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Motivation
@00

Projective system or inverse system (of groups)

@ directed set (/, <), groups G., a € I and compatible cont. group hom’s
map : G — Ga Whenever 8 < « so that 7o = / and

TapB O TRy = Mavy, ifa<p<y

@ projective limit or inverse limit of the inverse system ((Gy), (7ag), /)
is the following group

G=lmGa = {g=(9.) € [] Cu: as(gs) = gar <5}

acl

Then G is a subgroup of [] Ga
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Then G is a subgroup of [] Ga

© A profinite group is a topological group which is obtained as the
inverse limit of a collection of finite groups, each given the discrete

topology

Also projective limits of sets L X.., topological *-algs, etc...
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Example
G top. group, and Ng := {N : N closed normal finite index subgroup of G}.

N17 N> ENG = NN Ns GNg.

Then G/N is a finite group and a standard finite group result leads to a
surjective hom

G/Ni — G/Ns if Ny < Ny (if Ny C Na by def.)

Profinite completion of G is the projective limit G= I'MquG G/N.
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Example

G top. group, and Ng := {N : N closed normal finite index subgroup of G}.
N1, N> ENG = NN Ns GNg.

Then G/N is a finite group and a standard finite group result leads to a
surjective hom

G/Ni — G/Ns if Ny < Ny (if Ny C Na by def.)

Profinite completion of G is the projective limit G= IMMG G/N.

Remark

Q G is a Hausdorff, compact, totally disconnected
© Natural diagonal group hom ¢ : G — G with
#(9) = (IN)nens-
¢ is injective iff G is a residually finite group (RF),i.e. ﬂNeNG N = {e}
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G, G, ¢:G— G, ¢ injective iff Gis RF

Replace G by a C*-alg A

@ what is the C*-analog of the above map ¢?
@ if such a map exists, when is it injective?
© notion of a profinite completion Aofa C*-alg. A?




Motivation
ooe

G, G, ¢:G— G, ¢ injective iff Gis RF

Replace G by a C*-alg A

@ what is the C*-analog of the above map ¢?
@ if such a map exists, when is it injective?
© notion of a profinite completion Aofa C*-alg. A?

Remark (G a locally compact group)

@ Group C*-algebra C*(G) = L'(G, p)”“l with
||f|| = Sup, x—rep. of L1(G) Hﬂ-(f)H
@ In general, ahom G; — G does not extend to a C*-hom

C*(Gy) — C*(Gz) and ingeneral G; € C*(Gy) i =1, 2.

If the groups are discrete, then yes, but the topology of Gisthe product
topology...
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Q (A1) Calg |laa’|| = ||al

@ p: A— R} C*-seminorm if p is an seminorm and p(aa*) = p(a)
© Then p(a) < ||a|| and ker(p) = {a € A: p(a) = 0} is a *-ideal

Q A, = A/ker(p) is a C*-alg.

© C*-seminorms of A <— *-homs of A

otient ms GNS
A LR AL 5 B(Hp)
Tp P

2

@ p, g C*-seminorms = max{p, g} C*-seminorm
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Q (All-l))C-alg [|aa’|| = ||all?

Qp A- R¢ C*-seminorm if p is an seminorm and p(aa*) = p(a)
© Then p(a) < ||a|| and ker(p) = {a € A: p(a) = 0} is a *-ideal

Q A, := A/ker(p) is a C*-alg.

© C*-seminorms of A <— *-homs of A

tient mg GNS
A quotient map Ap B(Hp)
T

2

@ p, g C*-seminorms = max{p, g} C*-seminorm

@ / adirected set, (pa)ac/ C*-seminorms such that o < 8 implies
Pa < pg, Where A, := A/ker(p.) we also get surjective maps
Tap : Ag — Aa if o < B (and po < pg so ker(pg) C ker(pa)).

Get a projective system (/, Aa, (7as))

Projective limit

lim Aq = {a: (@a) € [] A : mas(@s) = @a, a< 5}

is a *-top. alg, the top 7 is the weakest making the restriction to I|m As
of the projs P, : [],, Aa — Aa conts.
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e 7m:A—IimA, suchthat a — (ra(@)) with 7o, : A — A/ker(p.)
o if I(@ A, is a top *-alg, set
llallo :=sup pa(a), pa € all cont. C*-seminorms of I@Aa

bounded part: (lim Aa)s = {@ € M A : || - [[oc < o0}

Then (Lim A.)pisa C*-alg. and A = n(A) C (I(im Ad)p if 7 is injective.
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e 7m:A—IimA, suchthat a — (ra(@)) with 7o, : A — A/ker(p.)
o if I(@ A, is a top *-alg, set
llallo :=sup pa(a), pa € all cont. C*-seminorms of I@Aa

bounded part: (lim Aa)s = {@ € M A : || - [[oc < o0}

Then (Lim A.)pisa C*-alg. and A = n(A) C (I(im Ad)p if 7 is injective.

