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Abstract

The decay of solutions to the Klein-Gordon equation is studied in two expanding cosmo-
logical spacetimes, namely

e the de Sitter universe in flat Friedmann-Lemaitre-Robertson-Walker (FLRW) form

e the cosmological region of the Reissner-Nordstrém-de Sitter (RNdS) model.

Using energy methods, for initial data with finite higher order energies, bounds on the
decay rates of the solution are obtained. Also, a previously established bound on the
decay rate of the time derivative of the solution to the wave equation, in an expanding
de Sitter universe in flat FLRW form, is improved, proving Rendall’s conjecture. A similar
improvement is also given for the wave equation in the cosmological region of the RNdS
spacetime.

Popular science description

One of the most profound realisations of physics of the twentieth century is that space and
time should be considered as a single whole, a four-dimensional geometric object called
spacetime, rather than two separate entities. Gravitation arising from matter manifests
itself as curvature of spacetime, and the motion of matter is described by the straightest
possible curves on this curved spacetime. Theoretically there are many possible spacetimes,
all of which arise as solutions to the so-called Einstein field equations, relating matter
content on the one hand with the curvature of spacetime on the other. While these are
highly nonlinear difficult equations, important insights are achievable by simplifications
obtained by linearising them. These simplifications take the form of the familiar wave
equations one meets in everyday life, for example those used in describing ripples of water
on the surface of a pond, albeit on a curved spacetime. A more general wave equation,
which is satisfied by matter fields on spacetime is the so-called Klein-Gordon equation. It
is a natural question to ask what the qualitative long-term behaviour is, of solutions to
these wave equations. Are they bounded, do they grow, or do they decay? If they decay, at
what rate do they decay? The answers to these questions have played an important role in
recent theoretical developments in general relativity, for example in progress towards the
resolution of the cosmic no-hair conjecture (roughly speaking saying that all solutions to
the Einstein equations with a positive cosmological constant ‘eventually’ look alike, namely
they resemble the so-called de Sitter spacetime). This thesis contributes answers to the
questions of obtaining exact decay rates in two expanding spacetimes for solutions to the
Klein-Gordon equation and to the wave equation.
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1 Introduction

The aim of this thesis is to obtain exact decay rates for solutions to the Klein-Gordon equa-
tion in a fixed background of some expanding cosmological spacetimes. The two spacetimes
we will consider are the de Sitter universe in flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) form, and the cosmological region of the Reissner-Nordstrom-de Sitter (RNAS)
model. We give some background and motivation below.

In the theory of general relativity, a spacetime (M, g) is a differentiable Lorentzian manifold
M with a Lorentzian metric g, satisfying the Einstein field equations, given by

S
Ric — 59 + Ag = 8nT,

where Ric denotes the Ricci tensor, S is the scalar curvature, A is the cosmological constant,
and T is the energy-momentum tensor of the matter content of spacetime. Gravitation
manifests itself as curvature of spacetime, and the equation of motion for matter is given
by the geodesic equation on (M, g). The Einstein field equations, which are the core of
general relativity, form a hyperbolic system of partial differential equations (PDEs). The
simplest hyperbolic equations are the familiar wave equations. It is natural to first try
understanding, via PDE theory, the linearised wave equations obtained from the Einstein
equations. There are several works on the study of the Einstein field equations from a PDE
perspective; see for example [7], [30], [31], [32]. In particular, it is now established that the
Einstein field equations allow a formulation as an initial value problem, that is, a Cauchy
problem. In fact, Einstein himself viewed them as a system of evolution equations when
he gave an argument justifying that gravitational waves propagate at the speed of light
[12], [14]. There he essentially studied a linearised problem by considering a metric close
to that of the Minkowski space, and with a special choice of coordinates, derived a wave
equation for the perturbation, which he used to conclude that gravitation waves propagate
at the speed of light.

One can study linear wave equations, such as the Klein-Gordon equation ,,0"¢ —m?¢ = 0,
on curved spacetimes, by replacing the usual partial derivative ¢, used in flat Minkowski
spacetime, with the covariant derivative V,, derived from the Levi-Civita connection on M
induced by the metric g. The study of wave equations on Lorentzian manifolds is interesting
from several points of view, ranging from the realm of partial differential equations and
differential geometry in pure mathematics, to theoretical physics. Within general relativity,
the Klein-Gordon equation is of interest since it is a proxy for the Einstein equations, and
it also arises in a geometric model for dark matter [5].

From the pure mathematical perspective, analysis of linear wave equations on Lorentzian
manifolds is a natural topic of study within the domain of hyperbolic partial differential
equations and differential geometry. The texts such as [2], [36], §2.7, Chap.6], [6] discuss the
global theory in contrast to [I8] and [23], where the emphasis was to present the classical
work of Hadamard and M. Riesz (Lund University) in modern language, using the theory
of distributions and differential geometry.



The problem we consider is made linear, in that the background spacetime is fixed. This
constitutes a first step towards understanding the more complicated nonlinear coupled
problem, where one also considers the effect of the energy-momentum tensor of the solution
to the Klein-Gordon equation on the Einstein equation. This nonlinear coupled problem
is much more complicated, and usually requires, as a first step, a detailed understanding
of our simpler linear problem.

One may consider the linear wave equations as a proxy for the Einstein equations, with
the ultimate goal of understanding the qualitative behaviour of solutions to the Einstein
equations by slicing spacetime into spacelike hypersurfaces. After this first step, one may
then proceed to consider linearised Einstein equations (which can be reduced to tensor
wave-like linear equations), and finally, the full nonlinear Einstein equations.

In the modern qualitative theory of differential equations, pioneered by Poincaré and Lya-
punov, one studies the behaviour of solutions to differential equations without explicitly
solving them (as the solutions may not be available in the first place, and even if ana-
lytic expressions are available, for example in the form of unwieldy series expansions or
integral expressions, they may be quite useless to answer fundamental questions such as
whether they stay bounded, tend to zero, and what their behavior is for large values of the
argument). Such a qualitative knowledge of the behaviour of solutions may also aid the
development of more accurate numerical schemes for finding approximate solutions using
the computer. In particular, viewing the simplified situation of the field equations, where
one has a linear wave equation, such as the Klein-Gordon equation on a fixed background
spacetime, one may be interested in the behaviour of sections of the solution for large
values of one of the coordinates.

A cosmological constant A was first introduced by Einstein in 1917 in [13], to obtain a
static cosmological solution, but he later dismissed it as his ‘biggest blunder’ in view of
Hubble’s galaxy redshift observations. However, it made a triumphant comeback into the
standard model of cosmology in 1998 due to the observation of the accelerated expansion
of the Universe consistent with a positive value of A. For late cosmological times, one
expects A > 0 to completely dominate the dynamics, damping all inhomogeneities and
anisotropies. This prompted the ‘cosmic no-hair conjecture’ of Gibbons and Hawking,
from 1977 [19]: Generic expanding solutions of Einstein’s field equations with a positive
cosmological constant approach the de Sitter solution asymptotically.

In our case of the Klein-Gordon equation, the expectation is that the accelerated expansion
from a positive cosmological constant has a dominating effect on the decay of solutions.
Precise estimates on solutions may then prove useful in formulating and proving cosmic
no-hair theorems; see e.g. [3], [§]. For example, the results of [9] (some special cases of
which are improved in this thesis), had provided important insights for the recent analysis
of the cosmic no-hair conjecture in spherically symmetric spacetimes in [§].

The wave equation Oy¢ = 0 in expanding cosmological spacetimes (M, g) has been amply
studied in the literature, see for example [6], [9], [10], [34], and the references therein. It is



a natural question to also study the Klein-Gordon equation 0,6 —m?¢ = 0, the degenerate
version of which, when m? = 0, is the wave equation. For example, in [34, §6], also the
case of the Klein-Gordon equation in the Schwarzschild-de Sitter spacetime is considered.
In [33], the asymptotic behaviour of the solutions to the Klein-Gordon equation near the
Big Bang singularity is studied, while we investigate the asymptotics of the Klein-Gordon
equation in the far future in the case of the de Sitter universe in flat FLRW form, and in the
cosmological region of the Reissner-Nordstrom-de Sitter solution. Recently, in [I1], among
other things, decay estimates for the solutions to the Klein-Gordon equation were obtained
in de Sitter models (see in particular, Corollary 2.1 and the less obvious Proposition 3.1).
However, these results are proved via Fourier transformation (reminiscent of our mode
calculation in Appendix A), and are not as shar as our Theorem B.2

The wave equation in the de Sitter spacetime having flat 3-dimensional spatial sections
was considered in Rendall [29]. There it was shown that the time derivative ¢ := 0y
decays at least as e #* = (a(t))~!, where H = 1/A/3 is the Hubble constant, and A > 0
is the cosmological constant. Moreover, it was conjectured that the decay is of the order
e 2Ht = (q(t))~2. The almost-exact conjectured decay rate of || < (a(t))"2" (where § > 0
can be chosen arbitrarily at the outset) follows as a corollary of a result shown recently
in [9, Remark 1.1]. We improve this result, to obtaining full conformity with Rendall’s
conjecture, in our result Theorem below.

A naive heuristic indication of the effect of the accelerated expansion on the decay of the
solution, based on physical energy considerations, can be obtained as follows. Considering
an expanding FLRW model with flat n-dimensional spatial sections of radius a(t), we have
on the one hand that the energy density of a solution ¢ of the Klein-Gordon equation is
of the order of m?¢?. On the one hand, the instantaneous energy is the energy density
over the time slice times the volume (a(t))" of space at time ¢, and hence is given by
m2¢*(a(t))”. On the other hand, if the wavelength of the particles associated with ¢
follows the expansion, then it is proportional to a(t), and so the instantaneous energy,
varies as

B
Eam?ep~At

(a(t))*’

where A, B > 0 are constants. Thus the instantaneous energy

miealo) o« (A4 o).

giving
B
242 -n
m=¢° ~ (a(t)) <A+ 7> :
(a(t))?
As a = 0 (expanding FLRW spacetime), the term A + ﬁ approaches a finite positive
value, and so one may expect

¢~ (a(t)) 2.

For example, in [11, Corollary 2.1], when |m| < n/2, our established decay rate from Theorem is
obtained only under the additional assumption that v/n? — 4m? € [1, n) while we make no such assumption.




We will find out that in fact things are much more complicated: this decay rate is valid

only forld /m| = %. In order to obtain precise conjectures on the expected decay, we will
consider Fourier modes for spatially-periodic solutions to the Klein-Gordon equation, or
equivalently, consider the expanding de Sitter universe in flat FLRW form with toroidal
spatial sections. This exercise already demonstrates that the underlying decay mechanism
is the cosmological expansion, as opposed to dispersion. The Fourier mode analysis, which
is peripheral to the rest of the thesis, is relegated to Appendix A. We will use ‘energy
methods’ to prove our results, and we give elaborate on the general ideas behind this

technique in Section 2

In the cosmological region of the Reissner-Nordstrom-de Sitter spacetimes, the expanding
region is foliated by spacelike hypersurfaces of ‘constant r’. One expects the decay rate
with respect to r, for the solution to the Klein-Gordon equation, in the cosmological region
of the Reissner-Nordstrom-de Sitter spacetime, to be the same as the one for the de Sitter
universe in flat FLRW form, when ¢! is replaced by r, as is explained in Remark [5.2]
We show that this expectation is correct, and a suitable modification of the technique used
in the case of the de Sitter universe in flat FLRW form does enable one to obtain the
expected decay rates also for the case of the Reissner-Nordstrom-de Sitter spacetime.

Our main results are as follows:

e Theorem considers the m = 0 case (wave equation), and we obtain a decay esti-
mate on d;¢, improving a corollary of [9, Theorem 1], and proving the aforementioned
Rendall’s conjecture.

e Theorem again considers the m = 0 case (wave equation), and improves [9,
Theorem 2]. We obtain a decay estimate on 0,¢, using a similar method to the one
we use for proving Rendall’s conjecture.

e Theorem [41] gives the decay rate of the solutions ¢ to the Klein-Gordon equation in
the de Sitter universe in flat FLRW form.

e Theorem gives the decay rate of the solutions ¢ to the Klein-Gordon equation in
the cosmological region of the RNdS model.

