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Abstract

We start by reviewing the classical Euler Top and introduce the Tangent Euler Top system as an
extension for curved spaces. We study the Liouville integrability of this system in two dimensional
manifolds and find that the system is integrable if there is at least one Killing vector field on the
manifold. Additionally, we show that this system defines a metric on the the bundle of positive
orthonormal frames. We also explore the analogy between this problem and the motion of a charged
particle on a magnetic field, the dynamics of this system when the manifold is embedded and study
the isometry groups of the maximally symmetric manifolds: R?, H? and S?. We extend our results
to the relativistic top and we find that in the relativistic case there is a coupling between the
centre of mass velocity and the angular velocity of the top. Finally, we analyse the integrability
in higher dimensional systems. We conclude that the classical system is integrable at least up to
three dimensions and we argue that the main difficulty in higher dimensions arises from SO(n)

dimension compared to the number of first integrals related to this group.
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I. INTRODUCTION

As pointed out in (), if one considers the motion of an arbitrary rigid body on a curved
space, it would be impossible to keep the distances between the different particles which make
up the body constant (hence, the rigid body condition would be violated). For instance, if
one considers the free motion of a body composed of three point masses on the surface of a
sphere, it easy to see that it is always possible to maintain the distances between the points
as the body moves on the surface. However, if one considers an arbitrary surface and one
increases the number of points that make up the body, this assertion fails and the motion
is impossible.

One way to solve the problem is to approximate the motion of the rigid body on a curved
space by considering the motion of an orthonormal frame which is tangent to the surface
at each point. The motion can be understood therefore as the motion of the centre of mass
plus the rotation of the frame around that point. Obviously, this automatically solves the
problem pointed out above.

We begin by reviewing the classical Euler top system (?,2,) and then present the model
proposed by (!). Next, we study the system’s integrability and further explore this model.

One of the main interests of this approximation is to study the motion of a rigid body
in general relativity. Therefore, we extend our model to a relativistic tangent Euler top, as
seen by a distant observer. We explore the motion for different metrics.

Finally, we try to identify the key points when considering an extension for an higher
dimensional problem. To do this we have to resort to more general arguments than used
before and the assertion is harder to prove, mainly because the dimension of SO(n) and the
number of first integrals do not scale up at the same rate.

We make use of the Einstein’s summation convention (except when "no sum” is indicated).

II. FROM THE EULER TOP TO THE TANGENT EULER TOP

A. The Euler Top

Let us first review the classical Euler top. We will consider the motion the free rigid

body, of mass m, rotating around its centre of mass. Since the system is finite and we are



in the centre of mass frame we get

Jos €dm =0

Jrall€]1?dm < o0

(1)

We can further define the Euler tensor ([), which is represented by a symmetric matrix
given by
I;; = £¢dm (2)
R3
We recall that a rigid body with a fixed point leads to a holonomic constraint given by

N = {(z1,...,z) € R%*|zy =0 and ||z; — z)||=dyj for 1 <i < j <k} (3)

for a system of k particles with constant distance between them d;;. It easy to see that if
at least three particles are not collinear, then given a fixed point in N every other point in
N can be written as (5, ..., 9¢;) for a unique S € SO(3). This implies that rigid body
motion can be seen as a curve on SO(3). In order to consider a continuum rigid body (i.e.

for an infinite number of particles) it is necessary to make the following generalisation:

Definition II.1. A rigid body with a fixed point is any mechanical system of the form
(SO(3), ((., ), F), with

(X)) = [ (X YE)dm (1
where X,Y € TsSO(3) and S € SO(3), taking {.,.) to be the usual Euclidean metric on R3.

In the case of the Euler top, F' vanishes since it is a free motion.
A useful proposition is the following

Proposition I1.1. The metric defined by the rigid body with a fized point on SO(3) is given
by
((X,Y)) = tr(XIY") ()

Proof. We can directly expand the inner product between vectors X, Y using the rigid body

metric obtaining

(X0 = [ X ¥aghdm )
R3
Only the ¢ variables have to be integrated. Therefore, we get the desired result
(X,Y)) = Xij LjnYir (7)
O



Since the Euler top system defines a curve on SO(3), the Lagrangian of the system has
to be defined on 7'SO(3) and it is given by

(S, ) = %<<S, 3 = %tr(SlSt) (8)

The Euler top is a completely integrable system (?,3,%). In addition to the system’s energy

(H = L), there are first integrals coming from the conservation of angular momentum. In
particular, the square of the angular momentum is conserved as well as the values in each
component. Since the components of angular momentum do not commute under the Poisson
bracket, we get two first integrals which commute plus the Hamiltonian, making the system

integrable.

B. The Tangent Euler Top on curved space

We now consider the tangent Euler top. As stated before, we consider the motion of
a rigid body over a curved manifold, approximating the body by a tangent frame which
rotates around the centre of mass.

For this reason, in order to describe our system we need to specify the position of the
centre of mass of the body as it moves on the manifold (M) and at the same time we can
describe the angular part by defining at each point of the trajectory of the body on M an
orthonormal frame. The configuration space will have to store information from both the
curve of the centre of mass on M and vector fields which at each point of that curve define
an orthonormal frame.

For these reason, we define OM as being the bundle of orthonormal frames on an 3-
dimensional Riemannian manifold (M, (.,.)). A curve £ : R — OM on this space is given
by

E(t) = (c(t), E (1), Ex(t), Es(t)) (9)
where ¢ : R — M is a curve on M and the fields £}(t) define an orthonormal frame at c(?)
for each t € R.

