Schatten Ideals and Respective Sequence

Spaces

Final project in the course Funcional Analysis, semester
2 of 2012/2013

Jacinto Franca, n. 50898

June 25, 2013

Abstract

This text is a brief description of the analogy between [P, as Ba-
nach algebras, and the corresponding Schatten ideals, which will be
defined below, and are their noncommutative analog. Only the cases
of I', 12, ¢y and [™ will be discussed in some detail. The case of [P, for
other p, will only be hinted. Here H will be a separable Hilbert space
of infinite dimension.



1 The Sequence Spaces as Banach Al-
gebras

First let’s note that [P | p € [1, 00], is a Banach space. We can define a
componentwise product in [P, which is () nen-(Yn)neN = (ZnYn)nen-
It is obviously associative and distributive. To show that it is a
Banach algebra we must show that [|zy|l, < [||z|lp|lyllp- ||zylh =
ot |[TaynlP < 3200 |2 P20l ynlP) = (2nsy [2alP) 202y [ynlP) =
|| [5]|y||5. In case p = oo, the inequality holds: ||zy||ec = sup{|znyn|} <
sup{|znlllylloo} = [|Z||ool|¥lloo- co is also a Banach algebra which is
proven using similar arguments to the case of [*°.

2 [* and L(H)

Let’s define the linear function ® : I*° — L(H) by ®(\) = T'(z) =
YorC i A < @, e > e, (we will use the notation A to denote (An)nen).
We have to see that the T'(x) is bounded, in order for ® to be well
defined: [|T(2)|[3; = 3202 [Anf?| < 2,60 > |2 < ||A[[Z]|2]]°. We can

also prove that ® is an isometry: |[|[®(N)|| = ||T|| =
sup{||T(@)||a : |Je|lm = 1} = sup{||T(en)lln} = sup{|Anl} = [[Al|co-
Therefore, ||®(\)|| = [|\||cc and @ is an isometry. ® is also an alge-

bra homomorphism: ®(A) o @(u) = P(A)(D 02 pn < T,en > €5) =
Yo A <D i < T e > e, en > ey =

Yoo Anbtn < X, > €, = D(Ap). @ is not surjective though, since
the right shift operator is not diagonal, for example. So the image of
[*° is the set of diagonal operators with eigenvalues in [*°

3 ¢pand Ly(H)

If A € ¢p then the diagonal operator T' is compact: let

Tn=>1 1 \i <z,e > e , where ()\;) is the preimage of T', be a finite
rank operator. Then ||T(z) — T,,(2)|[% =

I N < ayei > el = 2072, NP <2ye > P <

(52, NPl So TETi@E < $~ee A2 . Therefore,

EEA > 2i=n+1
if A € ¢y then the diagonal operator T is compact. If an operator
is compact it has as the spectrum a sequence in ¢g. So a diago-
nal T is in Lo(H) iff A € co. Therefore ®~1(Lo(H)) = co. Since



the norm in ¢y is the same as the norm of [°°, ® is an isometric
homomorphism from ¢y to Lo(H). However, ®(cy) # Lo(H), since
T(x) =3 0" A < T,e, > epy is compact, if A\, — 0, but T is not a
diagonal operator. So the image of ¢g is the set of diagonal operators
with eigenvalues in cg.

4 l2 and CQ(H)

Let’s now see what a Hilbert-Schmidt operator is. But first we have
to define a special norm in Lo(H). If T' € Lo(H), then

T2 = (5%, [|T(en)||3)"/? , where {e,} is an orthonormal basis
of H. Let Co(H) :={T : ||T||2 < co}. The members of Co(H) are
called Hilbert-Schmidt operators and form a normed space. We will
not prove the following proposition.

Proposition: 1- ||T'||2 is independent of the chosen basis, for any

T e CQ(H)
2- |[T)]2 = ||T*[|2
3-|T|| < [Tz

It’s now easy to prove that Cy(H) is a normed algebra. Let

S € L(H). Then [|STI[ = S, [|ST(ea)|[3 <

I1S112 320 [IT(en)||% = |ISIIP|IT||3. Therefore Co(H) is a left ideal of
L(H). Let’s now compute ||T'S|3 = 32, ||TS(e:)| 3 =

Dot 2o | <TS(ei)en > 2 =302 5570 | < S T*(en) e > |* =
S ST ey < I1S*IEIT* B = |ISIZITI. Therefore, Ca(H)
is also a right ideal of L(H), and thus Cy(H) is an ideal of L(H),
called a Schatten ideal. Since it is an ideal of L(H), it’s an alge-
bra. If in these computations we choose S € Cy(H) we have that
IST [z < |[S[2||T|]2 and that [|T'S[[2 < [[S]]2|T][2, because of point
3 of the proposition. Therefore Cy(H) is a also a normed algebra.