The organisation of the thesis is as follows. Theorems 3.2 [£.1] (.3 are stated and
proved in Sections 3, M, Bl [6l respectively. The Fourier mode analysis for spatially-periodic

2We remark the seemingly odd comparison of m with the dimensionless n/2 done here arises as follows.
Firstly, in geometrised units (¢ = 1, G = 1, and all quantities measured in meters), the cosmological
constant has the dimensions L™'. Then by setting the Hubble constant H = 1, or equivalently A = 3, we
are choosing the length unit to be the length scale determined by the cosmological constant (roughly the
radius of the cosmological horizon), thus rendering all our quantities dimensionless. In particular, the m?
in the Klein-Gordon equation, which in geometrised units has the dimensions of L2 (and in conventional
units, one writes mhzzcz instead of m?), also becomes dimensionless, and can be compared to n’  More

4
physically, to say that m > 7, for instance, means that the Compton wavelength A associated with the

mass m (in conventional units \ = %) is smaller than % times the cosmological radius.
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solutions to the Klein-Gordon equation is given in Appendix A, while Appendix B contains
a technical lemma which is needed in the proof of Theorem Il Finally, in Appendix C,
we establish the sharpness of the bound of one of the key estimates in the proof of the
/m| = % case of Theorem ATl

2 Methods and background

In this section we give a bird’s-eye view of the methods used in order to prove our four
theorems, and also fix some preliminary notation, which will used throughout the thesis.

We will use the standard notation from differential geometry (e.g. [21]), and from the
theory of partial differential equations (e.g. [36]). For a quick introduction to integration
on oriented Lorentzian manifolds and Stokes’ theorem (used in our proofs), we refer the
reader to [37, Appendix B]. For general relativity background, we refer the reader to [17],
[27], and for more mathematical treatments, to [24], [37].

In order to facilitate the smooth transition from the index notation preferred in the physi-
cist’s literature to the index-free notation prevalent in the mathematics world, we give the
table below, to serve as a convenient notational dictionary.

H Object ‘ Mathematicians ‘ Physicists H
Vector field X XH
Metric g={," G
Inner product 9(X,Y)=(X)Y) G XY
Associated covector g9(X, ") X, = g X*
Covariant derivative VxY XMV, YY"
Covariant derivative tensor VX V, X" =0, X"+ 17 X°.
Ricci tensor Ric R,
Scalar curvature S R
Energy momentum tensor T T,
Spatial dimensions n d—1

We will use energy methods for getting estimates on the decay rates. While these are
covered in the context of linear PDEs in domains in R™ in most undergraduate books on
the subject, we will work on Lorentzian manifolds. A quick introduction at the graduate
level can be found in [36, Chap. 2 and 6], while a detailed treatment is covered in the
monographs [31], [32]. We give a rough description below.

The basic idea behind the so-called energy methods in the mathematics literature (alterna-
tively called Lyapunov methods in the engineering community) is as follows. Given a PDE
and a solution 1, one constructs a suitable scalar function E(t), which is nonnegative for
all ¢, and is typically given by an integral over the spatial dimensions of ¢ and its partial



derivatives. One then studies the evolution in time of F along a solution to the PDE by
considering E’(t) obtained by differentiating with respect to ¢t under the integral sign, and
using the PDE, typically in combination with a version of Stokes theorem, one obtains a
differential inequality for the energy function. A suitable integration with respect to the t
variable then gives a bound on the energy function, which the results in estimates for the
norms of the partial derivatives of the solution in suitable function spaces.

For an interval I ¢ R, we define C*(I) := {a : [ — R : a is continuously differentiable on I}.

Also,
L*(R)" := {gp (R" - Rl pomny 1= sup [p(x)] < +oc} :

xeR™

For preliminaries on Sobolev spaces, we refer the reader to [36, Chap. 4] or [16, Chap. 5],
although we recall the definitions and the results we use in the text of the thesis.

3 Decay in the de Sitter universe in flat FLRW form;
m =0
In this section, we will prove Rendall’s Conjecture in Theorem below. But before we

explain the statement of Rendall’s Conjecture, we recall [9, Theorem 1], since it gives the
hitherto best known estimate in connection with Rendall’s Conjecture.

Theorem 3.1.
Suppose that
e 0>0,

e [ c R is an open interval of the form (t.,+), to € I,

o]

a(-) € CHI) with a(t) = 0 fort = to, and € > 0 is such that J dt < +0,

1
t (a(t))

o n =2,

(M, g) is an expanding FLRW spacetime with flat n-dimensional sections,
gwen by I x R", with the metric g = —dt* + (a(t))* ((dz')* + - + (dz")?),
k>2+2 ¢oe HY(R"), ¢ e HYR"), and

@ is a smooth solution to the Cauchy problem

Dg¢ = 0, (t = to, X € Rn),
P(to,x) = ¢o(x) (x e R"),
Orp(to, x) = ¢1(x) (x e R™).

Then for allt = to, |0o(t, ')"Lw(R") < (a(t)>—2+e+6.



Here, the symbol < is used to mean that there exists a constant C'(9), independent of e,
such that
—24€e+6
012, )2y < C(0) ().
We also use the standard notation H*(R™) for the Sobolev space,
ol = | 3] @adPd'x < 40 tor e HARY)
R o<k
where a = (aq,...,a,) € Nj, Ny is the set of nonnegative integers, |a| := a; + -+ + ay,
and Og := (0, )" -+ - (0,)*; see for example [37, p.249] or [36, Chap. 4].

In Theorem 3], in particular, if a(t) = eff*, where H is the Hubble constant, then as ¢ > 0
can be taken to be arbitrarily small, we obtain [0;¢(t, )| r=mn) < (a(t)) "> = e~ @=OH
and this is in agreement with Rendall’s conjecture up to the small quantity § > 0. We will
show below that in fact one gets the exact rate (a(t))™2 when n > 2. There is no loss of
generality in assuming that H = 1. Our result is the following.

Theorem 3.2.
Suppose that
e [ < R is an open interval of the form (ty, +0), to € I,

o n > 2,

(M, g) is the expanding de Sitter universe in flat FLRW form, with flat n-dimensional
sections, given by I x R™, with the metric g = —dt* + €** ((dx')* + -+ - + (dz")?),
k>2+2 ¢ HYR"), ¢ H Y R"), and

e ¢ is a smooth solution to the Cauchy problem

Dggb = 0, (t = ty, X € Rn),
P(to,x) = ¢o(x) (x e R"),
Op(to,x) = ¢i(x (xeR").

Then for all t = to, |Op(t, )| Lomny S (a(t)) ™ = e 2.

Proof. We proceed in several steps.
Step 1: Bound on A¢g.

We will follow the preliminary steps of the proof of [9, Theorem 1] in order to obtain a
bound on A¢, which will be needed in the proof of our Theorem B2l We repeat this
preliminary step here from [9, §2.2] for the sake of completeness and for the convenience
of the reader. Also, we divide this somewhat long step further into subparts (a)-(d).

(a) In this part rewrite the wave equation using the (¢, x)-coordinates. For a vector field
X = X*0,, it can be shown that
1

VX = H%(HX“),

10



where g := det[g,,| is the determinant of the matrix [g,,] describing the metric in the
coordinate system/chart. Then it follows that

Og¢ = V(") = Ou(V/=g0"9).

1
vV—9
Thus Oy¢ = 0 can be rewritten as 0,(y/—g 0*¢) = 0. With the metric for the de Sitter
universe in flat FLRW form given by g = —dt? + (a(t))? ((dz*)? + - - - + (dz™)?), the wave
equation can be rewritten as d,(a"0"¢) = 0, that is,

~$-"% 1 Ligae =0
a a

(b) In this part, we will construct an appropriate current J (for use in the application of the
divergence theorem later in part (d) below) by using the energy-momentum tensor 7" and
a suitable multiplier X. We recall (see e.g. [37, Appendix EJ]) that the energy-momentum
tensor for the wave equation is

T = 0u60,6 — 220,60%. (1)

Then it can be shown that V, 7" = 0. From (Il), we have in particular that

Too = % <¢> + a—zawa,gbajgb)

Define the vector ﬁeldﬁ

0

E.

Then X is future-pointing (g(X, ;) < 0) and causall (X is time-like since g(X, X) < 0).
We form the current J, given by J, = 7, X”. Then it can be shown that

X =a"

1
J = (X d)grad ¢ — Sg(grad ¢, grad ¢)X

(Here X - ¢ means the application of the vector field X on ¢, and grad ¢ is the vector field
obtained from the one-form d¢ by ‘raising mdlcesl It follows that g(J,J) < 0, so that

3Let C*(M) denote the real vector space (with pointwise operations of addition and scalar multi-
plication) of all smooth maps f : M — R. We recall that a tangent vector v at a point p € M
is a map v : C®(M) — R such that it is linear and obeys the Leibniz product rule, that is,
o(f-g) = f(p)v(g) + g(p)v(f) for all f,g € C*(M). The vector space of all tangent vectors at p is

denoted by T,M. Having constructed a differentiable structure for the tangent bundle TM = |J T,M
peM

of M (see e.g. [2I], Exercise 4.8]), with the natural projection map 7 : TM — M defined by w(v) = p for
veT,M, a vector field x : M — T'M is a smooth map such that m o x = idss, the identity map on M.
4We call a vector field causal if it is timelike or null.
°In geometric parlance, the operation of ‘raising indices’ corresponds to using the musical/canonical
isomorphism between the tangent bundle 7'M and the cotangent bundle T*M induced by the metric g.

11



J is causal. Also, J is past-pointing. To see this, we choose Fji, ..., F, orthogonal and
spacelike such that {X, Fy, ..., F,} forms an orthogonal basis in each tangent space. Then
expressing grad ¢ = °X + ¢'E| + -+ + ¢"E,,, we obtain

o(J,X) = (9(X,grad 6))* — Sglgrad 6,grad 6) -g(X, X)

- (C;)Q(Q(X,X))Z—% ((c)?g(Ev, Br)++ -+ (c")g(En, En)) - 9(X, X)=0.

(c) In this part, we define an associated energy E(t) with the time slice at time ¢, and also
show that V,J# > 0 everywhere.

0

N =
Set pn

, the future unit normal vector field. We define the energy E by

1 . g
E(t) = J J,NF = J a*Thod™x = J — <a2¢2 + 5”5,~é’j¢>) d"x.
{t}XR" n n 2
The deformation tensor II associated with the multiplier X is
1 o
II .= §£Xg = —dtLxdt + da?”"éijdxzdxj.
(Here Lx denotes the Lie derivative in the direction of the vector field X. We refer
the reader to [37, Appendix C.2, p.439-441] or [21, p.33, 71] for the definition of the

Lie derivative and its properties.) It can be shown that Lxdt = (2 — n)aa'™"dt. Thus
II = (n—2)aa'""dt* + aa® "0, ;dx'da’.

Claim: V, Jt = T"II,,.
We have

(£x9)(0080) = 5 (Ex(g) = 9(Lx8020) — 9(04 £x00)

(X () — 9(IX, 0] 00) — 90, [ X, 01])) -

N~ DN~

(Here, by the commutator [Y, Z] of two vector fields Y, Z, we mean the vector field defined
by Y. Z|f =Y - (Z -f)—Z-(Y - [), for f e C®(M), the space of all smooth functions
f: M — R on the manifold M.) But by the definition of the Levi-Civita connection V,

0(V5,0.X) = 3 (@900 X)) + 9(00 X)) — X (9(6,2,)

+9([X, 0], 0) + 9([X, 0], 04) + 9(X, [0, 00]))

= L (@000 X)) 40000 X))~ 5 (X () —0([X. 6,]. 2) (60, [X.21])).

