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Resumo

Nesta dissertagao apresenta-se, de forma detalhada e auto-contida, a solugao do problema de Yam-
abe. Historicamente, problema de Yamabe surgiu quando Hidehiko Yamabe queria resolver a conjectura
de Poincaré. Matematicamente, o problema de Yamabe consiste em responder a seguinte pergunta:
dada uma variedade Riemanniana compacta e conexa, sera que existe uma métrica na variedade con-
forme a original que tenha curvatura escalar constante? Analiticamente, o problema de Yamabe é
equivalente a resolver uma equagao com derivadas parciais eliptica nao linear numa variedade Rie-
manniana. Ao longo da dissertagao seguimos de perto, adicionando todos os detalhes, o artigo acerca

do problema de Yamabe de John M. Lee e Thomas H. Parker [13].

Palavras-chave: Analise Geométrica, Equacdes com Derivadas Parciais Elipticas, Geome-

tria Riemanniana, Geometria Conforme, Fung6es de Green.






Abstract

This dissertation aims to present, in detail and in a self-contained form, the solution to the Yamabe
problem. From a historical point of view, the Yamabe problem came to be when, in 1960 Hidehiko Yam-
abe was interested in solving the Poincaré conjecture. Mathematically speaking, the Yamabe problem
consists in answering the following: given a compact, connected Riemannian manifold, is there a metric
conformal to the original one on the manifold that has constant scalar curvature? From an analytical
point of view, the Yamabe problem is equivalent to solving a nonlinear elliptic partial differential equation
on the Riemannian manifold. Throughout this dissertation, we followed very closely John M. Lee’s and

Thomas H. Parker’s paper on the Yamabe problem [13] where we have added all the details.

Keywords: Geometric Analysis, Elliptic Partial Differential Equations, Riemannian Geometry,

Conformal Geometry, Green Functions.
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Nomenclature

(¢¥) Components of the inverse matrix of g = (g;)-
(M, g) Riemannian manifold.

2* = 2n_ Critical exponent of the Sobolev inequality in R™

n—2

A Euclidean Laplacian, given by Af = —9;;f

A, Laplace-Beltrami operator of (M, g), given in local coordinates by A, f = —\/ﬁ@ (9% +/det(gi;)0; f).
r Green function of the conformal Laplacian.
Y Christoffel symbols of the Levi-Civita connection.

(-,-)  Inner product in a Riemannian Manifold (M, g).

Ly Conformal Laplacian of the metric g, defined as £, = aA, + S, where a = 42=1.
\Y Levi-Civita connection.

wn—1 Volume of the Euclidean unit sphere in R™.

R Curvature operator of Levi-Civita connection.

Ric Ricci tensor.

Rm  Riemann curvature tensor.

R™ Standard Euclidean space equipped with the standard Euclidean metric.
Ric  Traceless Ricci tensor.

W Weyl tensor.

ds? = dr' @ dzt + ... + dz™ @ dz" Euclidean metric in R™.

dV,  Riemannian volume form of (M, g).

S Scalar Curvature of (M, g).
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Chapter 1

Introduction

Hidehiko Yamabe, wanting to solve the Poincaré Conjecture (see [4]), thought that a good first step
would be to, given a compact, connected smooth Riemannian manifold, equip that manifold with a
Riemannian metric of constant scalar curvature. In this setting, Yamabe considered the simplest change
of metric, which is a conformal transformation, and in 1960 he sought to prove in [19] that every compact
connected Riemannian manifold (M, g) of dimension dim M > 3 admits a metric conformal to g that
has constant scalar curvature. From an analytical point of view, this problem is equivalent to solving a
nonlinear elliptic partial differential equation on a Riemannian manifold. Indeed, if (M, g) is a compact,
connected Riemannian manifold of dimension n, every metric conformal to g can uniquely be written as
g = > ~2g for some (unique) positive smooth function ¢ in M, where 2* = % is the critical Sobolev
exponent. So, the transformation law (A.0.19) yields that the scalar curvature of the metric g, S, is given
by

~ _or [4(n—1
[SJEREE (;_;Ag¢+s¢>, (1.0.1)

where S denotes the scalar curvature of g and A, denotes the Laplace-Beltrami operator, that, in local
coordinates {z'}, takes the form A o = — det(g;;)~1/20; (g% det(gs;)'/20;¢). Thus, finding a conformal
metric with constant scalar curvature is equivalent to finding a smooth positive function on M for which
the right-hand side of (1.0.1) is constant. In the very same paper where Yamabe conjectured the ex-
istence of such a metric, he attempted to solve this problem. Yamabe’s approach was to formulate a

variational problem that, if solved, would imply his statement. Indeed, Yamabe considered the functional

Q(g) = M 2/2* ) (1 .0.2)



where g is a metric conformal to g. Due to the one-to-one correspondence between conformal metrics

and smooth positive functions on M, by setting Q, () := Q(p?> ~2g), equation (1.0.1) implies that

/ apA g + Sp?dV, / alV|* + Sp?dV,
Qq(‘fo) = A = A ’

2/2* 2/2*
(/ > dvg) (/ 2 dVg)
M M

where a := 42=1. Yamabe noted that the Euler-Lagrange equation for this functional is precisely equa-

tion (1.0.1). Indeed, if ¢ is a positive, smooth critical point of Q,, then ¢ is a solution of (1.0.1) with
S = Q,(¢p), as shown in (2.0.7).

Yamabe then defined the now-called Yamabe invariant:
AMM) =inf{Q,(¢) : p € C*°(M) positive}.

As we will see in Chapter 2, in the definition of A(M) we can extend the space of functions to H := {u €
H'(M) : u # 0} (which is a Hilbert space). This gives rise to the problem of minimizing Q, over H.

Associated with this problem is the Yamabe equation
algu+ Su= \M)u* =2, on M. (1.0.3)

The operator aA, + S is usually called the conformal Laplacian, and from now onwards we will denote

it by £,. This nomenclature comes from the fact that when g = 0% ~2¢is a conformal metric to ¢, then

Yamabe presented in [19] a solution to this variational problem and (1.0.3) using methods from Cal-
culus of Variations and Elliptic Partial Differential Equations.

Later on, in the same year, Yamabe died from a stroke (see [9]), just months after accepting a full
professorship at Northwestern University, believing his solution of the Yamabe problem was correct.
However, our story does not end here, for in 1968 Neil Trudinger found a mistake in Yamabe’s proof
(see [18]), and was able to adapt Yamabe’s proof with an extra assumption imposed on the manifold.
More precisely, he proved that if A(M) is below a certain (non-explicit) positive threshold, Yamabe’s
proof would work, and so Yamabe’s conjecture was proved correct when A\(M) < 0. However, the
general question remained open: does every compact, connected Riemannian manifold of dimension
greater or equal to 3 admit a conformal metric of constant scalar curvature?

A few years later, in 1976, Thierry Aubin extended Trudinger’s results in [3]. Indeed, Aubin showed
that the Yamabe invariant on any compact, connected Riemannian manifold (1, g) satisfies A\(M) <
A(S™). In the same paper, Aubin also showed that the threshold obtained by Trudinger could be taken to

be A\(S™). The combined efforts of Yamabe, Trudinger and Aubin put together led to the following:

Theorem 1.0.1 (Yamabe, Trudinger, Aubin). For any compact, connected Riemannian manifold of di-



mensionn > 3, we have \(M) < X\(S™). Furthermore, if \(M) < X\(S™), then there is a conformal metric

to g with constant scalar curvature equal to \(M ), where S™ is the standard sphere.

We will present a proof of this theorem, which is the one from [13]. To prove this theorem, the idea is
to perturb the Yamabe equation (1.0.3) with a parameter such that, as the parameter goes to 2*, we get
closer and closer to the Yamabe equation (1.0.3). This was Yamabe’s original plan (see [19]). Indeed,

he considered the family of problems
algu+ Su = \(M)u*"' on M, (1.0.4)

where s € [2,2*[, and
As(M) == inf{Qy(p) : p € HY(M)\ {0}}, (1.0.5)

alVel? + Sg02dVg

3/s
</ (ps qu)
M

Differential Equations and the Direct Method of the Calculus of Variations, Yamabe showed in [19] that

where Q;(¢) = /M Using classical techniques from the theory of Elliptic Partial

these problems have a smooth positive solution. Using the assumption A\(M) < A(S™), one is able to
show that the family of solutions {u} is uniformly bounded in L™ (M) for some r > 2*. This was originally
proved by Trudinger in [18] (where he proved the result when A(M) is small enough) and Aubin in [3]
extended Trudinger’s result for the case A\(M) < A(S™). Finally, one proceeds to apply the regularity
theory followed by the Arzela—Ascoli Theorem to show that along a subsequence the solutions {us}
converge in the C2—norm along a subsequence to a solution of the Yamabe equation. The mistake
in Yamabe’s attempt was to assume that the sequence {us} was uniformly bounded whether or not
A(M) < A(S™).

This theorem breaks the problem of minimizing Q, into two smaller problems, the first one being
when the manifold we are working with is the standard sphere or conformal to the standard sphere, the
second one being all the other cases.

In the conformal class of the sphere (the case where A\(M) = A(S™)), we also use the family of
solutions {u}, but a much more delicate method is needed to prove the existence of a solution of the
Yamabe equation.

In the remaining cases, it turns out that, when (M, g) is not conformal to the standard sphere, we
do have A\(M) < A(S™). Proving this, however, is anything but trivial. In fact, to prove this fact took the
combined efforts of Aubin [2] and Schoen [16]. Their strategy is, nowadays, a classical one, to construct
a test function. Their methods, however, are very different. This is, in part, because their proofs concern
different "categories” of manifolds with very distinct geometries. More precisely, Aubin in 1976 showed

in [2] the following result:

Theorem 1.0.2. Let (M, g) is a compact, connected, not locally conformally flat Riemannian manifold of
dimension dim M > 6, then \(M) < A(S™).

Schoen then showed in 1984 in [16]:



Theorem 1.0.3. Let (M, g) is a compact, connected, Riemannian manifold such that dim M = 3,4,5 or

(M, g) is locally conformally flat and M is not conformal to the standard sphere, then \(M) < \(S™).

Later, in 1987, John M. Lee and Thomas H. Parker published a now widely celebrated paper titled
“The Yamabe Problem” [13], where they presented, for the first time, in one place, the complete solution
to the Yamabe problem. However, they presented a more unified approach to showing that A(M) <
A(S™). Unlike Aubin and Schoen, who considered completely different test functions, Lee and Parker,
inspired by the work of Schoen in [16], managed to show, using one test function, that A\(M) < A(S™)
when (M, g) is not conformal to the standard sphere. Their method employs new tools, conformal
normal coordinates, which we explore in great detail in chapter 4, that not only massively simplify the
local geometry but also allow us to obtain an expansion of the Green function of the conformal Laplacian
L. In this dissertation, apart from the occasional detour, we will follow very closely Lee and Parker’s
paper [13], adding all the missing details and on occasion shortening their route.

We now give a brief description of the organisation of this dissertation, as well as the contents of
each chapter. In Chapter 2 we will further explore the Yamabe invariant and prove the following theorem
that is due to Aubin in [3]:

Theorem 1.0.4. For any compact, connected Riemannian manifold (M, g) of dimensionn > 3, we have
A(M) < A(S™).

Furthermore, we will explore a curious connection between the sharp Sobolev constant in R™ and
the Yamabe invariant in the standard sphere, and present a result, due to Obata [14], that completely
characterises all the solutions of the Yamabe problem on the standard sphere. In other words, Obata’s
result gives a description of all the metrics on the sphere conformal to the standard metric that possesses
constant scalar curvature.

In Chapter 3, we present the combined work of Yamabe, Trudinger and Aubin that shows that the con-
dition A(M) < A(S™) (in the setting described above) is sufficient to ensure the existence of a conformal
metric with constant scalar curvature.

In Chapter 4, we present one of Lee and Parker’s original contributions, by developing the neces-
sary machinery for the construction of the test function done in [13]. More specifically, we present the
geometrical construction of normal coordinates and conformal normal coordinates (these are normal
coordinates with respect to a metric that is conformal to the original one) and some very powerful and
useful properties of these coordinates; in particular, we show that for every positive integer N € N there

are conformal normal coordinates, {x'}, associated to a conformal metric g such that
det(gij) = 1+0(™),

where r = |z| is the geodesic distance. Recall that a Riemannian manifold (M, g) is said to be lo-
cally conformally flat if it is locally conformal to R™. An immediate application of the coordinates is the

following:

Theorem 1.0.5. Let (M, g) be a compact, connected, non-locally conformally flat Riemannian manifold



with dimension dim M > 6, then A(M) < A(S™).

Furthermore, we will use these coordinates to obtain an asymptotic expansion of a multiple of the
Green function of the conformal Laplacian, £,.

We also present a generalization of the well-known stereographic projection in the sphere to a class
of manifolds, still called stereographic projection, and explore some of its properties.

In Chapter 5, we apply all the tools developed in Chapter 4 to the construction of the test function.

Finally, in Chapter 6 we present the culmination of all the previous chapters, the complete solution
of the Yamabe problem. To do this, we introduce the concept of the mass of an asymptotically flat Rie-
mannian manifold and present the well-known Positive Mass Theorem, relating it to the work developed
in Chapter 5. Finally, we apply the aforementioned theorem to prove that A\(M) < A(S™) when either
dim M = 3,4,5 or (M, g) is locally conformally flat, and therefore get a solution to the Yamabe problem.

This works concludes with two appendices where we list all the basic facts about Riemannian Ge-

ometry and Partial Differential Equations used in the previous chapters.






Chapter 2

The Yamabe Problem and the Sphere

Let (M, g) be a compact, connected Riemannian manifold of dimension n > 3. To solve the Yamabe
Problem we need to find a conformal metric with constant scalar curvature. As stated in the Introduc-
tion any conformal metric to g can uniquely be written as 2 ~2¢ for some smooth positive function ¢.
Then the transformation laws for the scalar curvature A.0.19 implies that solving the Yamabe Problem is

equivalent to finding a A € R for which there is a smooth positive solution of the Yamabe equation
algp+ Sp = p? 71 in M (2.0.1)

but the task of just finding such a constant and solution is rather complicated. However, we can formulate
this problem as a minimization problem. To see this, we introduce a number that will be central in the

analysis of this problem.

Definition 2.0.1. Let (M, g) be a compact, connected Riemannian manifold of dimensionn > 3. Forg

a conformal metric to g we define the Yamabe functional

Q(g) == M—Q/Q*, (2.0.2)

where S is the scalar curvature of § and dVy is the Riemannian volume form of (M, g). Now define the
Yamabe invariant:
A(M) :=inf{Q(7) : g conformal to g}. (2.0.3)

Note that, by definition A(M) is a conformal invariant of (M, g), and recall that every conformal metric
to g has the form § = ¢? ~2g4. Using the transformation laws in Appendix A, we can write A\(M) as an
infimum of a certain functional over Sobolev spaces. Indeed, for ¢ > 0 smooth and § = 2 ~2¢ the

transformation law (A.0.19) for the scalar curvature gives
- . -1
S =22 (S + 4z_2<p1Ag<p> , (2.0.4)

7



and thus, setting a = 42=1

/M PP (S +apT Agp) dVy /M PP (St ap T Agp) 7 avV,

Q g = =
) EE EE
/ Sp? + ap,pdV, / alV|* + Sp?dV,
_Ju _ Jum
lpll3- lell3-
Noting that ©? € L?/2(M), Hélder's inequality implies | [,, S¢?dV,| is bounded by a multiple of [|¢|3.
and so by denoting Q, () = Q(¢* ~2g) we have that Q, is bounded from below:
Sy alVel +8*dvy [y alVel?dV, — Cllel3-
Q!](gp) - 2 2 2 Z Ca
]l lell3-
for some positive constant that depends only on S. Due to the definition of \(M) we have:
AM) = 1inf{Q, () : ¢ € C*° (M) positive}. (2.0.5)

Furthermore, due to the density of C>°(M/) in H' (M) and the fact that Q,(|¢|) = Q,(¢) we conclude that

AM) = inf — inf . 2.0.6
D) = il oy S0 (P) peH (M) (%) (2.06)
[lellax=1

Define E(p) :— / a|Vel? + Sx2dV, and call Q, the Yamabe functional of (M, g).
M
For any p,v € HY(M) \ {0}, integration by parts yields

4 o (o4 1) gy 1013 %o Blo + 1) — E@®) & ,_ollp + twl3.
dt <9 ¥ [t=0 = o 421*
E . (2.0.7)
/ (aAg<P+Ss0— (@2) ¢° 1) PdV,
—9JM [[o]]3- .
o113

So we see that ¢ € C>*(M) \ {0} is a critical point of Q, if and only if ¢ is a solution of the Yamabe
equation 2.0.1 with A = %. In particular, if A\(M) is achieved by some positive smooth solution, the
minimizing function is a critical point of the functional 9,4, and so it solves the Yamabe equation with
A= A(M).

The analysis of the Yamabe problem depends upon a precise understanding of the problem in the
model case of the sphere S™ and in the relation between A(S™) and A\(M). In fact, we have the following

result due to Aubin in [3] which we will prove below:

Theorem 2.0.2. /f (M,g) is any compact, connected Riemannian manifold of dimension n > 3, then
A(M) < A(S™).

To prove this theorem we need to explore the Yamabe problem in the standard sphere and its relation

to the sharp Sobolev constant. First, we explore the sharp constant in the Sobolev inequality.



2.1 Sharp Sobolev constant

The Yamabe Problem in the sphere is related to the problem of finding minimizers for the best con-
stant in the Sobolev inequality on R™. In this section, we explore this relationship quantitatively, we also
show that A\(M) < A(S™) for any compact, connected Riemannian manifold (M, g) of dimension n.

We start by writing the standard metric on S™ in local coordinates induced by the usual stereographic

projection. Let P = (0, ...,0, 1) be the north pole on S® ¢ R"*1. The stereographic projection

(¢, ¢™)

7IS\{PY S R o ) = S

is a chart for S™ compatible with the usual differential structure on S™, and therefore, the stereographic
projection is a conformal diffeomorphism as the next lemma shows. The inverse map to the stereo-

graphic projection, p = o1 is given by p(z!,...,2") = Wﬁ@xl, o 227 || = 1).

Lemma 2.1.1. Letg denote the standard metric in S™. Then
(P* )i = A(lz* +1)725,5. (2.1.1)

Proof. Let x € R™ and V,W e T,R™. By definition, p*g(V, W) = g(p.V, p. W) = g(dp(V), dp(W)), and
dp(V) = %It:Op(x +tV). Write V = (V1, ..., V") (here we are using the identification 7,,R™ = R").Then,

d 1
d = — —  ((z VY, . 2@ VT tVZ -1
pV) = | R V2 v e 2 - )
_( vt dal (V) 5 Ve 2™z, V) (z,V) )
e+ (2P D)2 T 2P+ (P12 (a2 +1)2
) i 0 o S L B Y
P10 G0 G )
2 Az, V)
= - 2B (-1
1Y " @

where, (z,V) = >~ 2V’ denotes the Euclidean inner product in R™. Since g is obtained from the

Euclidean metric in R"** by restricting it to S* we have that

p gV, W) =g(p:V, pW)

z, - w x, 4z
:<\x|21+1>2 {Q(VT 0)|;|QZ>1 (12 “NI"“ [2<0)|;|2T>1 (—4)]

1 (2, VY, W) {x, V) {z, W)(16|z|* + 16))
= (4VTW 16
(|2 + 1) ( LRSI (l[> + 1)
4
= ———VIW.
(lz[> +1)

The pullback metric computed in the previous lemma (which is just the round metric expressed in the

coordinates induced by the stereographic projection) can be written as 4uf**2d32, where



ur(z) = (Jef* + 1)@=/,
Using the stereographic projection, one can see that the group of conformal diffeomorphisms of the
sphere is generated by rotations, together with maps of the form ¢~ 7,0 and o~ '6.0, where

T, 0c : R™ — R™ denote the translation by v and dilation by a > 0, respectively:

To(x) =2 —v, So(x) =a tz.

Under dilations the spherical metric on R™ (the standard metric on the sphere) transforms as

2 2\ (2-n)/2
“"'*") . 2.1.2)

6Lp g = 4u? ~2ds®, where u,(z) = (
a

It is a well-known fact the sphere with the round metric has constant scalar curvature (S = ”(’:7;1) for a
sphere of radius ). And so the Yamabe problem in the conformal class of the standard sphere is already
solved. What is not yet solved is the problem of achieving A(S™). What is not immediately obvious is that
the standard metric is a minimiser of the Yamabe functional, this will be proved using the results from
this chapter and the ones from Chapter 3. To see this, we start by relating the Yamabe functional (and
its minimization) to the Sobolev inequality in R™. By the density of C>°(S™) in H'(S™) we can conclude
that \(S") is actually the infimum over H'(S") \ {0}:

/ (alVe|? + S¢?) dVy
S") = inf i . (2.1.3)

 peHI(SM\{0} ' .\
(L)

For ¢ € C*>°(S™) let % denote the weighted pull-back function on R™ defined by 3 = u;p*p. We then

have
p*((p2*—2g) — 4¢2*—2d82,
and
p (aAgp + Sp) = aul™ Ap, on R™.
Then

/’ (apAgp + S¢®) dVy = / (aui_yA@) 2" d = 2" / apApdr = 2"/ alVe|2dr, (2.1.4)

n

where, in the last integral, V denotes the usual Euclidean gradient. Moreover,

ol vy = / 2 p* ol uZ dr = 2" / B2 de
S’n R’IL

n

Now by recalling the definition of the space D!:?(R") (Definition B.0.17), its properties and the fact that

C>(R™) is dense in D12(S™) and taking (2.1.4) into account we have:

Proposition 2.1.2. The map J : H'(S") — DY2(R") given by ¢ — uyp* is an isomorphism. And if

we multiply u1 by an appropriate constant we conclude that there is an isometric isomorphism between

10



H!(S™) and D}2(R").

