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MULTIPLICITY OF CLOSED REEB ORBITS ON
CONTACT MANIFOLDS WITH PERIODIC EQUIVARIANT
SYMPLECTIC HOMOLOGY

MIGUEL ABREU AND LEONARDO MACARINI

ABSTRACT. We consider closed contact manifolds (M, &) with periodic positive equivariant
symplectic homology. This is a very large class of contact manifolds and, to the best of our
knowledge, includes all currently known examples admitting Reeb flows with finitely many
closed orbits for which this homology is well defined. Under weak and homologically natural
index assumptions on a non-degenerate contact form o« on M, we establish a sharp lower
bound rps for the number of simple closed Reeb orbits of a. The quantity ras is completely
defined in terms of the positive equivariant symplectic homology of M. Moreover, we show
that this bound is attained if and only if «a is lacunary, i.e., the Conley-Zehnder indices
of all closed orbits have the same parity. Consequently, the invariant ry; admits a clean
dynamical characterization: whenever M admits a non-degenerate lacunary contact form,
ry equals the number of its simple closed Reeb orbits and is therefore independent of the
choice of such a form. In particular, in the lacunary case the number of such orbits is a
contact invariant completely determined by Floer theory. We compute rys for a broad class
of examples, including several prequantizations of symplectic orbifolds, and show that in this
case ryr = dim Hy (M/Sl; Q), thereby giving a topological characterization of the invariant.
Motivated by these results, we conjecture that any contact form with finitely many closed
Reeb orbits is necessarily non-degenerate and lacunary, and that the underlying contact
manifold is a prequantization of this type.
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1. INTRODUCTION

The main theme of this paper is the multiplicity problem for geometrically distinct closed
Reeb orbits of non-degenerate contact forms satisfying certain weak and homologically nat-
ural index conditions on a very large class of contact manifolds, namely those with periodic
positive equivariant symplectic homology. To the best of our knowledge, this class contains
all currently known examples of contact manifolds admitting Reeb flows with finitely many
closed orbits for which equivariant symplectic homology is a well-defined invariant.

We establish a sharp lower bound for the number of simple closed Reeb orbits on such man-
ifolds, expressed entirely in terms of the positive equivariant symplectic homology. Moreover,
we show that this bound is attained if and only if the contact form is lacunary, that is, the
indices of all closed orbits have the same parity. Thus, the bound admits a clean dynamical
characterization: whenever a non-degenerate lacunary contact form exists, the bound is pre-
cisely the number of its simple closed orbits. In particular, in the lacunary case this number is
independent of the contact form and depends only on the contact structure, thereby defining
a genuine contact invariant. This invariant can be viewed as a contact analogue of the sum of
the Betti numbers in Arnold’s conjecture (see the discussion at the end of the introduction).
We also compute it in several examples.

Our computation shows that when M is a suitable prequantization bundle over a symplectic
orbifold, i.e., it admits a periodic Reeb flow, the invariant r,; also admits a purely topological
interpretation: it can be read off directly from the equivariant singular homology of M. Thus
s simultaneously carries three distinct and complementary meanings — homological (in terms
of positive equivariant symplectic homology), dynamical (as a count of simple closed Reeb
orbits of lacunary forms), and topological (in terms of the equivariant topology of M) —
reflecting the interaction between the contact dynamics and the underlying topology.

Let us introduce the problem and its roots. The multiplicity question for geometrically
distinct closed Reeb orbits originates in Hamiltonian dynamics and goes back at least a
century. In its modern formulation, the problem asks for a lower bound, ideally sharp,
for the number of such orbits of a contact form a on a given contact manifold (M2 ¢).
The form « is usually assumed to satisfy additional conditions which play both conceptual
and technical roles. In this work, for instance, we focus on non-degenerate contact forms,
a Morse-type condition. Two fundamental tools for studying this problem are (positive)
equivariant symplectic homology and linearized contact homology. The latter was introduced
by Eliashberg, Givental and Hofer in their seminal paper [25]. The former was introduced
by Viterbo [54] and subsequently developed by Bourgeois and Oancea [13, 14, 15, 16, 17].
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As shown in [17], these homologies are isomorphic whenever linearized contact homology is
well-defined.

When the linearized contact homology (with rational coefficients) is unbounded, that is,
when the dimension of the corresponding vector spaces tends to infinity along some sequence
of degrees k; — o0, every contact form on M has infinitely many simple closed orbits [36]; cf.
[46]. We refer to this situation as the homologically unbounded case; see the survey [44].

Thus, for the multiplicity problem the interesting case is the homologically bounded one. To
the best of our knowledge, every homologically bounded contact manifold currently known has
pertodic positive equivariant symplectic homology, that is, the positive equivariant symplectic
homology groups become periodic after some degree; see Definition 1. A particular example
is given by a prequantization S'-bundle (M?"+! ¢) over a closed integral symplectic manifold
(B,w) such that Hyqq(B; Q) = 0. This class includes important examples such as the standard
contact sphere.

For such prequantizations, several multiplicity results are known; see the survey [44]. Let
us briefly describe the current state of the art for the standard contact sphere (S?"1 ¢).
Conjecturally, every contact form « supporting £ has at least n + 1 simple closed Reeb orbits.
This conjecture has been proved when n = 1 [20, 30, 41]; however, it remains far from being
settled when n > 2. In general, without non-degeneracy or index/action assumptions, it is
not even known whether there exists more than one simple closed Reeb orbit when n > 2.
When « is non-degenerate, it is easy to see that there must be at least two such orbits (see,
e.g., [37, 34, 2]), but the existence of three simple orbits on, say, S° is already a difficult open
problem.

The situation changes dramatically once one imposes restrictions on the indices of closed
Reeb orbits. In a series of papers starting with a groundbreaking work of Long and Zhu
[42, 43], several multiplicity results were established under what is usually called the dynamical
convexity assumption; see [4, 28, 32, 35, 55, 56] and the references therein. For S?"*! this
assumption requires that all closed Reeb orbits have Conley-Zehnder index at least n + 2,
and it follows from geometrical convexity. Under this assumption, it has been shown that a
non-degenerate dynamically convex contact form on S?"*! must have at least n + 1 simple
closed Reeb orbits, while without the non-degeneracy assumption the number of orbits is at
least [(n + 1)/2] + 1. In a recent outstanding work, Cineli, Ginzburg and Giirel [18] proved
the bound n + 1 for any dynamically convex contact form on S?"*!, degenerate or not.

In [23], the lower bound n + 1 for non-degenerate contact forms o on S?"*! was established
under index assumptions that are much weaker than dynamical convexity. More precisely, the
main condition requires that, if n is odd, a has no good periodic orbit v with u(v) = 0, and
if n is even, a has no good periodic orbit v with u(y) € {0, —1,1}. In [29], these results were
extended to sharp lower bounds for a broader class of prequantization bundles, including, in
addition to the sphere, the unit cosphere bundle of a compact rank one symmetric space. We
emphasize that multiplicity results for general contact manifolds in dimensions greater than
three are very scarce.

In the present work, we obtain sharp lower bounds for the number of periodic orbits under
an even weaker index assumption on « which, unlike the previous hypothesis, is homologi-
cally natural for general contact manifolds, in the sense that it excludes only homologically
unnecessary closed orbits; see Remarks 2.6 and 2.8. Moreover, we prove that the lower bound
is attained if and only if « is lacunary. Furthermore, we consider the much broader class
of contact manifolds with periodic positive equivariant symplectic homology, which includes
prequantizations of symplectic orbifolds as well as several other examples.
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As already mentioned, the conjectural sharp lower bound for the number of closed orbits
on S?"*1isn+1. More generally, for a prequantization bundle M over a symplectic manifold,
the expected bound is rj; = dim Hy (M /SY; Q); see [6, 29]. (Recall that S?"*! is a prequanti-
zation of CP" and dim H,(CP™; Q) = n + 1.) A natural and important question is what the
corresponding bound should be in general.

To the best of our knowledge, every currently known example of a contact form with
finitely many closed orbits is non-degenerate and lacunary. Moreover, the underlying contact
manifold M is always a prequantization of a symplectic orbifold, and the bound is again

ry = dim H, (M/S; Q).

We prove that this bound holds under our weak and homologically natural index assumptions
and that it admits an explicit homological expression in terms of the contact Betti numbers
of M.

More generally, this homological quantity defines an invariant r,; for contact manifolds
with periodic positive equivariant symplectic homology. Our main result shows that ry; is a
sharp lower bound under the above weak index assumptions, and that equality holds precisely
for lacunary contact forms. Consequently, whenever M admits a non-degenerate lacunary
contact form, the number of its simple closed Reeb orbits is independent of the form and
completely determined by the positive equivariant symplectic homology of M. Equivalently,
ryr has a dynamical characterization: it is the number of simple closed Reeb orbits of any
non-degenerate lacunary contact form on M.

To finish this introduction, it is illuminating to compare our results with analogous ques-
tions and results in the setting of Hamiltonian diffeomorphisms and Hamiltonian Floer theory.
From the proof of Arnold’s conjecture, we have that every non-degenerate Hamiltonian dif-
feomorphism on a suitable closed symplectic manifold M has at least dim Hy(M; Q) periodic
points (in fact, at least dim H, (M; Q) fixed points). Moreover, it follows from [51] that, under
suitable assumptions, the existence of more than dim H,(M;Q) periodic points implies the
existence of infinitely many. The result in [51] is stated for possibly degenerate Hamiltonian
diffeomorphisms, and the relevant bound is expressed in terms of the local Floer homology of
the periodic points. However, analogously to the situation of Reeb flows discussed above, all
currently known examples of Hamiltonian diffeomorphisms with finitely many periodic points
are, to the best of our knowledge, both non-degenerate and lacunary in the obvious analogous
sense.

From this perspective, the invariant r5; should be viewed as the analogue, in the contact
setting, of dim Hy(M; Q) in Arnold’s conjecture: it provides the homological lower bound for
the number of simple periodic Reeb orbits.

This bound is clearly not given by dim H, (M;Q) but it has a topological interpretation.
As a matter of fact, we expect — although this is far from being known — that if a contact
manifold admits a contact form with finitely many closed Reeb orbits, then it should also
admit a periodic Reeb flow. In that case, the lower bound for the number of periodic orbits is
given by the sum of the Betti numbers of the equivariant singular homology H? ' (M;Q) with
respect to the circle action generated by the Reeb flow. The present work shows in particular
that, under natural assumptions which are satisfied by all currently known examples with
finitely many closed Reeb orbits, this quantity coincides with ry;.
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2. MAIN RESULTS

2.1. Multiplicity of closed orbits. Let (M?"*! ¢) be a closed contact manifold. Along
this work, we will assume that (M, §) satisfies one of the following conditions:

(F) (M,€) has a strong symplectic filling (W, Q) such that ¢;(TW) = 0 and the map
induced by the inclusion H; (M; Q) — H;(W; Q) is trivial.
(NF) (M, &) satisfies ¢1(€) = 0, H1(M; Q) = 0 and admits a non-degenerate indez-admissible
contact form, that is, a non-degenerate contact form such that every contractible closed
orbit has index bigger than 3 — n.

As explained in Section 3.1, these conditions ensure that (M, ) admits a well-defined posi-
tive equivariant symplectic homology HC, (M), endowed with an integer grading given by the
Conley-Zehnder index, which is independent of the choice of trivializations of the determinant
line bundles AEHTW and AZ&. Throughout, we consider HC, (M) with coefficients in the
universal Novikov field; see Section 3.1.

Under some circumstances, the hypotheses involving H;(W;Q) and H;(M;Q) can be
dropped; see Remarks 2.11, 2.16, and 2.28 below. In particular, this applies to all exam-
ples known to us in which M admits contact forms with finitely many closed orbits.

Condition (F) requires that M admit a “nice” symplectic filling, whereas condition (NF)
does not assume the existence of a filling, at the expense of requiring that M admit a non-
degenerate index-admissible contact form. Under (F'), the homology is defined for any contact
form and may depend on the choice of filling W. Under (NF), HC. (M) is defined only for
index-admissible contact forms and is constructed using Floer trajectories in the symplecti-
zation of M.

Definition 1. We say that HC.(M) is periodic if there exist P € N and A € N such that
HCy(M) = HCi A (M) for every k = P.

Throughout this work, we will assume, without loss of generality, that A is even.

Remark 2.1. One is tempted to exchange the notation P and A since A is the period. However,
we rather keep this notation to highlight the fact that HC, (M) is actually eventually periodic,
or, more precisely, periodic with period A after the degree P.

Remark 2.2. Of course one has the freedom to choose the period A in the definition above
but we can take the minimal one. In this case, in many examples we have A = 2 although
there are also examples with A > 2. We are not aware of any example where A = 1.

There is a huge class of examples of manifolds with periodic positive equivariant symplectic
homology. For instance, prequantization S'-bundles of integral symplectic manifolds with la-
cunary rational homology [29, 6], toric contact manifolds [8], Brieskorn manifolds [38, 53] and
subcritical Stein fillable contact manifolds [17, 57] or, more generally, contact manifolds satis-
fying (F) such that SH, (W) = 0, where SH,(W) stands for the (non-equivariant) symplectic
homology of W [17]. It should be true that every closed contact manifold M admitting a
contact form whose Reeb flow generates a locally free circle action has periodic positive equi-
variant symplectic homology, although it is not known so far. In Section 8 we show that it is
true whenever the symplectic orbifold M /S admits a Hamiltonian circle action with isolated
fixed points.
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Let b; = dimHC;(M) be the contact Betti numbers. Recall that the positive/negative
mean Euler characteristic of M is defined as

X (M) = Tim (1)
7=0
whenever this limit exists. When HC, (M) is periodic, the limit x4 (M) clearly exists and is
given by
X+ (M> = §7
where p = Zf:PA_l(—l)jbj = Z?:,f_l(—l)jbj for any k > P.

We say that a non-degenerate contact form « is lacunary if the indices of every periodic
orbit have the same parity. As already mentioned in the introduction, to the best of our
knowledge, all the currently known examples of contact forms with finitely many closed
orbits are non-degenerate and lacunary [6]. Given a non-degenerate lacunary contact form
« define its parity § € Zg as p(y) (mod2) where v is any closed orbit of a and p(7y) is its
Conley-Zehnder index [50]. In a similar fashion, we say that HC, (M) is lacunary if the groups
HCj (M) that do not vanish have the same degree k (mod 2). If M admits a non-degenerate
lacunary contact form o then HC, (M) is also lacunary and with the same parity ¢ of « (i.e.,
HCi(M) = 0 for every k # 0 (mod?2)); see Section 3.1. Note that if a (resp. HC,(M)) is
lacunary then the parity of a (resp. HC,(M)) is well-defined whenever o has at least one
periodic orbit (resp. HCy(M) # 0 for some k € Z).

Our first main result establishes a lower bound for the number of simple closed orbits of
suitable contact forms on manifolds with periodic and lacunary positive equivariant symplectic
homology which is an equality if and only if the contact form is lacunary. Although the
statement is admittedly somewhat technical, we present it in this general form because its
strength lies precisely in its broad applicability. Concrete applications to a variety of examples
are given in Section 2.3.

Before stating the theorem, we introduce some notation and terminology. In what follows,
#P, denotes the number of simple (i.e., non-iterated) closed orbits of a. Recall that the
mean index of a periodic orbit 7 is defined by

1
f(y) = Jim - p(y").
A periodic orbit is said to be good if the parity of its index agrees with that of the underlying
simple closed orbit.

We define a prequantization S'-bundle of a symplectic manifold (resp. orbifold) (B,w)
as a contact manifold M endowed with a contact form 5 whose Reeb flow generates a free
(resp. locally free) circle action such that M/S! = B and d3 = 7*w, where 7: M — B is the
quotient projection.

We say that a contact manifold M with periodic HC, (M) satisfies condition (PD) if one
of the following holds:
e the period A of HC, (M) is equal to 2;
e )M is a prequantization of a positive monotone symplectic manifold B with Hoqq(B; Q) =
0 and, under (NF), minimal Chern number greater than 1;
e M admits a non-degenerate lacunary contact form.
This condition ensures that HC, (M) exhibits a symmetry in sufficiently large degrees,
reminiscent of a form of Poincaré duality (hence the terminology); see Remark 2.14.
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Theorem 1. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, lacunary with parity §, bj # 0 for some j, bj = 0 for all j
sufficiently negative, and b; < oo for all j € Z.

Let o be a non-degenerate contact form on M. Assume that there exists an integer p #
0 (mod 2) such that « satisfies the following conditions:

e « has no good periodic orbit vy such that u(vy) = £p;
e cvery closed orbit of a has non-vanishing mean index;
e under (NF), a is index-admissible.

If p > 1 assume that M satisfies (PD). Then

#Pa = T,
where
- {2(—q><+(M) — > bj) if & is odd
2(gx+ (M) — ;1-:,00 b;j) + by if § is even,
and

¢ = min{sA; sA > P, s e N}.
Moreover, the equality holds if and only if o is lacunary.

Remark 2.3 (The bound r); is well-defined). The fact that rj; does not depend on the choices
of P and A is an easy consequence of the periodicity of HC,(M); see Proposition 2. We can
actually take ¢ as any multiple of A bigger than or equal to P.

Remark 2.4 (The homological, dynamical and topological meanings of r3;). Conceptually,
the number rj; measures the finite-dimensional defect between the initial part of the positive
equivariant symplectic homology and its eventual periodic average. Thus, r)s is a purely
homological quantity, in the same sense that the sum of the Betti numbers is the homological
quantity appearing in Arnold’s conjecture. One of the main points of Theorem 1 is that
this homological quantity admits an exact dynamical realization: whenever a non-degenerate
lacunary contact form exists, rjs coincides with the number of its simple closed Reeb orbits.
This interpretation is made precise in Corollary 1 and in the discussion preceding it. Fur-
thermore, as proved in Theorem 2 below, we also have a topological characterization of rj;:
when M is a suitable prequantization of an orbifold, i.e. it admits a periodic Reeb flow, then
ry = dim HY ' (M; Q) where the S'-action is the one induced by the periodic Reeb flow.

Remark 2.5 (Naturality of the assumptions on M). To the best of our knowledge, every closed
contact manifold known so far that satisfies either (F) or (NF) and admits a contact form
with finitely many closed orbits satisfies all the assumptions on M above. Recall that (F)
and (NF) are the conditions to have a well-defined equivariant symplectic homology with an
integer grading using a suitable trivialization.

Remark 2.6 (The hypothesis that « has no good periodic orbit v such that u(vy) = £p). It
turns out that HC,(M) can be obtained as the homology of a complex generated by the
good periodic orbits of o graded by the index; see Section 3.1. Therefore, if HCy(M) # 0
then every non-degenerate contact form must have a combination of good closed orbits with
index k that represents a non-trivial homology class; such orbits are homologically necessary.
Consequently, the assumption that « has no good periodic orbit v such that u(y) = +p
for some p # d (mod 2) excludes periodic orbits which are unnecessary from the homological
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point of view; cf. Remark 5.1. In particular, these conditions are automatically satisfied by
lacunary contact forms, where all the periodic orbits are homologically necessary.

Let us emphasize that this is much weaker than the index hypotheses imposed in previous
multiplicity results, such as dynamical convexity or the exclusion of whole ranges of low-
index orbits. We expect this hypothesis to be technical and ultimately removable. Indeed,
because HC, (M) is lacunary with parity J, the homology in degrees +p, with p # § (mod 2),
vanishes. Hence the excluded orbits are not among those forced by the positive equivariant
symplectic homology of M. Their presence would have to be compensated by cancellations
in the chain complex, and one expects such cancellations to require additional generators.
For this reason, we expect the inequality #P, = s, and the characterization of the equality
case, to remain true without this assumption. The present proof, however, uses the absence
of these homologically unnecessary orbits in an essential way; cf. Remarks 2.8, 2.10 and 5.1.

Remark 2.7 (The hypothesis that every closed orbit of o has non-vanishing mean index). In a
similar vein to the previous remark, the assumption that b; < oo for every j € Z implies that
closed orbits with zero mean index are unnecessary from the homological point of view. In
particular, if « is non-degenerate and lacunary then this assumption forces that every closed
orbit of « has non-zero mean index. Indeed, if « has a periodic orbit with vanishing mean
index then the contribution of its iterates in the chain complex CC,(«) of HC, (M) must lie
in the degree range (—n,n). Consequently, we have that the dimension of CCy(«) in at least
one of such degrees must be infinite.

Remark 2.8 (Comparison with previous results). In [29], Ginzburg, Giirel, and the second
author, generalizing the aforementioned work [23], established a special case of the lower
bound in Theorem 1, namely when M is a suitable prequantization of a smooth symplectic
manifold B with lacunary H,(B;Q); see also [24]. The main assumption in that setting is the
absence of closed orbits v with p(v) € {0, —1,1} when ¢ is even, and with p(y) = 0 when ¢ is
odd, where in this case § = n (mod 2). However, as explained in Remark 2.6, the exclusion of
periodic orbits with index zero when § is even may not be possible in general, since there exist
examples satisfying the hypotheses of Theorem 1 for which HCy(M) # 0. This motivates a
generalization and weakening of that condition to the hypothesis used here, which is more
natural from a homological perspective and imposes no such obstruction.

Moreover, even in the case of the sphere S?"*1, our result provides a substantial refinement
of the results in [23, 24, 29]. Indeed, while the condition excluding closed orbits v with
p(y) € {0, —1,1} when n is even, and with u(y) = 0 when n is odd, can be viewed as a form of
“very weak dynamical convexity”, the hypothesis considered here has a different conceptual
nature: it is homological in flavor, amounting to the exclusion of periodic orbits in prescribed
degrees +p in which HC,(M) vanishes. Furthermore, we prove that equality in the lower
bound holds if and only if the contact form is lacunary.