The Lagrangian is defined in TOM and the motion of the tangent Euler top is an Euler-
Lagrange curve for the Lagrangian L : TOM — R given by

. 1 . .
L(E,E) = §/R3(c'+§’VC-Ei,C'+§JVC-Ej)dm (10)
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where V is the Levi-Civita connection on M.

The tangent Euler top Lagrangian is more complex than the Lagrangian for the classical
Euler top. Apart from the ¢ term, which only takes into account the fact that we are
considering the motion of the centre of mass, we see that we now have to consider the
covariant derivative of the vector fields which give the orthonormal frame along ¢(t). Clearly,
for flat space this is just equal to the classical Euler top, but for an arbitrary space the
Lagrangian will now take into account the way the vector fields change from point to point
due to the geometry of M.

The Lagrangian of the system might be written in a more explicit way. For that, we
follow the steps presented in (!) when deriving the equation of motion of the system. The
first step is to consider a trivialisation OM|y= U x SO(3) by choosing a local orthonormal
frame {Ey, By, B3} C X(U) on a sufficiently small open set /' € M. We describe the rotation

of the moving frame, denoted by the E, with respect the frame E. This can be expressed as
Ei(t) = Sji(t) (Ey)e (11)

We can now compute the covariant derivative of the field F;(t) as
VB = Sji(Ej)e + S (¢) Ex (12)

where d}f are the connection forms associated to our local frame. This implies that the

Lagrangian of the system can be written in a simple fashion
L=T+K+C+F (13)

The first term T corresponds to the usual translational kinetic energy and is given by

L 1
= /(c, dm = Sm(é. (14)

The K term represents the usual rotational kinetic energy and can be expressed by
1 .. .. ~ A 1 ..
K = 5 /SZSMQSU(E;C, Eﬁdm = 5 tl”(S[St) (15)

The two following terms are due to the fact that the space is not flat.

€ = [ €8u68,60" ) B By)dm = t(S15'(0) (16)
1 NP A A | g
F = 5 /§ZSkiwk(c)§’Smij}1(c)<El,En>dm = §tr(w(C)SIS w(e)) (17)
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By inspection of these equations it is easy to verify that if the reference frame happens to
be parallel transported along ¢, then the connection forms must vanish and therefore we are
left with 7" and K. This shows that the orthonormal frame defined by the E; vector fields

rotates exactly as an Euler top with respect to the reference frame.

C. The Tangent Euler Top metric on OM

In this section we will study how the Lagrangian of the system changes under the choice
of reference frame to see whether or not the Lagrangian defines a metric on OM. We will
prove these results for an n-dimensional Lagrangian.

If we consider a change of choice of the reference frame, this will affect the S, S and @
terms of the Lagrangian. Firstly we define a new reference frame given by the vector fields

Ei. This reference frame is related to the E’Z frame by a rotation, therefore we can write

A ~ ~

E;, = RjiEj <~ Ej = R]kEk (18>

where R is the orthogonal transformation matrix. In relation to the rotating E; frame we

can write
E; = S;;E; = S;:E; (19)
This automatically implies
E; = SjiEj = SjiRkjEk = RijkiEj (20)
and so S has to be given by
S=RS and § = RS + RS (21)

Additionally, we also need to know how the connection forms change. The general expression

for the transformation of the connection forms between two frames is given by
© = ROR' + RAR' (22)

Notice that
RR!' = Id = dRR!' + RAR! =0 <= RdR! = —dRR! (23)

In our case we will have terms dR(¢) = R.



We have now all the necessary ingredients to write the Lagrangian of the system when
using the tilde reference frame, which we will name L. Let us just remember that the
Lagrangian are equivalent if they differ from one another by a total time derivative. In this
case we can write that

L=L+ — 24
t (24)

We start by expanding the K, C' and F terms in L.
K= (S8 = K + %tr(RSISth) + %tr(RS]Sth) + %tr(RSISth) (25)
C = C +tr(SIS'R'R) + tr(RSIS'GH(¢)RY) + tr(RSIS'R'RRY) (26)
FoF+ %u((é)SIsthm + %tr(RtRSIS%Dt(é)) + %tr(RtRSISthR) (27)

Thus, if we add the first term in each equation we get L. We will now prove that the
remaining terms vanish.

We will make extensive use of following identity
R'R=—-R'R < RR'=—RR' (28)

which was proven above.

We sum the last term of each equation. The second term can be written as — tr(RS IS'R)
and the two other terms add up to tr(RSI Sth), so the net result is zero. Now, we add up
the three terms which contain the connection forms. The two terms coming from the F add
up to tr(R'RSIS'W"), while the term above is symmetric to it so, again, this contribution
disappears. By making the same manipulation as before, the remaining terms add up to
Zero.

This result means that L = L. Therefore, the Lagrangian is a geodesic Lagrangian, which
means that we are just studying geodesics for the metric defined by the tangent Euler top

on OM (which is given in equation (47), in two dimensions).

D. Motion in embedded manifolds

So far, we have only considered the motion on a manifold which is not embedded in a

bigger space. The embedding will alter the Lagrangian of the system. In fact, it is easy to



see that there will be extra terms which will account for the fact that we are now using the

connection of the embedding manifold. We can write
VxE = (VxE)' + (VxE)" = VxE + B(X, E) (29)

where V is the Levi-Civita connection of the ambient manifold, V is the Levi-Civita connec-
tion induced on the submanifold and B is the second fundamental form. It is easy to prove
that the second fundamental form does not depend on the extensions of the fields X and Y.
Furthermore, given a point p on the submanifold (V) the tangent space of the embedding

manifold (M) can be decomposed as
T,M = T,N & (T,N)* (30)

This implies that any vector can be decomposed in a component which is in 7T, N and a
normal component to that tangent space. The second fundamental form B(X,Y), € (T,N)*
for each p € V depends only on the values of X and Y at p, and it is billinear and symmetric.