Example (A = C(X), X Hausdorff loc. cpt set)

compact K € X — pk(f) = sup,ck |f(t)| a C*-seminorm. Then
(m AK)b = Cb(X) ~ C(ﬂX)

where BX is the Stone-Check compactification of X.

"bounded part = noncommutative version of Stone-Check compactification”
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o if I(@ A, is a top *-alg, set
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bounded part: (lim Aa)s = {@ € M A : || - [[oc < o0}
Then (Lim A.)pisa C*-alg. and A = n(A) C (I(im Ad)p if 7 is injective.

Example (A = C(X), X Hausdorff loc. cpt set)

compact K € X — pk(f) = sup,ck |f(t)| a C*-seminorm. Then
(m AK)b = Cb(X) ~ C(ﬂX)
where BX is the Stone-Check compactification of X.

"bounded part = noncommutative version of Stone-Check compactification”

Definition

Given such projective system (A, (p.)), we naturally get a topology on A: a
net @i — aif p.(a — a) — 0 for all .. Let A its completion.

(A, (po)) equivalent to (A, (gi)) if (p~) and (g;) define the same topology.
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Definition (Voiculescu, J. Op. Theory 1987)

A pro-C*-alg is a C*-alg A equipped with a directed family of C*-seminorms
(pa), such that

Q o < pimplies p. < ps

@ sup_(a) = ||al| (FAITHFULL)

© Ai=lm (A.): (FULL)
where 1 indicates the unit ball.
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Definition (Voiculescu, J. Op. Theory 1987)
A pro-C*-alg is a C*-alg A equipped with a directed family of C*-seminorms
(pa), such that

@ o < pimplies p, < ps

@ sup_(a) = ||al| (FAITHFULL)

Q A =lm (A (FULL)
where 1 indicates the unit ball.

@ If (A (p.)) is a pro-C*-algebra then ( (Im Aa)s = A.

Q (A (p.)) is a pro-C*-algebra «— (L m Aa)p =~ A isometrically
© (A (p.)) faithfull iff 7 : A — lim A, injective iff M, ker(pa) =0
Q (A (p.)) full iff 7(A) = (@ Aa)b-



C*(G) — M(C(G))
000000000

Definition

@ A projective system (A, (p.)) is profinite if dim(A.) < oo, for all a.

@ The projective system (A, (p)) of all C*-seminorms p,, of A so that
dim(A.) < oo is the profinite completion of A (denote it by A).
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Definition

@ A projective system (A, (p.)) is profinite if dim(A.) < oo, for all a.

@ The projective system (A, (p)) of all C*-seminorms p,, of A so that
dim(A.) < oo is the profinite completion of A (denote it by A).

This profinite completion projective syst is faithfull iff A is residually finite
dimensional (RFD) = if “-hom A — [], i) (C) for some
n(1),n(2),... e N.

IEN

Example

X loc. cpt and A = Co(X) is RFD. The topology determined by the profinite
completion of A is that of pointwise convergence and

A= F(X)

all functions on X (not necessarily cont. even bounded).
In general, this profinite struture is not FUII, even if X is cpt.
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if A= @,cy Mai(C) for n(1),n(2), ... € N. Then
Q M(A) = {a € [Ticy Mu(C) : sUp [|an()| < oo}
Q A= M(A) = [Tex Mun(C)
Q (I'Ln Aa), = (I'@ M(A),,), = M(A) (bounded parts of profinite systems)
© nprofinite proj structure of A is faithfull

@ profinite completion structure of M(A) is faithfull + full (Voiculescu
pro-C*-alg)
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Q A= M(A) = [Tex Mun(C)
Q (I'Ln Aa), = (I'@ M(A),,), = M(A) (bounded parts of profinite systems)
© nprofinite proj structure of A is faithfull

