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Abstract. We review some recent results on the problem of the choice of

polarization in geometric quantization. Specifically, we describe the general

philosophy, developed by the author and collaborators, of treating real polar-

izations as limits of degenerating families of holomorphic polarizations. We first

review briefly the general framework of geometric quantization, with a partic-

ular focus on the problem of the dependence of quantization on the choice of

polarization. The problem of quantization in real polarizations is emphasized.

We then describe the relation between quantization in real and Kähler polariza-

tions in some families of symplectic manifolds, that can be explicitly quantized

and that constitute an important class of examples: cotangent bundles of Lie

groups, abelian varieties and toric varieties. Applications to theta functions

and moduli spaces of vector bundles on curves are also reviewed.
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1. Introduction

Quantum theory has been a major source of rich mathematical ideas ever since

the early XXth century (see [Hal5] for a recent textbook written for mathemati-

cians). Mathematically speaking, the problem of quantization is realized in terms

of a symplectic manifold (X,ω), which plays the role of classical phase space. Re-

call that the space of real valued smooth functions on X, C∞(X), is equipped with

a Lie algebra structure given by the Poisson bracket {, } : C∞(X) × C∞(X) →
C∞(X),

{f, g} = ω(Xf , Xg), f, g ∈ C∞(X),

where Xf is the hamiltonian vector field associated to f and defined by iXfω = df .

The quantization of (X,ω) would correspond to a linear map q : C∞(X) →
Op(H), from the space of smooth functions on the classical phase space to the

space of linear operators on some Hilbert space of “quantum states”, H. Ideally,

this map should satisfy some natural requirements (see, for example, Section 2 of

[Ki]):

i) q(1) = idH
ii) q({f, g}) = i

~ [q(f), q(g)]

iii) q(f) = q(f)†

iv) If {f1, . . . , fm} is a complete set in C∞(X) (that is {g, fj} = 0, j = 1, . . . ,m

implies g is constant) then {q(f1), . . . , q(fm)} is also complete (that is

[A, q(fj)] = 0, j = 1, . . . ,m implies A = λ idH for some λ ∈ C),

where ~ is Planck’s constant. Condition iv) corresponds to the irreducibility of

the representation H.

Suppose that ω = dθ is exact. (This happens, for example, in the important

case when X = T ∗M , θ is the canonical one-form and ω the canonical symplectic

form.) Then, for f ∈ C∞(X),

(1) q(f) = f +
~
i
Xf − θ(Xf ),
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acting on L2(X, ω
n

n!
), satisfies i), ii), iii), but not iv). For example, for X = R2n ∼=

T ∗Rn, with canonical symplectic form ω =
∑n

i=1 dp
i∧dxi, one has θ =

∑n
i=1 p

idxi

and q(xi) = xi + ~
i
∂
∂pi
, q(pi) = − ∂

∂xi
. Then, the operators ∂

∂pj
commute with

q(xi), q(pi), i = 1, . . . , n and one does not have irreducibility. Still for this simplest,

paradigmatic, example, one can show that given q(xi), q(pi), i = 1, . . . , n, obeying

canonical commutation relations,

[q(xi), q(xj)] = 0, [q(pi), q(pj)] = 0, [q(xi), q(pj)] = i~δij, i, j = 1, . . . , n,

there is no linear quantization map q : C∞(X)→ Op(H) such that

q(1) = idH, q(fg) =
1

2
(q(f)q(g) + q(g)q(f)), [q(f), q(g)] = −i~q({f, g}).

(See, for example, Section 4 of [Got] and references therein.)

Therefore, the general problem of quantization does not have a solution if one

imposes all of these requirements. However, the ideas of quantization still lead

to many interesting mathematical topics and problems. For instance, in deforma-

tion quantization, condition ii) is relaxed and is imposed only asymptotically as

~ → 0 (this is the semi-classical limit). One is then faced with associative (non-

commutative) algebras whose product is a deformation of the ordinary pointwise

multiplication of functions in C∞(X). In another approach, one can consider

Berezin-Toeplitz quantization (see, for example, [BMS, Sc, Hal4]) where condition

ii) is also valid asymptotically in the semi-classical limit (here meaning quanti-

zation of (X, kω), k ∈ N, k → ∞), and realized in terms of Toeplitz operators

acting on holomorphic sections of the prequantum bundle (see Section 2).

Geometric quantization is a general geometric framework in which issues related

to the quantization of a symplectic manifold can be addressed. In particular, it

gives a generalization of (1). Of course, as already mentioned, geometric quan-

tization cannot give rise to a quantization map as described above. However,

it does lead to spaces of quantum states H of rich geometric flavour and to an

arena where ideas of symplectic, algebraic and complex geometry (and also some

analysis) interact very strongly. If one wants, one can regard quantization as an

excuse for the study of this rich geometry. In the following we will set ~ = 1. The

bibliography gives an indicative, but by no means exhaustive, list of references.

2. Geometric Quantization

2.1. General set up. Let (X,ω) be a symplectic manifold. It is said to be quan-

tizable if there exists a hermitian complex line bundle L → X with compatible

connection ∇ of curvature −iω. This is the case if ω is exact, which occurs for

cotangent bundles with canonical symplectic structure, or, in the case when X is

compact, if [ω]
2π
∈ H2(X,Z). Let h denote the hermitian structure on L. One calls

(L,∇, h) the prequantization data.

For f ∈ C∞(X), equation (1) is then generalized to

f → f − i∇Xf ,
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where this operator acts on the space of smooth sections of L, C∞(L), and extends

to a self-adjoint operator on ΓL2(L, ω
n

n!
). As we have seen, however, this will

not satisfy the irreducibility requirement. In order to define a smaller space of

quantum states, with the usual Schrödinger quantization serving as a guide, the

concept of polarization is introduced. A polarization P of (X,ω) is an integrable,

Lagrangian distribution in TX ⊗ C.

We will be mainly interested in two cases:

• P is a real polarization if P̄ = P . In this case, X is foliated by the

Lagrangian leaves of P . Often this defines a (possibly singular) Lagrangian

fibration of X.

• P is a Kähler polarization (which sometimes we will just call a holomorphic

polarization) if P̄ ∩ P = {0} and if the hermitian form

iω(·, ·) : P̄ × P → C∞C (X)

is positive definite1. In this case, there are local complex coordinates

{zi}i=1,...,n such that P is spanned pointwise by {∂/∂zi}i=1,...,n. The (0, 1)-

piece of the connection ∇ then defines an holomorphic structure on L.

A section s ∈ C∞(L) is said to be P-polarized if it is covariantly constant along

P̄ , ∇P̄s = 0. The Hilbert space of quantum states associated to the polarization

P could then be defined by the L2 closure of the space of polarized sections:

(2) HP = {s ∈ ΓL2(L,
ωn

n!
) : ∇P̄s = 0}.

However, the space of quantum states is often taken to be “corrected by half-

forms”. (For example, in the noncompact case, the space in (2) could be trivial

for a real polarization. The half-form correction allows one to integrate along

the space of leaves of the polarization, instead of integrating over X, in order to

obtain states with finite L2-norm.) We will comment on the half-form correction

below.

When P is a Kähler polarization, HP = H0
L2(X,L) is the space of (finite norm)

holomorphic sections of L. This is an object of great interest in algebraic and

complex geometries. If X is compact then HP will be finite-dimensional. If

k ∈ N, the quantization of (X, kω) is called quantization at level k and is given

by H0
L2(X,Lk).

When P is a real polarization the quantum states have quite a different flavour.

Here, HP is given by sections of the prequantum bundle which are covariantly

constant along the leaves of P . Since these are Lagrangian, ∇ is flat along such

leaves and there are no local obstructions to the existence of covariantly constant

sections. However, global obstructions may occur. Covariantly constant sections

can only be supported along leaves where∇ has trivial holonomy. These are called

Bohr-Sommerfeld leaves.

1This is consistent with the definition of HP in (2) below, in the sense that for a “positive”
Kähler polarization P there will be nonzero holomorphic sections of L, and HP = H0

L2(X,L).
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In the compact case and for sufficiently nice polarizations, an open dense subset

of X will be fibered by Arnold-Liouville tori. Only a finite number of these will

satisfy the Bohr-Sommerfeld condition and the equations of covariant constancy

will therefore admit no smooth solutions. The author and collaborators have

considered, in different classes of examples, a weak version of these equations

and have studied their distributional solutions. The space of quantum states in

this case will be a finite-dimensional space of distributional sections of L. We note

that a theorem of Śniatycki for the case of non-singular fibrations, see [Sn2], shows

that the cohomology of the sheaf of smooth covariantly constant local sections,

is concentrated in mid dimension and has rank given precisely by the number

of Bohr-Sommerfeld fibers. In our approach, due to the fact that we consider

the sheaf of distributional solutions of L, the quantum states appear already in

degree zero cohomology. Of course, this allows for a more direct relation with

the holomorphic polarizations, where also H0 appears, and opens the door to

the study of the degeneration of holomorphic sections into distributional ones.

Also, note that in [BFMN], where toric varieties were considered, one deals with

singular Lagrangian fibrations. The general definition of quantization in singular

real polarizations remains an open problem. For a non-toric example see [HM].

2.2. Weak equations of covariant constancy. Assume, for simplicity, that

X is compact.2 In order to consider distributional solutions to the equations of

covariant constancy, one takes the injection ι : C∞(L) ↪→ C−∞(L) = (C∞(L−1))′

given by

s 7→ ιs(φ) =

∫
X

sφ
ωn

n!
, φ ∈ C∞(L−1).

Given the prequantum connection ∇ and a section ξ ∈ P we define the operator

∇′
ξ̄

to act on C−∞(L) by demanding that its action commutes, via the injection

ι, with the action of ∇ξ̄ on C∞(L). This gives,

(3) (∇′ξ̄σ)(φ) = −σ(div ξφ+∇−1
ξ̄
φ), σ ∈ C−∞(L), φ ∈ C∞(L−1),

where ∇−1 is the connection induced on L−1 by ∇.

Weakly covariant constant sections are then in the intersection of the kernels

of the operators ∇′
ξ̄

for all sections ξ of P .

Note that when P is a Kähler polarization, the weak solutions to the equations

of covariant constancy are just the holomorphic sections of L, due to the regularity

of the Cauchy-Riemann equations (see Chapter 6 of [Gun]).

2.3. The half-form correction. The process of geometric quantization described

above can only rarely be implemented explicitly. To begin with, real polarizations

and interesting families of Kähler strutures can be hard to find or to describe ex-

plicitly. Also, in the noncompact case and for a real polarization, one would like

the inner product in HP to be given by integration along the space of leaves of the

Lagrangian foliation defined by P , since the sections will be covariantly constant

2Otherwise, just take test sections with compact support.
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along the (possibly noncompact) leaves. But a natural measure on the space of

leaves would need to be introduced. Also, even in the compact case, particular

care needs to be taken in the definition of the inner product since the sections

will be distributional in nature. On the other hand, if one succeeds in quantiz-

ing (X,ω) in two different polarizations P ,P ′, then one would also like to find a

natural (preferably unitary) pairing map between the Hilbert spaces of quantum

states HP ,HP ′ , making these quantizations equivalent. In the classes of examples

where geometric quantization can be performed a (at least partial) solution to

some of these problems is achieved by the so-called half-form correction. (See, for

example, Chapter 10 of [Wo], Section 4 of [Ki], Chapters 4 and 5 of [Sn1] and

Chapter 23 of [Hal5]).

In the paradigmatic case (X = R2n, ω =
∑n

i=1 dp
i ∧ dxi), for the so-called

Schrödinger polarization PSch spanned pointwise by { ∂
∂pi
}i=1,...n, half-form quan-

tization produces quantum states of the form

ψ(x1, . . . , xn)
√
dx1 ∧ · · · ∧ dxn,

so that the inner product of two of these states becomes the ordinary inner product

in L2(Rn, dx),

〈ψ1, ψ2〉 =

∫
Rn
ψ1(x)ψ̄2(x)dx,

where dx = dx1 ∧ · · · ∧ dxn. In the compact case, real polarizations are often

singular, that is the corresponding Lagrangian foliation of X will contain singular

leaves, so that the definition of half-forms may become problematic at the sin-

gular set. In the present review, as described below, we will describe instances

of quantization in real polarizations viewed as (degenerate) limits of holomorphic

polarizations. For holomorphic polarizations, by contrast with general real polar-

izations, the definition of half-forms can be given clearly in terms of the canonical

bundle.

If P is a Kähler polarization, let KJ be the canonical bundle of X associated

to the complex structure J defining P . Suppose that KJ admits a square root

δJ → X, that is δ⊗2
J
∼= KJ . Lie derivation along P provides a partial connection

∇KJ on KJ . Then ∇⊗ 1 + 1⊗ 1
2
∇KJ defines a partial connection on L⊗ δJ . The

(half-form corrected) space of quantum states is then defined to be

HP = H0
L2(X,L⊗ δJ).

Note that, in general for the compact case, dimH0(X,L⊗ δJ) 6= dimH0(X,L).

Let P ,P ′ be two Kähler polarizations, associated to two complex structures

J, J ′ on X, so that KJ , KJ ′ admit square roots δJ , δJ ′ . There is a natural pairing3

H0(X, δJ)×H0(X, δJ ′)→ C∞C (X),

(4) (ν, ν ′) =

√
ν2 ∧ ν̄ ′2

(2i)n(−1)n(n+1)ωn/n!
, ν ∈ C∞(δJ), ν ′ ∈ C∞(δJ ′).

