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ABSTRACT. Gorenstein toric contact manifolds are good toric contact manifolds with zero
first Chern class that are completely determined by certain integral convex polytopes called
toric diagrams. The Ehrhart polynomial of these toric diagrams determines and is determined
by the contact Betti numbers of the corresponding contact manifolds, i.e. the dimension of
their cylindrical contact homology in each degree. In this paper we look into the following
natural question: to what extent do these contact invariants determine the Gorenstein toric
contact manifold? Flexibility is the norm and we illustrate it with the family of Gorenstein
toric contact manifolds that arise as the prequantization of monotone iterated P!-bundles,
i.e. monotone Bott manifolds. In each dimension, the Ehrhart polynomial of their toric
diagrams is equal to the Ehrhart polynomial of the cross-polytope, corresponding to the
monotone prequantization of P! x - -- x P!, and we describe the unimodular classification of
these toric diagrams. On the rigidity side, we will show that the primitive prequantization of
P! x - .- x P! is rigid, i.e. completely determined as a Gorenstein toric contact manifold by its
contact Betti numbers. More precisely, in each dimension, we show that its toric diagram,
which we name small cross-polytope, is the unique toric diagram with its particular Ehrhart
polynomial. We will also prove a rigidity result for a family of Gorenstein toric contact
manifolds that arise as the primitive prequantization of monotone P!-bundles over P*~1.

1. INTRODUCTION

Gorenstein toric contact manifolds are good toric contact manifolds with zero first Chern
class. They are in 1-1 correspondence with toric diagrams, i.e. integral simplicial polytopes
with unimodular facets (see Section [4)):

D CR" «— (NF ¢p).
The Ehrhart polynomial of D counts its number of rational points and is defined by
Lp(t) :=#({DNZ"),Vt € Z~o,

where tD = {tx € R" : € D}. The Ehrhart polynomial Lp(t) is indeed a degree n
polynomial in ¢ and, as proved in [4], its coefficients are contact invariants of (NZ"", ¢p).
More precisely, if we write the Ehrhart polynomial in the form

Lo() zéhzw)(“fﬂ“),
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we have that the non-negative coefficients h} (D) € Z{ are the contact invariants of (Np,&p)
given by

1 (D) = cbop(Np,&p) — cby(i—1)(Np, ép)
where cb.(Np,&p) are the contact Betti numbers, i.e.

Cb*(ND, 5@) = rank HC*(ND, fp)

where HC,(Np, &p) is the cylindrical contact homology with grading given by the SFT degree.
Note that for toric contact manifolds we have that cb,(Np,&p) = 0 whenever * < 0 or * is
odd, which means in particular that the Ehrhart polynomial determines and is determined by
the contact Betti numbers.

Remark 1.1. As explained in [4], despite some foundational technical difficulties in proving
that cylindrical contact homology is a well defined contact invariant, these contact Betti num-
bers are indeed well defined contact invariants in many contexts. These include Gorenstein
toric contact manifolds that have crepant (i.e. with zero first Chern class) toric symplectic
fillings and all the particular examples considered in this paper have this property.

In this paper we address the following natural question:

To what extent do these contact invariants determine the Gorenstein toric contact manifold
or, equivalently, to what extent does the Fhrhart polynomial determine a toric diagram D up
to integral translation and GL(n,Z) transformations (i.e. up to unimodular equivalence)?

Definition 1.2. A Gorenstein toric contact manifold is said to be rigid if it is completely
determined, as a toric contact manifold, by its contact Betti numbers. Equivalently, (Np,&p)
is rigid if its toric diagram D is Ehrhart determined, i.e. whenever D' is a toric diagram with
L/ (t) = Lp(t) we have that D' is unimodularly equivalent to D. A Gorenstein toric contact
manifold is said to be flexible if it is not rigid. Two toric diagrams D and D' are said to be
Ehrhart equivalent if they have the same Ehrhart polynomial, i.e. if Lp(t) = Lp(t).

The Ehrhart polynomial Lp(t) determines the volume of D C R™ through its t" coefficient.
When n = 1 the volume is the only invariant of a toric diagram D C R, up to unimodular
equivalence, and so we have that all Gorenstein toric contact 3-manifolds are rigid. These are
S3 with its standard contact structure (toric diagram = [0, 1]), and the Lens spaces L§+1 (1,p),

p € N, with standard quotient contact structure coming from S3 (toric diagram = [0,p + 1]).
Any odd-dimensional sphere S?"*! with its standard contact structure is an example of a
rigid Gorenstein toric contact manifold. In fact, its toric diagram is the unimodular simplex

D = conv{0,ey,...,e,} CR™, where ey,...,e, are the canonical basis vectors of R",

which is well-known to be Ehrhart determined.
Despite these examples, flexibility is the norm and this can be seen already when n = 2.
For example, given p € N, the toric contact manifolds

(83 x S%,¢,) with toric diagram D), = conv{(0,0), (1,0), (0,1), (p+ 1,p+ 1)}
and
S*(L3,1(1,q)) with toric diagram Dy, ¢ = conv{(0,0), (1,0), (p+ 1,9), (p+ 1,q+ 1)},

for all ¢ € N coprime with p + 1, where S*(Lg+1(1,q)) = Lgﬂ(l, q) x S? is the unit cosphere

bundle of L;’H_l(l, q), have the same contact Betti numbers
cbo=p, cbo =2p+1and cbop. =2p+2, Vk >n.



CONTACT RIGIDITY/FLEXIBILITY AND EHRHART THEORY OF TORIC DIAGRAMS 3

FI1GURE 1. Cross-polytopes in dimensions 1, 2 and 3.

See |13] for more information on these examples.

In this paper we will describe some families of flexible and rigid Gorenstein toric contact
manifolds that arise as the smooth prequantization of monotone toric symplectic manifolds.
These families are interesting both from the toric contact geometry and the Ehrhart theory
points of view.

Remark 1.3. Recall that a symplectic manifold (M?",w) is said to be monotone when the
first Chern class c1(M) is a multiple of [w] € H*(M;R). In the toric context of this paper,
that multiple is always positive and, by default, we will assume that it is equal to 1, i.e. a
monotone toric symplectic manifold will mean (M*",w) with [w] = ¢1(M). Moreover, by
default, the prequantization of a monotone toric symplectic manifold (M?", [w] = c1(M)) will
be the toric contact manifold (N*"*1 &) obtained as the S'-bundle over M>*™ with Chern class
2+ w] = £c1(M) € H*(M;Z), with € being the horizontal distribution of a connection 1-form
with curvature %w.

As we recall in Section 4] if (M?", [w] = ¢1(M)) is a monotone toric symplectic manifold,
its moment polytope P C R” can be translated to be a reflexive Delzant polytope and its
prequantization (N2"*1 ¢) is a Gorenstein toric contact manifold with toric diagram D =
—P* C R", where P* is the polar dual of P:

Pr={xecR":x-y<1,VyeP}.

For example, when M?" = P! x...xP! with symplectic form w such that [w] = ¢ (P! x- - -xP!),
we have that P = [—1,1]" C R" is the (hyper-)cube and D = ¢,, C R" is the cross-polytope:

on i ={(x1,...,2n) € R" : 1| + - + |z, <1} (see Figure 1.

The cross-polytope is not Ehrhart determined and our first family arises from a particular
class of toric diagrams that are Ehrhart equivalent to the cross-polytope (see Section @
These turn out to correspond exactly to the Gorenstein toric contact manifolds that arise as
prequantizations of monotone Bott manifolds B,, (see Section . Bott manifolds are iterated
P! = S%-bundles of the form

B, ™ B, ; % ... 2 B = P' T4 By = {point}
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—

FIGURE 2. Small cross-polytope in dimension 3.

where
B; =P(& @ C) with & — B;_1 a C-line bundle.

Proposition 1.4. Let (N?"t1 &) be the prequantization of a monotone Bott manifold (B*", [w] =
c1(B?)), with reflexive moment polytope P C R™, and let D = —P* C R" be its toric diagram.

Then
. n

In particular, all these (N*"T1,¢) are flexible and the corresponding toric diagrams provide a
family of polytopes that are Ehrhart equivalent to the cross-polytope, i.e. for any such toric
diagram D C R™ we have that

Lp(t) = Lo(t) = Zn: <Z> (t + Z— k> |

k=0

In Section [9] we will describe and enumerate, up to unimodular equivalence, all these toric
diagrams. Note that when n > 3 these are not all the toric diagrams that are Ehrhart
equivalent to the cross-polytope. Hence, when n > 3 there are Gorenstein toric contact
manifolds with the same contact Betti numbers of a monotone prequantizattion of a monotone
Bott manifold that are not any of those manifolds.

Our second family arises from the fact that the first Chern class of the trivial Bott manifold
P! x .- x P! is divisible by 2 and we can consider an integral symplectic form w with [w] =
c1(P! x --- x P1)/2. The corresponding prequantization is still a Gorenstein toric contact
manifold, whose toric diagram is what we call in this paper a small cross-polytope, see Figure 2]
and Section [7] As we prove in Subsection [7.4] small cross-polytopes turn out to be Ehrhart
determined and so we have the following theorem.

Theorem 1.5. In any dimension n € N, the prequantization (N?"*1 &) of P x - .. x P! with
symplectic form w such that [w] = c1(P! x -+ x PY)/2 is a rigid Gorenstein toric contact
manifold.

Remark 1.6. Small cross-polytopes share some interesting combinatorial properties with cross-
polytopes. See Section[7, in particular Theorem[7.10, which implies that the contact manifold
(N2 FL €Y of Theorem has a crepant toric symplectic filling, and its final Subsection .
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Our third family arises again from primitive prequantizations of monotone toric symplectic
manifolds with non-primitive first Chern class. The examples in this family are not rigid, but
the family itself is rigid in the sense that it contains all Gorenstein toric contact manifolds with
these particular contact invariants. For any n > 2, the monotone toric symplectic manifolds
that give rise to this family are

MP" = P(& @ C) where & — P! is a C-line bundle with ¢; (&) = k € Z.

