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(2/20) 1. Let c : [a,b] — R3 be a regular space curve satisfying ||c(t)|| = R for all t € [a,b],
where R > 0 is a constant. Prove that the curvature of ¢ at each point is at least 1/R.
Moreover, prove that if the curvature of c is constant equal to 1/R then c is a planar
curve.

2. The pseudosphere is the surface of revolution parameterized by g : Rt x (0,27) — R?

defined by
cosp sinp
= — tanh
g(u, ) (coshu’ cosha’ @ u>
(where as usual the parametrization misses the curve corresponding to ¢ = 0).
(2/20) (a) Show that the first fundamental form corresponding to this parameterization is
1
I = tanh? udu® + 72dg02.
cosh”u
(2/20) (b) Compute the total area of the pseudosphere.
(2/20) (c) Prove that the Gauss curvature is K = —1 (hence the name “pseudosphere”).
(2/20) (d) Is the pseudosphere a minimal surface? Why or why not?
(2/20) (e) Show that the set {g(u,7) : u € R} is the image of a geodesic.
(2/20) (f) Does the pseudosphere contain a geodesic triangle with area larger than 77

3. Let S C R"™ be a two-dimensional manifold, let g : U C R2 = S be a parameterization,
and let ey, ...,e, : U — R" be a local orthonormal frame such that {e;(u,v), ea(u,v)}
is a basis for Tg(,,,)S. Define the one-forms 6! and #? as

dg = 0'e; + H%e,

the one-forms w;, J by the equations

n
dei: E wijej, izl,...,n,
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and the functions bgjl), b%), bgji) and bgé) as

W1j _ b%)ﬁl + 552)92 .
iyt g pilgz 0 STl
(1/20) (a) If ¢ : [a,b] — S is a curve parameterized by arclength then we define its normal

curvature in the direction of e; as

kD) (s) = c"(s) - e;.

Show that if
c/(s) = Vi(s)er + V*(s)es
then
2 .
KO = 3" o) vivl
k=1

Conclude that if kgj) and kéj) are defined at a given point in S as the maximum and
the minimum values of k() over all curves on S at that point then

(1/20) (b) Show that w, 7= —wji.
1/20 c) Starting with d?g = 0, prove that
g g
dot = 02 A wy!
do? = 0* ANw,?
(1/20) (d) Show that b%) = b%).
1/20 e) Starting with d?e; = 0, prove that dw, = w P Aw d.
7 k=1"4 k

(1/20) (f) Show that the Gauss curvature of S'is given by K =>"_, kgj)kéj).