3For P = P ′ we can choose the plus sign of the square root and a consistent sign can be chosen,
for instance, if the complex structures vary on a simply connected space.
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The Blattner-Kostant-Sternberg (BKS) pairing between HP and HP ′ is then

defined by

〈s⊗ ν, s′ ⊗ ν ′〉 =

∫
X

h(s, s′)(ν, ν ′)
ωn

n!
,

for s⊗ ν ∈ HP , s′⊗ ν ′ ∈ HP ′ , where h is the hermitian structure on L. When this

pairing is nondegenerate, it gives rise to a BKS pairing map, BPP ′ : HP ′ → HP . It

is an important question in general to determine whether these maps are unitary

and whether they are transitive, that is whether BPP ′ ◦BP ′P ′′ = BPP ′′ .

When (X,ω) is compact and Kähler and P is the holomorphic polarization

associated to the complex structure J , the square of (4) defines the hermitian

structure on KJ determined by the Kähler Riemannian metric on X. In this case,

∇KJ is the Chern-Levi-Civita connection on KJ and its curvature is iρJ , where

ρJ = Ric(J ·, ·) is the Ricci form, with c1(X) = −c1(KJ) = −[ρJ
2π

] ∈ H2(X,Z).

In the following sections, the half-form correction plays a crucial role in the

definition of quantization in real polarizations. On one hand, it ensures the nice

convergence of holomorphic sections to distributional ones. On the other hand, it

provides a natural definition of the inner product on the space of states for certain

real polarizations obtained by degeneration of holomorphic ones.

2.4. Degeneration of complex structures. Some interesting classes of sym-

plectic manifolds can be explicitly quantized in both real and Kähler polarizations.

One unifying principle that seems to be very interesting to adopt in the study of

these examples, is to view real polarizations as limits of degenerating Kähler po-

larizations. (For earlier work on this idea, wih a focus on the counting of the

dimension of the space of quantum states, see [An].) Of course, finding a nice

workable family of Kähler polarizations that degenerate to a given interesting real

polarization is very hard in general. However, for some interesting families of

symplectic manifolds, namely cotangent bundles of Lie groups, Abelian varieties

and toric varieties this turns out to be possible. These examples will be detailed

in the next sections.

For these examples, one can actually follow the behavior of the holomorphic

sections of L along the degeneration and study their convergence to distributional

sections. For cotangent bundles of Lie groups and for Abelian varieties, the de-

generation process can be described analytically in a very nice way, in terms of

the so-called coherent state transform for Lie groups of Hall [Hal1, Hal2, Hal3].

In all of these examples, and also for the flat case X = R2n (see Section 9.9

and Chapter 10 of [Wo], Chapter 22 of [Hal5] and [KW]), the inclusion of the

half-form correction turns out to be crucial in ensuring the correct behavior of

the sections as the complex structure degenerates. Moreover, one can study the

unitarity (or lack of unitarity) of the BKS pairing maps relating quantizations

in different polarizations whithin the families considered. Note that unitarity of

the BKS pairing maps is to be expected only in special examples. For example,

it does not hold for different quantizations of symplectic toric manifolds [KMN].

For earlier examples, see also [R].
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The inclusion of the half-form correction is not always straightforward, however.

For instance, the hermitian structure on the space of half-forms degenerates when

applied to a real polarization. The family of degenerating complex structures then

proves crucial in the definition of a natural hermitian structure on the space of

quantum states for the real polarization. (See, for example, [FMMN1, FMMN2,

BMN].) In [KMN], the degenerating family is also instrumental in defining the

half-form corrected connection on L⊗ δ for the toric real polarization.

In nice examples, like the ones that will be studied in the following sections,

there is explicit control over a family of complex structures J , where some points

on the boundary of J correspond to real polarizations. Collecting the Hilbert

spaces of quantum states for all J ∈ J then gives a bundle of Hilbert spaces

H → J . The question of the transivity of the BKS pairing maps can then be

formulated in terms of the relation of these maps to the parallel transport of

a flat, or projectively flat, connection on H. The unitarity of this connection,

corresponding to the unitarity of the BKS pairing maps, would then correspond

to the equivalence of quantizations in the different polarizations parametrized by

J .

3. Cotangent Bundles of Lie Groups

The results in this Section are mostly contained in [FMMN1, FMMN2]. Cotan-

gent bundles of Lie groups are a source for other families of interesting examples.

When we take (C∗)n ∼= T ∗Tn, taking a quotient by an appropriate lattice produces

an abelian variety whose quantization leads to theta functions (Section 4). On the

other hand, (C∗)n also plays the role of the open dense orbit in a toric manifold

(Section 5).

3.1. The coherent state transform for Lie groups. A very interesting rela-

tion between functions on a Lie group K of compact type (a product of Rk ×H
where H is compact, semi-simple) and certain functions on its complexification

KC has been described by Hall in [Hal1, Hal2, Hal3]. Let K be equipped with a

bi-invariant metric with (negative definite) Laplacian ∆. Let ρt, t > 0 be the heat

kernel on K, for the heat equation ∂u
∂t

= 1
2
∆u. Hall proves that ρt has a unique

analytic continuation to KC, also denoted by ρt.

The AdK-invariant inner product 〈·, ·〉, on LieK defines a real valued AdK-

invariant inner product on LieKC = LieK⊗C = LieK⊕ iLieK, by 〈A+ iB,A′+

iB′〉 = 〈A,A′〉+〈B,B′〉. Let ∆̃ be the Laplace operator associated to the resulting

K-bi-invariant and left KC-invariant metric on KC and let µt be its heat kernel.

The averaged heat kernel νt ∈ C∞(KC) is then defined by

νt(g) =

∫
K

µt(xg)dx,

where dx is the Haar measure on K. This function has gaussian decay along the

fibers of T ∗K ∼= KC. Let C denote analytic continuation from K to KC. Consider
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the following map, for t > 0, which is called the coherent state transform (CST),

Ct : L2(K, dx) → HL2(KC, dνt)

f 7→ Ct(f) = C ◦ e
t
2

∆f,

where HL2(KC, dνt) denotes the space of holomorphic functions on KC which are

L2 with respect to the measure dνt = νtdg. Hall proves:

Theorem 3.1 (Hall, [Hal1]). For all t > 0, Ct is a unitary isomorphism of Hilbert

spaces.

As will be described in the following, the CST plays an important role in quanti-

zation. In the context of Lie groups it is an explicit analytical tool that transforms

“real data” into “holomorphic data”, while preserving unitarity. For more general

cotangent bundles a similar role is played by the FBI transform of [LGS] which,

however, in general does not have the nice properties of the CST.

3.2. Quantization of T ∗K. In [Hal3], Hall related the quantization of T ∗K to

the CST. Let dimK = n and {X i}1,...,n be an orthonormal basis of left invari-

ant vector fields on K and let {yi}i=1,...,n be the corresponding coordinates on

(LieK)∗ ∼= LieK. Let {wi}i=1,...,n be the basis of left-invariant 1-forms on K dual

to the vector fields X i. We will denote also by wi their pull-backs to T ∗K by the

canonical projection. Consider the symplectic structure on T ∗K given by

ω = −dθ,

where θ =
∑n

i=1 y
iwi is the canonical 1-form. The diffeomorphism

T ∗K ∼= K × LieK → KC

(x, Y ) 7→ xeiY

can be used to pull-back the canonical complex structure from KC to T ∗K, so

that (T ∗K,ω) becomes a Kähler manifold. The prequantum bundle is the trivial

bundle T ∗K × C, so that its sections are just functions on T ∗K. The half-form

quantization of T ∗K in the vertical polarization

P0 = 〈 ∂
∂yi

, i = 1, . . . , n〉C

then produces

H0 = {f ⊗
√
dx, f ∈ L2(K, dx)} ∼= L2(K, dx),

where dx = w1∧· · ·∧wn,
√
dx represents a half-form whose square is dx, and where

we denote the pull-back of f ∈ L2(K, dx) to T ∗K also by f . In the following, for

simplicity, we will omit the symbol ⊗ and will write simply f
√
dx whenever we

are considering the tensor product with half-forms.

Hall has studied the quantization of T ∗K in the Kähler polarization, to find the

Hilbert space of quantum states

H1 = {σ = F (xeiY )e−
|Y |2

2

√
dZ, F holomorphic, 〈σ, σ〉 <∞},
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where dZ is the trivializing section of the canonical bundle of T ∗K, obtained

by wedging a basis of holomorphic 1-forms on T ∗K obtained by pull-back of

holomorphic left KC-invariant 1-forms on KC.

One has the isomorphism of Hilbert spaces

H1
∼= HL2(KC, dν1)

F (xeiY )e−
|Y |2

2

√
dZ 7→ F (xeiY ).

Hall proves:

Theorem 3.2. [Hal3] The BKS pairing map H0 → H1 coincides with the CST

up to a multiplicative constant.

Therefore, the quantizations of T ∗K in the vertical real polarization and in

the holomorphic polarization are related by the CST. That is, holomorphically

polarized states are essentially obtained by applying the heat operator to an L2

function on K followed by analytic continuation to T ∗K. Of course, we are free to

rescale the inner product in H0 by the appropriate constant to obtain unitarity.

However, this procedure seems ad hoc unless there is some justification for it. In

fact, this justification is provided by a continuous family of Kähler structures on

T ∗K whose holomorphic polarizations degenerate to the vertical one.

3.3. A family of equivalent quantizations of T ∗K. Consider the following

one-parameter family of diffeomorphisms, for s > 0,

T ∗K ∼= K × LieK ψs→ KC

(x, Y ) 7→ xeisY

Let Js denote the complex structure on T ∗K obtained by pull-back of the canonical

complex struture on KC by ψs. Then, Js is still compatible with ω and one obtains

a one-parameter family of Kähler structures on T ∗K labeled by s. Let Ωs be the

corresponding trivializing section of the canonical bundle of T ∗K. Let Ps, s > 0

be the Kähler polarization of T ∗K associated to Js.

Proposition 3.3. [FMMN1] One has lims→0Ps = P0, pointwise in the Grass-

mannian of Lagrangian subspaces on T ∗K.

and

Theorem 3.4. [FMMN1] The Hilbert space of quantum states for the half-form

quantization of T ∗K in the polarization Ps, s > 0 is

(5) Hs = {σs = F (xeisY )e−s
|Y |2

2

√
Ωs, F holomorphic, 〈σs, σs〉 <∞}.

As before, there is an isomorphism of Hilbert spaces

Hs
∼= HL2(KC, dνs)

F (xeisY )e−s
|Y |2

2

√
Ωs 7→ F (xeisY ).
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Let s, s′ > 0, F ∈ HL2(KC, dνs), F
′ ∈ HL2(KC, dνs′) where F = Cs(f) and

F ′ = Cs′(f
′), f, f ′ ∈ L2(K, dx). Let σs ∈ H′s, σs′ ∈ Hs′ be given by

σs = F (xeisY )e−s
|Y |2

2

√
Ωs

σ′s′ = F ′(xeis
′Y )e−s

′ |Y |2
2

√
Ωs′ .

We then have

Theorem 3.5. [FMMN2] The BKS pairing between Hs,Hs′ , s, s
′ > 0 is given by

(6) 〈σs, σ′s′〉 = a s+s′
2
〈f, f ′〉L2(K,dx),

where as = π
n
2 es|ρ

2| and ρ is the Weyl vector given by half the sum of the positive

roots of LieK. (If K is abelian one can set ρ = 0.)

The BKS pairing between the vertically polarized Hilbert space H0 and Hs,

s > 0, is obtained by taking the s′ → 0 limit of the right hand side of (6).

Let the quantum bundle, H → R+ be the bundle of Hilbert spaces with fiber

Hs over s > 0. We can extend this bundle to R+
0 by including the fiber H0 over

s = 0, representing the vertical polarization. Since a0 = π
n
2 , we see that Theorem

3.5 suggests that we rescale the inner product in H0 by a factor of π
n
2 in order to

obtain a continuous hermitian structure on the extended bundle H̄ → R+
0 . Let us

redefine the inner product in H0 in this way.

Consider the unitary isomorphisms, for s > 0,

Ss : HL2(KC, dνs) → Hs

F 7→ Fa
− 1

2
s e−s

|Y |2
2

√
Ωs.

Unitarity of the CST and the fact that
√
asas′ = a s+s′

2
then imply

Theorem 3.6. [FMMN2] For s, s′ ≥ 0 the BKS pairing map Bss′ : Hs′ → Hs is

unitary and for s, s′ > 0 it is given by Bss′ = Ss ◦ Cs ◦ C−1
s′ ◦ S

−1
s′ .

Therefore, we have a one-parameter family of equivalent holomorphic quan-

tizations of T ∗K which are connected, and are also unitarily equivalent, to the

Schrödinger quantization in the vertical polarization. Moreover, essentially, the

holomorphically polarized sections are generated from vertically polarized ones by

applying the CST.

3.4. The connection on the quantum bundle. Let ηs → T ∗K be the half-

form bundle for the complex structure Js, which has trivializing section
√

Ωs. Let

L = T ∗K × C be the trivial bundle. Elements of the space of smooth sections of

L⊗ηs → T ∗K, C∞(L⊗ηs), are then of the form σs = f
√

Ωs, where f ∈ C∞(T ∗K).

