THE NONLINEAR NEUMANN PROBLEM AND SHARP
WEIGHTED SOBOLEV INEQUALITIES

JAN CHABROWSKI AND PEDRO GIRAO

ABSTRACT. We prove sharp inequalities in weighted Sobolev spaces. Our ap-
proach is based on the blow-up technique applied to some nonlinear Neumann
problems.

1. INTRODUCTION

The main purpose of this work is to prove some new weighted Sobolev inequal-
ities. These inequalities are obtained by analyzing the asymptotic behaviour of
solutions of nonlinear Neumann problems involving critical Sobolev exponent.

Let S denote the best Sobolev constant for the embedding of D':2(RY) into
L? (RV), where 2* = 22 N > 3, that is,

Jan [Vu|? dx

(et a)

It is known that the constant S is attained by

S = inf

;ue DY (RY)\ {0} 3. (1)

2
o

N_2
_ 3
ve) = |- g o
The function U, called an instanton, satisfies the equation
~AU =U*~! in RV,
We also have [,y |VU|?dz = [, U dz = S*.
Let e > 0 and y € R™V. We define

Uey(z) = e U (ac —y) .

g

Then any minimizer for S is of the form U, ,,.

Let © € RY be a bounded domain with a smooth boundary 9. Let @) denote a
Holder continuous and positive function defined on . Also let Qs = max,cq Q()
and Q,, = max,cpn Q(x). In what follows we write p + 1 = 2*. In this paper the
following inequalities are proved:

(I): Let N > 5. Suppose that Qu < 2%°2(Q),,. Then there exists a constant
A1(€2) > 0 such that

=1 9% ,ZT
</ Q(z)|u|p+1dx> < L/ |Vu|2dx+A1(Q)/ u? d
Q S Q o0

for every u € H(Q).

2000 Mathematics Subject Classification. 35J20, 35J25, 35J60.
P. Girao was partially supported by FCT (Portugal) through program POCTI.

1



2 JAN CHABROWSKI AND PEDRO GIRAO

(IT): Let N > 4 and 7 = % Suppose that Qp; < PEEs Q- Then there
exists a constant Ay(€2) > 0 such that

( / Q(x)w'pﬂdx)m < 2T [ v as + aa(e) ( / Mwa)T

for every u € H'(9Q).
(II1): Suppose Qs > 272Q,,. Let N >5and 2 <7 < 22 or N = 4 and
2<17< % Then there exists a constant Az(£2) > 0 such that

B otF ;
</ Q(:C)|u|p+1 dz> < Ql\g |Vu|2 dx + A3(Q) (/ [u|™ dZL'>
Q Q Q

for every u € H(Q).

These inequalities should be compared with the following inequalities established
in the papers [6], [26]:
(A): There exists a constant A\(©) > Y=2 H(() such that

1 9%
(/ |u|p+1dx) < —N/ |Vu|2dx+)\(Q)/ u? da
Q S Ja o0

for every u € H(Q), where H(Q) = max,cpo H(x) and H(z) denotes the
mean curvature at x € 0f).

(B): Let 7 = 2. Then there exists a constant A(2) > 0 such that

T 9% ~ 2
(/ |u|p+1dx) g—/ |Vu|2dx+)\(Q)(/ |u|7dx)
Q S Q Q

for every u € H' ().

It is evident that none of these inequalities (I), (II), and (III) is a direct conse-

quence of (A) and (B). We also point out that an inequality of type (III) in the

case Qu < 9Nz Qm with 2 < 7 < 13—],\71 is not possible. This will be clear from

our analysis (see Proposition 2.7). The inequalities (I), (IT), and (III) will be es-
tablished by applying a blow-up technique to solutions of the following Neumann
problems:
(1)) —Au = Q(x)u? in Q,
A % +Au=0 on 012,

and
21
(1rr) —Au+ )\(fQ |u|™ dac) u™t = Q(x)uP in Q,
% =0 on 0,
ON

where v is the outward normal to 99, 2 <7 < 375

The proofs of the three inequalities are similar and proceed by contradiction.
One assumes that least energy solutions of problems (1)) and (1, ) exist for all
positive A and shows that they are close to some instantons. This enables one to
give a lower bound for the energy of the solutions and to arrive at a contradiction.

