Riemannian Geometry
Exam - January 30, 2018
LMAC and MMA

Solutions

a) G is a subgroup of Mays(C). Indeed, suppose A € G and B € G.
Then AB € G since

(AB)*J(AB) = B*(A*JA)B = B*JB = J,
and A~! € G as
A TA=J = (A A TAA = (A7) JA = J= (A7) JA

b) We denote by Say2(C) the space of skew-hermitean 2 x 2 matrices. This
is a 4-dimensional space. Let [ : Msyo — Soyo be defined by

f(A) = A*JA.
This function is smooth and
Df(A)(B) = B*JA + A*JB.
Suppose A € f71(J) and C € T;S5%2(C) = Sax2(C). Choosing B =
— %AJO, we get

1 1 1
Df(A) | —zAJC | = =-C"JA"JA—--A"JAJC
2 2 2

_ Ll lan
= 20J 2JC—C.

This shows that f is a submersion at A. Since A is arbitrary in f~*(J),
J is a regular value of f. It follows that G = f~1(J) is a submanifold
of Myyo(C) of dimension 8 — 4 = 4. Hence, G is a Lie group.

c)
TG = kGI'Df(I) = {B € Moy : B*J+JB = 0}

A basis for T;G is { By, By, B, B}, where

10 i 0 017 =~ [0 o0
O e e I F T

One easily checks that [By, B] = 2B, [B;, B] = 2B and [B, B] = B;.
Obviously, the bracket of By with any other matrix is 0.
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d) X and X are the left invariant vector fields that take the values B and
B at the identity, respectively. Therefore, (X, X | is the left invariant
vector field that takes the value equal to the bracket of B and B at the
identity, i.e.

[X,X]4 = A[B,B] = AB,.

z2+y?
with positive third component is

Y _ x [ 2 2
Oy X Oy <\/x2+z/27 Va2 +y? Tty )
n = = .

e x o, Vaz+ 2+ 1

a) 0, = <1,0,— Y ) and 0, = <O,1,ﬁ>. The unit normal to H

b)

tn)(dx NdyNdz) = (u(n)dx) Ndy Adz —dx A (v(n)dy) A dz
+dz AN dy A (1(n)dz)

Yy
= dy N\ dz
Va2 +y2/x + 2+ 1 !
+ a dxr N\ dz
Va2 + 22+ 2+ 1
/2 2
/x2+y2+1
c)
o — 1 <in 0 sinf rcosf n
e e Vr2+1 0 1
n 0 cosf) —rsinf
CoS 0 1
cos) —rsinf
o sinff  rcos6 D dr A do

= Vr24+1drNdo.



Solutions of the RG exam - 30.1.18

d)

LX77 = L(%@r'f’ 1 fae)vTQ—l-ldT/\d@

r24+1 00

af r
= = *d do
o 1 r A

+vVr2+ —dr/\d@

1 62f
t g O r A df

= (divX)n,

where

divX—g ! ’f L &/
S Orr2+1 0 or2 r2+4+1062

e) Using Cartan’s formula and Stokes” Theorem, we have

[oxn = [em +ixdn) = [ (xn
:/ (afa+ L )\/wade

or 2—1—18«9
_ 1 of . Of s
= . magdr—l—ar r?+1do
_ [ror, 9),/r2+1d9—/91‘9—f(r 6)\/r2 + 1d6
0 a 1, 1 o 37‘ 0, 0
1 of ” 1 of
m%(r,el)dr— m%(ﬁ‘%)dﬂ

a) Since (z,y,z) = (rcos,rsind, ), clearly

dr = cosf@dr — rsinfdf,
dy = sinfdr+rcosfdb,
dz = db.

So the metric induced on the helicoid by the euclidean metric,
ds®> = dz® + dy* + d2?,

18

ds* = dr* + (r* + 1) d6”.
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b) The lagrangian is
1 .
Lmejﬁ):§<ﬂ+mﬂ+4wﬁ.

The equations for the geodesics are

doL oL _

dtor  or

doL oL _

dtog 00

These equations are equivalent to
i—rf? = 0,

d 9 . . 2r .
dt[(r+)] 0 < —|—T2+1r

We read that the nonzero Christoffel symbols are

,
r241

roo_ 0 _ 10 __
Loy = —1, Ly =Ty, =

c) We know that

r

0, =0, Oy = 0y = ——
Va V.00 = Vy, R

T

89, Vaeag = —r&r.

Using these equalities, we get

R(0y,09)0, = V5,V,0r —V5,Vo,0r — Vs, 8,0

r
= Var (7"2 T 189)

2 2
:(;+%ﬂ”Xﬂ:w%
Thus 1
R(0,,09,0,,09) = (R(O,, )0y, 0p) = .
The curvature of H is
R(9,, 09,0, 0p) 1

K:_@ﬁm@@ywm@yz_w+nf
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d) Since V is parallel along ¢ and ¢ = 0,

ovr oV
Vo, (V70 + V00,) = Wa’“ + Wag + Vv

-
r2+1

Op = 0.

The components of V' satisfy

ov’"
or 0,
oV r
— VP=0
or + r2 +1

The solution of this system is

So, we have
V(T> 6) = VT(T(]a 90)81” +

Note that the angle between V' and ¢ is constant (because ¢ is a geode-
sic) and that the length of V' is constant.

e) The reparemeterization of ¢ by arclength is ¢(6) = (7“0, 0 ) since

7’8—1—1
el = |2

A /rg—l—l

= 1. The acceleration of ¢ is

The frame (é, —&) is orthonormal and positively oriented. Hence, the
geodesic curvature of ¢ is -2

r(2)+1 :
f) We have

9, = (cos0,sinb,0) =,
dp = (—rsind,rcosd, 1) = dy + 0..

Since the metric is

ds® = dr* + r* d6* + d2>,
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@, %59 and 52 are unit vectors. We note that 5T X %59 = 52 and
57, X @ = —%59. We have
0. -
Er - o — ara
10,

o Op B 59+5z _ég—i-éz
TGl 18+ b ViErl

The unit normal n to H with a positive z component is

—((59—1-7“253
n=FExEy=—2_~ "%
o rr2+1
g)
~ ~ 7" ”"2~Z
VErn — vé,r< 7,89;_1_1)
1 « 1 « 1 -
- I + Jp — ————0
N S RN/ = s R I/ T

~ ~ _~ 2~
vEgn — v 59+5Z < o +1 82)

h) Using the results obtained above, we get

(~VenB) = 0,

- 1 ~ ~ = ~ 1
<—VET77/>E9> = —m(a‘)‘Faz,aO“‘az) = _7“2—}-17
N 1
<—VE9n, Er) IR

(—@Een, E9> = 0.

The second fundamental form of H is

__1
1(r, 6) = { b T } |

T or2
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i) The principal directions are the eigenvectors of the second fundamental
form and the principal curvatures are the eigenvalues of the second
fundamental form. These are F, + Ejy with principal curvature — ﬁ

and F, — Ey with principal curvature ﬁ The mean curvature of H is

the average of the principal curvatures, or half the trace of the second

fundamental form. In this case the mean curvature is 0.