When 0 < k < n we have that M,?" is monotone, i.e. it has a toric symplectic form wy with
[wg] = c1(M2™). When in addition k = n (mod 2) we have that ¢; (M?") is divisible by 2. The
Gorenstein toric contact manifolds (IV, ,3"“, ¢) in this family are the prequantizations of these
(MP", w) with [w] = ¢1(MP")/2 and 0 < k < n, k =n (mod 2). As we will show in Section
the Ehrhart polynomial of the corresponding toric diagrams Dy C R™ is independent of k& and
given by

n—1 .
t _
LDk(t):§j( +Z 7), ie. = =h% ,=1andh’ =0.

§=0
Moreover, we have the following rigidity theorem (cf. Theorem [10.9)).

Theorem 1.7. Let (N§n+1,£3) be a Gorenstein toric contact manifold determined by a toric

diagram S C R™ such that
n—1 .
t+n-—7
L = .
s => (")
7=0
Then S is unimodularly equivalent to Dy for a unique k € Z satisfying 0 < k < n, k =

n (mod 2), and (Né”“,é“g) s isomorphic as a toric contact manifold to the corresponding
(NZHHLE).

Remark 1.8. All the rigidity examples considered in Theorems[1.5 and[I.7 arise from prim-
itive prequantizations of monotone toric symplectic manifolds with divisible (non-primitive)
first Chern class. In other words, their minimal Chern number is bigger than 1, in fact equal
to 2 in all these examples. It would be interesting to find rigid examples without this feature
but we do not know if they exist.

Organization of the paper. Section [2]contains a very brief description of toric symplectic
manifolds and their Delzant moment polytopes. Section [3]introduces monotone Bott manifolds
and reviews some recent results on their classification. Section [4] contains a brief description
of Gorenstein toric contact manifolds and their toric diagrams. Contact Betti numbers and
their values for the main examples in this paper are the subject of Section [5} The second
part of the paper is devoted to Ehrhart theory of toric diagrams. Section [f] contains some
background, main examples and basic combinatorial results. Section [7] is devoted to small
cross-polytopes, their Ehrhart theory and the proof of Theorem [I.5] Section [§ proves a useful
result in the Ehrhart theory of toric diagrams that arise from prequantizations of divisible
reflexive Delzant polytopes and Remark shows how it can be translated as a known result
regarding their cylindrical contact homology. Section [J] is devoted to the double-pyramid
construction of toric diagrams Ehrhart equivalent to cross-polytopes and their enumeration
up to unimodular equivalence. Finally, Section [10] introduces the toric diagrams of primitive
prequantizations of monotone P'-bundles over P*~! and proves Theorem .
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2. TORIC SYMPLECTIC MANIFOLDS

A toric symplectic manifold is a closed symplectic manifold (M, w) of dimension 2n equipped
with an effective hamiltomian n-torus action, i.e.

7:T" =2 R"/20Z" — Ham(M,w) .

The n hamiltonian functions (hq,...,hy,) generating these n commuting circle actions give
rise to the moment map

p:M—=>R" p=(hy,...,hy,).
The Atiyah-Guillemin-Sternberg convexity theorem implies that the moment map image, P :=
(M), is the convex hull of the images of the fixed points of the action, i.e. P = conv(u(M™")),
and can be described as a finite intersection of half-spaces:

Pzﬂgl:l{mER”: x-vi+ A >0},

where v; € Z" is the primitive integral interior normal to the j-th facet of P and \; € R
determines its position relative to the origin. P C R"™ is called the moment polytope of the
toric symplectic manifold (M,w, 7). It is a Delzant polytope and a complete invariant of
(M,w, ) |11]. Note that the hamiltonian functions (h1,...,hy,) are only determined up to
constants and hence the moment polytope P is only determined up to translation in R™.
The real numbers A;, j = 1,...,d, can be used to determine the cohomology class of the
symplectic form w and we have that [w] = ¢1(M), i.e. (M,w, ) is a monotone toric symplectic
manifold, if and only if there is a translation of P such that all the A;’s are equal to 1, i.e.

P=nf_{zeR": - v;+1>0}.

Example 2.1. When n = 1 there is only one toric symplectic manifold: the 2-sphere S% =
P! equipped with an area form and circle action given by rotation around an axis. For the
monotone area form, with total area 47, we have that

P=[-L1]={z€eR: —z+1>0}n{zeR: z+1>0}.

Example 2.2. Hirzebruch surfaces are examples of toric symplectic 4-manifolds (n = 2) that
can be constructed as P'-bundles over P*. More precisely, the Hirzebuch surface Hy, k € Z,
s given by
Hy :=P(O(k) ®C) —» P = 52,

The primitive, integral, interior normals to the facets of its moment polytope can be listed as
the columns of the matrix

10 -1 0

[0 1k —1] '

See Figure [3 with a moment polytope for Hs.

There are only two diffeomorphism types of Hirzebruch surfaces: all even Hoy, are diffeomor-
phic to S% x 82, while all odd Hop_1 are diffeomorphic to S?x.S? = the nontrivial S*-bundle
over S2.

There are only two monotone Hirzebruch surfaces: Hy and Hi = H_1. In fact, the complete
list of monotone toric symplectic 4-manifolds is

Ho = P! x P!, P2, Hy = P24P =~ §2% 52, P24#2P° and P2#3P".
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FIGURE 3. A moment polytope for Hs.

See Figure [ with their moment polytopes.

FIGURE 4. Moment polytopes for the monotone toric symplectic 4-manifolds:
Hy = P! x P! and P? on the top row, H; = P24P° = §2%S2, P24#2P° and
PQ#S@Q on the bottom row.

3. MONOTONE BOTT MANIFOLDS AS TORIC SYMPLECTIC MANIFOLDS

Bott manifolds, introduced in [12], iterate the construction of Hirzebruch surfaces. More
precisely, they are iterated P! = S?-bundles of the form

By ™ By o 2 B = PP I By = {point}
where
B; =P(& @ C) with & — B;_1 a C-line bundle.
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At each stage, we always have that H*(B;;Z) = H*((S?)%;Z) as graded abelian groups (but
not as rings), hence rank H?*(B;; Z) = (;) In particular, rank H?(B;;Z) = i and so the Chern
class ¢1(&;) of each C-line bundle §; — B;_; is determined by i — 1 integers (a;1,...,@ii—1).
All Bott manifolds are toric symplectic manifolds determined by moment polytopes that
are combinatorially equivalent to hypercubes. For a Bott manifold B, of dimension 2n, the
2n primitive, integral, interior normals of the corresponding moment polytope are determined
by the Chern classes ¢1(&;), i = 2,...,n. In an appropriate integral basis of Z"™ C R", these
normals are given by the n coordinate basis vectors, i.e. the colums of the (n x n) identity
matrix I,,, and the n “opposite” vectors given by the colums of the lower triangular matrix

—1
az 1 -1
L(B,) = |1 @32 -1

an,1 Aan2 - (Adnn-—1 -1

Necessary and sufficient conditions on L(B,) so that B, is Fano, i.e. so that ¢;(B,) > 0,
were given in [20]. From the point of view of toric symplectic geometry, these are precisely
the monotone Bott manifolds.

Theorem 3.1 (|20]). B, is a monotone toric symplectic manifod if and only if L(B,,) is such
that for any colum j € {1,...,n — 1} one of the folowing holds:

(1) ajH,j:---—anJ—O

(2)3ge{j+1,....n} : agj=1anda;;j =0 forallie {j+1,...,n}\ {q};

B)Ige{j+1,...,n} : ag;=—1,0a;; =0 forallic{j+1,...,q—1} and a;; = a4
forallie{q—l—l,... n}.

A toric cohomological rigidity result for Fano Bott manifolds, i.e. for monotone Bott manifolds,
was proved in [9)].

Theorem 3.2 (|9]). Given two monotone Bott manifolds B and B', the following are equiv-
alent:

(1) B= B’ as toric manifolds (i.e. equivariantly diffeomorphic);
(2) H*(B;Z) =., H*(B';Z), i.e. ci-preserving graded ring isomorphism;
(3) L(B) can be transformed into L(B') using certain operations.

Moreover, in |10] using a result of [14], an algorithm is provided to enumerate all toric iso-
morphism classes of monotone Bott manifolds of any given C-dimension n and implemented
it up to n = 10. The result is shown in the following table, which also includes the number of
monotone toric symplectic manifolds following their classification in [17].

dimg 1123 4 5 6 7 8 9 10
# monotone Bott |1 [2| 5 | 13 | 37 | 111 | 345 1105 3624 | 12099
# monotone toric | 1 | 5| 18 | 124 | 866 | 7622 | 72256 | 749892 | 8229721 ?

Remark 3.3. In Section[q we present an alternative approach to this enumeration of all toric
isomorphism classes of monotone Bott manifolds.



CONTACT RIGIDITY/FLEXIBILITY AND EHRHART THEORY OF TORIC DIAGRAMS 9

Example 3.4. The five monotone Bott manifolds in C-dimension 3 can be listed in the fol-
lowing way:

P xP'xP, L=|0 -1 0 2)P1><H1,L_ 0 -1 0
0 0 -1 0 1 -1

3)P(O(1,-1)®C) - P' x P, L=

4)P(O(1,1)@C)—>P1><]P’1,L: 0 —1 0

5)P(O0,1)®C)—Hy, L=|1 —1 0

See Figure [ with their moment polytopes.

FIGURE 5. Moment polytopes for the five monotone Bott 6-manifolds: P! x
P! xP! P! x Hy and P(O(1, —1)@C) — P! xP! on the top row, P(O(1,1)&C) —
P! x P! and P(O(0,1) @ C) — H;y on the bottom row.

4. GORENSTEIN TORIC CONTACT MANIFOLDS

In this section we will briefly recall the 1-1 correspondence between Gorenstein toric contact
manifolds, i.e. good toric contact manifolds (in the sense of [16]) with zero first Chern class,
and toric diagrams (defined below). We follow closely the presentations in [2,4], which contain
further details.

