Riemannian Geometry
Exam - January 29, 2020
LMAC and MMA

Solutions

a) As X = 20y, according to Cartan’s formula, we have
1
Lxw=di(X)w+ o(X)dw = di(X)w=d (Z sin fdp A d@/}) .

Thus, according to Stokes” Theorem, we have

/ Lyw = / isin (g) do A di

10,3 [x]0,27[x]0,2n] 10,27 [x]0, 27

1
— / ZsinOdgp/\dw = 7

10,27[x]0,27(

To justify this computation rigorously, one should first integrate on

[e, g] x [0,27] x [0,27] and pass to the limit as € \, 0. Indeed, the

coordinates degenerate at # = 0.
b) Recall that so(3) = {A € Msy3: AT = —A}. If

0 —c b x —cy + bz
A= ¢c 0 —a | andé= |y |, then A = cr —az
—b a 0 z —bx + ay

On the other hand
(a,b,¢) x (x,y,2) = (—cy + bz, cx — az, —bx + ay).

Therefore, for A as above, A = Q(A) x ¢ for

Q(A) = (a,b,c).
When A is as above and
0 —¢ b
B = c 0 -—al,
b a 0
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we have _
0 B ba — ab ca — ac
[A,B] = | —ba+ ab 0 cb—bc |,
—ca +ac —cb+be 0
whereas

Q(A) x QB) = (a,b,¢) x (a,b,é) = (be — cb, ca — ac, ab — ba).

The first entry of this vector is [A, Bz 2, the second entry of this vector
is [A, B]13, and the third entry of this vector is [A, B]s;. This shows
that Q([A, B]) = Q(A) x Q(B).

c) Using b) and R(v x w) = Rv x Rw, we obtain

(R'Q () R)w = R YY) (Rw)) = R v x (Rw))
= (R"'v) x (R (Rw)) = (R7'v) xw
= Q'R w

for all w € R3. This means that

RO 0)R=Q (R ).

d) We have
_ [ cosg  sinp 0 —singp —cosp 0
R_,R, = ¢ | —sinp cosp 0 cosp —sinep 0
|0 0 1 0 0 0
[0 -1 0
= 9|1 0 0|=¢pQ " (es).
|0 0 0

Similarly, it follows that R_gRy = 0 Q~(e;) and R_yRy = v Q7*(e3).
e) For S € TsSO(3), let A be such that S = SA. Since S = R,RyRy, we
have

A=5"'S = R 4R 4R ,R,RyRy+ R _yR 4R ,R B4R,
+R_4R 4R _,R,RyR,
= R 4R 4R ,R,RyRy+ R 4R 4RyR, + R_,R,
= R 4R ¢Q '(e3)RoRy + 0 R_yQ er) Ry + 1 QY (es)
= OO N (R_yR ges) +0Q (R _yer) + 1 Q  es).



Solutions of the RG exam - 29.1.20 3

f)

Hence, we have

Q(A) = @R _yR_ges +6R_yer + tes
= p(sinfsine; + sin b cos ey + cos feg)
—i—é(cos Yey — siney) + tes
= (écosw + gbsin@sinw)el + (—ésinw + gbsin@cosw)eg
—l—(gb cosf + &)63.

Suppose X is a left invariant vector field and S(6(-),¢(-),¥(-))is an
integral curve of X, i.e. Xg = S. Then A is constant. Indeed, since X
is left invariant, Xg = SA with A = X;. This is the same as S = SA.
Now, in local coordinates X = 09, + ©0, + ¢8¢. Notice that

costy sinfsiny 0 0 X
Q(A) = | —siney sinfcosyp 0 o | =M| X?
0 cos 1 0 X

Of course, when A = Q7! (e1), we have Q(A) = €1, when A = Q7 (—ey),
we have Q(A) = —ey, and when A = Q7 '(e3), we have Q(A) =
e3. Thus, the left invariant vector fields corresponding to Q7 !(e;),
Q_l(—eg) and 9_1(63) are X1 = M_lel, XQ = —M_leg and X3 =
M~1es, respectively. As

cqszﬁ —siny 0
—sinycot —cosycotfd 1

it follows that
sin v

X, = coswaﬁm@—smwcow@,
Xy = sintYdy — C?S¢8¢+coswcot08w,
sin 0

X3 = 0p.

The metric and its inverse are
1 1 0 0 1 0 0
9=7 0 1 cosO |, qgt=4]0 csc? 0 —cscf cot 6
0 cosh 1 0 —cschcoth csc? 6
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The inner product of w’ and w’ is
(w',w?) = (W)rg" (W)

Let X1 =X, Xo =Y and X3 = Z. Since

Cos
-1,.1 _ iny —
g w = 2 SSITQ _X17
| —sin cot 6
sin
12 Y _
g w = 2 ~ S0 = X2
| coscot 0
[0
g 'w = 20| =X,
|1
and w'(X;) = 0}, we have w'g~'w/ = 0%, The base (w',w?w?) is

orthonormal.
b) One readily calculates

1
dw' = §(sinwd9/\dw+cosesinwd9/\dgp —sinf cosp dp A dip)
and
1
W Aw? = Z(sinwde/\dw+cos€sinwd9/\d<p —sinf cosp dp A di).