The results established in this work are new even in several classical and well-studied
examples. To the best of our knowledge, prior to this work, sharp lower bounds for the
number of periodic Reeb orbits had not been established in the generality considered here.
In the case of toric contact manifolds, for instance, the existing literature produced sharp
bounds essentially only for the standard contact sphere and a small number of very special
prequantization bundles; no sharp results were available for the broad class of toric contact
manifolds covered here; see Section 2.3. Similarly, for several other examples discussed in
Section 2.3, the sharpness of the lower bounds obtained here appears for the first time. Thus,
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beyond providing a unified framework, the present paper yields genuinely new quantitative
information in these settings.

Remark 2.9 (The lacunarity assumption). The lacunarity assumption on HC, (M) is used in
Theorem 1 mainly to obtain a canonical, sharp value of the lower bound rj;. As a matter of
fact, we prove Theorem 1 as a consequence of the more general Theorems 5 and 6 where we
do not need, for the multiplicity problem, to assume either that HC, (M) is lacunary or that
bj # 0 for some j € Z. The reason for the last hypothesis is simply to define the parity of
HC, (M) when HC, (M) is lacunary. (If HC, (M) vanishes identically it is obviously lacunary
but it does not have a well-defined parity. However, under this situation, the lower bound
below vanishes.) In this more general situation, given an integer p > 0 we still have the
inequality #P, = ryr with

2=+ (M) + X0__,(~1)7b;) if p =0

v = 4 2(—qx+ (M) + Zngoo(_ll)jbj) + 2bg+p — bg if piseven and > 2, (2.1)
2(gx+(M) = 230_ o (=1)7b)) + 2bg1p + by if p s odd,

with the same main assumption on « as in Theorem 1: « has no good periodic orbits ~
such that pu(y) = +p. In this more general context, ry; depends on the choice of p and the
inequality #P, = rys is no longer sharp in general; see Remark 5.1. Assuming that A is even,
as we do in this work, clearly the formula for rj; above coincides with the definition of rj,
given in Theorem 1 when HC, (M) is lacunary with parity § # p (mod 2) because ¢ is even.

Remark 2.10 (A few words about the proof of Theorem 1). As already explained in Remark
2.9 above, Theorem 1 follows from the more general Theorems 5 and 6. Explaining the
proofs of these results at this stage would require substantial notation and lead us into rather
technical considerations. We therefore limit ourselves to mentioning that the main ingredients
are equivariant symplectic homology and index theory. Very roughly speaking, the proof uses
in a highly non-trivial way the Morse inequalities for positive equivariant symplectic homology
combined with resonance relations and index recurrence properties of the iterates of finitely
many simple orbits. The exclusion of closed orbits with the homologically unnecessary degrees
allows certain terms to cancel, leading to the desired sharp lower bound. An outline of the
argument is provided in Section 6.1.

Remark 2.11 (Decomposition in free homotopy classes). Assuming that M satisfies (F) (resp.
(NF)), we have, as discussed in Section 3.1, that HC, (M) admits a decomposition according
to the free homotopy classes in W (resp. M). Let I" be a subset of free homotopy classes in W
(resp. M) that is closed under iterations, i.c., if a € T, then a* € T for every k € N. Then all
the results above remain valid when restricted to closed orbits whose free homotopy classes
lie in T, with the obvious modifications: one considers the component HCL (M) of HC, (M)
corresponding to I', and defines a non-degenerate lacunary contact form by requiring that the
indices of all closed orbits with free homotopy class in I have the same parity.

In [6, 29], it is considered only contractible orbits. In this case, the condition that
c1(TW) = 0 (resp. c1(§) = 0) can be weakened to the hypothesis that ci(TW)|,my = 0
(resp. c1(§)|ry(ary = 0). Moreover, we can also drop the assumptions regarding H;(W;Q)
and H;(M;Q). More generally, we can drop these last hypotheses whenever the image
of T' under the tensorized Hurewicz map w1 (W)/[m (W), n(W)] — Hi(W;Z) ® Q (resp.
w1 (M) /[m (M), 7(M)] - H;(M;Z) ® Q) vanishes.
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Remark 2.12 (Further discussion about lacunarity). To the best of our knowledge, all currently
known examples of contact forms with finitely many closed orbits are non-degenerate and
lacunary, with parity § equal to that of n. The reason why § = n(mod2) is that, in all
these examples, the periodic orbits are elliptic, and it is well known that p(y) = n (mod 2)
whenever v is elliptic. However, there exist non-degenerate lacunary contact forms whose
parity does not coincide with that of n. Indeed, consider a closed Riemannian manifold N
of dimension d with negative sectional curvature. Then the Liouville form on M = S*N is
non-degenerate and lacunary with even parity, while n = d — 1 may be odd (note that M has
dimension 2n + 1). This follows from the well-known fact that every closed geodesic on N
is non-degenerate and has Morse index zero. Observe, however, that this contact form has
infinitely many simple closed orbits, all of which are hyperbolic; cf. Remark 2.13 below. In
this example, it is known that every contact form on M has infinitely many closed orbits; see
[45]. As already noted in [6], we are not aware of examples of lacunary contact forms with
both elliptic and hyperbolic orbits. Note also that the natural filling of S* N given by the unit
codisk bundle D*N does not satisfy, in this example, the hypotheses involving H;(D*N;Q)
and Hi(S*N;Q) used to define the index of closed orbits independently of the choice of a
trivialization of AZTD*N, as in (F); see Section 3.1. Here we choose trivializations so that
the Conley-Zehnder index coincides with the Morse index; see, for instance, [1]. Nevertheless,
the parity of the index does not depend on the choice of these trivializations.

Remark 2.13 (The assumption that b; < oo for every j € Z ). The assumption that b; < oo
for every j € Z is necessary to ensure that if « is lacunary then it has finitely many periodic
orbits. Indeed, consider, as in Remark 2.12, a closed Riemannian manifold N with negative
sectional curvature. Then M = S*N is a contact manifold satisfying (F) such that by = 0
for every k # 0 and by = 0. In particular, HC, (M) is periodic and lacunary. However, the
geodesic flow is lacunary and has infinitely many simple closed orbits.

Remark 2.14 (The meaning of property (PD)). It follows from Propositions 3 and 4, together
with the periodicity of HC, (M), that if M satisfies (PD), then HC, (M) exhibits the following
symmetry. Let s € N be such that sA > P. Then HC, (M) is symmetric with respect to reflec-
tion about the middle degree sA + A/2 (recall that A is assumed to be even) within the range
of degrees [sA, (s+1)A]. More precisely, we have HC(sa4a/2)—; (M) = HC(4a4a/2)+; (M) for
all j € [0,A/2]. This is the property used in the proof of Theorem 1.

By assumption, there exists D € Z such that b; = 0 for every j < D. The number 77 in
Theorem 1 measures, for § odd, how much the finite sum

> b= Z b
j——OO
deviates from the average —gx+(M) (note that if § is odd then x. (M) is negative since
beven = 0), or, more precisely, its “asymptotic average”, that is, ¢ times the asymptotic
average
k
—x+(M) = Z

??'M—‘

im
kHOO

When § is even we have the extra term b,.

The computation of rj; can be difficult in general. However, the following immediate
consequence of Theorem 1 is one of the main conceptual points of this work and provides the
aforementioned dynamical characterization of ry;.
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Corollary 1. Let (M?"1 €) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, lacunary, bj # 0 for some j, bj = 0 for all j sufficiently
negative, and b; < oo for all j € Z. Suppose that M admits a non-degenerate lacunary contact
form o with parity §. Then #P, and § do not depend on the choice of o and

™ = #Pa-
In particular, #P,, is a contact invariant completely determined by HC,(M).

The assertion that #P, is a contact invariant determined by HC (M) is a consequence
of Theorem 1 and the fact that if M admits a non-degenerate lacunary contact form then
HC, (M) does not depend on the filling; see Section 3.1.

Using this, one can easily compute rj; in, as far as we know, every currently known example
of contact manifold admitting Reeb flows with finitely many closed orbits satisfying either (F)
or (NF). Indeed, to the best of our knowledge, all examples of contact forms a with finitely
many closed orbits known so far are non-degenerate and lacunary and the corresponding
contact manifolds are prequantizations of orbifolds admitting a Hamiltonian circle action
with isolated fixed points [6].

More precisely, the following result computes rj; in plenty of examples and furnishes a
topological characterization of it when M is a suitable prequantization of an orbifold. The
classes listed below are not disjoint and, in fact, exhibit significant overlap. As mentioned
above, to the best of our knowledge, they encompass all currently known examples of contact
manifolds admitting Reeb flows with finitely many closed orbits under either condition (F)
or (NF); see Section 2.3.

As noted in Remark 2.9, although Theorem 1 is stated for contact manifolds for which
HC. (M) is lacunary, it is in fact a consequence of a more general result (Theorem 5) that
does not require this assumption. Accordingly, we include in the next theorem a case —
namely, case (VSH) — in which HC, (M) is not necessarily lacunary.

Some words are due before the statement of the next theorem. For a definition and brief
discussion about toric contact manifolds we refer to Section 2.3. Let us just mention here
that any toric contact manifold M admits a toric contact form whose Reeb flow generates a
locally free circle action and M/S* below refers to the quotient for any such action. We say
that a (possibly degenerate) contact form has index-positivity if there are constants ¢ > 0
and ¢ > 0 such that prs(y) > ¢T + ¢ for every closed Reeb orbit 7, where T is the period
of v and pgrs(7y) is its Robbin-Salamon index [49]. In what follows, N, as usual, is the set of
positive integers and Ny = N u {0}.

Theorem 2. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Suppose that it is one of the following manifolds:

(PM) A prequantization S*-bundle of a closed positive monotone symplectic manifold (B, w)
such that Hy(B; Q) = 0 for every odd k. Under (NF), assume that the minimal Chern
number of B is bigger than one. Then ry; = dim Hy(B; Q).

(T) A good toric contact manifold. Under (NF), assume that it admits an indez-admissible
non-degenerate toric contact form. Then ry = dimHy(M/SY; Q). The same holds
using a combinatorial description of HC(M) given in [8] which does not require as-
sumptions (F) or (NF). In this case, rpr = n + 1 with equality holding if and only if
M is the standard contact sphere, or more generally, a lens space.

(U) An Ustilovsky sphere, that is, a Brieskorn manifold X(ag, a1, ..., ant1) with n even,
ap = +1(mod8) anda; =as =+ =apy1 =2. Thenryy =n+ 1.
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(PO) A prequantization S*-bundle of a closed symplectic orbifold B admitting a Hamiltonian
circle action with isolated fized points. Assume that the contact form B that generates
the S'-action has index-positivity and, under (NF), that every contractible orbit of 3
has Robbin-Salamon index = 4. Then ry = dimHy (B; Q) and this number coincides
with the number of fized points of the Hamiltonian circle action on B.

(VSH) M satisfies (F) with the filling W such that SH, (W) = 0. Let x(W) = 23232(—1)jHj(W; Q)

be the Euler characteristic of W and 3; = dim H7(W;Q) be the Betti numbers. Then,
given an integer p = 0 with parity different from that of n,
(n+ Dx(W) +237+ (—1)yp SlmDRlg o ifn is odd and p = 0;

j=—n+1 1=
=3 (n+ Dx(W) + 2304 (1) Sl R g o+ S on B if s odd and p > 2;
n ; i+n+1)/2 PR
(n+ 2 (W) = 23072 L (~1) SOl g 423 oy B + iean, By if m is even,

where Tyr is given by (2.1).

Remark 2.15 (The possible values that rj; can take). As discussed above, a central question
in Hamiltonian Dynamics is to determine the sharp lower bound for the number of periodic
orbits of a Reeb flow on a given contact manifold. In the case of the standard contact sphere
S27+1 this bound is n + 1. However, as the examples above illustrate, this value is in general
far from sharp: in many situations one has rj; > n + 1. (In fact, for fixed dimension > 5,
one can easily construct examples with arbitrarily large rs; cf. [5, 9].) At present, we are
not aware of any example where the bound is strictly less than n + 1. It is therefore natural
to ask whether n + 1 is the minimal possible lower bound, that is, whether r3; > n + 1 for
every contact manifold M of dimension 2n + 1, with equality if and only if M is the sphere,
or more generally, a lens space. The final assertion in case (T) provides evidence in support
of this expectation.

Remark 2.16 (The hypothesis on the map H;(M;Q) — H;(W;Q) in case (VSH)). In case
(VSH) (vanishing symplectic homology) we do not need to assume that the map induced
by the inclusion Hy(M;Q) — Hi(W;Q) is trivial in (F). As a matter of fact, as explained
in Remark 2.11 we do not need this condition if we consider only orbits contractible in W.
But, in this case, HC2(M) = HC,(M) due to the following. As explained in Section 3.1,
under (F), HC,(M) has a decomposition in free homotopy classes a of W. So the assertion
HCY(M) = HC,(M) is equivalent to the claim that HC%(M) = 0 for every a # 0. We have
that SH,.(W) = 0 if, and only if, SHfl(W) = 0; see [52] and [17, Theorem 4.1]. As also
explained in Section 3.1, besides the notation, HC, (M) is the positive part SHfl’+(W) of the
equivariant symplectic homology SHY ' (W). We have the tautological exact triangle

SHY (W) SHY' (W),

) /

HC. (M)

which respects the decomposition in free homotopy classes. But SHfl’f’a(W) = 0 for every
a # 0. (In other words, the negative part of SHY 1(VV) only sees contractible orbits.) Thus, if
SHfl(W) = 0 then HC$(M) = 0 for every a # 0.
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Remark 2.17 (The parity of p in case (VSH)). The reason for requiring that p have parity
different from that of n in case (VSH) is that, as already mentioned, to the best of our
knowledge all currently known examples of contact manifolds M admitting Reeb flows with
finitely many closed orbits have the property that HC, (M) is lacunary with parity equal to
that of n. Nevertheless, the computation carried out in Section 8 can be used to determine
ryr in case (VSH) for arbitrary values of p.

Remark 2.18 (The long formula for rj; in case (VSH)). The key reason why we have such a
long expression in the formula of rj; in case (VSH) is that we do not assume in this situation
that HC, (M) is lacunary. As noticed above, we included this case to illustrate the fact that
our results can be applied to this more general setting.

Remark 2.19 (The hypotheses on B in case (PM)). In case (PM), the assumption that the
minimal Chern number of B is greater than one under condition (NF) ensures that the
contact form /3 generating the S'-action admits a non-degenerate index-admissible perturba-
tion; see [6, 29]. The hypothesis that B is positive monotone is used to guarantee that f is
index-positive. Moreover, the monotonicity of B (regardless of the value of the monotonicity
constant) implies that c1(£)|m,(ar,0) = 0, and hence, in particular, c1(§)|r, ) = 0. Conse-
quently, as observed in Remark 2.11, when restricting to contractible orbits, the assumption
c1(§) = 0 in (NF) is not needed.

Remark 2.20 (Computation of HC, (M) in case (PO)). In case (PO) we compute HC, (M),
given by (8.17), which implies, in particular, that HC. (M) is periodic. It is also lacunary
because M admits a non-degenerate lacunary contact form; see the proof in Section 8. The
computation of HC, (M) should also follow from [38] under some additional assumptions. Our
proof here, however, is quite different and works at the chain level.

Remark 2.21 (The combinatorial meaning of rjs in case (T)). In case (T), the number rj; =
dim H,(M/S*;Q) has a clean toric description: it is equal to the number of edges of the
moment cone associated to M [3]. Equivalently, it is the number of facets of the corresponding
toric diagram [5].

Remark 2.22 (Computation of rjs in case (PM) without assuming that Hoqq(B; Q) = 0).
Similarly as in case (VSH), we compute rs in (PM) in Section 8 without the hypothesis that
Hoqa(B; Q) = 0 obtaining (8.2). However, we rather state the result under this hypothesis
because the outcome is much cleaner and, as already mentioned, it covers the currently known
examples of prequantizations of smooth manifolds admitting contact forms with finitely many
closed orbits. (Note that if a symplectic manifold B admits a Hamiltonian circle action then

Hoaa(B; Q) = 0.)

The computation of rs in the previous theorem in cases (T) and (U) follows from Corol-
lary 1 together with the well-known fact that such manifolds admit non-degenerate lacunary
contact forms with precisely

dim H, (M /S*; Q) and n + 1

closed orbits, respectively; see [3, 53]. In case (PM), the same conclusion holds provided that
B admits a Hamiltonian circle action with isolated fixed points; see, for instance, [6], as well
as the proof of Theorem 2 in case (PO) given in Section 8, where we show that in case (PO)
there exist non-degenerate lacunary contact forms with dim H, (M /S'; Q) closed orbits. The
general case of (PM) requires a separate argument, which will be presented in Section 8.
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In the same section, we also provide an alternative proof in case (T) that does not require
the assumption that (M, &) satisfies either (F) or (NF), using a combinatorial description of
HC, (M) introduced in [8]. In a similar vein, we give a short alternative proof in the case
(PM) n (T) (i.e. a prequantization of a toric manifold) when [w] = ¢1(T'B). Finally, the proof
in case (VSH), also presented in Section 8, is a consequence of the computation of HC, (M)
in this setting, due to [17].

By Theorem 2 one can see that Theorem 1 (see also Theorems 5 and 6) is a powerful
generalization and strengthening of the main results from [6, 29], where only prequantizations
of symplectic manifolds are considered. Moreover, in [29] there is a restrictive assumption on
the minimal Chern number of the basis.

Motivated by the results in this work, we conjecture that every closed contact manifold
admitting contact forms with finitely many simple closed orbits is a prequantization of an
orbifold, and that the minimal number of such orbits is given by dim H,(M/S';Q); see
Section 9. Therefore, Theorems 1 and 2 represent a step towards a positive answer to this
conjecture and Theorem 2 also shows how this bound can be seen from HC, (M), in terms
of the deviation of the sum of the contact Betti numbers from the corresponding asymptotic
average, as explained before.

2.2. Multiplicity of non-hyperbolic closed orbits. Now we will show some results about
the multiplicity of non-hyperbolic closed orbits when the contact form has finitely many
geometrically distinct closed orbits which are byproducts of the proof of Theorem 1. Recall
that a closed orbit is hyperbolic if its linearized Poincaré map has no eigenvalues on the unit
circle. In what follows, #P;w“‘hyp stands for the number of simple non-hyperbolic closed
orbits of a.

Theorem 3. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, lacunary with parity 6, b; # 0 for some j, bj = 0 for all j
sufficiently negative, and b; < oo for all j € Z.

Let o be a non-degenerate contact form on M. Assume that there exists an integer p #
0 (mod 2), which we assume to be equal to 1 if p is odd, such that o satisfies the following
conditions:

« has finitely many simple closed orbits;

a has no good periodic orbit v such that p(y) = +p;
every closed orbit of o has non-vanishing mean index;
under (NF), « is index-admissible.

If p> 1 assume that M satisfies (PD). Then

Y

} -h
#pron hyp r;\‘;” yp

where
non-hyp . _ {2(—q><+(M) — > bj) if & is odd
M 2(qx+ (M) — ;1-:_00 bj) + 2bg if § is even,
and ¢ = min{sA; sA > P, s € N}.
As in Theorem 1, Theorem 3 follows from a more general result, Theorem 7, which does

not assume that HC, (M) is lacunary, presented in Section 5.
Combining Theorems 1 and 3 we obtain the following corollary.
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Corollary 2. Let (M?"1€) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, bj # 0 for some j, bj = 0 for all j sufficiently negative,
and b; < oo for all j € 7.

Let a be a non-degenerate lacunary contact form on M with parity 6. Under (NF), suppose
that « is index-admissible. Then the following assertions hold:

e If§ is odd then every closed orbit of a is non-hyperbolic.
o Ifd is even then a has at least 2(qx (M) —33__,, bj)+2by non-hyperbolic closed orbits.

Note that the first assertion is trivial since the index of a hyperbolic orbit is multiplicative
under iterations which implies, in particular, that it is even for even iterates. So the real
contribution of the previous corollary is in the case where § is even. To the best of our
knowledge, in all currently known examples of contact forms with finitely many closed orbits
every periodic orbit is elliptic.

Remark 2.23. Tt follows from Theorem 1 and Corollary 2 that if M admits a non-degenerate
lacunary contact form as in Corollary 2 then 2bg < b,. It is obvious if 4 is odd but it is not if
¢ is even. This inequality can be strict, with & even, as the example of the standard contact
sphere shows.

2.3. Applications in examples. In this section we present applications of Theorems 1
and 2 to several examples. Although these applications are immediate from these theorems,
we will state them for the reader’s convenience and to illustrate the wide range of contact
manifolds that we can deal with. Moreover, we will focus mainly on examples that admit
non-degenerate lacunary contact forms and therefore the lower bound provided by Theorem
1 is sharp. In these examples, we illustrate the fact, established in Theorem 2, that the
homological bound rj; coincides with the topological expected count, namely the sum of the
Betti numbers of the quotient orbifold. We will consider only the multiplicity of closed orbits
since the corresponding results about non-hyperbolic orbits are clear from Theorem 3 and left
to the reader.

First, we consider (good) toric contact manifolds admitting fillings as in (F). Toric contact
manifolds are the odd-dimensional analogues of toric symplectic manifolds. They can be
defined as contact manifolds of dimension 2n+1 equipped with an effective Hamiltonian action
of a torus of dimension n+ 1. In dimension three, the good toric contact manifolds are (5%, &)
and its finite quotients. In higher dimensions, good toric contact manifolds are precisely the
compact toric contact manifolds for which the torus action is not free. These constitute the
most important class of compact toric contact manifolds and admit a classification in terms
of their associated moment cones, in direct analogy with Delzant’s theorem, which classifies
compact toric symplectic manifolds via their moment polytopes. We refer to [39, 3] for further
details. In what follows, we will omit sometimes the adjective “good”, as it will be understood
implicitly.