Let

Vs = {σs ∈ C∞(L⊗ ηs), 〈σs, σs〉 <∞}.
The “prequantum” bundle HpQ → R+ is the bundle of Hilbert spaces with fiber

over s > 0 given by the norm completion of Vs, HpQ
s = V̄s. One defines a
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smooth structure on HpQ by declaring that the sections of the form f√
|Ωs|

√
Ωs, f ∈

C∞(T ∗K) are smooth. Note that these sections have s-independent norm.

A hermitian connection δ on HpQ is defined by letting

δ

(
f√
|Ωs|

√
Ωs

)
= 0,

for all f ∈ L2(T ∗K, ω
n

n!
).

From (5), we see that the quantum bundleH of the previous Section is a Hilbert

sub-bundle of HpQ. One can therefore define a hermitian connection on H, δQ by

setting δQ = P ◦δ, where P denotes the fiberwise orthogonal projectionHpQ → H.

The BKS pairing on H also defines a hermitian connection δBKS by

(7) 〈σs, δBKS∂
∂s

σ′s′〉 =
∂

∂s′

∣∣∣∣
s=s′
〈σs, σ′s′〉

where σs ∈ Hs, σ
′
s′ ∈ Hs′ .

From the definitions there follows,

Theorem 3.7. [FMMN2] The connections δQ and δBKS on H are equal. More-

over, the parallel transport between two fibers of H defined by δQ coincides with

the corresponding BKS pairing map.

Note that different pairings defined on H can define the same connection δQ

via (7). In general, the parallel transport for that connection will therefore not

coincide with the pairing one starts with. It is remarkable that in this case the

parallel transport of the connection defined by the BKS pairing is given by the

BKS pairing maps. This is reflected in the fact that the BKS pairing maps in

Theorem 3.6 are transitive, that is, Bss′ ◦Bs′s′′ = Bss′′ for all s, s′, s′′ ≥ 0.

Finally, let us note that horizontal sections of H satisfy a heat equation. Let

∆C be the quadratic Casimir operator on KC and consider a section of H of the

form σ(s) = F (s, xeisY )a
− 1

2
s e−s

|Y |2
2

√
Ωs, where F is holomorphic in the variable

xeisY .

Theorem 3.8. [FMMN1] δQ∂
∂s

σ = 0 iff

∂F

∂s
=

1

4
∆CF.

That is, the connection form for δQ takes the form of a second order differential

operator along the fibers of H. This is in close analogy with the form of the

stress energy tensor in certain conformal field theories (through the Sugawara

construction), as described in [AdPW, Hi], and to the heat equation satisfied by

theta functions to which we now turn our attention.

4. Abelian Varieties

The results in this section are mostly contained in [FMN1, FMN2, BMN]. Let

Λ ⊂ Z2g be a maximal rank lattice such that X = Cg/Λ is an abelian variety,
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that is a complex torus that can be holomorphically embedded in projective space.

Assume that X is principally polarized so that for a convenient choice of basis one

has Λ = Zg⊕ΩZg, where the (symmetric) period matrix Ω satisfies Im Ω > 0, that

is Ω ∈ Hg where Hg is the Siegel upper half-space. Then, one has X = (C∗)g/ΩZg
where (C∗)g ∼= Cg/Zg.

Classical theta functions on X are holomorphic sections of holomorphic line

bundles on X. The following sequence of maps

(8) U(1)g ↪→ (C∗)g → X

allows one to pull-back such sections to the Stein space (C∗)g where they become

holomorphic functions with appropriate quasi-periodicity conditions. This is the

classical description of theta functions. It is interesting to note, however, that

(C∗)g is the complexification of the compact Lie group U(1)g. It turns out that

theta functions are in the image of an extension of the CST to an appropriate

space of distributions on U(1)g. More importantly, the natural inner product4 on

the space of theta functions can also be described very naturally in terms of the

analytical ingredients of the CST.

4.1. Theta functions and the CST. Let Λ = Zg ⊕ ΩZg, with generators

{λi, λi+g =
∑g

j=1 Ωjiλj}i=1,...,g, and let L → X be the holomorphic line bundle

defined by the automorphy factors

eλi(z) = 1, eλi+g(z) = e−2πizi−πiΩii , z ∈ Cg, i = 1, . . . , g.

Holomorphic sections of L are identified with functions on Cg that satisfy the

quasi-periocidity conditions

(9) θ(z + λi,Ω) = θ(z,Ω), θ(z + λg+i,Ω) = e−2πizi−πiΩiiθ(z,Ω),

for z ∈ Cg, i = 1, . . . , g.

Note that these holomorphic functions are in fact well defined on (C∗)g ∼=
Cg/Zg. If k is a positive integer, one calls H0(X,Lk) the space of level k theta

functions on X. (See, for example, Chapter 5 of [Ke] for the classical theory of

theta functions.)

One has dimH0(X,Lk) = kg. A basis for this space is given by {θl(z,Ω)}l∈Zg/kZg ,
where

θl(z,Ω) =
∑
n∈Zg

eπi(l+kn)·Ω
k

(l+kn)+2πi(l+kn)·z.

Let e2πiz be coordinates on (C∗)g, z = x − Ωy, with x ∈ [0, 1]g periodic coor-

dinates along the compact subgroup U(1)g ⊂ (C∗)g. Consider the complex (non

self-adjoint) Laplace operator on U(1)g

∆Ω = −
g∑

i,j=1

i

2π
Ωij

∂2

∂xi∂xj
.

4This is defined naturally in terms of the Appel-Humbert data for the line bundle in question.
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Note that the real part of ∆Ω, which is determined by Im Ω > 0, is an elliptic

operator. It is easy to verify that the restriction of θl(z,Ω) to U(1)g satisfies a

heat equation:
∂

∂t
θl(x, tΩ) =

1

2
∆Ωθl(x, tΩ).

This is a classical and well known fact that is, however, interesting to look at from

the point of view of the CST.

4.2. Degeneration of complex structure. The generalization of the coherent

state transform of Hall to the complex Laplace operator ∆Ω is straightforward,

since the exponentiation of the imaginary part of ∆Ω produces a unitary operator.

Proposition 4.1. [FMN1] For any Ω ∈ Hg and t > 0 the transform

CΩ
t = C ◦ e

t
2

∆Ω : L2(U(1)g, dx)→ HL2((C∗)g, dνt)

is unitary.

The application to theta function needs, however, further generalization. In-

deed, for theta functions the initial condition for the heat equation, at t = 0,

reads:

θl(x, 0) =
∑
n∈Zg

e2πi(l+kn)·x =
∑

l′∈Zg/kZg
k−ge2πi l·l

′
k δl′(x),

where

δl(x) = δ

(
x− l

k

)
=
∑
n∈Zg

e2πin·(x− l
k

),

is the Dirac delta distribution on U(1)g supported at x = l
k
. Therefore, this initial

condition is distributional (and not L2). Recall that the space of distributions on

U(1)g, C∞(U(1)g)′ is the space of Fourier series of the form∑
n∈Zg

ane
2πix·n,

where the coefficients an grow slower than some power of n. By linearity, one can

extend the CST to distributions obtaining

Lemma 4.2. [FMN1] Let
∑

n∈Zg ane
2πix·n ∈ C∞(U(1)g)′. Then, for t > 0,

CΩ
t

(∑
n∈Zg

ane
2πix·n

)
:=
∑
n∈Zg

ane
tiπn·Ωne2πiz·n

is a holomorphic function on (C∗)g.

Note that θl(z,Ω) = CΩ
1/k(θl(x, 0)),∀l ∈ Zg/kZg. Consider the kg-dimensional

subspace of C∞(U(1)g)′, Fk, with basis {δl(x)}l∈Zg/kZg . Then, clearly, there is an

isomorphism

(10) Fk
CΩ

1/k∼= H0(X,Lk).
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The natural (geometrically defined) inner product on H0(X,Lk) gives that

{θl(z,Ω)}l∈Zg/kZg is an orthonormal basis. In particular, the inner product be-

tween the θl’s is Ω-independent. It is remarkable that this inner product is pre-

cisely the one that it is naturally defined on H0(X,Lk) also from the point of view

of the (generalized) CST, as we describe next.

Since theta functions require distributional conditions, lying therefore outside of

L2(U(1)g, dx), one loses the unitarity of the generalized CST. On the other hand,

even though we are viewing theta functions as holomorphic functions on (C∗)g,
since they are really pull-backs of holomorphic sections of Lk over X, we would

like to integrate them not over the whole of (C∗)g but only over a fundamental

domain for the projection (C∗)g → X.

Remarkably, this is possible because independence on the choice of fundamental

domain follows from the fact that the averaged heat kernel defines a hermitian

structure on (the pull-back of) Lk:

Lemma 4.3. [FMN1] The function ν1/k(z) on (C∗)g is the pull-back of a hermitian

structure on Lk. Moreover, {θl(z,Ω)}l∈Zg/kZg is an orthonormal basis of H0(X,Lk)

for this hermitian structure.

Defining on Fk the inner product for which the basis {θl(x, 0)}l∈Zg/kZg is or-

thonormal, the isomorphism in (10) becomes unitary.

Given Ω,Ω′ ∈ Hg, let XΩ, XΩ′ be the two abelian varieties defined by the

corresponding complex structures on the smooth manifold underlying X. We see

that level k quantizations of (the underlying smooth symplectic manifold of) X

for the corresponding complex structures are therefore related by unitary maps

CΩ
1/k ◦ (CΩ′

1/k)
−1 : HΩ′ → HΩ, where HΩ = H0(XΩ, L

k
Ω) is the space of quantum

states for the holomorphic quantization of X in the complex structure defined by

Ω.

The interpretation of the distributions δl in terms of Bohr-Sommerfeld fibers

and also of the unitary matrix Sll′ = k−
g
2 e2πi l·l

′
k , which is known to describe the

action of the modular transformation τ 7→ − 1
τ

on the characters of integrable

representations of the affine Lie algebra û(1)k, is described in the next section.

4.3. Quantization of tori. In this section we will describe theta functions as

the product of the geometric quantization of a symplectic torus in a holomorphic

polarization. The distributions described in the previous section appear in the

quantization associated to the real polarization where Ω→ 0.

Let T2g = R2g/Z2g be the standard even dimensional torus of dimension 2g,

equipped with the standard symplectic form ω =
∑g

i=1 dyi ∧ dxi, where x, y ∈ Rg

are periodic coordinates.

Consider the Z2g action on R2g × C given by

(11) λ · (u, ζ) = (u+ λ, α(λ)e−πiω(u,λ)ζ), λ ∈ Z2g, u ∈ R2g,

where α : Z2g → ±1 ⊂ U(1) is the “canonical semi-character” α(λ) = (−1)
∑g
i=1 λiλi+g .
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The line bundle L → T2g given by L = R2g ×Z2g C defines a prequantum line

bundle, with hermitian structure h((u, ζ), (u′, ζ ′)) = ζζ̄ ′ and compatible connec-

tion

∇s = ds− πis
g∑
j=1

(yjdx
j − xjdyj).

Here, sections of L are identified with quasiperiodic functions on R2g satisfying

s(u+ λ) = α(λ)e−πiω(u,λ)s(u), λ ∈ Z2g.

If s ∈ C∞(Lk) then ekπix·ys(x, y) is periodic in x and admits a Fourier decom-

position, leading to the Weil-Brezin [Fo] isomorphism,

C∞(Lk) → Πl∈(Z/kZ)gS(Rg)

s 7→ (s)l(y) =

∫
[0,1]g

s(x, y +
l

k
)ekπix·(y+ l

k
)e−2πil·xdgx,(12)

where S(Rg) is the Schwarz space of rapidly decreasing functions. The inverse

form of this decomposition is

Πl∈(Z/kZ)gS(Rg) → C∞(Lk)

{(s)l}l∈(Z/kZ)g 7→ s(x, y) = ekπix·y
∑

l∈(Z/kZ)g ,m∈Zg
(s)l(y −m−

l

k
)e2πi(l+km)·x.(13)

This map is an isomorphism between the topological space of smooth sections

of Lk and a product of Schwarz spaces and extends to an isomorphism of the dual

spaces of distributional sections of Lk and of a product of kg spaces of tempered

distributions on Rg. For L2 sections s, s′ we have

〈s, s′〉 =
∑

l∈(Z/kZ)g

〈(s)l, (s′)l〉 =
∑

l∈(Z/kZ)g

∫
(s)l(s̄

′)l.

Let now Ω = Ω1 + iΩ2 ∈ Hg and let XΩ = Cg/Zg ⊕ ΩZg be the corresponding

principally polarized abelian variety, as described in the previous Section. The

smooth isomorphism φΩ : T2g → XΩ, given by5 φΩ(x, y) = zΩ = x − Ωy ∈ Cg,

defines on T2g a structure of abelian variety and, in particular, defines a Kähler

structure on it.

Let FΩ be the bilinear form on Cg × Cg, FΩ(z, w) = −z · Ω−1
2 Imw. Then, Ω

defines a holomorphic structure on L, identifying it with the holomorphic line

bundle of the previous Section, as follows. LΩ = Cg×ΛΩ
C, where ΛΩ = Zg⊕ΩZg

acts as in (11) combined with the isomorphism

R2g × C 3 ((x, y), ζ) 7→ (x− Ωy, eπiFΩ(zΩ,zΩ)ζ).