In the case corresponding to inequality (I) the instantons concentrate at the
boundary of €2 and therefore we can apply the arguments used in the proof of
inequality (A). In the case corresponding to inequality (IIT) the instantons concen-
trate in the interior of 2 and the estimates are slightly different from the ones in the
proof of inequality (B). In the case corresponding to inequality (II) the instantons
either concentrate in the interior of €2, or concentrate on the boundary of €2, in
which case the estimates are similar to those of (B).
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This paper is organized as follows. Section 2 is concerned with the existence of
least energy solutions of problems (1) and (1 ;). In Section 3 we prove inequality
(I) and in Section 4 we prove inequalities (II) and (III).

It is natural to ask if there exists a constant A4(€2) > 0 such that

(/Q |u|p+1d:c) QM /|Vu|2dz+A4( )/ u? dz,
o0

for all u € HY(Q), if Qu > 2%Qm. We have not been able to answer this
question.

2. SOLVABILITY OF PROBLEMS (1)) AND (1)

Solutions of problems (1)) and (1, ,) will be obtained as minimizers on H'(Q)\
{0} of the functionals

Vul?dz + A u? dz
J,\(u) _ f(z | | fasz -

=
<f(z )|ulPt dz>

and )
Jo IVul? dx + )\<fﬂ |u|™ dz>
Irr(u) = 2
p+1
(IQ z)|ulpt dm)
We set
Sy = inf {J)\(u); ue HY(Q)\ {0}}
- inf{/ |Vu|2d:c—|—)\/ u® du; ueVQ}
Q o0
and

Sxe = inf{Jy,(u);ue H' (Q)\{0}}

inf{/ |Vu|2dx+)\(/ |u|de)T; uEVQ},
Q Q

where Vo = {u € H'(Q); [, Q(@)[ulPt! dz =1}.

To show that Sy and S),- are achieved we need the following version of P.L.
Lions’ [14] concentration—compactness principle. Let {u,} C H(2) be a weakly
convergent sequence to u in H*(2), u, — u a.e., and such that |u,|P*! — u and
|Vu|? — i weakly in the sense of measures. Then there exist numbers pu; > 0,
it; > 0 and points x; € Q, j € J, where J is at most a countable set, such that

p= a4,

jeJ
2 TP+ Y
jeJ
Moreover, if z; € €, then
N—2 ~
S(pj) ™ < iy (2)
and if x; € 0Q, then
S N-—2 _
— () ¥ < iy (3)
2N

The following lemmas give criteria for the existence of minima for Jy and Jj ,.
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Lemma 2.1. If
S

Sx<——=w= (4)
28 QY
and ,
QM <2V 2Qm, (5)

then Sy is achieved.

Proof. Let {u,} C H'(2) be such that [, Q|u,[PT" = 1, for each n, and [, |[Vu,|? dz+
)‘fasl u? dr — Sy as n — co. We may assume that u, — u in H*(Q), u,, — u in
L?(Q) and u, — u a.e. on Q. Applying the concentration-compactness principle

we can write
[ @l + 3 Qs =1
@ jeJ
and

Sy = lim ( |Vun|2dz+)\/ u%d:c) 2/|Vu|2dx+)\/ u2dx+2ﬂj.
nee \Ja o0 Q o0 7

Using (2), (3) and (5) we derive the following estimate from below for Sy:

Sy > |Vu|2d:c+)\/ u2dz+2ﬂj+ Z Q@
Q o9 ZjEQ :Ejeaﬂ
1 p+1 N-—2
> Sy (/ Qlul? dw) + N_3 (MJQ( J))
Q z;€Q Q(ZL'])

+ > ﬁ(w@(%‘)) Y

;€00 Q(‘rj) N

N-—2

Sy (/QQ|u|P+1cz:c)m + 3 %(Q(%‘)m) "

z;€Q Q]\/IN

Y

+ Z %(Q(%)M)NQZ

2
2;€09 2N Qm"

si( [ @uran) ™ 4 X g (@)

Since Sy satisfies (4) we must have p; = 0 for all j € J and the result follows. O

Y

Lemma 2.2. If

Sy < % (6)
Q'
and ,
Qu 2 27 2Qp, (7)

then Sy is achieved.