Therefore, ,
. alVpl?d
ANS") = inf f“‘—‘plwf* (2.1.5)
PEDE RO} ([ [p[2")
Denoting the sharp constant of the Sobolev inequality by
on= _inf |Volf3, (2.1.6)
€DV (R")
llellax=1

we have, the following theorem:

Theorem 2.1.3. The n—dimensional Sobolev constant o,, is equal to A(S™)/a. Thus the sharp form of

the Sobolev inequality in R™ is:

2 a 2
« < Vv

2% = /\(Sn) || ()OH27

[l

for all o € D2(R™).
In chapter 3 we will show that the standard metric and the conformal metrics 4}, p*g are extremal with
respect to the Yamabe functional, for now we assume this fact and that Theorem 2.1.3 and proceed with

the proof of Theorem 2.0.2.

Proof of Theorem 2.0.2. As we just mentioned, the functions u,, satisfy a||Vu, |3 = A\(S")||uq

2. onR".
For any fixed e > 0, let B. denote the ball of radius € centered at the origin in R™, and choose a smooth
radial cutoff function 0 < n < 1 supported in Bs, with » = 1 on B.. Consider the smooth compactly

supported function ¢, = nu,. Since ¢,, is a radial function,

/ a| Vo |2dr = / (a772\Vua|2 + 2anue(Vue, Vn) + aui|V77|2) dx
n B2E

(2.1.7)
< / a|Vug|*dz + C’/ (ua\&.ua| + ui) dx,
n A‘
where A. = B, — B,. To estimate these terms, first note that u,(r) < a("~2/2r2=" and, since
a n/2
Otig = (2 —n)alr [ =2 ) | 218
Ue = (2—n)a T<a2+r2> ( )

we also have |0,uy| < (n — 2)a®=2)/2¢1="_ Thus, for fixed € > 0, the second term in (2.1.7) is O(a™2)

asa — 0:

2¢e
/ (ua\&nu(ﬁ + ui) dr < 04"72/ (7"372" + 7‘472") dr = a" 2w, / (1"372"“”1 + 7“472”*”71) dr
Ac A 5

€

< Can72

7
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for some positive constant C. As for the first term,

/ o Vo 2dz = A(S™) </

n BE
<A (n%nzi +

R\ B

=A6") (llga
=A6") (lIga

< ASM)@all3- +0(a"?),

2/2*
ui dz + / ui* dz
R™ \Be

2/2*
a”r_Q”d:v>

. 2/2*
2+ Ca”)

€

(2.1.9)

2/2*

2 4 Ca¥ -212)

where we have used the triangle inequality to obtain the last inequality. So, the Sobolev quotient of o, on
R" is less than A(S™) + O(a™2). On a compact manifold M, let p € M and consider normal coordinates
{2} centered in p. Let ¢, = nu, in these coordinates, extended by zero to a smooth function on M.

Since ¢ is a radial function and ¢"" = 1 in these coordinates, we have
|v90a|2 = (Va, Vo) = grr|8r90a|2 = ‘8T90a|2v

i.e. |[Vo|? = |0,¢|? (in a neighbourhood of p). We want to estimate the energy, E(¢.). However, the
current situation is not as simple as before due to the extra term of the scalar curvature and the fact
that det(g;;) = 1+ O(r?) (where r = |z| is the geodesic distance) in normal coordinates. The previous

estimates then give

B(ea) = [ alVeul+ Siiav,

Pae ” (2.1.10)

< (140 (A" palt oy + €02 4 ISy [ [ et )
0 Sr

for some positive constants C, C;. Lemma 2.1.4 below shows, the last term is bounded by a constant
multiple of a. However, we cannot just divide (2.1.10) by ¢a |2+ (a) @nd conclude the result, since in
the above inequality |[a || 12 (- is NOt exactly equal to [|¢all L2+ (ar)- In the context of || || L2 gn) WE
are thinking of ¢, as a function in R", while in ||| L2+ (ar) ¢o is NOW a function in M. So we need to
estimate the ratio between ||¢a || 12+ (gn) @nd [l@allL2* (ar)- TO estimate Q,(¢.) we need to get a lower

bound for ||gpa||%2*(M):

2/2* 2/2* 2/2
||saa|Lz*<m</Msoidvg) z(/B o \/demgij)dvg) z<10e2>(/3 sﬁidz> |

(2.1.11)
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This leads us to estimate || || 12+ (5,) (Now we are thinking of ¢, as a function in R"):

2% @ " ‘ o " n—1
de = % ) dr=w,_ _° d
/B% : /B<a2+|xl2> e 1/0 (a2+r2> o

‘ ‘ (2.1.12)
/6/04 1 71,—1d
= Wp— —_— .
R T
Thus, dividing (2.1.10) by |[¢q | £2* (ar) @nd using (2.1.11) we get
2 n—2
Q)(pa) € NS + Cia Coa L @119)

(1—ceyr = C el 5y (L O

<P||L2*(B‘)

for some positive constant Cs. Looking at (2.1.12) and (2.1.11), we see that if we chose a = ¢ small, the

L* (M)—norm of ¢,, is controlled from above and below by constants independent of e and .. So

1+ Ce? 1+ Ce?

T 1-ce (2.1.14)
= A(S") + Ca,

Qg (‘pa) <

for some positive constant C' > 0 (that is independent of o) and ¢ > 0 sufficiently small. This proves that
A(M) < A(S™) since we are taking the infimum. O

The following lemma will be used again in Chapter 4, and so we state and prove it in its full generality.
Lemma 2.1.4. Fixe > 0 and suppose thatk > —n. Then, as o — 0,

I(a) = /<rk+"_1uidr
0

is bounded above and below by positive multiples of o*+2 ifn > k + 4, o**21og(1/a) ifn = k + 4, and

a2 ifn < k+4.

Proof. The change of variable ¢ = r/« yields

I(a) = ok / st
0 (1 + t2)n—2

Now, note that for ¢ > 1, t2 < ¢?> + 1 < 2¢2, and so we can find bounds for I(«):

e/a e/a
k2 (C + / 2‘"+2tk‘"+3dt> < I(a) < oft? (C + / tk‘”+3dt> )
1 1

e/a €/
So, ifn > k+4, / tF="*34¢ is bounded, if n = k+4, / th=n 434t = log(e) —log(a), and if n < k+4,
1 1

e/
ak+2/ th=n+3dt is comparable to a2 O
1
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2.2 Characterization of the Solutions in the Sphere

An interesting feature of the Yamabe Problem in the standard sphere is that we have a complete

solution for the problem in the sense that we are able to describe all the solutions.

Recall that a diffeomorphism between two Riemannian manifolds (M, g) and (N, h), ¥ : M — N, is

said to be a conformal diffeomorphism if the pullback of the metric h by ¥ is conformal to g.

The following is due to Obata [14]:

Proposition 2.2.1. If g is a metric on S™ that is conformal to the standard metric g and has constant
sectional curvature, then up to multiplication by a constant factor, g is obtained from g by a conformal

diffeomorphism of the sphere.

Proof. Our aim is to show that S™ equipped with g has constant scalar curvature and then apply the
Killing-Hopf theorem to prove the result. So we start by showing that ¢ is Einstein. Considering the
metric g as the background metric on the sphere, we can write g = p~2g, where ¢ € C>(M) is strictly

positive and smooth. By recalling the local forms of the Laplace-Beltrami operator and Hessian of a

function we have, by making the substitution e?/ = p=2 < f = —logy,
2
O’f w Of ; ; P af e 1
= i __ k2L ) dot d? = _ 9z9xi ox 8m7 ]_'\k dat d J
G (8337'8373 - ii gk | @ 2 " Z @do

1
=——(Hy)ij + E(ds@ ® dp)ij,

(2.2.1)
and therefore
1 1
Ay(—logp) =~ Agp — EIIC&DHQ-
The transformation laws (A.0.18), (A.0.19) imply

Ric =Ric—(n—2)Hs+ (n —2)df @ df + (Ayf — (n — 2)|ldf|1*)g

n—2 1
- ( Bgo+ 14717 +
2

n—2
-t e wdy )9
2 <)02
.oon—2 1
_Rict" "2, ( Ao+ " ||d¢2) 97
2 2 90

and therefore

S = Eijgij
=’ Rijg” + (n — 2)p(Hy)ijg"7 — npAge + (n — 1)n||do]?
=¢*S = 2(n — 1)pAgp — n(n — 1)||de|?,

where all operations are taken with respect to the metric g.
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If Ric = Ric —2 g denotes the traceless Ricci tensor, then, because g is Einstein:

o §7
OZRij_R7J_Egij
n—2 1 n—1 o (1 2(n—1)
=R, +——(Hy)ii — | —A = dol|? ) gii — o2 [ =prS — 22— 0A 0 — (n—1D)||do||? ) g;
it (He)ij (cp ¥t | @H)gg @ (nso ——¢Agp — (n = 1lldell” ) gis
° n—2 n—2
=Ry + —— ij T ——Ag0gi;
i+ o (Hy)ij + ng g¥Yij

Since S is constant, the contracted Bianchi’s identity (A.0.13) implies that the divergence of the Ricci
tensor vanishes identically. And since the divergence of the metric also vanishes identically, the diver-
gence of the traceless Ricci tensor also vanishes identically. Since Roic is traceless, integration by parts

yields

o o 0% 0% 1
/S ¢[Ric|dV, Z/S ¢Ri;R dVy=—(n— 2)/ R ((Hw)ij + n%@ﬁij) Vg
0t 1 0tJ
= —(n — 2) /n (R (Hqg)ij + ER Aggagij) dVg.

ol o

The second term is zero because R A pg;; = try(Ric)Ay¢p, and so we are left with

o [e] 17 o o
/ ¢|Ric 2dV, = —(n—2) | R (H,)i;dV, = —(n—2)/ (R, Hy)dV, = (n—2)/ (div Ric, dp)dV, = 0.
Sn Sn n n
This shows that Roic must vanish identically, and so g is Einstein. Since g is conformal to the round metric
g, which is locally conformally flat, the Weyl tensor is identically zero. And so, by Schur’s Lemma, g has
constant curvature, and so (S, g) is isometric to the standard sphere by the Killing-Hopf Theorem. The

isometry is the desired conformal diffeomorphism. O

Combining Proposition 2.2.1 with Theorem 3.1.7 we obtain a complete solution to the Yamabe prob-

lem on the sphere:

Theorem 2.2.2. The Yamabe functional on (S",q) is minimized by constant multiples of the standard
metric and its images under conformal diffeomorphisms. These are the only metrics conformal to the

standard one on S™ that have constant scalar curvature.

15
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Chapter 3

Variational Methods

In the previous chapter, we introduced the Yamabe invariant of a compact Riemannian manifold
and checked that, if it is reached by a smooth positive function, then the Yamabe problem is solved.
We also saw that the Yamabe invariant of any compact n—dimensional Riemannian manifold satisfies

A(M) < X\(S™). However, we did not explore the importance of this inequality.

Since the Yamabe problem is related to a minimization problem, a natural idea to solve the Yamabe
problem could be to apply the direct method of the Calculus of Variations, that is, to construct a mini-
mizing sequence for A\(A/), and hope to extract a convergent subsequence, followed by some regularity
theory and the Strong Maximum Principle B.0.13 to show that the limit function is both smooth and
positive.

However, because the exponent appearing in the definition of Q, is precisely the critical exponent
for the Sobolev inequality, this method, in general, does not work since the injection H* (M) < L* (M)
is not compact. Yamabe knew this, and to overcome this obstacle he decided to perturb Q, and the
Yamabe equation (1.0.1) by considering a subcritical problem. By doing this, he obtained a sequence
of problems that are easily solved using the direct method of the Calculus of Variations followed by
regularity theory and the Strong Maximum Principle B.0.13. Then, he obtained a sequence of positive
smooth functions that, under a certain uniform boundedness condition in some L™ (M) space with r >
2*, converges uniformly, up to a subsequence, to a positive, smooth solution of the Yamabe problem.
Yamabe’s mistake was to assume that this uniform boundedness condition is always satisfied, which, as
noted by Trudinger in [18], is not always the case. It turns out that, as long as A\(M) < A(S™), the L"
uniform boundedness condition is satisfied. This detail led to a significant increase in the complexity of
the problem. In later chapters, we will prove that, if (M, g) is not in the conformal class of the standard
sphere, we have \(M) < A(S™), and so it is only natural to conclude that the problem in the sphere
requires a different approach.

The purpose of this chapter is to explore further the Yamabe invariant of a manifold, and its impor-
tance in the overall solution of the problem. To show that A(M) < A(S") is a sufficient condition for the
Yamabe problem to have a solution. To show that there is a minimizer of the Yamabe functional in the

standard sphere, where the sufficient condition mentioned above is clearly not satisfied (note that the
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standard sphere already has constant scalar curvature). Here, we closely follow section 4 of [13], adding
however all the details, and prove a result regarding the invertibility of the conformal Laplacian as an op-
erator from the Sobolev space W24(M) onto L4(M), for ¢ > 1 on certain Riemannian manifolds (1M, g).

This result will be useful in the proof of the fact that the Yamabe invariant in the sphere is achieved.

3.1 The subcritical equation

As we have seen, the Yamabe problem is related to a minimization problem. As such, the most direct
approach to try and solve the Yamabe Problem would be to apply the direct method of the Calculus
of Variations, and afterwards, try to develop some regularity theory. This, however, is a failing strategy
as the injection H'(M) — L* (M) lacks compactness. Indeed, if we take a minimizing sequence,
{ux} € HY (M), of Q,, such that ||ug|| .-~ = 1 (which we can always assume to be true by homogeneity),

then

1 S
||uk||H1 = / |Vuk|2 + uidVg = ng(uk) +/ (1 — ) uidVg
M a M a

1 1 (3.1.1)
< ~Qy(u) + Cllul3- = —Qy(uk) +C,

where we have applied Hélder’s inequality to arrive at the last inequality. Because Q,(ux) — A(M), we
can conclude that {u} is bounded in H'(M), so {ux} converges weakly along a subsequence to some
u € HY(M). But since 2* is precisely the exponent for which the inclusion map fails to be compact, we

cannot guarantee that the constraint ||uy o+ < 1 by

o« = 1 is preserved in the limit, all we know is |ju

Fatou’s Lemma. In particular, © may be identically zero.
However, if A(M) < A(S™) then, as we are going to see below, the normalized L?" —norm condition is
satisfied in the limit.

A classical method to go around this obstacle is to perturb the problem in a way that we get a problem
that we can solve. In our situation, the best way to do this is to perturb the exponent on the right-hand
side of the Yamabe equation. In this text, we chose the latter option as the scalar curvature has a
deep geometric meaning that is very important in the context of the Yamabe problem, and consider the
perturbed/subcritical equation

Lop = \(M)g* ™, (3.1.2)

with 2 < s < 2%, which comes with the associated family of functionals Q:

alVl? + Sp2ay,
E((p) /M | §0| ® g

%) =2 = Tk ! (3.1.3)

and the associated minimization problems A;(M) = inf ¢ ;1 1)\ 103 2g(9)-
It is a result due to Yamabe [19] that, for s < 2*, this equation always has a smooth, strictly positive,
solution ¢, that minimizes \;(M). Indeed, when s < 2*, the compactness of the injection H'(M) —

L# (M) makes this result, modulo the regularity and positivity properties, very believable. This is because
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the direct method of the Calculus of Variations now produces a minimizer that satisfies ||¢s||s = 1, as

opposed to what happens in the critical case, where s = 2*.

Proposition 3.1.1. For each 2 < s < 2%, there exists a smooth, positive solution ¢, to the subcritical
equation (3.1.2), for which Q°(¢,) = As(M) and ||ps||s = 1.

Proof. Since 2 < s < 2%, the inclusion H*(M) < L*(M) is compact. The direct method of the Calculus
of Variations works and through this method, we are able to extract a solution. To see this, take {ux} C
H'(M) to be a minimizing sequence for A, (M) (Q; (ux) — As(M)) such that [Juy||s = 1 (the homogeneity
of the functional Q; allows us to make this assumption). By replacing, if necessary, u by its absolute
value, we may assume without loss of generality that the sequence is nonnegative.Then, proceeding as

in (3.1.1), we conclude that {u,} is a bounded sequence in H!(M):

1 . S
||uk||H1 = / |Vuk|2 + uidVg = fQ;(uk) +/ (1 — ) uidVg
M a M @ (3.1.4)

1
—Q5 (ux) + C g 2.

IN

Since the embedding H!(M) — L*(M) is compact, up to a subsequence, {ux} converges weakly in

H'(M) and strongly in L*(M) to some u, € H'(M) with [Juslls = 1. So, Q%(us) > A(M). Because

HY(M) — L?*(M) is also compact and S € L>(M), we have that/ SuzdV, — / Su2dV,. The weak
M M

convergence in H'(M) gives

/|vus\2dvggnmmf/ |V |*dV,

and thus
Q? (us) < limsup / a|Vug [2dV, + / SuzdV, = \s(M)
M JM

k—o0
but then Q; (us) = As(M). Hence, u, is a weak solution of the subcritical equation (3.1.2) and so the

regularity result B.0.20, implies that u is positive and smooth. O

3.1.1 A sufficient condition for the Yamabe Problem

We now present a sufficient condition for the existence of a solution to the Yamabe Problem. The
problem with it is that it does not include the model case of the sphere, therefore, we will have to prove
the existence of a minimizer for the Yamabe functional on the standard sphere by hand. It turns out,
as we will see in the coming chapters that the referred condition is satisfied by all compact, connected
Riemannian manifolds apart from when we are dealing with the conformal class of the standard sphere..

As mentioned at the beginning of this chapter, the idea is to consider the subcritical problems (3.1.2)
for s < 2* and pass to the limit s — 2*. Because of this, we have to study the behaviour of \;(M) as a
function of s. To simplify our task, we choose a background metric such that M has volume one. Note
that we can always choose such a metric by multiplying the original metric with an appropriate constant.

Under this assumption, Hoélder’s inequality implies that |u|ls < |u|]|s whenever s < s’. This, in

particular, makes the study of the constants A;(A) much simpler. The next lemma, due to Aubin (see [3])
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encapsulates the results we need about the behaviour of A;(1/) as a function of s:

Lemma 3.1.2. If [, dV, = 1, then |\,(M)| is nonincreasing as a function of s € [2,2*]. Moreover, if
AM) >0, then A\;(M) is continuous from the left.

Proof. Forany u € H'(M)\ {0} we have by definition that

Q3 (u) = ICIE Q. (3.1.5)

[[ufls

So, given s, s’ € [2,2*] we see that \; and A\, have the same sign. Let s, s’ € [2,2*] with s < ¢’. First,
consider the case where A\;(M) > 0. Then, the observation |Ju||s < |ju||s implies that As(M) > Ay (M).
Now consider the case where A, < 0. In this setting, consider v € H'(M)\ {0} such that Q; (u), Q;’ (u) <

0. In this case, we see that
_ s
[Jw] s

Q3 (u) Q5 (u) > Q5(u),

and so \;(M) < Ay (M). This finishes the proof that |\;(M)| is nonincreasing.

Now assume that A(M) > 0, this implies, via (3.1.5), that A,(M) > 0 for every s € [2,2*]. Now fix
5 € [2,2*] and let ¢ > 0. By the properties of infimum there is v € H' (M) such that Q5 (u) < A\;(M) +&.
Because ||u||s is a continuous function of s, A\ (M) < Ay (M) < Q;' (u) < As + 26 <= |Xs — Ay| < 2¢,

for s’ < s sufficiently close to s. O

Using the properties about A;(M) we have just shown, we are able to acquire a L™ (M )-uniform
bound on the sequence {u;} provided that A\(M) < A(S™). The following proposition, which is due to the

combined efforts of Trudinger (see [18]) and Aubin (see [3]), formalises this.

Proposition 3.1.3. Let {u,} be the collection of functions given by Proposition 3.1.1. If \(M) < A(S™),

then there are constants sq < 2*,r > 2*, and C > 0 such that ||us||,. < C for all s > sg.