(This corresponds to a trivialization where the conditions (11) correspond to (9).)

As mentioned in the previous Section, H0(XΩ, L
k
Ω) has a basis given by

{θl(z,Ω)}l∈Zg/kZg .

5The minus sign will be convenient below.



Degenerating Kähler structures and geometric quantization 17

In terms of the original trivialization, these classical theta functions correspond

to sections

(14) ϑlΩ(x, y) = e−kπiFΩ(zΩ,zΩ)θl(z,Ω),

which have Weil-Brezin coefficients given by gaussians

(ϑlΩ)l′(y) = δll′e
kπiy·Ωy.

For Ω ∈ Hg, let KΩ be the (trivial) canonical bundle of XΩ with trivializing

section dgzΩ = dz1
Ω ∧ · · · dz

g
Ω. We can therefore choose for half-form bundle δΩ the

trivial holomorphic bundle on XΩ. The pairing (4) gives

〈
√
dgzΩ,

√
dgzΩ′〉 = det

(
1

2ki
(Ω− Ω̄′)

) 1
2

,Ω,Ω′ ∈ Hg,

where a consistent choice of square root is given by defining

det

(
1

2ki
(Ω− Ω̄′)

)− 1
2

:=

∫
Rg
e−

π
2ki

ξ·(Ω−Ω̄′)ξdgξ.

We then have

Theorem 4.4. [BMN] For Ω,Ω′ ∈ Hg, the BKS pairing is given by

〈ϑlΩ ⊗
√
dgzΩ, ϑ

l′

Ω′ ⊗
√
dgzΩ′〉 = 2−

g
2k−gδll′ .

In order to study points at infinity in the boundary of Hg, it is convenient to

perform a Cayley transform and consider τ = (i − Ω)(i + Ω)−1, so that τ ∈ Dg

where the Siegel disk Dg is the closure of the image of Hg under the Cayley

transform. The inverse transform is Ω = i(1− τ)(1 + τ)−1. Translation invariant

polarizations of (T2g, ω) are then given by

Pτ = spanC

{∑
l=1g

−i(1− τ̄)lk
∂

∂xl
+ (1 + τ̄)lk

∂

∂yl

}
k=1,...,g

.

Note that Pτ is a real polarization iff τ ∈ ∂Dg is unitary.

The study of covariant constant sections for τ in the boundary of Dg is much

simplified by the existence of the Weil representation of the metaplectic group

Mp(2g,R), that is the connected double cover of Sp(2g,R). (See [An, Fo, dG].)

This gives an action of Mp(2g,R) on L2(Rg) which implies an action on sec-

tions of Lk covering the natural action of Sp(2g,R) on Dg. Let us describe this

construction.

Consider the natural (transitive) action of Sp(2g,R) on Hg

(15) M(Ω) = (AΩ +B)(CΩ +D)−1, M =

[
A B

C D

]
∈ Sp(2g,R),

which corresponds to the action by symplectomorphisms on T2g given by

T2g 3
[
x

y

]
7→M

[
x

y

]
∈ T2g.
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(The action written in holomorphic coordinates is simply zΩ 7→ ((CΩ+D)t)−1zΩ.)

The action on the Lagrangian Grassamannian is simply given by push-forward

M∗PΩ = PM(Ω).

The metaplectic group can then be defined in terms of an open subset U ⊂
Sp(2g,R), such that U · U = Sp(2g,R), where U is the set of triples (P,L,Q) of

g × g matrices, with L invertible, P,Q symmetric, with

(16) (P,L,Q) 7→M(P,L,Q) =

[
PL−1 PL−1Q− Lt
L−1 L−1Q

]
.

The preimage of U in the double cover Mp(2g,R) consists of two disjoint copies

of U , and Mp(2g,R) can be realized as a group of unitary operators on L2(Rg),

as follows. Let m ∈ Z/4Z index a choice of square root im of the sign of detL.

Consider the integral operator S(P,L,Q)m : S(Rg)→ S(Rg) given by

S(P,L,Q)mf(u) = i−
g
2

+mk
g
2

√
| detL|

∫
Rg
ekπi(u·Pu−2u·Ltv+v·Qv)f(v)dgv.

These operators are continuous on S(Rg), therefore also on (S(Rg))′, and are

unitary isomorphisms when restricted to L2(Rg). The metaplectic group can then

be defined as the group generated by operators of this form. The 2 : 1 projection

to U ⊂ Sp(2g,R) is given by S(P,L,Q)m 7→ (P,L,Q).

Due to the Weil-Brezin decomposition C∞(Lk) ∼= Πl∈(Z/kZ)gS(Rg), we will there-

fore get an action of these operators on sections of Lk.

Lemma 4.5. Let Ω ∈ Hg. Then,

(S(P,L,Q)me
kπiv·Ωv)(u) = im

(
|detL|

det(Ω +Q)

) 1
2

ekπiu·Ω
′u,

where Ω′ = P − Lt(Ω +Q)−1L = M(P,L,Q)(Ω).6

The natural action by pull-back of Sp(2g,R) on the half-form bundle

(M∗)−1dgzΩ = det(CΩ +D)dgzΩ′ ,

then lifts to an action of Mp(2g,R) given by

S(P,L,Q)m
√
dgzΩ = i−m| detL|−

1
2

√
det(Ω +Q)

√
dgzΩ′ ,

where Ω′ = M(P,L,Q)(Ω). We therefore have

Proposition 4.6. [BMN] The product of the action of Mp(2g,R) on C−∞(Lk)

with its action on the half-form bundle, descends to an action of Sp(2g,R) on

C−∞(Lk)⊗
√
dgzΩ that lifts its action on Hg.

For a given polarization Pτ , τ ∈ Dg, the equations of covariant constancy trans-

late into a system of partial differential equations Dτ for each of the Weil-Brezin

coefficients separately. Furthermore, the action of the symplectic group preserves

the spaces of solutions of these PDE’s in the following sense:

6The sign of the square root of det(Ω +Q) is determined by a Gaussian integral, just following
the definition of S(P,L,Q).
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Proposition 4.7. [BMN] Let M(P,L,Q) ∈ Sp(2g,R) be the matrix with g×g blocks

A,B,C,D as in (15) and (16). For τ ∈ Dg, let τ ′ = M(τ) be its transformation

under M(P,L,Q) corresponding to (15). Consider the g × g matrix

Rτ ′ =
1

2
((τ ′ + 1)(A+ iB) + (τ ′ − 1)(iC −D)),

acting on vectors of g elements of (S(Rg))′. Then,

Dτ ′ ◦M(P,L,Q) = Rτ ′ ◦M(P,L,Q) ◦ Dτ .

In particular the kernels of the family of operators Dτ are preserved by symplectic

transformations.

This means that through the transitive action of Sp(2g,R) on Dg, we can gen-

erate the space of half-form corrected covariantly constant distributional sections

for all τ from a given fixed τ. When we approach points on ∂Dg, the norm of√
dgzΩ degenerates and it is convenient to define

dg(x, y)τ = ∧g[(1 + τ)dx− i(1− τ)dy] = det(1 + τ)dgzΩ(τ),

where the left-hand side is defined for all τ ∈ Dg. We get√
dg(x, y)τ = (det(1 + τ))−

1
2

√
dgzΩ(τ),

with the branch of the square root defined such that it is 1 for τ = 0.

For τ ∈ Dg let

Hτ = {s⊗
√
dg(x, y)τ : s ∈ (C∞(Lk))′, Dτ (s)l = 0, ∀l ∈ (Z/kZ)g}

be the space of half-form corrected sections polarized with respect to Pτ . For τ in

the interior of Dg, Hτ is isomorphic to the kg-dimensional space of theta functions

H0(XΩ(τ), L
k
Ω(τ)). On the other hand, Proposition (4.7) guarantees that over ∂Dg

we also get a kg space of (distributional) solutions of the equations for polarized

sections. Therefore, we get a rank kg “quantum” vector bundle H → Dg with

fibers Hτ .

Theorem 4.4 and Proposition 4.7 then imply that

{σlτ = 2
g
4k

g
2ϑlΩ(τ)⊗

√
dgzΩ(τ)}l∈(Z/kZ)g

gives a orthonormal trivializing frame for H over the interior of Dg which extends

continuously to a trivialization of H over Dg. Moreover, this frame is preserved

by the (unitary, transitive) BKS pairing maps induced from Theorem 4.4 and

which therefore extend continuously to the boundary. We note that at the level of

Weil-Brezin coefficients the BKS pairing maps correspond to the transformations

in Lemma 4.5 where the symplectic group takes gaussians into gaussians.

Note that, for example, as τ → −1 ∈ ∂Dg, the norm of the sections ϑlτ goes to

zero while the norm of
√
dgzΩ(τ) blows up, such that σlτ remains of norm 1. This

limit corresponds to going to infinity in Hg along a ray limt→+∞ tΩ. The limiting

polarization P−1 is the horizontal polarization, generated by {∂xj , j = 1, . . . , g},
and one can check directly that the frame {σl−1}l∈(Z/kZ)g is given by Dirac delta
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distributions supported along Bohr-Sommerfeld fibers at y = l
k
, l ∈ (Z/kZ)g. In

this case, since elements in the frame {σl−1} are supported along a single (con-

nected) Bohr-Sommerfeld fiber, we say that this is a Bohr-Sommerfeld basis [Ty]

for H−1. As τ evolves along ∂Dg, passing through real and mixed polarizations,

the basic elements σlτ become linear combinations of Dirac delta distributions sup-

ported on Bohr-Sommerfeld leaves of Pτ . (Note that, when −iτ has non-rational

entries Pτ no longer defines a regular fibration of T2g, the leaves being no longer

compact.)

The vertical polarization corresponds to τ = 1. Elements of the frame {σl1} are

linear combinations of Dirac delta distributions supported on Bohr-Sommerfeld

fibers. These correspond naturally to the distributions on U(1)g that were de-

scribed in Section 4.2 and which generated holomorphic sections via the CST. In

fact, the coefficients of the decomposition in terms of Dirac delta distributions are

precisely given by the matrix S described at the end of Section 4.2.

Quantization of tori in real polarizations has been considered in [Ma], where

the BKS pairing was defined in terms of an intersection pairing between Bohr-

Sommerfeld fibers. In the above construction, the pairing bewteen the quantiza-

tion spaces associated to two real polarizations is naturally described in terms of

the parallel frame {σlτ} and by continuity from the BKS pairing for holomorphic

sections in Theorem 4.4. In fact, using the fact that Dirac delta ditributions sup-

ported along transverse fibers can be multiplied by each other (see Chapter VIII

of [Ho], in particular Example 8.2.11), we can show that our BKS pairing is also

an intersection pairing for real transverse polarizations:

Proposition 4.8. [BMN] Let τ, τ ′ ∈ ∂Dg be such that Pτ ,Pτ ′ are transverse real

polarizations with compact leaves. Let BS and BS ′ be the union of the Bohr-

Sommerfeld leaves of Pτ and Pτ ′ respectively.

If σ ∈ Hτ , σ
′ ∈ Hτ ′, then the BKS pairing 〈σ, σ′〉BKS is obtained by evaluating

a distribution supported along BS ∩BS ′ on the constant function 1.

5. Toric Varieties

The results in this section are mostly contained in [BFMN, KMN]. Symplectic

toric manifolds/toric varieties provide a family of examples for both symplectic

geometry and algebraic geometry which is at the same time rich and amenable

to explicit computations. Let P ⊂ Rn be a polytope7 determined by d linear

conditions

li(x) = 〈x, νi〉 − λi ≥ 0, i = 1, . . . , d, x ∈ Rn,

where λi ∈ R and νi ∈ Rn for i = 1, . . . , d. Thus, P is bounded by d facets

(that is, faces of codimension one) described by li(x) = 0 for some i. The ith

facet of P will have νi as inner pointing normal. We will assume that the vectors

νi, i = 1 . . . , d, are primitive elements in Zn ⊂ Rn and that there are exactly

n facets meeting at each vertex of P and such that the corresponding normals

7We will use the term “polytope” even if P is not compact.
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νi form a basis for Zn ⊂ Rn. To such polytope one can associate a symplectic

2n-dimensional manifold, (XP , ω), realized as a symplectic quotient of Cd by a

(d − n)-dimensional subtorus of Td, see, for instance, [De, dS, Gui]. XP comes

with an Hamiltonian action by Tn and moment map µ : XP → Rn, such that

µ(XP ) = P. The action of Tn is free on the pre-image of the interior of P , P̆ , so

that there is an open dense set XP ⊃ X̆P
∼= P̆ × Tn. In action-angle coordinates

on X̆P , (x, θ) ∈ P̆ × Tn one has ω =
∑n

i=1 dx
i ∧ dθi and µ(x, θ) = x. On the

other hand, XP can also be realized as a quotient of an open subset of Cd by a

(d−n)-dimensional complex torus. The resulting complex structure is compatible

with ω and gives XP a Kähler structure [Gui]. In this realization, the open dense

set X̆P coincides with the top dimensional orbit for a global holomorphic action

of (C∗)n on XP .

From the algebro-geometric point of view XP is constructed by means of a

fan whose n-dimensional cones correspond to the vertices of P (see, for example,

[Co, Da, Od], or Chapter 4 of [V]). In this way, XP has an open cover {Uv}v∈V
where V is the set of vertices of P and where Uv ∼= Cn, ∀v ∈ V . The dense open

orbit X̆P is then the open set U0 corresponding to the cone {0} in the fan defining

XP . We will shortly describe toric complex structures on XP in terms of these

neighbourhoods.

