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LMAC and MMA

Solutions

1.

a) The metric induced in P is

ds2 =

(

1

r − 1
+ 1

)

dr2 + r2 dϕ2 =
r

r − 1
dr2 + r2 dϕ2.

b) The dual coframe is

(ωr, ωϕ) =

(√

r

r − 1
dr, r dϕ

)

.

Using Cartan’s structure equations, we get

dωr = 0 = ωϕ ∧ ωr
ϕ,

dωϕ = dr ∧ dϕ = ωr ∧ ωϕ
r =

√

r

r − 1
dr ∧ ωϕ

r .

This, together with ωr
ϕ = −ωϕ

r , yields

ωϕ
r =

√

r − 1

r
dϕ =

1

r

√

r − 1

r
ωϕ.

c)

Ωϕ
r = dωϕ

r =
1

2

√

r

r − 1

1

r2
dr ∧ dϕ = Rrϕrϕ ω

r ∧ ωϕ

= Rrϕrϕ

√

r

r − 1
r dr ∧ dϕ.

So

Rrϕrϕ =
1

2r3
and K = − 1

2r3
.

d) We see that

ċ(t) =
1

r
∂ϕ = Eϕ.
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Since (Eϕ,−Er) is a positively oriented orthonormal frame,

∇ċ(t)ċ(t) = ∇EϕEϕ =
(

∇EϕEϕ,−Er

)

(−Er)

= −ωr
ϕ(Eϕ)(−Er) = ωϕ

r (Eϕ)(−Er)

Thus, the geodesic curvature of c is

kg = ωϕ
r (Eϕ) =

1

r

√

r − 1

r
.

e) According to the Gauss-Bonnet Theorem,
∫

R
K +

∫

∂R
kg = 0 (1)

because R is topologically a cylinder and so supports a nonzero vector
field. Now,

∫

R
K =

∫ 2π

0

∫ r1

1

− 1

2r3
ωr ∧ ωϕ

=

∫ 2π

0

∫ r1

1

− 1

2r2

√

r

r − 1
drdϕ

= −2π

√

r1 − 1

r1
.

On the other hand,

∫

∂R
kg =

∫ 2π

0

1

r1

√

r1 − 1

r1
ωϕ = 2π

√

r1 − 1

r1
.

So, (1) holds.
f)

∇EϕX = ∇Eϕ(X
rEr +XϕEϕ)

= (Eϕ ·Xr)Er +Xr∇EϕEr + (Eϕ ·Xϕ)Eϕ +Xϕ∇EϕEϕ

= (Eϕ ·Xr)Er +Xr(∇EϕEr, Er)Er +Xr(∇EϕEr, Eϕ)Eϕ

+(Eϕ ·Xϕ)Eϕ +Xϕ(∇EϕEϕ, Er)Er +Xϕ(∇EϕEϕ, Eϕ)Eϕ

= (Eϕ ·Xr)Er +Xrωϕ
r (Eϕ)Eϕ + (Eϕ ·Xϕ)Eϕ +Xϕωr

ϕ(Eϕ)Er.

If X is parallel along c, then






Ẋr − 1
r

√

r−1
r
Xϕ = 0,

Ẋϕ + 1
r

√

r−1
r
Xr = 0.
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If X(c(0)) = Xr
0Er +X

ϕ
0 Eϕ, then







Xr(c(t)) = cos
(

1
r

√

r−1
r
t
)

Xr
0 + sin

(

1
r

√

r−1
r
t
)

X
ϕ
0 ,

Xϕ(c(t)) = − sin
(

1
r

√

r−1
r
t
)

Xr
0 + cos

(

1
r

√

r−1
r
t
)

X
ϕ
0 .

In particular,







Xr(c(2πr)) = cos
(

2π
√

r−1
r

)

Xr
0 + sin

(

2π
√

r−1
r

)

X
ϕ
0 ,

Xϕ(c(2πr)) = − sin
(

2π
√

r−1
r

)

Xr
0 + cos

(

2π
√

r−1
r
ϕ
)

X
ϕ
0 .

g) P is parameterized by

p(r, ϕ) = (r cosϕ, r sinϕ, 2
√
r − 1).

Tangent vectors to P are

∂p

∂r
= cosϕ∂x + sinϕ∂y +

1√
r − 1

∂w = ∂r +
1√
r − 1

∂w,

∂p

∂ϕ
= −r sinϕ∂x + r cosϕ∂y = ∂ϕ.

Er =
∂p
∂r
∥

∥

∂p
∂r

∥

∥

=

√

r − 1

r
∂r +

1√
r
∂w, Eϕ =

∂p
∂ϕ
∥

∥

∥

∂p
∂ϕ

∥

∥

∥

=
1

r
∂ϕ.

Note that ∂r × Eϕ = ∂w and ∂w × Eϕ = − ∂r. The unit normal to P
with positive ∂w coordinate is

n = Er × Eϕ = − 1√
r
∂r +

√

r − 1

r
∂w.

h) The action is

I(r, ϕ, w) =
1

2

∫

(ẇ2 + ṙ2 + r2ϕ̇2) dt.

The derivative of I in the direction of (ρ, θ, y) is

DI(r, ϕ, w)(ρ, θ, y) =

∫

(ẇẏ + ṙρ̇+ rρϕ̇2 + r2ϕ̇θ̇) dt

=

∫

(−ẅy − r̈ρ+ rρϕ̇2 − 2rṙϕ̇θ − r2ϕ̈θ) dt.
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Therefore, the equations for the geodesics are






ẅ = 0,
r̈ − rϕ̇2 = 0,
ϕ̈+ 2

r
ṙϕ̇ = 0.

It follows that the nonzero Christoffel symbols are

Γr
ϕϕ = −r, Γϕ

rϕ = Γϕ
ϕr =

1

r
.

i)

∇̃ErEr =

√

r − 1

r
∇̃∂r

(

√

r − 1

r
∂r +

1√
r
∂w

)

+
1√
r
∇̃∂w

(

√

r − 1

r
∂r +

1√
r
∂w

)

=
1

2r2
∂r −

√
r − 1

2r2
∂w,

∇̃EϕEr =
1

r
∇̃∂ϕ

(

√

r − 1

r
∂r +

1√
r
∂w

)

=
1

r2

√

r − 1

r
∂ϕ,

∇̃EϕEϕ =
1

r
∇̃∂ϕ

(

1

r
∂ϕ

)

= − 1

r
∂r.

Recalling that n = − 1√
r
∂r +

√

r−1
r

∂w, we get

(

n, ∇̃ErEr

)

= − 1

2r3/2
,

(

n, ∇̃EϕEr

)

= 0,
(

n, ∇̃EϕEϕ

)

=
1

r3/2
.

The second fundamental form of P is

II(r, ϕ) =

[

− 1
2r3/2

0
0 1

r3/2

]

.