Proof. Let § > 0 (to be determined later). Multiply (3.1.2) by «! 2% and integrate by parts to get

/ a{Vusg, (1 + 26)uf‘5Vus> + Su§+25dVg = )\8/ uSSSJ“Q‘SdVg.
M M

Setting w, = u!*?, we have Vw, = (1 + §)u’Vu,. So rewriting the previous equation with respect to w;

we have

1+2) 2 / 2 s—2 2
V v, = As (M 572 — Sw=dV,.
(1+5)2/Ma| w|*dV, y (M)w?u wdV,

The (sharp) Sobolev inequality (Theorem 2.1.3 and Proposition B.0.8) and the previous equation yield

for any ¢ > 0:

st

2 < (1+5)Ln/ |sz|2dVg+Ce/ w?dvg
AS™) S M

_ As(M) (1+6)° 2, 52
=(1+¢) ©) 1+20 /Mwsus dVg—I—/M

(140)? 2
(cg TS ) wkdv,

A
(3.1.6)
As(M) (149) 2 s—2 / 2
<(1 s .
< (493G Ty [, WiV, + Cllju
A+ s
< * S S b
= (1+€) 1+25 )\(Sn) st 2+ || W ||(372)n/2+05||w ||2
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by Hoélder’s inequality.
If A\(M) < 0, we have \;(M) < 0 for every s € [2,2*], and as such we arrive at

)
||w8H%* < C||ws||§ = CH“S”éaJﬂs) < CHUSH;—M <C.

1re = |lws|l2- < C, we conclude that {u,} is bounded uniformly

Recall, that ||us||s = 1. And since ||us 2 (148) =

in L2 (49 (A1), In the case where 0 < A\(M) < A(S™), concluding the result is not as straightforward.
First, the fact that s < 2*, implies @ < s, s0 Holder’s inequality implies ||usl|(s—2)n/2 < [Juslls = 1
(here we are again using the fact that M has volume one). Since 0 < A(M) < A(S™), the previous lemma
implies that A;(M) is (as a function of s) continuous from the left. By recalling that A(M) = X2« (M), we

can conclude that there is sg < 2%, such that A;(M)/A(S™) < A, (M)/A(S™) < 1 for s > so. Noting that

(14 6)* 1+ 26 + 62 62 + e6?
T S G s sy et
. . (1468)% Ao (M)
we can choose first e small, and then § small enough so that the coefficient (1 + ¢) 1155 o < L and
S0, using this in (3.1.6) we can conclude that
[Jws %* < Cstuga
for some constant C' > 0. Now proceed as in the case A(M) < 0 to conclude the result. O

Remark 3.1.4. It is a curious fact that when A\(M) < 0, which is the case, for example, whenever the
scalar curvature satisfies [,, SV, < 0, the proof above implies that {u.} is uniformly bounded in every
L"(M) (1<r<oo).

Remark 3.1.5. In the Introduction, we mentioned that Yamabe’s attempt at solving the Yamabe Problem
contained a mistake. This mistake was to assume that the sequence {us} given by Proposition 3.1.1
is uniformly bounded in some L™ (M) for some r > 2* (as in the previous proposition) whether or not
A(M) < X(S™). Actually, it is likely that Yamabe was not aware of the inequality A\(M) < \(S™) as this

first appeared in the literature in [3] which was published in 1968, 8 years after Yamabe died.

Using the previous proposition, we are able to prove that the Yamabe problem has a solution if
AM) < A(S™).

Theorem 3.1.6. Let {u,} be the collection of functions given by Proposition 3.1.1. Suppose that \(M) <
A(S™). Then, as s — 2*, {us} converges, up to a subsequence, in the C*—norm to a positive function
u € C°(M) that satisfies:

In particular, the metric § = u*> —2g has constant scalar curvature \(M).

Proof. According to the previous proposition, there is sy € [2,2*] and r > 2* such that {us}s>s, IS
uniformly bounded in L™ (M). Therefore, the regularity theorem B.0.20 implies that {u;}s>s, is uniformly

bounded in C><(M) for some a € (0,1). But then the Arzela—Ascoli theorem (note that we can apply
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this theorem because {u,} is bounded in C>%(M)) implies that there is a subsequence of {u} along
which we have uniform convergence with respect to the C?—norm to a function v € C?(M). So, we have
that ||u

o« = limg_,9+ ||us||s = 1. The limit function v must then satisfy

Lu= Pt Quu) =),

where A = limg_,o+ As(M).

If A\(M) > 0, Lemma 3.1.2 implies that A = A(M), since \;(M) is continuous from the left as function
of s. On the other hand, if \(M) < 0 Lemma 3.1.2 shows that A;(M) is an increasing function of s and so

we must have A < A(M). Because |u

2« > 1, Theorem B.0.20 shows that « is C* and strictly positive.
But then, the definition of (M) implies that A = A(M). O

3.1.2 Minimization on the Sphere

From Chapter 2 we know that the standard metric on the sphere, g, has constant scalar curvature.
However, we did not show that this metric is a minimizer for the Yamabe functional. In this section, we
prove this fact. Furthermore, the standard sphere clearly does not satisfy the condition A(S™) < A(S™),

as such the above procedure fails to produce a smooth positive minimizer for the Yamabe functional.

It is the existence of the family of conformal diffeomorphisms described in Chapter 2, that enables
us, with a little more effort, to prove the existence of minimizers for the Yamabe functional on the sphere.

The following is taken from [13] where we have added all the missing details.
Theorem 3.1.7. There is a positive, smooth function i) on S™ that satisfies Qg (1)) = A(S™).

Proof. First, recall that the standard sphere, S™, has constant scalar curvature, S = n(n — 1). For
each 2 < s < 2%, let us; be the solution of the subcritical equation whose existence is guaranteed by
Proposition 3.1.1. Assume that the supremum of every u; is achieved at the south pole (which is always

true after composing with a suitable rotation).

If {us} is uniformly bounded in L*>°(S™) then the method used in Theorem 3.1.6 gives the result. So
from now on, we assume that |lu| ;= s») — oo. Note that we cannot guarantee a uniform L"—bound
(r > 2*) of the sequence {u,} because the proof of 3.1.3 breaks down in the standard sphere. Now let
ko = 0 1 od,00 :S*” — S™ be the conformal diffeomorphism induced by the dilation 6, on R”, and
set g, = kX g. Using Lemma 2.1.1 we compute g, in the local coordinates induced by the stereographic
projection:

4 2

. )QdSQ) = 4(0‘7id52 =4 ds

*k*fzé* *7:6*
Plad =0l g “<<1+|x|2 a? 1 [2?)? a2 (a2 £ [af?)?

)(H)/

5 2
Now let ¢, (¢, €) = (1+€+a7<1—5) , where ((,€) € S™ are as in Lemma 2.1.1, i.e. ¢ € R” and

2c
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¢ € R. Direct computation shows:

4
(14 [x]?)?

(o6 7g) = ds®

2
4o 1
- 21 _ 5> _ olP-1 | (1 775"
1+|x|2+1+a -« (14 1z[?)

[z[2+1
da(|x? +1) 2 1 42
= s
202 + 2|z|? (14 |x)?)?
4 2
-t ds?,
(a2 + [z[?)?

that is, g = ¢ —2g. Observe that, at the south pole, ¢, = a(2=™)/2,
For each s < 2%, let ¢, = ¢k} us, where a = «a(s) is chosen so that ¢, = 1 at the south pole. This
implies that o, = [[u,|[7(5.3 — oo as s — 2%, and therefore 4, < a("=2)/24,,.

Let £, denote the conformal Laplacian with respect to the metric g,,, then we have
La(kaus) = As(8")(kqus)* ™ = ky(As(S")ui™") = ki (Lgus).
The transformation law A.0.20 for the conformal Laplacian implies
Lqths = L(9akyus) = 05~ Lalkius) = As(S")05 ~H (kau)* ™t = A(§")g v (3.1.7)
Using this we find that {1, } is bounded in H'(S™):

s || g < c/S o LgthedVy = C/S VP Lo (K us)dVy = C : Kokl Lauad? dV,

=C : o LguadVyg < C'||lug| g,
so the boundedness of {u,} in H'(S") implies the boundedness of {y,} in H'(S"). Since {us} is
bounded in H'(S™) it also is bounded in L?"(S") by the Sobolev Embedding Theorem (B.0.7). Let
1 € H'(S") denote the weak limit of {+,}. If p denotes the north pole, on any compact subset of
S™\ {p} there exists a constant A such that ¢, < Aa(>~™)/2, and thus on compact sets away from p, the
right-hand side of (3.1.7) is bounded by X\»(S™)A42"~! , independently of s:

(86 T (khus) h < A(SM) AT T (kL ua 30k
n * 7n+2 *
= Xs(SMA* Tt fug| oo iy

2% —1

< Aa(SM)AY o uy Lo (S)

*_ otz
(Sn)AZ 1||Uoz||Lo’;(sn)Husnzoczsn)

— )\Q(Sn)A2*—17

where we have used the fact that A;(S™) is a nonincreasing function of s since A(S™) > 0 (see Lemma

3.1.2). This implies that on any compact set away from p, the right-hand side of (3.1.7) is bounded
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in L for every . Then arguing as in the proof of Theorem B.0.20 but using Local Elliptic Regularity
(Theorem B.0.11) we conclude that {w,} is bounded in C>% on compact sets that do not contain p.
Now let K; C K5 C - - - be a sequence of compact sets whose union is S™ \ {p}. By the Arzela-Ascoli
theorem, using the same method as in the proof of Theorem 3.1.6, we can extract a subsequence of
{1} that converges in C*“(K7), and then from this subsequence extract a subsequence that converges
in C>%(K,), etc. And by taking a diagonal subsequence, we see that the limit function ¢ is C% on S™\ {p}.
Since (by Lemma 3.1.2) A\,(S™) — A(S") as s — 2* and ¢2 —* < 1 away from the north pole for s near 2*,
we conclude that ¢ satisfies Lz = f1p? —1 weakly on S™\ {p}, for some bounded function 0 < f < A\(S™).
By the Weak Removable Singularities Theorem (Theorem B.0.14), the same equation holds weakly on
S,

For each s,

19

31 :/S ¢<2x* (k;us)Q*d‘@:/ (kzus)z*kzdvyz ||U9H§: > W};T/S”USHE:

where we have applied Holder’s inequality to obtain the last inequality. This implies that ||1||2- > 1, and
therefore Qgz(¢) < A(S™). But with A(S™) being the infimum of Qz, we must have Qz(y) = A(S™) and
L1p = \(S™)y? 1.

To finish the proof we still have to show that ¢ is positive and smooth. Due to the Regularity Theorem
B.0.20, it is sufficient to show that ¢ € L"(S") for some r > 2*. The operator L5 : W24(S") — L9(S")
has a bounded inverse for ¢ > 1 as is shown below in Lemma 3.1.8 (just set M to be the standard
sphere, S™). Now let n € C>°(S™) be a smooth function supported in a small neighbourhood of p, and
consider the perturbed operator

L, = Lg—nA(S")p? 2.

Because the space of invertible operators is open, if the operator norm of the perturbation term A\(S™)ny?” 2

is small enough, the operator £, will also have a bounded inverse. Now chose ¢ such that n% <q< gy

(in particular, ¢ > 1) and set r = nﬁ‘gq, for u € W24(S"), Holder’s inequality followed by Sobolev’s

inequality give us
I 2l < fIn*/ =252 ull, < Clln™ D937 lullwz.a,

therefore,

ln® 2llop < Clln*/ 205272,

where | - ||, denotes the operator norm. Thus, by shrinking the support of n and imposing 0 < 7 < 1,
we can make the operator norm of the term \(S™)ny?" —2 as small as we want.

Now £, = A(S™)y? ~1 — A(S")ny? 1 = (1 — n)A(S")y? ~! € LI(S™) because 1 is C? away from the
north pole.

Since £, : W4(S™) — L%(S") is invertible, there exists v € W2¢(S™) such that £,,v» = £, v, but Hélder’s
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inequality and the Sobolev inequality yield

l[wll S/ uludVy = uﬁnudV§+/ )\an‘—ludVg
n -

Sn

ok

* * * 27*
< / ulyudVy + (/ A dVg> [[ull2-

*

%

g/ uﬁ,,udvg+c</ nz*/@*‘”wdvg) [ p

< / ’U/ﬁnudV§+C€Hu”H17

where ¢ > 0 depends on 7 and ¢ and can be as small as we want it. Hence £, is injective on H*(S")
and since W24(S") ¢ H'(S") (this is due to a simple application of Holder’s inequality using the fact
that S” has finite volume) we must have ¢ = v € W29(S") — L"(S"). Since r > 2*, Theorem B.0.20

implies that «» must be smooth and since « is one at the south pole, 1) must be strictly positive. O

Lemma 3.1.8. Lef (M, g) be a compact Riemannian manifold with strictly positive scalar curvature S.

Then, for every 1 < q < oo, the operator L, : W?9(M) — Li(M) is invertible.

Proof. We start by showing that £, is injective. Indeed if there is u € W24(S™) \ {0} such that L,u =
0, then, by elliptic regularity, » is a smooth function, and is an eigenfunction of the Laplace-Beltrami

operator and —S is its eigenvalue. But then (since u € C>*(M) C H'(M)) we have

/ a|Vul?dV, = —/ Su?dVy, (3.1.8)
A" Sn

where we have used the fact that the scalar curvature of M is strictly positive. This implies that u = 0
which contradicts the assumption that « is not identically zero. And so we have shown that £, is a
injective operator from W24(M) to LY(M). Now we show that £, is surjective. This is equivalent to
showing that for every f € L4(M) there is u € W4(M) such that L,u = f at almost every point. Fix
f € Li(M). Let {U,} be a finite open covering of M such that each U; is the domain of a chart whose
image is a bounded smooth domain in R™ and let {7;} be a smooth partition of unity subordinate to the
open covering {U;}. Now let f; = n, f. Denote by V; the (bounded) open set in R™ that corresponds to

the open set U, in M. For each i consider the problem

~ T 0ile7 Vdet(gig)05u) + Su = fi, InVi,
u=0 in OV;.

(3.1.9)

The equation above is the equation £,u = f; written in local coordinates. Now, by noting that we are in
the conditions of Theorem B.0.16, we have a unique solution u; € W22 (V;) to the problem (3.1.9). Now
transport the function u; to U; via the chart and define u; on the rest of S™ by extending it by zero. Now
define u = 3", u;, which by construction is in the Sobolev space W?24(M). We claim that u is such that

L,u = f atalmost every point. To see this fix p € C°(M), and, for each i, let {¢},} C C2°(U;) € W4(U;)
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be a sequence of compactly supported smooth functions such that

||90; = Plu, lw2a@w,) = 0, as n — oo.

So we have,

/ ullpdVy = / pLoudVy = / oLyu;dVy
M M . JU
=3 Jim, [, bt =3 i, [ sy

-y / fipdV, = / ofdv,,
~ Ju, M

Where L} (= L,) is the adjoint operator of £,. This shows that « is indeed a weak solution of Lyu = f.
By noting that

1£gullq < allAullg + 1151 Lo (anlullg S [lullw2.q,

we conclude that £, : W*4(M) — L%(M) is a bounded and bijective operator, hence invertible with

bounded inverse. O
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Chapter 4

Conformal Normal Coordinates and

Stereographic Projections

In Chapter 3 we saw that if A\(M) < A(S™) then we are able to apply the direct method of the Calculus
of Variations followed by some regularity theory to solve the Yamabe problem. Our objective, from now
on will be to show that whenever M is not in the conformal class of the standard sphere this is indeed
the case. However, this task is far from trivial. This was, originally, the result of the combined efforts of
Aubin and Schoen ( [2, 16]). More specifically, Aubin proved this fact when M is not conformally flat (i.e.
the metric is locally conformal to the Euclidean metric) and has dimension greater or equal to 6. And
Schoen covered the remaining cases, those being when either M is conformally flat or has dimension
3,4 or 5. Later on, John M. Lee and Thomas H. Parker also proved this fact using different methods
in [13]. They managed, using the machinery presented in this chapter and Chapter 6, to merge the
proofs of Schoen and Aubin. The common trait between the works of Aubin, Schoen, and therefore,
Lee and Parker is the construction of a test function. In this chapter, we follow closely Lee and Parker’s
approach from sections 5 and 6 in [13] to build the necessary machinery to prove A(M) < A(S™). The

purpose of this chapter is to develop the necessary tools for this construction.

4.1 Conformal Normal Coordinates

The calculations one usually encounters in Riemannian Geometry are dense and complicated. So,
it would be very useful if we had access to coordinates that greatly simplify the analysis of the local
geometry of a Riemannian manifold. Said coordinates do exist, they are called normal coordinates. In
this section, we describe the geometric construction of normal coordinates and proceed to describe a
similar set of coordinate charts on a conformal manifold to M. These will be normal coordinates for
some metric g within the conformal class of the original metric, and the freedom in the choice of metric

will allow us to simplify the local geometry considerably more than the usual normal coordinates.
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4.1.1 Normal Coordinates

In this subsection, we present the construction of normal coordinates. The results and proofs in this
subsection were based on the excellent [11] with some details added for better comprehension.
To properly construct normal coordinates we start by introducing the notions of covariant derivative

of a vector field along a curve and of a geodesic.

Definition 4.1.1. Let (M, g) be a Riemannian manifold. A vector field defined along a differentiable
curve c : I — M is a differentiable map V : I — TM such that V(t) € Te,yM,¥t € 1. If¢ # 0, the
covariant derivative of V' along c is the vector field defined along ¢ by

V(':(t)‘/ = (VXY)C(t) ;
for any vector fields X,Y € X(M) such that X (c(t)) = ¢(t) and Y (c(s)) =V (s) withs € (t —e,t +¢€) for
somee > 0.

Since the covariant derivative of a vector field Y along a vector field X at p € M only depends on X,
and the values of Y along a curve tangent to X, the covariant derivative along a curve is well-defined.

In local coordinates {z‘} we have that
ViV =) (V 0+ 3 TV <t>xk<t>) (3).
=1 7,k=1 c

where 2'(t) = 2(c(t)) and T, denote the Christofel symbols as in (A.0.2). There is another way to
obtain the covariant derivative of a vector field along a curve which uses the concept of vector bundles,

but we will not use it in order to not overcomplicate matters.

Definition 4.1.2. A curvec: 1 — M is said to be a geodesic (of the Levi-Civita connection V) if
Vee = 0.

In local coordinates, this equation becomes

Definition 4.1.3. Let (M, g) be a Riemannian manifold, take p € M and v € T,M. Denote by c, the
unique geodesic starting at p with ¢,(0) = v. LetV, := {v € T,M : ¢, is defined in for all t € [0, 1]} (note
V}, contains a neighborhood of 0 € T,,M) and define the exponential map of M at p, exp,, : V;, — M, is
defined by exp(v) = ¢, (1).

Lemma 4.1.4. The exponential map of M at p is a diffeomorphism from a neighbourhood of 0 € T, M

onto a neighbourhood of p € M.

Proof. Since T, M is a vector space, its tangent space at 0 can be identified with itself. Therefore, we
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can think of dexp,, at 0 as a map from 7, M onto itself. So, for v € T),M, we have (with this identification):

d d

dexpp(())(v) = %Ctv(l)ltzo = %Cv(t)lt:o = ¢,(0) = v.

This shows that dexp,,(0) is the identity map. So, the inverse function theorem implies that exp, maps a
neighbourhood of 0 € T, M diffeomorphically onto a neighbourhood of p € M. O

Now let ey, ...,e, (n = dim M) be a basis of T, which is orthonormal with respect to the inner
product induced on T,,M by g. Writing each vector v € T, M with respect to this basis yields a map
® : T,M — R™, given by v = v'e; — (v',...,0™). Under this identification, we conclude that exp,, induces

a local coordinate chart.

Definition 4.1.5. The local coordinates induced by the exponential map exp,, are called normal cooral-

nates with centre p.

Note that, under the coordinates induced by the exponential map at p, the geodesics that start at p
are simply the straight line going through 0 € T,,M. Therefore all the Christoffel symbols are zero, at p or
equivalently, all the partial derivatives of the components of the metric tensor vanish at p. The following

result summarises this.

Theorem 4.1.6. In normal coordinates, the following holds:

agij
oxk

9i5(0) = 6;5, T7;(0) =0, (0) = 0,Vi, j, k.

In particular, g;; = §;; + O(r?) and det(g;;) = 1 + O(r?), where r = |z| denotes the geodesical distance.

Some properties of normal coordinates are more easily seen in polar coordinates rather than in nor-
mal Euclidean coordinates. Introduce standard polar coordinates on R”, (r, ¢!, ..., 0"~ 1), where
© = (¢!, ...,0" 1) parametrizes the unit sphere. Now, via the isomorphism ®, transport these coordi-
nates to 7, M. We write g,,, instead of g;; and g, instead of g1;.1 and g, instead of g;_; ;1. Then
in the limit v — 0 € T, M, we have lim,_,o g--(p) = 1 and lim,_,0 g, (p) = 0. Since the geodesics are
the lines ¢ = const. when parametrized by arc length, we have, by definition of the Christoffel symbols

(A.0.2), T, = 0 for all i, hence
gil(2ng,r - grr,l) - Ova

thus 2g,;,» — g1 = 0, for all I, in particular, g, = 0, and therefore g, = 1 in a neighborhood of p. But

this implies that g,.,.; ., = 0 and therefore, g,.,; = 0. We have shown the following.
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Theorem 4.1.7. In polar normal coordinates, the metric has the form

1 0 0

0 gwlwl e gwlwn—l
(9i5) =

0 ggon—lwl e gwn,—lwn,—l

in a neighbourhood of p.

