Riemannian Geometry
1% Test - November 14, 2017
LMAC and MMA

Solutions

a) O(1,2) is a subgroup of GL(3). Indeed, suppose A € O(1,2) and
B € O(1,2). Then AB € O(1,2) since

(AB)A(AB)" = A(BABT)AT = ANAT = A,
and A™' € O(1,2) as
ANAT = A = ATTANAT(AT) L = ATIAN(AT) T = A= A7TAAHT.

b) We denote by Ssy3 the space of symmetric 3 x 3 matrices. This is a
6-dimensional space. Let f : M3y3 — S3x3 be defined by

f(A) = ANAT,
This function is smooth and
Df(A)(B) = AABT + BAAT.
Suppose A € f7H(A) and S € TxSsx5 = Ssx3. Choosing B = LSAA,
we get

Df(A) GSAA) = %AAATAS + %SAAAAT = 5.

This shows that f is a submersion at A. Since A is arbitrary in f~1(A),
A is a regular value of f. It follows that O(1,2) = f~*(A) is a subma-
nifold of M35 of dimension 9 — 6 = 3.
c)
TrO(1,2) = ker Df(I) = {B € Msy3: BA + AB" = 0}.

A basis for T;0(1,2) is { By, B, B3}, where

010 001 00 O
Bi=|1100], Ba=|000{, Bs3=|[00 -1
000 1 00 01 O

One easily checks that [By, By] = —Bs, [By, Bs] = —Bs and [Bs, B3] =
B;.
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d) The tangent space to O(1,2) at A is
TAO(1,2) = ker Df(A) = {B € M3,3: B = —B}.
e) The left-invariant vector field corresponding to Bj is

X{':= DLy B, = YB,.

1
B=1|0
0

S = O
o O O

we obtain
cosht sinht 0

exp(tBy) = | sinht cosht 0
0 0 1

a) Let p € S?, and v and w be two linearly independent vectors belonging
to 7,5%. Calling n = 20, + y0, + 20, the unit outer normal to S?, we
have

w(v,w) =t(n)de Ndy A dz(v,w) =dz ANdy A dz(n,v,w) # 0,

because the volume parallelepiped with sides n, v and w is different
from zero. We have

tn)de Ndy Ndz = ((n)dz) ANdy Ndz
—dz A (v(n) dy) Ndz + dx Ady A ((n) dz)
= xdyANdz—ydr Ndz+ zdy Ndz.

b) n =1r*w =sinpdp A db.

c) [epw= OQW o T*w = 47,
d)

Lxn = Lg,(sinpdp Ndf) = (La,sinp)dp A do
+sin@ d(Lg,p) N df
+sinp dp A d(L,0)
= cospdp A db.
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e) Let ¢, be the flow of X and ¢, be the flow of r,X. Then ro¢, =, or.

Hence
d d d
Lxn = —=ém| = —¢irw| = —(rog)w
dt t =0 dt t t=0 dt t=0
= @(%OT) wtzo = 5" %wtzo r dtl/)twtzo

= T* (LT*XUJ) .

/LT*X(JJ = / r*(LT*X(JJ) = / Lxﬁ
Q r—1(Q) r—1(Q)

2T e
= / / cospdp ANdf = 2m(sinp; — sinyy).
0 %0

f)

g) Note that r*(¢(r.X)w) = ¢(X)n because

[ (L(r X )w)](v,w) = ((rX)w)(ro, ra) = w(r.X, ro, raw)
= r'wX,v,w) = [L(X)n](v,w).

Moreover,
L(X)n = 1(0,)sinpdp A df = sinp df.

Therefore,

27 2m
/ r.X)w = / (X)) = / sin ¢y df — / sin g df
) r=1(0Q) 0 0

= 2m(sinp; — sinyy).
h) Using Cartan’s formula, we get
Ly xw = t(r.X)dw + d(t(r. X)w) = d(e(r. X )w).

According to Stokes” Theorem, we have

[ L= [ datr. X)) = /8 (X