Toric contact manifolds M?"*! admit several examples with a symplectic filling W as
in (F). These manifolds are prequantizations of (toric) symplectic orbifolds (i.e. they have
toric Reeb flows that generate a locally free circle action) and admit non-degenerate lacunary
contact forms with parity n (mod 2). We have that HC, (M) is periodic, with period A = 2,
lacunary, and satisfies all the properties of Theorem 1 [3, 5, 7, 8]. Concrete examples of such
manifolds are the standard contact sphere, toric contact manifolds in dimension 3 and 5 [5],
and the prequantization of any toric symplectic manifold (B, w) with [w] = ¢1(T'B), although
there are plenty of other examples. Thus, we obtain the following result.
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Corollary 3. Let (M?"*1 €) be a closed good toric contact manifold admitting a filling W as
in (F). For instance, M can be the standard contact sphere, any good toric contact manifold
with ¢1(§) = 0 in dimensions 3 and 5, and the prequantization of any toric symplectic manifold
(B,w) with [w] = ¢1(T'B). Let o be a non-degenerate contact form on M. Assume that there
exists an integer p # n (mod 2) such that « satisfies the following conditions:

e «a has no good periodic orbit vy such that u(vy) = £p;
e cvery closed orbit of a has non-vanishing mean indez.

Then
#Pa = dlInH*(M/Slv Q)

where the S*-action is the one induced by any periodic toric Reeb flow on M. Moreover, the
equality holds if and only if a is lacunary.

Remark 2.24 (Combinatorial description of rp7). As noticed in Remark 2.21, the number
ry = dim Hy (M /S'; Q) in the previous corollary has a clean toric description: it is equal to
the number of edges of the moment cone associated to M [3], or, equivalently, the number of
facets of the corresponding toric diagram [5].

Remark 2.25 (The hypotheses on the first homology groups). Good toric contact manifolds
M satisfy Hi(M;Q) = 0. Consequently, the hypotheses in (F) and (NF) involving H; (W; Q)
and H;(M;Q) always hold in this case.

Remark 2.26 (Orbits with negative mean index). It was recently proved in [19] that a non-
degenerate contact form on the standard contact sphere S?"*! with finitely many closed orbits
cannot possess periodic orbits with negative mean index. In particular, such a contact form
cannot have periodic orbits with index less than or equal to —n. All the examples of contact
forms with finitely many closed orbits that we are aware of satisfy the property that every
periodic orbit has positive mean index.

Remark 2.27 (The period A in the toric case). The fact that A = 2 for toric contact manifolds
M is proved in [8] using a combinatorial definition of HC, (M) that does not require conditions
(F) or (NF) and that coincides with positive equivariant symplectic homology whenever one
of these conditions is satisfied. However, in several examples toric contact manifolds admit
(toric) symplectic fillings W as in (F) such that SH,(W) = 0; cf. [8, Lemma 6.10]. In this
case, the fact that A = 2 can be easily seen in the following way. As proved in [17], there is

a Gysin exact triangle
(W) HC,(M
k /
HCy_o(M)

where SH (W) stands for the positive non-equivariant symplectic homology of W which is
related to SH, (W) via the tautological exact triangle

SH; ),

S

H, (W)
h /

SH.«(W) ,
SH; (M)
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CROSS ry = dim H, (S*N/ST; Q)
S™ or RP™ with m > 2 even m
S™ or RP™ with m odd m+1
cpm™ m(m + 1)
HP™ 2m(m + 1)
CaP? 24

TABLE 1. The total rank of dim H,(S*N/S'; Q) for a CROSS N.

with SH, (W) being the negative non-equivariant symplectic homology of W which is iso-
morphic to Hyypny1 (W, M;Q). Therefore, SH, (W) = 0 for sufficiently large degrees k and
consequently, from the last triangle, we conclude that SH (M) = 0 for such degrees whenever
SH.. (W) = 0. Hence, it follows from the former triangle that A = 2.

We now turn to examples admitting fillings W as in (F) for which symplectic homology
SH,. (W) does not vanish. These examples are not toric in general. Before stating the result,
we recall some definitions.

A connected Riemannian manifold N is called a symmetric space if, for every p € N, there
exists an isometry f, : N — N such that f,(p) = p and f, o exp,(v) = exp,(—v) for every
v € T,N. The rank of a symmetric space N is the maximal dimension of a flat, totally
geodesic submanifold of N. By the classification of symmetric spaces, a compact rank one
symmetric space (CROSS) is one of the following: S™, RP™, CP™, HP™, or CaP?; see [10]
for details.

The unit cosphere bundle S*N of a CROSS N admits a natural filling given by the unit
codisk bundle D*N < T*N, which satisfies condition (F). Moreover, it is well known that
SH,(D*N) # 0.

Every CROSS N™*! carries a Riemannian metric for which all geodesics are periodic with
the same minimal period. Equivalently, the geodesic flow induces a free circle action on S*N.
To the best of our knowledge, CROSSes are the only known examples of closed manifolds
admitting such a metric [10]. It follows that the unit cosphere bundle S*N is a prequan-
tization of a closed symplectic manifold (B,w). Furthermore, a homological computation
shows that Hg(B;Q) = 0 for every odd k; see [58, page 141]. In this case, the total rank
ry = dimHy (S*N/SY; Q) = dim H, (B; Q) is given by Table 1.

From (8.1) we can easily see that HC,(S* N) satisfies all the assumptions of Theorem 1 and
the parity of HC,(S*N) is n (mod 2). (Note that we take N with dimension n +1 in order to
have S*N with dimension 2n+1.) Moreover, it is well known that S* N admits lacunary non-
degenerate contact forms [6, 58]. Therefore, we obtain the following result which improves
previous results from [6, 29, 24].

Corollary 4. Let N™*! be a CROSS. Let a be a non-degenerate contact form on S*N. As-
sume that there exists an integer p # n (mod 2) such that « satisfies the following conditions:

e « has no good periodic orbit v such that p(y) = tp;

e cvery closed orbit of a has non-vanishing mean indez.
Then

#P, > dimH,(S*N/S*; Q)

where dim Hy (S*N/SY; Q) is given by Table 1. Moreover, the equality holds if and only if o
s lacunary.
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Another example arising from unit cosphere bundles is given when the Riemannian manifold
N is a lens space. More precisely, let ¢ = 1 be an integer and consider the Zg-action on the
odd-dimensional sphere $?™*1 < C™*! generated by the map

27milg 2mily 27milm
(20, y2m) =€ 9 20, @ z1,...,e T zp |,

where (g, ..., ¢, are integers, called the weights of the action. This action is free whenever
the weights are coprime with ¢ (which we assume from now on), and in this case the quotient
of $?m*1 by 7, is a lens space, denoted by Lgm“(fo, e ).

If $?m*1 is endowed with the round metric, it induces a Riemannian metric on N =
Lgmﬂ(éo, ...y m). The corresponding geodesic flow is again periodic; however, in contrast to
the case of a CROSS, it typically induces only a locally free circle action on S*N. The man-
ifold S*N admits a filling satisfying (F), namely the unit codisk bundle. In [6], we compute
HC,(S*N) (more precisely, the positive equivariant symplectic homology for contractible or-
bits HCY(S*N); the computation readily extends to the general case). Alternatively, one may
view S*N as a prequantization of an orbifold B, given by a finite quotient of the Grassman-
nian of oriented two-planes G5 (R*"2), and apply the computation (8.17) from the proof of
case (PO) in Theorem 2. In either approach, one finds that S* N satisfies the assumptions of
Theorem 1, with HC,(S*N) lacunary of even parity and

ryr = dimH, (S*N/SY Q) = 2m + 2.

Moreover, M admits a non-degenerate lacunary contact form, as shown in [6] or in Section
8. (The equality rps = 2m + 2 also follows from the fact that this contact form has precisely
2m + 2 closed orbits.) We thus obtain the following corollary, which improves earlier results
from [6].

Corollary 5. Let N*™*t1 be o lens space Lgmﬂ(ﬁg, cooslm), and let a be a non-degenerate
contact form on S*N. Assume that there exists an odd integer p such that a satisfies the
following conditions:

e « has no good periodic orbit vy with u(vy) = +p;

e cvery closed orbit of a has non-vanishing mean indez.
Then

#P, = dimH,(S*N /S Q) = 2m + 2.

Moreover, the equality holds if and only if o is lacunary.

Another example is provided by the Ustilovsky spheres M discussed in Theorem 2, which
satisfy (F); see [38, 53]. They admit non-degenerate lacunary contact forms with even parity.
Their homology HC, (M) is periodic with period A # 2 in general [53]. Therefore, in this case,
M does not admit a filling W such that SH, (W) = 0; see Remark 2.27. (Note that HC, (M)
is a contact invariant since M admits non-degenerate lacunary contact forms.) Hence, by
Theorems 1 and 2, we obtain the following corollary.

Corollary 6. Let M?"*! be an Ustilovsky sphere, that is, a Brieskorn manifold ¥(ag, a1, . . .,
ap+1) with n even, ayp = t1(mod8) and a1 = as = -+ = apy1 = 2. Let « be a non-
degenerate contact form on M. Assume that there exists an odd integer p such that o satisfies
the following conditions:

e « has no good periodic orbit v such that u(vy) = +p;
e cvery closed orbit of a has non-vanishing mean indez.
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Then
#Po =n+ 1.

Moreover, the equality holds if and only if o is lacunary.

Finally, we present a last example which, although not explicit, encompasses all the previous
ones and, to the best of our knowledge, all currently known examples of contact manifolds
admitting contact forms with finitely many closed orbits for which equivariant symplectic
homology is a well-defined invariant with integer grading.

More precisely, we consider a prequantization S'-bundle M?"*+! over a closed symplectic
orbifold admitting a Hamiltonian circle action with isolated fixed points. As proved in Section
8, HC,(M) is periodic and lacunary, with parity n (mod2). Moreover, M admits a non-
degenerate lacunary contact form whose number of closed orbits coincides with the number
of fixed points of the Hamiltonian circle action, which, in turn, is equal to dim H, (M /S'; Q).
Therefore, we obtain the following immediate consequence of Theorem 1 together with case
(PO) in Theorem 2.

Corollary 7. Let M?"*! be a prequantization S'-bundle of a closed symplectic orbifold B
admitting a Hamiltonian circle action with isolated fized points. Assume that M satisfies (F)
or (NF), that the contact form B that generates the S*-action has index-positivity and, under
(NF), that every contractible orbit of B has Robbin-Salamon index = 4.

Let a be a non-degenerate contact form on M. Assume that there exists an integer p #
n (mod 2) such that « satisfies the following conditions:

e « has no good periodic orbit vy such that u(vy) = £p;
e cvery closed orbit of a has non-vanishing mean index;
e under (NF), a is index-admissible.

Then
#Poz > dim H.,, (B> @)7

where dim Hy (B; Q) coincides with the number of fixed points of the Hamiltonian circle action
on B. Moreover, the equality holds if and only if « is lacunary.

When (B, w) is a smooth manifold such that [w] = ¢;(T'B) and Hygqq(B; Q) = 0, a prequan-
tization M of (B,w) satisfies (F) and all the conditions of Theorem 1 with § = n (mod 2).
(The filling is given by the disk bundle of the associated complex line bundle over B. As ex-
plained in Remark 2.28 below, we have that H; (M; Q) = 0.) Therefore, we have the following
version of the previous corollary in the smooth case.

Corollary 8. Let M?"*! be a prequantization S'-bundle of a closed symplectic manifold
(B,w) such that [w] = c1(TB) and Hoqq(B; Q) = 0.

Let o be a non-degenerate contact form on M. Assume that there exists an integer p #
n (mod 2) such that v satisfies the following conditions:

e « has no good periodic orbit v such that u(y) = +p;
e cvery closed orbit of a has non-vanishing mean indez.

Then
#Ps > dim H,(B; Q).

Moreover, the equality holds if and only if o is lacunary.
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Remark 2.28 (The hypotheses on the first homology groups in (F) and (NF)). To the best of
our knowledge, all currently known examples of closed contact manifolds M admitting contact
forms with finitely many closed orbits satisfy H; (M;Q) = 0. In fact, as mentioned above, all
examples we are aware of arise as prequantizations of orbifolds B admitting a Hamiltonian
circle action with isolated fixed points. Such an action implies that Hoqq(B;Q) = 0 (see
Section 8), and in particular H!(B;Q) = 0.

Applying the Gysin sequence to the natural S'-bundle M x ES! — Mg := (M x ES')/S*,
and using that H%, (M;Q) = H*(Mg:; Q) = H*(B; Q) and H*(M x ES'; Q) =~ H*(M; Q) we
obtain

- —0=H\(B;Q) » H'(M; Q) — H'(B; Q) = H*(B; Q) — - -
Since the map H°(B; Q) 2% H?(B; Q) is injective, it follows that H'(M;Q) = 0.

Therefore, in particular, the hypotheses in (F) and (NF) involving H; (W; Q) and H; (M; Q)

always hold in this case.

2.4. Organization of the paper. The remainder of this paper is organized as follows.
Section 3 provides the necessary background. More specifically, Section 3.1 contains a brief
review of positive equivariant symplectic homology, while the corresponding Morse inequalities
are discussed in Section 3.2. The resonance relations for equivariant symplectic homology are
presented in Section 3.3. In Section 4, we state the index recurrence theorem, which serves
as a key tool in the proofs of Theorems 1 and 3.

In Section 5, we formulate three general results — Theorems 5, 6, and 7 — which, in partic-
ular, imply Theorems 1 and 3. Theorems 5 and 7 are proved in Section 6, with Theorem 7
arising as a byproduct of the proof of Theorem 5, while Theorem 6 is established in Section 7.
Section 8 is devoted to the proof of Theorem 2. Finally, Section 9 presents several questions
concerning contact manifolds and contact forms with finitely many closed orbits.

2.5. Acknowledgments. The second author is grateful to Frédéric Bourgeois, Viktor Ginzburg,
Alex Oancea and Baptiste Serraille for useful discussions and comments on a preliminary ver-
sion of this work.

3. PRELIMINARIES

3.1. Equivariant symplectic homology. In this section we briefly recall several facts about
positive equivariant symplectic homology, presenting the subject from a slightly unconven-
tional perspective, following [6, 29].

First, let (M, &) be a closed contact manifold and (W, 2) be a strong symplectic filling of
M with ¢;(TW) = 0. Usually, we also ask that Q is atoroidal, that is, { f*Q = 0 for any
smooth map f : 72 — W, but this condition can be dropped using the universal Novikov
field

0
A= {ZniT‘” ;a; € R, a; — o0, nieQ},
i=1
together with an action filtration introduced by McLean and Ritter [48]; cf. [2, Section 2].
Since ¢ (TW) = 0, the determinant line bundle AgHTW is trivial, and we can therefore
choose a non-vanishing section s, which determines a trivialization of AEHTW. Given a
periodic orbit v of a Hamiltonian H: W — R, this section can be used to symplectically
trivialize v*TW and hence define its Conley-Zehnder index p(7y); see [5, Section 3], [6], [26],
[47], and [48, Appendix C]. The index is well-defined up to the homotopy class of s. If
HY(W;Q) = 0, then it is in fact independent of the choice of s, since any two such sections
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are homotopic; see [47, Lemma 4.3]. Moreover, for contractible orbits, this trivialization
agrees (up to homotopy) with the one induced by a capping disk. In particular, in this case
the index does not depend on the choice of 5, and the assumption H'(W;Q) = 0 can be
dropped. More generally, the index does not depend on the choice of s for orbits that are
homologically trivial (taking rational coefficients) in W; see [47, Lemma 4.3] and [48, Remark
C.2].

A crucial point throughout this work is that this trivialization is closed under iterations:
the trivialization induced on ~* coincides, up to homotopy, with the k-th iterate of the
trivialization along «. In general, this property fails if one instead fixes a trivialization over
a reference loop in each free homotopy class.

Let o be a non-degenerate contact form on M supporting the contact structure £. Since
c1(§) = 0, as ensured by either condition (F) or (NF), one can define the index of every closed
orbit of o by choosing a non-vanishing section s of AZ¢, as above. This index is well-defined
up to the homotopy class of s, and it is independent of this choice whenever H!(M;Q) = 0,
since any two such sections are then homotopic. As before, this assumption can be dropped
when restricting to orbits that are homologically trivial (over Q) in M.

Recall that a periodic orbit v of « is good if its index has the same parity of the index
of the underlying simple closed orbit. Then the positive equivariant symplectic homology

SHfl’+(W) with coefficients in A is the homology of a complex CC,(«) generated by the
good closed Reeb orbits of «; see [28, Proposition 3.3]. (More precisely, [28, Proposition 3.3]
is proved for contractible orbits assuming that Q|.,) = 0 and using Q-coefficients but its
proof can be readily adapted to our context since it is purely algebraic; cf. [2, Section 2].) This
complex is graded by the Conley-Zehnder index and filtered by the action introduced in [48].
It turns out that, although the filling in (F) is not exact in general, we can assume, without
loss of generality, that the filtration in CCy(«) is given by the period of the Reeb orbits.
Furthermore, once we fix a free homotopy class of loops in W, the part of CCy(a) generated
by closed Reeb orbits in that class is a subcomplex. As a consequence, the entire complex
CCy(a) decomposes into a direct sum of such subcomplexes indexed by free homotopy classes
of loops in W.

The differential of the complex CC,(«), but not its homology, depends on several auxiliary
choices, and the nature of the differential is not essential for our purposes. The complex
CCy () is functorial in « in the sense that a symplectic cobordism equipped with a suitable
extra structure gives rise to a map of complexes. For the sake of brevity and to emphasize
the obvious analogy with contact homology, we denote the homology of CC,(a)) by HCy (M)
rather than SHfl’+(W). Given a subset of free homotopy classes I' in W and T € (0, 0]
we denote by HCI,;’T(oz) the homology of the corresponding subcomplex CCl,,:’T(a) with free
homotopy classes in I' and action less than T'. If I" is the set of all free homotopy classes we
omit it in the notation. However, it is worth keeping in mind that CCI,,:’T(oz) and possibly even
the homology may depend on the choice of the filling W. Note that if T' < oo then HCE’T(a)
depends on o but HC'® () = HCL (M) does not. Moreover, if M admits a non-degenerate
lacunary contact form then HC,(M) does not depend on the choice of filling (i.e. it is a
contact invariant) since the differential vanishes due to index reasons.

This description of the positive equivariant symplectic homology as the homology of CC, ()
is not quite standard, but it is most suitable for our purposes. (We refer the reader to [28] for
more details and further references and to [13, 14, 15, 16, 17, 54] for the original construction
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of the equivariant symplectic homology.) To see why HC (M) := SHfl’Jr(W) can be obtained
as the homology of a single complex generated by good closed Reeb orbits, let us first consider
an admissible Hamiltonian H on the symplectic completion of W and focus on the orbits of H
with positive action. Such orbits are in a one-to-one correspondence with closed Reeb orbits
~ with action below a certain threshold T depending on the slope of H. The S'-equivariant
Floer homology of H is the homology of a Floer-type complex obtained from a non-degenerate
parametrized perturbation of H; [16, 54]. This complex is filtered by the action. (Here we are
using the action filtration introduced by McLean-Ritter [48].) The E!-term of the resulting
spectral sequence (over A) is generated by the good Reeb orbits of a with action below T'. Now
we can (canonically, once the generators are fixed) reassemble the differentials 0, into a single
differential @ on CC,(H) := E} , in such a way that the homology of the resulting complex

&, %
is E® = HFfl’Jr(H ). Roughly speaking, 0 = 0; + 02 + ..., where 0, is suitably “extended”
from E” to E'. Moreover, this procedure respects the action filtration and is functorial with
respect to continuation maps. Passing to the limit in H, we obtain the complex CCy () as
the limit of the complexes CC,(H); see [28, Sections 2.5 and 3| for further details.

A remarkable observation by Bourgeois and Oancea in [17, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling. To be more
precise, we assume that ¢;(§) = 0 and consider non-degenerate contact forms « on M such
that all of its closed contractible Reeb orbits have Conley-Zehnder index strictly greater
than 3 —n. Furthermore, under this assumption the proof of [28, Proposition 3.3] carries over
essentially word-for-word, and hence again the positive equivariant symplectic homology of M
can be described as the homology of a complex CCy(«) generated by good closed Reeb orbits
of a, graded by the Conley-Zehnder index and filtered by the action. The complex breaks
down into the direct sum of subcomplexes indexed by free homotopy classes of loops in M. As
in the fillable case, we will use the notation HCy (M) and HCL (). Note that in general, in
spite of the notation, this homology has slightly different properties (and hypothetically could
be different) from the homology defined via a filling. For instance, it has a decomposition by
the free homotopy classes of loops in M, but not in W as when M is fillable. (Intuitively,
one can think of the resulting homology as defined by using a non-compact filling of M by
the bounded part M x (0, 1] of the symplectization of (M,£).)

3.2. Morse inequalities. Given a non-degenerate contact form « and m € Z, define the
Morse-type number ¢, as dim CC,,(a). Thus, ¢, equals the number of good closed orbits of
« with index m, and, in general, one may have ¢,, = . However, ¢, is finite whenever «
has finitely many simple closed orbits, all of which have non-zero mean index. The following
strong Morse inequalities will play an important role later on.

Proposition 1. Assume that o has finitely many simple closed orbits all of them with non-
zero mean index. Let k1 and ko be integers with the same parity such that k1 < ko. If k1 and
ko are even then
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and if k1 and ko are odd we have the reversed inequality

ko ko
DD = ) (=) e,
m=ky m=k1
Proof. Let P(t) = >0 byt™ and M(t) =Y, ¢y,t™ be the Poincaré and Morse series
respectively. Consider the differential ¢ in CCy (M) and let g, = dimIm 0,,+1. Define the
series Q(t) = D _ .. gmt™ and note that g, > 0 for every m. A standard algebraic argument
shows that

M(t) — P(t) = (1 +t)Q(¢).
Therefore, taking ¢t = —1,

ko ko ko
S ) e — 3 D) b = Y (1) (g + )
m=kq m=kq m=k1
ko ko—1
= 2 (=)™ qm — Z (=1)™aqm
m=k1 m=k1—1

= (=)"q, = (=) gp,
= (_1)k2(qk2 + le—l),

where in the last equality we use the fact that k; and kg have the same parity. Now, since
qm = 0 for every m, the last term is > 0 if ko is even and < 0 if ko is odd. O

3.3. Resonance relations. Let v be an isolated (possibly degenerate) closed Reeb orbit and
denote by HC, () its local equivariant symplectic homology; see [28, 36]. For a non-degenerate
orbit v, we have that

A if % = p(y) and v is good

0 otherwise.