Theorem: (Cy(H),||.||2) is a Hilbert space with inner product
<T,8 >o=>"7 <T(e;),S(e;) >.

Proof: Apply the polarization identity. Il

Let T € Cy(H). Then, since it is compact, it can be written as
T(x) =32 a; <z e > fi, where {f;} is an orthonormal basis for
H. Let’s compute ||T]|3 =300, [|T(en) |3 =

St gl < Tlen) 5 > |2 =



Dot ger | <14 <emyei > fiej > P =

Y1 gerl < anfae; > P = 3001 < Xlianfn e > |2 =
[(an)||%- So ||T||2 = ||(an)||m. Therefore T € Co(H) iff the sequence
of its coefficients is in (2. In particular ®~1(Cy(H)) = I2. Therefore
® is an isometric homomorphism. However, ®(1?) # Co(H), because
the T(z) = Y00 1 Ay < T, > enqq is in Co(H) if A € [2, but it’s
not diagonal. So the image of I? is the set of diagonal operators with
eigenvalues in 2.

5 (!and C(H)

Let’s now turn to the study of Cy(H), which is formed by operators
called the trace class operators. First let’s define the respective norm.
IT||y := sup{| < T,B >3 | : B € Co(H) A||B|| < 1}. We define
Ci(H)={T € C2(H) : ||T|]1 < oo}. Ci(H) is a normed space. The
following proposition will not be proven:

Proposition: 1- ||T||1 = ||T*|]1
2-||ITll2 < |ITx

If S, T € Ci(H) then ||ST||1 = sup{|] < ST,B >3 | : ||B|| < 1} =
sup{| < T,S*B >3 | : ||B|| <1} <

sup{||T|[2[|S*Bll2 : [|B]| < 1} < sup{|[Tl[2|[S*[[2[|B]| : [|B|| <1} <
T)1211S]l2 < [|T]|1]|S]]1. Therefore C1(H) is a normed subalgebra of
C5(H). Then, from the above computations, if S,T € Cy(H), then
[|1ST|[1 < [|S]]2]|T||2 < oco. Therefore C1(H) is an ideal of Co(H) and
Cy(H)Cy2(H) = Cy(H). Since L(H)C1(H)L(H) =
L(H)Cy(H)Cy(H)L(H) = C2(H)Co2(H) = C1(H), C1(H) is an ideal
of L(H). It is also called a Schatten ideal.

We define the trace of an operator in C1(H) as

tr(T) :== 3.2, < T(ep),en >, for an orthonormal basis {e,} of H.
It’s the analogous of the trace of a matrix in infinite dimension. The
following proposition is left without proof:

Proposition: 1- tr(T") is absolutely convergent.

2- tr(T) does not depend on the orthonormal basis.

3-tre Ci(H)* and ||tr|| =1

4- tr(TS) = tr(ST).

Remark: in point 4 7" and S need not be in C(H), just their compo-



sition.

Let T' € C1(H). Since it is compact, it can be written as
T(x) = Y021 n < ,en > fpn, where both {e,} and {f,} are or-
thonormal basis ({f,} is not the same for all T'(x)).

Proposition: ||T|[1 => 7" [A| = [|A]]1 -

Proof: Let B € C2(H) be such that ||B|| < 1. Then | < T,B >3 | <

S Dl <<ven > furB 2 | = S0 Nl < Blen) > | <
>t [Aalll fallal|Bllllenlla < 32021 [An] = [[Al1- .

To prove the other indequality, choose b, € C such that b, A, = |\,
and |b,| = 1. Define By(z) := 27]:[:1 by, < x,en > fr. We have

By € Cy(H) , because (by,bs,...,bx,0,...) € 2. Plus, ||By|| =
[|(bn)||loc = 1. Therefore ||T'||; > | < T,Bn >2 | =

|50, < Tlen). Balen) > | = 201 < Anfsbufa > | = | TN, Aubal =
Yot Pl — 1Al

QED H

So we have T € Cy(H) iff A € I'. In particular ®~1(Cy(H)) = I
Thus @ is an isometric homomorphism (for the respective norms ||.||1).
Again, ® : I' — C1(H) is not surjective, since

T(x) =721 A < T,en > eny1, With A € I', is not diagonal.

