Mathematical Relativity, Spring 2023 /24
Instituto Superior Técnico

Due March 12

1. Using the definition of covariant derivative, we showed in class that

VVZ(X,Y,w) = (VxVyZ)(w) = (Vyyr Z)(w). (1)

a) Check (1) by calculating both sides in local coordinates.
b) Obtain a formula for

VVVW(X,Y, Z).

2. Recall that the nonzero Christoffel symbols for the Minkowski metric in
spherical coordinates,

n = —dt* + dr* + r*(d6* + sin® 0 dp?),

are
Log=—r, TL,=-r sin® 0,
rl, =19 = %, Tiq; = —sinfcosb,
Iy, =Te, = %, Iy, =Ty = cotd.
Consider the vector field
V = f(r)o,.

a) Compute the tensor VFV".
b) We will show in class that

1
§(Lv9)uu = VW)

Use this equality to compute the deformation tensor V(,V,). Check
your answer using the result of a).
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3. Draw the Penrose diagram for the Schwarzschild solution with negative
mass. Do timelike geodesics hit the naked singularity at » = 07

4. Consider an Oppenheimer-Snyder solution obtained by gluing a FLRW
metric

7+ (7)(A? + Pdl%)

satisfying Friedmann’s equations with k = A = 0 and o > 0 with a Schwarzs-
child metric along an hypersurface {¢) = 1)y} of FLRW. Determine the value
of a at the center (in terms of a and ¢)y) that corresponds to a light-ray that
goes to future timelike infinity +.

5. Consider the FLRW metric

d 2
g=—dr*+d®(r) (1 _TkTQ + 72(d6* + sin® 9dg02))
and the orthonormal frame

W' = dr,
W= e dr

N V1I—Fkr2
W' = arde,
w? = arsinfdp.

a) Using Cartan’s structure equations, check that

a

wy, = —————dr,
0 V1—Fkr?

wd = ardd,

wy = arsinfdey,

w! = V1 —kr2do,
wf = V1—Fkr?sinfdp,
cosf dp.
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Moreover, check that

Q= - AW,
a
a
QF = —w Al
a
a
QF = —wAw?,
a
k+a?
Q= — 5 w" AW,
a
k+a?
QF = ———w AW,
a
k+ a?
Q = ———uw AW’
a
Finally, check that
3a
Rop = ——,
a

k+ a2
0,2

k: .2 .
R:6< a +9).
a a

b) Using Einstein’s equation

Rrr = RGG = pr = 2

and

GMV + Ag,w = 87TT;,LV7

with T' = pdr ® dr, check that

ia_d2+@_éa3 =0
dr \ 2 2 6 B

and obtain Friedmann’s equations.

Due March 28

6. Consider the Riemannian or Lorentzian metric
g = dt* + h;;(t, v)dz'da’.

Show that

i

a

)
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a) The Christoffel symbols are
0 _ i _ i i _ g
Uy =—Kij,  Tyjp=Th Ly =Kj,

where f;- . are the Christoffel symbols of h and K (t) is the second fun-
damental form of the hypersurface t = constant.
b) The components of the Riemann tensor are

. o . .
Ry = — =K/, — KyK"
0:0 ?t i 7l )
R = tViKljJerKli,

Ry™ = Ry™— KyK™ + KuK™,

where V is the Levi-Civita connection of h and Riﬂ " are the compo-
nents of the Riemann tensor of h.
c¢) The components of the Ricci tensor are

0

Ry = — oK' —KjKV
e
ROi - —ViK]j+VjK]i,
.
Rij = Rij— 5 Ky + 260K — K'Y K,

where E’ij are the components of the Ricci tensor of h.
d) The time derivative of the inverse of h is

Oh' y
= —2K".
ot
e) The scalar curvature is
P 9 i i2 ij

where R is the scalar curvature of h.
f) The component Gy of the Einstein tensor is