Using the second fundamental form is also possible to define for each vector n, € (T,N)*,

a symmetric billinear map H), : T,N x T,N — R which is given by
Hy(X,Y) = (By(X,Y),my) (31)

We can now rewrite the Lagrangian for the tangent Euler top system. As stated above, the
new terms will come from the fact that we are considering that our manifold is embedded in
a bigger space, and as just shown now, the only difference comes from the fact that we have
to consider the connection of the bigger space, which we have just shown can be written in
terms of the submanifold connection and the second fundamental form:

L(E,E) = % /Rs<é + (VB + B(¢, Ey)), ¢ + & (VeE; + B(é, Ej)))dm (32)

We will now follow the same procedure as in () and expand our Lagrangian. Our task is

greatly simplified firstly because most terms will give the same contributions as before.
. 1 ) ) .
LE.E) = Lo+ [{E€BEE)EBGE) + [+ EVEBGE) (39

where L is the Lagrangian we obtained in the previous sections. This result can be further
simplified since the third term is clearly equal to zero due to the orthogonal relation between

the second fundamental form and the vector fields which define the frames at each point.

9



This implies that the embedding of the manifold in another space only contributes with one
term to the Lagrangian.

We are now ready to further examine this Lagrangian. For that we note that
B(¢,E;) = S;B(¢é, E)) (34)

We can always write the vector that defines the reference frame as A;‘a%, which enables us

to write

B(é, E;) = S;;E3(2) Bya(z)i" (35)
Returning to the new term in the Lagrangian we now have

1 i . j . 1 i nle’ . j 7 v

5 [ €BEE)LEBEE) =5 [ €5uB @B €SB @) Bus(w)ivdm  (36)
All terms except for the ¢ are independent of the integration, thus the integral will only
contribute with a term corresponding to the Euler tensor. Manipulating the terms above it

is easy to get to the final expression
1 L o 1 o A ey
5/(523(07 E), & B¢, Ey)) = 5(SIS)E; () E} () By () Bys ()i (37)

So, as expected, the Lagrangian for the tangent Euler top moving on an embedded manifold
will be different compared to the case where the manifold is not embedded. In particular, we
see that the integrability of the system is now much more complicated because it depends
on the way the embedding is done.

It is interesting to look at the particular case of a spherically symmetric body, i.e. the Eu-
ler tensor is represented by a matrix proportional to the the identity I = Iyl;. Additionally,

we can make the following simplification
BB} = g (38)

which holds since (EE) )(d}&,@é) = 0/0% = 6;;. Using the result previously obtained we

then conclude that for the symmetric top the additional term in the Lagrangian is given by

5 [€BEE)NEBEE)| = 2 @Ba@Ba@is (9

2
sym. top
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III. MOTION IN 2-MANIFOLDS

A. The Lagrangian and a sufficient condition for integrability

We will start by considering the case where the top moves on some arbitrary surface (i.e.
a 2-manifold). This case is especially simple, because we can easily picture the motion as
being as small disk with a certain mass m, which is tangent to the surface at each point,
and we let this disk move around freely. Moreover, in this case it is simple to expand the
Lagrangian in its components and to solve the problem explicitly (as we will promptly do)
while at the same time gaining insight into the problem.

We begin by writing the Lagrangian of the system in its components. Since we are
considering a two-dimensional space we will need three variables to describe the system: z?,
2% and 0, where the first two are local coordinates on the surface and 6 corresponds to a

parametrisation of SO(2). The translational kinetic term is simply written as

1 oo

where g;; is the ¢j component of the metric. To describe the next terms we need to define

S,S, I and &(¢) in terms of coordinates. We obtain the following result

cos(f) —sin(0) —sin(#) —cos(d)

S = . S =46 (41)
sin(f) cos(6) cos(f) —sin(0)
I Iy
I= ;o T=tr(l) (42)
I3 I
oo 0 a(zt, 2?)dxt + Bzt 2?)da? (43)
—a(z!, 2?)dzt — B(x!, 2?)dz? 0

where we introduced the constant I which is the moment of the inertia of the body. Addition-
ally, we have expressed the connection matrix in terms of unknown functions a(z!, x?) and

B(zt, 2*). Having this expressions we can compute the remaining terms in the Lagrangian

to obtain
1 .
K= 5]102 (44)
C = —I0(i'a + 25) (45)

11



F= %H(x’la + 4*B)? (46)

Combining all the terms we arrive at the desired expression for the Lagrangian

mgi1 + Ia? mgis +IafB —lo
1. . 1 A
L=g0" |mgiz +1aB mgs + 162 ~16| 0 = 5gami"n” (47)
_la _18 i

where n = [z!, 22, 6]'. Tt is interesting to notice that this Lagrangian is quadratic in 7. An-
other remarkable feature of the Lagrangian is that g—g = 0 which, using the Euler-Lagrange
equations, automatically implies that there is already an additional non-trivial conserved
quantity (which is the angular momentum of the body). In the case of 2-manifolds, we are
working in a 3 dimensional system for which we already have two commuting and indepen-
dent quantities: H and py. Therefore, to have a completely integrable system we only need
another commuting and independent first integral. By inspection of the Lagrangian, we
verify that the only relevant quantities are «, 8 and g;;. Thus, to guarantee integrability we
just have to prove that none of these three quantities is a function of either z! or 2.

