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Abstract. We consider closed contact manifolds pM, ξq with periodic positive equivariant
symplectic homology. This is a very large class of contact manifolds and, to the best of our
knowledge, includes all currently known examples admitting Reeb flows with finitely many
closed orbits for which this homology is well defined. Under weak and homologically natural
index assumptions on a non-degenerate contact form α on M , we establish a sharp lower
bound rM for the number of simple closed Reeb orbits of α. The quantity rM is completely
defined in terms of the positive equivariant symplectic homology of M . Moreover, we show
that this bound is attained if and only if α is lacunary, i.e., the Conley-Zehnder indices
of all closed orbits have the same parity. Consequently, the invariant rM admits a clean
dynamical characterization: whenever M admits a non-degenerate lacunary contact form,
rM equals the number of its simple closed Reeb orbits and is therefore independent of the
choice of such a form. In particular, in the lacunary case the number of such orbits is a
contact invariant completely determined by Floer theory. We compute rM for a broad class
of examples, including several prequantizations of symplectic orbifolds, and show that in this
case rM “ dimH˚pM{S1;Qq, thereby giving a topological characterization of the invariant.
Motivated by these results, we conjecture that any contact form with finitely many closed
Reeb orbits is necessarily non-degenerate and lacunary, and that the underlying contact
manifold is a prequantization of this type.
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1. Introduction

The main theme of this paper is the multiplicity problem for geometrically distinct closed
Reeb orbits of non-degenerate contact forms satisfying certain weak and homologically nat-
ural index conditions on a very large class of contact manifolds, namely those with periodic
positive equivariant symplectic homology. To the best of our knowledge, this class contains
all currently known examples of contact manifolds admitting Reeb flows with finitely many
closed orbits for which equivariant symplectic homology is a well-defined invariant.

We establish a sharp lower bound for the number of simple closed Reeb orbits on such man-
ifolds, expressed entirely in terms of the positive equivariant symplectic homology. Moreover,
we show that this bound is attained if and only if the contact form is lacunary, that is, the
indices of all closed orbits have the same parity. Thus, the bound admits a clean dynamical
characterization: whenever a non-degenerate lacunary contact form exists, the bound is pre-
cisely the number of its simple closed orbits. In particular, in the lacunary case this number is
independent of the contact form and depends only on the contact structure, thereby defining
a genuine contact invariant. This invariant can be viewed as a contact analogue of the sum of
the Betti numbers in Arnold’s conjecture (see the discussion at the end of the introduction).
We also compute it in several examples.

Our computation shows that whenM is a suitable prequantization bundle over a symplectic
orbifold, i.e., it admits a periodic Reeb flow, the invariant rM also admits a purely topological
interpretation: it can be read off directly from the equivariant singular homology of M . Thus
rM simultaneously carries three distinct and complementary meanings – homological (in terms
of positive equivariant symplectic homology), dynamical (as a count of simple closed Reeb
orbits of lacunary forms), and topological (in terms of the equivariant topology of M) –
reflecting the interaction between the contact dynamics and the underlying topology.

Let us introduce the problem and its roots. The multiplicity question for geometrically
distinct closed Reeb orbits originates in Hamiltonian dynamics and goes back at least a
century. In its modern formulation, the problem asks for a lower bound, ideally sharp,
for the number of such orbits of a contact form α on a given contact manifold pM2n`1, ξq.
The form α is usually assumed to satisfy additional conditions which play both conceptual
and technical roles. In this work, for instance, we focus on non-degenerate contact forms,
a Morse-type condition. Two fundamental tools for studying this problem are (positive)
equivariant symplectic homology and linearized contact homology. The latter was introduced
by Eliashberg, Givental and Hofer in their seminal paper [25]. The former was introduced
by Viterbo [54] and subsequently developed by Bourgeois and Oancea [13, 14, 15, 16, 17].



MULTIPLICITY OF CLOSED REEB ORBITS 3

As shown in [17], these homologies are isomorphic whenever linearized contact homology is
well-defined.

When the linearized contact homology (with rational coefficients) is unbounded, that is,
when the dimension of the corresponding vector spaces tends to infinity along some sequence
of degrees ki Ñ 8, every contact form on M has infinitely many simple closed orbits [36]; cf.
[46]. We refer to this situation as the homologically unbounded case; see the survey [44].

Thus, for the multiplicity problem the interesting case is the homologically bounded one. To
the best of our knowledge, every homologically bounded contact manifold currently known has
periodic positive equivariant symplectic homology, that is, the positive equivariant symplectic
homology groups become periodic after some degree; see Definition 1. A particular example
is given by a prequantization S1-bundle pM2n`1, ξq over a closed integral symplectic manifold
pB,ωq such that HoddpB;Qq “ 0. This class includes important examples such as the standard
contact sphere.

For such prequantizations, several multiplicity results are known; see the survey [44]. Let
us briefly describe the current state of the art for the standard contact sphere pS2n`1, ξq.
Conjecturally, every contact form α supporting ξ has at least n`1 simple closed Reeb orbits.
This conjecture has been proved when n “ 1 [20, 30, 41]; however, it remains far from being
settled when n ě 2. In general, without non-degeneracy or index/action assumptions, it is
not even known whether there exists more than one simple closed Reeb orbit when n ě 2.
When α is non-degenerate, it is easy to see that there must be at least two such orbits (see,
e.g., [37, 34, 2]), but the existence of three simple orbits on, say, S5 is already a difficult open
problem.

The situation changes dramatically once one imposes restrictions on the indices of closed
Reeb orbits. In a series of papers starting with a groundbreaking work of Long and Zhu
[42, 43], several multiplicity results were established under what is usually called the dynamical
convexity assumption; see [4, 28, 32, 35, 55, 56] and the references therein. For S2n`1 this
assumption requires that all closed Reeb orbits have Conley-Zehnder index at least n ` 2,
and it follows from geometrical convexity. Under this assumption, it has been shown that a
non-degenerate dynamically convex contact form on S2n`1 must have at least n ` 1 simple
closed Reeb orbits, while without the non-degeneracy assumption the number of orbits is at
least rpn ` 1q{2s ` 1. In a recent outstanding work, Cineli, Ginzburg and Gürel [18] proved
the bound n` 1 for any dynamically convex contact form on S2n`1, degenerate or not.

In [23], the lower bound n`1 for non-degenerate contact forms α on S2n`1 was established
under index assumptions that are much weaker than dynamical convexity. More precisely, the
main condition requires that, if n is odd, α has no good periodic orbit γ with µpγq “ 0, and
if n is even, α has no good periodic orbit γ with µpγq P t0,´1, 1u. In [29], these results were
extended to sharp lower bounds for a broader class of prequantization bundles, including, in
addition to the sphere, the unit cosphere bundle of a compact rank one symmetric space. We
emphasize that multiplicity results for general contact manifolds in dimensions greater than
three are very scarce.

In the present work, we obtain sharp lower bounds for the number of periodic orbits under
an even weaker index assumption on α which, unlike the previous hypothesis, is homologi-
cally natural for general contact manifolds, in the sense that it excludes only homologically
unnecessary closed orbits; see Remarks 2.6 and 2.8. Moreover, we prove that the lower bound
is attained if and only if α is lacunary. Furthermore, we consider the much broader class
of contact manifolds with periodic positive equivariant symplectic homology, which includes
prequantizations of symplectic orbifolds as well as several other examples.
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As already mentioned, the conjectural sharp lower bound for the number of closed orbits
on S2n`1 is n`1. More generally, for a prequantization bundleM over a symplectic manifold,
the expected bound is rM “ dimH˚pM{S1;Qq; see [6, 29]. (Recall that S2n`1 is a prequanti-
zation of CPn and dimH˚pCPn;Qq “ n` 1.) A natural and important question is what the
corresponding bound should be in general.

To the best of our knowledge, every currently known example of a contact form with
finitely many closed orbits is non-degenerate and lacunary. Moreover, the underlying contact
manifold M is always a prequantization of a symplectic orbifold, and the bound is again

rM “ dimH˚pM{S1;Qq.

We prove that this bound holds under our weak and homologically natural index assumptions
and that it admits an explicit homological expression in terms of the contact Betti numbers
of M .

More generally, this homological quantity defines an invariant rM for contact manifolds
with periodic positive equivariant symplectic homology. Our main result shows that rM is a
sharp lower bound under the above weak index assumptions, and that equality holds precisely
for lacunary contact forms. Consequently, whenever M admits a non-degenerate lacunary
contact form, the number of its simple closed Reeb orbits is independent of the form and
completely determined by the positive equivariant symplectic homology of M . Equivalently,
rM has a dynamical characterization: it is the number of simple closed Reeb orbits of any
non-degenerate lacunary contact form on M .

To finish this introduction, it is illuminating to compare our results with analogous ques-
tions and results in the setting of Hamiltonian diffeomorphisms and Hamiltonian Floer theory.
From the proof of Arnold’s conjecture, we have that every non-degenerate Hamiltonian dif-
feomorphism on a suitable closed symplectic manifold M has at least dimH˚pM ;Qq periodic
points (in fact, at least dimH˚pM ;Qq fixed points). Moreover, it follows from [51] that, under
suitable assumptions, the existence of more than dimH˚pM ;Qq periodic points implies the
existence of infinitely many. The result in [51] is stated for possibly degenerate Hamiltonian
diffeomorphisms, and the relevant bound is expressed in terms of the local Floer homology of
the periodic points. However, analogously to the situation of Reeb flows discussed above, all
currently known examples of Hamiltonian diffeomorphisms with finitely many periodic points
are, to the best of our knowledge, both non-degenerate and lacunary in the obvious analogous
sense.

From this perspective, the invariant rM should be viewed as the analogue, in the contact
setting, of dimH˚pM ;Qq in Arnold’s conjecture: it provides the homological lower bound for
the number of simple periodic Reeb orbits.

This bound is clearly not given by dimH˚pM ;Qq but it has a topological interpretation.
As a matter of fact, we expect – although this is far from being known – that if a contact
manifold admits a contact form with finitely many closed Reeb orbits, then it should also
admit a periodic Reeb flow. In that case, the lower bound for the number of periodic orbits is

given by the sum of the Betti numbers of the equivariant singular homology HS1

˚ pM ;Qq with
respect to the circle action generated by the Reeb flow. The present work shows in particular
that, under natural assumptions which are satisfied by all currently known examples with
finitely many closed Reeb orbits, this quantity coincides with rM .
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2. Main results

2.1. Multiplicity of closed orbits. Let pM2n`1, ξq be a closed contact manifold. Along
this work, we will assume that pM, ξq satisfies one of the following conditions:

(F) pM, ξq has a strong symplectic filling pW,Ωq such that c1pTW q “ 0 and the map
induced by the inclusion H1pM ;Qq Ñ H1pW ;Qq is trivial.

(NF) pM, ξq satisfies c1pξq “ 0, H1pM ;Qq “ 0 and admits a non-degenerate index-admissible
contact form, that is, a non-degenerate contact form such that every contractible closed
orbit has index bigger than 3 ´ n.

As explained in Section 3.1, these conditions ensure that pM, ξq admits a well-defined posi-
tive equivariant symplectic homology HC˚pMq, endowed with an integer grading given by the
Conley-Zehnder index, which is independent of the choice of trivializations of the determinant
line bundles Λn`1

C TW and Λn
Cξ. Throughout, we consider HC˚pMq with coefficients in the

universal Novikov field; see Section 3.1.
Under some circumstances, the hypotheses involving H1pW ;Qq and H1pM ;Qq can be

dropped; see Remarks 2.11, 2.16, and 2.28 below. In particular, this applies to all exam-
ples known to us in which M admits contact forms with finitely many closed orbits.

Condition (F) requires that M admit a “nice” symplectic filling, whereas condition (NF)
does not assume the existence of a filling, at the expense of requiring that M admit a non-
degenerate index-admissible contact form. Under (F), the homology is defined for any contact
form and may depend on the choice of filling W . Under (NF), HC˚pMq is defined only for
index-admissible contact forms and is constructed using Floer trajectories in the symplecti-
zation of M .

Definition 1. We say that HC˚pMq is periodic if there exist P P N and ∆ P N such that
HCkpMq – HCk`∆pMq for every k ě P .

Throughout this work, we will assume, without loss of generality, that ∆ is even.

Remark 2.1. One is tempted to exchange the notation P and ∆ since ∆ is the period. However,
we rather keep this notation to highlight the fact that HC˚pMq is actually eventually periodic,
or, more precisely, periodic with period ∆ after the degree P .

Remark 2.2. Of course one has the freedom to choose the period ∆ in the definition above
but we can take the minimal one. In this case, in many examples we have ∆ “ 2 although
there are also examples with ∆ ą 2. We are not aware of any example where ∆ “ 1.

There is a huge class of examples of manifolds with periodic positive equivariant symplectic
homology. For instance, prequantization S1-bundles of integral symplectic manifolds with la-
cunary rational homology [29, 6], toric contact manifolds [8], Brieskorn manifolds [38, 53] and
subcritical Stein fillable contact manifolds [17, 57] or, more generally, contact manifolds satis-
fying (F) such that SH˚pW q “ 0, where SH˚pW q stands for the (non-equivariant) symplectic
homology of W [17]. It should be true that every closed contact manifold M admitting a
contact form whose Reeb flow generates a locally free circle action has periodic positive equi-
variant symplectic homology, although it is not known so far. In Section 8 we show that it is
true whenever the symplectic orbifold M{S1 admits a Hamiltonian circle action with isolated
fixed points.
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Let bj “ dimHCjpMq be the contact Betti numbers. Recall that the positive/negative
mean Euler characteristic of M is defined as

χ˘pMq “ lim
kÑ˘8

1

k

k
ÿ

j“0

p´1qjbj

whenever this limit exists. When HC˚pMq is periodic, the limit χ`pMq clearly exists and is
given by

χ`pMq “
ρ

∆
,

where ρ “
řP`∆´1

j“P p´1qjbj “
řk`∆´1

j“k p´1qjbj for any k ě P .
We say that a non-degenerate contact form α is lacunary if the indices of every periodic

orbit have the same parity. As already mentioned in the introduction, to the best of our
knowledge, all the currently known examples of contact forms with finitely many closed
orbits are non-degenerate and lacunary [6]. Given a non-degenerate lacunary contact form
α define its parity δ P Z2 as µpγq pmod 2q where γ is any closed orbit of α and µpγq is its
Conley-Zehnder index [50]. In a similar fashion, we say that HC˚pMq is lacunary if the groups
HCkpMq that do not vanish have the same degree k pmod 2q. If M admits a non-degenerate
lacunary contact form α then HC˚pMq is also lacunary and with the same parity δ of α (i.e.,
HCkpMq “ 0 for every k ‰ δ pmod 2q); see Section 3.1. Note that if α (resp. HC˚pMq) is
lacunary then the parity of α (resp. HC˚pMq) is well-defined whenever α has at least one
periodic orbit (resp. HCkpMq ‰ 0 for some k P Z).

Our first main result establishes a lower bound for the number of simple closed orbits of
suitable contact forms on manifolds with periodic and lacunary positive equivariant symplectic
homology which is an equality if and only if the contact form is lacunary. Although the
statement is admittedly somewhat technical, we present it in this general form because its
strength lies precisely in its broad applicability. Concrete applications to a variety of examples
are given in Section 2.3.

Before stating the theorem, we introduce some notation and terminology. In what follows,
#Pα denotes the number of simple (i.e., non-iterated) closed orbits of α. Recall that the
mean index of a periodic orbit γ is defined by

µ̂pγq “ lim
kÑ8

1

k
µpγkq.

A periodic orbit is said to be good if the parity of its index agrees with that of the underlying
simple closed orbit.

We define a prequantization S1-bundle of a symplectic manifold (resp. orbifold) pB,ωq

as a contact manifold M endowed with a contact form β whose Reeb flow generates a free
(resp. locally free) circle action such that M{S1 “ B and dβ “ π˚ω, where π : M Ñ B is the
quotient projection.

We say that a contact manifold M with periodic HC˚pMq satisfies condition (PD) if one
of the following holds:

‚ the period ∆ of HC˚pMq is equal to 2;
‚ M is a prequantization of a positive monotone symplectic manifoldB with HoddpB;Qq “

0 and, under (NF), minimal Chern number greater than 1;
‚ M admits a non-degenerate lacunary contact form.

This condition ensures that HC˚pMq exhibits a symmetry in sufficiently large degrees,
reminiscent of a form of Poincaré duality (hence the terminology); see Remark 2.14.
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Theorem 1. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, lacunary with parity δ, bj ‰ 0 for some j, bj “ 0 for all j
sufficiently negative, and bj ă 8 for all j P Z.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p ‰

δ pmod 2q such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index;
‚ under (NF), α is index-admissible.

If p ą 1 assume that M satisfies (PD). Then

#Pα ě rM ,

where

rM “

#

2p´qχ`pMq ´
řq

j“´8 bjq if δ is odd

2pqχ`pMq ´
řq

j“´8 bjq ` bq if δ is even,

and

q “ mints∆; s∆ ě P, s P Nu.

Moreover, the equality holds if and only if α is lacunary.

Remark 2.3 (The bound rM is well-defined). The fact that rM does not depend on the choices
of P and ∆ is an easy consequence of the periodicity of HC˚pMq; see Proposition 2. We can
actually take q as any multiple of ∆ bigger than or equal to P .

Remark 2.4 (The homological, dynamical and topological meanings of rM ). Conceptually,
the number rM measures the finite-dimensional defect between the initial part of the positive
equivariant symplectic homology and its eventual periodic average. Thus, rM is a purely
homological quantity, in the same sense that the sum of the Betti numbers is the homological
quantity appearing in Arnold’s conjecture. One of the main points of Theorem 1 is that
this homological quantity admits an exact dynamical realization: whenever a non-degenerate
lacunary contact form exists, rM coincides with the number of its simple closed Reeb orbits.
This interpretation is made precise in Corollary 1 and in the discussion preceding it. Fur-
thermore, as proved in Theorem 2 below, we also have a topological characterization of rM :
when M is a suitable prequantization of an orbifold, i.e. it admits a periodic Reeb flow, then

rM “ dimHS1

˚ pM ;Qq where the S1-action is the one induced by the periodic Reeb flow.

Remark 2.5 (Naturality of the assumptions onM). To the best of our knowledge, every closed
contact manifold known so far that satisfies either (F) or (NF) and admits a contact form
with finitely many closed orbits satisfies all the assumptions on M above. Recall that (F)
and (NF) are the conditions to have a well-defined equivariant symplectic homology with an
integer grading using a suitable trivialization.

Remark 2.6 (The hypothesis that α has no good periodic orbit γ such that µpγq “ ˘p). It
turns out that HC˚pMq can be obtained as the homology of a complex generated by the
good periodic orbits of α graded by the index; see Section 3.1. Therefore, if HCkpMq ‰ 0
then every non-degenerate contact form must have a combination of good closed orbits with
index k that represents a non-trivial homology class; such orbits are homologically necessary.
Consequently, the assumption that α has no good periodic orbit γ such that µpγq “ ˘p
for some p ‰ δ pmod 2q excludes periodic orbits which are unnecessary from the homological
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point of view; cf. Remark 5.1. In particular, these conditions are automatically satisfied by
lacunary contact forms, where all the periodic orbits are homologically necessary.

Let us emphasize that this is much weaker than the index hypotheses imposed in previous
multiplicity results, such as dynamical convexity or the exclusion of whole ranges of low-
index orbits. We expect this hypothesis to be technical and ultimately removable. Indeed,
because HC˚pMq is lacunary with parity δ, the homology in degrees ˘p, with p ‰ δ pmod 2q,
vanishes. Hence the excluded orbits are not among those forced by the positive equivariant
symplectic homology of M . Their presence would have to be compensated by cancellations
in the chain complex, and one expects such cancellations to require additional generators.
For this reason, we expect the inequality #Pα ě rM , and the characterization of the equality
case, to remain true without this assumption. The present proof, however, uses the absence
of these homologically unnecessary orbits in an essential way; cf. Remarks 2.8, 2.10 and 5.1.

Remark 2.7 (The hypothesis that every closed orbit of α has non-vanishing mean index). In a
similar vein to the previous remark, the assumption that bj ă 8 for every j P Z implies that
closed orbits with zero mean index are unnecessary from the homological point of view. In
particular, if α is non-degenerate and lacunary then this assumption forces that every closed
orbit of α has non-zero mean index. Indeed, if α has a periodic orbit with vanishing mean
index then the contribution of its iterates in the chain complex CC˚pαq of HC˚pMq must lie
in the degree range p´n, nq. Consequently, we have that the dimension of CC˚pαq in at least
one of such degrees must be infinite.

Remark 2.8 (Comparison with previous results). In [29], Ginzburg, Gürel, and the second
author, generalizing the aforementioned work [23], established a special case of the lower
bound in Theorem 1, namely when M is a suitable prequantization of a smooth symplectic
manifold B with lacunary H˚pB;Qq; see also [24]. The main assumption in that setting is the
absence of closed orbits γ with µpγq P t0,´1, 1u when δ is even, and with µpγq “ 0 when δ is
odd, where in this case δ “ n pmod 2q. However, as explained in Remark 2.6, the exclusion of
periodic orbits with index zero when δ is even may not be possible in general, since there exist
examples satisfying the hypotheses of Theorem 1 for which HC0pMq ‰ 0. This motivates a
generalization and weakening of that condition to the hypothesis used here, which is more
natural from a homological perspective and imposes no such obstruction.

Moreover, even in the case of the sphere S2n`1, our result provides a substantial refinement
of the results in [23, 24, 29]. Indeed, while the condition excluding closed orbits γ with
µpγq P t0,´1, 1u when n is even, and with µpγq “ 0 when n is odd, can be viewed as a form of
“very weak dynamical convexity”, the hypothesis considered here has a different conceptual
nature: it is homological in flavor, amounting to the exclusion of periodic orbits in prescribed
degrees ˘p in which HC˚pMq vanishes. Furthermore, we prove that equality in the lower
bound holds if and only if the contact form is lacunary.

The results established in this work are new even in several classical and well-studied
examples. To the best of our knowledge, prior to this work, sharp lower bounds for the
number of periodic Reeb orbits had not been established in the generality considered here.
In the case of toric contact manifolds, for instance, the existing literature produced sharp
bounds essentially only for the standard contact sphere and a small number of very special
prequantization bundles; no sharp results were available for the broad class of toric contact
manifolds covered here; see Section 2.3. Similarly, for several other examples discussed in
Section 2.3, the sharpness of the lower bounds obtained here appears for the first time. Thus,
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beyond providing a unified framework, the present paper yields genuinely new quantitative
information in these settings.

Remark 2.9 (The lacunarity assumption). The lacunarity assumption on HC˚pMq is used in
Theorem 1 mainly to obtain a canonical, sharp value of the lower bound rM . As a matter of
fact, we prove Theorem 1 as a consequence of the more general Theorems 5 and 6 where we
do not need, for the multiplicity problem, to assume either that HC˚pMq is lacunary or that
bj ‰ 0 for some j P Z. The reason for the last hypothesis is simply to define the parity of
HC˚pMq when HC˚pMq is lacunary. (If HC˚pMq vanishes identically it is obviously lacunary
but it does not have a well-defined parity. However, under this situation, the lower bound
below vanishes.) In this more general situation, given an integer p ě 0 we still have the
inequality #Pα ě rM with

rM “

$

’

&

’

%

2p´qχ`pMq `
řq

j“´8p´1qjbjq if p “ 0

2p´qχ`pMq `
řq

j“´8p´1qjbjq ` 2bq`p ´ bq if p is even and ě 2,

2pqχ`pMq ´
řq

j“´8p´1qjbjq ` 2bq`p ` bq if p is odd,

(2.1)

with the same main assumption on α as in Theorem 1: α has no good periodic orbits γ
such that µpγq “ ˘p. In this more general context, rM depends on the choice of p and the
inequality #Pα ě rM is no longer sharp in general; see Remark 5.1. Assuming that ∆ is even,
as we do in this work, clearly the formula for rM above coincides with the definition of rM
given in Theorem 1 when HC˚pMq is lacunary with parity δ ‰ p pmod 2q because q is even.