@ profinite completion structure of M(A) is faithfull + full (Voiculescu
pro-C*-alg)

o The C*-seminorms for A are given by pr(a) = supscf ||as|| with finite set

F C {n(1),n(2),...};

e A surjective hom p : A — B between C*-algs leads to g : M(A) — M(B)

o If p, C*-seminorm on Aand 7, : A — A/ker(p.), then we get

Ta : M(A) — M(A/ker(p.)) and so a — ||« (a)|| defines a C*-seminorm on M(A).
¢ ARFD = M(A) RFD.
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if A= @,cy Mai(C) for n(1),n(2), ... € N. Then
Q M(A) = {a € [Ticy Mu(C) : sUp [|an()| < oo}
Q A= M(A) = [Tex Mun(C)
Q (I'Ln Aa), = (I'@ M(A),,), = M(A) (bounded parts of profinite systems)
© nprofinite proj structure of A is faithfull

@ profinite completion structure of M(A) is faithfull + full (Voiculescu
pro-C*-alg)

o The C*-seminorms for A are given by pr(a) = supscf ||as|| with finite set

F C {n(1),n(2),...};

e A surjective hom p : A — B between C*-algs leads to g : M(A) — M(B)

o If p, C*-seminorm on Aand 7, : A — A/ker(p.), then we get

Ta : M(A) — M(A/ker(p.)) and so a — ||« (a)|| defines a C*-seminorm on M(A).
¢ ARFD = M(A) RFD.

The profinite completion M(C/*TG)) is full if G is a compact group!!
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e G loc. compact group, then
unitary reps of G «— nondegenerate *-reps of C(G)
Given v : G — B(H) then =n(f) : C*(G) — B(H) is given by

(x(F)m) = /G F(9)(vat, ) dyu(g)

Given 7 : C*(G) — U(H), extend it 7 : M(C*(G)) — B(H). Since
G C M(C*(@G)) using a map g — ug, then vy := 7(uy) does the job!
[Pedersen textbook]

e N the directed set as before

kn : G — G/N the quotient map extends to xn : C*(G) — C*(G/N) and
En: M(C*(G)) — C*(G/N)

pn(a) = [|xn(a)|| leads to a proj. system (pn)nea, on C*(G)

gn(a) = ||Rn(a)|| leads to a proj. system (qn)nen, on M(C™(G))
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If G is a profinite group, then any unitary rep v : G — B(H) on a f.dim. Hilbert
space H factors through some rep of w : G/N — B(H) for some N € N.
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If G is a profinite group, then any unitary rep v : G — B(H) on a f.dim. Hilbert
space H factors through some rep of w : G/N — B(H) for some N € N.

Pf.: Choose an open set W of the unitary group U(H) such that W contains no
subgroups of U(H) other than {1}. Let

V={geG: vge W}
Then V is an open subset of G. Since G is profinite, there is N € Mg suchthat N C V.

Since W contains no nontrivial subgroups, it follows that vy = 1 forall g € N.
Therefore v induces a representation w of G/N on H.
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If G is profinite, then (C*(G), pn) Is a faithfull and
(M(C*(G)), gn) faithfull and full.
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If G is profinite, then (C*(G), pn) Is a faithfull and
(M(C*(G)), gn) faithfull and full.

Pf.: We first prove that this profinite structure on C*(G) is equivalent to the one
defining the profinite completion of C*(G). Since the C*-algebras of finite groups are
finite dimensional, it suffices to prove that if p is a C* seminorm on C*(G) such that
C*(G)/ ker(p) is finite dimensional, then there is closed normal subgroup N of finite
index in Gsuch that || - ||y > p.

Represent C*(G)/ ker(p) unitally and faithfully on a finite dimensional Hilbert space H.
Thus, we have a homomorphism 7: C*(G) — B(H) whose range contains 1 and such
that p(a) = ||=(a)|| for all a € C*(G). Then = comes from a unitary representation
v— vgof Gon H.Let Nand w: G/N — B(H) be as in Lemma. Let

: C*(G/N) — B(H) be the corresponding representation of C*(G/N). Then ¢ o ky
and = are both nondegenerate homomorphisms from C*(G) to B(H) whose
extensions to homomorphisms M(C*(G)) — B(H) send ug to vy for all g € G.
Therefore ¢ o ky = 7. For all a € A, we thus have ||xkn(a)|| > ||7(a)|| = p(a). This
proves the equivalence of pro-C*-algebra structures.