The polytope P also defines on XP a (C∗)n-invariant divisor defining a holo-

morphic line bundle L, such that H0(XP , L) has a basis of (C∗)n “invariant”

holomorphic sections whose elements are in one-to-one correspondence with the

integral points of P (see, for example, Chapter 4 of [V]). Note that (integral)

translations of P correspond to shifting the divisor defined by P by a principal

divisor. (Here, we take the usual assumption that the vertices of P are integral

points. In particular, λi ∈ Z for i = 1, . . . , d.) Toric invariant divisors are gen-

erated by the preimages of the facets of P under the moment map µ. Note that

the normals νi to these facets correspond to the one-dimensional cones in the fan

for XP . Let those divisors be D1, . . . , Dd.
8 Then, P determines a section σP of L

with divisor

div (σP ) = −
d∑
i=1

λiDi.

Moreover, the Chern class of L is given by [Gui]

c1(L) =
[ω]

2π
∈ H2(XP ,Z) ∼= Pic(XP ).

Holomorphic quantization of (XP , ω) is then given byH0(XP , L) with h0(XP , L) =

#P ∩Zn. As we will describe next, one can study explicit families of toric Kähler

structures on XP such that the corresponding holomorphic polarizations of XP

converge to the real toric polarization. Moreover, it is possible to describe the

8Since principal divisors have the form
∑d
i=1〈α, νi〉Di, for some α ∈ Zn, the linear equivalence

relations between the Di’s are given by
∑n
j=1(νj)

i[Dj ] = 0, i = 1, . . . , n.
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convergence of holomorphic sections of L to distributional sections which are co-

variantly constant for the real toric limit polarization.

5.1. Toric complex structures. Let gP : P̆ → R be the symplectic potential

defined by Guillemin [Gui]

(17) gP (x) =
1

2

d∑
i=1

li(x) log li(x), x ∈ P̆ .

This is smooth in P̆ , with logarithmic singularities in the first derivatives and

inverse linear singularities in the second derivatives along ∂P . In [Gui], it is

shown that gP determines a toric Kähler structure on XP . Moreover, Abreu

[Ab1, Ab2] classified (for the compact case) all such toric complex structures on

XP compatible with ω, in terms of symplectic potentials g : P̆ → R of the form

g = gP + ϕ,

where ϕ is smooth in P̆ and Hess (gP + ϕ) is positive definite on P̆ and satisfies

the regularity conditions det(Hess (gP + ϕ)) = [α(x)Πd
i=1li(x)]−1 along ∂P , where

α is smooth and strictly positive on the whole of P .

Such a symplectic potential defines a diffeomorphism P̆ ↔ Rn given by

P̆ 3 x 7→ y =
∂g

∂x
∈ Rn,

which determines a Tn equivariant biholomorphism

P̆ × Tn 3 (x, θ) 7→ w = ey+iθ := (w1, . . . , wn) = (ey
1+iθ1

, . . . , ey
n+iθn) ∈ (C∗)n,

where w is a system of holomorphic coordinates on the open dense orbit X̆P . The

pull-back of the standard complex structure on (C∗)n by this diffeomorphism then

defines a (Tn-invariant) complex structure on X̆P which extends to the whole of

XP [Gui]. The inverse transformation to symplectic coordinates (x, θ) is given by

the inverse Legendre transform x = ∂h
∂y

where h(y) = x(y) · y − g(x(y)).

Let us now describe the holomorphic coordinates on the vertex charts Uv, v ∈ V .

Let v be a vertex of P such that, after reordering the indices if necessary, v is

defined by the intersection of the n facets

l1(v) = · · · = ln(v) = 0.

Let Av ∈ GLn(Z) be given by the normals to the n facets of P meeting at v

(Av)ij = (νi)
j, i, j = 1, . . . , n.

Define new coordinates on9

Uv = µ−1

(
{v} ∪

⋃
facesF of P adjacent to v

F̆

)
by setting

xv = Avx− λv, θv = tA
−1
v θ,

9By “faces of P” we mean faces of all dimensions including the n-dimensional face P̆ .
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where λv = (λ1, . . . , λn). Note that these coordinates have singularities, similar to

polar coordinate singularities on the plane, along the faces of positive codimension

which are adjacent to v. Over Uv, we have ω =
∑n

i=1 dx
i
v ∧ dθiv. Letting yv = ∂g

∂xv
,

one has that

wv = eyv+iθv

is a (global) system of holomorphic coordinates on Uv. Coordinate transformations

then have the form10

wv′ = w
AvA

−1
v′

v , w = wAvv ,

on the corresponding intersections of coordinate neighbourhoods. Notice that

while the coordinates wv themselves depend on the λi’s, the structure of complex

manifold on XP , as shown by the previous glueing conditions, depends only on

the normals νi, i = 1, . . . , d.

5.2. Sections, connection and hermitian structure on L. Let us now de-

scribe holomorphic sections of L explicitly. For m ∈ Zn, by slight abuse of nota-

tion, denote also by wm the (unique) meromorphic funtion on XP which on X̆P is

given by wm. Its divisor is given by (Chapter 4 of [V])

(18) div (wm) =
d∑
i=1

〈m, νi〉Di.

Recall that P determines a section σP of L with divisor −
∑d

i1 λiDi and that

H0(XP , L) is in bijective correpondence with P ∩Zn. Explicitly, one easily obtains

that this bijection is given by

m ∈ P ∩ Zn 7→ σm = wmσP ∈ H0(XP , L).

Let 1v ∈ H0(XP , L) be the section corresponding to a vertex v ∈ V . Since

div (1v) ∩ Uv = 0, 1v defines a holomorphic trivialization of L over Uv. We thus

obtain a system of local holomorphic trivializations for L. Note that σP also gives

a local holomorphic trivialization of L over U0 = X̆P , so that we also set 10 = σP .

The associated transition functions for L are then given by

(19) gv0 = w−A
−1
v λv = w−v, gv′v = w

−λv′+Av′A
−1
v λv

v′ .

In these local frames, the expressions for σm,m ∈ P ∩ Zn read

σmv = wlv(m)
v 1v,

where lv(x) = Avx− λv, v ∈ V .

A hermitian structure can be defined on L by setting ||1v|| = e−hv(x), ||10|| =

e−h(x), where h(x) = x · y− g(x) and hm(x) = (x−m) · ∂g
∂x
− g(x). Then, one can

define a system of normalized trivializations {1U(1)
v , 1

U(1)
0 } for L, with

1U(1)
v =

1v
||1v||

, 1
U(1)
0 =

10

||10||
, v ∈ V.

10Here, wA means (wA)j = Πn
i=1(wi)Aij = (w1)A1j · · · (wn)Anj .
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Note that in this system of unitary trivializing frames for L, the transition

functions are U(1) valued and read

(20) g
U(1)
v0 = e−iA

−1
v λv ·θ gv′v = e−i(λv′−Av′A

−1
v λv)·θv′ .

In particular, these transition functions define on XP a line bundle with U(1)

structure which is independent of the choice of symplectic potential g and also of

the corresponding choice of toric Kähler structure on XP .

The holomorphic and hermitian structures on L then determine a unique metric

connection ∇, which has curvature −iω, defined by

∇1U(1)
v = −ixv · dθv 1U(1)

v , ∇1
U(1)
0 = −ix · dθ 1

U(1)
0 v ∈ V.

5.3. The real toric polarization. Let PR denote the real toric polarization

PR = Ker dµ⊗ C = 〈 ∂
∂θi

, i = 1, . . . , n〉C.

PR is a singular polarization since over ∂P the Tn-orbits over the interior of a face

of P of codimension k are isomorphic to Tn−k.
Recall that in [Sn2], Śnyaticki defines quantization for a real polarization in

terms of the Cech cohomology groups of the sheaf of polarized smooth local sec-

tions of the prequantum bundle. For nonsingular polarizations, that is defining a

regular Lagrangian fibration of the symplectic manifold with fiber Tk × Rn−k, he

proves that the cohomology is concentrated in degree k. In the compact case, one

gets cohomology concentrated in degree n, with rank given by the (finite) number

of BS fibers. Of course, it is of great interest to see how this result generalizes to

the case of real polarizations with singularities.

In the toric case, except for P = Rn, XP = (C∗)n, since PR has singular fibers,

Śnyaticki’s result does not apply and it is very interesting to study the quantiza-

tion of XP in this polarization. In [Ham], it is shown that in the toric case the

computation of the Śnyaticki cohomology groups is still concentrated in degree

n with rank given by the number of non-singular BS leaves. As we will see be-

low, BS leaves in XP correspond to integral points in P . Therefore, this result is

not satisfactory since one expects quantization in the real polarization to give a

space of quantum states of the same dimension has obtained in the holomorphic

polarizations, that is h0(XP , L) = #(P ∩ Zn), so that singular BS fibers, corre-

sponding to integral points along ∂P , should contribute to quantization. Indeed,

if we consider distributional solutions of the equations of covariant constancy such

contribution is correctly captured.

Recall from Section 2.2 and (3) that the space of polarized sections for PR is

defined by

HR = {σ ∈ C−∞(L) : ∀U ⊂ XP open,∀ξ ∈ C∞(PR|U ),∇′ξσ|U = 0}.

Note that a natural inner product on this space can be defined only after we have

described it in terms of degenerating holomorphic sections, for which there is a

well defined hermitian structure.



Degenerating Kähler structures and geometric quantization 25

From the explicit form of the connection ∇ on L it is easily verified that BS

leaves of PR are precisely the ones in µ−1(P ∩ Zn). On the other hand, the equa-

tions of weak covariantly constancy show that each such connected leaf supports

only one linear independent solution, which consists of a Dirac delta distribution

supported on the leaf and a Fourier transform along the leaf.

Theorem 5.1. [BFMN] Let W ⊂ XP be a Tn-invariant open set. Then,

a) Sections in (C∞c (L−1
|W ))′ covariantly constant along PR are supported on BS

leaves contained in W .

b) Let m ∈ P ∩ Zn. The distribution

δm(τ) =
1

(2π)n

∫
µ−1(m)

eim·θτ(m, θ)dθ, τ ∈ C∞c (L−1
|W )

is covariantly constant.

c) The set {δm}m∈P∩Zn is a basis for the space of covariantly constant sections

on W .

Obviously, these distributional sections supported on BS leaves can be extended

globally and we obtain dimHR = #P ∩ Zn = h0(XP , L) as expected. Note that

this theorem is local (in the space of fibers) in nature and since every hamilton-

ian Tn-space has a local normal form in a neighborhood of an orbit, this result

describes, up to equivariant symplectomorphism, more general situations.

We will now describe how these distributions can be approximated by (normal-

ized) holomorphic sections of L in a family of degenerating complex structures.

5.4. Degenerate toric Kähler structures. As we have seen, a choice of sym-

plectic potential g determines a toric Kähler structure on XP with symplectic form

ω. We will now describe a family of such potentials such that the corresponding

holomorphic polarizations degenerate to the real toric polarization. Let ψ be a

strictly convex function on a neighborhood of P , that is the Hessian Hψ > 0 on

P . Then, the symplectic potentials

(21) gs = gP + sψ

define toric Kähler structures onXP for all s ≥ 0. With ys = ∂gs
∂x

, let ws = eys+iθ be

the corresponding holomorphic coordinates on X̆P . The associated holomorphic

polarization is

Ps = 〈 ∂
∂wis

, i = 1, . . . , n〉C.

Note that ∂ys
∂x

= Hgs becomes more and more dominated by sHψ as s → +∞.

However, recall that the Hessian of gP = g0 becomes singular as we approach

∂P . In fact, if we approach a face of codimension k of P given by {lij = 0, j =

1, . . . , k}, the corresponding terms
∑k

j=1
1
2
lij log lij in (17) for gP become non-

smooth. Therefore, the closer we are to a face the harder it is for sHψ to dominate

these singular terms. However, pointwise for x ∈ P̆ , sHψ dominates in the limit

and a short calculation gives
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Proposition 5.2. [BFMN] Over X̆P ,

lim
s→+∞

Ps = PR.

It is interesting to observe that, since X̆p
∼= (C∗)n, this corresponds to the

“horizontal” polarization of T ∗U(1)n in the context of Section 3. The family of

Kähler structures considered in Section 3 connects the vertical polarization (in the

s→ 0 limt) to the “horizontal polarization” (in the s→ +∞ limit). In the present

case however, note that the s→ 0 limit is described by g0 = gP and corresponds

to the “canonical” Kähler structure on XP described in [Gui] (as long as P has

enough facets so that HgP is non-degenerate, so that the yi’s can be defined).

Note that, as we vary the symplectic potential g, the phases of the holomorphic

coordinates w,wv do not change but only their modules are varying functions of

g. Therefore, it is easy to check that over a face where, for some index i, wiv = 0,

〈 ∂
∂wiv
〉C is independent of g. Note that wiv can be zero only for yiv → −∞ and

this can only happen over ∂P , where the linear function li(x) vanishes. Then,

over a face where wiv 6= 0, one has lims→+∞
∂
∂wiv

= ∂
∂θiv

. Therefore, over P , that is

including ∂P , we have

lim
s→+∞

Ps = PR ⊕ 〈
∂

∂wjv
: wjv = 0〉C.