4.1.2 Asymptotic Analysis using Conformal Normal Coordinates

The following theorem was one of the key results obtained by Lee and Parker in [13] that allowed
them to unify Schoen’s and Aubin’s work. Indeed, Lee and Parker exploited the freedom to change
the background metric to make the local geometry of the manifold we are working on very close to the
geometry of the Euclidean space R™. This, as one expects, greatly diminishes the complexity of the
analysis of the Yamabe problem. We start by exploring the power of conformal normal coordinates,
these are normal coordinates with respect to a metric conformal to the original one. The usage of these
coordinates in the context of the Yamabe problem was Lee and Parker’s original idea. Indeed, in this
subsection we closely follow Section 5 of [13] with all the missing details added. The following is due to
Lee and Parker in [13].

Theorem 4.1.8 (Conformal Normal Coordinates). Let (M, g) be a Riemannian manifold and p € M. For

each N > 2 there is a conformal metric g on M such that
det(ﬁij) =1+ O(’I"N), asr — O+,

where r = |z| in g—normal coordinates atp. When N > 5, in g—normal coordinates, the scalar curvature
of g, S, satisfies S = O(r?) and AgzS = L|W|* at p, where W denotes the Weyl tensor (see Definition

A.0.20) that is invariant under conformal changes of metric.

Proving this theorem requires some machinery. Therefore, we will break the proof into smaller parts
that hopefully will make it simpler. At the end of this section, we will prove Theorem 4.1.8. In Theorem
4.1.20 we will use it to show that if (M, g) is a compact, connected Riemannian manifold of dimension

greater or equal to 6 that is not locally conformally flat, then A(M) < A(S™).
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The proof of Theorem 4.1.8 heavily relies on the following theorem, which is due to Lee and Parker
[13].

Theorem 4.1.9. Let (M, g) be a compact, connected Riemannian manifold and takep € M. Givenk > 0
andT a symmetric (k+2)—tensor onT,M, there is a unique homogeneous polynomial f of degree k+2

in g—normal coordinates such that the metric g = e/ g satisfies
Sym(V*Ri;)(p) =T,

where Sym(%’“ﬁij) denotes the symmetric part of the k—th covariant derivative of the Ricci tensor the

metricg.

Proof. Let {z'} be normal g—coordinates at p, r = |z| and let P,, denote the set of homogeneous
polynomials in {z*} of degree m. If we define F,(z) = R;;(z)z'2’, where z = (z', ..., 2™), then the Taylor

expansion of Fy is:
k+2

Fy(z) = Z F*+ O(Tk+3)7

m=2
where
B = oo > > 0kRij(p)ataia’ € P,

(m —2)! |K|=m—2i,j=1
where n = dim M. Now observe that the components of the covariant derivatives of the Ricci tensor are
related to the usual partial derivatives of the components of the Ricci tensor by R;; x (p) = Ox Rij(p) +
Sij i, Where the S;;x are constructed as polynomials in the curvature and its derivatives of order strictly
smaller than |k| at p. If § = €2/ g with f € Py 3, we have, S;;x = S;;x when |K| = k (this is because
all the extra terms given by the transformation laws of the Ricci curvature are zero at p since f and its
partial derivatives up to order k + 2 are zero at p).

Proving the result is equivalent to finding f € P2 such that

0= % > > (RiJ,K(p) - Tin) Tk
| K |=k 6,j=1
- % Z Z (Eij,K(p) - Tin) 'zl 4 O(rF ) (4.1.1)

| K |=Fk i,j=1

n 1 " y
= ng+2(¢) + Z il (Sij,K(p) - Tin) z'ala”,
i,j=1
where we have used the fact that g—normal coordinates differ from g—normal coordinates by O(r*+2)
(see Lemma 4.1.11 below) with {Z*} being g—normal coordinates. By Euler’s formula, z'279,0;f =
(2°0,)2f —2'0;f = (k+2)(k+1)f,and A, f = Af +O(r**1) (see Lemma 4.1.11) where A denotes the
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Euclidean Laplacian in xz—coordinates. Thus the transformation law (A.0.18) for the Ricci tensor yields:

:+2 k' Z Z@KRU 'zl

IK\ k ij
5 S0k (R — (= 2) (M) + (1= D @)y + (Do — (0~ 2)|dF|P)gis) () e
|K|=k ij

= F )+ 30 S0k (~(n = 2)(Mp)iy + (AT + 065 +0() ('

\KI k ij

= Fyt(x) + 2(2 —n)z'z?0;0; f + +a'zI AfS;

=F; (@) = (n—2)(k+2)(k+ 1)f +r*Af.
(4.1.2)

Note that there are no error terms in the previous calculations because we are evaluating all the terms at
p. The following lemma shows that 72 A—(n—2)(k+2)(k+1) is invertible on Py » since (n—2)(k+2)(k+1)
is not an eigenvalue of r?A, and as a consequence there is a unique f € Py,2 so that (4.1.1) is
satisfied. O

Lemma 4.1.10. The eigenvalues of r>A on P,, are
{oj=—2j(n—2+2m —2j):5=0,..,[m/2]}.
The eigenfunctions corresponding to «; are the functions of the form r*Ju, where u € P,,,_»; is harmonic.

Proof. The result clearly holds in the cases m = 0 and m = 1 since in both cases [m/2] = 0 and
r?Af =0 forall f € P,,. Now assume that m > 2 and that the result holds up to m — 1. Let f € P,,, be

an eigenfunction of r2A corresponding to A, i.e. r2Af = Af. By Euler’s formula Af € P,,,_, satisfies

A = Ao(rPAof) = Ar?)AF —20i(r?)0;(Af) + r* A% f
= —2nAf —42'0;(Af) + 2 A%f
= —2nAf —4(m — 2)Af + r2A?f,

so 2A(Af) = (A + 2n + 4m — 8)Af. Then either Ayf = 0, in which case A = 0 and f is harmonic,
or A + 2n + 4m — 8 is an eigenvalue of r?A on P,,_, with eigenfunction Af. In the later case, f =
AIr2Af and X+ 2n + 4m — 8 = —2j(n — 2 + 2m — 4 — 2j) for some j € {0,...,[(m — 1)/2]}, so
A=-2n—-4m+8—-2j(n—2+2(m—-2)—2j) = —(j+1)(n—2+2m — 2(j + 1)). One easily checks
that \; < [(m — 1)/2] implies that \; + 1 < [m/2]. Furthermore, note that in the case where Af is an
eigenfunction of r2A in P,,_» the induction hypothesis implies that A f = 2/« for some u € Py,—2_9;,
but then f = A\~ 192+2iy, O

Lemma4.1.11. If f € Py (withk > 2) and g = ¢*/ g, then g—normal coordinates differ from g—coordinates
by O(rk+1) . Ifk > 2, Ay f = Af + O(rk=1).
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Proof. Let k > 2 and exp, and exp, denote the exponential maps relative to the metrics g and g, respec-
tively. To prove the result we need to show that given v € T, M with |[v|| = 1, |z1(t) — z2(t)| = O(tF+1)
for small ¢, where x1(t) = exp, (tv) and x2(t) = exp,(tv). First we note that z; is a geodesic for g and -

is a geodesic for g, and as such (in g- normal coordinates {z*}):

B+ Y Tih(m()#laf =0, i=1,..n, (4.1.3)
i,j=1
and
B+ Y Thlaa(t)#gih =0, i=1,..n, (4.1.4)
ij=1

where the f;lk denotes the Christoffel symbols of the metric g. Since sz =T +0ij Ok f+0irOk f—9ix V' f,
we have that ij = ;k + O(t*=1). On the other hand, since {z'} are normal coordinates, ij(xl( ) =
O(t) and F;‘:k(:@(t)) =O(t).

g = Z Doy (wa(t)dgih — Ty (za (1)idaF = > O()(&dah — #5d5) + O(* )

jk=1

n
= > O(t)(d)ih — &b + alah — alak) + O(t 1)

§. k=1

= 3 O — )ik + (@ — i) + Ot
G k=1

= 3 O — ) + i) + o).
j.k=1

This implies that
i (1) — &5 (1) < +O(EF) +0() Y |a](t) — i (1)), (4.1.5)
j=1

for some constant C' > 0. Since we are only concerned with small ¢ there is a constant K > 0 for which

|£1(t) — 2(t)| < K for t small, therefore by integrating we conclude that if & > 1

[#5(1) — & (1)) = O(?),¥i = 1,...,n

and by replacing this estimate in (4.1.5) we conclude that |#i (t) — @} = O(t*),Vi = 1, ...,n. By iterating
this process we can conclude that |34 (t) — @4 (t)| = O(t*) and therefore |z (t) — xo(t)| = O(tF+1).

For the estimate on the Laplacian of f note that in g—normal coordinates we have

*f w Of

4Tk gl = A k
0xtOxI i 99 f+0)

o*f k OF i 2

Agf = *gij

The following is due to R. Graham.
Corollary 4.1.12. Givenp € M, N > 0, there exists a metric conformal to g such that all symmetrized
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covariant derivatives of the Ricci tensor of order < N vanish at p.

Proof. We proceed by induction in N. Choose T' = 0 in the above theorem, and note that / € Py.o
implies that %kéij = V"‘Rij for k < N. This is because, at p all the terms in the covariant derivatives up
to order N — 1 of Ric that are not the covariant derivatives of V* Ric are zero at p, and this is because

the Christoffel symbols, f and its derivative up to order N — 1 vanish at p. O

Before continuing our path towards a proof of Theorem 4.1.8, we need to introduce the important
concept of Jacobi fields.

To prove Theorem 4.1.8 we will employ Jacobi fields. As such, a brief exposition, containing the
results we will use, is helpful. What follows regarding Jacobi fields is based on [11]. And all the proofs

that we omit may be found there.

Definition 4.1.13. Letc: I — M be a geodesic. A vector field X along c is called a Jacobi field if
VeVeX +R(X,é)é = 0. (4.1.6)
As an abbreviation, we will write when possible
X =VeX, X=V.VeX
A lot can be said about Jacobi fields, for our purposes, we only need a result that gives a characteri-

zation of Jacobi fields.

Theorem 4.1.14. Letc : [0,a] — M be a geodesic and c(-,-) : [0,a] x (—e,e) — M) a variation of c(t)

through geodesics, i.e., every curve c(t, s) =: c;(t) (for fixed s) is also a geodesic. Then

X(t) = %c(t, 8)luzo (4.1.7)

is a Jacobi field along c(t) = ¢o(t). Furthermore, every Jacobi field can be obtained through this method.
Proof. See Theorem 6.2.1 in [11]. O

Corollary 4.1.15. Letc: [0,T] — M be a geodesic and p = c(0), i.e., c(t) = exp,,(t¢(0)). Forw € T,M,
the Jacobi field X along ¢ with X (0) = 0, X(0) = w at the point c(t) is given by derivative of the

exponential map exp,, : T,M — M, evaluated at c(t) and applied to the vector tw:

X(t) = (dexp,) (tw), (4.1.8)

te(0)

Proof. See Corollary 6.2.2 [11]. O
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From the previous corollary, one concludes that the derivative of the exponential map can be com-
puted from Jacobi fields along radial geodesics. Now, we are able to prove another Lemma from [13]

that will be a key step in the proof of Theorem 4.1.8.

Lemma 4.1.16. /n g—normal coordinates, the determinant of the metric, det g;;, has the expansion

1

1 1
det(gij) =1- gRacmaxc - 6Rac,kl’a$61’k — <20

1 1 a,,C
Rocrr + %Raichz]'kd - 18Rachl> zzaFat + O(r®),
(4.1.9)

where r = |x| and all the curvature terms are evaluated at p.

Proof. Let {z'} denote normal coordinates for g on a neighbourhood U of p, for simplicity we identify
U with an open set in R”. To compute the expansion of the metric g;;(x) we will apply the theory we
presented about Jacobi fields.
First, fix £,7 € R™ and consider the map ¢ : R x R — R" given, in the coordinates {z'}, by c(t,s) =
t(r + s&€), which is a one-parameter family of geodesics; in fact, ¢(¢, s) is a variation through geodesics
of the geodesic ¢(t) := ¢(t,0). The previous results about Jacobi fields imply that the variational vector
field given by X (c,(t)) = Zc(t,s) = t is a Jacobi field along c(t). Also, define T' as the vector field
along c(t, s) given by T'(t,s) := %c(t,s). From now on, Ry will denote the curvature endomorphism
R(T,-)T. Now consider the function f(t) = | X (c(t,0))|?, employing the Jacobi equation and differentiat-
ing repeatedly with respect to T' we can compute the Taylor series of f. We now compute the first few
terms:

Vr£(0) = 2(VrX (co(t)), X (co(t)))y,_, =0, (4.1.10)

because X (0) = 0. For the second term,

Vi (0) = 2(VEX (co(t)), X (co(t))),—o + 2(VT X (co(t)), VT X (co(t)))),—
= 2(Rp X (co(t)), X (co(t)))},—p + 2(Vr X (co(t)), Vo X (co(t))),—, (4.1.11)
=2(,6),

because V1 X (0) = ¢ (we are identifying vectors in the tangent space with vectors in R™). From now on
we write X instead of X (cq(t)). For the third term,

Vi f(0) = 2Vr(Rr(X)), X)), + 2(R7(X), V1X)|,_, + 4VTX, VX)),

=2(VrRr(X), X)|,_, + 2(Rr(Vr(X)), X)),y + 2(Rr(X), V1 X)),_, + 4(VFX,VrX)

[t=0

=2(VrRr(X), X)|,_, + 2(Rr(Vr(X)), X)|,_, + 6(Rr(X),VrX),_,

[t=0

0,
(4.1.12)

because VT(RT(X)) = VTRT(X) + RT(VTX) and RT(X(C()(t)))h:O = (tRT(g)))‘t:O =0.
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For the fourth term, we have

V4£(0) = 2(Vr(VrRr(X)), X))y + 2(VrRr(X), Vi X)|,_y + 2(Vr(Rr(Vr(X))), X))y

(
Ry(V7(X)), V7 X)|,_, + 6(Vr(Rr(X)), V1 X)|,_, + 6(Rr(X), V7 X)
(

|t*0 |t:U

+ 2(VrRr(Vr X)), X)|,_, + 2(VrRr(X), VrX)

[t=0 [t=0 [t=0

(
2(VrRr(Vr(X))), X)),so + +2(Rr (V7 (X)), X)|, + 2(Br (V1 (X)), VT X)), (4.1.13)
(

VrRr(X),VrX)|,_, +6(Rr(VrX),VrX),_, +6(Rr(X), Rr(X))

[t=0

= 2(V4#Rr (X)), X)|,_, + 4VrRr (V1 X)), X)|,_, +8(VrRr(X),VrX)|,_,

8(Rr(VrX),VrX),_, + 2(Rr(Rr(X)), X)|,_, + 6(Rr(X), Rr(X))|,_,
8< 7'575)03

+

because V1 Rr(X)|,_, = 0and Ry (VrX)
For the fifth term, we have

[t=0 — <R‘r£; £>O

V%“f( ) 2<V%RT(X>) >|t 0 + 2<V%RT(VTX) >|t 0 + 2<V%RT(X))7VTX>|t:0
AVHRr(V1rX)), X))o + {VrRr(V7X)), X)|,_, + 4V1Rr(VrX)), Vo X)

[t=0

+8(VrRr (V1 X),VrX)|,_, +8(VrRr(X),V3X)

It 0 It:O

le—o +8<RT(VTX) VrX le—o +8<RT(VTX),V%X>|t:0

(
VZRr(X),VrX)

(

(

)
VrRr(Rp(X)), X)|,_, + 2(Rr (VR (X)), X)),_, + 2(Rr(Rr(Vr X)), X)

|t 0 \t:o

+4(

+8(
+8(VrRr(VrX),VrX)
+2(

+ 2(Rr(Rr(X)), Vo X)|,_, + 12(Vr Ry (X), Rr(X)),_, + 12(Rr(VrX), Rr(X))),_,
= 2(V3Rr(X)), X),_y + 6(VERT (VT X), X)|,_, +10(VFR7(X)), VI X)),
+6(VrRr(Rr(X)), X)), +20(Vr Ry (V1 X)), V1 X)|,_, +20(VrRr(X), Rr(X))|,_,

+ 1O<RT(RT(X)),VTX> +20<RT(VTX),RT(X)>|1:0

‘t:O

+ 2(Rr(VrRr(X)), X),_, + 2(Rr(Rr(Vr X)), X)
= 20<VTRT(€)?§>O

[t=0

(4.1.14)
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Finally, the sixth term is

V5 £(0) = 2(V3Rr(X)), X)|,_, + 2(V3Rr (V7 X)), X)|,_, + 2(VERr (X)), VI X)|,_,
+6(V3Rr(VrX),X)|,_, + 6(VZRr(V3X), X)|,_, + 6(VFRr(V1X), V1 X)

[t=0

+10(V4 Ry (X)), VrX)|,_, + 10(VZ Ry (V1 X)), VrX)|,_, + 10(VFRr (X)), V3X)|,_,

+6(V7Rr(Rr (X)), X)|,_, + 6(VoRr (Vo Ry (X)), X)|,_, + 6(VoRr(Rr (V1 X)), X)

‘t:O \t:o

+6(VrRr(Rr (X)), VrX)|,_, + 20(V3 R (V1 X)), Vo X)|,_, +20(V7 R (V7 X)), V7 X)

[t=0 [t=0 [t=0

+ 20 VTRT(VTX)) V%X>‘t:0 + 2O<V%RT(X)’ RT(X)>|t:O + 2O<VTRT(VTX)7 RT(X)>‘t:O

20(VrRp(X )aVTRT(X)>|t:0 + 20<VTRT(X),RT(VTX)>“:0 + 10<VTRT(RT(X)),VTX>“:0
+ 10(Ry (Rr (V1 X)), Vo X)|,_, + 10(Rr(Rr(X)), VX)), _,

[t=0

+20(Rp(V7X), Rp(X))|,_, + 20(Rr (V2 X), Vo Rp(X))

[t=0 [t=0

(
(
+ 10(Rr(Vr Rr(X)), VrX)
+20(Vr Ry (VrX), Rr(X))
(R )

+ 20(Rr (V1 X), Rp (V1 X) lieo T 2<VTRT(VTRT(X)),X>|t=O + 2<RT(V2TRT(X)),X>|t=O
+ 2(Rr (V7 Rr (V1 X)), X)|,_, + 2(Rr (V7 Rr (X)), V1 X)|,_, + 2(VrRr(Rr(VT X)), X)|,_,
+2(Rp (Vo Ry (V1 X)), X)),_, + 2(Rr(Rr (V7 X)), X)|,_, + 2(Re (R (V1 X)), Vo X)),

(4.1.15)

Since we are not going to compute any more terms we do not have to organise the terms in (4.1.15), we

can just get rid of the terms that are zero at ¢t =0

V$£(0) = 36(VZRr(VrX),VrX)),_, + 10(Rr(Rr (V1 X)), Vo X)), _,

20(Rr(VrX), R (V1 X))|,_, + 2(Rr(Rr(Vr X)), VrX)|,_, (4.1.16)
36(VIR-(£), )0 + 32(R-(£), R,E)o.
This implies that
(€8 =t X (co(t)]?
42 43 4 ) o4 s
=& o+ 5 <R §,8)0+ — <V R-(£),8)o0 + %WTRT(E),QO + £<RT§,RT£>0 + O(t°).
(4.1.17)
Now substituting z = tr and £ = =% + di] we get
1
gii(x) + 2gi(x) + gj;(x) = 2+ 2055 + g(Raici + Rajci + Raicj + Rajej)xa®
1 ,
+ E(Raici,k + Rajeik + Raicjg + Rajej i) v xa”
1
+ %(Raici,kl + Rajci7kl + Raicj,k:l + Rajcj,kl)wamcxkxl
2
+ g(Raicdeimd + Raicdejmd + Rajcdeimd + Rajcdejmd)xamcxmxl + O(’I"5)
(4.1.18)
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and

1
gii(x) — 2gi5(x) 4 gj;(x) = 2 — 2045 + g(Raici — Rajei — Raicj + Rajej)xta®

1
k
+ E(Raici,k - Rajci,k - Raicj,k + Rajcj,k)xaxcx
1 R a c k. 1
+ %(Rm‘ci,kl — Rajci ki — Raicj ki + Rajejer)rtxax

[\

+ (Raicdeimd - Raicdejmd - Rajcdeimd + Rajcdejmd)xamcmmxl + O(T5)7

45
(4.1.19)

since V.7 = 0 as ¢,(-) is a geodesic for every s, and hence V, R, = V. R(7,-)r and V2R, = V2R(r, ).
So by subtracting (4.1.19) from (4.1.18) and dividing by 4, we get

1 1
E(Rajci + Raicj)xaxc + E(Rajci,k + Raicj,k)xaxcmk
(4.1.20)

1 1
+ E(Ra;jci,kl + Raicj,kl)xaxcxkxl + 475(Raicdej’rnd + Rajcdeimd)xaxcxmxl + 0(7,5)’

gij(w) = dij +

which simplify to

1 1 1 2 5
9ij(x) = ;5 + gRaicijxc + éRaicj,kxafcxk + <20Raicj,kl + 45Raicdejkd> zzxFat + O(r®).