12



So
(X (gw) — 9([X, 0], 00) — (0, [X, 00]))

(0u(9(00; X)) + 0u(9(04, X)) — 9(V,u0, X).

Nz

N~ DN~

Writing X = kdy, where k(t) := (a(t))*™", we have
1 :
M = 5 (u(kgwo) + 0u(kgpuo)) — 9(Vu0y, ko) = —kduo0,0 + kT,

We have V, X, = V,(—ké,) = —l%éuoéyo + kl"?w. So 11, = V,X,, and consequently,
vV, Jt=V,(T"X,)=0+T"V, X, =T"Il,,.
This completes the proof of our claim that V,J# = T*II,,.
So the ‘bulk term’ is
v,J = T,

n

= (n—2)aa" "¢ + %Qdal_"é’agb@“gb + a6 0,000 — gdal_"&agbé’o‘gb

= (n—1aa'""¢* = 0.
(d) In this part, we use the divergence theorem on a suitable domain with the current J
in order to get our uniform-in-time bound on |A¢(t, )| = ®n). For each R > 0, define the

set By := {(to,x) € I x R" : (x,X)pn < R?}. The future domain of dependence of By is the
set

DT (By) := {p eM ‘ Every past inextendible causal curve through p intersects Bj. } .

Here by a causal curve, we mean one whose tangent vector at each point is a causal vector.
A curve ¢ : (a,b) — M which is smooth and future directed (that is, ¢ is future-pointing)
is called past inextendible if %im ¢(t) does not exist.

—a

Let t; > ty. We will now apply the divergence theorem to the region
R :=D"(By) n {(t,x)e M : t < t;}.

See Figure[3l For preliminaries on the divergence theorem in the context of a time-oriented
Lorentzian manifold, we refer the reader to [37, Appendix B]. We have

f (V,JM)e = f J Je,
R R

where 0R denotes the boundary of R, € is the volume form on M induced by g, and _
denotes contraction in the first index.

13



151

By t

Figure 1: The region R with its boundary JR.

Since J is past-pointing, the boundary integral over the null portion C' of the boundary
OR is nonpositive. Also, because V,J* is nonnegative, we have that the volume integral
over R is nonnegative. This gives an inequality on the two boundary integrals, one over
By, and the other over By := D*(By) n {t = t;}, as follows:

f 5 (@67 +090,00,0)d"x > f 5(@°0° +070,60,6)d"x.
By

B
Passing the limit R — oo yields E(ty) = E(t1). As the choice of t; > t, was arbitrary, we
have for all t > ty, E(t) < E(ty) < . The finiteness of FE(ty) follows from our assumption
that ¢9 € H¥(R") and ¢, € H* '(R") for a k satisfying k > % + 2 > 1. From here, it
follows that for all t > t,

. 1 .
¢*d"x < -, and f §90;00;0d"x < 1.

But since each partial derivative ;¢ is also a solution of the wave equation, and as k > 2,
we obtain, by applying the above to the partial derivatives d;¢, that also SRn (Ag)?d™x < 1.
In fact, since k > 5 + 2, we also obtain that for a &' > 7, HA(bHHk/(Rn) < 1. Finally, by the
Sobolev inequality (see e.g. [20, (7.30), p.158]), we obtain

|Ap(t, )| poemny < 1. (2)
This completes Step 1 of the proof of Theorem

Step 2: The wave equation in conformal coordinates.

The key point of departure from the earlier derivation of the estimates from [9] is the usage
of ‘conformal coordinates’, which renders the wave equation in a form where it becomes
possible to integrate, leaving essentially just the time derivative of ¢ with other terms (e.g.
Ag) for which we have a known bound. An application of the triangle inequality will then
deliver the desired bound.

! d 1 d d
Define 7 = J —ds. Then — = —— and a(t)— = —.
10 a(s) dt  a(t) dt  dr

With a slight abuse of notation, we write a(7) := a(t(7)). Then dt = a(7)dr. So
g =—dt* + (a(t))® ((dz")* + - - + (d2")?) = (a(7))* (—d7* + §;;dz'da’) .
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The wave equation Og¢ = 0 can be rewritten as d,(y/—g"¢) = 0, which becomes
du(a™ T org) = 0.

Separating the partial derivative operators with respect to the 7 and x coordinates, we
obtain the wave equation in conformal coordinates 0, (a"'0,¢) = a" 1 A¢p, where A is the
usual Laplacian on R™. This completes Step 2 of the proof of Theorem

Step 3: n > 2 and a(t) = €.

We have .
1 1 1
Tzf —ds=e_t°——t=e_t°——, (3)
t €° e a
and so a(7) = ! We note that 7 € [0,e7). Also, a(t = 0) = L e = a(t = ty)
et — 77 ’ ' ’ RGPS
Integrating 0, (a" 10,¢) = a" 1A¢ from 7 = 0 to 7, we obtain
T 1
1000~ alte) 00l = [ 80 ar.
0

(e—to _ T)n—l

dr, that is,
n—1

and so a" ad,p = a(ty)" talty) 5t¢|t:t0 + fT A¢4(6_t0 ! -
. _
—MN n T 1
o = (a(t)) (a(to) o1 +L A¢(€,t0 _ T)n1dT) :

Hence, using the bound from (&), namely |A¢(t,-)|rom@n) < C for all t > ty, we obtain

T 1
0t My < (a0 (alto) lonlmen + 18600 ey = myemsr

< (a(t))" (a<to>"r¢lrmw>+i ((c o —r) "~ <et°>“))

n—2

N

()" alta" oo+ -5 ()= (al))" )
a(n-(a(eyyn-2 () 191le@n  C (alto) "2
ot (U S5 (- () )
1 a(to)"|o1lr@y , C

< G (e g 19).

1 2 L ana so
i (el g ) and

(a(t n—2

N

Hence [|0;¢(t, -) | oo (rr) <
|0t ey < (alt) .
This completes the proof of Theorem B.2l O
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Remark 3.3. The case when n = 2 and a(t) = e':
Integrating 0, (ad,;¢) = aA¢ from 7 = 0 to 7, we obtain
1

e"to — 1

adsé — alto) &0y = f Aé dr,
0

and so 0,0 = (a(t)) > <a(t0)2gz51 + JT A dT). Hence
0

e to — 1

0(t, ey < (a(t)) (a<to>2r¢lrmz> + f 186t ->!Lw<R2>ﬁ‘”)
< (a(t))™2 (a(to)Q\WlHLw(R?) +C <_ log(e™" _T)D)
< (aft) oga(t) (A o1 - K8 U)))

log a(t) log a(t)

< (a(t))*(log a(t))(CL(tO) ‘(?01 o @) + C) ,

and 50 [2,6(t, )=o) < (a(t)) 2 log a(?).

This can be viewed as an improvement to [9, Theorem 1] in the special case when a(t) = e
and n = 2, since loga(t) =t < e =1+t +---.

t

Using a similar method, one can also obtain an improvement to [9, Theorem 2]. But we
will postpone this discussion until after Section [, and prove this result as Theorem of
Section [, since we will need some preliminaries about the RNdS spacetime, which will be
established in Section

4 Decay in the de Sitter universe in flat FLRW form

In this section, we will obtain decay rates on |¢(t, )| o) for a solution the the Klein-
Gordon equation in the de Sitter universe in flat FLRW form, that is, we will prove Theo-
rem [4.1] stated below.

Recall that the Klein-Gordon equation is O,¢ — m?¢ = 0, that is,

1 iy o
\—ﬁgau(\ﬁgﬁ ¢) ¢ =0.

In the case of the de Sitter universe in flat FLRW form, we obtain
- ¢ - %QZ) + —25U52‘5j¢ — m2¢ = 0. (4)
a a
The result we will show in this section is the following.
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Theorem 4.1.
Suppose that

e [ c R is an open interval of the form (ty, +0), to € I,

e meR,

e n>2
(M, g) is the expanding de Sitter universe in flat FLRW form, with flat n-dimensional
sections, given by I x R™, with the metric g = —dt* + * ((dz')* + - - + (dz™)?),
k>2+2, ¢ge HY(R"), ¢ € HY(R"), and

e ¢ is a smooth solution to the Cauchy problem

Oy0 —m?¢ = 0, (t = tg, x e R"),
P(to,x) = ¢o(x) (xeR"),
Op(to,x) = ¢1(x)  (xeR").

Then for all t = ty, with a(t) := €', we have

a if ml > %,

|6t )r@n € aBloga  if |m| =1,
n n2

aEVE i | <2

We arrive at the guesses for the specific estimates given in Theorem [4.1] above, based on
an analysis using Fourier modes, assuming spatially periodic solutions. This Fourier mode
analysis is given in Appendix A.

4.1 Preliminary energy function and estimates

In this subsection, we will obtain preliminary bounds on the norms |¢(¢, )| mh-1n) and
10i#(2, )|l w1 (mny, Which will be needed in the subsequent steps for proving Theorem 4.1l

1
Define the energy-momentum tensor 7" by T}, = 0,¢0,¢ — §guy(5agbé’agb +m?¢?).
1/ 1
Then V, 7" = 0. Also, in particular, Ty = 5 <¢2 + —2|V¢|2 - m2¢2) =79,
a

0
Set X = a "—. Then X is time-like and hence causal, and X is future pointing.

Define J by J# =T* X,,. Then J is causal and past-pointing.

17



0
Let N = a5 Define the energy E by

1 .
E(t) = J J,NW = f - (¢2 + i2|v¢|2 + m2¢>2> d"x.
{t}XR" n 2 a

Define I = 3Lyg = —dtLxdt + a " a ((dz')? + - + (da™)?). As Lxdt = —na™"'adt,
we have IT = na™""tadt* + a " *a ((dx')* + - - - + (dz")?). Hence

fnfld

y a : 2
v, Jt=1"11,, = 5 <2n¢2 + ?|V¢|2) = 0.

For R > 0, define By := {(tg,x) € I x R" : (x,X)pn < R?}. The future domain of
dependence of By is denoted by D*(By).

Let t; > to. We will now apply the divergence theorem to the region

R :=D"(By) n {(t,x)e M : t < t;}.

We have J

(V,JM)e = J J Je. Using
R

R
o V,J¥ =0, and

e the fact that the boundary contribution on C', the null portion of dR, is nonpositive
(since J is causal and past-pointing),

we obtain the inequality
Ll 1 2,22\ m Ll 1 2. 2.2\ m
—| ¢ +=|Vo|"+m ¢ |d"x = | | ¢"+=|Vo|*+m ¢~ |d"x.
By 2 a? B, 2 a?
Passing the limit R — oo yields E(t;) < E(ty) < +o0. As t; > ty was arbitrary, we obtain

for all t > t,

B = [ 5 (84 ivo e miet) arx < Bw) < .

From here, it follows that for all ¢ > ¢,

P*d'x < 1, J Vo|?d"x < a®, and P*d"x <1 (if m #0).
Rn

Rn Rn

But since each partial derivative (0,1)" - -+ (0 )¢ is also a solution of the Klein-Gordon
equation, it follows from ¢y € H*(R") and ¢; € H*'(R") for a k > 2 + 2, that also
o(t,-) € H*(R™) and 0,6(t, ) € H*"*(R"), and moreover

HﬁbHHk’(Rn) s 1 HéigbuH’“’(Rn) <a, and HﬁbHHk’(Rn) <1 (ifm #0),
where k' :=k — 1.
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4.2 The auxiliary function ) and its PDE

In this subsection, we introduce the auxiliary function ¢ constructed from the solution ¢
to the Klein-Gordon equation, and also derive a PDE satisfied by .

Motivated by the decay rate we anticipate for ¢, we define the auxiliary function ) by

V= a%.
=

Then, using (@), it can be shown that ¢ satisfies the equation

where

IS IS

U+ (52— nk+m?) Y + (n — 26)) — %Aw = 0. (5)

4.3 The case |m| > 7

In this subsection, we will give the proof of Theorem ATl in the case when |m| > 3.

