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Solutions

a) The metric induced in P is

1
ds* = + 1) dr* +r?de* = Ty +r?de?.
r—1 r—1

b) The dual coframe is

r

(Whw?) = ( | dr,rdgo) :

Using Cartan’s structure equations, we get

dw" = 0 = w?Aw,

dw? = drNdy = W Aw’ = 4/ Tldr/\wﬁf’.
7"‘_

This, together with w;, = —wy, yields

[r—1 1 /r 1
wy = dp = —
,

Q7 = dw? = % rl:er/\dcp = Ryprpow" Aw?
Ry \/IT dr N\ dep.
r—1
50 1 1
Ry = 5,3 and K——2—T3.

d) We see that
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Since (E,, —E,) is a positively oriented orthonormal frame,

Vioilt) = Vi Bp = (Ve By —E) (=E)

%)

— —W(B)(-E) = w(E,)(~E,)

Thus, the geodesic curvature of ¢ is

e) According to the Gauss-Bonnet Theorem,

/RK+/8ng:O (1)

because R is topologically a cylinder and so supports a nonzero vector

field. Now,
27 r1 1
/K = / / ——3wr/\w‘p
R 0 1 2r

—1
= om 2
™
On the other hand,
27r
/ 1 w(p . 27( T — 1
R
So, (1) holds.
f)

Ve, X = Vg, (X"E, +X¥E,)
= (B, X")B, + X'Vi,E, + (B, X9)E, + X*Vy, E,
= (B, - X")E, + X" (Vg B, BB, + X" (Vg E,, E,)E,
+(Ey - X?)Ey,+ X?(Vp, E,,E,)E, + X?(Vg, E,, E,)E,
= (B,  X")E, + X"wf(Ey)E, + (B, - X¥)E, + XSDW;(EeD)Er‘
If X is parallel along ¢, then

Xr—1/=lxe = 0,
Xe4+1 /=X = 0.
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If X(c(0)) = X(E, + X{E,, then

X"(c(t)) = cos (%\ / TT_lt) X¢ +sin <%w / %t) X7,
X®(e(t)) = —sin <%@ / %t) X} + cos <%w / %t) Xy
In particular,
X"(e(2mr)) = cos <27r, / %) X + sin <27r, / %) Xy,
X?(c(2mr)) = —sin <27n / %1) X + cos <2m / %gp) Xy
g) P is parameterized by
p(r, @) = (rcosp,rsinp, 2vr —1).

Tangent vectors to P are

Ip : 1 1
E = COS(,O&B—FSIHQan—Fﬁaw = &%—ﬁ@w,
0
% = —rsinp0; +rcospd, = 0O,.
8p op
7”— . Ao _1
B = H H 3*[ Ew——‘g_p = -0,
©

Note that 0, x E, = 9,, and 0,, X E, = —0,. The unit normal to P
with positive d,, coordinate is

1 r—1
=F. XE,=——20, ——— Op.
n X Ly \/7_" -+ .

h) The action is
1 2 2 2.9
I(r,p,w) = 5 (W” + 7 4+ 1r7¢p7) dt.
The derivative of I in the direction of (p,0,y) is
DI(r,p,w)(p,0,y) = /(wy +7p 4 rp? + r2p0) dt

= / (—wy — 7p+ rpp* — 270 — r°@0) dt.
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Therefore, the equations for the geodesics are

W =0,
P —rp? =0,
¢+ 27 = 0.

It follows that the nonzero Christoffel symbols are

r [—
FSOSO_ T

<7IZTIET - <78r (:

) 1. —1
Vi E, = -V, (,/T—ar+
r T

. 1. (1
Ve,E, = =V, (—

7

Recalling that n = — % o + % Oy, We get

<77,, ﬁET Er)
<77,, ﬁEw Er) =
<7l><7ﬂhpfap) =
The second fundamental form of P is
_ 1
2r3/2

II(r, ) = {

0

1

2r3/2’

0,

1

0
1

7372

|