The same method can be used to obtain conditions guaranteeing the solvability
of problem (1 ;).
Lemma 2.3. [f2<7< 13_1_\71’

S
S,\ﬂ— < — N2 (8)
2N Q"
and (5) holds, then Sx r is achieved.
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Lemma 2.4. [f2<7 < %,

Spr < —o (9)
Q7

and (7) holds, then Sx r is achieved.

If @ = 1, the functionals Jy and J) , will be denoted by Iy and I, -, respectively.
Adimurthi and Mancini [1] proved that if x, € 052, then

N —2
I)\(Us,zo) = 2% — AN<TH(1'0) — )\)€+ 0(52), N > 5, (10)

N

where Ax > 0 is a constant depending on N. Using this asymptotic formula we can
give a condition on @) guaranteeing the validity of the inequality (4) in Lemma 2.1.
For this we need the following assumption on @Q:
(Q) There exists a point x, € 92 such that

Qo) = @m and |Q(z) — Q(xo)| = o]z — z,])

for & near z..

If (Q) holds, we have

InUez,) = Qao) ™7 I\(Ueys,) + o)
and it follows from (10) that

BUas) =~z = 5 (V2 H ) - A)e ko) (1)
2.7 Qi

We now observe that if H(z,) > 0 and A < &2 H(x,), then for sufficiently small
e > 0 we have

S
, N-2
27 Qi

which shows that (4) is satisfied for A < Y52 H(z,).

)

J,\(U&ZO) <

Proposition 2.5. Let N > 5. Suppose that Qpr < QﬁQm and (Q) holds with
H(zs) > 0. Then problem (1) has a solution for A < 852 H(z,). Moreover,

lim Sy = SNJ
Proposition 2.5 holds also for N = 3,4 if one uses a suitable modification of
(10) ([1], [5]). Note that, from the above discussion it is obvious that under the
assumption of Proposition 2.5, Sy < % for all A > 0 and Sy < % for
2N QY 2N QY
A< % = H(). The proof of the result on the asymptotic behavior of Sy is
standard. )
In the case Qn > 2¥-2Q),,, condition (6) from Lemma 2.2 is difficult to check.
Obviously, it is satisfied for small A > 0. By testing J with U, ,, where Q(y) = Qum
we easily show that S\ < —£— for all A > 0.

N
Q M

Lemma 2.6. If Qp > QﬁQm, the condition Sy < % is satisfied for small

N
Q M

A >0 and imy_oo S\ = ——.
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We now turn our attention to the functional Jy ; and problem (1, ;). By testing
I) with U 5., we get for N > 5

S 2 2
I (Uzp,) = e AnH(zo)e + ABe™ ~(N=2) 4 o\ ~(N=2)) 4 o(£2),
N

where B > 0 is a constant depending on N and 7. If (Q) holds and H(z,) > 0,
then
_N-2
J)\,T(Us,zo) = Qm N I)\,T(Us,zo) + 0(5)-
Hence the condition (8) of Lemma 2.3 is satisfied for every A > 0 provided 2 < 7 <
N
T
Proposition 2.7. Let N > 5 and Qp < PRE Qm- Suppose that (Q) holds,

H(zo) >0 and2 <71 < % Then problem (15 ;) has a solution for each A > 0.

s 2N
——— for2 <7< 5=

Moreover, limy_,oc Sy » =
2N QN ?

Similarly, as in the case of Proposition 2.5, this continues to hold for N = 3,4.
Finally,
Lemma 2.8. If Qn > PRE Qm, the condition Sy ; < % is satisfied for small

A>0 andlim,\_,ooS)\,T = % f07~2§7-§ ]3]7\71

QIVIN
To end this section we observe that from Propositions 2.5 and 2.7 and Lemma 2.8

we deduce a weak form of inequalities (I), (II) and (IIT). Namely, given a § > 0,
there exist A\; = A\1(Q), A2 = A\2(Q) and A3 = \3(£2) such that, for every u € H(Q),

a 2% QN
(/ Q(m)|u|p+1dx) < <Q7+6>/|Vu|2d$+)\1/ wdr  (12)
Q S Q o9

and

( / Q(w)w'pﬂdx)m < (% +6> / |w|2dx+A2( / |u|7dw)? (13)

if Qu < 27°2Q,,, and

5 &2 2
</ Q(.T)|u|P+1 dx) < Qf\é + 4 |Vu|2 dr + A3 </ lu|” dx) (14)
Q Q Q

if Qv 2 277 Q.
3. PROOF OF INEQUALITY (I)