So, the constant a is equal to 2.
c) According to Cartan’s structure equations, we have

20 AW? = dw' = WAw +Wd A,

2w AWw? = dw® = W AW+ AW
= —wl/\w%jtw?’/\wg,

2w AW = dw? = W AW W AW

= —wl/\wé— wg/\wg.

By inspection, we see that the connection forms are

1 3
Wy = w,

1 2
(,4)3 _w,
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d) On the one hand, we have

dwy = dw® = 2w' AW?,
doy = —dw?® = 2w' AW,
dw; = dw' = 2wW* AW’

On the other hand, according to Cartan’s structure equations, we have

dwy, = Qy+wsAws = Q) +w' Aw?
do; = Q+wiAwy = Qg +w' AW’
doy = B+wzAw; = B +w A’

Therefore, the curvature forms are given by

Q; = w'AW
O = w AW’
Q: = W AW

The Riemann tensor is given by

R = Rp'Wwewew X +R,Weuew @X,
+Rl€l31wk & wl ® w?) ® Xl -+ Rkllgwk X wl ® wl X X3
+ R W @ W @ w? @ X + Ryt ® vl @ w? @ X,

As the frame is orthonormal, the curvature tensor is given by

R = Ry @w' @ w?Aw! 4+ Rysw® @ w @ w? A w!
+Rpzow” @ w! @ w? A w?
= Rp'wouw @w? Aw + Ryl @w@wd Aw!
+ Ry’ @ W' @ w? A w?
= BRWAL+U RV AU+ R AW
= VAP RWAW FW AW @Wwd AW +w? AwP @ WP AW
We see that Ris12 = Riz13 = Rases = —1 and that R, = 0 if three of

the indices are different. The sectional curvature of SO(3) is constant,
equal to 1.
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e) The covariant derivatives of X = X; and Y = X, are

Vi, X1 W (Vx, X1) X1 + w0 (Vx, X1) X + w0 (Vx, X1) X3
= wi(X1) X1+ wi(X1)Xe + w(X1) X,
= 0—w(X))Xe +w(X1)X;3
= ()7
VX1 = 0—-w(X2) Xy +w(X2) X3
= X,
Vi, X1 = 0—w(X3)Xs +w?(X3) X3
= —Xo,

leXZ = UJ%(Xl)Xl + UJ%(Xl)XQ + (JJS(Xl)Xg
= w?’(Xl)Xl +0— wl(Xl)X3

- _X37

VX2X2 = UJ3(X2)X1 + O — (JJl(XQ)Xg
= 07

VX3X2 = (,4)3(X3)X1 + 0— wl(X3)X3
= X

f) The vector fields W and Z are tangent to the torus because they have
no OJy component:

W = sinyy X —cosypY = 2(cschd, —cotf0y),
Z = 20,

g) The covariant derivatives of N are

ViwN = Vinygx,—cosgx,(cos X +sinp Xy)

= siny(X; - cos) Xy + sint) cos YV x, X3
+sin (X - siny) Xy + sin? ) Vy, Xo
—cos P(Xy - cos ) Xy — cos? PV x, X,
—cos (X - sin ) Xy — cos 1 sin YV, Xo

= 2sin® ¢ cot 6X; + 0 — 2sin® ¢ cos ¥ cot X,
—sin? X5 + 2sin ) cos® ¢ cot X,
— cos® X5 — 2 cos’ 1 cot 0.X

= 2sinycot X, — 2cosycot Xy — X3

= 2cotOW — Z,
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h)

VzN = Vyg,(cos X +sinpXs)
= —2sin9YX; +cosyyVx, X1 + 2cosp Xy +sin PV x, Xy
= —2sin9X; —cosy Xy + 2cosy Xy + sinp X,
= —(sinyX; — cos Y Xs)
= —W.

The second fundamental form of 7T is

—(VwN, W) —(VzN,W) | | —2cotf 1
—(VwN.Z) —(VzZ,N) ] - { 1 0}

The mean curvature of T is — cot . For 6 = % the mean curvature of
T is equal to zero.
We have seen that K°G)(I1) = 1. Moreover,

(BW,W),B(Z,2)) = (VwW,N)N,(VzZ,N)N)
= (VwN,W)(VzN,Z) = 0,
IBW,Z)|*> = I(VwZ,N)N)|I” = (VwN,Z)* = 1.

Hence, according to the formula
K'(IT) = K%°O(IT) = (B(W, W), B(Z, Z)) — | BIW, Z)|]%,
we have KT (IT) = 0. The metric induced on T is
g = i sin? § dp* + i(cos@dcp + dip)?,
with 6 fixed. We change to coordinates (o, x) = (sinf ¢, cosf ¢ + ).

This is equivalent to (p, 1) = (cscf o, —cot 0 o + x), so that (o, x) are
indeed coordinates. Then, the metric becomes the flat metric

1
g= Z(dO'Q + dx?).