We have k = %, so that n — 2k = 0, while x* — nk +m? = m? — %2, and thus (B) becomes

.1 , n? B
z/;—?Az/;Jr(m —Z>w—0.

We note that if ¢ € H/(R") and ¢ € H*(R") for some ¢, then ¢ € H*(R™) too, and also

)= gcﬁ Lag +a? e HHR™).

Define the new energy &, associated with the ¢-evolution, by

2

E(t) = %f <¢2+%|w|2+( 2—%)¢2> x> 0.

Then using the fact that a = €' = @ > 0, and also equation (), we obtain

) = [ (00 2IVeP + 00Ty ()] avx
< fRn (W} + %<Vz/1, Vi) + <m2 - %)W) d"x
< J (¢ (%Aw - (m2 - %2)1/;) + %W@b, Vi + <m2 - "{)W) &'x.
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But

2

[, (v (2= )e) + vaewie (o= o)
= % o <@/)A@/) + (V1, V@/}>) d"x = % . AV (@/')V@/))d”x

For a fixed ¢, and for a ball B(0,7) < R", where r > 0, it follows from the divergence
theorem (since ¥ and V1) are smooth), that

f v-(@bw)d"x=f V{(Vip,n)do,,
B(0,r) oB(0,r)

where do, is the surface area measure on the sphere S, = dB(0,r), and n is the outward-
pointing unit normal. The right hand side surface integral tends to 0 as r — 400, by an
application of Lemma [B] given in Appendix B.

So for t > ty, we have £'(t) < 0, which yields £(t) < £(t). In particular, for all ¢ > t,
|, )| 2@y < C, that is, |a2¢(t, )|r2@n) < C, and sd¥ ||¢(t,-)|r2@n) < a™2. Then
with enough regularity on ¢g, ¢ at the outset, that is, if ¢ € H*(R") and ¢, € H*"1(R")
for a k > % + 2, and by considering (0,1)" - - - (dn)™¢ as a solution to the Klein-Gordon
equation, we arrive atElquﬁ M gy < a” 3, where k' := k — 2 > 2. Using the Sobolev
inequality, we then obtain for all ¢ > o, |¢(¢, )| =) < a~ 2. This completes the proof of

Theorem .1 in the case when |m| > 3.

4.4 The case |m| < 3

In this subsection, we will give the proof of Theorem A1 in the case when |m| < 3.

Wehave/izg q/ —m2 n—2/<;—2«/——m2>0 and k2 —nk + m? = 0.

Defining

~ 1 |
E(t) = 3 fR <¢2 + $|vw|2) d"x >0,

6We note that to reach this conclusion, we used LemmalB.1] and needed (¢, -), Vi (¢, -) € HL(R™), which
means that it is sufficient that the initial conditions for ¢ are such that po € H2(R") and ¢; € H!(R™).

"Note that in order to use the estimate |¢(t,")|r2@wn) < a™2, for D¢ 1= (0y1)" - (0zn)"¢ re-
placing ¢, where |(i1,...,i,)| =: k/, we must ensure that the initial conditions for D¢, namely
(Dé(to,-), Dd(to,-)) is in (H2(R™), HY(R™)), which is guaranteed if the initial condition for ¢, namely
(o, d1) is in (H*(R™), HE-L(RM)), with & — &' — 2.
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we obtain

&0 = [ (90 St 50 ) ax

2 1 i 1 ;
_g(m) d—Ap) —%IWJH;W%V@) d"x

n? : a
— — . m2 2 m, 2 m
2( 1 m)fRnwdx angnWde.

=
3
—
<.
S

~ 2 .
Et) :-4(31—mﬂ}- w%%—Q;f L \vyl2dnx

2
2Rn QRnCL

n? 1 . 1 ~
. : v 2 L 2 i 2 Ny .
< —min {4(4/ T-m ) 2} wa <¢ + 5Vl )d x=—0-&),
n2 ~ ~
where 6 := min 4< T —m2> ,2p>0.50€&(t)+0-&(t) <0.

d ~
Multiplying throughout by e > 0, we obtain pr (eet -E (t)) < 0.
Integrating from ¢, to ¢ yields e’ - £(t) < e - E(ty), that is, £(t) < e .

In particular, Hw(t, ) r2mny < 25(75) < e ot

We have 9 (t,x) = 1(tg,x) + Jt(atw)(s,x)ds, and so

to

t
[, ) r2@ny < rw<to,->\m<m+f [(Ge) (s, )| L2qrnyds,
to

¢ 0 e~5t _ o3t
< A—l—f Be 2°ds=A+B——— < C.
¢ 6/2

Thus for all t > ty, we have |¢(t,-)|r2@ny = a™"|U(t, )| r2@mny < a™". By considering
(0p1)% -+ (Opn) ¢, and using the Sobolev inequality, we have for all t > ¢,

0

n 7’L2

lo(t, )| po@mny S @™ =a""2" Tm?).
This completes the proof of Theorem B.1]in the case when |m| < 3.

4.5 The case |m| =73

Finally, in this section, we will give the proof of Theorem [A.1]in the remaining case, namely
when |m| = 3.
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-1
We have k = 7, and equation () becomes 1) — ?Aw =0.

Defining the same energy as we used earlier in the case when |m| < %,

Et) = %fﬂ <1/12 + %|V¢|2> d'x =0,

we obtain
~ o a ) 1 ) .
Et) = fn (w — IVt + ?<w},w}>> d"x
.1 a 1 ) . a )
- [ (Gt iwers e wh) xe [ [vurax <o

So E(t) < E(ty) for t = ty. In particular, |4 (t, ) r2@ny < B for t = .
¢

Again, ¥ (t,x) = ¥(to,x) + f (0))(s,x)ds, gives

to
t
W@?WW)<\M%Nwwﬁj!@W@?WWW&
to

t
< A’—i—f Bds < A+ Bt < loga.
t

0

Thus for all ¢ > ¢, we havel ot ) L2@ny = a™"||Y(t, )|l L2@ny < @ "loga. Hence (by
considering (0,1)" -+ (0n )¢, and using the Sobolev inequality)

Vt = to, Hgb(t, ')HLOO(]Rn) S a_% log a. (6)

This completes the proof of Theorem [Tl

5 Decay in the cosmological region of the RNdS space-
time

In this section, we will obtain decay rates on |@(r, -)| L@« sn-1) for a solution to the Klein-
Gordon equation in the cosmological region of the Reissner-Nordstrom-de Sitter (RNdS)
spacetime, that is, we will prove Theorem [5.3] stated below. We will begin with introducing
the RNdS spacetime, and collecting some technical facts which will be used while proving
Theorem 531

80mne can show that this bound is sharp; see Appendix C.
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The Reissner-Nordstrom-de Sitter spacetime (M, g) is a solution to the Einstein-Maxwell
equations with a positive cosmological constant, and it represents a pailﬁ of antipodal
charged black holes in a spherica]@ universe which is undergoing accelerated expansion.
The Reissner-Nordstrom-de Sitter metric in n + 1 dimensions is given by

1
g = —Vd'rQ + Vdt? + r2dQ?,

oM e?

where V = r? + — 1, and d? is the unit round metric on S™~!.

7’"72 ,rnfl
The constants M and e are proportional to the mass and the charge, respectively, of the
black holes, and the cosmological constant is chosen to be

n(n —1)

A=
2

by an appropriate choice of units.

Consider the polynomial

p(r) =" W (r) =" — "t L 2Mr — e
As p(0) = —e? < 0 and as p(r) =3 o0, it follows that p will have a real root in (0, +o0),
and the largest real root of p, which we denote by r., must be positive. If r > r., then
clearly p(r) > 0, and so also V(r) > 0.

It can also be seen that p has at most three distinct positive roots. Suppose, on the
contrary, that p has more than three distinct positive roots: ry < ry < r3 < r4. Applying
Rolle’s theorem to p on [ry,r41] (i = 1,2,3), we conclude that p’ must have three distinct
roots 1} € (r;,mi41) (1 = 1,2,3). Applying Rolle’s theorem to p’ on [r], 7} 4] (i = 1,2), we
conclude that p” must have two distinct roots 7 € (rf,7,,,) (i = 1,2). But

(0= 1) =2y

n(n+ 1)

P =r""n(n+1) <r2 -

which has only one positive root, a contradiction.

The ‘subextremality’ assumption on the RNdS spacetime made in Theorem 5.3 refers to
a nondegeneracy of the positive roots of p: we assume that there are exactly three positive
roots, r_,r, and r., and

O<r_<ry<re.

9We note that there is no solution analogous to RNdS but with only one black hole. This is analogous
to (but much more complicated than, and still not fully understood) the fact that one cannot have a single
electric charge on a spherical universe (Gauss’s law requires that the total charge must be zero). In fact,
the fundamental solution of the Laplace equation on the sphere gives a unit positive charge at some point
and a unit negative charge at the antipodal point. One can have more than two black holes, for instance
the so-called Kastor-Traschen solution [26].

10«Spherical” here means that the Cauchy hypersurface (that is, “space”) is an n-sphere.
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These describe the event horizon » = r,, and the Cauchy ‘inner’ horizon r = r_. It can
be seen that the subextremality condition then implies p/(r.) > 0. (Indeed, p'(r.) cannot

be negative, as otherwise p would acquire a root larger than r, since p(r) == oo. Also,
if p/(r.) = 0, then Rolle’s theorem implies again that p’ would have three positive roots,
ones in (r_,r,) and (ry,r.), and one at r., which is impossible, as we had seen above.)
p'(re) > 0 implies that V'(r.) > 0. We will also assume that

V"(r.) > 0.

Our assumptions give following, which will be used in our proof of Theorem [5.3]

Lemma 5.1 (Global redshift). V'(r) > 0 for all r = r..

Proof. We have V'(r) =

rp'(r) — (n — 1)p(r) _ 2rtl 4+ 2(3 —n)Mr + (n — 1)e? q(r)

rn rn rn :

As V'(r.) > 0, we have ¢(r.) > 0. Also V"(r.) > 0 and so V' is increasing near r.. But
then ¢(r) = r"V’(r) is also increasing near 7., and in particular, ¢’(r.) = 0. Let us suppose
that there exists an r, > r. such that V'(r,) = 0, and let r, be the smallest such root.
Then ¢(ry) = 0 too. We note that ¢’ = 21(n + 1)r" + 2(3 —n)M, and so ¢’ can have only

one nonnegative root, namely (("73) M ) " =0.

n+1

1° r, is a repeated root of q. Then ¢'(r,) = 0.
If in addition ¢/(r.) = 0, then we arrive at a contradiction, since ¢’ then has two
positive roots (at r. and at r,), which is impossible.
If ¢'(r.) > 0, then we arrive at a contradiction as follows. As ¢ is increasing near r.,
and since ¢(r.) > 0 = ¢(r,), it follows by the intermediate value theorem that there
is some 1/, € (r.,rs) such that ¢(r.) = q(r.). But by Rolle’s theorem applied to ¢ on
[7¢, ], there must exist an r), € (r.,r.) such that ¢'(r},) = 0. Again ¢’ acquires two
zeros (at r, and at r7,), which is impossible.

2° r, is a simple root of ¢. But as q(r) —> oo, it follows that there must be at least one
more root 74 > 74 of g. By Rolle’s theorem applied to g on [r, r4.], it follows that
¢ () = 0 for some 17, € (T4, Tss)-
If in addition ¢/(r.) = 0, then we arrive at a contradiction, since ¢’ then has two
positive roots (at r. and at r,,), which is impossible.
If ¢/(r.) > 0, then, as in the last paragraph of 1°, there exists an 1}, € (r¢,7%) < (re, 74)
such that ¢/(r,) = 0. Thus ¢’ again gets two positive roots (at 7, and at r%,), which
is impossible.

This shows that our assumption the V"’ is zero beyond 7. is incorrect. O
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In the cosmological region, where r > r., the hypersurfaces of 1constamt r are spacelike
cylinders with a future-pointing unit normal vector field N = V2 %, and volume element

dV,, = Var"=1dtds).