Remark 2.10 (A few words about the proof of Theorem 1). As already explained in Remark
2.9 above, Theorem 1 follows from the more general Theorems 5 and 6. Explaining the
proofs of these results at this stage would require substantial notation and lead us into rather
technical considerations. We therefore limit ourselves to mentioning that the main ingredients
are equivariant symplectic homology and index theory. Very roughly speaking, the proof uses
in a highly non-trivial way the Morse inequalities for positive equivariant symplectic homology
combined with resonance relations and index recurrence properties of the iterates of finitely
many simple orbits. The exclusion of closed orbits with the homologically unnecessary degrees
allows certain terms to cancel, leading to the desired sharp lower bound. An outline of the
argument is provided in Section 6.1.

Remark 2.11 (Decomposition in free homotopy classes). Assuming thatM satisfies (F) (resp.
(NF)), we have, as discussed in Section 3.1, that HC˚pMq admits a decomposition according
to the free homotopy classes inW (resp. M). Let Γ be a subset of free homotopy classes inW
(resp. M) that is closed under iterations, i.e., if a P Γ, then ak P Γ for every k P N. Then all
the results above remain valid when restricted to closed orbits whose free homotopy classes
lie in Γ, with the obvious modifications: one considers the component HCΓ

˚pMq of HC˚pMq

corresponding to Γ, and defines a non-degenerate lacunary contact form by requiring that the
indices of all closed orbits with free homotopy class in Γ have the same parity.

In [6, 29], it is considered only contractible orbits. In this case, the condition that
c1pTW q “ 0 (resp. c1pξq “ 0) can be weakened to the hypothesis that c1pTW q|π2pW q “ 0
(resp. c1pξq|π2pMq “ 0). Moreover, we can also drop the assumptions regarding H1pW ;Qq

and H1pM ;Qq. More generally, we can drop these last hypotheses whenever the image
of Γ under the tensorized Hurewicz map π1pW q{rπ1pW q, πpW qs Ñ H1pW ;Zq b Q (resp.
π1pMq{rπ1pMq, πpMqs Ñ H1pM ;Zq b Q) vanishes.
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Remark 2.12 (Further discussion about lacunarity). To the best of our knowledge, all currently
known examples of contact forms with finitely many closed orbits are non-degenerate and
lacunary, with parity δ equal to that of n. The reason why δ “ n pmod2q is that, in all
these examples, the periodic orbits are elliptic, and it is well known that µpγq “ n pmod 2q

whenever γ is elliptic. However, there exist non-degenerate lacunary contact forms whose
parity does not coincide with that of n. Indeed, consider a closed Riemannian manifold N
of dimension d with negative sectional curvature. Then the Liouville form on M “ S˚N is
non-degenerate and lacunary with even parity, while n “ d´ 1 may be odd (note that M has
dimension 2n ` 1). This follows from the well-known fact that every closed geodesic on N
is non-degenerate and has Morse index zero. Observe, however, that this contact form has
infinitely many simple closed orbits, all of which are hyperbolic; cf. Remark 2.13 below. In
this example, it is known that every contact form on M has infinitely many closed orbits; see
[45]. As already noted in [6], we are not aware of examples of lacunary contact forms with
both elliptic and hyperbolic orbits. Note also that the natural filling of S˚N given by the unit
codisk bundle D˚N does not satisfy, in this example, the hypotheses involving H1pD˚N ;Qq

and H1pS˚N ;Qq used to define the index of closed orbits independently of the choice of a
trivialization of Λn

CTD
˚N , as in (F); see Section 3.1. Here we choose trivializations so that

the Conley-Zehnder index coincides with the Morse index; see, for instance, [1]. Nevertheless,
the parity of the index does not depend on the choice of these trivializations.

Remark 2.13 (The assumption that bj ă 8 for every j P Z ). The assumption that bj ă 8

for every j P Z is necessary to ensure that if α is lacunary then it has finitely many periodic
orbits. Indeed, consider, as in Remark 2.12, a closed Riemannian manifold N with negative
sectional curvature. Then M “ S˚N is a contact manifold satisfying (F) such that bk “ 0
for every k ‰ 0 and b0 “ 8. In particular, HC˚pMq is periodic and lacunary. However, the
geodesic flow is lacunary and has infinitely many simple closed orbits.

Remark 2.14 (The meaning of property (PD)). It follows from Propositions 3 and 4, together
with the periodicity of HC˚pMq, that ifM satisfies (PD), then HC˚pMq exhibits the following
symmetry. Let s P N be such that s∆ ě P . Then HC˚pMq is symmetric with respect to reflec-
tion about the middle degree s∆`∆{2 (recall that ∆ is assumed to be even) within the range
of degrees rs∆, ps`1q∆s. More precisely, we have HCps∆`∆{2q´jpMq – HCps∆`∆{2q`jpMq for
all j P r0,∆{2s. This is the property used in the proof of Theorem 1.

By assumption, there exists D P Z such that bj “ 0 for every j ă D. The number rM in
Theorem 1 measures, for δ odd, how much the finite sum

q
ÿ

j“´8

bj “

q
ÿ

j“D

bj

deviates from the average ´qχ`pMq (note that if δ is odd then χ`pMq is negative since
beven “ 0), or, more precisely, its “asymptotic average”, that is, q times the asymptotic
average

´χ`pMq “ lim
kÑ8

1

k

k
ÿ

j“D

bj .

When δ is even we have the extra term bq.
The computation of rM can be difficult in general. However, the following immediate

consequence of Theorem 1 is one of the main conceptual points of this work and provides the
aforementioned dynamical characterization of rM .
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Corollary 1. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, lacunary, bj ‰ 0 for some j, bj “ 0 for all j sufficiently
negative, and bj ă 8 for all j P Z. Suppose that M admits a non-degenerate lacunary contact
form α with parity δ. Then #Pα and δ do not depend on the choice of α and

rM “ #Pα.

In particular, #Pα is a contact invariant completely determined by HC˚pMq.

The assertion that #Pα is a contact invariant determined by HC˚pMq is a consequence
of Theorem 1 and the fact that if M admits a non-degenerate lacunary contact form then
HC˚pMq does not depend on the filling; see Section 3.1.

Using this, one can easily compute rM in, as far as we know, every currently known example
of contact manifold admitting Reeb flows with finitely many closed orbits satisfying either (F)
or (NF). Indeed, to the best of our knowledge, all examples of contact forms α with finitely
many closed orbits known so far are non-degenerate and lacunary and the corresponding
contact manifolds are prequantizations of orbifolds admitting a Hamiltonian circle action
with isolated fixed points [6].

More precisely, the following result computes rM in plenty of examples and furnishes a
topological characterization of it when M is a suitable prequantization of an orbifold. The
classes listed below are not disjoint and, in fact, exhibit significant overlap. As mentioned
above, to the best of our knowledge, they encompass all currently known examples of contact
manifolds admitting Reeb flows with finitely many closed orbits under either condition (F)
or (NF); see Section 2.3.

As noted in Remark 2.9, although Theorem 1 is stated for contact manifolds for which
HC˚pMq is lacunary, it is in fact a consequence of a more general result (Theorem 5) that
does not require this assumption. Accordingly, we include in the next theorem a case –
namely, case (VSH) – in which HC˚pMq is not necessarily lacunary.

Some words are due before the statement of the next theorem. For a definition and brief
discussion about toric contact manifolds we refer to Section 2.3. Let us just mention here
that any toric contact manifold M admits a toric contact form whose Reeb flow generates a
locally free circle action and M{S1 below refers to the quotient for any such action. We say
that a (possibly degenerate) contact form has index-positivity if there are constants c ą 0
and c1 ą 0 such that µRSpγq ą cT ` c1 for every closed Reeb orbit γ, where T is the period
of γ and µRSpγq is its Robbin-Salamon index [49]. In what follows, N, as usual, is the set of
positive integers and N0 “ N Y t0u.

Theorem 2. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Suppose that it is one of the following manifolds:

(PM) A prequantization S1-bundle of a closed positive monotone symplectic manifold pB,ωq

such that HkpB;Qq “ 0 for every odd k. Under (NF), assume that the minimal Chern
number of B is bigger than one. Then rM “ dimH˚pB;Qq.

(T) A good toric contact manifold. Under (NF), assume that it admits an index-admissible
non-degenerate toric contact form. Then rM “ dimH˚pM{S1;Qq. The same holds
using a combinatorial description of HC˚pMq given in [8] which does not require as-
sumptions (F) or (NF). In this case, rM ě n ` 1 with equality holding if and only if
M is the standard contact sphere, or more generally, a lens space.

(U) An Ustilovsky sphere, that is, a Brieskorn manifold Σpa0, a1, . . . , an`1q with n even,
a0 “ ˘1 pmod 8q and a1 “ a2 “ ¨ ¨ ¨ “ an`1 “ 2. Then rM “ n` 1.
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(PO) A prequantization S1-bundle of a closed symplectic orbifold B admitting a Hamiltonian
circle action with isolated fixed points. Assume that the contact form β that generates
the S1-action has index-positivity and, under (NF), that every contractible orbit of β
has Robbin-Salamon index ě 4. Then rM “ dimH˚pB;Qq and this number coincides
with the number of fixed points of the Hamiltonian circle action on B.

(VSH) M satisfies (F) with the fillingW such that SH˚pW q “ 0. Let χpW q “
ř2n`2

j“0 p´1qjHjpW ;Qq

be the Euler characteristic of W and βj “ dimHjpW ;Qq be the Betti numbers. Then,
given an integer p ě 0 with parity different from that of n,

rM “

$

’

&

’

%

pn` 1qχpW q ` 2
řn`1

j“´n`1p´1qj
řtpj`n`1q{2u

i“1 βn´j`2i if n is odd and p “ 0;

pn` 1qχpW q ` 2
řn`1

j“´n`1p´1qj
řtpj`n`1q{2u

i“1 βn´j`2i `
ř

jP2N´1 βj if n is odd and p ě 2;

pn` 2qχpW q ´ 2
řn`2

j“´n`1p´1qj
řtpj`n`1q{2u

i“1 βn´j`2i ` 2
ř

jP2N´1 βj `
ř

jP2N0
βj if n is even,

where rM is given by (2.1).

Remark 2.15 (The possible values that rM can take). As discussed above, a central question
in Hamiltonian Dynamics is to determine the sharp lower bound for the number of periodic
orbits of a Reeb flow on a given contact manifold. In the case of the standard contact sphere
S2n`1, this bound is n` 1. However, as the examples above illustrate, this value is in general
far from sharp: in many situations one has rM ą n ` 1. (In fact, for fixed dimension ě 5,
one can easily construct examples with arbitrarily large rM ; cf. [5, 9].) At present, we are
not aware of any example where the bound is strictly less than n` 1. It is therefore natural
to ask whether n ` 1 is the minimal possible lower bound, that is, whether rM ě n ` 1 for
every contact manifold M of dimension 2n ` 1, with equality if and only if M is the sphere,
or more generally, a lens space. The final assertion in case (T) provides evidence in support
of this expectation.

Remark 2.16 (The hypothesis on the map H1pM ;Qq Ñ H1pW ;Qq in case (VSH)). In case
(VSH) (vanishing symplectic homology) we do not need to assume that the map induced
by the inclusion H1pM ;Qq Ñ H1pW ;Qq is trivial in (F). As a matter of fact, as explained
in Remark 2.11 we do not need this condition if we consider only orbits contractible in W .
But, in this case, HC0

˚pMq “ HC˚pMq due to the following. As explained in Section 3.1,
under (F), HC˚pMq has a decomposition in free homotopy classes a of W . So the assertion
HC0

˚pMq “ HC˚pMq is equivalent to the claim that HCa
˚pMq “ 0 for every a ‰ 0. We have

that SH˚pW q “ 0 if, and only if, SHS1

˚ pW q “ 0; see [52] and [17, Theorem 4.1]. As also

explained in Section 3.1, besides the notation, HC˚pMq is the positive part SHS1,`
˚ pW q of the

equivariant symplectic homology SHS1

˚ pW q. We have the tautological exact triangle

SHS1,´
˚ pW q // SHS1

˚ pW q

xx
HC˚pMq

r´1s

ff
,

which respects the decomposition in free homotopy classes. But SHS1,´,a
˚ pW q “ 0 for every

a ‰ 0. (In other words, the negative part of SHS1

˚ pW q only sees contractible orbits.) Thus, if

SHS1

˚ pW q “ 0 then HCa
˚pMq “ 0 for every a ‰ 0.



MULTIPLICITY OF CLOSED REEB ORBITS 13

Remark 2.17 (The parity of p in case (VSH)). The reason for requiring that p have parity
different from that of n in case (VSH) is that, as already mentioned, to the best of our
knowledge all currently known examples of contact manifolds M admitting Reeb flows with
finitely many closed orbits have the property that HC˚pMq is lacunary with parity equal to
that of n. Nevertheless, the computation carried out in Section 8 can be used to determine
rM in case (VSH) for arbitrary values of p.

Remark 2.18 (The long formula for rM in case (VSH)). The key reason why we have such a
long expression in the formula of rM in case (VSH) is that we do not assume in this situation
that HC˚pMq is lacunary. As noticed above, we included this case to illustrate the fact that
our results can be applied to this more general setting.

Remark 2.19 (The hypotheses on B in case (PM)). In case (PM), the assumption that the
minimal Chern number of B is greater than one under condition (NF) ensures that the
contact form β generating the S1-action admits a non-degenerate index-admissible perturba-
tion; see [6, 29]. The hypothesis that B is positive monotone is used to guarantee that β is
index-positive. Moreover, the monotonicity of B (regardless of the value of the monotonicity
constant) implies that c1pξq|H2pM ;Qq “ 0, and hence, in particular, c1pξq|π2pMq “ 0. Conse-
quently, as observed in Remark 2.11, when restricting to contractible orbits, the assumption
c1pξq “ 0 in (NF) is not needed.

Remark 2.20 (Computation of HC˚pMq in case (PO)). In case (PO) we compute HC˚pMq,
given by (8.17), which implies, in particular, that HC˚pMq is periodic. It is also lacunary
because M admits a non-degenerate lacunary contact form; see the proof in Section 8. The
computation of HC˚pMq should also follow from [38] under some additional assumptions. Our
proof here, however, is quite different and works at the chain level.

Remark 2.21 (The combinatorial meaning of rM in case (T)). In case (T), the number rM “

dimH˚pM{S1;Qq has a clean toric description: it is equal to the number of edges of the
moment cone associated toM [3]. Equivalently, it is the number of facets of the corresponding
toric diagram [5].

Remark 2.22 (Computation of rM in case (PM) without assuming that HoddpB;Qq “ 0).
Similarly as in case (VSH), we compute rM in (PM) in Section 8 without the hypothesis that
HoddpB;Qq “ 0 obtaining (8.2). However, we rather state the result under this hypothesis
because the outcome is much cleaner and, as already mentioned, it covers the currently known
examples of prequantizations of smooth manifolds admitting contact forms with finitely many
closed orbits. (Note that if a symplectic manifold B admits a Hamiltonian circle action then
HoddpB;Qq “ 0.)

The computation of rM in the previous theorem in cases (T) and (U) follows from Corol-
lary 1 together with the well-known fact that such manifolds admit non-degenerate lacunary
contact forms with precisely

dimH˚pM{S1;Qq and n` 1

closed orbits, respectively; see [3, 53]. In case (PM), the same conclusion holds provided that
B admits a Hamiltonian circle action with isolated fixed points; see, for instance, [6], as well
as the proof of Theorem 2 in case (PO) given in Section 8, where we show that in case (PO)
there exist non-degenerate lacunary contact forms with dimH˚pM{S1;Qq closed orbits. The
general case of (PM) requires a separate argument, which will be presented in Section 8.
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In the same section, we also provide an alternative proof in case (T) that does not require
the assumption that pM, ξq satisfies either (F) or (NF), using a combinatorial description of
HC˚pMq introduced in [8]. In a similar vein, we give a short alternative proof in the case
(PM) X (T) (i.e. a prequantization of a toric manifold) when rωs “ c1pTBq. Finally, the proof
in case (VSH), also presented in Section 8, is a consequence of the computation of HC˚pMq

in this setting, due to [17].
By Theorem 2 one can see that Theorem 1 (see also Theorems 5 and 6) is a powerful

generalization and strengthening of the main results from [6, 29], where only prequantizations
of symplectic manifolds are considered. Moreover, in [29] there is a restrictive assumption on
the minimal Chern number of the basis.

Motivated by the results in this work, we conjecture that every closed contact manifold
admitting contact forms with finitely many simple closed orbits is a prequantization of an
orbifold, and that the minimal number of such orbits is given by dimH˚pM{S1;Qq; see
Section 9. Therefore, Theorems 1 and 2 represent a step towards a positive answer to this
conjecture and Theorem 2 also shows how this bound can be seen from HC˚pMq, in terms
of the deviation of the sum of the contact Betti numbers from the corresponding asymptotic
average, as explained before.

2.2. Multiplicity of non-hyperbolic closed orbits. Now we will show some results about
the multiplicity of non-hyperbolic closed orbits when the contact form has finitely many
geometrically distinct closed orbits which are byproducts of the proof of Theorem 1. Recall
that a closed orbit is hyperbolic if its linearized Poincaré map has no eigenvalues on the unit

circle. In what follows, #Pnon-hyp
α stands for the number of simple non-hyperbolic closed

orbits of α.

Theorem 3. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, lacunary with parity δ, bj ‰ 0 for some j, bj “ 0 for all j
sufficiently negative, and bj ă 8 for all j P Z.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p ‰

δ pmod 2q, which we assume to be equal to 1 if p is odd, such that α satisfies the following
conditions:

‚ α has finitely many simple closed orbits;
‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index;
‚ under (NF), α is index-admissible.

If p ą 1 assume that M satisfies (PD). Then

#Pnon-hyp
α ě rnon-hypM ,

where

rnon-hypM :“

#

2p´qχ`pMq ´
řq

j“´8 bjq if δ is odd

2pqχ`pMq ´
řq

j“´8 bjq ` 2b0 if δ is even,

and q “ mints∆; s∆ ě P, s P Nu.

As in Theorem 1, Theorem 3 follows from a more general result, Theorem 7, which does
not assume that HC˚pMq is lacunary, presented in Section 5.

Combining Theorems 1 and 3 we obtain the following corollary.
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Corollary 2. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, bj ‰ 0 for some j, bj “ 0 for all j sufficiently negative,
and bj ă 8 for all j P Z.

Let α be a non-degenerate lacunary contact form on M with parity δ. Under (NF), suppose
that α is index-admissible. Then the following assertions hold:

‚ If δ is odd then every closed orbit of α is non-hyperbolic.
‚ If δ is even then α has at least 2pqχpMq´

řq
j“´8 bjq`2b0 non-hyperbolic closed orbits.

Note that the first assertion is trivial since the index of a hyperbolic orbit is multiplicative
under iterations which implies, in particular, that it is even for even iterates. So the real
contribution of the previous corollary is in the case where δ is even. To the best of our
knowledge, in all currently known examples of contact forms with finitely many closed orbits
every periodic orbit is elliptic.

Remark 2.23. It follows from Theorem 1 and Corollary 2 that if M admits a non-degenerate
lacunary contact form as in Corollary 2 then 2b0 ď bq. It is obvious if δ is odd but it is not if
δ is even. This inequality can be strict, with δ even, as the example of the standard contact
sphere shows.

2.3. Applications in examples. In this section we present applications of Theorems 1
and 2 to several examples. Although these applications are immediate from these theorems,
we will state them for the reader’s convenience and to illustrate the wide range of contact
manifolds that we can deal with. Moreover, we will focus mainly on examples that admit
non-degenerate lacunary contact forms and therefore the lower bound provided by Theorem
1 is sharp. In these examples, we illustrate the fact, established in Theorem 2, that the
homological bound rM coincides with the topological expected count, namely the sum of the
Betti numbers of the quotient orbifold. We will consider only the multiplicity of closed orbits
since the corresponding results about non-hyperbolic orbits are clear from Theorem 3 and left
to the reader.

First, we consider (good) toric contact manifolds admitting fillings as in (F). Toric contact
manifolds are the odd-dimensional analogues of toric symplectic manifolds. They can be
defined as contact manifolds of dimension 2n`1 equipped with an effective Hamiltonian action
of a torus of dimension n`1. In dimension three, the good toric contact manifolds are pS3, ξstq
and its finite quotients. In higher dimensions, good toric contact manifolds are precisely the
compact toric contact manifolds for which the torus action is not free. These constitute the
most important class of compact toric contact manifolds and admit a classification in terms
of their associated moment cones, in direct analogy with Delzant’s theorem, which classifies
compact toric symplectic manifolds via their moment polytopes. We refer to [39, 3] for further
details. In what follows, we will omit sometimes the adjective “good”, as it will be understood
implicitly.

Toric contact manifolds M2n`1 admit several examples with a symplectic filling W as
in (F). These manifolds are prequantizations of (toric) symplectic orbifolds (i.e. they have
toric Reeb flows that generate a locally free circle action) and admit non-degenerate lacunary
contact forms with parity n pmod 2q. We have that HC˚pMq is periodic, with period ∆ “ 2,
lacunary, and satisfies all the properties of Theorem 1 [3, 5, 7, 8]. Concrete examples of such
manifolds are the standard contact sphere, toric contact manifolds in dimension 3 and 5 [5],
and the prequantization of any toric symplectic manifold pB,ωq with rωs “ c1pTBq, although
there are plenty of other examples. Thus, we obtain the following result.
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Corollary 3. Let pM2n`1, ξq be a closed good toric contact manifold admitting a filling W as
in (F). For instance, M can be the standard contact sphere, any good toric contact manifold
with c1pξq “ 0 in dimensions 3 and 5, and the prequantization of any toric symplectic manifold
pB,ωq with rωs “ c1pTBq. Let α be a non-degenerate contact form on M . Assume that there
exists an integer p ‰ n pmod 2q such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index.

Then

#Pα ě dimH˚pM{S1;Qq

where the S1-action is the one induced by any periodic toric Reeb flow on M . Moreover, the
equality holds if and only if α is lacunary.

Remark 2.24 (Combinatorial description of rM ). As noticed in Remark 2.21, the number
rM “ dimH˚pM{S1;Qq in the previous corollary has a clean toric description: it is equal to
the number of edges of the moment cone associated to M [3], or, equivalently, the number of
facets of the corresponding toric diagram [5].

Remark 2.25 (The hypotheses on the first homology groups). Good toric contact manifolds
M satisfy H1pM ;Qq “ 0. Consequently, the hypotheses in (F) and (NF) involving H1pW ;Qq

and H1pM ;Qq always hold in this case.

Remark 2.26 (Orbits with negative mean index). It was recently proved in [19] that a non-
degenerate contact form on the standard contact sphere S2n`1 with finitely many closed orbits
cannot possess periodic orbits with negative mean index. In particular, such a contact form
cannot have periodic orbits with index less than or equal to ´n. All the examples of contact
forms with finitely many closed orbits that we are aware of satisfy the property that every
periodic orbit has positive mean index.

Remark 2.27 (The period ∆ in the toric case). The fact that ∆ “ 2 for toric contact manifolds
M is proved in [8] using a combinatorial definition of HC˚pMq that does not require conditions
(F) or (NF) and that coincides with positive equivariant symplectic homology whenever one
of these conditions is satisfied. However, in several examples toric contact manifolds admit
(toric) symplectic fillings W as in (F) such that SH˚pW q “ 0; cf. [8, Lemma 6.10]. In this
case, the fact that ∆ “ 2 can be easily seen in the following way. As proved in [17], there is
a Gysin exact triangle

SH`
˚ pW q // HC˚pMq

xx
HC˚´2pMq

r`1s

ff
,

where SH`
˚ pW q stands for the positive non-equivariant symplectic homology of W which is

related to SH˚pW q via the tautological exact triangle

SH´
˚ pW q // SH˚pW q

yy
SH`

˚ pMq

r´1s

ff
,
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CROSS rM “ dimH˚pS˚N{S1;Qq

Sm or RPm with m ą 2 even m
Sm or RPm with m odd m` 1

CPm mpm` 1q

HPm 2mpm` 1q

CaP 2 24

Table 1. The total rank of dimH˚pS˚N{S1;Qq for a CROSS N .

with SH´
˚ pW q being the negative non-equivariant symplectic homology of W which is iso-

morphic to H˚`n`1pW,M ;Qq. Therefore, SH´
k pW q “ 0 for sufficiently large degrees k and

consequently, from the last triangle, we conclude that SH`
˚ pMq “ 0 for such degrees whenever

SH˚pW q “ 0. Hence, it follows from the former triangle that ∆ “ 2.

