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(9/20) 1. Consider the finite group D5 = {e,r,72, 13,74, 5,57, 512, sr3 sr*}, where the generators
2 _ .5

s and r satisfy the relations s> = 1 = e and r~! = srs.
(a) List all subgroups of Ds.
(b) Determine all 1-dimensional (irreducible) representations of Ds.

(c) Show that if v = 2 or a = 4% then

(1 0 _ [cosa —sina
Ps=\o —1)° ?r= \sina cosa
determines a 2-dimensional irreducible representation Ds A C2.
Hint: Recall that the matrix ¢, represents a rotation by an angle a.

(d) Compute the characters of all the irreducible representations above.

(e) How many equivalence classes of irreducible representations does D5 have? What
are their dimensions?

(f) List the conjugacy classes of Ds.

(2/20) 2. Find all points with integer coordinates in the line 22z 4 15y = 2.

(3/20) 3. Let (M, T) be a compact topological space. Show that any closed set ' C M is also
compact.



(6/20) 4. Let G C GL(n,C) be a matrix Lie group with Lie algebra g C gl(n, C). The fundamental
representation of G on C" is the representation GG A Cn given by

va(v) = Av.

The dual representation of G on (C")* = {w : C" — C | w is complex linear} is the

representation G A (C™)* determined by

aw)(pa(v)) = w(v).
Show that:

(a) If we identify (C™)* with C" by setting w(v) = w'v for all w,v € C" then we have
Palw) = (A"Hw.

(b) The dual representation of SU(2) is equivalent to the fundamental representation
of SU(2).

(c) The dual representation of SU(3) is not equivalent to the fundamental representa-
tion of SU(3).

(d) If XV € X(G) the left-invariant vector field associated to V € g then its flow is
given by (;Sth (A) = AeV?t



