Mathematical Relativity

Homework 2

Due on March 9

Consider the spherically symmetric Lorentzian metric
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where a is a postive smooth function.

1. Use the condition of compatibility with the metric and Cartan’s first structure equations,
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to show that the nonvanishing connection forms for the ortonormal frame dual to
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2. Use Cartan’'s second structure equations
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to show that the curvature forms on this frame are
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3. Using
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determine the components Raﬁ “V of the curvature tensor on this orthonormal frame, and
show that the nonvanishing components of the Ricci tensor on this frame are
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Conclude that the nonvanishing components of the Einstein tensor on this frame are
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4. Show that the Einstein equations with a cosmological constant A for a comoving pressureless
perfect fluid of nonnegative density p, G, + Agu, = 8mp dt?, are equivalent to the system
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Show that this system can be integrated to
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where « is a nonnegative integration constant.

5. Draw the Penrose diagram of the solutions with @ > 0, A > 0 and k£ = 0 (currently believed
to model the physical universe).