We now turn to examples admitting fillings W as in (F) for which symplectic homology
SH˚pW q does not vanish. These examples are not toric in general. Before stating the result,
we recall some definitions.

A connected Riemannian manifold N is called a symmetric space if, for every p P N , there
exists an isometry fp : N Ñ N such that fpppq “ p and fp ˝ expppvq “ exppp´vq for every
v P TpN . The rank of a symmetric space N is the maximal dimension of a flat, totally
geodesic submanifold of N . By the classification of symmetric spaces, a compact rank one
symmetric space (CROSS) is one of the following: Sm, RPm, CPm, HPm, or CaP 2; see [10]
for details.

The unit cosphere bundle S˚N of a CROSS N admits a natural filling given by the unit
codisk bundle D˚N Ă T ˚N , which satisfies condition (F). Moreover, it is well known that
SH˚pD˚Nq ‰ 0.

Every CROSS Nn`1 carries a Riemannian metric for which all geodesics are periodic with
the same minimal period. Equivalently, the geodesic flow induces a free circle action on S˚N .
To the best of our knowledge, CROSSes are the only known examples of closed manifolds
admitting such a metric [10]. It follows that the unit cosphere bundle S˚N is a prequan-
tization of a closed symplectic manifold pB,ωq. Furthermore, a homological computation
shows that HkpB;Qq “ 0 for every odd k; see [58, page 141]. In this case, the total rank
rM “ dimH˚pS˚N{S1;Qq “ dimH˚pB;Qq is given by Table 1.

From (8.1) we can easily see that HC˚pS˚Nq satisfies all the assumptions of Theorem 1 and
the parity of HC˚pS˚Nq is n pmod 2q. (Note that we take N with dimension n`1 in order to
have S˚N with dimension 2n`1.) Moreover, it is well known that S˚N admits lacunary non-
degenerate contact forms [6, 58]. Therefore, we obtain the following result which improves
previous results from [6, 29, 24].

Corollary 4. Let Nn`1 be a CROSS. Let α be a non-degenerate contact form on S˚N . As-
sume that there exists an integer p ‰ n pmod 2q such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index.

Then
#Pα ě dimH˚pS˚N{S1;Qq

where dimH˚pS˚N{S1;Qq is given by Table 1. Moreover, the equality holds if and only if α
is lacunary.



18 MIGUEL ABREU AND LEONARDO MACARINI

Another example arising from unit cosphere bundles is given when the Riemannian manifold
N is a lens space. More precisely, let q ě 1 be an integer and consider the Zq-action on the
odd-dimensional sphere S2m`1 Ă Cm`1 generated by the map

ψpz0, . . . , zmq “

ˆ

e
2πiℓ0

q z0, e
2πiℓ1

q z1, . . . , e
2πiℓm

q zm

˙

,

where ℓ0, . . . , ℓm are integers, called the weights of the action. This action is free whenever
the weights are coprime with q (which we assume from now on), and in this case the quotient
of S2m`1 by Zq is a lens space, denoted by L2m`1

q pℓ0, . . . , ℓmq.

If S2m`1 is endowed with the round metric, it induces a Riemannian metric on N “

L2m`1
q pℓ0, . . . , ℓmq. The corresponding geodesic flow is again periodic; however, in contrast to

the case of a CROSS, it typically induces only a locally free circle action on S˚N . The man-
ifold S˚N admits a filling satisfying (F), namely the unit codisk bundle. In [6], we compute
HC˚pS˚Nq (more precisely, the positive equivariant symplectic homology for contractible or-
bits HC0

˚pS˚Nq; the computation readily extends to the general case). Alternatively, one may
view S˚N as a prequantization of an orbifold B, given by a finite quotient of the Grassman-
nian of oriented two-planes G`

2 pR2m`2q, and apply the computation (8.17) from the proof of
case (PO) in Theorem 2. In either approach, one finds that S˚N satisfies the assumptions of
Theorem 1, with HC˚pS˚Nq lacunary of even parity and

rM “ dimH˚pS˚N{S1;Qq “ 2m` 2.

Moreover, M admits a non-degenerate lacunary contact form, as shown in [6] or in Section
8. (The equality rM “ 2m` 2 also follows from the fact that this contact form has precisely
2m ` 2 closed orbits.) We thus obtain the following corollary, which improves earlier results
from [6].

Corollary 5. Let N2m`1 be a lens space L2m`1
q pℓ0, . . . , ℓmq, and let α be a non-degenerate

contact form on S˚N . Assume that there exists an odd integer p such that α satisfies the
following conditions:

‚ α has no good periodic orbit γ with µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index.

Then
#Pα ě dimH˚pS˚N{S1;Qq “ 2m` 2.

Moreover, the equality holds if and only if α is lacunary.

Another example is provided by the Ustilovsky spheres M discussed in Theorem 2, which
satisfy (F); see [38, 53]. They admit non-degenerate lacunary contact forms with even parity.
Their homology HC˚pMq is periodic with period ∆ ‰ 2 in general [53]. Therefore, in this case,
M does not admit a filling W such that SH˚pW q “ 0; see Remark 2.27. (Note that HC˚pMq

is a contact invariant since M admits non-degenerate lacunary contact forms.) Hence, by
Theorems 1 and 2, we obtain the following corollary.

Corollary 6. Let M2n`1 be an Ustilovsky sphere, that is, a Brieskorn manifold Σpa0, a1, . . . ,
an`1q with n even, a0 “ ˘1 pmod8q and a1 “ a2 “ ¨ ¨ ¨ “ an`1 “ 2. Let α be a non-
degenerate contact form on M . Assume that there exists an odd integer p such that α satisfies
the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index.
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Then

#Pα ě n` 1.

Moreover, the equality holds if and only if α is lacunary.

Finally, we present a last example which, although not explicit, encompasses all the previous
ones and, to the best of our knowledge, all currently known examples of contact manifolds
admitting contact forms with finitely many closed orbits for which equivariant symplectic
homology is a well-defined invariant with integer grading.

More precisely, we consider a prequantization S1-bundle M2n`1 over a closed symplectic
orbifold admitting a Hamiltonian circle action with isolated fixed points. As proved in Section
8, HC˚pMq is periodic and lacunary, with parity n pmod2q. Moreover, M admits a non-
degenerate lacunary contact form whose number of closed orbits coincides with the number
of fixed points of the Hamiltonian circle action, which, in turn, is equal to dimH˚pM{S1;Qq.
Therefore, we obtain the following immediate consequence of Theorem 1 together with case
(PO) in Theorem 2.

Corollary 7. Let M2n`1 be a prequantization S1-bundle of a closed symplectic orbifold B
admitting a Hamiltonian circle action with isolated fixed points. Assume that M satisfies (F)
or (NF), that the contact form β that generates the S1-action has index-positivity and, under
(NF), that every contractible orbit of β has Robbin-Salamon index ě 4.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p ‰

n pmod 2q such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index;
‚ under (NF), α is index-admissible.

Then

#Pα ě dimH˚pB;Qq,

where dimH˚pB;Qq coincides with the number of fixed points of the Hamiltonian circle action
on B. Moreover, the equality holds if and only if α is lacunary.

When pB,ωq is a smooth manifold such that rωs “ c1pTBq and HoddpB;Qq “ 0, a prequan-
tization M of pB,ωq satisfies (F) and all the conditions of Theorem 1 with δ “ n pmod 2q.
(The filling is given by the disk bundle of the associated complex line bundle over B. As ex-
plained in Remark 2.28 below, we have that H1pM ;Qq “ 0.) Therefore, we have the following
version of the previous corollary in the smooth case.

Corollary 8. Let M2n`1 be a prequantization S1-bundle of a closed symplectic manifold
pB,ωq such that rωs “ c1pTBq and HoddpB;Qq “ 0.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p ‰

n pmod 2q such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index.

Then

#Pα ě dimH˚pB;Qq.

Moreover, the equality holds if and only if α is lacunary.
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Remark 2.28 (The hypotheses on the first homology groups in (F) and (NF)). To the best of
our knowledge, all currently known examples of closed contact manifoldsM admitting contact
forms with finitely many closed orbits satisfy H1pM ;Qq “ 0. In fact, as mentioned above, all
examples we are aware of arise as prequantizations of orbifolds B admitting a Hamiltonian
circle action with isolated fixed points. Such an action implies that HoddpB;Qq “ 0 (see
Section 8), and in particular H1pB;Qq “ 0.

Applying the Gysin sequence to the natural S1-bundleMˆES1 Ñ MS1 :“ pMˆES1q{S1,
and using that H˚

S1pM ;Qq “ H˚pMS1 ;Qq – H˚pB;Qq and H˚pM ˆ ES1;Qq – H˚pM ;Qq we
obtain

¨ ¨ ¨ Ñ 0 “ H1pB;Qq Ñ H1pM ;Qq Ñ H0pB;Qq
^ω
ÝÝÑ H2pB;Qq Ñ ¨ ¨ ¨ .

Since the map H0pB;Qq
^ω
ÝÝÑ H2pB;Qq is injective, it follows that H1pM ;Qq “ 0.

Therefore, in particular, the hypotheses in (F) and (NF) involving H1pW ;Qq and H1pM ;Qq

always hold in this case.

2.4. Organization of the paper. The remainder of this paper is organized as follows.
Section 3 provides the necessary background. More specifically, Section 3.1 contains a brief
review of positive equivariant symplectic homology, while the corresponding Morse inequalities
are discussed in Section 3.2. The resonance relations for equivariant symplectic homology are
presented in Section 3.3. In Section 4, we state the index recurrence theorem, which serves
as a key tool in the proofs of Theorems 1 and 3.

In Section 5, we formulate three general results – Theorems 5, 6, and 7 – which, in partic-
ular, imply Theorems 1 and 3. Theorems 5 and 7 are proved in Section 6, with Theorem 7
arising as a byproduct of the proof of Theorem 5, while Theorem 6 is established in Section 7.
Section 8 is devoted to the proof of Theorem 2. Finally, Section 9 presents several questions
concerning contact manifolds and contact forms with finitely many closed orbits.

2.5. Acknowledgments. The second author is grateful to Frédéric Bourgeois, Viktor Ginzburg,
Alex Oancea and Baptiste Serraille for useful discussions and comments on a preliminary ver-
sion of this work.

3. Preliminaries

3.1. Equivariant symplectic homology. In this section we briefly recall several facts about
positive equivariant symplectic homology, presenting the subject from a slightly unconven-
tional perspective, following [6, 29].

First, let pM, ξq be a closed contact manifold and pW,Ωq be a strong symplectic filling of
M with c1pTW q “ 0. Usually, we also ask that Ω is atoroidal, that is,

ş

f˚Ω “ 0 for any
smooth map f : T 2 Ñ W , but this condition can be dropped using the universal Novikov
field

Λ “

" 8
ÿ

i“1

niT
ai ; ai P R, ai Ñ 8, ni P Q

*

,

together with an action filtration introduced by McLean and Ritter [48]; cf. [2, Section 2].
Since c1pTW q “ 0, the determinant line bundle Λn`1

C TW is trivial, and we can therefore

choose a non-vanishing section s, which determines a trivialization of Λn`1
C TW . Given a

periodic orbit γ of a Hamiltonian H : W Ñ R, this section can be used to symplectically
trivialize γ˚TW and hence define its Conley-Zehnder index µpγq; see [5, Section 3], [6], [26],
[47], and [48, Appendix C]. The index is well-defined up to the homotopy class of s. If
H1pW ;Qq “ 0, then it is in fact independent of the choice of s, since any two such sections
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are homotopic; see [47, Lemma 4.3]. Moreover, for contractible orbits, this trivialization
agrees (up to homotopy) with the one induced by a capping disk. In particular, in this case
the index does not depend on the choice of s, and the assumption H1pW ;Qq “ 0 can be
dropped. More generally, the index does not depend on the choice of s for orbits that are
homologically trivial (taking rational coefficients) in W ; see [47, Lemma 4.3] and [48, Remark
C.2].

A crucial point throughout this work is that this trivialization is closed under iterations:
the trivialization induced on γk coincides, up to homotopy, with the k-th iterate of the
trivialization along γ. In general, this property fails if one instead fixes a trivialization over
a reference loop in each free homotopy class.

Let α be a non-degenerate contact form on M supporting the contact structure ξ. Since
c1pξq “ 0, as ensured by either condition (F) or (NF), one can define the index of every closed
orbit of α by choosing a non-vanishing section s of Λn

Cξ, as above. This index is well-defined
up to the homotopy class of s, and it is independent of this choice whenever H1pM ;Qq “ 0,
since any two such sections are then homotopic. As before, this assumption can be dropped
when restricting to orbits that are homologically trivial (over Q) in M .

Recall that a periodic orbit γ of α is good if its index has the same parity of the index
of the underlying simple closed orbit. Then the positive equivariant symplectic homology

SHS1,`
˚ pW q with coefficients in Λ is the homology of a complex CC˚pαq generated by the

good closed Reeb orbits of α; see [28, Proposition 3.3]. (More precisely, [28, Proposition 3.3]
is proved for contractible orbits assuming that Ω|π2pW q “ 0 and using Q-coefficients but its
proof can be readily adapted to our context since it is purely algebraic; cf. [2, Section 2].) This
complex is graded by the Conley-Zehnder index and filtered by the action introduced in [48].
It turns out that, although the filling in (F) is not exact in general, we can assume, without
loss of generality, that the filtration in CC˚pαq is given by the period of the Reeb orbits.
Furthermore, once we fix a free homotopy class of loops in W , the part of CC˚pαq generated
by closed Reeb orbits in that class is a subcomplex. As a consequence, the entire complex
CC˚pαq decomposes into a direct sum of such subcomplexes indexed by free homotopy classes
of loops in W .

The differential of the complex CC˚pαq, but not its homology, depends on several auxiliary
choices, and the nature of the differential is not essential for our purposes. The complex
CC˚pαq is functorial in α in the sense that a symplectic cobordism equipped with a suitable
extra structure gives rise to a map of complexes. For the sake of brevity and to emphasize
the obvious analogy with contact homology, we denote the homology of CC˚pαq by HC˚pMq

rather than SHS1,`
˚ pW q. Given a subset of free homotopy classes Γ in W and T P p0,8s

we denote by HCΓ,T
˚ pαq the homology of the corresponding subcomplex CCΓ,T

˚ pαq with free
homotopy classes in Γ and action less than T . If Γ is the set of all free homotopy classes we

omit it in the notation. However, it is worth keeping in mind that CCΓ,T
˚ pαq and possibly even

the homology may depend on the choice of the filling W . Note that if T ă 8 then HCΓ,T
˚ pαq

depends on α but HCΓ,8
˚ pαq “ HCΓ

˚pMq does not. Moreover, if M admits a non-degenerate
lacunary contact form then HC˚pMq does not depend on the choice of filling (i.e. it is a
contact invariant) since the differential vanishes due to index reasons.

This description of the positive equivariant symplectic homology as the homology of CC˚pαq

is not quite standard, but it is most suitable for our purposes. (We refer the reader to [28] for
more details and further references and to [13, 14, 15, 16, 17, 54] for the original construction
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of the equivariant symplectic homology.) To see why HC˚pMq :“ SHS1,`
˚ pW q can be obtained

as the homology of a single complex generated by good closed Reeb orbits, let us first consider
an admissible Hamiltonian H on the symplectic completion ofW and focus on the orbits of H
with positive action. Such orbits are in a one-to-one correspondence with closed Reeb orbits
γ with action below a certain threshold T depending on the slope of H. The S1-equivariant
Floer homology of H is the homology of a Floer-type complex obtained from a non-degenerate
parametrized perturbation of H; [16, 54]. This complex is filtered by the action. (Here we are
using the action filtration introduced by McLean-Ritter [48].) The E1-term of the resulting
spectral sequence (over Λ) is generated by the good Reeb orbits of α with action below T . Now
we can (canonically, once the generators are fixed) reassemble the differentials Br into a single
differential B on CC˚pHq :“ E1

˚,˚ in such a way that the homology of the resulting complex

is E8 “ HFS1,`
˚ pHq. Roughly speaking, B “ B1 ` B2 ` . . ., where Br is suitably “extended”

from Er to E1. Moreover, this procedure respects the action filtration and is functorial with
respect to continuation maps. Passing to the limit in H, we obtain the complex CC˚pαq as
the limit of the complexes CC˚pHq; see [28, Sections 2.5 and 3] for further details.

A remarkable observation by Bourgeois and Oancea in [17, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling. To be more
precise, we assume that c1pξq “ 0 and consider non-degenerate contact forms α on M such
that all of its closed contractible Reeb orbits have Conley-Zehnder index strictly greater
than 3´n. Furthermore, under this assumption the proof of [28, Proposition 3.3] carries over
essentially word-for-word, and hence again the positive equivariant symplectic homology ofM
can be described as the homology of a complex CC˚pαq generated by good closed Reeb orbits
of α, graded by the Conley-Zehnder index and filtered by the action. The complex breaks
down into the direct sum of subcomplexes indexed by free homotopy classes of loops in M . As

in the fillable case, we will use the notation HC˚pMq and HCΓ,T
˚ pαq. Note that in general, in

spite of the notation, this homology has slightly different properties (and hypothetically could
be different) from the homology defined via a filling. For instance, it has a decomposition by
the free homotopy classes of loops in M , but not in W as when M is fillable. (Intuitively,
one can think of the resulting homology as defined by using a non-compact filling of M by
the bounded part M ˆ p0, 1s of the symplectization of pM, ξq.)

3.2. Morse inequalities. Given a non-degenerate contact form α and m P Z, define the
Morse-type number cm as dimCCmpαq. Thus, cm equals the number of good closed orbits of
α with index m, and, in general, one may have cm “ 8. However, cm is finite whenever α
has finitely many simple closed orbits, all of which have non-zero mean index. The following
strong Morse inequalities will play an important role later on.

Proposition 1. Assume that α has finitely many simple closed orbits all of them with non-
zero mean index. Let k1 and k2 be integers with the same parity such that k1 ď k2. If k1 and
k2 are even then

k2
ÿ

m“k1

p´1qmbm ď

k2
ÿ

m“k1

p´1qmcm
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and if k1 and k2 are odd we have the reversed inequality

k2
ÿ

m“k1

p´1qmbm ě

k2
ÿ

m“k1

p´1qmcm.

Proof. Let P ptq “
ř8

m“´8 bmt
m and Mptq “

ř8
m“´8 cmt

m be the Poincaré and Morse series
respectively. Consider the differential B in CC˚pMq and let qm “ dim Im Bm`1. Define the
series Qptq “

ř8
m“´8 qmt

m and note that qm ě 0 for everym. A standard algebraic argument
shows that

Mptq ´ P ptq “ p1 ` tqQptq.

Therefore, taking t “ ´1,

k2
ÿ

m“k1

p´1qmcm ´

k2
ÿ

m“k1

p´1qmbm “

k2
ÿ

m“k1

p´1qmpqm ` qm´1q

“

k2
ÿ

m“k1

p´1qmqm ´

k2´1
ÿ

m“k1´1

p´1qmqm

“ p´1qk2qk2 ´ p´1qk1´1qk1´1

“ p´1qk2pqk2 ` qk1´1q,

where in the last equality we use the fact that k1 and k2 have the same parity. Now, since
qm ě 0 for every m, the last term is ě 0 if k2 is even and ď 0 if k2 is odd. □

3.3. Resonance relations. Let γ be an isolated (possibly degenerate) closed Reeb orbit and
denote by HC˚pγq its local equivariant symplectic homology; see [28, 36]. For a non-degenerate
orbit γ, we have that

HC˚pγq “

#

Λ if ˚ “ µpγq and γ is good

0 otherwise.

The Euler characteristic of γ is defined as

χpγq “
ÿ

mPZ
p´1qm dimHCmpγq.

This sum is finite. When γ is non-degenerate,

χpγq “

#

p´1qµpγq if γ is good

0 otherwise.

The local mean Euler characteristic of γ is

χ̂pγq “ lim
jÑ8

1

j

j
ÿ

k“1

χpγkq.

The limit above exists and is rational; see [27]. When γ is strongly non-degenerate, i.e. all
iterates of γ are non-degenerate, we have

χ̂pγq “

#

p´1qµpγq if γ2 is good

p´1qµpγq{2 if γ2 is bad.
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Recall from Section 2 that the mean index of a closed orbit γ is

µ̂pγq “ lim
kÑ8

1

k
µpγkq.

Assume that α is has finitely many distinct simple closed orbits γ1, . . . , γr with non-vanishing
mean index. This assumption ensures that the positive/negative mean Euler characteristic

χ˘pMq “ lim
jÑ8

1

j

j
ÿ

m“n`1

p´1qmb˘m

is well-defined; see [27].
The mean Euler characteristic is related to local equivariant symplectic homology via the

resonance relation
ÿ

t1ďiďr; ˘µ̂pγiqą0u

˘
χ̂pγiq

µ̂pγiq
“ χ˘pMq, (3.1)

proved in [31] in the non-degenerate case and in [36] in general.

Remark 3.1. Although it is not really important in this work, there is a missing minus sign
in the resonance relation in [31, 36] for χ´pMq.

3.4. A useful property of periodic positive equivariant symplectic homology. As-
sume that HC˚pMq is periodic as in Definition 1, dimHCjpMq ă 8 for every j and HCjpMq “

0 for all j sufficiently negative. Along this work the following elementary proposition will be
very useful.

Proposition 2. Given an integer p ě 0, let f : Z Ñ Z be the function

fpjq “ jχ`pMq ´

j`p
ÿ

m“´8

p´1qmbm.

Then fpjq “ fpj ` ∆q for every j ě P .

Proof. It follows from the periodicity of the positive equivariant symplectic homology that

χ`pMq “ ρ{∆,

where

ρ “

k`∆´1
ÿ

m“k

p´1qmbm

for any k ě P . Hence,

fpj ` ∆q “ jχ`pMq ` ρ´

j`p
ÿ

m“´8

p´1qmbm ´

j`p`∆
ÿ

m“j`p`1

p´1qmbm

“ jχ`pMq ´

j`p
ÿ

m“´8

p´1qmbm

“ fpjq,

for any j ě P . □
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4. Index recurrence

A crucial ingredient in the proof of Theorem 1 is the following combinatorial result address-
ing the index behavior under iterations which is an easy generalization of [29, Theorem 4.1].
This result can also be deduced from the so-called generalized common index jump theorem
due to Duan, Liu, Long and Wang [24]; see also [42, 43].

Theorem 4. Let Φ1, . . . ,Φr be a finite collection of strongly non-degenerate elements of
ĂSpp2nq with µ̂pΦiq ‰ 0 for all 1 ď i ď r. Denote by σi “ µ̂pΦiq{|µ̂pΦiq| the sign of µ̂pΦiq.
Then for any η ą 0 and any ℓ0 P N, there exist two integer sequences d˘

j Ñ 8 and two

sequences of integer vectors k⃗˘
j “

`

k˘
1j , . . . , k

˘
rj

˘

with all components going to infinity as

j Ñ 8, such that for all i and j, and all ℓ P Z in the range 1 ď |ℓ| ď ℓ0, we have

(i)
ˇ

ˇµ̂
`

Φ
k˘
ij

i

˘

´ σid
˘
j

ˇ

ˇ ă η with the equality µ̂
`

Φ
k˘
ij

i

˘

“ µ
`

Φ
k˘
ij

i

˘

“ σid
˘
j whenever Φip1q is

hyperbolic,

(ii) µ
`

Φ
k˘
ij`ℓ

i

˘

“ σid
˘
j ` µpΦℓ

iq, and

(iii) µ
`

Φ
k´
ij

i

˘

´ σid
´
j “ ´

`

µ
`

Φ
k`
ij

i

˘

´ σid
`
j

˘

.

