Riemannian Geometry
15 Test - November 20, 2020
LMAC and MMA

Solutions

g = du®+ sinh®udy?,
(w*, w?) (du,sinh u dyp),
w = sinhuduA dg.

w, = —w;=—coshudp,
Q) = —sinhuduAdp,
K = -1

/K = /QZ;:/ w;:/ —coshudyp = —2m cosh R + 2.
D D oD oD

= coth R,
u=R

1
ky = coshudy (sinhu8¢>

ds = 1/9(0,,0,)dp = sinh Rdyp,

/ kgds = 2mcoshR.
{R}x(0,2m)
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e)

coS ¢

Lxw = X~sinhudu/\d<p+sinhud(

_sinhuduAd < SIW)

sinh «

)/\dgp

coshu

sinh? u cos ¢

= ———duNd
cosh? u 4
sinh u cos ¢
—_= — 72 (.U,
cosh”u
((X)w = tanhwucospdp + sin pdu,
di(X)w = Cos;p du N\ dep — cos pdu N dy,
cosh” u
Lxw = di(X)w+ o(X)dw = dio(X)w,
div X — _sinhu(;oscp:_ x .
cosh” u 1422492

2. First solution. Let ¢; be the flow of X and ¢, be the flow of Y. The
assertion that [X,Y] = 0 is equivalent to ¢; o 1y = s o ¢ for all s and
t. For all g € G, since X is left invariant, we know that (L,),.X = X <
¢ro Ly, =Lyo ¢y < ¢(g) = gPi(e), and, since Y is right invariant, we know
that (Ry).X = X < ;0 Ry = R, 05 < 15(g) = 1s5(e)g. Hence, we have

Pe(Ps(9)) = ¢u(whs(e)g) = Ys(e)gdr(e) = ¥s(ger(e)) = hs(di(g))-

As g is arbitrary, ¢; o 1, = 1 0 ¢y.
Second solution.

d d
X Y] = 00y = 2B )Y
t=0

a) First solution. The vector field (d¢:)X has flow ¢:(ds(-)) = dris( )
and so is X.
Second solution. Let g : M — N and let f: N — R. We recall that

Y- (fog)=((dg)Y-f)og.
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Thus, we have

((do) X - [)(p) = ((dp)X - fogiog)(p)
(X (fodr)oot)(p)
(

(f
(fodi)ogsop i s)(p)
(fopiogs) o ¢ts) ()

d
(oo 06 ) ()

X - f © ¢t+s © gb—t—s)(p)
) (p)-

%m*

=

»

(
(
b) First solution.

d
= %(d¢—t—s)¢t+s(p>y¢t+s(m

(dgb ) Y¢>t (p)

t=t s=0

d
= —(d6-3)6. ) (A 1)ou(0 o)) Yor(s.)

s=0

d
= —(dd-2)on ((do-)on () Yi0() 4.
= [X,(d¢-,)Y](p)

s=0

Second solution.

oY) f = (((d6-)¥) - P))
d

= S ((do-)Y) - foo_i0¢)(p)
Ly (o 0-)06)(0)
(=Y - ((X - f)og_t) o)
+X Y - (fodi)od(p)
(=(dp—)Y - X - f+ (dp—)X - (dop—)Y - f)(p)
(X, (do-)Y]- f)(p),

o
]
d

as (dop_4) X =