So far we have not imposed any condition on the surface. Nonetheless it wouldn’t be
very reasonable to expect to have integrable motion for surfaces without any symmetry.

Therefore, we will now restrict ourselves to a smaller class of spaces.

Definition II1.1. Let (M, g) be a Riemannian manifold with Levi-Civita connection V, and
let ¢y : M — M be a 1-parameter group of isometries. The vector field X € X(M) defined

by
Xp = (%)tzo ¢ (p) (48)

15 called a Killing vector field associated to ¢,.

We will use a simple proposition about Killing vectors (which is sometimes used as a

definition of Killing vector field) to prove our result

Proposition IIL.1. Let (M,g) be a Riemannian manifold such that exist n < dim(M)
non-vanishing independent and commuting Killing vector fields. Then, there exists a local
coordinate system such that the components g;; of the metric are independent of n coordi-

nates. The converse also holds.

12



Proof. We can choose local coordinates such that the Killing vector fields K; satisfy
0

e (49)
since the Killing vector fields commute and are independent. Therefore,
LKgab = 8igab =0 (50)

To prove converse we notice that equation (50) yields our hypotheses and the result follows.

]

From this point on, we will only consider surfaces which have at least one Killing vector
field in the condition of the previous proposition. We will now prove that the existence of
only one Killing field is enough to guarantee complete integrability of the system.

We start by making use of the previous result: if our surface has one Killing field one can
choose the coordinates as in the proposition. We then choose z! to be defined such that the
Killing vector field is % and 22 to be defined in such a way that % is an orthogonal field
to the Killing field.

To do this, we consider the orthogonal distribution to the Killing vector field 3, which is
given by the kernel of the 1-form w, i.e. ¥ = ker(w). Since this is a 2-dimensional manifold,
then the distribution is integrable, as w A dw = 0. We can choose one of the leafs of the
distribution and use x? as a coordinate on it. To construct the coordinates of the form
(z', 2%) on the surface we use the flow of the Killing vector field. Considering a point z2 on
the chosen leaf, we can use the integral curve associated to K and choose z! to be the time
along the curve, i.e. if we take a point with coordinates (z!, %) we can move “backwards”
along integral curve of K passing by the point (z',z?) for a time z', ending up with a point
on the leaf we chose with coordinate z2, on the leaf (figure 1). Since the integral curves can
not cross, this system of coordinates is well defined. By construction we have that K = %.
We now have to check that K and L = % are always orthogonal. To ensure that, we just

have to verify that

K- <K,%> 0 (51)

0 o 0 0 0
K'<K@>= <Va_a_>+<67va> (52)

— (ViK, L) + (K, VL)

This holds since

13



x1=2

FIG. 1: Depiction of the above argument.
Since [K, L] = 0 we have that VL = VK. This implies

(VKK L)+ (K, VL) = (VK. L) + (K, V, K)
= Vs, (LK + KoL) (53)
—0

where in the last step we used the fact that the term outside the brackets is anti-symmetric
while the term inside the brackets is symmetric.

The above argument implies that the metric tensor will be diagonal and the only remain-
ing entries g;; and gso can only be functions of 22, according to the previous proposition.
Therefore, we only have to study the functions « and S to get our result.

In order to do that we choose a particular reference frame {El, Eg} We choose EI to be

given by the normalised Killing vector field

A K
Bi= (54)
|| K]

where K is the Killing vector field. We do the same for E,, using the orthogonal field. We
also define the associated dual forms in such a way that &/ (F;) = 5{ , as usual. We notice
that the frame fields will be equal to the original fields apart from a normalisation function
which will only depend on the metric tensor. Therefore, we can write the dual forms in a
simple manner: &' = f*(z%)dz" (no sum).

We can now write ws in terms of these forms as
Wy = d' (Ey, B + d? (B, By )@ (55)

Finally, we notice that the dw’ are the o and 3 functions defined above and we can compute

14



them directly obtaining
o' = 260 42 A da?
(56)
do? =0
When applied to E; and F, it implies that 3 = 0 and « is just a function of 2.

Therefore, the matrix of the connection forms will not depend on z' and therefore the
Lagrangian will satisfy % = 0, which generates a new conserved quantity which we will
call p,1.

This argument proves that the motion of the tangent Euler top is completely integrable in
the case where we have a two dimensional manifold with a Killing vector field. Nonetheless,
during this argument we had to fix a reference frame {Ey, E5}. This means that we have to
further prove that the solution is invariant under the reference frame we end up choosing.
But this is exactly what we did when proving that the tangent Euler Top defines a metric

on OM. Therefore the result is proven regardless of the frame we choose.

B. Charged Particle Analogy

We will now prove that the 2-dimensional tangent FEuler top system can be understood
as the motion of a charged particle in a stationary magnetic field over the same surface.
The classical electromagnetic Lagrangian for a free particle moving under the influence

of a constant magnetic field is given by
1 P i
L., = 5Mdist T+ qAx (57)

where ¢ stands for the new metric on M, A is the magnetic potential, which is a 1-form
given by A = A;dx’ (i.e. in the Lagrangian we have the contraction of the magnetic potential
with ¢) and ¢ is the electric charge. By expanding the general Lagrangian obtained for the
motion of the tangent Euler top on a surface we can regroup the terms of the Lagrangian

in the following manner

I Tag
g+ - g2t |
mi’ RE (58)
g12 + % 922 + %

N[

Ly, = 301(—i'a — 8 + 0)
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where z represents [z!, 2?]'. By inspection, we conclude that the g is given by the matrix in
Lk and the magnetic field term implies that the charge is analogue to %9]1 The magnetic
potential is specified by the connection forms, i.e. A = —adx! — fdz?. Therefore, we showed
that the motion is equivalent to that of an electric charge moving on the surface M, where
at each point of M we define the magnetic potential (hence a magnetic field). Additionally,
the motion is governed by the component of the magnetic field which is orthogonal to the
surface at each point, according with the Laplace-Lorentz equation. Furthermore, the metric
g depends on the connection forms. Since the connection forms define the magnetic field,
this implies that in this case we have to prescribe a space with an intrinsic magnetic field,
which also defines the metric.