The proof of inequality (I) is by contradiction. Throughout this section we

suppose that inequality (5) is satisfied. Assume that, for each A > 0, Sy < %
2N QY

Let A, — oo. For each k there is a minimizer uj, = uy, of Jy, with fQ QuZH dr =1.

It satisfies
(1,) —Auy = S,\kng in €,
b %LV" + Mug =0 on Of).
Our aim is to show that wuy is close to some instanton U, p, with P, — P,

Qm = Q(FP5). This in turn will contradict the inequality Sy, < %
2N QN

We start by setting
My, := maxuy, = ug(Pg),
Q

for some Pj, € ).
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Lemma 3.1. My — oo and u, — 0 in H*(Q).

Proof. Since {uy} is bounded in H'(Q) we may assume that uy — v in H*() and
from (4) we get that uy — 0 in L2(99). Hence u € HL ().

Assume that My, is bounded. Then fQ QuPTtdr = 1 and by the lower semiconti-
nuity of the norm with respect to weak convergence, we have

Q Q%szv

Since u € H2(Q) we also have

Jo IVul? dx o S - S

ﬁ o Q.5 2%@%
(fg Quptt d:c) M m

which is impossible. This shows that the sequence { My} is unbounded.
Also uj, — 0 in H*(Q), otherwise its weak limit u satisfies 0 < [, QuP™!dz < 1.

The case [,

QuPt! dz = 1is excluded by the above argument. If 0 < [, QuP™ dz <

1, we get a contradiction by applying the concentration-compactness principle. [J

Let

2

Ek ZMk N2

Lemma 3.2. )\, [, uj — 0 and \pep — 0.

Proof. Applying inequality (12) to uy, we get

N-—-2
28 Q™
1< L‘i’é /|Vuk|2dz+>\1/ u de.
S Q of)

Since fag u? dx — 0 we obtain that

N—2

2% :;1\72 2% mN
(L +5) lim / Vg |? do < (762 +5) lim Jy, (ug)
Q S k—o0

S

k—o0

N —
5 28 QuT
Since § > 0 is arbitrary we see that
S

and limy, 0 Mg [, uj dz = 0.
To prove the second assertion of the lemma, note that

where ¢ =

2
)\k/ uidr = Mg MkN’Zui dx
of) o0

u2
= ik M;gﬁk2 dzx
o0 k

)\kek/ ul dz,
a0

Therefore to complete the proof of the second assertion it is

Y

2(N—1)
N—2 -

sufficient to show that

lim inf/ uf dx > 0.
29

k—o0
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We follow the argument used in [13] (see the proof of inequality (2.6) there). In
the contrary case, assume that limy_, f 90 uz dx = 0. Then we may assume that
up — 4 in H(Q), up to a subsequence. We also have

= /g Qz)ul™ do = [ Q)|uy, — P! da + /Q Q(a)[ul" " dx + o1),

Q(z)uP dr <1
Q

and
/ Q) |up — AP+ do < 1+ o1).
Q
Using the last three relations and the inequality

2 N_2 2

1) Qu 2, C a)’ 1

Q(z)u < 5 +e [Vul|* + . u for u € H* (),
Q Q o9

C a constant, due to Brézis and Lieb, we easily deduce that for every 6 > 0 we have

Sy, = /|Vuk|2dx+)\k/ uj dzx
Q [219)

/|V(uk—ﬂ)|2dx+/|Vﬂ|2dx+)\k/ ui dz + o(1)
Q Q o0

> (% 5> </ Q(x)|uk 71_1,|p+1 d:C)erl

QIV[N Q
+ Sy, (/Q Q(z)aPJrl dz> o + A\ /ag ui dz + o(1)
>

(% — 5) /Q Q($)|uk — qj|P+1 dx + S/\k /Q Q(.T)QZP'H dx

+ Ak ui dz + o(1)
ro)