(4.1.21)

If we define the matrix A = (A;;) by setting
1 a,.c 1 a,.c. .k 1 1 a,.c. k.l 5
Aij = ngcjx x~ + éRaicj,kx rx x” + %Raicj,kl — %Raicdejkd rrxrTxtx + O(T ), (4122)

then

1
exp(Aij) = I+ A+ 5A4%+0(r)

1 1 1 1
= 0ij + = Raicjz"z® + = Rajcjra®c°c" + | — Rac it — — RaicaRijra | v%x 2" 2!
3 6 ’ 2077790 (4.1.23)
1
+ TgRaicdejkdxaxcxkxl + O(TS)
= (gij)'

Then, using the fact that det(g;;) = exp(tr(4;;)), we get
dt()— }R a,.c ER a,.c. .k iR iR Ry ackl+0( 5)
€t gij) = exp 3 acl T 6 ac,kT T T 20 ac,kl 90 aicdUjkdT T T T r

1 1 1
=1— -Ryexx¢ — mekxaxcxk — (

1 1
3 5 20 Rockt + —RaicaRiikd — 1Rachl> axaFal + O(rP).

90 8
(4.1.24)

O

We need an extra technical lemma in order to prove Theorem 4.1.8
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Lemma 4.1.17. Let f(t) = |X(c(t,0))|? be as in the proof of Lemma 4.1.16. Then every term in the

Taylor expansion of (¢,£):, has the form

et ((VE72R,(€),€) + Bi(.9)), (4.1.25)

for k > 3, where c;, is a constant and B, is a bilinear form constructed from R, and its derivatives of

order less than k — 2.

Proof. Start by noting that

k
k —1 i
Vif = ZO (i><V§ X, Vi X), (4.1.26)
which, for £ > 3, we can write as (taking into account that X = 0 at¢ = 0),

VEf=26(VETIX Vo X) + O(X, X) = 2k(VE3 Ry (X), V2 X) + O(X, X)

= 2k(VE 4 Ry (V1 X),VrX) + C1(X, X)

where C' and C; are bilinear forms constructed from Ry and its derivatives of order less than k& — 2,
more specifically, C is what remains from (4.1.26) when we subtract 2(VE ™ X, V1 X) from VE f and C,
is what remains when we subtract 2k(VE™* Ry (V7 X), Vo X) from VA f. Now, the result follows when

we replace t = 0. O

Now we are ready to prove Theorem 4.1.8.
Proof of Theorem 4.1.8. We prove that for every N > 2 there is a conformal metric g such that det(g;;) =
1+ O(rN)asr — 0%, where r = |z| in g—normal coordinates at p, by an induction argument. For N = 2
we know the result is true in the usual normal coordinates. Now assume by induction that ¢ satisfies
det(g;;) = 1+ O(r"Y), N > 2. By Lemma 4.1.17 each term in the expansion (4.1.17) of (¢, &), is of the

form (4.1.25), therefore, using the notation from the proof of Lemma 4.1.16, we have
N
<§7 g)tr = <§a €>0 + Z 2ktk<v‘r RT(§)7 §>0 + thk(ga E)
k=1

Then, proceeding as in the proof of Lemma 4.1.16 (and using the same definitions) we that the compo-

nents of the matrix A = (A4,,) have the expansion
N
Ay = Z K (Raicj,K + Sf;z'ch) aart 4 O(TN+1)7
|K|=0

where k = | K|, for k > 2, S,k are the components of a symmetric tensor S* on 7, M constructed from
the curvature and its derivatives of order less than | K| — 2, and for k < 2 we get the explicit formulas for
the tensors S* in (4.1.23). Then, taking the trace of the matrix A = (4;;) yields:

N

tr(4) = 3 ak (Rac + Sperc ) %22 + OV,
|K|=0
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where, 5* . = > Skicirc- Butthenthe formula det(g;;) = 1+O0(r") together with the formula det(g;;) =

exp(tr A) we see that

det(gij) =1+ Y en(Rijx — Tyjx)a'a’a™ + O(rN T, (4.1.27)
|K|=n—2

where T;; i are the coefficients of a symmetric tensor 7" on T),M constructed from the curvature and its
derivatives of order less than N —2. By Theorem 4.1.9, there is a unique f € Py, for which Sym(%fiij) =
T, where E-j denotes the Ricci tensor of § = ¢2/¢ and V the Levi-Civita connection of g. However, the
transformation laws for the Ricci tensor (A.0.17) show that 7' = T' (where T is constructed in the same
way as T) when f € Py, so det(g;;) vanishes up to order N + 1 in g—normal coordinates, hence
det((g7)) = 1+ O(rN*+1).
Now we prove the second part of the theorem. Assume that NV > 5, and (for simplicity) replace g with g.

The condition det(g;;) = 1+ O(r") implies that the symmetrization of the coefficients of (4.1.9) vanishes

at p:
Rac - 07 (41 28)
Rac,k + Rck,a + Rka,c = 0» (41 29)
2
Sym(Rac, ki + §Raicdeikd) =0. (4.1.30)

Then R;ji,; = Wij by (4.1.28) and
Rac,k’l - Rac,lk = RZ;@Rmc + RZ;CRam = 07
by (A.0.10). So (4.1.30) gives

(R(Lc,kl + Rk’l,ac + R(Ll,ck + Rck’,al + Rak,,cl + Rcl,ak)xixj

0=
+ g(Waichlikd + WaicaWiika + WaikaWeita + WaikaWiica + WaitaWeira + WaitaWhica) " 2°
= (Rac,kl + Ritac + 2Rai,ck + 2Re q1) 2 x°
+ S(Waicdvvlikd + WaicaWhita + WaikaWeitd + WaikaWiica + WaitaWeikd + WairaWhica) 2.

Now contract on k, [, noting the contracted Bianchi identity A.0.13 to obtain

0= (3S,ac -+ Rac7kk+)l'axc
) (4.1.31)
+ §(Waichlikd + WaicaWiika + WaikaWeita + WaiaWiica + WaitaWeikd + WaitaWhrica)x "z

The first Bianchi identity together with the fact that we are summing in the indices &, p, m yield Wz aWica =

I Waikd Whica — Waick) = 3WaikaWeira, SO by the symmetries of the Weyl tensor:

2 2
0= (35ac+ Rijrr + gWaidecikd)xaxc + §(2Waichkikd)xaxca (4.1.32)
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but 3", Wiira = —Ria = 0, and so (4.1.29) becomes
2
0= (35 ac+ Rijrx + gWaidecikd)$a$c~ (4.1.33)

Now contracting on i, j implies A,S = —S ;; = :|W|? at p.
Finally, S(p) = R;;(p) = 0 by (4.1.28) and 0 = (2R;x 1 + Rix,;)(p) = 25 ;(p) by (4.1.29) and the Bianchi
identity, so S = O(r?). O

Remark 4.1.18. Looking at the proofs of the lemmas that were used in the proof of Theorem 4.1.8, we
can not only conclude that for every N € N there are conformal normal coordinates, in which det(g;;) =
1+ O(rN) where r = |z|, but we also have 9; det(g;;) = O(rV~'). One may wonder whether or not
around every point p € M there are local coordinates {z'} centred around p in which det(g;;) = 1.
Indeed, this is the case. It was pointed out to me by T.H. Parker in a private communication that in
1991 Jianguo Cao published a very interesting paper titled "The Existence of Generalized Isothermal
Coordinates for Higher Dimensional Riemannian Manifolds” [6], where the author shows the existence
of coordinates around any given point in M under which det(g;;) = 1. The methods used by the Cao are

of a completely different nature to the ones we have exposed.

Using the fact that we have det(g;;) = 1 + O(r") in conformal normal coordinates, we can prove
that A(M) < A(S™) for a compact Riemannian manifold (M, g) of dimension n > 6 that is not locally
conformally flat. This result was originally proved by Aubin in [2]. However, Lee and Parker in [13],
showed the same result using the results above, which makes the proof a lot more straightforward than

Aubin’s original proof.

Definition 4.1.19. A Riemannian manifold (M, g) is said to be locally conformally flat if it is locally

conformal to the Euclidean space, R", equipped with the Euclidean metric.

Theorem 4.1.20 (Aubin). Let (M, g) be a compact, connected Riemannian manifold of dimensionn > 6

that is not locally conformally flat then A(M) < A(S™).

Proof. Since M is not locally conformally flat, then by the Weyl-Schouten Theorem, there is p € M such
that the Weyl tensor at p is nonzero, W (p) # 0. Indeed, this is the key to proving the theorem since it
allows for a better estimation of the term regarding the scalar curvature in the energy functional.

Let p € M such that W(p) # 0 and let {z*} be conformal normal coordinates in a neighbourhood
of p € M. Fore > 0, let B. denote the ball of radious ¢ in R, and n a smooth radial cutoff function,
0 < n <1, supported in By, with n = 1 on B, and let ¢, = nu,, where u,(z) = (W)(%nw, for
x € R™. Now take ¢ > 0 small enough so that Bs. is contained in the domain of the conformal normal
coordinates. Also, assume that in the selected coordinates, we have dV, = (1 + O(r"))dz with N € N

large. The estimates of Lemma 2.0.2 are modified as follows:

E(pa) = /B a|V<p,1|2 + SgoidVg =1+ CEN)/B a|V<poé|2 + Scpidx + O(a”_z)

2e

<1+ (A(S”)%niz* oy + Ca" 2 Swidw) |

BQS
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for some positive constant C. Setting A. = By. — B. and recalling that in the conformal normal coordi-
nates S = O(r?) and A,S(p) = ¢|W(p)|?, so

=/ / ' + O(r*))uZ dw,dr
0B, 2
1 )
:/ / 5 r?S i (p)z'z? + O(r®)) w2 dwdr + O(a”?)

( 25”( )di; + O(r )) uir"fldr + 0(0/“2)
Clr2|W \2 +O(r )) uir”fldr + O(r"fz),

where C; > 0 is some positive constant. Note that to obtain the last equality we used the fact that
/ r'rIdw = ;5. So Lemma 2.1.4 shows that
Shn

AS™M) [0all? o pny — C1IW (p)|?a* + 0 if n>6
Blow) < (14 CeM) S"eallfz- gny = C1IW (p)] (%)

/\(S")||<pa||2m*(w) — C1|{W(p)|?log(1/a)a* + O(a*) if n=6

Since, ||¢q > (1= Ce™)2 ool L2 (mn, dividing E(pq) by l¢all? 2« (s, We obtain

HLz (M) =

%)\ all 7o C1|W(p)|2a* — o(a* if n>6
50 < | TEEFTNE) Il OV I = o) | -
TG A — [9all72 (g (CLIW (p) P log(1/a)at = O(a) if n = 6.

Now chose « > 0 sufficiently small so that
—C1W (p)|*at +o(at) <0

and
—C1|W(p)|? log(1/a)a* + O(a*)) < 0.

Since % < 14 Cye™N (for some positive constant C,) we are able to conclude that

AS™) + CoA(S™M)eN — [[@all i (o) (C1IW (p) P — o(a?)) if n>06
Qy(pa) < L2 () (4.1.35)
A(S™) + C2eNAS™) — lleall 3+ () (CLIW (p)[* log(1/a)a* — O(at))  if n=6.
Thus, by choosing N large enough, we see that
Qg(pa) < A(S").
O
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The restrictions of this approach to dimensions greater or equal to 6 arise from applying Lemma 2.1.4
with k& = 2.

4.2 Stereographic Projections

We have seen that when M is a not locally conformally flat compact Riemannian manifold with
dimension dim M > 6, A(M) < A(S™). Hence the results in Chapter 3 show that there is a solution to the
Yamabe Problem. But what about the remaining cases? Can we show that A(M) < A(S™) when (M, g)
is not conformal to the standard sphere, S*? The answer is, yes we can. But to get there we need to
introduce the concept of a stereographic projection of a compact Riemannian manifold. For this, we will
need the Green function of the operator £,. We start with an existence result. The exposition in this

section follows closely section 6 from [13].

Theorem 4.2.1 (Existence of Green’s Function). Suppose (M, g) is a compact Riemannian manifold of
dimensionn > 3, and let h be a strictly positive smooth function on M. Foreachp € M, there is a unique
smooth functionT',, on M \ {p}, called the Green function for A, + h at p, such that (A, + h)T',, = 6, in

the distributional sense, where 6, is the Dirac mass at p.
Proof. See Appendix A of [7]. O

Lemma 4.2.2. Let (M, g) be a compact Riemannian manifold, such that, \(M) > 0. Then, at each point

p € M, the Green functionT', for L, exists and is strictly positive.

Proof. Fix I < 2*, and let u be the smooth positive solution to the subcritical equation £L,u = \u!~1,
given by Theorem 3.1.1, and define the metric ¢ = u> ~2¢. The scalar curvature of this new metric is
S = w2 Lou = N(M)ur=% 1 = N (M)u!=%" (by the transformation law (A.0.19)). Since (M) > 0,
arguing as in Lemma 3.1.2, we see that \;(M) > 0, and consequently, S’ > 0. So, by Theorem 4.2.1 the
Green function T, for L, exists. If '}, is nonpositive at some point, by the Strong Maximum Principle I,
is constant, which is false. If I}, was constant, then £,I'/, = S'T, € L*(M) which implies that the delta
Dirac distribution is in L?(M), but this is impossible. Now set T',(z) = u(p)u(x)T'},(x), which is strictly
positive by construction. Thus, for any f € C>°(M) we have due to £, (u~'f) = u'~2 L, f and Theorem
4.2.1:

) = [ T @Iy = [ o @) @)L (@) @)Y,

M

=) [ T @)L, a)

which implies that £,T",(z) = 6, in the distributional sense, i.e., I, is the Green function for L. O

The results in Chapter 3 already give the solution of the Yamabe problem whenever A\(M) < 0 (recall
that A(S™) > 0). Therefore, from now on we assume that A(M) > 0.
In Chapter 2, we used the standard stereographic projection from S \ {P} (where P is the north

pole) onto R™ to transport the Yamabe problem in the standard sphere to a problem in R™. And Schoen
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in [16], to prove that A(M) < A(S™), when (M, g) is a compact connected Riemannian manifold of
dimension n = 4,5 not conformal to the standard sphere, had the idea to consider the metric G? 2gon
M\ {p} where G is a constant multiple of the Green function of £, at p. This made the problem simpler.
Inspired by this, Lee and Parker in [13], were able to use conformal normal coordinates to prove that
AM) < A(S™), whenever (M, g) is either locally conformally flat or has dimension dim M = 3,4, 5, and
is not conformal to the standard sphere. First, they introduce the generalized notion of stereographic

projection.

Definition 4.2.3. Let (M, g) be a compact, connected Riemannian manifold with A\(M) > 0. Forp ¢ M
define the metric g = G2 ~2g on M = M \ {p}, where

G = (n—2)aw,_1T,, (4.2.1)

where w,_, denotes the measure of the standard sphere §"~'. The manifold (1\7 ,g) together with the

natural map o : M \ {p} — M is called the stereographic projection of M from p.

Note that if in the above definition, M is the standard sphere and p is the north pole then the stereo-
graphic projection coincides with the one used in Chapter 2.
Another concept that we will need going forward is that of an asymptotically flat manifold, which we now

introduce.

Definition 4.2.4 (Lee, Parker [13]). A Riemannian manifold (N, g)is said to be asymptotically flat of
order T > 0 if there exists a decomposition N = Ny U N, with Ny compact, and a diffeomorphism

N, — R™\ Bgr(0) for some R > 0, satisfying
9i5 =0, +O0(p™7), Ohgi; =0(p" "), gy =O0(p "), (4.2.2)

as p = |z| — oo, where {z'} are the coordinates induced by the diffeomorphism on N,. The coordinates

{z'}, will be henceforth called asymptotic coordinates.
Before proceeding, a word on notation is necessary.

Notation 4.2.5. When we write f = O'(r*), we mean f = O(r*) and Vf = O(r¥=1). O" is defined in
the same way. Denote the set of smooth functions that vanish up to order k at p by Ci.. And denote the

set of homogeneous polynomials of degree k. by Py,
An instrumental tool in [16] and [13] was an asymptotic expansion of the function G around p.

Lemma 4.2.6. Let G be given by (4.2.1). Let {z'} be conformal normal coordinates at p, such that
det(g;j) = 1+ O(r"N) with N > 2dim M, where r = |z| is the geodesical distance. Then, in these

coordinates, G has an asymptotic expansion in terms of geodesic distance r from p:

Gla) =r*7" (1 3 wk> + clog(r) +0" (1), (4.23)

k=4

Vi € Pr, ¢ € R and the log term appears only if n is even. The leading terms are:
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(h1) ifn =3,4,5, or M is conformally flat in a neighbourhood of p,

G=r"+A+0"(1), (A= constant);

(hs) ifn =6,

. 1 ,
G=r*"— %“/V(P)\Qlog(?”) + 0" (1);

(hs) ifn > T,

G=r>r {1 + (i Y ( - (;4_ 5 WP — S (p)xixmﬂ +0" (™).

Proof. Let ¢ be a radially symmetric function. Since in polar conformal coordinates ¢"" = 1, when we

apply the Laplace-Beltrami operator A, to radially symmetric functions we have, since g"* = 0 for i # r,

1 ' 1 .
Ajp=——o""0; | ¢""+/det(7i;)0, =—— 9, (g" n=1/det )0,
” det(gi;) <g \/ng) ) rn=1, /det(g:;) (g " et(gi5) 90)

Or Oy det(g;;) 00y det(g;;)
— _ 1_187’ (,rnflarso) _ ( J ) :AOQO_ ( J )’
r det(gi5) det(gi;)

where g is the metric g written in conformal polar coordinates. Now write G = 72="(1 + ). Using the
fact that, in the distributional sense A¢r?>~" = (n — 2)w,_15, on U (an open neighbourhood of 0 in R"
containing the origin), the equation £,G = (n — 2)w, 16, becomes

O (r*=™)0, ( det(gij))

L.(r2 ") + Sr2—™ — =0. 4.2.4
o7 )+ 5T Tet(o,) (4.24)

0,(r*=)0, (y/det(g:;))
\/det(gij)

By setting o = we get

Ly(r* "))+ Sr?™ " —a = al,(r* ") +r* (S + S) —

o (9 /Aetlg)os (> "))
- det(gi;) FrEeEs e

= -0, (gijaj(r%"w)) + 727 (SY + 9) + f?(w),

where K () = —a — ©r a0 eled) Now by setting K (v) = 9:((3y; — g°)0;14),and multplying
equation (4.2.4) by r"/a, setting L = r2A + 2(n — 2)79,, and assuming 1 to be C?, equation (4.2.4) is

equivalent to

2

L+ = (8 + 59 + ak (1) + 1" 2K (1)) = 0. (4.25)

We begin by computing a formal asymptotic solution to this equation, by writing v = 1 + s + - - - + 1y,
with ¢, € Py, and finding each 1, with an induction argument. By assumption, we know, by Theorem
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4.1.8thatdet(g;;) = 1+O0(r") and 9; det(g;;) = O(rV 1) (see Remark 4.1.18). This, in turn, implies that
2K (1) = O(r"*1). Since S = O(r2) in the coordinates {z}, and the operators L and K preserve
the degree of homogeneous polynomials, we start by setting )1 = 5 = 13 = 0. This is due to the fact
that for £ = 1, 2, 3, we have

[\

! (s + S + aK () + THK(W)) —0(rY),

a
and Ly, = O(r%).

Now, suppose by induction that we have found ¢ = vy + - - - + ¥p_1, With ¥y = 15 = b3 = 0, such
that
Lj+ (S 5P+ aKP+r Kw) € Cy. (4.2.6)

Write Lty + % (S + S+ aKy + r"*2f(¢;> as by, + ¢, for some b, € P, and ¢ € Cy1. Now assume that
we can find ¢, € Py such that
Lapy, + by, = 0,

then by noting that 25wy, € Cry4, 7> K(¢) € Crio and the error term is of order O(r"*1), when we
replace v by 1, + - - - + 1 + 11, (4.2.6) is satisfied when k is replaced by k + 1, thus completing the
induction step. Hence to complete the proof we need to solve the equation Ly, + b, = 0. First, consider
the case when n = dim(M) is odd. By Euler’'s formula, L = r?Aq + 2k(n — 2) on Py, so Lemma 4.1.10
shows that L is always invertible on P}, so we can simply take v, = —L~!(b;). By induction there exists

) =11 + - - - + 1, such that (4.2.6) holds with & = n + 1, which is equivalent to
Ly (r*7"p) + Sr*™™" € r"Cpyq 4.2.7)

When n is even this method works for £ < n — 2, but then breaks down when k£ > n — 2 since L is
no longer invertible in these cases. However, by noting that L is self-adjoint on P, with respect to the
Euclidean product (3", arz’, Y byz’) = 3", asb; on Py, then Py, = Im(L) ® ker(L). For k < n — 2 we
proceed as in the odd-dimensional case. When k& > n — 2 and ker(L) # {0}, we will try a function of the

form ¢, = pr + qx log(r), with pg, gx € Px. The image via L of a function like this is

Ly, = Lpg + L(qx) log(r) 4+ r*qx Ao (log(r)) — 2r°8;(qx)9;(log(r)) + 2(n — 2)rd, (log(r))qx

= Lpy, + Lgi log(r) + (n — 2 — 2k)qy.

