Riemannian Geometry
Exam - July 6, 2022
MMAC

Solutions

a) Using Cartan’s structure equations, we have

1
dw® = dyNdr=w’ANw, =ydy A —dz
Y
1
dw” = Ozwx/\wg:ydaﬁ/\(——dm’),
Y

and so
w;” = ;dx.
This implies

Qy:dwyzﬁdm/\dy:;w A wY.

Since
T __ x T Yy
Q, =R, W' Aw

and we are working on an orthonormal frame, we have

|
Royye = Ry = E‘
The Gaussian curvature of M is equal to
1
K =R, .= —.
Yy vt

b) Since the equations of the geodesics are

doL oL _
dt 0  Oxr
d oL OL



Solutions of the RG exam - 6.7.22
we obtain

dt

d .. L
E(yQy)—y(vaLyQ) = 0,

which is equivalent to

We read out that the the nonzero Christoffel symbols are
1 1 1 1
== I,=— T, =—— TY =-

Y Y

) Y

R(0y,04)0, = V3,V5,0. —V5,Va,0:. — Vis,,0:
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Y Y
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It follows that

1
(R(awv ay)aﬂw ay) = (_ ?ayv ay) =-1

and

K=— _
10: 12110y 11> — (92, 0,)*  y

d) For x(-) = c equation (1) is satisfied and equation (2) becomes

R(0s, 0, 0z, 0,) 1
-

i+ZL =o.
y



Solutions of the RG exam - 6.7.22 3

f)

This may be rewritten as

and integrated to
Infyg| = Inly| +Infy| = a,

for some constant &. So o

vy = 57
for some nonzero constant «. In fact, a may be zero (we divided the
original equation by 7). Thus we have

y=vat+p,

for some constants o and f.
The geodesic curvature of the horizontal lines y = ¥, (transversed from
left to right) is

1 1 1
et (%)« Lan(2) oL L
Y Y Y Y Yo

Thus, the geodesic curvature of the horizontal lines y = y; (transversed
from right to left) is

k::

1
g 2

Y1
According to the Gauss-Bonnet Theorem

/wa/\quL/ kgds—|—4><z:27r><1
R OR 2

because the tangent to the boundary of R turns 7 at each corner (check
this) and the Euler characteristic of a rectangle is equal to 1. Therefore,
we must verify that

o Y1 1 9 xo 1 o 1
/ / —Y dx/\dy+/ (——2)y0dm—|—/ —y1dr = 0.
0 vo Y 0 Yo o Y1

This is true.
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g)

b)

The Riemannian volume form on M is
w=w"Aw¥ =y*dr Ady.

Lie derivative Lxw is

1 1
Ly (y° de Ndy) = 2dx Ady + y° de Nd= = dz N dy = —w.
y Y Y y

Hence, the divergence of X is equal to y% The unit exterior normals

to OR are ia—; and i%. We obtain (X,v) = 0 or (X,v) = £1. As
ds = ydy and ds = y dx, it follows that

xo  ry1

/ / d:t/\dy:/(divX)w
0 Yo R
zo

zo
—/ (X,V)dS—/ 1><y1dac+/ (—1) x yo dzx.
R 0 0

Both sides are equal to zo(y1 — %o)-

Denote by F' the map from (a subset of) R x S to M such that
F(t,zq,...,x,) is the point on M that one reaches by starting at the
point of coordinates (z1,...,z,) on S and flowing during time ¢ along
the geodesic through that point with initial velocity equal to the unit
normal to S. Since, by hypothesis, (z!,..., 2") are coordinates on S,
the vectors 0,,,...,0,, are linearly independent. As 0, is orthogonal
to S, the set {0;,0s,,...,0:,} is linearly independent. Therefore the
derivative of the map F' is invertible at any point of S. Since F is
smooth, by the Inverse Function Theorem, given py € S, there exists
a neighborhood V' of py, such that (¢,z%,...,2") define coordinates on
v

On S we have that (9;,0,) = 0 and

1 1
at : (at7ax) - (ata vataiﬂ) - (ata vamat) = §am : (at7at> = éax 1= 07

since V,0; = 0 and [0, 0] = 0. We conclude that (9, 0,) = 0 for all ¢
(where this is defined).



