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Problem sheet 6 - Sobolev Spaces
1. Consider the function u : B; C RY — R defined by

u(z,y) = |(z,y)|%,
where B = {(z,y) € R?: 22 + 42 < 1}. For which a € R do we have u € H'(B;)?

2. (Another proof of Poincaré’s inequality in the special case p = 2). Let © C R be an open set
of RN,

(a) Prove that, if Q C {z € RN : —a < 21 < a} for some a > 0, then there exists C' = C(a) > 0

such that
ou

ou 1
e Yu € Hy ().

lullz@ < C H
12(0)

(b) Suppose now that €2 is bounded. Use the previous step to show Poincaré’s inequality: there

exists C' > 0 such that

lullz2) < ClIVull 2 Vu € Hy(9).

3. (The Laplacian as an operator with values in H~1(Q2)). Let © € RY be an open set. Consider

the map
A:HYQ) = D(Q), u— Au,

where Awu is the Laplacian of u in the sense of distributions.

(a) Prove that, for each u € H} (), we have Au € H~(Q) and
<Au,v)H71xH01 :—/QVu-Vvdx Vu,v € HY ().

(More precisely: we can extend Au € D'(f2) to an element in H— (), and the previous
formula holds true).

(b) Show that the operator
A:HNQ) — HY(Q),

1S continuous.

4. (A general extension result) Let X be a normed space and Y C X a dense subspace. Let Z be
a Banach space and A € L(Y, Z). Prove that there exits a unique extension A € £(X, Z) of A,
and that A satisfies HAHC(X,Z) = ”AHL(Y,Z)-

5. (Show that u € W'P(Q) = |u| € WP(Q)). Let  be a bounded domain of class C'! and take
u € WHP(Q) for some p € [1, +00).
(a) Let f € C1(R) be such that f’ € L°(R). Prove that:
i. There exist ¢1,co > 0 such that |f(¢)] < ¢1 +calt| for every t € R, and so f(u) € LP(2).

ii. In the sense of distributions,

O (rw) = P2 foreveryi= 1. N,

iii. Conclude that fou € W1P(Q).



(b) Show that |u| € W1P(Q), with

ol g;i () if u(x) > 0,
D (x) = _gai (x) ifu(x) <0,
' 0 otherwise.

(Hint: Consider f.(t) = Vt? +¢&2 — e for € > 0, apply item (a) to f-(u) and then pass to

the limit as ¢ — 0).
(c) If u € Wy P(€2) N C(Q2), prove that |u| € Wy*(Q) N C(Q).

6. Take u € WIP(RN), 1 < p < oo, and define the translation operator rpu(z) = u(z+h), h € RV

Show that
|Thu — ull oy < VUl po@ny bl



