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Riemannian Geometry, Fall 2016/17
Instituto Superior Técnico, Pedro Girao

The 1st Test, given on November 16, 2016, consists of Problem 1 and part of
Problem 2.

1. Let M be the Lie group SL(2) = {A € Msys : det A = 1}.

a) Show that M is diffeomorphic to R? x S*. Suggestion: Write A € M

as
p+tq r+s
A=A —
(p,q,7,5) {T_S p_q},

and use the map

o(q,r,0) = (p,q,1,8) = (\/1+q2 +r2cosb,q,r,\/1+ q¢? +T2sin«9)

defined on R? x S.
b) Compute the matrices

0 0
B := Ao <8_q)(o,o,o) and Ci= A <%)(0,o,o)'
(Note that we have A, = A, because A is linear.)
c) Compute the Lie algebra sl(2) and T4 M.
d) Compute XZ and X, the left invariant vector fields corresponding to
B and C respectively, i.e. such that (X?); = B and (X%); = C.
e) Compute the integral curves of X® and X through I. Suggestion:
Calculate C2.
f) Compute [X5Z, X°];.
g) Is it true that both X% = A*go*a% and X = 4,0, 27 Explain.

2. Consider the region

Q={(z,y,2) eR* 2 +y* - 2> <1 A 0 <z <sinh1},
and consider the piece of hyperboloid

S={(z,y,2) eR*:2°+¢y*—2*=1 A 0< 2z <sinh1}
with the parametrization

(7, 68) = (cosh vy cos @, — cosh v sin 0, sinh )
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(defined on an appropriate set). Moreover, in R? define w to be the 2-form
w=u(X)dx Ndy N dz,

where the vector field X is given by

0 0
X(z,y, 2) =15 +yay.

a) Compute w and p*w.

b) Compute [ w, where S has the orientation induced by .

c) Compute dw.

d) Compute fQ dw, where © has the canonical orientation of R3.

e) Use Stokes’ Theorem to relate the results of b) and d).

f) Compute the normal n to S, which is exterior to 2, and extend it
to a smooth vector field defined in a neighborhood of S. Note: S is
contained in the level set of a smooth function.

g) Argue that (u(n)dx A dy A dz)|;g,rg is @ volume form on S.

h) Compute ¢(n)dx A dy A dz and ¢*(v(n) dz A dy A dz).

i) Compute the Euclidean inner product (X, n) and ¢*(X,n).

j) Argue that

Wlrgurs = (X, n) (L(n)de ANdy A dz)|pgyrs -

k) Compute Lx(dz A dy A dz) using
i) The definition of the Lie derivative using the flow of X.

ii) The formula about the Lie derivative of the tensor product and the
fact that the Lie derivative commutes with the exterior derivative.

iii) Cartan’s formula.
1) Combine the conclusions of the previous items to obtain the Divergence
Theorem.

1. Solution.

a) The condition that the det A =1 is equivalent to
pP+s7— (¢ +r?) =1

The map ¢ is a bijection between R? x S and M := {(p,q,r,s) € R*:
Pt 5 — (¢ +12) = 1},

We can use the map ¢ (defined in appropriate subsets of R?) to write
admissible parametrizations of subsets of M because ¢ is smooth and
Dy is injective.
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b)

d)

Consider the parametrizations (q,7,6) — (q,7,¢?) of a neighborhood
of a point (qo, 7o, ) € R? x S, and (q,7,0) — ¢©(q,r,0) of a neigh-
borhood of a point ©(qg,79,00) € M. The map ¢ : R? x St — M
is the identity when seen through the charts, from a neighborhood of
(qo,70,6p) in R to a neighborhood of (qg,70,60) in R3. So, ¢ is a
diffeomorphism from R? x S! to M.

Finally, the map A is a diffeomorphism between R* and R*. Its inverse
is

1
Ail(oﬁﬂf‘)/?(s): 5(0(4-(5,0(—6,6—‘—’}/,5—7)

So, A is a diffeomorphism between M and SL(2).
We have

¢*<§q>(o,o,0) = (0,1,0,0), w*<%>(o,0,o) =(0,0,0,1)

10 01
0 _1}, (J:A*(o,o,o,nz[_1 0}.

Let ¢(t) be a curve in SL(2) such that ¢(0) = A and ¢(0) = B. Since
det ¢(t) = 1, differentiating with respect to ¢ and setting ¢ equal to 0,

c(0)tr (c(0)71¢(0)) =0, e tr(A"'B)=0.
This shows that

B = A,(0,1,0,0) = {

TuM = {B € Myys : tr (A"'B) = 0}

and
51(2) = {B € M2><2 trB = 0}
The left invariant vector fields corresponding to B and C', are
P 12 10 P 12
(XB)X =XB= [ 2l 22 ] [ 0 —1 ] - {xm 22 ] )
1,12 12 .11
oy |z o 01| | —o° x
(X )X—XO—[xm xm]{_l 0}—{_1,22 x21]-

C? = —I. The integral curves of X? and X¢ through I are
t
Bt __ (& 0
= &

12 t3 4 cost sint
ct D . _ —
=T+ Ct 12! 03!+I4!+... [—sint Cost].

and



Riemannian Geometry, Fall 2016/17, IST, P. Girao 4

f)

(X, X%, = [B,C] = BC — CB = {g g]

g) It is not true that X7 = A*go*a% and X¢ = A*go*%, otherwise

0o 0

0 2] B wC
= [X aX ]I = A*Qp* |:_> _:|
{ dq 00 (0,0,0)

2 0 =0
as Ao p(0,0,0) = 1.
2. Solution.
a) We know that, for w with degree k,
UX)wAn = ((X)w) A+ (=1)fw A ((X)n).
This implies

w = (X)dxNdyNdz
= ((X)dz)NdyNdz—dx A ((X)dy) Ndz + de Ady A ((X)dz)
= zdyANdz—ydx Ndz.