Thus, if kK > n — 2 we can solve Ly + by, = 0, with by, € Py, by writing —bx, = Lpy, + g, with ¢x € ker(L)

(the uniqueness of p;, and gy, is given by the decomposition P, = Im(L) @ ker(L)) and setting
U = pr + (n — 2 — 2k) g log(r).

In fact, using Lemma 4.1.10 again we know that ker(L) is spanned by r"~2, thus there exists ¢ € R

and p,,_o € P, such that ¢, 5 = p,,_o + cr"~2log(r) satisfies L1, _» + b, _» = 0. Before proceeding
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with the remaining cases we should verify whether or not 1,,_» introduces any logarithmic error terms
on the right-hand side of (4.2.6). Indeed if ¢ is a radially symmetric function the definition of K" and the

expansion (4.1.21) of the components of the metric yield
1 J
Kgb = 8,‘ ((3Rkﬂj$kl’l + O(?”g)) 337 7~¢) N

but Ry ja*z'2? = 0, by the symmetries of the Riemann curvature tensor, so if we take 1,,_» as above
we have K, 2 = Kp,_o+cK(r"2log(r)) € C,_o+Cp_1log(r), since Kp,,_o = O(r"~2) (i.e. Kp,_2 €
Cn_2) and

K(r" ?log(r)) = 6; ((511' —g”) 157] ((n —2)r"*log(r) + 7'”3)) € Cn—2 + Cn log(r).

So writing ¢ = ¥y + - - 1,2, We get Ly + % (S + S + aK + I?E) € Cp_1+Cpiilog(r),and so ¥, _»
does not introduce any logarithmic errors in the right-hand side of (4.2.6).

Now we proceed with the remaining cases. By writing

2 ~_
L@Jr % (S + S@Jr aKE+ Ki/)) = b + Grt1 + Pnt1 log(r),

where ¢xy1 € Cxy1 and ¢, 41 € C,1, We can solve as before for vy € Py + log(r)Pr, k =n — 1,n. We

end up with ¢ = ¢; + - - - + v, such that
Ly (7“2_"@) + 827" € rTCpyq 4+ " log(r)Crg1. (4.2.8)

This gives the desired homogeneous polynomials in the expansion (4.2.3) of G. Now for any n, write
Y =1 + . Using (4.2.4) and (4.2.7) or (4.2.8) we find

EQ(TQ_n(p> =L, (7“2_”@) —Sr¥ e cx.

Therefore, by elliptic regularity theory r2~"¢ € C%<. This shows (4.2.3).

Now it only remains to check the desired expansions of G.

If M is conformally flat near p, then S = 0 near p, so (4.2.4) shows that r2~"¢ is harmonic since ¥ = 0
and hence C*. Thus G = 7>~ + A + O"(r) for some constant A in the case that M is conformally flat
near p. If n = 3,4,5 the same result hold since then r2~"p € C%< and r2= "y = O"(r).

Finally, if n > 6 we need to confirm the expressions for 4. To that end, expanding S in its Taylor series

at p, the above proof shows that ¢, is such that
1 2 k.l
Lpy = —54" Ski(p)x®z’. (4.2.9)
When n > 6 we look for solutions of the form 1, = by r2zFz!. We have
Lt = r2 Ao (1Y) + 8(n — 2)r* = 2r* Ao (r?) — 22V (r?) - Vo(r?) = 4(n — 6)r?,
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and

L(bgzFa'r?) = by (rQ(AO(TQ)xkxl + 72 Ao (zFat) — 8zkal) + 8(n — Z)xkaTQ)
= bri(p) (—2(n + 4)r2xk$l — 2(5le2) +8(n — 2)bkl:ckxlr2

= 6(n — 4)bg(p)zFalr? — 2br2.

So if we take N
! (W (p)*r . Lo
ve= 12a(n +4) <12(n —6) Swi(p)atzr ) :

we have by linearity

= 1 [W(p)IPL(r*) k1,2

Ly = 12a(n + 4) < 2n—6) L(S pa(p)x"z'r ))
- ! AW (p)|*(n — 6)r* s i
~ 12a(n+4) < 12(n — 6) —6(n—4)S u(p)(p)z”z'r* + 25 i (p)r ))
1 k..l

2
= 28 1,
e ki(p)ztx

On the other hand, when n = 6 we need to be a bit more creative and look for solutions of the form

Yy = byr?akzl + cpr?z* 2t log(r). Direct computations show that

L(cr?a®zlog(r)) = L(cgr?z*a') log(r) + (n — 2 — 8)cpur?a®a’!

=6(n — 4)cp(p)aFalr? log(r) — 2epr? log(r) — degr?atal.

So, using the calculations above, by taking ¢4 = — 51— (S,M(p)x’“xlr2 + W) log(r)) we find

_ _i 2 k.1 |W(p)|2 4
Lipy = YR (L(S,kﬂ’ xz') + BT L(r*log(r))
2
= 7i (G(n —4)S pi(p)aFatr? — 28y (p)r? + \Wf§)| (6(n — 4)r* log(r) — 2nr*log(r) — 4r4))
1
= f%rzﬁkl(p)xk:nl.
Thus the Lemma is proven. O

Using this lemma, we are able to prove that (J\/J\, 9) is asymptotically flat. To see this, let {2} be
conformal normal coordinates as in the previous lemma and U the corresponding neighbourhood of p in
M. Now, define the inverted conformal normal coordinates ¢ = f—z on U\ {p}. By setting p = |z| = !

we have 4
9 _0x) 9
8zt 9zt Oxd

_2(s. 9,24y 9
=p (5” 2p zzJ)an.

So, writing v = r"~2G and remembering expansion (4.1.21) of the components of the metric components
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gij, the components of g in z—coordinates are

9ij(2) =" "2p'g <£i, aij)
T2 (83 — 2p7 22" %) (050 — 207227 2Y) g (p22)
T2 (831, — 2p7 22" 2") (050 — 2p7 227 2Y) (1 + O (p™2)) (4.2.10)
T2 (Bikbj1 — 20ip 227 2 — 2650722 2" + 46ibjp” 22 ) (B + O (p7?))
2 (6010, + 0" (p72))
(

2* 2 (517-1-0” —2)

In particular, if (M, g) is conformally flat near p, then we can choose conformal normal coordinates

around p such that ~;; = dx;, so this reduces to

Gij(2) = 72*7251@1 (5ik5jl — 20ikp~ 2050 — 25ﬂp*2 ik 45lk5]lp 22k, l)
= 72*72(5”’.
Using the asymptotic expansion of GG in conformal normal coordinates obtained in Lemma 4.2.6 we

obtain:

Theorem 4.2.7 (Lee, Parker [13]). Let {z'} be conformal normal coordinates such that det(g;;) = 1 +
O(r), with N > 2dim M, and let {z'} be the corresponding inverted conformal normal coordinates.
Then, the metric g as defined in Definition 4.2.3 is asymptotically flat of order 1 ifn = 3, order 2 ifn > 4
and order n — 2 if M is conformally flat near p. Furthermore, in these coordinates, the components of g

have the expansion
Gij(2) =P 72(2)(8i5 + O(p™?)), (4.2.11)

where, as in Lemma 4.2.6,

(h1) v(z) = 1+ Ap*>~" + O"(p*~™) with A = constant, if dim M = 3,4,5 or (M, g) is locally conformally
flat;

(h2) v(z) =14 5= |W(P)[*p~*log p + O"(p~*) if dim M = 6 and (M, g) is not locally conformally flat;

(hs) 7(2) = 1+ 150 (ralmy W (P)? = S.55(P)2'27) + 0" (p™®) if dim M > 6 and (M, g) is not
locally conformally flat.
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Chapter 5

Construction of the Test Function

The purpose of this chapter is to construct the test function on the asymptotically flat manifold (J\//f, 9)
for which the Yamabe quotient depends on a number called the distortion coefficient, which depends
on the geometry of (M, g). In Chapter 6 we will determine the sign of the distortion coefficient using
the celebrated Positive Mass Theorem, and we will see that it is always non-negative. Furthermore, it
turns out that it is zero only in the case where (M, g) is in the conformal class of the standard sphere.
This, together with the contents of this chapter will enable us to prove that A(M) < A(S"™) in the cases
that remain. Those cases are when (M, g) is a compact, connected Riemannian manifold that is not
in the conformal class of the standard sphere and is either locally conformally flat or has dimension
dim M = 3,4,5. This was originally proved by Schoen in [16]. However, whilst in his paper Schoen
proves that A\(M) < A(S™) using one method when dim M = 3 or (M,g) is locally conformally flat
and uses a different method to prove the same result when M has dimension 4 or 5, Lee and Parker
in [13] were able to show the same result using one method. To do this, the authors use the machinery

developed in the previous chapter.
In this chapter, we closely follow section 7 from [13], having added all the details.

As mentioned above, we will construct a test function on the asymptotically flat manifold (]/\4\, g) where

the geometry is closer to that of R™, hence simpler. However, we need to see why this is helpful.

To that end, let (M, g) be a compact, connected Riemannian manifold of dimension dim M > 3 with
positive Yamabe invariant, A\(M) > 0, and let (M\, g) be the stereographic projection of (M, g) from some

point p € M. Recall the definition of the Yamabe invariant:

AM) = inf .
(M) = b Qo)
»#0
Using standard density arguments show that
AM) = inf Qu(¢).

pec (M\{p})
»#0
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Now let ¢ € C.(M \ {p}), and note that

/ a|Ve|*dv; / ’ }aGH*lv@FG?*dVg
M M
Qj(p) := — = =P

2/2* 2/2*
( /A ¥? dVg) / 0¥ G2 av;
M M\{p}
/ aG?|V|2dV,
M\ {p}

- 2/2* 9
( / <Gso>2*dVa>
M\{p}

where V denotes the Levi-Civita connection of g. Now note that

(5.0.1)

/ AV (9G)|? + SG2p%dV,
M\{p}

2/2%
(/ (GS")Q*dVg>
M\{p}

/ aG?|Vo* + 2apG(Vp, VG) + ap*(VG,VG) + Sp*G*dV,
M\{p}

2/2%
( / (ch)z*dVg>
M\{p}

/ aG?|Vol* + a(V(G¢?),VG) + Sp*G2dV,
M\{p}

2/2%
(/ (GSO)Q* dVa)
M\{p}

/ aG?|Vp|* + L,(Gp*)GdV,
M\{p}

2/2
( / <G¢>2"dvg>
M\{p}

/ aG?|V|2dV,
M\{p}

- 2/2* 9
( / (Gso)fdvg)
M\{p}

where we have used the fact that ¢ € C°(M \ {p}) together with the fact that G is a multiple of the

Q(¥G) =

Green function of £, at p. Because G is a strictly positive, smooth function in A \ {p} we see that every
compactly supported, smooth function on M \ {p} can uniquely be written as G, for some compactly
supported, smooth function ¢ on M \ {p}. Therefore,

AM) = inf_ Qs(y). (5.0.2)

PEC (M)
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So, using standard density arguments, we can conclude that

MM = inf Q) (5.03)
’ »#0

and therefore, if we find a nonzero ¢ € Hl(J\/J\), such that Q;(¢) < A(S™), we can conclude that A(M) <
A(S™).

As mentioned above the geometry of (J\/Z, g) is close to the geometry of R”, this, together with the
fact that, by construction, the scalar curvature of g, is identically zero, should, in principle, make the
construction of the test function on 1 to verify whether or not A(M) < A(S"), simpler. This is, in fact, the

reason why we introduced the concept of a stereographic projection.

To construct the test function consider the functions u, defined in (2.1.2) on R™ and recall that
aAuy = 4n(n — 1)u2 ~1 and A(S") = 4n(n — 1)|jua|/% 2. Now fix a large R > 0 and let p(z) = |z, in

inverted conformal normal coordinates (extended to a smooth positive function on the whole of M) and
set Z\//.7oo = {p > R}. Define ¢, on J\?by

Ua(2), z) > R,
valz) = (). pl2) (5.0.4)

ua(R), p(2) <R,
where « is much larger than R (we will only have to determine « in Chapter 6).

Before we proceed, we should justify the definition of . First, because we will be interested in
passing to the limit « — oo and u,, is close to zero for large « inside a ball of radius R, the effect in
the Yamabe quotient of replacing u,, with a constant inside a ball of radius R should be inconsequential.

Second, the reason why we set ¢(z) = u,(R) inside the ball {p < R} is to make sure that ¢ € H'(M).

Because ¢, is radially symmetric, the behaviour of Q;(¢.) as a — oo should depend on the average
behaviour of g over spheres of large radius. Therefore, we need to study the g—volume of the spheres
{p = po} (for large py). Because we have a good knowledge of the volume of the Euclidean spheres
a good way to study the g—volume of the spheres {p = po} is to consider the ratio between the two

volumes.

To do this, we first give the geometric interpretation of the scalar curvature. Let (M, g) be a Rieman-
nian manifold and p € M, and let {z'} be normal coordinates around a point p and » = |z|. The ratio
between the g—volume of the geodesic sphere S, (small r) around p and the Euclidean volume of the

Euclidean sphere of radius r is given by the spherical density function

h(r) ::/S d(.~u,,7 (5.0.5)

™ wT

gradr
|gradr|

where dw, is the induced volume form on S, by dV,. Since the unit normal vector to S, is N =

53



L el 0 _1_gije'e) 0 we have

N 97 Bad g9 T 97
-

2
o, = NLdV, = det(g;;)2(g"") 207 = - Lda
o r Oxt
_ det(a\/2(grm =172, T 2 O
det(gi)(g"") gV - uda

= (det(giz)g™)" dwr,

where dw, denotes the Euclidean volume form of the sphere of radius r. Since ¢"" = 1 in normal

coordinates at p, the expansion 4.1.19 yields

dw,

h(r) = /ST (1 — éRij(p)xixj + O(T3)> =1- GinS(p)r2 +O(r®). (5.0.6)

Wy

Therefore, when the scalar curvature at p, S(p), is positive, the volumes of geodesic spheres grow slower
than the volumes of the Euclidean spheres, and they grow faster when S(p) < 0. So, we conclude that
the scalar curvature measures the difference in the rate of growth of volumes of geodesic spheres in
(M, g) when compared to the spheres in the usual Euclidean space R™.

As mentioned above we need to study the g—volume of the spheres {p = py} (for large py) on 1\7, so we

consider the same function h(p) for large values of p = |z| on the manifold (Z/W\, 9):

1 A~ 1 T -~
h(p) = — / dG, = — [ (g7 det(Giy))"? dw,, (5.0.7)
Wp Js, Wp Js,

where d, is the volume form on S, induced by dV;. In inverted conformal normal coordinates {z'}, we
have g** = v>=%" and det(g;;) = ~#22 (1 + p~N). To see that §#* = ~2=2", first note that since p = 1,

we have dp = —p?dr, and therefore
3" = §(dp,dp) = p'g(dr,dr) = p'g".
Using Definition 4.2.3, we know that § = G* 24 and hence
/g\frr _ G2—2*gr7”
where ¢"” = 1 because we are in conformal normal coordinates. Recalling that v = »"~2G, we then

have

G = p4G2_2*p4+("_2)(2_2*)v2_2* _ 72—2*.

Thus, (5.0.6) reduces to

o) =y [ A (0 sy = [ 4B 0 ) s, (508

P P
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The expansion of v given by Theorem 4.2.7 gives an asymptotic expansion as p — 0:

14 55-p*" + 0" (p*™"), if dim M = 3,4,5 or (M, g) is conformally flat around p,
h(p) = 4 1+ £p~*log(p) + O"(p~*), if dim M = 6 and (M, g) is not conformally flat near p, ~ (5.0.9)

14 4p~* 4+ 0"(p7?), ifdim M > 6 and (M, g) is not conformally flat near p,

where p is defined for each dimension. We call the constant u, the distortion coefficient of g. The sign
of this constant will be of the uttermost importance when determining the values of Q;(¢) as is shown

below. Since the (n — 1)—form dwi: is homogeneous of degree zero (with respect to p),
puptm + 0" (p?*~™), if dim M = 3,4,5 or (M, g) is conformally flat nearp,
Z/Sp 5,37%: = § up°log(p) + O"(p~?), if dim M = 6 and (M, g) is not conformally flat near p,
pup~3+ 0" (p=%), ifdim M > 6 and M is not conformally flat near p.
(5.0.10)

To see this, we differentiate h. But first note that we can ignore the term related to the determinant of
the metric in the definition of 4 due to the fact that we can absorb the error term on the right-hand side.

Indeed, we have

. _ dw 1 . 9, det(g;;) dw
X :9/ 229 ~(1+ O0(p~N 1/27;)_'_7/ (2"+2)/2 % CRGij) Wp
() =3 7 7 ( (r~) R WtGy) s

P

_a 2 /2, AWy -N
—2/’7 Oy =+ 0™ "),

Sy 14

because 9, det(g;;) = O(p~N 1) and (1 +O0(p~N))/2 —1 = O(p~"). Using the expansion of y given in
Theorem 4.2.7 we have in the three cases of said theorem

Opy(1+ 525077 + 0" (p' 7)), 9py + 0(p*2")
Y205y = { 0,(1+ EpHlog(p) + 0" (p7"), =7+ O(p)
01+ Gp " +0"(p7%)), 9py + 0(p™?).

So, in the three cases of Theorem 4.2.7, we have

(PP + 0" (p ™)),
a dw
W =5 [ 0T = {0t onlo) + 070,

Oy (4p~t +0"(p77)).
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Taking into account the expansions of 9, obtained by differentiating the expansions of v we get

O(p*~2"),
, a dw,
W (p) — Q/SP 3p77p =40(p®),
O(p~))

Hence, by differentiating the expansion of 1 we get (5.0.10). Using these estimates, we are able to prove

the following.

Proposition 5.0.1. Let ¢, be defined as in (5.0.4). There is a positive constant C' such that
E(¢a) < MS"Ipal2.e g7, = Cra®™" + 0! ™"), (5.0.11)
ifdim M = 3,4,5 or (M, g) is conformally flat near p,
E(¢a) £ AE")[¢al2,e 57, — Cra™*log(a) + Oa™), (5.0.12)
ifdim M = 6 and (M, g) is not conformally flat near p,
E(pa) < MS")@all?- g7 — Cro™" +0(a™), (5.0.13)

ifdim M > 6 and (M, g) is not conformally flat near p.

Thus if p > 0, ¢, can be chosen so that Qg(p.) < A(S™).

Proof. Recall that by definition § = G2 ~2¢, and hence the transformation law (A.0.20) yields
5=G'"% (aA,G+SG) =0, on M, (5.0.14)

where S denotes the scalar curvature of g, because G is a multiple of the Green function for £,. So the
energy E(p,) is

/Aa|v%\2dv§ = | ag”(9,pa)*dV = /A ay* % (Opua)®y* (14 0(p~ M) 2dz
M Moo Moo

— [ a@uap?(1+ 00 V) 2

oo

:/,\ a(apua)2'y2dz+/A a(0pun)?*y2dz0(p~ N )dz.
Moo

Ioo

First note that the last integral is O(a™"):

o 2 n
- p « —N+n—
/JT’I\ (8pua)2,72d22p Ndz < A()/R (a) (M) ,72p + 1dp

e e
< A /R/a(1+§2)"d£

< AQO(OLin),
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for some positive constants Ay, A1, A». Let A;, denote the annulus {R < p < L}. Integration by parts

using the Euclidean Laplacian gives

02" Ou
a(8,uq)> 2dz:/ a——20,uay?dz
[ a@mria= [ oGS,

0 (07 07" 0
= — " —_— aa a2 a « Oé2d
a/ALazl<8p>u puv—i—apazl(pu)uvz

i

0 .
— a/ uaﬁpua(“)p('yQ)dz — a/ uoﬁpuoﬁQ i n'dw,
Ar SrUSL ap

where n' is the i—th component of the outward normal vector. Since %—Z; = % we get

n—1
/ a(apua)Q'dez = —a/ 7ua8pua72 + appuaua72dz

Arp AL ’0
i

- a/ U0 Opta0,(v?)dz — a/ uaapua’yQZ—nidw (5.0.15)
Ap SrUSL P

Z’L

= a/ UaAugy2dz — a/ uaapuaap('y2)dz — a/ uaapuavz—nidw.
AL AL p

SrUST,
n/2
Because d,u, = (2 —n)2 (%ﬂ)g) and the fact that ~ is bounded , we have that the integral over
S is O(L?*~™) (for fixed «), thus is vanishes as L — oo. In the same way, one sees that the integral
over Si is O(a~™). We can bound the first integral in (5.0.15) using Holder’s inequality and the identity

Aot = n(n — 2)u ~' we have

/ a’LLQA’lLa'Y2dZ = 4(” - 1)n/ ui*_Q(ua’Y)de
AL AL

1-2/2* 2/2"
<4(n—-1)n (/ u? dz) (/ u? y? dz)
AL AL

2/2* A
2% -2 * —-n
2 (/ﬁ o dvﬁ) + RN—n+1 a?

n A —n
= A(S™")lleall3- + WQQ .