Via symplectization, there is a 1-1 correspondence between co-oriented contact manifolds
and symplectic cones, i.e. triples (W,w, X) where (W, w) is a connected symplectic manifold
and X is a vector field, the Liouville vector field, generating a proper R-action p; : W — W,
t € R, such that p}(w) = e'w. A closed symplectic cone is a symplectic cone (W,w, X) for
which the corresponding contact manifold N = W/R is closed.
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A toric contact manifold is a closed contact manifold of dimension 2n + 1 equipped with an
effective hamiltonian action of the standard torus of dimension n + 1: T?"+! = R**1 /2777 +!1,
Also via symplectization, toric contact manifolds are in 1-1 correspondence with toric sym-
plectic cones, i.e. closed symplectic cones (W,w, X) of dimension 2(n + 1) equipped with
an effective X-preserving hamiltonian T"*!-action, with moment map g : W — R"*! such
that p(pi(w)) = e'p(w), for all w € W and ¢t € R. Its moment cone is defined to be
C = pu(W)u{0} c R*1,

A toric contact manifold is good if its toric symplectic cone has a moment cone with the
following properties.

Definition 4.1. A cone C C R™"! is good if it is strictly convex and there exists a minimal
set of primitive vectors vy, . ..,vg € Z", with d > n + 1, such that
(i) C=N_ {z eR™! |z v; >0}.
(ii) Any codimension-k face of C, 1 < k < n, is the intersection of exactly k facets whose
set of normals can be completed to an integral basis of Z"H1.

The primitive vectors vy, ...,vq € Z" ' are called the defining normals of the good cone
C C R

The analogue for good toric contact manifolds of Delzant’s classification theorem for closed
toric symplectic manifolds is the following result (see [16]).

Theorem 4.2. For each good cone C C R"! there exists a unique closed toric symplectic
cone (We,we, Xe, pe) with moment cone C.

The Chern classes of a co-oriented contact manifold can be canonically identified with
the Chern classes of the tangent bundle of the associated symplectic cone. The following
proposition gives a moment cone characterization for zero first Chern class, i.e. for the toric
contact manifold to be Gorenstein.

Proposition 4.3. Let (We,we, Xe, pe) be a good toric symplectic cone with ¢i(TW¢) = 0.
Then there exists an integral basis of T" ! for which the defining normals vy, ..., vg € Z"H
of the corresponding moment cone C C R™" are of the form

vi=(vj,1), v;€Z", j=1,...,d.
Under this condition, we will encode the Gorenstein toric contact manifold whose symplecti-
zation is (We,we, Xe, pe) by the polytope
D = conv(vy,...,vg) CR".
Proposition 4.4. D is a toric diagram (cf. Definition .

Remark 4.5. The conditions imposed on toric diagrams D = conv(vy,...,vq) are equivalent
to the corresponding cone with normals v; = (v;,1), j =1,...,d, being good.

Theorem 4.6. For each toric diagram D C R™ there exists a unique Gorenstein toric contact
manifold (Np,&p) of dimension 2n + 1.

The main examples in the context of this paper are the so-called prequantizations of mono-
tone toric symplectic manifolds.

Proposition 4.7. Let (M?",w), [w] = c1(M), be a monotone toric symplectic manifold with
moment polytope
P:ﬂle{mER" cx-vj+12>0}.
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Then

D = conv(vy,...,vg) CR"

s a toric diagram and the Gorenstein toric contact manifold (N%"H, &p) is the prequantization
of (M*™ w).

Remark 4.8. In fact, P C R" is a reflexive polytope and D = —P* C R", where P* is its
polar dual polytope.

Example 4.9. Figure [0 has the toric diagrams of the prequantization of the two monotone
Bott manifolds when n = 2: Hy = P! x P! and H, = PQ#EQ. Fz'gurelj has the toric diagrams
of the prequantization of the five monotone Bott manifolds when n = 3: P x P! x P!, P! x Hy,
P(O(1,-1)®C) = P! x PL, P(O(1,1) ® C) — P! x P! and P(O(0,1) ® C) — H;.

FI1GURE 6. Toric diagrams of the prequantization of the two monotone Bott
manifolds when n = 2: Hy 2 P! x P! and H; & IP’Q#@Q.

FI1GURE 7. Toric diagrams of the prequantization of the five monotone Bott
manifolds when n = 3: P! x P! x P!, P! x Hy and P(O(1,-1) & C) — P! x P!
on the top row, P(O(1,1) & C) — P! x P! and P(O(0,1) & C) — Hj on the
bottom row.
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5. CONTACT INVARIANTS

As already described in the introduction, the coefficients of the Ehrhart polynomial of a
toric diagram D C R"™ are contact invariants of the corresponding toric contact manifold
(Np,&p). In particular, if we write the Ehrhart polynomial in the form

n
“ t+n—k
Lo =3 ) (1),
k=0
we have that the non-negative coefficients h} (D) € Z; are the contact invariants of (Np,&p)
given by
n—k(D) = cbak(Np, §p) — cbap—1)(Np, D)

where cb,(Np,&p) are the contact Betti numbers, i.e.
cby«(Np,&p) = rank HC(Np, {p) where HC,(Np,&p) is the cylindrical contact homology.

Recall that HC,(Np,&p) = 0 whenever x < 0 or * is odd.

For the prequantization of monotone toric symplectic manifolds (M?", w), [w] = c1(M),
with reflexive moment polytope P C R™ and toric diagram D = —P* C R", a theorem in [7]
implies that

hi,(D) = dim H**(M; Q) . (1)
See [4] for a direct toric proof and recall that H°44(M; Q) = 0 for any toric symplectic manifold
M.

5.1. Contact invariants of the prequantization of monotone Bott manifolds. For
the prequantization of monotone Bott manifolds, we have that dim Hgk(B%; Q) = (Z), k=
0,...,n, and so implies Proposition , i.e. the toric diagram D C R" of the Gorenstein
prequantization (N2"*1, ¢) of any monotone Bott manifold (B?", [w] = ¢1) is such that

hi(D) = (Z) k=0,....n.

This implies that the non-zero contact Betti numbers of any such (N2"+1 ¢) are given by

k
chop (N1 €) = Z (n) L k=0,...,n, and chy (N1 &) = 2" Vk > n.
=0
* = 0 2 4 2(n—1) 2n | even > 2n
(N2 )| 1 [ 14 |2 g ] n 1 on on

Remark 5.1. It follows from Theorem [3.1] that these toric diagrams are precisely the ones
described and enumerated in Section [9.

5.2. Contact invariants of the primitive prequantization of P' x --- x P!, The first
Chern class of the trivial Bott manifold P! x --. x P! is divisible by 2 and we can consider
an integral symplectic form w with [w] = ¢1/2. The corresponding prequantization is still a
Gorenstein toric contact manifold, whose toric diagram is what we call in this paper a small
cross-polytope. As we will show in Section [7], the small cross-polytope S, C R™ is such that

—1
hi,(Sn) = (nk > k=0,...,n—1, and h}(S,) =0.
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FIGURE 8. P; and P;/2 in dimension n = 3.

This implies that the non-zero contact Betti numbers of this Gorenstein toric contact manifold
(Ng:“, &s,, ) are given by

k—1
—1
chop(NZ"H €5,) = (” > , k=1,...,n, and chop (N3, &s,) =271, VE > n.

AN
* = 0 2 4 e 2(n—1) 2n | even > 2n
ch (NG, &5,) | O 1 n e 2n—1 1 2n—1 21

Theorem [I.5] proved in Section [7] means that any other Gorenstein toric contact manifold
of dimension 2n 4+ 1 with these contact Betti numbers is equivariantly contactomorphic to

5.3. Contact invariants of the primitive prequantization of P(¢, & C) — P"~!. When
0 <k<nandk=n (mod 2), we have that

MP" = P(& @ C), where &, — P" ! is a C-line bundle with ¢;(&,) = F,

is a monotone manifold with ¢;(M2") divisible by 2. In fact, up to translation, the moment
polytope of (M2, [wg] = c1(MP™)) is the reflexive Delzant polytope Py C R™
Pr:=conv({(n+k)Ap—1 — 1} x {1}, {(n — k)Ap—1 — 1} x {1}) ,

with hyperplane description given by:

e z; +1>0,Vie{l,...,n};

o —z,+1>0;

o > —ka,+12>0.
The length of its edges is n + k on the bottom facet, n — k& on the top facet and 2 on all
lateral facets, i.e. the greatest common divisor of the length of all edges is 2 which implies
that c1(M2™)/2 is a primitive integral cohomology class and P; /2 is the moment polytope of
(M2", [w] = c1(M2™)/2). See Figure |8 with Py and P;/2 in dimension n = 3.

As we will show in Section the Gorenstein prequantization (V. ,3”“, €) of (M, ,3”, w), with

[w] = c1(MP™)/2, has toric diagram Dy C R" with

hi(Dp) = -+ = h%_ (D) =1 and B(Dy,) = 0.
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This implies that its contact Betti numbers are

* = 0 2 4 2(n—1) 2n | even > 2n
cb, (N 0 1 2 n—1 n n

Theorem [I.7 proved in Section means that any other Gorenstein toric contact manifold
of dimension 2n + 1 with these contact Betti numbers is equivariantly contactomorphic to
(N2 €) for a unique k € Z with 0 < k < n and k =n (mod 2).

6. POLYTOPES AND EHRHART THEORY

In this section we introduce the language of polytopes and Ehrhart theory. We also define
the classes of polytopes that are most relevant for toric symplectic and contact geometry:
Delzant polytopes, cones over them and toric diagrams. This section provides a quick review
of combinatorial results that will be used in the paper. Proofs and technical details can be
found in the indicated references.

6.1. Polytopes, cones and polar duality. Here we give a quick introduction to polyhedra
in R™. For a thorough presentation of this subject see for example [21].

Definition 6.1 (Polytope). A polytope P C R™ is the convex hull of a finite set of points in
R"™, i.e.,

P = conv{vy,va,...,Un}

m
= {)\1U1+)\2’l)2+"-+)\mvm:Z)\izl and \; >0,i:1,...,m}.
i=1
This is commonly referred as the vertex or V-representation of P. Depending on the context,
it might be better to deal with the hyperplane or H-representation of a polytope in which we
define a polytope by the intersection of a finite set of halfspaces delimited by hyperplanes, i.e.,

P={xecR": Ax < b}
d
:ﬂ{meR":ai-mei}
i=0

where A € R and b € RY. This intersection is always a polyhedron but, since it might be
unbounded, it is not always a polytope. A polytope is a bounded polyhedron.