Smooth sections of lims→+∞Ps cannot have non-vanishing components along the

holomorphic directions over ∂P and we have

Theorem 5.3. [BFMN]

C∞( lim
s→∞
Ps) = C∞(PR).

We will now describe how (properly normalized) holomorphic sections of L

converge to the distributional sections of the quantization in PR, as s → +∞.

Note that the norm of a holomorphic section σm ∈ H0(XP , L), is given by e−hm◦µ,

where hm(x) = (x −m) · ∂g
∂x

+ g. Therefore, for a fixed x ∈ P̆ , as s → +∞, the

behavior of the norm of σm is determined by fm = (x − m) · ∂ψ
∂x
− ψ(x). Strict

convexity of ψ gives that fm has a unique minimum at x = m and

Lemma 5.4. [BFMN] In the sense of distributions,

lim
s→+∞

e−sfm

||e−sfm||1
= δ(x−m).

This implies

Theorem 5.5. [BFMN] For s > 0, let σms be the section of L determined by

m ∈ p∩Zn and holomorphic with respect to the holomorphic strcuture determined

by the symplectic potential gs. Then, for the L1-normalized family of holomorphic

sections,

lim
s→+∞

σms
||σms ||1

= δm ∈ C−∞(L).
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Therefore, we obtain a satisfactory description of the convergence of states in the

holomorphic quantization to (distributional) sates for the quantization in the real

toric polarization. Note, however, that this convergence is achieved with L1, and

not L2, normalized sections. Just like for abelian varieties, the L2 normalization

will be recovered when the half-form correction is considered. We note that this

family of degenerating toric Kähler structures has also been used in [HK] to relate

the quantizations of flag manifolds in real and Kähler polarizations [GS], via

their toric degenerations. For a different approach relating the quantizations of

XP in real and Kähler polarizations, where holomorphic sections and Dirac delta

distributional sections supported on BS fibers are related by projection, see [BGU,

SeD].

5.5. The canonical bundle of XP . In order to study the half-form correction

in the quantization of toric varieties, let us summarize some properties of the

canonical bundle KXP corresponding to some fixed toric complex structure on

XP , determined by a symplectic potential g. Let zi = yi + iθi so that w = ez is

the system of holomorphic coordinates on X̆P described above. In the open orbit

U0 = X̆P , dW = dw1∧· · ·∧dwn is a trivializing holomorphic section of KXP . The

section11 dZ = w−1dW then defines a global meromorphic section of KXP with

divisor

(22) div (dZ) = −D1 − · · · −Dd,

where the toric invariant divisors Di = {p ∈ XP : li(µ(p)) = 0} were described

above. The Kähler metric on XP induces metrics on the tensor bundles over

XP , so that KXP comes with the metric described in Section 2.3, which for an

(n, 0)-form η reads

||η||2KXP =
η ∧ η̄

(2i)n(−1)n(n+1)/2ωn/n!
.

The corresponding metric connection ∇KXP has connection form ∂ log ||dZ||2KXP ,

in the frame dZ. A straightforward computation gives

||dZ||2KXP = detHg.

The curvature is then F∇KXP = ∂̄∂ log detHg = iρ, where ρ is the Ricci form12.

One has

c1(KXP ) = −c1(XP ) = [iF∇KXP /2π] ∈ H2(XP ,Z).

5.6. Inclusion of the half-form. The half-form corrected quantization of (XP , ω)

in a holomorphic polarization should be given by H0(XP , L⊗K
1
2
XP

) for some square

root K
1
2
XP

of KXP . However, not all toric varieties admit square roots of their

canonical bundles. Obvious examples which do not admit a square root of the

11Note that, to simplify notation, here w = w1 = w1 · · ·wn, where 1 = (1, . . . , 1) ∈ Zn.
12For a Kähler metric γ = ω(I·, ·) where I is the complex structure, the Ricci form is given by
ρ = Ric(I·, ·) where Ric is the Ricci tensor.
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canonical bundle are the projective spaces P2k
C , for which KP2k

C
= O(−(2k + 1)).

In fact, using (18) and (22), we have that c1(X) is even iff for all the normals

νi, i = 1, . . . , d, to the facets of P one has that
∑n

j=1(νi)
j is odd; here, (νi)

j are

the coordinates of νi in any of the vertex basis {νi1 , . . . , νin} where these are the

normals at the facets meeting at the vertex.

Therefore, to perform quantization with half-forms in the context of toric vari-

eties, we need to start with a possibly non-integral symplectic form, so that after

the half-form correction we have a well defined line bundle over the symplectic

manifold and can then pursue the quantization process. Let us then consider on

the smooth toric variety XP a symplectic form ω such that

[ω]

2π
− c1(XP )

2
∈ H2(XP ,Z).

Let L → XP be now a hermitian line bundle with c1(L) = [ω]
2π
− c1(XP )

2
with a

metric connection ∇ of curvature

F∇ = −iω +
i

2
ρ,

where ρ is the Ricci form. Note that ∇ is the sum of a “would be” connection

with curvature −iω with the “would be” connection 1
2
∇KXP . Of course, if c1(XP )

is even, then [ω]/2π is integral and K
1
2
XP

exists, so that L ∼= l⊗K
1
2
XP

where c1(l) =

[ω]/2π. In this case, we are back to the usual setting for half-form quantization

and the two “would be” connections are true connections on well defined line

bundles.

We will define half-form corrected quantization of (XP , ω) to be the quantization

associated to the “prequantization” data defined by (XP , ω, L,∇). Note that a

choice of complex structure on XP , and hence also of a Kähler polarization, is

implicit in this construction. Of course, this definition can be applied to more

general situations than toric varieties. Essentially, in this sense, the half-form

correction selects only appropriate cohomology classes for ω and imposes a piece of

the “prequantum” connection to be given by one-half the metric connection on the

canonical bundle. As we will see, this will have as consequence that holomorphic

quantization is given by the holomorphic sections of L, labeled by the integral

points of PL which should be viewed inside a polytope P associated to (XP , ω),

as described below. The integral points of PL will then correspond to shifted

non-singular BS leaves in XP .

In fact, as above, L → XP is defined by a polytope PL given by d linear

conditions

lLi (x) = 〈x, νi〉 − λLi ≥ 0, i = 1, . . . , d,

where the λLi ’s are integers. However, since we will be using symplectic coordi-

nates, it is more useful to describe XP by a polytope P associated to the (possibly

non-integral) class [ω]/2π. Such P can be defined by the linear conditions

li(x) = 〈x, νi〉 − λi ≥ 0, i = 1, . . . , d,
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where λLi = λi + 1
2
, i = 1, . . . , d. Therefore, PL ⊂ P . Note that P never has

integral vertices, since the λLi ’s are integers so that 〈v, νi〉 = λLi − 1
2

can never have

integral solutions. The polytope PL, which has integral vertices, has facets which

are given by inner-pointing 1
2

shifts of the facets of P along the normals.13

The line bundle L, as seen in Section 5.2, has a U(1)-structure that is indepen-

dent of the choice of toric complex structure on XP . This structure is particularly

suited to study the convergence of holomorphic sections to distributional ones,

since we can regard holomorphic sections as varying in a space which is inde-

pendent of the complex structure. However, as we have seen in several instances

already, an important consequence of the half-form correction is that it ensures

a correct normalization of sections enabling their nice behavior as the complex

structure degenerates. In order to take this into account and to achieve a unified

description of the half-forms for PR and for Ps, s > 0, which is necessary to study

convergence as s → +∞, we will then treat the “U(1)-part” of the canonical

bundle separately from its “norm” part. That is, we will decompose KPs as a

product KPs = K
U(1)
Ps ⊗|KPs|, where the line bundle K

U(1)
Ps has (complex structure

independent) unitary transition functions of the form (20) and |KPs| is a trivial-

izable line bundle with R+ valued transition functions given by the modulus of

(19). Note that, even if KPs does not admit a square root, the trivializable line

bundle |KPs | always admits a square root, denoted by |KPs|
1
2 .

Sections of |KPs| can be described by viewing n-forms as real-valued functions

of vector fields. Consider, for simplicity, the real toric polarization, PR = 〈 ∂
∂θi
, i =

1 . . . n〉C. It’s “canonical” bundle corresponds to the bundle of top forms on the

space of leaves. Thus, the fibers of KPR are generated by14 dX = dx1 ∧ · · · ∧ dxn.

We will let |dX| be a map |dX| : X (X̆P )n → C0(X̆P ), where X (X̆P ) is the space

of smooth vector fields on XP . This is defined simply as

|dX|(A1, . . . , An) = |dX(A1, . . . , An)|.

We define
√
|dX| by setting

√
|dX|(A1, . . . , An) = |dX(A1, . . . , An)| 12 . We can

similarly define
√
|dZs|, where dZs = dz1

s ∧ · · · ∧ dzns are the generators of fibers

of the canonical bundle of XP defined by the symplectic potential gs in (21). A

global trivializing section of |KPs|
1
2 is then given by

√
|dZs|

||dZs||
1
2

. The connection ∇KPs

on KPs splits naturally into a connection on K
U(1)
Ps and a connection on |KPs|,

such that this global trivializing section of |KPs|
1
2 is covariantly constant. (See

Section 2.1 of [KMN].)

13When [ω]/2π is integral, one normally fixes the moment map so that the moment polytope P
has integral vertices and the holomorphic sections of the prequantum line bundle are labeled by
the integral points of P . Here, we are taking the moment polytope P to have vertices with some
of the coordinates half-integral. This corresponds to a shift, or translation, of the usual moment
polytope. The holomorphic sections of the line bundle L will then be labeled by integral points
of the polytope PL ⊂ P . The corresponding fibers of the moment map are called shifted BS
leaves, since the moment polytope P has been shifted with respect to the usual one in the case
when [ω]/2π is integral.
14Note that dX is smooth and globally defined on XP , vanishing on µ−1(∂P ).
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The definition for the half-form corrected space of states for the holomorphic

quantization of (XP , ω) corresponding to the symplectic potential gs, s > 0 is then

Hs =

{
σ ⊗

√
|dZs|

||dZs||
1
2

: σ ∈ H0(XP , L)

}
,

where the holomorphic structure on L is determined by the symplectic potential

gs. We have therefore that

dimHs = h0(XP , L) = #PL ∩ Zn = #P ∩ Zn.

Again, recall that, even if c1(XP ) is even, P now denotes a shifted polytope with

non-integral vertices.

Let us now study the half-form corrected quantization in the real toric polar-

ization. Since (4) degenerates and the Lie derivative of dX along PR vanishes,

there is no fruitful direct way of defining a half-form correction for the prequan-

tum connection in this polarization. Since we have the family of holomorphic

polarizations Ps converging to PR, as described in Section 5.4, we will use the

correspondig family of connections to define half-form corrected quantization in

the (singular) real polarization PR.

For s > 0, let ∇s be the metric connection on L, as described above, corre-

sponding to the symplectic potential gs in (21). ∇s is described over X̆P by the

connection form (relative to the unitary frame of Section 5.2)

−ix · dθ +
i

2
Im ∂ log detHgs = −ix · dθ +

i

4

(
∂

∂x
log detHgs

)
H−1
gs dθ,

where the second term “corresponds” to 1
2
∇KXP written in the unitary frame

||dZs||
− 1

2

K
1
2
XP

√
dZs. As we have already seen, pointwise in X̆P we have Hgs → sHψ

as s→ +∞. Therefore, on X̆P , we have

−2i∇s
∂

∂z̄is

→ ∇R
∂

∂θi
:=

∂

∂θi
− ixi, as s→ +∞,

in the sense that for distributional sections

−2i∇s
∂

∂z̄is

σ(τ)→ ∇R
∂

∂θi
σ(τ),

as s → +∞, for τ ∈ C∞(L−1). Moreover, repeating this over the vertex charts

produces

∇R
∂

∂θiv

:=
∂

∂θiv
− ixiv +

1

2
, v ∈ V, i = 1, . . . , n,

where the “extra” 1
2

arises from the shift λLi = λi + 1
2

in the transition functions

for L. These operators define a partial connection along PR on L (viewed as a

smooth bundle, with an s-independent U(1)-structure).



Degenerating Kähler structures and geometric quantization 31

With this motivation, the space for the half-form corrected quantization in the

toric real polarization is then defined by

HR = {σ ⊗
√
|dX| : σ ∈ ∩ni=1Ker∇R

∂

∂θi
, i = 1, . . . , n}.

The factor of
√
|dX| will become relevant when we relate HR to the family of

Hilbert spaces Hs = Hgs in the limit s→ +∞.

In a way that is similar to the uncorrected quantization, we obtain

Theorem 5.6. [KMN] The space HR is finite-dimensional with basis given by

{δm ⊗
√
|dX|}m∈PL∩Zn.

Recall that integral points in P , which are also the integral points in PL ⊂ P ,

correspond to shifted BS fibers of (XP , ω) since the polytope P has been shifted

with respect to its more conventional location (even in the case when c1(XP ) is

even). Note also that there are no contributions from ∂P to the quantization in

the polarization PR. In fact, ∇R has non-trivial holonomy on the leaves of PR over

∂P . This is a reflection of the fact that as s → +∞ the connections ∇s develop

curvature singularities along µ−1(∂P ).