Using the Euler Lagrange equations is also possible to write the equations of motion,
obtaining the equations of a charge on a magnetic field and the conservation of 0. It is the
fact that 6 is conserved that proves to be crucial in order to have the analogy. It is easy
to verify this statement: for instance we could conduct the same analysis in the relativistic
Lagrangian for the metric with a gravitational field, and the fact that the 6 is not separately

conserved, destroys this analogy, despite the Lagrangians being similar.

C. Isometry groups

In this section we will consider the 2-dimensional motion of the tangent Euler top in R?,
H? and S?, with the usual metrics. These manifolds happen to be maximally symmetric,
since the metrics with the isometry groups of the largest dimension are metrics of constant

sectional curvature. We recall some known results

Definition II1.2. A metric (.,.) on a Lie group G is said to be left-invariant if and only if
(u, U>b = <(dLa)bu, (dLa)bv>ab (59)
for all a,b € G and all u,v € T,G, where we used the map L, (for g € G) defined as

L,.G—=G
(60)
h—qg-h

which corresponds to the left multiplication by g € G.

16



Theorem II1.1. (Myers—Steenrod) Every distance-preserving and surjective map ¢ : M —
N between two connected Riemannian manifolds is a smooth isometry.

Theorem II1.2. (Myers—Steenrod) The isometry group of a Riemanian manifold is a Lie
group.

By the previous theorem the isometry groups of the spaces we will consider are Lie groups.
Using the tangent Euler top, we define a metric which we can pull-back to the isometry group
of each manifold. For that we have to define a diffeomorphism I' : G — TOM ((TOM, g)
and (G,h)) such that I"g = h. We will be able to do this since we can identify the

parametrisations of each space, and thus obtain a metric on the Lie group. We will further

prove that this metric is left-invariant.

1. R? with the flat metric

In this case we recover the classical Euler top, since we have zero curvature. The Euler

top yields the following metric on TOM
1 1
g= §m((dx1)2 + (d2?)?) + §]Id92 (61)

We will now consider the group of isometries of R?, SO(2) x R? acting on the element
(z,y) € R? as

where R(6) is the orthogonal rotation (by §) matrix in R? applied to the column vector [z, ]
and the parameters 0, a,b describe the transformation. In order to compute the pull-back
of the metric we need to define the left-invariant map on the group (Lqyp,.). We can think of

an element of the group (g) as a complex function acting on a complex number z such that
g(2) =2 4 2 (63)

where zg = a + 1b.

Using composition as the group operation we get
(go)(2) = €?e®z + ewy + 2 (64)
which yields
L) (0,2, y) = (6, u,v)0(0, 2,y) = (0406, u+cos(¢)z—sin(¢)y, v+sin(¢)z+cos()y) (65)
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where Ly is the left-translation map by k (as above). Notice that we parametrise the group
by 0, x,y which we identify with parametrisation of TOM. The pull-back yields the wanted

result

. m I
L(@u,v) (E(dxg + dyQ) + §d02> = _d92

+ %(COSQ(¢)dl’2 + sin®(¢)dy? + sin®(¢)daz? + cos?(¢)dy?)
I
= 2 (da? + dy?) + = d6?
2 2
(66)
where the cross terms were discarded since they cancel out.
2. H? with the hyperbolic (Poincaré) metric
The Poincaré metric on the half-plane is given by
dz® +dy?*  dzdz
guz = D) = (67)

) Y

where dz = dx + idy. The isometry group of this Riemanian manifold is the real special
linear group SL(2,R). Using this metric we can define the metric tensor generated by the
tangent Euler top obtaining

m

I (dx 2
de? +dy*) + = [ — + db
g 2y2(x+y)+2(y+ ) (68)

We will study each term separately. The group action on an element of H? can be understood
as a Mobius transformation on the complex plane given by

_az—i—b
ez +4d

9(2) (69)

where z = x+iy and z, y parametrise H?; the real numbers a, b, ¢, d define the transformation.

The inverse map is

dz—1b
-1 i
O (70)
which implies
B a claz+b) ~ad—bc
dg(2) = (cz—l—d (cz+d)2) dz = (cz—l—d)zdz (71)
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Thus we can do the pull back of the first term of the metric tensor by writing it as a function
of the transformed parameters
du® + dv? 4dgdg

2 Jg—gP?

v
4(ad — be)dzdz
|(az +b)(cz +d) — (az + b)(cz + d)|? (72)
4(ad — bc)*dzdz
|(ad — be)(z — 2)|?
da? + dy?
pr— T

which is the desired result (recall that since this is the special linear group, the determinant

of this matrix group has to be one, thus ad — bc = 1).
The second term requires more cumbersome calculations. To begin with, we expand the
Mobius transform in terms of the real and imaginary components (u and v, respectively)

and obtain
_ ac(z?4y?)+x(adtbe)+bd
w(@,y) = T @) (73)

ad—bc
U(J?, y) - (cw?i(d)2+(c)y)2

Additionally, we have to define how the 6 parameter transforms. We require § — 0+ ¢(x, )

such that the group operation is given by

(z,€?) — (g(z), g() eiﬁ) (74)

which implies the following relation

66— ilog (é:&) (75)