Furthermore, for any N P N we can make all d˘
j and k˘

ij divisible by N .

Proof. This theorem was proved in [29, Theorem 4.1] under the assumption that µ̂pΦiq ą 0
for every i. We claim that the desired result can be reduced to this case. As a matter of
fact, assume that at least one Φi has negative mean index and order Φ1, . . . ,Φr such that
Φ1, . . . ,Φr1 have negative mean index for some r1 ą 0 and Φr1`1, . . . ,Φr have positive mean
index (the set tΦr1`1, . . . ,Φru can be empty). Take the paths Ψ1, . . . ,Ψr given by

Ψiptq “ Φiptq
´1 for every 1 ď i ď r1

and

Ψiptq “ Φiptq for every r1 ` 1 ď i ď r

so that µ̂pΨiq ą 0 for every i.
Applying [29, Theorem 4.1] to Ψ1, . . . ,Ψr, given η ą 0 and ℓ0 P N, we get two integer

sequences d˘
j Ñ 8 and two sequences of integer vectors k⃗˘

j “
`

k˘
1j , . . . , k

˘
rj

˘

with all com-
ponents going to infinity as j Ñ 8, such that for all i and j, and all ℓ P Z in the range
1 ď |ℓ| ď ℓ0, we have

(i’)
ˇ

ˇµ̂
`

Ψ
k˘
ij

i

˘

´ d˘
j

ˇ

ˇ ă η with the equality µ̂
`

Ψ
k˘
ij

i

˘

“ µ
`

Ψ
k˘
ij

i

˘

“ d˘
j whenever Ψip1q is

hyperbolic,

(ii’) µ
`

Ψ
k˘
ij`ℓ

i

˘

“ d˘
j ` µpΨℓ

iq, and

(iii’) µ
`

Ψ
k´
ij

i

˘

´ d´
j “ ´

`

µ
`

Ψ
k`
ij

i

˘

´ d`
j

˘

.

Now, (i), (ii) and (iii) follow from (i’), (ii’) and (iii’) using the facts that, for all 1 ď i ď r1 and
m P N, µ̂pΨm

i q “ ´µ̂pΦm
i q, µpΨm

i q “ ´µpΦm
i q (note that Φm

i is non-degenerate) and Ψip1q is
hyperbolic if and only if so is Φip1q. □

5. Proof of Theorems 1 and 3

Theorem 1 is an immediate consequence of the following two more general results, proved
in the next two sections.
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Theorem 5. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, bj “ 0 for all j sufficiently negative, and bj ă 8 for all
j P Z.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p ě 0
such that α satisfies the following conditions:

‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index;
‚ under (NF), α is index-admissible.

If p ą 1 assume that M satisfies (PD). Then, if p is even (resp. p is odd)

#Pα ě roM presp. #Pα ě reM q,

where

roM “

#

2p´qχ`pMq `
řq

j“´8p´1qjbjq if p “ 0

2p´qχ`pMq `
řq

j“´8p´1qjbjq ` 2bq`p ´ bq if p is even and ě 2,

reM “ 2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` 2bq`p ` bq,

with q “ mints∆; s∆ ě P, s P Nu. Moreover, if the equality holds then α is lacunary with
odd (resp. even) parity.

In Section 5.1 we present examples showing that the hypothesis that α has no good periodic
orbit γ such that µpγq “ ˘p is necessary to get the lower bounds stated above, although
the corresponding assumption in Theorem 1 is probably just technical. The point of these
examples is that they are lacunary contact forms with the “wrong” parity, that is, their
parities are even for the bound roM and odd for the bound reM ; see the discussion below.

Recall that, given a lacunary non-degenerate contact form α, its parity is defined as the
parity of the indices of its closed orbits. (Here we tacitly assume that α has at least one closed
orbit; this condition is automatically satisfied whenever HCjpMq ‰ 0 for some j P Z.) The
second main result shows that the inequality in Theorem 5 becomes an equality for lacunary
contact forms with the “right” parity, thereby explaining the notation in the superscript of
ro,eM .

Theorem 6. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, bj ‰ 0 for some j, bj “ 0 for all j sufficiently negative,
and bj ă 8 for all j P Z.

Let α be a non-degenerate lacunary contact form on M with parity δ. Under (NF), suppose
furthermore that α is index-admissible. If δ is odd (resp. even) then

#Pα “ roM presp. #Pα “ reM q,

with roM and reM as in Theorem 5, for any p ‰ δ pmod 2q, which, in this case, are equal to

roM “ 2p´qχ`pMq ´

q
ÿ

j“´8

bjq

and

reM “ 2pqχ`pMq ´

q
ÿ

j“´8

bjq ` bq.
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In particular, #Pα does not depend on the choice of α.

Remark 5.1. Note that the hypothesis that there is no good closed orbit with index ˘p for
some p even (resp. p odd) in Theorem 5 is automatically satisfied by a lacunary contact
form with odd (resp. even) parity. Moreover, if M admits a non-degenerate lacunary contact
form α then HC˚pMq is lacunary with the same parity as α; cf. Section 3.1. Therefore, if
M admits a non-degenerate lacunary contact form with parity δ then the hypothesis that,
for a given non-degenerate contact form, there is no closed orbit with index ˘p for some
p ‰ δ pmod 2q excludes periodic orbits which are unnecessary from the homological point of
view; cf. Remark 2.6. Moreover, it follows from Theorem 6 that the lower bound given by
Theorem 5 is sharp under the hypothesis that there is no closed orbit with index ˘p whenever
M admits a non-degenerate lacunary contact form with parity δ ‰ p pmod 2q. If we take the
wrong parity the lower bound in Theorem 5 can be negative: for instance, when M “ S2n`1

is the standard contact sphere with n odd (resp. n even) then it admits a non-degenerate
lacunary contact form with odd (resp. even) parity and reM ă 0 (resp. roM ă 0) when p is
even (resp. p is odd).

Remark 5.2. As already mentioned in Remark 2.7, the assumption that bj ă 8 for every
j P Z implies that closed orbits with zero mean index are unnecessary from the homological
point of view. In particular, if α is non-degenerate and lacunary then this assumption forces
that every closed orbit of α has non-zero mean index.

Theorem 6 follows from the proof of Theorem 5 and Lemma 2 from [34], as explained in
Section 7; see Remarks 6.1, 6.2 and 6.7. For the reader’s convenience, we will provide an
alternative easier proof in Section 7 following the lines of [6].

The proof of Theorem 5 also yields the following multiplicity result concerning non-hyperbolic
closed orbits when the contact form has finitely many geometrically distinct closed orbits. It

clearly implies Theorem 3. In what follows, we denote by #Pnon-hyp
α the number of simple

non-hyperbolic closed orbits of a contact form α.

Theorem 7. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, bj “ 0 for all j sufficiently negative, and bj ă 8 for all
j P Z.

Let α be a non-degenerate contact form on M . Assume that there exists an integer p, which
is even or equal to 1, such that α satisfies the following conditions:

‚ α has finitely many simple closed orbits;
‚ α has no good periodic orbit γ such that µpγq “ ˘p;
‚ every closed orbit of α has non-vanishing mean index;
‚ under (NF), α is index-admissible.

If p ą 1 assume that M satisfies (PD). Then, if p is even (resp. p “ 1)

#Pnon-hyp
α ě ro,non-hypM presp. #Pnon-hyp

α ě re,non-hypM q,

where

ro,non-hypM “

#

2p´qχ`pMq `
řq

j“´8p´1qjbjq if p “ 0

2p´qχ`pMq `
řq

j“´8p´1qjbjq ` 2bq`p ´ bq if p is even and ě 2,

re,non-hypM “ 2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` bq´1 ` 3bq`1 ` 2b0,
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and q “ mints∆; s∆ ą P, s P Nu.

This result follows from the proof of Theorem 5; see Remarks 6.5 and 6.6.

Remark 5.3. When p is even, we can take q “ mints∆; s∆ ě P, s P Nu. The reason why
we take the strict inequality when p is odd is to ensure that 2pqχ`pMq ´

řq
j“´8p´1qjbjq `

bq´1 ` 3bq`1 ` 2b0 does not depend on the choice of q (because bq´1 “ bq´1`∆). Note that, if
we assume without loss of generality that ∆ is even, as we do in this work, q is even as well,
and therefore the strict inequality s∆ ą P is not necessary if bodd “ 0. In particular, we can
take q “ mints∆; s∆ ě P, s P Nu in Theorem 3.

Remark 5.4. Note that, in principle, we may have re,non-hypM ą reM although we are not aware
of any example of such anM carrying a contact form with finitely many closed orbits. Indeed,

re,non-hypM ď reM whenever M admits an even lacunary contact form; see Remark 2.23.

5.1. Necessity of the main hypothesis in Theorem 5. We show here that the hypothesis
that there is no good periodic orbit with index ˘p for some p ě 0 is necessary for the results
established in Theorem 5.

Let us consider first the case where p is even. We constructed in [3] a family of toric contact
structures ξk, k P N0, on M “ S2 ˆ S3 such that, for every k,

‚ pM, ξkq satisfies condition (F);
‚ HC˚pM, ξkq satisfies all the requested properties of Theorem 5;
‚ ξk admits a (toric) non-degenerate even lacunary contact form αk with precisely 4
simple periodic orbits, all of which with positive mean index;

‚ we have

dimHC˚pM, ξkq “

$

’

’

’

&

’

’

’

%

k if ˚ “ 0;

2k ` 1 if ˚ “ 2;

2k ` 2 if ˚ ą 2 and even;

0 otherwise.

(5.1)

Let roξk be roM corresponding to pM, ξkq and a fixed even p ě 2. We have that P “ 4 and

∆ “ 2 so that we can take q “ 4. Moreover, it is clear from (5.1) that χ`pM, ξkq “ k ` 1.
Thus,

4 “ 2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` bq

“ 2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` 2k ` 2

which implies that

2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq “ 0 if k “ 1,

2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ă 0 if k ą 1.

Assume now that the hypothesis in Theorem 5 that there is no good periodic orbit γ with
µpγq “ ˘p for some even p ě 2 can be dropped, so that we could apply Theorem 5 to αk.
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When k “ 1 we have that

roξk “ 2k ` 2

and therefore the equality

#Pαk
“ roξk “ 4.

But αk is not odd lacunary (it is even lacunary), which contradicts the assertion in Theorem
5 that if #Pαk

“ roξk then αk must be odd lacunary.
Furthermore, when k ą 1 the lower bound roξk is given by

roξk “ ´2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` 2k ` 2 ą 4

contradicting the fact that αk has precisely 4 simple periodic orbits.
Notice that, in both situations, the point here is that if k ě 1 then HC˚pM, ξkq ‰ 0 for

every even ˚ ě 0 and therefore we must have periodic orbits with index p for every even
p ě 0.

Remark 5.5. If we take the bound roξk with p “ 0, arguing as above we also obtain a contra-
diction for k ě 3.

Concerning the hypothesis that there is no good periodic orbit with index ˘p for some p
odd, we proceed in a similar fashion. One can show that there is a family of contact structures
ξk, k P N0, on Mk :“ L3

k`1p1, kq such that, for every k,

‚ pMk, ξkq satisfies condition (F);
‚ HC˚pMk, ξkq satisfies all the required properties of Theorem 5;
‚ ξk admits a (toric) non-degenerate odd lacunary contact form αk with precisely 2
simple periodic orbits, all of which with positive mean index;

‚ we have

dimHC˚pMk, ξkq “

$

’

&

’

%

k if ˚ “ 1;

1 ` k if ˚ ě 3 and odd;

0 otherwise.

(5.2)

As above, let reξk be reMk
corresponding to pMk, ξkq for any odd p. We have that P “ 3 and

∆ “ 2 so that we can take q “ 4. Moreover, it is clear from (5.2) that χ`pM, ξkq “ ´pk`1q{2.
Thus,

2 “ 2p´qχ`pMq `

q
ÿ

j“´8

p´1qjbjq.

Assume now that the hypothesis in Theorem 5 that there is no good periodic γ with
µpγq “ ˘p for some odd p ą 0 can be dropped, so that we could apply Theorem 5 to αk. The
lower bound reξk is given by

reξk “ ´2p´qχ`pMq `

q
ÿ

j“´8

p´1qjbjq ` bq ` 2bq`p

“ ´2p´qχ`pMq `

q
ÿ

j“´8

p´1qjbjq ` 2pk ` 1q

“ ´2 ` 2k ` 2.
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Thus, when k “ 1 we have the equality

#Pαk
“ reξk “ 2

but αk is not even lacunary (it is odd lacunary), contradicting the assertion in Theorem 5
that if #Pαk

“ reξk then αk must be even lacunary.
Moreover, when k ą 1 the lower bound reξk satisfies

reξk “ 2k ą 2

contradicting the fact that αk has precisely 2 simple periodic orbits.
Notice that the point here, as in the previous case where p is even, is that if k ě 1 then

HC˚pM, ξkq ‰ 0 for every odd ˚ ě 1 and therefore we must have periodic orbits with index p
for every odd p ě 1.

6. Proof of Theorem 5

The main tool used in the proof is the positive equivariant symplectic homology. Recall
from Section 3.1 that both conditions (F) and (NF) ensure that this homology (for M or the
filling) with integer grading is well-defined. Then the proof is the same in both cases of the
theorem, (F) and (NF), and relies only on the condition shared by these cases that α has no
good periodic orbits γ such that µpγq “ ˘p for some integer p and that the mean index of
every closed orbit is not zero. Recall that under (NF) we assume that α is index-admissible.

6.1. Outline of the proof. First of all, let us give a brief idea of the proof of Theorem 5.
Assume that α has finitely many distinct simple closed orbits γ1, . . . , γr. Using the resonance
relation (3.1) we obtain in Lemma 1 an expression for the truncated mean Euler characteristic
of M . From this expression we obtain, after a careful analysis of the contributions of each

orbit to the alternating sum
řd`p

m“´d´pp´1qmcm, the relation

d`p
ÿ

m“´d´p

p´1qmcm “ dχ`pMq `

p
ÿ

j“´p

p´1qjcj ´

r
ÿ

i“1
|µpγ

ki
i q|ąd`p

χpγkii q, (6.1)

where the even numbers d, k1, . . . , kr are given by Theorem 4 (with η, ℓ0 and N suitably
chosen) and cm is the m-th Morse type number.

In essence, Lemma 1 asserts that the mean Euler characteristic can be exactly evaluated
as a finite sum once the summation for every orbit γi is truncated at a suitably chosen order
of iteration ki. Truncating the sum between degrees ´d´ p and d` p for all orbits, as in the
above formula, introduces an error given by the second and third terms on the right. Note
that the third error term involves only the orbits γi with |µpγkii q| ą d ` p. We denote the
number of such orbits by r`. Using (6.1) and the periodicity of HC˚pMq we can show that

r` ěp´1qp`1qχ`pMq ` p´1qp
q`p
ÿ

m“´8

p´1qmbm ` p´1qp`1
p
ÿ

j“´p

p´1qjcj

` #t1 ď i ď r; µpγkii q “ p pmod 2q, |µpγkii q| ą d` p and γkii is goodu.
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Repeating the above argument and applying again Theorem 4, we can find even numbers
d1, k1

1, . . . , k
1
r such that

d1`p
ÿ

m“´d1´p

p´1qmcm “ d1χ`pMq `

p
ÿ

j“´p

p´1qjcj ´

r
ÿ

i“1

|µpγ
k1
i

i q|ąd1`p

χpγ
k1
i

i q (6.2)

Here the last error term involves only the orbits with |µpγ
k1
i

i q| ą d1 ` p. Denoting by r´ the
number of such orbits, we obtain the same lower bound for r´:

r´ ěp´1qp`1qχ`pMq ` p´1qp
q`p
ÿ

m“´8

p´1qmbm ` p´1qp`1
p
ÿ

j“´p

p´1qjcj

` #t1 ď i ď r; µpγ
k1
i

i q “ p pmod 2q, |µpγ
k1
i

i q| ą d` p and γ
k1
i

i is goodu.

By item (iii) of Theorem 4,

|µpγk
1
iq| ą d1 ` p if and only if |µpγkii q| ă d´ p.

Thus r` and r´ count disjoint sets of simple closed orbits and therefore r ě r´ ` r`. Now,
one can show that there are more

r1 :“

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq

new simple closed orbits. This term counts simple orbits γi such that |µpγkii q| P rd´ p, d` ps.
Set

re “ #t1 ď i ď r; µpγkii q is even and γkii is goodu

and

ro “ #t1 ď i ď r; µpγkii q is odd and γkii is goodu

Using the second error term on the right of (6.1) and (6.2), the Morse inequalities, the Poincaré
duality property (PD), and our assumption that there is no good periodic orbit with index
˘p, a (non-trivial) computation shows that, if p “ 0,

r ě r´ ` r` ` r1

ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` re,

if p ě 2 is even,

r ě r´ ` r` ` r1

ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ´ bq ` re,

and if p is odd,

r ě r´ ` r` ` r1

ě 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq ` ro.
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Using these inequalities, one can show that if the lower bound of the theorem is an equality
then α is lacunary.

6.2. Proof of the theorem. We begin the proof by assuming that α has finitely many
distinct simple closed orbits γ1, . . . , γr. Our goal is to establish the lower bound on r asserted
by the theorem and to show that, if this bound is attained, then α is lacunary. (In fact, we
prove the converse as well, namely that this bound is attained if and only if α is lacunary,
under the assumption that α has finitely many closed orbits; see Remarks 6.1, 6.2, and 6.7.
Under our hypotheses, the fact that a non-degenerate lacunary contact form has finitely many
periodic orbits follows from Lemma 2 from [34]; see Section 7, where we also provide a simpler
independent proof of this converse (Theorem 6).)

By assumption, the mean index of each γi is non-zero. Set

ℓ0 “ max

"

p, max
1ďiďr

min
␣

k0 P N
ˇ

ˇ µpγk`ℓ
i q ě |µpγki q| ` 2n` p` 1 @k ě 1, @ℓ ě k0 if µ̂pγiq ą 0,

µpγk`ℓ
i q ď ´|µpγki q| ´ 2n´ p´ 1 @k ě 1, @ℓ ě k0 if µ̂pγiq ă 0

(

*

.

Note that ℓ0 is well-defined, i.e., the minima above are finite, by the definition of the mean
index.

By Theorem 4, given N P N, η ą 0, and ℓ0 as above, there exist two sequences of in-
teger vectors pd˘

j , k
˘
1j , . . . , k

˘
rjq satisfying conditions (i), (ii), and (iii), such that all entries

d˘
j , k

˘
1j , . . . , k

˘
rj are divisible by N . We will only need one vector from each sequence, and we

set

pd, k1, . . . , krq :“ pd`
1 , k

`
11, . . . , k

`
r1q, pd1, k1

1, . . . , k
1
rq :“ pd´

1 , k
´
11, . . . , k

´
r1q. (6.3)

The following lemma, which provides an expression for the truncated mean Euler char-
acteristic (see Section 3.3), is one of the key steps in the proof; cf. [4, Sublemma 5.2], [29,
Lemma 5.1], and [6, Lemma 4.5]. Recall that, by the periodicity of the equivariant symplectic
homology,

χ`pMq “
ρ

∆
,

where ∆ is the period of HC˚pMq and ρ “
řP`∆´1

m“P p´1qmbm.

Lemma 1. The numbers N and η can be chosen such that d “ s∆ for some integer s and

r
ÿ

i“1

ki
ÿ

k“1

χpγki q “

r
ÿ

i“1

kiχ̂pγiq “ dχ`pMq “ sρ.

The same holds for d1, k1
1, . . . , k

1
r.

Proof. Let N be any (positive) integer multiple of ∆. Since ∆ is even so is N . The first
equality follows from the (strong) non-degeneracy of γ1, . . . , γr since the numbers ki are even.
The third equality follows just from the facts that d “ s∆ and χ`pMq “ ρ{∆. To prove the

second equality, take η sufficiently small such that η
řr

i“1

ˇ

ˇ

χ̂pγiq
µ̂pγiq

ˇ

ˇ ă 1. Using the resonance
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relation (3.1) we conclude that

dχ˘pMq “
ÿ

t1ďiďr; ˘µ̂pγiqą0u

˘
dχ̂pγiq

µ̂pγiq

“
ÿ

t1ďiďr; ˘µ̂pγiqą0u

kiχ̂pγiq `
ÿ

t1ďiďr; ˘µ̂pγiqą0u

p˘d´ kiµ̂pγiqqχ̂pγiq

µ̂pγiq

“
ÿ

t1ďiďr; ˘µ̂pγiqą0u

kiχ̂pγiq `
ÿ

t1ďiďr; ˘µ̂pγiqą0u

p˘d´ µ̂pγkii qqχ̂pγiq

µ̂pγiq
.

By property (i) of Theorem 4 and the condition on η,
ˇ

ˇ

ˇ

ˇ

ÿ

t1ďiďr; ˘µ̂pγiqą0u

p˘d´ µ̂pγkii qqχ̂pγiq

µ̂pγiq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

r
ÿ

i“1

pσid´ µ̂pγkii qqχ̂pγiq

µ̂pγiq

ˇ

ˇ

ˇ

ˇ

ă η
r
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

χ̂pγiq

µ̂pγiq

ˇ

ˇ

ˇ

ˇ

ă 1.

Note that by our choice ofN the numbers dχ˘pMq and kiχ̂pγiq for all i are integers. Therefore,

dχ˘pMq “
ÿ

t1ďiďr; ˘µ̂pγiqą0u

kiχ̂pγiq.

Now, observe that, by our hypotheses,
ř

t1ďiďr; µ̂pγiqă0u kiχ̂pγiq “ dχ´pMq “ 0. Consequently,

since every periodic orbit has non-zero mean index,
r
ÿ

i“1

kiχ̂pγiq “
ÿ

t1ďiďr; µ̂pγiqă0 or µ̂pγiqą0u

kiχ̂pγiq “
ÿ

t1ďiďr; µ̂pγiqą0u

kiχ̂pγiq “ dχ`pMq.

Obviously, the same argument works for d1, k1
1, . . . , k

1
r. □

The next lemma will be useful when p ą 1 in Theorem 5. It establishes that suitable
prequantizations M of symplectic manifolds B have a symmetry in HC˚pMq for big enough
degrees, which follows easily from the Poincaré duality on B; cf. Propositions 4 and 6 and
Remark 2.14.

Proposition 3. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that M is a prequantization of a positive monotone symplectic manifold pB,ωq such
that HoddpB;Qq “ 0. Under condition (NF) assume furthermore that the minimal Chern
number cB of B satisfies cB ą 1. Given p ě 0 we can choose d large enough such that

bd`j “ bd´j

for every j P r´p, ps.

Proof. From the assumptions on M we have that HC˚pMq is well-defined and given by

HC˚pMq –
à

mPN
H˚´m∆1`npB; Λq. (6.4)

where ∆1 is the Robbin-Salamon index of the simple orbit of the S1-action on M which is an
even positive integer since B is positive monotone; see Section 8 for details.

Choose N such that
d “ 2s∆1 and d ą n` p. (6.5)

Given j P Z we have from (6.4) that

bd`j “ dim‘8
m“1Hn`2ps´mq∆1`jpB;Qq.
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Since 2s∆1 “ d ą n` p we clearly have that

bd`j “ dim‘8
m“´8Hn`2ps´mq∆1`jpB;Qq

for every j P r´p, ps. Thus, by Poincaré duality,

bd`j “ dim‘8
m“´8Hn´2ps´mq∆1´jpB;Qq

“ dim‘8
m“´8Hn`2ps´mq∆1´jpB;Qq

“ bd´j

for every j P r´p, ps. □

Now, for the sake of simplicity, we will split the proof of Theorem 5 in three main steps.