= (%5SAK>/Q(1‘>|U}€1—L|p+1d1‘+S,\k
QIV[N Q

+ )xk/ ui dz + o(1).
o
N-—-2 2 N-—2
Since @, <2¥Q.," =.5/limS),, choosing 6 > 0 sufficiently small, we deduce
that
lim / Q(x)|up — aP™ dx =0
k—o0 O

and consequently [, Q(z)uaP*! dz = 1. This means that
Jo IVal? dx - Jo IVal? dx - S S

5 = 2 — > 2
sy N2 71 o5 2%62%
(fﬂ Q(z)urt! dm) Q\F (fQ uptl dac) M mn

since 4 € H1(2). On the other hand, by the lower semicontinuity of the norm with
respect to weak convergence, we have

S
[varar < 2
Q QWQ N

m

which is impossible. Therefore Axer — 0. [l
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Lemma 3.3. Up to a subsequence, P, — Po, where Py is such that Q(Ps) = Q.
Moreover, P, € 022 for large k,

2

_N-2 Sl 'r%n . — P
lim V(uksk 2 U( ‘G ’“)) dr =0 (15)
k— o0 O QW Ek
and
sigr - —p\|"
N-—2 2 J—
lim up—¢e, 2 U < ?m k) dx = 0. (16)
k—oo [ 2~ €k

Proof. Let vi(z) = sk 3 uk(skz + Py), for x € Qf =
solutions of the Neumann problems

—Av, = Sy, Qerx + Pp)vh,  in Q,

. Then functions vy are

(1 ) ka + )\kekvk =0 on an,
Uk oguk( ) <1 in Q,
vp(0) = 1.

Passing to a subsequence, we can assume that P, — P,, for some P, € €, and
dist(P;,,00)
E
show that up to a subsequence, vy — w in CZ (), Where Qo = limy_ o0 Q.

Thus w satisfies

converges in the extended real line. Using elliptic regularity theory, we

—Aw = SQ(P)w” in Qu,
g—f =0 on 00,
0<w<l1 in Q,
w(0) =1
where S = %
2N QY

) dist(P,00)
€k

dist(P;,,00)

We now distinguish two cases: (i =

converges to a real number.

If case (i) occurs then Q. = RY. By [12] (proof of Theorem 2.3 on p. 34) we see

that w(x) = U(Bz), where 32 = ( %)S. Since ka Vo2 dz — ﬁ, this
QNQWLN

converges to +oo and (ii)

yields
2—N X 2 . 2 S
g ST = |[Vw|®dz < lim Vo |?de = ———.
RN k— o0 Qp Q%QmN

Thus, 2Q? o < Q(Po)¥. We must have that 2¥-2Q,, < Q(P,) < Qu,
which is impossible. Therefore (ii) prevails.
We can assume {2, is a half space, which we take to be Ri\f. Notice that P, € 99).
Hence,

St i [ altaes S
RY 2NQ

which implies @, < Q(P,) and necessarily Q(FPs) = Q. Following the argument
of the proof of Lemma 2.2 in [3], we check that P € 9 for large k.

Equalities (15) and (16) now easily follow. O
1
Let Ex(u) = [ |Vul>dz + X [ u? dx for u e H'(Q) and wy = Q" ug. Notice
that

N-—2 S
By, (w) = Qul¥ Ex (ug) < 2% (18)
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and, by Lemma 3.3,

P
. 2pi1U( M=o,
O 2
2™
where 0, = ==—.
SZQm

S N -2
E)\k (wk) > 2—% — Ay (TH(yk) — )\k)f':k + O(Ei) + O(Aksi),

where Ay > 0 is a constant depending on N. Therefore there exists a A > 0 such
2

The sequence wy, satisfies the assumptions of Lemma 3.4 in [6]. With the aid of
Lemmas 3.5-3.8 in [6] we deduce the estimate

that E, (wg) > % for A\, > A, which contradicts (18) and our assumption that
SA < %
2N Qm