The global structure of a maximal spherically symmetric extension of this metric can
be depicted by a conformal Penrose diagram shown below, repeated periodically; see for
example [§].

Figure 2: Conformal diagram of the Reissner-Nordstrom-de Sitter spacetime.

We are interested in the behaviour of the solution to the Klein-Gordon equation in the
cosmological region Rs5 of this spacetime (see Figure 2l), bounded by the cosmological
horizon branches CH;, CH5, the future null infinity .#*, and the point i*. In particular,
we want to obtain estimates for the decay rate of ¢ as r — c0. We guess the decay rates
simply by substituting r instead of e! in the estimates we had obtained for the decay rate
of ¢ with respect to t in the case of the de Sitter universe in flat FLRW form from the
previous Section [ and the rationale behind this expectation is elaborated in the remark
below.

Remark 5.2. We note that for large r the metric of the RNdS spacetimes looks like
1

r2

1d’r2 + (r* = 1)dt* + r?dQ>. (7)

r

dr

1
Defining 7 by 7 =t + 3 log(r? — 1), we have dr = dt — T2
—r

The metric from (@) in the (r,7,...)-coordinates is given by
—d7* + dr® — 2rdrdr + r*d7* + r?dQ?.

Now define x via the relation r = ¢"x. Then dr = e"dx + e"xdr, and this yields

1
dr = —dr — —dr.
e’ e’
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So the metric from (7)) in the (z,7,...)-coordinates takes the form
—dr? + (e7dz)? + (e72)%d0? = —dr* + ¥ (d2® + 22d0?),

which we recognise as the de Sitter metric in flat FLRW form. A free-falling ‘galaxy’ in
these coordinates corresponds to an observer of constant x and constant €2, with proper
time 7 = t. For observers with fixed = one then has r ~ €™ = e!. This justifies our guess
that the same estimates from Theorem [A.T]for de Sitter spacetime in flat FLRW form ought
to work in the cosmological region of RNdS, if we replace €' by r. See also Remark 6.2

We will prove the following result.

Theorem 5.3.
Suppose that
o >0,
e meR,
e M >0,
o >0,
e n>2

e (M, q) is the (n+ 1)-dimensional subextremal Reissner-Nordstrém-de Sitter solution

2M e?

1
giwen by the metric g = —Vdr2 + Vdt? + r2dQ?, where V = r* + - -1,
,rnf ,rnf

and dQ? is the metric of the unit (n — 1)-dimensional sphere S™™1,

o k>5+2, and

e ¢ is a smooth solution to O, —m?¢ = 0 such that
[0l areryy < +0 and |9l grergy < +0,

where CHY ~ CHy ~ R x S"1 are the two components of the future cosmological
0
horizon, parameterised by the flow pammete of the global Killing vector field Fre

Then there exists a ¢ large enough so that for all r = ry,

roaTe if |m| >
gy B omE e if |m| <

Y An integral curve v = (A—~())) of a vector field X is a curve, which for all parameter values ), satisfies
that the velocity vector v, (yy at the point y(X) of the curve is such that v,(y) = X,(r). The parameter
(‘time’) of the integral curve is determined up to an additive constant; see for instance [15, Box 3.1, p.49].
We remark that the flow parameter along the cosmological horizon is replacing the time coordinate ¢,
which is not defined on the cosmological horizon.

n
(7, )| Lo @xcsn-1) S i’
5.
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5.1 Preliminary energy function

In this section, we introduce some convenient notation, and also introduce a preliminary
energy function r — E(r), which will play an important role in the Subsection 5.5l on the
red-shift estimates.

0 : 0
For a ¢ defined in the cosmological region R5, we define ¢’ := a—¢ and ¢ := é’_i)
r
We will also use the following notation:
radient of ¢ on S™™* with respect to the unit round metric,

4 gradient of St with t to the unit d metri

IVé#|  norm with respect to the unit round metric,

Ad Laplacian of ¢ on S™~! with respect to the unit round metric,

7& determinant of the unit round metric.

Suppose that ¢ satisfies the Klein-Gordon equation O,¢ — m?¢ = 0.

1
The energy-momentum tensor associated with ¢ is 7}, = 0,¢0,¢ — 3 G (0a0%® + m?p?).

Recall that N = V%E. Thus

or
1(-1) 5 1 1
T N N _ 2 - 20 2~ o 2 2 42
(N, N) <<z> S (V) + s+ IV +m¢))v
_ 1 V¢’2+i¢2+i]§7¢]2+m2¢2
2 1% 72 '
1 1
Define X := Ve N = v V%i = 4 ﬁ We define the energy
rn—1 rn=l or  rnmlor
1 : :
E(r) := J T(X,N)dV, = = J V2? + 0 + Kywy? +m*V¢? | dtdQ.
RxSn—1 2 RxSn—1 r?

5.2 The auxiliary function ¢ and its PDE

In this subsection, we introduce the auxiliary function ¢ constructed from the solution ¢
to the Klein-Gordon equation, and also derive a PDE satisfied by .

The Klein-Gordon equation Oy¢ — m?¢ = 0 can be rewritten as:

1 1 n— > v
\/—_—gau(\ﬁg o) —mPp =0, < W% (7” 1\/7; g" 5u¢>) —m?¢ = 0.

This becomes

Rl i) T )
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that is,

n—1 b1
—(Vo') — %Vﬁbl + % + T—Qﬁﬁb —m?¢ =0,
=D Ve L
¢+ + 5 g5~ Ao+ 50 =0.
Define
Yi=r"g,
where
n n
P’ if |m| = )
2 2
B RN (TR

Then, using the PDE for ¢, it can be shown that

" Vi n—-1 2r\ , W 1 ¢ B
¢+<7+ —7)¢——2—W4&¢+0w—0, ®)

r

m> Kk /1 V K
PR (L BV Y
\% * r ('r’ V) r2(n r)

5.3 The case |m| > §

where

In this subsection, we will consider the case |m| > % of Theorem 5.3l

Then x = %, and (§) becomes
Vo1 U 1
¢”+<V——)@/}/——2——4M)+9¢=0, (9)

r r2V

here 0 n(n 1)1_‘_m2+n 1V
erefli=—(—-—1)=—4+—+— = ——|.
W 2 \2 r2 Vv 2r\r V

We will use an energy function to obtain the required decay of ¥ for large r, and in order to
do so, we will need to keep careful track of the limiting behaviour of the various functions
appearing in the expression for € and the coefficients of the PDE ([@). We will do this
step-by-step in a sequence of lemmas.

Lemma 5.4. Gwen any € > 0, there exists an ry large enough so that for all r = rg,

24+€¢ VI 2—c¢
> > .

>
T V T
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Proof. This follows immediately from

/ &’ 2(n—2)M + e2(n—1) 9 _ 2(n—2)M e2(n—1)

. 1 rn—1 rn 1 rn + rn+1 o
lim r—=lim r - S oM = =1li i = —=2.
roe Voo rt IS a1l e 1+ T - -

Lemma 5.5. There exists ro large enough so that for r = ry, we have 6 > 0.

(We note that the proof uses the fact that |m| > %, and so this result is specific to this
subsection.)

2
r 1
Proof. We have lim — = lim 7 5 — = 1, and so there exists a 1 such that
r—ow |/ rﬂool—i_r_”_r:ﬁ_r_?
2
r
—==>1—c¢€
V

for r = r{. Also, by the previous lemma, there exists a ro > r{, such that

V' 24¢€
— <
V r

for all r > ry. Then we have for r > ry that

where

Taking € at the outset small enough so as to satisfy

o+ 5+

we see that 6 > 0 for r > rg. O

Define the energy

1 . 1 1
E(r) = 5 Lmnl <1/1 2 + Wz/ﬂ + W'W’Q + ew) dtdsQ.
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(We assume for the moment that this is finite for a sufficiently large ro. Later on, in the
subsection on redshift estimates, we will see how our initial finiteness of Sobolev norms of
¢ on the two branches CH{, CHJ of the cosmological horizon guarantees this.)

We now proceed to find an expression for £'(r), and to snnphfy it, we will use (@), and the

divergence theorem, to get rid of the terms involving 1/) and 4&1/), the spherical Laplacian

of ¢
1\’ 1 - 1 1 \/ o
O I G O K T = 9 Ll
——%?w&?wﬁw%%w2+eww>dm9

/ Vv’ 1 , 1 - 1 o
- foan(d} < (V - _>T/’ + Wd) + WA?/} _%)
1,71\ 1 - . 1 1 /e
3(72) 0+ vt + 5 (g ) 9P
%dw, (Fu)) + S+ W) st

T (g gl vy (v )

1,1 5 1 5
+ + = + dtdS).
2<V2>¢ (o + )
We note that in the above, getting rid of the spherical Laplacian by using the divergence
theorem is allowed because the compact sphere S"~! has no boundary. For the second
time derivative, however, there is a boundary at infinity (with two connected components),
namely

lim P00 — lim ' dQ,

t—+00 gn—1 Sn—1

which can be seen to be equal to 0, by Lemma [B.3] from Appendix B. Thus

0= [ (D 3R g o

Let € > 0 be given. Then there exists an ry large enough such that:
Vil _2—¢ 1 1—c¢
=

By T
1y V1 (2—€ 1
) (73) = 2y <20

@ Gav) = () = (G ) -

@ ¢ L(ZEEDED MG o) g - R 1,
- n/in m?2 n /
0 r 3G -+ 5+ a5 — %) r
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Hence, using (a)-(d) above, we obtain

o0 = [ (7 D 3 3 0« )

(1-€) n 1(=2)2=¢ ., 1(-1)(d—e) ¢
< [ (e g i e g g O
bao(-2+ 6)91/12) dtd9)
11 , L L
- r2 fosnl (2<1 — )y ?+ 2(2 - E)Wdﬂ (- €)W|Ww|2
. 6)91/12) dtdo
< _Mg(r).

Using Gronwall’s inequality (see e.g. [16, Appendix B(j)]), we obtain

T 2(1—e¢ 72(176)
g(T) < 5(7‘0)657“07 (r )dr — g(ro)<i> g ,',.—2-{-25.
To

2e 2e
Thus J O dtdY < 2E(r) < r~*"* and so f VAdtdQ < U -
R R

x Sn—1 x Sn—1 7“29 ~ TQT%

Hence |¢(r, )| r2®xsn-1y < r°. Consequently, [¢(r, )| r2@xsn-1) < r 2Fe

n— : n(n—1) . 17 . i 0 o
Recall that S~ admits % independent Killing vectors, given by L;; = a'-5 — 2/ 5>

for i < j (under the usual embedding S"~! < R"). As % and L;; are Killing vector ﬁeldsa,xit
follows that gZ) and L;; - ¢ are also solutions to O,¢ —m?¢ = 0. Commuting with the Killing
vector fields £ and L;;, if we assume for now 3 that at 7, we have (o, )k (fr=rey) < +00,
then we also obtain for all r > rq that ||¢(r, )| g @xgn-1) < rmst, where k' =k —2 > 2.

By the Sobolev inequalit, |o(r, )| e musn-1y < r 2T

This completes the proof of Theorem [5.3]in the case when |m| > % (provided we show the
aforementioned finiteness of energy, which will be carried out in Subsection on redshift
estimates).

5.4 The case |m| <

|3

In this subsection, we will consider the remaining case of Theorem [5.3, namely the case
when |m| < 3.

12This will be proved later in the subsection on redshift estimates.
13The part of the Sobolev embedding theorem concerning inclusion in Holder spaces holds for a complete
Riemannian manifold with a positive injectivity radius and a bounded sectional curvature; see for example

[25, §3.3, Thm.3.4] or [4, Ch.2].
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~ o1 1, 1 /
Let € > 0 be given. Define £(r) = 3 JRXS"l (1#'2 + sz + WWQ/}F + :—21/12) dtdS).