HCy(y) = {

The Euler characteristic of «y is defined as
X(9) = D (=1)"™ dim HC,p ().
meZ
This sum is finite. When -~ is non-degenerate,
(7) = (=1)*) if 5 is good
A= 0 otherwise.
The local mean Euler characteristic of + is
1S
x(y) = lim - > x(7").
()= Jim 5 3% 0

The limit above exists and is rational; see [27]. When 7 is strongly non-degenerate, i.e. all
iterates of v are non-degenerate, we have

2() = (=1)*) if 42 is good
(=1)* /2 if 42 is bad.
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Recall from Section 2 that the mean index of a closed orbit 7 is

fi(y) = lim %u(v’“)

k—o0

Assume that « is has finitely many distinct simple closed orbits 71, . .., 7, with non-vanishing
mean index. This assumption ensures that the positive/negative mean Euler characteristic
1 J
X+ (M) = Tim = > (=1)"bam
=] m=n-+1

is well-defined; see [27].

The mean Euler characteristic is related to local equivariant symplectic homology via the
resonance relation

00 (3.1)

—— A

{1<i<r; +4(v;)>0} (i)

proved in [31] in the non-degenerate case and in [36] in general.

Remark 3.1. Although it is not really important in this work, there is a missing minus sign
in the resonance relation in [31, 36] for x_(M).

3.4. A useful property of periodic positive equivariant symplectic homology. As-
sume that HC, (M) is periodic as in Definition 1, dim HC;(M) < oo for every j and HC;(M) =
0 for all j sufficiently negative. Along this work the following elementary proposition will be
very useful.

Proposition 2. Given an integer p = 0, let f : Z — 7Z be the function

Jj+p
FG) = dxs (M) = Y7 (1) b

m=—ao
Then f(j) = f(j + A) for every j = P.

Proof. 1t follows from the periodicity of the positive equivariant symplectic homology that

X+ (M) = p/A,
where
k+A—-1
p= 2 (=1)"bm,
m=k
for any k > P. Hence,
Jjtp Jjtpt+A
FG+D) =i (M) +p— D, (=D)"bm— D, (=1)"bn
m=—00 m=j+p+1
Jjtp
=ix+ (M) = >, (=1)"bm
m=—00

for any j > P. O
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4. INDEX RECURRENCE

A crucial ingredient in the proof of Theorem 1 is the following combinatorial result address-
ing the index behavior under iterations which is an easy generalization of [29, Theorem 4.1].
This result can also be deduced from the so-called generalized common index jump theorem
due to Duan, Liu, Long and Wang [24]; see also [42, 43].

Theorem 4. Let ®q,..., P, be a finite collection of strongly mon-degenerate elements of
Sp(2n) with fu(®;) # 0 for all 1 < i < r. Denote by o; = 1(D;)/|a(P;)| the sign of fu(P;).
Then for any n > 0 and any o € N, there exist two integer sequences d;-i — o0 and two
sequences of integer vectors E;-r = (k;—r],,kri]) with all components going to infinity as
Jj — 0, such that for all i and j, and all £ € Z in the range 1 < || < £y, we have
kL kL kL

(i) |a(®;7) — O'idji‘ < n with the equality p(®;”) = p(®;") = O’Z‘dji whenever ®;(1) is

hyperbolic,

+
(i) p(@,7"") = oyt + pu(@f), and

(i) (@) — i = —(u(0") — 0ud?).

Furthermore, for any N € N we can make all d;-i and k;*; divisible by N.

Proof. This theorem was proved in [29, Theorem 4.1] under the assumption that i(®;) > 0
for every i. We claim that the desired result can be reduced to this case. As a matter of
fact, assume that at least one ®; has negative mean index and order ®q,...,®, such that
@y, ..., P, have negative mean index for some ' > 0 and ®,/,1,..., P, have positive mean
index (the set {®,/;1,...,®,} can be empty). Take the paths ¥y,..., ¥, given by

;(t) = ®;(t)~! for every 1 <i < ¢/
and

U,(t) = ®;(t) for every r' + 1 <i<r
so that i(¥;) > 0 for every .

Applying [29, Theorem 4.1] to ¥y,..., ¥, given n > 0 and ¢y € N, we get two integer
sequences dji — o0 and two sequences of integer vectors k;—r = (ki—;, e k:—;) with all com-
ponents going to infinity as j — o0, such that for all ¢ and j, and all £ € Z in the range
1 < |4] < 4y, we have

(i)

+ +

kit kL kit
ﬂ(\l’i”) — d;—r| < n with the equality ﬂ(\Ifi”) = u(\IJZ.”) = d;—r whenever ¥;(1) is
hyperbolic,

+
(i) (@) = d + p(0f), and

- +

(i) p (W) —d; = —(u(¥}7) —d?).
Now, (i), (ii) and (iii) follow from (i’), (ii’) and (iii’) using the facts that, for all 1 < i < 7’ and
meN, p(¥") = —p(®), p(V7) = —p(P") (note that 7" is non-degenerate) and W;(1) is
hyperbolic if and only if so is ®;(1). O

5. PROOF OF THEOREMS 1 AND 3

Theorem 1 is an immediate consequence of the following two more general results, proved
in the next two sections.
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Theorem 5. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, bj = 0 for all j sufficiently negative, and b; < oo for all
jEeZ.

Let o be a non-degenerate contact form on M. Assume that there exists an integer p = 0
such that a satisfies the following conditions:

e «a has no good periodic orbit vy such that u(vy) = £p;
e cvery closed orbit of a has non-vanishing mean index;
e under (NF), a is index-admissible.

If p > 1 assume that M satisfies (PD). Then, if p is even (resp. p is odd)
#Po =18 (resp. #Po =15),

where

o _ ) 20=axa (M) + X5 (=1)7b;) if p =0

M 2(—qx+ (M) + X0__ (=1)7bj) + 2bg4p — by if p is even and > 2,
q

rir = 2(ax+ (M) = Y (=1)7b;) + 2bg4p + by,

j=—o0

with ¢ = min{sA; sA > P, s € N}. Moreover, if the equality holds then « is lacunary with
odd (resp. even) parity.

In Section 5.1 we present examples showing that the hypothesis that « has no good periodic
orbit v such that p(y) = +£p is necessary to get the lower bounds stated above, although
the corresponding assumption in Theorem 1 is probably just technical. The point of these
examples is that they are lacunary contact forms with the “wrong” parity, that is, their
parities are even for the bound 74, and odd for the bound r{,; see the discussion below.

Recall that, given a lacunary non-degenerate contact form «, its parity is defined as the
parity of the indices of its closed orbits. (Here we tacitly assume that « has at least one closed
orbit; this condition is automatically satisfied whenever HC;(M) # 0 for some j € Z.) The
second main result shows that the inequality in Theorem 5 becomes an equality for lacunary
contact forms with the “right” parity, thereby explaining the notation in the superscript of
-

Theorem 6. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Assume that HC, (M) is periodic, bj # 0 for some j, bj = 0 for all j sufficiently negative,
and bj < oo for all j € Z.

Let a be a non-degenerate lacunary contact form on M with parity 6. Under (NF), suppose
furthermore that « is index-admissible. If § is odd (resp. even) then

#Po =14 (resp. #Po =15),
with r§; and r$; as in Theorem 5, for any p # 6 (mod 2), which, in this case, are equal to

o = 2(—qx+ (M) — ). b))

j=—o0

and
q

i =2(axs (M) = ) bj) +bg

j=—00
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In particular, #P, does not depend on the choice of a.

Remark 5.1. Note that the hypothesis that there is no good closed orbit with index +p for
some p even (resp. p odd) in Theorem 5 is automatically satisfied by a lacunary contact
form with odd (resp. even) parity. Moreover, if M admits a non-degenerate lacunary contact
form a then HC, (M) is lacunary with the same parity as «; cf. Section 3.1. Therefore, if
M admits a non-degenerate lacunary contact form with parity J then the hypothesis that,
for a given non-degenerate contact form, there is no closed orbit with index +p for some
p # ¢ (mod 2) excludes periodic orbits which are unnecessary from the homological point of
view; cf. Remark 2.6. Moreover, it follows from Theorem 6 that the lower bound given by
Theorem 5 is sharp under the hypothesis that there is no closed orbit with index +p whenever
M admits a non-degenerate lacunary contact form with parity 6 # p (mod 2). If we take the
wrong parity the lower bound in Theorem 5 can be negative: for instance, when M = §2n+!
is the standard contact sphere with n odd (resp. n even) then it admits a non-degenerate
lacunary contact form with odd (resp. even) parity and 7§, < 0 (resp. 9, < 0) when p is
even (resp. p is odd).

Remark 5.2. As already mentioned in Remark 2.7, the assumption that b; < oo for every
j € Z implies that closed orbits with zero mean index are unnecessary from the homological
point of view. In particular, if « is non-degenerate and lacunary then this assumption forces
that every closed orbit of o has non-zero mean index.

Theorem 6 follows from the proof of Theorem 5 and Lemma 2 from [34], as explained in
Section 7; see Remarks 6.1, 6.2 and 6.7. For the reader’s convenience, we will provide an
alternative easier proof in Section 7 following the lines of [6].

The proof of Theorem 5 also yields the following multiplicity result concerning non-hyperbolic
closed orbits when the contact form has finitely many geometrically distinct closed orbits. It
clearly implies Theorem 3. In what follows, we denote by #P2"™P the number of simple
non-hyperbolic closed orbits of a contact form «.

Theorem 7. Let (M?"*1 &) be a closed contact manifold satisfying either (F) or (NF).
Assume that HCy (M) is periodic, bj = 0 for all j sufficiently negative, and b; < oo for all
je’.
Let o be a non-degenerate contact form on M. Assume that there exists an integer p, which

is even or equal to 1, such that a satisfies the following conditions:

e « has finitely many simple closed orbits;

e « has no good periodic orbit v such that u(y) = +p;

e cvery closed orbit of a has non-vanishing mean index;

e under (NF), « is index-admissible.

If p > 1 assume that M satisfies (PD). Then, if p is even (resp. p=1)
#rpgon—hyp > T})\}[non_hyp (T@Sp. #rp(;wn—hyp > T?\}IHOH-hyP)7
where
T})\}[non—hyp _ {;E:(DG(M) + Zzz—oo(:l)jb]) pr = 0_ . .
ax+ (M) + >0 (=1)7b;) + 2bgyp — by if p is even and > 2,
q

Y = 2qx s (M) = Y (=1)b;) + b1 + 3bgi1 + 2bo,

j=—0
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and ¢ = min{sA; sA > P, s € N}.
This result follows from the proof of Theorem 5; see Remarks 6.5 and 6.6.

Remark 5.3. When p is even, we can take ¢ = min{sA; sA > P, s € N}. The reason why
we take the strict inequality when p is odd is to ensure that 2(gx+ (M) — Z?:,w(—l)jby‘) +
bg—1 + 3bg+1 + 2by does not depend on the choice of ¢ (because by—1 = by—14+a). Note that, if
we assume without loss of generality that A is even, as we do in this work, ¢ is even as well,
and therefore the strict inequality sA > P is not necessary if b,qq = 0. In particular, we can
take ¢ = min{sA; sA > P, s € N} in Theorem 3.

Remark 5.4. Note that, in principle, we may have ri}[non_hyp > r{, although we are not aware

of any example of such an M carrying a contact form with finitely many closed orbits. Indeed,
r?\}[non'hyp < 1§, whenever M admits an even lacunary contact form; see Remark 2.23.
5.1. Necessity of the main hypothesis in Theorem 5. We show here that the hypothesis
that there is no good periodic orbit with index +p for some p > 0 is necessary for the results
established in Theorem 5.

Let us consider first the case where p is even. We constructed in [3] a family of toric contact
structures &, k € Ng, on M = S? x S3 such that, for every k,

o (M, &) satisfies condition (F);

e HC, (M, &) satisfies all the requested properties of Theorem 5;

e ¢ admits a (toric) non-degenerate even lacunary contact form g with precisely 4
simple periodic orbits, all of which with positive mean index;

e we have

k if + =0;

2k +1 if = = 2;

2k +2 if * > 2 and even;
0 otherwise.

dim HC, (M, &) = (5.1)

Let r¢ be r§, corresponding to (M, &) and a fixed even p > 2. We have that P = 4 and
A = 2 so that we can take ¢ = 4. Moreover, it is clear from (5.1) that x4 (M, &) = k + 1.
Thus,

(=1)70;) + b,

0

4= 2(qx+ (M) —
J

= 2(qx+ (M) — |

(=1)7b)) + 2k + 2

0

II\ MQ \‘I MQ

which implies that

(—=1)Yb) =0 ifk =1,

=

2(qx+ (M) — |

2(qx+ (M) — |

—00

(—=1)7b;) <0 if k> 1.

=

oe]

Assume now that the hypothesis in Theorem 5 that there is no good periodic orbit v with
u(y) = +p for some even p > 2 can be dropped, so that we could apply Theorem 5 to ay.
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When k& = 1 we have that
e, = 2k +2
and therefore the equality
#Poy, =18, =4
But ay, is not odd lacunary (it is even lacunary), which contradicts the assertion in Theorem

5 that if #P,, = ré’k then aj must be odd lacunary.
Furthermore, when k£ > 1 the lower bound r¢, is given by

q
rg. = —2(qx+ (M) = > (=1)7b;) + 2k +2 >4
Jj=—00
contradicting the fact that oy has precisely 4 simple periodic orbits.
Notice that, in both situations, the point here is that if & > 1 then HC, (M, &) # 0 for
every even # > 0 and therefore we must have periodic orbits with index p for every even
p=0.

Remark 5.5. If we take the bound e, with p = 0, arguing as above we also obtain a contra-
diction for k > 3.

Concerning the hypothesis that there is no good periodic orbit with index +p for some p
odd, we proceed in a similar fashion. One can show that there is a family of contact structures
&k, k € Ng, on My, := L%H(l,k) such that, for every k,

o (My, &) satisfies condition (F);

o HC,(My, &) satisfies all the required properties of Theorem 5;

e & admits a (toric) non-degenerate odd lacunary contact form oy with precisely 2
simple periodic orbits, all of which with positive mean index;

e we have
k if #=1;
dimHC, (Mg, &) =< 1+ k if * > 3 and odd; (5.2)
0 otherwise.

As above, let r§ be 7§, corresponding to (My, &) for any odd p. We have that P = 3 and
A = 2 so that we can take ¢ = 4. Moreover, it is clear from (5.2) that x4+ (M, &) = —(k+1)/2.

Thus,
q

2 =2(—qx+ (M) + >, (=1)b;).
j=—00
Assume now that the hypothesis in Theorem 5 that there is no good periodic v with
u(y) = £p for some odd p > 0 can be dropped, so that we could apply Theorem 5 to ax. The
lower bound rgk is given by

(=1)7b;) + by + 2bgsp

=

re, = —2(—qx+ (M) +
j

—2(—qx+ (M) +
j

—0

(=1)7b;) + 2(k + 1)

=

0

-2+ 2k + 2.
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Thus, when £ = 1 we have the equality
#Pay, = 1E, =2

but «aj is not even lacunary (it is odd lacunary), contradicting the assertion in Theorem 5
that if #P,, = rgk then aj; must be even lacunary.
Moreover, when k > 1 the lower bound rgk satisfies

r§k=2k:>2

contradicting the fact that oy has precisely 2 simple periodic orbits.

Notice that the point here, as in the previous case where p is even, is that if k¥ > 1 then
HC, (M, &) # 0 for every odd = > 1 and therefore we must have periodic orbits with index p
for every odd p > 1.

6. PROOF OF THEOREM 5

The main tool used in the proof is the positive equivariant symplectic homology. Recall
from Section 3.1 that both conditions (F) and (NF) ensure that this homology (for M or the
filling) with integer grading is well-defined. Then the proof is the same in both cases of the
theorem, (F) and (NF), and relies only on the condition shared by these cases that a has no
good periodic orbits v such that p(y) = +p for some integer p and that the mean index of
every closed orbit is not zero. Recall that under (NF) we assume that « is index-admissible.

6.1. Outline of the proof. First of all, let us give a brief idea of the proof of Theorem 5.
Assume that « has finitely many distinct simple closed orbits 71, ..., ;. Using the resonance
relation (3.1) we obtain in Lemma 1 an expression for the truncated mean Euler characteristic
of M. From this expression we obtain, after a careful analysis of the contributions of each

orbit to the alternating sum Y (—1)™c,,. the relation

m=—d—p
d+p P ) r
Yo CDTem =dxa (M) + Y (—1Ve— D X0, (6.1)
m=—d—p Jj=-p i=1

o
ln(g ) |>d+p

where the even numbers d, k1, ...,k are given by Theorem 4 (with 7, ¢y and N suitably
chosen) and ¢, is the m-th Morse type number.

In essence, Lemma 1 asserts that the mean Euler characteristic can be exactly evaluated
as a finite sum once the summation for every orbit ; is truncated at a suitably chosen order
of iteration k;. Truncating the sum between degrees —d — p and d + p for all orbits, as in the
above formula, introduces an error given by the second and third terms on the right. Note
that the third error term involves only the orbits ~; with | u(’yf )| > d + p. We denote the
number of such orbits by ;. Using (6.1) and the periodicity of HC, (M) we can show that

q+p p
P S0P () + (1P Y (1) + (C1P Y (<1

m=—o0 j=—p

+#{1 <i <r; p() = p(mod2), [u(vf*)| > d+ p and ~* is good}.
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Repeating the above argument and applying again Theorem 4, we can find even numbers
d' ki, ... k. such that

d+p D

S e = dxa (M) + Y (<1 — Y () (6.2)
m=—d'—p Jj=- i=1

k!
(v ) |>d +p

Here the last error term involves only the orbits with | u(’yf )| > d' + p. Denoting by r_ the
number of such orbits, we obtain the same lower bound for r_:

ro (=10 g (M) + (=17 Y (=1 b+ (1P YT (1)

m=-m Jj=-p
. k! k! K. .
+#{l <i < p(y) = p(mod2), |p(y;*)] > d+p and ;" is good.
By item (iii) of Theorem 4,
|uw(v¥)| > d’ + p if and only if |,u(vfl)| <d-—p.

Thus 74 and r_ count disjoint sets of simple closed orbits and therefore r = r_ +r,. Now,
one can show that there are more
P
r = Z (Cd+j +C_dtj —Cj — C_j>
j=-p

new simple closed orbits. This term counts simple orbits ; such that |u(+)| € [d —p, d + p].
Set

r¢=#{1<i<r; u(’yf") is even and ’yfi is good}
and

0 = #{1 <i <7; p(yF) is odd and ¥ is good}
Using the second error term on the right of (6.1) and (6.2), the Morse inequalities, the Poincaré
duality property (PD), and our assumption that there is no good periodic orbit with index
+p, a (non-trivial) computation shows that, if p = 0,

rer_+ry+r

q
>2(—qx+ (M) + > (=1)"bm) + 15,
m=—00
if p> 2 is even,
rer_+ry 41
q
> 2(—qx+ (M) + D> (=1)"bm) + 2bgyp — by + 1°,
m=—o0

and if p is odd,

r=r_+ry+1r

q
> 2(qx+ (M) — Do (=1)"bm) + 2bgyp + bg +1°.

m=—a0
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Using these inequalities, one can show that if the lower bound of the theorem is an equality
then « is lacunary.

6.2. Proof of the theorem. We begin the proof by assuming that « has finitely many
distinct simple closed orbits 71, ..., 7,. Our goal is to establish the lower bound on r asserted
by the theorem and to show that, if this bound is attained, then « is lacunary. (In fact, we
prove the converse as well, namely that this bound is attained if and only if « is lacunary,
under the assumption that « has finitely many closed orbits; see Remarks 6.1, 6.2, and 6.7.
Under our hypotheses, the fact that a non-degenerate lacunary contact form has finitely many
periodic orbits follows from Lemma 2 from [34]; see Section 7, where we also provide a simpler
independent proof of this converse (Theorem 6).)
By assumption, the mean index of each ~; is non-zero. Set

{p = max {p, max min {ko € N | w(VEY = (u(E) | + 20+ p+ 1 VE =1, VO = ko if () > 0,
p(vEH) < =) = 2n —p — 1VE = 1, VL > ko if fi() < 0}}-

Note that ¢y is well-defined, i.e., the minima above are finite, by the definition of the mean
index.

By Theorem 4, given N € N, n > 0, and {y as above, there exist two sequences of in-
teger vectors (d;-—r,kz—rj, . ,k;—;) satisfying conditions (i), (ii), and (iii), such that all entries
d;—r, klij, e k::—; are divisible by N. We will only need one vector from each sequence, and we
set

(dyky, .o k) o= (df Kk, kR, (d K, KL o= (dy k. kD). (6.3)

The following lemma, which provides an expression for the truncated mean Euler char-
acteristic (see Section 3.3), is one of the key steps in the proof; cf. [4, Sublemma 5.2], [29,
Lemma 5.1], and [6, Lemma 4.5]. Recall that, by the periodicity of the equivariant symplectic
homology,

p
M) = 2
X+( ) A’
: : _ N PHA-1, \m
where A is the period of HC (M) and p = >, 5 (—=1)"bp,.

Lemma 1. The numbers N and n can be chosen such that d = sA for some integer s and

dix(vf) = Zr: kix(vi) = dx+ (M) = sp.

r k;
=1k=1 1=1

The same holds for d', ki, ... k..

