Geometric Mechanics
2 Exam - February 7, 2025
MMAC

Solutions

a) Let
R(0) = {

be the matrix that rotates (z,y) by 6 radians counterclockwise around

the origin, i.e.
x
R(6
o]

is the vector which will be at (z,y) after a rotation by 6 radians
clockwise around the origin. The vector

[0 S me]7]

is orthogonal to the hyperbolas z? — y* = ¢ at R(0) [ z ] After a

cosf) —sind }

sinf cos@

rotation by 6 radians clockwise around the origin, these hyperbolas
have normal vector

at [ t } Since
Yy

reo [ L9 | me= [ s amen ],

the velocities of the particles are in the kernel of

w = (zcos(20) — ysin(20)) dx — (zsin(20) + y cos(260)) dy.
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b)

The distribution ¥ is the kernel of w. As
dw = —2xsin(20)df A dx — 2y cos(20) df N dx
—sin(20) dy A dx
—2x cos(20) dO N dy + 2y sin(20) dO A dy
—sin(20) dx A dy

= —2(xsin(20) + ycos(26)) df A dx
+2(—x cos(20) + ysin(20)) df A dy,

we have

doAw = 2(zsin(20) +ycos(20))?do A dx A dy
+2(x cos(20) — ysin(20))*do A dx A dy
= 2(z® + %) df A dz N dy.

The distribution is not integrable because dw A w is not zero.
The motion of the particle and the plane are determined by Newton’s

equation
D¢ )
H (%) =R(¢),

where R(¢) = \w(¢), for some real A = \(x,y,0, 4,9, ¢). Indeed, if ¢ is
admissible, then

('R, ¢) =R(¢) = Mw(é) = 0.

In our coordinates, Newton’s and the constraint equation are written
as

mi = M xcos(20) — ysin(26)),
miy = —A(xsin(20) + ycos(20)),
6 = o0,
0 = (xcos(20) — ysin(260))i — (zsin(260) + y cos(20))y.

If 0 is constant, we may integrate the constraint equation to obtain

22 2
5 cos(20) — zysin(20) — 5 cos(20) = constant.

So, the assertion follows from

(zcosf —ysinf)? — (zsin b + y cos 0)?
= 2% cos(26) — 2xy sin(26) — y? cos(26).
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e) This is immediate as

(costcos(2t) 4+ sintsin(2t)) = cost,
(costsin(2t) — sintcos(2t)) = sint,

so that the constraint equation becomes
cost(—sint) + sintcost = 0.

The value of X is equal to —m.

a) The length of the arch o catenary between (0,0) and (s,1 — cosh s) is
/ V1 + sinh® 7 dr = sinh s.
0

The unit tangent vector to the catenary at (s,1 — cosh s) is

(1, —sinh s)
coshs

Thus, the angle, ¢, between the bar and the s-axis satisfies
tan ¢ = —sinh s, or ¢ = — arctansinh s.

The position o the center of mass of the bar is at

(1, —sinh s)

1— hs)—
(s, cosh s) ohs

sinh s = (s — tanh s, 1 —sech s).

b) The velocity of the center of mass of the bar is
(2:(s),79(s)) = (1 — sech®s, sech s tanh s) = (tanh? s, sech s tanh s).

So,
H:t2 + y2H (5) = tanh?®s.

Moreover, we have

cosh s
r(8) = — ———— =sech s.
#(s) 1 +sinh®s

Finally, the center of mass of the bar satisfies y = (1 — sech s).
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c)

The equation for the motion of the bar is

— ==,
or

5+ sech stanh s = 0.
The Legendre transformation is
oL
05

It is invertible, s = p, so the Lagrangian is hyper-regular. The Hamil-
tonian is

p= S.

P
H:pé—L:§+1—sechs.

It is completely integrable because H itself is an integral, whose diffe-

rential only vanishes at the origin.

We sketch the graph of s +— 1 — sech s.

1 —sechs
1

S
-3 -2 -1 0 1 2 3

For [ < 0, the [ level set of H is empty. The 0 level set of H is the
origin. For 0 < [ < 1, the [ level set of H has the following sketch in
the (s, p) plane:

The 1 level set of H has the following sketch in the (s, p) plane:
b

—
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For [ > 1, the [ level set of H has the following sketch in the (s,p)
plane:

p

_/(\ |

The level sets of H are compact for levels | € (—oo,1). The flow of
H progresses along its level sets. For p positive, s increases, and for p
negative, s decreases. The origin corresponds to a stable equilibrium
point.

The symplectic form is w = dp A ds. The Hamiltonian gradient of H is
OH 0 OH 0 0 0
Xy=——— —— =p— —sech stanh s—.
" Op 0s ds Op p@s secii s tan 88p

The Poisson bracket is

0H G  OH 9G

.G =55 ~ as ap

The Poisson bivector is

s 0.0 0 0
COp " 0s Os  Op