We now proceed to find an expression for g (r), and we will simplify it using (8) and the
divergence theorem, in order to get rid of the terms involving 1) and the spherical Laplacian

of ¢
fol 11\ - 1 .. 1 1 /o
) = JR o (W’" +5 () 02 gt + 5 () V0P
T (F6)) = 5%+ S ) ava

+
:JRXS”*(W(_(%JFTL;I__#}JF% lA\ M)
+%(%)¢ M+ ( )IWW ))

6/

/
— =+ %W’) dtdQ
r r
Vi n—=1 26\ ,, 171\ 5 171N % o €
- v T S\72 ™ G ——1p?) dtdQ
JRXS”—l( <V+ r T)d) +2<V2>w +2<T2V) Vol 7n3¢

/
+ <€—2 - 0) f b dtdQ.
T RxSn—1

Again, for getting rid of the spherical Laplacian, we use the divergence theorem, noting
that the sphere S™"~! has no boundary. For handling the second time derivative, as before,
we note that there is a boundary at infinity (with two connected components), which can
be seen to be equal to 0, by Lemma [B.3] from Appendix B. Thus

) = [ (O L i) o= )

€ ,
+ (ﬁ — 9) JRXSM o dtdQ.

Now there exists an rg large enough such that for all r > ry, we have:

Vi n—-1 2k _2-¢ n—-1 26 1—-€+n—-2k)_1—¢€¢ |
(i) V+ —-—— = + —— = > , using n—2k = 0.
r

T r r T T r

o
1>f<_2(2 ¢) 1
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Using (i), (ii) and (iii), it can be seen that

~ 1—¢€ 122—¢) ., 1 1 /2 2—
£ < JR gn-1 <_( 7’6)1/}/2_5 (TV2€)¢2_§T2V< >W¢|2__w)dtd9
¢ ,
* (ﬁ a 9) J]Rxsnl wd} e
. 1 2¢
< —%%JR . <2(1—6')¢'2+2(2—€')—‘}2¢2+(4—El)WWM“r—ZQ/’Q) dtds}

+ (6—2 . 9> f b dtds).
r RxSn—1

~ 21_ " o /
Hence &'(r) < —gg(r) + (6—2 — 0) f i)' dtdSD.
r r RxSn~1
2 1 \Vdd 1 2 V!
Wehave@zmv—l—g(;—v)—r—z(n—l—/ﬁ)zﬁ(%4—/@(1—77“)—5(71—1—&)).
/ 2
As%’ﬁland %TH—OQZ r?g =% mT—H{(l—Z)—/@(n—l—KJ)=m2—/fn+/£2=0.
T

/
€
Thus, given ¢ > 0, there exists an 7 such that for r > rg, |r?0| < €, that is, |§] < —. So

M (T) * <T€_; B 9) JRXS"I lm/ildtdQ

0 (5 )| veen]

The Cauchy-Schwarz inequality applied to the last integral gives

J @Z)w’dtdQ‘ < J Y2dtdS) - J P2dtdS)
Rx.Sn—1 RxSn—1 RxSn—1
/27“2 / 2r ~

E(r) = (2+2€+4\F) E(r).

™

Er) < —

™

<

2(1—6)5
—&(r) +
r 7’2\/—’

~ ~ o e N Ldr 8 T / 7
By Gronwall’s inequality, £(r) < 5(r0)eST0( 22V dr %7’2“5 TV g,
T0—2+2e +aV/e

So we obtain g’(r) < —

22 1 2r2 ~
J RO = i—f —z/;thdQ &)
Rx §n—1 € 2 Jpygn1r? €
2_7”2 5(7”0) P22 Ve 2E(ro) 2+
e T72+2e’+4ﬁ €,T,2+2€/+4\/€7 :
0 0
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25(7"0) 1 €+2/¢

r
e —1+€'+2/€
To

Thus [[¢(r, )| L2 @xsn—1) < , and so

25<T0) 1 T—K+€/+2\/Z'

e r—1+e’+2\/g
0

lo(r, ) 2@xsn-1) <

Given € > 0, arbitrarily small, we take ¢ = ¢/(€) > 0 small enough so that ¢ + 2v/¢ < € at
the outset, so that |¢(r,-)|L2mxsn—1) < 77" Again assuming at the moment that at rq
we have [ ¢(ro, )| gt (rery)) < +°0, and by commuting with the Killing vector fields 2 and
L;;, then we also obtain for all r > ry that

(n_[n2__o
HQZ)(T")HH‘V(RXSn*I) ST (G- —m HE,

where k' = k — 2 > 7. By the Sobolev inequality, this yields

(2 /22 m2) e
[o(r, M omnsn-1y < 7727V :

This completes the proof of Theorem [(.3] in the case when |m| < 5 (provided we show

the finiteness of energy, which will be carried out in the subsection on redshift estimates

below).

5.5 Redshift estimates

In this subsection, we complete the last remaining step, namely to use redshift estimates
to transfer finiteness of the energies along the branches CH; and CH; of the cosmological
horizon to finiteness at 7 = ro, justifying the finiteness of the energies £(rq) and & (ro)
assumed in the previous two subsections. We divide this rather long subsection into parts
(a)-(e) for ease of readability.

(a) In this first step we introduce two new coordinates u,v. Moreover, we define some
vector fields (K, Y'), and also express (the earlier defined) vector fields X, N using the new

coordinates.
T
1
Define the new coordinate u by u =t + J Vd'r, where r, > r. is arbitrary, but fixed.

T
1
Then du = dt + Vd'r. The Reissner-Nordstrom-de Sitter metric can be rewritten using the

coordinates (u,r,...), instead of the old (¢,r,...)-coordinates, as follows

1 1
g = —dr? + Var 4 %0 = V(= Sodr® + d) + g
| 1
= —V(Vdr+d0<vdw—ﬁ)+r%92

9
_ 4w4—m+vmywwmzvm%4mm+ﬁm?
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The matrix of the metric in the (u,r,...)-coordinate system is

vV -1
[guu] = —1 0

Since

VvV -1
det[_1 0]2—1,

this coordinate system extends across the cosmological horizon r = r. (where V' = 0). The
hypersurfaces of constant u are null and transverse to the cosmological horizon. Thus only
one of the branches of the cosmological horizon, namely CH{", is covered by the (u,r,...)-
coordinates. (In order to cover the other branch CH; , where u = —0, we can introduce

"1
= —t+ | —dr,
v L*Vr

and use the (v, 7,...)-coordinate chart. See Figure [5.0)

Figure 3: Coordinates v and v.

We will only consider CH{ in the remainder of this subsection, since CHj can be treated
in an analogous manner.

The Killing vector field
0 0
K==
ou ot
is well-defined across CH{", and is null on the cosmological horizon CH{, even though the
t-coordinate is not defined there. Consider the vector field in the (u,r,...)-coordinate chart

given by
0
Y=(—] .
(7).
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The subscript u means that the integral curves of Y in the (u,r, ...)-coordinate chart have
a constant u-coordinate. Then we have du(Y) = 0 and dr(Y) = 1, and so in the old
(t,r,...)-coordinate chart, the vector field Y can be expressed as

_ 012
Cor Vot
Let the vector field X be defined by
V3 Voo
X = N =
rn—1 rn=1or

in the old (t,r,...)-coordinate chart. To find the expression for X in the (u,r,...)-
coordinate chart induced basis vectors, we first find

grad r

~ |grad 7|

in the (u,r,...)-coordinate chart induced basis vectors. Since

I R e N

we have (grad r, grad r) = {dr,dr) = -V

y 1 0 0
If w:= —Lvdr, then N = ¢"'w, = —V<% + VE) So
\% 1 0 0
x=YYn- (— v—)
=1 rn=1\ du + or

(b) In this step we will define the energy E.
Recall that in Subsection 5.1, we had defined the preliminary energy function E. We have

E(r) = f T(X,N)dV, = = f (v2¢'2 T K2|§7<;s|2 + m2V¢2>dtdQ
RxSn—1 RxSn—1 r

o= N

f (K-qb)QdudQJr% f (K - 6)2dvd®

RxS™—1 RxS™—1
(CHT) (CH3)

(since V(r.) = 0). So E(r) ‘loses control’ of the transverse and angular derivatives as
r — r.. To remedy this problem, we define a new energy E, by adding Y to X, obtaining

E(r) := E(r) + J T(Y, N)dV,.



In the old (t,r,...)-coordinates, N = v/V 0,, and so

T(Y, N)=T(0r, N) = 5 T(00 N) = —=T(N, N) = =T (00, &) = = (T(N, N) ~T(2,, ).

-
-
-

We have T(,,0,) = ¢¢'. So

E(r) = E(T)+J l<i%<V¢'2 |77¢|2 ¢) \}VQW) VYV ldtdQ
V(¢’ _ %¢>2+%|§7¢|2+m2¢2) P dtdS)

V(Y- ¢)2+%|§7¢|2+m2¢2> " ldtds).

. n—3 o ,r,nf?; o
E(r.) = E(r.)+ 62 f Vo 62 f 'V ¢|*dvd
Rxsn—1 RxSn—1
(cHi) (CHF)
2 rh= 1 2 nfl
f Sdud + f S dvdS),
RxSn—1 Rxsn—1
CH) (CH3)

so that using E instead of E allows us to regain some control of the angular derivatives as
r — 1.. We note that E(r.) is equivalent to lo17, ety + (o2 )
(c) In this step, we will compute the deformation tensor = corresponding to Y.

We have

V/

[-pan] -

% V!
o Log=—dr’ — —drﬁardr + V'dt* + 2rd? = —dr®* + V'dt* + 2rdQ?,

v % %

V/
© L 159= —Vdrﬁ sodr + 2VALL_y o dt =2Vt ((— V2>dr
Hence

- 1 1 v’ V! 1%
= = Lvg=5Lo-ra9 = Earg + [, 10,9 = §Wdr + —dt2 + rdQ? + 7 dudr

1, 1
—- - — Q- 1 02.
SV <dt+vdr) +rd® = SV'dd’ + rd

37



(d) In this step, we will prove an important inequality, namely the estimate from below
for T=,, given in (I2) below.
We have

du(o,) = (dt + %) Or = %, and du(dy) =1,

and on the other hand,

1 1 1
~9(Y.0) = =g (0 = 500, 8 ) = 7, and = g(¥,0) = —g(0 = =0 0) = 1,

showing that
du = _g(Y7 )
Also, we recall that
y o 1 1
o = 0,00, = T (0,600 + m?5?) = (d¢ ® do—(ds, ds)g - 5m2<z>2g)
7%

It follows that

_ . 1 1. n—1
T"E,, = =M1, = §V,(Y - ¢)* + E|V¢|2 — ,do) — 7m2¢2- (10)

We have d¢(0,,) = 0,¢. So

(6, d6) = °%(d0)a(d0)s = 4" (2ad)(250) = (Cad)(0°0) = 6*(~V) + F 1> + 5|V

Also, ~2(K - §)(¥ -6) = V(Y -6 = ~29(¢/ — 2:8) ~ V(¢ = 5:6)° = 5.6 ~ Vg™ So

(o, dg) = 2K - 9)(Y - 6) ~ V(Y 6" + | V6P (1)

Combining (I0) and (III), we obtain

™=, = (V? n—1 >( ¢)? +—1(K )Y - ¢)— ol g
— v’ -1 (TL—l)2 n— 1
B 2 <Y (b Vl (K(b)) AL (K )2 2T3 |Y7¢|2——m2¢

Now as V'(r) > 0 for r > r. (global redshift), it follows that the first summand in the last
expression is nonnegative, and so we obtain the inequality

(n_ 1)2 . n2—;1m2¢2. (12>

TMVEﬂV = —W(K . ¢)2 —

(e) In this final step, we obtain the desired red-shift estimates, and complete the proof of
Theorem [5.3]
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Suppose that rq is fixed. As r2V’(r) > 0 for all r € [r., ], we have min 72V’(r) > 0.

r€(re,ro)
-1 (-1
Thus — > — =: —C1(ro).
RSYEI r[nin ]TZV’(T) 1(ro)
r€[re,T0

1 1 n—3 n—3
— < —, =
r3 o3 23 273

Similarly, for r € [r,, ro],

(n_l) 2 (n_l) 2 —03(7“6).

