
Riemannian Geometry
1st Test - November 20, 2020

LMAC and MMA

Solutions

1.

a)

g = du2 + sinh2 u dϕ2,

(ωu, ωϕ) = (du, sinhu dϕ),

ω = sinh u du ∧ dϕ.

b)

ωu
ϕ = −ωϕ

u = − cosh u dϕ,

Ωu
ϕ = − sinh u du ∧ dϕ,

K ≡ −1.

c)

∫

D

K =

∫

D

Ωu
ϕ =

∫

∂D

ωu
ϕ =

∫

∂D

− cosh u dϕ = −2π coshR + 2π.

d)

kg = cosh u dϕ

(

1

sinh u
∂ϕ

)
∣

∣

∣

∣

u=R

= cothR,

ds =
√

g(∂ϕ, ∂ϕ) dϕ = sinhRdϕ,
∫

{R}×(0,2π)

kg ds = 2π coshR.
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e)

LXω = X · sinh u du ∧ dϕ+ sinh u d
( cosϕ

cosh u

)

∧ dϕ

− sinh u du ∧ d

(

sinϕ

sinh u

)

= −
sinh2 u cosϕ

cosh2 u
du ∧ dϕ

= −
sinh u cosϕ

cosh2 u
ω,

ι(X)ω = tanh u cosϕdϕ+ sinϕdu,

dι(X)ω =
cosϕ

cosh2 u
du ∧ dϕ− cosϕdu ∧ dϕ,

LXω = dι(X)ω + ι(X)dω = dι(X)ω,

divX = −
sinh u cosϕ

cosh2 u
= −

x

1 + x2 + y2
.

2. First solution. Let φt be the flow of X and ψt be the flow of Y . The
assertion that [X, Y ] = 0 is equivalent to φt ◦ ψs = ψs ◦ φt for all s and
t. For all g ∈ G, since X is left invariant, we know that (Lg)⋆X = X ⇔

φt ◦ Lg = Lg ◦ φt ⇔ φt(g) = gφt(e), and, since Y is right invariant, we know
that (Rg)⋆X = X ⇔ ψs ◦Rg = Rg ◦ ψs ⇔ ψs(g) = ψs(e)g. Hence, we have

φt(ψs(g)) = φt(ψs(e)g) = ψs(e)gφt(e) = ψs(gφt(e)) = ψs(φt(g)).

As g is arbitrary, φt ◦ ψs = ψs ◦ φt.
Second solution.

[X, Y ] =
d

dt
(φ−t)⋆Y

∣

∣

∣

∣

t=0

=
d

dt
(Rφ

−t(e))⋆Y

∣

∣

∣

∣

t=0

=
d

dt
Y

∣

∣

∣

∣

t=0

= 0.

3.

a) First solution. The vector field (dφt)X has flow φt(φs( · )) = φt+s( · )
and so is X .
Second solution. Let g :M → N and let f : N → R. We recall that

Y · (f ◦ g) = ((dg)Y · f) ◦ g.
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Thus, we have

((dφt)X · f)(p) = ((dφt)X · f ◦ φt ◦ φ−t)(p)

= (X · (f ◦ φt) ◦ φ−t)(p)

= (X · (f ◦ φt) ◦ φs ◦ φ−t−s)(p)

=

(

d

ds
(f ◦ φt ◦ φs) ◦ φ−t−s

)

(p)

=

(

d

d(s+ t)
(f ◦ φt+s) ◦ φ−t−s

)

(p)

= (X · f ◦ φt+s ◦ φ−t−s)(p)

= (X · f)(p).

b) First solution.

d

dt
(dφ−t)φt(p)Yφt(p)

∣

∣

∣

∣

t=t

=
d

ds
(dφ−t−s)φt+s(p)Yφt+s(p)

∣

∣

∣

∣

s=0

=
d

ds
(dφ−s)φs(p)(dφ−t)φt(φs(p))Yφt(φs(p))

∣

∣

∣

∣

s=0

=
d

ds
(dφ−s)φs(p)

(

(dφ−t)φt( · )Yφt( · )

)

φs(p)

∣

∣

∣

∣

s=0

= [X, (dφ−t)Y ](p)

Second solution.

d

dt
((dφ−t)φt(p)Yφt(p)) · f =

d

dt
(((dφ−t)Y ) · f)(p)

=
d

dt
(((dφ−t)Y ) · f ◦ φ−t ◦ φt)(p)

=
d

dt
(Y · (f ◦ φ−t) ◦ φt)(p)

= [(−Y · ((X · f) ◦ φ−t) ◦ φt)

+X · Y · (f ◦ φ−t) ◦ φt](p)

= (−(dφ−t)Y ·X · f + (dφ−t)X · (dφ−t)Y · f)(p)

= ([X, (dφ−t)Y ] · f)(p),

as (dφ−t)X = X .


