
Instituto Superior Técnico
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1. Consider the map f : R× SU(n)→ U(n) given by

f(t, g) = eitg.

(a) Show that f is a Lie group homomorphism.

(b) Compute the kernel of f .

(c) What is the fundamental group of U(n)? (You may use the fact that SU(n) is
simply connected).

2. (a) Show that any matrix g ∈ GL(n, C) can be written uniquely as

g = pu,

where p is hermitian positive definite and u ∈ U(n).

(b) What is the maximal compact subgroup of GL(n, C)? And of SL(n, C)?

(c) Show that every Lie algebra homomorphism F : sl(2, R)→ gl(n, R) is induced by a
unique Lie group homomorphism f : SL(2, R)→ GL(n, R). (You may use the fact
that if G is a connected Lie group and U 3 1 is an open set then G = ∪n∈NUn).

(d) Show that the universal covering group ˜SL(2, R) is not a matrix group.