Also, for r € [re, o], — m° > — m° =:
2r 27,
So ([12)) gives

T"E, > —Ci(ro)(K - 6)° = Cofre)[Vol = Cafre)e?
> —max{Ci(ro), Colre), Calre)} - (K- 6)° + W0 +6°)

=:C(r¢,r0)>0

Given an ry € (r¢,10), and a T' > 0, we define the set D = {r =} n {-T <t < T}.
Applying the divergence theorem to the region 7 = D (D) n {r < ry}, and noticing that
the flux across the future null boundaries is less than or equal to 0, we obtain, after passing
the limit T — oo, that

E(r1) — f JR . C(ro, 7o) ((K-¢)2 + Vol +¢2) P lddQdr. (13)
But

f <V2¢>’2 + ¢ +3 |Y7¢>|2 + m2V ¢? > dtds)
RxSn—1

1 2 2 2 42 n—1
+§fosn—1 (V(y L) + ﬁ|W| +m2¢ ) .

In particular,

J J ¢)*r"tdtdQdr < J J (;52 “LdtdQadr
RxSn— 1 1 RxSn—1

70 To
< J 2E(r)ri " dr = 27’31f E(r)dr.

1 T1

2yt VoL s,
Also, J f |Y7¢>| " dtdQdr f f ——r" " rfdtdQdr
RxSn—1 RxSn—1

r2

o
<J 2B (r)ridr = QTSJ E(r)dr.
T1

T1
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70 T0 1
Finally, f J A2 r" L dtdQdr < f J m2¢2rn_1—2dtd§2dr
71 RxSn—1 1 RxSn—1 m

70 ~ 1 2 T0
< J 2E(r)—dr = —f E(r)dr.

T1

Using the above three estimates, it follows from (I3]) that

E(’rl) — E(ro) > —J C(ro,7e) (Qrgl + 27’8 + %) E(r)dr = —J k(ro,rc)E(T)dr, (14)

T1

where

2
e n—1 2
k(ro,rc) :== C(ro,7c) (27“0 + 21 + W) )

Now suppose that 7y is such that r. < r1 < r9 < ro. If we redo all of the above steps in
order to obtain ([I4]), but with ro replacing ry, we obtain

Blr) = Bry) > — J k(ra, 7o) B (r)dr, (15)

T1

where

2
n—1 2
k(rg,r.) = C(re,7e) <2T2 + 2r5 + W) )

But
n—1 2 2 n—1 2 2
k(ro,re) = Cl(ra,re) [ 2ry + 2r5 + s < Clro,re) | 207 + 2r5 + 3

2
= max{C}(r2), Ca(r.), Cs(re)} - (Qrgl + 215 + W) :

(n—1)° (n—1)° :
We have C(rq) = min 7277 < min 7277 = C4(ro), since [r, 2] < [re, ro]. Hence
r€[re,r2) T€[re,m0)

2
K(ra,re) < max{Ci(r2), Calr.), 03<rc>}-(2rg—1 vty m_)

2
< max{C}(ry), Ca(re), C3(re)}- (27“8_1 + 212 + @) = k(ro,7e¢).

So from (), we get E(r1) — E(ry) = —J k(ry,ro) E(r)dr = —J k(ro, o) E(r)dr.
T1 T1

T2

Consequently, for all ro € [r1,70), E(r2) < E(rq) + f k(ro, ro) E(r)dr.

T1
By the integral form of Gronwall’s inequality (see e.g. [35, Thm. 1.10]), we obtain for
all 75 € [r1,70) that E(rs) < E(rl)ew Klrore)dr _ E(ry)ektrore-(r==m) _ Pagsing the limit as
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ro /1o yields E(ro) < E(ry)efrore)ro=r1) "and this holds for all ry € (r.,70). Now passing
the limit as 71 \| 7., we obtain E(ry) < E(r.)ekrore)(ro=re) - Consequently,

B(ro) < B(ro) < B(r)e 00 < B(r) < [0 epe + 19 meps <+
Commuting with the Killing vector fields % and L;;, we see that the hypothesis from
Theorem 5.3, namely, || gicyr) < +90 and [ @] guepgr) < 400, for some k > 5 + 2, yi‘elds
also that @] mer=ropy < |0l grcrr) + [0 greng) < +o0. We now show that this justifies

the assumption used in the previous two subsections. For simplicity, we only consider one
of the energies

1. 1
E(r) = §JR - <@Z)/2 + W’wz + W|V’¢|2 + 9@/)2) dtdS).

(The proof of the finiteness of £ (ro) is entirely analogous.) As v = r*¢, we obtain finiteness
of the last summand, namely

f QWMwm»%m2=emm?f (6(r0,))" dtd)
RxSn—1 RxSn—1
< 0(ro)rg™ D (ro, M raryyy < +0-

We have

1 o N (re - 2 2E(TO) -
<wmv£wm“““W(“”“m<ammv<+'

Using ¢/(ro,-) = kr§ 'o(ro,-) + r§d (10, ) and ¢(ro,-) € H ({r = 79}), we conclude that
P(ro, ) € L*(R x S™71), that is,

| @y an -
RxSn—1

f (' (ro, -))” dtdQ) < +o0.
RxSn—1

We also have

(¢<T07'>>2 o T(ZJH ] ra. - 2 T(Z]H ro. - 2 o0
JRXS”—l (V(r))? = (V(ro))? JRXS"—(lgb( 0, ) didiL< (V(To))2H¢( 0 Wi (fr=rop) < -

Finally,

|%w(7’07 )|2 T%H J : 2 2
T dtdQ) = Vé(ro, )2dtdQ < |d(ro, )| 2y yy < 0.
JRXS”—l 3V (ro) 12V (ro) Rxsn_J o(ro, )| [éro. ) ({r=ro})

Thus each summand in the expression for £(ry) is finite.

This completes the proof of Theorem [(.3]
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6 Decay in RNdS when m = 0, the wave equation

In this section, we will prove Theorem [6.3] This will be done by using a similar method to
the one used to prove Rendall’s Conjecture (Theorem B.2)) in Section 8l Our Theorem
is an improvement to [9, Theorem 2], which we recall below.

Theorem 6.1.
Suppose that
e 0>0,
e M >0,
o >0,
e n>2

o (M,g) is the (n+ 1)-dimensional subextremal Reissner-Nordstrém-de Sitter solution

2M e?
7’"72 B rn— 1

1
given by the metric g = —Vdr2 + Vdt* + r?dQ?, where V = r* + -1

)

and d¥?* is the metric of the unit (n — 1)-dimensional sphere S™™1,
o k>7%+2, and
e ¢ is a smooth solution to Oyz¢ = 0 such that

[0 i ergy <+ and (6] prergy < +0,

where CH ~ CH5 ~R x S™™1 are the two components of the future cosmological

0
horizon, parameterised by the flow parameter of the global Killing vector field a

al +4

Then there exists a ro large enough so that for all v = 1o, [0rd(r, )| Lo@mxsn—1) S 3
Using a method similar to the one we used to show Rendall’s conjecture in Theorem [3.2]
we can improve the almost-exact bound of r=3+° 3

to r—°.
Remark 6.2. As observed in [9, Remark 1.4], this decay rate bound of =2 for 0,¢ is in
fact the decay rate one would expect in light of Rendall’s conjecture. We had noted in
Remark [5.2] that one may compare the RNdS metric in the cosmological region with large
r in the (r,t,...)-coordinates with the metric of de Sitter spacetime in flat FLRW form
in (7,z,...)-coordinates, with r ~ e”. Having settled Rendall’s Conjecture in de Sitter
spacetime in flat FLRW form, namely by Theorem B.2] we know that 0,¢ ~ e=27. Also,

@ — eT
dr
Thus we expect that
o, e 1
0 ~ T 26—37':6—7'3N_
r® orr er () r3



Thus our improved version of Theorem is the following result.

Theorem 6.3.
Suppose that
o M >0,
e c=>0,
o n > 2,

e (M, q) is the (n + 1)-dimensional subextremal Reissner-Nordstrém-de Sitter solution

2M e?

Tn—Z Tn—l

1
given by the metric g = —Vdrz + Vdt? + r2dQ?, where V =r* + -1,

and d¥? is the metric of the unit (n — 1)-dimensional sphere S™™1,
o k>2+2, and

e ¢ is a smooth solution to Oy¢ = 0 such that
[¢l e icrry < +0 and @] grepgy < +0,
where CH ~ CHF ~ R x S"1 are the two components of the future cosmological

0
horizon, parameterised by the flow parameter of the global Killing vector field T

Then there exists a ry large enough so that for all v = ro, |0,¢(r, )| Le@xsn-1y < r7°.

Proof. We have the following estimates. There exists an ry large enough so that for all
r EZTm

l6(r, N po@eny $1,  and  |A(r, )| po@en1) S 1.

These can be showed by following [9, §3.2]. For the details, we refer the reader to Step 1
of the proof of [28, Theorem 5.3].

Next, we will write the wave equation in new coordinates which ‘equalises’ the magnitude

of the coefficient weights for the r and ¢ coordinates in the matrix of the metric. To this

T dp 1 d d
d defi = ——dr. Then — = —— and V(r)— = —.
ene, we deline p J V(r) " N V(r) an (T>dr dp

With a slight abuse of notation, we write V(p) := V(r(p)). We have

To

1
g = —Vdﬁ + Vdt? + r?dQ* = —Vdp® + Vdt* + (r(p))*dQ>.
The wave equation Og¢ = 0 can be rewritten as d,(y/—g 0*¢) = 0, which becomes

0u(Vr"—1org) = 0. Separating the differential operators with respect to the (p,t,...)
coordinates, we obtain d,(r"1d,6) = r"1¢ + Vr"3A¢. Integrating from py := p(re) = 0

43



to p = p(r), we obtain

P . o
00 =1 00, = | (7 Vi) dp

p . .
and so "'V a,p = g~V (ro) (0:0)],_,, + f <r"_1gz5 + VT"_?’Agb) dp, that is,
0

o6= ()" VV%?)) Oy + i f: (o + vin2as) dp

Hence

n—11/
[0:0(r, )| o xcsn-1) < (%) V((Tf

P - ;
J <r"’1 |A(7, )| oo (rx gm—1y + Vit Ag(r, ) HLOO(RxS”‘l)) dp-

PO

1(00) (0, )| oo @csm1)

1
=1y

_|_

Using the fact that V' ~ r? for r > ry, with ry large enough, and the estimates from Step
1 above, we obtain

A

A B (* - A B (", 1
0 miensen S 7o+ oy | 00 5 o [ i

PO ]

A B (", 5
S il T il J .
0
A B’ 1 1
Recalling that n > 2, we have ||0,¢(7, -) | Lo rxgn-1) < p— +T”+1 (=2 (r"2—rp=?) < 3
This completes the proof of Theorem [6.3l O

7 Conclusions and outlook

In this thesis, we obtained exact decay rates for solutions to the Klein-Gordon equation
in two expanding cosmological spacetimes, namely the de Sitter universe in flat FLRW
form, and the cosmological region of the RNdS model. This was achieved by using energy
methods, assuming that initial data for the Cauchy problem has finite higher order energies.
We also improved a previously established decay rate of the time derivative of the solution
to the wave equation, in an expanding de Sitter universe in flat FLRW form, proving
Rendall’s conjecture. A similar improvement was also given for the wave equation in the
cosmological region of the RNdS spacetime.

