Riemannian Geometry

Homework 6

Due on October 27

1. Given the differential forms

a = zdr + ydy € Ql(RQ)
Y
8= —mdx+ Ty ————dy € Q' (R*\ {0})
w = e"*dx + 2 cos zdy + y*dz € Q1 (R?)
n = xdx A dy — zdx A dz + zyzdy A dz € Q2(R3)
¢ =dat Nd2® + ..+ da® A da®™ e Q2R

and the smooth maps

f:R— R? g : (0,+400) x (0,27) — R? h:R3— R?
ft) = (t,t%) g(r,0) = (rcosf,rsenf) h(u,v,w) = (uv, vw, vw)
compute:

a oz/\ﬁ wAnN, NAN;

(
(

)

b) ¢ .\ ¢ (wedge product with n factors);
(c) da dﬁ dw,dn, dC.
(d) fra.g*a,g"B, h™n.

2. Given the vector isomorphisms i1 : X(R3) — QY(R3) and i3 : X(R?) — Q2?(R?) defined by

i X12 + X2g + X?’2 = X'ldz + X?dy + X3d=
ox oy 0z

(X1§+X2§ X3§Z>:dey/\dz+X2dz/\dx+X3dx/\dy

show that for f € C°(R3) and X,Y € X(R3):

(a) df =i1(Vf), where Vf = (gi ? 8f) is the gradient of f;

(b) d(i1(X)) =i2(Vx X), where Vx X = <
is the curl of X;

OX®  9X* ox' 9x® 9x* oX!
Oy 0z ' 0Oz Ox = Ox oy



(c) dlgz;(X)) = (V-X)dxANdyAdz, where V- X = 6;;1 —1—86):4-6;23 is the divergence
of X
d(df) = 0 implies V x (Vf) =0;
d(d(i1(X))) = 0 implies V- (V x X) = 0;
VX (fX)=(Vf)x X+ f(VxX),
(X xY)=(VxX)- Y -X-(VxY).
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3. (Optional) A k-form w is called closed if dw = 0. If it exists a (k — 1)-form (3 such that
w = df then w is called exact. Note that every exact form is closed. Let Z* be the set of
all closed k-forms on M and define a relation between forms on Z* as follows: a ~ § if
and only if they differ by an exact form, that is, if 5 — a = df for some (k — 1)-form 0.

(a) Show that this relation is an equivalence relation.

(b) Let H*¥(M) be the corresponding set of equivalence classes (called the k-dimensional
de Rham cohomology space of M). Show that addition and scalar multiplication of
forms define indeed a vector space structure on H*(M).

(c) Let f: M — N be a smooth map. Show that:

i. the pull-back f* carries closed forms to closed forms and exact forms to exact
forms;

ii. ifa~pBon N then f*a~ f*5 on M,

iii. f* induces a linear map on cohomology f*: H¥(N) — H¥(M) naturally defined
by fHw] = [f*w];

iv. if g: L — M is another smooth map, then (f o g)% = g% o f*.

(d) Show that the dimension of H°(M) is equal to the number of connected components
of M.

(e) Show that H*(M) = 0 for every k > dim M.

4. (Optional) Let M be a manifold of dimension n, let U be an open subset of R™ and let w
be a k-form on R x U. Writing w as

w:dt/\Za[de—i-ZdexJ,
T J

where I = (iy,...,ix_1) and J = (j1,...,ji) are increasing index sequences, (z',...,z")
are coordinates in U and t is the coordinate in R, consider the operator Q defined by

t
QW) = Y </t a1d8> da’,

1

which transforms k-forms w in R x U into (k — 1)-forms.
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(g)
(h)

Let f: V — U be a diffeomorphism between open subsets of R™. Show that the
induced diffeomorphism f :=id xf : R x V — R x U satisfies

f*OQ:QOf*.

Using (a), construct an operator Q which carries k-forms on R x M into (k — 1)-forms
and, for any diffeomorphism f : M — N, the induced diffeomorphism f :=id xf :
R x M — R x N satisfies f* o Q = Qo f*. Show that this operator is linear.

Considering the operator Q defined in (b) and the inclusion iz, : M — R x M of M
at the “level” t(, defined by i, (p) = (to,p), show that w — iy w = dQw + Qdw,
where 7 : R X M — M is the projection on M.

Show that the maps 7# : H*(M) — H*(R x M) and i} : H*(R x M) — H(M) are
inverses of each other (and so H*(M) is isomorphic to H*(R x M)).

Use (d) to show that, for £ > 0 and n > 0, every closed k-form in R™ is exact, that
is, H*(R") = 0 if £ > 0.

Use (d) to show that, if f,g: M — N are two smoothly homotopic maps between
smooth manifolds (meaning that there exists a smooth map H : R x M — N such
that H(to,p) = f(p) and H(t1,p) = g(p) for some fixed tg,t; € R), then f# = gF.

We say that M is contractible if the identity map id : M — M is smoothly homotopic
to a constant map. Show that R™ is contractible.

Let M be a contractible smooth manifold. Show that every closed form on M is exact,
that is, H*(M) = 0 for all k£ > 0 (Poincaré Lemma).