All polytopes can be expressed in both representations, although the problem of algorithmi-
cally converting between them is non-trivial.

The interior of a polytope P will be denoted by P°.

We call a polytope integral if all its vertices lie on the lattice Z™. An hyperplane
H={xeR":a -z =0}
is a supporting hyperplane of a polytope P if
Pc{xeR":a-x<bforPC{xecR":a-x>b}.
Definition 6.2 (Face). A set F C R™ is face of a polytope P if
F=PnNnH
for some supporting hyperplane H.
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The dimension of a set S C R" equals the dimension of the affine span generated by the
points in S. If S is a polytope and dim S = n we refer to S as a n-polytope.
A n-polytope P has faces of every dimension between —1 and n, in particular:

e P has a single face of dimension n, which is itself;
P has faces of dimension n — 1, called facets;

P has faces of dimension 1, called edges;

P has faces of dimension 0, called vertices;

P has a single face of dimension —1, the (.

Throughout the text we will refer to the set of faces ordered by the (usual) inclusion as the
face poset. We will say that two polytopes are combinatorially equivalent if their face posets
are isomorphic.

A useful construction on a polytope is cone(P) that we define now.

Definition 6.3 (Cone over a polytope). For a polytope P C R™
cone(P) ={x e R":x =ay,y € P and a € R>¢}.
We define the polar dual of a polytope P C R"™.

Definition 6.4 (Polar Duality). For a polytope P C R™ its polar dual
P ={xeR":z-y<1,Vy e P}
s also a polytope.

If 0 € P then P** = P. The polar dual has several interesting properties. Namely it suffices
to check the inequalities in Definition [6.4] for the vertices of P i.e. the facets of P* are defined
by the vertices of P. This gives rise to a useful property of polar duality, it induces a bijection
between faces of dimension ¢ in P and faces of dimension n — i — 1 in P*. Stretching this
reasoning a bit more, one can conclude that the face posets of P and P* are anti-isomorphic.

Definition 6.5 (Reflexive polytope). An integral polytope P is said to be reflexive if P* is
also integral.

Lastly, we cover the definition of simple and simplicial polytope.

Definition 6.6 (Simple polytope). A n-polytope is simple if every vertex is contained in n
edges.

Definition 6.7 (Simplicial polytope). A n-polytope is simplicial if every facet is a n — 1
stmplex.

Lemma 6.8. P is simple < P* is simplicial.

6.2. Ehrhart theory. In this subsection we define the basics of Ehrhart theory that will be
used in the paper. For a more detailed exposition and proofs see for example [5].
Ehrhart theory studies functions that count the number of integer points in the (integer)
dilates of a polytope P. Formally, we are interested in the function
Lp(t) = #(tp N Z"),Vt € Z~o
where tP = {tx € R" : € P}.

Theorem 6.9 (Ehrhart’s Theorem). If P is an integral n-polytope then Lp(t) is polynomial
i t with degree exactly n.
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From now on, we will refer to Lp as the Ehrhart polynomial of P.
The Ehrhart series of a polytope is the generating function whose coefficients are given by
the Ehrhart polynomial, i.e.,

Ehrp(z) :=1+ Z Lp(t)2".
t>1
In fact, we can rewrite this series as a rational function of a special form, which leads to the
next theorem and corollary.

Theorem 6.10 (Stanley’s non negativity theorem). For an integral n-polytope

izt +hr 24 Riz 1
EhI‘p(Z) = = (1 _ Z)nJrl )

where hi, h3, ..., hy are non negative integers.

Corollary 6.11.

t+n fTEn—1 N t+1 1
= () (2o o)

and so the coefficients hi are in fact the coefficients of the Ehrhart polynomial of P in the
basis of the n-degree polynomials given by

The following theorem gives a particularly interesting characterization of reflexive polytopes.

Theorem 6.12. The following conditions are equivalent:
(1) P is reflexive;
(2) Lpo(t +1) = Lp(t),Vt € Zsy, i.e., every lattice point is in OKP for a single k € Z>o;
(8) hy = hy_,. for every 0 <k < 3.

The fact that (1) < (3) is often referred to as Hibi’s palindromic theorem.

6.3. Delzant polytopes, toric diagrams and prequantizations. Let us introduce two
classes of polytopes that are relevant in the context of toric symplectic and contact geometry.

Definition 6.13 (Delzant polytope). A Delzant polytope is a simple n-polytope such that for
every vertex the n primitive edge vectors form a basis of Z™.

Definition 6.14 (Toric Diagrams). A toric diagram is a simplicial n-polytope such that the
n vertices of each facet can be translated to form a basis of Z™.

We will now define the prequantization combinatorial construction that relates certain
Delzant polytopes with toric diagrams.

Definition 6.15 (Prequantization). Start with a n-dimensional integral Delzant polytope P C
R"™ defined by the d hyperplanes  -v; > —X;, v; €Z", \; € Z fori € 1,...,d.

(1) Consider the cone over P x {1} C R® x R = R""!. This cone is defined by the
hyperplanes x - (v;, \;) > 0, therefore for each facet of the cone the primitive inner
normal vector is (v;, \;) € Z"H1.

(2) Apply a linear transformation T € GL(n,Z) to all the normals such that T (v;, \;) =
(v, 1) where v; € Z".
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When such a T ezists, the n-polytope D = conv(vy,...,vq) is a toric diagram.

The following theorem gives a necessary and sufficient condition for the existence of such a
linear transformation 7.

Theorem 6.16. The transformation T exists iff v'P is reflexive for some r € Z~q. In that
case, D is also reflexive.

We point to Section 7.3 in [13], keeping in mind that although this text never refers to the
prequantization this construction is tantamount to their dual cone.

From now on, we will refer to an integral polytope P such that rP is reflexive for some
r € Z~o as a Gorenstein polytope of index r. In fact, reflexive polytopes are Gorenstein of
index 1 and one is able to produce a theorem in the spirit of [Theorem 6.12| but for Goresntein
polytopes.

Theorem 6.17. The following conditions are equivalent:

(1) P is Gorenstein of index r;
(2) Lpo(t) = Lp(t —r),Vt € Zsy or Lp(t) = #{OtPNZ"} + Lp(t —71);

(3) hj = hyoy oy forevery0 <k <n+1-r.

Note that (3) implies that the non zero coefficients of h* are still a palindrome even though
their center of symmetry has changed.

We end this section with a basic example that illustrates what we discussed so far.

Example 6.18 (Basic Example). The (hyper-)cube [—1,1]" is Delzant and reflexive for every
n. The prequantization of this polytope has as toric diagram the cross-polytope

on i={(x1,...,xn) ER" t ||+ + |zn| <1} (see Figure[l])
and we have that
“/n\ (t—k+n (T4
L<>n (t) = Z <k;> ( n > s Ehron(Z) = m .
k=0
7. SMALL CROSS-POLYTOPES

This section is devoted to the prequantization of the unit cube: 0O, := [0,1]". This is
related to our previous Example the prequantization of twice the unit cube:

. preq.
[—]., ].]n = 2Dn T} On
/2
0,1"=0, —=* 3,

There are several relations between ¢, and S,, and in this section we outline some of them.

7.1. Construction and basic properties. We define the n-dimensional small cross-polytope
Sy as the toric diagram of the prequantization of the unit cube [,,. Note that this is possible
since 2 - 0, is reflexive (and Delzant). The small in the name comes from the fact that
O, = [0,1]" is a small version of the (hyper-)cube [—1,1]" whose prequantization has the
cross-polytope ¢, as toric diagram.
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The (n+1)-dimensional cone over [0, 1]” has the set of primitive inner lattice normal vectors
{(€,0)|i€l,..,n}U{(—e;l) i€, .. ,n}.

We then apply the unimodular (lattice preserving) transformation given by

M 1 0 ... 0
00 1

Co - 0
00 ... 0 1
11 1 ... 1 2]

in order to map all the normals to the hyperplane z,4+1 = 1, concluding that the 2n vertices
of a small cross-polytope are

{(0,..,0),(0,...,0, )Y U{(e;,0) | i € 1,..n— 1} U{(—e;,1) | i€ 1,...,n—1}.

In particular, S, consists of the convex hull of a standard (n — 1)-simplex in the z, = 0
hyperplane and the symmetric of the standard (n — 1)-simplex in the x,, = 1 hyperplane.
These two simplices are shaded in Figure [2|

Theorem 7.1. Small cross-polytopes have the same face structure (face lattice) as cross-
polytopes.

Remark 7.2. (H-representation) The vertex set of each facet has n vertices, k vertices of the
top simplex and the complement n — k vertices of the bottom simplex. The H-representation
of tSy is given by

OSZxernSt
i€A

where A ranges over the 2"~ subsets of {1,2,...,n — 1}.
A somewhat tedious manipulation of this H-representation would enable us to conclude that

=S ("))

k= i=k
n—

> ("))

We refrain from presenting this proof because it hides away the connection with cross-polytopes
that seems to only appear in the Ehrhart polynomial of the very last step. This connection
will become evident in the next two subsections, in which we prove the following (equivalent)
theorem with two different geometric constructions.

I
=

Theorem 7.3.

EhI‘Sn (Z) =
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— ]

FIGURE 9. Projections of S3 and Pyr(oz) to the hyperplane x4 = 0.

7.2. Pyramids over cross-polytopes. By projecting .S, into the hyperplane z,, = 0 one
gets a (n — 1)-dimensional cross-polytope ¢,_1, see Figure @ Furthermore, both the origin
and the point (0, ...,0,1) get mapped to the origin, in fact, this is exactly what happens when
projecting the pyramid over a cross-polytope Pyr(¢,_1). This is the motivation behind the
following Lemma that generalizes this observation to integer dilations of these polytopes.

Lemma 7.4. If ¢ : R® — R~ is the projection defined by
Qp(w) = (1'17 "'7$n*1) s
then

#{y € Sn | =(y)} = #{y € Pyr(on_1) [ = o(y)}
holds for every lattice point x € Z" 1.

Proof of Theorem[7.3 Lemma @ implies that Ehrpy,, ) = Ehrg,. Since

1 (14 2z)n!