Let us now study the convergence of the Ps-polarized states to the PR-polarized

states. As remarked above, due to the half-form correction, convergence is achieved

for L2-normalized sections. This compares favorably to the “uncorrected” case of

Section 5.4 where L1-normalization was needed.

Recall that ||dZs|| = (detHgs)
1
2 . We then have

Proposition 5.7. [KMN]

lim
s→+∞

√
|dZs|
||dZs||

=
√
|dX|.

Let σms be the holomorphic section of L corresponding to the integral point

m ∈ PL ∩ Zn and to the symplectic potential gs.

Proposition 5.8. [KMN] As distributional sections in C−∞(L),

lim
s→+∞

σms
||σms ||L2

||dZs||
1
2 = 2n/2πn/4δm.

Define σ̂ms = σms ⊗
√
|dZs|

||dZs||
1
2

. Then we obtain, for the half-form corrected holo-

morphic sections,

Theorem 5.9. [KMN] We have,

lim
s→+∞

σ̂ms
||σms ||L2

= 2n/2πn/4δm ⊗
√
|dX|,

in the sense that

lim
s→+∞

σ̂ms
||σms ||L2

(τ, A1, . . . , An) = 2n/2πn/4δm(τ)
√
|dX|(A1, . . . , An),

∀τ ∈ C∞c (L−1) and vector fields Ai, . . . , An ∈ χ(XP ).
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The trivializing section

√
|dZs|

||dZs||
1
2

is unitary for the natural hermitian structure

on |KPs|
1
2 . Then, ||σ̂ms ||L2 = ||σms ||L2 and it is natural to define on HR an inner

product where the basis {2n/2πn/4δm ⊗
√
|dX|}m∈PL∩Zn is orthonormal.

5.7. The BKS pairing. In order to pair quantum states for half-form corrected

quantizations of XP , we first need to define a pairing for the objects
√
|dZs|. In

the toric case we have been describing, we noticed that L has a U(1)-structure

which is independent of complex structure. This is due to the fact that changes in

the symplectic potential do not change the definitions of the angular coordinates

θ, θv but only the modulus of w,wv. Thus, in the toric case, when we pair dZs with

dZs′ the angular coordinates do not contribute. Hence, the pairing of half-forms

is entirely captured by the behavior of norms. This justifies the definition,

〈
√
|dZs|,

√
|dZs′ |〉 = 〈dZs, dZs′〉

1
2 =

(
dZs ∧ dZ̄s′

(2i)n(−1)n(n+1)ωn/n!

) 1
2

s, s′ > 0,

following the standard definition in (4)15. One obtains

〈dZs, dZs′〉 = det

(
Hgs +Hgs′

2

)
> 0.

We then have,

Theorem 5.10. [KMN] For s, s′ > 0 and m,m′ ∈ P ∩ Zn,

〈σ̂ms , σ̂m
′

s′ 〉 = δmm′

∫
P

e−h
s
me−h

s′
m′ det

(
Hgs +Hgs′

2

) 1
2

dx.

Therefore, the corresponding BKS pairing maps act diagonally along the one-

dimensional subspaces of H0(XP , L) corresponding to a given integral point in P .

Moreover, note that 〈σ̂ms , σ̂m
′

s′ 〉 is a real number, which is a consequence of the fact

that the “phase” part of the complex coordinates on XP is independent of the

choice of symplectic potential. Unitarity of these maps would therefore imply

〈σ̂ms , σ̂ms′ 〉 = ||σ̂ms ||L2||σ̂ms′ ||L2 .

From the previous Theorem, 〈σ̂ms , σ̂ms′ 〉 = α(s + s′). It is then easy to show that

unitarity would require ||σ̂ms ||L2 = ||σ̂m0 ||L2esb, for some constant b. An estimate at

large s then shows that for the toric case the BKS pairing maps are not unitary,

but with unitarity holding to leading order in 1
s
.

5.8. Example: XP = S2. In this section, we will describe explicitly the simple,

but paradigmatic, case when P ⊂ R is an interval and XP
∼= S2, with the standard

S1-action given by rotation about an axis. (Note that in this example, once a

complex structure is introduced, XP
∼= P1

C, with KXP
∼= O(−2) and

√
KXP

∼=
O(−1).) Let N ∈ N and consider P = [−1

2
, N + 1

2
], described by the linear

15Note that with this definition we have indeed 〈
√
|dZs|,

√
|dZs|〉 = ||dZs|| further justifying the

choice of inner product on HR.
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inequalities

l1(x) = x− λ1 = x+
1

2
> 0, l2(x) = −x− λ2 = −x+N +

1

2
> 0,

so that PL = [0, N ]. The Guillemin symplectic potential (17) is then

gP (x) =
1

2
(l1(x) log l1(x) + l2(x) log l2(x)) .

Consider now the strictly convex function ψ(x) = 1
2
x2, and the family of symplec-

tic potentials (21)

gs = gP +
s

2
x2, s > 0.

The corresponding holomorphic coordinate on the open dense (C)∗-orbit X̆P =

]− 1
2
, N + 1

2
[×S1 ⊂ XP is then given by

ws = eys+iθ,

where

ys =
∂gs
∂x

=
1

2
log

(
x+ 1

2

−x+N + 1
2

)
+ sx.

Thus,

ws =

√
x+ 1

2

−x+N + 1
2

esx+iθ.

It is straightforward to write down explicitly the holomorphic vertex coordinates

wv1 , wv2 , say for s = 0, as described in Section 5.1. The two vertices of P (v1, v2

given by x = −1
2

and x = N + 1
2

respectively) correspond to the two fixed points

for the action of S1 on S2 by rotations about an axis. The holomorphic vertex

coordinates are then related, on X̆P , by

wv1 = (wv2)−1,

so that in the two vertex coordinate charts we recognize the usual holomorphic

coordinate system for the Riemann sphere P1
C. The space of holomorphic sections

of L then has a basis {σm}m=0,...,N , labeled by the integral points of PL, m =

0, . . . , N , which is just the standard monomial basis of H0(P1
C,O(N)). Explicitly,

from Section 5.2 and Lemma 3.3 of [KMN], for m = 0, . . . , N , s > 0,

σms = e−hm(x)+imθ(detHgs)
1
4 1

U(1)
0 ,

where Hgs is the Hessian of gs,

hm(x) = (x−m)ys − gs(x),

and 1
U(1)
0 is a unitary trivialization of L on X̆P . Thus, as s→ +∞,

hm(x) ∼ s

2
(x−m)2 − s

2
m2,

so that the holomorphic sections behave asymptotically as gaussian sections

σms ∼ s
1
4 e

s
2
m2

e−
s
2

(x−m)2+imθ1
U(1)
0 .
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As s → +∞, the gaussian becomes more and more concentrated around x = m

and ||σms ||L2 ∼ e
s
2
m2
π

1
4 . Also, we have, with zs = logws, as s→ +∞,

dzs ∼ sdx+ idθ,

so that, ||dzs||
1
2 ∼ s

1
4 . As s→ +∞, we thus obtain,

σms
||σms ||L2

||dzs||
1
2 ∼ s

1
2π−

1
4 e−

s
2

(x−m)2+imθ1
U(1)
0 .

From the well-known Dirac sequence

lim
k→+∞

(2π)−
1
2k

1
2 e−

k
2

(x−m)2

= δ(x−m),

we then obtain, explicitly, the result described in Proposition 5.8.

6. Moduli Spaces of Vector Bundles on Curves

Let X be a Riemann surface of genus g. Classical theta functions associated to

X are sections of line bundles over the Jacobian, J(X). On the other hand, J(X)

can be realized as the moduli space of holomorphic line bundles (say, of degree

zero) on X. This construction generalizes when one considers the moduli space

of (semistable) vector bundles on X of fixed rank and degree. Holomorphic line

bundles over this moduli space are obtained as tensor powers of a generating line

bundle called the determinant line bundle. Their holomorphic sections are known

as non-abelian theta functions. Of course, the study of these sections is much more

involved that in the classical case and, in particular, their anaytical properties are

very much unknown [B]. However, in some simple(r) situations, namely in the case

when X is an elliptic curve, a detailed description of non-abelian theta functions

can be given.

The results in this section are mostly contained in [FMN2, FMN3, FMN4].

6.1. Non-abelian theta functions. Let Mn(X) be the moduli space of degree

zero, rank n semistable holomorphic vector bundles on X with trivial determinant.

The celebrated theorem of Narasimhan-Seshadri [NS] identifies Mn(X) with the

moduli space of flat SU(n) connections on the trivial principal bundle over X.16

Therefore, points in Mn(X) are given by representations of π1(X) in SU(n), up to

conjugation. A choice of complex structure on X gives Mn(X) a Kähler structure.

In the approach of [Do], this can be understood by obtaining Mn(X) from an

(infinite-dimensional) symplectic Kähler reduction from the affine space of SU(n)

connections on X; the (0, 1)-piece of the flat connection, with respect to the

chosen complex structure on X, defines a holomorphic structure on the trivial

vector bundle over X.

Generalizing the theta divisor on J(X), which originates the classical theory of

theta functions, on Mn(X) there is a naturally defined divisor which corresponds

to a holomorphic line bundle L → Mn(X) which in fact generates Pic(Mn(X)).

16Note that any principal bundle on X with simply connected structure group is topologically
trivial.
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Level k non-abelian theta functions are then elements in H0(Mn(X), Lk). A re-

markable fact is that the dimension of this space is computed by the Verlinde

formula which originated in conformal field theory.

From the point of view of quantization, it is clear that associated to a choice

of complex structure on X we have a holomorphic polarization of Mn(X) whose

quantization is given by the corresponding space H0(Mn(X), Lk). In this way, one

gets a vector bundle over Teichmüller space, of rank given by the Verlinde number,

H → Tg. This was one of the original contexts where the dependence of quantiza-

tion on the choice of complex structure was studied. In [AdPW, Hi] a projectively

flat connection on H was constructed. The unitarity of this connection, for g > 1,

remains an important open problem.

Two special cases, however, can be examined thoroughly from the point of

view of the geometric quantization framework that we described in the previous

sections. The first, is the case of classical theta functions, studied in Section 4,

which corresponds to n = 1. The other, is when X is an elliptic curve. The fact

that π1(X) is abelian in that case, allows for explicit treatments from different

points of view.

Below, we will describe an analytical treatment of non-abelian theta functions

in genus one which is based on the CST. As in Section 4, the idea is to establish

independence of quantization with respect to the complex structure on X, by

giving unitary isomorphisms between the quantization spaces H0(Mn(X), Lk) and

a fixed Hilbert space associated to a real polarization (viewed as a degenerate limit

of a family of holomorphic polarizations). This defines a unitary connection on

H → Tg=1.

As already mentioned, Mn(X) and non-abelian theta functions have deep rela-

tions to conformal field theory. In many formulas in conformal field theory (and

in the very much related representation theory of affine Kac-Moody algebras), the

level k appears shifted to k + n. Often, this shift is justified by formal manip-

ulations of infinite-dimensional Feynman integrals. An interesting point of the

approach based on the CST is that it provides a finite-dimensional “explanation”

of the shift in the level.

The results below for elliptic curves are very hard to generalize to the higher

genus case. However, even the g > 1 case can be fitted in the same strategy

for studying the dependence of non-abelian theta functions on complex structure.

This is a generalization of the ideas described in the beginning of Section 4.

Let X have genus g and let X̃ be its universal cover. For appropriate repre-

sentations ρ ∈ Hom(π1(X), SLn(C)), the vector bundle Eρ = X̃ ×ρ Cn will be in

Mn(X). Let {αi, βi}i=1...g be a symplectic basis for H1(X,Z). Consider the subset

of representations ρ such that ρ(αi) = 1. Such representations are in one to one

correspondence with SLn(C)g, since the cycles βj can be assigned any elements

of SLn(C). It is conjectured that the resulting Schottky map

S : SLn(C)g 99KMn(X),
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which is defined on some open subset of SLn(C), is surjective. But this remains an

open problem. In fact, from the Narasimhan-Seshadri theorem, it is known that

S is well defined, and is a submersion, on an open neighborhood of the subset

of irreducible unitary representations in SU(n)g ⊂ SLn(C) [Fl]. (Note that S

factors through the quotient by conjugation and that dimSLn(C)g/SLn(C) =

dimMn(X).) Therefore we have a sequence of maps analog to (8),

SU(n)g ↪→ SLn(C)g
S

99KMn(X),

where SLn(C)g is a Stein space and is the complexification of the compact Lie

group SU(n)g. One can now consider the pull-back of the line bundle L→Mn(X)

to SLn(C) and try to describe holomorphic sections as functions on SLn(C)g obey-

ing appropriate “quasi-periodicity conditions”. Since the image of S contains an

open set, non-abelian theta functions would then be determined by their preim-

ages on SLn(C)g. It is now, of course, tempting to conjecture that non-abelian

theta functions can be described by holomorphic functions on SLn(C)g which are

the image by a CST type of transform of some set of distributions on SU(n)g.

These distributions would correspond to the quantization of Mn(X) in a real

polarization obtained as a limit of degenerating holomorphic polarizations.