A natural question for future investigation that arises is whether we can obtain similar
results assuming weaker regularity, in terms of the order of the H*-norm, of the initial
data.
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A Fourier modes (de Sitter in flat FLRW form)

In this appendix, we give the details of the Fourier modal analysis that motivates the
specific estimates given in Theorem [4.1] starting with spatially periodic solutions to the
Klein-Gordon equation.
Let T = R"/(27x7Z)". Suppose that the ‘spatially periodic’ ¢ : R x T" — R satisfies the
Klein-Gordon equation ().
na . 1 o .
Writing ¢ = Z ox(t Z<k x) , @) yields —¢x — —cx + — 0Pikyikyc — m2c, = 0, that is,
kezZn a a
. na. Kk )
ck+—ck+—20k+m ce =0,
a a

where k? := (k,k). So

d n—1- - ne n—1: - n nd . kQ n k2 2
—(a"¢) =na""acx+a"éx=na"" aéx+a ——ck—< +m ) a | =—d" | —=+m* | cx,
dt a a? a?
that is,
d
p —(a"é) + a" 2 (k* + m*a®)cx = 0. (16)
d 1d
Let 7 = ﬁdt Then primi , and so (I0) becomes (with & =: /)
a(t adr
VA R R 2 2
ol ™ (k" +m°a”)ex = 0,
that is,
(a™ ') + a™ 1 (k* + m*a®)ex = 0. (17)
n—1

a7 d'dy. ([I7) yields

Defining dy by cx =: a= "= d, we have ¢, = a~ "7 d} —

n- —1 - ’
<a21d{{ _ a211a’dk) +a"7 (K 4+ m2a?)dy = 0,

2
that is,
—1)a” (n—1)(n—3)/a'\2
R C e G i (%)) di =0, 1
et ( +m-a 5 o : - K (18)
Now if a(t) = €', then we may take 7 = —e™', so that —t = log(—7), that is, —7 = e ".

We remark that relative to our earlier use of conformal coordinates in (B]) on page I3, we
are taking to = +o0 for simplicity.
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1 1 2
—log(—7
We then have a = ¢~ 1°8(-7) = - a = ot a’ = =t Hence (I8) becomes
2 —1 2 T (n—1)(n—-3) /1 (—7)?
(102 (2D (Y e
K < > 2 3 1 4 T 1 k=0
that is,
R
!+ <k - ﬁ) di = 0, (19)
~“1(n —
where p:=n—1+ (n )4(n 3) — m?2. The general solution to this equation i1 given
by
CiVT J(|k|T) + Con/T Y, ([K|T), (20)
1 2
where v satisfies 1% = 1 +u= nz — m?. Here J, is the Bessel function of the first kind,
e}
(_]_)m 2\ 2m+v
o+ G
(2) mz;o m!T'(m+v+1)\2

and Y, is the Bessel function of the second kind,
Jy(z) cos(vm) — J_,(2)

sin(vm)

Y, (z) =

where the right hand side is replaced by its limiting value if v is an integer. Without loss
of generality, in the solution (20), we may only consider v such that Re(r) = 0.
We note that as t — o, —7 = ¢ ¢ \ 0, and so 7 / 0. We now use the asymptotic
expansions of J,(z) and Y, (z) as z /" 0 (see e.g. [II, 9.1.7-9]):

1° If v # 0 (that is, m # £%), then as 7 / 0, we have

S (|k|T) C(—7)" + O(|7)),
Y, (|k|T) A(=7)" + B(—=1)"" + C(=7)*" + O(|7)).

Soas T /0 ort— o0, we have
de = A(=7)2" + B(=1) " + C(—7)7" + O(|7])
= AeC2t 4 Belma )t 4 O30t 4 O(e™).
But cx = a3 T2dy = e300, and so

= A3 4 Belm3 It 4 Ol =200t | O(e_nTHt)

as t — +o0. We recall that Re(r) = 0, and so keeping only the dominating term, we
have |c| = Cre(5-Ret)t 4 O(e™"2") as t — +o0. Thus we expect ¢ to satisfy

{ a2 if |m|> 3,

P AR BT im| < 3.

14See for example [38, p.95]. For the relevant notation, see also [38, pages 82,100,101].

[t ) L=@m) <
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2° If v = 0 (that is, m = £%), then as 7 / 0, we have

L (klr) = C+O(7]),
Y, (|kl7) = Clog(—7)+ O(|7]).

This implies that dy = (A + Bt)e 2! + O(e™) as t — +00.
Hence |ci| = (A + Bt)e 5t + O(e="2'1). Thus we expect ¢ to satisfy

|o(t, )| orny < @ 2 loga if m = J_rg_

Summarising, ¢ is expected to have the decay

n n

_n £ n

a2 if |m| > 5

n . n

lo(t, ')HLOO(R") < a 2 loga if |m| = 3
n ’VL2

aifﬂ/ﬁ if |m| < g

This motivates the decay estimates in Theorem Tl

B A technical lemma

In this appendix, we prove the technical result we had used in the proof of Theorem [4.1]
in Section [l

r—-+00

Lemma B.1. If f,g e H'(R"), then lim fgdo, = 0.
Sr

2
Proof. By the Cauchy-Schwarz inequality,

fgdo,

< f fPdo, - j lg[do,.
Sy Sr

So it is enough to show that lim f| f|?do, = 0. Suppose this does not hold.
r—00

Sr

Sr

Then there exists an increasing sequence (1) such that ry ey o0, and there exists an
€ > 0 such that for each k,

f T —

S k
(The plan is to use the trace theorem to fatten these S, -slices to ‘annuli’ A, and obtain
Hfoql(Ak) > ¢ > 0 for all k, giving rise to the contradiction that

0> [ flin@n > D Iy > D E =+
k k
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So we will construct a subsequence (7,, )m of (1), and a sequence (9, ), of positive numbers
such that ry, < rg, + 01 < rg, < 1, + 02 < 1, < -+, and such that for the ‘annuli’
Ay = {x g, <|X| <71y, + 0n}, we have HfH%rl(Am) > ¢. We will need to keep track of
the constants in the trace theorems on our annuli A,,, and we will use the following [22]
p.41].)

Theorem B.2. Let 2 be a bounded open subset of R™ with a Lipschitz boundary I'. Then
for fe HY(Q) and for all € € (0,1),

HMHCI@) _
Hf”%?(an) < 5 <€1/2\|Vf”%2(9) +(1+e m)“f“%?(g)) ;

where p e CY(Q,R™) is such that p-n = 6 on 0Q, n being the outer normal vector.

If 2 is an annulus A = {x : r < |x| < R} (which is clearly bounded, open, and also it has
the Lipschitz boundaries which are the two spheres S, and Sg), then with pu(x) = x, we

have
R on Sk,
u.n:\x\:{ ronSf }27“2:5.
. 2 2 HMHC 1(A)
Also, if we take € = 1/4, then | f[725,) < [|fl|7204) < 37HfHH1(A As

|lleray = max ] + max V- pu|=R+n,

R+
we obtain HfH%Q(ST) <3 anHH1 . Now we will construct (74, )m and ()m-

We choose k; such that r;, > n. Let d; be such that 0 < §; < rx, —n. Then for the annulus
Ay = {x 1y <|x[| <7k, + 61}, we have

2 Tkl/?’ 1/3 1/3 = € =:c
HfHHl(Al) > mﬂfﬂm(srkl) > = (S;kje> T, €= 5= €.
1

Suppose Tk, ... Tk, ,01,--.,0n possessing the desired properties have been constructed.
Choose kp,41 such that vy, . > 74, + 0. Let 6,11 be such that 0 < 4,41 < 13,,,, — 1.
Then for the annulus A,,+1 1= {x: 7y, <|X| <7%,,, + Ims1}, we have

) Thmi1/3 1/3 €
A e e ey L A gy e
rkm+1
This completes the induction step.
So we have arrived at the contradiction that +oo > HfHH1 Rn) 2 HfHH1 Z -
m
This shows that our original assumption was incorrect, and so lim |f|?do, = 0. O
r—00
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An analogous result also holds for the cylinder R x S™~!. This was used in the proof of
our Theorem

Lemma B.3. If f,ge H*(R x S*1), then lim fgdQ =0 = tlim fgdQ).

t—=+0 Jgn-1 —0 Jgn—1

Proof. (Sketch.) The proof is based on the same idea as the above, but is somewhat
simpler, since the radius of S"~! doesn’t change, and the constants one has in the trace
theorem for a ‘cylindrical band’ of the form (a,b) x S™ ! already work, as opposed to
having to keep careful track, via Theorem [B.2] of the constants in the earlier case when
the radii of the S"~! were changing. Proceeding in the same way as in the previous lemma,

we assume that
- ( lim J |f|2dQ=0> :
t—+00 gn—1

and so there exists an € > 0 and a sequence (1 )geny such that klim tp, = +00, and
—00

lim | f(ty, )2 > .

k—+0o0 Sn—1

In order to fatten the ‘circle’ {tx} x S"! to a cylindrical band I = (t,t; + ) x S"L,
while keeping the L?-norm of f on the band uniformly (in k) bigger than a fixed positive
quantity, one can use the inequality | f(t,-)|z2sn-1) < C||f| 1 (rxsn—1y. This follows from
[36, Prop. 4.5, p.287], by taking Q = [z, t, + 6] x S®1. The rest of the proof is the along
the same lines. O

C Sharpness of bound when |m| = § in Theorem 4.1

In this appendix, we will show the sharpness of the bound for the key estimate of the proof

of the |m| = % case of Theorem A.1] (which was about the decay of the solution to the

Klein-Gordon equation in the de Sitter universe in flat FLRW form).

Let us recall this bound: for all ¢ > to, [¢(¢, )| 2@ < a2 loga.
If [m| = 3, then with ¢ := a2 ¢, we had seen that ¢ — — Ay = 0.
a

We will give a solution ¢ satisfying [ (t,)|2@r) ~ A+ Bt ast — oo, showing that
lo(t, )| Leny ~ (A + Bt)a™% ast — o0, and so the bound |¢(t, MNezwny < (A + Bt)a™3
for all large ¢ cannot be improved.

We want .
Taking the Fourier transform with respect to only the (spatial) x-variable, and denoting

A~

O(t,€) = | Wt x)e"Vd",

R
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(2I) becomes
* ~ 1€1° ~
ﬁ (tv 6) + o2t w(ta 6) = 07 (22>

which is a family of ordinary differential equations in ¢, parameterised by € € R". For a
fixed € € R™, the general solution to the ODE (22)) is given by

b(t, &) = C1(E) - Jo(|€]le™) + Ca(€) - Yo([€e™),

where Jj is the Bessel function of first kind and of order 0, and Y is the Bessel function

of second kind and of order 0. In order to construct our v, we will make special choices of
Cy and O,.

2
We recall [I}, (9.1.7-8)] that Jy(z) ~ 1, and Yp(2) ~ —logz as z \( 0 (z € R).
77

Now as t — o0, et N\, 0, and so from the above limiting behaviour of .J, and Y{, we obtain
that as t — oo,

B8 ~ ) 1+00)- (Zonllele™)) = i) + 2ca(e) gl - 2t Culo)

By Plancherel’s identity [36, Prop. 3.2], HzZ(t, ) r2@ny = [¥(t, )| 2@n). Since we want the
linear behaviour in ¢ of [1(t, )| r2&n), Wwe keep Cy nonzero, but may take C; = 0. Then as

t — o0, (L, &) = Co(€) - Yo(|€lle). In order to have (¢, -) (and so also (¢, -)) in L*(R")
for all ¢, we choose C5 to have a sufficiently fast decay.

1
We recall [1, §9.2.2] that Yy(z) = q/i <sin (z - %) + O(m>> as z > 0 (z € R). So
Tz

Vallele) = | =g (sin (161 = T) +0(1g=r))

as |&| — +oo (and ¢ is kept fixed). So to arrange ’(Z)\(t, -) € L*(R") for all ¢, we may take

€]
CQ = o -
&)= e + ps

(Also this choice makes & — Cy(&)log||€| € L?(R™), which will be needed below.)
Then @(t, ) € L*(R™) for all t.

R 20 e el
Mm%tawwm@~—C————7mmm4—————ﬁ,wd
A\ Qe+ et o T e T
::fEZE(R”) ::gezg(R”)

~ 2
[t Mezeny = = (¢ |glz2eny I f 2 ) =0
s —

#0

for large t.
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