1
2
7. Let (M, g) be the quotient of the 2-dimensional Minkowski spacetime by
the group of isometries generated by the map (¢,x) — (¢t + 1,2 + 1). Show

directly that (M, g) is not stably causal, i.e. it is not possible to define a
global time function.
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8. Consider (R3, —dt? + dz?® + dy?) and the congruence of timelike geodesics

with velocity
t@t + l‘am + yay

/tz_xz_yz'

X =

Consider the orthonormal frame

. (X (¢ + y°)0, + twd, + tyd), —y@erx@y)

’ \/x2+y2\/t2—x2—y2’ \/x2+y2

This frame is parallel along the geodesics.

a) Calculate the second fundamental form of X in the frame (0, 0., 0,).
b) Calculate the second fundamental form of X in the frame F.
c) Calculate the expansion .
d) Verify Raychaudhuri’s equation.

) Let Y be a deviation vector orthogonal to X and let 7 be arc length
along a geodesic. What is the relation between Y and Y?

e

9. Consider (R3, —dt* + dx?® + dy?) and the congruence of timelike geodesics
through the z-axis with velocity

Consider the orthonormal frame F, given by

x.9, Y2 H10 )
Y Y /t2 — y2
a) Write the second fundamental form B;w of X in the frame F.

b) Without actually calculating V x < t+t ==L, justify that YO0y g parallel
A/t /t2_y2
along each integral curve of X.

c) Write the spatial metric h,,. Calculate the expansion, deformation and
vorticity, and use these to decompose the second fundamental form.

d) Verify the Raychaudhuri equation.

e) Define an appropriate fundamental solution A of the Jacobi equation
to encode the evolution of a general deviation vector orthogonal to X.
Calculate the fundamental solution and check that B = AA~!.
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10. Consider R? with the Minkowski metric written in polar coordinates as
g = —dt* + dr* + r* db>.
Let f: R — R be periodic with period 27 and

V — (@,X, 189) .
r

a) Verify that X is null geodesic.
b) Compute the second fundamental form B*, in the coordinates corres-
ponding to V by calculating Vi, X and Vi, X.

Consider the frame

c¢) Determine the integral curves (t,r,60) of X through (0,1,6,) in terms
of the affine parameter u. Express r in terms of ¢.

d) The vector field Y = 0, is a Jacobi field (89 = Oy, — uf; /((99(;))) 8u>. Note

however that Y does not commute with X. Correct the equation
VxY# = BF)Y" to take this into account and verify the corrected
equation directly.

e) Write the expression for the metric g in the frame V. Compute the
covector X,.

f) Compute the second fundamental form B, in the coordinates corres-
ponding to V by calculating V5, X, and V 19, Xy. To check your answer,
verify that B, = g,,B7,.

g) Compute the second fundamental form B, in the coordinates corres-
ponding to (9;, 0, dg) by using

1

1
B;u/ - 5 ( Xg)uy - 5 (de)uy :

Check that your answer agrees with the one obtained in f).
11. Consider the metric
g = —di? + a3(8)(d? + [2()(d6? + sin® 0dp?))

defined on M. When M = R x S3, f(¢)) = sinty; when M = R x R3,
f() =; when M =R x H3, f(¢)) = sinh .
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a) Using the geodesic Lagrangian obtained from the metric, compute the
Christoffel symbols in the coordinates (¢,, 0, ).
b) Verify that the null vector field

1 1

is geodesic.
c) Compute
VQGX and Va X.

©

Use these to obtain the expansion of the congruence of null geodesics
tangent to X.

d) Let X be the sphere ¢t = ¢, and 1 = 1)y. Denote by &, the flow of X.
The 2-dimensional surface £,.(X) is parametrized by

(0, ¢) = (t(r), (1), 0, ).

Here t(r) is determined by
t
r= / a(s)ds
to

T 1
v="vo+ / 2(i(5) ©

and 1 (r) satisfies

Define 3

A(t, ) = a®(t) f*(¥)
and

A(r) = A(t(r), ¥ (r))
Note that

|
I
.

Use the area element of &.(X), which is
A(r)sinfdf A de,

to confirm the result you obtained above for the expansion of the con-
gruence of null geodesics.