Step 1. α has at least p´1qp`1qχ`pMq`p´1qp
řq`p

m“´8 bm`p´1qp`1
řp

j“´pp´1qjcj`#t1 ď

i ď r; µpγkii q “ p pmod 2q, |µpγkii q| ą d` p and γkii is goodu simple closed orbits

Fix N and η as in Lemma 1. (In particular, N is even.) Taking N big enough, we can
assume that d and ki are big enough such that

d ą maxtp` P, p` n, qu, (6.6)

´d` p ă bmin :“ mintm P Z; bm ‰ 0u, (6.7)

and
ℓ0 ` 2 ď min

1ďiďr
ki. (6.8)

Condition (6.7) can be achieved because, by assumption, bmin ą ´8. We also take N big
enough such that d satisfies Propositions 3 and 4 whenever M meets (PD).

Clearly, η can be chosen so small that the vector pd, k1, . . . , krq “ pd`
1 , k

`
11, . . . , k

`
r1q given

by Theorem 4 satisfies

µpγki´ℓ
i q “ σid´ µpγℓi q, (6.9)

µpγki`ℓ
i q “ σid` µpγℓi q, (6.10)

and
|µpγkii q ´ σid| ď n (6.11)

for every 1 ď i ď r and 1 ď ℓ ď ℓ0. (Here, since N is even, the integers d and ki are even.)

For each periodic orbit γi, we will consider five types of iterates outside γkii :

(A) γki´ℓ
i with ℓ ą ℓ0;

(B) γki´ℓ
i with 1 ď ℓ ď ℓ0 and µpγℓi q R r´p, ps;

(C) γki`ℓ
i with 1 ď ℓ ď ℓ0 and µpγℓi q R r´p, ps;

(D) γki`ℓ
i with ℓ ą ℓ0;

(E) γki˘ℓ
i with 1 ď ℓ ď ℓ0 and µpγℓi q P r´p, ps.

Let us analyze the contributions of these iterates to the Morse type numbers appearing in the
alternating sum

d`p
ÿ

m“´d´p

p´1qmcm, (6.12)

where, as in Section 3.2, cm is the number of good closed orbits of index m. First, class (A)
iterates have index with absolute value ă d ` p and hence all good orbits here contribute to
(6.12). Indeed, by definition of ℓ0, we have |µpγkii q| ě |µpγki´ℓ

i q|`2n`p`1 for every ℓ P pℓ0, kiq
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which, combined with (6.11), implies that |µpγki´ℓ
i q| ď d´ n´ p´ 1 for all ℓ P pℓ0, kiq. Class

(D) orbits do not contribute to (6.12) since |µpγki`ℓ
i q| ě |µpγkii q| ` 2n` p` 1 ě d` n` p` 1

for every ℓ ą ℓ0, where the last inequality again follows from (6.11). In turn, class (E) does
contribute to (6.12) by equations (6.9) and (6.10).

In order to understand the contributions from classes (B) and (C), let us further divide
each of them into four subclasses:

(B1+) γki´ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ě ´p, µ̂pγiq ą 0 and µpγℓi q R r´p, ps,

(B2+) γki´ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ă ´p and µ̂pγiq ą 0,

(B1–) γki´ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ą ´p, µ̂pγiq ă 0 and µpγℓi q R r´p, ps,

(B2–) γki´ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ď ´p, µ̂pγiq ă 0 and µpγℓi q R r´p, ps,

and

(C1+) γki`ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ě ´p, µ̂pγiq ą 0 and µpγℓi q R r´p, ps,

(C2+) γki`ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ă ´p and µ̂pγiq ą 0.

(C1–) γki`ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ą ´p, µ̂pγiq ă 0 and µpγℓi q R r´p, ps,

(C2–) γki`ℓ
i with 1 ď ℓ ď ℓ0 if µpγℓi q ď ´p, µ̂pγiq ă 0 and µpγℓi q R r´p, ps.

Now all of the good orbits in class (B1+) contribute to (6.12), while class (B2+) makes

no contribution to (6.12). Indeed, by (6.9), µpγki´ℓ
i q “ d ´ µpγℓi q which is ď d ` p whenever

µpγℓi q ě ´p, µpγki´ℓ
i q ě ´d ´ p by (6.6) and the fact that µ̂pγiq ą 0 ùñ µpγji q ą ´n for

all j, and µpγki´ℓ
i q ą d ` p whenever µpγℓi q ă ´p. In a similar vein, (B2–) contributes to

(6.12) and (B1–) does not: by (6.9), µpγki´ℓ
i q “ ´d ´ µpγℓi q which is ě ´d ´ p whenever

µpγℓi q ď ´p, µpγki´ℓ
i q ď d by (6.6) and the fact that µ̂pγiq ă 0 ùñ µpγji q ă n for all j, and

µpγki´ℓ
i q ă ´d ´ p whenever µpγℓi q ą ´p ùñ µpγℓi q ą p, since we are excluding good orbits

γki˘ℓ
i such that µpγℓi q P r´p, ps.

Now, since we are excluding good orbits γki˘ℓ
i such that µpγℓi q R r´p, ps, we have that

for all good iterates γki`ℓ
i in (C1+) µpγℓi q ą p, and for all good iterates γki`ℓ

i in (C2–)

µpγℓi q ă ´p. Hence, if γki`ℓ
i belongs to (C1+), by (6.10), µpγki`ℓ

i q “ d ` µpγℓi q ą d ` p

whenever γki`ℓ
i is good. Thus, the orbits from (C1+) do not contribute to (6.12). The orbits

of (C2–) do not contribute as well: by (6.10), µpγki`ℓ
i q “ ´d ` µpγℓi q ă ´d ´ p whenever γℓi

is good. On the other hand, the good orbits of (C2+) and (C1–) contribute: in the first case,

µpγki`ℓ
i q “ d`µpγℓi q ă d`p because µpγℓi q ă ´p and µpγki`ℓ

i q ě ´d´p by (6.6) and the fact

that µ̂pγiq ą 0 ùñ µpγji q ą ´n for all j; in the second case, µpγki`ℓ
i q “ ´d`µpγℓi q ą ´d´ p

because µpγℓi q ą ´p and µpγki`ℓ
i q ď d ` p again by (6.6) and the fact that µ̂pγiq ă 0 ùñ

µpγji q ă n for all j. (Above µpγki`ℓ
i q and µpγℓi q have the same parity since the integers ki are

even.)
To summarize, all good orbits from classes (A), (E), (B1+), (B2–), (C2+) and (C1–)

contribute to (6.12), and orbits from classes (D), (B1–), (B2+), (C1+) and (C2–) make no
contribution to (6.12). Define

ce˘ “

r
ÿ

i“1

#t1 ď ℓ ď ℓ0 | σiµpγℓi q ă 0, γki˘ℓ
i is good, µpγℓi q R r´p, ps and µpγℓi q is evenu,

(6.13)
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co˘ “

r
ÿ

i“1

#t1 ď ℓ ď ℓ0 | σiµpγℓi q ă 0, γki˘ℓ
i is good, µpγℓi q R r´p, ps and µpγℓi q is oddu,

(6.14)
and

cj,i “ #tk P N; γki is good and µpγki q “ ju.

Notice that
cj,i “ #t1 ď ℓ ď ℓ0; γ

ℓ
i is good and µpγℓi q “ ju, (6.15)

whenever j P r´p, ps. Indeed, from the definition of ℓ0, we have, for every k P N, that

µpγℓ0`k
i q ě 2n` p` 1 ą p if σi ą 0 and µpγℓ0`k

i q ď ´2n´ p´ 1 ă ´p if σi ă 0.
Consider now

ř8
m“´8p´1qmcm to which all good orbits from classes (A)–(E) and the

collection tγkii u contribute. In particular, the contributions of classes (B1–) and (B2+) and
classes (C1–) and (C2+) iterates are respectively ce´ ´ co´ and ce` ´ co`. Viewing (6.12) as

d`p
ÿ

m“´d´p

p´1qmcm “

8
ÿ

m“´8

p´1qmcm ´
ÿ

|m|ąd`p

p´1qmcm,

with the above discussion in mind, we have

d`p
ÿ

m“´d´p

p´1qmcm “

r
ÿ

i“1

ˆ ki
ÿ

ℓ“1

χpγℓi q ´

p
ÿ

j“´p

p´1qjcj,i

looooooooooooooomooooooooooooooon

pAq`pBq`χpγ
ki
i q

˙

` ce` ´ co`
looomooon

pC1´q`pC2`q

´ pce´ ´ co´q
loooomoooon

pB1´q`pB2`q

´

r
ÿ

i“1
|µpγ

ki
i q|ąd`p

χpγkii q ` 2

p
ÿ

j“´p

p´1qjcj

looooooomooooooon

pEq

. (6.16)

Here, as indicated by the underbraces, the first term on the right-hand side comes from the
iterates in classes (A) and (B) and the iterate γkii (note that we are subtracting the term
řp

j“´pp´1qjcj,i because we exclude in (B) the orbits γki´ℓ
i with 1 ď ℓ ď ℓ0 and µpγℓi q P

r´p, ps), the second term comes from classes (C1–) and (C2+) iterates, and the third term
cancels out the contribution of classes (B1–) and (B2+) orbits to the first term. The second

to last term eliminates the contribution to the first term of the orbits γkii with index with
modulus greater than d` p and the last term is the contribution from (E).

Note that, since µpγki´ℓq and µpγki`ℓq have the same parity, ce´ “ ce` and co´ “ co`. Thus
the second and third underbraced terms on the right-hand side of equation (6.16) cancel each
other out and we arrive at

d`p
ÿ

m“´d´p

p´1qmcm “

r
ÿ

i“1

ki
ÿ

ℓ“1

χpγℓi q ´

r
ÿ

i“1
|µpγ

ki
i q|ąd`p

χpγkii q `

p
ÿ

j“´p

p´1qjcj . (6.17)

Define

re,p˘ “ #t1 ď i ď r | ˘pσiµpγkii q ´ dq ą p, γkii is good and µpγkii q is evenu (6.18)

and

ro,p˘ “ #t1 ď i ď r | ˘pσiµpγkii q ´ dq ą p, γkii is good and µpγkii q is oddu. (6.19)
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Essentially, the terms re,p˘ and ro,p˘ count the good iterates γkii whose indices lie outside the

interval rσid´p, σid`ps, distinguished according to parity of µpγkii q and the sign of µpγkii q´σid.
Notice that the second term in (6.17) is given by re,p` ´ ro,p` because, by (6.6) and (6.11),

µpγkii q and µ̂pγkii q have the same sign σi (it also follows from (6.8) and the definition of ℓ0).
Then, by Lemma 1,

dχ`pMq ´ re,p` ` ro,p` “

d`p
ÿ

m“´d´p

p´1qmcm ´

p
ÿ

j“´p

p´1qjcj . (6.20)

Now, let us break down the argument according to the parity of p.

Case 1. p is even

In this case, since both d and p are even, we conclude from (6.20) and the Morse inequalities
that

ro,p` ě ´dχ`pMq `

d`p
ÿ

m“´d´p

p´1qmbm ´

p
ÿ

j“´p

p´1qjcj ` re,p`

“ ´dχ`pMq `

d`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcj ` re,p`

“ ´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcj ` re,p` , (6.21)

where the second equation uses (6.7) and the last equality is a consequence of Proposition 2
and the facts that q and d are both multiples of ∆ and d ě q ě P by (6.6).

Case 2. p is odd

Similarly to the previous case, since d is even and p is odd, from (6.20) and the Morse
inequalities we obtain

re,p` ě dχ`pMq ´

d`p
ÿ

m“´d´p

p´1qmbm `

p
ÿ

j“´p

p´1qjcj ` ro,p`

“ dχ`pMq ´

d`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcj ` ro,p`

“ qχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcj ` ro,p` , (6.22)

where, as before, the second equation follows from (6.7) and the last equality is a consequence
of Proposition 2.

Remark 6.1. Assume that α is lacunary as in Theorem 6. Then, since the Morse inequalities
are equalities, in place of (6.21) and (6.22) we have

re,p` “ 0 and ro,p` “ ´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjbj
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if α is odd and

ro,p` “ 0 and re,p` “ qχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjbj

if α is even.

Step 2. Existence of other p´1qp`1qχ`pMq`p´1qp
řq`p

m“´8 bm`p´1qp`1
řp

j“´pp´1qjcj `

#t1 ď i ď r; µpγkii q “ p pmod 2q, |µpγkii q| ă d´ p and γkii is goodu simple closed orbits

Now, we claim that if p is even

ro,p´ ě ´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcj ` re,p´ (6.23)

and if p is odd,

re,p´ ě qχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcj ` ro,p´ . (6.24)

In order to prove this, observe that applying Theorem 4 to N , η and ℓ0 as above, we obtain
positive integers pd1, k1

1, . . . , k
1
rq “ pd´

1 , k
´
11, . . . , k

´
r1q such that

µpγ
k1
i´ℓ

i q “ σid
1 ´ µpγℓi q,

µpγ
k1
i`ℓ

i q “ σid
1 ` µpγℓi q,

and

σiµpγ
k1
i

i q ´ d1 “ ´pσiµpγkii q ´ dq, (6.25)

for every 1 ď i ď r and 1 ď ℓ ď ℓ0. Arguing as before, we arrive at the equation

d1´p
ÿ

m“´d1`p

p´1qmcm “

r
ÿ

i“1

k1
i

ÿ

ℓ“1

χpγℓi q ´ r1e,p
` ` r1o,p

` `

p
ÿ

j“´p

p´1qjcj , (6.26)

where, similarly to (6.18) and (6.19),

r1e,p
˘ “ #t1 ď i ď r | ˘pσiµpγ

k1
i

i q ´ d1q ą p, γ
k1
i

i is good and µpγ
k1
i

i q is evenu

and

r1o,p
˘ “ #t1 ď i ď r | ˘pσiµpγ

k1
i

i q ´ d1q ą p, γ
k1
i

i is good and µpγ
k1
i

i q is oddu.

Notice that, due to (6.25), re,p˘ “ r1e,p
¯ and ro,p˘ “ r1o,p

¯ . Therefore, equation (6.26), together
with Lemma 1, give rise to the relation

´d1χ`pMq ´ re,p´ ` ro,p´ “

d1
ÿ

m“´d1

p´1qmcm ´

p
ÿ

j“´p

p´1qjcj . (6.27)

Therefore, (6.23) and (6.24) hold just as before.
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Remark 6.2. As in Remark 6.1, if α is lacunary, in place of (6.27) we have the equality

´d1χ`pMq ´ re,p´ ` ro,p´ “

d1
ÿ

m“´d1

p´1qmbm ´

p
ÿ

j“´p

p´1qjbj

and therefore, if α is odd,

re,p´ “ 0 and ro,p´ “ ´qχ`pMq `

q
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjbj ,

and, if α is even,

ro,p´ “ 0 and re,p´ “ qχ`pMq ´

q
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjbj .

Now, we split the outcome of Steps 1 and 2 according to the parity of p:

Case 1. p is even

Since ro,p` and ro,p´ count two disjoint sets of orbits, in view of (6.21) and (6.23), we must
have at least rp ` re,p distinct simple closed orbits, say, γ1, . . . , γrp , γrp`1, . . . , γr`re,p , where

rp :“ maxt0, 2p´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcjqu

and

re,p :“ re,p´ ` re,p` “ #t1 ď i ď r; |µpγkii q| R rd´ p, d` ps, µpγkii q is even and γkii is goodu.

Moreover, from the definitions of ro,p` and ro,p´ , we have that |µpγkii q| R rd´ p, d` ps for every

1 ď i ď rp ` re,p. (Note that, as already mentioned, µpγkii q and µ̂pγiq have the same sign.)

Case 2. p is odd

Similarly as in the previous case, since re,p` and re,p´ count two disjoint sets of orbits, in
view of (6.22) and (6.24), we must have at least rp ` ro,p distinct simple closed orbits, say,
γ1, . . . , γrp , γrp`1, . . . , γr`ro,p , where

rp :“ maxt0, 2pqχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcjqu

and

ro,p :“ ro,p´ ` ro,p` “ #t1 ď i ď r; |µpγkii q| R rd´ p, d` ps, µpγkii q is odd and γkii is goodu.

Moreover, from the definitions of re,p` and re,p´ , we have that |µpγkii q| R rd´ p, d` ps for every
1 ď i ď rp ` ro,p.

Note that, in both cases, the set γ1, . . . , γr, γr`1, . . . , γr`re,o might be empty. (Indeed, it is
if p ą n and η is chosen sufficiently small in Theorem 4.)

Remark 6.3. Observe that both ro,p˘ and re,p˘ count simple periodic orbits γi such that γkii is
good.
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Step 3. Existence of more
řp

j“´ppcd`j ` c´d`j ´ cj ´ c´jq simple closed orbits and
proof of the desired lower bounds

From the definitions of ro,p˘ and re,p˘ , we have that the (good) iterates γkii of the orbits γi
obtained in Steps 1 and 2 have index outside the interval rσid´p, σid`ps. By our conditions

on d, we have that d ´ p ą n. Thus, if µpγkii q P r´d ´ p,´d ` ps ùñ µpγkii q ă ´n ùñ

µ̂pγkii q ă 0 ðñ µ̂pγiq ă 0. Similarly, if µpγkii q P rd ´ p, d ` ps ùñ µpγkii q ą n ùñ

µ̂pγkii q ą 0 ðñ µ̂pγiq ą 0. Therefore, the orbits γi obtained in Steps 1 and 2 satisfy

µpγkii q R r´d ´ p,´d ` ps Y rd ´ p, d ` ps. Hence, from (6.9) and (6.10) we conclude that we
have at least more

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq

new periodic orbits. As a matter of fact, cd`j ` c´d`j ´ cj ´ c´j , with j P r´p, ps, counts the

number of periodic orbits γi such that γkii is good and µpγkii q “ ˘d` j P r´d´ p,´d` ps Y

rd´ p, d` ps which therefore must be different from the orbits γ1, . . . , γrp , γrp`1. . . . , γrp`re,p

when p is even and different from the orbits γ1, . . . , γrp , γrp`1. . . . , γrp`ro,p when p is odd.

Remark 6.4. As in Remark 6.3, we have that
řp

j“´ppcd`j ` c´d`j ´ cj ´ c´jq counts simple

periodic orbits γi such that γkii is good.

Let us break down the argument again according to the parity of p:

Case 1. p is even

From the previous discussions,

#Pα ě 2p´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcjq `

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` re,p.

Given m P r´p, ps, set

rem “#t1 ď i ď r; |µpγkii q| P rd´m, d`ms, µpγkii q is even and γkii is goodu,

and note that

rem “

m
ÿ

j“´m, j even

pcd`j ` c´d`j ´ cj ´ c´jq.

When p “ 0 we obtain, since, by hypothesis, c0 “ 0,

#Pα ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` cd ` c´d ` re,p

“ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` re,0 ` re0.

Notice here that, since c0 “ 0,

re0 “ cd ` c´d “ #t1 ď i ď r; µpγkii q P t´d, du, and γkii is goodu. (6.28)
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When p ą 0 we argue as follows. First, note that

#Pα ě 2p´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcjq `

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` re,p

“ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` re,p

`

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` 2

p
ÿ

j“1

p´1qjbd`j ´ 2

p
ÿ

j“´p

p´1qjcj

looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

p˚q

,

where in the equality we use the periodicity of HC˚pMq.
Since, by (6.9) and (6.10), pcd`j ` c´d`j ´ cj ´ c´jq ě 0 for every j P r´p, ps and, by

assumption, cp “ c´p “ 0 we arrive at

p˚q ě

p
ÿ

j“´p

p´1qj`1pcd`j ` c´d`j ´ cj ´ c´jq ` 2pc´d´p ` c´d`p ` cd´p ` cd`pq ` 2rep´1

` 2

p
ÿ

j“1

p´1qjbd`j ´ 2

p
ÿ

j“´p

p´1qjcj

“ ´

p
ÿ

j“´p

p´1qjpcd`j ` c´d`jq `

p
ÿ

j“´p

p´1qjbd`j ´ bd ` 2

p
ÿ

j“´p

p´1qjcj ´ 2

p
ÿ

j“´p

p´1qjcj

` 2pcd´p ` cd`p ` c´d´p ` c´d`pq ` 2rep´1

“

p´1
ÿ

j“´p`1

p´1qjbd`j ´

p´1
ÿ

j“´p`1

p´1qjcd`j

looooooooooooooooooooooomooooooooooooooooooooooon

ě0 by Morse inequalities and the fact that p is even

`bd´p ` bd`p ´ cd´p ´ cd`p ´ c´d´p ´ c´d`p

` 2pcd´p ` cd`p ` c´d´p ` c´d`pq ´ bd ´

p´1
ÿ

j“´p`1

p´1qjc´d`j

loooooooooomoooooooooon

ď0

`2rep´1

ě bd´p ` bd`p ´ bd ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rep´1

“ 2bd`p ´ bd ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rep´1

“ 2bq`p ´ bq ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rep´1,

where the first inequality uses the facts that p is even and cp “ c´p “ 0, the first equality
holds because

2

p
ÿ

j“1

p´1qjbd`j “

p
ÿ

j“´p

p´1qjbd`j ´ bd

by our assumption that ∆ “ 2 or using Propositions 3 or 4 (note that Proposition 4 is proved
in Section 7) when p ą 1 and the fact that d ´ p ě P (by (6.6)) which is also used in the
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second to last equation, the last inequality holds because, since ´d` p ă bmin and p is even,

p´1
ÿ

j“´p`1

p´1qjc´d`j ď

p´1
ÿ

j“´p`1

p´1qjb´d`j “ 0

and the last equality uses the periodicity of HC˚pMq.
Similarly as in (6.28), since cp “ c´p “ 0,

cd´p`cd`p`c´d´p`c´d`p “ #t1 ď i ď r; µpγkii q P t´d´p,´d`p, d´p, d`pu, and γkii is goodu.

Consequently, from the definitions of rep´1 and rep,

cd´p ` cd`p ` c´d´p ` c´d`p ` 2rep´1 ě rep.

Hence, summing up the results, we have, for any even p,

#Pα ě

#

2p´qχ`pMq `
řq

m“´8p´1qmbmq ` re,p ` rep if p “ 0

2p´qχ`pMq `
řq

m“´8p´1qmbmq ` 2bq`p ´ bq ` re,p ` rep if p is even and ě 2.

(6.29)
Since re,p ` rep ě 0 it proves the desired lower bound.

Let us prove that if the equality in the theorem holds then α is lacunary with odd parity.
We will prove it when p ě 2 since the argument for p “ 0 is analogous. From the discussion
above, we actually have that

#Pgood
α ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ´ bq ` re,p ` rep

where #Pgood
α is the number of simple closed orbits γi of α such that

γ2i is good ðñ γkii is good.

(Recall that ki is even.) See Remarks 6.3 and 6.4.
Suppose now that

#Pα “ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ´ bq. (6.30)

So that, by (6.29) and the definitions of re,p and rep,

re :“ re,p ` rep

“ #t1 ď i ď r; µpγkii q is even and γkii is goodu

“ #t1 ď i ď r; µpγji q is even for every ju

“ 0,

where the third equation holds because the parities of the indices of the iterates γji depend

only on the parity of j, that is, µpγji q “ µpγj
1

i q pmod 2q whenever j “ j1 pmod 2q.

We claim that there is no periodic orbit γi such that µpγji q is even for some j. As a matter
of fact, suppose, by contradiction, that there exists at least one such an orbit. If γ2i is good
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ðñ γkii is good, then µpγkii q is even, contradicting the fact that re “ 0. Thus, we necessarily

have that γkii is bad. Then,

#Pα ě #Pgood
α ` 1 ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ´ bq ` 1

contradicting (6.30). It proves the desired result.

Remark 6.5. From the discussion above, the periodic orbits γ1, . . . , γrp , γrp`1, . . . , γrp`re,p

satisfy µpγkii q ‰ d if σi “ 1 and µpγkii q ‰ ´d if σi “ ´1. Therefore, by item (i) of Theorem 4,
they cannot be hyperbolic. By the same reason, we have at least more

řp
j“´ppcd`j ` c´d`j ´

cj ´ c´jq ´ pcd ` c´d ´ 2c0q non-hyperbolic orbits. Thus, when p “ 0, it gives us

#Pnon-hyp
α ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq,

where #Pnon-hyp
α stands for the number of simple non-hyperbolic closed orbits. When p is

even and positive, we have, arguing as before,

#Pnon-hyp
α ě 2p´qχ`pMq `

q`p
ÿ

m“´8

p´1qmbm ´

p
ÿ

j“´p

p´1qjcjq

`

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ´ pcd ` c´d ´ 2c0q

ě 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq`

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` 2

p
ÿ

j“1

p´1qjbd`j ´ 2

p
ÿ

j“´p

p´1qjcj ´ pcd ` c´d ´ 2c0q

looooooooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooooooon

p˚˚q

.