Ehrpyr(p) = 1> Ehr(P) and Ehron_l = W
(see for example Theorems 2.4 and 2.7 in |5]), Theorem follows directly. Lemma is,
however, a stronger condition than just the equality of Ehrhart series. ]

7.3. Pseudo-bipyramids over small cross-polytopes. Cross-polytopes are often seen in-
ductively as bipyramids over lower dimensional cross-polytopes. Small cross-polytopes share
a similar property. The usual definition of a bypiramid is essentially the free sum with [—1, 1],
however, since 0 € S, this would then imply that some facets of Bipyr(S,) are no longer
unimodular simplices, which in turn means it cannot be a toric diagram. This motivates the
definition of a more general construction, namely the pseudo-bipyramids.

Definition 7.5. (Pseudo-bipyramid) Given a polytope P we define its pseudo-bipyramid as
Pbipyr(P, s1, s2) as
conv({(s1,1),(s2,—1)} U{(x,0) | x € P}).

where s1, 8y are lattice points of P (we will refer to them as special).

Lemma 7.6. To create toric diagrams from other (lower dimensional) toric diagrams, s1 and
So should not lie on the same facet of P.
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-

FIGURE 10. Projection of S5 to the hyperplane x; = 0.

Proof. If s1 and sy were to lie on the same facet F' of P then the facet of P-bipyr(P, s1, s2)
with vertices (s1,1), (s2,—1) and {(«,0) | ¢ € V(F)} would not be simplicial since it would
have n + 3 vertices and P-bipyr(P, s1, 82) is of dimension n + 1. d

From an Ehrhart theory perspective, this construction is equivalent to the usual bipyramids:
we are essentially joining two pyramids that share the same base. This yields the following
theorem.

Theorem 7.7. ENrpyipye(p.s,.s) = 12 Ehrp

By projecting S,, to the hyperplane x1 = 0 we get S,,—1. Figure [I0] shows this construction
with the special vertices highlighted. We should also notice that instead of 1 = 0 we could
have chosen any of the hyperplanes o =0, ..., z,—1 = 0.

Lemma 7.8. The small cross-polytope Sy, (up to reordering coordinates) can be constructed
as

Pbipyr(Sy,-1, (0, ...,0),(0,...,0,1))

Remark 7.9. The choice of special vertices when constructing S, from Sp_1 does not really
matter in the case of small cross-polytopes. There are only n — 1 choices of pairs that do not
share a facet and all of them yield the same polytope (up to unimodular equivalence).

This construction not only proves Theorem once again but also enables us to effortlessly
prove various inductive properties. The following theorem is an example.

Theorem 7.10. Small cross-polytopes admit a unimodular triangulation.

Proof. By induction, the base case is trivial, for the inductive step note that for any (n — 1)-
simplex A in the unimodular triangulation of S,,_; then conv(A, (0,1)) and conv(A, (0,1, —1))
are unimodular n-simplices. Taking these simplices over all A forms a unimodular triangula-
tion of S,,. ]

7.4. Small cross-polytopes are Ehrhart determined.

Theorem 7.11. Let D be a toric diagram. If the Ehrhart polynomial of D has h*-polynomial
h(z) = (1 + 2)" Y, then D is unimodularly equivalent to the small cross polytope.
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Proof. The degree n — 1 of h},(2) indicates that D is Gorenstein of index 2. Thus, the dilated
polytope 2D contains a unique strictly interior lattice point ¢ € Z™.

Evaluating the Ehrhart polynomial at ¢ = 1 gives the total number of lattice points in
D. Because D is Gorenstein of index 2, its interior is empty of lattice points. Furthermore,
since D is a toric diagram, its proper faces are unimodular simplices, meaning they contain
no boundary lattice points other than their actual vertices. Thus, the lattice points of D are
exactly its vertices, giving v = h] + d + 1 = 2d vertices.

Next, we count the lattice points in 2D. For a unimodular k-simplex A, the number of
strictly interior lattice points in its ¢-th dilation is given by the standard discrete volume
formula Lo (t) = (t?). At a dilation of ¢t = 2, any face of dimension k > 2 contains exactly

(,1,) = 0 interior points. Therefore, the lattice points in 2D consist solely of the center ¢, the
2n vertices, and the strict midpoints of its e edges. Evaluating the Ehrhart polynomial at
t =2 gives

n .
1 9 _
Lp(2) = E <n ) ) (n + Z) = 2n? + 1 lattice points.

° 4 n
=0

Equating this to our structural geometric count 1+ 2n + e yields exactly e = 2n(n — 1) edges.
Define the shifted polytope T := 2D — ¢, which places the unique interior point at the
origin 0. Its vertices are v] = 2v; — ¢, implying v/ = —¢ (mod 2). Because all 2d vertices of
T share the same parity, the midpoint of any pair u,w € Vert(7) is an integer lattice point.
If w and w do not form an edge in 7T, their connecting segment crosses the interior. Since
0 is the only interior lattice point, their midpoint must be 0, forcing w = —u.

We now look at the 1-skeleton (the graph of vertices and edges) of 7. A complete graph on
2n vertices has (22") = 2n? —n edges. Since T has 2n(n — 1) = 2n? — 2n edges, it is missing
exactly n edges (non-adjacent pairs). Since a vertex can have at most one geometric antipode
crossing the origin, these n missing edges must be strictly disjoint, perfectly pairing all 2n
vertices into geometric opposites.

We now translate this central symmetry back to D. The opposite vertices in 7 satisfy
w/ = —v]. Substituting our coordinate shift, we get (2w; — ¢) = —(2v; — ¢). Rearranging this
gives v; + w; = ¢. Geometrically, this confirms that the midpoint of any opposite pair (v;, w;)
in D is exactly 5. Thus, the 2n vertices of D consist of n pairs symmetrically arranged around
the half-integer center 3.

Let F be a facet of D with vertices vy,...,v,. Let eq1,..., e, denote the standard basis of
R"™. Because F' is a unimodular simplex, an affine unimodular transformation maps F' onto
the hyperplane x4 = 0 such that its vertices are v; = e; for 1 <i<n -1, and v, = 0.

Since the lattice distance from ¢ to 2F' is exactly 1, the n-th coordinate of ¢ must be +1.
After possibly applying a reflection across z,, = 0 we can guarantee it is 1. We apply a further
unimodular shear parallel to x,, = 0, which preserves F' and maps ¢ exactly to the n-th basis
vector e,.

The remaining n vertices of D are now rigidly determined by the symmetry w; = ¢ — v;.
For 1 <i<n—1, we obtain w; = e,, — €;, and for the origin, w,, = e, — 0 = e,. This exact
configuration of vertices, the basis vectors ey, ...,e,_1 and origin 0, alongside their shifted
symmetrics e, — €1, ...,e, — e,_1 and e, is precisely the standard construction of the small

cross polytope, proving uniqueness up to unimodular equivalence. ]

7.5. Final remarks. The Ehrhart polynomial of a cross-polytope satisfies two curious prop-
erties: (i) it is symmetric in n and ¢, and (ii) all its roots have real part equal to —1/2 [815].
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The Ehrhart polynomial of a small cross-polytope is not symmetric in n and ¢, but is does
satisfy an interesting property analogous to (ii).

Theorem 7.12. All the roots of the Ehrhart polynomial of a small cross-polytope have real
part equal to —1.

Proof. Due to Theorem the main result in [19] implies this result. O

In [6] the following theorem is proved:

Theorem 7.13. If for some integral polytope P all the complex roots of Lp have real part
—1/2, then P is reflexive.

Can we infer a similar property for the polytopes such that all the roots have real part —17

8. ON PREQUANTIZATIONS OF GORENSTEIN DELZANT POLYTOPES

In this section we consider a construction similar to the one in the previous one, but now
for a general reflexive Delzant n-polytope P such that P/r is integral for some r € Z~.

preq.
———— D
P - dual

/r

Plr —22 D
Our main result in this context is the following theorem.

Theorem 8.1.

1 _ T
Ehrp(z) = 1 -

Ehr'D/(Z) .
Corollary 8.2. Let P be a Gorenstein polytope of index s such that P/r is integral for some
r € Z~q. Let D be the toric diagram of the prequantization of P and D' the one of P/r. We
then have that

1 _ ZTS

1—25

Ehrp(z) = Ehrp(z).

Proof. (Corollary) Let 7 be the toric diagram of the prequantization of the reflexive polytope
sP = sr(P/r). Applying [Theorem 8.1 twice, once to P and once to P/r, we have that

1— 28 1 — "s
: Ehrp(z) = Ehry(z) = : Ehrp (2)
1-2 -z
which proves the corollary. Note that D" is Gorenstein of index rs. 0

Remark 8.3. It is interesting, although direct, to check that the h* polynomial of D is exactly
the sum of v copies of the h* polynomial of D' such that each one has a shift of s indices to
the right. More precisely,

h'*D(Z) = (1 + Zs + 225 e zs(r—l)) h%,(z) '
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Furthermore, we note that the case s = 1 is of particular interest. In this case, we have a
reflexive toric diagram D and toric diagram D’ that is Gorenstein of index r. The previous

expression can be stated as
xX
> BD)=hi(D).
j=z—r+1
We assume throughout that h(D') = h%(D) =0 for x < 0 and for x > n. Taking consecutive
differences yields
hy (D) = h(D') = by (D) — h(D).
Let x =n—m+rk+r and apply the palindromic property hy (D) = h;,_, (D) to the right hand
side to get

;7m+rk( ) h‘; m+r(k+1) (D/) = rnfrkfr+1(p) - ;nfrkfr(’D)'

Summing both sides over k > 0 we have

h;’;—m(p/) = Z ( :n—rk—r+1(D) - :n—rk—r(D)) )
k>0
recognizing the left hand side as a telescoping sum. In terms of contact Betti numbers, and
since cbyi(Npr,Epr) = 0 for all i < 0, we have that
i
choi(Npr,épr) = Y (cbam(Npr, &) = eha(m—1)(Npr, ép1)) Z by
m=0

Substituting the expression for hY_, (D'), exchanging the order of summation, and evaluating
the inner telescoping sum, we get

Cb?z Nopr, é'D’ Z Z m—rk— 7'+1 )_ ;kn—rk—'r(p))

m=0 k>0

= Z h:—rk—r+1(D)
k>0
Recall that Cbgi(ND/,fpl) = rankHCgi(ND/,fpr) and h:(D) = dimHZi(Mp;Q), where Mp
is the toric symplectic manifold with reflexive Delzant polytope P = —D* (cf. equation )
Thus, in this toric context, Theorem is the Ehrhart theory version of

HCQi (ND’ ) gD/) = @ H2(i_rk_r+1) (M'P7 Q) )
k>0

which is exactly Corollary 1.9 in [4] and also follows from a more general result in |7].