~—, for each A\ > 0. The proof of inequality (I) is now complete.
N

4. PROOF OF INEQUALITIES (II) aND (III)

As with inequality (), the proofs of inequalities (IT) and (IIT) are by contradic-

tion. We start with the proof of (III). The proof is a generalization of [26]. The
main difference is that now concentration occurs in the interior of 2 and the range
of valuesof Tis 2 < 7 < %

Suppose Qur > QﬁQm. Assume that for each A > 0, Sy ; < Ss =

N—2 -

N
Q}\l

— _ 8
Let Ay — co. By Lemma 2.4, for each k there is a minimizer u, = wuy, of Jy, -
with [, Quit' dz = 1. The function uy, satisfies

21
(1)% T) —Auy + M\ <fQ |uk|‘r dz> T—1

Uy, = S)\,7Quf inQ,
% =0 on 0f).
17
First of all we observe that

Lemma 4.1.

lim Ag (/ u%dz)T =0.
k—o00 O

(19)
Proof. Since Jy, r(ur) < Soo, Ak|lugl|? is bounded and up — 0 in H*(Q). By
inequality (14), given a ¢ > 0, there exists A3 > 0 such that

- (/QQ(x)|uk|p+1dac)m§ Qar

LY

+0 / IVuk|2dx+)\3(/ |uk|rdx)*.
S Q Q
Therefore

N-—2
N
1< QL—F& lim / |Vug|? do
S k—o0 Q
and since § is arbitrary,

v < lim [V l5 < lim Jy, o (uz) =
=2 k—o0 k—o00
QI\/[

S
N—-2"

Qn

We conclude that limy,_,o. |Vur|3 = —2=

N—2

N

and limg_ o0 A\i (fﬂ uf, dz)
QJ\/I

H

=0. O
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Set M}, = maxq up = ug(Py) for some Py € Q and

N-—2

’Uk(:C) = skTuk(skx =+ Pk),
for x € Q) = , with

£k = Mk_N72.
Note that the functions vy satisfy 0 < vg(z) < 1 and v;(0) = 1. Define
2N
o="——(N-2). (20)

T

Since 2 < 7 < 2

7, the value o satisfies 1 < o < 2. Lemma 4.1 implies

Lemma 4.2. limg_ Apef = 0.

Proof. Changing variables, we check that

2 2
(/u;dz>T€Z</ v,:d:r) . (21)
Q Q
But

1 1
/ v;dzz/ vg“d;c:/ Wde > — [ Qubttdr = — >0. (22
Qe Qe Q Qv Ja Qum

Combining (19), (21) and (22) we conclude that limy_,oo A\xeg = 0. O

In particular, e, — 0 and M) — oco. Next we verify that the sequence {uy} is
close to a sequence of instantons concentrating in the interior of €.

Lemma 4.3. If Qp > QﬁQm, up to a subsequence, P, — Py, where Q(Py) =
Qrr. Moreover,
2

I v 2y (ston || d@w=o (23)
el D Mg, v
and )
_N-2 1. —p\ Pt
lim [ |up—e, = U (S%Q;g, ’“) dz = 0. (24)
k— oo 9] Ek

Proof. The functions vy are solutions of the Neumann problems

21
—Avy + )\ké“g <ka |’Uk|T d:C) ’U;;il = S,\ky.,-Q(Ek:L' + Pk)vz in Q,

% =0 on 0,
0<w(z) <1 in Qp,
ve(0) = 1.

We can assume that P, — P, for some P, € ), and M converges in
the extended real line. Using elliptic regularity theory we show that, up to a

subsequence, vy — w in C2 (Qs), where Qo = limg_,o Q. The function w
satisfies
—Aw = SQ(P,)wP in Qe,
g—“lj =0 on 00,
0<w<l1 in Q.
w(0)=1
where S = S
Ql\lN

) dist(P,,09)

We distinguish two cases: (i - i) dist(P:,02)
k

converges to a real number and (ii =
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converges to +o0o. In case (i) we assume that Qo = RY. By [12] we see that
w(x) = U(Bx), where 82 = Q(P,)S. This yields

