NezZ*

e Erro de discretizacao local:

T(z,y;h) = % Y(z+h)— Z apY (x — kh)
=Y bfle—khY(z—kh),  Y(x)=y

k=—1
e Condigoes de consisténcia (¢ > 1: ordem de consisténcia, f € C*(D)):
q:l: 00:07 01:07 02%0
qg=2: Cy=0, Ci=0C=--=C=0, Cp1#0

p p p
Co=1-) a Cr=1+Y kax— > b
k=0 k=0

k=—1

p p
Ci=1-=Y (=kYar—j Y (—k) b, j=23,...

k=0 k=—1
h? q q+1
T(z,y;h) = quH(D M(z,y) + Oh*™)
e Condigao da raiz:
P p
p(r) =rt = art =T (r =)
k=0 Jj=0
i) Iyl <1 §=0,1...,p; (i) |rj] =1=p'(r;) #0

e Métodos de Adams-Bashforth (f,, := f(zm,ym)):

p
Yn+1 :yn+hzbkfn—ka nZP
k=0

h
Ynt+1 = Yn + 5 [an - fn—l]

(w5 ) = S (D) (w.9) + O

ce p=1, ¢g=2



oe p=2 ¢q=3:

ce p=3, ¢=4&

ce p=4, ¢=25:

h
Ynt1 = Yn + ﬁ [23fn - 16fn—1 + 5fn—2]

3h3
| ) = 2 (D)) + 008
( h
Ynt+1l = Yn + ﬁ [55fn - 59fn71 + 37fn72 - 9fn73]7
251h%
T(@,y;h) = —55= (D' f)(x,y) + O(°)
\
( h
Ynt1 = Yn + 20 [1901 f,, — 2774 fr—1 + 2616 f,,_»
—1274f, 3 + 251 fr_4),
i h) = 20 (D5 ) ) + O(H)
\ 9 ya - 288 9 y

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

ce p=0,
oce p=1,
oe p=2,
oce p=23,

p
Ynt1 = Yn + h Z bk’fn—ka n > b

q=2:
q=3:
q=4:
q=>5:

(

k=—1

h
Yn+1 = Yn + 5 [frt1 + ful
2

(o, h) =~ (Df)(,9) + O(1)

h
Ynt+1l = Yn + i [5fn+1 + 8fn — fr-il

(o, h) = — a7 (D°)(z9) + O(1)

h
Ynt1 = Yn + 21 9fn+1 +19fn — 5 fn-1 + fa—s2]

1950, i
T(z,y3h) = — (D f)(z,y) + O(h?)
\ 720
( h
Ynt1 = Yn + ﬁo [251fn+1 + 646fn — 264fn_1
+106fn72 - 19fn73]
(,3:1) = 22 (D° )z, ) + O
L T » Y - 160 , Y
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