But, since pcd`j ` c´d`j ´ cj ´ c´jq ě 0 for every j P r´p, ps, we also have that

p˚˚q ě

p
ÿ

j“´p

p´1qj`1pcd`j ` c´d`j ´ cj ´ c´jq ` 2pcd´p ` cd`p ` c´d´p ` c´d`pq

` 2

p
ÿ

j“1

p´1qjbd`j ´ 2

p
ÿ

j“´p

p´1qjcj

ě 2bq`p ´ bq,

just as before. (Note that the exponent at the first alternating sum is odd when j “ 0.)
Consequently,

#Pnon-hyp
α ě

#

2p´qχ`pMq `
řq

j“´8p´1qjbjq if p “ 0

2p´qχ`pMq `
řq

j“´8p´1qjbjq ` 2bq`p ´ bq if p is even and ě 2.

Here we do not count periodic orbits γi such that µpγkii q is even because it is not needed for
the proof of Theorem 7.
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Case 2. p is odd

This case is similar to the previous one. As before,

#Pα ě 2pqχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcjq `

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` ro,p.

Given m P r´p, ps, set

rom “#t1 ď i ď r; |µpγkii q| P rd´m, d`ms, µpγkii q is odd and γkii is goodu,

and note that

rom “

m
ÿ

j“´m, j odd

pcd`j ` c´d`j ´ cj ´ c´jq.

When p “ 1 we obtain, since, by hypothesis, c1 “ c´1 “ 0,

#Pα ě 2pqχ`pMq ´

q`1
ÿ

m“´8

p´1qmbm ` c0q ` cd ´ 2c0 ` cd´1 ` cd`1 ` c´d ` c´d´1 ` c´d`1 ` ro,1

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` cd ` cd´1 ` cd`1 ` 2bq`1 ` c´d ` c´d´1 ` c´d`1 ` ro,1

ě 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` bd ` 2bq`1 ` ro,1 ` ro1

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` bq ` 2bq`1 ` ro,1 ` ro1,

where in the last equality we used the periodicity of HC˚pMq and the fact that q ě P . Note
here that, since c´1 “ c1 “ 0,

ro1 “ cd´1 ` cd`1 ` c´d´1 ` c´d`1

“ #t1 ď i ď r; µpγkii q P t´d´ 1,´d` 1, d´ 1, d` 1u, and γkii is goodu. (6.31)

When p ą 1 we argue analogously as in the previous case. First,

#Pα ě 2pqχ`pMq ´

q`p
ÿ

m“´8

p´1qmbm `

p
ÿ

j“´p

p´1qjcjq `

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ` ro,p

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` ro,p

`

p
ÿ

j“´p

pcd`j ` c´d`j ´ cj ´ c´jq ´ 2

p
ÿ

j“1

p´1qjbd`j ` 2

p
ÿ

j“´p

p´1qjcj

looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

p˚q

.
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Since, by (6.9) and (6.10), pcd`j ` c´d`j ´ cj ´ c´jq ě 0 for every j P r´p, ps and, by
assumption, cp “ c´p “ 0 we have that

p˚q ě

p
ÿ

j“´p

p´1qjpcd`j ` c´d`j ´ cj ´ c´jq ` 2pcd´p ` cd`p ` c´d´p ` c´d`pq ` 2rop´1

´ 2

p
ÿ

j“1

p´1qjbd`j ` 2

p
ÿ

j“´p

p´1qjcj

“

p
ÿ

j“´p

p´1qjpcd`j ` c´d`jq ´

p
ÿ

j“´p

p´1qjbd`j ` bd ´ 2

p
ÿ

j“´p

p´1qjcj ` 2

p
ÿ

j“´p

p´1qjcj

` 2pcd´p ` cd`p ` c´d´p ` c´d`pq ` 2rop´1

“

p´1
ÿ

j“´p`1

p´1qjcd`j ´

p´1
ÿ

j“´p`1

p´1qjbd`j

looooooooooooooooooooooomooooooooooooooooooooooon

ě0 by Morse inequalities and the fact that p is odd

`bd´p ` bd`p ´ cd´p ´ cd`p ´ c´d´p ´ c´d`p

` 2pcd´p ` cd`p ` c´d´p ` c´d`pq ` bd `

p´1
ÿ

j“´p`1

p´1qjc´d`j

loooooooooomoooooooooon

ě0

`2rop´1

ě bd´p ` bd`p ` bd ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rop´1

“ 2bd`p ` bd ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rop´1

“ 2bq`p ` bq ` cd´p ` cd`p ` c´d´p ` c´d`p ` 2rop´1,

where the first inequality uses the facts that p is odd and cp “ c´p “ 0, the first equality
holds because

2

p
ÿ

j“1

p´1qjbd`j “

p
ÿ

j“´p

p´1qjbd`j ´ bd

by our assumption that ∆ “ 2 or using Propositions 3 or 4 when p ą 1 and the fact that
d ´ p ě P (by (6.6)) which is also used in the second to last equation, the last inequality
holds because, since ´d` p ă bmin and p is odd,

p´1
ÿ

j“´p`1

p´1qjc´d`j ě

p´1
ÿ

j“´p`1

p´1qjb´d`j “ 0

and the last equality uses the periodicity of HC˚pMq.
Similarly as in (6.28), since cp “ c´p “ 0,

cd´p`cd`p`c´d´p`c´d`p “ #t1 ď i ď r; µpγkii q P t´d´p,´d`p, d´p, d`pu, and γkii is oddu.

Consequently, from the definitions of rop´1 and rop,

cd´p ` cd`p ` c´d´p ` c´d`p ` 2rop´1 ě rop.

Therefore, for any odd p,

#Pα ě 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq ` ro,p ` rop.
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Since ro,p ` rop ě 0 it proves the desired lower bound.
To prove that if the equality in the theorem holds then α is lacunary with even parity, we

argue as in the previous case. From the discussion above, we have that

#Pgood
α ě 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq ` ro,p ` rop (6.32)

where #Pgood
α is the number of simple closed orbits γi of α such that

γ2i is good ðñ γkii is good.

See Remarks 6.3 and 6.4.
Suppose now that

#Pα “ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq. (6.33)

So, by (6.32) and the definitions of ro,p and rop,

ro :“ ro,p ` rop

“ #t1 ď i ď r; µpγkii q is odd and γkii is goodu

“ #t1 ď i ď r; µpγji q is odd for every ju

“ 0,

where, as before, the third equation holds because the parities of the indices of the iterates

γji depend only on the parity of j.

We claim that there is no periodic orbit γi such that µpγji q is odd for some j. As a matter
of fact, suppose, by contradiction, that there exists at least one such an orbit. If γ2i is good

ðñ γkii is good, then µpγkii q is odd, contradicting the fact that ro “ 0. Thus, we necessarily

have that γkii is bad. Then,

#Pα ě #Pgood
α ` 1 ě 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq ` 1

contradicting (6.33). It proves the desired result.

Remark 6.6. As in Remark 6.5, the periodic orbits γ1, . . . , γrp , γrp`1, . . . , γrp`ro,p satisfy

µpγkii q ‰ d if σi “ 1 and µpγkii q ‰ ´d if σi “ ´1. Therefore, by item (i) of Theorem 4,
they cannot be hyperbolic. By the same reason, we have at least more

řp
j“´ppcd`j ` c´d`j ´

cj ´ c´jq ´ pcd ` c´d ´ 2c0q non-hyperbolic orbits. Suppose that p “ 1. Then, assuming that
q ą P ,

#Pnon-hyp
α ě 2pdχ`pMq ´

d`1
ÿ

m“´8

p´1qmbm ` c0q ` cd´1 ` cd`1 ` c´d´1 ` c´d`1

ě 2pdχ`pMq ´

d
ÿ

m“´8

p´1qmbmq ` bd´1 ` 3bd`1 ` 2b0

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` bq´1 ` 3bq`1 ` 2b0,
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where in the last equality we used the periodicity of HC˚pMq.

Remark 6.7. Assume that α is lacunary with odd parity. Then, for all i, µpγji q ‰ 0 for every

j and, since d is even, µpγkii q ‰ d. Therefore, from the previous discussion (applied to the
case where p “ 0) and Remarks 6.1 and 6.2,

r “ #t1 ď i ď r; µpγkii q ă d or µpγkii q ą du “ ro,0´ ` ro,0` “ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq.

Note here that every periodic orbit of α is good. Similarly, if the parity of α is even, there is
no closed orbit with index ˘1 and consequently, from the previous argument when p “ 1, we
have that the simple orbits γi counted by re,1˘ are those for which µpγkii q ‰ d. As explained
above (see Step 3), we have cd ´ 2c0 “ bd ´ 2b0 “ bq ´ 2b0 new simple periodic orbits γi such

that µpγkii q “ d. Thus, we have, by Remarks 6.1 and 6.2,

r “ #t1 ď i ď r; µpγkii q ă d or µpγkii q ą du ` #t1 ď i ď r; µpγkii q “ du

“ re,1´ ` re,1` ` bq ´ 2b0

“ 2pqχ`pMq ´

q`1
ÿ

m“´8

p´1qmbm `

1
ÿ

j“´1

p´1qjbjq ` bq ´ 2b0

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbm ` b0q ` bq ´ 2b0

“ 2pqχ`pMq ´

q
ÿ

m“´8

p´1qmbmq ` bq,

where in the fourth equality we use that q is even. Note again that every periodic orbit of α
is good.

7. Proof of Theorem 6

As explained in Section 3.1, under the assumptions of the theorem, we have the positive
equivariant symplectic homology HC˚pMq. If M does not admit a “nice” filling, in the sense
of (F), we assume that the contact form α is index-admissible.

By the discussion in the same section, HC˚pMq is the homology of a chain complex CC˚pαq

generated by the good closed orbits of α graded by the index. Since α is lacunary, every
periodic orbit is good and the differential in CC˚pαq vanishes. Therefore,

HCkpMq – CCkpαq – ‘γPPpαq;µpγq“kΛ (7.1)

for every k P Z, where Ppαq is the set of (not necessarily simple) closed orbits of α. In other
words, every closed orbit of α contributes to the positive equivariant symplectic homology.

Define
cmin :“ mintm P Z; CCmpMq ‰ 0u.

From (7.1) and our hypotheses,
cmin “ bmin ą ´8.

From this fact and the assumption that bj ă 8 for every j P Z we conclude from (7.1) that
every closed orbit of α has positive mean index.

Claim 1. α has finitely many simple closed orbits
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This part of the proof follows from the work of Gürel [34, Theorem 1.5]. For the sake of
completeness, we will reproduce her argument. Define

b “ lim sup
kÑ8

2n
ÿ

i“0

dimHCk`ipMq.

By the periodicity of HC˚pMq and the assumption that the contact Betti numbers are finite,
b is a finite integer.

The key ingredient is the following combinatorial lemma proved in [34] which uses the
aforementioned fact that every closed orbit of α has positive mean index:

Lemma 2. [34, Lemma 3.2] Assume that α has a collection of m geometrically distinct
periodic orbits γ1, . . . , γm with positive mean index. Then for every sufficiently small ϵ ą 0,
there exist infinitely many disjoint intervals I of length 2n ` ϵ such that for some positive
integers k1 ě 1, . . . , km ě 1 (depending on the interval), the iterated orbits γk11 , . . . , γ

km
m all

have indices in the interval I.

Since every closed orbit of α has positive mean index, it follows from (7.1) and the previous
lemma that α has at most b simple closed orbits.

Remark 7.1. Note that the dimension of M in [34] is 2n´ 1 and here it is 2n` 1.

As mentioned in Section 5, once we have that α has finitely many closed orbits, Theorem 6
follows from the proof of Theorem 5; see Remarks 6.1, 6.2 and 6.7. However, for the reader’s
convenience, we will present an easier and shorter proof following the lines of [6]. The proof
here is actually easier than the proof in [6] since we do not have to split it according to the
parity of α. Denote by δ the parity of α.

Claim 2. α has precisely 2pp´1qδqχ`pMq ´
řq

m“´8 bmq ` bq simple closed orbits

From the first claim, α has finitely many simple closed orbits tγ1, . . . , γru. Moreover,
µ̂pγiq ą 0 for every 1 ď i ď r. Take

ℓ0 :“ max
1ďiďr

tmintk0 P N; µpγk`ℓ
i q ě µpγki q ` n` 3 @k ě 1 and @ℓ ě k0uu,

η sufficiently small satisfying η ă 1 and Lemma 1, and N in Theorem 4 big enough such that
ℓ0 ` 2 ď min1ďiďr ki.

As in the previous section, by Theorem 4, given N P N, η ą 0, and ℓ0 as above, there exist
two sequences of integer vectors pd˘

j , k
˘
1j , . . . , k

˘
rjq satisfying conditions (i), (ii), and (iii), such

that all entries d˘
j , k

˘
1j , . . . , k

˘
rj are divisible by N . We will only need one vector from each

sequence, and we set

pd, k1, . . . , krq :“ pd`
1 , k

`
11, . . . , k

`
r1q, pd1, k1

1, . . . , k
1
rq :“ pd´

1 , k
´
11, . . . , k

´
r1q. (7.2)

Step 1. α has at least p´1qδqχ`pMq ´
řq

m“´8 bm ` b0 simple closed orbits

By property (ii) of Theorem 4,

µpγki´ℓ
i q “ d´ µpγℓi q

µpγki`ℓ
i q “ d` µpγℓi q

for every 1 ď ℓ ď ℓ0. Therefore,

#tℓ P r´ℓ0, ℓ0szt0u; µpγki`ℓ
i q ă du “ #tℓ P r´ℓ0, ℓ0szt0u; µpγki`ℓ

i q ą du. (7.3)
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(Note here that ki ą ℓ0.) From these two equations we also have that an orbit of index d can

happen in two different ways: either it is an orbit of the form γkii or an orbit of the form γki`ℓ
i

for some ℓ P r´ℓ0, ℓ0szt0u. (Indeed, by the definition of ℓ0, µpγki˘ℓ
i q ‰ d for every ℓ ą ℓ0.) In

the last case, µpγℓi q “ 0 and we have the pair of orbits pγki´ℓ
i , γki`ℓ

i q with index d.

Define c0,i “ #tj P N; µpγji q “ 0u and c̄d,i “ #tj P r´ℓ0, ℓ0szt0u; µpγki`j
i q “ du. By the

previous discussion,

c̄d,i “ 2c0,i. (7.4)

Now, let ai “ #tℓ P r´ℓ0, ℓ0szt0u; µpγki`ℓ
i q ă du and bi “ #tℓ P r´ℓ0, ℓ0szt0u; µpγki`ℓ

i q ą du.
Clearly,

ai ` bi ` c̄d,i “ 2ℓ0. (7.5)

By the definition of ℓ0, our choice of η, and the fact that µpγq ă µ̂pγq ` n for every non-
degenerate closed orbit γ,

µpγki´ℓ
i q ď µpγkii q ´ pn` 3q ď µ̂pγkii q ` n´ pn` 3q ď d` 1 ` n´ pn` 3q “ d´ 2, (7.6)

for every ℓ0 ` 1 ď ℓ ă ki, where the third inequality holds by property (i) of Theorem 4.
Similarly,

µpγki`ℓ
i q ě d` 2, (7.7)

for all ℓ ě ℓ0. Using (7.3), (7.4) and (7.5) we arrive at

ai ` c0,i “ ℓ0. (7.8)

Thus, we conclude that

#tj P N, j ‰ ki; µpγji q ď du “ #t1 ď j ď ki ` ℓ0, j ‰ ki; µpγji q ď du

“ ki ´ ℓ0 ´ 1 ` #tki ´ ℓ0 ď j ď ki ` ℓ0, j ‰ ki; µpγji q ď du

“ ki ´ ℓ0 ´ 1 ` ai ` c̄d,i

“ ki ´ ℓ0 ´ 1 ` ai ` 2c0,i

“ ki ´ ℓ0 ´ 1 ` ℓ0 ` c0,i

“ ki ´ 1 ` c0,i,

where the first equation follows (7.7), the second equation follows from (7.6), the third identity
holds by the definitions of ai and c̄d,i, the fourth uses (7.4) and the fifth is a consequence of
(7.8). Since α is lacunary,

řr
i“1 c0,i “ b0. Hence, we conclude that

d
ÿ

m“cmin

cm “

r
ÿ

i“1

#tj P N; µpγji q ď du

“

r
ÿ

i“1

#tj P N, j ‰ ki; µpγji q ď du ` #t1 ď i ď r; µpγkii q ď du

“

r
ÿ

i“1

ki ´ r ` pr ´ r`q `

r
ÿ

i“1

c0,i

“

r
ÿ

i“1

ki ´ r` ` b0,
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where r` :“ #t1 ď i ď r; µpγkii q ą du . Therefore, by Lemma 1,

d
ÿ

m“cmin

cm “ p´1qδdχ`pMq ´ r` ` b0, (7.9)

because χ̂pγiq “ p´1qδ for every 1 ď i ď r since α is lacunary with parity δ.
Thus,

r` “ p´1qδdχ`pMq ´

d
ÿ

m“cmin

cm ` b0

“ p´1qδdχ`pMq ´

d
ÿ

m“´8

bm ` b0

“ p´1qδqχ`pMq ´

q
ÿ

m“´8

bm ` b0,

where the last equality follows from Proposition 2.

Step 2. Existence of other p´1qδqχ`pMq ´
řq

m“´8 bm ` b0 simple closed orbits

Applying the argument from the previous step for the integer vector pd1, k1
1, . . . , k

1
rq in (7.2)

provided by Theorem 4, we get

r´ :“ #t1 ď i ď r; µpγ
k1
i

i q ą d1u

“ p´1qδd1χ`pMq ´

d1
ÿ

m“cmin

cm ` b0

“ p´1qδd1χ`pMq ´

d1
ÿ

m“´8

bm ` b0

“ p´1qδqχ`pMq ´

q
ÿ

m“´8

bm ` b0,

where, again, the last equality follows from Proposition 2.
But, by property (iii) of Theorem 4, we have that

#t1 ď i ď r; µpγ
k1
i

i q ą d1u “ #t1 ď i ď r; µpγkii q ă du.

Step 3. Existence of more bq ´ 2b0 simple closed orbits

From Steps 1 and 2 we get 2pp´1qδqχ`pMq `
řq

m“´8 bm ` b0q closed orbits given by the

γ1
is such that µpγkii q ă d and µpγkii q ą d. As mentioned earlier, the set of closed orbits with

index d splits into two sets: orbits of the form γkii such that µpγkii q “ d and pairs of orbits

pγki´ℓ
i , γki`ℓ

i q with µpγℓi q “ 0. The latter was already counted in Steps 1 and 2 and has
cardinality

r
ÿ

i“1

c̄d,i “ 2b0.
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So we get more

#t1 ď i ď r; µpγkii q “ du “ bd ´ 2b0

“ bq ´ 2b0

new orbits given by the former set, where the last equality holds by the periodicity of HC˚pMq.

Step 4. Existence of precisely 2pp´1qδqχ`pMq ´
řq

m“´8 bmq ` bq simple closed orbits

By Steps 1 and 2,

#t1 ď i ď r; µpγkii q ă du ` #t1 ď i ď r; µpγkii q ą du “ 2pp´1qδqχ`pMq ´

q
ÿ

m“´8

bmq ` 2b0.

This, together with Step 3, yields

r “ #t1 ď i ď r; µpγkii q ă du ` #t1 ď i ď r; µpγkii q ą du ` #t1 ď i ď r; µpγkii q “ du

“ 2pp´1qδqχ`pMq ´

q
ÿ

m“´8

bmq ` 2b0 ` bq ´ 2b0

“ 2pp´1qδqχ`pMq ´

q
ÿ

m“´8

bmq ` bq,

finishing Step 4.
To finish the proof Theorem 6, just note that if α is odd then so is HC˚pMq and consequently

roM “ 2p´qχ`pMq ´

q
ÿ

j“´8

bjq “ r,

since q is even. Similarly, if α is even,

reM “ 2pqχ`pMq ´

q
ÿ

j“´8

bjq ` bq “ r.

We end up this section with the following proposition, which plays an important role in
the proof of Theorem 5. As in Proposition 3, it shows that HC˚pMq exhibits a symmetry
in sufficiently large degrees whenever M satisfies the assumptions of Theorem 6; cf. Remark
2.14. Its proof is a simple consequence of the argument used above in the proof of Theorem
6. A particular case, when M is a prequantization of an orbifold admitting a Hamiltonian
circle action, is established in Proposition 6 by completely different methods.

Proposition 4. Let pM2n`1, ξq be a closed contact manifold satisfying either (F) or (NF).
Assume that HC˚pMq is periodic, bj ‰ 0 for some j, bj “ 0 for all j sufficiently negative,
and bj ă 8 for all j P Z. Assume that M admits a non-degenerate lacunary contact form.
Given an integer p ě 0 there exists C ą 0 such that if d “ s∆ is bigger than C then

bd´j “ bd`j

for every j P r´p, ps.

Proof. Fix a non-degenerate lacunary contact form α onM . As in the proof above of Theorem
6, we have bj “ cj for every j P Z since the differential in CC˚pαq vanishes. Take ℓ0 big enough

such that all the orbits that contribute to cd˘j , with j P r´p, ps, are of the form γki˘ℓ
i with

ℓ P r´ℓ0, ℓ0s. By property (ii) of Theorem 4, we have that an orbit with index d ˘ j can
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happen in two different ways: either it is an orbit of the form γkii or an orbit of the form γki`ℓ
i

for some ℓ P r´ℓ0, ℓ0szt0u such that µpγℓi q “ j or µpγℓi q “ ´j. In this way, we arrive at

bd`j “ cd`j “ c´j ` cj ` #t1 ď i ď r; µpγkii q “ d` ju, (7.10)

for every j P r´p, ps.
Now, arguing as in Step 2 above, we have the integer vector pd1, k1

1, . . . , k
1
rq such that

pd1 ´ µpγ
k1
i

i qq “ ´pd´ µpγkii qq.

Hence, by (7.10),

bd1`j “ cd1`j

“ c´j ` cj ` #t1 ď i ď r; µpγ
k1
i

i q “ d1 ` ju

“ c´j ` cj ` #t1 ď i ď r; µpγkii q “ d´ ju

“ bd´j , (7.11)

for all j P r´p, ps.
Taking N big enough in Theorem 4 we can ensure that d ´ p ą P and d1 ´ p ą P . Since

both d and d1 are multiples of ∆, d1 ´ d is a multiple of ∆ as well and consequently, by the
periodicity of HC˚pMq and (7.11),

bd`j “ bd1`j “ bd´j

for every j P r´p, ps, proving the desired result. □

8. Proof of Theorem 2

Let us consider each case separately.

Case (PM)

Suppose that H˚pB;Qq is lacunary or that the minimal Chern number cB is greater than
n. Moreover, under assumption (NF) assume that cB ą 1. Under these conditions, in [6,
Proposition 2.1] and [29, Proposition 3.1], it is computed the positive equivariant symplectic
homology for contractible orbits of M given by

HC0
˚pMq –

à

mPN
H˚´2mcB`npB; Λq,

where cB is the minimal Chern number of B.
Let ∆1 be the Robbin-Salamon index of the simple orbit of the S1-action on M which is

positive since B is positive monotone and it is an even number since the linearized Reeb flow
on the contact structure generates a loop based at the identity in Spp2nq and in this case
the Robbin-Salamon is twice the Maslov index of such loop; see, for instance, [49]. When
we do not restrict ourselves to contractible orbits, the proof of [6, Proposition 2.1] and [29,
Proposition 3.1], works verbatim to show that if H˚pB;Qq is lacunary or ∆1 ą n then

HC˚pMq –
à

mPN
H˚´m∆1`npB; Λq. (8.1)

As before, under assumption (NF) we have to further assume that the minimal Chern number
cB is bigger than one.
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Remark 8.1. The similarity between the notations of the period ∆ of HC˚pMq and the Robbin-
Salamon index ∆1 hinges on the fact that it follows easily from (8.1) that ∆1 is a period for
HC˚pMq. However, since the period is not unique, we rather use different notations.