8.1. Proof of Theorem Let P be a reflexive Delzant polytope such that P/r is integral.
Let us determine the toric diagrams of the prequantization of P and P/r.

Translate P by a lattice vector such that 0 € V(P). For the sake of this proof, we will
only perform the first step of Definition letting our toric diagram (a n-polytope) remain
contained in a hyperplane of R™*!. This clearly does not affect the integer points contained in
the polytope compared to the final toric diagram, since the only missing step is a unimodular
transformation.

If P is defined by the d hyperplanes « - v; > —\;, with v; € Z" and \; e Zfori=1,...,d,
then the vertices of D are (v, A;). Furthermore, since P/r is defined by the hyperplanes
x - v; > —\;/r, the vertices of D’ are (v;, A\;/r), which are integer by hypothesis.
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Note that v; are the vertices of the projection of both these polytopes onto the hyperplane
normal to (0,...,0,1). These vertices are the vertices of —P*, where P* is the polar dual of
P. In fact, it is easy to check the following lemma.

Lemma 8.4. The face poset (or combinatorial structure) of D coincides with the face poset
of D'.

Proof. From the previous paragraph, we essentially have the "same" set of vertices but located
in two different hyperplanes of R"*1. More precisely, consider the linear map ® : R*t! — R+l
defined by the diagonal matrix diag(1,...,1,1/r). This map is a linear isomorphism that sends
(vi, \i) to (v, Ai/r) for every i € 1,...,d, implying that ®(D) = D’. Since linear isomorphisms
preserve the face structure of polytopes, D and D’ are combinatorially equivalent. O

This lemma, together with the fact that D and D’ are toric diagrams, implies that their
boundaries will always be Ehrhart-equivalent. This is formalized in the next lemma.

Lemma 8.5. #{0tDNZ"} = #{otD' NZ"} for all t € Z~y.

Proof. From Lemma [8.4] one can conclude that the number of i-dimensional faces, i =
—1,...,n, of D and D’ coincide. Recalling that D and D’ are toric diagrams, we know
that all their faces of dimension < n — 1 are unimodular simplices. This implies that there are
unimodular triangulations (with no new vertices) of 9D and dD’. Since the polytopes share
the same face lattice and every corresponding face is a unimodular simplex, the Principle
of Inclusion-Exclusion yields an identical number of boundary lattice points for both D and
D' O

Proof of Theorem[8.1]. Tt is easy to see that Theorem [8.1]is equivalent to

r—1
Lo@) = Lo(t — i)
=0

so we can finish the proof by induction in ¢. The base case is trivial. For the inductive step
we use the fact that D is reflexive, so we can apply Theorem to get

Lp(t+1)=#{0(t+1)DNZ"} + Lp(t)

r—1
=#{0(t+1)DNZ"} + Z Lp(t —1) (induction step)
i=0
r—1
=#{0t+1)D'NZ"} + Z Ly (t—1) (Lemma
i=0
r—2
=Lp(t+1)+ Z Lp(t—1) (D' is Gorenstein of index r + Theorem [6.17)
i=0

r—1
=0
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9. A CLASS OF TORIC DIAGRAMS EHRHART EQUIVALENT TO CROSS-POLYTOPES

In this section we construct and classify a class of toric diagrams that share the Ehrhart
series of the cross-polytope ¢4. This class consists of the toric diagrams that arise from the
prequantization of monotone Bott manifolds (cf. Section [3| in particular Theorem [3.1)).

9.1. Iterative construction via pseudo-bipyramids. Recall that pseudo-bipyramids where
defined in Definition [7.5] Denoting the set of n-dimensional polytopes in our class by C,,, we
define the next iteration as

Cn+1 = {Pbipyr(P, s1,82) | P € Cn, 81,82 € Z" N P}.

and initialize C; with just one element, the toric diagram [—1,1]. For any polytope P € C,,
because it is Ehrhart equivalent to ¢,, the only lattice points it contains are its 2n boundary
vertices and the origin as its unique interior point. Thus, when choosing the points si, so for
the next iteration, we are restricted to three cases:

e 51 = so = 0, which yields the standard bipyramid;
e s1 =0 and sy € OP;
e 51,89 € OP.

Lemma 9.1. The third case (si,82 € OP) is redundant, as it always produces a polytope
unimodularly equivalent to one generated by one of the other cases.

Proof. Let Q = P-bipyr(P, s1, s2) where s1, so € 9P. We define a mapping ¢ : R — R+
given by the transformation

90(w7 ZCTL-H) = (m — Tn+4181, xn+1) .

Because s1 € Z", ¢ is a unimodular transformation. Applying ¢ to the vertices of Q yields

o o(x,0) = (x,0) for all x € V(P);

[ @(81, 1) = (81 — 81, 1) = (0, 1),

e (s, —1) = (s2+ s1,—1).
Therefore, ¢(Q) has vertices equivalent to a pseudo-bipyramid with special points at the origin
and at y = s1 + s9. We must verify that y is a valid lattice point in . Because P is Ehrhart
equivalent to ¢, and its unique interior lattice point is the origin 0, we know that P is a
reflexive polytope. Therefore P can be defined as the intersection of half-spaces x -vp+1 > 0,
where vp € Z" is the primitive interior normal to the facet F. Since s1,s2 € Z™ NP, their
dot products with v are integers lower bounded by —1. By Lemma to ensure that the
resulting pseudo-bipyramid is simplicial, the special points s; and s cannot lie on the same
facet of P. Therefore, they cannot simultaneously satisfy @ - vp = —1 for any given facet
F'. Because the dot products are integers, for every facet F' at least one of s1 - vp or s9 - vp
must be strictly greater than —1, meaning it must be > 0. By linearity of the inner product,
(s1+82)-vp+1 > 0 for all facets F'. This proves that y = s1+ s9 satisfies all facet inequalities
and therefore is in P. Since y is the sum of two integer vectors, it is a lattice point in P, hence
it is either 0 or belongs to the boundary 0P. Thus, ¢p(Q) = P-bipyr(P,0,y) with y = 0 or
y € JP as desired. O

Theorem 9.2. The vertex set of any polytope in Cpy1 is of the form

{(0,..,0,1), (y, —1)} U{(=,0) | = € P},
for some P €Cp andy € Z" N'P.
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Proof. By the preceding Lemma, we only need to consider constructions where at least one of
the new points is the origin. O

While this characterizes the coordinates perfectly, enumerating the family remains problematic
since different choices of P or y can yield toric diagrams that are unimodularly equivalent.

9.2. Classification via Rooted 3-Cacti. To systematically classify the toric diagrams in
C,, up to unimodular equivalence, we encode the iterative pseudo-bipyramid construction into
a purely combinatorial object, a rooted 3-cactus graph. There are several possible choices of
combinatorial objects to carry out this classification. We chose rooted 3-cacti because they
have already been related to monotone Bott manifolds in [10].

A 3-cactus (or triangle-cactus) is a connected graph in which every edge belongs to exactly
one simple cycle, and every such cycle is a triangle (K3). We can naturally construct a
bijection between the lattice points in a polytope P € C,, and the vertices of a rooted 3-cactus
T, where the root corresponds to the origin 0, and every other node corresponds to a non-zero
boundary lattice point of the polytope. Note that whenever a rooted 3-cactus has n triangles
then it has 3n — (n — 1) = 2n + 1 vertices.

We define this mapping explicitly by building the graph incrementally, alongside the pseudo-
bipyramid construction. For the base case n = 1, we start with the polytope P; = [—1,1] € ;.
It contains exactly three lattice points: the origin 0, and the boundary points —1 and 1. The
corresponding graph G is initialized as a single triangle (K3), where the root node represents
0 and the other two vertices represent —1 and 1. Suppose we have a 3-cactus G representing
a polytope Py € Ci. To construct the next iteration Priq1 = P-bipyr(Px,0,y), we first map
x — (2,0), and then select an existing lattice point y € Z*+1 NPy, x {0}, which corresponds to
a node in Gy (where choosing y = 0 corresponds to selecting the root node). This operation
introduces exactly two new lattice points to the newly formed polytope: vi4+1 := er41 and
Wgt1 ‘= Y — €x41. In our graph, we represent this geometric addition by attaching a new
triangle directly to the node corresponding to y. The two newly added vertices of this triangle
naturally represent vi41 and wg4; and we will later refer to y as the parent of vy and wyy.
This procedure can be visualized in Figure

Notice the invariant of this construction: the two newly added vertices always perfectly
sum to their parent, vy + wy = y. Before proving the main equivalence theorem, we must
establish a lemma regarding this additive relationship.

Lemma 9.3. For any toric diagram P € C,, three distinct points a,b,c € P NZ" satisfy
a + b = c if and only if the corresponding vertices form a triangle in the associated 3-cactus
G, with ¢ as the parent of the others.

Proof. ( <=) This follows directly from the construction.
( = ) Suppose a + b = c for three distinct lattice points in P. Because they are distinct,
neither a nor b can be the origin 0 (otherwise we would have a = ¢ or b = ¢).

Let k < n be the largest coordinate index where at least one of these vertices has a non-zero
entry. All coordinates in our construction belong to {—1,0,1}.

