Riemannian Geometry
January 29, 2020
LMAC and MMA

1st Test — Question 1 — 90 minutes
2nd Test — Question 2 — 90 minutes
Exam — All questions — 3 hours

Show your calculations

1. Consider the parameterization S :]0, 7w[x]0, 27[x]0, 27— SO(3), defined
by

S(‘gu ¥, 77Z)) - R@‘ReRT/)

cosp —sing 0 10 0 cosy —siny 0
= | sinp cosp O 0 cosf —sin6 siny  cosy 0 |,
0 0 1 0 sinf cosf 0 0 1

and consider the volume form
1
W= gsinede Adp A di.

The variables 6, ¢ and 1) are called the Euler angles. Their geometric inter-
pretation is sketched in the figure below: if the rotation carries the canonical
basis (e, €y, e.) to (€1, s, €3), then 6 is the angle between es and e, ¢ is the
angle between the line of intersection of the planes spanned by {ej, es} and
{es,e,} (called the nodal line) and the z-axis, and v is the angle between e;
and the nodal line.
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a) Let X = 20y. Use Cartan’s formula and Stokes” Theorem to calculate

/ LXw.

10,3 [x]0,27[x]0,2n]

Justify your answer.
b) Identify linear isomorphism € : so(3) — R? such that

AE =Q(A) x &

for all £ € R® and A € s0(3). Check that Q([A, B]) = Q(A) x Q(B).
c) Clearly, we have that R(v X w) = Rv X Rw. Show that

(RO )Ry w=Q (R ) w,

for all w € R3.

d) Let (O(-),¢(-),%(-)) be a curve. Check that R_,R, = $»Q ' (e3).
What are R_(;Rg and R_wRﬂ

e) For S € TsSO(3), let A be such that S = SA. Show that

QA) = (écosw+gbsin98inw)el+(—9sinw+¢sinecosw)eg
—l—(gbcos@—i—iﬁ)e;;.

f) Determine the left invariant vector fields X = X0, + X¥0, + XV,
corresponding to Q7 (e;), 27 (—ep) and Q7 (e3).

2. Consider the metric on SO(3) given in Euler coordinates by
g= i(d@Z + sin® 0 dp?) + i(cos@dgp + dop)?.
a) Check that the coframe
w! = %(cosﬂml@ + sin 0sin ¢ dy),
w? = %(sinw df — sin 6 cos ) dy),
W = %(COS@ dp + dv)
is orthonormal. The dual frame is

X = 2 (coswag + Sl,n—¢8<p —sinqﬂcot@@w) ,
sin 6

cos Y

sin 0

= Q(Sinwﬁg—
Z = 20y.

Oy + COS¢COt96¢) ,
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b) Determine the constant a such that

dw! = aw® Auwd,
dw? = —aw' AW,
dw® = aw' Aw?

c¢) Determine the connection forms wj, w3 and w3.

d) Determine the curvature tensor.

e) Use the connection forms to calculate the covariant derivatives Vy X,
VYX, VZX, VXY, VYY and VZY

f) Define

W =sinyy X —cos¢yY and N =cosy) X +sinyY.

The frame (W, Z, N) is orthonormal. Check that W and Z are tangent
to the torus, T', where 6 is a fixed constant.
g) Compute the second fundamental form, B, of T'. For what values of 6

is the mean curvature of T equal to zero?
h) Let II be the plane spanned by W and Z. Check the formula

K'(II) = K5°O(W) = (B(W, W), B(Z, 2)) — | BW, Z)||”

in the present situation.