The derivative of the map g is given by

, B 1
9(2)—m

1 2
(i) (76)
xc+ d+ wyc

1 i2 arctan( Y )
4G

- €

(e +d)? + (ye)?

which gives us the explicit form of ¢

é(r,y) = —2arctan ( Y > (77)

d
a:~|—c
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To perform the pull-back we just have to compute the metric in terms of x — u, y — v and

0 — 6 + ¢, as before.

i 2
_(d_u+d9) =
2\ v

2
@l%—% dx + @14—% dy + do
Jdrv Ox dyv Oy (78)

l 2
y

3. S? with the Euler top metric

I
2
I
2

We will now consider the motion on S?. The metric tensor in this case is given by

9= %( d§? + d¢® (msin?(0) + Tcos®(6)) + 2dfd¢l cos(0) + 1d6?) (79)
— %(dGQ + d¢* sin?(0)) + g(chb cos(0) + dip)?

where we have used v, ¢ as coordinates on S?. We recall that the Euler top defines a metric
on SO(3) which is left-invariant. When the top has two principal directions 1,2 for which

the moment of inertia tensor satisfies I; = I the kinetic energy of the top is given by
K — I 62 12 i 2 I ] 2
= 5( + ¢*sin’(0)) + Ew + ¢ cos(h)) (80)

where [0, 1), ¢] are the Euler angles. This is the same metric obtained for the tangent Euler

top.

IV. RELATIVISTIC 2-DIMENSIONAL MOTION
A. The Lagrangian

We will now study the motion of the relativistic tangent Euler top. In this case our prob-
lem is further complicated since in relativity there is lack of a global notion of simultaneity,
which does not allow us to define the distance between two points. This implies that for
instance the motion of the tangent Euler top is observer dependent: the observer sitting
on top of the centre of mass who sees a rigid body rotating around him will not see the
same motion as a distant observer. Therefore we have to specify which observer we want to
identify the rigid body. From this point on, we will admit that we are observing the rigid

body motion as if we were a distant inertial observer.
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The motion of the tangent Euler top defines a curve £ : R — OM on the manifold OM
(which is the bundle of future-pointing orthonormal frames on a 4-dimensional Lorentzian

manifold). The curve E is given by
E(t) = (c(t), Eo(t), Ex(t), E5(t) Es(t)) (81)

where ¢ : R — M is a future-directed timelike curve on M and Ey, Fq, Ey, E3 : R — T'M are
vector fields along the curve ¢, which at every point define a orthonormal frame (we take

Ey= %, since we are considering the motion as seen by a distant inertial observer).

Definition IV.1. The motion of the tangent Euler top on (M,(.,.)) is a Euler-Lagrange
curve for the Lagrangian L : TOM — R given by

L(E.E) = | (¢4 &VE;, ¢+ EVE;)|2dm (82)

]R3|
where V is the Levi-Civita connection and m s the mass distribution of the tangent Euler

top.

In this case we will try again to tackle the problem of integrability, but note that in this
case the task is further complicated due to the fact that now we have to deal with time
and curvature at the same time. As a result we will start be studying the problem using a

particular family of metrics given by
dSZ = —dtz —I— ’}/Z]dl‘ldl‘j (83)

Note that this is just a natural generalisation of the classical setup, since the spatial part
of the metric is equal to the one considered before. In particular the tangent vector to the

curve ¢ can be expanded as

(84)
which implies

(¢,¢) = —1* + yya'd? (85)
If we use t as a parameter the first term reduces to —1. Notice that for this metric the

connection forms are simplified due to the fact that
Wi =00 =0 < VxE, = (86)
which can be obtained from the Cartan connection equations.
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1. The Minkowski space-time

We will further analyse the special case of a flat universe where the above metric is
reduced to

ds® = —dt* + da'dx’ (87)

which is just the natural extension of R" to relativity (special relativity). As above, we will
only consider two spatial dimensions. Let us write the fields E; relative to a fixed reference
frame. As before we obtain F; = SjiEj, where S is a rotation matrix between the two
frames. The connection term is simply written as V.E; = SjiEj, since the connection forms

vanish in Minkowski space-time. Therefore we obtain
(6,¢) + 206,685, E) + (€18 F;, € Sy By = —1 + 6037 + 20969 Sy + €165, (88)

Compared to the classical Lagrangian, this case is more complicated because we have
a square-root inside the Lagrangian. For this reason, we Taylor expand the the inner
product, by taking £ to be small compared to b = [(¢,¢)| (we expand (b + x)%, where
r= f(£ &% ..)). We will only keep track of terms which under the integral are propor-
tional to even powers of &, since the odd terms vanish after integration.

The previous calculation, after taking the absolute value, reduces to

o ndgyd. D1 IR | I
(1=0,d" 07 —27€' S5, €167 8:8,,)% * =z (1—712)%—5(1_“2) %fzgjsjisjk_é(l_v2) 237¢1S,0'€ S
(89)
and so after integration we obtain
ot 1 2y—1 Y it 1 N S S AP Y]
L=m(1—-v%)2 —5(1—0 ) 2tr(SIS)—§(1—v ) 2(SISY)i'E (90)

where we used v? = 22 + 2.