If ¢ # 0, assume without loss of generality ¢, = 1. To satisfy ap + by = 1 with coordinates
restricted to {—1,0, 1}, exactly one of the summands, say aj, must equal 1. By the pseudo-
bipyramid construction, there is a unique point in P with a k-th coordinate of 1 and all
subsequent coordinates 0. This forces a = ¢, which contradicts the assumption that a and ¢
are distinct points.
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Thus, we must have ¢, = 0, forcing {a, b} = {1, —1}. This uniquely identifies @ and b as
the exact pair of vertices added at dimension k. By Theorem [9.2] these are (0,1) and (y, —1).
Their sum is (y, 0), identifying ¢ as their parent vertex embedded in the (k — 1)-dimensional

base. O
Polytope 3-Cactus
0
: VAN
OoO——O0 1
—1 1
—1 1

Attach ey and y; — eq
toyr = (_1: 0)

T 1
2 A\

y1 = (—1,0)
y1 = (—1,0)
y1—ez = (—1,-1) es = (0,1)

y1—€2—( 1—1) :
1

Attach ez and yo — e3
to Y2 = (07 17 0)

1
0
2
Y2 = (07 170) Y2 = (07170)
1
Y2 —e3 = (O, 1, —1) €3 = (0707 1) Y2 — €3 = (07 1» 71)

FIGURE 11. Visualizing the iterative construction sequence. At each dimen-
sion step k, only the active parent vertex yi_1 (Purple) and the two newly
generated integer vertices ey and yi_1 — e (Cyan) are labeled, explicitly iso-
lating the newly formed triangle.

We define a leaf triangle in a rooted 3-cactus G as a triangle containing exactly two vertices
of degree 2 (the leaves of the graph), with the third vertex acting as their parent.

Lemma 9.4. The unimodular equivalence class of a polytope P € C, depends only on its
associated 3-cactus G, and not on the specific sequence in which its triangles are constructed.
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Consequently, any leaf triangle of G can be assumed to correspond to the final construction
step in dimension n.

Proof. The rooted structure of G imposes a natural partial order on its triangles, as any parent
vertex must be generated before its children. A valid geometric construction of P corresponds
to choosing a linear extension of this partial order, assigning each of the n triangles to a
distinct step k € {1,...,n}.

By the pseudo-bipyramid construction, at each step k € {2,...,n}, the operation embeds
the (k — 1)-dimensional base into R* and introduces two new vertices. Specifically, the two
vertices added at step k take the values £1 exclusively in the k-th coordinate. As a result,
the geometric embedding of each triangle in G is entirely determined by the axis e assigned
at its creation step.

Suppose we generate two polytopes, P; and Po, using two different valid construction se-
quences for the exact same graph . Because the set of triangles and their parent-child
adjacencies are identical, the step sequence for Ps is merely a permutation of the sequence
for P;. Geometrically, this simply permutes the assignment of the orthogonal basis vectors
{e1,..., ey} to the triangles of G. The linear transformation that maps the vertices of Py to P
is exactly this permutation of the coordinate axis. Because permutation matrices have deter-
minant 41, this transformation is unimodular, therefore, any two valid attachment sequences
for G generate polytopes that are unimodularly equivalent.

This allows us to freely reorder the construction so that any chosen leaf triangle is generated
at the final step n. O

Theorem 9.5. Two polytopes P1, P2 € Cp, are unimodularly equivalent if and only if their
corresponding rooted 3-cacti G1 and Go are isomorphic.

Proof. (=) Suppose P; and P, are unimodularly equivalent. By definition, there exists an
unimodular transformation U : Z™ — Z"™ mapping V(P1) bijectively to V(P2).

All polytopes in C, are reflexive and the origin 0 is their unique interior lattice point. For
U to map P; to Po bijectively, it must map the interior to the interior, forcing U(0) = 0. This
guarantees that U is linear (possessing no translation component).

Because U is a linear bijection, the additive relation a + b = ¢ holds for a triplet of vertices
in Py if and only if U(a) + U(b) = U(c) holds in P2. By Lemma these sums identify the
adjacencies of the 3-cactus.

We claim the restriction Ul (p, acts as a strict, root-preserving graph isomorphism between
G1 and Go. First, since U(0) = 0, the root of the graph is preserved. Second, two distinct
vertices ¢,y € V(G1) share an edge if and only if they belong to the same triangle. By
Lemma this occurs if and only if there exists a third vertex z € V(G1) such that one of
the three vertices is the exact sum of the other two. Because U preserves this exact additive
relation, this holds if and only if the same equality holds in P,. This sum guarantees that
{U(x),U(y),U(z)} forms a valid triangle in Ga. Therefore, {x,y} is an edge in G; if and
only if {U(z),U(y)} is an edge in G, proving the isomorphism.

( < ) Suppose G and Gy are isomorphic via a root-preserving graph isomorphism ¢ :
V(G1) — V(G2). We will explicitly construct a unimodular matrix U such that U(x) = ¢(x)
for all € € V(Py), proceeding by induction on n.

For the base case n = 1 we have that G; and G4 are single triangles corresponding to
[—1,1]. The unimodular map U = [1] or U = [—1] trivially satisfies the claim depending on
whether the isomorphism ¢ fixes or swaps the vertices.
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For the inductive step let n > 1 and assume the claim holds for dimension n—1. Because G
is a finite 3-cactus, it contains at least one leaf triangle {y, v, w} where y is the parent vertex.
By Lemma [9.4] we may assume up to a unimodular permutation that this leaf triangle was
added at the final n-th step. Thus, v = e, and w = y — e,,, producing the relation v+w = y.
The isomorphism ¢ maps this to a leaf triangle {¢(y), ¢(v), p(w)} in Ga. Applying Lemma
to Ps, we can reindex its construction steps so this corresponding mapped leaf is also added at
the n-th step. Because it is attached to the parent ¢(y), the newly added vertices {¢(v), d(w)}
are exactly eq and ¢(y) — e,. Consequently, ¢(v) has n-th coordinate o € {1,—1} and its
first n — 1 coordinates form some vector g € Z"~!. Removing these leaf vertices from G and
G5 leaves isomorphic 3-cacti of dimension n — 1. By the inductive hypothesis, there exists a
(n—1) x (n—1) unimodular matrix U’ mapping all remaining base vertices perfectly, ensuring
U'(y) = ¢(y). We extend U’ to a n X n matrix U by defining the action on the new basis
vector as U(e,) = ¢(v). Because all base vectors in P,,_1 have a 0 in the n-th coordinate, U
naturally forms a block matrix given by

U q
U= [OT OJ .
Its determinant is det(U) = adet(U’) = +1, meaning U is a unimodular map. Finally, we
verify that U maps the remaining leaf vertex w correctly. By linearity and the additive relation
of the triangle in G,

U(w) =U(y —v) =U(y) - U(v) = ¢(y) — ¢(v).

Because {¢(y), #(v), ¢(w)} is a triangle in G, we know from Lemma [9.3] that ¢(v) + ¢(w) =
¢(y). Substituting this directly gives U(w) = ¢(w). Since U matches ¢ on the base vertices
and correctly maps both new leaves, the polytopes are unimodularly equivalent. O

=W Ay
A\

FIGURE 12. The 5 unimodular equivalence classes of rooted 3-cacti for n = 3.

By viewing these polytopes purely as rooted 3-cacti, we can bypass geometric checks and
efficiently calculate the number of unique isomorphism classes. This allows us to compute the
values in Table [I] as well as vertex descriptions of all those toric diagrams. We remark that
this sequence is known as Entry A003080 in [18].
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Dimension Count of P-bipyramids
Ehrhart-equivalent to cross-
polytopes

1 1

2 2

3 5

4 13

5 37

6 111

7 345

8 1105

9 3624

10 12099

11 41000

12 140647

13 487440

14 1704115

15 6002600

TABLE 1. Number of pseudo-bipyramids Ehrhart equivalent to cross-polytopes
for n <15

10. TORIC DIAGRAMS EHRHART EQUIVALENT TO A SMALL BIPYRAMID OVER THE
UNIMODULAR SIMPLEX

Let n > 1 be an integer and A,_; denote the standard unimodular simplex in R"~!,
Consider the family of n-dimensional polytopes Pj, given by
P :=conv({(n+k)Ap—1 — 1} x {1}, {(n — k)Ap—1 — 1} x {1}) ,

where 0 < k < n is an integer parameter. It is easy to see that Py is reflexive and Delzant by
looking at the hyperplane description of Py, which is given by:

e z;+1>0,Vie{l,...,n};

o —z,+12>0;

o Sl —kx, +12>0.
The toric diagram 7T of the prequantization of P, has vertex set

V(E) = {617 <.y €En, —€n, vk}

where vy := (—1,...,—1,—k).

Lemma 10.1. For any 0 < k < n, the toric diagram Ty is a bipyramid with apices A =
{en, —en} and base € = {e1,...,en_1,v1}.

Proof. Let B(Ty) be the barycenter of £. We have the following affine dependency:
1 n—=k n—+k
B = = = n —En
(7s) nvz;gv <2n>e+<2n)< en)

Since 0 < k < n, the coefficients are positive and sum to 1. By the following Lemma Tk
is a bipyramid. ]
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Lemma 10.2. Let V = {v1,...,0,,Y1,Y2} be the set of n + 2 vertices of a n-dimensional
lattice polytope P. If there exists an affine dependency of the form

n
Z Qiv; = Y1 + pu2y2,
i=1

where o, pj > 0 for all 1,5 and Y o; = > p; = 1, then P is a lattice bipyramid with base
E=A{vy,...,vq} and apices A= {y1,y2}.

