Riemannian Geometry
1% Test - November 16, 2016
LMAC and MMA

Duration: 90 minutes
Show your calculations

1. Let M be the Lie group SL(2) = {A € Msys : det A = 1}.

a)

b)

c)
d)

e)

f)
g)

Show that M is diffeomorphic to R? x S1. Suggestion: Write A € M

as
_ _|ptq r+s
A—A(p,q,r,s)—{r_s p_q:|7

and use the map

QD((],T',H) = (pa(LTaS) = (\/ 1+q2+7"2C056,q,7’,\/1+q2+7"2811’19)

defined on R? x S!.
Compute the matrices

B := A.p. <8gq)(o,o,o) and C:= A <%)(o,o,o)’

(Note that we have A, = A, because A is linear.)

Compute the Lie algebra sl(2) and T4 M.

Compute X7 and X, the left invariant vector fields corresponding to
B and C respectively, i.e. such that (X?); = B and (X¢); = C.
Compute the integral curves of X? and X¢ through I. Suggestion:
Calculate C?.

Compute [X 5B, X¢];.

Is it true that both X? = A*go*a% and X = A,0, 27 Explain.

2. Consider the region

Q={(r,y,2) eR* 2 +y* - 2> <1 A 0< z <sinhl},

and consider the piece of hyperboloid

S={(z,y,2) eR®:2° +¢y* —2*=1 A 0 < z<sinh1}

with the parametrization

(7, 68) = (cosh vy cos @, — cosh v sin 0, sinh )

(defined on an appropriate set). Moreover, in R? define w to be the 2-form

w=xdyNdz —ydr Ndz.
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a) Compute ¢*w.

b) Compute [ w, where S has the orientation induced by ¢.

c) Compute dw.

d) Compute [, dw, where Q has the canonical orientation of R®.

e) Use Stokes’ Theorem to relate the results of b) and d).

f) Compute Lx(dz A dy A dz), where the vector field X is given by

0 0
X = 4 y—.
(z,y,2) xaeryay
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