S S
ﬂQiNT = / |Vw[?dr < lim |Vg|? doe = ——.
Rﬁ k— o0 Qu Q]\/[N
Thus Qpr < QﬁQ(PO) < QﬁQm. So case (ii) prevails. Therefore o, = RV,
S
BPNGE = / |Vwl?dz < lim Vo2 doe = ——
RN k— o0 Q. QMN
and Qnr < Q(P,). Hence Q(FP,) = Q. Equalities (23) and (24) follow. O

We now set W( - ) = U(S%Q]%I .) and
Wey( ) €N22W< : y>
for y € RN and € > 0. Let

M={CW.,; C€R, >0,y €Q}

We use the notation d(p, M) = dist(p, M) = inf{||V(e — ¢)||2; ¥ € M}. The
following lemma, together with the last one, guarantees the existence of an instanton
closest to uy, in the metric just defined.

Lemma 4.4. Let § > 0 and {o} C H*(Q) be such that ¢ — 0 in H'(Q) and
d(1, M)* < [[Vearll3 — 2.
Then there exists lo such that for all 1 > 1o d(¢;, M) is achieved by some CiWx, 4,.
If yi — y, with y an interior point of 2 and w; is defined by
o1 = CWe, y, +wi,
then, up to a subsequence,

(i) limy o0 7 = 0;

(ii) of d(pr, M) = 0 as 1 — oo, then lim;_, oo C; = Cs # 0;
N-2

(111) fQ Wg,yl’wl d.’L‘ = O(El 2 ||wl||1-]1\71(9)):

(iV) fQ Wp_lwla%inhyl dx = O(EZT”leHl(Q)).

1Yt

The proof is almost identical to that of Lemma 5.6 in [21] and is omitted (see
also Lemma 3.1 in [3]).

It then follows from Lemma 4.4 that there exist sequences {CyWs, ,,.} which
minimize d(uy, M). Equality (23) implies that

klggo ||V(OkW5k7yk) - vw&k,PkHQ =0.

We deduce
€
Cv—1, yp—y=P, and 5—k~>1. (25)
k
In particular, y is an interior point of 2. We set
uk - CszSk.,yk + wkv (26)
and define
Wk = W(;k’yk.

Obviously, from (23) and the definition of C, Wy, we get ||[Vwy||2 — 0. From (25),
we get ||We, . p, — CkWi||p+1 — 0, which together with (24) implies ||wg]||p+1 — 0.
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Lemma 4.5. There exists 0 < p < 1 such that, for sufficiently large k,
2 _
pSQ;\g/ W™ i da < p(|[Vwrl]3 + AelJwe])2).
Q

This follows from Lemma 5.9 in [21].
The next lemma is due to Wang [20] and Zhu [26]. We give its proof since they
do not present it for the whole range of values of 7 we are interested in.

Lemma 4.6. Let N >5 and 2 <7< 28 or N=4 and 2 < 7 < 28 For any
v >0,

[ sl de < o5+ a7
Q

Proof. Chooser € }max { % ﬁ, ]\2[—12} s T [ Note that this interval is nonempty

since on the one hand min ﬁ = ]\2,—11 > N—+2’ and on the other hand m <2<rT
for N > 5 and 7 > 2 for N = 4. The conjugate exponent of r satisfies 1’ €], %[

By the Holder inequality,

/ W Hwg| do
Q

1

() o)

_Eoneen N
< 09, " Jwgll,

IN

and, by the interpolation inequality,

lwiller < flell7lwrllp3S,

where
1 1-—
_:2+ a, 0<a<l1.
r! T p+1

If v > 0, there exists a C(7) such that

(r—1)(N

T—1 *%JFN
LW jwpdz < O, lwill$ 1wkl

(T—l)éN—Z)Jrﬂ). T(1—a)

ks + Csl Tkl . (27)

Now, from the definition of a,

IN

Hence

1 1 1 ao
PN
I (N=2)(r—1) (1 a
r 2N _<ﬁ_ﬁ)

and
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Substituting into (27),

T(l—a)

/Q WT k| < AMlwklT + COEE llwkll, 11 -

T(l—a)