Proof. Let N be any (positive) integer multiple of A. Since A is even so is N. The first

equality follows from the (strong) non-degeneracy of 71, ..., , since the numbers k; are even.

The third equality follows just from the facts that d = sA and x4+ (M) = p/A. To prove the
X(vi)

(i)

second equality, take 7 sufficiently small such that 7Y, ’ < 1. Using the resonance
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relation (3.1) we conclude that

dx (i
dy+ (M) = Yoo+ ?C((’Y,;
(1<is<r; ta()>0p M\

= Z ki (i) + Z (td — kfﬂ(%))f((%)
{1<i<r; £4(v:)>0} {1<i<r; £i(vi)>0} ZeD)

I R (0 W DI €0/ (G}
{1<i<r; ()0} (1<i<r; T(7)>0} i)

By property (i) of Theorem 4 and the condition on 7,

(+d — (V)R (%)
ﬂ(%’)

T

(oid — A(YF )R (%)
l-_Zl (i) -

(i)

0y

i=1

{1<i<r; £(v:)>0}
Note that by our choice of N the numbers dy 1 (M) and k;x(7;) for all i are integers. Therefore,
dx+(M) = > kiXx (7i)-

{1<i<r; £A(v:)>0}

Now, observe that, by our hypotheses, Z{lsisr;p(%ko} kix(vi) = dx— (M) = 0. Consequently,
since every periodic orbit has non-zero mean index,

D kiR(w) = > kix(vi) = DU k() = dxy (M),
i=1 {1<i<r; ;) <0 or fi(y;)>0} {1<i<r; u(vi) >0}

Obviously, the same argument works for d', k, ... k. O

The next lemma will be useful when p > 1 in Theorem 5. It establishes that suitable
prequantizations M of symplectic manifolds B have a symmetry in HC, (M) for big enough
degrees, which follows easily from the Poincaré duality on B; cf. Propositions 4 and 6 and
Remark 2.14.

Proposition 3. Let (M?"*1 €) be a closed contact manifold satisfying either (F) or (NF).
Assume that M is a prequantization of a positive monotone symplectic manifold (B,w) such
that Hogq(B; Q) = 0. Under condition (NF) assume furthermore that the minimal Chern
number cp of B satisfies cgp > 1. Given p = 0 we can choose d large enough such that

ba+j = ba—;j
for every j € [—p,p].
Proof. From the assumptions on M we have that HC, (M) is well-defined and given by
HC, (M) ~ (—D Hi marin(B;A). (6.4)
meN

where A’ is the Robbin-Salamon index of the simple orbit of the S'-action on M which is an
even positive integer since B is positive monotone; see Section 8 for details.
Choose N such that
d=2sA" and d>n+p. (6.5)
Given j € Z we have from (6.4) that

barj = dim @y, Hyo(s—myar+;(B; Q).
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Since 2sA’ = d > n + p we clearly have that

&
e

ba+j = dim@?vom:—ooHn+2(s—m)A’+j(
for every j € [—p,p]. Thus, by Poincaré duality,
batj = dim @y, Hy o(s—myar—;(B; Q)
= dim @y, Hypo(s—m)ar—;(B; Q)
— bg_j
for every j € [—p, p]. O

Now, for the sake of simplicity, we will split the proof of Theorem 5 in three main steps.

Step 1. a has at least (—1)P* gy (M)+(=1)P Y97 b, +(—1)P+! i (= Diej+#{1 <

m=—0a0

i <7 p(yF) = p(mod 2), |u(v¥)| > d + p and 4 is good} simple closed orbits

Fix N and n as in Lemma 1. (In particular, N is even.) Taking N big enough, we can
assume that d and k; are big enough such that

d > max{p + P,p + n,q}, (6.6)
—d + p < byin := min{m € Z; b,, # 0},
and
EO +2< ltgzlgr k (68)

Condition (6.7) can be achieved because, by assumption, by, > —o0. We also take N big
enough such that d satisfies Propositions 3 and 4 whenever M meets (PD).

Clearly, n can be chosen so small that the vector (d, k1, ..., k) = (df,k{1,..., k') given
by Theorem 4 satisfies

u(F ) = id — u(vh), (6.9)
p(yFtY = oid + p(yf), (6.10)

and
(7)) — oid| < n (6.11)

for every 1 < i <rand 1 < ¢ < {y. (Here, since N is even, the integers d and k; are even.)
For each periodic orbit ~;, we will consider five types of iterates outside fyfi:

(A) fyl ewith€>£0;
(B) 7" with 1 < £ < g and p(yf) ¢ [—p, p);
(C) %’“ i with 1 < ¢ < £y and p(vf) ¢ [—p, p);
(D) At with ¢ > ;
(E) fylk i with 1 < £ < £y and n(v9) € [-p, p]-
Let us analyze the contributions of these iterates to the Morse type numbers appearing in the

alternating sum
d+p

> (=)"em, (6.12)

m=—d—p
where, as in Section 3.2, ¢, is the number of good closed orbits of index m. First, class (A)
iterates have index with absolute value < d + p and hence all good orbits here contribute to
(6.12). Indeed, by definition of £y, we have |u()| = (7 ~)|+2n+p+1 for every £ € (o, k;)



MULTIPLICITY OF CLOSED REEB ORBITS 35

which, combined with (6.11), implies that |,u( i <d—n—p—1forall L€ (fy, k). Class
(D) orbits do not contribute to (6.12) since ]u( MO > u(y )+ 2n+p 1= denrp+1
for every £ > {y, where the last inequality again follows from (6.11). In turn, class (E) does
contribute to (6.12) by equations (6.9) and (6.10).

In order to understand the contributions from classes (B) and (C), let us further divide
each of them into four subclasses:

(B1+) 45~ with 1 < £< £ if u(vf) = —p, i) > 0 and p(+) ¢ [~p. p),
(B2+) 7 with 1 < £ < 4o if p(rf) < —p and fu(y;) > 0,
(B1-) v with 1 < € < €y if u(vf) > —p, (i) < 0 and p(+f) ¢ [—p,p],
(B2) ~ ’“ ~with 1< €< b if p(rf) < —p, (%) < 0 and p(~f) ¢ [-p.p],
and
(CL4) 7" with 1< €< Lo if p(3f) > —p, i) > 0 and p(5f) ¢ [-p, ],
(C2+4) ~ ’f T with 1 < ¢ < £y if p(yf) < —p and () > 0.
(C1) ~ e with 1 << Lo if p(v)) > —p, fu(yi) < 0 and () ¢ [-p,p,
(C2) ~ k  with 1 < € < £o if p(vf) < —p, fili) < 0 and p(7%) ¢ [—p, p]-

Now all of the good orbits in class (B1+) contribute to (6.12), while class (B2+) makes
no contribution to (6.12). Indeed, by (6.9), ,u(vf H—d- p(vf) which is < d + p whenever
n(vY) = —p, p(v¥Y = —d — p by (6.6) and the fact that i(y;) > 0 = pu(y}) > —n for
all 7, and pu(~y ki_e) > d + p whenever pu(vY) < —p. In a similar vein, (B2-) contributes to
(6.12) and (B1-) does not: by (6.9), u(v; Fily — g — p(vf) which is > —d — p whenever
,u(’yz) —p, (i % < d by (6.6) and the fact that fi(y;) <0 = ,u(fyf) < n for all j, and

,u(% Z) < —d — p whenever pu(vf) > —p = u(y!) > p, since we are excluding good orbits

'yf ¢ guch that u(’yz) [—p, ]

Now, since we are excluding good orbits *yf"ﬂ such that u(yf) ¢ [~p,p], we have that
for all good iterates 'yk it n (C14) u(yf) > p, and for all good iterates ’yfﬁg in (C2-)
p(vf) < —p. Hence, if %{Wre belongs to (C14), by (6.10), u(y; MO — d+ u(yf) > d+p
whenever ’ylkiM is good. Thus, the orbits from (C1+) do not contribute to (6.12). The orbits
of (C2-) do not contribute as well: by (6.10), p(~; M) — —d + u(yf) < —d — p whenever ~/
is good. On the other hand, the good orbits of (CQ—{—) and (C1-) contribute: in the first case,
,u(’ylk = d+ p(vf) < d+p because pu(vf) < —p and ,u('yf”g) > —d—p by (6.6) and the fact
that fi(y;) >0 = ,u(%j) > —n for all j; in the second case, ,u(%k T = —d+p(yf) > —d—p
(ki i) < d + p again by (6.6) and the fact that j(vy;) <0 —>
,u(fyg ) < n for all j. (Above u(ﬂyf 4 and w(vf) have the same parity since the integers k; are
even.

To) summarize, all good orbits from classes (A), (E), (B1+4), (B2-), (C2+) and (C1-)
contribute to (6.12), and orbits from classes (D), (B1-), (B2+), (C1+) and (C2-) make no
contribution to (6.12). Define

because u(vyf) > —p and p(vy,

|+®

Z <L< o] oip(yf) <0, 7 is good, pu(yf) ¢ [—p,p] and p(+f) is even},
B (6.13)
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¢ = Y #U< U< o] oip(yf) <0, 7 is good, u(vf) ¢ [—p,p] and p(rf) is odd},
=1

(6.14)
and
¢ji = #{k € N; 7] is good and p(yf) = j}.
Notice that
¢ji = #{1 < £ < Lo; 7 is good and p(y;) = j}, (6.15)
whenever j € [—p,p]. Indeed, from the definition of ¢y, we have, for every k € N, that
M(7f°+k) =2n+p+1>pifo; >0 and M(’nyJrk) <-2n—p—-1<—pifo; <O.
Consider now > °__(—1)™c,, to which all good orbits from classes (A)-(E) and the
collection {’ylkl} contribute. In particular, the contributions of classes (B1-) and (B2+) and
classes (C1-) and (C2+) iterates are respectively ¢¢ — ¢2 and ¢ — ¢%. Viewing (6.12) as

d+p o0
Z (=D)"em = Z (—1)"en — Z (=)™ cm,
m=—d—p m=—0o0 |m|>d+p

with the above discussion in mind, we have
d+p r

ki P
I S M O I R N e e R A i
m=—d—p i=1 Ne=1 j=—p S —
N o (C1=)+(C24)  (Bl1-)+(B2+)
(A)+(B)+x(7,?)
r p
- D x() 2 ) (e (6.16)
J=1 j=-p
a(y; *)|>d+p
€2)

Here, as indicated by the underbraces, the first term on the right-hand side comes from the
iterates in classes (A) and (B) and the iterate 4 (note that we are subtracting the term

?z_p(—l)jcj,i because we exclude in (B) the orbits 'yfi_e with 1 < £ < £y and p(v)) €
[—p,p]), the second term comes from classes (C1-) and (C2+) iterates, and the third term
cancels out the contribution of classes (B1-) and (B2+) orbits to the first term. The second
to last term eliminates the contribution to the first term of the orbits ’yf" with index with
modulus greater than d + p and the last term is the contribution from (E).

Note that, since u(y*~*) and pu(y***) have the same parity, ¢® = & and ¢® = ¢%. Thus
the second and third underbraced terms on the right-hand side of equation (6.16) cancel each
other out and we arrive at

d+p ki r P
DD e =D > x(H) - D x(F)+ DD (—1)e;. (6.17)
m=—d—p i=1¢=1 i=1 j=-p

(v )|>d+p
Define
ref =#{1<i<r| i(oi,u(’yfi) —d) > p, 'yfi is good and ,u('yfi) is even} (6.18)
and

ri? =#{1<i<r| i(ai,u('yfi) —d) > p, 'yfi is good and ,u('yfi) is odd}. (6.19)
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Essentially, the terms ri’p and rﬁ)_r’p count the good iterates 'yfi whose indices lie outside the
interval [o;d—p, 0;d+p], distinguished according to parity of ,u(vf *) and the sign of u(’yfi )—oid.
Notice that the second term in (6.17) is given by r$” — r%* because, by (6.6) and (6.11),

,u(’yfi) and ﬂ(’ylk “) have the same sign o; (it also follows from (6.8) and the definition of ¢y).
Then, by Lemma 1,

d+p p
A (M) =P 4157 = T (=1)"em — > (—1)e;. (6.20)
m=—d—p Jj=-p

Now, let us break down the argument according to the parity of p.

Case 1. p is even

In this case, since both d and p are even, we conclude from (6.20) and the Morse inequalities
that

d+p P
P = —dx (M) + Z (—=1)™by, — Z (=1)7¢c; + 7P
m=—d—p Jj=-p
d+p p '
= —dy (M) + Y (=1)"bm— > (=1)e; + 1P
m=-00 Jj=-p
q+p P ‘
= —ax+ (M) + Y5 (1) — Y (—1e; + 157, (6.21)
m=-—00 Jj=-p

where the second equation uses (6.7) and the last equality is a consequence of Proposition 2
and the facts that ¢ and d are both multiples of A and d > ¢ > P by (6.6).

Case 2. p is odd

Similarly to the previous case, since d is even and p is odd, from (6.20) and the Morse
inequalities we obtain

d+p p
Pz A (M) = 3 (St ) (1) Y
m=—d—p Jj=-r
d+p 14 A
=dx (M) = > (=D)"bm+ Y. (—1)c; + 13"
m=—00 Jj=—p
q+p P '
=ax+(M) = Y (=) + Y, (=1)e; + 757, (6.22)
m=—00 Jj=-r

where, as before, the second equation follows from (6.7) and the last equality is a consequence
of Proposition 2.

Remark 6.1. Assume that « is lacunary as in Theorem 6. Then, since the Morse inequalities
are equalities, in place of (6.21) and (6.22) we have

q+p P
r? =0 and 7P = —qx+ (M) + Z (—=1)"by, — Z (—1)7b,

m=—0 Jj=—p
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if o is odd and

q+p P
ri? =0 and P =qxs(M) - Z (=1)"by, + Z (—1)7b;

m=—a0 j:—p

if « is even.

Step 2. Existence of other (—1)P* gy (M) +(=1)? 37 b, +(—1)P+! Sh (=1 e+
#{1<i<m ,u(vfi) = p(mod 2), |,u('yf1)| < d—p and 'yfi is good} simple closed orbits

Now, we claim that if p is even

q+p p
17>~ (M) + Y, (=1 — ) (=) + 177 (6.23)
m=—0o0 Jj=-p
and if p is odd,
g+p P ‘
rP g (M) = Y (1) + D (1) ey + 2P (6.24)
m=—00 Jj==p

In order to prove this, observe that applying Theorem 4 to N, n and £y as above, we obtain
positive integers (d', k), ..., k) = (d], k13, ., k) such that

kl—¢
pi; ) = aid — p(yy),
kit
pii ) = aid + p(yy),
and
oip(y;*) —d = —(oip(v;") — d), (6.25)
for every 1 <i <7 and 1 < ¢ < {y. Arguing as before, we arrive at the equation
d—p ro K P
le, /o, i
Y, (EDMen =30 D x(v) =P T Y (1) e, (6.26)
m=—d' +p i=1/0=1 j=—p

where, similarly to (6.18) and (6.19),

/

M is good and ,u(vfi) is even}

. k!
re? = #{l<i<r|t(oip(y) —d) >p, v
and
/07p . k; ! k‘; . k‘; .
ri? =L <i<r|+(op(y;") —d)>p, 7" is good and pu(y;") is odd}.

Notice that, due to (6.25), r3¥ = r'f’p and r}? = T/J—f’p. Therefore, equation (6.26), together

with Lemma 1, give rise to the relation

& P
—d' x4 (M) —rEP + 2P = Z (—1)"cp, — Z (—1)¢;. (6.27)

m=—d’ j=—p

Therefore, (6.23) and (6.24) hold just as before.
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Remark 6.2. As in Remark 6.1, if « is lacunary, in place of (6.27) we have the equality

d P
—d'xp (M) =17 4027 = N (1) — Y| (—1)7h
m=—d' i=p
and therefore, if « is odd,
q P
r? =0 and 2 = —qx4+(M)+ Z (=1)"by, — Z (—1)7b;,
m=-=0 Jj=-p
and, if « is even,
q P
r?? =0 and r°F =gy (M) — Z (=1)™bp, + Z (—l)jbj.
m=—00 Jj=—p

Now, we split the outcome of Steps 1 and 2 according to the parity of p:

Case 1. p is even

Since 7" and r”” count two disjoint sets of orbits, in view of (6.21) and (6.23), we must
have at least 7, + r? distinct simple closed orbits, say, y1,...,%,, Yry+1, - - - s Yrtrer, Where
qtp P '
Tp 1= max{0,2(—qx+ (M) + Y (=1)"bm — Y. (=1)¢;)}
m=—m0 Jj=-p
and

roP = o 4 0P = #{1 <i < |,u(72k’)| ¢ [d—p,d+ p], ,u(%ki) is even and vf" is good}.

Moreover, from the definitions of r7” and r”, we have that | ,u(vf | ¢ [d—p,d+ p] for every
1 <i<T7,+r®P. (Note that, as already mentioned, ,u('yfi) and [i(+;) have the same sign.)

Case 2. p is odd

Similarly as in the previous case, since r$? and r®" count two disjoint sets of orbits, in

view of (6.22) and (6.24), we must have at least 7, + r®P distinct simple closed orbits, say,
Vs ooy Vops Vrp+1ly« - o5 Vrrop, where

a+p P
Tp = max{0,2(qx+(M) = Y (=1)"bm + D, (=1)¢;)}

m=-—00 Jj=-p
and
roP =P 4P = {1 <i<ry |,u(’yzkz)| ¢ [d—p,d+ p], ,u(vfi) is odd and 'yfi is good}.

€7p

Moreover, from the definitions of 77” and 7” we have that |p(y¥)| ¢ [d — p,d + p] for every
1 <i <Fp+roP,
Note that, in both cases, the set 71, ..., v ¥5+1, - - -, Vrtreo might be empty. (Indeed, it is

if p > n and 7 is chosen sufficiently small in Theorem 4.)

Remark 6.3. Observe that both r$” and 73" count simple periodic orbits v; such that ’yfi is
good.
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Step 3. Existence of more Z?:_p(cdﬂ + ¢_44+; — ¢j — c—;) simple closed orbits and
proof of the desired lower bounds

From the definitions of 73" and r$”, we have that the (good) iterates ’yf" of the orbits ~;
obtained in Steps 1 and 2 have index outside the interval [o;d — p, o;d + p]. By our conditions
on d, we have that d — p > n. Thus, if M(fyfi) €e|[-d—p,—d+p] = ,u('yfi) < -n =
ﬂ('yzkl) <0 <= [(yi) < 0. Similarly, if ,u('yfi) €ld—pd+p = u('yfi) >n =
ﬂ(’yfi) > 0 <= [(vi) > 0. Therefore, the orbits ~; obtained in Steps 1 and 2 satisfy

,u(’yfi) ¢ [-d—p,—d+p]u[d—p,d+p]. Hence, from (6.9) and (6.10) we conclude that we
have at least more
P

D (Carj+ coarj — ¢ —c-))
j=-p
new periodic orbits. As a matter of fact, cq4; + c_q4; — ¢j — c—j, with j € [—p, p], counts the
number of periodic orbits ~y; such that ’yfi is good and ,u(’yfi) =td+je[-d—p,—d+p]u
[d — p,d + p] which therefore must be different from the orbits v1,...,%r,, ¥rp+1-- -+, Frp4rew
when p is even and different from the orbits v1,...,%,,9%,+1- .-, 7F,+re» When p is odd.

Remark 6.4. As in Remark 6.3, we have that >¥_  (cat; + c_atj — ¢j — c—j) counts simple
periodic orbits ~; such that vf" is good.

Let us break down the argument again according to the parity of p:

Case 1. p is even

From the previous discussions,

q+p p p
#Po = 2(—qx+(M) + Z (=1)"bm — Z (=1)7¢;) + Z (cdrj + Codrj —cj —c—j) + 1P

m=—00 Jj=-p Jj=-p

Given m € [—p, p], set
re, =#{l <i<r ]u(yzkl)] €|d—m,d+m], u('yf") is even and ’yfi is good},
and note that

m

re= Y, (Capjtcoay— ¢ — ).

j=—m,jeven

When p = 0 we obtain, since, by hypothesis, ¢y = 0,

#Po = 2(—qx+(M)
(M)

q
+ > (1)) + eq F coq + 17
=—00
q
= 2(—qx+ (—1)
=—o0

bm)
+ D0 (=1)Mb) + 10+ 7.

Notice here that, since ¢y = 0,

rh = ca+c_q=#{1<i<r; p(v) e {—d.d}, and " is good}. (6.28)
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When p > 0 we argue as follows. First, note that

q+p V4 p
#Po 22—+ (M) + D ()b — Y. (=1)¢j) + Y. (cayj + codsj — ¢ — cj) + 1P
m=—00 Jj=-p Jj=-p
q
=2(—gx+ (M) + > (=1)"bm) + 1P
m=—0o0

p
+ 2 Cdtj + C—dtj — Cj — C—j) Z de+J—2 Z cj,

Jj=-p Jj=—p

(%)

where in the equality we use the periodicity of HC,(M).

