
Mathematical Relativity

Homework 2

Due on March 2

Consider the spherically symmetric Lorentzian metric given by

g = −(A(t, r))2dt2 + (B(t, r))2dr2 + r2dθ2 + r2 sin2 θdϕ2,

where A and B are positive smooth functions.

1. Use the condition of compatibility with the metric and Cartan’s first structure equations,{
ωµν = −ωνµ
dωµ + ωµν ∧ ων = 0

to show that the nonvanishing connection forms for the ortonormal frame dual to

ω0 = Adt, ωr = Bdr, ωθ = rdθ, ωϕ = r sin θdϕ

are (using the notation ˙ = ∂
∂t and ′ = ∂

∂r )

ω0
r = ωr 0 =

A′

B
dt+

Ḃ

A
dr;

ωθ r = −ωr θ =
1

B
dθ;

ωϕr = −ωr ϕ =
sin θ

B
dϕ;

ωϕθ = −ωθϕ = cos θdϕ.

2. Use Cartan’s second structure equations

Ωµ
ν = dωµν + ωµα ∧ ωαν

to show that the curvature forms on this frame are

Ω0
r = Ωr

0 =

(
A′′B −A′B′

AB3
+
ȦḂ −AB̈
A3B

)
ωr ∧ ω0;

Ω0
θ = Ωθ

0 =
A′

rAB2
ωθ ∧ ω0 +

Ḃ

rAB2
ωθ ∧ ωr;

Ω0
ϕ = Ωϕ

0 =
A′

rAB2
ωϕ ∧ ω0 +

Ḃ

rAB2
ωϕ ∧ ωr;

Ωθ
r = −Ωr

θ =
B′

rB3
ωθ ∧ ωr +

Ḃ

rAB2
ωθ ∧ ω0;

Ωϕ
r = −Ωr

ϕ =
B′

rB3
ωϕ ∧ ωr +

Ḃ

rAB2
ωϕ ∧ ω0;

Ωϕ
θ = −Ωθ

ϕ =
B2 − 1

r2B2
ωϕ ∧ ωθ.



3. Using

Ωµ
ν =

∑
α<β

R µ
αβ νω

α ∧ ωβ

determine the components R µ
αβ ν of the curvature tensor on this orthonormal frame, and

show that the nonvanishing components of the Ricci tensor on this frame are

R00 =
A′′B −A′B′

AB3
+
ȦḂ −AB̈
A3B

+
2A′

rAB2
;

R0r = Rr0 =
2Ḃ

rAB2
;

Rrr =
A′B′ −A′′B

AB3
+
AB̈ − ȦḂ
A3B

+
2B′

rB3
;

Rθθ = Rϕϕ = − A′

rAB2
+

B′

rB3
+
B2 − 1

r2B2
.

Conclude that the nonvanishing components of the Einstein tensor on this frame are

G00 =
2B′

rB3
+
B2 − 1

r2B2
;

G0r = Gr0 =
2Ḃ

rAB2
;

Grr =
2A′

rAB2
− B2 − 1

r2B2
;

Gθθ = Gϕϕ =
A′′B −A′B′

AB3
+
ȦḂ −AB̈
A3B

+
A′

rAB2
− B′

rB3
.

4. Show that if we write

B(t, r) =

(
1− 2m(t, r)

r

)− 1
2

for some smooth function m then

G00 =
2m′

r2
.

Conclude that the vacuum Einstein equations G00 = G0r = 0 are equivalent to

B =

(
1− 2M

r

)− 1
2

,

where M ∈ R is an integration constant.

5. Show that the vacuum equation G00 +Grr = 0 is equivalent to A = α(t)
B for some positive

smooth function α(t).

6. Check that if A and B are as above then the remaining vacuum equation Gθθ = Gϕϕ = 0
is automatically satisfied.

7. Argue that it is always possible to rescale the coordinate t so that the any metric of the
given form satisfying the vacuum Einstein field equations is written

g = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2dθ2 + r2 sin2 θdϕ2.