Since Eq. (24) implies [lwg|, 71" — 0 as k — oo, the proof is complete. O
We will now prove that for large k, Jy, r(ug) > %, which contradicts
QZ\/IN
Lemma 2.8 and proves inequality (IIT). So, we estimate the terms in Jy, -.
By construction, [, Qlur[PT! dz = 1. However, it is convenient to give the fol-
lowing lower bound whose proof follows from (iii) of Lemma 4.4 and the arguments

in [26]:

N
P _N-2 _
( / Q|uk|p+1dx) > QT O Wil ¢

y <1 () oW d

+1
CRlIWlp i

52 P+l
=007 wellm@) — COv)llwellr g
where 7 is any positive number. Regarding ||W]| ;fl, we have

N

Wil £ > QufF
Inserting this estimate in the last inequality, we get the following lower bound for
—2
(Jo Qlux|*! dz) 77
() foWE wida
C.o(1-

1
CE Wb

2

+ O(5M).

N=-2
— 05k 2 HwkHHl(Q)f

— )l o) +OG6Y))

2
To estimate (fQ ug, dac) ™, note first that

(/ Wy dz> ’ 57 ( W dz> ’
Q Qp
= 057 +0(67)

since (N — 2)7 > N. In fact, % < 2 < 7 except when N = 4, but in this case

7 > 2. So we can follow the argument in [26] to prove that for any 0 < 2 < 1 there
is a constant C(2) such that

(/ uj, dac) > yollwg |2 + C(72)d7.
Q

To estimate [, [Vug|? dz, note that
1
Q 5= Q,F /o
S
—x= +0(07?).
Qu

Therefore

/ |Vaug|? de = c,f% +0(677?) +/ |V |* da.
Q Q

Qu
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We are now in a position to estimate Jy, r(ux). Combining the previous esti-
mates,

S Yy, |3 A 2 O(y)M\og
J)\k,‘r(uk) > —— +O(5I]€V72) + H g;”? + V2 k(|;|évk||'r + (/720)219 k
Q. k k k
(p+m) [o WP w? da N_2
- Po Tk WREE 05,7 wkll i ) - Con) 5L+ OGY)
CelWillpa

For k large, this is greater or equal than
S C(v2) k67 Vw3 + A 2
° 4 (’72)2k k +O(5II€V—2) +’Y2H w13 _ kllwklll
N C} C}

Y

B (p+7)S [, W,f_lwi dz
C2 % W, p+1 '
v IWellpa
By Lemma 4.5, for k sufficiently large, the difference
—1
o [Vwrll3 + Mellwellz (0 +71)S Jo Wi wi de

02 N-2 +1
K CRQa Wil

is greater than or equal to

2
PSQyy <ﬁ Pt
Ct \u p
for some 0 < p < 1. Choosing 7, such that @ < 2 < 1, and then v; sufficiently

small, we get

) W,fflw,% dx,
Q

2Pt
I p
This implies that
S c _
Inr(ug) > —F= + 2722))\1@5,‘: +0 (6,? 2) .
N
Qu k

Since 1 < o < 2, it follows that ¢ < N — 2, since if N = 4 we do not allow 7 (and
hence o) equal to 2. So, for sufficiently large k,

S
JAqu(uk) > T N_2>

Qnr

which contradicts our initial assumption and implies inequality (IIT).

Now that we have proved inequality (III), let us outline the proof of inequal-
ity (II). Let Qu < 9v-2 Qm- One assumes that Sy ; < — S5 for each A > 0,

2 = =
2N QN

picks A\, — oo and minimizers uy = uy, of Jy, r with fQ Qufr1 dxr =1, and starts
to prove analogues of the previous lemmas. When one gets to the analogue Lemma
4.3, one proves that, up to a subsequence, {uy} either concentrates in the interior
of Q or concentrates on the boundary of Q. In the former case concentration occurs
at a point P, with Q(P,) = Qs and one can repeat the argument given above to
derive a contradiction. In the latter case concentration occurs at a point P, with

Q(PO) = Qm

Let Ex-(u) = [, |Vul> + A (fyu7)
that

Rl

for u € H'(R) and wy = Q2 uy. Notice

N—-2

Ear () = Qi Bx, (ug) < 2% (28)

N
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Following the arguments in [26], one can prove that Ey, -(wg) > 2% for Aj, suffi-
N

ciently large, which contradicts (28) and proves inequality (II).
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