<4(n—1)n||uq

2/2*
To see how the a?~" term appears we have to estimate the difference between (/ u? dV§> and
A

L

2/2*
</ u§*72*dz> , which we can do using the triangle inequality:
Arp

2/2* 2/2* 2/2*
(/ ud v? dZ) < (/ ul dVa) + (/ ul v’ O(p‘N)dZ>
Ar Ar ArL
2/2* 2/2*
(/Aui dVg) + </ u? v O(pN)dz) :
M Ar

IN
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using Euclidean polar coordinates we can estimate the last term:

2/2* . o 2/2*
W22 O(p~N dz) <A (/ p—N+n—1dp>
</A () "\ Jp @1

o 1 2/2*
<A™ ( dﬂ)
o (L+p%)"

_ —-n
- A2a )

for some positive constants Ay, A1, As. In the limit L — oo the second term in (5.0.15) becomes

—/ a0 ua/ 0,( dwpdp (5.0.16)

If dim M = 3,4,5 or M is conformally flat near p, (5.0.10) yields
/ () duw, = A(W (p) + O(p°~>"))w, = —4(pp' ™" + O(p*™"))wp- (5.0.17)

When dim M > 6 and M is not conformally flat near p we get

/ Bp(v)dw, = 4(h' (p) + O(p™"))wp = —4(up~> + O(p™°))w,. (5.0.18)
[e's) o n—1
To arrive at (5.0.11) and (5.0.13) we need to estimate / pF (aerp) p"Ldp, where 2 — n <

k < n. Proceeding as in the proof of Lemma 2.1.4 the change of variables o = p/a gives

00 i a n—1 oo Lk O.n—k—l
—k n—1 -
dp = Pl A
/R P <02+p2> P 4 /R/a (1+o2)n1

which is clearly bounded above and below by multiples of a~**!. Thus the second term in (5.0.15) is

o'} n—1
— (07 —n —-n —n —n
_4/3 pa! <ag+p2) (o' + O(p* ™")wpdp < =Cpa® " + 0(a' "),

when dim M = 3,4, 5 or M is conformally flat near p (and (5.0.11) is proven),

o] n—1
_ a _ _ _ _
—4/12 pa! (M) (1o +0(p~*))w,dp < —Cpa™ + O(a™),

when dim M > 6 and M is not conformally flat near p (and (5.0.13) is proven). Finally, when dim M = 6

00 5
and M is not conformally flat near p, we estimate / p~*a"log(p) (Qin) p°dp. Performing the
o

R
change of variables o = p/« gives

oo 5 oo
—4 -1 «a 5 —4 1
dp = 1 d
/R p o log(p)<a2+p2> p’dp /R/aoz og(ao)(1+02)5 o,

which is clearly bounded from above and below by multiples of a~*1og(a). This gives (5.0.12). O

Estimates (5.0.11)-(5.0.13) reduce the Yamabe problem in the case A(M) > 0 to the problem of
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determining the sign of u. Indeed, if u > 0 the estimates (5.0.11)-(5.0.12) together (5.0.3) with imply that
A(M) < A(S™). So, the following is proven:

Theorem 5.0.2. Let (M,g) be a compact, connected Riemannian manifold of dimension dim M > 3
with A\(M) > 0. Suppose that there is p € M for which there is a stereographic projection of M from p,
(]\/4\ ,9), with positive distortion coefficient n, then \(M) < A(S™).

Using the expansions of v given in Theorem 4.2.7 we can explicitly determine the value of the distor-
tion coefficient, , in terms of the Weyl tensor at p and the scalar curvature of ¢ at p, when dim M > 6
and (M, g) is not conformally flat near p. However, when (M, g) has dimension 3, 4,5 or is conformally
flat near p the situation is not so simple. Indeed, in this case, we will, in Chapter 6, be able to relate u

with a global invariant of the Riemannian manifold (J\//.T, g) called "mass”.
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Chapter 6

The Positive Mass Theorem and the

Solution of the Yamabe Problem

This chapter aims to present the final solution to the Yamabe problem. For that, we need to use the
celebrated Positive Mass Theorem. The contents of this chapter are the trimmed-down version of the
contents of sections 8, 9, 10 and 11 of [13], with the main difference being that in [13], Lee and Parker,
provide a sketch of the proof of the positive mass theorem and the solution of the Yamabe problem,

whilst in this text the main focus is solely the solution of the Yamabe problem.

We now introduce the notion of mass of an asymptotically flat manifold as presented in [13].

Definition 6.0.1 (Lee, Parker [13]). Let (N, g) be an asymptotically flat manifold with asymptotic coordi-

nates {z'}. The mass of (N.g) is defined as:

R—o0

m(g) = lim w;il/ vadz, (6.0.1)
SR

when the limit exists, where v is the mass-density vector field defined on N :
v = (0igi; — 0;9i:)0;.

An immediate question is whether or not the mass of an asymptotically flat manifold is well-defined,
i.e., if the limit (6.0.1) (when it exists) depends on the choice of asymptotic coordinates {z'}. In the
cases that we are interested the answer to this question is that it does not. To see this, first, we need to
introduce a "good” class of metrics. For r > ’%2 we define M. as set of all smooth metrics on N such

that, in some asymptotic coordinates, we have
gij — 0ij € C12(Nuo), Sy € L'(N),

where C"%(N,,) is the Holder space as defined in [13] and S, denotes the scalar curvature of g. In

asymptotic coordinates, {2}, on N..:
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Sg = g% (0T — Ty, + TiThy, — Thly,) = 0;(9igij — 059:) + O(p™ > 2). (6.0.2)

Now let (M, g) be a compact, connected Riemannian manifold that is either of dimension 3,4,5 or
is locally conformally flat. Consider the stereographic projection (]\7, g) of (M, g) from a point p. Using
inverted conformal normal coordinates around p, Theorem 4.2.7 together with the fact that the scalar
curvature of g vanishes identically (see (5.0.14)) implies that g € M., for some "7*2 <71 <n-—2.Inthis
setting, the mass of M exists and is finite.

Lemma 6.0.2. Let (M, g) be a compact, connected Riemannian manifold that either has dimensions 3,
4 or 5 or is conformally flat. Let (J\//f ,g) be the stereographic projection of (M, g) from p, as defined in
Definition 4.2.3. Then m(g) is finite.

Proof. Let n be a smooth cutoff function which is supported in M., and identically one for large p. Then

by the divergence theorem,

. —1 : —1
m(g) = é;n;own_l /SR vadz = ngnocwn_l/ n{v,nydwr

Sr (6.0.3)
= lim w,ﬁl / ndivy + Vn - vdz,
R—o0 Br
where By, is the open ball of radius R with centre at the origin. Since 0 = S = —divy + O(p~272), we
have that n divv € L1(M). Adding to this the fact that Vi - v € C%(M) ¢ L'(M), we can conclude that
the limit in (6.0.3) exists and is finite. O

In Chapters 3 and 4 we worked with conformal normal coordinates and inverted conformal normal
coordinates without ever fixing coordinates, so it is crucial that the mass of (J/\/.I\, g) does not depend
on the choice of inverted conformal normal coordinates. Indeed, this is the case as the next theorem

shows.
Theorem 6.0.3. The mass of (J\//.T ,g) depends only on the metric g.

Proof. See [5]. O

Proposition 6.0.4. Let (M, g) be a compact, connected Riemannian manifold of dimension dim M > 3,
(1\7 ,g) be the stereographic projection of (M, g) from p € M, and . be the distortion coefficient as

defined in (5.0.9). If dim M < 6 or M is conformally flat near p, then 1 = 1m(g).

Proof. On the sphere S,, we have 9; 1 dz = %—iap adz = p~tdw, = p~2292%0, L dz. Therefore, the

mass formula becomes

m(g) = ILm w;il/ (p*2zjzk8i§ij — Ok Gii)O 2 dz. (6.0.4)
p—00

Now observe that _
azF 027

lg\pp = §(5'p7 ap) = ?j (6pak’ aip

8k) = p72zkzj§k.j (6.0.5)
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and
0pGpp = p~ 2227 2 Oifgh;. (6.0.6)

Moreover, the (n — 2)—form n = (272%3;;)0; 1 0 L dz satisfies

dn = (zjzk(“)[g\ij — zjziafg\kj + 2FGi — nzjﬁkj)ak adz. (6.0.7)
And so
m(g) = plggown 4 /,, p2dn + /sp (P22 2"Gkj — p 22" Gis + p 22 G — hGia) Ok 2 dz
= pg&w L / (p~32% 272G — p2(2%)2Gis + np 32" 27 Gy — 250kGii) 0, 2 dz (6.0.8)

P

= lim w, - 1/ 0p(Gpp — Gii +p~ 1(n9pp Gii)dwp,

p—+00

where we have applied Stokes’ Theorem to make the term p—2dn disappear.
Using inverted conformal normal coordinates, we can simplify this expression. Since g,, = v 2

and detg =72 (1+ O(p~N)) = 1+ O(p>~") (where N is large positive integer). Thus
n0,g,p = n(2* — 2)72**38,,7 = 72**28p(10g(det ) +0(p™)
= 7> 20, (trlog(9)) = > (G 19,9) = %570,
= 90,i; = 0pGii + (9”7 — 6:3)0pGpp

which using (4.1.22) and Theorem (6.0.8) becomes
n9,Gpp = 0,Gii + O(p™ "),

So, by integrating along rays from infinity and noting that ng,, = n = g;; at infinity (by the expansion in
Theorem 4.2.7), we find that ng,, = g:; + O(p~™). Then (6.0.8) becomes

) 1
m(g) = pl;r&w / 0p(Gpp — Gii)dw, = phn;ow 1/ ad,ydw, = 2,
P

by (5.0.10). O

So determining the sign of the distortion coefficient, 1 is equivalent to determining the sign of the
mass of the asymptotically flat manifold (ﬂ, 9) when (M, g) is in the conditions of the previous proposi-
tion. To solve the problem of determining the sign of the mass of (]T/[\, g), we have the following theorem,

originally proved by Yau and Schoen in [17].

Theorem 6.0.5 (Positive Mass Theorem). Let (N, g) be an asymptotically flat manifold of dimension
n > 3 with metric g € M, with T > (n — 2)/2, and nonnegative scalar curvature. Then its mass m(g) is

nonnegative, with m(g) = 0 if and only if (N, g) is isometric to R™ with its Euclidean metric.

Using this theorem we can finally present a solution to the Yamabe problem.
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Theorem 6.0.6. Every compact, connected Riemannian manifold (M, g) of dimension n > 3, admits a

metric g conformal to g with scalar curvature S = A(M).

Proof. If (M, g) is in the conformal class of the standard sphere, Theorem 2.2.2 together with Theorem
3.1.7 imply the result. If dim M > 6 and (M, g) is not locally conformally flat (in particular, (M, g) is notin
the conformal class of the standard sphere), then Theorem 4.1.20 and the results of Chapter 3 imply the
result. If dim M < 6 or (M, g) is locally conformally flat, Lemma 6.0.2 and the Positive Mass Theorem
show that i > 0, unless (1\7, 9) is isometric to R™ endowed with the Euclidean metric. In the first case,
the results of chapter 3 together with Theorem 5.0.2 yield the result. In the second case, we want to
show that M is conformal to the standard sphere. To that end, let 5 denote the isometry from (J/VT, g)onto
R™ (endowed with the standard Euclidean metric). Consider the inverse of the standard stereographic
projection from S \ {P} onto R™ (where P denotes the north pole). Let & : M — st \ {P} denote the
composition of the two maps. Using this map we can not only transport the round metric in the sphere,
g, 1o M but we can also conclude, by Lemma 2.1.1 that under the isometry between (J/Vf, g) and R™ we

have:
4 2% -2

——5G =g, inR"

in coordinates {z'}, where p = || is the Euclidean distance. So, we see that the singularity of G 2 at
infinity is cancelled by the decay of ﬁ at infinity. Therefore, we can conclude that the metric ®*g
can be extended to the whole of M and is conformal to ¢g. Since M is the one-point compactification of
R™, it is simply connected, and because g has constant sectional curvature equal to 1, we conclude via
the Killing-Hopf Theorem that (M, ®*3) is isometric to the standard sphere, hence (M, g) is conformal
to the standard sphere.

O
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Appendix A

Review of Riemannian Geometry

The exposition that follows closely the one in Section 2 of [13] with a few extra results for better
comprehension of this dissertation. All the results in this Appendix can be found in one of the following
references: [4,11-13,15].

We start with some basic definitions.

Definition A.0.1. A Riemannian manifold (M, g) of dimension n is a C* —differentiable manifold M of
dimension n equipped with a metric tensor g, on each tangent space T,,M such that the map p — g, is

smooth, that is, for any two smooth vector fields X,Y € X(M), the functionp — g,(X|,,Y|,) is smooth.

Throughout this appendix, M will be a Riemannian manifold g will denote a metric on M. In local

coordinates (!, ..., 2™) the metric can be written as
g = gijda’ @ da?,

where we employ the Einstein summation convention. If g;; are the components of the metric tensor
with respect to a coordinate system (%), the components of the "inverse metric tensor” are denoted by
g*. The components of the metric, g;;, and its inverse, g%/ are used to raise and lower indices in tensors.
For example, if T = T;;dz* @ d2’ is a 2— tensor, then T} = ¢''T;;,, where the Einstein summation
convention is employed. Furthermore, we can extend the metric tensor to an inner product between any
two tensors of the same type: if T, F are two (k, [)-tensor fields in M, written in local coordinates (z%) as
T=T/7" 2 @ -2 @dh @deiand F = F* 7 0 @ -2 ©dr ®de? then

i1,k Ox'l Ox'k i1,y 0k Ozl ox'k

(T, F) i= g™ g™ gy gy oG T T
Remark A.0.2. Unlike in a general manifold where in order for integration to be well-defined we need the
manifold to be orientable, in a Riemannian manifold we do not need orientability to integrate, and this is
due to the Riemannian volume form (also called Riemannian density). In what, the Riemannian volume

form of a Riemannian manifold (M, g) will be denoted by dV,, in local coordinates, dV; = \/det(g;;)dz.
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Definition A.0.3. A connection on M is a smooth map V : X(M) x X(M) — X(M) such thatvVX,Y,Z €
X(M)and f e C>®(M):

1. Vx(fY) = (X f)Y + fUxY;
2 VixY = fVxY;

3. Vx(Y+2)=VxY +VxZ;
4. VyxyZ=VxZ+VyZ.

For a local coordinate system (z;), there are unique smooth functions I'¥;,i,j,k = 1,....,n such

7,7) 7
that V o 82] = Ffj dak, called the Christoffel symbols of the connection V for the coordinate system
dx®

(z*) . We can extend the concept of covariant derivative to general tensors as follows: for functions,
Vxf = X(f), Vx preserves the type of tensor, Vx commutes with contractions and satisfies the
Leibniz rule (Vx (u®v) = (Vxu) @ v+u® (Vv), u and v are tensor fields). If Tis a (k,m)—tensor field,

written in local coordinates (z%) as T' = 1}31{{”’;11 5o ® - ® dz’t, then for every vector field
X € X(M) we have
X U1 yeenylle 83:]1 8$J"'
115t =1
Jiy--sim=1
— znj 5. XTTIudm 4 s XTTJI’ Jm dx® daxt 9 0
ri1 Sizyosin T LT Linias ) AT O @ AT Ozt Oxm
Q1,00 =1 (A.0.1)
Jiyeensjm=1
r,s=1
+ i (1"]1 XTTS7J27 7]771 +F]1XTT317 ]m 1,8 )dm“ ® ®d.’17“” (9
A e Oxi Oxdm
7/17 SlE=
J1seesim=1
r,s=1

Before we proceed, a word on notation is necessary. If T is a tensor, the m — th covariant derivative

.....

of V™I are denoted by Tﬁ’ s, Finally, note that if 7 is a (k,l)—tensor field, then VT is a
(k,1 + m)—tensor field and V%’___,XmT =vmT(..,X1,..,Xnm,), forall vector fields X3, ..., X,,.

Definition A.0.4. The torsion of a connection V is the map T : X(M) x X(M) — X(M) defined by
T(X,Y)=VxY — Dy X — [X,Y]. The connection is said to be torsion-free if T' = 0.

Itis easy to see that T'is indeed a tensor and that in local coordinates (z*) we have T;; = T(dﬂ , d‘;’c] )=
(TF, — %) 3%, and so we can conclude that a connection is torsion-free if and only if I'¥; = T'*; for all

,5,k=1,...,n

Definition A.0.5. A connection V is said to be compatible with the metric g if

X (Y, 2) =(VxY,Z) + (Y, Vx Z),

forall X,Y,Z € X(M).
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Theorem A.0.6 (Levi-Civita). There is a unique connection V on M which is torsion-free and compatible

with g, for which, in local coordinates (x*), the Christoffel symbols are

1 4 (Og9u  Ogj  0gij
k _ kl

Definition A.0.7. Given a connection V on M the curvature tensor of the connection is the map R :
X(M) x X(M) x X(M) — X(M) given by

R(X,Y)Z =VxVyZ —VyVxZ —VxyZ,
forall X,Y,Z € X(M). In local coordinates (x'), the curvature tensor can be written as

R= Z Rﬁjkd:ﬂ@dﬂ ®dxk®@.
04k, =1

Direct computation shows that

ort,  ort i

L Jjk k m ml

R; - vl § F]krzm - Fikrjm
m=1

ik = TPy OxJ
We further define the Riemann curvature tensor as the (0, 4)—tensor field given by
Rm(X.,Y,Z, W) =(R(X,Y)Z,W),

for all smooth vector fields X, Y, Z, W € X(M). In local coordinates, it takes the form

Rm = Z R,'jkldaji ® dr’ @ dz* @ dat,
i,5.k, =1

where Rijii = gim R}

Proposition A.0.8 (Symmetries of the Riemann Curvature Tensor). Let (M, g) be a Riemannian mani-

fold. The Riemann curvature tensor has the following symmetries for all vector fields X,Y, Z, W :
(a) Rm(X,Y,Z,W)=—Rm(Y, X, Z,W),
(b) Rm(X,Y,Z,W) = —Rm(X,Y, W, Z),
(c) Bm(X,Y,Z,W)=Rm(Z,W,X,Y),
(d) (The first Bianchi identity) Rm(X,Y,Z, W)+ Rm(Y, Z, X, W) + Rm(Z, X, Y, W).
In local coordinates, components wise, these symmetries take the form:
(@) Rijii = —Rjik,
(0) Rijri = —Riji,
(€) Rijri = Riuijs
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(d) Rijki + Rjkit + Riiji = 0.

Proposition A.0.9 (Second Bianchi identity). The covariant derivative of the Riemann curvature tensor

satisfies the following identity:
VERm(X,Y,Z,V,W)+ VRm(X,Y,V,W,Z)+ VRm(X,Y,W,Z, V) =0, (A.0.3)

or, in components,

Rijkl;’rn + Rijlm;k + Rijmk;l =0. (AO4)

Given vector fields XY, let R(X,Y)* : T*M — T*M denote the dual map to R(X,Y), defined by
(R(X,Y)™'n)(2) = n(R(X,Y)Z).

Theorem A.0.10 (Ricci Identities). On a Riemannian manifold M, the second covariant derivatives of
vector and tensor fields satisfy the following identities.
If Z is a vector field,

ViyZ—-ViyZ=R(X)Y)Z (A.0.5)

Ifn is a1—form,
Viyn—Viyn=—R(X,Y)". (A.0.6)

And if 8 is a smooth (k,1)—tensor field,

(V?X,Yﬁ_v%{,Y/B)(wlw'vwkv‘/la"'a ) B(R( ) w ('UZ wkv‘/laa‘/l)+
L LRX,Y)WR W, LW,
+ B(w R( ) 1 ) (A.0.7)
—B(wh, ..., ®, RIX, YV, .., V) —
(

wh L wf VL R(X, YV,

For all covectors fields w* and vector fields V;. In terms of any local frame, the component versions of

these formulas read

7 i i m
Z?Pq - qu qum ) (AOS)
— m
Nispa = Mjsap = Bpgjlim, (A.0.9)
Utk Ql1,elk i1 m,iz,. ik T15eenyll—1,MM
fth..-Jz;pq 5]1 Sduap R (17"/8]1,...,,7'1 qumﬁ et (A 0 10)
m 015yl m U1 yeeslk
+ RP(I]l ﬂm,jzm,jz + quszle,..-,jz_l,m

Definition A.0.11. Let (M, g) be a Riemannian manifold. We define the Ricci curvature or Ricci tensor,

Re, as the covariant 2—tensor field given as the trace of the curvature tensor on its first and last indices.
Re(X,)Y)=tr(Z - R(Z,X)Y),VX,Y € X(M).

Therefore, in local coordinates, .
Re= Y Rjda' @da’,

ij=1
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where R;; = Ry,;. Also define the scalar curvature of (M, g) as the trace of the Ricci tensor,
S = tT'gRC = Ri = g”le

Finally, define the traceless Ricci tensor of g as the symmetric 2—tensor Rc = Rc — %g.

A Riemannian manifold whose Ricci tensor is a scalar multiple of the metric is said to be Einstein. It
is easy to see that a Riemannian manifold is Einstein if and only if, its traceless Ricci tensor vanishes
identically.