While this program can be completed in full detail for X an elliptic curve

[FMN2], it is remarkable that for n = 2, g > 1, there are natural real polariza-

tions of M2(X) [We1, We2]. Moreover, the Verlinde number in this case can be

obtained form counting admissibe labelings of trivalent graphs associated to X

by integrable representations (of level k) of SU(2) [JW]. Again, one is tempted

to use these labelings to generate a vector space of distributions on SU(n)g with

dimension given by the Verlinde number [FMN3]. Unfortunately, the conjecture

that these distributions can be obtained from non-abelian theta functions in limits

of degenerating complex structure has been, to date, too hard to prove.

6.2. Vector bundles on elliptic curves. The fundamental group of a sur-

face of genus one, X, has two generators and is abelian. Therefore, elements

in Hom(π1(X), SU(n)), up to conjugation, correspond to elements in (T ×T )/W ,

where T ⊂ SU(n) is a maximal torus and W ∼= Sn is the Weyl group, acting by

simultaneous conjugation on T×T . Pairs in T×T represent the holonomy of a flat

connection along the two generators of π1(X). Therefore, the moduli space of flat

SU(n) connections on the trivial bundle over X is given by Mn(X) ∼= (T ×T )/W .

As mentioned above, by the theorem of Narasimhan-Seshadri [NS], a choice of

complex structure on X induces a complex structure on Mn(X), which is then

identified with an appropriate space of holomorphic vector bundles on X. One

wants to study the variation in the quantization of Mn(X) as this complex struc-

ture is varied and, most importantly, describe unitary equivalences between these

quantizations. Let then τ ∈ H and consider X equipped with the structure of el-

liptic curve Xτ = C/(Z⊕τZ). Semistable vector bundles over Xτ are (S-equivalent
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to) direct sums of line bundles [At, Tu]. Therefore, one gets a map

Mn(Xτ ) → Symn(Xτ )

E ∼= L1 ⊕ · · · ⊕ Ln 7→ {L1, . . . , Ln},

where Li ∈ Pico(Xτ ) ∼= Xτ , i = 1, . . . , n. The fact that the determinant of E is

trivial gives divLi = [zi] − [0], zi ∈ Xτ where
∑n

i=1 zi = 0. Therefore, Mn(Xτ ) is

the fiber over zero of the Abel-Jacobi map AJ : Symn(Xτ ) → J(Xτ ) ∼= Xτ , so

that Mn(Xτ ) ∼= Pn−1.

These observations allow one to describe Mn(Xτ ) in terms of an abelian variety.

Indeed, the condition
∑n

i=1 zi = 0, interpreted as a zero trace condition, leads to

the consideration of the abelian variety M = Xτ ⊗ Λ̌R where Λ̌R is the co-root

lattice of sln(C). If H denotes the usual Cartan subalgebra of sln(C), we have

then17

M = Xτ ⊗ Λ̌R
∼= H/(Λ̌R ⊕ τ Λ̌R),

with a projection M → Mn(Xτ ) ∼= M/W ∼= H/(W B Λ̌R ⊕ τ Λ̌R). Note that if

T ⊂ SU(n) is the maximal torus corresponding to H, we have

T ∼= U(1)n−1 ⊂ TC ∼= (C∗)n−1 ∼= H/Λ̌R →M,

and also the corresponding sequence obtained after quotienting by conjugation,

T/W ⊂ TC/W ∼= H/W B Λ̌R →M/W ∼= Mn(Xτ ).

This is a W -invariant analog of the sequence (8). We therefore have a sequence

of maps

SU(n)/SU(n) ∼= T/W ↪→ SLn(C)/SLn(C) ∼= TC/W →M/W ∼= Mn(Xτ ),

where the quotients correspond to the conjugation action. One could now study

the pull-back of non-abelian theta functions on Mn(Xτ ) to M and then to TC
and view them as W -invariant functions, proceeding as in Section 4. However, as

described in the introduction to the present Section, in order to pursue a strategy

that could conceivably be generalized to higher genus, one should try to work at

the level of the non-abelian groups SU(n) ↪→ SLn(C), that is one should try to

describe non-abelian theta functions as class functions on SLn(C) . However, the

issue of unitarity, that is the question of the unitary equivalence of quantizations

of Mn(Xτ ) for different values of τ , leads us to consider W -anti-invariant functions

instead, since in the Weyl integration formula for class functions∫
SU(n)

f =
1

|W |

∫
T

f|T |σ|2,

the denominator of Weyl’s character formula, σ, is a W -anti-invariant function

on T . As described below, this is behind the shift in the level k → k + n that

was mentioned above, and should be seen as a nice consequence of trying to use

coherent state transforms in the description of non-abelian theta functions.

17Note that, as a smooth manifold, M ∼= T × T , as described in the beginning of this section.
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Next, let us describe in detail how the CST for class functions on SU(n) relates

to the CST for Weyl invariant functions on T .18 Let ∆ and ∆T be the Laplace

operators on SU(n) and T respectively, corresponding to the bi-invariant metric

for which the simple roots have squared length 2. For t > 0, let νt and νTCt be the

corresponding averaged heat kernels on SLn(C) and TC respectively. Finally, let

Ct : L2(SU(n), dx)→ HL2(SLn(C), dνt) and CT
t : L2(T, dh)→ HL2(TC, dν

TC
t ) be

the associated coherent state transforms.

The Weyl integration formula gives the isometric isomorphism

ϕ : L2(SU(n), dx)Ad → L2(T, dh)W−
f 7→ σ

|W |
1
2
f|T ,

where L2(SU(n), dx)Ad is the space of L2 class functions on SU(n) and L2(T, dh)W−
is the space of L2 W -anti-invariant functions on T . Analogously, defining

ϕC : HL2(SLn(C), dνt)
Ad → HL2(TC, dν

TC
t )W−

f 7→ e−tπ||ρ||
2 σC

|W |
1
2
f|TC ,

where ρ is the Weyl vector19 and σC is the analytic continuation of σ, gives

Theorem 6.1. [FMN2] The map ϕC is an isometric isomorphism and

ϕC ◦ Ct = CT
t ◦ ϕ,

for all t > 0.

As described above, the CST’s can be extended to injective maps defined on

distributions and the Laplace operators can be generalized to ∆τ = −iτ∆ and

∆T
τ = −iτ∆T , for τ ∈ H. Let Ct,τ and CT

t,τ be the corresponding coherent state

transforms. Extending ϕ to distributions and ϕC to holomorphic sections which

are not necessarily L2, gives isomorphisms ϕ : (C∞(SU(n))′)Ad → (C∞(T )′)W−
and ϕC : H(SLn(C))Ad → H(TC)W− . One has,

Theorem 6.2. [FMN2] Let τ ∈ H, t > 0. Then, ϕC ◦ Ct,τ = CT
t,τ ◦ ϕ.

The relation between the averaged heat kernel measures on SLn(C) and on TC
is given by

Proposition 6.3. [FMN2] Let q : SLn(C) → TC/W be the projection given by

the adjoint action. Then, for t > 0, τ ∈ H,

q∗dνtτ2 = e−2πtτ2||ρ||2|σC|2dνTCtτ2 .

As before, with unitarity in mind, we should look for distributions on SU(n)

which after application of the CST become holomorphic functions on SLn(C)

18Many of the results below hold for more general compact groups K ↪→ KC. Here, we will keep
to SU(n) and SLn(C) since the main application will be to the moduli space Mn(C).
19ρ is half the sum of the positive roots. The eigenvalues of ∆ are of the form c2(λ) = ||λ +
ρ||2 − ||ρ||2, for highest weights λ, while the eigenvalues of ∆T are given by ||λ+ ρ||2.
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with appropriate quasi-periodicity conditions. In this case, it should be possible

to integrate such functions on a fundamental domain for the projection

SLn(C)→Mn(Xτ ) = TC/W B τ Λ̌R.

Let ΛW be the weight lattice for sln(C) and let

Dk = ΛW/W B kΛR

be the (finite) set of integrable representations of the affine Kac-Moody algebra
̂sln(C)k. The set of such representions20 coincides with the Verlinde number for

g = 1 and group SU(n),

#Dk =

(
n+ k − 1

k

)
.

Theorem 6.4. [FMN2] The sets of distributions on SU(n),

F = {ψ ∈ (C∞(SU(n))′)Ad : |Ct,τ (ψ)|2|σC|2νTCtτ2 is τ Λ̌R invariant as a function on H},

are non-trivial iff t = 1
k+n

for k ∈ N0. For t = 1
k+n

, Fk is a (τ -independent) finite-

dimensional subspace of (C∞(SU(n))′)Ad, with dimension given by the Verlinde

number

dimFk = #Dk

and with a basis given by

(23) ψγ,k(h) =
1

σ(h)

∑
w∈W

ε(w)θ0
γ+ρ,k+n(w(h)), h ∈ HR, γ ∈ Dk,

where

θ0
γ+ρ,k+n(h) =

∑
α∈ΛR

e2πi(γ+ρ+(k+n)α)(h) ∈ (C∞(T )′).

Therefore, unitarity arguments lead us automatically to a set of distributions

on SU(n) with the correct (Verlinde) dimension.

Let us now describe in more detail the pull-back of the determinant line bundle

L ∼= O(1) on Mn(Xτ ) ∼= M/W ∼= Pn−1 to M . By looking explicitly at the

automorphy factors, one finds that the only line bundle in Pic0(M) which is W -

invariant is the trivial bundle. This, combined with a result of Looijenga [L], gives

that points in the W -invariant part of Pic(M) are given by W -invariant symmetric

integral bilinear forms on Λ̌R. If n ≥ 3, up to an integral multiplicative constant,

the only such bilinear form is the Killing metric, so that Pic(M)W is infinite

cyclic, with generator L.21 Comparing the dimensions of the W -invariant part of

H0 given in [L], one concludes that if p : M → Mn(Xτ ) is the projection, then

p∗L = L. Therefore, the space of non-abelian theta functions of level k is identified

20These correspond to irreducible representations of SU(n) such that the Young tableau has
less than k + 1 boxes in the first row.
21The case n = 2 is special as there are only 2 roots, ±α. We will proceed with the n ≥ 3 case
since the results for n = 2 are similar, although one has to study the odd and even level cases
separately.
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with the space of W -invariant holomorphic sections of Lk, that is

H0(Mn(Xτ ),Lk) ∼= H0(M,Lk)W .

More explicitly,

Proposition 6.5. [FMN2] The space H0(Mn(Xτ ),Lk) of non-abelian theta func-

tions of level k is identified with the space of Weyl invariant holomorphic functions

on H, satisfying the quasi-peridicity conditions

θ(h+ α̌ + τ β̌) = e−2πikβ(h)−πikτ〈β,β〉θ(h), h ∈ H, α̌, β̌ ∈ Λ̌R.

An explicit basis for H0(M,Lk)W is given by {θ+
γ,k}γ∈Dk , where

θ+
γ,k =

∑
w∈W

θw(γ),k,

with

θγ,k(h) =
∑
α∈Λ̌R

eπi
τ
k
〈γ+kα,γ+kα〉+2πi〈γ+kα,h〉, γ ∈ λW/kΛR, h ∈ H.

As we have seen above, in Theorem 6.4, however, CST considerations lead us

to focus on W -anti-invariant holomorphic functions on H. Moreover, as already

mentioned, the CST also leads us to consider the shift in the level k → k + n.

In fact, Looijenga proved that the space of W -anti-invariant sections of Ln is

one-dimensional and is generated by θ−ρ,n, where

θ−γ,k =
∑
w∈W

ε(w)θw(γ),k, γ ∈ Dk.

Moreover, he proves that W -anti-invariant theta functions of level k+n on M are

divisible by θ−ρ,n. Therefore, one has a basis for H0(M,Lk)W different from the

above, and more natural from the CST point of view, given by {θ̂+
γ,k}γ∈Dk , with

θ̂+
γ,k =

θ−γ+ρ,k+n

θ−ρ,n
.

Define on the spaces of distributions Fk ⊂ (C∞(SU(n))′)Ad of Theorem 6.4 the

hermitian structure for which the basis {ψγ,k}γ∈Dk in (23) is orthonormal. On

H0(M,Lk)W define the hermitian structure22

(24) 〈θ+, θ+′〉 =
1

|W |

∫
M

θ̄+θ+′|θ−ρ,n|2dν
tC
τ2/(k+n).

Noting that

Cτ, 1
k+n

(ψγ,k)|TC =
e−

iπτ
k+n
||ρ||2

σC
θ−γ+ρ,k+n,

and using Theorem 6.2, we have

Theorem 6.6. [FMN2] The CST Cτ, 1
k+n

is a unitary isomorphism between Fk and

the space of level k non-abelian theta functions H0(Mn(Xτ ),Lk) ∼= H0(M,Lk)W .

22The fact that νtCτ2/(k+n) defines a hermitian structure on Lk+n is the result Lemma 4.3, with

the slight generalization that M is not principally polarized.
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Therefore, for any τ ∈ H, we have an unitary isomorphism betweenH0(Mn(Xτ ),Lk)
and a fixed (τ -independent) Hilbert space of distributions on SU(n). Moreover,

the distributions in Fk can be described in terms of the behavior of non-abelian

theta functions in the limit of degenerating complex structure, τ → 0. It should

be noted that the hermitian structure for which the frame {θ̂+
γ,k}γ∈Dk is orthonor-

mal, and which is the one to be naturally considered in the context of the CST,

is the one of interest in conformal field theory [AdPW, EMSS], where the factor

of |θ−ρ,n|2 in the hermitian structure arises in the (regularized) evaluation of an

infinite-dimensional determinant when performing the path integral.
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