This Lagrangian exhibits a term which links the top velocity with its spin. If we consider
that the motion of the centre of mass is given (i.e. the Lagrangian is now only a function of
0 and its derivative) we can study the motion along a curve. If we consider the special case

where y = 0 and & = constant, we can derive the following expression

. 1.
L=m(1 —02)% ——0*(1 —v2)_%]l— 592(1 —v2)_%x'2(11 sin?(0) + I cos®(6) — 215 sin(#)cos(6))

(91)

1
2
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The last term of the Lagrangian depends on 6, which will be true for most systems which
consider an arbitrary top. Apart from the mass term, the Lagrangian can be written as

L = 0*F(0) = H. We can integrate this Lagrangian by setting

o B : E
G—Wﬁe_i W,E>O (92)

We can set Vesp = %, which will be a periodic function (with period 27). In this case, given
x(t) and y(t), this will act as an effective potential, which basically says that, unlike the
classical top, the relativistic top sometimes rotates faster and other times slower.

As stated before, in general the term in (1 — 02)’% is rather complicated to evaluate for
a general top and it will be an explicit function of #. In fact, in general this term will make
the system non-integrable. Nonetheless, if we consider the two dimensional system for a

symmetric top, the previous system reduces to (21 = 1)
. 1 ..
L=m(l—v?)2—(1—0%) 26 — 502«92](1 — )2 (93)

which is clearly the Lagrangian of an integrable system. In particular it is possible to prove
that the #, ¢ and 0 are conserved quantities. For that we notice that starting from the

canonical moments one can write

2 2 2
i B
where 7 is the usual relativistic factor and J is a constant. One can check that the function
in v given by the left hand side of (94) is never constant in any interval of its domain.
Therefore, for each value we choose for the right hand side, there can only be one possible

value of v. Therefore, v is conserved. For 6 we have

: J
0= ———— 5 (95)
Iy(1+57?%)
which proves that 6 is also conserved.

For the Hamiltonian of the system we obtain

. 2 3
H = —my— I6? ('y + 77 (% + 2v2) +9° (;f*)) (96)

where the first two terms are the usual terms, and the others correspond to relativistic
corrections which vanish if we take the classical limit.
Therefore, by studying the flat metric we conclude that we will have to consider symmetric

tops in order to obtain integrability.
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2. Curved space time
Lets know consider a more general relativistic metric given by
ds® = —dt* + ~y;;dx'dz’ (97)

which was presented above.

We again derive the Lagrangian of this system. We get

(6,¢) = =1 + ;27 (98)

2(¢,E'VE;) = 2(¢,6'SE)) + 2(¢, £S5 Ey)
= 2£i5’j¢i’agagEAf + 2§j5ﬁwf:iraga5E£

<£ivéEia fjvc'Eﬂ = <flszEAm ﬂifisjmiwquAl@ §j_5aan + f;jsajwzﬁb) ‘ o
= £695,S 0 ( By, By + 2687 Sy Sujw By, B + €678, Spiwrw By, E.)

(100)
We can write the integrand as
] = (1 — ’}/U.’L’ZI‘J — 2SiSjii‘aga5Ej6 — 2fj5jiwjl?l"aga5EA'£ — §i§ijiSaj <Eb, Ea> (101)
— 2667 $iSajws By, o) — €67 S0 Suicofwi( By, Ee))?
The second order approximation is then given by
o 1 1 L. .
2 (1 — yydtad) (102)

1 oA S .. .

N | —

The first two terms are the relativistic correspondent to what we had derived before. In the

particular case of a symmetric top we get

O |~

—————————(tr(SS") + 2tr(SS'W") + tr(ww’))
(1 —ygatad)z (103)

(&, E5) (e, En) (SS9 jm + (Ww")jm + 2(S5'w") jin)

L~m(l —yd'a?) —
1
3
2

1
2 (1 — yyatad)
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We can check that this Lagrangian is invariant under a change of frame. For that we use

5SSt = (RS 4+ RS)(RS + RS)!

— (RS + RS)(S'R' + $'R") (104)
= RR' + RSS'R' + RSS'R' + RSS'R
@&' = (RwR' + RR')(Rw'R' + RR!) N (105)
= Rw'R' + RwR'RR' + RR'Ruw'R' + RR'RR!
SSGt = (RwR! + RRY)(S'RY)(RW'R! + RR) (106)

= RW'R' + RR'RR' + RSS'R'RW'R' + RSR'RR!

We only have to consider the last term of the Lagrangian, since the other two have already

been treated. The terms which require the evaluation of (¢, Ek> can be written as
vt = <C, E1>7<éa E2>7] (107)
which implies that we can write the Lagrangian as

L~ m(l — yyatid)e —

, 1 (1 =yl ) (108)

B Emvt((SSQ + (ww") +2(SS'wh))v

N |~

Under the change of frame, v transforms as
v = Rv (109)

Therefore the last term transforms accordingly to the terms in brackets multiplied on the
left by R' and on the right by R. We only have to study the transformation of the expression
in v!Xv, since the remaining terms we already know do not change under change of frame.

Computing the transformation we get the transformed term

R'RR'R+ R'RSS"+ SS'R'R + S5 + ww' + wR'R , (110)
+ R'Rw' + R'R+ 2(R'Rw' + R'RR'R + SS'w' + SS'R'R)

The terms which are common to L are easily isolated. Then we note that
R'RR'R+ R'R+ R'RR'R =2B* - 2B* =0 (111)
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where we used R = RB.
R'RS' + SS'R'R 4+ 25S'R'R = R'RSS' — SS'R'R (112)
= [A, B
where we used S = SA.