Since, by (6.9) and (6.10), (c44+; + c—a4j — ¢j — c—;) = 0 for every j € [—p,p] and, by
assumption, ¢, = c_, = 0 we arrive at

P
(%) = Z (=1 (casj + coarj — ¢j — c—j) + 2(Codep + C_gip + Cad—p + Catp) + 2ry_4
Jj==p
P
+ 2 Z jbd+] - 2 Z
j==p
p P . P . P
— > (=D (carj +coarg) + Y, (1barj—ba+2 D, (—1)Ve; =2 ) (-
Jj==p Jj=-p Jj=-p Jj==
+2(ci—p + Carp + Coa—p + Codrp) + 274
p—1 p—1
= D) (“Wbary— Y, (=Deay; +bip +basp — Cap — Carp — C-dp— Cdip
Jj=—p+1 Jj=—p+1

J

>0 by Morse inequalities and the fact that p is even
p—1
j e
+ 2(Cd,p + Citp + C—d—p + C,der) —bg — Z (—1)]C,d+j +27°p71
Jj=—p+1

~—

<0
= bg—p +barp —ba+ cap+ Carp+coqgpt+cqgipt 2y
= 2bd+p —bg + Cd—p T Cd+p + C—d—p + C—g1p + 27';71
= 2bg1p —bg + Ca—p + Carp T Codp + Coqip + 21y

where the first inequality uses the facts that p is even and ¢, = c_, = 0, the first equality
holds because

p
~1ba; = Y (=1)bayj — ba

Jj=-p

n M@

by our assumption that A = 2 or using Propositions 3 or 4 (note that Proposition 4 is proved
in Section 7) when p > 1 and the fact that d — p > P (by (6.6)) which is also used in the
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second to last equation, the last inequality holds because, since —d + p < by and p is even,

p—1 ' p—1 '
Z (1) c_ay; < Z (=1)7b_g4; =0
Jj=—p+l Jj=—p+l

and the last equality uses the periodicity of HC,(M).
Similarly as in (6.28), since ¢, = c_, = 0,
Cd—ptcarpte_apte_arp = #{1 <i <1y p(3)) € {—d—p, —d+p,d—p,d+p}, and 4" is good}.

Consequently, from the definitions of 77_; and rp,

e e
Cd—p * Cdtp + C—d—p + C—dip + 211 =1,

Hence, summing up the results, we have, for any even p,
{2(—qX+(M) + 00 (1)) 4 7P 47 i p = 0

2(=gx+ (M) + 230 __ (=1)"bim) + 2bg4p — bg + 7P 415 if p is even and > 2.
(6.29)

\%

#Pa

Since r“P + rp = 0 it proves the desired lower bound.

Let us prove that if the equality in the theorem holds then « is lacunary with odd parity.
We will prove it when p > 2 since the argument for p = 0 is analogous. From the discussion
above, we actually have that

q
#PE0 = 2(—qx (M) + > (=1)"bm) + 2bgip — by + 1P + 15

m=—00
where #73§0°d is the number of simple closed orbits v; of « such that
'yf is good <— fyfi is good.
(Recall that k; is even.) See Remarks 6.3 and 6.4.

Suppose now that

#Pa = 2(—qx+(M) + Z (=1)"bm) + 2bg4p — by- (6.30)

m=—00
So that, by (6.29) and the definitions of 7 and 7,
7€ =1 +rp
=#{1<i<mr u('yfi) is even and ’yfi is good}
=#{1<i<mr u(’yg) is even for every j}

=0,

where the third equation holds because the parities of the indices of the iterates fyij depend
only on the parity of j, that is, u(’yf) = u('yij/) (mod 2) whenever j = j' (mod 2).

We claim that there is no periodic orbit ~; such that u(’yg ) is even for some j. As a matter
of fact, suppose, by contradiction, that there exists at least one such an orbit. If 42 is good
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— yfi is good, then u(’yfi) is even, contradicting the fact that ¢ = 0. Thus, we necessarily
have that ’yfi is bad. Then,

q
#Po = #PE + 12 2(=qx+ (M) + ), (=1)"bm) + 2bgip — by + 1

m=—0ao0

contradicting (6.30). It proves the desired result.

Remark 6.5. From the discussion above, the periodic orbits v1,...,%,, Yry+1s -« Vrp+rer
satisfy ,u(vfi) #dif o; =1 and ,u(vf") # —d if o0; = —1. Therefore, by item (i) of Theorem 4,
they cannot be hyperbolic. By the same reason, we have at least more Z]:_p(cd+] +Cdqj—
¢j — c—j) — (cq + c—q — 2¢o) non-hyperbolic orbits. Thus, when p = 0, it gives us

q
HPROIP 2 =gy (M) + Y} (=1)"bm),

m=—0o0
where #Pg" WP stands for the number of simple non-hyperbolic closed orbits. When p is
even and positive, we have, arguing as before,

q+p P

PRI > o~y (M) + D) (1) "bm — D, (—1)¢))
m=—0 Jj=-p
p
+ 2 (Cd+j +Codyj —Cj — C_j) — (Cd +C_q— 260)
Jj=-p
q
> 2(—gx+ (M) + D (=1)"bm)+
m=—w
p p
Z (Cd+j +Codyj —Cj — Z jbd+] -2 Z Cd +Cc_qg— 280)
Jj=-p J=1 j=-p

(s3)
But, since (cq+j + c—g+; — ¢j — c—;) = 0 for every j € [—p,p], we also have that

p
(66) = D) (=1) " (cars + codrj — ¢ = c=j) + 2(Ca—p + Carp + C-dp + C-dip)
j:_

+22 1)7bgsj — 2 Z

j=-p
= 2bq+p = by,

just as before. (Note that the exponent at the first alternating sum is odd when j = 0.)
Consequently,

2(—ax+(M) + 3I__,(=1)b;) if p=0

#rpnon-hyp >
“ 2(=qx+ (M) + X5__ (=1)7b;) + 2b44p — by if p is even and > 2.

Here we do not count periodic orbits v; such that u(’yf") is even because it is not needed for
the proof of Theorem 7.
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Case 2. p is odd

This case is similar to the previous one. As before,

q+p p p
#Po = 2qx+ (M) = Do (=1)Mbm + Y (=1)¢;) + Y (carj + casj — ¢j — c—j) + 7.

m=—0 Jj=-p Jj=-p

Given m € [—p, p], set
Ty =H#{1 <i < ]u(q/fl)] € [d—m,d+ m], u(yfi) is odd and 'yfi is good},

and note that
m
o
T = Z (Cayj + Codvj — ¢j = c—j)-
j=—m,jodd

When p = 1 we obtain, since, by hypothesis, ¢; = c_1 = 0,

g+1
#Po = 2(qx+ (M) — Z (=1)™by + o) + €4 — 2¢0 + C4—1 + Cgo1 + C—q + C_g_1 + C_qy1 + T
m=—o0
q
= 2(gx+(M) — Z (=1)™bpm) + €a + a1 + a1 +2bgr1 + g+ c g1 +c g+t
m=—00
q
> 2(ax+(M) — Z (=1)™bm) + ba + 2bgs1 + 19! + 17
m=—oo
q
= 2o+ (M) — Z (—1)™bim) + by + 2bg1 + 17" + 74,

m=—0a0

where in the last equality we used the periodicity of HC, (M) and the fact that ¢ > P. Note
here that, since c_1 = ¢ = 0,

o
7] = Cd—1 + Cd+1 + C—g—1 + C—d+1

=#{1<i<r; p(yF)e{-d—1,-d+1,d—1,d+ 1}, and 4" is good}. (6.31)

When p > 1 we argue analogously as in the previous case. First,

q+p p P
#Po =2+ (M) — D> (=1)™bm + Y (=1Y¢j) + . (carj + c—arj — ¢ — c—j) + 1P
m=—00 Jj=-p Jj=-p
q

= 2(qx+(M) = Y, (=1)"bp) + 777

m=—0o0
p P ' p A
+ Z (Cd+j +Cg+j —Cj — C_j) -2 2 (—1)]bd+j +2 2 (—1)]Cj .
Jj=-p Jj=1 Jj=-p
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Since, by (6.9) and (6.10), (cq4+j + c—q4+j — ¢j — c—;) = 0 for every j € [—p,p] and, by
assumption, ¢, = c_, = 0 we have that

p

(%) = Z (=1) (Catj + C—dj — € — C—j) + 2(Ca—p + Cdp + C—dep + C—dip) + 2154
Jj==p
—2 Z (—1)]bd+j +2 Z (—1)]Cj
Jj=1 Jj=-p
= > (1 (cags+ccar) = D0 (=1 bayj +ba—2 > (=1)e; +2 Y (—1)e;
Jj=-p Jj==p Jj==p Jj==p
+2(cig—p + Cirp + Cod—p + Codrp) + 214
p—1 ' p—1 )
= D) (Weayy— Y, (=1bay;  +bap +barp — Cap — Carp — C-dp — C-dip
Jj=—p+1 j=—p+1

J

~
>0 by Morse inequalities and the fact that p is odd

p—1
+2(Cop + Casp T Coap T Coarp) Tha+ D, (=1 gy +2r0
Jj=—p+1
=0

= bg—p +barp +ba+ cap+carptcqgptcoagrpt2ry
= 2bgyp +bq + Cap+ Cirp+CodgptCoarp+2ryy
= 2bgip +bg + Cap+ Carp + Cap+ Coayp + 21y g,

where the first inequality uses the facts that p is odd and ¢, = c_, = 0, the first equality

holds because
P

P
23 (= 1)bayj = Y (—1)bay; — b
Jj=1 Jj=-p
by our assumption that A = 2 or using Propositions 3 or 4 when p > 1 and the fact that
d—p = P (by (6.6)) which is also used in the second to last equation, the last inequality
holds because, since —d + p < bmin and p is odd,

p—1 ' p—1 '
Z (1) c_ar; = Z (=1)7b_g4; =0
Jj=—p+l Jj=—p+l

and the last equality uses the periodicity of HC(M).
Similarly as in (6.28), since ¢, = c_, = 0,

Cdp+CaiptCodptc_arp = #{1 <i <1y p(vf) € {—d—p, —d+p,d—p, d+p}, and ~," is odd}.
Consequently, from the definitions of rp_; and rp,

Cd—p t Caypt Codp +C_gyp + 27“3_1 = 7“;-
Therefore, for any odd p,
q
#Pa = 2(qx+ (M) = Do (=1)"bm) + 2bgyp + bg + 177 + 10,

m=—00
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Since r>P 4+ 77 = 0 it proves the desired lower bound.
To prove that if the equality in the theorem holds then « is lacunary with even parity, we
argue as in the previous case. From the discussion above, we have that
q
#PE0 = 2(qx (M) — Y (1)) + 2bgp + by + 1P + 1 (6.32)
m=—o0

where #P§0°d is the number of simple closed orbits v; of « such that
%2 is good < yfi is good.
See Remarks 6.3 and 6.4.

Suppose now that
q

#Po = 2(qx+ (M) = D (=1)"bm) + 2bgp + by. (6.33)

m=—a0
So, by (6.32) and the definitions of r? and 7,
re =P 4y
= #{1 <i<r; u(yF) is odd and 4 is good}

=#{1<i<mr u(fyg) is odd for every j}

=0,
where, as before, the third equation holds because the parities of the indices of the iterates
7] depend only on the parity of j.

We claim that there is no periodic orbit v; such that p(77) is odd for some j. As a matter
of fact, suppose, by contradiction, that there exists at least one such an orbit. If 42 is good
— %k" is good, then ,u(vf") is odd, contradicting the fact that 7° = 0. Thus, we necessarily
have that *yfi is bad. Then,

q
#Po = #PEN + 12 2(qx (M) — D (=1)"bm) + 2bgyp + by + 1

m=—0o0

contradicting (6.33). It proves the desired result.

Remark 6.6. As in Remark 6.5, the periodic orbits ~v1,...,%,, %, +1,- -+, Vr,+rowr satisfy
,u(’yfi) # d if o; = 1 and u('yfi) # —d if o; = —1. Therefore, by item (i) of Theorem 4,
they cannot be hyperbolic. By the same reason, we have at least more Z?}:,p(cdﬂ' +e_gyj—
¢j — c—j) — (ca + c—q — 2¢p) non-hyperbolic orbits. Suppose that p = 1. Then, assuming that
q> P,

d+1
#'Pgon_hyp > 2(dx+(M) — 2 (=1)™bp + co) + C4—1 + €441 + C—g—1 + C_g+1
m=—w
d
> 2(dx+ (M) = > (=1)"bm) + ba—1 + 3bas1 + 2bo
m=—w

q
= 2(qx+ (M) — Z (=1)"by,) + bg—1 + 3bg+1 + 2bo,

m=—0o
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where in the last equality we used the periodicity of HC, (M).

Remark 6.7. Assume that « is lacunary with odd parity. Then, for all i, u(’yij ) # 0 for every
7 and, since d is even, ,u(vf") # d. Therefore, from the previous discussion (applied to the
case where p = 0) and Remarks 6.1 and 6.2,
q
r=#{1<i<r; pf) <dor p(yf) >dh =% + 79" = 2(—gxs (M) + Y (=1)"bm).
m=—ao
Note here that every periodic orbit of « is good. Similarly, if the parity of « is even, there is
no closed orbit with index +1 and consequently, from the previous argument when p = 1, we
have that the simple orbits «; counted by rf_r’l are those for which ,u(yfi) # d. As explained
above (see Step 3), we have ¢g — 2¢co = bg — 2bg = by — 2bp new simple periodic orbits ~; such
that ,u(yf") = d. Thus, we have, by Remarks 6.1 and 6.2,
r=#{1<i<r p(y) <doru(y) > di + #{l<i<rs p(y)) = d}
=& 4 r%! 4 by — 2By
q+1 1
=2(qx+ (M) = > (=1)"bm + Y, (—1)7bj) + by — 2bg
m=—o0 j=—1
q
=2(gx+ (M) = D5 (=1)"bm + bo) + bg — 2bo
m=—o0
q
= 2(qx+ (M) = Y, (=1)"bm) + by,
m=—o0
where in the fourth equality we use that ¢ is even. Note again that every periodic orbit of «
is good.

7. PROOF OF THEOREM 6

As explained in Section 3.1, under the assumptions of the theorem, we have the positive
equivariant symplectic homology HC,(M). If M does not admit a “nice” filling, in the sense
of (F), we assume that the contact form « is index-admissible.

By the discussion in the same section, HC, (M) is the homology of a chain complex CC(«)
generated by the good closed orbits of o graded by the index. Since a is lacunary, every
periodic orbit is good and the differential in CCy(a) vanishes. Therefore,

HCk(M) = CCk(a) = C—B’YEQ(Q);H(’Y):’CA (71)

for every k € Z, where & (a) is the set of (not necessarily simple) closed orbits of . In other
words, every closed orbit of a contributes to the positive equivariant symplectic homology.
Define
Cmin 1= min{m € Z; CC,,(M) # 0}.
From (7.1) and our hypotheses,
Cmin = bmin > —00.
From this fact and the assumption that b; < oo for every j € Z we conclude from (7.1) that
every closed orbit of o has positive mean index.

Claim 1. « has finitely many simple closed orbits
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This part of the proof follows from the work of Giirel [34, Theorem 1.5]. For the sake of
completeness, we will reproduce her argument. Define

2n
b = limsup Z dim HCy;(M).
k= i2p
By the periodicity of HC, (M) and the assumption that the contact Betti numbers are finite,
b is a finite integer.
The key ingredient is the following combinatorial lemma proved in [34] which uses the
aforementioned fact that every closed orbit of o has positive mean index:

Lemma 2. [34, Lemma 3.2] Assume that o has a collection of m geometrically distinct

periodic orbits Y1, ...,Vm with positive mean index. Then for every sufficiently small € > 0,
there exist infinitely many disjoint intervals I of length 2n + € such that for some positive
integers k1 = 1,...,ky, = 1 (depending on the interval), the iterated orbits 'yfl, e 7’%’” all

have indices in the interval I.

Since every closed orbit of o has positive mean index, it follows from (7.1) and the previous
lemma that o has at most b simple closed orbits.

Remark 7.1. Note that the dimension of M in [34] is 2n — 1 and here it is 2n + 1.

As mentioned in Section 5, once we have that « has finitely many closed orbits, Theorem 6
follows from the proof of Theorem 5; see Remarks 6.1, 6.2 and 6.7. However, for the reader’s
convenience, we will present an easier and shorter proof following the lines of [6]. The proof
here is actually easier than the proof in [6] since we do not have to split it according to the
parity of a. Denote by d the parity of a.

Claim 2. a has precisely 2((—1)%qy (M) — >4 bm) + by simple closed orbits

m=—0o0

From the first claim, a has finitely many simple closed orbits {v1,...,7}. Moreover,
f(7i) > 0 for every 1 <i < r. Take
lo := max {min{ko € N; (YY) = p(vF) + n+ 3 Yk = 1 and V0 = ko}},
INIKT
7n sufficiently small satisfying n < 1 and Lemma 1, and N in Theorem 4 big enough such that
by + 2 < minjgi<r ki
As in the previous section, by Theorem 4, given N € N, n > 0, and ¢y as above, there exist

two sequences of integer vectors (d;—r, kI—rj, e k:—;) satisfying conditions (i), (ii), and (iii), such
that all entries d;-—r, kz—rj, . ,k:—rj are divisible by V. We will only need one vector from each
sequence, and we set

(dyky. .y ke) o= (df k{7, k), (d Ky, k) = (dy ke kg (7.2)

Step 1. a has at least (—1)°qx. (M) — >4 b + bo simple closed orbits

m=—00

By property (ii) of Theorem 4,

for every 1 < ¢ < {y. Therefore,
#{0 e [—Lo, L]\{0}; n(y/") < d} = #{l € [~Lo, L]\{O}; u(y;*") > d}. (7.3)
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(Note here that k; > £y.) From these two equations we also have that an orbit of index d can
happen in two different ways: either it is an orbit of the form 'yfi or an orbit of the form fyf"M
for some £ € [—Ly, £o]\{0}. (Indeed, by the definition of £y, u(y¥**) +# d for every £ > £5.) In

7

the last case, u(v) = 0 and we have the pair of orbits (yfi_é, ~¥i %) with index d.
Define co; = #{j € N; u(v/) = 0} and 2q; = #{j € [~Lo, L]\{0}; u(+}*"7) = d}. By the

previous discussion,
Cdi = 2C- (7.4)

Now, let a; = #{0 € [Lo, Lo]\{0}; p(7F*) < d} and b; = #{¢ € [—Lo, Lo]\{0}; pu(rFTh) > d}.
Clearly,

a; + b; + Cdy; = 20. (75)
By the definition of ¢y, our choice of 7, and the fact that u(vy) < fi(y) + n for every non-
degenerate closed orbit -,

p(YFY <p(F) = (n+3) <) +n—(n+3)<d+1+n—(n+3)=d—2, (7.6)

for every fop + 1 < ¢ < k;, where the third inequality holds by property (i) of Theorem 4.
Similarly,

p(Ft) = d+2, (7.7)
for all £ > ¢y. Using (7.3), (7.4) and (7.5) we arrive at
a; + co; = Lo. (7.8)

Thus, we conclude that

B EN, j+ ki u(v)) <d) = #{1 < j < ki + Lo, § # ki; p(~]) < d}
= ki — Lo — 1+ #{ki — Lo < j < ki + Lo, j # kis p(v]) < d}
=ki—Llo—1+a; +¢cq;
=ki—lo—14+a;+2co;
=ki—lyo—1+Lly+co,;
=k —1+coy,
where the first equation follows (7.7), the second equation follows from (7.6), the third identity

holds by the definitions of a; and ¢4, the fourth uses (7.4) and the fifth is a consequence of
(7.8). Since « is lacunary, > ._, co; = bp. Hence, we conclude that

d r
D em= 2 #ieN; u(v]) < d}
M=Cmin i=1

Y HGEN, § £ ki ply]) < d}+ #{1 <i <5 p(f) < d}
=1

T T
=Zki—r+(r—r+)+200,i
i=1 i=1

r
= Z/{?i—r.;. + bo,
=1
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where r; := #{1 <i < r; ,u('yfi) > d} . Therefore, by Lemma 1,

d
D1 em = (=1)%dx 4 (M) =y + by, (7.9)

M=Cmin
because ¥(v;) = (—1)? for every 1 < i < r since « is lacunary with parity ¢.
Thus,

d
ry = (=1)%dx (M) — > cm+bo

M=Cmin

d
= (—1)°dx+ (M) — Z bm + bo

m=—00

= (=1°qx+ (M) = Y b+ bo,

m=—00

where the last equality follows from Proposition 2.

Step 2. Existence of other (—1)%qy, (M) — ¢ bm + bp simple closed orbits

m=—a0

Applying the argument from the previous step for the integer vector (d', kf, ..., k.) in (7.2)
provided by Theorem 4, we get

roi= A <i<r p() > d}
dl
= (1) dx (M) = 3] cmtbo

M=Cmin

p
= (—1)°d'x+ (M) — Z bm + bo

m=—
q
= (=1°qx+ (M) = ). b + bo,
m=—00

where, again, the last equality follows from Proposition 2.
But, by property (iii) of Theorem 4, we have that

B <i<r p(h) > d} = #{1<i<r p(f) < d).

Step 3. Existence of more b, — 2by simple closed orbits

From Steps 1 and 2 we get 2((—1)%qx+ (M) + 3% _ by + bo) closed orbits given by the
~is such that u(’yfi) < d and u(’yfi) > d. As mentioned earlier, the set of closed orbits with
index d splits into two sets: orbits of the form ’y,f“ such that u(’yfi) = d and pairs of orbits

('yfi_g,'yfﬁz) with u('yf) = 0. The latter was already counted in Steps 1 and 2 and has

cardinality
,
Z Cdi = 2bo.
i=1
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So we get more
#{1<i<r; p(y) =d} = ba—2by
= by — 2bg
new orbits given by the former set, where the last equality holds by the periodicity of HC, (M).

Step 4. Existence of precisely 2((—1)%qy (M) -4 bm) + by simple closed orbits

m=—00
By Steps 1 and 2,
q
#A<i <y p(yf) <db +#{1 <i <y p(yf) > d} = 2((-1°qx+ (M) = Y] bm) + 2bp.

m=—0o0

This, together with Step 3, yields
r=#1 <0<y p(rf) < db+ #{1<i <y p(f) > dy + #{1 <0 <5 p(f) = d)

= 2((=1)°qx 4 (M) — i bm) + 2bo + by — 2bg

m=—0o0

q
= 2((-Dqx+ (M) = X} bm) + by,
m=—00
finishing Step 4.
To finish the proof Theorem 6, just note that if v is odd then so is HC, (M) and consequently

q
i =2(—ax+ (M) — ), bj) =,
j=—00
since ¢ is even. Similarly, if « is even,
q
rir = 2(gx+ (M) = Y7 bj) +bg=r.
j=—00

We end up this section with the following proposition, which plays an important role in
the proof of Theorem 5. As in Proposition 3, it shows that HC,(M) exhibits a symmetry
in sufficiently large degrees whenever M satisfies the assumptions of Theorem 6; cf. Remark
2.14. Its proof is a simple consequence of the argument used above in the proof of Theorem
6. A particular case, when M is a prequantization of an orbifold admitting a Hamiltonian
circle action, is established in Proposition 6 by completely different methods.