If T"is a smooth 2—tensor field on a Riemannian manifold, we define the exterior covariant derivative
of T to be the 3—tensor field DT defined by

components wise this definition translates to:
(DT)ijk = —Tijik + Tiksy-

Remark A.0.12. This operator is a generalization of the ordinary exterior derivative of a 1—form, which
can be expressed as (dn)(X,Y) = —(Vn)(X,Y) + (V) (Y, X).

Proposition A.0.13 (Contracted Bianchi identities). Let (M, g) be a Riemannian manifold. The covariant
derivatives of the Riemann, Ricci, and scalar curvatures of g satisfy the following identities:

try(V Rm) = —D(Ric), (A.0.12)

1
try(V Ric) = 7ds, (A.0.13)

where the trace, in each case, is on the first and last indices. In components, this is
R = Rikg — Rjik, (A.0.14)

. 1
Ryl = 5Su. (A.0.15)

Proposition A.0.14 (Schur's Lemma). Suppose (M, g) is a connected Riemannian manifold of dimen-
sion n > 3 whose Ricci tensor satisfies Rc = fg for some smooth real-valued function. Then, f is

constant, satisfies f = 1S and (M, g) is Einstein.

Proof. For a proof of this fact see Proposition 7.19 in [12]. O

Definition A.0.15. Let (M,g) be a Riemannian manifold. A normal coordinate system at P € M is
a local coordinate system (U, (x',...,z™)), for which the components of the metric tensor at P satisfy:

g:.j(P) = 4;; and gi’,f (P) =0, for all i,j,k. Note that the condition on the partial derivatives of the

components of the metric is equivalent to all Christoffel symbols with respect to normal coordinates
being zero.
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Proposition A.0.16. Lef (M, g) be a Riemannian manifold. At each pointp € M, there exists a normal

coordinate system.

Definition A.0.17. Let (M, g) be a Riemannian manifold and f a smooth function on M. We define the
Laplace-Beltrami operator, A, by setting A, f = —tr,NVdf (Vdf is the second covariant derivative of f,

also called the Hessian of f). In local coordinates:

_ >’f k Of i J
Vdf = <axiaxj —;Fij@ da' ® dw

and so,

af g
_ k: i
Agf = —g" 630 8m3 Z i gk d

Another way to define the Laplace-Beltrami operator is with the divergence operator V*. The diver-
gence operator is the formal adjoint of V, given on 1—forms by V*w = —w! = —w;.;¢". On a compact

Riemannian manifold (M, ¢g) with boundary, the divergence theorem holds:

/ V*wdV —7/ w(N)dVy, (A.0.16)
M oM

where ¢ is the induced metric on M and N is the outward unit normal. (When M is oriented this is
just Stokes’ Theorem). Furthermore, on a compact manifold without boundary, the integration by parts

formula holds:

/(Vu,Vv)dVg:/ vAudVj,.
M M

Lemma A.0.18 (Transformation laws). Let (M, g) be a Riemannian manifold and g metric on M confor-
mal to g, given by § = ¢! g for some f € C*°(M). Let S, Re denote the scalar curvature and Ricci tensor

of (M,q), respectively. Then
Rij = Rij — (n— 2)(Hy)ij + (n = 2)(df @ df)ij + (Af — (n — 2)||df |*)gsj, (A.0.17)

and
S=e(S+2n—1DAf — (n—1)(n—2)|df|?), (A.0.18)

where H ¢ denotes the hessian of f.

The transformation formula of the scalar curvature can be significantly simplified id we make the

substitution pP~2 = ¢2f, A.0.18 becomes

] n—1 S 2 -1

The operator £, := aA,+ S is usually called the conformal Laplacian of (M, g). Itis conformally invariant

in the sense that if § = ¢? ~2g is a conformal metric to g, and L5 is defined similarly with respect to g,
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then computing Az in terms of A, and using the transformation laws for scalar curvature, we find that
Ly(p™u) =o' Lyu. (A.0.20)

Definition A.0.19. Given two 2—tensor fields T, L. on M define the Kulkarni-Nomizu product of T' and L

by the formula
ToL(X,Y,Z,W):=T(X, W)LY, Z)+T(Y, Z)L(X,W)-T(X, Z)L(Y,W)+T(Y,W)L(X, Z), (A.0.21)

where X,Y, Z, W are vector fields in M.

Definition A.0.20. Let (M, g) be a Riemannian manifold. The Weyl tensor is defined as

1
W =Rm— ——Rcog+ gog, (A.0.22)
n—2 )

S
2(n—1)(n—2

in terms of components,

1 S
ikl = Riikt — ——=(Rigi1 + Rjugix — Riugir — Rikgi)) == (9ik )91 — 9519k )-
Wijki ikt = —— (Rikgs + Rjigin 19jk — Rjkg I)Q(n D =2) (9ik) 95t — gj19ik)
A manifold is said to be locally conformally flat if it is locally conformal to the Euclidean space R™

endowed with the standard Euclidean metric.

Theorem A.0.21 (Weyl-Schouten). Suppose (M, g) is a Riemannian manifold of dimension n > 4,
then (M, g) is locally conformally flat if and only if the Weyl tensor vanishes identically. Furthermore, if

dim M = 3 and (M, g) is locally conformally flat, then the Weyl tensor also vanishes identically.

The previous theorem is not presented in its full generality so as not to make this exposition immea-
surably dense. To see the previous theorem in its full generality the reader may consult Theorem 7.37
in [12].

Theorem A.0.22 (Killing-Hopf). Let (M, g) be a simply connected, geodesically complete n—dimensional
(n > 2)Riemannian manifold, with constant sectional curvature K, then (M, g) is isometric to one of the
model spaces S™ (if K > 0), R" (if K =0), H" (if K <0)

Proof. See Theorem 12.4 in [12]. O
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Appendix B

Review of Analysis and Partial
Differential Equations in Riemannian
Manifolds

The exposition that follows closely follows the one in Section 2 of [13] with a few extra results for com-
pleteness’ sake. The aim of what follows is to present all the results used throughout the dissertation.

All the results may be found in [4, 8,10, 13]. We start with a few basic definitions.

Definition B.0.1. For ¢ > 1, the space L1(M) is the set of locally integrable functions on (M, g) for

1/q
lullg = (/ U|q‘“g>
M

which the L? norm

is finite.

Definition B.0.2. Consider the space C*?(M) of C>(M) functions such that |V'y| € LP(M) for all
0 <1 <k, where k,l are integers and p > 1. The Sobolev space W*1(M) is defined as the completion
of Ck:4(M) with respect to the norm
k
HU||W’V-H(M) = Z ||Vlu||q,

=0

and the Sobolev space Wy(M) as the closure of C2°(M) in W4(M).
Note that when M is complete, C°(M) is dense in W*4(M).

Proposition B.0.3. For any k integer, H*(M) := W*2(M) is an Hilbert space when equipped with the

equivalent norm

k
ER / V2V,
1=0 M
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The inner product (-, -) i+ associated to || - || is defined by

k
(u, v) e = Z/ (Vlu, Viv)dv,,
1=0 /M

where the inner product inside the integrals is the inner product of tensors with respect to g.

If M is a compact manifold, endowed with two metric tensors ¢ and g, it is not hard to see that there
is C' > 1 such that

1
—g<g<Cy,
Og_g_ g

on M, where the inequalities are to be understood in the sense of bilinear forms. This leads to the

following:
Proposition B.0.4. If M is compact, W*4(M) does not depend on the metric.

Definition B.0.5. The space C*(M) is the set of k times continuously differentiable functions on M, for

which the norm

k
uller :="_ sup|V'ul
=0 M

is finite, where |V'u| is the norm induced by the inner product of two tensor fields of the same type as
defined in Appendix A. The Hdlder space C**(M) is defined for 0 < a < 1 as the set of functions

u € C*(M) for which the norm

[VFu(z) — VFu(y)|
|z —yl|*

luller.o = |lullcr + sup
x,Y

is finite, where the supremum is over all x # y such that y is contained in normal coordinate neighbour-
hood of z, and V*u(y) is taken to mean the tensor at = obtained by parallel transport along the radial

geodesic from x to y.
There is a relation between these spaces:

Theorem B.0.6 (Sobolev Embedding theorems for R").  (a) Suppose X = 1 — £ Then Wk(R") is

1
q
continuously embedded in L™ (R™). In particular, forq = 2, k = 1, r = p = -2, we have the

n—2’

following Sobolev inequality:
||<p\|12) < an/ |Vo|2dz, ¢ € H'(R™). (B.0.1)
]Rn

We call the smallest constant o, for which the above inequality is valid the n—dimensional Sobolev

constant.
(b) Suppose0 < a <1,and ; < k= Then W*1(R") is continuously embedded in C*(R™).

One of the advantages of working on compact manifolds is that we can cover the manifold with a

finite number of small coordinate patches, apply the known theorems in Euclidean spaces and sum
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the results using partitions of unity and obtain similar results in the context of the manifold. Using this

method we can arrive at the following theorem.

Theorem B.0.7 (Sobolev Embedding Theorems for Compact Manifolds). Let (M, g) is a compact Rie-

mannian manifold of dimension n.

(a) If L <L — % then Wk (M) is continuously embedded in L"(M).

1
q

(b) (Rellich-Kondrakov Theorem) Suppose % < == g Then the inclusion W*(M) c L"(M) is a

1
q
compact operator.

(c) Suppose0 < a <1, and ; < k= Then W*1(M) is continuously embedded in C*(M).

One may wonder whether the Sobolev inequality still holds in compact manifolds and if the best
Sobolev constant remains unaltered, and it turns out that it does not, but due to Aubin we get a kind of
perturbed Sobolev inequality, this is the content of the next proposition due to Aubin in [1]:

Proposition B.0.8 (Aubin). Let (M, g) be a compact Riemannian manifold, 2* = 2 and denote by o,

the sharp constant in the Sobolev inequality in R™. Then, for every ¢ > 0 there is a positive constant C.,
such that for all ¢ € C> (M),

ol <t O [ [TePavy . [ pav,,
JM M

We also need another class of spaces.

Definition B.0.9. Let (N,g) be an asymptotically flat manifold (as defined in Definition 4.2.4), with
asymptotic coordinates {z'} on N.,. Let p(z) = |z| on N, extended to a smooth positive function
onall of N. For 3 € R, k € Ny, define the weighted C* space C};(N) as the set of C* functions u for

which the norm

k
— —B+i|i
Uk = E sup Viu(x
l Hcﬁ ENP | (z)]

i=0"
is finite. Also, define the weighted Hélder space C’g’“(N ) (a € (0,1)) as the set of u € C’g(N ) for which

the norm

k k
_ : —gthta | Viu(@) = Viu(y)|
lellgre = Ilulles + Sup (min p(z), p(y)) o — gl

is finite. (The supremum, as in the definition of the Holder spaces C** (M), is over all points = # vy, such
that y is contained in a normal coordinate neighbourhood of x, V*u(y) is the tensor at = obtained by

parallel transport along the radial geodesic from x to y.)

So far we have made precise what is the natural (coordinate-free) notion of derivative in Riemannian
manifolds, in particular, we have seen that in compact Riemannian manifolds, the Sobolev spaces are
well-defined in the sense that they do not depend on the choice of metric, and are, therefore, natural to
the manifold. Like in the Euclidean case there is, in the Riemannian manifold setting, a notion of a weak
solution to a partial differential equation. Now we have the necessary material to define what is a weak
or distributional solution to a partial differential equation on a Riemannian manifold. We start with the

definition of a linear differential operator.
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Definition B.0.10. Lef (M, g) be a compact Riemannian manifold. A linear differential operator A of

order m on M, written in local coordinates {x'}, is an expression of the form:

where a; are I—tensors, u € C™(M), and Vo, as...a,u i short for v%...v%u. The terms of the
highest order, m, are called the leading part (assuming a; is nonzero). The operator is said to be elliptic

atx € U, ifthere is A\ = A(z) > 1 such that, for all vectors ¢:
1™ M) ™ < afi ey bay, < €M A ().

We say that the operator is uniformly elliptic in U if there exist Ao and \(x) (A\(z) is for each x and X\ is
independent of the point in U), with 1 < A(z) < Ao, such that

™A < apt o€, o, < €M N0, VEER™, V2 € UL

Now that we know what a partial differential operator on M is, we can generalise the notion of a weak
solution known in the field of partial differential equations in the setting of R”.
Let A be a linear differential operator of order 2m defined in a Riemannian manifold M. Until now, by a
solution of A(u) = f the only thing that made sense is a function v € C*™ (M), such that the equation
is satisfied pointwise, now we generalise (or weaken) the notion of solution. If f € L?(M) and if the
coefficients of A are measurable and locally bounded, we say that v € W?™4(M) is a strong solution in

the L7 sense of A(u) = f if there is a sequence {;} of C* functions such that
@i —u, in W*™M), and A(p;) — f, in LI(M).

Indeed, in this case, the weak derivatives of u up to order 2m are functions in LY(M) and A(u) = f
almost everywhere.
Now let A(u) = a;V'u. If the tensors a; € C'(M) for 0 < [ < 2m, then we define the formal adjoint of A
by

A (p) = (=1)'V' ().

We say that w € L!(M) is a solution, in the sense of distributions, of A(u) = f if for all ¢ € C*(M):

/ uA*(go)dVg:/ fodVy.
M M

If the coefficients a; € C>°(M), then a distribution « satisfies A(u) = f if for all p € C°(M):

{u, A%(p)) = (f, 9)-
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If the operator can be written in divergence form, i.e., if we can write A(u) as

m

Au) = Z Vai..ay (agfl'““’“ﬂl"ﬂlvgl__ﬂlu) + Zbgvlu,

0<k<m 1=0
0<i<m

where ay; are k + [—tensors and b; are [—tensors. Then v € W™4(M) is said to be a weak solution of

A(u) = f with f € L'(M) if for all ¢ € C°(M):

> vt f

0<k<m M
0<I<m

ar V'uVFedVy +) / b ViudV, = / fedV,.
=0’ M M

Here we only need a;, ; to be measurable and locally bounded for all pairs (k, ). The following is from [8].

Theorem B.0.11 (Local Elliptic Regularity). Let Q2 be an open set in R™, A be the Laplace-Beltrami

operator with respect to any metric on Q, and u € L; () a weak solution to Au = f.

(a) If f € WF(Q), thenu € WFT24(K), for any compact set K € ), and if u € LI(2) then
lullwr+zacrey < CUIAUllwr.aq) + lullLa))-

(b) (Schauder estimates) If f € C**(2), then u € C*¥*+%<(K), for any compact subset K € £, and if
u € C*(Q2) then
||U||ck+2=a(K) < C(HAUHCM(Q) + HUHC&(Q))'

Using the procedure described above with partitions of unity, one is able to prove the following.

Theorem B.0.12 (Global Elliptic Regularity). Let (M,g) be a Riemannian manifold, and suppose u €
Ll

loc

(a) If f € Wka(M), thenw € WF+24(M), and

(M) is a weak solution to Au = f.

[ullwr+z.aary < CUAU|lwraary + l[ullaar)-
(b) If f € Ck>(M), thenu € C*+2(M), and
[uller+2.0(ary < CU1AUller.ary + llullea(ary)-

Theorem B.0.13 (Strong Maximum Principle). Let h be a nonnegative, smooth function on a connected
Riemannian manifold (M, g), and u € C*(M) satisfies A, u+ hu > 0. If u achieves its minimum, and this

minimum is nonpositive, then v is constant on M.
The following, as seen in [13], will be useful to solve the Yamabe problem in the standard sphere.

Theorem B.0.14 (Weak Removable Singularities). Let U be an open setin M and P € U. Suppose u
is a weak solution of Au + hu =0 on U \ {P}, with h € L/?(U) andu € L(U) for some q > p/2. Then

u satisfies Au + hu = 0 weakly on all of U.
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Proof. For a proof of this theorem see [13]. O

The following definition and theorem, as seen in [8], will be useful in the analysis of the Yamabe

problem in the sphere.

Definition B.0.15. Let ) C R™ be a domain. And let L be a differential operator of the form:

0%u Ou
Lu = aij(x)m + bL(x)% + c(z)u, (B.0.2)

with coefficients a;;,b;, c, where i, j = 1,...,n. Consider the equation
Lu = f,

where f is a function on Q. We say that u is a strong solution to the previous equation if u is a twice

weakly differentiable function that satisfies the equation at almost every point.

Theorem B.0.16 (Proposition 9.15 in [8]). Let 2 C R™ be a C*'!' domain. Let L be a strictly elliptic
differential operator of the form (B.0.2) in Q2 with coefficients a;; € C(2), b;,c € L>=, withi,j = 1,...,n
andc < 0. Thenif f € LP(Q) and ¢ € W?P(Q), with 1 < p < oo, the Dirichlet problem Lu = f in (Q,

u—p € W2P(Q) has a unique solution v € W27(1).
0

Definition B.0.17. Letn > 3. We define the space D'?(R") to be the subspace of L*>" (R™) of functions
that have L*(R™) gradient:

DY(R™) := {u € L* (R") : Vu € L*(R")}
Lemma B.0.18. Letn > 3. The space D'?(R") with inner product

(u,v) = Vu - Vudz, (B.0.3)
R‘IL

is a Hilbert space.

Proof. In order to prove that D':2(R") is a Hilbert space with respect to the norm induced by (B.0.3), we
prove it is a Banach space, and to that end, we prove that the space of compactly supported smooth
functions is dense in D1:2(R™).

Let u € DM2(R™) and ¢ € D(R™) such that 0 < ¢ < 1, ¢ = 1in B1(0) and ¢ = 0 in By(0)¢. For R > 0
define the function pr(z) = p(z/R). We claim that ugr € H'(R™). Firstly, upr € L?(R"™), since

n—2 2
/uzgo%dmg(/ uQ*das> ' (/ ap%dm) < 00.

As for the square integrability of the gradient, we have the following

/|V(u<pR)|2da: = /}Ru2|V<pR\2+¢%|Vu\2+2u<pRVu-V¢Rdx

IVerllul3- + llerlZ IVl + 2lluprllllVulVerlll2 < c.

IN

80



So that V(upr) € L?(R™), and subsequently, upr € H'(R").

Having now shown that we can, in some sense, descend from D!2(R") into H'(R"), we make the
stronger claim that H!(R") is dense in D'2(R"). In fact, we want to show that upr — u, as R — +oo,
in D12(R™). We denote by || - || the norm in D»?(R™) induced by the inner product (6.2). Now we have

o — ul® = / V(ulpr —1)) - V(u(pr — 1))dz
- (B.0.4)
= / \VU\Q(QOR— 1)2+u2\V<pR|2+2u(<pR— 1)Vu - Vordz,

to see that ||upr — u|* — 0, as R — +oo, we analyse each of the terms in (B.0.4) independently. The

first term converges to zero by dominated convergence. For the second term, we have

n—2

/ u?|Vor|2dx :/ u?|VopPde < / u? dz / \Vor|"dz
" {R<|z|<2R} {R<|z|<2R} {R<|z|<2R}
n—-2 2
= / u? da / [Vo|"dx |
{R<|x|<2R} {1<]z|<2}

which converges to zero as R approaches infinity because « € L? (R™). Finally, for the third term, we

n

have
/ u(por — 1)Vu - Vordz < ||Vl (or — Dll2llulVerlll:,

which, by the arguments used for the second term converges to zero by dominated convergence as
R — oo. This allows us to conclude that upr — u, as R — oo in DY2(R™). Hence, H'(R") is dense in
DL2(R™). Furthermore, the density of C3°(R™) in H!(R™) allows us to conclude that C3°(R™) is dense in
DL2(R™M).

Now let {u,,} be a Cauchy sequence in D*?(R"), and let {v,,} be a sequence in D(R™) such that
[tum — vm|| < 5= for all m € N. Then {v,} is also a Cauchy sequence in D'?(R"), then by the
Gagliardo-Nirenberg inequality we have

[vm = vkllar < CIV(vm — vi)ll2 = Cllvm — vk,

and therefore, {v,,} is a Cauchy sequence in L (R"). Now let u € L?" (R™) be the limit of the sequence
{v,} in L (R™). Moreover, we have that the sequences of partial derivatives of {v,,}, {%%"} (¢ =

1,...,n), are Cauchy sequences in L?(R"), and subsequently, there are g1, ..., g, € L?(R") such that

It is easy to see that the (weak) partial derivatives of « are the functions g;, that is g—; = g, for all

Ovp,
8$Z’ gl

— 0, as m — +o0,
2

foralli=1,...,n.

i=1,...,n. And so
Um — u, in DYE(RM), (B.0.5)
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which implies, via the triangle inequality, that w,,, — u in D%2(R"). O

Remark B.0.19. A consequence of the previous proof is the fact that the Sobolev inequality still holds
in DL2(R™).

We finish with a crucial regularity result as seen in [13]

Theorem B.0.20 (Regularity). Suppose ¢ € H'(M) is a nonnegative weak solution of (3.1.2) with
2 < s < 2% and | \s(M)| < K for some constant K € R. If o € L"(M) for some r > (s —2)n/2 (in
particular, ifr = s < 2%, or if s = 2* < r), then v is either identically zero or strictly positive and smooth,
and ||p||c2.« < C, for some a € (0,1), with C = C(M, g, K, ||¢]|)-

Proof. For a proof see [13]. O
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