The isomorphism (8.1) should be true without any assumption on B, but it is not known
so far. Motivated by this, we will prove a more general version of Case (PM) where we do
not assume that the rational homology of B is lacunary (cf. Remark 2.22) but assuming that
(8.1) holds (which is true if ∆1 ą n as mentioned above). More precisely, we will prove that,
in this general case, given an integer p ě 0 with parity different from that of n,

rM “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

χpBq ` dimHnpB;Qq ` 2
řtn{∆1u

m“1 dimHn´m∆1pB;Qq if n is odd and p “ 0,

χpBq ` 2 dimHn`ppB;Qq ` 2
řtpn`pq{∆1u

m“1 dimHn´m∆1`ppB;Qq

`2
řtpn´pq{∆1u

m“1 dimHn´m∆1´ppB;Qq, if n is odd and p ě 2

χpBq ` 2 dimHn`ppB;Qq ` 2
řtpn´pq{∆1u

m“1 dimHn´m∆1´ppB;Qq

`2
řtpn`pq{∆1u

m“1 dimHn´m∆1`ppB;Qq if n is even,

(8.2)

where rM is given by (2.1). Note that it clearly implies that rM “ dimH˚pB;Qq whenever
HoddpB;Qq “ 0 since ∆1 is even and p ‰ n pmod 2q.

We shall need the following lemma essentially taken from [6, Lemma A.1]. Set d “ s∆1 for
some s P N. In what follows recall that the dimension of M is 2n` 1.

Lemma 3. We can choose s sufficiently large such that

2
d
ÿ

m“´8

p´1qmbm “ p´1qnp2s´ 1qχpBq ` dimHnpB;Qq ` 2
2s´1
ÿ

m“s`1

dimHn`ps´mq∆1pB;Qq.

Proof. Take s big enough such that s∆1 ą n. Change the grading of HC˚pMq to ˚1 “ 2s∆1 ´˚

so that

HC˚1pMq –
à

mPN
H2s∆1´˚1´m∆1`npB; Λq.

Thus, since bmin “ mintm P Z, bm ‰ 0u “ ∆1 ´ n,

2
d
ÿ

m“´8

p´1qmbm “ 2
s∆1
ÿ

˚“∆1´n

p´1q˚b˚

“ 2

n`p2s´1q∆1
ÿ

˚1“s∆1

8
ÿ

m“1

p´1q˚1

dimHp2s´mq∆1´˚1`npB;Qq

“ 2

n`p2s´1q∆1
ÿ

˚1“s∆1

2s´1
ÿ

m“1

p´1q˚1

dimHp2s´mq∆1´˚1`npB;Qq

“

2s´1
ÿ

m“1

dm
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

n`p2s´1q∆1
ÿ

˚1“s∆1

p´1q˚1

pdimHp2s´mq∆1´˚1`npB;Qq ` dimHn`˚1´p2s´mq∆1pB;Qqq,

where the third equality follows from the fact that s∆1 ą n, the last equation holds by
Poincaré duality and dm is defined as in the equation.
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We have to prove that

2s´1
ÿ

m“1

dm “ p´1qnp2s´ 1qχpBq ` dimHnpB;Qq ` 2
2s´1
ÿ

m“s`1

dimHn`ps´mq∆1pB;Qq. (8.3)

In order to do it, let us look at the first term of dm. When ˚1 runs from s∆1 to p2s´1q∆1 `n,
it sums up the ranks of the homology of B from the degree ´m∆1 `∆1 ď 0 to n` ps´mq∆1.
Similarly, the second term of dm sums up the ranks of the homology of B from the degree
n´ ps´mq∆1 to 2n` pm´ 1q∆1 ě 2n.

Hence, we have the following computations of dm according to the relation between m and
s:

‚ m ă s ðñ ps´mq∆1 ą 0

p´1qndm “

n`ps´mq∆1
ÿ

j“0

p´1qj dimHjpB;Qq `

2n
ÿ

j“n´ps´mq∆1

p´1qj dimHjpB;Qq

“ χpBq `

n`ps´mq∆1
ÿ

j“n´ps´mq∆1

p´1qj dimHjpB;Qq. (8.4)

‚ m “ s ðñ ps´mq∆1 “ 0

p´1qndm “

n
ÿ

j“0

p´1qj dimHjpB;Qq `

2n
ÿ

j“n

p´1qj dimHjpB;Qq “ χpBq ` p´1qn dimHnpB;Qq.

(8.5)
‚ m ą s ðñ ps´mq∆1 ă 0

p´1qndm “

n`ps´mq∆1
ÿ

j“0

p´1qj dimHjpB;Qq `

2n
ÿ

j“n´ps´mq∆1

p´1qj dimHjpB;Qq

“ χpBq ´

n´ps´mq∆1
ÿ

j“n`ps´mq∆1

p´1qj dimHjpB;Qq ` p´1qn dimHn`ps´mq∆1pB;Qq`

` p´1qn dimHn´ps´mq∆1pB;Qq

“ χpBq ´

n´ps´mq∆1
ÿ

j“n`ps´mq∆1

p´1qj dimHjpB;Qq ` p´1qn2 dimHn`ps´mq∆1pB;Qq, (8.6)

where the last equality holds by Poincaré duality.

Clearly,

s´1
ÿ

m“1

n`ps´mq∆1
ÿ

j“n´ps´mq∆1

p´1qj dimHjpB;Qq “

2s´1
ÿ

m“s`1

n´ps´mq∆1
ÿ

j“n`ps´mq∆1

p´1qj dimHjpB;Qq. (8.7)

Hence, (8.3) follows from (8.4), (8.5), (8.6) and (8.7). □
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Take an integer p ě 0. Note that taking s big enough such that ´s∆1 ă ´n ´ p ´ 1 we
have from (8.1) the equalities

bi “

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1`ipB;Qq, (8.8)

for every i P t0,˘pu;

bd “ dim
8
à

m“1

Hn`ps´mq∆1pB;Qq

“

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1pB;Qq `

s´1
ÿ

m“1

dimHn`ps´mq∆1pB;Qq ` dimHnpB;Qq

“

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1pB;Qq `

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1pB;Qq ` dimHnpB;Qq

“ 2b0 ` dimHnpB;Qq; (8.9)

bd`p “ dim
8
à

m“1

Hn`ps´mq∆1`ppB;Qq

“

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1`ppB;Qq `

s´1
ÿ

m“1

dimHn`ps´mq∆1`ppB;Qq ` dimHn`ppB;Qq

“

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1`ppB;Qq `

2s´1
ÿ

m“s`1

dimHn`ps´mq∆1´ppB;Qq ` dimHn`ppB;Qq

“ bp ` b´p ` dimHn`ppB;Qq; (8.10)

where, in (8.9) and (8.10), the third equation holds by Poincaré duality and the fourth equality
follows from (8.8).

Assume, without loss of generality, that d ą P . Now, we will split the argument according
to the parity of n.

Case 1. n is odd

Let us compute rM for a given even p ě 0. Since n is odd, from (8.1),

χ`pMq “ ´
χpBq

∆1
ùñ dχ`pMq “ ´sχpBq.
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Hence, for p “ 0,

rM “ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq

“ 2p´dχ`pMq `

d
ÿ

m“´8

p´1qmbmq

“ 2sχpBq ´ 2sχpBq ` χpBq ` 2b0 ` dimHnpB;Qq

“ χpBq ` 2b0 ` dimHnpB;Qq

“ χpBq ` dimHnpB;Qq ` 2

tn{∆1u
ÿ

m“1

dimHn´m∆1pB;Qq,

where the second equality follows from Proposition 2 and the periodicity of HC˚pMq, the
third holds by Lemma 3 and (8.8) and the last is a consequence of (8.1).

Similarly, when p ě 2,

rM “ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ´ bq

“ 2p´dχ`pMq `

d
ÿ

m“´8

p´1qmbmq ` 2bd`p ´ bd

“ 2sχpBq ´ 2sχpBq ` χpBq ` 2b0 ` dimHnpB;Qq ` 2bd`p ´ bd

“ χpBq ` 2b0 ` dimHnpB;Qq ` 2bp ` 2b´p ` 2 dimHn`ppB;Qq ´ 2b0 ´ dimHnpB;Qq

“ χpBq ` 2bp ` 2b´p ` 2 dimHn`ppB;Qq

“ χpBq ` 2 dimHn`ppB;Qq ` 2

tpn`pq{∆1u
ÿ

m“1

dimHn´m∆1`ppB;Qq

` 2

tpn´pq{∆1u
ÿ

m“1

dimHn´m∆1´ppB;Qq,

where the second equality follows from Proposition 2 and the periodicity of HC˚pMq, the
third is a consequence of Lemma 3 and (8.8), the fourth follows from (8.9) and (8.10), and
the last holds by (8.1).

Case 2. n is even

The argument is similar to the previous case. Take an odd p ě 1. Since n is even, from
(8.1),

χ`pMq “
χpBq

∆1
ùñ dχ`pMq “ sχpBq.
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Therefore,

rM “ 2p´qχ`pMq `

q
ÿ

m“´8

p´1qmbmq ` 2bq`p ` bq

“ 2pdχ`pMq ´

d
ÿ

m“´8

p´1qmbmq ` 2bd`p ` bd

“ 2sχpBq ´ 2sχpBq ` χpBq ´ 2b0 ´ dimHnpB;Qq ` 2bd`p ` bd

“ χpBq ´ 2b0 ´ dimHnpB;Qq ` 2bp ` 2b´p ` 2 dimHn`ppB;Qq ` 2b0 ` dimHnpB;Qq

“ χpBq ` 2bp ` 2b´p ` 2 dimHn`ppB;Qq

“ χpBq ` 2 dimHn`ppB;Qq ` 2

tpn´pq{∆1u
ÿ

m“1

dimHn´m∆1´ppB;Qq

` 2

tpn`pq{∆1u
ÿ

m“1

dimHn´m∆1`ppB;Qq,

where, as before, the second equality follows from Proposition 2 and the periodicity of
HC˚pMq, the third holds by Lemma 3 and (8.8), the fourth follows from (8.9) and (8.10), and
the last one goes from (8.1). This completes the proof in case (PM).

Remark 8.2. In [29, Theorem 2.1], a lower bound for the number of periodic orbits of non-
degenerate contact forms α on suitable prequantizations of symplectic manifolds B was ob-
tained, namely

rB :“

#

χpBq ` 2 dimHnpB;Qq if n is odd,

χpBq ` 4 dimHn`1pB;Qq if n is even,
(8.11)

under the assumption that α has no periodic orbit γ with µpγq “ 0 (resp. µpγq P t0,˘1u)
when n is odd (resp. even).

Under these assumptions, if n is odd, we have

b0 “

tn{∆1u
ÿ

m“1

dimHn´m∆1pB;Qq “ 0,

which implies that our bound rM for p “ 0 is given by

rM “ χpBq ` dimHnpB;Qq. (8.12)

Similarly, if n is even, then

b´1 “

tpn´1q{∆1u
ÿ

m“1

dimHn´m∆1´1pB;Qq “ 0,

b1 “

tpn`1q{∆1u
ÿ

m“1

dimHn´m∆1`1pB;Qq “ 0,

which implies that our bound rM for p “ 1 is

rM “ χpBq ` 2 dimHn`1pB;Qq. (8.13)
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Observe that the bounds (8.11), (8.12), and (8.13) coincide when HoddpB;Qq “ 0, but
differ in general. This discrepancy arises from the fact that the bound rM in the present work
is defined so that, if α has more than rM periodic orbits, then it cannot be lacunary.

However, we are not aware of any example of a prequantization of a symplectic manifold B
admitting Reeb flows with finitely many closed orbits for which the condition HoddpB;Qq “ 0
fails.

Case (T)

It is well known that good toric contact manifolds M are prequantizations of orbifolds
and admit (toric) contact forms α, which are non-degenerate and lacunary, such that #Pα “

dimH˚pM{S1;Qq [3, 7]. If M satisfies condition (F) or (NF), one can define HC˚pMq and
it is also known that HC˚pMq is periodic, there exists an integer D such that HCjpMq “ 0
for every j ă D, bj ă 8 for every j P Z and HC˚pMq is lacunary with the same parity of n
[3, 7, 8]. Then, if M satisfies condition (F) or (NF) the result follows from Corollary 1.

WhenM does not satisfy conditions (F) and (NF), one can define HC˚pMq combinatorially
and it also satisfies all the properties listed above [8]. This definition coincides with the one
given in Section 3.1 wheneverM meets (F) or (NF). Therefore we can define rM as in Theorem
1 and we show below that in this case still holds the equality rM “ dimH˚pM{S1;Qq.

In what follows, we will omit several details and definitions and refer the reader to [8]. Let
D Ă Rn be the toric diagram of a Gorenstein toric contact manifold pM2n`1, ξq and δk P N0,
k “ 0, . . . , n, the non-negative integers determined by the Ehrhart polynomial of D. We have
that the SFT contact Betti numbers of pM2n`1, ξq are given by

cb0 “ δn , cb2 “ δn ` δn´1 , cb4 “ δn ` δn´1 ` δn´2 , . . . , cb2n “ δn ` δn´1 ` ¨ ¨ ¨ ` δ0 ,

cb2k “ cb2n , @k ą n , and all other SFT contact Betti numbers are zero.

In particular,

n
ÿ

k“0

cb2k “

n
ÿ

k“0

pk ` 1qδk .

Here the SFT contact Betti number is the contact Betti number used throughout this paper
but with the SFT degree. This means that their relation to the bj ’s in the grading used here
is

cbj “ bj´n`2 or equivalently bj “ cbj`n´2 , @j P Z .

In this Gorenstein toric context, we can choose P “ 2n´ n` 2 “ n` 2, ∆ “ 2 and we have
that

χ`pMq “ p´1qn
δn ` δn´1 ` ¨ ¨ ¨ ` δ0

2
.
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When n is even we can take q “ n` 2 and therefore

rM “ 2

˜

qχpMq ´

q
ÿ

j“´8

bj

¸

` bq

“ 2

˜

pn` 2q
δn ` δn´1 ` ¨ ¨ ¨ ` δ0

2
´

n
ÿ

k“0

cb2k

¸

` cb2n

“ pn` 3q

n
ÿ

k“0

δk ´ 2
n
ÿ

k“0

pk ` 1qδk “

n
ÿ

k“0

pn` 1 ´ 2kqδk

“ # of facets of D.

When n is odd we can take q “ lcmtP,∆u “ lcmtn` 2, 2u “ 2n` 4 and consequently

rM “ 2

˜

´qχpMq ´

q
ÿ

j“´8

bj

¸

“ 2

˜

2pn` 2q
δn ` δn´1 ` ¨ ¨ ¨ ` δ0

2
´

3n`2
ÿ

k“0

cbk

¸

“ 2

˜

pn` 2qpδn ` δn´1 ` ¨ ¨ ¨ ` δ0q ´

n
ÿ

k“0

cb2k ´
n` 1

2
cb2n

¸

“ 2

˜

n` 3

2
pδn ` δn´1 ` ¨ ¨ ¨ ` δ0q ´

n
ÿ

k“0

cb2k

¸

“ pn` 3q

n
ÿ

k“0

δk ´ 2
n
ÿ

k“0

pk ` 1qδk “

n
ÿ

k“0

pn` 1 ´ 2kqδk

“ # of facets of D,

proving the assertion in (T) concerning the computation of rM .
To prove the last assertion in (T) we proceed as follows. The number of simple periodic Reeb

orbits of a non-degenerate toric contact form on a good toric contact manifold of dimension
2n`1 is given by the number of edges of its moment cone C Ă Rn`1. This is a strictly convex
rational good polyhedral cone of dimension n` 1 and so, in particular, the primitive integral
vectors that generate its edges span the whole Rn`1, which implies that C has at least n` 1
edges.

If C Ă Rn`1 has exactly n ` 1 edges, then it also has exactly n ` 1 facets, each of them
being determined by n of the n` 1 edges, i.e.

|facets| “

ˆ

n` 1

n

˙

“ n` 1 .

Let ν1, . . . νn`1 P Zn`1 be the primitive interior integral normals to those facets and consider
the map β : Tn`1 Ñ Tn`1 represented by the matrix rν1| ¨ ¨ ¨ |νn`1s. Then kerpβq is isomorphic
to the finite cyclic group Zp, with p “ | detprν1| ¨ ¨ ¨ |νn`1sq|, and the toric contact manifold
determined by the cone C Ă Rn`1 is the lens space

S2n`1{Zp

where Zp acts linearly on S2n`1 Ă Cn`1 as the subgroup kerpβq Ă Tn`1.
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Case (PM) X (T) when rωs “ c1pTBq

Following the argument in case (T), we give a quick proof of case (PM) in the toric case (i.e.
a prequantization of a toric symplectic manifold) when rωs “ c1pTBq, using the combinatorial
description of HC˚pMq described in [8]. Note that taking into account [8, Remark 7.12], when
M is the prequantization of a smooth basis B with r “ 1, i.e. when the base polytope is
reflexive or equivalently when rωs “ c1pTBq, we have that

δk “ dimH2kpB;Qq “ dimH2pn´kqpB;Qq “ δn´k

and

rM “

n
ÿ

k“0

pn` 1 ´ 2kqδk “
1

2

˜

n
ÿ

k“0

pn` 1 ´ 2kqδk `

n
ÿ

k“0

p2k ` 1 ´ nqδn´k

¸

“
1

2

˜

n
ÿ

k“0

2δk

¸

“

n
ÿ

k“0

dimH2kpB;Qq “ dimH˚pB;Qq .

Case (U)

It is an immediate consequence of the fact that Ustilovsky spheres M of dimension 2n` 1
admit non-degenerate lacunary contact forms with precisely n ` 1 closed orbits and the fact
M satisfies the hypotheses of Theorem 1 [53].

Case (PO)

In what follows, we will use the background about symplectic orbifolds presented in [40].
Here, we define a smooth prequantization of a symplectic orbifold pB2n, ωq as a contact
manifold pM2n`1, ξq with a contact form β such that kerβ “ ξ, the Reeb flow of β generates
a locally free circle action such that M{S1 “ B and dβ “ π˚ω, where the quotient projection
π :M Ñ B is viewed as a smooth orbifold map.

The definition of Hamiltonian vector fields works verbatim to orbifolds and given a Hamil-
tonian H : B Ñ R that generates a circle action with isolated fixed points (given by the
critical points of H) we have that H is Morse and every critical point has even index [40,
Lemma 5.3]. Using the Morse theory for orbifolds developed in [40] (whose construction, as
already mentioned in [40], is a special case of Morse theory on stratified spaces [33]) we can
conclude that

dimHkpB;Qq “ #CritkpHq,

where CritkpHq is the set of critical points of H with index k. It is a consequence of the
relation

Mptq ´ P ptq “ p1 ` tqQptq

proved in [40, Theorem 4.7], where M and P are the Morse and Poincaré polynomials respec-
tively and Q is a polynomial with nonnegative coefficients. It is standard in the case that
B is a manifold. However, there is a nuance when B is an orbifold: in this case, the Morse
polynomial for a Morse function H is given by

Mptq “
ÿ

pPCritpHq

2n
ÿ

k“0

dimHkpDp, Sp;Qqtk,
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where Dp is the disk in the negative subspace V ´
p of the Hessian of H at p and Sp is

the corresponding sphere given by the boundary. Let Γ be the orbifold group of p. If
Γ “ 0 then, as in the smooth case, dimHkpDp, Sp;Qq is equal to 1 if k “ indexppHq,
where indexppHq is the Morse index of H at p, and zero otherwise. As explained in [40],
if Γ ‰ 0 then dimHkpDp{Γ, Sp{Γ;Qq “ 0 if k ‰ indexppHq; whereas if k “ indexppHq then
dimHkpDpΓ, SpΓ;Qq “ 1 if Γ preserves the orientation of Dp and is zero otherwise. However,
since the Hamiltonian flow of H generates an S1-action, one can take a compatible almost
complex structure on M invariant by this action and in this way we can conclude that V ´

p is
a symplectic subspace. On the other hand, the linearized action of Γ is symplectic and leaves
V ´
p invariant. Consequently, it preserves the orientation of V ´

p (cf. [40, Remark 5.4]).
Thus, the number of critical points of H is equal to the total rank of the rational homology

of B. Therefore, our desired result is a consequence of the following proposition.

Proposition 5. Assume that pB,ωq admits a Hamiltonian circle action with isolated fixed
points generated by H : B Ñ R. There exists a non-degenerate lacunary contact form α on
M , with parity n (mod 2), such that the image of the simple orbits of α are the Reeb orbits
of β that project to the critical points of H. Moreover, HC˚pMq, given by the chain complex
associated to α, is periodic.

Proof. The proof proceeds similarly as in the case that B is smooth with some nuances. We
will use several ideas from [9] and [11, 12]; cf. [6] in the smooth case. Let Rβ be the Reeb
vector field of β. Fixed the contact form β, it is well known that given a positive smooth
function G : M Ñ R (called a contact Hamiltonian) we have a contact vector field XG

uniquely defined by the equations βpXGq “ G and iXG
dβ “ dGpRβqβ ´ dG. Now, suppose

that G is invariant along the orbits of Rβ so that G “ π˚G, where G : B Ñ R is a smooth
function. Then the equation iXG

dβ “ dGpRβqβ ´ dG reads as iXG
dβ “ ´dG. We claim that

XG is the Reeb flow of αG :“ β{G. As a matter of fact, αGpXGq “ βpXGq{G “ 1 and

iXG
dαG “ iXG

ˆ

dβ

G
´ β ^ d

ˆ

1

G

˙˙

“ ´
dG

G
`
GdG

G2
“ 0.

We have that XG “ GRβ ` Xh
G
, where Xh

G
is the horizontal lift of the Hamiltonian vector

field XG to M (note that these constructions make sense in the orbifold setting). Indeed,

βpGRβ `Xh
G

q “ βpGRβq “ G

and

iGRβ`Xh
G
dβ “ iXh

G
dβ “ ´dG

which are precisely the equations that define XG (note that the last equation follows from
the fact that dβ “ π˚ω and that iXG

ω “ ´dG).
The vector fields Rβ and XG commute. In fact,

βprRβ, XGsq “ LRβ
pβpXGqq ´ pLRβ

βqpXGq “ LRβ
pβpXGqq “ LRβ

G “ dGpRβq “ 0,

which implies that rRβ, XGs is horizontal. On the other hand,

dπprRβ, XGsq “ rdπpRβq, dπpXGqs “ 0.

Now, let H be the Hamiltonian that generates the circle action on B as in the statement of
the proposition. Assume, without loss of generality, that H is a positive function and that the
least common period of the orbits of Rβ and XH coincide and are equal to 1. Let H :M Ñ R
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be the lift of H, that is, H “ π˚H. Since H is positive we clearly have a smooth function
f :M Ñ p´1, 0q, which is also invariant along the orbits of Rβ, such that we can write

H “ ´
f

1 ` f
.

Let XH be the contact vector field associated to H as above. From our previous discussion,

XH “ HRβ `Xh
H

and XH “ Rβ{H .

We claim that
Rp1`fqβ “ Rβ `XH .

As we have seen, Rp1`fqβ “ Y , where Y is the contact vector field associated to F :“ 1{p1`fq

uniquely characterized by the equations (note that dF pRβq “ 0 since dfpRβq “ 0)

βpY q “ F and iY dβ “ ´dF.

But

βpRβ `XHq “ βpRβq ` βpXHq

“ 1 ´
f

1 ` f
“

1 ` f

1 ` f
´

f

1 ` f
“

1

1 ` f

“ F

and

iRβ`XH
dβ “ iXH

dβ

“ ´dH

“ ´dF,

where the last equality follows from the fact that F ´ H is constant equal to 1. This proves
the claim.