Proposition 4. Let (M?"*1 €) be a closed contact manifold satisfying either (F) or (NF).
Assume that HCy (M) is periodic, bj # 0 for some j, bj = 0 for all j sufficiently negative,
and b; < oo for all j € Z. Assume that M admits a non-degenerate lacunary contact form.
Given an integer p = 0 there exists C' > 0 such that if d = sA is bigger than C then

ba—j = ba+j
for every j € [—p,p].

Proof. Fix a non-degenerate lacunary contact form « on M. As in the proof above of Theorem
6, we have b; = ¢; for every j € Z since the differential in CC, (o) vanishes. Take ¢y big enough
such that all the orbits that contribute to c4+;, with j € [—p, p], are of the form 'yf"ﬂ with
¢ e [—Llo,lo]. By property (ii) of Theorem 4, we have that an orbit with index d + j can
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happen in two different ways: either it is an orbit of the form 'yfi or an orbit of the form fyk"M

(]
for some £ € [—£p, £o]\{0} such that p(y{) = j or u(yf) = —j. In this way, we arrive at
batj = car; = c—j+ ¢ + #{1<i <7 p(y)) = d+ j}, (7.10)

for every j € [—p, p].
Now, arguing as in Step 2 above, we have the integer vector (d’, ki, ..., k,.) such that

(d' = p(y;") = —(d = p(y;")).
Hence, by (7.10),
bar+j = Car+j
— et #I<i<rp()) =d + 5}
=cj+ej+#{1<i<rp(y) =d-j}
= bd—j, (7.11)
for all j € [—p,p].

Taking N big enough in Theorem 4 we can ensure that d —p > P and d' —p > P. Since
both d and d' are multiples of A, d’ — d is a multiple of A as well and consequently, by the
periodicity of HC,(M) and (7.11),

ba+j = bar+j = ba—j

for every j € [—p, p], proving the desired result. O

8. PROOF OF THEOREM 2

Let us consider each case separately.

Case (PM)

Suppose that H,(B; Q) is lacunary or that the minimal Chern number cp is greater than
n. Moreover, under assumption (NF) assume that cg > 1. Under these conditions, in [6,
Proposition 2.1] and [29, Proposition 3.1], it is computed the positive equivariant symplectic
homology for contractible orbits of M given by

HCE; (M) = @ H*—chB+n(B; A)u
meN
where cp is the minimal Chern number of B.

Let A’ be the Robbin-Salamon index of the simple orbit of the S'-action on M which is
positive since B is positive monotone and it is an even number since the linearized Reeb flow
on the contact structure generates a loop based at the identity in Sp(2n) and in this case
the Robbin-Salamon is twice the Maslov index of such loop; see, for instance, [49]. When
we do not restrict ourselves to contractible orbits, the proof of [6, Proposition 2.1] and [29,
Proposition 3.1], works verbatim to show that if H,(B;Q) is lacunary or A’ > n then

HC*(M) = @ H*fmA’+n(B§A)- (8'1)
meN

As before, under assumption (NF) we have to further assume that the minimal Chern number
cp is bigger than one.
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Remark 8.1. The similarity between the notations of the period A of HC, (M) and the Robbin-
Salamon index A’ hinges on the fact that it follows easily from (8.1) that A’ is a period for
HC,(M). However, since the period is not unique, we rather use different notations.

The isomorphism (8.1) should be true without any assumption on B, but it is not known
so far. Motivated by this, we will prove a more general version of Case (PM) where we do
not assume that the rational homology of B is lacunary (cf. Remark 2.22) but assuming that
(8.1) holds (which is true if A’ > n as mentioned above). More precisely, we will prove that,
in this general case, given an integer p > 0 with parity different from that of n,

-

X(B) + dim H,,(B; )+2Zn/A dimH,,_;,a/(B;Q) if n is odd and p = 0,

x(B )+2d1mHn+p( Q) + 231 G H,_ar (B Q)

M = +2Z (n— L /AJdlmHn mA/— (B;Q), if n is odd and p > 2 (8.2)
x(B )+2d1mHn+p( Q) + 231 i H,_ar (B Q)

+2 Zmn:ﬁp VAT dim Hy—marip(B; Q) if n is even,

where r); is given by (2.1). Note that it clearly implies that ry; = dim H,(B; Q) whenever
Hoqa(B; Q) = 0 since A’ is even and p # n (mod 2).

We shall need the following lemma essentially taken from [6, Lemma A.1]. Set d = sA’ for
some s € N. In what follows recall that the dimension of M is 2n + 1.

Lemma 3. We can choose s sufficiently large such that

d 2s—1
2 37 (=) = (=1)"(2s — Dx(B) + dimH,(B;Q) + 2 > dimH,, (s (B; Q).

m=—00 m=s+1

Proof. Take s big enough such that sA’ > n. Change the grading of HC, (M) to #' = 2sA’ — «
so that
HC*/(M) = @ H28A/—*/—WA/+TL(B; A)
meN

Thus, since byin, = min{m € Z, b, # 0} = A’ —n,

d sA'
2 > (=1)"bp =2 Z
m=—a0 x=A'—
n+(2s—1)A
=2 ) Z * dim Hp_ iy ar— a4 (B; Q)
#=sA’

n+(2s—1)A’ 251

2 ), 2 (DT dimHppa i (B:Q)

d‘rn

25— 1n+ (2s—1)A/

m=1  %'=sA’

where the third equality follows from the fact that sA’ > n, the last equation holds by
Poincaré duality and d,,, is defined as in the equation.

~

Z 2 (_1)*,(d1m H(Qs—m)A’—*’-i—n(B; Q) + dim Hn+*’—(25—m)A’(B; Q))a
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We have to prove that

2s—1 2s—1
Z dpm "(2s — 1)x(B) + dimH,(B;Q) +2 Y| dimH, (s_ma(B; Q). (8.3)

m=s+1

In order to do it, let us look at the first term of d,,,. When #" runs from sA’ to (2s —1)A’ +n,
it sums up the ranks of the homology of B from the degree —mA’+ A’ < 0 ton+ (s—m)A’.
Similarly, the second term of d,,, sums up the ranks of the homology of B from the degree
n—(s—m)A" to2n+ (m—1)A" = 2n.

Hence, we have the following computations of d,, according to the relation between m and

em<s = (s—m)A' >0

n+(s—m)A’ 2n
(= Y () AmEBQ Y (-1 dimH(B:0)

J=0 j=n—(s—m)A’

ZX(B)-F' > (-1 dimH(B; Q). (8.4)

2 1)/ dim H;(B; Q) + ) (—1)/ dim H;(B; Q) = x(B) + (—1)" dim H,,(B; Q)
j=0 j=n
(8.5)
em>s — JA' <0
n+(s—m)A’ . 2n .
(D)% = >, (D) dimHi(B; Q)+ ), (-1 dimH;(B;Q)
Jj=0 j=n—(s—m)A’
n—(s—m)A’ .
= X(B) - Z (_1)J dim Hj (Ba Q) + (_1)n dimHn+(s—m)A’(B; Q)+
j=n+(s—m)A’
+ (=1D)"dimH, (s m)a(B; Q)
n—(s—m)A’ .
=x(B)— > (1) dimH;(B;Q) + (—1)"2dim H,,} (;_m)a’(B; Q), (8.6)
j=n+(s—m)A
where the last equality holds by Poincaré duality.
Clearly,
s—1 n+(s—m)A’ ‘ 2s—1 n—(s—m)A’ )
> > (-1 dimH(B;Q) = ) > (1) dimH(B; Q). (8.7)
m=1 j:n—(s—m)A’ m=s+1 j=n+(s—m)A’

Hence, (8.3) follows from (8.4), (8.5), (8.6) and (8.7). O
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Take an integer p > 0. Note that taking s big enough such that —sA’ < —n —p — 1 we
have from (8.1) the equalities

2s5—1
bi= Y, dimH, (o mai(B;Q), (8.8)

m=s+1

for every i € {0, £p};

0
bg = dim @ Hn+(s—m)A’(B;Q)

m=1
25—1 s—1
= Z dim HnJr(sfm)A’(B; Q) + Z dim Hn+(sfm)A’(B; Q) + dim Hn(B; Q)
m=s+1 m=1
25—1 25—1
= ) dimHyyoma(B;Q) + ) dimH, (s pmyar(B; Q) + dim H,(B; Q)
m=s+1 m=s+1
= 2by + dim H,,(B;Q); (8.9)

0
bitp = dim @ Hn+(s—m)A/+p(B5Q>

m=1
2s—1 s—1
= Y dimHyymmyarsp(BiQ) + ) dimHy (s_myarsp(B; Q) + dim Hy 1 (B; Q)
m=s+1 m=1
2s—1 2s—1
= > dimH, (myarsp(BsQ) + > dimH,y (o pyar—p(B; Q) + dimHyy(B; Q)
m=s+1 m=s+1
= by +b_p + dimH, ,(B;Q); (8.10)

where, in (8.9) and (8.10), the third equation holds by Poincaré duality and the fourth equality
follows from (8.8).

Assume, without loss of generality, that d > P. Now, we will split the argument according
to the parity of n.

Case 1. n is odd

Let us compute rj; for a given even p > 0. Since n is odd, from (8.1),

o) = X80 a0 = —ex(m).
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Hence, for p = 0,

v = 2(—qx+(M) + Z (=1)"bm)

m=—00

d
= 2(=dx (M) + > (=1)"bm)

= 2sx(B) — 2sx(B) + x(B) + 2by + dim H,,(B; Q)
= x(B) + 2by + dim H,,(B; Q)
[n/A']
= x(B) +dimH,(B; Q) +2 Y dimH, ,,a/(B;Q),

m=1

where the second equality follows from Proposition 2 and the periodicity of HC, (M), the
third holds by Lemma 3 and (8.8) and the last is a consequence of (8.1).
Similarly, when p > 2,

q
v = 2(—qx+ (M) + 2 (=1)"bi) + 2bg1p — by
m=—00

d
= 2(=dx+ (M) + Y (=1)bm) + 2ba1p — b

m=—00
= 2sx(B) — 2sx(B) + x(B) + 2bg + dim H,,(B; Q) + 2bg+p — bg
= x(B) + 2by + dim H,,(B; Q) + 2b, + 2b_, + 2dim H,,{,(B; Q) — 2by — dim H,,(B; Q)
= x(B) + 2b, +2b_, + 2dim H,,;,(B; Q)
[(n+p)/A']
= X(B) +2dimH,,(B;Q) +2 >, dimHy_pmarip(B; Q)

m=1
[(n—p)/A]
+ 2 Z dim Hn,mAffp(B; Q))

m=1

where the second equality follows from Proposition 2 and the periodicity of HC, (M), the
third is a consequence of Lemma 3 and (8.8), the fourth follows from (8.9) and (8.10), and
the last holds by (8.1).

Case 2. n is even

The argument is similar to the previous case. Take an odd p > 1. Since n is even, from
(8.1),

) = XB ) = s(B).
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Therefore,

q
ra = 2(—qx+ (M) + > (=1)"bm) + 2bgip + by

m=—00
d
=2(dx4 (M) — > (=1)™bm) + 2barp + b
m=—0

= 2sx(B) — 2sx(B) + x(B) — 2by — dim H,,(B; Q) + 2bgq1p, + b4
= x(B) — 2byp — dim H,,(B; Q) + 2b, + 2b_,, + 2dim H,,; ,(B; Q) + 2by + dim H,,(B; Q)
= x(B) + 2b, + 2b_,, + 2dim H,,{,(B; Q)
[(n—p)/A']
= X(B) +2dimH, ,(B;Q) +2 Y. dimH,_pa—p(B;Q)

m=1
L(n+p)/A]
+2 Y dimHy_parp (B Q),
m=1
where, as before, the second equality follows from Proposition 2 and the periodicity of
HC, (M), the third holds by Lemma 3 and (8.8), the fourth follows from (8.9) and (8.10), and
the last one goes from (8.1). This completes the proof in case (PM).

Remark 8.2. In [29, Theorem 2.1], a lower bound for the number of periodic orbits of non-
degenerate contact forms « on suitable prequantizations of symplectic manifolds B was ob-
tained, namely

(8.11)

X(B) + 2dim H,(B; Q) if n is odd,
rp =
X(B) +4dim H,4+1(B;Q) if n is even,

under the assumption that o has no periodic orbit v with p(y) = 0 (resp. u(y) € {0,£1})
when n is odd (resp. even).
Under these assumptions, if n is odd, we have
ln/A]
bo= Y. dimHy_pma(B;Q) =0,
m=1

which implies that our bound rj; for p = 0 is given by

ry = x(B) + dim H,(B; Q). (8.12)
Similarly, if n is even, then
[(n—1)/A7]
b= ), dimH,ua-1(B;Q) =0,
m=1
[(n+1)/A7]
b= >  dimH, pasa(B;Q) =0,
m=1

which implies that our bound rj; for p =1 is

rar = X(B) + 2dim H, 1 (B; Q). (8.13)
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Observe that the bounds (8.11), (8.12), and (8.13) coincide when Hoqq(B;Q) = 0, but
differ in general. This discrepancy arises from the fact that the bound r,; in the present work
is defined so that, if o has more than rj; periodic orbits, then it cannot be lacunary.

However, we are not aware of any example of a prequantization of a symplectic manifold B
admitting Reeb flows with finitely many closed orbits for which the condition Hygqq(B;Q) = 0
fails.

Case (T)

It is well known that good toric contact manifolds M are prequantizations of orbifolds
and admit (toric) contact forms «, which are non-degenerate and lacunary, such that #P, =
dim H, (M /S*;Q) [3, 7]. If M satisfies condition (F) or (NF), one can define HC, (M) and
it is also known that HC, (M) is periodic, there exists an integer D such that HC;(M) = 0
for every j < D, b; < oo for every j € Z and HC, (M) is lacunary with the same parity of n
[3, 7, 8]. Then, if M satisfies condition (F) or (NF) the result follows from Corollary 1.

When M does not satisfy conditions (F) and (NF), one can define HC, (M) combinatorially
and it also satisfies all the properties listed above [8]. This definition coincides with the one
given in Section 3.1 whenever M meets (F) or (NF). Therefore we can define s as in Theorem
1 and we show below that in this case still holds the equality rj; = dim H, (M /St; Q).

In what follows, we will omit several details and definitions and refer the reader to [8]. Let
D < R™ be the toric diagram of a Gorenstein toric contact manifold (M?"*1 ¢) and & € Ny,
k =0,...,n, the non-negative integers determined by the Ehrhart polynomial of D. We have
that the SFT contact Betti numbers of (M?"*! ¢) are given by

cbg = 0n, cbo = 6y +0p_1, by =6y +0p—1+0p-2, ..., oy =0y +dp_1+ -+ o,

chop, = cbay, , Yk > n, and all other SFT contact Betti numbers are zero.

In particular,

Z cboy, = Z(lﬂ + 1)5k .
k=0 k=0

Here the SF'T contact Betti number is the contact Betti number used throughout this paper
but with the SF'T degree. This means that their relation to the b;’s in the grading used here
is

cbj = bj_ny2 or equivalently b; =cbjin_2, VjEZ.

In this Gorenstein toric context, we can choose P =2n—n+2 =n+ 2, A = 2 and we have
that

nOn + 0p_1+ -+ do

X+(M) = (-1) 5
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When n is even we can take ¢ = n + 2 and therefore

v =2 (qx(M) - > bj) + by
Jj=—0

Sy + Op R} n
:2<(n+2) * Lt O—Zcb2k>~l—cb2n

2 k=0

n

= (n+3) Y 0k —2) (k+1)0 = > (n+1—2k)5
= # of facets of D.

When n is odd we can take ¢ = lem{P, A} = lem{n + 2,2} = 2n + 4 and consequently

v =2 (qx(M) -, bj)
j=—00

3n+2

<2 (5 + 0 1+ _Ecbk>
- n+1
2<n+2 )(0n + Op—1 + - +60)—Zcb2k— 5 cb2n>

2

k=0

+3 $
n2 (6 + Ot + o+ 00) — ). b2k>
k=0

- (n+3)25k—22(k+1)5k=
k=0 k=0
= # of facets of D,

proving the assertion in (T) concerning the computation of ;.

To prove the last assertion in (T) we proceed as follows. The number of simple periodic Reeb
orbits of a non-degenerate toric contact form on a good toric contact manifold of dimension
2n+ 1 is given by the number of edges of its moment cone C' = R™*1. This is a strictly convex
rational good polyhedral cone of dimension n + 1 and so, in particular, the primitive integral
vectors that generate its edges span the whole R"*!, which implies that C has at least n + 1
edges.

If C = R™! has exactly n 4+ 1 edges, then it also has exactly n + 1 facets, each of them
being determined by n of the n + 1 edges, i.e.

+1
|facets| = (n ) =n+1.
n

Let v1,...Vp1 € Z™ ! be the primitive interior integral normals to those facets and consider
the map (3 : T — T™*! represented by the matrix [v1] - - |vp+1]. Then ker(3) is isomorphic
to the finite cyclic group Z,, with p = |det([v1]- - |[vn+1])|, and the toric contact manifold
determined by the cone C = R"*! is the lens space

SZn+1/Zp

where Z, acts linearly on $?"*! < C""! as the subgroup ker(3) < T"*1.

2

(n +1-— 2k‘)(5k

1=

k

Il
=}
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Case (PM) n (T) when [w] = ¢1(TB)

Following the argument in case (T), we give a quick proof of case (PM) in the toric case (i.e.
a prequantization of a toric symplectic manifold) when [w] = ¢1(T'B), using the combinatorial
description of HC, (M) described in [8]. Note that taking into account [8, Remark 7.12], when
M is the prequantization of a smooth basis B with r = 1, i.e. when the base polytope is
reflexive or equivalently when [w] = ¢1(T'B), we have that

8, = dim H?*(B; Q) = dim H2 " #)(B; Q) = 6,1

and
n 1 n n
= QL (n+ 1= 2k)dk = 5 (Z(n+ 1—2k)0, + ) (2k + 1—n)5n_k>
1 (¢ S .
=3 (2 25k> = Z dim H?*(B; Q) = dim H,(B; Q).
k=0 k=0
Case (U)

It is an immediate consequence of the fact that Ustilovsky spheres M of dimension 2n + 1
admit non-degenerate lacunary contact forms with precisely n + 1 closed orbits and the fact
M satisfies the hypotheses of Theorem 1 [53].

Case (PO)

In what follows, we will use the background about symplectic orbifolds presented in [40].
Here, we define a smooth prequantization of a symplectic orbifold (B?",w) as a contact
manifold (M?2"+1 ¢) with a contact form 3 such that ker B = £, the Reeb flow of 3 generates
a locally free circle action such that M/S! = B and df = n*w, where the quotient projection
m: M — B is viewed as a smooth orbifold map.

The definition of Hamiltonian vector fields works verbatim to orbifolds and given a Hamil-
tonian H : B — R that generates a circle action with isolated fixed points (given by the
critical points of H) we have that H is Morse and every critical point has even index [40,
Lemma 5.3]. Using the Morse theory for orbifolds developed in [40] (whose construction, as
already mentioned in [40], is a special case of Morse theory on stratified spaces [33]) we can
conclude that

dim Hy,(B; Q) = #Crity (H),

where Crity(H) is the set of critical points of H with index k. It is a consequence of the
relation

M(t) = P(t) = (1+1)Q(t)

proved in [40, Theorem 4.7], where M and P are the Morse and Poincaré polynomials respec-
tively and @) is a polynomial with nonnegative coefficients. It is standard in the case that
B is a manifold. However, there is a nuance when B is an orbifold: in this case, the Morse
polynomial for a Morse function H is given by

2n
M#)= > > dimHy(Dy, Sp; Q)tF,

peCrit(H) k=0
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where D), is the disk in the negative subspace V= of the Hessian of H at p and S, is
the corresponding sphere given by the boundary. Let I' be the orbifold group of p. If
I' = 0 then, as in the smooth case, dimHy(D,,S,;Q) is equal to 1 if k¥ = index,(H),
where index,(H) is the Morse index of H at p, and zero otherwise. As explained in [40],
if I' # 0 then dim Hy(D,/T", S,/I';Q) = 0 if k # index,(H ); whereas if k = index,(H) then
dim Hy (D,I", SpI'; Q) = 1 if I preserves the orientation of D, and is zero otherwise. However,
since the Hamiltonian flow of H generates an S'-action, one can take a compatible almost
complex structure on M invariant by this action and in this way we can conclude that V" is
a symplectic subspace. On the other hand, the linearized action of I' is symplectic and leaves
V" invariant. Consequently, it preserves the orientation of V= (cf. [40, Remark 5.4]).

Thus, the number of critical points of H is equal to the total rank of the rational homology
of B. Therefore, our desired result is a consequence of the following proposition.

Proposition 5. Assume that (B,w) admits a Hamiltonian circle action with isolated fized
points generated by H : B — R. There exists a non-degenerate lacunary contact form o on
M, with parity n (mod 2), such that the image of the simple orbits of a are the Reeb orbits
of B that project to the critical points of H. Moreover, HC, (M), given by the chain complex
associated to «, is periodic.