The pull-back of w by ¢ is

—sinhysinf — coshycosé

Yw = cosh’ycos@' cosh 0 ’d”y/\d@
. sinhycosf — cosh~ysinf
+ cosh ysin 6 cosh 0 ’ dy N df
= cosh®ydvy A db.

b)

T 1
/ w = / / cosh® y dydb
S -7 JO

1
= 27r/ (1 4 sinh®5) cosh y dy
0
. |
= 27 smhl—i-gsmh 1].

c) Clearly, dw = 2dx N dy N dz.
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d)

/dw = Q/da:/\dy/\dz
Q
sinh 1 V1422
/ / / rdrdzdf

smhll
7r/ 1+z dz
0

= 27 (smhl + — sinh? 1) .

)

Il
DO

I
e~

e) By Stokes” Theorem

Jo= Je e )

B={(r,y,2) €ER*: 2 =0and 2* +y* < 1}

where

and
T ={(x,y,2) €R®: 2 =sinh 1 and 2* + y* < cosh®1}.

But f pW = fT w = 0 because both terms in the expression for w contain
a dz, and both in B and in T the value of z is constant. Therefore,

[ o= [w

f) The normal to S, which is exterior to €2, is

V(x? +y? — 2?) _ (z,y, —2)
V(2% +y? — 22)] a2+ y?+ 22

g) Let p € S, and u and v be two linearly independent vectors belonging
to T,,S. Then

n =

(t(n)dx Ndy A\ dz)(u,v) = dxAdyAdz(n,u,v)
= volume of the parallelogram

defined by n, u and v
# 0.

This shows that (¢(n)dx A dy A dz)|rsxrs is a volume form on S.
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h)

tn)de NdyANdz = (u(n)dx) ANdy A\dz —dz A (v(n)dy) A dz
+dx A dy A (1(n)dz)
xdyNdz —ydz Ndz — zdx N\ dy

Va2 4 y?+ 22

©*(t(n)de Ndy A dz)
_ coshycosf
cosh(2y)
cosh 7y sin
cosh(2)
_ sinhy sinhycos@  — cosh~ysin
\/cosh(27) | —sinhysing —cosh~ycosf

— cosh yy/cosh(27) dy A db.

—sinhysinf — coshycosé
cosh y 0

'd”y/\d@

sinhycosf — cosh~ysinf
cosh 0

'dwde

’d”y/\d@

(x,y,—z)

2+ y? + 22

x2+y2

Va2 + 2+ 22

<)(,ﬂ> = (x,y,O)-

cosh? 7
\/cosh(27y)

j) Denote by X T the projection of X on the tangent space of X.

@*¢X5n> =

Wpgurs = UX)de Ady Ndz|pg,pg
= L((X,n)n+XT)dxAdy/\dz}TSXTS
(X,n)u(n)dz A dy A dz| g pg + o(X ) dz Ady A dz
= (X,n) («n)dz Ndy ANdz)|pgers

TSXTS

because, for Y and Z in T'S,

(X deANdyAndz(Y,Z) = deNdyNdz(X",Y,Z)
=0
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as X', Y and Z are linearly dependent. This can be checked directly
using the results of a), h) and i):
W gy g = cosh® y dy A db,
©*(t(n)dx A dy A dz) = coshyy/cosh(27) dy A db,
cosh? ~y

\/cosh(27)

90*<X7 n) =

k)
i) The flow of the vector field X at time ¢ is

¢t(x7 Y, Z) - (et‘I? etyu Z)

According to the definition of Lie derivative,

d
Lx(dzNdyNdz) = ﬁﬁ(dx Ady A dz)

t=0

d
= a(e% dx A dy N dz)

= 2dx NdyNdz.

t=0

ii) Using the formula about the Lie derivative of the tensor product
and the fact that the Lie derivative commutes with the exterior
derivative, we have

Lx(dx NdyNdz) = (Lxdx)ANdyANdz+de A (Lxdy) ANdz
+dz Ndy N (Lx dz)
= d(Lxx) Ndy Ndz +dx Nd(Lxy) Ndz
+dx Ndy Nd(Lxz)
= deNdyNdz+dz ANdy Ndz+0
= 2dx NdyNdz.

iii) According to Cartan’s formula, we have
Lx(dx NdyNdz) = du(X)dz ANdyNdz)+ o(X)d(dx ANdy A dz)

= d(xdyNdz —ydx Ndz)
= 2dx ANdyNdz.
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1) Combining what we saw above, we deduce the Divergence Theorem:
/diVXda:/\dy/\dz = /Lx(dx/\dy/\dz)
Q Q

d(u(X)dx N dy N dz)

I
S~

U X)dx Ndy Ndz
Q

(X,n)i(n)de Ndy A dz.
Q

—