Proof. The point @ := Y"1 | a;v; = p1y1 + poye lies in the relative interior of both conv(€)
and conv(A). In a n-polytope with n + 2 vertices, the space of affine dependencies is exactly
one-dimensional. This unique dependency implies that £ and A are the only subsets of vertices
whose convex hulls intersect in the interior. A subset of vertices F C V forms a face of P if
and only if its convex hull does not intersect the interior of P. Therefore, F is a face if and
only if it contains neither £ nor 4. The maximal such sets (facets) are obtained by removing
exactly one vertex from £ and one from A. Specifically, the facets of P are of the form
conv((€ \ {v;}) U{y;}) for i € {1,...,n} and j € {1,2}. This is precisely the combinatorial
description of a bipyramid with apices y; and y, over a (n — 1)-simplex base with vertices
Vi,...,Up. ]

Theorem 10.3. The h*-polynomial of Ty is h7, (2) = 1 + 22 + 222 4o 4 220 o,

Proof. Since T is a toric diagram we know there is a unimodular triangulation 7" for 07.
Furthermore 7}, is reflexive so taking the convex hull of the origin with each simplex of the
boundary 97 induces a unimodular triangulation K of Ty (see e.g. Exercise 10.3 of [5]).
Furthermore, we can use Theorem 10.3 of [5] to conclude that

h1.(2) = hori (2)

where hp7;, is the h-polynomial of the boundary, i.e.

hom(2) = 3 fia2 (1 —2)" (2)
j=0

with f;—1 = number of (j — 1)-dimensional faces of 07, (f-1 = 0).
To compute hat;, (2), we determine the f-vector of the boundary complex. As established,
T is combinatorially a bipyramid over a (n—1)-simplex. For 0 < j < n, a (j —1)-face is either

a (j —1)-face of the base (n—1)-simplex (yielding (7;) faces) or the convex hull of a (j —2)-face
of the base with one of the two apices (yielding Z(jfl) faces). The facets of Ty (j = n) are
exactly the convex hulls of the n faces of dimension (n — 2) of the base with each of the two
apices, yielding f,—1 = 2n. This allows us to express the face numbers for all 0 < j < n as

() () e

where 0;, is the Kronecker delta. Substituting this explicit f-vector in , we split the
summation into three parts:

hor. (2) = f: (’?)ZJQ —z)”_j—i—QEn: <” >zj(1 — )

j=o PVl
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The first sum is the binomial expansion of (z + (1 — 2))™ = 1" = 1. For the second sum, we
have

n-l n . . 2z n—l n . )
QZZ ( ,)zz(l 2 L Z < ,)zz(l —z)"
= \i 1-=2 = \i
_2z2(1-2")

o 1—z

:22(1‘1‘2’4—224—..._'_271—1).
Recombining all the evaluated terms, we obtain
haﬂc('z) = 1+22+222+...+22n71+2n'

Because this polynomial depends only on the dimension n, the reflexivity, and the combina-
torial bipyramid structure, it is invariant across all valid choices of k. Since h7, (2) = hor, (2),
the result follows. 0

Remark 10.4. We could also have proved this theorem directly from , since the monotone
toric symplectic manifold (M, [w] = c1(M?™)) determined by the reflexive Delzant polytope
Pr., cf. Subsection can be easily seen to satisfy

dim H¥ (M?";Q) = dim H¥ (P ' x PL,Q) =2 forallj =1, ... ,n—1.
Theorem 10.5. For integers 0 < ki, ko <n, Tg, = Tr, if and only if k1 = ke.

Proof. The result is trivial for n = 2 and we will now prove it for n > 3. Assume there exists
an affine unimodular transformation ¢ mapping 7k, to Tg,. Since ¢ must preserve the unique
affine dependency from Lemma [10.1] it maps the base barycenter B(Ty,) to B(Ty,). This
requires

n—k‘l n—|—k'1 _n—k‘g TL—|—k’2
d)( on ot oy, (—en)>— on ot oy, (=en).

The map ¢ must preserve vertex degrees in the 1-skeleton. The base vertices £ have degree
n + 1, while the apices A have degree n. Thus, ¢ maps Ay, to Ag, and &, to &,. As ¢
restricts to a bijection on the apices Ay, = A, = {e,, —ey}, there are two cases. If ¢ preserves
the apices, then (n + k1)/2n = (n + k2)/2n, implying k; = ko. If ¢ swaps the apices, then
(n—k1)/2n = (n+ k2)/2n, implying —ky = ko, which for ki, ke > 0 forces ky = ko =0. O

To apply the prequantization to the divided polytope Pj/2, we must first ensure that
the resulting scaled polytope is integral. Shifting the polytope by (1,...,1), we obtain a
hyperplane description of the shifted polytope P}, := Py, + (1, ..., 1) which is given by:

o z; >0,Vie{l,...,n}

o —x,+22>0;

o Sl —kay,+n+k>0.
We conclude that Py, := P,./2 is integral if and only if £ = n (mod 2). The inner normal
vectors of the cone over Py, x {1} C R are:

e (e;,0),Vie{l,...,n};

o (—ep, 1);

o (—1,...,—1,—k, %)
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N\

We use the unimodular transformation in R"*! given by the matrix T € GL(n + 1, Z)

FIGURE 13. 77 and D; in dimension n = 3.

M0 1 0 ... 0
00 1

T= Lo - 0
00 ... 0 1
11 1 1 2]

to map all these points to the hyperplane xz,1; = 1. We obtain that the vertices of the
corresponding toric diagram Dy are:

® a) — 0;

e a1 =¢€;,Vi€E {1,...,71—1};

® Apt1l = —€n—1 1 €p;

® Qpio = — 2?512 e; — k:en_l + nTJrken.

See Figure [13] with 77 and D; in dimension n = 3.

Lemma 10.6. For any 0 < k < n satisfying k = n (mod 2), the polytope Dy is a lattice
bipyramid with apices A = {an,an+1} and base € ={ai,...,an_1,an42}.

Proof. The polytope Dy, inherits the barycentric relation from the reflexive family 7y:

1 n—=k n+k
B(Dk)—nzv—< on >an—|—< m >an+1.

vel

Since 0 < k < n, the coefficients are positive and sum to 1. By Lemma [10.2] Dy is a
bipyramid. O

Theorem 10.7. The h*-polynomial of the toric diagram Dy is given by
Wp (2) =14z+22 442",
Proof. From Theorem we know that hy, = (1+ z)h%k. The result follows. 0

Theorem 10.8. For integers ki, ko such that 0 < ki, ko < n and k; = ko = n (mod 2), the
prequantized toric diagrams Dy, and Dy, are unimodularly equivalent if and only if k1 = ka.

Proof. The proof is mostly the same as the one for Theorem [10.5] The result is trivial for
n = 2 and we will prove it for n > 3. Assume there exists an affine unimodular transformation
¢ mapping Dy, to Dy,. Let a1,...,ani2 be the vertices of Qy, and af,...,a], , the ones of
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Qp,. Since ¢ must preserve the unique affine dependency from Lemma it maps the base
barycenter B(Qy,) to B(Qk,). This requires

¢<n—k:1 n+k1an+1)_n—k‘2a,+n+k‘2 ’

2n On + 2n on " 2n @n1-

The map ¢ must preserve vertex degrees. The base vertices in £ have degree n + 1, while

the apices in A have degree n. Thus, ¢ maps A, to Ay, and &, to &,. Since ¢ induces a
n—k1 ntki n—ko n—l—kz} as
2n 0’ 2n 2n  2n 0

bijection on the apex sets, the coefficients { } must coincide with {

multiset entries. The result follows.

Theorem 10.9. Let S be a n-dimensional toric diagram. If its h*-polynomial is h(z) =
1+z4+224-- 42" then S is unimodularly equivalent to Dy, for a unique k € 7 satisfying
0<k<nandk=n (mod 2).

Proof. From the given h*-polynomial, the normalized volume of S is h5(1) = n. The total
number of lattice points is Ls(1) = h] +n+1 = n+ 2. Since the degree of hs is n — 1 and it
is palindromic, § is Gorenstein of index 2 thus contains no interior lattice points. Because &
is a toric diagram, its facets are primitive, so all n + 2 lattice points are vertices.

Next, we determine the number of facets. The standard expansion of the Ehrhart polyno-
mial dictates that the coefficient of t"~! in Lg(t) is

% > Vol (F).

FeF(S)

Because every facet F' of a toric diagram is a unimodular simplex, the relative volume

Vol,,—1(F) = ﬁ, making this coefficient exactly % Using our specific h*-polynomial,
the Ehrhart polynomial is Lg(t) = Z;‘;& (t+2—j)7 where the coefficient of t"~! is ﬁ

Equating these gives a facet count of f,,_1 = 2n.

Any n-dimensional polytope with n + 2 vertices admits a unique (up to scaling) affine
dependency > A\;jv; = 0 with > \; = 0. Because every facet of S is a simplex, no subset of
n+ 1 vertices can be affinely dependent. This strictly guarantees that A; # 0 for all 9, meaning
every vertex participates in the dependency. This dependency therefore partitions the vertices
into exactly two disjoint sets I = {v; : \; > 0} and J = {v; : \; < 0}. A subset of vertices
forms a facet if and only if it is obtained by removing exactly one vertex from I and one from
J. Thus, the number of facets is given by the product |I|-|J|. We are led to the system

[I|+|J|=n+2 and |I|-|J|=2n,

whose unique integer solution is {|I|,|J|} = {n,2}. A polytope whose vertices are partitioned
in this way is, by definition, a bipyramid over a (n — 1)-simplex. Let & = {v1,...,v,} be the
base vertices and A = {y1,y2} be the apices.

The bipyramid § is triangulated by n lattice simplices S; = conv((E\{v;})U.A), therefore the
sum of their normalized volumes must be n. Since each S; is a lattice simplex, its normalized
volume must be an integer greater than or equal to 1. This forces the normalized volume of
S; to be 1 for all 1 < ¢ < n. The equality of these volumes implies that the coefficients of the
base vertices in the affine dependency are identical. The dependency relation is thus

n
> v =y + paya
=1
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where pg + p2 = n. By setting k = po — 1, we find p; = "Tfk and pp = %H“ Up to swapping
the apices y; and yo, we may assume 0 < k < n.

Finally, because Vol(S,) = 1, the vectors {v; — y1,...,vp—1 — Y1,y2 — Y1} form a Z-basis
for the lattice. Let ¢ be the affine unimodular transformation that maps this basis to the

basis formed by the corresponding vertices of Dy:

(Y1) = an, ¢(y2) =ani1, S(v;)) =a;for1 <i<n-1.
Applying ¢ to our dependency relation isolates ¢(vy,)

n—1

—k k k
E ai—l—gb('vn):L an—l—L—’— ant1 = o(v,) = (—1,...,—1,—k‘,n+ > .
i=1

2 2 2

For ¢(vy,,) to be an integral lattice point, the coordinate "T‘H"’ must be an integer, which forces

the condition k = n (mod 2). Therefore, S is unimodularly equivalent to Dy. Uniqueness of
k is a consequence of Theorem [10.8] ]
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