Proof. The proof proceeds similarly as in the case that B is smooth with some nuances. We
will use several ideas from [9] and [11, 12]; cf. [6] in the smooth case. Let Rz be the Reeb
vector field of 5. Fixed the contact form g, it is well known that given a positive smooth
function G : M — R (called a contact Hamiltonian) we have a contact vector field Xg
uniquely defined by the equations 5(Xg) = G and ix.df = dG(Rg)S — dG. Now, suppose

that G is invariant along the orbits of Rg so that G = 7*G, where G : B — R is a smooth
function. Then the equation ix,df = dG(Rg)B — dG reads as ix,dfB = —dG. We claim that
X¢ is the Reeb flow of ag := 8/G. As a matter of fact, aq(Xq) = f(Xg)/G =1 and

. . dg 1 dG  GdG

ZXGdOéG = ZXG (G _/8 A d(G)) = _? + F = 0.
We have that Xqg = GRg + X%, where X% is the horizontal lift of the Hamiltonian vector
field Xz to M (note that these constructions make sense in the orbifold setting). Indeed,

B(GRs + Xk) = B(GRs) = G
and
which are precisely the equations that define X¢ (note that the last equation follows from
the fact that df8 = m7*w and that ix_w = —dG).
The vector fields Rg and X commute. In fact,
B([Rs, Xcl) = Lr,(B(Xa)) — (Lry6)(Xa) = Lrs(B(Xe)) = Lr,G = dG(Rg) = 0,
which implies that [Rg, X¢] is horizontal. On the other hand,
dn([Rg, X¢]) = [dr(Rg), dm(Xg)] = 0.

Now, let H be the Hamiltonian that generates the circle action on B as in the statement of
the proposition. Assume, without loss of generality, that H is a positive function and that the
least common period of the orbits of Rg and X coincide and are equal to 1. Let H : M — R



62 MIGUEL ABREU AND LEONARDO MACARINI

be the lift of H, that is, H = 7*H. Since H is positive we clearly have a smooth function
[+ M — (—1,0), which is also invariant along the orbits of Rg, such that we can write

f

1+ f
Let Xy be the contact vector field associated to H as above. From our previous discussion,

Xy =HRg+ X}y and Xy = Rgp.

We claim that

R(l-i—f)ﬁ = Rﬁ + Xyg.
As we have seen, R, f)g = Y, where Y is the contact vector field associated to F' := 1/(1+ f)
uniquely characterized by the equations (note that dF'(Rg) = 0 since df (Rg) = 0)

B(Y)=F and iyd3 = —dF.

But
B(Rs + Xu) = B(Rg) + B(Xg)
. f _1+f_ f 1
1+f 1+f 14+f 1+f
=F
and

iRﬁ-‘rXHdB = ZXHdﬁ
=—dH
= —dF,
where the last equality follows from the fact that F' — H is constant equal to 1. This proves

the claim.
Now, let ¢ be a positive real number. We can easily see that

Je

cH = - T (8.14)
where
fom
1+ (1-of

Using the fact that Xy = HRg + X%, it is easy to see that the argument in the proof of
[9, Proposition 3.6] works verbatim to show that Xy generates a circle action with period 1.
Thus, since X.yg = cHRjg +CX% = ¢X g we have that it generates a circle action with minimal
common period 1/c. Hence Rg generates a circle action with minimal common period 1, X.g
generates a circle action with minimal common period 1/c and [Rg, X.g| = 0. Moreover,
these two vector fields are linearly independent except precisely at the fibres (i.e. the orbits
of Rg) over the critical points of H.
Recall that
R(1+fc)ﬁ = Rﬁ + Xem.

We have that if ¢ is irrational then the periodic orbits 7., of (1+ f.)3 are precisely the fibers
over the critical points p of H (cf. [9, Proposition 3.9]) and that all these orbits are elliptic.
Indeed, since Ry, )3 = Rg + Xcn. and the vector fields Rg and X .y commute, it is easy to
see that every closed orbit of R(y,y,.)5 is elliptic because every singularity of Xy is elliptic.
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Therefore, (1 + f.)B is lacunary with parity equal to n (mod 2) because every elliptic closed
orbit has index equal to n (mod 2). It is also easy to see that, choosing ¢ properly, (1+ f.)f is
non-degenerate as well (because one can choose ¢ such that, for every critical point p of H, all
eigenvalues of d¢(p) are of the form e?™ with § € R\Q, where ¢ is the time ¢/(cH(p) + 1)
map of the flow of X7). It proves the first assertion of the proposition.

In order to prove the second assertion, we have to compute the indices of the iterates of
Yep and for this we will use [11, 12]. First, note that the critical points of cH and f, coincide
since, by (8.14),

d(cH) = —diff.
(1+f.)?

The Hessians at a critical point p are related by

Hess ,cH = — 5 Hess ofe (8.15)

1
(1+ fo(p)
and consequently H is Morse if, and only if, so is f, for every c.

Since the Reeb flow generates a locally free circle action then, as a consequence of the slice
theorem, it is Morse-Bott in the sense of [11, 12]. Given T € R, let Ny be the submanifold
of M given by the union of the closed orbits of 8 with (not necessarily minimal) period T
Let St = n(Nr) be the corresponding orbit space in B. Note that B = S; and that each St
is an orbifold having as singularities the orbit spaces Sy such that 7" divides T'. Note that,
given a smooth function f: B — R, since it is a smooth orbifold map, for each critical point
p € St we have that the Hessian of f at p leaves T,,St invariant. Therefore, iff is Morse on
B, its restriction f|g, is Morse as well for every T'.

Let p be a critical point of H and 1, be the simple closed orbit of Rg whose image is the
fiber over p. Let T, be the period of v, so that p € St,. By the arguments from [11, Lemma
2.4] we can conclude that, given kg € N, one can choose ¢ sufficiently small such that

1. . —
(e ,) = prs(ir) — 5 dim Sk, + indexy(felsyr, ),

for every 1 < k < ko, where Rg(w];) is the Robbin-Salamon index of the k-th iterate of 1y,
fo: B — Ris the smooth function such that f. = 7*f, and index,(f.| Sr, ) is the Morse index
of the restriction 70|STP at p. Hence, by (8.15),

1. : —
u(’yf’p) = /LRs(d)l;) +3 dim Syr,, — indexy(H s, )- (8.16)

Since the lowest common period of the orbits of 5 is equal to 1, we can write T, = 1/m,,
for some integer m, > 1. Let T, = T, — cH(p)/(m, + cH(p)m;) be the action of 7. ,. The
hypothesis that g has index-positivity implies that given L > 0 there exists 1" > 0 such that
for every sufficiently small non-degenerate perturbation 3’ of 5 we have that every periodic
orbit of 5" with action bigger than T has index bigger than L. Thus, given T' > 0 there exist
0 > 0 and € > 0 small such that T + ¢ is outside the action spectrum of 8 and if ¢ € (0,4) is
irrational we have

1. , —
CC£+E(/B> = (‘B C—D A[* - (MRS(IM;) + B dim SkTp — lndeXP(H|SkTp )],
peCrit(H) keN; kT, <T

where the index shift above means that each orbit 7§,p contributes to CCLT¢(8") = CCI+¢(p3)
with a summand A in the degree ,LLRS(¢1§) + 2 dim Sgr, — indexp(ﬁ|skTp) due to (8.16).
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Now, the key point is that
1. . -
/LRs(@/JS) + B dim Sk, — 1ndexp(H]5kTp) = u(’yﬁ’;p) = n (mod 2)

because fyf,p is elliptic and therefore the differential in CCL*+¢(3) vanishes. Consequently,

1. . _
HCZ"‘E(/B) = @ @ A[* - (/LRS(@ZJS) + 5 dim SkTp — lndeXP(H|SkTp))]'
peCrit(H) keN; kT, <T

Remark 8.3. Note that, since 7!2 » is a small perturbation of @Z)]’;, we have that fysp is contractible
if and only if so is %’;. Therefore, if y Rs(qﬁ}’;) > 4 for every contractible Wlf we have that

1. . — 1.
M(’yép) = ,uRs(l/J];) + B dim Sk, — mdexp(H\skTp) > ,uRS(i/JS) ~3 dim Sy, >3 —n
and therefore, by index-positivity, (1 + f.)3 is index-admissible for ¢ sufficiently small.

Given p € Crit(H), let v = ups(p ) and note that v is an even positive integer that does
not depend on the choice of p that is equal to the Robbin-Salamon index of the generic orbit
(i.e. any simple orbit with period 1) of 3. Note that, given ¢ € N which is a multiple of m,,
MRS(7/1]1§+q) = MRS(%DS) + (g¢/mp)v. Moreover, clearly S(yqr1, = Skr,. Hence, given T' € N
there exist 6 > 0 and € > 0 small such that T + € is outside the action spectrum of 8 and if
ce€ (0,9) is irrational we have

T myp

1 . ) —
HC£+6(5) ~ @ @ @ Al+=— ((m —1Dv + MRS(@Z)S) + 5 dim Sy, — 1ndexp(H|5kTp))].
peCrit(H) m=1k=1

Using this, and the index-positivity of 3, we arrive at

oo Mp 1 -
HC.(M)== @ PP A[*—((m—l)u+u35(¢§)+§ dim Sk7, —index,(H|s,,, )], (8.17)
peCrit(H) m=1k=1
which implies clearly that HC, (M) is periodic. O

In what follows, we use the above computation and notation to prove the following result,
which is a particular consequence of Proposition 4. As in Proposition 4, it shows that HC (M)
exhibits a symmetry in sufficiently large degrees; cf. Remark 2.14. When M is a prequanti-
zation of an orbifold admitting a Hamiltonian circle action, as in case (PO), we provide an
alternative proof. (Note that, conjecturally, every closed contact manifold admitting a non-
degenerate lacunary contact form is a prequantization of this type.) This argument is entirely
different from that of Proposition 4 and instead follows the spirit of the proof of Proposition
3. The argument also relies on Poincaré duality on B, but is more involved than that of
Proposition 3, as it requires handling the orbit spaces Sir,. We recall that b; = dim HC;(M )
denotes the j-th contact Betti number.

Proposition 6. Let M be a prequantization of an orbifold as in case (PO) of Theorem 2.
Given an integer p = 0 there exists C > 0 such that if d = sv is bigger than C then
ba—j = ba+;

for every j € [—p,p], where, as above, v is the Robbin-Salamon index of the generic orbit of

B.
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Proof. Given p € Crit(H) and 1 < k < m,, set

1 . . —
dpp = 3 dim SkTp — 1ndexp(H|5kTp)).

Let
C = max max M + |d +
s o (s(U)] + ldiol) +
and take s big enough such that d := sv > C.
From (8.17) we have that, for any j > —p,
bas+j = Z #{1 <k <my; mv+ MRS(W;) +dip = d+ j, me Ny}
peCrit(H)
= Z #{1<k<mp (m—s)v+ MRS(¢§) + dip = j, m e No}
peCrit(H)
= Z #{1 <k <mp; mv + prs(VF) + diy = §, m > —s}
peCrit(H)
= > #HI<k <my; mv+ prs(PF) + dyp = 4, me Z}, (8.18)
peCrit(H)

where the last equality holds because —(s + i)v + ,uRs(z/J;f) + dy,p < —p for every i > 1.
Now, note that in (8.17) we can clearly replace H with —H and

1. . = L. : =
3 dim Syr, — 1ndexp(—H|ngp)) =—3 dim Skr, + 1ndexp(H|5kTp)).

(The replacement of a Morse function f with —f is essentially the way we prove Poincaré
duality using Morse theory.) Therefore,

bavi = Y, #{1<k<my mv+ prs(¢y) + dip = j, me Z}
peCrit(H)
= > #{ <k <my mv+ prs(Vh) — diy = j, me L}, (8.19)
peCrit(H)

Set k = my, — k, prs(¥)) = 0 and dop = —n + index,(H). The following lemmata will be
useful for us to prove the proposition.

Lemma 4. MRS(%’;) + MRSWE) =v.

Lemma 5. dj, = dEp'
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Let us prove the proposition assuming the lemmata. From (8.18),

bg—j = 2 #{1 <k <myp; mv+ MRS(W;) +dip =—Jj, meZ}
peCrit(H)

S #0 <k <my—1; my+ prs(h) +dy , = —j, me L}
peCrit(H)

Z #{L <k <my; (m+ 1) — prs(Yy) + dep = —j, me Z}
peCrit(H)

D, #U<k<my (m+ Dy —prs($f) — dip = —j, me Z}
peCrit(H)

>, #HI<k<my —(m+ 1)y — prs(¥y) — dip = —j, meZ}
peCrit(H)

DU #A<E<mp; (m+ v+ prs(Y)) + dip = §, m € L}
peCrit(H)

= bd-i-ja

for every j € [—p, p], where the second equality holds because

prs(Yp) =0 =v = prs(yYy”) (modv)

and dop = dp,, p, the third equation follows from Lemmas 4 and 5, the fourth hold by (8.19)
and the fifth is a simple consequence of the fact that we are summing over all m € Z. This
proves the desired result.

Proof of Lemma 4. The lemma is obvious when & = m,. So assume that m, > 1 and 1 <
k < my,. Let ® : R — Sp(2n) be the linearized Reeb flow of Rg along 1. For simplicity,
reparametrize ¢ taking ®(t) = ®(t/m,). Take 1 < k < m,, and set

Q(t) = (), te]|0,k]

and

Dy(t) = ®(t) o (k), te]0,k].
By the property of the concatenation of the Robbin-Salamon index [49] we have
v = prs(®[[o,m,]) = #rs(P2 * P1) = prs(P2) + prs(P1). (8.20)

where ®[[g ,,,] means the restriction of ® to the time interval [0,m,].
Note that

t+k), tel0,k]

where in the third equation we are using the fact that Id = ®(m,,) = ®(k + k) = ®(k) o ®(k).
Since the loop ®(k —t)~! + ®(t)~!, t € [0, k], is contractible, by the concatenation property,

prs(®(k — )71 = —prs(®() ") = prs(®(t), te[0,k],
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since prs(®(t) ™) = —prs(®(t)) [49]. So
1rs(P2(t)) = nrs(®(t)), te[0,k]

Therefore, since the index does not change under the reparametrization ¢ — t/my,

pns () = prs(®1(1)), 1< [0.F]
and
1irs (V) = nrs(®(t) = nrs(®2(t)), te[0,k].
Hence, we conclude from (8.20) the proof of the lemma. O
Proof of Lemma 5. Set Sg = B. We claim that
Skt, = S, (8.21)

which obviously implies the lemma. This is obvious when k£ = m,. So we can assume that
mp>1and 1 <k <m,.
First notice that

SkTp = S(z'mp+k)Tp Vi =0 (8.22)
since the common period of the orbits is 1 and 7}, = 1/m,,, and
SkTp (e SikTp Vi>1 (823)

since k divides ik.
To prove (8.21) we first show that Spr, © Skr,- We have that
SETP = S(mp*k)Tp
S S(my=1)(my=)Ty
= S(mp(mp_k_1)+k)Tp
= Skt
where the inclusion follows from (8.23) and the last equality holds by (8.22). To prove the

other direction SkTP c SET,, we proceed in a similar fashion:

Sk, CS( p—1)kT,

CQ

(mpk—Fk)Tp

= Sty (k=1)+my—k)T;,

= Stmp—01,

= PRTy
where, as before, the inclusion follows from (8.23) and the second to last equality holds by
(8.22). O

O

Case (VSH)

From [17] we conclude that

HCy (M) = @p=0Husn_op(W, W) = @ HV* 28 (W), (8.24)
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where the last isomorphism follows from Lefschetz duality (note that the dimension of W is
2n + 2 and that first sum is for & > 0 while the second is for k > 1). Let 3; = dim H/(W)
and, as before, b; = dim HC;(M).

By Lefschetz duality, 8; = 0 for every j > 2n + 2. Hence, from (8.24), b; = 0 for every
J<-n+1land bpni1 = Bon+1, b—ni2 = Bon, b—n+3 = Pan—1 + Bon+1, b—nia = Bon—2 +
Bonse-sbnt1 = Zje2N—1 ﬁja bpio = Zje2No Bj with by41 = bpy142k and bpyo = byyoq2x for
every k e N.

Thus, HC, (M) is periodic with P =n + 1 and A = 2. From (8.24) we also have that

(W)

X+ (M) = (-1) o (8.25)

Now, let us split the argument according to the parity of n.

Case 1. n is odd
In this case, we can take ¢ = n + 1 and, from the previous computations of b; and (M),
we have that ry; for p = 0 is given by

2(—qx+ (M) + > (-1)%b))

j=—
n+1
=2(=(n+ Dxp (M) + Y (=1)7b;)
j=—00
n+1
= (n+Dx(W)+2 >, (=1
j=-n+1
n+1 G +nt1)/2]
=n+1)x(W)+2 Z (—1) 2 Br—j+2is
j=—n+1 i=1

and
q

2(—qx+(M) + Z (_1)jbj) + 2bg+p — bg

j=—00
n+1 )
= 2(=(n+ Dx4 (M) + >} (=1)7b;) + bui
j=—o0
n+1 ]
=(n+xW)+2 > (~1bi+ > B
j=—n+1 jE2N—1
1 G+n1)/2]
=+ DxW)+2 > (=17 D Bajeat Y. B (8.26)
j=-—n+1 =1 je2N—-1

when p is even and > 2. Note here that we use the fact that p is even to conclude that
2bp114p — bpg1 = by since A = 2.

To illustrate the previous computation, consider the case that W is a ball of dimension
2n + 2 so that M = S§?"*1. Then Sy = 1 and 3; = 0 for every j # 0. Hence the first term in
(8.26) equals n + 1, the third term vanishes as well as the second term: n — j +2i = 0 <
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j=nm+2iandi>1 = j = n+ 2, contradicting the fact that j <n + 1. Thus, in this case
ry =n+ 1.

Case 2. n is even

In this case, we can take ¢ = n + 2 and, similarly as in the previous case, rs for any p odd
is given by
g .
2(gx+ (M) — Z (=1)7b5) + 2bg+p + bg

Jj=—0
n+2 ‘
=2((n +2)x+ (M) = > (=1)7b)) + 2bnys + by
j=—00
n+2
= (n+2)x(W) =2 D, (=1); + 2bni3 + bnyo
j=—n+1
n+2 ' [(G+n+1)/2]
=m+2x(W)—=2 > (=17 > Bagsz+2 D, Bi+ ), B (827)
j=—n+1 i=1 jeaN—1 j€2Np

where the first equality holds because b,,13 = by124, for any odd p since A = 2.

As before, let us illustrate this computation when W is a ball of dimension 2n + 2 so that
M = §?"*1 Then By = 1 and B; = 0 for every j # 0. Hence the first term in (8.27) equals
n + 2, the third vanishes, the fourth is equal to 1 and the second equals —2: n —j +2¢ =0
— j=n+2andi>1 < j=n+2. Since j < n+ 2, we have only the term j =n+2
counting. Thus, in thiscase ryy =n+2+1—-2=n+1.

9. FINAL QUESTIONS

To conclude this work, we pose some final questions. These questions concern four com-
plementary aspects of the common underlying picture: the number of simple closed orbits,
the underlying contact manifolds admitting Reeb flows with finitely many closed orbits, the
equivariant symplectic homology of such manifolds, and the rigidity of contact forms with
finitely many closed orbits.

To start with, as mentioned earlier, to the best of our knowledge, all currently known
examples of contact manifolds M admitting a contact form with finitely many simple periodic
orbits arise as prequantizations of orbifolds. Moreover, in these examples, the number of
periodic orbits coincides with dim H,(M/S%; Q).

Question 1: Is it true that any closed contact manifold admitting a contact form with finitely
many simple periodic orbits is necessarily a prequantization M of an orbifold? Furthermore,
in this case, is the minimal number of periodic orbits equal to dim H, (M /S*; Q)?

We conjecture that both questions have positive answers. The results of the present work
provide evidence for the second part. Both questions are known to be true in dimension three
under the additional assumption that the first Chern class of the contact structure is torsion
[21, 22]. In higher dimensions, the expected lower bound was established for dynamically
convex contact forms on $?*! in [18].

As discussed in the introduction, the work [36] (cf. [46]) shows that if the linearized contact
homology of M is unbounded, then every contact form on M admits infinitely many closed
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orbits. As shown in [17], linearized contact homology is isomorphic to positive equivariant
symplectic homology whenever the former is well-defined. Therefore, hypothetically, if a
contact manifold admits a contact form with finitely many closed orbits, then HC, (M) must
be bounded. While there are several examples of such manifolds, in all cases known to us
HC, (M) is periodic in the sense of Definition 1.

Question 2: Is it true that every homologically bounded contact manifold has periodic
positive equivariant symplectic homology?

We also conjecture that the answer is positive, although we are not aware of any results
that directly support this claim.

To conclude this section, we pose a question in the spirit of the contact Hofer—Zehnder
conjecture [18]. Essentially, this conjecture suggests a dichotomy: either the number of
periodic orbits is minimal, in the sense that it is somehow forced by the homology, or there
exist infinitely many periodic orbits. As emphasized throughout this paper, all currently
known examples of contact forms with finitely many closed orbits are non-degenerate and
lacunary. In this work, we proved that, under suitable assumptions, the number of closed
orbits of such contact forms is a contact invariant and provides a lower bound for general
non-degenerate contact forms « satisfying weak index conditions. Moreover, this bound is
attained if and only if « is lacunary. This leads to the following question, closely related to
Question 1.

Question 3: Let M be a prequantization of an orbifold. Is it true that every contact form
on M has either dim H,(M/S'; Q) or infinitely many closed orbits? Furthermore, is it true
that any contact form on M with finitely many closed orbits is necessarily non-degenerate
and lacunary?

By the results of this work, a positive answer to the second part would imply a positive
answer to the first, at least when HC, (M) is periodic (a property expected to hold in general,
although this remains unknown). Conversely, a positive answer to the first part would imply
a positive answer to the second, at least for non-degenerate contact forms satisfying the weak
index assumptions of Theorem 1. Both statements are known to hold in dimension three
under the additional assumption that the first Chern class of the contact structure is torsion
[21, 22]. In higher dimensions, they were established in [18] for non-degenerate dynamically
convex contact forms on S?"*! that are invariant under the antipodal map.
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