The rest follows from the example above (as G is cpt).
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@ There exists a unique hom wg : C*(G) — I|<_m C*(G/N) such that
7w = Pm o ¢ where my : C*(G) — C*(G/M) and
Pu : M C*(G/N) — C*(G/M) is the natural projection.

Q (Im C*(G/N))s ~ M(C*(G)).

© ker(p) =N, ker(r) where T runs over *-reps of C*(G) associated with
finite range rep of G
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@ There exists a unique hom wg : C*(G) — I|<_m C*(G/N) such that
7w = Pm o ¢ where my : C*(G) — C*(G/M) and
Pu : M C*(G/N) — C*(G/M) is the natural projection.

Q (Im C*(G/N))s ~ M(C*(G)).

© ker(p) =N, ker(r) where T runs over *-reps of C*(G) associated with
finite range rep of G

Pf.: (1) Universal property for inverse limits...

(2) Known that since C*(G) is a C*-alg ¢(C*(G)) C (Ii(_m C*(G/N))p and by above
Example, M(C*((G)) = (m C*(G/N))», as G is a compact group...

(8) Let a € ker(pg). Let v: G — B(H) be an arbitrary representation of G with finite
range, with associated representation 7: C*(G) — B(H). Then v factors through G,
so Lemma implies that = factors through M(C* (G)). Therefore m(a) = 0. This shows
thata e /.

Conversely, let a € M ker(r). Then ky(a) = 0 for all N € Ng. Therefore
kn(eg(a)) =0 forall N € Ng. Now since M(C*(@‘)) is faithfull and full, ¢g(a) = 0.



C*(G) — M(C(G))
000000800

Proposition
pg injective = G RF.

Remark

Q LetG=S".ThenNeNg = N=5'.S0 8" =1.

¢ : C*(S") — M(C*(S")) = C NOT injective.
© G = SL(3,Z) is RF, but C*(G) is NOT RFD [M. Bekka 1999].

e

Hence ¢ : C*(SL(3,Z) — M(C*(SL(3,Z))) cannot be injective as the
latter alg is RFD and RFD passes to subalgs.
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Proposition
pg injective = G RF.

Remark

Q LetG=S".ThenNeNg = N=5'.S0 8" =1.

¢ : C*(S") — M(C*(S")) = C NOT injective.
© G = SL(3,Z) is RF, but C*(G) is NOT RFD [M. Bekka 1999].

e

Hence ¢ : C*(SL(3,Z) — M(C*(SL(3,Z))) cannot be injective as the
latter alg is RFD and RFD passes to subalgs.

Problem

Example of a RF G such that C*(G) is RFD but ¢ is NOT injective????
Maybe the free group Fo....
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G is a discrete, profinite and amenable group —> g is injective.

Pf.: Since G is amenable, G C B(/?(G)) via the regular representation. Let a € C*(G)
be nonzero. We show that ais not in the ideal N ker() of above result.

Assume that ||a|| = 1. Choose b € C*(G) such that ||b— a|| < % and b is a finite linear
combination of the standard unitaries ug. So, there are a finite set S C G and numbers
Bg € Cforg € Ssuchthat b= 73", g Bglg. Then |[b]| > %, so there is ¢ € 2(G) with
finite support such that ||¢|| = 1 and || b¢|| > % There are a finite set T C G and
numbers ag € Cfor g € T suchthat{ =3 1 agdg. Let

ST={gh:ge Sandhe T} and T '={g':geT}

Since G is residually finite, there is N € Ng such that the restriction to ST of the
quotient map G — G/N is injective.

Let v: G — B(/2(G/N)) be the composition of this quotient map with the regular
representation of G/N. Let w: C*(G) — B(/2(G/N)) be the corresponding
homomorphism.
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Setn =357 agdgn- Then [In|| = 1 since the vectors dgy are orthonormal.
For g € ST, define
Ag= D2 Bropoig

heSngT—1

Then
bt =Y Agdg and w(b)n= D Agdgn-:

geST geST

As g runs through ST, the elements §g and dgy form orthonormal systems in /2(G)
and in (G/N). Therefore

I (b)nl® = > 1Agl* = IIbE|1%.

gesT

So
(@)l > [[=(B)l| — § > lI= (o)l — L = [lbg] — 3 > 1~} = 1.

Therefore w(a) # 0. Since = comes from a representation of G which factors through
the finite group G/N, this shows that a ¢ Nnker(x). O



Thank you

multumesc
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