Now, let c be a positive real number. We can easily see that

cH “ ´
fc

1 ` fc
, (8.14)

where

fc “
cf

1 ` p1 ´ cqf
.

Using the fact that XH “ HRβ ` Xh
H
, it is easy to see that the argument in the proof of

[9, Proposition 3.6] works verbatim to show that XH generates a circle action with period 1.
Thus, since XcH “ cHRβ`cXh

H
“ cXH we have that it generates a circle action with minimal

common period 1{c. Hence Rβ generates a circle action with minimal common period 1, XcH

generates a circle action with minimal common period 1{c and rRβ, XcHs “ 0. Moreover,
these two vector fields are linearly independent except precisely at the fibres (i.e. the orbits
of Rβ) over the critical points of H.

Recall that
Rp1`fcqβ “ Rβ `XcH .

We have that if c is irrational then the periodic orbits γc,p of p1` fcqβ are precisely the fibers
over the critical points p of H (cf. [9, Proposition 3.9]) and that all these orbits are elliptic.
Indeed, since Rp1`fcqβ “ Rβ `XcH . and the vector fields Rβ and XcH commute, it is easy to
see that every closed orbit of Rp1`fcqβ is elliptic because every singularity of XH is elliptic.
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Therefore, p1 ` fcqβ is lacunary with parity equal to n pmod 2q because every elliptic closed
orbit has index equal to n pmod 2q. It is also easy to see that, choosing c properly, p1`fcqβ is
non-degenerate as well (because one can choose c such that, for every critical point p of H, all
eigenvalues of dϕcpppq are of the form e2πiθ with θ P RzQ, where ϕcp is the time c{pcHppq ` 1q

map of the flow of XH). It proves the first assertion of the proposition.
In order to prove the second assertion, we have to compute the indices of the iterates of

γc,p and for this we will use [11, 12]. First, note that the critical points of cH and f c coincide
since, by (8.14),

dpcHq “ ´
df c

p1 ` f cq
2
.

The Hessians at a critical point p are related by

Hess pcH “ ´
1

p1 ` f cppqq2
Hess pf c (8.15)

and consequently H is Morse if, and only if, so is fc for every c.
Since the Reeb flow generates a locally free circle action then, as a consequence of the slice

theorem, it is Morse-Bott in the sense of [11, 12]. Given T P R, let NT be the submanifold
of M given by the union of the closed orbits of β with (not necessarily minimal) period T .
Let ST “ πpNT q be the corresponding orbit space in B. Note that B “ S1 and that each ST
is an orbifold having as singularities the orbit spaces ST 1 such that T 1 divides T . Note that,
given a smooth function f : B Ñ R, since it is a smooth orbifold map, for each critical point
p P ST we have that the Hessian of f at p leaves TpST invariant. Therefore, iff is Morse on
B, its restriction f |ST

is Morse as well for every T .

Let p be a critical point of H and ψp be the simple closed orbit of Rβ whose image is the
fiber over p. Let Tp be the period of ψp so that p P STp . By the arguments from [11, Lemma
2.4] we can conclude that, given k0 P N, one can choose c sufficiently small such that

µpγkc,pq “ µRSpψk
pq ´

1

2
dimSkTp ` indexppf c|SkTp

q,

for every 1 ď k ď k0, where µRSpψk
pq is the Robbin-Salamon index of the k-th iterate of ψp,

f c : B Ñ R is the smooth function such that fc “ π˚f c and indexppf c|STp
q is the Morse index

of the restriction f c|STp
at p. Hence, by (8.15),

µpγkc,pq “ µRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

q. (8.16)

Since the lowest common period of the orbits of β is equal to 1, we can write Tp “ 1{mp

for some integer mp ě 1. Let Tc,p “ Tp ´ cHppq{pmp ` cHppqmpq be the action of γc,p. The
hypothesis that β has index-positivity implies that given L ą 0 there exists T ą 0 such that
for every sufficiently small non-degenerate perturbation β1 of β we have that every periodic
orbit of β1 with action bigger than T has index bigger than L. Thus, given T ą 0 there exist
δ ą 0 and ϵ ą 0 small such that T ` ϵ is outside the action spectrum of β and if c P p0, δq is
irrational we have

CCT`ϵ
˚ pβq “

à

pPCritpHq

à

kPN; kTpďT

Λr˚ ´ pµRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

qs,

where the index shift above means that each orbit γkc,p contributes to CCT`ϵ
˚ pβ1q – CCT`ϵ

˚ pβq

with a summand Λ in the degree µRSpψk
pq ` 1

2 dimSkTp ´ indexppH|SkTp
q due to (8.16).
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Now, the key point is that

µRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

q “ µpγkc,pq “ n pmod 2q

because γkc,p is elliptic and therefore the differential in CCT`ϵ
˚ pβq vanishes. Consequently,

HCT`ϵ
˚ pβq –

à

pPCritpHq

à

kPN; kTpďT

Λr˚ ´ pµRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

qqs.

Remark 8.3. Note that, since γkc,p is a small perturbation of ψk
p , we have that γ

k
c,p is contractible

if and only if so is ψk
p . Therefore, if µRSpψk

pq ě 4 for every contractible ψk
p we have that

µpγkc,pq “ µRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

q ě µRSpψk
pq ´

1

2
dimSkTp ą 3 ´ n

and therefore, by index-positivity, p1 ` fcqβ is index-admissible for c sufficiently small.

Given p P CritpHq, let ν “ µRSpψ
mp
p q and note that ν is an even positive integer that does

not depend on the choice of p that is equal to the Robbin-Salamon index of the generic orbit
(i.e. any simple orbit with period 1) of β. Note that, given q P N which is a multiple of mp,

µRSpψk`q
p q “ µRSpψk

pq ` pq{mpqν. Moreover, clearly Spk`qqTp
“ SkTp . Hence, given T P N

there exist δ ą 0 and ϵ ą 0 small such that T ` ϵ is outside the action spectrum of β and if
c P p0, δq is irrational we have

HCT`ϵ
˚ pβq –

à

pPCritpHq

T
à

m“1

mp
à

k“1

Λr˚ ´ ppm´ 1qν ` µRSpψk
pq `

1

2
dimSkTp ´ indexppH|SkTp

qqs.

Using this, and the index-positivity of β, we arrive at

HC˚pMq –
à

pPCritpHq

8
à

m“1

mp
à

k“1

Λr˚´ppm´1qν`µRSpψk
pq`

1

2
dimSkTp´indexppH|SkTp

qqs, (8.17)

which implies clearly that HC˚pMq is periodic. □

In what follows, we use the above computation and notation to prove the following result,
which is a particular consequence of Proposition 4. As in Proposition 4, it shows that HC˚pMq

exhibits a symmetry in sufficiently large degrees; cf. Remark 2.14. When M is a prequanti-
zation of an orbifold admitting a Hamiltonian circle action, as in case (PO), we provide an
alternative proof. (Note that, conjecturally, every closed contact manifold admitting a non-
degenerate lacunary contact form is a prequantization of this type.) This argument is entirely
different from that of Proposition 4 and instead follows the spirit of the proof of Proposition
3. The argument also relies on Poincaré duality on B, but is more involved than that of
Proposition 3, as it requires handling the orbit spaces SkTp . We recall that bj “ dimHCjpMq

denotes the j-th contact Betti number.

Proposition 6. Let M be a prequantization of an orbifold as in case (PO) of Theorem 2.
Given an integer p ě 0 there exists C ą 0 such that if d “ sν is bigger than C then

bd´j “ bd`j

for every j P r´p, ps, where, as above, ν is the Robbin-Salamon index of the generic orbit of
β.



MULTIPLICITY OF CLOSED REEB ORBITS 65

Proof. Given p P CritpHq and 1 ď k ď mp set

dk,p “
1

2
dimSkTp ´ indexppH|SkTp

qq.

Let

C “ max
pPCritpHq

max
1ďkďmp

p|µRSpψk
pq| ` |dk,p|q ` p

and take s big enough such that d :“ sν ą C.
From (8.17) we have that, for any j ě ´p,

bd`j “
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ` dk,p “ d` j, m P N0u

“
ÿ

pPCritpHq

#t1 ď k ď mp; pm´ sqν ` µRSpψk
pq ` dk,p “ j, m P N0u

“
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ` dk,p “ j, m ě ´su

“
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ` dk,p “ j, m P Zu, (8.18)

where the last equality holds because ´ps` iqν ` µRSpψk
pq ` dk,p ă ´p for every i ě 1.

Now, note that in (8.17) we can clearly replace H with ´H and

1

2
dimSkTp ´ indexpp´H|SkTp

qq “ ´
1

2
dimSkTp ` indexppH|SkTp

qq.

(The replacement of a Morse function f with ´f is essentially the way we prove Poincaré
duality using Morse theory.) Therefore,

bd`j “
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ` dk,p “ j, m P Zu

“
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ´ dk,p “ j, m P Zu. (8.19)

Set k “ mp ´ k, µRSpψ0
pq “ 0 and d0,p “ ´n ` indexppHq. The following lemmata will be

useful for us to prove the proposition.

Lemma 4. µRSpψk
pq ` µRSpψk

pq “ ν.

Lemma 5. dk,p “ dk,p.
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Let us prove the proposition assuming the lemmata. From (8.18),

bd´j “
ÿ

pPCritpHq

#t1 ď k ď mp; mν ` µRSpψk
pq ` dk,p “ ´j, m P Zu

“
ÿ

pPCritpHq

#t0 ď k ď mp ´ 1; mν ` µRSpψk
pq ` dk,p “ ´j, m P Zu

“
ÿ

pPCritpHq

#t1 ď k ď mp; pm` 1qν ´ µRSpψk
pq ` dk,p “ ´j, m P Zu

“
ÿ

pPCritpHq

#t1 ď k ď mp; pm` 1qν ´ µRSpψk
pq ´ dk,p “ ´j, m P Zu

“
ÿ

pPCritpHq

#t1 ď k ď mp; ´pm` 1qν ´ µRSpψk
pq ´ dk,p “ ´j, m P Zu

“
ÿ

pPCritpHq

#t1 ď k ď mp; pm` 1qν ` µRSpψk
pq ` dk,p “ j, m P Zu

“ bd`j ,

for every j P r´p, ps, where the second equality holds because

µRSpψ0
pq “ 0 “ ν “ µRSpψ

mp
p q pmod νq

and d0,p “ dmp,p, the third equation follows from Lemmas 4 and 5, the fourth hold by (8.19)
and the fifth is a simple consequence of the fact that we are summing over all m P Z. This
proves the desired result.

Proof of Lemma 4. The lemma is obvious when k “ mp. So assume that mp ą 1 and 1 ď

k ă mp. Let Φ̃ : R Ñ Spp2nq be the linearized Reeb flow of Rβ along ψp. For simplicity,

reparametrize Φ̃ taking Φptq “ Φ̃pt{mpq. Take 1 ď k ă mp and set

Φ1ptq “ Φptq, t P r0, ks

and
Φ2ptq “ Φptq ˝ Φpkq, t P r0, ks.

By the property of the concatenation of the Robbin-Salamon index [49] we have

ν “ µRSpΦ|r0,mpsq “ µRSpΦ2 ˚ Φ1q “ µRSpΦ2q ` µRSpΦ1q. (8.20)

where Φ|r0,mps means the restriction of Φ to the time interval r0,mps.
Note that

Φ2ptq “ Φpt` kq, t P r0, ks

“ Φptq ˝ Φpkq

“ Φptq ˝ Φpkq´1

“ Φpt´ kq

“ Φpk ´ tq´1

where in the third equation we are using the fact that Id “ Φpmpq “ Φpk` kq “ Φpkq ˝Φpkq.
Since the loop Φpk ´ tq´1 ˚ Φptq´1, t P r0, ks, is contractible, by the concatenation property,

µRSpΦpk ´ tq´1q “ ´µRSpΦptq´1q “ µRSpΦptqq, t P r0, ks,
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since µRSpΦptq´1q “ ´µRSpΦptqq [49]. So

µRSpΦ2ptqq “ µRSpΦptqq, t P r0, ks.

Therefore, since the index does not change under the reparametrization t ÞÑ t{mp,

µRSpψk
pq “ µRSpΦ1ptqq, t P r0, ks

and

µRSpψk
pq “ µRSpΦptqq “ µRSpΦ2ptqq, t P r0, ks.

Hence, we conclude from (8.20) the proof of the lemma. □

Proof of Lemma 5. Set S0 “ B. We claim that

SkTp “ SkTp
(8.21)

which obviously implies the lemma. This is obvious when k “ mp. So we can assume that
mp ą 1 and 1 ď k ă mp.

First notice that

SkTp “ Spimp`kqTp
@i ě 0 (8.22)

since the common period of the orbits is 1 and Tp “ 1{mp, and

SkTp Ă SikTp @i ě 1 (8.23)

since k divides ik.
To prove (8.21) we first show that SkTp

Ă SkTp . We have that

SkTp
“ Spmp´kqTp

Ă Spmp´1qpmp´kqTp

“ Spmppmp´k´1q`kqTp

“ SkTp ,

where the inclusion follows from (8.23) and the last equality holds by (8.22). To prove the
other direction SkTp Ă SkTp

we proceed in a similar fashion:

SkTp Ă Spmp´1qkTp

“ Spmpk´kqTp

“ Spmppk´1q`mp´kqTp

“ Spmp´kqTp

“ SkTp
,

where, as before, the inclusion follows from (8.23) and the second to last equality holds by
(8.22). □

□

Case (VSH)

From [17] we conclude that

HC˚pMq – ‘kě0H˚`n´2kpW, BW q – ‘kě1H
n´˚`2kpW q, (8.24)
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where the last isomorphism follows from Lefschetz duality (note that the dimension of W is
2n ` 2 and that first sum is for k ě 0 while the second is for k ě 1). Let βj “ dimHjpW q

and, as before, bj “ dimHCjpMq.
By Lefschetz duality, βj “ 0 for every j ě 2n ` 2. Hence, from (8.24), bj “ 0 for every

j ă ´n ` 1 and b´n`1 “ β2n`1, b´n`2 “ β2n, b´n`3 “ β2n´1 ` β2n`1, b´n`4 “ β2n´2 `

β2n,...,bn`1 “
ř

jP2N´1 βj , bn`2 “
ř

jP2N0
βj with bn`1 “ bn`1`2k and bn`2 “ bn`2`2k for

every k P N.
Thus, HC˚pMq is periodic with P “ n` 1 and ∆ “ 2. From (8.24) we also have that

χ`pMq “ p´1qn
χpW q

2
(8.25)

Now, let us split the argument according to the parity of n.

Case 1. n is odd

In this case, we can take q “ n` 1 and, from the previous computations of bj and χ`pMq,
we have that rM for p “ 0 is given by

2p´qχ`pMq `

q
ÿ

j“´8

p´1qjbjq

“ 2p´pn` 1qχ`pMq `

n`1
ÿ

j“´8

p´1qjbjq

“ pn` 1qχpW q ` 2
n`1
ÿ

j“´n`1

p´1qjbj

“ pn` 1qχpW q ` 2
n`1
ÿ

j“´n`1

p´1qj
tpj`n`1q{2u

ÿ

i“1

βn´j`2i,

and

2p´qχ`pMq `

q
ÿ

j“´8

p´1qjbjq ` 2bq`p ´ bq

“ 2p´pn` 1qχ`pMq `

n`1
ÿ

j“´8

p´1qjbjq ` bn`1

“ pn` 1qχpW q ` 2
n`1
ÿ

j“´n`1

p´1qjbj `
ÿ

jP2N´1

βj

“ pn` 1qχpW q ` 2
n`1
ÿ

j“´n`1

p´1qj
tpj`n`1q{2u

ÿ

i“1

βn´j`2i `
ÿ

jP2N´1

βj , (8.26)

when p is even and ě 2. Note here that we use the fact that p is even to conclude that
2bn`1`p ´ bn`1 “ bn`1 since ∆ “ 2.

To illustrate the previous computation, consider the case that W is a ball of dimension
2n` 2 so that M “ S2n`1. Then β0 “ 1 and βj “ 0 for every j ‰ 0. Hence the first term in
(8.26) equals n` 1, the third term vanishes as well as the second term: n´ j ` 2i “ 0 ðñ
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j “ n` 2i and i ě 1 ùñ j ě n` 2, contradicting the fact that j ď n` 1. Thus, in this case
rM “ n` 1.

Case 2. n is even

In this case, we can take q “ n` 2 and, similarly as in the previous case, rM for any p odd
is given by

2pqχ`pMq ´

q
ÿ

j“´8

p´1qjbjq ` 2bq`p ` bq

“ 2ppn` 2qχ`pMq ´

n`2
ÿ

j“´8

p´1qjbjq ` 2bn`3 ` bn`2

“ pn` 2qχpW q ´ 2
n`2
ÿ

j“´n`1

p´1qjbj ` 2bn`3 ` bn`2

“ pn` 2qχpW q ´ 2
n`2
ÿ

j“´n`1

p´1qj
tpj`n`1q{2u

ÿ

i“1

βn´j`2i ` 2
ÿ

jP2N´1

βj `
ÿ

jP2N0

βj , (8.27)

where the first equality holds because bn`3 “ bn`2`p for any odd p since ∆ “ 2.
As before, let us illustrate this computation when W is a ball of dimension 2n` 2 so that

M “ S2n`1. Then β0 “ 1 and βj “ 0 for every j ‰ 0. Hence the first term in (8.27) equals
n ` 2, the third vanishes, the fourth is equal to 1 and the second equals ´2: n ´ j ` 2i “ 0
ðñ j “ n` 2i and i ě 1 ðñ j ě n` 2. Since j ď n` 2, we have only the term j “ n` 2
counting. Thus, in this case rM “ n` 2 ` 1 ´ 2 “ n` 1.

9. Final questions

To conclude this work, we pose some final questions. These questions concern four com-
plementary aspects of the common underlying picture: the number of simple closed orbits,
the underlying contact manifolds admitting Reeb flows with finitely many closed orbits, the
equivariant symplectic homology of such manifolds, and the rigidity of contact forms with
finitely many closed orbits.

To start with, as mentioned earlier, to the best of our knowledge, all currently known
examples of contact manifoldsM admitting a contact form with finitely many simple periodic
orbits arise as prequantizations of orbifolds. Moreover, in these examples, the number of
periodic orbits coincides with dimH˚pM{S1;Qq.

Question 1: Is it true that any closed contact manifold admitting a contact form with finitely
many simple periodic orbits is necessarily a prequantization M of an orbifold? Furthermore,
in this case, is the minimal number of periodic orbits equal to dimH˚pM{S1;Qq?

We conjecture that both questions have positive answers. The results of the present work
provide evidence for the second part. Both questions are known to be true in dimension three
under the additional assumption that the first Chern class of the contact structure is torsion
[21, 22]. In higher dimensions, the expected lower bound was established for dynamically
convex contact forms on S2n`1 in [18].

As discussed in the introduction, the work [36] (cf. [46]) shows that if the linearized contact
homology of M is unbounded, then every contact form on M admits infinitely many closed
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orbits. As shown in [17], linearized contact homology is isomorphic to positive equivariant
symplectic homology whenever the former is well-defined. Therefore, hypothetically, if a
contact manifold admits a contact form with finitely many closed orbits, then HC˚pMq must
be bounded. While there are several examples of such manifolds, in all cases known to us
HC˚pMq is periodic in the sense of Definition 1.

Question 2: Is it true that every homologically bounded contact manifold has periodic
positive equivariant symplectic homology?

We also conjecture that the answer is positive, although we are not aware of any results
that directly support this claim.

To conclude this section, we pose a question in the spirit of the contact Hofer–Zehnder
conjecture [18]. Essentially, this conjecture suggests a dichotomy: either the number of
periodic orbits is minimal, in the sense that it is somehow forced by the homology, or there
exist infinitely many periodic orbits. As emphasized throughout this paper, all currently
known examples of contact forms with finitely many closed orbits are non-degenerate and
lacunary. In this work, we proved that, under suitable assumptions, the number of closed
orbits of such contact forms is a contact invariant and provides a lower bound for general
non-degenerate contact forms α satisfying weak index conditions. Moreover, this bound is
attained if and only if α is lacunary. This leads to the following question, closely related to
Question 1.

Question 3: Let M be a prequantization of an orbifold. Is it true that every contact form
on M has either dimH˚pM{S1;Qq or infinitely many closed orbits? Furthermore, is it true
that any contact form on M with finitely many closed orbits is necessarily non-degenerate
and lacunary?

By the results of this work, a positive answer to the second part would imply a positive
answer to the first, at least when HC˚pMq is periodic (a property expected to hold in general,
although this remains unknown). Conversely, a positive answer to the first part would imply
a positive answer to the second, at least for non-degenerate contact forms satisfying the weak
index assumptions of Theorem 1. Both statements are known to hold in dimension three
under the additional assumption that the first Chern class of the contact structure is torsion
[21, 22]. In higher dimensions, they were established in [18] for non-degenerate dynamically
convex contact forms on S2n`1 that are invariant under the antipodal map.

References

[1] A. Abbondandolo, M. Schwarz, On the Floer homology of cotangent bundles. Comm. Pure Appl. Math.
59 (2006), 254–316.

[2] M. Abreu, J. Gutt, J. Kang, L. Macarini, Two closed orbits for non-degenerate Reeb flows. Math. Proc.
Cambridge Philos. Soc. 170 (2021), no. 3, 625–660.

[3] M. Abreu, L. Macarini, Contact homology of good toric contact manifolds. Compositio Mathematica 148
(2012), 304–334.

[4] M. Abreu, L. Macarini, Multiplicity of periodic orbits for dynamically convex contact forms. Journal of
Fixed Point Theory and Applications 19 (2017), 175–204.

[5] M. Abreu, L. Macarini, On the mean Euler characteristic of Gorenstein toric contact manifolds. Int.
Math. Res. Not. IMRN 2020, no. 14, 4465–4495.

[6] M. Abreu, L. Macarini, Periodic orbits of non-degenerate lacunary contact forms on prequantization
bundles. Selecta Math. (N.S.) 32 (2026), no. 3, Paper No. 59.



MULTIPLICITY OF CLOSED REEB ORBITS 71

[7] M. Abreu, L. Macarini, M. Moreira, On contact invariants of non-simply connected Gorenstein toric
contact manifolds. Mathematical Research Letters 29 (2022), 1–42.

[8] M. Abreu, L. Macarini, M. Moreira, Contact invariants of Q-Gorenstein toric contact manifolds, the
Ehrhart polynomial and Chen-Ruan cohomology. Advances in Mathematics 429 (2023), Paper No.
109180.

[9] P. Albers, H. Geiges, K. Zehmisch, Reeb dynamics inspired by Katok’s example in Finsler geometry.
Math. Ann. 370 (2018), No. 3-4, 1883–1907.

[10] A. Besse, Manifolds all of whose Geodesics are Closed. Ergebnisse der Mathematik und ihrer Grenzge-
biete, 93. Springer-Verlag, Berlin-New York, 1978.

[11] F. Bourgeois, A Morse–Bott Approach to Contact Homology. Ph.D. dissertation, Stanford University,
Stanford, Calif., 2002.

[12] F. Bourgeois, A survey of contact homology. CRM Proceedings and Lecture Notes, 49 (2009), 45–60.
[13] F. Bourgeois, A. Oancea, Symplectic homology, autonomous Hamiltonians, and Morse-Bott moduli

spaces. Duke Math. J. 146 (2009), 71–174.
[14] F. Bourgeois, A. Oancea, Fredholm theory and transversality for the parametrized and for the S1-invariant

symplectic action. J. Eur. Math. Soc. (JEMS) 12 (2010), no. 5, 1181–1229.
[15] F. Bourgeois, A. Oancea, The index of Floer moduli problems for parametrized action functionals. Geom.

Dedicata 165 (2013), 5–24.
[16] F. Bourgeois, A. Oancea, The Gysin exact sequence for S1-equivariant symplectic homology. J. Topol.

Anal. 5 (2013), no. 4, 361–407.
[17] F. Bourgeois, A. Oancea, S1-equivariant symplectic homology and linearized contact homology. Int. Math.

Res. Not. IMRN 2017, no. 13, 3849–3937.
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