Finally we get

WR'R + R'Rw' + 2R'Rw' = wB + (wB)' + 2Buw! (113)
= [w, B]

Therefore there appears an additional term to the Lagrangian such that
L=L+v'[A+w B (114)

and since the commutator of skew-symmetric matrices is skew-symmetric, the last term
vanishes. So, as in the classical top, we conclude that the Lagrangian does not change under

change of frame and the existence of a Killing vector field is enough to obtain integrability.

3. Relativistic tangent Euler top under the influence of a gravitic potential

Finally, we extend our results to a more general metric given by
ds* = —e2@Y) 4y, gt (115)

where ¢ is the gravitational potential. This generalises the previous result by allowing the
existence of a gravitational field.

In this case the connection forms w? do not vanish; in fact

0
W’ = e_d’& , W) =¢? ) W)= -G’ (116)

Therefore we can simply take the previous Lagrangian and change the terms in 1 — «;; and

w. Doing this we obtain (for the symmetric top)

2

[N

—(tr(SSY) + 2 tr(SS'wh) + tr(ww!) — e2GGY)
(€26 — yiyaiad)2 (117)
I 1 . . .
- - (v ((SSY) + ((ww') + 2(SS'wh))v — 2e**SS'Glv + e GG)

2 (e — ’Yijjf’%])%

L ~m(e*® —;;2'7) —3
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Starting form this Lagrangian we can construct the classical limit with a gravitational po-
tential. For that we expand the Lagrangian in v, remembering that ¢ and G will be of order
v? (order €2, for small €). Additionally, we consider that 0 is of the order of 1, i.e. the top
is rotating at about the speed of light. Physically, we are considering the motion of a fast

rotating top, that moves slowly in a weak field. We obtain
1 . .
Lzm(1—§v2+¢>—](1—¢+02)02+19(Gy$—ny) (118)

In this approximation the curvature of the manifold disappears and we retained terms up

to order £3. The equations of motion for this approximation are given by (for J constant)
—20I (14 v® — ¢) + [(Gyi — Go) = J
—mi = 21 (6% +2000) + 1 (6G, +0 (%2g+ %)) = 5

—my — 21 <y92+2y00> —]<9G +9<a )+ 8Gmx>> g_zs

m+[62> + 16 (acyx — % y)
G, "
0 (G — %l
(119)

Il
eI
/N TN

It is easy to verify that the terms in #IG; will be of order £* (for that, one can take the
equation of motion for #, and diferentiating it we get the order of 9) Since the Lagrangian

is of order €2, we disregard these terms. Therefore the last two equations can be written as

mi + 21 (607 4+ 22:00) = —Go(m + 16%) + 10(%= + 54)g

8yy )1’

(120)

mj + 21 (0% + 2900) = —G(m + I6%) — I6(%

where the first term on the right is the force due to the presence of the gravitational potential
and the term in @ show the coupling between the gravitic field and the angular velocity of

the particle.

V. GENERALISATION FOR A N-DIMENSIONAL MANIFOLD

The strategy we followed for the case where the top moved over a surface will not suffice
for a higher dimensional system: firstly the complexity of the computation will increase
dramatically as n increases and at the same time we will loose insight on the problem. In
this section we will try to generalise the previous results for an arbitrary space.

It is evident from the discussion above that we can think about the integrability of the

problem in two separate parts: some first integrals will come from the fact that there are
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Killing vectors defined on the manifold and the other part will come from the rotation of
the frame.

We will begin by studying the translational dynamics. For that we consider that there are
k Killing vector fields on M which have the same properties we considered above. Having
k fields we would expect to obtain k first integrals. As before, we only have to study
the dependencies for the metric tensor and the connection forms. As before, if we define
our coordinate system as in proposition III.1, the metric tensor will only depend on the
coordinates not associated with the Killing vector fields.

For the connection forms we start by defining the fields F; which define a frame at c(t). At
each point of ¢, we can define the frame the following way: firstly we define k fields aligned
with the Killing vector fields (notice that this vector fields commute and are independent)
and for the remaining we use the Gram-Schmidt orthonormalisation process. The connection

forms can be expressed as

WH(X) = (VxEj, B) = gasg(X"0,ES + X'T},)E/ (121)

J

This proves that the connection forms do not depend on £ coordinates, since the Christoffel
symbols only depend on the metric and the remaining quantities also do not depend on the
same coordinates. Thus, k& commuting and independent Killing vector fields always generate
k first integrals.

We are only interested in cases where k < n. As a consequence, we need m first integrals
coming from the rotational dynamics, such that k +m = n 4+ dim(SO(n)). This is in the
fact that main problem, since for higher values of n this does not seem to hold. Therefore,
one should look ffor under conserved quantities or change the strategy.

For the case n = 3 the system is still integrable if we have two Killing vector fields. The
conserved quantities will be H, the two momenta coming from the Killing vectors, the total
angular moment and one of its components. The sixth conserved quantity can be obtained
from (!), from the general equation motion for a three dimensional classical tangent Euler
top

Dzt 1

dt + 50’@'@%”5&” =0 (122)

where the quantities in the equation are defined in (!). If we take the inner product of this

m

equation with £, the second term vanishes (due to the anti-symmetric curvature forms 2)

and the remaining term gives us the conservation of the translational energy T'. Therefore,
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there is an additional conserved quantity H — T. To fully prove this assertion one should
show that this first integrals commute. This is not obvious at first, but the main point

should be to verify this for the commutators {X, H — T'}, where X is any first integral.
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