6 The Analogous Relations

Now we are in conditions to make one part of the analogy: just as we
have I* C 12 C ¢y C I°°, we have C1(H) C Co(H) C Lo(H) C L(H).
Each of the former normed algebras can be put in the latter normed
algebras, through an isometric homomorfism, as the diagonal opera-
tors in the respective operator algebras. Just as the former normed
(Banach) algebras are ideals of {°°, the latter normed algebras are ide-
als of L(H). These operator algebras are the noncommutative analog
of the respective commutative algebras of sequences.

The analogy extends to the I” and C,(H) , for any p € [1,00[. Cp(H)
is defined as a class of operators which norm |[|.||, is finite. For
T € Cy(H) a diagonal operator, we have ||T||, = [|A|[p. So there
is an isometric homomorphism ® : P — C,(H) (which is not surjec-
tive). The C,(H) are Banach algebras which are ideals of L(H) and
are called Schatten ideals.



But there are more relations that enrich this analogy. Just as we
have (co)* = 1! and (I')* 22 [, we have

Proposition: 1- Lo(H)* = C1(H)
2- Ci(H)" = L(H)

Proof: 1- Let f : C1(H) — Lo(H)* such that fg(T) = tr(T'S). Ob-
viously f is linear. Note that, because tr(T'S) = tr(ST), we have
fr(S) = fs(T). Therefore, |[fr|| = sup{|fs(T)| : |[S|]| < 1} =
sup{[tr(TS)| : [|S|| <1} =

sup{| X no1 < T'S(en) en > | ||S]| <1} =

sup{| Xno1 < en, T'S(en) > | [[S]| <1} =

sup{| >onz1 < T*(en), S(en) > | [|S]| <1} =

sup{| < T*,S >o | : ||S|| < 1} = ||T*|| = ||T||1- Therefore f is an
isometry. Let g € Lo(H)*. Then, for S € Cy(H), we have g(S) <
gllIISI < llgll]|S]|2. Therefore glc,my € Co(H)*. We will use the
equality < T, S >9=< S*,T* >9, which is valid for any S,T € Co(H),
without proving it. Let’s use Riesz representation theorem to find the
only S such that g|C2(H)(T) =< T,8 >o=< 8%, T* >o=tr(TS*). We
know that ||g|c, (|| < 0o and so [|g|c,m)l| =

sup{| < T,8 > | : ||T|] < 1} = sup{| < S*,T* >o | : ||T]| £ 1} =
sup{| < S*,T* >o | : ||T*|| <1} = ||S*|]1 < oo. Therefore

S* e Ci(H) () . Since CQ(H)H'H = Lo(H), there exists a unique
extension of g|c, () to Lo(H ), which is g. Hence g(7T') = tr(T'S*) and
therefore f is surjective.

2- Let f : L(H) — C1(H)* be a function defined with the same
expression as in point 1. It can be proven that it is an isometry. Let
g€ Ci(H)* and u,v € H. We have || <,u >v|j; =

ellliellinll < > eIl = Ilulllel . The map

h(v) = g(<,u > v) is in H* with norm 1. Hence, by the Riesz rep-
resentation theorem, there is a unique g, such that h(v) =< v, g, >=
g(<ryu > v) with [lgul% < llgllfullullgulln. Thus B : H —s H |
u — gy is a bounded operator. Furthermore, if ||ul|g = ||v||g = 1
we have g(<',u > v) =< v, B(u) >=<<,u >v,B >y=

tr(<,u > vB*). Denoting by Cf;,(H) the space of finite rank opera-
tors, then Cy;y, (H) Hi _ C1(H). Thus there is a unique extension of
9los, ) to C1(H), which is g. Therefore every g € C1(H)* has the
form g(T") = tr(T'B*). So every g is the image of one B € L(H).
QED N



Corollary: Cy(H) is a Banach space (and thus a Banach algebra).

In fact, the analogy goes even further: just as (IP)* =19, if % + % =1,
we have (Cp(H))* = Cy(H).

Bibliography

1. V. Lioudaki. Operator Theory on C, Spaces. University of Ed-
imburgh, Edimburgh, 2004.

2. P. Pinto. Analise Funcional. DMIST, Lisboa, 2013.

3. R. Schatten. Norm Ideals of Completely Continuous Operators.
Springer-Verlag, Berlin-Gttingen-Heidelberg, 1960.

4. M. Walter. Hilbert-Schmidt and Trace Class Operators



